
IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 46, NO. 2, MARCH 2000 687
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m+1 whereVi is some integer and letfi be the number
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From (5)
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Therefore, the only possible value ofVi are0; �1, and�2. Thus as in
the case ofC?BCH, for � 6= �,

��; � 2 0; � 2q; � 8q :

Since the first three even momentsM2s; M
0

2s for s = 1; 2; 3 are the
same, it follows that the two codes have the same weight distribution.
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Fourier Transforms and the -Adic Span of Periodic
Binary Sequences
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Abstract—An arithmetic or with-carry analog of Blahut's theorem is pre-
sented. This relates the length of the smallest feedback with-carry shift reg-
ister to the number of nonzero classical Fourier coefficients of a periodic
binary sequence.

Index Terms—Blahut's theorem, feedback register, Fourier coefficients,
periodic binary sequence,2-adic numbers.

I. INTRODUCTION

The purpose of this correspondence is to develop an arithmetic
analog of Blahut's theorem [1], [3], which relates the linear span of
a sequence to its discrete Fourier transform. For comparison, let us
recall this theorem. LetS = a0; a1; � � � be a periodic binary sequence
with periodL. The linear spanof S, denoted�(S), is the length of
the shortest linear recurrence satisfied byS or, equivalently, the size
of the smallest linear feedback shift register that generatesS. It is an
important measure of the complexity of a sequence, and it is used in
a number of engineering applications. For example, suppose thatS

is to be used as the key in a stream cipher. The Berlekamp–Massey
algorithm can be used by a cryptanalyst to recover the sequence once
2�(S) bits ofS are known. ThusS is secure only if�(S) is large.

Let � be a primitiveLth root of unity in some field extensionF of
GF(2). (Such a� exists if and only ifL is odd. Various work has been
done to extend Blahut's theorem to the case whenL is even, [4].) The
kth discrete Fourier coefficient ofS is

�ak =

L�1

i=0

ai�
ki

2 F:

Blahut's remarkable theorem says that the linear span ofS is equal
to the number of nonzero discrete Fourier coefficients ofS. It makes
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precise the common observation that a “complex” signal is one with
many nonzero Fourier components.

Recently, two of the authors have developed an approach to pseudo-
random sequences which is based onfeedback with carry shift registers
(orFCSR’s) [2]. It is in many ways analogous to the usual theory which
is based on linear feedback shift registers. We include here just enough
detail of the theory of FCSR's for our current purposes. An FCSR con-
sists of a shift register and a small amount of auxiliary memory. For
any periodic sequenceS, the size of the smallest FCSR that generates
S is called the2-adic spanand is denoted by�2(S). There is an algo-
rithm which is an analog of the Berlekamp–Massey algorithm. Given
approximately2�2(S) bits ofS, it outputs the smallest FCSR that gen-
eratesS. FCSR’s can be thought of as arithmetic or with-carry analogs
of linear feedback shift registers, and are related to arithmetic codes in
much the same way that linear feedback shift registers are related to
error-correcting codes.

The discrete Fourier transform (described above) does not appear
to be the “correct” transform for the study of sequences generated by
FCSR's, and it is not immediately obvious what the best replacement
should be. In this correspondence, we show that the usual (complex)
Fourier transform is an appropriate vehicle for the study of FCSR se-
quences, and we use it to describe an analog of Blahut's theorem for
the2-adic span of a sequence. Not only does this give a “shift register”
interpretation for the usual (complex) Fourier transform of a periodic
binary sequence, but it also adds another entry to the long and growing
list of parallels between the theory of LFSR sequences and the theory
of FCSR sequences.

II. STATEMENT OF THE RESULT

In what follows we letS = a0; a1; � � � be a periodic binary sequence
with periodL and let� 2 CCC be a complex primitiveLth root of unity.

Definition II.1: Fork = 0; 1; � � � ; L�1, thekth Fourier coefficient
is

âk =

L�1

i=0

ai�
ki
2 CCC:

The set of Fourier coefficients is theFourier transform ofS. We denote
by �(S) the number of nonzero Fourier coefficients ofS.

The sequenceS can be interpreted as the coefficients of a2-adic
integer

� =

1

i=0

ai2
i:

Such a series does not converge in the usual sense. Nevertheless, the
set of such2-adic integers forms a ringZZZ2. (An elementary review of
the2-adic integers is presented in [2].) The ringZZZ2 of 2-adic integers
contains all the (usual) rational numbers withodd denominator. It turns
out that, sinceS is periodic, the2-adic integer� is in fact a rational
number, which we may write in lowest terms as

� =
�p

q

with p andq relatively prime, and0 � p < q. The2-adic complexity
is �2(S) = log2(q). It differs from the2-adic span by the number
of memory bits in the FCSR which is, in any case, no more than
log2(�2(S)) and is completely analyzed in [2]. Our main result is

Theorem II.2: Let S be a periodic binary sequence of periodL.
Then the2-adic complexity�2(S) is bounded as follows:

�2(S) < �(S) + 2!(L)�1

where!(L) denotes the number of distinct positive prime divisors of
L.

The “error” term2!(L)�1 is sharp, as the following result shows.
The obstacle to obtaining a corresponding lower bound is that it is very
difficult to estimate the cancelation between the numerator and denom-
inator in the expression� = �h(2)=u(2) in Section III below. How-
ever, in Section V we derive a lower bound for�2(S) based on the
upper bound.

Proposition II.3: Let � > 0. Then there exist periodic binary se-
quencesS with !(L) arbitrarily large such that

�2(S) > �(S) + (1� �)2!(L)�1:

Also, there exist periodic binary sequencesS with !(L) arbitrarily
large such that

�2(S) < �(S)� (1� �)2!(L)�1:

The proof is given in Section IV.

III. PRELIMINARIES TO THE PROOF

There is a useful polynomial that connects the2-adic interpretation
of a sequence with the definition of the Fourier coefficients

f(x) =

L�1

i=0

aix
i:

Here we think off(x) as a polynomial with complex coefficients. Thus
thenth Fourier coefficient isf(�n) and the associated2-adic integer is

� = f(2)20 + f(2)2L + f(2)22L + � � � =
�f(2)

2L � 1
: (1)

Now reduce� to lowest terms, say� = �p=q, so that�2(S) =
log2(q).

We need to find a relation betweengcd (f(2);2L � 1) (the greatest
common divisor) and the number of vanishing Fourier coefficients
f(�k). In fact, we will relate both of these to the polynomial
gcd (f(x); xL � 1) (which by Galois theory has integer coefficients).

Let

g(x) = gcd(f(x); xL � 1) and f(x) = g(x)h(x)

andxL � 1 = u(x)g(x). First, we claim that�(S) = deg (u). Note
that ân 6= 0 if and only if f(�n) 6= 0 if and only if g(�n) 6= 0 if
and only ifu(�n) = 0. The last equivalence follows from the fact that
u(x)g(x) = xL � 1, and so eachLth root of unity�n appears as a
root of exactly one ofu(x) andg(x). Note also thatu(x) has exactly
deg (u) complex roots, and all are of the form�n. Hence the number
of nonzero Fourier coefficients satisfies

�(S) = deg (u): (2)

Next we bound�2(S). Factoringg(2) out of the numerator and de-
nominator in (1) we obtain

� =
�h(2)

u(2)
:

If h(2) andu(2) were relatively prime then we would have�2(S) =
log2(u(2)).However, this is not always the case (even though the poly-
nomialsh(x) andu(x) are relatively prime, as polynomials with ra-
tional coefficients.) The best we can say is that

�2(S) � log2(u(2)): (3)

It remains then to boundlog2(u(2)).
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Recall that thenth cyclotomic polynomialcn(x) is the minimal poly-
nomial (with integer coefficients) of the primitiventh roots of unity
(that is, the monic polynomial of smallest degree that vanishes on the
complex numberexp [2�i=n]). Its degree is Euler's phi function�(n),
the number of positive integersj � n that are relatively prime ton.
Recall also [5, Proposition. 13.2.2] that

xL � 1 =
njL

cn(x)

(wherenjL means thatn is a divisor ofL).
Sinceu(x) dividesxL�1, it must be a product of distinct cyclotomic

polynomials

u(x) =

t

j=1

cn (x) (4)

with nj dividing L. Thus a bound forcn (2) leads to a bound for
�2(S).

Proposition III.1: Let n be a positive integer and let

m =
pjn

p = s(n)

(the product taken over all positive prime divisorsp of n) denote the
largest square-free integer dividingn. Let q = n=m. Then

1� 2�q <
cn(2)

2�(n)
< 1

if n has an even number of distinct positive prime divisors, and

1 <
cn(2)

2�(n)
< (1� 2�q)�1

if n has an odd number of distinct positive prime divisors.
Proof: Recall the Möbius function�, which is defined for posi-

tive integersn by

�(n) = (�1)k; if n is square-free and hask distinct positive

prime factors, and

= 0; otherwise:

Following are four basic properties of� (see [5, Sec. 2.2]).

1)

jjn

�(j) =
0; if n > 1

1; if n = 1:

2) �(ab) = �(a)�(b) if a andb are relatively prime.

3)
jjn

j�(n=j) = �(n).

4) cn(x) =
jjn

(xj � 1)�(n=j).

The fourth property is obtained by applying the Möbius inversion for-
mula [5, Sec. 2.2] to the relationxn � 1 = djn cd(x).

The fourth and third properties imply that

cn(2) =
jjn

(2j � 1)�(n=j) = 2�(n)

jjn

(1� 2�j)�(n=j)

so it remains to estimate the latter product. We first need the following.

Lemma III.2: Let d � 1 and let0 < x � 1=2. Then

1

j=d+1

(1� xj) > 1� xd:

Proof: The logarithm of the left-hand side can be expanded as

1

j=d+1

ln(1� xj) = �

1

i=1

1

j=d+1

xij

i
:

Since

1

j=d+1

xij �

1

k=id+1

xk � xid

with both inequalities being equalities only wheni = 1 andx = 1=2,
we obtain

1

j=d+1

ln(1� xj+1) > �

1

i=1

xid

i
= ln(1� xd):

This yields the lemma.

Returning to the proof of Proposition 3.1, assumem has an even
number of distinct positive prime factors, so�(m) = 1. Letq = n=m.
Recall that�(n=j) 6= 0 only whenn=j is square-free, which is equiv-
alent toq dividing j. Write j = qk. The conditionjjn becomeskjm,
and we have

jjn

(1� 2�j)�(n=j) =
kjm

(1� 2�qk)�(m=k):

The first factor in this product is(1 � 2�q)�(m) = 1 � 2�q. The
remaining product is bounded above by

1

k=2

(1� 2�qk)�1 < (1� 2�q)�1

by Lemma 3.2. This yields

cn(2)

2�(n)
=

jjn

(1� 2�j)�(n=j) < 1:

To get a lower bound, note that the first nontrivial factor in

kjm

(1� 2�qk)�(m=k)

is whenk = 1 and the second is whenk is the smallest positive prime
factorp of m. Sincem has an even number of positive prime factors,
m=p has an odd number of positive prime factors, so�(m=p) = �1.
The product for the remaining values ofk is bounded below by

k>p

(1� 2�qk) > (1� 2�qp):

This yields

cn(2)

2�(n)
> (1� 2�q)(1� 2�qp)�1(1� 2�qp)

which yields the result.
The case whenm has an odd number of positive prime factors is

similar.

Proposition III.3: Fix a positive square-free integerm � 1. Then

s(n)=m

log2
cn(2)

2�(n)
= ��(m)

and all terms in the sum have the same sign.
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Proof: The fact that all terms have the same sign follows imme-
diately from Proposition 3.1.

Observe that two integersm andn have exactly the same prime fac-
tors if and only if each divides a power of the other. For simplicity, we
writemjn1 to mean thatm divides some power ofn. For a square-free
integerm, this is equivalent tomjn.

Now fix a positive squarefree integerm. We haves(n) = m if and
only if mjn andnjm1. Moreover, a positive integerq occurs asn=m
for somen with s(n) = m if and only if qjm1.

As in the proof of Proposition 3.1

cn(2)

2�(n)
=

jjm

(1� 2�jq)�(m=j)

whereq = n=m. Therefore,

s(n)=m

cn(2)

2�(n)
=

qjm jjm

(1� 2�jq)�(m=j):

We want to rewrite this product as a product of factors(1 � 2�k),
each occuring to some power. No such factor occurs more thanm
(actually, no more than the number of positive divisors ofm) since
each occurence corresponds to a distinct divisorj of k. Moreover,
1
k=1(1�2�k)m converges to a nonzero number. Therefore, the above

products converge “absolutely” (i.e., their logarithms are absolutely
convergent series), so the rearrangement of the factors in the above in-
finite products is justified.

Next we determine the exponent with which a factor(1� 2�k) oc-
curs. The integerk occurs as a productjq, with qjm1 andjjm, exactly
whenkjm1. Fix such ak. The conditionk = jq automatically implies
qjm1. The values ofj that yieldk (i.e.,k = jq for someq) are there-
fore exactly those that satisfy bothjjm andjjk. This is equivalent to
jjgcd (m; k). Therefore, the factor(1�2�k) occurs in the last product
with exponent

jjgcd(m;k)

�(m=j):

Writem = gcd (m;k)m0. Sincem is square-free,gcd (m;k) andm0

are relatively prime, so�(m=j) = �(gcd (m;k)=j)�(m0), by Prop-
erty 2 of�. Therefore, we obtain

�(m0)
jjgcd (m;k)

�(gcd (m;k)=j) = 0; whengcd (m;k) 6= 1

by Property 3 of�, sincegcd (m;k)=j runs though all the positive
divisors ofgcd (m;k). Sincekjm1, we havegcd (m;k) = 1 if and
only if k = 1, which corresponds toq = j = 1. Therefore, the product
reduces to

(1� 2�1)�(m) = 2��(m):

This completes the proof of Proposition 3.3.

Lemma III.4: Any integer L > 1 has 2!(s(L))�1 positive
square-free divisors with an odd number of positive prime factors.

Proof: The positive square-free divisors ofL are in one-to-one
correspondence with the subsets of the set of positive prime divisors
of L. There are2!(L) such subsets in all, half of which have even
cardinality.

IV. PROOF OFTHEOREM 2.2

It follows from (2) that

log2(u(2)) =

t

j=1

log2 cn (2)

=

t

j=1

�(nj) + log2
cn (2)

2�(n )

= deg(u) +

t

j=1

log2
cn (2)

2�(n )
:

Let s(nj) = mj . LetE andO denote the sets of positive square-free
divisors ofL with �(mj) = 1 and�(mj) = �1, respectively. We
obtain

log2(u(2))� deg(u) +
m 2O

log2
cn (2)

2�(n )

since the terms withmj 2 E are negative by Proposition 3.1. If there
are two or morenj with the samemj , then group them together. We
obtain a subsum of the sum in Proposition 3.3. Since all the terms in
the sum of Proposition 3.3 are positive, the proposition gives the upper
bound of1 for our subsum. By Lemma 3.4, there are at most2s(L)�1

distinct values ofmj 2 O. Therefore,

log2(u(2))< deg (u) + 2!(L)�1:

Theorem II.2 then follows from (2) and (3).

Proof of Proposition II.3: We finish by proving Proposition II.3.
Let N be a natural number and letp1 < p2 < � � � < pN be primes
such that1 � 21�p > 2��. LetL = p1p2 � � � pN and letn1; � � � ; nt
run through all positive divisors ofL such that�(ni) = �1. Then
t = 2N�1 by Lemma 3.4. Let

� =
�1

cn (2) � � � cn (2)
=

�p

q

in the notation of Section II, and letS be the corresponding periodic
binary sequence. Then

�(S) =
i

deg cn (X) =
i

�(ni)

and

�2(S) =
i

log2 (cn (2)) :

We have

cn (2)

2�(n )
=

jjn

(1� 2�j)�(n =j)

> (1� 2�1)�1

j�p

(1� 2�j)

> 2(1� 21�p ) by Lemma 3.2

> 21��:

Therefore,

�2(S) >

t

i=1

(�(ni) + (1� �)) = �(S) + (1� �)2N�1:

SinceN = !(L), we are done. The proof of the second half of Propo-
sition 2.3 is obtained in a similar way by usingni with �(ni) = 1.
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V. LOWER BOUNDS

In this section we derive a lower bound for�(S) using the upper
bound in Theorem II.2. LetT = b0; b1; � � � be the sequence derived
from S by complementing the first bit in every period. That is,

bi =
1� ai; if Lji
ai; else:

We let

� =

1

i=0

bi2
i

be the2-adic integer associated withT . We have

� = �x=y = �xw=(2L � 1)

for some integersx, y, andz with wy = 2L � 1. T is periodic so, by
Theorem II.2

�2(T ) < �(T ) + 2!(L)�1:

For the Fourier coefficients ofT we havêbk = 1 � 2a0 + âk . For
any integerc, we let

�c(S) = jfk : âk 6= cgj:

Then we have

�(T ) = �1�2a (S):

To estimate the2-adic complexity ofT , note that

� = ��
1� 2a0
2L � 1

= �
1� 2a0 + pz

2L � 1
:

Thus1�2a0+pz = xw. Since1�2a0 is plus or minus one, it follows
thatz is relatively prime tow. However,z divides2L � 1 = yw, soz
dividesy. Hence

�2(T ) = log2(y) � log2(z) = log2((2
L � 1)=q)

= log2(2
L � 1)� log2(q):

We have proved the following lower bound.

Theorem V.1:LetS be a periodic binary sequence of periodL:Then

�2(S) > log2(2
L � 1)� �1�2a (S)� 2!(L)�1:
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A Lower Bound on the Linear Span of an FCSR

Changho Seo, Sangjin Lee, Yeoulouk Sung, Keunhee Han, and
Sangchoon Kim

Abstract—We have derived a lower bound on the linear span of a binary
sequence generated by a Feedback with Carry Shift Register (FCSR) under
the following condition: is a power of a prime such that = (
2) and (= 2 + 1) where both and are 2-prime. This allows
us to design FCSR stream ciphers similar to previously proposed Linear
Feedback Shift Register (LFSR) stream ciphers.

Index Terms—Feedback with carry shift register (FCSR), linear feed-
back shift register (LFSR), linear span,2-adic span.

I. INTRODUCTION

The forthcoming information society requires ultra-high speed data
communications. It also demands the communication channel to be
secure. One of the most common technology is to use stream cipher.
Hence the development of a good random number generator has been a
hot topic in cryptology. Linear Feedback Shift Register (LFSR) [2] has
been widely used as fast random number generators. A good stream
cipher [1], should have good randomness, high period, linear span,
and security against any known attack such as correlation attack. The
size of the smallest LFSR that generates a given periodic sequence is
called the linear span; it is an important measure of the cryptographic
security of sequences. Such a shift register may be found efficiently
using Berlekamp–Massey algorithm [1], which may be interpreted as
the continued fraction expansion off(x)=g(x) in the ringZ=(2)[x] of
formal power series. Thereby, LFSR has some weakness with respect
to the linear span.

In 1994, Klapper and Goresky [4] proposed a new type of random
number generator called Feedback with Carry Shift Register (FCSR).
This register is equipped with an algebraic framework for analysis anal-
ogous to that that in LFSR. This algebraic structure is based on algebra
over the2-adic numbers [6] in which the sequences generated by FCSR
can be analyzed, in the same way as the algebra over finite fields can
be used to analyze LFSR sequences.

In this correspondence, we have derived a lower bound on the linear
span of a binary sequence generated by a Feedback with Carry Shift
Register (FCSR) with connection integerq; q is a power of a prime
such thatq = re(e � 2) andr (= 2p + 1); where bothr andp are
2-prime.

In Section II, we briefly review FCSR and derive the linear span of
an FCSR in Section III. Finally, Section IV contains the conclusion.
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