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Question (Donaldson)

Given two closed homeomorphic symplectic 4-manifolds (X1, w1)
and (Xa,w»), are they diffeomorphic if and only if the product
manifolds

(X1 % S? w1 ® werd) = (X2 x %, W @ werg)?

Call this “stabilisation”.
Theorem (Wall, '64)

Two closed simply-connected homeomorphic 4-manifolds are
h-cobordant.

Theorem (Smale, '62)

Let n>5. Then two closed simply-connected n-manifolds are
h-cobordant implies that they are diffeomorphic.
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» Ruan '94: There exist homeomorphic but not diffeomorphic
Kahler surfaces such that their stabilisations are not
deformation equivalent. This is given by CP?>#8CP2 and the
Barlow surface.

» Ruan—Tian '97: Stated “Stabilising Conjecture” when
restricted to simply-connected 4-manifolds. Shown for
simply-connected elliptic surfaces.

> lonel-Parker '99: Also shown for E(n) using different
methods, but still used GW invariants.

> Smith '00: Given n > 2, constructed n symplectic forms on a
simply-connected 4-manifold whose ¢is have different
divisibilities. == Donaldson’s question cannot be replaced by
T2.
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Main results

Theorem (Hirschi-W)

Let (Xo,wo) and (X1,w1) be two closed simply-connected
symplectic 4-manifolds so that (Xo,wo) x (52, weq) and
(X1,w1) x (52, wstq) are deformation equivalent. Then the
Gromov-Witten invariants of Xo agree with those of X1 up to a
homeomorphism.

Corollary

If (Xo,wo) and (X1,w1) satisfy the hypotheses of the theorem
above and b3 (Xj) > 2 for j=0,1, then their Seiberg-Witten
invariants agree.
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Proof strategy of the first main theorem

» Find examples of a fixed smooth 4-manifold X that admits
deformation inequivalent symplectic forms w; and ws.
» Show that (X x S%, w1 ® wetg) # (X x S2,wr ® Werd).
Invariant: (The orbit under Diff of) the first Chern class associated
to a symplectic form.

Goal
Show that c3(X x 52, w1 @ weq) and 1 (X x 52, wr ® weq) lie in
different orbits of Diff(X x S2).
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More motivations for our proof

> Before us, there are already examples of a closed smooth
4-manifold X admitting symplectic strutures whose c;s lie in
different orbits of Diff(X). In fact, we are using such
examples.

» How to go from 4 to 67

» Done for diffeomorphisms of X x S2 that “split”..
» Want to constrain how an arbitrary diffeomorphism of X x 52

can act on H?(X x §2).
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Cohomology equivalences

Definition
Given X and Y, let Gx,y denote the set of cohomology
equivalences 1) of X x Y such that

» * maps H2(X;Z) to itself; and

» pri?(-,y) is a cohomology equivalence for each y € Y.

® Our examples have their diffeomorphisms satisfying this
condition.
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Algebraic “sufficient” condition

Proposition

Let X be a closed, smooth manifold with two symplectic forms w1
and wy. Suppose ci(w1) and c¢1(wp) are in different orbits of
actions of cohomology (resp. homotopy) equivalences of X on
H?(X;Z). Then c1(w1 ® weq) and ci (w2 @ werg) lie in different
orbits of action of Gx s2 (resp. @;;)
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Proof of the algebraic “sufficient” condition
Suppose 3¢ € Gx s2 (resp. Gx s2), such that
P e (w2 ® wed) = €1 (w1 ® Werd)- (1)

Then for h:= PD[pt] = AD[S?] = ¢; of the hyperplane line bundle,
we have that ¥*h = h + a for some o € H?(X). Also, ¥*(h?) =0,

implying
(h+a)? = h? +2ah +a? = 0.

So 2a =0, since H*(X x §2;7Z) = H*(X)[h]/h?. Now, by (1) and
c1(CPY, weq) = 2h, we have that

cl(wl) +2h= 1/)*C1(WQ) + 21/)*/7 = ¢*C1(W2) +2h + 2a.

So c1(w1) = ¥*cr(w2). Let ¢ :=pry(4(-, z)) for some z € 2.
Since ¢* preserves H?(X;Z),

P e1(w2) = ¥ er(w2) = c1(wr).

Since @E is a cohomology (resp. homotopy) equivalence,
contradiction.



Proof steps
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Counterexamples

Example (Smith, 2000)

Let Z := (T‘(‘Xyz 1) dxdt + dydz)#iber sumd(E(1),wp) along
Ty :=(x,t), Ty :=(y,t), T, :=(z,t) and 2 copies of
Twi=(x=y=2z1t).

Can check that T,, T,, are symplectic, while T, T, are Lagrangian.

Theorem (Smith, 2000)

The simply-connected manifold Z admits two deformation
inequivalent symplectic forms w, and w_ obtained by perturbing T,
“via the opposite orientation”. In fact, 3|c1(w,) but not ¢i(w-).

Theorem (Hirschi-W)

Let Z be the simply-connected 4-manifold constructed by Smith.
Then w, ® weg and w_ ® weg on Z x S? are deformation
inequivalent.



The other direction of the 4 — 6 question

Theorem (Hirschi-W)

Suppose (Xo,wp) and (X1,w1) are closed simply-connected
symplectic 4-manifolds. If (Xo,wo) x (52, wed) and

(X1,w1) x (52, weq) are deformation equivalent, then there exists a
homeomorphism ¢ : Xo - Xy so that for any g,n >0 and

A€ Hy(Xo;Z) we have

X7 X1
GW“d(¢*an, ..., ¢ ) = GWoL (g, )

for any aq,...,ap € H*(X1;Q).
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Gromov—Witten invariants

Given a symplectic manifold (X,w) and an almost complex
structure J tamed by w, the Gromov—Witten invariants are
symplectic invariants based on an intersection theory on the
moduli space of stable J-holomorphic maps. Specifically, the
Gromov-Witten homomorphisms of (X,w) are the maps

GWy g+ H (X Q)% > H' (Mg i Q)

given by

GWX,w (61, .. .,5n) = PD(St*(lﬂ[ ev;“/B,- n [ﬂg’n()g B: J)]vir))

g,n,B
i=1

where ev; : Mg (X, B;J) - X and st: Mg (X, B;J) > Mg.p.



Recent developments in Gromov-Witten theory

> Global Kuranishi charts and identification with previous
invariants [Abouzaid-McLean-Smith '21 and '23,
Hirschi-Swaminathan '22, Hirschi '23]



Recent developments in Gromov-Witten theory

> Global Kuranishi charts and identification with previous
invariants [Abouzaid-McLean-Smith '21 and '23,
Hirschi-Swaminathan '22, Hirschi '23]

» Product formula [Hirschi-Swaminathan '22]



Application of the product formula

Theorem (Product formula in Hirschi-Swaminathan '22)

For symplectic manifolds (Xo,wo) and (Xi,w1) with torsion-free
Hl(Xl;Z), we have

GWXXY’wXEBwY(Oél X 617 oo, X 5”)

g7"7(BX7BY)
X, Y,
= QWX (g, n) - GWYY (B, Bo).

in H* (Hg,n; Q)



Application of the product formula

Theorem (Product formula in Hirschi-Swaminathan '22)

For symplectic manifolds (Xo,wo) and (Xi,w1) with torsion-free
Hl(Xl;Z), we have

va;:j(”g;fgj;(al X B1,... 0 % Bp)
= GWX (as,....n) - GW) % (B1...., Bn)-
in H*(Mg.n; Q).
Therefore, we would like to find some S1,...,8, and d such that

2 Wst
GW;I;,d[dS2] (617 s 7/3n)([pt]) +0.
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Lemma
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Application of the product formula

Lemma
Given g >0, n>1 with 2g —2+n>0 and d = [}] we have

2 n
GW; , ars2(1%") ([pt]) = 2%
if g is odd and
2 n—
GW; , 4r52(1°" @ h)([pt]) = 2%

if g is even.

Proof.
This is based on computations using the Kontsevich-Manin axioms
verified for our definition of the GW invariants in [Hirschi '23]. [



Application of the product formula

Now, assuming for a moment that there exists a homeomorphism
¢: Xo — Xq so that ¢* : H*(Xy x §%,Z) - H*(Xg x S%;Z) agrees
with the pullback by ¢ x idso.
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Application of the product formula

Now, assuming for a moment that there exists a homeomorphism
¢ Xo — Xi so that ¢* : H*(Xy x §%,Z) — H* (X x §2;7) agrees
with the pullback by ¢ x ids2. Then we are done, by the following.
Let g be odd, then

X1, )
W a1, ) GWig g2y (1S0) ([pt])
= X151

- GWg,n,$*(A7d)(a1 x1lg2,...,apx1g2)

= GW?f’ﬁ%d)(gb*al x1lg2,..., 0" apx 1g2)

0%/ * * 2 n
= GW (¢ .., 0" o) GWS oo (120) ([pt]).

The proof is similar when g is even.



Cohomologically split homeomorphism

Lemma
Suppose Xy and Xy are 4-manifolds with non-vanishing signature.

Ihen there exists a homeomorphism ¢ : Xo — Xy so that
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¢ x ids2 and ¢ c1(w1) = c1(wo).



Cohomologically split homeomorphism

Lemma

Suppose Xy and Xy are 4-manifolds with non-vanishing signature.
Then there exists a homeomorphism ¢ : Xo — X1 so that

&* i H* (X1 x S%,7Z) - H*(Xo x S%,Z) agrees with the pullback by
¢ x ids2 and ¢ c1(w1) = c1(wo).

Proof.
Similar to the proof of the Smith examples. Ol
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homeomorphic to #2,,1(CP?*#CP?) for some m,n > 0.



Simply-connected signature zero four-manifolds

These would be either homeomorphic to #2m+1(52 x 52) or
homeomorphic to #2,,1(CP?*#CP?) for some m,n > 0.

The proofs here are more ad hoc, and based on studying the
cohomology rings of these manifolds as well as the information on
their Gromov—Witten invariants of the stabilised manifolds.



Thank you for listening!
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