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Galois Representations


R. Taylor

Abstra t
In the rst part of this paper we try to explain to a general mathemati al
audien e some of the remarkable web of onje tures linking representations
of Galois groups with algebrai geometry, omplex analysis and dis rete subgroups of Lie groups. In the se ond part we brie y review some limited re ent
progress on these onje tures.

2000 Mathemati s Subje t Classi ation: 11F80.
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forms.

Introdu tion

The organisers requested a talk whi h would both be a olloquium style talk understandable to a wide spe trum of mathemati ians and one whi h would survey the
re ent developments in the subje t. I have found it hard to meet both desiderata,
and have opted to on entrate on the former. Thus the rst three se tions of this
paper ontain a simple presentation of a web of deep onje tures onne ting Galois representations to algebrai geometry, omplex analysis and dis rete subgroups
of Lie groups. This will be of no interest to the spe ialist. My hope is that the
result is not too banal and that it will give the non-spe ialist some idea of what
motivates work in this area. I should stress that nothing I write here is original.
In the nal se tion I brie y review some of what is known about these onje tures
and very brie y mention some of the available te hniques. I also mention two questions whi h lie outside the topi we are dis ussing, but whi h would have important
impli ations for it. Maybe someone an make progress on them?
Due to la k of spa e mu h of this arti le is too abbreviated. A somewhat
expanded version is available on my website www.math.harvard.edu/~rtaylor and
will hopefully be published elsewhere.
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1.

We will let Q denote the eld of rational numbers and Q denote the eld of algebrai
numbers, the algebrai losure of Q . We will also let GQ denote the group of automorphisms of Q , that is Gal (Q =Q ), the absolute Galois group of Q . Although it is
not the simplest it is arguably the most natural Galois group to study. An important te hni al point is that GQ is naturally a (pro nite) topologi al group, a basis
of open neighbourhoods of the identity being given by the subgroups Gal (Q =K ) as
K runs over subextensions of Q =Q whi h are nite over Q .
To my mind the Galois theory of Q is most interesting when one looks not
only at GQ as an abstra t (topologi al) group, but as a group with ertain additional stru tures asso iated to the prime numbers. I will now brie y des ribe these
stru tures.
For ea h prime number p we may de ne an absolute value j jp on Q by setting
j jp = p r
if = pr a=b with a and b integers oprime to p. If we omplete Q with respe t to
this absolute value we obtain the eld of p-adi numbers Q p , a totally dis onne ted,
lo ally ompa t topologi al eld. We will write GQ for its absolute Galois group,
Gal (Q p =Q p ). The absolute value j jp has a unique extension to an absolute value on
Q p and GQ is identi ed with the group of automorphisms of Q p whi h preserve j jp ,
or equivalently the group of ontinuous automorphisms of Q p . For ea h embedding
Q ,! Q p we obtain a losed embedding GQ ,! GQ and as the embedding Q ,! Q p
varies we obtain a onjuga y lass of losed embeddings GQ ,! GQ . Slightly
abusively, we shall onsider GQ a losed subgroup of GQ , suppressing the fa t that
the embedding is only determined up to onjuga y.
This an be ompared with the situation `at in nity'. Let j j1 denote the
usual Ar himedean absolute value on Q . The ompletion of Q with respe t to j j1
is the eld of real numbers R and its algebrai losure is C the eld of omplex
numbers. Ea h embedding Q ,! C gives rise to a losed embedding
f1; g = GR = Gal (C =R ) ,! GQ :
As the embedding Q ,! C varies one obtains a onjuga y lass of elements 2 GQ
of order 2, whi h we refer to as omplex onjugations.
There are however many important di eren es between the ase of nite pla es
(i.e. primes) and the in nite pla e j j1 . For instan e Q p =Q p is an in nite extension
and Q p is not omplete. We will denote its ompletion by C p . The Galois group
GQ a ts on C p and is in fa t the group of ontinuous automorphisms of C p .
The elements of Q p (resp. Q p ) with absolute value less than or equal to 1,
form a losed subring Zp (resp. OQ ). These rings are lo al with maximal ideals
pZp (resp. mQ ) onsisting of the elements with absolute value stri tly less than
1. The eld OQ =mQ is an algebrai losure of the nite eld with p elements
F p = Z p =pZp , and we will denote it by F p . Thus we obtain a ontinuous map
GQ ! G F
p

p

p

p

p

p

p

p

p

p

p

p
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whi h is surje tive. Its kernel is alled the inertia subgroup of GQ and is denoted
IQ . The group GF is pro y li and has a anoni al generator alled the (geometri )
Frobenius element and de ned by
p

p

p

Frobp 1 (x) = xp :
In many ir umstan es it is te hni ally onvenient to repla e GQ by a dense subgroup WQ , whi h is referred to as the Weil group of Q p and whi h is de ned as
the subgroup of  2 GQ su h that  maps to
p

p

p

FrobZp  GF :
p

We endow WQ with a topology by de reeing that IQ with its usual topology should
be an open subgroup of WQ .
We will take a moment to des ribe some of the ner stru ture of IQ whi h we
will need for te hni al purposes later. First of all there is a (not quite anoni al)
ontinuous surje tion
Y
IQ ! Z l
l=
6 p
su h that
t(Frobp Frobp 1 ) = p 1 t()
for all  2 IQ . The kernel of t is a pro-p-group alled the wild inertia group. The
I
ker t
xed eld Q p is obtained by adjoining pp to Q pQ for all n oprime to p and
p

p

p

p

p

p

p

n

p

p

 p = nt() p;
n

n

for some primitive nth -root of unity n (independent of , but dependent on t).
In my opinion the most interesting question about GQ is to des ribe it together
with the distinguished subgroups GR , GQ , IQ and the distinguished elements
Frobp 2 GQ =IQ .
I want to fo us here on attempts to des ribe GQ via its representations. Perhaps the most obvious representations to onsider are those representations
p

p

p

p

GQ

! GL (C )
n

with open kernel, and these so alled Artin representations are already very interesting. However one obtains a ri her theory if one onsiders representations

GQ

! GL (Q )
n

l

whi h are ontinuous with respe t to the l-adi topology on GLn (Q l ). We refer to
these as l-adi representations.
One justi ation for onsidering l-adi representations is that they arise naturally from geometry. Here are some examples of l-adi representations.
1. A hoi e of embeddings Q ,! C and Q ,! Q l establishes a bije tion between
isomorphism lasses of Artin representations and isomorphism lasses of l-adi
representations with open kernel. Thus Artin representations are a spe ial
ase of l-adi representations: those with nite image.
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2. There is a unique hara ter

 l : GQ

! Z  Q 
l

l

su h that

 =   ()
for all l-power roots of unity  . This is alled the l-adi y lotomi hara ter.
3. If X=Q is a smooth proje tive variety (and we hoose an embedding Q  C )
then the natural a tion of GQ on the ohomology
l

 Heti (X Q Q ; Q l )
H i (X (C ); Q l ) =

is an l-adi representation. For instan e if E=Q is an ellipti
have the on rete des ription

urve then we

2
Het1 (E Q Q ; Q l ) 
= Hom Z (limr E [lr ℄(Q ); Q l ) 
= Q l;
l

where E [lr ℄ denotes the lr -torsion points on E . We will write H i (X (C ); Q l (j ))
for the twist
H i (X (C ); Q l ) lj :
Before dis ussing l-adi representations of GQ further, let us take a moment to
look at l-adi representations of GQ . The ases l =
6 p and l = p are very di erent.
Consider rst the mu h easier ase l 6= p. Here l-adi representations of GQ are
not mu h di erent from representations of WQ with open kernel. More pre isely
de ne a WD-representation of WQ over a eld E to be a pair
p

p

p

p

r : WQ

p

! GL(V )

and

N 2 End (V );
where V is a nite dimensional E -ve tor spa e, r is a representation with open
kernel and N is a nilpotent endomorphism whi h satis es
r()Nr( 1) = p 1 N

for every lift  2 WQ of Frobp . The key point here is that there is no referen e to a
topology on E , indeed no assumption that E is a topologi al eld. Given r there are
up to isomorphism only nitely many hoi es for the pair (r; N ) and these an be
expli itly listed without diÆ ulty. A WD-representation (r; N ) is alled unrami ed
if N = 0 and r(IQ ) = f1g. It is alled Frobenius semi-simple if r is semi-simple.
Any WD-representation (r; N ) has a anoni al Frobenius semi-simpli ation (r; N )ss
(see [Tat℄). In the ase that E = Q l we all (r; N ) l-integral if all the eigenvalues of
r() have absolute value 1. This is independent of the hoi e of Frobenius lift .
If l 6= p, then there is an equivalen e of ategories between l-integral WDrepresentations of WQ over Q l and l-adi representations of GQ . To des ribe it
hoose a Frobenius lift  2 WQ and a surje tion tl : IQ ! Zl . Up to natural
p

p

p

p

p

p
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isomorphism the equivalen e does not depend on these hoi es. We asso iate to an
l-integral WD-representation (r; N ) the unique l-adi representation sending
n  7 ! r(n ) exp(tl ()N )
for all n 2 Z and  2 IQ . The key point is Grothendie k's observation that for l 6= p
any l-adi representation of GQ must be trivial on some open subgroup of the wild
inertia group. We will write WDp (R) for the WD-representation asso iated to an
l-adi representation R. Note that WDp (R) is unrami ed if and only if R(Ip ) = f1g.
In this ase we all R unrami ed.
The ase l = p is mu h more ompli ated be ause there are many more padi representations of GQ . These have been extensively studied by Fontaine and
his o-workers. They single out ertain p-adi representations whi h they all de
Rham representations. I will not re all the somewhat involved de nition here (see
however [Fo2℄ and [Fo3℄), but note that `most' p-adi representations of GQ are not
de Rham. To any de Rham representation R of GQ on a Q p -ve tor spa e V they
asso iate the following.
1. A WD-representation WDp (R) of WQ over Q p (see [Berg℄ and [Fo4℄).
2. A multiset HT(R) of dim V integers, alled the Hodge-Tate numbers of R.
The multipli ity of i in HT(R) is
dimQ (V Q C p (i))GQ ;
p

p

p

p

p

p

p

p

p

where C p (i) denotes C p with GQ -a tion p ()i times the usual (Galois) a tion
on C p .
We now return to the global situation (i.e. to the study of GQ ). The l-adi
representations of GQ that arise `in nature', by whi h I mean `from geometry', have
a number of very spe ial properties whi h I will now list. Let R : GQ ! GL(V )
be a subquotient of H i (X (C ); Q l (j )) for some smooth proje tive variety X=Q and
some integers i  0 and j .
1. (Grothendie k) The representation R is unrami ed at all but nitely many
primes p.
2. (Fontaine, Messing, Faltings, Kato, Tsuji, de Jong, see e.g. [Il℄, [Bert℄) The
representation R is de Rham in the sense that its restri tion to GQ is de
Rham.
3. (Deligne, [De℄) The representation R is pure of weight w = i 2j in the
following sense. There is a nite set of primes S , su h that for p 62 S , the
representation R is unrami ed at p and for every eigenvalue of R(Frobp )
and every embedding  : Q l ,! C
j j21 = pw :
In parti ular is algebrai (i.e. 2 Q ).
An amazing onje ture of Fontaine and Mazur (see [Fo1℄ and [FM℄) asserts
that any irredu ible l-adi representation of GQ satisfying the rst two of these
properties arises from geometry in the above sense and so in parti ular also satis es
the third property.
p

l
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Conje ture 1..1 (Fontaine-Mazur)

Suppose that

! GL(V )

R : GQ

is an irredu ible l-adi representation whi h is unrami ed at all but nitely many
primes and with RjGQ de Rham. Then there is a smooth proje tive variety X=Q and
integers i  0 and j su h that V is a subquotient of H i (X (C ); Q l (j )). In parti ular
R is pure of some weight w 2 Z.
l

We will dis uss the eviden e for this onje ture later. We will all an l-adi
representation satisfying the on lusion of this onje ture geometri .
Algebrai geometers have formulated some very pre ise onje tures about the
a tion of GQ on the ohomology of varieties. We don't have the spa e here to dis uss
these in general, but we will formulate, in an as algebrai a way as possible, some
of their onje tures.
Conje ture 1..2 (Tate)

there is a de omposition

Suppose that X=Q is a smooth proje tive variety. Then

H i (X (C ); Q ) =

M

Mj

j

with the following properties.
1. For ea h prime l and for ea h embedding  : Q ,! Q l Mj Q ; Q l is an
irredu ible subrepresentation of H i (X (C ); Q l ).
2. For all indi es j and for all primes p there is a WD-representation WDp (Mj )
of WQ over Q su h that
p

WDp (Mj )

Ql

Q ;


= WD (M
p

j

Q ;

Q l)

for all primes l and all embeddings  : Q ,! Q l .
3. There is a multiset of integers HT(Mj ) su h that
(a) for all primes l and all embeddings  : Q ,! Q l

HT(Mj

Q ;

Q l)

= HT (Mj )

(b) and for all  : Q ,! C

dimC ((Mj

Q ;

C)

\H

a;i

a

(X (C ); C ))

is the multipli ity of a in HT (Mj ).

If one onsiders the whole of H i (X (C ); Q ) rather than its pie es Mj , then part
2. is known to hold up to Frobenius semisimpli ation for all but nitely many
p and part 3. is known to hold (see [Il℄). It follows from a theorem of Faltings
[Fa℄ that the whole onje ture is true for H 1 of an abelian variety. The putative
onstituents Mj are one in arnation of what people all `pure motives'.
If one believes onje tures 1..1 and 1..2 then `geometri ' l-adi representations
should ome in ompatible families as l varies. There are many ways to make pre ise
the notion of su h a ompatible family. Here is one.
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By a weakly ompatible system of l-adi representations
mean a olle tion of semi-simple l-adi representations

Rl; : GQ

! GL(V

Q ;
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R = fR g we shall
l;

Q l );

one for ea h pair (l; ), where l is a prime and  : Q ,! Q l , whi h satisfy the following
onditions.
 There is a multiset of integers HT(R) su h that for ea h prime l and ea h
embedding  : Q ,! Q l the restri tion Rl; jGQ is de Rham and HT(Rl; jGQ ) =
HT(R).
 There is a nite set of primes S su h that if p 62 S then WDp (Rl; ) is unrami ed
for all l and .
 For all but nitely many primes p there is a Frobenius semi-simple WDrepresentation WDp (R) over Q su h that for all primes l 6= p and for all  we
have
WDp (Rl; )ss  WDp (R):
l

l

We make the following subsidiary de nitions.
 We all R strongly ompatible if the last ondition (the existen e of WDp (R))
holds for all primes p.
 We all R irredu ible if ea h Rl; is irredu ible.
 We all R pure of weight w 2 Z, if for all but nitely many p and for all
eigenvalues of rp (Frobp ), where WDp (R) = (rp ; Np ), we have

j j21 = p

w

for all embeddings  : Q ,! C .
 We all R geometri if there is a smooth proje tive variety X=Q and integers
i  0 and j and a subspa e
W  H (X (C ); Q )
i

su h that for all l and , W

Q ;

Ql

is GQ invariant and realises Rl; .

Conje tures 1..1 and 1..2 lead one to make the following onje ture.
1. If R : GQ ! GLn (Q l ) is a ontinuous semi-simple de Rham
representation unrami ed at all but nitely many primes then R is part of a
weakly ompatible system.
2. Any weakly ompatible system is strongly ompatible.
3. Any irredu P
ible weakly ompatible system R is geometri and pure of weight
(2= dim R) h2HT(R) h.

Conje ture 1..3

A famous theorem of Cebotarev asserts that if K=Q is any Galois extension
in whi h all but nitely many primes are unrami ed (i.e. for all but nitely many
primes p the image of IQ in Gal (K=Q ) is trivial) then the Frobenius elements at
unrami ed primes Frobp 2 Gal (K=Q ) are dense in Gal (K=Q ). It follows that an
p
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irredu ible weakly ompatible system R is uniquely determined by WDp (R) for all
but nitely many p and hen e by one Rl; .
Conje tures 1..1 and 1..3 are known for one dimensional representations, in
whi h ase they have purely algebrai proofs based on lass eld theory (see [Se℄).
Otherwise only fragmentary ases have been proved, where amazingly the arguments
are extremely indire t involving sophisti ated analysis and geometry. We will ome
ba k to this later.
2.

L-fun tions

L-fun tions are ertain Diri hlet series
1
X

an =ns

n=1

whi h play an important role in number theory. A full dis ussion of the role of Lfun tions in number theory is beyond the s ope of this talk. The simplest example
of an L-fun tion is the Riemann zeta fun tion
1
X
 (s) =
1=ns :
n=1

It onverges to a holomorphi fun tion in the half plane Re s > 1 and in this region
of onvergen e it an also be expressed as a onvergent in nite produ t over the
prime numbers
Y
 (s) = (1 1=ps ) 1 :
p

This is alled an Euler produ t and the individual fa tors are alled Euler fa tors.
Lying deeper is the fa t that  (s) has meromorphi ontinuation to the whole omplex plane, with only one pole: a simple pole at s = 1. Moreover if we set

Z (s) = 

s=2

(s=2) (s)

then Z satis es the fun tional equation

Z (1 s) = Z (s):
En oded in the Riemann zeta fun tion is lots of deep arithmeti information. For
instan e the lo ation of the zeros of  (s) is intimately onne ted with the distribution of prime numbers. Moreover its spe ial values at negative integers (where it
is only de ned by analyti ontinuation) turn out to be rational
en oding
p numbers
2
1=p
deep arithmeti information about the y lotomi elds Q (e
).
Another elebrated example is the L-fun tion of an ellipti urve E :

y2 = x3 + ax + b:
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In this ase the L-fun tion is de ned as an Euler produ t ( onverging in Re s > 3=2)

L(E; s) =

Y

Lp (E; p s);

p

where Lp (E; X ) is a rational fun tion, and for all but nitely many p

Lp (E; X ) = (1 ap (E )X + pX 2 ) 1 ;
with p ap (E ) being the number of solutions to the ongruen e

y2  x3 + ax + b mod p
in F 2p . It has re ently been proved [BCDT℄ that L(E; s) an be ontinued to an
entire fun tion, whi h satis es a fun tional equation
(2)

s

(s)L(E; s) = N (E )1 s (2)s

2

(2 s)L(E; 2 s);

for some expli it positive integer N (E ). A remarkable onje ture of Bir h and
Swinnerton-Dyer [BSD℄ predi ts that y2 = x3 + ax + b has in nitely many rational
solutions if and only if L(E; 1) = 0. Again we point out that it is the behaviour of
the L-fun tion at a point where it is only de ned by analyti ontinuation, whi h
is governing the arithmeti of E . This onje ture has been proved (see [Kol℄) when
L(E; s) has at most a simple zero at s = 1.
One general setting in whi h one an de ne L-fun tions is l-adi representations. Let us look rst at the lo al setting. If (r; N ) is a WD-representation of WQ
on an E -ve tor spa e V , where E is an algebrai ally losed eld of hara teristi
zero, we de ne a lo al L-fa tor
p

L((r; N ); X ) = det(1 X Frobp )jV 1Q
I

p

;N =0

2 E (X ):

(V IQ ;N =0 is the subspa e of V where IQ a ts trivially and N = 0.) One an also
asso iate to (r; N ) a ondu tor f (r; N ) 2 Z0 , whi h measures how deeply into IQ
the WD-representation (r; N ) is nontrivial, and a lo al epsilon fa tor ((r; N ); p ) 2
E , whi h also depends on the hoi e of a non-trivial hara ter p : Q p ! E  with
open kernel. (See [Tat℄.)
If R : GQ ! GL(V ) is an l-adi representation of GQ whi h is de Rham at l
and pure of some weight w 2 Z, and if  : Q l ,! C we will de ne an L-fun tion
p

p

p

L(R; s) =

Y

L(WDp (R); p s );

p

whi h will onverge to a holomorphi fun tion in Re s > 1 + w=2. For example

L(1; s) =  (s)
and if E=Q is an ellipti urve then

L(H 1 (E (C ); Q l ); s) = L(E; s)
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(for any ). Note the useful formulae

L((R1  R2 ); s) = L(R1 ; s)L(R2 ; s)

L((R rl ); s) = L(R; s + r):

and

Also note that L(R; s) determines L(WDp (R); X ) for all p and hen e WDp (R)ss for
all but nitely many p. Hen e by the Cebotarev density theorem L(R; s) determines
R (up to semisimpli ation).
Write mRi for the multipli ity of an integer i in HT(R) and, if w=2 2 Z, de ne
mRw=2; 2 (1=2)Z by:

mRw=2;+ + mRw=2;

= mRw=2

mRw=2;+

= ( 1)w=2 (dim V

mRw=2;

=1

dim V

= 1

):

Assume that mRw=2; are integers, i.e. that mRw=2  dim V mod 2. Then we an
de ne a -fa tor, (R; s), whi h is a produ t of fun tions  (s+a)=2 ((s + a)=2) as
a runs over a set of integers depending only on the numbers mRi and mRw=2; . We
an also de ne an epsilon fa tor 1 (R; 1 ) 2 C  whi h again only depends on
mRi , mRw=2; and a non-trivial hara ter 1 : R ! C  . Set
(R; s) = (R; s)L(R; s)
and

N (R) =

Y

pf (WD

p (R))

p

(whi h makes sense as f (WDp (R)) = 0 for all but nitely many p) and
Y
p
(R) = 1 (R; e2 1x ) (WDp (R); p );
p
2

p

1x
.
where  p (x) = e
The following onje ture is a ombination of onje ture 1..1 and onje tures
whi h have be ome standard.

Conje ture 2..1 Suppose that R is an irredu ible l-adi representation of GQ
whi h is de Rham and pure of weight w 2 Z. Then mRp = mRw p for all p, so
that mw=2  dim V mod 2. Moreover the following should hold.
1. L(R; s) extends to an entire fun tion, ex ept for a single simple pole if R =
l w=2 .
2. (R; s) is bounded in verti al strips 0  Re s  1 .
3. (R; s) = (R)N (R) s (R_ ; 1 s).

It is tempting to believe that something like properties 1., 2. and 3. should
hara terise those Euler produ ts whi h arise from l-adi representations. We will
dis uss a more pre ise onje ture along these lines in the next se tion. Why Galois representations should be the sour e of Euler produ ts with good fun tional
equations seems a omplete mystery.
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forms

Automorphi forms may be thought of as ertain smooth fun tions on the quotient
GLn (Z)nGLn (R ). We need several preliminaries before we an make a pre ise
de nition.
Let Zb denote the pro nite ompletion of Z, i.e.

b = lim Z=N Z = Y Zp ;

Z

N

p

a topologi al ring. Also let A 1 denote the topologi al ring of nite adeles
b ZQ;
A1 =Z
where Zb is Q
an open subring with its usual topology. As an abstra t ring, A 1 is the
subring of p Q p onsisting of elements (xp ) with xp 2 Zp for all but nitely many
p. However the topology is not the subspa e topology. We de ne the topologi al
ring of adeles to be the produ t
A = A 1  R:
Note that Q embeds diagonally as a dis rete subring of A with ompa t quotient

n = Zb  ZnR :

Q A

We will be interested in GLn (A ), the lo ally ompa t topologi al group of
n  n invertible matri es with oeÆ ients in A . We remark that the topology on
GLn (A ) is the subspa e topology resulting from the losed embedding

GLn (A ) ,! Mn (A )  Mn (A )
g 7! (g; g 1 ):
GLn (Q ) is a dis rete subgroup of GLn (A ) and the quotient GLn (Q )nGLn (A ) has
nite volume. If U  GLn (Zb ) is an open subgroup with det U = Zb , then
GLn (Q )nGLn (A )=U = (GLn (Q ) \ U )nGLn (R ):
Note that GLn (Q ) \ U is a subgroup of GLn (Z) of nite index. Most of the statements we make on erning GLn (A ) an be rephrased to involve only GLn (R ), but
at the expense of making them mu h more umbersome. To a hieve brevity (and
be ause it seems more natural) we have opted to use the language of adeles. We
hope that this extra abstra tion will not be too onfusing for the novi e.
Before ontinuing our introdu tion of automorphi forms let us digress to mention lass eld theory, whi h provides a on rete example of the presentational advantages of the adeli language. It also implies essentially all the onje tures we
are onsidering in the ase of one dimensional Galois representations. Indeed this
arti le is about the sear h for a non-abelian analogue of lass eld theory. Class
eld theory gives a on rete des ription of the abelianisation (maximal ontinuous
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abelian quotient) GQab of GQ and WQab of WQ . First the lo al theory asserts that
there is an isomorphism
 ab
Art p : Q 
p ! WQ
with various natural properties, in luding the fa ts that Art (Z
p ) is the image of
the inertia group IQ in WQab , and that the indu ed map
p

p

p

p

p


Q
p =Z p

! WQab =IQ  GF
p

p

p

takes p to the geometri Frobenius element Frobp . Se ondly the global theory asserts
that there is an isomorphism
 Gab
Art : A  =Q  R  !
Q

>0

oin ides with the omposition of Art p with
su h that the restri tion of Art to Q 
p
the natural map WQab ! Gab
.
Thus
Art
is de ned ompletely from a knowledge of
Q
the Art p (and the fa t that Art takes 1 2 R  to omplex onjugation) and the
re ipro ity theorem
Q of global lass eld theory an be thought of as a determination
of the kernel of p Art p .
We now return to our (extended) de nition of automorphi forms. For ea h
partition n = n1 + n2 let Nn1 ;n2 denote the subgroup of GLn onsisting of matri es
of the form


In1  :
0 I
p

n2

Let O(n)  GLn (R ) denote the orthogonal subgroup. Let zn denote the entre
of the universal enveloping of gln , the omplexi ed Lie algebra of GLn (R ) (i.e.
gln = Mn (C ) with [X; Y ℄ = XY
Y X ). Via the Harish-Chandra isomorphism
(see for example [Dix℄) we may identify homomorphisms zn ! C with multisets
of n omplex numbers. We will write H for the homomorphism orresponding to
a multiset H . Thus zn a ts on the irredu ible nite dimensional gln -module with
highest weight (a1 ; :::; an ) 2 Zn (a1  :::  an ) by fa1 +(n 1)=2;:::;a +(1 n)=2g .
Fix su h a multiset H of ardinality n. The spa e of usp forms with in nitesimal hara ter H , AÆH (GLn (Q )nGLn (A )) is the spa e of smooth bounded fun tions
n

f : GLn (Q )nGLn (A )

!C

satisfying the following onditions.
1. (K - niteness) The translates of f under GLn (Zb )  O(n) (where O(n) denotes
the orthogonal group) span a nite dimensional ve tor spa e;
2. (In nitesimal hara ter H ) If z 2 zn then zf = H (z )f ;
3. (Cuspidality) For ea h partition n = n1 + n2 ,

Z

n

Nn1 ;n2 (Q ) Nn1 ;n2 (A )

f (ug)du = 0:

Galois Representations
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Note that if U  GLn (Zb ) is an open subgroup with det U = Zb then one may think
of AÆH (GLn (Q )nGLn (A ))U as a spa e of fun tions on (GLn (Q ) \ U )nGLn (R ).
One would like to study AÆH (GLn (Q )nGLn (A )) as a representation of GLn (A ),
unfortunately it is not preserved by the a tion of GLn (R ) (be ause the K - niteness
ondition depends on the hoi e of a maximal ompa t subgroup O(n)  GLn (R )).
It does however have an a tion of GLn (A 1 )  O(n) and of gln , whi h is essentially as
good. More pre isely it is an admissible GLn (A 1 )  (gln ; O(n))-module in the sense
of [Fl℄. In fa t it is a dire t sum of irredu ible, admissible GLn (A 1 )  (gln ; O(n))modules ea h o urring with multipli ity one. We will (slightly abusively) refer to
these irredu ible onstituents as uspidal automorphi representations of GLn (A )
with in nitesimal hara ter H .
AÆf0g (Q  nA  ) is just the spa e of lo ally onstant fun tions on A  =Q  R >0
and so uspidal automorphi representations of GL1 (A ) with in nitesimal hara ter
f0g, are just the ( nite order) omplex valued hara ters of A  =Q  R >0 
= Zb ,
Æ


Æ

i.e. Diri hlet hara ters. Afsg (Q nA ) is simply obtained from Af0g (Q nA  ) by
twisting by jj jjs , where jj jj : A  =Q  ! R 
>0 is the produ t of the absolute values
j jx . Thus in the ase n = 1 uspidal automorphi representations are essentially
Diri hlet hara ters.
The ase n = 2 is somewhat more representative. In this ase we have
AÆfs;tg (GL2 (Q )nGL2 (A )) = (0) unless s t 2 iR , s t 2 Z or s t 2 ( 1; 1). It is
onje tured that the third possibility an not arise unless s = t. Let us onsider the
ase s t 2 Z>0 a little further. If s t 2 Z>0 then it turns out that the irredu ible
onstituents of AÆfs;tg (GL2 (Q )nGL2 (A )) are in bije tion with the weight 1 + s t
holomorphi usp forms on the upper half plane, whi h are normalised newforms
(see for example [Mi℄). Thus in some sense uspidal automorphi representations
are are also generalisations of lassi al holomorphi normalised newforms.
Note that if is a hara ter of A  =Q  R 
>0 and if  is a uspidal automorphi
representation of GLn (A ) with in nitesimal hara ter H then  ( Æ det) is also a
uspidal automorphi representation with in nitesimal hara ter H and the ontragredient (dual)  of  is a uspidal automorphi representation with in nitesimal
hara ter H = f h : h 2 H g.
One of the main questions in the theory of automorphi forms is to des ribe
the irredu ible onstituents of AÆH (GLn (Q )nGLn (A )). If we are to do this we rst
need some des ription of all irredu ible admissible GLn (A 1 )  (gln ; O(n))-modules,
and then we an try to say whi h o ur in AÆH (GLn (Q )nGLn (A )).
Just as a hara ter : A  ! C  an be fa tored as
= 1

Y

p
p

 (resp. 1 : R  ! C  ), so an irredu ible, admissible
where p : Q 
p ! C
1
GLn (A )  (gln ; O(n))-module an be fa torised as a restri ted tensor produ t (see
[Fl℄)
O0

x ;
=
x
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where 1 is an irredu ible, admissible (gln ; O(n))-module (see for example [Wa℄),
and ea h p is an irredu ible smooth (i.e. stabilisers of ve tors are open in GLn (Q p ))
representation of GLn (Q p ) with pGL (Z ) 6= (0) for all but nitely many p. To the
fa tors x one an asso iate various invariants (see [J℄).
 A entral hara ter x : Q x ! C  .
 L-fa tors L(p ; X ) 2 C (X ).
 A -fa tor (1 ; s).
 Condu tors f (p ) 2 Z0 .
 For ea h non-trivial hara ter x : Q x ! C  an epsilon fa tor (x ; x ) 2 C  .
n

p

(We also remark that zn a ts via a hara ter zn ! C on any irredu ible, admissible
(gln ; O(n))-module 1 . This hara ter is alled the in nitesimal hara ter of 1 .)
Now we may atta h to 
 a entral hara ter  =QQx x : A  ! C  ;
 an L-fun tion L(; s) = p L(p ; p s) (whi h may or may not onverge);
 an extended L-fun tion (; s) = (1; s)L(; s);
 a ondu tor N () = Qp pf ( ) (whi h makes sense be ause f (p ) = 0 when
pGL (Z ) 6= (0));
 and an epsilon onstant () = Qx (x ; x ) 2 C  where Qx x : A =Q ! C 
is any non-trivial hara ter.
p

n

p

The following theorem and onje ture des ribe the (expe ted) relationship
between automorphi forms and L-fun tions with Euler produ t and fun tional
equation. We suppose n > 1. A similar theorem to theorem 3..1 is true for n = 1,
ex ept that L(; s) may have one simple pole. In this ase it was due to Diri hlet.
Conje ture 3..2 be omes va uous if n = 1.
Theorem 3..1 (Godement-Ja quet, [GJ℄) Suppose that  is an irredu ible
onstituent of ÆH (GLn (Q ) GLn (A )) with n > 1. Then L(; s) onverges to a holo-

A

n

morphi fun tion in some right half omplex plane Re s >  and an be ontinued
to a holomorphi fun tion on the whole omplex plane so that (; s) is bounded in
all verti al strips 1  Re s  2 . Moreover (; s) satis es the fun tional equation
(; s) = ()N () s( ; 1 s):

Conje ture 3..2 (Cogdell-Piatetski-Shapiro, [CPS1℄) Suppose that  is an
irredu ible, admissible GLn (A 1 )  (gln ; O(n))-module su h that the entral hara ter of  is trivial on Q  and su h that L(; s) onverges in some half plane. Suppose
 the L-fun tion ( ( Æ det); s)
also that for all hara ters : A  =Q  R 
>0 ! C
(whi h will then onverge in some right half plane) an be ontinued to a holomorphi fun tion on the entire omplex plane, whi h is bounded in verti al strips and
satis es a fun tional equation
( ( Æ det); s) = ( ( Æ det))N ( ( Æ det)) s ( ( 1 Æ det); 1 s):

(( ( 1 Æ det); s) also automati ally onverges in some right half plane.) Then
there is a partition n = n1 + ::: + nr and uspidal automorphi representations i

Galois Representations
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(; s) =

r
Y
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(i ; s):

i=1

This onje ture is known to be true for n = 2 ([We℄, [JL℄) and n = 3 ([JPSS℄).
For n > 3 a weaker form of this onje ture involving twisting by higher dimensional
automorphi representations is known to hold (see [CPS1℄, [CPS2℄). These results
are alled ` onverse theorems'.
The reason for us introdu ing automorphi forms is be ause of a putative onne tion to Galois representations, whi h we will now dis uss. But rst let us dis uss
the lo al situation. It has re ently been established ([HT℄, [He℄, [Ha℄) that there
is a natural bije tion, re p , from irredu ible smooth representations of GLn (Q p ) to
n-dimensional Frobenius semi-simple WD-representations of WQ over C . The key
point here is that the bije tion should be natural. We will not des ribe here exa tly
what this means (instead we refer the reader to the introdu tion to [HT℄). It does
satisfy the following.
  Æ Art p 1 = det re p (), where  is the entral hara ter of .
 L(re p (); X ) = L(; X ).
 f (re p ()) = f ().
 (re p (); p ) = (; p ) for any non-trivial hara ter p : Q p ! C  .
The existen e of re p an be seen as a non-abelian generalisation of lo al lass eld
theory, as in the ase n = 1 we have re p () =  Æ Art p 1 .
Now suppose that  : Q l ! C and that R is a de Rham l-adi representation of
GQ whi h is unrami ed at all but nitely many primes. Using the lo al re ipro ity
map re p , we an asso iate to R an irredu ible, admissible GLn (A 1 )  (gln ; O(n))module
Y 1
re p (WDp (R));
(R) = 1 (R)
p

p

where 1 (R) is a tempered irredu ible, admissible (gln ; O(n))-module with innitesimal hara ter HT(RjGQ ) and with (1 (R); s) = (R; s). The de nition
of 1 (R) depends only on the numbers mRi and mRw=2; . Then we have the following onje tures.
l

Conje ture 3..3 Suppose that H is a multiset of n integers and that  is an irredu ible onstituent of AÆH (GLn (Q )nGLn (A )). Identify Q  C . Then ea h re p (p )
an be de ned over Q and there is an irredu ible geometri strongly ompatible system of l-adi representations R su h that HT(R) = H and WDp (R)ss = re p (p )
for all primes p.
Conje ture 3..4

Suppose that

R : GQ

! GL(V )

is an irredu ible l-adi representation whi h is unrami ed at all but nitely many
primes and for whi h RjGQ is de Rham. Let  : Q l ! C . Then (R) is a uspidal
automorphi representation of GLn (A ).
l
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These onje tures are essentially due to Langlands [Lan1℄, ex ept we have used
a pre ise formulation whi h follows Clozel [Cl1℄ and we have in orporated onje ture
1..1 into onje ture 3..4.
Conje ture 3..4 is probably the more mysterious of the two, as only the ase
n = 1 and fragmentary ases where n = 2 are known. This will be dis ussed further
in the next Q
se tion. Note the similarity to the main theorem of global lass eld

theory that p Art p : A  ! Gab
Q has kernel Q .
The following theorem provides signi ant eviden e for onje ture 3..3.
Theorem 3..5 ([Kot℄, [Cl2℄, [HT℄) Suppose that H is multiset of n distin t integers and that  is an irredu ible onstituent of AÆH (GLn (Q )nGLn (A )). Let  : Q l ,!
C . Suppose moreover that   
=  ( Æ det) for some hara ter : A  =Q  ! C  ,
and that either n  2 or for some prime p the representation p is square integrable
(i.e. re p (p ) is inde omposable). Then there is a ontinuous representation

Rl; : GQ

! GL (Q )
n

l

with the following properties.
P
1. Rl; is geometri and pure of weight 2=n h2H h.
2. Rl; jGQ is de Rham and HT(Rl; jGQ ) = H .
3. For any prime p 6= l there is a representation rp : WQ
WDp (Rl; )ss = (rp ; Np ) and re p (p ) = (rp ; Np0 ).
l

l

p

! GL (Q ) su h that
n

l

This was established by nding the desired l-adi representations in the ohomology of ertain unitary group Shimura varieties. It seems not unreasonable
to hope that similar te hniques might allow one to improve many of the te hni al
defe ts in the theorem. However Clozel has stressed that in the ases where H
does not have distin t elements or where  6
=  ( Æ det), there seems to be no
prospe t of nding the desired l-adi representations in the ohomology of Shimura
varieties. It seems we need a new te hnique.
4.

What do we know?

Let us rst summarise in a slightly less pre ise way the various onje tures we have
made, in order to bring together the dis ussion so far. Fix an embedding Q ,! C
and let H be a multiset of integers of ardinality n > 1. Then the following sets
should be in natural bije tion. One way to make pre ise the meaning of `natural'
is to require that two obje ts M and M 0 should orrespond if the lo al L-fa tors
Lp (M; X ) and Lp (M 0 ; X ) are equal for all but nitely many p. Note that in ea h
ase the fa tors Lp (M; X ) for all but nitely many p, ompletely determine M .
(AF) Irredu ible onstituents  of AÆH (GLn (Q )nGLn (A )).
(LF) Near equivalen e lasses of irredu ible, admissible GLn (A 1 )  (gln ; O(n))modules  with the following properties. (We all two GLn (A 1 )  (gln ; O(n))modules,  and 0 nearly equivalent if p 
= p0 for all but nitely many p.)

Galois Representations
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1 has in nitesimal hara ter H .
The entral hara ter  is trivial on Q   A  .
For all hara ters : A  =Q  R 
( Æ det); s)
>0 the L-fun tion (
onverges in some right half plane, has holomorphi ontinuation to the
entire omplex plane so that it is bounded in verti al strips and satis es
the fun tional equation
1
(
; s) = (
)N (
) s (
; 1 s):

(d) (See [JS℄ for an explanation of this ondition.) There is a nite set of
primes S ontainingQ
all primes p for whi h re p (p ) is rami ed, su h that,
writing L(p ; X ) = ni=1 (1 p;i X ) 1 for p 62 S ,
1
X X
m
ms
m
+ log(s 1)
p;i p;j =mp
p62S;i;j m=1
is bounded as s ! 1 from the right.
In this ase Lp (; X ) = L(p ; X ).
(lR) (Fix  : Q l ! C .) Irredu ible l-adi representations

R : GQ

! GL (Q )
n

l

whi h are unrami ed at all but nitely many primes and for whi h RjGQ is
de Rham with HT(RjGQ ) = H . In this ase Lp (R; X ) = L(WDp (R); X ).
l

l

(WCS) Irredu ible weakly ompatible systems of l-adi representations
HT(R) = H . In this ase Lp (R; X ) = Lp (WDp (R); X ).

R with

(GCS) Irredu ible geometri strongly ompatible systems of l-adi representations R
with HT(R) = H . In this ase Lp (R; X ) = Lp (WDp (R); X ).
For n = 1 we must drop the item (LF ), be ause it would need to be modi ed
to allow L( ( Æ det); s) to have a simple pole, while, in any ase ondition (LF)
(b) would make the impli ation (LF ) =) (AF ) trivial. This being said, in the ase
n = 1 all the other four sets are known to be in natural bije tion (see [Se℄). This
basi ally follows be ause global lass eld theory provides an isomorphism
Art : A  =Q  R  ! Gab :
>0

Q

I would again like to stress how di erent are these various sorts of obje ts and
how surprising it is to me that there is any relation between them. Items (AF) and
(LF) both on ern representations of adele groups, but arising in rather di erent
settings: either from the theory of dis rete subgroups of Lie groups or from the
theory of L-fun tions with fun tional equation. Items (lR) and (WCS) arise from
Galois theory and item (GCS) arises from geometry.
So what do we know about the various relationships for n > 1?
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Not mu h. Trivially one has (GCS ) =) (W CS ) =) (lR). The passage
(AF ) =) (LF ) is OK by theorem 3..1. As dis ussed in se tion 3. we have signi ant
partial results in the dire tions (LF ) =) (AF ) and (AF ) =) (GCS ), but both
seem to need new ideas. (Though I should stress that I am not really ompetent to
dis uss onverse theorems.)
One way to establish the equivalen e of all ve items would be to omplete
the passages (LF ) =) (AF ) and (AF ) =) (GCS ) and to establish the passage
(lR) =) (AF ). It is these impli ations whi h have re eived most study, though it
should be pointed out that in the fun tion eld ase the equivalen e of the analogous
obje ts was established by looking at the impli ations
(lR) =) (LF ) =) (AF ) =) (GCS ):
(See [Laf℄. It is the use of te hniques from Grothendie k's l-adi ohomology to prove
the rst of these impli ations whi h is most spe ial to fun tion elds.) However it
is striking that in the ase of number elds all known impli ations from items (lR),
(WCS) or (GCS) to (LF) go via (AF).
For the rest of this arti le we will on entrate on what still seems to be the least
understood problem: the passage from (lR) or (WCS) to (AF) or (LF). Although
the results we have are rather limited one should not underestimate their power.
Perhaps the most striking illustration of this is that the lifting theorems dis ussed in
se tion 4.4. ( ombined with earlier work using base hange and onverse theorems)
allowed Wiles [Wi℄ to nally prove Fermat's last theorem.
The dis ussion in the rest of this paper will of ne essity be somewhat more
te hni al. In parti ular we will need to dis uss automorphi forms, l-adi representations and so on over general number elds (i.e. elds nite over Q ). We will leave
it to the reader's imagination exa tly how su h a generalisation is made. In this
onne tion we should remark that if L=K is a nite extension of number elds and
if R is a semi-simple de Rham l-adi representation of GL whi h is unrami ed at
all but nitely many primes, then (see [A℄)

L(R; s) = L(Ind GG R; s)
K

L

(formally if the L-fun tions don't onverge). In fa t this is true Euler fa tor by
Euler fa tor and similar results hold for ondu tors and -fa tors (see [Tat℄). This
observation an be extremely useful.
4.1.

Cy li

base

hange.

Suppose that G is a group, H a normal subgroup su h that G=H is y li with
generator of . It is an easy exer ise that an irredu ible representation r of H
extends to a representation of G if and only if r 
= r as representations of H .
If one believes onje tures 3..3 and 3..4, one might expe t that if L=K is a y li
Galois extension of number elds of prime order, if  generates Gal (L=K ) and if
 is a uspidal automorphi representation of GLn (A L ) with  Æ  
= , then there
should be a uspidal automorphi representation  of GLn (A K ), su h that for all
pla es w of L we have re w (w ) = re wj (wj )jW . This is indeed the ase. For
K

K

Lw
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n = 1 we have  =  Æ NL=K , Langlands [Lan2℄ proved it for n = 2 using the tra e
formula and Arthur and Clozel [AC℄ generalised his method to all n.
One drawba k of this result is that if v is a pla e of K inert in L then there
is no omplete re ipe for v in terms of . This an be surprisingly serious. It an
however be alleviated, if we know how to asso iate irredu ible l-adi representations
to both  and . Langlands used this to show that many two dimensional Artin
representations (i.e. l-adi representations with nite image) were automorphi
(i.e. asso iated to a uspidal automorphi representation). In fa t using additional
results from the theory of L-fun tions, parti ularly the onverse theorem for GL3
(see se tion 4.3.), he and Tunnell ([Tu℄) were able to establish the automorphy of
all ontinuous two dimensional Artin representations with soluble image.
4.2.

Brauer's theorem

The result I want to dis uss is a result of Brauer [Br℄ about nite groups.
Theorem 4..1 (Brauer) Suppose that r is a representation of a nite group G.
Then there are soluble subgroups Hi < G, one dimensional representations i of Hi
and integers ni su h that as virtual representations of G we have

r=

X

ni Ind GH

i

i

:

i

As Artin [A℄ had realised this theorem has the following immediate onsequen e. (Indeed Brauer proved his theorem in response to Artin's work.)
Corollary 4..2 Let  : Q l ! C . Suppose that
R : GQ ! GLn (Q l )
is an l-adi representation with nite image. Then the L-fun tion L(R; s) has
meromorphi ontinuation to the entire omplex plane and satis es the expe ted
fun tional equation.
Artin's argument runs as follows. Let G denote the image of R and write

R=

X

ni Ind GH

i

i

i

as in Brauer's theorem. Let L=Q be the Galois extension with group G ut out by
R and let Ki = LH . Then one has equalities
Q
GQ
n
L(R; s) =
Qi L(Ind Gn i ; s)
L( i ; s) :
=
i
By lass eld theory for the elds Ki , the hara ter i is automorphi on GL1 (A K )
and so L( i ; s) has holomorphi ontinuation to the entire omplex plane (ex ept
possibly for one simple pole if i = 1) and satis es a fun tional equation. It follows
that L(R; s) has meromorphi ontinuation to the entire omplex plane and satis es
a fun tional equation. The problem with this method is that some of the integers ni
will usually be negative so that one an only on lude the meromorphy of L(R; s),
not its holomorphy.
i

i

Ki
i

i
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Converse theorems.

As Cogdell and Piatetski-Shapiro point out, onje ture 3..2 would have very important impli ations for Galois representations. For instan e the ases n = 2 and 3
played a key role in the proof of the automorphy of two dimensional Artin representations (see 4.1.). Conje ture 3..2 ombined with Brauer's theorem and a result
of Ja quet and Shalika [JS℄ in fa t implies that many (all? - ertainly those with
soluble or perfe t image) Artin representations are automorphi . A similar argument shows that in many other ases, in order to he k the automorphy of an l-adi
representation of GQ , it suÆ es to do so after a nite base hange. For instan e one
has the following result.
Assume onje ture 3..2. Let  : Q l ,! C and let K=Q be a nite, totally
real Galois extension. Suppose that  is a uspidal automorphi representation of
GLn (A K ) with in nitesimal hara ter orresponding to a multiset H onsisting of
n distin t integers. If n > 2 also suppose that v is square integrable (i.e. re v (v )
is inde omposable) for some nite pla e v of K . Let

! GL (Q )
be an l-adi representation su h that R  R
for some hara ter of GQ , and
su h that Rj is irredu ible. Suppose nally that Rj and  are asso iated, in
R : GQ

n

GK

l

GK

the sense that, for all but nitely many pla es v of K , we have

L(WDv (RjG ); X ) = L(v ; X ):
K

Then there is a regular algebrai uspidal automorphi representation  of GLn (A )
asso iated to R in the same sense.
4.4.

Lifting theorems.

To des ribe this sort of theorem we rst remark that if R : GQ ! GLn (Q l ) is ontinuous then after onjugating R by some element of GLn (Q l ) we may assume that
the image of R is ontained in GLn (OQ ) and so redu ing we obtain a ontinuous
representation
R : GQ ! GLn (F l ):
The lifting theorems I have in mind are results of the general form if R and R0
0
are l-adi representations of GQ with R0 automorphi and if R = R then R is also
automorphi . Very roughly speaking the te hnique (pioneered by Wiles [Wi℄ and
ompleted by the author and Wiles [TW℄) is to show that R mod lr arises from automorphi forms for all r by indu tion on r. As ker(GLn (Z=lr Z) ! GLn (Z=lr 1 Z)) is
an abelian group one is led to questions of lass eld theory and Galois ohomology.
I should stress that su h theorems are presently available only in very limited
situations. I do not have the spa e to des ribe the exa t limitations, whi h are
rather te hni al, but the sort of restri tions that are ommon are as follows.
1. If R : GQ ! GL(V ) then there should be a hara ter  : GQ ! GLn (Q l ) and
a non-degenerate bilinear form ( ; ) on V su h that
l
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 (R()v1 ; R()v2 ) = ()(v1 ; v2 ) and
 (v2 ; v1 ) = ( )(v1 ; v2 ).

(This seems to be essential for the method of [TW℄.)
2. R should be de Rham with distin t Hodge-Tate numbers. (This again seems
essential to the method of [TW℄, but see [BT℄.)
3. Either R and R0 should be ordinary (i.e. their restri tions to GQ should
be ontained in a Borel subgroup); or R and R0 should be rytsalline (not
just de Rham) at l with the same Hodge-Tate numbers and l should be large
ompared with the di eren es of elements of HT(R). (The problems here
are onne ted with the need for an integral Fontaine theory, but they are
not simply te hni al problems. There are some ompli ated results pushing
ba k this restri tion in isolated ases, see [CDT℄, [BCDT℄, [Sa℄, but so far our
understanding is very limited.)
4. The image of R should not be too small (e.g. should be irredu ible when
restri ted to Q (e2i=l )), though in the ase n = 2 there is beautiful work of
Skinner and Wiles ([SW1℄ and [SW3℄) dispensing with this riterion, whi h
this author has unfortunately not fully understood.
l

In addition, all the published work is for the ase n = 2. However there is
ongoing work of a number of people attempting to dispense with this assumption.
Using a very important insight of Diamond [Dia℄, the author, together with L.Clozel
and M.Harris, has generalised to all n the so alled minimal ase (originally treated
in [TW℄) where R is no more rami ed than R. One would hope to be able to dedu e
the non-minimal ase from this, as Wiles did in [Wi℄ for n = 2. In this regard one
should note the work of Skinner and Wiles [SW2℄ and the work of Mann [Ma℄.
However there seems to be one missing ingredient, the analogue of the ubiquitous
Ihara lemma, see lemma 3.2 of [Ih℄ (and also theorem 4.1 of [R℄). As this seems to
be an important question, but one whi h lies in the theory of dis rete subgroups
of Lie groups, let us take he trouble to formulate it, in the hope that an expert
may be able to prove it. It should be remarked that there are a number of possible
formulations, whi h are not ompletely equivalent and any of whi h would seem to
suÆ e. We hoose to present one whi h has the virtue of being relatively simple to
state.
Conje ture 4..3 Suppose that G=Q is a unitary group whi h be omes an inner
form of GLn over an imaginary quadrati eld E . Suppose that G(R ) is ompa t.
Let l be a prime whi h one may assume is large ompared to n. Let p1 and p2 be
distin t primes di erent from l with G(Q p1 ) 
= GLn (Q p1 ) and G(Q p2 ) 
= GLn (Q p2 ).
Let U be an open ompa t subgroup of G(A p1 ;p2 ) and onsider the representation
of GLn (Q p1 )  GLn (Q p2 ) on the spa e C 1 (G(Q )nG(A )=U; F l ) of lo ally onstant
F l -valued fun tions on

G(Q )nG(A )=U = (G(Q ) \ U )n(GLn (Q p1 )  GLn (Q p2 ):
(Note that G(Q ) \ U is a dis rete o ompa t subgroup of GLn (Q p1 )  GLn (Q p2 ).)
Suppose that 1 2 is an irredu ible sub-representation of C 1 (G(Q )nG(A )=U; F l )
with 1 generi . Then 2 is also generi .
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The most serious problem with applying su h lifting theorems to prove an ladi representation R is automorphi is the need to nd some way to show that R is
automorphi . The main su ess of lifting theorems to date, has been to show that if
E is an ellipti urve over the rationals then H 1 (E (E ); Q l ) is automorphi , so that
E is a fa tor of the Ja obian of a modular urve and the L-fun tion L(E; s) is an
entire fun tion satisfying the expe ted fun tional equation ([Wi℄, [TW℄,[BCDT℄).
This was possible be ause GL2 (Z3 ) happens to be a pro-soluble group and there
is a homomorphism GL2 (F 3 ) ! GL2 (Z3 ) splitting the redu tion map. The Artin
representation
GQ ! GL(H 1 (E (C ); F 3 )) ! GL2 (Z3 )
is automorphi by the Langlands-Tunnell theorem alluded to in se tion 4.1..
4.5.

Other te hniques?

I would like to dis uss one other te hnique whi h has been some help if n = 2
and may be helpful more generally. We will restri t our attention here to the ase
n = 2 and det R( ) = 1. We have said that the prin ipal problem with lifting
theorems for proving an l-adi representation R : GQ ! GL2 (Q l ) is automorphi
is that one one needs to know that R is automorphi . This seems to be a very
hard problem. Nonetheless one an often show that R be omes automorphi over
some Galois totally real eld K=Q . (Be ause K is totally real, if R(GQ )  SL2 (F l )
and l > 3 then R(GK )  SL2 (F l ). So this `potential automorphy' is far from
va uous). The way one does this is to look for an abelian variety A=K with multipli ation by a number eld F with [F : Q ℄ = dim A, and su h that R is realised
on H 1 (A(C ); F l )[℄ for some prime jl, while for some prime 0 jl0 6= l the image of
GK on H 1 (A(C ); F l )[0 ℄ is soluble. One then argues that H 1 (A(C ); F l )[0 ℄ is automorphi , hen e by a lifting theorem H 1 (A(C ); Q l ) F F is automorphi , so that
(tautologi ally) H 1 (A(C ); F l )[℄ is also automorphi , and hen e, by another lifting
theorem, RjG is automorphi . One needs K to be totally real, as over general
number elds there seems to be no hope of proving lifting theorems, or even of atta hing l-adi representations to automorphi forms. In pra ti e, be ause of various
limitations in the lifting theorems one uses, one needs to impose some onditions
on the behaviour of a few primes, like l, in K and some other onditions on A. The
problem of nding a suitable A over a totally real eld K , omes down to nding
a K -point on a twisted Hilbert modular variety. This is possible be ause we are
free to hoose K , the only restri tion being that K is totally real and ertain small
primes (almost) split ompletely in K . To do this, one has the following relatively
easy result.
Proposition 4..4 ([MB℄,[P℄) Suppose that X=Q is a smooth geometri ally irredu ible variety. Let S be a nite set of pla es of Q and suppose that X has a point
over the ompletion of Q at ea h pla e in S . Let Q S be the maximal extension of
Q in whi h all pla es in S split ompletely (e.g. Q f1g is the maximal totally real
eld). Then X has a Q S -point.
In this regard it would have extremely important onsequen es if, in the previous proposition, one ould repla e Q S by Q Ssol , the maximal soluble extension of Q
0

0

0

K

l0

0
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in whi h all pla es in S split ompletely. I do not know if it is reasonable to expe t
this.
Using this method one an, for instan e, prove the following result.
Suppose that R is an irredu ible weakly ompatible system
of two dimensional l-adi representations with HT(R) = fn1 ; n2 g where n1 6= n2 .
Suppose also that det Rl; ( ) = 1 for one (and hen e for all) pairs (l; ). Then
there is a Galois totally real eld K=Q and a uspidal automorphi representation
 of GL2 (A K ) su h that
 for all vj1, v has in nitesimal hara ter H , and
 for all (l; ) and for all nite pla es v6 jl of K we have

Theorem 4..5 ([Tay℄)

re v (v ) = WDv (Rl; jG )ss :
In parti ular R is pure of weight (n1 + n2 )=2. Moreover R is strongly ompatible and
L(R; s) has meromorphi ontinuation to the entire omplex plane and satis es the
expe ted fun tional equation.
K

The last senten e of this theorem results from the rst part and Brauer's
theorem. We remark that onje ture 3..2 would imply that this theorem ould be
improved to assert the automorphy of R over Q .
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