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Introduction

Let R be a Noetherian ring which is complete with respect to an ideal I, let X be a proper R-scheme, let
X0 denote the closed subscheme X ×SpecR SpecR/I of X, and let X denote the formal scheme obtained by
completing X along X0. A classical result of Grothendieck asserts that every coherent sheaf on X extends
uniquely to a coherent sheaf of X. More precisely, the Grothendieck existence theorem (Corollary 5.1.6 of
[8]) implies that the restriction functor Coh(X)→ Coh(X) is an equivalence of categories.

Our primary objective in this paper is to prove a version of Grothendieck’s existence theorem in the
setting of spectral algebraic geometry. For this, we first need to develop a good theory of proper morphisms
between spectral algebraic spaces. The main thing we need is the following version of the proper direct
image theorem, which we prove in §3 (Theorem 3.2.2):

(∗) If f : X → Y is a proper morphism of spectral algebraic spaces which is locally almost of finite
presentation and F ∈ QCoh(X) is almost perfect, then the pushforward f∗ F again almost perfect.

As a first step towards proving (∗), we might ask when the pushforward functor f∗ carries quasi-coherent
sheaves on X to quasi-coherent sheaves on Y. This requires only very mild hypotheses: namely, that f is
quasi-compact and quasi-separated. This follows from very general considerations about spectral Deligne-
Mumford stacks, and will be proven in §1.

One novel feature of assertion (∗) is that, unlike its classical counterpart, it does not require any Noethe-
rian hypotheses on X or Y. Nevertheless, our proof of (∗) will proceed by reduction to the Noetherian case,
where it can be deduced from the classical coherence theorem for (higher) direct image sheaves. To carry
out the reduction, we need to develop the technique of Noetherian approximation in the setting of spectral
algebraic geometry. This is the subject of §2.

The second half of this paper is devoted to a study of formal completions in spectral algebraic geometry.
To every spectral Deligne-Mumford stack X, we can associate an underlying topological space |X |, which
we study in §1.4. In §5, we will associate to every closed subset K ⊆ |X | a formal completion X∧K , which
we regard as a functor from the ∞-category CAlgcn of connective E∞-rings. In particular, we have an
∞-category of quasi-coherent sheaves QCoh(X∧K) and a restriction functor QCoh(X) → QCoh(X∧K). Our
main result asserts that, if X is proper and locally almost of finite presentation over a Noetherian E∞-ring
R which is complete with respect to an ideal I ⊆ π0R, and K ⊆ |X | is the closed subset determined by I,
then the restriction functor

QCoh(X)→ QCoh(X∧K)

restricts to an equivalence of ∞-categories on almost perfect objects (Theorem 5.3.2). The proof relies on
(∗) together with some facts about completions of modules over Noetherian E∞-rings, which we study in §4.

In the final section of this paper (§6), we study the relationship between the formal completions studied
in this paper and the formal moduli problems of [46]. In particular, we show that if a local Noetherian
E∞-ring A is complete with respect to the maximal ideal m ⊆ π0A, then A is completely determined by
an associated formal moduli problems (defined on local Artinian E∞-rings with residue field k = π0A/m).
Moreover, we characterize those formal moduli problems which arise via this construction (Theorem 6.2.2).

We have included in this paper an appendix, where we review some facts about Stone duality which we
will use in this series of papers.

Remark 0.0.1. Many of the notions introduced in this paper are straightforward adaptations of the corre-
sponding notions in classical algebraic geometry. For example, a map of spectral algebraic spaces (X,OX)→
(Y,OY) is proper if and only if the underlying map of ordinary algebraic spaces (X, π0 OX) → (Y, π0 OY) is
proper. Consequently, many of the results of this paper follow immediately from their classical counterparts.
However, it seems worthwhile to give an independent exposition, since some of our definitions differ from
those given in [31] and elsewhere in the literature (in particular, we do not require the diagonal of a spectral
algebraic space to be schematic, though this follows from Theorem 1.2.1 in the quasi-separated case).
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Notation and Terminology

We will use the language of ∞-categories freely throughout this paper. We refer the reader to [40] for a
general introduction to the theory, and to [41] for a development of the theory of structured ring spectra
from the ∞-categorical point of view. We will also assume that the reader is familiar with the formalism of
spectral algebraic geometry developed in the earlier papers in this series. For convenience, we will adopt the
following reference conventions:

(T ) We will indicate references to [40] using the letter T.

(A) We will indicate references to [41] using the letter A.

(V ) We will indicate references to [42] using the Roman numeral V.

(V II) We will indicate references to [43] using the Roman numeral VII.

(V III) We will indicate references to [44] using the Roman numeral VIII.

(IX) We will indicate references to [45] using the Roman numeral IX.

(X) We will indicate references to [46] using the Roman numeral X.

(XI) We will indicate references to [47] using the Roman numeral XI.

For example, Theorem T.6.1.0.6 refers to Theorem 6.1.0.6 of [40].
If C is an ∞-category, we let C' denote the largest Kan complex contained in C: that is, the ∞-

category obtained from C by discarding all non-invertible morphisms. We will say that a map of simplicial
sets f : S → T is left cofinal if, for every right fibration X → T , the induced map of simplicial sets
FunT (T,X)→ FunT (S,X) is a homotopy equivalence of Kan complexes (in [40], we referred to a map with
this property as cofinal). We will say that f is right cofinal if the induced map Sop → T op is left cofinal:
that is, if f induces a homotopy equivalence FunT (T,X)→ FunT (S,X) for every left fibration X → T . If S
and T are∞-categories, then f is left cofinal if and only if for every object t ∈ T , the fiber product S×T Tt/
is weakly contractible (Theorem T.4.1.3.1).

Throughout this paper, we let CAlg denote the ∞-category of E∞-rings and CAlgcn the full subcategory
spanned by the connective E∞-rings. We will need to study several different notions of the “spectrum” of a
ring:

(i) Given a commutative ring R, we can consider its Zariski spectrum: that is, the topological space whose
points are prime ideals of R. We will denote this topological space by SpecZR. More generally, if A is
an E∞-ring, we let SpecZA denote the Zariski spectrum of the commutative ring π0A.

(ii) Given a commutative ring, we can consider the affine scheme given by the spectrum of R. We will
denote this affine scheme simply by SpecR (so that the underlying topological space of SpecR is given
by SpecZR).

(iii) Given a connective E∞-ring A, we let SpecétA denote the affine spectral Deligne-Mumford stack
associated to A. That is, we have SpecétA = (X,O), where X is the∞-topos of Shvét

A of sheaves on the
∞-category CAlgét

A of étale A-algebras, and O is the sheaf of E∞-rings given by the forgetful functor
CAlgét

A → CAlg.

(iv) If A is a connective E∞-ring equipped with an ideal I ⊆ π0A, then we can consider the formal spectrum
Spf A of A (with respect to I). We will regard this formal spectrum as a functor CAlgcn → S, which
assigns to a connective E∞-ring R the summand of MapCAlg(A,R) consisting of maps from A into R
which carry each element of I to a nilpotent element of π0R.

(v) If k is a field and A is an E∞-ring equipped with a map A → k, we let Specf A denote the formal
moduli problem corepresented by A (see §6.1).
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(vi) If P is a distributive lattice (or, more generally, a distributive upper-semilattice), we let Spt(P ) denote
the set of prime ideals of P (see Construction A.2.8). In the special case where P is a Boolean algebra,
we can identify Spt(P ) with the Zariski spectrum SpecZ P , where we regard P as commutative algebra
over the finite field F2 (see Remark A.3.22).

1 Generalities on Spectral Algebraic Spaces

Our goal in this section is to prove some foundational results concerning spectral algebraic spaces. We begin
in §1.1 with the following technical result: if X is a quasi-compact separated spectral algebraic space, then
X admits a scallop decomposition (in the sense of Definition VIII.2.5.5). As a consequence, we will see
that for any quasi-compact strongly separated morphism f : X → Y, there is a well-behaved pushforward
operation f∗ on quasi-coherent sheaves (Corollary 1.1.3). We will apply this result in §1.2 to develop a
theory of quasi-finite morphisms between spectral Deligne-Mumford stacks. In particular, we will prove the
following version of Zariski’s Main Theorem: if f : X→ Y is quasi-compact, strongly separated, and locally
quasi-finite, then f is quasi-affine (Theorem 1.2.1).

In §1.3, we introduce the notion of a quasi-separated spectral Deligne-Mumford stack (and, more generally,
the notion of a quasi-separated morphism between spectral Deligne-Mumford stacks). Using Zariski’s main
theorem, we prove that a spectral Deligne-Mumford stack X admits a scallop decomposition if and only if X
is a quasi-compact, quasi-separated spectral algebraic space (Theorem 1.3.8). Using this, we can generalize
some of our earlier results (for example, the quasi-coherence of direct image sheaves) from the separated to
the quasi-separated case.

In §1.4, we study the underlying topological space |X | of a spectral Deligne-Mumford stack X = (X,OX).
We define |X | to be the space of points of the locale underlying the ∞-topos X. More or less by definition,
we can identify open subsets of |X | with open substacks of X. From this description, it is not immediately
clear how to describe the points of X. In the special case where X is a quasi-separated spectral algebraic
space, we will use Theorem 1.3.8 to show that there is a bijection between points of |X | and isomorphism
classes of maps i : Specét k → X, where k is a field and i induces a monomorphism between the underlying
ordinary algebraic spaces (Proposition 1.4.10).

Let X be a spectral Deligne-Mumford stack and let QStk(X) denote the ∞-category of quasi-coherent
stacks on X (see §XI.8). To each C ∈ QStk(X), we can associate an∞-category QCoh(X;C) of quasi-coherent
sheaves on X with values in C. This ∞-category is tensored over QCoh(X) in a natural way. In §1.5, we will
show that the construction C 7→ QCoh(X;C) induces an equivalence

QStk(X) ' ModQCoh(X)(PrL)

whenever X is a quasi-compact, quasi-separated spectral algebraic space (Theorem 1.5.3). Moreover, we
show that this equivalence respects the property of (local) compact generation (Theorem 1.5.10).

1.1 Scallop Decompositions in the Separated Case

Let X be a spectral Deligne-Mumford stack. In §VIII.2.4, we introduced the notion of a scallop decomposition
of X: that is, a sequence of open substacks

∅ = U0 ⊆ U1 ⊆ · · · ⊆ Un = X,

where each Ui is obtained as a pushout

Ui−1

∐
V

SpecétA

for some étale map V → Ui−1 and some quasi-compact open immersion V ↪→ SpecétA. Our goal in this
section is to prove the following:
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Proposition 1.1.1. Let Y be a quasi-compact separated spectral algebraic space. Then Y admits a scallop
decomposition.

Remark 1.1.2. In §1.3, we will prove that the hypothesis of separatedness can be replaced by quasi-
separatedness; see Theorem 1.3.8.

Corollary 1.1.3. Let f : X = (X,OX) → Y = (Y,OY) be a quasi-compact strongly separated morphism of
spectral Deligne-Mumford stacks. Then:

(1) The pushforward functor f∗ : ModOX
→ ModOY

carries quasi-coherent sheaves to quasi-coherent
sheaves.

(2) The induced functor QCoh(X)→ QCoh(Y) commutes with small colimits.

(3) For every pullback diagram

X′

f ′

��

g′ // X

f

��
Y′

g // Y,

the associated diagram of ∞-categories

QCoh(Y)
f∗ //

��

QCoh(X)

��
QCoh(Y′)

f ′∗ // QCoh(X′)

is right adjointable. In other words, for every object F ∈ QCoh(X), the canonical map λ : g∗f∗ F →
f ′∗g
′∗ F is an equivalence in QCoh(Y′).

Proof. Combine Propositions VIII.2.5.12, VIII.2.5.14, and 1.1.1.

The proof of Proposition 1.1.1 will require some preliminaries.

Construction 1.1.4. Suppose we are given a strongly separated morphism f : X→ Y of spectral Deligne-
Mumford stacks. Let X = (X,OX) and X×Y X = (Z,OZ), so that the diagonal map induces a closed
immersion of ∞-topoi δ∗ : X → Z. Let ∅ denote an initial object of X and let U = δ∗(∅), so that U is a
(−1)-truncated object of Z and δ∗ induces an equivalence of ∞-topoi X→ Z /U .

For every finite set I, let Conf
I

Y(X) denote the I-fold product of X with itself in the ∞-category Stk/Y.
For every pair of distinct elements i, j ∈ I, we obtain an evaluation map

pi,j : Conf
I

Y(X)→ X×Y X .

Let V denote the product
∏
i 6=j p

∗
i,j(U) in the underlying ∞-topos of Conf

I

Y(X). We let ConfIY(X) denote

the open substack of Conf
I

Y(X) corresponding to the (−1)-truncated object V . We will refer to ConfIY(X)
as the spectral Deligne-Mumford stack of I-configurations in X (relative to Y).

Note that ConfIY(X) depends functorially on I. In particular, it is acted on by the group of all permu-
tations of I, and (up to equivalence) depends only on the cardinality of the set I. When I = {1, 2, . . . , n},
we will denote ConfIY(X) by ConfnY(X), so that ConfnY(X) carries an action of the symmetric group Σn.

Remark 1.1.5. In the situation of Construction 1.1.4, the projection map Conf
I

Y(X) → Y is strongly

separated by Remark IX.4.19. The open immersion ConfIY(X)→ Conf
I

Y(X) is strongly separated by Remark

IX.4.15, so the projection ConfIY(X)→ Y is also strongly separated (Remark IX.4.18).
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Remark 1.1.6. Recall that a map of spectral Deligne-Mumford stacks f : (X,OX) → (Y,OY) is a clopen
immersion if it is étale and the underlying map of ∞-topoi f∗ : X→ Y is a closed immersion (see Definition
VIII.1.2.9).

Let f : X → Y be a strongly separated étale morphism of spectral Deligne-Mumford stacks. Then the
diagonal map X → X×Y X is a clopen immersion. If we write X×Y X = (Z,OZ) and define U ∈ Z as
in Construction 1.1.4, then it follows that U has a complement (in the underlying locale of Z). It follows
that for any finite set I, the object V =

∏
i 6=j p

∗
i,j(U) appearing in Construction 1.1.4 has a complement

in the underlying locale of Conf
I

Y(X), so that the open immersion ConfIY(X) → Conf
I

Y(X) is also a clopen
immersion.

Remark 1.1.7. Every clopen immersion of spectral Deligne-Mumford stacks is also a closed immersion; in
particular, it is an affine map. Let R be a connective E∞-ring. A map of spectral Deligne-Mumford stacks
X → SpecétR is a clopen immersion if and only if X has the form SpecR[ 1

e ], where e is an idempotent
element in the commutative ring π0R.

Notation 1.1.8. Let X be a spectral Deligne-Mumford stack. If G is a discrete group, an action of G on X is
a diagram χ : BG→ Stk carrying the base point of BG to X. Since every morphism in BG is an equivalence,
χ is automatically a diagram consisting of étale morphisms in Stk, so there exists a colimit lim−→(χ) of the
diagram χ (Proposition V.2.3.10). We will denote this colimit by X /G, and refer to it as the quotient of X by
the action of G. There is an evident étale surjection X→ X /G. Moreover, there is a canonical equivalence

X×X /G X '
∐
g∈G

X .

Example 1.1.9. Let f : X → Y be a finite étale map of spectral Deligne-Mumford stacks of degree n.
Then f is strongly separated, so the configuration stack ConfnY(X) is defined and carries an action of the
symmetric group Σn. We claim that the canonical map ConfnY(X)/Σn → Y is an equivalence. To prove this,

we may work locally on Y and thereby reduce to the case where Y = SpecR and X = SpecétRn. In this
case, the result follows from a simple calculation (note that ConfnY(X) '

∐
σ∈Σn

SpecR).

Proposition 1.1.10. Let R be an E∞-ring equipped with an action of a finite group G, and let RG denote
the E∞-ring of invariants. Suppose that the action of G on the commutative ring π0R is free (see Definition
XI.4.2). Then the canonical map (SpecétR)/G→ SpecétRG is an equivalence of spectral Deligne-Mumford
stacks. In particular, the quotient (SpecétR)/G is affine.

Proof. Let X• be the Čech nerve of the map SpecR→ (SpecR)/G, and let Y• be the Čech nerve of the map
SpecR → SpecRG. It follows from Corollary XI.4.15 that the map RG → R is faithfully flat and étale, so
that the vertical maps in the diagram

|X• | //

��

|Y• |

��
(SpecR)/G // SpecRG

are equivalences. It will therefore suffice to show that the canonical map Xn → Yn is an equivalence for
every integer n. Since X• and Y• are groupoid objects of Stk, we only need to consider the cases n = 0 and
n = 1. When n = 0, the result is obvious. When n = 1, we must show that the canonical map∐

g∈G
X→ Spec(R⊗RG R)

is an equivalence. Equivalently, we must show that the canonical map

R⊗RG R→
∏
g∈G

R
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is an equivalence of E∞-rings, which follows from Corollary XI.4.15.

Lemma 1.1.11. Let f : X → Y be a map of spectral algebraic spaces. If f is strongly separated, then the
mapping space MapStk(SpecR,ConfnY(X)) is discrete for every commutative ring R and every integer n ≥ 0.
If R is nonzero, then the symmetric group Σn acts freely on the set π0 MapStk(SpecR,ConfnY(X)).

Proof. For any commutative ring R, the map θ : MapStk(SpecR,X) → MapStk(SpecR,Y) has discrete
homotopy fibers (Remark IX.4.20). Since the codomain of θ is discrete, we conclude that the domain of θ
is also discrete. Let S = π0 MapStk(SpecR,X) and T = π0 MapStk(SpecR,Y). There is an evident injective
map from π0 MapStk(SpecA,ConfnY(X)) to the set K = S ×T · · · ×T S given by the n-fold fiber power of S
over T . If σ ∈ Σn is a nontrivial permutation which fixes an element (s1, . . . , sn) of K, then we must have
si = sj for some i 6= j, in which case the corresponding map

SpecR→ Conf
n

Y(X)→ X×Y X

factors through the diagonal. By construction, the fiber product

X×X×Y X ConfnY(X)

is empty, which is impossible unless R ' 0.

Proposition 1.1.12. Let f : X→ Y be a finite étale map of rank n > 0 between spectral Deligne-Mumford
stacks. Assume that Y is a spectral algebraic space and that X is affine. Then Y is affine.

Proof. Example 1.1.9 implies that Y can be described as the quotient ConfnY(X) by the action of the
symmetric group Σn. Note that ConfnY(X) admits a clopen immersion into the iterated fiber product
X×Y X× · · · ×Y X. Since n > 0, we have a finite étale projection map X×Y · · · ×Y X → X. Since X is
affine, it follows that X×Y · · · ×Y X is affine and therefore ConfnY(X) ' SpecA is affine. To complete the
proof, it will suffice to show that the action of Σn on SpecA is free, which follows from Lemma 1.1.11.

Proposition 1.1.13. Let Y be a separated spectral algebraic space. Suppose we are given an étale map
X→ Y. If X is affine, then ConfnY(X) is affine for every n > 0.

Proof. Since the diagonal of Y is affine, the fiber product

Conf
n

Y(X) ' X×Y · · · ×Y X

is affine. The desired result now follows from Remarks 1.1.6 and 1.1.7.

Corollary 1.1.14. Let Y be a separated spectral algebraic space and let f : X→ Y be an étale map, where
X is affine. For every n > 0, the quotient ConfnY(X)/Σn is affine.

Proof. Proposition 1.1.13 implies that ConfnY(X) is affine, hence of the form SpecR for some connective
E∞-ring R. According to Proposition 1.1.10, it will suffice to show that the action of the symmetric group
Σn on R is free, which follows from Lemma 1.1.11.

Lemma 1.1.15. Let f : R→ R′ be an étale morphism of commutative rings. For every prime ideal p ⊆ R,
let r(p) denote the dimension of the κ(p)-vector space R′ ⊗R κ(p). Then:

(1) For every integer n, the set {p ∈ SpecZR : r(p) > n} is quasi-compact and open in SpecZR.

(2) The function r is constant with value n ∈ Z if and only if f exhibits R′ as a finite flat R-module of
rank n.

(3) The function r is bounded above.
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Proof. We will prove (1) and (2) using induction on n. We begin with the case n = 0. In this case, assertion
(2) is obvious, and assertion (1) follows from the fact that the map SpecZR′ → SpecZR has quasi-compact
open image.

Now suppose n > 0. We first prove (1). Let U = {p ∈ SpecZR : r(p) > 0}. and let V = {p ∈
SpecZR : r(p) > n}. The inductive hypothesis implies that U is open, so it will suffice to show that V is a
quasi-compact open subset of U . Using Proposition VII.5.9, we deduce that the map φ : SpecZR′ → U is a
quotient map; it will therefore suffice to show that φ−1U is a quasi-compact open subset of SpecZR′. Since
f is étale, the tensor product R′ ⊗R R′ factors as a product R′ ×R′′. Then the set

φ−1U = {q ∈ SpecZR′ : dimκ(q)(R
′′ ⊗R′ κ(q)) > n− 1}

is open by the inductive hypothesis.
It remains to prove (2). The “only if” direction is obvious. For the converse, assume that r is a constant

function with value n > 0. Then U = SpecZR, so f is faithfully flat. It therefore suffices to show that
R′ ⊗R R′ is a finite flat R′-module of rank n. This is equivalent to the requirement that R′′ be a finite flat
R′-module of rank (n− 1), which follows from the inductive hypothesis.

We now prove (3). Using (1), we see that each of the sets {p ∈ SpecZR : r(p) > n} is closed with respect
to the constructible topology on SpecZR (see Example A.3.33). Since⋂

n

{p ∈ SpecZR : r(p) > n} = ∅

and SpecZR is compact with respect to the constructible topology, we conclude that there exists an integer
n such that {p ∈ SpecZR : r(p) > n} = ∅.

Proof of Proposition 1.1.1. We may assume without loss of generality that Y = (Y,OY) is connective. Since
Y is quasi-compact, we can choose an étale surjection u : X → Y, where X is affine. For every map
η : SpecA → Y, the pullback X×Y SpecA has the form SpecA′, for some étale A-algebra A′. Let rη :

SpecZ π0A→ Z≥0 be defined by the formula

rη(p) = dimκ(p)(A
′ ⊗A κ(p)).

Using Lemma 1.1.15, we can define open immersions Vi ↪→ Y so that the following universal property is
satisfied: a map η : SpecA → Y factors through Vi if and only if rη(p) ≥ i for every prime ideal p ⊆ π0A.
Lemma 1.1.15 implies that the fiber product SpecA×Y Vi is empty for i� 0. Using the quasi-compactness
of Y, we conclude that there exists an integer n such that Vn+1 is empty. The surjectivity of u guarantees
that V1 ' Y. For 0 ≤ i ≤ n, let Ui ∈ Y be the (−1)-truncated object corresponding to the open substack
Vn+1−i. We claim that the sequence of morphisms

U0 → U1 → · · · → Un

gives a scallop decomposition of Y.
Note that each 0 ≤ i < n, the étale map Confn−iY (X)/Σn−i → Y determines an object Xi ∈ Y. It

follows from Corollary 1.1.14 that Xi is affine. Choose an equivalence Confn−iY (X)/Σn−i ' SpecRi, so
that we have an étale map vi : SpecRi → Y. For every map η : SpecA → Y, choose an equivalence

SpecA×Y (Confn−iY (X)/Σi) ' SpecA(i), and define a function r
(i)
η : SpecZ(π0A)→ Z≥0 by the formula

r(i)
η (p) = dimκ(p)(A

(i) ⊗A κ(p)).

An easy calculation shows that r
(i)
η (p) is equal to the binomial coefficient

(
rη(p)
n−i

)
. In particular, r

(i)
η (p) takes

positive values if and only if r
(1)
η (p) ≥ n − i for every p ∈ SpecZ(π0A). It follows that the map vi factors
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through Vi. Form a pullback diagram σi:

Xi ×Ui+1 Ui //

��

Xi

��
Ui // Ui+1.

Note that there is an effective epimorphism∐
0≤j<i

Xi ×Xj → Xi ×Ui+1
Ui.

Since Y is separated, each product Xi × Xj is affine and therefore quasi-compact, so that Xi ×Ui+1
Ui is

quasi-compact.
To complete the proof, it will suffice to show that each σi is an excision square. For this, we may replace

Y by the reduced closed substack Ki of Ui+1 which is complementary to Ui, and thereby reduce to the case

where the function rη takes the constant value i, for every η : SpecA → Y. In this case, the function r
(i)
η

is constant with value 1, so that the map A → A(i) is finite étale of rank 1 and therefore an equivalence
(Lemma 1.1.15). It follows that the map SpecRi → Y is an equivalence, as desired.

1.2 Quasi-Finite Morphisms

Recall that a map φ : A → B of commutative rings is said to be quasi-finite if the following conditions are
satisfied:

(i) The commutative ring B is finitely generated as an A algebra.

(ii) For each residue field κ of A, the fiber TorA0 (B, k) is a finite-dimensional vector space over κ. Assuming
(i), this is equivalent to the requirement that the induced map of topological spaces SpecZB → SpecZA
has finite fibers.

A morphism of schemes f : X → Y is said to be locally quasi-finite if, for every point x ∈ X, there exist
affine open neighborhoods SpecB ' U ⊆ X of x and SpecA ' V ⊆ Y such that f(U) ⊆ V and the induced
map of commutative rings A→ B is quasi-finite. Our goal in this section is generalize the notion of locally
quasi-finite morphism to the setting of spectral algebraic geometry. Our main result is the following version
of Zariski’s Main Theorem:

Theorem 1.2.1. Let f : X → Y be a morphism of spectral Deligne-Mumford stacks. Assume that f is
quasi-compact, strongly separated, and locally quasi-finite. Then f is quasi-affine.

We begin by defining the class of locally quasi-finite morphisms.

Definition 1.2.2. Let f : X → Y be a map of spectral Deligne-Mumford stacks. We will say that f is
locally quasi-finite if the following condition is satisfied: for every commutative diagram

SpecétB //

��

X

f

��
SpecétA // Y

in which the horizontal maps are étale, the induced map of commutative rings π0A→ π0B is quasi-finite.

Remark 1.2.3. Every locally quasi-finite morphism of spectral Deligne-Mumford stacks is locally of finite
presentation to order 0 (in the sense of Definition IX.8.16).
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Example 1.2.4. Every étale map of spectral Deligne-Mumford stacks is locally quasi-finite.

Example 1.2.5. Every closed immersion of spectral Deligne-Mumford stacks is locally quasi-finite.

Proposition 1.2.6. The condition that a map of spectral Deligne-Mumford stacks f : X → Y be locally
quasi-finite is local on the source with respect to the étale topology (see Definition VIII.1.5.7).

Proof. It is clear that if f : X → Y is locally quasi-finite and g : U → X is étale, then the composite map
f ◦ g is locally quasi-finite. To complete the proof, let us suppose that f : X → Y is arbitrary and that we
are given a jointly surjective collection of étale morphisms {gα : Uα → X} such that each composition f ◦ gα
is a locally quasi-finite morphism from Uα to X. We wish to show that f has the same property. Choose a
commutative diagram

SpecétB //

��

X

f

��
SpecétA // Y

where the horizontal maps are étale. We wish to show that π0B is quasi-finite over π0A. It follows from
Proposition IX.8.18 that π0B is finitely generated over π0A. It will therefore suffice to show that the map
SpecZB → SpecZA has finite fibers. Since the maps gα are jointly surjective, we can choose an étale covering
{B → Bi}1≤i≤n such that each of the composite maps SpecétBi → SpecétB → X factors through some Uα.
Using our assumption on f ◦ gα, we deduce that each of the commutative rings π0Bi is quasi-finite over π0A.
It follows that the composite map ∐

1≤i≤n

SpecZBi
θ→ SpecZB → SpecZA

has finite fibers. Since the map θ is surjective, we conclude that SpecZB → SpecZA has finite fibers as
desired.

Corollary 1.2.7. Suppose we are given a morphisms of spectral Deligne-Mumford stacks

X
f→ Y

g→ Z .

If f and g are locally quasi-finite, then so is g ◦ f .

Proof. Suppose we are given a commutative diagram

Specét C //

��

X

��
SpecétA // Z

where the horizontal maps are étale. We wish to show that π0C is quasi-finite over π0A. The proof of
Proposition 1.2.6 shows that this condition is étale local on C; we may therefore assume that the map
Specét C → SpecétA ×Z Y factors through some étale map SpecétB → SpecétA ×Z Y. Since f and g are
locally quasi-finite, we see that π0B is quasi-finite over π0A and that π0C is quasi-finite over π0B, so that
π0C is quasi-finite over π0A as desired.

Proposition 1.2.8. Let f : X→ Y be a map of spectral Deligne-Mumford stacks. Then:

(1) The map f is locally quasi-finite if and only if, for every étale map SpecétA → Y, the induced map
SpecétA×Y X→ SpecétA is locally quasi-finite.
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(2) Assume that Y ' SpecétA is affine. Then f is locally quasi-finite if and only if, for every étale map
SpecétB → X, the induced map of commutative rings π0A→ π0B is quasi-finite.

(3) Assume that Y ' SpecétA and X ' SpecétB are both affine. Then f is locally quasi-finite if and only
if the underlying map of commutative rings π0A→ π0B is quasi-finite.

Proof. Assertion (1) follows immediately from the definition, and the “only if” directions of (2) and (3) are
obvious. To complete the proof of (2), assume that Y ' SpecétA and consider an arbitrary commutative
diagram

SpecétB //

��

X

f

��
SpecétA′ // SpecétA

where the horizontal maps are étale. If π0B is quasi-finite over π0A, then it is also quasi-finite over π0A
′.

The proof of (3) is similar.

Proposition 1.2.9. The condition that a map of spectral Deligne-Mumford stacks f : X → Y be locally
quasi-finite is local on the target with respect to the étale topology (see Definition VIII.3.1.1).

Proof. Let f : X → Y be a map of spectral Deligne-Mumford stacks. From Proposition 1.2.8, we see
immediately that if U → Y is an étale map, then the induced map U×Y X → U is locally quasi-finite.
Conversely, suppose we are given a jointly surjective collection of étale maps Uα → Y such that each of the
induced maps Uα×Y X→ Uα are locally quasi-finite. Using Example 1.2.4 and Corollary 1.2.7, we see that
each of the induced maps Uα×Y X → Y is locally quasi-finite. Applying Proposition 1.2.6, we deduce that
f is locally quasi-finite.

Proposition 1.2.10. Suppose we are given a pullback diagram of spectral Deligne-Mumford stacks

X′ //

f ′

��

X

f

��
Y′

g // Y .

If f is locally quasi-finite, then so is f ′. The converse holds if g is faithfully flat and quasi-compact.

Proof. Assume first that f is locally quasi-finite; we wish to show that f ′ has the same property. Using
Proposition 1.2.9 we can reduce to the case where Y = SpecétA is affine, and the map g factors as a
composition

Y′ → SpecétA0
g′→ Y,

where g′ is étale. Replacing Y by SpecétA0, we may assume that Y is affine. Using Proposition 1.2.6, we
may further suppose that X = SpecétB0 is affine, so that X′ ' Specét(A⊗A0

B0) is also affine. We wish to
show that R = π0(A ⊗A0

B0) = Torπ0A0
0 (π0A, π0B0) is quasi-finite over π0A. It is clear that R is finitely

generated over π0A (since π0B0 is finitely generated over π0A0). For each residue field κ of π0A, if we let κ0

denote the corresponding residue field of π0A0, then we have canonical isomorphisms

Torπ0A
0 (κ,R) ' Torπ0A0

0 (κ, π0B0) ' Torπ0A0
0 (κ0, π0B)⊗κ0

κ,

which proves that Torπ0A
0 (κ,R) is finite dimensional as a vector space over κ.

Now suppose that g is faithfully flat and quasi-compact and that f ′ is locally quasi-finite; we wish to show
that f is locally quasi-finite. Using Propositions 1.2.6 and 1.2.9, we may assume that Y = SpecétA0 and
X = SpecétB0 are affine. Replacing Y′ by an étale cover if necessary, we may suppose htat Y′ = SpecétA
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for some flat A0-algebra A. Let R be defined as above, so that R is quasi-finite over π0A. Using Proposition
IX.8.24, we see that π0B0 is finitely generated over π0A0. Moreover, for every residue field κ0 of π0A0, the
surjectivity of the map SpecZA → SpecZA0 implies that we can lift κ0 to a residue field κ of π0A. The
finite-dimensionality of

Torπ0A0
0 (κ0, π0B)⊗κ0

κ ' Torπ0A
0 (κ,R)

over κ then implies the finite dimensionality of Torπ0A0
0 (κ0, π0B) over κ0.

We also have the following converse to Corollary 1.2.7:

Proposition 1.2.11. Suppose we are given a morphisms of spectral Deligne-Mumford stacks

X
f→ Y

g→ Z .

If g ◦ f is locally quasi-finite, then so is f .

Proof. Using Propositions 1.2.6 and 1.2.9, we can reduce to the case where X = Specét C, Y = SpecétB,
and Z = SpecétA are affine. Then π0C is quasi-finite over π0A. It follows immediately that π0C is finitely
generated over π0B. Since the composite map

SpecZ C
θ→ SpecZB → SpecZA

has finite fibers, we conclude that θ has finite fibers.

The essential step in the proof of Theorem 1.2.1 is the following:

Proposition 1.2.12. Let f : X→ Y be a morphism of spectral Deligne-Mumford stacks. Suppose that:

(a) The map f is quasi-compact, strongly separated and locally quasi-finite.

(b) Set X = (X,OX) and Y = (Y,OY). Then the unit map OY → f∗ OX exhibits OY as a connective cover
of f∗ OX.

Then f is an open immersion.

Remark 1.2.13. It follows from Corollary 1.1.3 that condition (b) of Proposition 1.2.12 is stable under flat
base change.

Before giving the proof, we make a few simple observations.

Definition 1.2.14. Let f : X → Y be a map of spectral Deligne-Mumford stacks. We will say that f is
finite étale of rank n if, for every morphism SpecétR → Y, the fiber product X×Y SpecétR has the form

SpecétR′, where R′ is a finite étale R-algebra of rank n.

Remark 1.2.15. Let f : X → Y be a finite étale map of spectral Deligne-Mumford stacks. Then f
determines a decomposition Y '

∐
n≥0 Yn, where each of the induced maps X×Y Yn → Yn is finite étale of

rank n.

Proof of Proposition 1.2.12. The assertion is local on Y; we may therefore reduce to the case where Y =
SpecétR is affine (so that X is a separated spectral algebraic space). Then X is quasi-compact, so we can
choose an étale surjection u : SpecétA→ X. Let p ∈ SpecZ(π0A) and let q be its image in SpecZ(π0R). We
will show that there exists an open set Uq ⊆ SpecZ(π0R) such that, if Uq denotes the corresponding open
substack of Y, then the projection map X×Y Uq → Uq is an equivalence. Let U =

⋃
p∈SpecZ(π0A) Uq and let

U be the corresponding open substack of Y. Then the projection X×Y U→ U is an equivalence. Moreover,

the open substack U×Y SpecétA is equivalent to SpecétA. Since u is surjective, it follows that X×Y U ' X,
so that we can identify f with the open immersion U→ Y.
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It remains to construct the open set Uq. Let κ denote the residue field of π0R at the prime ideal q. Since
f is locally quasi-finite and u is étale, the map of commutative rings π0R → π0A is quasi-finite. It follows
from Proposition VII.7.14 that the map π0R → κ factors as a composition π0R → R′0 → κ, where R′0 is an
étale (π0R)-algebra and (π0A) ⊗π0R R

′
0 decomposes as a product B′0 × B′′0 , where B′ is a finite R′0-module

and Tor
R′0
0 (B′′, κ) ' 0. Using Theorem A.7.5.0.6, we can choose an étale R-algebra R′ with π0R

′ ' R′0,
so that A ⊗R R′ decomposes as a product B′ × B′′. with π0B

′ ' B′0 and π0B
′′ ' B′′0 . Since the map

SpecZ(π0R
′) → SpecZ(π0R) is open and its image contains q, we can replace R by R′ and thereby assume

that A ' B′×B′′, where π0B
′ is a finitely generated module over π0R and B′′⊗R κ ' 0. Since A⊗R κ 6= 0,

it follows that B′ ⊗R κ 6= 0. The composite map

u′ : SpecétB′ → SpecétA→ X

is étale. Since X is strongly separated, the map u′ is affine. Using the fact that π0B
′ is finitely generated

as a π0R-module, we deduce that u′ is finite étale. Using Remark 1.2.15, we deduce that X admits a
decomposition X '

∐
n≥0 Xn, where each of the induced maps

SpecétB′ ×X Xn → Xn

is finite étale of rank n. Each fiber product SpecétB′×XXn is a summand of SpecétB′, and therefore affine.
Since X is quasi-compact, the stacks Xn are empty for n� 0. It follows that X′ =

∐
n>0 Xn is an affine open

substack of X. Note that since Specét κ×Specét RSpecétB′ is nonempty, the fiber product Specét κ×Specét RX
′

is also nonempty.
Using (b), we can choose an idempotent element e ∈ π0R which vanishes on X0 but not on X′. Since

Specét κ ×Specét R X′ 6= ∅, we must have e /∈ q. We may therefore replace R by R[ 1
e ] and thereby reduce

to the case where X0 is empty. In this case, X ' X′ is affine. Using (b) again, we deduce that f is an
equivalence.

Proof of Theorem 1.2.1. Let f : X → Y be strongly separated, quasi-compact, and locally quasi-finite; we
wish to show that f is quasi-affine. The assertion is local on Y; we may therefore assume that Y ' SpecétR
is affine. Let (X,OX), and let A be the connective cover f∗ OX ∈ CAlgR. Then f factors as a composition

X
f ′→ SpecA

f ′′→ SpecR. Since f is locally quasi-finite, f ′ is also locally quasi-finite (Proposition 1.2.11). Using
Proposition 1.2.12, we deduce that f ′ is an open immersion, so that X can be identified with a quasi-compact
open substack of SpecA and is therefore quasi-affine.

1.3 Quasi-Separatedness

In this section, we will introduce the notion of a quasi-separated spectral Deligne-Mumford stack. Our main
result (Theorem 1.3.8) asserts that a spectral Deligne-Mumford stack X admits a scallop decomposition (in
the sense of Definition VIII.2.5.5) if and only it is is a quasi-compact, quasi-separated spectral algebraic
space. From this we will deduce a number of consequences concerning the global sections functor Γ(X; •) on
the ∞-category QCoh(X) of quasi-coherent sheaves on X.

Definition 1.3.1. Let f : X → Y be a map of spectral Deligne-Mumford stacks. We will say that f is
quasi-separated if the diagonal map X→ X×Y X is quasi-compact. We say that a spectral Deligne-Mumford
stack X is quasi-separated if the map X→ SpecS is quasi-separated, where S denotes the sphere spectrum.
In other words, X is quasi-separated if the absolute diagonal X→ X×X is quasi-compact.

Example 1.3.2. Let f : X→ Y be a map of spectral Deligne-Mumford stacks. If f is quasi-geometric (that
is, if the diagonal map X→ X×Y X is quasi-affine), then f is quasi-separated. In particular, every strongly
separated morphism is quasi-separated (see Definition IX.4.11).

Proposition 1.3.3. Let X = (X,OX) be a spectral Deligne-Mumford stack. The following conditions are
equivalent:
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(1) The spectral Deligne-Mumford stack X is quasi-separated.

(2) For every pair of maps f, g : SpecR→ X, the fiber product SpecR×X SpecR is quasi-compact.

(3) For every pair of maps f : SpecR → X, g : SpecR′ → X, the fiber product SpecR ×X SpecR′ is
quasi-compact.

(4) For every pair of étale maps maps f : SpecR→ X, g : SpecR′ → X, the fiber product SpecR×XSpecR′

is quasi-compact.

(5) For every pair of affine objects U, V ∈ X, the product U × V ∈ X is quasi-compact.

(6) For every pair of quasi-compact objects U, V ∈ X, the product U × V ∈ X is quasi-compact.

Proof. The implications (1) ⇔ (2) ⇐ (3) ⇒ (4) ⇔ (5) ⇐ (6) are obvious. We next prove that (2) ⇒ (3).
Suppose we are given a pair of maps f : SpecR → X, g : SpecR′ → X. Let A = R ⊗ R′, so that f and g
define maps f ′, g′ : SpecA→ X. Note that

SpecR×X SpecR′ ' (SpecA×X SpecA)×Spec(A⊗A) SpecA.

If (2) is satisfied, then there exists an étale surjectiion SpecB → SpecA×X SpecA. It follows that there is
an étale surjection

Spec(B ⊗A⊗A A)→ SpecR×X SpecR′,

so that SpecR×X SpecR′ is quasi-compact.
We next show that (4)⇒ (3). Assume we are given arbitrary maps f : SpecR→ X and g : SpecR′ → X.

Choose a faithfully flat étale map R → A such that the composite map SpecA → SpecR
f→ X factors

through some étale map SpecB → X, and a faithfully flat étale map R′ → A′ such that the composite

map SpecA′ → SpecR′
g→ X factors through an étale map SpecB′ → X. Condition (4) implies that

SpecB ×X SpecB′ is quasi-compact, so there is an étale surjection SpecT → SpecB ×X SpecB′. It follows
that the composite map

Spec(T ⊗B⊗B′ (A⊗A′′))→ SpecA×X SpecA′ → SpecR×X SpecR′

is an étale surjection, so that SpecR×X SpecR′ is also quasi-compact.
We complete the proof by showing that (5) ⇒ (6). Assume U, V ∈ X are quasi-compact. Then there

exist effective epimorphisms U ′ → U and V ′ → V , where U ′ and V ′ are affine. Condition (5) implies that
U ′ × V ′ is quasi-compact. Since we have an effective epimorphism U ′ × V ′ → U × V , it follows that U × V
is quasi-compact.

Proposition 1.3.4. Let X = (X,OX) be a quasi-compact, quasi-separated spectral algebraic space. Then the
∞-topos X is coherent.

Proof. We first suppose that X is strongly separated. Using Corollary VII.3.10, it suffices to show that if we
are given affine objects U, V ∈ X, then the product U × V ∈ X is coherent. Let U and V be the spectral
Deligne-Mumford stacks determined by U and V . In fact, we claim that U × V is affine. This follows from
Theorem IX.4.4, since Y ' U×X V admits a closed immersion into the affine spectral Deligne-Mumford
stack U×V.

We now treat the general case. Once again, it suffices to show that if U, V ∈ X are affine, then U × V
is coherent. By the first part of the proof, we are reduced to proving that U×X V is separated. For this, it
suffices to show that the map U×X V → U×V is strongly separated, which follows from Example IX.4.24
(since X is a spectral algebraic space).

Remark 1.3.5. From Proposition 1.3.4 we deduce the following stronger assertion:
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(∗) Let X be a spectral Deligne-Mumford m-stack. If X is (m + 1)-quasi-compact, then it is ∞-quasi-
compact.

Proposition 1.3.6. Let X be a quasi-separated spectral algebraic space. Suppose we are given étale maps
SpecétR→ X← SpecétR′. Then the fiber product Y ' SpecétR×X SpecétR′ is quasi-affine.

Proof. Since X is quasi-separated, Y is quasi-compact. Since X is a spectral algebraic space, the canonical
map

MapStk(SpecA,Y)→ MapStk(SpecA,Spec(R⊗R′))

is (−1)-truncated for any commutative ring A. In particular, MapStk(SpecA,Y) is discrete, so that Y is
a spectral algebraic space. It follows from Example IX.4.24 that the map Y is separated. The projection
map Y → SpecR is étale and therefore locally quasi-finite. It follows from Theorem 1.2.1 that Y is quasi-
affine.

Remark 1.3.7. In the situation of Proposition 1.3.6, Remark VIII.2.4.2 implies that the fiber product
SpecR×XSpecR′ is schematic. If we let C denote the full subcategory of Stk spanned by the quasi-separated,
0-truncated spectral algebraic spaces, the C is equivalent to (the nerve of) the category of algebraic spaces
defined in [31].

We can now state the main result of this section.

Theorem 1.3.8. Let Y = (Y,OY) be a spectral Deligne-Mumford stack. Then Y admits a scallop decompo-
sition if and only if it is a quasi-compact, quasi-separated spectral algebraic space.

We will give the proof of Theorem 1.3.8 at the end of this section. First, let us collect some consequences.

Corollary 1.3.9. Let f : X = (X,OX)→ Y = (Y,OY) be a map of spectral Deligne-Mumford stacks. Assume
that f is quasi-compact, quasi-separated, and that every fiber product SpecétR ×Y X is a spectral algebraic
space. Then:

(1) The pushforward functor f∗ : ModOX
→ ModOY

carries quasi-coherent sheaves to quasi-coherent
sheaves.

(2) The induced functor QCoh(X)→ QCoh(Y) commutes with small colimits.

(3) For every pullback diagram

X′

f ′

��

g′ // X

f

��
Y′

g // Y,

the associated diagram of ∞-categories

QCoh(Y)
f∗ //

��

QCoh(X)

��
QCoh(Y′)

f ′∗ // QCoh(X′)

is right adjointable. In other words, for every object F ∈ QCoh(X), the canonical map λ : g∗f∗ F →
f ′∗g
′∗ F is an equivalence in QCoh(Y′).

Proof. Combine Theorem 1.1.1 with Propositions VIII.2.5.12 and VIII.2.5.14.

Corollary 1.3.10. Let X be a quasi-compact quasi-separated spectral algebraic space. Then there exists an
integer n such that the global sections functor Γ : QCoh(X)→ Sp carries QCoh(X)≥0 into Sp≥−n.
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Proof. Combine Proposition VIII.2.5.13 with Theorem 1.3.8.

Definition 1.3.11. Let X = (X,OX) be a spectral Deligne-Mumford stack. We will say that X is empty if
X is equivalent to the ∞-topos Shv(∅): that is, if X is a contractible Kan complex. Otherwise, we will say
that X is nonempty.

Corollary 1.3.12. Let X be a quasi-separated spectral algebraic space. If X is nonempty, then there exists
an open immersion j : SpecétR→ X for some nonzero connective E∞-ring R.

Proof. Replacing X by an open substack if necessary, we may suppose that X is quasi-compact. Choose a
scallop decomposition

U0 → U1 → · · · → Un

of X. Let i be the smallest integer such that Ui is nonempty. Then Ui is an affine open substack of X.

Another consequence of Theorem 1.3.8 is that it is possible to choose a “Nisnevich neighborhood” around
any point of quasi-separated spectral algebraic space.

Corollary 1.3.13. Let Y be a quasi-separated spectral algebraic space. Let k be a field, and suppose we are
given a map η : Specét k → Y. Then η admits a factorization

Specét k
η′→ SpecétR

η′′→ Y,

where η′ is étale.

Remark 1.3.14 (Projection Formula). Let f : X→ Y be a quasi-compact, quasi-separated relative spectral
algebraic space, and suppose we are given quasi-coherent sheaves F ∈ QCoh(X) and G ∈ QCoh(Y). The
counit map f∗f∗ F → F induces a morphism f∗(f∗ F⊗G) ' f∗f∗ F⊗f∗ G → F⊗f∗ G, which is adjoint to a
map

θ : f∗ F⊗G→ f∗(F⊗f∗ G).

We claim that θ is an equivalence. To prove this, we may work locally on Y and thereby reduce to the
case where Y = SpecétR is affine. The collection of those objects G ∈ QCoh(Y) ' ModR for which θ is
an equivalence is stable under shifts and colimits in QCoh(Y). It will therefore suffice to show that θ is an
equivalence in the special case where G corresponds to the unit object R ∈ QCoh(Y), which is obvious.

We now turn to the proof of Theorem 1.3.8.

Lemma 1.3.15. Let X = (X,OX) be a quasi-affine spectral Deligne-Mumford stack acted on by a finite group
G. Assume that the action of G is free in the following sense: for every nonzero commutative ring R, G acts
freely on the set π0 MapStk(SpecR,X). Then there exist a finite collection of G-equivariant (−1)-truncated
objects {Ui ∈ X}1≤i≤n with the following properties:

(1) For 1 ≤ i ≤ n, let Ui denote the open substack (X/Ui ,OX |Ui) of X. The the quotients Ui /G are affine.

(2) The objects Ui cover X. That is, if 1 denotes a final object of X, then the canonical map
∐

1≤i≤n Ui → 1
is an effective epimorphism.

Proof. Let R denote the connective cover of the E∞-ring Γ(X;OX) ' OX(1). Since X is quasi-affine, the
canonical map j : X → SpecétR is an open immersion (Proposition VIII.2.4.3), classified by some quasi-
compact open subset U ⊆ SpecZ(π0R). Then U = {p ∈ SpecZ(π0R) : I * p} for some radical ideal I ⊆ π0R.
Note that the finite group G acts on the commutative ring π0R and the ideal I is G-invariant. For every
point p ∈ U , none of the prime ideals {σ(p)}σ∈G contains I. Consequently, there exists an element x ∈ I
such that σ(x) /∈ p for each σ ∈ G. Replacing x by

∏
σ∈G σ(x) if necessary, we may suppose that x is

G-invariant. Let Up = {q ∈ SpecZ(π0R) : x /∈ q}. Then Up is an open subset of U containing the point p.
The collection of open sets {Up}p∈U is an open covering of U . Since U is quasi-compact, there exists a finite
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subcovering by open sets Up1
, . . . , Upn , which we can identify with (−1)-truncated objects U1, . . . , Un ∈ X.

It is clear that these objects satisfy condition (2). To verify (1), we note that each of the open substacks
Ui = (X/Ui ,OX |Ui) of X has the form SpecZR[ 1

x ] for some G-invariant element x ∈ π0R. Since G acts freely
on X, it also acts freely on the open substack Ui, so that Ui /G is affine by virtue of Lemma 1.3.15.

Lemma 1.3.16. Let u : X → Y be a map of spectral algebraic spaces. If X is separated, then u is strongly
separated.

Proof. The map u factors as a composition

X
u′→ X×Y

u′′→ Y .

Since X is separted, u′′ is strongly separated. The map u′ is a pullback of the diagonal map δ : Y→ Y×Y.
Since Y is a spectral algebraic space, Example IX.4.24 implies that δ is strongly separated. It follows that
u′ is strongly separated, so that u = u′′ ◦ u′ is also strongly separated.

Lemma 1.3.17. Let j : U → X be a map of spectral Deligne-Mumford stacks. Assume that j is strongly
separated, quasi-compact, and that for every map Spec k → X where k is a field, the fiber product U×X Spec k
is either empty or equivalent to Spec k. Then j is an open immersion.

Proof. The assertion is local on X, so we may assume that X is affine. In this case, Theorem 1.2.1 implies
that U is quasi-affine. Choose a covering of U by affine open substacks Ui, and for each index i let Vi be the
open substack of X given by the image of Ui. Then each Vi is quasi-affine and therefore a separated spectral
algebraic space. Since Ui is affine, the maps ui : Ui → Vi are affine and étale. Our condition on the fibers of
j guarantee that each ui is finite étale of rank 1 and therefore an equivalence. It follows that j induces an
equivalence from U to the open substack of X given by the union of the open substacks Vi.

We will say that a diagram of spectral Deligne-Mumford stacks

Ũ
j //

g

��

Ỹ

��
U // Y

is an excision square if it is a psuhout square where j is an open immersion and g is étale (see Definition
VIII.2.5.4).

Lemma 1.3.18. Let Y be a spectral Deligne-Mumford stack. Suppose that there exists an excision square
of spectral Deligne-Mumford stacks σ :

Ũ //

��

Ỹ

��
U // Y

where U is a quasi-compact quasi-separated spectral algebraic space, Ỹ is affine, and Ũ is quasi-compact.
Then Y is a quasi-compact quasi-separated spectral algebraic space.

Proof. The map U
∐

Ỹ→ Y is an étale surjection. Since Ỹ and U are quasi-compact, it follows immediately
that Y is quasi-compact. We next prove that Y is quasi-separated. Choose maps V0,V1 → Y, where V0

and V1 are affine. We wish to prove that the fiber product V0×Y V1 is quasi-compact. Passing to an
étale covering of V0 and V1 if necessary we may suppose that the maps Vi → Y factor through either U or
Ỹ. There are three cases to consider:
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(a) Suppose that both of the maps Vi → Y factor through U. Then V0×Y V1 ' V0×U V1 is quasi-
compact by virtue of our assumption that U is quasi-separated.

(b) Suppose that the map V0 → Y factors through U and the map V1 → Y factors through Ỹ.

V0×Y V1 ' V0×U(U×Y V1) ' V0×U(Ũ×Ỹ V1).

Since Ũ is quasi-compact and Ỹ is quasi-separated, the fiber product Ũ×ỸV1 is quasi-compact. Using
the quasi-separateness of U we deduce that V0×Y V1 is quasi-compact.

(c) Suppose that both of the maps Vi → Y factor through Ỹ. Since σ is an excision square, the map

Ỹ
∐

(Ũ×Y Ũ)→ Ỹ×Y Ỹ

is an étale surjection. We therefore obtain an étale surjection

(V0×Ỹ V1)
∐

((V0×ỸŨ)×U (V1×ỸŨ))→ V0×Y V1 .

The fiber product V0×Ỹ V1 is affine and therefore quasi-compact. Since Ũ is quasi-compact, the fiber

products Vi×ỸŨ are quasi-compact. Using the quasi-separateness of U, we deduce that

(V0×ỸŨ)×U (V1×ỸŨ)

is quasi-compact, so that V0×Y V1 is quasi-compact.

It remains to prove that Y is a spectral algebraic space. We may assume without loss of generality
that Y is connective; we wish to show that the mapping space MapStk(SpecR,Y) is discrete for every
commutative ring R. For every map f : SpecR → Y, the fiber product U×Y SpecR is an open sub-
stack of SpecR corresponding to an open subset Vf ⊆ SpecZR. Fix an open set V ⊆ SpecZR, and let

MapVStk(SpecR,Y) denote the summand of MapStk(SpecR,Y) spanned by those maps f with Vf = V .

Then MapStk(SpecR,Y) '
∐
V MapVStk(SpecR,Y), so it will suffice to show that each MapVStk(SpecR,Y) is

discrete.
Let V denote the open substack of SpecR corresponding to V . Write Y = (Y,OY) and SpecR = (X,OX),

so we can identify V with a (−1)-truncated object of X. The étale map Ỹ→ Y determines an object Ỹ ∈ Y.

Every map f : SpecR→ Y determines an object f∗Ỹ ∈ X. This construction determines a functor θ fitting
into a commutative diagram

MapVStk(SpecR,Y) //

θ

��

MapStk(V,U)

θ0

��
X // X/V .

Since Ũ→ U is a map between spectral algebraic spaces, the homotopy fibers of the induced map

MapStk(SpecR′, Ũ)→ MapStk(SpecR′,U)

are discrete for every étale R-algebra R′. It follows that θ0 factors through the full subcategory τ≤0 X/V ⊆
X/V spanned by the discrete objects. Let X0 denote the full subcategory of X spanned by those objects
X such that the image of X in X /V is a final object, so that θ factors through X0. Using Proposition

A.A.8.15, we deduce that the homotopy fiber of the forgetful functor X0 → X/V over an object Ṽ ∈ X/V

can be identified with the space MapX/V
(V, Ṽ ); in particular, it is discrete if Ṽ is discrete. It follows that

the map
MapStk(V,U)×X/V X→ MapStk(V,U)
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has discrete homotopy fibers. Since the structure sheaf of V is discrete and U is a spectral algebraic space,
the mapping space MapStk(V,U) is discrete. We conclude that the Kan complex MapStk(V,U) ×X/V X is
discrete. To complete the proof, it will suffice to show that the canonical map

φ : MapVStk(SpecR,Y)→ MapStk(V,U)×X/V X

has discrete homotopy fibers. To this end, we fix an object X̃ ∈ X having image Ṽ ∈ X/V ; we will show that
the map

φX̃ : MapVStk(SpecR,Y)×X {X̃} → MapStk(V,U)×X/V {Ṽ }
has discrete homotopy fibers. To prove this, we observe that φX̃ is a pullback of the map

MapVStk(X̃, Ỹ)→ MapStk(Ṽ, Ũ),

where MapVStk(X̃, Ỹ) is the summand of MapStk(X̃, Ỹ) corresponding to those maps satisfying Ṽ ' Ũ×Ỹ X̃.

It now suffices to observe that MapVStk(X̃, Ỹ) and MapStk(Ṽ, Ũ) are both discrete, since both X̃ and Ṽ have

discrete structure sheaves and both Ỹ and Ũ are spectral algebraic spaces.

Proof of Theorem 1.3.8. If Y is a spectral Deligne-Mumford stack which admits a scallop decomposition,
then Lemma 1.3.16 immediately implies that Y is a quasi-compact, quasi-separated spectral algebraic space
(using induction on the length of the scallop decomposition). To prove the converse, we use a slightly more
complicated version of the proof of Proposition 1.1.1. Assume that Y is a quasi-compact, quasi-separated
spectral algebraic space. Since Y is quasi-compact, we can choose an étale surjection u : X → Y where
X is affine. Lemma 1.3.16 implies that u is strongly separated. For i ≥ 1, each of the evaluation maps
ConfiY(X)→ X is étale, strongly separated, and quasi-compact (since Y is assumed to be quasi-separated).

Since X is affine, we conclude that ConfiY(X) is quasi-affine (Theorem 1.2.1). Using the quasi-compactness of

Y, we deduce the existence of an integer n such that Confn+1
Y (X) is empty. For 0 ≤ i < n, we can use Lemma

1.3.15 to obtain a finite covering of Confn−iY (X) by Σi-invariant open substacks {Ui,j}1≤j≤mi such that each
quotient Ui,j /Σn−i is affine. Let m =

∑
0≤i<nmi. If 1 ≤ k ≤ m, then we can write k = m0 + · · ·+mi−1 + j

where 1 ≤ j ≤ mi, and we let Uk denote the spectral Deligne-Mumford stack Ui,j . For 0 ≤ k ≤ m, we let
Vk denote the open substack of Y given by the image of the étale map

∐
1≤k′≤k Uk′ → Y. We claim that

the sequence of open immersions
V0 → V1 → · · · → Vm

is a scallop decomposition of Y. Since u is surjective, it is clear that Vm ' Y, and V0 is empty by
construction. Let 0 < k ≤ m, and write k = m0 + · · ·+mi−1 + j for 1 ≤ j ≤ mi. Form a pullback square

W //

��

Ui,j /Σn−i

q

��
Vk−1

// Vk .

We claim that this diagram is an excision square. To prove this, can replace Y by the reduced closed substack
complementary to Vk−1, and thereby reduce to the case where Confn−i+1

Y (X) is empty. In this case, we wish
to show that q is an equivalence. Since q is an étale surjection by construction, it suffices to show that the
map Ui,j /Σn−i → Y is an open immersion. In fact, we claim that the map j : Confn−iY (X)/Σn−i → Y is an

open immersion: this follows from Lemma 1.3.17 (since Confn−i+1
Y (X) is empty).

1.4 Points of Spectral Algebraic Spaces

Let X = (X,OX) be a spectral Deligne-Mumford stack. The collection of equivalence classes of open substacks
of X forms a locale (namely, the locale consisting of (−1)-truncated objects of X; see §T.6.4.2). We let |X |
denote the collection of all points of this locale. More concretely, an element x ∈ |X | is given by a collection
Fx of open substacks of X having the following properties:

20



(a) If U ⊆ X belongs to Fx, then so does any larger open substack of X.

(b) Given a finite collection of open substacks Ui ⊆ X belonging to Fx, the intersection
⋂

Ui belongs to
Fx.

(c) Given an arbitrary collection of open substacks Uα ⊆ X, if the union
⋃
α Uα belongs to Fx, then Uα

belongs to Fx for some α.

Here we should think of Fx as the collection of those open substacks of X which contain the point x. We will
regard |X | as a topological space, with open sets given by {x ∈ |X | : U ∈ Fx}, where U ranges over open
substacks of X.

Remark 1.4.1. All of the results in this section follow immediately from their counterparts in the classical
theory of algebraic spaces (see, for example, [31]). We include proofs here for the sake of completeness.

Remark 1.4.2. Let X = (X,OX) be a spectral Deligne-Mumford stack. The ∞-topos X is locally coherent,
so that the hypercompletion X∧ has enough points (Theorem VII.4.1). It follows immediately that the locale
of open substacks of X has enough points: that is, there is a one-to-one correspondence between open subsets
of |X | and equivalence classes of open substacks of X.

Example 1.4.3. Let R be an E∞-ring. Then there is a bijective correspondence between equivalence
classes of open substacks of SpecétR and open subsets of the topological space SpecZ π0R (see Lemma
VII.9.7). Since every irreducible closed subset of SpecZ π0R has a unique generic point, we obtain a canonical
homeomorphism |SpecétR| ' SpecZ π0R. In particular, if R is a field, then the topological space |SpecétR|
consists of a single point.

Let X = (X,OX) be a spectral Deligne-Mumford stack. Every point of the ∞-topos X determines a
point of the topological space |X |. This observation determines a map θ : π0 GPt(X)→ |X |, where GPt(X)
denotes the space of geometric points of X (Proposition VIII.1.1.15). In good cases, one can show that the
map θ is bijective. One of our goals in this section is prove this in the case where X is a quasi-separated
spectral algebraic space. To do so, it will be convenient to describe the elements of |X | in a different way.

Definition 1.4.4. Let X be a spectral algebraic space. A point of X is a map η : X0 → X with the following
properties:

(1) The object X0 ∈ Stk is equivalent to the spectrum of a field k.

(2) For every commutative ring R, the map

HomRing(k,R) ' MapStk(SpecR,X0)→ MapStk(SpecR,X)

is injective.

Example 1.4.5. Let R be a connective E∞-ring. A map η : Spec k → SpecR is a point of R if and only if
k is a field and η induces a map R→ k which exhibits k as the residue field of the commutative ring π0R at
some prime ideal p ⊆ π0R.

Remark 1.4.6. Let X be a quasi-separated spectral algebraic space, and suppose we are given a point
η : Spec k → X. Choose any étale map u : SpecR→ X, and let Y denote the fiber product Spec k×X SpecR.
Since the diagonal of X is quasi-affine, Y has the form Spec k′ for some étale k-algebra k′. We may therefore
write k′ as a finite product

∏
α k
′
α, where each k′α is a finite separable extension of the field k. Each of the

induced maps Spec k′α → Spec k′ → SpecR is a point of SpecR, so that each k′α can be identified with a
residue field of the commutative ring π0R (Example 1.4.5) at some prime ideal pα. Moreover, the prime
ideals pα are distinct from one another.
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Remark 1.4.7. Let X be a quasi-separated spectral algebraic space, and suppose we are given a commutative
diagram

Spec k
θ //

η
""

Spec k′

η′||
X

where η is a point of X and k′ is a field. Choose an étale map u : SpecR→ X such that Y = Spec k′×XSpecR
is nonempty, so that Y has the form Spec k′′ for some nonzero étale k′-algebra k′′. Then Spec k ×X SpecR
is the spectrum of the commutative ring k ⊗k′ k′′. It follows from Remark 1.4.6 that the composite map
π0R → k′′ → k ⊗k′ k′′ is surjective. In particular, the map k′′ → k ⊗k′ k′′ is surjective, so we must have
k′ ' k: that is, the map θ is an equivalence.

Notation 1.4.8. Let X be a quasi-separated spectral algebraic space, and let Pt(X) be the full subcategory
of Stk/X spanned by the points of X. Remark 1.4.7 implies that Pt(X) is a Kan complex, and it follows
immediately from the definition that all mapping spaces in Pt(X) are either empty or contractible. It follows
that Pt(X) is homotopy equivalent to the discrete space π0 Pt(X). We will generally abuse notation by
identifying Pt(X) with π0 Pt(X). If η ∈ Pt(X) corresponds to a morphism Specét k → X, we will refer to k
as the residue field of X at the point η, and denote it by κ(η).

Remark 1.4.9. Let i : X0 → X be a closed immersion of quasi-separated spectral algebraic spaces, and
let j : U → X be the complementary open immersion. Then the induced maps π0 Pt(X0) → π0 Pt(X) and
π0 Pt(U)→ π0 Pt(X) induce a bijection π0 Pt(X0)q π0 Pt(U)→ π0 Pt(X).

Let X be a spectral algebraic space. For every point η : Specét k → X, the induced map |Specét k| → |X |
determines an element of |X | (see Example 1.4.3). This construction determines a map of sets π0 Pt(X)→
|X |. Under mild hypotheses, this map is bijective:

Proposition 1.4.10. Let X = (X,OX) be a quasi-separated spectral algebraic space. Then construction above
determines a bijection θ : π0 Pt(X)→ |X |.

Proof. The topological space |X | is sober: that is, every irreducible closed subset of |X | has a unique generic
point. It will therefore suffice to show that for every irreducible closed subset K ⊆ |X |, there is a unique
equivalence class of points η : Specét k → X which determine a generic point of K. Using Proposition IX.4.29,
we can assume that K is the image of |X0 | for some closed immersion X0 → X. Replacing X by X0, we may
suppose X is reduced and that |X | is itself irreducible. In particular, X is nonempty; we may therefore choose
an open immersion j : SpecétR→ X for some nonzero E∞-ring R (Corollary 1.3.12). Since X is reduced, R
is an ordinary commutative ring. Then the Zariski spectrum SpecZR is homeomorphic to nonempty open
subset of |X | and is therefore irreducible. It follows that R is an integral domain. Let η ∈ |X | be the image
of the zero ideal (0) ∈ SpecZR, so that η corresponds to the point given by the composition

Spec k → SpecR→ X

where k is the fraction field of R. We claim that η is a generic point of |X |: that is, that η belongs to
every nonempty open subset V ⊆ |X |. To see this, we note that because |X | is irreducible, the inverse
image of V in SpecZR is nonempty and therefore contains the ideal (0). This proves the surjectivity of
θ. To prove injectivity, let us suppose we are given any other point η′ : Specét k′ → X which determines
a generic point of |X′ |. Since η′ determines a generic point of |X |, it must factor through the nonempty
open substack SpecétR of X. We may therefore identify k′ with the residue field of R at some prime ideal
p ⊆ R. which belongs to every nonempty open subset of SpecZR. It follows that for every nonzero element
x ∈ R, p ∈ SpecZR[x−1] and therefore x /∈ p. This proves that p coincides with the zero ideal (0), so that
η′ ' η.
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Corollary 1.4.11. Suppose we are given a pullback diagram

X′ //

��

X

��
Y′ // Y

of quasi-separated spectral algebraic spaces. Then the induced map |X′ | → |X | ×|Y | |Y′ | is a surjection of
topological spaces.

Proof. Every point η : |X | ×|Y | |Y′ | can be lifted to a commutative diagram

Spec k //

��

Spec k′

��

Spec k′′oo

��
X // Y Y′oo

where k, k′, and k′′ are fields. To prove that η can be lifted to a point of |X |, it suffices to observe that
|Spec k ×Spec k′ Spec k′′| is nonempty: that is, that commutative ring k ⊗k′ k′′ is nonzero.

We now summarize some of the formal properties enjoyed by the underlying space of a spectral algebraic
space.

Proposition 1.4.12. Let X be a quasi-separated spectral algebraic space. Then:

(1) The topological space |X | is sober, and is quasi-compact if X is quasi-compact.

(2) The topological space |X | has a basis consisting of quasi-compact open sets.

(3) The topological space |X | is quasi-separated.

Moreover, if f : X → Y is a quasi-compact morphism of quasi-separated spectral algebraic spaces, and
U ⊆ |Y | is quasi-compact, then f−1U ⊆ |X | is quasi-compact.

Proof. Assertion (1) follows immediately from the definitions. Let X = (X,OX), and identify the collection
of open sets in |X | with the collection of (equivalence classes of) (−1)-truncated objects of X. For every
object U ∈ X, if we write XU = (X/U ,OX |U), then the open subset of |X | corresponding to τ≤−1U can be
described as the image of the map |XU | → |X |. Since X is generated under small colimits by affine objects,
we see that |X | has a basis of open sets given by the images of maps |U | → |X |, where U is an affine spectral
algebraic space which is étale over X. In this case, |U | is quasi-compact by (1), so that |X | has a basis of
quasi-compact open sets.

We now prove that |X | is quasi-separated. Suppose we are given quasi-compact open sets U, V ⊆ |X |;
we wish to show that U ∩ V is quasi-compact. Without loss of generality, we may assume that U and V are
the images of maps |U | → |X | and |V | → |X |, where U and V are affine spectral algebraic spaces which
are étale over X. Using Corollary 1.4.11, we see that U ∩ V is the image of the map θ : |U×X V | → |X |.
Since X is quasi-separated, the fiber product U×X V is quasi-compact, so that the underlying topological
space |U×X V | is also quasi-compact by (1). It follows that the image of θ is quasi-compact, as desired.

Now suppose that f : X → Y is a quasi-compact morphism between quasi-separated spectral algebraic
spaces and let U ⊆ |Y | be a quasi-compact open set; we wish to show that its inverse image is a quasi-
compact open subset of |X |. Without loss of generality, we may suppose that U is the image of a map
|U | → |Y |, where U is affine and étale over Y. Using Corollary 1.4.11 we see that the inverse image of U is
the image of the map θ : |U×Y X | → |X |. Since f is quasi-compact, U×Y X is quasi-compact. It follows
from (1) that the topological space |U×Y X | is quasi-compact, from which it follows that the image of θ is
quasi-compact.
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Remark 1.4.13. Let X be a quasi-compact, quasi-separated spectral algebraic space, and let U(X) denote
the collection of quasi-compact open subsets of |X |. Combining Propositions 1.4.12 and A.3.14, we see U(X)
is a distributive lattice and that we can recover the topological space |X | as the specturm of U(X).

Proposition 1.4.14. Let f : X → Y be a faithfully flat, quasi-compact morphism between quasi-separated
spectral algebraic spaces. Then the induced map |X | → |Y | is a quotient map of topological spaces.

Proof. Writing Y as a union of its quasi-compact open substacks, we can reduce to the case where Y
(and therefore also X) is quasi-compact. Choose an étale surjection SpecétR → Y and an étale surjection
SpecétR′ → SpecétR×Y X. Then R′ is faithfully flat over R, so that SpecZR′ → SpecZR is a quotient map
(Proposition VII.5.9). It will therefore suffice to show that the vertical maps appearing in the diagram

SpecZR′ //

φ′

��

SpecZR

φ

��
|X | // |Y |

are quotient maps. We will prove that φ is a quotient map; the proof for φ′ is similar. Fix a subset U ⊆ Y,
and suppose that φ−1U is an open subset of SpecZR. Then the inverse images of φ−1U under the two
projection maps

|SpecétR×Y SpecétR| → |SpecétR|

coincide, so that φ−1U = φ−1V for some open set V ⊆ |Y |. Since φ is surjective, we obtain

U = φ(φ−1U) = φ(φ−1V ) = V,

so that U is open.

We next show that the construction X 7→ |X | behaves well with respect to certain filtered inverse limits.

Proposition 1.4.15. Let R be a connective E∞-ring and let X be a quasi-compact quasi-separated spectral
algebraic space over R. For every map of connective E∞-rings R→ R′, let XR′ = SpecétR′ ×Specét R X, and
let UX(R′) denote the distributive lattice of quasi-compact open subsets of |XR′ |. Then:

(1) The functor R′ 7→ UX(R′) commutes with filtered colimits.

(2) The functor R′ 7→ |XR′ | carries filtered colimits of R-algebras to filtered limits of topological spaces.

Proof. By virtue of Remarks A.3.12 and 1.4.13, assertion (2) follows from (1). We now prove (1). Since X is
quasi-compact, we can choose an étale surjection SpecétA0 → X. Since X is quasi-separated, we can choose
an étale surjection SpecétA1 → SpecétA0×X SpecétA0. For every commutative ring B, let U(B) be defined
as in Proposition A.3.34. Then for R′ ∈ CAlgcn

R , we have an equalizer diagram of sets

UX(R′) // U(π0(R′ ⊗R A0)) // // U(π0(R′ ⊗R A1)).

Since U commutes with filtered colimits, we conclude that UX commutes with filtered colimits.

We close this section with a discussion of the relationship between points of a spectral algebraic space X
and geometric points of X.

Notation 1.4.16. Let X be a quasi-separated spectral algebraic space. Recall that GPt(X) denotes the
full subcategory of Stk/X spanned by the minimal geometric points of X (see Definition VIII.1.1.10). We
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let GPt′(X) denote the full subcategory of Fun(∆1,Stk/X) whose objects are equivalent to commutative
diagrams

Spec k //

η′ ""

Spec k

η
||

X

where η is a point of X and η′ is a minimal geometric point of X.

Proposition 1.4.17. Let X be a quasi-separated spectral algebraic space. Then the forgetful functor

GPt′(X)→ GPt(X)

is an equivalence of ∞-categories.

More informally: every geometric point of a separated spectral algebraic space X determines a point of
X.

Proof. It is clear that the forgetful functor θ : GPt′(X)→ GPt(X) is fully faithful. We must prove that θ is
essentially surjective. Fix a geometric point η : Spec k → X. Replacing X by an open substack if necessary,
we may suppose that X is quasi-compact. Using Theorem 1.3.8, we can choose a scallop decomposition

∅ = U0 → U1 → · · · → Un ' X .

Let i be the smallest integer such that η factors through Ui. Let K be the reduced closed substack of Ui
complementary to Ui−1. Since k is a field and η does not factor through Ui−1, it must factor through K.
Note that K ' SpecR is affine. It follows that η factors as a composition

Spec k → Spec k → SpecR→ Ui → X

where k is the residue field of π0R at some prime ideal p ⊆ π0R. We now observe that the map Spec k → X
is a point of X.

Proposition 1.4.18. Let X be a quasi-separated spectral algebraic space, let η : Spec k → X be a point of X,
and let k be a field extension of k. The following conditions are equivalent:

(1) The field k is a separable closure of k.

(2) The composite map
η′ : Specét k → Specét k → X

is a geometric point of X.

Proof. We may assume without loss of generality that k is separably closed (since this follows from both
(1) and (2)). Choose an étale map u : SpecétR → X such that the fiber product SpecétR ×X Specét k is
nonempty. Using Remark 1.4.6, we deduce that there is a commutative diagram

Spec k′
u′ //

��

SpecR

��
Spec k // X

where k′ is a finite separable extension of k, and u′ exhibits k′ as a residue field of the commutative ring π0R.
Since k is separably closed, we can choose a map of k-algebras k′ → k, so that η′ factors as a composition

Spec k
v→ SpecR

v′→ X .
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Then η′ is a geometric point of X if and only if v exhibits k as a separable closure of the residue field of π0R:
that is, if and only if k is a separable closure of k′. Since k′ is a separably algebraic extension of k, this is
equivalent to the requirement that k be a separable closure of k.

Combining Proposition 1.4.18, Proposition 1.4.17, and the discussion of Notation 1.4.8, we deduce:

Corollary 1.4.19. Let X be a quasi-separated spectral algebraic space. Then the ∞-category GPt(X) is
canonically equivalent to the nerve of the groupoid whose objects are pairs (η, k), where η ∈ π0 Pt(X) is a
point of X and k is a separable closure of the residue field κ(η).

Corollary 1.4.20. Let f : X → Y be a surjective map between quasi-separated spectral algebraic spaces.
Then the induced map |X | → |Y | is a surjection of topological spaces.

1.5 Quasi-Coherent Stacks and Local Compact Generation

Let X : CAlgcn → S be a functor. Recall that a quasi-coherent stack C on X is a rule which assigns to
each point η ∈ X(R) an R-linear ∞-category η∗ C, depending functorially on the pair (R, η) (see §XI.8
for more details). The collection of all quasi-coherent stacks on X forms an ∞-category which we denote
by QStk(X). If X is a spectral Deligne-Mumford stack and X is the functor represented by X (so that
X(R) = MapStk(SpecétR,X)), then we define a quasi-coherent stack on X to be a quasi-coherent stack on
the functor X, and set QStk(X) = QStk(X).

Our first objective in this section is to study the functorial aspects of the construction X 7→ QStk(X). If
f : X→ Y is a map of spectral Deligne-Mumford stacks, then f induces a pullback functor f∗ : QStk(Y)→
QStk(X). Note that the functor f∗ preserves small limits. To prove this, we can reduce to the case where
X = SpecétB and Y = SpecétA are affine, in which case f∗ is given by the construction

C 7→ ModB ⊗ModA C ' LModB(C)

(see Theorem A.6.3.4.6).

Proposition 1.5.1. (1) Let f : X → Y be a map of spectral Deligne-Mumford stacks. Then the pullback
functor f∗ : QStk(Y)→ QStk(X) admits a right adjoint, which we will denote by f∗.

(2) Suppose we are given a pullback diagram

X′

f ′

��

g′ // X

f

��
Y′

g // Y

of spectral Deligne-Mumford stacks. Then the associated diagram

Y
f∗ //

g∗

��

X

g′∗

��
Y′

f ′∗ // X′

is right adjointable: that is, the canonical natural transformation

g∗f∗ → f ′∗g
′∗

is an equivalence.
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Proof. We first prove (1) in the special case where Y = SpecétA is affine. Write X = (X,OX). For
every object U ∈ X, let XU = (X/U ,OX |U). We prove more generally that each of the pullback functors
f∗U : LinCatA → QStk(XU ) admits a right adjoint Γ(U ; •). Note that the collection of those objects U ∈ X

for which Γ(U ; •) exists is closed under colimits in X. Using Lemma V.2.3.11, we can reduce to the case
where XU is affine, hence of the form SpecétB for some E∞-ring B. In this case, Γ(U ; •) can be identified
with the forgetful functor LinCatB → LinCatA.

We now prove (2) under the assumption that Y = SpecétA and Y′ = SpecétA′ are both affine. Write
X = (X,OX) as above. For each U ∈ X, let U ′ denote the inverse image of U in the underlying ∞-topos of
X′, and let Γ(U ′; •) : QStk(X′) → LinCatA′ be defined as above. We will prove that for each U ∈ X, the
canonical map

αU : ModA′ ⊗ModAΓ(U ;C)→ Γ(U ′; g′∗ C).

is an equivalence. When regarded as a functors of U , both the domain and codomain of αU carry colimits
in X to limits of ∞-categories. It will therefore suffice to prove that αU is an equivalence when U is affine.
We may therefore reduce to the case where X = SpecétB, so that X′ = SpecétB′ for B′ = A′ ⊗A B. The
desired result now follows from Lemma VII.6.15, since the canonical map

ModA′ ⊗ModA ModB → ModB′

is an equivalence of ∞-categories.
We now treat the general case of (1). Write Y = (Y,OY). For each V ∈ Y, write YV = (Y/V ,OY |V ) and

XV = YV ×Y X, and let fV : XV → YV denote the projection map. Let us say that an object V ∈ Y is good
if the following conditions are satisfied:

(a) The functor f∗V admits a right adjoint.

(b) For every pullback diagram

X′

f ′

��

g′ // XV

fV

��
Y′

g // YV

where Y′ is affine, the associated diagram

YV

f∗V //

g∗

��

XV

g′∗

��
Y′

f ′∗ // X′

is right adjointable.

It follows from the first part of the proof that every affine V ∈ Y is good. We next prove the following:

(∗) Let V → V ′ be a morphism between good objects of Y. Then the diagram

YV ′
f∗
V ′ //

g∗

��

XV ′

g′∗

��
YV

f∗V // XV

is right adjointable.
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To prove (∗), we must show that the canonical natural transformation g∗fV ′∗ → fV ∗g
′∗. Equivalently, we

must show that for any map η : Y′ → Y where Y′ is affine, the induced map η∗g∗fV ′∗ → η∗fV ∗g
′∗ is an

equivalence. Using the assumption that V is good, we can rewrite the target of this map as p1∗p
∗
2g
′∗, where

p1, p2 : Y′×YV
XV → Y′ denote the projections onto the first and second factors, respectively. The desired

result now follows from the assumption that V ′ is good. This completes the proof of (∗).
We next show that every object Y ∈ Y is good. By virtue of Lemma V.2.3.11, it will suffice to show that

the collection of good objects of Y is stable under small colimits. Suppose that V ∈ Y is given by the colimit
of a diagram of good objects {Vα}; we wish to show that V is good. Let us regard the morphism f∗V as an

object of the∞-category Fun(∆1, Ĉat∞), so that f∗V is a limit of the morphisms f∗Vα . Let Z ⊆ Fun(∆1, Ĉat∞)
be the subcategory whose objects are morphisms which admit right adjoint, and whose morphisms are right
adjointable squares. Using (∗), we see that the diagram α 7→ f∗Vα takes values in Z. Since the inclusion

Z ↪→ Fun(∆1, Ĉat∞) preserves limits (Corollary A.6.2.3.18), we deduce that f∗V ∈ Z. To complete the proof
that V is good, let us suppose we are given a diagram

X′

f ′

��

g′ // XV

fV

��
Y′

g // YV ,

where Y′ is affine. We wish to show that the natural transformation

g∗fV ∗ → f ′∗g
′∗

is an equivalence. Using the first part of the proof, we see that this assertion is local on Y′ (with respect to
the étale topology); we may therefore assume that the map g factors through YVα for some index α. In this
case, the desired result follows from the fact that Vα is good and that the morphism f∗Vα → f∗V belongs to
Z. This completes the proof of (1). Moreover, we have proven the following version of (2):

(2′) Suppose we are given a pullback diagram

X′

f ′

��

g′ // X

f

��
Y′

g // Y

of spectral Deligne-Mumford stacks. If Y′ is affine, then the canonical natural transformation

g∗f∗ → f ′∗g
′∗

is an equivalence.

To prove (2), suppose we are given an arbitrary pullback diagram

X′

f ′

��

g′ // X

f

��
Y′

g // Y;

we wish to show that the induced map θ : g∗f∗ → f ′∗g
′∗ is an equivalence. To prove this, choose an arbitrary

map η : Y′′ → Y′, where Y′′ is affine, and set X′′ = Y′′×Y X. We will show that θ induces an equivalence

η∗g∗f∗ → η∗f ′∗g
′∗.
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This follows by applying (2′) to the left square and the outer rectangle of the diagram

X′′ //

��

X′

f ′

��

g′ // X

f

��
Y′′

η // Y′
g // Y .

Notation 1.5.2. Let X be an arbitrary spectral Deligne-Mumford stack, let S denote the sphere spectrum,
and let q : X → Specét S be the canonical map. We will identify QStk(Specét S) ' LinCatS with the full
subcategory of PrL spanned by the presentable stable∞-categories. If C ∈ QStk(X) is a quasi-coherent stack
on X, we let QCoh(X;C) denote the image of q∗ C under this identification. We will refer to QCohX;C) as
the ∞-category of global sections of C.

More generally, suppose we are given a map f : X → SpecétA, for some connective E∞-ring A. We
can then identify f∗ C with an A-linear ∞-category, whose underlying stable ∞-category is given by q∗ C =
QCoh(X;C). We will generally abuse notation by identifying f∗ C with QCoh(X;C). We can summarize the
situation informally as follows: if X is a spectral Deligne-Mumford stack over A, then QCoh(X;C) is an
A-linear ∞-category for each C ∈ QStk(X).

If f : X → Y is a morphism of spectral Deligne-Mumford stacks, then the pullback functor f∗ :
QStk(Y) → QStk(X) is symmetric monoidal. It follows that the pushforward functor f∗ : QStk(X) →
QStk(Y) is lax symmetric monoidal. In particular, if we let QX denote the unit object of QStk(X), then
f∗ QX has the structure of a commutative algebra object of QStk(Y), and the functor f∗ induces a map

QStk(X)→ Modf∗ QX
(QStk(Y)).

Theorem 1.5.3. Let f : X → Y be a morphism of spectral Deligne-Mumford stacks. Suppose that f is
quasi-compact, quasi-separated, and a relative spectral algebraic space. Then the pushforward f∗ indues an
equivalence of ∞-categories

G : QStk(X)→ Modf∗ QX
(QStk(Y)).

Using Proposition 1.5.1, we see that the assertion of Theorem 1.5.3 is local on Y (with respect to the
étale topology). It therefore suffices to treat the case where Y = SpecétA is affine, which reduces to the
following assertion:

Proposition 1.5.4. Let X be a quasi-compact, quasi-separated spectral algebraic space. Then the global
sections functor QCoh(X; •) induces an equivalence of ∞-categories

QStk(X)→ ModQCoh(X)(PrL).

Proof. Combine Corollary XI.8.9 with Theorem 1.3.8.

We now investigate how the equivalences provided by Theorem 1.5.3 and Proposition 1.5.4 interact with
finiteness conditions on quasi-coherent stacks.

Definition 1.5.5. Let X be a spectral Deligne-Mumford stack and let C ∈ QStk(X) be a quasi-coherent
stack on X. We will say that C is locally compactly generated if, for every map η : SpecétA→ X, the pullback
η∗ C ∈ LinCatA is a compactly generated A-linear ∞-category.

Example 1.5.6. Let X = SpecA be an affine spectral Deligne-Mumford stack. Then a quasi-coherent
stack on X is locally compactly generated if and only if the corresponding A-linear ∞-category is compactly
generated.
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Lemma 1.5.7. Let X be a spectral Deligne-Mumford stack and let C ∈ QStk(X). Suppose that there exists
a surjective étale map f : X′ → X such that f∗ C is locally compactly generated. Then C is locally compactly
generated.

Proof. Choose a map η : SpecétA → X. Since f is surjective, we can choose a faithfully flat étale map
A→ B and a commutative diagram

SpecétB
η′ //

f ′

��

X′

f

��
SpecétA

η // X .

Since f∗ C is locally compactly generated, the ∞-category

η′
∗
f∗ C ' f ′∗η∗ C ' LModB(η∗ C)

is compactly generated. Using Theorem XI.6.1, we conclude that η∗ C is compactly generated.

Lemma 1.5.8. Let X be a spectral Deligne-Mumford stack, let C ∈ QStk(X) be locally compactly generated,
and let M ∈ QCoh(X;C) be an object. The following conditions are equivalent:

(1) For every map η : SpecétA→ X, the image of M is a compact object of η∗ C.

(2) For every étale map η : SpecétA→ X, the image of M is a compact object of η∗ C.

(3) There exists a collection of étale maps ηα : SpecétAα → X which are jointly surjective, such that the
image of M in each η∗α C is compact.

Proof. The implications (1)⇒ (2)⇒ (3) are obvious. We prove that (3)⇒ (1). Assume that (3) is satisfied
for some jointly surjective ηα : SpecAα → X, and choose any map ξ : SpecR→ X. Then there exists a finite
collection of étale maps {R→ Rβ} for which the induced map R→

∏
β Rβ is faithfully flat, such that each

of the induced maps SpecRβ → SpecR fits into a commutative diagram

SpecRβ //

��

SpecAα

ηα

��
SpecR

ξ // X

for some index α. It follows that the image of M in ModRβ (ξ∗ C) is compact for every index β. Using
Proposition XI.6.21, we deduce that the image of M in ξ∗ C is compact.

Definition 1.5.9. Let X be a spectral Deligne-Mumfrod stack and let C ∈ QStk(X) be locally compactly
generated. We will say that an object of QCoh(X;C) is locally compact if it satisfies the equivalent conditions
of Lemma 1.5.8.

The main result of this section is the following:

Theorem 1.5.10. Let X be a quasi-compact quasi-separated spectral algebraic space, and let C ∈ QCoh(X)
be a quasi-coherent stack on X. If C is locally compactly generated, then the ∞-category QCoh(X;C) is
compactly generated. Moreover, an object M ∈ QCoh(X;C) is compact if and only if it is locally compact.

Corollary 1.5.11. Let f : X → Y be a map of spectral Deligne-Mumford stacks. Suppose that f is quasi-
compact, quasi-separated, and a relative spectral algebraic space. If C ∈ QStk(X) is locally compactly gener-
ated, then f∗ C ∈ QStk(Y) is locally compactly generated.
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Corollary 1.5.12. Let X be a quasi-compact quasi-separated spectral algebraic space. Then the ∞-category
QCoh(X) is compactly generated. Moreover, an object of QCoh(X) is compact if and only if it is perfect. In
other words, X is a perfect stack, in the sense of Definition XI.8.14.

Proof of Theorem 1.5.10. Fix an object M ∈ QCoh(X;C). Write X = (X,OX), and for each U ∈ X let
XU denote the spectral Deligne-Mumford stack (X/U ,OX |U and MU the image of M in QCoh(XU ;C). Let
X0 ⊆ X denote the full subcategory spanned by those objects U for which MU is a compact object of
QCoh(XU ;C). Note that every pushout diagram

U //

��

U ′

��
V // V ′

in X induces a pullback diagram of presentable ∞-categories

QCoh(XU ;C) QCoh(XU ′ ;C)oo

QCoh(XV ;C)

OO

QCoh(XV ′ ;C)

OO

oo

It follows that if U , U ′, and V belong to X0, then V ′ also belongs to X0. Using Theorem 1.3.8 and Corollary
VIII.2.5.9, we deduce that if M is locally compact, then M is compact.

Let D denote the full subcategory of QCoh(X;C) spanned by the locally compact objects. Using
Proposition T.5.3.5.11, we deduce that the inclusion D ↪→ QCoh(X;C) extends to a fully faithful func-
tor F : Ind(D) → QCoh(X;C). We will prove that F is an equivalence of ∞-categories. This implies that
QCoh(X;C) is compactly generated, and that every compact object of QCoh(X;C) is a retract of an object
of D. Since D is idempotent complete, it will follow that every compact object of QCoh(X;C) is locally
compact, thereby completing the proof.

Using Proposition T.5.5.1.9, we deduce that F preserves small colimits. Since D is essentially small and
admits finite colimits, the ∞-category Ind(D) is presentable, so that F admits a right adjoint G (Corollary
T.5.5.2.9). To prove that F is an equivalence, it will suffice to show that G is conservative. Since QCoh(X;C)
is stable, we must show that if N ∈ QCoh(X;C) is an object such that G(N) ' 0, then N ' 0.

Choose a scallop decomposition

∅ = U0 → U1 → · · · → Un ' X

and excision squares
SpecRi ×Ui Ui−1

//

��

SpecRi

ηi

��
Ui−1

// Ui .

For 0 ≤ i ≤ n, let Ni denote the image of N in QCoh(Ui;C). We will prove that Ni ' 0 by induction on i.
The case i = 0 is trivial, and when i = n we will deduce that N ' 0 as desired. To carry out the inductive
step, let us assume that Ni−1 ' 0. To prove that Ni ' 0, it will suffice to show that the image of N is a
zero object of the Ri-linear ∞-category η∗i C. Let us denote this image by N ′. Note that the fiber product
Vi = Ui−1×X SpecRi is a quasi-compact open substack of SpecRi, and that the image of N ′ in QCoh(Vi;C)
is zero. The proof of Lemma XI.6.17 shows that we can write N ′ as a filtered colimit of compact objects
of η∗i C whose restriction to V is trivial. Consequently, if N ′ is nonzero, then there exists a compact object
M ′ ∈ QCoh(SpecRi;C) and a nonzero map f : M ′ → N ′, such that the restriction of M ′ to V is trivial.
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Using the pullback diagram of ∞-categories

QCoh(Ui;C) //

��

QCoh(Ui−1;C)

��
QCoh(SpecRi;C) // QCoh(Vi;C),

we can lift M ′ (in an essentially unique way) to a locally compact object Mi ∈ QCoh(Ui;C) whose image in
QCoh(Ui−1;C) is zero. The same argument shows that we can lift f to a nonzero map fi : Mi → Ni.

We next prove the following assertion:

(∗) For i ≤ j ≤ n, there exists a nonzero morphism fj : Mj → Nj in QCoh(Uj ;C), where Mj is locally
compact.

The proof proceeds by induction on j, the case j = i having been handled above. When j = n, we will obtain
a nonzero morphism from a locally compact object of QCoh(X;C) into N , contradicting our assumption that
G(N) ' 0 and completing the proof.

Let us assume that i < j and that fj−1 : Mj−1 → Nj−1 has been constructed. We let u denote the
composite map

Mj−1 ⊕Mj−1[1]→Mj−1
fj−1→ Nj−1,

and let u0 be the image of u in QStk(Vj ;C). Let N ′′ denote the image of N in QCoh(SpecRj ;C). Using
the pullback diagram

QCoh(Uj ;C) //

��

QCoh(Uj−1;C)

g∗

��
QCoh(SpecRj ;C)

h∗ // QCoh(Vj ;C),

we are reduced to proving that u0 can be lifted to a morphism v : M ′′ → N ′′ in QCoh(SpecRj ;C) for some
compact object M ′′ ∈ QCoh(SpecRj ;C).

Lemma XI.6.19 implies that we can lift g∗(Mj−1⊕Mj−1[1]) to a compact object M ′′ ∈ QCoh(SpecRj ;C),
so that u0 can be regarded as a morphism from h∗M ′′ to h∗N ′′. Let h∗ denote a right adjoint to h∗, so
that u0 determines a map v0 : M ′′ → h∗h

∗N ′′. Let K denote the cofiber of the unit map N ′′ → h∗h
∗N ′′.

Then h∗K ' 0. Using Lemma XI.6.17, we can write K as a filtered colimit of compact objects Kα ∈
QCoh(SpecRj ;C) satisfying h∗Kα ' 0. Since M ′′ is compact, the composite map M ′′ → h∗h

∗N ′′ → K
factors through some Kα. Replacing M ′′ by the fiber of the map M ′′ → Kα, we can assume that the
composition M ′′ → h∗h

∗N ′′ → K is nullhomotopic, so that v0 factors as a composition M ′′
v→ N ′′ →

h∗h
∗N ′′, where v is a morphism in QCoh(SpecRj ;C) having the desired properties.

We close this section with a few remarks about the formation of global sections of quasi-coherent stacks.

Proposition 1.5.13. Let X be a quasi-compact quasi-separated spectral algebraic space and suppose we are
given a map f : X → SpecétA. Let C be an A-linear ∞-category, regarded as an object of QStk(SpecétA).
Then the unit map λ : C→ QCoh(X; f∗ C) admits a right adjoint, which we will denote by Γ(X; •).

Proof. Write X = (X,OX). For each object U ∈ X, we let XU denote (X/U ,OX |U), and fU : XU → SpecA the
induced map, and λU : C→ QCohXU ; f∗U (C)) the canonical. Let us say that an object U ∈ X is good if the
functor λU admits a right adjoint Γ(U ; •) which commutes with small colimits. Note that if XU ' SpecétB
is affine, then λU can be identified with the base change functor C→ LModB(C), which is left adjoint to the
forgetful functor LModB(C)→ C; it follows that U is good.
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Note that if we are given a pushout diagram

U //

��

U ′

��
V // V ′,

then we have a pullback diagram of ∞-categories

QCoh(XV ′ ; f
∗
V ′ C)

φ′ //

ψ′

��

QCoh(XV ; f∗V C)

ψ

��
QCoh(XU ′ ; f

∗
U ′ C)

φ // QCoh(XU ; f∗U C).

It follows that if U ′, U , and V are good, then V ′ is also good, with the functor Γ(V ′; •) given by the fiber
product

Γ(V ; •)×Γ(U ;•) Γ(U ′; •).
Using Corollary VIII.2.5.9 and Theorem 1.3.8, we deduce that the final object of X is good.

We now show that the global sections functor described in Proposition 1.5.13 is compatible with base
change:

Proposition 1.5.14. Suppose we are given a pullback diagram

X′
g //

f ′

��

X

f
��

SpecétA′ // SpecétA

of spectral Deligne-Mumford stacks, X (and therefore also X′) is a quasi-compact quasi-separated spectral
algebraic space. Let C be an A-linear∞-category and let C′ = LModA′(C). Then the diagram of∞-categories

C
λ //

⊗AA′
��

QCoh(X; f∗ C)

g∗

��
C′

λ′ // QCoh(X′; f ′
∗
C′)

is right adjointable.

Proof. The existence of right adjoints to λ and λ′ follows from Proposition 1.5.13; let us denote these right
adjoints by Γ(X; •) and Γ(X′; •). To complete the proof, we must show that for every object M ∈ C, the
canonical map

A′ ⊗A Γ(X;M)→ Γ(X′; g∗M)

is an equivalence. Write X = (X,OX). For every object U ∈ X let Γ(U ;M) be defined as in the proof of
Proposition 1.5.13, and let Γ(g∗U ; g∗M) be defined similarly. Let C ⊆ X be the full subcategory spanned by
those objects U for which the canonical map

A′ ⊗A Γ(U ;M)→ Γ(g∗U ; g∗M)

is an equivalence. Lemma VII.6.15 guarantees that every affine object of X belongs to C, and it follows from
the proof of Proposition 1.5.13 that C is closed under pushouts. Using Corollary VIII.2.5.9 and Theorem
1.3.8, we deduce that the final object of X belongs to C.
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2 Noetherian Approximation

Let X be a scheme of finite presentation over a commutative ring R. Then there exists a finitely generated
subring R0 ⊆ R, an R0-scheme X0 of finite presentation, and an isomorphism of schemes

X ' SpecR×SpecR0
X0.

This observation is the basis of a technique called Noetherian approximation: one can often reduce questions
about the scheme X to questions about the scheme X0, which may be easier to answer because X0 is
Noetherian.

We would like to adapt the technique of Noetherian approximation to the setting of spectral algebraic
geometry. More specifically, we would like to address questions like the following:

Question 2.0.15. Let X be a spectral Deligne-Mumford stack over a connective E∞-ring R, and suppose
that R is given as a filtered colimit lim−→Rα. Can we find an index α, a spectral Deligne-Mumford stack Xα
over Rα, and an equivalence of spectral Deligne-Mumford stacks

X ' SpecétRα ×Specét R Xα?

To even have a chance of obtaining an affirmative answer we will need to make some finiteness assumptions
on X. However, even with finiteness assumptions in place, Question 2.0.15 is more subtle than its classical
analogue. The main issue is that the data of a spectral Deligne-Mumford stack X = (X,OX) is infinitary
in nature, because the structure sheaf OX potentially has an infinite number of nonzero homotopy sheaves
πm OX. When looking for “approximations” to X, we can generally only control finitely many of these
homotopy groups at one time. We can attempt to avoid the issue by studying truncatons of X. For each
n ≥ 0, let τ≤n X denote the spectral Deligne-Mumford stack (X, τ≤n OX). A more reasonable version of
Question 2.0.15 is the following:

Question 2.0.16. Let X be a spectral Deligne-Mumford stack over a connective E∞-ring R, and suppose
that R is given as a filtered colimit lim−→Rα, and let n ≥ 0 be an integer. Can we find an index α, a spectral
Deligne-Mumford stack Xα over Rα, and an equivalence of spectral Deligne-Mumford stacks

τ≤n X ' τ≤n(SpecétRα ×Specét R Xα)?

In §2.3, we will obtain a positive answer to Question 2.0.16 (Theorem 2.3.2) provided that a mild finiteness
condition is satisfied: that is, that X be finitely n-presented over R. We will study this finiteness condition
(and others) in §2.2.

An affirmative answer to Question 2.0.16 raises a host of related questions. Suppose that we are given
a morphism X→ SpecétR having some special property P . Can we necessarily arrange that the morphism
Xα → SpecétRα of Question 2.0.15 also has the property P? In §2.5, we will verify this for a number of
properties of geometric interest. What if we are given a quasi-coherent sheaf F on X: can we hope to write
F as the inverse image of a quasi-coherent sheaf on Xα? This is generally too much to ask for, since there
are again infinitely many homotopy groups to control. However, we will show in §2.4 that if F satisfies some
reasonable finiteness conditions, we will see that the truncation τ≤n F can be obtained as the truncation of
the pullback of a quasi-coherent sheaf on Xα (Theorem 2.4.4).

The proofs of Theorems 2.3.2 and 2.5.3 proceed roughly in two steps: first, we treat the case where
X is affine. Then, we reduce the general case to the affine case using an affine covering u : U0 → X. To
carry out the second step, we need to study the groupoid U• given by the Čech nerve of u. It is essential
to our arguments that this groupoid be controlled by a finite amount of data: that is, that we only need to
consider the objects Up for some finitely many integers p. This is a consequence of some general categorical
considerations, which we take up in §2.1.
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2.1 Truncated Category Objects

Let C be an ∞-category which admits finite limits. Recall that a category object of C is a simplicial object
C• of C satisfying the following condition: for each n ≥ 0, the diagram of linearly ordered sets

{0, 1} · · · {n− 1, n}

{0}

<<

{1}

bb >>

· · · {n− 1}

cc 88

{n}

dd

induces an equivalence
Cn → C1 ×C0

· · · ×C0
C1.

Example 2.1.1. Let C• be a simplicial set. Then C• is a category object of the category Set of sets if and
only if C• is isomorphic to the nerve of a small category E. Moreover, the category E is determined up to
canonical isomorphism: the objects of E are the elements of the set C0, the morphisms of E are the elements
of the set C1, and the composition of morphisms is determined by the map

C1 ×C0
C1

∼← C2
ρ→ C1,

where ρ is induced by the inclusion of linearly ordered sets [1] ' {0, 2} ↪→ [2].

We would like to call attention to two phenomena at work in Example 2.1.1:

• Let C• be a category object in sets, so that C• ' N(E) for some small category E. To recover the
category E (and therefore the entire simplicial set C•), we only need to know the sets C0, C1, C2, and
the maps between them.

• When reconstructing the category E from the simplicial set C•, the main step is to prove that com-
position of morphisms is associative. The proof of this involves studying the set C3 and the bijection
C3 → C1 ×C0 C1 ×C0 C1. In particular, it does not make any reference to the sets Cn for n ≥ 4.

Our goal in this section is to generalize these observations. We begin by introducing some terminology.

Definition 2.1.2. Let C be an ∞-category which admits finite limits, and let m ≥ 1. An m-skeletal
simplicial object of C is a functor N(∆≤m)op → C. If C is an m-skeletal simplicial object and n ≤ m, we let
Cn denote the image in C of the object [n] ∈∆≤m.

An m-skeletal category object is a functor N(∆≤m)op → C with the following property: for each n ≤ m,
the diagram of linearly ordered sets

{0, 1} · · · {n− 1, n}

{0}

<<

{1}

bb >>

· · · {n− 1}

cc 88

{n}

dd

induces an equivalence Cn → C1 ×C0
· · · ×C0

C1.
We let CObj(C) denote the full subcategory of Fun(N(∆)op,C) spanned by the category objects, and

CObj≤m(C) the full subcategory of Fun(N(∆≤m)op,C) spanned by the m-skeletal category objects.

We can now state our main result.

Theorem 2.1.3. Let C be an ∞-category which is equivalent to an n-category for some n ≥ −1 (see
Definition T.2.3.4.1) and admits finite limits. Then the restriction functor CObj(C)→ CObj≤m(C) is fully
faithful when m = n+ 1 and an equivalence of ∞-categories when m ≥ n+ 2.
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Theorem 2.1.3 is an immediate consequence of the following more precise assertions (and Proposition
T.4.3.2.15).

Proposition 2.1.4. Let C be an ∞-category which admits finite limits, and let C• be a category object of C.
Assume that the map C1 → C0 × C0 is (n − 2)-truncated for some integer n ≥ 0. Then C• is a right Kan
extension of its restriction to N(∆≤n).

Proposition 2.1.5. Let C be an ∞-category which admits finite limits, let n ≥ 1, and let C• be an n-skeletal
category object of C. Assume that the map C1 → C0×C0 is (n−3)-truncated. Then C• can be extended to a
category object C• of C (this extension is necessarily a right Kan extension, by virtue of Proposition 2.1.4).

The proofs of Propositions 2.1.4 and 2.1.5 will require some preliminaries.

Notation 2.1.6. Let C be an ∞-category which admits finite limits and let C• be an m-skeletal simplicial
object of C. Let K be a simplicial set of dimension ≤ m, which is isomorphic to a simplicial subset of ∆n for
some n. We let ΣK denote the partially ordered set of nondegenerate simplices in K. There is an evident
forgetful functor ΣK →∆≤m. We let C[K] denote a limit of the induced diagram

N(ΣK)op → N(∆≤m)op
C•→ C .

Lemma 2.1.7. Let C be an ∞-category which admits finite limits, let C• be an m-skeletal category object of
C for some m ≥ 1. Then:

(1) Let n ≤ m + 1, let 0 < j < n, and let A ⊆ ∆n be the simplicial subset spanned by the edges
{∆{i−1,i}}1≤i≤n. Then the restriction map C[Λnj ]→ C[A] is an equivalence.

(2) For 0 < j < n ≤ m, the map C[∆n]→ C[Λnj ] is an equivalence.

Proof. We prove (1) and (2) by a simultaneous induction on n. Note that if n ≤ m and K is defined as in
(1), then the composite map C[∆n] → C[Λnj ] → C[A] is an equivalence by virtue of our assumption that
C• is an n-skeletal category object. Consequently, assertion (2) follows from (1) and the two-out-of-three
property.

We now prove (1). Let S be the collection of all nondegenerate simplices σ of ∆n which contain the
vertex j together with additional vertices i and k such that i < j < k. Write S = {σ1, σ2, . . . , σb}, where
a < a′ whenever σa has dimension larger than σa′ ; in particular, we have σ1 = ∆n. For 1 ≤ a ≤ b, let τa be
the face of σa obtained by the removing the vertex j, and let Ka denote the simplicial subset obtained from
∆n by removing the simplices {σa′ , τa′}a′≤a. We have a chain of simplicial subsets

∆{0,...,j}
∐
{j}

∆{j,j+1,...,n} = Kb ⊆ Kb−1 ⊆ · · · ⊆ K1 = Λnj .

For 1 ≤ a < b, the inclusion Ka+1 ⊆ Ka is a pushout of an inner horn inclusion Λn
′

j′ ⊆ ∆n′ for some
0 < j′ < n′ < n, so we have a pullback diagram

C[Ka] //

��

C[Ka+1]

��
C[∆n′ ] // C[Λn

′

j′ ]

The inductive hypothesis implies that the bottom horizontal map is an equivalence, so that C[Ka] ' C[Ka+1]
for 1 ≤ a < b. It follows that the restriction map

C[Λnj ]→ C[Kb] ' C[∆{0,...,j}]×C[{j}] C[∆{j,...,n}]
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is an equivalence. Let A− be the simplicial subset of ∆n spanned by the edges ∆{i−1,i} for 1 ≤ i ≤ j, and let
A+ be the simplicial subset of ∆n spanned by the edges ∆{i−1,i} for j < i ≤ n. Since C• is an m-coskeletal
category object, the restriction maps

C[∆{0,...,j}]→ C[A−] C[∆{j,j+1,...,n}]→ C[A+]

are equivalences. It follows that the map

C[Λnj ]→ C[A] ' C[A−]×C[{j}] C[A+]

is an equivalence.

Proof of Proposition 2.1.4. Let C• be a category object of C such that the map C1 → C0 × C0 is (n − 2)-
truncated. We wish to show that C• is a right Kan extension of its restriction to N(∆≤n)op. It will suffice
to show that for each m ≥ n, the restriction C•|N(∆≤m)op is a right Kan extension of C•|N(∆≤n)op. Using
Proposition T.4.3.2.8 repeatedly, we are reduced to showing that C•|N(∆≤m)op is a right Kan extension of
C•|N(∆≤m−1)op for m > n. In other words, we must show that if m > n, then the map Cm → Mm(C)
is an equivalence, where Mm(C) denotes the mth matching object of C• (see Notation T.A.2.9.7). We will
show more generally that the map βm : Cm → Mm(C) is (n−m− 1)-truncated for each m ≥ 1. If m > n,
this implies that βm is an equivalence. We proceed by induction on m: the case m = 1 follows from our
hypothesis that C1 → C0 × C0 is (n − 2)-truncated. Assume therefore that m ≥ 2, and choose 0 < j < m.
Lemma 2.1.7 implies that the composite map

C[∆m] ' Cm →Mm(C) ' C[∂∆m]→ C[Λmj ]

is an equivalence. It will therefore suffice to show that the map γ : C[∂∆m]→ C[Λmj ] is (n−m)-truncated.
This follows from the inductive hypothesis, since γ is a pullback of the map Cm−1 →Mm−1(C).

Proof of Proposition 2.1.5. Let C• be an n-skeletal category object of C and assume that the map C1 →
C0 × C0 is (n − 3)-truncated. Since C admits finite limits, there exists a simplicial object C• which is a
right Kan extension of C•. We wish to show that C• is a category object of C. It will suffice to show that
the restriction C•|N(∆≤m)op is an m-skeletal category object for each m ≥ n. We proceed by induction
on m, the case m = n being trivial. Let A ⊆ ∆m be the simplicial subset given by the union of the edges
{∆{i−1,i}}1≤i≤m; we wish to show that the map C[∆m]→ C[A] is an equivalence. Since m > n ≥ 1, we can
choose 0 < j < m. Using the inductive hypothesis and Lemma 2.1.7, we deduce that C[Λmj ] → C[A] is an

equivalence. It will therefore suffice to show that the restriction map β : C[∆m]→ C[Λmj ] is an equivalence.

Note that β is a pullback of the map β′ : C[∆m−1] → C[∂∆m−1]. We will show that β′ is an equivalence.
For this, it suffices to prove the more general claim that for 1 ≤ k < m, the map β′k : C[∆k] → C[∂∆k] is
(n− k − 2)-truncated.

As in the proof of Proposition 2.1.4, we proceed by induction on k, the case k = 1 being true by virtue
of our hypothesis. Assume therefore that k ≥ 2, and choose 0 < i < k. Since k < m, the restriction
C•|N(∆≤k) is a k-skeletal category object so that Lemma 2.1.7 implies that the composite map

C[∆k]
β′k→ C[∂∆k]

γ→ C[Λki ]

is an equivalence. It is therefore sufficient to show that γ is (n − k − 1)-truncated. This follows from the
inductive hypothesis, since γ is a pullback of β′k−1.

2.2 Finitely n-Presented Morphisms

In §IX.8, we studied a finiteness condition on morphisms of spectral Deligne-Mumford stacks: the property
of being locally of finite presentation to order n. Very roughly speaking, a morphism (X,OX) → (Y,OY)
is locally of finite presentation to order n if the homotopy groups πi OX are controlled by OY for i < n.
In practice, it is often useful to use this notion in conjunction with another hypothesis which controls the
homotopy groups πi OX for i ≥ n.
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Definition 2.2.1. Let f : X → Y be a map of spectral Deligne-Mumford stacks. We will say that X =
(X,OX) is locally finitely n-presented over Y if the following conditions are satisfied:

(i) The structure sheaf OX is n-truncated.

(ii) The map f is locally of finite presentation to order (n+ 1) (see Definition IX.8.16).

In this case, we will also say that the morphism f is locally finitely n-presented.

Example 2.2.2. Let f : (X,OX) → (Y,OY) be a map of spectral Deligne-Mumford stacks. Assume that X

and Y are 1-localic. Then f is locally finitely 0-presented if and only if the following conditions are satisfied:

(i) The structure sheaf OX is discrete.

(ii) The induced map (X,OX) → (Y, π0 OY), when viewed as a map of ordinary Deligne-Mumford stacks
(see Proposition VII.8.36), is locally of finite presentation in the sense of classical algebraic geometry.

We now summarize some of the formal properties of Definition 2.2.1.

Proposition 2.2.3. Fix an integer n ≥ 0.

(1) The condition that a map f : X → Y be locally finitely n-presented is local on the source with respect
to the étale topology.

(2) The condition that a map f : X→ Y be locally finitely n-presented is local on the target with respect to
the flat topology.

(3) Suppose given a pair of maps f : X→ Y and g : Y→ Z. Assume that g is locally finitely n-presented.
Then f is locally finitely n-presented if and only if g ◦ f is locally finitely n-presented.

Proof. Assertion (1) follows from Proposition IX.8.18 and Example VIII.1.5.25, assertion (2) follows from
Proposition IX.8.24 and Example VIII.1.5.25, and assertion (3) follows from Proposition IX.8.10.

Proposition 2.2.4. Let f : X→ Y be a map of spectral Deligne-Mumford stacks. Assume that Y is locally
Noetherian. Then f is locally finitely n-presented if and only if the following conditions are satisfied:

(1) The morphism f is locally of finite presentation to order 0.

(2) The spectral Deligne-Mumford stack X = (X,OX) is locally Noetherian.

(3) The structure sheaf OX is n-truncated.

Proof. We may assume without loss of generality that Y ' SpecétA and X ' SpecétB are affine. Assume
first that f is locally finitely n-presented. Conditions (1) and (3) are obvious. To prove (2), we note that
B is a compact object of τ≤n CAlgA (Remark IX.8.7), so that B ' τ≤nB

′ for some A-algebra B′ which is
of finite presentation over A. It follows from Proposition A.7.2.5.31 that B′ is Noetherian, so that B is also
Noetherian.

Now suppose that (1), (2), and (3) are satisfied. Using (1), (2), and Proposition A.7.2.5.31, we deduce
that the map A→ B is locally almost of finite presentation, and in particular of finite presentation to order
(n+ 1) over A. Combining this with (3), we deduce that f is finitely n-presented as desired.

Warning 2.2.5. Let f : X → Y be a map of spectral Deligne-Mumford stacks which is locally finitely
n-presented. If Y is not locally Noetherian, then f need not be locally finitely m-presented for m > n.

We now combine the local finiteness condition of Definition 2.2.1 with some global considerations.

Definition 2.2.6. Let f : X→ Y be a map of spectral Deligne-Mumford stacks and let n ≥ 0 be an integer.
We will say that f is finitely n-presented if the following conditions are satisfied:
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(1) The map f is locally finitely n-presented (see Definition 2.2.1).

(2) For every map SpecétA→ Y, the fiber product SpecétA×Y X is a spectral Deligne-Mumford m-stack
for some integer m ≥ 0.

(3) The morphism f is ∞-quasi-compact (see Definition VIII.1.4.5).

Remark 2.2.7. In the situation of Definition 2.2.6, assume that Y is quasi-compact. Then condition (2) is
equivalent to the following:

(2′) The map f : X→ Y is a relative spectral Deligne-Mumford m-stack for some m ≥ 0.

In this case, Remark 1.3.5 implies that condition (3) is equivalent to the following apparently weaker condi-
tion:

(3′) The morphism f is (m+ 1)-quasi-compact.

Remark 2.2.8. Suppose we are given maps of spectral Deligne-Mumford stacks

X
f→ Y

g→ Z .

Assume that g is finitely n-presented. Then f is finitely n-presented if and only if g is finitely n-presented
(combine Proposition 2.2.3 with Corollary VIII.1.4.16).

The property of being finitely n-presented is not stable under arbitrary base change. Given a pullback
diagram

Y′ //

f ′

��

Y

f

��
X′

g // X

where f is finitely n-presented, the morphism f ′ need not be finitely n-presented without some flatness
assumption on the morphism g. We can correct this difficulty by truncating the structure sheaf of the
spectral Deligne-Mumford stack Y′.

Notation 2.2.9. Let X = (X,OX) be a spectral Deligne-Mumford stack. We let τ≤n X denote the spectral
Deligne-Mumford stack (X, τ≤n OX). We will refer to τ≤n X as the n-truncation of X.

Proposition 2.2.10. Suppose we are given a pullback diagram

X′

f ′

��

// X

f

��
Y′ // Y

of spectral Deligne-Mumford stacks. If τ≤n X is finitely n-presented over Y, then τ≤n X
′ is finitely n-presented

over Y′.

Proof. We may assume without loss of generality that Y ' SpecétA and Y′ ' SpecétA′ are affine. Then
X is an ∞-quasi-compact spectral Deligne-Mumford m-stack for some m ≥ 0. It follows that X′ is also
an ∞-quasi-compact spectral Deligne-Mumford m-stack (see Remark VIII.1.3.9 and Corollary VIII.1.4.18).
To complete the proof, it will suffice to show that f ′ is locally finitely n-presented. Replacing X by τ≤n X,
we may assume that X = (X,OX) is locally of finite presentation to order (n + 1) over A. It follows that
X′ = (X′,OX′) is locally of finite presentation to order (n + 1) over SpecétA′. Using Remark IX.8.6, we
deduce that (X′, τ≤n OX′) is also locally of finite presentation to order (n + 1) over SpecétA′, hence loally

finitely n-presented over SpecétA′.

39



Corollary 2.2.11. Suppose we are given a commutative diagram of spectral Deligne-Mumford stacks

X0

$$

��

X1

zz

��

X

��
Specét Y

where X0, X1, and X are finitely n-presented over Y. Then τ≤n(X0×X X1) is finitely n-presented over Y.

Proof. Using Remark 2.2.8, we see that X0 is finitely n-presented over X. It follows from Proposition 2.2.10
that τ≤n(X0×X X1) is finitely n-presnented over X1, and hence also finitely n-presented over X (Remark
2.2.8).

2.3 Approximation of Spectral Deligne-Mumford Stacks

Suppose we are given a filtered diagram {Aα} of connective E∞-rings having colimit A = lim−→Aα, and let

f : X→ SpecétA be a finitely n-presented morphism. Our goal in this section is to prove that there exists an
index α, a finitely n-presented morphism Xα → SpecétAα, and an equivalence of spectral Deligne-Mumford
stacks

X ' τ≤n(SpecétAα ×Specét A Xα).

Moreover, we will show that the spectral Deligne-Mumford stack Xα is essentially unique, up to changes in
the index α. To formulate this last condition more precisely, it will be convenient to introduce some notation.

Construction 2.3.1. Fix an integer n ≥ 0. Let C denote the full subcategory of

Fun(∆1,Stk)×Fun({1},Stk) (CAlgcn)op

spanned by those morphisms X → SpecétA where A is a connective E∞-ring and X is a spectral Deligne-
Mumford stack which is finitely n-presented over SpecétA. It follows from Proposition 2.2.10 that the

projection map θ : C→ (CAlgcn)op is a Cartesian fibration. We let DMfp
n : CAlgcn → Ĉat∞ denote a functor

classifying the Cartesian fibration θ.
More informally, the functor DMfp

n associates to every connective E∞-ring A the full subcategory

DMfp
n (A) ⊆ Stk/ SpecA

spanned by those maps X→ SpecA which exhibit X as finitely n-presented over SpecA. To every morphism
f : A→ B of connective E∞-rings, DMfp

n associates the functor DMfp
n (A)→ DMfp

n (B) given by

X 7→ τ≤n(SpecétB ×Specét A X).

We can now state our main result.

Theorem 2.3.2. Let n ≥ 0 be an integer, and let DMfp
n : CAlgcn → Ĉat∞ be as in Construction 2.3.1.

Then:

(1) For every connective E∞-ring R, the ∞-category DMfp
n (R) is essentially small.

(2) The functor DMfp
n commutes with filtered colimits.

The proof of Theorem 2.3.2 will require some preliminaries.
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Lemma 2.3.3. Let A be a connective E∞-ring, let X → SpecétA be a finitely n-presented morphism, and
let F : τ≤n CAlgcn

A → S be the functor represented by X, given informally by

F (R) = MapStk
/ Specét A

(SpecétR,X).

Then F commutes with filtered colimits.

We defer the proof of Lemma 2.3.3 for the moment; a proof will appear in [48].

Lemma 2.3.4. Let C be a presentable ∞-category, let C̃ be the full subcategory of Fun(∆1,C) spanned by

those morphisms C → C ′ in C which exhibit C ′ as a compact object of CC/, and let e : C̃ → C be given by
evaluation at (1). Then e is a coCartesian fibration, classified by a functor χ : C → Cat∞. Moreover, for
every filtered diagram F : J→ C, the canonical map lim−→J

χ(F (J))→ χ(lim−→F ) is fully faithful.

Proof. We first show that e is a coCartesian fibration. For this, it suffices to show that for every map β : C →
D in C, the associated functor β! : CC/ → CD/ preserves compact objects. In view of Proposition T.5.5.7.2,
it suffices to show that the pullback functor β∗ : CD/ → CC/ preserves filtered colimits, which follows
immediately from Proposition T.1.2.13.8. Since each CC/ is a presentable ∞-category, the full subcategory
spanned by the compact objects is essentially small, so that e is classified by a functor χ : C→ Cat∞.

Now suppose that F : J → C is a filtered diagram. We wish to show that the canonical functor
lim−→J

χ(F (J))→ χ(lim−→F ) is fully faithful. Fix a pair of objects X,Y ∈ lim−→J
χ(F (J)). Since J is filtered, we

may assume that X and Y are the images of objects of χ(F (J)) for some J ∈ J, corresponding to a pair

of compact objects X0, Y0 ∈ CF (J)/. Let C = lim−→F . Unwinding the definitions, we must show that the
canonical map

lim−→
J′∈JJ/

MapCF (J′)/(X0 qF (J) F (J ′), Y0 qF (J) F (J ′))→ MapCC/(X0 qF (J) C, Y0 qF (J) C)

is a homotopy equivalence. We can identify α with the map

lim−→
J′∈JJ/

(MapCF (J)/(X0, Y0 qF (J) F (J ′))→ MapCF (J)/(X0, Y0 qF (J) C),

which is a homotopy equivalence since X0 is a compact object of CF (J)/.

Proof of Theorem 2.3.2. Let us say that a map f : X → Y of spectral Deligne-Mumford is a quasi-
monomorphism if, for every discrete commutative ring A, the induced map

MapStk(SpecA,X)→ MapStk(SpecA,Y)

is (−1)-truncated. For m ≥ 1 and any connective E∞-ring R, let DMfp
n,m(R) denote the full subcategory

of DMfp
n (R) spanned by those maps f : X → SpecR which are finitely n-presented, where X is a spectral

Deligne-Mumford m-stack. Let DMfp
n,0(R) ⊆ DMfp

n (R) be the full subcategory spanned by those morphisms

f : X → SpecR where X is a spectral algebraic space. Let DMfp
n,−1(R) ⊆ DMfp

n (R) be the full subcategory
spanned by those maps f : X→ SpecR which fit into a commutative diagram of spectral Deligne-Mumford
stacks

X

f

""

u // SpecA

yy
SpecR

where u is a quasi-monomorphsim and A is of finite presentation to order (n+ 1) over R. Let DMfp
n,−2(R) ⊆

DMfp
n (R) denote the full subcategory spanned by those maps f : X → SpecR where X is affine. Note that

if X belongs to Stkfp
n,m(R), then τ≤n(X×Specét R SpecétR′), then belongs to DMfp

n,m(R′). Consequently, we

have functors DMfp
n,m : CAlgcn → Ĉat∞ for each m ≥ −2, and DMfp

n ' lim−→m
DMfp

n,m. It will therefore suffice

to prove the following variants of (1) and (2), for each m ≥ −2.
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(1′) For every connective E∞-ring R, the ∞-category DMfp
n,m(R) is essentially small.

(2′) The functor DMfp
n,m commutes with filtered colimits.

The proofs of (1′) and (2′) proceed by induction on m. We begin with the case m = −2. Note that

DMfp
n,−2(R) can be identified with the opposite of the full subcategory of τ≤n CAlgcn

R spanned by the compact
objects. Assertion (1′) follows from the observation that τ≤n CAlgcn

R is a presentable ∞-category. To prove

(2′), we note that the canonical map DMfp
n,−2(R) → DMfp

n,−2(τ≤nR) is an equivalence of ∞-categories. It
will therefore suffice to show that if {Rα} is a filtered diagram of n-truncated connective E∞-rings having
colimit R, then the canonical map

θ : lim−→DMfp
n,−2(Rα)→ DMfp

n,−2(R)

is an equivalence of∞-categories. Lemma 2.3.4 implies that θ is fully faithful. We can identify (the opposite
of) the essential image with a full subcategory C ⊆ τ≤n CAlgcn

R which consists of compact objects and is
closed under finite colimits. We therefore obtain a fully faithful embedding F : Ind(C) ↪→ τ≤n CAlgcn

R . The
functor F admits small colimits and therefore admits a right adjoint G (Corollary T.5.5.2.9). If α : A→ B
is a morphism in τ≤n CAlgcn

R such that G(α) is an equivalence, then (since C contains τ≤nR{x}) α induces
a homotopy equivalence

Ω∞A ' MapCAlgR
(τ≤nR{x}, A)→ MapCAlgR

(τ≤nR{x}, B) ' Ω∞B.

Since A and B are connective we deduce that α is an equivalence. In other words, the functor G is con-
servative. It follows that F and G are inverse equivalences. Consequently, F exhibits the ∞-category of
compact objects of τ≤n CAlgcn

R as an idempotent completion of C. In particular, every compact object
R′ ∈ τ≤n CAlgcn

R is the colimit of a diagram p : Idem → τ≤n CAlgcn
R , where Idem is the simplicial set of

Definition T.4.4.5.2. Since τ≤n CAlgcn
R is equivalent to an (n+1)-category, R′ is the colimit of the restriction

of p to the (n + 1)-skeleton of Idem, which is a finite simplicial set. Since C is closed under finite colimits,
we conclude that R′ ∈ C. This completes the proof of (2′) in the case m = −2.

Now suppose that m > −2, and let f : X → SpecR be an object of DMfp
n,m(R) for some E∞-ring R.

Then X is quasi-compact, so we can choose an étale surjection u : X0 → X where X0 is affine. Let X• denote
the Čech nerve of u in the ∞-category of n-truncated spectral Deligne-Mumford stacks. We claim that each
Xi belongs to DMfp

n,m−1(R). For m > 0 this is clear. When m = 0, we let Y denote n-truncation of the i-fold
fiber power of X0 over SpecR. Then Y is affine, and the canonical map Xi → Y is a quasi-monomorphism.
If m = −1, we can choose a commutative diagram

X

f

""

v // SpecA

yy
SpecR

where v is a quasi-monomorphism and SpecA is finitely n-presented over SpecR. Let X′• be the Čech nerve
of the composite map (v ◦ u) : X0 → SpecA. Since v is a quasi-monomorphism, the induced map X• → X′•
induces an equivalence of 0-truncations. Since each X′i is affine, each Xi is affine by Theorem VII.8.42.

We now prove (1′). Fix a connective E∞-ring R. Since DMfp
n,m−1(R) is essentially small by the inductive

hypothesis, the∞-category of simplicial objects of DMfp
n,m−1(R) is also essentially small. The above argument

shows that every object of DMfp
n,m(R) can be obtained as the geometric realization (in Stk/ SpecR) of a

simplicial object X• of DMfp
n,m−1(R), so that DMfp

n,m(R) is essentially small.
We now prove (2′). Choose a filtered diagram of connective E∞-rings {Rα} having colimit R, and consider

the functor
θ : lim−→

α

DMfp
n,m(Rα)→ DMfp

n,m(R).
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We first show that θ is fully faithful. We may assume without loss of generality that the diagram {Rα} is
indexed by the nerve of a filtered partially ordered set P (Proposition T.5.3.1.16). Fix objects Xα,Yα ∈
DMfp

n,m(Rα). For β ≥ α, let Xβ and Yβ denote the images of Xα and Yα in DMfp
n,m(Rβ), and let X and Y

denote the images of Xα and Yα in DMfp
n,m(R). We wish to show that the canonical map

lim−→
β≥α

MapStk/ SpecRβ
(Xβ ,Yβ)→ MapStk/ SpecR

(X,Y)

is a homotopy equivalence. Note that the left hand side can be identified with lim−→β≥α MapStk/ SpecR
(Xβ ,Y).

We will regard Y→ SpecR as fixed and prove the following:

(∗) For every object Xα ∈ DMfp
n,m′(Rα), the canonical map

lim−→
β≥α

MapStk/ SpecR
(Xβ ,Y)→ MapStk/ SpecR

(X,Y)

is a homotopy equivalence.

The proof of (∗) proceeds by induction on m′. Suppose first that m = −2, so that Xα ' SpecAα for some
connective E∞-algebra Aα over Rα. Unwinding the definitions, we see that Xβ ' τ≤n(Aα⊗Rα Rβ) and that
X ' τ≤n(Aα ⊗Rα R). Since R ' lim−→Rβ , we conclude that the canonical map

lim−→
β≥α

τ≤n(Aα ⊗Rα Rβ)→ τ≤n(Aα ⊗Rα R)

is an equivalence. Assertion (∗) now follows from Lemma 2.3.3.
Now suppose that m′ > −2. Choose an étale surjection u : Xα,0 → Xα where Xα,0 is affine, and let Xα,•

be the Čech nerve of u. Define Xβ,• and X• as above. We wish to show that the canonical map

φ : lim−→
β≥α

lim←−
[p]∈∆

MapStk/ SpecR
(Xβ,p,Y)→ lim←−

[p]∈∆

MapStk/ SpecR
(Xp,Y)

is a homotopy equivalence. Choose an integer k ≥ m,n, so all of the mapping spaces above are k-truncated
(Lemma VIII.1.3.6). Arguing as in the proof of Lemma A.1.3.2.9, we can identify φ with the map

lim−→
β≥α

lim←−
[p]∈∆≤k+1

(MapStk/ SpecR
(Xβ,p,Y)→ lim←−

[p]∈∆≤k+1

MapStk/ SpecR
(Xp,Y).

Since filtered colimits in S commute with finite limits, φ is a finite limit of morphisms

φp : lim−→
β≥α

MapStk/ SpecR
(Xβ,p,Y)→ MapStk/ SpecR

(Xp,Y).

Since Xα,p ∈ DMfp
n,m−1(Rα), the map φp is an equivalence by the inductive hypothesis. This completes the

proof that θ is fully faithful.
It remains to prove that θ is essentially surjective. Fix an object X ∈ DMfp

n,m(R) and choose an

étale surjection u : X0 → X, where u is an étale surjection. Let X• be the Čech nerve of u. Choose k ≥ m,n,
so that the ∞-category DMfp

n,m−1(R) is equivalent to a (k+ 1)-category (Lemma VIII.1.3.6). It follows that

X• is a right Kan extension of Xt• = X• |N(∆op
≤k+3) (Proposition 2.1.4), which is an (k+ 2)-skeletal category

object of DMfp
n,m−1(R) (see Definition 2.1.2). Since DMfp

n,m−1(R) ' lim−→α
DMfp

n,m−1(Rα) by the inductive

hypothesis and the simplicial set N(∆op
≤k+3) is finite, Xt• is the image of a (k + 3)-skeletal simplicial object

X
t

• of DMfp
n,m−1(Rα). Enlarging α if necessary, we may assume that X

t

• is a (k + 3)-skeletal category object

of DMfp
n,m−1(Rα). Let X• : N(∆)op → DMfp

n,m−1 be a right Kan extension of X
t

•. Using Lemma 2.3.3 and

Proposition 2.1.5, we deduce that X• is a category object of DMfp
n,m−1. Enlarging α if necessary, we may
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assume that X• is a groupoid object of DMfp
n,m−1(Rα), and that the projection maps X1 → X0 are étale.

Then X• has a geometric realization X in Stk/ SpecRα . We will prove that, after enlarging α if necessary,

we have X ∈ DMfp
n,m(Rα). It will then follow that X is a preimage of X ∈ DMfp

n,m(R) and the proof will be
complete.

Since we have an étale surjection X0 → X, it is clear that X is locally finitely n-presented over SpecRα.
We next prove that the underlying ∞-topos X of X is coherent. The étale map X0 → X corresponds to an
object U ∈ X. Since X0 and X1 belong to DMfp

n (Rα), U and U × U are coherent objects of X. Example
VII.3.8 shows that the projection map U × U → U is relatively i-coherent for every integer i. Let 1 denote
the final object of X. Since p : U → 1 is an effective epimorphism, we deduce that p is relatively i-coherent
for every integer i (Corollary VII.3.11). Using the i-coherence of U , we deduce that X is i-coherent. Since i
is arbitrary, we deduce that X is coherent.

Assume now that m ≥ 0. To complete the proof that X ∈ DMfp
n,m, we must show that for every discrete

commutative ring A, the mapping space

MapStk(SpecA,X)

is m-truncated. For every étale map A→ A′, set

F(A′) = MapStk(SpecA′,X) F•(A
′) = MapStk(SpecA′,X•).

Then F is an étale sheaf; we will prove that it is m-truncated. The projection X0 → X induces an effective
epimorphism of étale sheaves F0 → F. Since X0 is affine, we may assume (enlarging α if necessary) that X0

is affine, so that F0 is 0-truncated. If m > 0, it suffices to prove that F1 = F0×F F0 is (m − 1)-truncated,

which follows from the fact that X1 ∈ DMfp
n,m−1. If m = 0, we must work a bit harder: to show that F is

discrete, we must show that F1 is an equivalence relation on F0 (note that each Fi is a discrete étale sheaf
on A when m ≤ 1). For this, it suffices to show that the diagonal map

v : F1 → F1×F0×F0
F1

is an equivalence. Consider the diagonal map

δ : X1 → X1 ×X0×X0
X1.

Since X is a spectral algebraic space, the map

δ : X1 → X1×X0×X0
X1

induces an equivalence of 0-truncations. Since DMfp
0,−1(R) ' lim←−β≥α DMfp

0,−1(Rβ), we may assume (after

enlarging α if necessary) that δ also induces an equivalence of 0-truncations, from which it follows that v is
an equivalence.

We now consider the case m = −1. Choose a commutative diagram

X

f

""

u // SpecA

yy
SpecR

where u is a quasi-monomorphism and A is locally of finite presentation to order n + 1 over R. Replacing
A by τ≤nA, we may assume that SpecA ∈ DMfp

n,−2(R). Using the inductive hypothesis (and enlarging α if

necessary), we may assume that A = τ≤n(A ⊗Rα R) for some n-truncated A which is of finite presentation
to order n+ 1 over Rα. The proof of (∗) shows that we may assume (after enlarging α if necessary) that u
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is the image of a map u : X→ SpecA in Stk/ SpecAα . To complete the proof, it will suffice to show that u is
a quasi-monomorphism. That is, we must show that the diagonal map

X→ X×SpecA X

induces an equivalence of 0-truncations. This assertion is local on X: it therefore suffices to show that the
map

X1 ' X0 ×X X0 → X0 ×SpecA X0

induces an equivalence of 0-truncations. Note that both sides are affine. Since

DMfp
0,−2(R) ' lim−→

β≥α
DMfp

0,−2(Rβ),

it suffices to show that the map X1 ' X0×X X0 → X0×SpecA X0 induces an equivalence of 0-truncations,
which follows from our assumption that u is a quasi-monomorphism.

2.4 Approximation of Quasi-Coherent Sheaves

Let X be spectral Deligne-Mumford stack which is finitely n-presented over a connective E∞-ring R which
is given as a filtered colimit lim−→Rα. In §2.3, we showed that X can be always be written as

τ≤n(SpecétR×Specét Rα Xα)

for some index α and some spectral Deligne-Mumford stack Xα which is finitely n-presented over Rα (The-
orem 2.3.2). Our goal in this section is to prove an analogous result for quasi-coherent sheaves on X. As in
§2.3, it will be necessary to demand that our quasi-coherent sheaves satisfy some finiteness conditions.

Definition 2.4.1. Let R be a connective E∞-ring and n ≥ 0 an integer. Recall that a connective R-module
M is said to be finitely n-presented if it is a compact object of the ∞-category (ModR)≤n: equivalently,
M is finitely n-presented if it is n-truncated and perfect to order (n + 1) (Definition VIII.2.6.10). If X
is a spectral Deligne-Mumford stack and F ∈ QCoh(X), we see that F is finitely n-presented if, for every
étale map η : SpecétR→ X, the pullback η∗ F is finitely n-presented when regarded as an object of ModR '
QCoh(SpecétR) (see Definition VIII.2.6.17).

The condition that a quasi-coherent sheaf be finitely n-presented is not stable under base change. How-
ever, we do have the following analogue of Proposition 2.2.10.

Proposition 2.4.2. Let f : X→ Y be a map of spectral Deligne-Mumford stacks, and let F ∈ QCoh(Y) be
finitely n-presented. Then τ≤nf

∗ F is finitely n-presented.

Proof. Since F is connective and perfect to order (n+ 1), we deduce that f∗ F is connective and perfect to
order (n+ 1). It follows that τ≤nf

∗ F is also connective and perfect to order (n+ 1) (see Remark VIII.2.6.6).
Since τ≤nf

∗ F is obviously n-truncated, we deduce that τ≤nf
∗ F is finitely n-presented.

Construction 2.4.3. The functor X 7→ QCoh(X) classifies a Cartesian fibration θ : C → Stk. We can
identify objects of C with pairs (X,F), where X is a spectral Deligne-Mumford stack and F is a quasi-coherent
sheaf on X. Let n ≥ 0 be an integer, and let Cn−fp denote the full subcategory of C spanned by those pairs
(X,F), where F is finitely n-presented. Using Proposition 2.4.2, we deduce that θ restricts to a Cartesian

fibration Cn−fp → Stk. This Cartesian fibration is classified by a functor QCohn−fp : Stkop → Ĉat∞. We
can describe this functor concretely as follows:

(a) To every spectral Deligne-Mumford stack X, QCohn−fp(X) can be identified with the full subcategory
of QCoh(X) spanned by those quasi-coherent sheaves F which are finitely n-presented.
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(b) To every map f : X→ Y of spectral Deligne-Mumford stacks, the functor

QCohn−fp(f) : QCohn−fp(Y)→ QCohn−fp(X)

is given on objects by the construction F 7→ τ≤nf
∗ F.

We can now formula a linear analogue of Theorem 2.3.2.

Theorem 2.4.4. Let R be a connective E∞-ring and let X be a spectral Deligne-Mumford m-stack over R,
for some integer m <∞. Assume that X is ∞-quasi-compact, and let n ≥ 0 be an integer. Then:

(1) The ∞-category QCohn−fp(X) is essentially small.

(2) Suppose we are given a filtered diagram {Rα} of connective E∞-algebras over R having colimit R′. Let
Xα = X×Specét R SpecétRα, and let X′ = X×Specét R SpecétR′. Then the canonical functor

θ : lim−→
α

QCohn−fp(Xα)→ QCohn−fp(X′)

is an equivalence of ∞-categories.

The proof of Theorem 2.4.4 will require the following general observation.

Lemma 2.4.5. Filtered colimits are left exact in the ∞-category Cat∞ of small ∞-categories.

Proof. Let G : Cat∞ → Fun(N(∆)op, S) be the fully faithful embedding of Proposition A.A.7.10, given by
G(C)([n]) = MapCat∞(∆n,C). Since filtered colimits in Fun(N(∆)op, S) are left exact (Example T.7.3.4.7),
it will suffice to show that G preserves finite limits and filtered colimits. The first assertion is obvious, and
the second follows from the observation that each ∆n is a compact object of Cat∞.

Proof of Theorem 2.4.4. Consider the following hypothesis for m ≥ −2:

(∗m) If m ≥ 0, then X is a spectral Deligne-Mumford m-stack. If m = −1, then there exists a quasi-
monomorphism X → SpecétA for some connective E∞-algebra A over R (see the proof of Theorem
2.3.2). If m = −2, then X is affine.

By assumption, condition (∗m) holds for m sufficiently large. We proceed by induction on m, beginning
with the case m = −2. In this case, we can write X = SpecétA for some connective E∞-ring A. Using
Remark VIII.2.6.7, we deduce that QCohn−fp(X) is equivalent to the ∞-category of compact objects of the
presentable∞-category (Modcn

A )≤n, which proves (1). To prove (2), let Aα = A⊗RRα and let A′ = A⊗RR′,
so that A′ ' lim−→α

Aα. Note that the ∞-category C = (Modcn
A )≤n is tensored over the ∞-category Modcn

A ,
and we have equivalences

(Modcn
Aα)≤n ' ModAα(C) (Modcn

A′)≤n ' ModA′(C).

Note that the forgetful functor CAlgcn
A → Algcn

A preserves sifted colimits. Combining this with Theorem
A.6.3.5.10, we deduce that (Modcn

A′)≤n is the colimit of the diagram (Modcn
Aα)≤n in the ∞-category PrL of

presentable∞-categories. Equivalently, the functor θ appearing in (2) induces an equivalence of∞-categories

Ind(lim−→
α

QCohn−fp(Xα))→ Ind(QCohn−fp(X′)).

To prove that θ is an equivalence, it suffices to show that the domain and codomain of θ are idempotent
complete. This is clear, since the domain and codomain of θ are equivalent to (n+ 1)-categories and admit
finite colimits.

Now suppose that m ≥ −1. Since X is coherent, we can choose an étale surjection u : X0 → X, where X0

is affine. Let X• be the Čech nerve of u. Then each Xp satisfies (∗m−1). Using the equivalence of∞-categories

46



QCohn−fp(X) ' lim←−QCohn−fp(X•) and the inductive hypothesis, we deduce that QCohn−fp(X) is essentially
small; this proves (1). To prove (2), we let X•,α denote the simplicial spectral Deligne-Mumford stack given
by X•×SpecR SpecRα, and X′• the simplicial spectral Deligne-Mumford stack given by X•×SpecR SpecR′.
We have a commutative diagram

lim−→α
QCohn−fp(Xα)

θ //

��

QCohn−fp(X′)

��
lim−→α

lim←−[k]∈∆
QCohn−fp(Xk,α) //

��

lim←−[k]∈∆
QCohn−fp(X′k)

��
lim−→α

lim←−[k]∈∆≤n+2
QCohn−fp(Xk,α)

φ // lim←−[k]∈∆≤n+2
QCohn−fp(X′k).

Here the vertical maps are equivalences by virtue of the observation that the functor QCohn−fp takes values

in the full subcategory of Ĉat∞ spanned by those ∞-categories which are equivalent to (n + 1)-categories
(since QCoh(Y)cn

≤n is equivalent to an (n + 1)-category, for every spectral Deligne-Mumford stack Y), and

that this subcategory of Ĉat∞ is itself equivalent to an (n+ 2)-category. Consequently, to prove that θ is an
equivalence of ∞-categories, it will suffice to show that φ is an equivalence of ∞-categories. The functor φ
fits into a commutative diagram

lim−→α
lim←−[k]∈∆≤n+2

QCohn−fp(Xk,α)

φ

��

φ′

++
lim←−[k]∈∆≤n+2

lim−→α
QCohn−fp(Xk,α).

φ′′ss
lim←−[k]∈∆≤n+2

QCohn−fp(X′k)

Here φ′ is an equivalence of ∞-categories by Lemma 2.4.5, and φ′′ is an equivalence of ∞-categories by the
inductive hypothesis.

2.5 Descent of Properties along Filtered Colimits

Let f : X→ Y be a a map of spectral Deligne-Mumford stack which are finitely n-presented over a filtered
colimit A ' lim−→Aα of connective E∞-rings. Using Theorem 2.3.2, we deduce the existence of an index α
and a map fα : Xα → Yα of spectral Deligne-Mumford stacks which are finitely n-presented over Aα, such
that f is equivalent to the induced map

τ≤n(SpecétA×Specét Aα Xα)→ τ≤n(SpecétA×Specét Aα Yα).

Our goal in this section is to prove a variety of results which assert that if f has some property P , then we
can arrange that fα also has the property P . More precisely, we show the following:

(a) If f is affine, then fα can be chosen to be affine (Proposition 2.5.1).

(b) If f is étale, then fα can be chosen to be étale (Proposition 2.5.2).

(c) If f is an open immersion, then fα can be chosen to be an open immersion (Corollary 2.5.3).
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(d) If f is a closed immersion, then fα can be chosen to be a closed immersion (Proposition 2.5.7).

(e) If f is strongly separated, then fα can be chosen to be strongly separated (Corollary 2.5.8).

(f) If f is surjective, then fα can be chosen to be surjective (Proposition 2.5.9).

We begin with the proof of (a).

Proposition 2.5.1. Let A0 be a connective E∞-ring. Suppose we are given a filtered diagram of connective
A0-algebras {Aα} having colimit A. Let n ≥ 0 be an integer, let f0 : X0 → Y0 be a morphism in DMfp

n (A0).
Let f : X→ Y be the image of f0 in DMfp

n (A). Suppose that f is affine. Then there exists an index α such
that the image of f0 in DMfp

n (Aα) is affine.

Proof. Since Y0 is quasi-compact, we can choose an étale surjection Y′0 → Y0, where Y′0 ' SpecétB0 is
affine. Replacing Y0 by Y′0, we can reduce to the case where Y0 is affine, so that X is also affine. The
proof of Theorem 2.3.2 shows that there exists an index α and an affine spectral Deligne-Mumford stack
Z ∈ DMfp

n (Aα) having image X in DMfp
n (A). Let Xα denote the image of X0 in DMfp

n (Aα). Then Xα and Z
have equivalent images in DMfp

n (A). Changing α if necessary, we may assume that Xα ' Z is affine, so that
the image of f0 in DMfp

n (Aα) is affine.

Our next result is somewhat more difficult.

Proposition 2.5.2. Let A0 be a connective E∞-ring. Suppose we are given a filtered diagram of connective
A0-algebras {Aα} having colimit A. Let n ≥ 0 be an integer, let f0 : X0 → Y0 be a morphism in DMfp

n (A0).
Let f : X → Y be the image of f0 in DMfp

n (A). Suppose that f is étale. Then there exists an index α such
that the image of f0 in DMfp

n (Aα) is étale.

Corollary 2.5.3. Let A0 be a connective E∞-ring. Suppose we are given a filtered diagram of connective
A0-algebras {Aα} having colimit A. Let n ≥ 0 be an integer, let f0 : X0 → Y0 be a morphism in DMfp

n (A0).
Let f : X→ Y be the image of f0 in DMfp

n (A). Suppose that f is an open immersion. Then there exists an
index α such that the image of f0 in DMfp

n (Aα) is an open immersion.

Proof. Using Proposition 2.5.2, we can reduce to the case where f0 is étale. Let δ0 denote the diagonal map
X0 → X0×Y0

X0. Then the image of δ0 in DMfp
n (A) is an equivalence. Theorem 2.3.2 implies that there

exists an index α such that the image of δ0 in DMfp
n (Aα) is an equivalence. It follows that the image of f0

in DMfp
n (Aα) is an open immersion.

The proof of Proposition 2.5.2 will require some preliminaries.

Remark 2.5.4. Let B be a connective E∞-ring and let n ≥ 0 be an integer. The truncation map B → τ≤nB
is (n+ 1)-connective. Consequently, Theorem A.7.4.3.1 supplies an (2n+ 3)-connective map

(τ≤nB ⊗B τ≥n+1B)→ Lτ≤nB/B [−1].

The map τ≥n+1B → (τ≤nB ⊗B τ≥n+1B) is (2n+ 2)-connective, so that the composite map

τ≥n+1B → Lτ≤nB/B [−1]

determines bijections θm : πmB → πm+1Lτ≤nB/B which for n < m < 2n + 2 and a surjectivion when
m = 2n+ 2.

Let f : A → B be a map of connective E∞-rings, and let ∂ : Lτ≤nB/B [−1] → LB/A be the associated
boundary map. Unwinding the definitions, we see that for m > n, the composition

πmB
θm→ πm+1Lτ≤nB/B

∂→ πmLB/A

is induced by the universal A-linear derivation d : B → LB/A. In particular (taking n = 0), we conclude
that the induced maps πmB → πmLB/A is π0B-linear for m > 0.
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Lemma 2.5.5. Let f : A → B be a map of connective E∞-rings, and let n ≥ 0. The induced map
τ≤nA→ τ≤nB is étale if and only if the following conditions are satisfied:

(1) The commutative ring π0B is finitely presented over π0A.

(2) The relative cotangent complex LB/A is (n+ 1)-connective.

(3) Let d : B → LB/A be the universal derivation (so that d is a map of A-module spectra). Then d induces
a surjection πn+1B → πn+1LB/A.

Proof. Suppose first that τ≤nB is étale over τ≤nA. Then π0B is étale over π0A, which immediately implies
(1). Using Theorem A.7.5.0.6, we can choose an étale A-algebra A′ and an isomorphism α : π0A

′ ' π0B.
Theorem A.7.5.4.2 implies that α can be lifted to a map of A-algebras α : A′ → B. Since LA′/A ' 0, we
conclude that the canonical map LB/A → LB/A′ is an equivalence. Note that α induces an equivalence
τ≤nA

′ → τ≤nB, and is therefore n-connective. Using Corollary A.7.4.3.2, we deduce that LB/A ' LB/A′ is
(n+ 1)-connective, thereby proving (2). To prove (3), we note that the composite map A′ → B → τ≤nB is
(n+ 1)-connective, so that Lτ≤nB/A ' Lτ≤nB/A′ is (n+ 2)-connective. We have a fiber sequence

(τ≤nB)⊗B LB/A → Lτ≤nB/A → Lτ≤nB/B .

The vanishing of πn+1Lτ≤nB/A implies that the boundary map

θ : πn+2Lτ≤nB/B → πn+1(τ≤nB ⊗B LB/A) ' πn+1LB/A

is surjective. Using Remark 2.5.4, we deduce that the universal derivation d : B → LB/A induces a surjection
πn+1B → πn+1LB/A, so that (3) is satisfied.

Now suppose that conditions (1), (2), and (3) hold. We wish to prove that τ≤nB is étale over τ≤nA.
Consider the fiber sequence

(τ≤nB)⊗B LB/A → Lτ≤nB/A → Lτ≤nB/B .

It follows from condition (2) that (τ≤nB)⊗BLB/A is (n+1)-connective, and we have a canonical isomorphism
πn+1(τ≤nB⊗B LB/A) ' πn+1LB/A. Using Remark 2.5.4, we deduce that Lτ≤nB/B is (n+ 2)-connective and
obtain a canonical isomorphism πn+2Lτ≤nB/B ' πn+1B. It follows that Lτ≤nB/A is (n+ 1)-connective, and
we have a short exact sequence of abelian groups

πn+1B → πn+1LB/A → πn+1Lτ≤nB/A → 0.

Using condition (3), we conclude that Lτ≤nB/A is (n+ 2)-connective. Invoking Lemma VII.8.8, we see that
f factors as a composition

A
f ′→ A′

f ′′→ B

where f ′ is étale and f ′′ is (n+1)-connective. It follows that τ≤nB ' τ≤nA′ is étale over τ≤nA, as desired.

We now prove Proposition 2.5.2 in the affine case.

Lemma 2.5.6. Let A0 be a connective E∞-ring. Suppose we are given a filtered diagram of connective
A0-algebras {Aα} having colimit A. Let f : A0 → B0 be a map of connective E∞-rings which is of finite
presentation to order n+ 1 for some n ≥ 0. Let Bα = Aα ⊗A0

B0 and let B = lim−→Bα ' A⊗A0
B0. Suppose

that τ≤nB is étale over τ≤nA. Then there exists an index α such that τ≤nBα is étale over τ≤nAα.

Proof. Using Lemma 2.5.5, we see that LB/A ' B ⊗B0 LB0/A0
is (n + 1)-connective. Using Theorem 2.4.4,

we deduce that there exists an index α such that Bα ⊗B0 LB0/A0
is (n+ 1)-connective. Since B0 is of finite

presentation to order (n + 1) over A0, the relative cotangent complex LB0/A0
is perfect to order (n + 1)

so that πn+1LB0/A0
is finitely generated as a module over π0B0. Choose a finite collection of generators
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x1, . . . , xk for πn+1LB0/A0
, and let x′1, . . . , x

′
k denote their images in πn+1LB/A. Lemma 2.5.5 implies that

the universal derivation B → LB/A induces a surjection

φ : lim−→πn+1Bα ' πn+1B → πn+1LB/A.

It follows that there exists an index α and elements y1, . . . , yk ∈ πn+1Bα such that φ(yi) = x′i for 1 ≤ i ≤ k.
Let x′′i denote the image of xi in πn+1LBα/Aα . Enlarging α if necessary, we may assume that the universal

derivation dα : Bα → LBα/Aα carries each yi to x′′i . Note that πn+1LBα/Aα ' Torπ0B0
0 (π0B, πn+1LB0/A0

), so
that the elements x′′i generate πn+1LBα/Aα as a module over π0Bα. Since the universal derivation induces
a π0Bα-linear map πn+1Bα → πn+1LBα/Aα (see Remark 2.5.4), we deduce that this map is surjective.
Applying Lemma 2.5.5, we conclude that τ≤nBα is étale over τ≤nAα, as desired.

Proof of Proposition 2.5.2. Since Y0 is quasi-compact, we can choose an étale surjection Y′0 → Y0, where
Y′0 is affine. Replacing Y0 by Y′0 and X0 by the fiber product X0×Y0

Y′0, we can assume that Y0 is affine.
Since X0 is quasi-compact, we can choose an étale surjection X′0 → X0, where X′0 is affine. We may therefore
replace X0 by X′0 and thereby reduce to the case where X0 is also affine. The desired result now follows
immediately from Theorem VIII.1.2.1 and Lemma 2.5.6.

Proposition 2.5.7. Let A0 be a connective E∞-ring. Suppose we are given a filtered diagram of connective
A0-algebras {Aα} having colimit A. Let n ≥ 0 be an integer, let f0 : X0 → Y0 be a morphism in DMfp

n (A0).
Let f : X→ Y be the image of f0 in DMfp

n (A). Suppose that f is a closed immersion. Then there exists an
index α such that the image of f0 in DMfp

n (Aα) is a closed immersion.

Proof. Since Y0 is quasi-compact, we can choose an étale surjection Y′0 → Y0, where Y′0 ' SpecétB0 is
affine. Replacing Y0 by Y′0, we can reduce to the case where Y0 is affine. Using Proposition 2.5.1, we may
assume that X0 ' Specét C0 is also affine. The condition that f is a closed immersion guarantees that the
map

lim−→Torπ0A0
0 (π0Aα, π0B0)→ lim−→Torπ0A0

0 (π0Aα, π0C0)

is surjective. Since π0C0 is a finitely presented algebra over π0B0, we deduce that there is an index α such
that the image of the map

Torπ0A0
0 (π0Aα, π0B0)→ Torπ0A0

0 (π0Aα, π0C0)

contains the image of π0C0, and is therefore surjective. It follows that the image of f0 in DMfp
n (Aα) is a

closed immersion.

Corollary 2.5.8. Let A0 be a connective E∞-ring. Suppose we are given a filtered diagram of connective
A0-algebras {Aα} having colimit A. Let n ≥ 0 be an integer, let f0 : X0 → Y0 be a morphism in DMfp

n (A0).
Let f : X → Y be the image of f0 in DMfp

n (A). Suppose that f is strongly separated. Then there exists an
index α such that the image of f0 in DMfp

n (Aα) is strongly separated.

Proof. Apply Proposition 2.5.7 to the diagonal map X0 → X0×Y0
X0.

Our final goal in this section is to prove the following:

Proposition 2.5.9. Let A0 be a connective E∞-ring. Suppose we are given a filtered diagram of connective
A0-algebras {Aα} having colimit A. Let n ≥ 0 be an integer, let f0 : X0 → Y0 be a morphism in DMfp

n (A0).
Let f : X → Y be the image of f0 in DMfp

n (A). Suppose that f is surjective. Then there exists an index α
such that the image of f0 in DMfp

n (Aα) is surjective.

The proof will require the following fact from commutative algebra:

Theorem 2.5.10 (Chevalley’s Constructibility Theorem). Let f : R → R′ be a map of commutative rings
such that R′ is finitely presented as an R-algebra. Then the induced map SpecZR′ → SpecZR has con-
structible image in SpecZR.
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Combining Theorem 2.5.10 with Corollary A.3.36, we obtain the following result:

Lemma 2.5.11. Let A0 be a commutative ring, and let {Aα} be a filtered diagram of commutative A0-
algebras having colimit A. Suppose that B0 is an A0-algebra of finite presentation, set B = π0(B0 ⊗A0

A),
and assume that the map SpecZB → SpecZA is surjective. Then there exists an index α such that the map
SpecZBα → SpecZAα is surjective, where Bα = π0(B0 ⊗A0

Aα).

Proof of Proposition 2.5.9. We may assume without loss of generality that our diagram is indexed by a
filtered partially ordered set. Since Y0 is quasi-compact, we can choose an étale surjection Y′0 → Y0, where
Y′0 is quasi-compact. Replacing Y0 by Y′0, we can reduce to the case where Y0 ' SpecétB0 is affine.
Similarly, we can assume that X0 ' Specét C0 is affine. Our assumption implies that the map of topological
spaces

SpecZ Torπ0A0
0 (π0C0, π0A)→ SpecZ Torπ0A0

0 (π0B0, π0A)

is surjective. Using Lemma 2.5.11, we deduce the existence of an index α such that the map

SpecZ Torπ0A0
0 (π0C0, π0Aα)→ SpecZ Torπ0A0

0 (π0B0, π0Aα)

is surjective. It follows that the image of f0 in DMfp
n (Aα) is a surjective map of spectral Deligne-Mumford

stacks.

3 Properness

Let f : X → Y be a map of schemes. Recall that f is said to be proper if it is of finite type, separated, and
universally closed: that is, if for every pullback diagram of schemes

X ′

f ′

��

// X

f

��
Y ′ // Y,

the morphism f ′ induces a closed map between the underlying topological spaces of X ′ and Y ′. Our goal in
this section is to study the analogous condition in the setting of spectral algebraic geometry. We begin in
§3.1 by introducing the notion of a strongly proper morphism f : X→ Y between spectral Deligne-Mumford
stacks. Here the word “strong” is included to indicate that we require in particular that that the diagonal
X→ X×Y X be a closed immersion (so that we exclude examples such as moduli stacks of semistable curves
from our considerations).

The main result of this section is the following version of the proper direct image theorem which we prove
in §3.2: if f : X → Y is a strongly proper morphism which is locally almost of finite presentation, then the
pushforward functor f∗ : QCoh(X)→ QCoh(Y) carries almost perfect objects of QCoh(X) to almost perfect
objects of QCoh(Y) (Theorem 3.2.2). One pleasant feature of our setting is that the statement of this result
does not require any Noetherian hypotheses on X or Y. However, our proof will proceed by reduction to
the Noetherian case (using the techniques of §2), followed by reduction to the usual direct image theorem in
classical algebraic geometry.

In §3.3, we introduce the notion of a proper R-linear∞-category, and the related notion of a locally proper
quasi-coherent stack C on a spectral Deligne-Mumford stack X. We then prove a categorified analogue of
the proper direct image theorem: if f : X → Y is strongly proper, almost of finite presentation, and flat,
then the pushforward functor f∗ : QStk(X)→ QStk(Y) carries locally proper quasi-coherent stacks on X to
locally proper quasi-coherent stacks on Y (Theorem 3.3.11).

The condition that a map of spectral algebraic spaces f : (X,OX) → (Y,OY) be strongly proper (or
strongly separated) depends only on the underlying map of ordinary algebraic spaces f0 : (X, π0 OX) →
(Y, π0 OY). That is, f is strongly proper (strongly separated) if and only if f0 is proper (separated) in the
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sense of classical algebraic geometry. Consequently, many basic facts about strongly proper and strongly
separated morphisms can be deduced immediately from the corresponding assertions in classical algebraic
geometry. In particular, the valuative criteria for separatedness and properness carry over to the setting of
spectral algebraic geometry without essential change. We will give precise formulations (and proofs) in §3.4.

3.1 Strongly Proper Morphisms

In this section, we will study the theory of proper morphisms f : X→ Y between spectral Deligne-Mumford
stacks. For simplicity, we will confine our attention to the case where f is a relative 0-stack (so that the
fibers of f are spectral algebraic spaces).

Definition 3.1.1. Let f : X → Y be a morphism of spectral Deligne-Mumford stacks. We will say that f
is strongly proper if the following conditions are satisfied:

(i) The morphism f is strongly separated (in particular, f is a relative Deligne-Mumford 0-stack).

(ii) The morphism f is quasi-compact.

(iii) The morphism f is locally of finite presentation to order 0 (see Definition IX.8.16).

(iv) For every pullback diagram of spectral Deligne-Mumford stacks

X′ //

��

X

f

��
SpecétR // Y,

the induced map of topological spaces |X′ | → | SpecétR| ' SpecZR is closed.

Remark 3.1.2. The condition that a morphism f : (X,OX)→ (Y,OY) be strongly proper depends only on
the induced map of 0-truncated spectral algebraic spaces (X, π0 OX)→ (Y, π0 OY). Note that if (X,OX) and
(Y,OY) are 0-truncated spectral algebraic spaces, then f is strongly proper if and only if it is proper when
regarded as a map between ordinary algebraic spaces (as defined in [31]).

Example 3.1.3. Let f : X → Y be a closed immersion of spectral Deligne-Mumford stacks. Then f is
strongly proper.

Example 3.1.4. Let R be an ordinary commutative ring, let n ≥ 0 be an integer, and let Pn
R denote the

projective space of dimension n over R. We can identify Pn
R with a 0-truncated spectral algebraic space

which is strongly proper over SpecétR.

Remark 3.1.5. Suppose we are given a pullback diagram of spectral Deligne-Mumford stacks

X′ //

f ′

��

X

f

��
Y′ // Y .

If f is strongly proper, then f ′ is strongly proper.

Remark 3.1.6. Suppose we are given a collection of strongly proper morphisms {fα : Xα → Yα}. Then
the induced map

∐
Xα →

∐
Yα is strongly proper.
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Proposition 3.1.7. The condition that a morphism f : X → Y be strongly proper is local with respect to
the étale topology. That is, if we are given an étale covering {Yα → Y} such that each of the induced maps

X×Y Yα → Yα

is strongly proper, then f is strongly proper.

Proof. Using Remark IX.4.17, Proposition VIII.1.4.11, and Proposition IX.8.24, we see that f is strongly
separated, quasi-compact, and locally of finite presentation to order 0. It will therefore suffice to show that
for every pullback diagram

X′ //

��

X

f

��
SpecétR // Y,

the induced map |X′ | → SpecZR is closed. Replacing Y by SpecétR, we are reduced to proving that the
map |X | → |Y | is closed. We may assume that each Yα is affine and that the collection of indices α is
finite. Write

∐
Yα = SpecétR′ and X′ = X×Specét R SpecétR′, so that R′ is faithfully flat over R and the

induced map f ′ : X′ → SpecétR′ is proper. We have a commutative diagram of topological spaces

|X′ |
ψ //

φ′

��

|X |

φ

��
SpecZR′

ψ′ // SpecZR.

Fix a closed subset K ⊆ |X |; we wish to show that φ(K) ⊆ SpecZR is closed. Since ψ−1K is a closed subset
of |X′ |, the properness of f ′ implies that φ′(ψ−1K) is a closed subset of SpecZR′. Corollary 1.4.11, gives
ψ′−1(φ(K)) = φ′(ψ−1K), so that ψ′−1(φ(K)) is a closed subset of SpecZR′. Since ψ′ is a quotient map
(Proposition VII.5.9), we conclude that φ(K) is a closed subset of SpecZR.

Proposition 3.1.8. Let f : X → Y be a strongly proper map between quasi-separated spectral algebraic
spaces. Then the induced map |X | → |Y | is closed.

Proof. Writing Y as a union of its quasi-compact open substacks, we can reduce to the case where Y is
quasi-compact. Choose an étale surjection SpecétR→ Y, and form a pullback diagram

X′ //

��

X

��
SpecétR // Y .

We then obtain a diagram of topological spaces

|X′ |
ψ //

φ′

��

|X |

φ

��
SpecZR

ψ′ // |Y |.

Let K ⊆ |X | be closed; we wish to show that φ(K) is closed. Since ψ−1K is a closed subset of |X′ |, the
properness of f implies that φ′(ψ−1K) is a closed subset of SpecZR′. Corollary 1.4.11, gives ψ′−1(φ(K)) =
φ′(ψ−1K), so that ψ′−1(φ(K)) is a closed subset of SpecZR. Since ψ′ is a quotient map (Proposition 1.4.14),
we conclude that φ(K) is a closed subset of |Y |.
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Proposition 3.1.9. Suppose we are given maps of spectral Deligne-Mumford stacks

X
f→ Y

g→ Z .

(1) If f and g are strongly proper, then g ◦ f is strongly proper.

(2) If g ◦ f is strongly proper and g is strongly separated, then f is strongly proper.

Proof. We first prove (1). Assume that f and g are strongly proper. Using Remark IX.4.19, Proposition
VIII.1.4.15, and Proposition IX.8.10, we see that g ◦ f is strongly separated, quasi-compact, and locally of
finite presentation to order 0. To show that g ◦f is proper, it will suffice to verify condition (iv) of Definition
3.1.1. Fix a map SpecétR→ Z; we wish to show that the composite map

|X×Z SpecétR| φ→ |Y×Z SpecétR| ψ→ SpecZR

is closed. The map ψ is closed by virtue of our assumption that g is strongly proper, and the map φ is closed
by Proposition 3.1.8.

We now prove (2). Assume that g is strongly separated and that g ◦ f is strongly proper. The map f
factors as a composition

X
f ′→ X×Z Y

f ′′→ Y .

The map f ′′ is a pullback of g ◦ f and therefore strongly proper. The map f ′ is a pullback of the diagonal
map Y → Y×Z Y, and therefore a closed immersion. Example 3.1.3 shows that f ′ is strongly proper, so
that f = f ′′ ◦ f ′ is strongly proper by assertion (1).

Proposition 3.1.10. Let A0 be a connective E∞-ring. Suppose we are given a filtered diagram of connective
A0-algebras {Aα} having colimit A. Let n ≥ 0 be an integer, let X0 ∈ DMfp

n (A0). For each index α, let Xα
denote the image of X0 in DMfp

n (Aα), and let X denote the image of X0 in DMfp
n (A). If X is strongly proper

over SpecétA, then there exists an index α such that Xα is strongly proper over SpecétAα.

The proof of Proposition 3.1.10 will require some preliminaries.

Remark 3.1.11. Let f : X → SpecétR be a map of spectral Deligne-Mumford stacks, and assume that
X is a quasi-compact quasi-separated algebraic space. Let φ : |X | → SpecZR be the underlying map of
topological spaces. Then the fibers of φ are quasi-compact. It follows that for any filtered collection of closed
subsets {Kα ⊆ |X |}, we have φ(

⋂
Kα) =

⋂
φK(α). Since |X | has a basis of quasi-compact open subsets,

every closed set K ⊆ |X | can be obtained as a (filtered) intersection of closed subsets with quasi-compact
complements. Consequently, to prove that φ is closed, it will suffice to show that φ(K) ⊆ SpecZR is closed
whenever K ⊆ |X | is a closed subset with quasi-compact complement.

Remark 3.1.12. Let f : X→ SpecétR be a map of spectral Deligne-Mumford stacks, and assume that X is
a quasi-compact quasi-separated algebraic space. Suppose we wish to verify that f is universally closed: that
is, that f satisfies condition (iv) of Definition 3.1.1. Let R→ R′ be an arbitrary map of connective E∞-rings
and set X′ = X×Specét R SpecétR′; we wish to prove that the map φ : |X′ | → SpecZR′ is closed. According

to Remark 3.1.11, it suffices to show that φ(K) ⊆ SpecZR′ is closed whenever K ⊆ |X′ | is the complement of
a quasi-compact open subset of |X′ |. Write R′ = lim−→Rα in CAlgcn

R , where each Rα is of finite presentation

over R, and set Xα = X×Specét R SpecétRα. According to Proposition 1.4.15, every quasi-compact open

subset of |X′ | is the inverse image of a quasi-compact open subset of some |Xα |. It will therefore suffice to
show that the map φα : |Xα | → SpecZRα is closed. In other words, to verify condition (iv) of Definition
3.1.1, it suffices to treat the case where R′ is finitely presented over R. In particular, if R is Noetherian, we
may assume that R′ is also Noetherian (Proposition A.7.2.5.31).
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Lemma 3.1.13. Suppose we are given a commutative diagram of spectral Deligne-Mumford stacks

X
f //

��

Y

g
��

Z .

Assume that g ◦ f is strongly proper, that g is strongly separated and locally of finite presentation to order 0,
and that f is surjective. Then g is strongly proper.

Proof. Without loss of generality, we may assume that Z = SpecétR is affine. Then X is quasi-compact.
Since f is surjective, we deduce that Y is quasi-compact, so that g is quasi-compact. To complete the proof
that g is strongly proper, it will suffice to verify condition (iv) of Definition 3.1.1. Let R′ be a connective
R-algebra; we wish to show that the map |SpecétR′ ×Specét R Y | → SpecZR′ is closed. Replacing Z by

SpecétR′, we are reduced to proving that the map |Y | → |Z | is closed. Let K ⊆ |Y | be a closed subset.
Since f is surjective, and g ◦ f is proper, we deduce that

g(K) = g(f(f−1(K))) = (g ◦ f)(f−1K)

is a closed subset of |Z |, as desired.

Proof of Proposition 3.1.10. Using Remark 3.1.2, we may reduce to the case where n = 0. Using Corollary
2.5.8, we may assume without loss of generality that X0 is a separated spectral algebraic space. Replacing
A0 by π0A0 and each Aα by π0Aα, we may suppose that A0 is discrete. Write A0 as a filtered colimit of
finitely generated subrings Bβ ⊆ A0. Using Theorem 2.3.2, we can reduce to the case where X0 is the image

of an object Xβ ∈ DMfp
0 (Bβ). Replacing X0 by Xβ , we can reduce to the case where A0 is a finitely generated

discrete ring (and in particular Noetherian).
We now invoke Chow’s lemma (see [31]) to obtain a diagram

X0 ← X0×Specét A0
Pm
A0

i′← X′0
j0→ X

′
0

i→ Pn
A0

of 0-truncated separated spectral algebraic spaces, where Pm
A0

and Pn
A0

denote projective spaces over

SpecétA0, i and i′ are closed immersions, j0 is an open immersion, and the map X′0 → X0 is surjective.

Let X′ and X
′

denote the images of X′0 and X
′
0 in DMfp

0 (A). Since X is proper over A and i′ is a closed

immersion, we deduce that X′ is proper over A. The map j : X′ → X
′

factors as a composition

X′
j′→ X′×Specét AX

′ j′′→ X
′

where j′ is a closed immersion (since X
′

is separated) and j′′ has closed image (since X′ is proper over A).
It follows that j0 is an open immersion with closed image and therefore also a closed immersion. For each

index α, let Xα be the image of X0 in DMfp
0 (Aα), and define X′α and X′α similarly. Using Proposition 2.5.7,

we deduce that there exists an index α such that the induced map X′α → X
′
α is a closed immersion, so that

there exists a closed immersion X′α → Pn
Aα

. Using Example 3.1.4, we deduce that X′α is proper over Aα.

Since we have a surjection X′α → Xα, Lemma 3.1.13 implies that Xα is proper over Aα, as desired.

3.2 The Direct Image Theorem

Recall the direct image theorem for proper maps of algebraic spaces:

Theorem 3.2.1. Let f : X → Y be a proper map between locally Noetherian algebraic spaces, and let F be
an object in the abelian category of coherent sheaves on X. Then, for each i ≥ 0, the higher direct image
Rif∗ F is a coherent sheaf on Y .
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For a proof, we refer the reader to [31]. In this section, we will use Theorem 3.2.1 to deduce an analogous
direct image theorem in the setting of spectral algebraic geometry. Here, we do not need any Noetherian
hypotheses:

Theorem 3.2.2. Let f : X→ Y be a morphism of spectral Deligne-Mumford stacks which is strongly proper
and locally almost of finite presentation. Then the pushforward functor f∗ : QCoh(X) → QCoh(Y) carries
almost perfect objects of QCoh(X) to almost perfect objects of QCoh(Y).

Example 3.2.3. Let f : X → Y be a map between spectral algebraic spaces which is strongly proper
and locally almost of finite presentation, and let F ∈ QCoh(X)♥. Assume that Y is quasi-compact locally
Noetherian, so that X is also locally Noetherian. Let X and Y denote the underlying algebraic spaces of X
and Y, respectively, so that f induces a map of algebraic spaces π : X → Y . Then the heart QCoh(X)♥

is equivalent to the abelian category of quasi-coherent sheaves on X; let F0 denote the image of F under
this equivalence. Using Proposition A.7.2.5.17, we see that F0 is coherent if and only if F is almost perfect.
If these conditions are satisfied, then Theorem 3.2.2 implies that f∗ F ∈ QCoh(Y) is almost perfect. Using
Proposition A.7.2.5.17 again (and the quasi-compactness of QCoh(Y)), we see that this is equivalent to the
following pair of conditions:

(i) For each i ≥ 0, the sheaf Riπ∗ F0 ' π−i(f∗ F) is coherent.

(ii) The higher direct images Riπ∗ F0 ' π−i(f∗ F) vanish for i� 0.

In particular, we can regard Theorem 3.2.2 as a generalization of Theorem 3.2.1.

Before giving the proof of Theorem 3.2.2, let us describe an application.

Definition 3.2.4. Let f : (X,OX) → (Y,OY) be a map of spectral Deligne-Mumford stacks. We will say
that f is finite if it satisfies the following pair of conditions:

(1) The map f is affine.

(2) The pushforward f∗ OX is perfect to order 0 (as a quasi-coherent sheaf on (Y,OY)).

Proposition 3.2.5. Let f : X→ Y be a map of spectral Deligne-Mumford stacks. The following conditions
are equivalent:

(1) The map f is finite.

(2) The map f is strongly proper and locally quasi-finite.

Proof. We may assume without loss of generality that Y = SpecétR is affine. We first prove that (1)⇒ (2).
Assume that f is finite; then X = SpecétA for some connective E∞-ring A for which π0A is finitely generated
as a discrete module over π0R. Then X is obviously a quasi-compact separated spectral algebraic space,
which is locally of finite presentation to order 0 over R. To prove (2), it will suffice to show that for
every map of E∞-rings R → R′, the induced map of topological spaces SpecZ(R′ ⊗R A) → SpecZR′ is
closed. Let I ⊆ π0(R′ ⊗R A) be an ideal and set B = (π0R

′ ⊗R A)/I. We wish to show that the map
SpecZB → SpecZ π0R

′ has closed image. This follows from the observation that B is finitely generated as a
(discrete) module over π0R

′.
We now prove that (2)⇒ (1). According to Theorem 1.2.1, the map f is quasi-affine. We may therefore

choose a quasi-compact open immersion j : X → SpecétA for some connective E∞-algebra A over R. The
projection map SpecétA → SpecétR is strongly separated, so that j induces a closed immersion γ : X →
X×Specét R SpecétA. Since f is strongly proper, the canonical map |X×Specét R SpecétA| → |SpecétA| is

closed. It follows that j has closed image in |SpecétA| ' SpecZA, so that j is a clopen immersion and
therefore X is affine. Write X = SpecétB. We wish to show that π0B is finitely generated as a module over
π0R. Since f is locally of finite presentation to order 0, we are given that π0B is finitely generated as a
commutative ring over π0R. It will therefore suffice to show that every element x ∈ π0B is integral over
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π0R. Let R′ denote the commutative ring (π0R)[y]. Let I ⊆ (π0B)[y] be the ideal generated by the element
1− xy. Since f is strongly proper, the map

SpecZ(π0B)[
1

x
]→ SpecZ(π0B)[y]/I → SpecZ(π0B)[y]→ SpecZ(π0R)[y]

has closed image K ⊆ SpecZ(π0R)[y], determined by some ideal J ⊆ (π0R)[y]. Note that the closed set
K does not intersect the closed subset defined by the ideal (y) ⊆ (π0R)[y], so that J and (y) generate the
unit ideal in (π0R)[y]. It follows that J contains an element of the form 1 + a1y + · · · + any

n, where the
coefficients ai belong to π0R. Replacing 1 + p(y) with a suitable power, we may assume that the image of
1 + a1y + · · ·+ any

n in (π0B)[ 1
x ] vanishes. It follows that xm+n + a1x

m+n−1 + · · ·+ anx
m vanishes in π0B

for m� 0, so that x is integral over π0R as desired.

We now turn to the proof of Theorem 3.2.2. Let f : X→ Y be a map of spectral Deligne-Mumford stacks
which is strongly proper and locally almost of finite presentation; we wish to show that the pushforward
functor f∗ carries almost perfect objects of QCoh(X) to almost perfect objects of QCoh(Y). This assertion
is local on Y, so we may assume without loss of generality that Y is affine. It will therefore suffice to prove
the following more precise result:

Proposition 3.2.6. Let f : X → SpecétR be a map of spectral Deligne-Mumford stacks which is strongly
proper and locally almost of finite presentation, and let

f∗ : QCoh(X)→ QCoh(SpecétR) ' ModR

be the direct image functor. Then there exists an integer m� 0 with the following property: for every object
F ∈ QCoh(X) which is perfect to order n+ 1, the direct image f∗ F ∈ QCoh(SpecétR) ' ModR is perfect to
order (n−m).

The proof of Proposition 3.2.6 will require some preliminaries. First, we need a slight refinement of
Proposition VIII.2.5.13.

Lemma 3.2.7. Let X = (X,OX) be a separated spectral algebraic space. Suppose that there exists a finite
collection of objects U0, . . . , Un ∈ X satisfying the following conditions:

(1) Each Ui is (−1)-truncated.

(2) Each Ui is affine.

(3) The objects Ui cover X: that is, the coproduct
∐
Ui is a 0-connective object of X.

Then the global sections functor Γ : QCoh(X)→ Sp carries QCoh(X)≥0 into Sp≥−n.

Proof. We proceed by induction on n. If n = −1, then X is empty and the result is obvious. Assume
therefore that n ≥ 0. For every object U ∈ X, let ΓU : QCoh(X) → Sp be the functor given by evaluation
at U . Let V = τ≤−1(

∐
1≤i≤n Ui) and let V ′ = U0 × V . It follows from assumption (3) that the pushout

U0

∐
V ′ V is a final object of X. Let F ∈ QCoh(X)≥0, so that we have a fiber sequence

Γ(F)→ ΓU0
(F)⊕ ΓV (F)→ ΓV ′(F)

and therefore an exact sequence of abelian groups

πi+1ΓV ′(F)→ πiΓ(F)→ πiΓU0
(F)⊕ πiΓV (F).

Since X is a separated spectral algebraic space, the products U0×Ui are affine. It follows from the inductive
hypothesis that πi+1ΓV ′(F) vanishes for i < −n and that πiΓV (F) vanishes for i ≤ −n. Moreover, since U0 is
affine, the functor ΓU0

is t-exact, so that πiΓU0
(F) ' 0 for i < 0. It follows that πiΓ(F) ' 0 for i < −n.
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Lemma 3.2.8. Let f : X → SpecétR be a map of spectral Deligne-Mumford stacks. Assume that X is
a quasi-compact, quasi-separated spectral algebraic space and that f is locally almost of finite presentation.
Then there exists an integer m� 0 with the following property:

(∗) Let n ≥ 0 be an integer. Then there is a connective Noetherian E∞-ring R0, a quasi-compact, quasi-
separated spectral algebraic space X0 which is finitely n-presented over SpecR0, and a commutative
diagram

τ≤n X //

��

X0

��
SpecétR // SpecétR0

for which the induced map τ≤n X→ τ≤n(X0×Specét R0
SpecétR) induces an equivalence of n-truncations,

and the global sections functor Γ : QCoh(X0)→ Sp carries QCoh(X0)≥0 into Sp≥−m.

Proof. Using Theorem 1.3.8, we can choose a scallop decomposition

∅ = U0 → U1 → · · · → Uk = X

for X. For 0 < i ≤ k, choose an excision square σi:

Vi
φi //

��

SpecAi

��
Ui−1

// Ui

where φi is a quasi-compact open immersion. Then Vi determines a quasi-compact open subset Vi ⊆
SpecZ(π0Ai), which can be written as the union of mi affine open subsets of SpecZ(π0Ai) for some integer
mi. Choose any integer m which is strictly larger than each mi. We will show that m has the desired
properties.

Fix an integer n ≥ 0; we wish to verify property (∗). Let X′ = τ≤n X, so that the n-truncation of the
above data yields a scallop decomposition

∅ = U′0 → U′1 → · · · → U′k = X′

for X′ and excision squares σ′i :

V′i
φi //

��

SpecétA′i

��
U′i−1

// U′i,

where A′i = τ≤nAi. Since the ∞-category CAlgcn is compactly generated, we can write R as the colimit of a
filtered diagram {Rα} of connective E∞-rings, where each Rα is finitely presented over the sphere spectrum
and therefore Noetherian (Proposition A.7.2.5.31). Without loss of generality, we may assume that this
diagram is indexed by a filtered partially ordered set P (Proposition T.5.3.1.16). Theorem 2.3.2 yields an
equivalence of∞-categories DMfp

n (R) ' lim−→α
DMfp

n (Rα). We may therefore choose an index α ∈ P such that

the diagrams σ′i lift to diagrams σαi :

Vα
i

φαi //

��

Wα
i

��
Uαi−1

// Uαi .
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Enlarging α if necessary, we may assume that each φαi is an open immersion (Corollary 2.5.3), that each of
the maps Vα

i → Uαi−1 is étale (Proposition 2.5.2), that each Wα
i is affine (Proposition 2.5.1), that each σαi is

a pushout square, and that Uα0 is empty. Using Proposition VIII.2.5.3 we deduce that each σαi is an excision
square, so that the induced maps Uαi−1 → Uαi are open immersions, and therefore the sequence

∅ = Uα0 → · · · → Uαm

is a scallop decomposition of X0 = Uαm. For each 0 < i ≤ k, choose a collection of open immersions
{SpecBi,j → V′i}1≤j≤mi which are jointly surjective. Enlarging α if necessary, we can assume that each of

these maps lifts to a morphism ξi,j : Yi,j → Vα
i in DMfp

n (Rα). Enlarging α further if necessary, we may
assume that each Yi,j is affine (Proposition 2.5.1), that each ξi,j is an open immersion (Corollary 2.5.3), and
that the maps ξi,j are jointly surjective (Proposition 2.5.9). Write Wα

i = SpecAαi , so that Vα
i corresponds

to the open substack of SpecAαi classified by a union of mi open subsets of SpecZ(π0A
α
i ).

We now set R0 = Rα. By construction, we have a commutative diagram

X′ //

��

X0

��
SpecR // SpecR0

which induces an equivalence X′ ' τ≤n(X0×SpecR0
SpecR). The spectral Deligne-Mumford stack X0 admits

a scallop decomposition, and is therefore a quasi-compact, quasi-separated spectral algebraic space (Theorem
1.3.8).

To complete the proof, we need to show that the global sections functor Γ : QCoh(X0) → Sp carries
QCoh(X0)≥0 into Sp≥−m. Let F ∈ QCoh(X0)≥0. We prove by induction on 0 ≤ i ≤ k that each of the
spectra Γ(Uαi ;F |Uαi ) is (−m)-connective. When i = 0, this is obvious (since Uα0 is empty). To carry out the
inductive step, we note that for i > 0 we have a pullback diagram of spectra

Γ(Uαi ;F |Uαi ) //

��

Γ(Uαi−1;F |Uαi )

��
Γ(SpecétAαi ;F |SpecétAαi ) // Γ(Vα

i ;F |Vα
i ).

The inductive hypothesis implies that Γ(Uαi−1;F |Uαi−1) is (−m)-connective, and the spectrum

Γ(SpecAαi ;F |SpecAαi )

is connective by virtue of our assumption that F ∈ QCoh(X0)≥0. Since m > mi, it will suffice to show that
Γ(Vα

i ;F |Vα
i ) is (−mi)-connective. This follows from Lemma 3.2.7.

Remark 3.2.9. In the situation of Lemma 3.2.8, we can assume that the integer m has the following
additional property:

(∗′) The global sections functor Γ : QCoh(X)→ Sp carries QCoh(X)≥0 to Sp≥−m.

This property follows from the construction given in the proof of Lemma 3.2.8. It can also be ensured by
enlarging m, using Proposition VIII.2.5.13.

Remark 3.2.10. In the situation of Lemma 3.2.8, assume that the map f : X→ SpecétR is strongly proper.
Then we can assume that the maps X0 → SpecétR0 appearing in (∗) is strongly proper: this follows from
Proposition 3.1.10.
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Proof of Proposition 3.2.6. Assume that f : X → SpecétR is strongly proper and locally almost of finite
presentation. Choose an integer m � 0 satisfying the conclusion of Lemma 3.2.8 and Remark 3.2.9. Let
F ∈ QCoh(X) be perfect to order n+ 1. We will show that f∗ F ∈ QCoh(SpecR) ' ModR is perfect to order
n−m. Since X is quasi-compact, the condition that F is perfect to order n+1 implies that F ∈ QCoh(X)≥−k
for some integer k � 0. Replacing F by F[k] and n by n+ k, we may suppose that F is connective.

Choose a fiber sequence
F′ → F → F′′,

where F′′ ∈ QCoh(X)≤n and F′ ∈ QCoh(X)≥n+1. We then obtain a fiber sequence of R-modules

f∗ F
′ → f∗ F → f∗ F

′′,

where f∗ F
′ is (n + 1 −m)-connective. It follows that we have an equivalence of truncations τ≤n−mf∗ F →

τ≤n−mf∗ F
′′. It will therefore suffice to show that f∗ F

′′ is perfect to order n −m. Note that F′′ is perfect
to order n + 1 by Remark VIII.2.6.6. We may therefore replace F by F′′ and thereby reduce to the case
where F is n-truncated. Let X′ denote the n-truncation of X, so that F is the direct image of an (essentially
unique) quasi-coherent sheaf F0 ∈ QCohn−fp(X′) (Corollary VIII.2.5.24).

Choose a commutative diagram

X′
f //

��

X0

f0

��
SpecétR // SpecétR0

as in Lemma 3.2.8. According to Remark 3.2.10, we may assume that f0 is strongly proper. Write R as the
colimit of a filtered diagram {Rα} of E∞-algebras of finite presentation over R0. Since R0 is Noetherian,
each Rα is Noetherian (Proposition A.7.2.5.31). Using Theorem 2.4.4 and Corollary VIII.2.5.24, we deduce
that QCohn−fp(X′) is equivalent to the filtered colimit of the ∞-categories QCohn−fp(X′×SpecR0 SpecRα).

We may therefore assume that there exists an index α, an object G ∈ QCohn−fp(X0×Specét R0
SpecétRα),

and an equivalence F0 ' τ≤ng
∗ G, where g : X′ → X0×Specét R0

SpecétRα is the canonical map. We have a
fiber sequence of quasi-coherent sheaves

K→ g∗ G→ F0

on X′, where K is (n+ 1)-connective. Let i : X′ → X be the canonical map and i∗ : QCoh(X′) → QCoh(X)
the associated pushforward functor. Since i is affine, i∗ is right exact. We therefore have a fiber sequence

i∗K→ i∗g
∗ G→ F

in QCoh(X), where i∗K is (n + 1)-connective. It follows that f∗i∗K is (n + 1 − m)-connective, so that
τ≤n−mf∗ F ' τ≤n−mf∗i∗g∗ G. It will therefore suffice to show that f∗i∗g

∗ G is perfect to order (n−m).

Write Xα = X0×Specét R0
SpecétRα. Let h : Xα → SpecétRα be the projection map, and let

h∗ : QCoh(X0×Specét R0
SpecétRα)→ ModRα

denote the associated pushforward functor. Using Corollary 1.3.9, we obtain an equivalence of R-modules

f∗i∗g
∗ G ' R⊗Rα h∗ G .

It will therefore suffice to show that h∗ G is perfect to order (n −m) (Proposition VIII.2.6.13). Note that
Xα is locally Noetherian (Proposition 2.2.4) and that G ∈ QCoh(Xα) is coherent (Proposition VIII.2.6.24).
It will therefore suffice to prove the following:

(∗) Let G ∈ QCoh(Xα) be coherent. Then h∗(G) ∈ ModRα is almost perfect. That is, the homotopy
groups πi(h∗(G)) are finitely generated as modules over the commutative Noetherian ring π0Rα (see
Proposition A.7.2.5.17).

60



The collection of those objects G ∈ QCoh(Xα) for which h∗(G) is almost perfect is closed under extensions.
Consequently, to show that this collection contains all coherent objects of QCoh(Xα), it suffices to show that
it contains every coherent object of the heart QCoh(Xα)♥. Let Y = (Y,OY) denote the 0-truncation of Xα,
and let j : Y → Xα denote the canonical map. If G ∈ QCoh(Xα)♥, then we can write G = j∗G for some
coherent sheaf G ∈ QCoh(Y)♥ (Corollary VIII.2.5.24). It will therefore suffice to show that the pushforward
of G along the composite map

Y
h′→ Spec(π0R)→ SpecR

is almost perfect. Unwinding the definitions (and using Proposition A.7.2.5.17), we must show that each of
the cohomology groups Hi(Y;G) is finitely generated as a module over the commutative ring π0R. This is
an immediate consequence of Theorem 3.2.1 (see Example 3.2.3).

3.3 Proper Linear ∞-Categories

Let X be a spectral Deligne-Mumford stack. In this section, we will introduce the notion of a locally proper
quasi-coherent stack on X (Definition 3.3.6). Our main result is a categorified version of the proper direct
image theorem: if f : X → Y is a strongly proper morphism which is locally almost of finite presentation
and has finite Tor-amplitude, then the pushforward functor f∗ : QStk(X)→ QStk(Y) carries locally proper
quasi-coherent stacks on X to locally proper quasi-coherent stacks on Y (Theorem 3.3.11).

We begin with a few simple observations about linear ∞-categories.

Remark 3.3.1. Let R be an E2-ring, let C and C′ be R-linear ∞-categories, and let F : C → C′ be an
R-linear functor. Then F is a colimit-preserving functor between stable ∞-categories, and therefore admits
a right adjoint G : C′ → C. Suppose that C is compactly generated and that F carries compact objects of
C to compact objects of C′. It follows from Proposition T.5.5.7.2 that G preserves small filtered colimits, so
that Remark VII.6.6 allows us to regard G as an R-linear functor from C′ to C.

Construction 3.3.2. Let R be an E2-ring, let C be an R-linear ∞-category, and let C ∈ C be a compact
object. The construction M 7→M ⊗ C determines an R-linear functor LModR → C, which carries compact
objects of LModR to compact objects of C. Invoking Remark 3.3.1, we see that this functor admits a right
adjoint C → LModR. We will denote this functor by D 7→ MorC(C,D). Here MorC(C,D) ∈ LModR is
a classifying object for morphisms from C to D: that is, it is characterized by the existence of canonical
homotopy equivalences

MapLModR(M,MorC(C,D))→ MapC(M ⊗ C,D).

Definition 3.3.3. Let R be an E2-ring and let C be an R-linear ∞-category. We will say that C is proper
if the following conditions are satisfied:

(1) The ∞-category C is compactly generated.

(2) For every pair of compact objects M,N ∈ C, the R-module MorC(M,N) is perfect.

Remark 3.3.4. In the setting of differential graded categories, the condition of properness has been studied
by a number of authors: see for example [34], [64], and [67].

We now record some basic stability properties enjoyed by the class of proper linear ∞-categories.

Proposition 3.3.5. Let R be an E2-ring and let C be an R-linear ∞-category. Then:

(1) If R→ R′ is a map of E2-rings, then the R′-linear ∞-category LModR′(C) is proper.

(2) Suppose there exists a finite collection of étale morphisms {R → Rα} such that the induced map
R → Rα is faithfully flat. If each LModRα(C) is a proper Rα-linear ∞-category, then C is proper as
an R-linear ∞-category.
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Proof. We first prove (1). If C is proper, then it is compactly generated and therefore LModR′(C) is compactly
generated (Example XI.6.3). We must show that for every pair of compact objects X,Y ∈ LModR′(C), the
R′-module MorLModR′ (C)(X,Y ) is perfect. Let us first regard Y as fixed, and let X ⊆ LModR′(C) be the
full subcategory spanned by those compact objects X for which MorLModR′ (C)(X,Y ) is perfect. Then X is
an idempotent complete, stable subcategory of LModR′(C). To show that it contains every compact object
of LModR′(C), it will suffice to show that it contains every object of the form R′ ⊗ X0, where X0 is a
compact object of C. Let us now regard X0 as fixed; we wish to show that MorLModR′ (C)(R

′ ⊗ X0, Y ) '
MorC(X0, Y ) is a perfect R′-module for every compact object Y ∈ LModR′(C). Arguing as above, we may
suppose that Y ' R′ ⊗ Y0 for some compact object Y0 ∈ C. We then have an equivalence of R′-modules
R′ ⊗R MorC(X0, Y0) → MorLModR′ (C)(X,Y ), and are therefore reduced to proving that MorC(X0, Y0) is a
perfect R-module. This follows from our assumption that C is proper.

We now prove (2). Using Theorem XI.6.1 we conclude that C is a compactly generated ∞-category. Fix
compact objects X,Y ∈ C. For every index α, the module

Rα ⊗R MorC(X,Y ) ' ModLModRα (C)(Rα ⊗X,Rα ⊗ Y )

is perfect. Using Proposition XI.6.21, we deduce that MorC(X,Y ) is a perfect left R-module.

Proposition 3.3.5 asserts that the condition of properness can be tested locally for the étale topology.
This motivates the following:

Definition 3.3.6. Let X be a spectral Deligne-Mumford stack and let C ∈ QStk(X). We will say that C is
locally proper if, for every map η : SpecétR→ X, the pullback η∗ C is a proper R-linear ∞-category.

Remark 3.3.7. Let X ' SpecétR be an affine spectral Deligne-Mumford stack and let C be a quasi-coherent
stack on X. Then C is locally proper (as a quasi-coherent stack on X) if and only if it is proper as an R-linear
∞-category: this follows immediately from the first assertion of Proposition 3.3.5.

Using Proposition 3.3.5, we deduce the following:

Proposition 3.3.8. Let X be a spectral Deligne-Mumford stack and let C be a quasi-coherent stack on X.
Then:

(1) Let f : Y → X be any map of spectral Deligne-Mumford stacks. If C is locally proper, then f∗ C ∈
QStk(Y) is locally proper.

(2) Suppose we are given a collection of étale maps {fα : Xα → X} which induce an étale surjection∐
α Xα → X. If each pullback f∗α C ∈ QStk(Xα) is locally proper, then C is locally proper.

Our primary goal is to study the stability of the class of proper linear ∞-categories under pushforwards.
We first need a little bit more terminology.

Definition 3.3.9. Let f : X→ Y be a map of spectral Deligne-Mumford stacks and let n ≥ 0 be an integer.
We will say that f is has Tor-amplitude ≤ n if, for every commutative diagram

SpecétB //

��

X

f

��
SpecétA // Y

where the horizontal maps are étale , the E∞-ring B has Tor-amplitude ≤ n as an A-module (see Definition
A.7.2.5.21).

Example 3.3.10. A morphism f : X→ Y is flat if and only if it has Tor-amplitude ≤ 0.
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We can now formulate our main result.

Theorem 3.3.11. Let f : X→ Y be a map of spectral Deligne-Mumford stacks. Assume that:

(1) The map f is strongly proper.

(2) There exists an integer n such that the map f has Tor-amplitude ≤ n.

(3) The map f is locally almost of finite presentation.

Let C ∈ QStk(X) be locally proper. Then f∗ C ∈ QStk(Y) is locally proper.

Corollary 3.3.12. Let X be a spectral algebraic space which is strongly proper, locally almost of finite
presentation, and of finite Tor-amplitude over some connective E∞-ring R. Then QCoh(X) is a proper
R-linear ∞-category.

Before giving the proof of Theorem 3.3.11, let us collect a few basic facts about morphisms of finite
Tor-amplitude.

Lemma 3.3.13. Let f : X → SpecétR be a map of spectral Deligne-Mumford stacks, and let n ≥ 0. The
following conditions are equivalent:

(1) The map f has Tor-amplitude ≤ n.

(2) For every étale map SpecétA→ X, A has Tor-amplitude ≤ n as an R-module.

Proof. It is clear that (1) ⇒ (2). Conversely, suppose that (2) is satisfied, and suppose we are given an
étale map g : SpecétA → X such that f ◦ g factors as a composition SpecétA → SpecétR′ → SpecétR, for
some R′ which is étale over R. We wish to show that A has Tor-amplitude ≤ n as an R′-module. Since R′

is étale over R, A is a retract (as an R′-module) of R′ ⊗R A, which is of Tor-amplitude ≤ n over R′.

Remark 3.3.14. A map f : SpecétB → SpecétA of affine spectral Deligne-Mumford stacks has Tor-
amplitude ≤ n if and only if B has Tor-amplitude ≤ n as an A-module.

Proposition 3.3.15. The condition that a map of spectral Deligne-Mumford stacks f : X → Y be of Tor-
amplitude ≤ n is local on the source with respect to the fpqc topology (see Definition VIII.1.5.26).

Proof. First suppose that f has Tor-amplitude ≤ n, and that we are given a flat map g : X′ → X. We wish
to show that g ◦ f has Tor-amplitude ≤ n. Consider a commutative diagram

Specét C //

��

X′

��
SpecétA // Y;

we wish to show that B has Tor-amplitude ≤ n as an A-module. In other words, we wish to show that if
M is a discrete A-module, then C ⊗A M is n-truncated. This assertion is local on C with respect to the
étale topology. We may therefore suppose that the map Specét C → SpecétA×Y X factors as a composition

Specét C → SpecétB
u→ SpecétA×Y X,

where u is étale . Since f has Tor-amplitude ≤ n, we see that B ⊗A M is n-truncated. Then C ⊗A M '
C ⊗B (B ⊗AM) is n-truncated by virtue of the fact that C is flat over B.

Now suppose that we are given a flat covering {gα : Xα → X} such that each gα ◦ f has Tor-amplitude
≤ n; we wish to show that f has Tor-amplitude ≤ n. We may assume without loss of generality that
Y = SpecétA is affine. Choose an étale map SpecétB → X; we wish to show that B has Tor-amplitude
≤ n over A (see Lemma 3.3.13). Since the gα form a flat covering, we can find finitely many étale maps
Specét Cα → Xα×X SpecétB such that C =

∏
Cα is faithfully flat over B. If M is a discrete A-module,

then C ⊗A M ' C ⊗B (B ⊗A M) is n-truncated; it follows that B ⊗A M is n-truncated so that B has
Tor-amplitude ≤ n over A.
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Proposition 3.3.16. Suppose we are given a pullback diagram of spectral Deligne-Mumford stacks

X′

f ′

��

// X

f

��
Y′

g // Y .

If f has Tor-amplitude ≤ n, so does f ′. The converse holds if g is a flat covering.

Proof. Suppose first that f has Tor-amplitude ≤ n. To prove that f ′ has Tor-amplitude ≤ n, we may assume
without loss of generality that Y′ = SpecétA′ is affine. Choose a faithfully flat étale morphism A′ → A′′

such that the composite map
SpecétA′′ → SpecétA′ → Y

factors through an étale map SpecétA → Y. Using Proposition 3.3.15, we are reduced to proving that for
every étale map SpecétB′ → XSpecét A′ SpecétA′′, B′ has Tor-amplitude ≤ n over A′. Using Proposition
3.3.15 we may further reduce to the case where the map

SpecétB′ → SpecétA×Y X

factors through some étale map SpecétB → SpecétA×YX. Then the map A′ → B′ factors as a composition

A′ → A′′ → A′′ ⊗A B → B′,

where the first and third map are étale , and the middle map has Tor-amplitude ≤ n. It follows that B′ has
Tor-amplitude ≤ n over A′, as desired.

Now suppose that g is a flat covering and that f ′ has Tor-amplitude ≤ n; we wish to show that f has the
same property. We may assume without loss of generality that Y = SpecétA is affine. Using Proposition
3.3.15 we can further reduce to the case where X = SpecétB is affine. Since g is a flat covering, we can
choose an étale map SpecétA′ → Y′ such that A′ is faithfully flat over B. Because f ′ has Tor-amplitude
≤ n, we deduce that A′ ⊗A B has Tor-amplitude ≤ n over A′. It then follows from Lemma VIII.2.6.16 that
B has Tor-amplitude ≤ n over A.

Lemma 3.3.17. Let f : R → A be a map of connective E1-rings, and let M be a left A-module. Suppose
that A has Tor-amplitude ≤ m as a left R-module, and the M has Tor-amplitude ≤ n as a left A-module.
Then M has Tor-amplitude ≤ m+ n as a left R-module.

Proof. Let N ∈ (LModR)≤p; we wish to show that N ⊗R M is p + m + n-truncated. We have N ⊗R M '
(N ⊗RA)⊗AM . The desired result now follows from the observation that N ⊗RA is (p+m)-truncated.

Proposition 3.3.18. Let f : X → Y and g : Y → Z be maps of spectral Deligne-Mumford stacks. If f has
Tor-amplitude ≤ m and g has Tor-amplitude ≤ n, then g ◦ f has Tor-amplitude ≤ m+ n.

Proof. Using Propositions 3.3.15 and 3.3.16, we can reduce to the case where X, Y, and Z are affine. In this
case, the desired result follows from Lemma 3.3.17 and Remark 3.3.14.

Proposition 3.3.19. Let f : X→ Y be a map of spectral Deligne-Mumford stacks which is of Tor-amplitude
≤ n. Assume that f is quasi-compact, quasi-separated, and exhibits X are a relative spectral algebraic space
over Y. Let F ∈ QCoh(X) be a quasi-coherent sheaf which is locally of Tor-amplitude ≤ k. Then the
pushforward f∗ F ∈ QCoh(Y) has Tor-amplitude ≤ n+ k.

Proof. The assertion is local on Y; we may therefore suppose that Y ' SpecétR is affine. Write X = (X,OX).
Let us say that an object U ∈ X is good if F(U) is of Tor-amplitude ≤ n+ k over R. It follows from Lemma
3.3.17 that every affine object of X is good, and Proposition A.7.2.5.23 implies that the collection of good
objects of X is closed under pushouts. Using Theorem 1.3.8 and Corollary VIII.2.5.9, we conclude that the
final object of X is good, so that f∗ F has Tor-amplitude ≤ n+ k.
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Proposition 3.3.20. Let f : X→ Y be a map of spectral Deligne-Mumford stacks. Assume that:

(1) The map f is strongly proper.

(2) The map f has Tor-amplitude ≤ n for some n.

(3) The map f is locally almost of finite presentation.

Then the pushforward functor f∗ carries perfect objects of QCoh(X) to perfect objects of QCoh(Y).

Proof. Combine Proposition 3.3.19, Theorem 3.2.2, and Proposition A.7.2.5.23.

Remark 3.3.21. Let X be a spectral Deligne-Mumford stack and let C ∈ QStk(X) be a quasi-coherent stack
on X which is locally compactly generated. Let QX ∈ QStk(X) be the quasi-coherent stack which assigns to
each map η : SpecétR→ X the R-linear ∞-category QX(η) = ModR. Every object C ∈ QCoh(X;C) induces
a map of quasi-coherent stacks F : QX → C. If C is locally compact, then we can apply Construction 3.3.2
pointwise to obtain an R-linear functor C(η) → QX(η) ' SpecétR for each point η : SpecétR → X. These
functors amalgamate to a map of quasi-coherent stacks eC : C→ QX. The composite map

QCoh(X;C)
eC→ QCoh(X;Q) = QCoh(X)

Γ→ Sp,

can be identified with the spectrum-valued functor D 7→ MorQCoh(X;C)(C,D) corepresented by C.

We are now ready to give the proof of Theorem 3.3.11.

Proof of Theorem 3.3.11. It follows from Theorem 1.5.10 that QCoh(X;C) is compactly generated, and an
object of QCoh(X;C) is compact if and only if it is locally compact. It will therefore suffice to prove that
if M,N ∈ QCoh(X;C) are locally compact, then the R-module MorQCoh(X;C)(M,N) is perfect. Let eM :
C→ QX be defined as in Remark 3.3.21, so that MorQCoh(X;C)(M,N) is given by applying the pushforward
functor f∗ to eM (N) ∈ QCoh(X;Q) ' QCoh(X). Using Proposition 3.3.20, we are reduced to proving that
eM (N) ∈ QCoh(X) is perfect. This follows immediately from our assumption that C is locally proper.

We close this section by collecting a few other consequences of Proposition 3.3.20. Recall that if X is a
spectral Deligne-Mumford stacks, an object F ∈ QCoh(X) is perfect if and only if it is dualizable (Proposition
VIII.2.7.28). If these conditions are satisfied, we denote a dual of F by F∨.

Proposition 3.3.22. Let f : X = (X,OX) → Y be a map of spectral Deligne-Mumford stacks which is
strongly proper, has Tor-amplitude ≤ n for some n, and is locally almost of finite presentation. Suppose that
F ∈ QCoh(X) is perfect. Then:

(1) The pushforward f∗ F is a perfect object of QCoh(Y). Denote its dual by (f∗ F)∨, so that f∗f∗ F is a
perfect object of QCoh(X) with dual f∗(f∗ F)∨.

(2) Let φ0 : f∗f∗ F⊗F∨ → OX be the morphism obtained by composing the counit map f∗f∗ F → F with
the evaluation F⊗F∨ → OX, and let φ : F∨ → (f∗f∗ F)∨ ' f∗(f∗ F)∨ be the morphism determined by
φ0. For any quasi-coherent sheaf G on Y, the composition with φ induces a homotopy equivalence

θ : MapQCoh(Y)((f∗ F)∨,G)→ MapQCoh(X)(f
∗(f∗ F)∨, f∗ G)→ MapQCoh(X)(F

∨, f∗ G).

Proof. Assertion (1) follows from Proposition 3.3.20. We now prove (2). Let F ∈ QCoh(X) be perfect and
let G ∈ QCoh(Y) be arbitrary. Unwinding the definitions, we can identify θ with the canonical map

MapQCoh(Y)(OY, f∗ F⊗G)→ MapQCoh(Y)(OY, f∗(F⊗f∗ G)) ' MapQCoh(X)(OX,F⊗f∗ G).

It follows from Remark 1.3.14 that θ is a homotopy equivalence.
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Proposition 3.3.23. (1) Let f : X → Y be a map between quasi-compact, quasi-separated spectral al-
gebraic spaces. Assume that f is locally almost of finite presentation, strongly proper, and has Tor-
amplitude ≤ n for some n. Then the pullback functor f∗ : QCoh(Y)→ QCoh(X) admits a left adjoint
f+ : QCoh(X)→ QCoh(Y).

(2) Suppose we are given a pullback diagram of spectral Deligne-Mumford stacks

X′
g′ //

f ′

��

X

f

��
Y′

g // Y,

where f and f ′ satisfy the assumptions of (1). Then the diagram of ∞-categories

QCoh(Y)
f∗ //

g∗

��

QCoh(X)

g′∗

��
QCoh(Y′)

f ′∗ // QCoh(X′)

is left adjointable. In other words, the canonical natural transformation f ′+ ◦ g′∗ → g∗f+ is an equiva-
lence of functors from QCoh(X) to QCoh(Y′).

Proof. We first prove (1). For every object F ∈ QCoh(X), let e(F) : QCoh(Y)→ S denote the functor given
by e(F)(G) = MapQCoh(X)(F, f

∗ G). Let C ⊆ QCoh(X) denote the full subcategory spanned by those objects
F for which the functor e(F) is corepresented by an object of QCoh(Y). To prove the existence of the left
adjoint f+, it will suffice to show that C = QCoh(X) (see Proposition T.5.2.4.2). Because the ∞-category
QCoh(Y) admits small colimits, the ∞-category C is closed under small colimits in QCoh(X). Corollary
1.5.12 implies that QCoh(X) is generated by perfect objects under filtered colimits. It will therefore suffice
to show that e(F) is corepresentable in the special case where F is perfect. This follows from Proposition
3.3.22, which shows that e(F) is corepresented by the object (f∗ F

∨)∨.
We now prove (2). We wish to show that for every object F ∈ QCoh(X), the canonical map λ : f ′+g

′∗ F →
g∗f+ F is an equivalence in QCoh(Y′). Note that both sides are compatible with the formation of colimits
in F. Since QCoh(X) is generated under filtered colimits by perfect objects, we may assume without loss of
generality that F is perfect. Unwinding the descriptions of the functors f+ and f ′+ supplied above, we see
that λ can be identified with the dual of the canonical map g∗f∗ F

∨ → f ′∗g
′∗ F∨, which is an equivalence by

Corollary 1.3.9.

Remark 3.3.24. In the situation of Proposition 3.3.23, suppose that X is locally of Tor-amplitude ≤ n
over Y. Then the pullback functor f∗ carries QCoh(Y)≤m to QCoh(X)≤m+n for every integer m. It follows
that the left adjoint f+ carries QCoh(X)≥m into QCoh(Y)≥m−n. In particular, f+ carries almost connective
objects of QCoh(X) to almost connective objects of QCoh(Y).

Remark 3.3.25. In the situation of Proposition 3.3.23, the functor f+ carries perfect objects of QCoh(X)
to perfect objects of QCoh(Y) (this follows immediately from the proof). The functor f+ also carries almost
perfect objects of QCoh(X) to almost perfect objects of QCoh(Y). To prove this, we can work locally on
Y and thereby reduce to the case where Y = SpecétR is affine. Suppose that F ∈ QCoh(X) is almost
perfect, and suppose we are given a filtered diagram {Mα} of m-truncated R-modules having colimit M . If
f is locally of Tor-amplitude ≤ n, then f∗Mα is a filtered diagram in QCoh(X)≤m+n having colimit f∗M .
Using the fact that F is almost perfect, we deduce that the canonical map θ : lim−→MapQCoh(X)(F, f

∗Mα)→
MapQCoh(X)(F, f

∗M) is an equivalence. Identifying θ with the canonical map lim−→MapModR(f+ F,Mα) →
MapModR(f+ F,M), we deduce that f+ F is almost perfect, as desired.
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3.4 Valuative Criteria

Let f : X → Y be a map of schemes which is quasi-compact, separated, and locally of finite type. According
to the valuative criterion of properness, the map f is proper if and only if it satisfies the following condition:

(∗) For every valuation ring V with residue field K and every commutative diagram

SpecK //

��

X

f

��
SpecV //

;;

Y,

there exists a dotted arrow as indicated, rendering the diagram commutative (since f is separated, the
dotted arrow is essentially unique).

Our goal in this section is to establish a similar valuative criterion in the setting of spectral algebraic
geometry. Since the condition that a map f : X→ Y of spectral algebraic spaces be strongly proper depends
only on the underlying ordinary algebraic spaces of X and Y, our result can be formally deduced from the
usual valuative criterion (for maps between algebraic spaces). We will reproduce a proof here for the sake
of completeness.

Theorem 3.4.1 (Valuative Criterion for Properness). Let f : X→ Y be a quasi-compact, strongly separated
map of spectral Deligne-Mumford stacks which is locally of finite presentation to order 0. Then f is strongly
proper if and only if the following condition is satisfied:

(∗) For every valuation ring V with fraction field K and every commutative diagram

SpecétK //

��

X

��
Specét V //

;;

Y,

there exists a dotted arrow as indicated, rendering the diagram commutative.

Moreover, if Y is locally Noetherian, then it suffices to verify condition (∗) in the special case where V is a
discrete valuation ring.

Before giving the proof, let us deduce some consequences.

Corollary 3.4.2 (Valuative Criterion for Separatedness). Let f : X → Y be a quasi-separated map of
spectral Deligne-Mumford stacks which represent functors X,Y : CAlgcn → S. Assume that f is a relative
spectral algebraic space (that is, that the induced map X(R)→ Y (R) has discrete homotopy fibers, for every
commutative ring R). The following conditions are equivalent:

(1) The map f is strongly separated.

(2) The diagonal map δ : X→ X×Y X is proper.

(3) For every valuation ring A with residue field K, the canonical map X(V ) → X(K) ×Y (K) Y (V ) is
(−1)-truncated (that is, it is the inclusion of a summand).

Moreover, if f is locally of finite presentation to order 0 and Y is locally Noetherian, then it suffices to verify
condition (3) in the special case where V is a discrete valuation ring.
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Proof. The implication (1) ⇒ (2) is immediate (since any closed immersion is proper). Let Z = X×Y X,
and let δ′ : X → X×Z X be the diagonal of the map δ. Since f is a relative spectral algebraic space, the
map δ′ induces an equivalence between the underlying 0-truncated spectral Deligne-Mumford stacks, and is
therefore a closed immersion. It follows that δ is strongly separated. Since X is quasi-separated, the map δ
is quasi-compact. Since δ admits a left homotopy inverse, it is locally of finite presentation to order 0. Using
Theorem 3.4.1, we see that δ is proper if and only if the following condition is satisfied:

(∗) Let Z : CAlgcn → S be the functor represented by Z. Then, for every valuation ring A with residue
field K, the canonical map X(V )→ X(K)×Z(K) Z(V ) is surjective on connected components.

Unwinding the definitions, we see that (2)⇔ (∗)⇔ (3).
Write Z = (Z,OZ) and Z0 = (Z, π0 OZ). Note that δ is proper if and only if the induced map X×Z Z0 → Z0

is proper. If f is locally of finite presentation to order 0 and Y is locally Noetherian, then Z0 is locally
Noetherian. Using Theorem 3.4.1, we deduce that δ is proper if and only if condition (∗) is satisfied whenever
V is a discrete valuation ring (which is equivalent to the requirement that (3) is satisfied whenever V is a
discrete valuation ring).

To complete the proof, it will suffice to show that (2) ⇒ (1). Assume that δ is proper. Since δ is
locally quasi-finite, we conclude that δ is finite (Proposition 3.2.5). Choose a map SpecétR → Z, so that
X×Z SpecétR ' SpecétR′ for some R-algebra R′. We wish to prove that the underlying map of commutative
rings π0R → π0R

′ is surjective. Replacing R by π0R, we may assume that R is a commutative ring. Since
a map of discrete R-modules M → N is surjective if and only if it surjective after localization at any prime
ideal p of R, we may replace R by Rp and thereby reduce to the case where R is local. Since π0R

′ is finitely
generated as a module over R, we may use Nakayama’s lemma to replace R by its residue field and thereby
reduce to the case where R is a field k. Then π0R

′ is a finite dimensional algebra over k. We will complete
the proof by showing that the dimension of π0R

′ is ≤ 1. For this, it suffices to show that the inclusion of
the first factor induces an isomorphism

π0R
′ → (π0R

′)⊗k (π0R
′) ' π0(R′ ⊗k R′).

This follows immediately from our observation that δ′ induces an equivalence on the underlying 0-truncated
spectral Deligne-Mumford stacks.

Corollary 3.4.3. Let f : X→ Y be a quasi-compact, quasi-separated morphism of spectral Deligne-Mumford
stacks which is locally of finite presentation to order 0. Let X,Y : CAlgcn → S denote the functors represented
by X and Y, and suppose that f is a relative spectral algebraic space. Then f is strongly proper if and only
if, for every valuation ring V with residue field K, the induced map

X(V )→ X(K)×Y (K) Y (V )

is a homotopy equivalence. Moreover, if Y is locally Noetherian, then it suffices to verify this condition in
the special case where V is a discrete valuation ring.

Proof. Combine Theorem 3.4.1 with Corollary 3.4.2.

We now turn to the proof of Theorem 3.4.1. We will need a few preliminaries.

Lemma 3.4.4. Let R be a commutative ring, let K be a field, and let φ : R→ K be a ring homomorphism.
Let p ⊆ R be a prime ideal containing ker(φ). Then there exists a valuation subring V ⊆ K (with fraction
field K) such that φ(R) ⊆ V and p = φ−1m, where m denotes the maximal ideal of V . Moreover, if R
is Noetherian, p 6= ker(φ), and K is finitely generated over R, then we can arrange that V is a discrete
valuation ring.

Proof. We first treat the general case (where R is not assumed to be Noetherian). Replacing R by the
localization Rp, we may assume that R is a local ring with maximal ideal p. Let P denote the partially
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ordered consisting of subrings A ⊆ K which contain φ(R) and satisfy pA 6= A. Using Zorn’s lemma, we
deduce that P has a maximal element, which we will denote by V . We will show that V has the desired
properties.

We first claim that V is a local ring. Choose elements x, y ∈ V with x + y = 1; we must show that
either x or y is invertible in V . Since V/pV 6= 0, one of the localizations (V/pV )[ 1

x ] and (V/qV )[ 1
y ] must

be nonzero. Without loss of generality, we may assume that (V/qV )[ 1
x ] 6= 0, so that V [ 1

x ] 6= qV [ 1
x ]. The

maximality of V then implies that V = V [ 1
x ], so that x is invertible in V .

Let m denote the maximal ideal of V . Since pV is a proper ideal of V , we have pV ⊆ m and therefore
p ⊆ φ−1m. Since p is a maximal ideal of R, we conclude that p = φ−1m.

We now complete the proof by showing that V is a valuation ring with fraction field K. Let x be a
nonzero element of K; we wish to show that either x or x−1 belongs to V . If x−1 does not belong to V , then
the subring V ′ ⊆ K generated by V and x−1 is strictly larger than V and therefore satisfies V ′ = pV ′. In
particular, we can write 1 =

∑
0≤i≤n cix

−i for some coefficients ci ∈ pV ⊆ m. Then xn =
∑

1≤i≤n
ci

1−c0x
n−i

so that x is integral over V . If x does not belong to V , then the subring V ′′ ⊆ K generated by V and x
properly contains V and is finitely generated as an V -module. The maximality of V implies that V ′′ = pV ′′.
Using Nakayama’s lemma, we deduce that V ′′ = 0 and obtain a contradiction. This completes the proof of
the first assertion.

Now suppose that R is Noetherian, p 6= ker(φ), and that K is finitely generated over R. Replacing R by
its image in K, we may suppose that R is a subring of K. Let x1, . . . , xn ∈ K be a transcendence basis for
K over the fraction field of R. Replacing R by R[x1, . . . , xn] and p by p[x1, . . . , xn], we may reduce to the
case where K is a finite algebraic extension of the fraction field of R. Replacing R by the localization Rp,
we may assume that R is a local ring with maximal ideal p. Since R is Noetherian, we can choose a finite
set of generators y1, . . . , ym ∈ p for the ideal p. For 1 ≤ i ≤ m, let Ri denote the subring of K generated by
R together with the elements

yj
yi

. We now claim:

(∗) There exists 1 ≤ i ≤ m such that yi is not invertible in Ri.

Suppose that (∗) is not satisfied: that is, 1
yi
∈ Ri for every index i. Then each 1

yi
can be written as a

polynomial (with coefficients in R) in the variables
yj
yi

. Clearing denominators, we deduce that there exists

an integer a such that yai ∈ pa+1 for every index i. It follows that pb ⊆ pb+1 for b > a(m − 1). Since R is
Noetherian with maximal ideal p, the Krull intersection theorem implies that

⋂
b≥0 p

b = 0, so that pb = 0
for b > a(m − 1). In particular, p consists of nilpotent elements of R. Since R ⊆ K is an integral domain,
we deduce that p = 0, contradicting our assumption that p 6= ker(φ). This completes the proof of (∗).

Using (∗), let us choose an index i such that yi is not invertible in Ri. Let q be minimal among prime
ideals of Ri which contain yi. Then q contains each yj , so that q∩R contains p. Since p is a maximal ideal of
R, we deduce that q ∩R = p. We may therefore replace R by (Ri)q (which is Noetherian, since it is finitely
generated over R) and thereby reduce to the case where the prime ideal p of R is minimal among prime
ideals containing some element x ∈ R. By Krull’s Hauptidealsatz, we deduce that R has Krull dimension
1. Let R′ be the integral closure of R in K. The Krull-Akizuki theorem guarantees that R′ is a Dedekind
domain. Since R′ is integral over R, the maximal ideal p of R can be lifted to a maximal ideal p′ of R′. Then
V = R′p′ is a discrete valuation ring with the desired properties.

Lemma 3.4.5. Let V be a valuation ring with maximal ideal m and residue field K, let K ′ be an extension
field of K having degree n, and let R be a subring of K ′ containing V . Then there are at most finitely many
prime ideals q ⊆ R such that q ∩ V = m.

Proof. For every prime ideal q ⊆ R, there exists a valuation ring V ′ ⊆ K ′ with fraction field K ′ and
maximal ideal m′ such that R ⊆ V ′ and q = R∩m′ (Lemma 3.4.4). In particular, it follows that m = m′∩V .
Consequently, V ′ determines a valuation on K ′ extending the valuation on K determined by V . According
to Exercise 12.1 of [51], there are at most finitely many possibilities for the valuation ring V ′, hence at most
finitely many possibilities for the prime ideal q ⊆ R.
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Proof of Theorem 3.4.1. We first prove that condition (∗) is necessary. Without loss of generality, we may
replace Y by Specét V . Let K denote the fraction field of V ; we wish to show that if f : X → Specét V
is proper, then every map φ : SpecétK → X (of spectral algebraic spaces over V ) extends to a map
SpecétA → X. The map φ determines a point η ∈ |X |. Let Z denote the smallest closed subset of |X |
containing the point η. Let Z denote the reduced closed substack of X corresponding to the subset Z. We

claim that composite map Z ↪→ X
f→ Specét V is locally quasi-finite. This assertion is local on X. Let us

therefore choose an étale map g : SpecétA→ X, and set

SpecétK ×X SpecétA ' SpecétK ′ Z×X SpecétA ' SpecétB.

Since g is étale, K ′ is a product of separable algebraic extension fields of K. Similarly, SpecétB → Z is étale,
so that B is a reduced commutative ring. By construction, the map SpecétK → Z induces an injective map
of commutative rings B ↪→ K ′. Since f is locally of finite presentation to order 0, B is finitely generated
as a commutative ring over V . To show that Z→ Specét V is locally quasi-finite, we wish to that for every
prime ideal p ⊆ V , there are only finitely many prime ideals of B lying over p. Replacing V by Vp, we may
reduce to the case where p is the maximal ideal of V . In this case, the desired result follows from Lemma
3.4.5.

The map Z→ Specét V is strongly proper and locally quasi-finite, and therefore finite (Proposition 3.2.5).
It follows that we can write Y ' SpecétR for some commutative ring R which is finitely generated as an
V -module. Moreover, the map SpecétK → Y induces an injection R → K. We may therefore identify R
with a subalgebra of K which is finitely generated as a module over V . Since V is a valuation ring of K, it
is integrally closed in K. It follows that R ' V , so that the inclusion Z ↪→ X gives the desired extension of
φ.

Suppose now that (∗) is satisfied and that we are given a pullback diagram

X′ //

��

X

��
SpecétR // Y;

we wish to prove that the induced map of topological spaces |X′ | → SpecZR is closed. Let Z be a closed
subset of |X′ | and let Z be the corresponding reduced closed substack of X′. Choose an étale surjection
SpecétB → Z (so that B is a reduced commutative ring) and let I denote the kernel of the induced map
of commutative rings π0R → B. We will prove that ψ(Z) ⊆ SpecZR agrees with the image of the closed
embedding SpecZ(π0R)/I ↪→ SpecZR. To this end, let q be a prime ideal of π0R containing the ideal I; we
wish to show that q belongs to ψ(Z). Using Zorn’s lemma, we see that there is a prime ideal p ⊆ q of π0R
which is minimal among prime ideals which contain I. The injection of commutative rings (π0R)/I ↪→ B
induces an injection ((π0R)/I)p → Bp, so that the localization Bp is nonzero. It follows that Bp contains a
prime ideal, which is the localization of a prime ideal p′ ⊆ B. Note that the image of p′ in SpecZR belongs
to the image of the inclusion SpecZ((π0R)/I)p ↪→ SpecZR. By construction, the ring ((π0R)/I)p contains a
unique prime ideal, whose image in SpecZR coincides with p. It follows that the map SpecZB → SpecZR
carries p′ to p.

Let K denote the fraction field of B/p′ and let ψ : π0R → K be the induced map. Using Lemma 3.4.4,
we can choose a valuation ring V ⊆ K with residue field K and maximal ideal m, such that ψ−1m = q. This
determines a commutative diagram

SpecétK //

��

X′

��
Specét V //

i

99

SpecétR.

Applying condition (∗), we deduce the existence of a dotted arrow as indicated in the diagram. Since the
map SpecétK → X′ factors through the closed immersion Z ↪→ X′, the map i also factors through Z. It
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follows that ψ(Y ) contains the image of the map SpecZ V → SpecZR, which includes the point q ∈ SpecZR.
This completes the proof that f is strongly proper.

Now let us assume that Y is locally Noetherian, and that condition (∗) is satisfied whenever V is a discrete
valuation ring. We wish to show that f is strongly proper. The assertion is local on Y; we may therefore
assume that Y = SpecétR for some Noetherian E∞-ring R. We wish to show that for every pullback diagram

X′ //

��

X

��
SpecétR′ // SpecétR,

the induced map of topological spaces |X′ | → SpecZR′ is closed. Using Remark 3.1.12, we assume without
loss of generality that R′ is Noetherian. Replacing R by R′, we are reduced to proving that the map
|X | → SpecZR is closed. The proof now proceeds as in the previous case, using the second part of Lemma
3.4.4 to arrange that the valuation ring V is actually discrete.

4 Completions of Modules

One of the most basic constructions in commutative algebra is that of completion. If R is a commutative
ring, I ⊆ R is an ideal, and M is an R-module, then the I-adic completion Cpl(M ; I) of M is defined to be
the inverse limit

lim←−M/InM.

This construction behaves exceptionally well if R is a Noetherian ring and we restrict our attention to
finitely generated R-modules. In this case, the construction M 7→ Cpl(M ; I) is an exact functor and there
is a canonical isomorphism

Cpl(M ; I) ' Cpl(R; I)⊗RM.

If R is not Noetherian (or if R is Noetherian, and we wish to consider R-modules which are not finitely
generated), then the situation is more complicated. In this setting, the construction M 7→ Cpl(M ; I) is
usually ill-behaved. Nevertheless, there is an analogous construction in the derived category of R-modules
which enjoys good formal properties in general (at least when the ideal I is finitely generated). We say that
an R-module spectrum M is I-complete if, for every element x ∈ I, the (homotopy) inverse limit of the tower

· · ·M x→M
x→M

vanishes. The collection of I-complete R-module spectra form a localization of the ∞-category of ModR.
That is, for any M ∈ ModR, there exists a morphism M →M∧I which is universal among maps from M to
I-complete R-modules. We refer to M∧I as the I-completion of M .

Our goal in this section is to study the∞-category of I-complete R-modules in the setting of an arbitrary
E∞-ring R (where I ⊆ π0R is an arbitrary finitely generated ideal). We begin in §4.1 by studying the
related notions of I-nilpotent and I-local R-modules (and the corresponding localization and colocalization
constructions, which are closely related to Grothendieck’s theory of local cohomology). In §4.3 we introduce
the ∞-category of I-complete R-modules, prove the existence of the I-completion functor M 7→ M∧I , and
study its properties. In §4.3, we specialize to the case where R is Noetherian, and show that the I-completion
functor is closely related to the classical I-adic completion (at least for R-modules which are almost perfect;
see Proposition 4.3.6).

4.1 I-Nilpotent and I-Local Modules

Let A be an E∞-ring and let U ⊆ SpecZA be a quasi-compact open subset. Then U determines a quasi-
compact open immersion j : U ⊆ SpecétA. The pushforward functor j∗ : QCoh(U) → QCoh(SpecétA) '
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ModA is a fully faithful embedding, whose essential image is a localization of ModA. Our goal in this section
is to give a purely algebraic description of this localization. We begin by reviewing some commutative
algebra.

Definition 4.1.1. Let R be a commutative ring and let M be a discrete R-module. For each element x ∈M ,
we let Supp(x) denote the set {a ∈ R : (∃n)anx = 0}. We will refer to Supp(m) as the support of x.

Remark 4.1.2. Let R and M be as in Definition 4.1.1. If anx = 0 and bn
′
x = 0, then the binomial formula

implies that (a+ b)n+n′x = 0. It follows immediately that Supp(x) is an ideal of R. Moreover, this ideal is
radical: that is, if ak ∈ Supp(x), then a ∈ Supp(x).

Definition 4.1.3. Let A be an E2-ring, and let I ⊆ π0A be an ideal. We will say an object M ∈ LModA is
I-nilpotent if, for every element x ∈ πkM , we have I ⊆ Supp(x) ⊆ π0A. We let LModI−nilA denote the full
subcategory of LModA spanned by the I-nilpotent objects.

Remark 4.1.4. Since the support of any element m ∈ πkM is a radical ideal in π0A, we see that Definition
4.1.3 depends only on the radical of the ideal I (or, equivalently, the closed subset of the Zariski spectrum
of π0A determined by I).

Remark 4.1.5. Let A be an E2-ring, and let I ⊆ π0A be the sum of a collection of ideals Iα ⊆ π0A. Then
an object M ∈ LModA is I-nilpotent if and only if M is Iα-nilpotent for every index α.

Proposition 4.1.6. Let A be an E2-ring and I ⊆ π0A an ideal. Then LModI−nilA is closed under desuspen-
sion and small colimits, and is therefore a stable subcategory of LModA.

Proof. It is obvious that LModI−nilA is closed under desuspension. To prove that it is closed under small
colimits, it will suffice to show that it is closed under coequalizers and small coproducts. We first treat
the case of coproducts. Assume that M ∈ LModA is given as the coproduct of a collection of I-nilpotent
objects Mα ∈ LModA. Let x ∈ πkM , so that x is given by a family of elements xα ∈ πkMα. Fix a ∈ I; we
wish to show that anx = 0 ∈ πkM for n � 0. Since each Mα is I-nilpotent, we can choose nα such that
anαxα = 0 ∈ πkMα. Moreover, we have xα = 0 for almost all α; we may therefore assume that nα = 0 for
almost all α. Taking n to be the supremum of the set {nα}, we deduce that anx = 0 as desired.

We now show that the collection of I-nilpotent objects of LModA is closed under coequalizers. Let
M,N ∈ LModA be I-nilpotent and suppose we are given a pair of maps f, g : M → N . Then the coequalizer
of f and g can be identified with the cofiber P of f − g. We have an exact triangle M → N → P, whence
an exact sequence of homotopy groups

πkN
φ→ πkP

ψ→ πk−1M.

Fix x ∈ πkP and a ∈ I. Since M is I-nilpotent, we have ψ(anx) = anψ(x) = 0 for n sufficiently large. It
follows from exactness that anx = φ(y) for some y ∈ πkN . Since N is I-nilpotent, we have an

′
y = 0 for n′

sufficiently large, so that 0 = φ(an
′
y) = an

′
φ(y) = an+n′x.

Corollary 4.1.7. Let A be an E2-ring and let I ⊆ π0A be an ideal. Then LModI−nilA is bitensored over
LModA. More precisely, if M ∈ LModA is I-nilpotent and N ∈ LModA is arbitrary, then M ⊗A N and
N ⊗AM are I-nilpotent.

Proof. Fix an I-nilpotent object M ∈ LModA. Let C ⊆ LModA be the full subcategory of LModA spanned
by those objects N such that M ⊗AN and N ⊗AM are I-nilpotent. It follows from Proposition 4.1.6 that C
is closed under desuspension and small colimits in LModA. Since A ∈ C, we conclude that C = LModA.

Remark 4.1.8. Let A be a connective E2-ring and let I ⊆ π0A be an ideal. It follows immediately from
the definition that if M ∈ LModA is I-nilpotent, then τ≥0M and τ≤0M are I-nilpotent. It follows that the

t-structure on LModA induces a t-structure on LMod
(−nilI)
A , for which the inclusion LMod

(−nilI)
A ↪→ LModA

is t-exact.
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Definition 4.1.9. Let A be an E2-ring, let I ⊆ π0A be an ideal, and let M ∈ LModA. We will say that M
is I-local if MapLModA(N,M) is contractible for every I-nilpotent A-module N . We let LModI−locA denote
the full subcategory of LModA spanned by the I-local objects.

Notation 4.1.10. Let A be an E2-ring and let a ∈ π0A. We let A[a−1] denote the E2-ring introduced
in Example A.7.5.0.7. For every object M ∈ LModA, we let M [ 1

a ] = A[ 1
a ] ⊗A M . Proposition A.7.2.2.13

supplies a canonical isomorphism of graded abelian groups

π∗(M [
1

a
]) ' (π∗M)[

1

a
].

It follows that if M is I-nilpotent for some ideal I ⊆ π0A which contains a, then M [ 1
a ] ' 0.

Remark 4.1.11. Let A be an E2-ring and let a ∈ π0A, so that right multiplication by x induces a morphism
of left A-modules ra : A→ A. We observe that ra induces an equivalence after tensoring with A[ 1

a ]. It follows
that precomposition by ra induces a homotopy equivalence from the mapping space MapLModA(A,A[ 1

a ]) to
itself, so that the tautological map i : A→ A[ 1

a ] determines a map from the colimit of the diagram

A
ra→ A

ra→ A→ · · ·

into A[ 1
a ]. By computing the homotopy groups on each side, we see that this map is an equivalence. It

follows that for any left A-module M , we can identify M [ 1
a ] ' A[ 1

a ]⊗AM with the colimit of the diagram

M
ra→M

ra→M → · · · ,

where ra : M →M denotes the map given by

M ' A⊗AM
ra⊗id→ A⊗AM 'M.

Proposition 4.1.12. Let A be an E2-ring and let I ⊆ π0A be a finitely generated ideal. Then there exists a
left A-module V such that the functor M 7→ V ⊗AM is right adjoint to the inclusion LModI−nilA →LModA.

Proof. Choose generators x1, . . . , xn for the ideal I. For 1 ≤ i ≤ n, let Vi be the fiber of the localization
map A→ A[ 1

xi
]. Let V =

⊗
1≤i≤n Vi and let α : V → A be the evident map. We claim that α exhibits the

functor M 7→ V ⊗AM as a right adjoint to the inclusion LModI−nilA →LModA. To prove this, it suffices to
show the following:

(a) For each M ∈ LModA, the tensor product V ⊗A M is I-nilpotent. To prove this, it suffices to show
that V ⊗AM is (xi)-torsion for 1 ≤ i ≤ n (Remark 4.1.5). Using Corollary 4.1.7, we are reduced to the
problem of showing that Vi is (xi)-nilpotent. For this, we observe that Vi is the colimit of A-modules

V (m)i, where V (m)i is the cofiber of the map A
xmi→ A given by right multiplication by xmi (Remark

4.1.11). According to Proposition 4.1.6, it will suffice to show that each V (m)i is (xi)-nilpotent. We
now observe that the exact sequence

πk+1A
xmi→ πk+1A→ πkV (m)i → πkA

xmi→ πkM

guarantees that πkV (m)i is annihilated by x2m
i .

(b) Let N ∈ LModI−nilA ; we must show that α induces a homotopy equivalence MapLModA(N,V ⊗AM)→
MapLModA(N,M). This map is given as a composition of maps

θi : MapLModA(N,Vi ⊗A Vi+1 ⊗A · · · ⊗A Vn ⊗AM)→ MapLModA(N,Vi+1 ⊗A · · · ⊗A Vn ⊗AM).

It will therefore suffice to show that each θi is a homotopy equivalence. For this, it suffices to show
that each of the mapping spaces

MapLModA(N,A[x−1
i ]⊗A Vi+1 ⊗A · · · ⊗A Vn ⊗AM)
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is contractible. This mapping space can be identified with

MapLMod
A[ 1
xi

]
(N [

1

xi
], A[

1

xi
]⊗A Vi+1 ⊗A · · · ⊗A Vn ⊗AM).

This space is contractible, since our assumption that N is I-nilpotent implies that N [ 1
xi

] ' 0.

Notation 4.1.13. Let A be an E2-ring and let I ⊆ π0A be a finitely generated ideal. We let ΓI : LModA →
LModI−nilA denote a right adjoint to the inclusion functor LModI−nilA ↪→ LModA, whose existence is guar-
anteed by Proposition 4.1.12.

Example 4.1.14. In the situation of Proposition 4.1.12, suppose that the ideal I is generated by a single
element x. For any M ∈ LModA, we have a canonical fiber sequence

Γ(x)M →M →M [
1

x
].

Proposition 4.1.15. Let A be an E2-ring and I ⊆ π0A a finitely generated ideal. Then the ∞-category
LModI−nilA is compactly generated. Moreover, the inclusion LModI−nilA ↪→ LModA carries compact objects
to compact objects.

Proof. Choose a collection of elements x1, . . . , xn ∈ π0A which generate the ideal I. For 1 ≤ i ≤ n, let Qi
denote the cofiber of the map rxi : A → A given by left multiplication with xi. Each Qi is (xi)-nilpotent.
It follows from Corollary 4.1.7 that the tensor product Q =

⊗
1≤i≤nQi is (xi)-nilpotent for each i, so that

Q is I-nilpotent by Remark 4.1.5. By construction, Q is a perfect object of LModA, and in particular a
compact object of LModI−nilA . We will complete the proof by showing that the collection of shifts {Q[k]}k∈Z

generates LModI−nilA under small colimits. To prove this, let C ⊆ LModA be the smallest full subcategory
which contains each Q[n] and is closed under small colimits. Then C is presentable, and the inclusion
F : C → LModI−nilA preserves small colimits. It follows from Corollary T.5.5.2.9 that the functor F admits

a right adjoint G. To prove that C = LModI−nilA , it will suffice to prove that G is conservative. Since G

is an exact functor between stable ∞-categories, it will suffice to show that if M ∈ LModI−nilA satistifes
G(M) ' 0, then M ' 0.

We will prove that for 0 ≤ i ≤ n, the tensor product

M(i) = Qi ⊗A Qi−1 ⊗A · · · ⊗A Q1 ⊗AM

is zero. The proof proceeds by descending induction on i. We first treat the case i = n. Observe that each
Qi is a dualizable object of the monoidal ∞-category LModA, whose dual is given by ker rxi ' Qi[−1]. We
conclude that for each k ∈ Z, the space

MapLModA(A[k], Qn ⊗A · · · ⊗A Q1 ⊗AM) ' MapLModA(Q[k − n],M) ' MapC(Q[k − n], G(M))

is contractible.
We now carry out the inductive step. Assume that M(i+ 1) ' 0; we will prove that M(i) ' 0. There is

an evident cofiber sequence

M(i)
rxi→ M(i)→M(i+ 1).

Since M(i + 1) ' 0, we conclude that rxi induces an equivalence from M(i) to itself. Combining this
observation with Remark 4.1.11, we conclude that the map β : M(i) 'M(i)[ 1

xi
] is an equivalence. However,

since M(i) is (xi)-torsion (Corollary 4.1.7), Remark 4.1.11 also implies that β is zero, so that M(i) ' 0 as
desired.

Corollary 4.1.16. Let A be an E2-ring and let I ⊆ π0A be a finitely generated ideal. Then the functor
ΓI : LModA → LModI−nilA preserves small colimits.
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Proof. Since ΓI is evidently an exact functor, it will suffice to show that ΓI commutes with small filtered
colimits. This follows from Propositions 4.1.15 and T.5.5.7.2. Alternatively, it can be deduced immediately
from the description given in Proposition 4.1.12.

Remark 4.1.17. Let A be an E2-ring and let I ⊆ π0A be an arbitrary ideal. It is easy to see that
the ∞-category LModI−nilA is accessible. Proposition 4.1.6 implies that LModI−nilA is presentable and that

the inclusion LModI−nilA ⊆ LModA preserves small colimits. It follows from Corollary T.5.5.2.9 that this

inclusion admits a right adjoint ΓI : LModA → LModI−nilA . However, the functor ΓI is difficult to describe
in the case where I is not finitely generated.

Proposition 4.1.18. Let A be a connective E2-ring and let I ⊆ π0A be an ideal. Then:

(1) The functor ΓI : LModA → LModI−nilA is left t-exact.

(2) Let M ∈ (LModA)≤0. Then the canonical map ΓIM →M induces an injection

θ : π0ΓIM → π0M,

whose image is the collection of I-nilpotent elements of π0M .

(3) Let LI denote the cofiber of the natural transformation ΓI → id¿ Then LI is a left t-exact functor from
LModA to itself.

Proof. Assertion (1) follows from the observation that the inclusion functor LModI−nilA ↪→ LModA is right
t-exact, and assertion (3) follows immediately from (2). We will prove (2). Let K denote the kernel of the
map θ. Since π0ΓIM is I-nilpotent, the module K is I-nilpotent. It follows that the canonical map

Ext0
A(K,ΓIM)→ Ext0

A(K,M)

is bijective. Since the composite map K → ΓIM → M vanishes, we conclude that the map K → ΓIM
vanishes, so that K ' 0. This proves that θ is injective. The image of θ is a quotient of π0ΓIM , and
therefore consists of I-nilpotent elements. Conversely, suppose x ∈ π0M is I-nilpotent. Then the submodule
Ax ⊆ π0ΓIM is I-nilpotent, so that the canonical map Ext0

A(Ax,ΓIM) → Ext0
A(Ax,M) is bijective. It

follows that the map Ax→M factors through ΓIM , so that x ∈ π0M belongs to the image of θ.

Remark 4.1.19. In the situation of Proposition 4.1.18, suppose that I ⊆ π0A is finitely generated. Then
we can identify the image of θ with the submodule of π0M spanned by those elements which are annihilated
by In for n� 0.

Remark 4.1.20. Let A be an E2-ring and let I ⊆ π0A be a finitely generated ideal. Proposition A.1.4.5.11
implies that there exists an accessible t-structure (with trivial heart) on LModA with (LModA)≥0 =

LModI−nilA and (LModA)≤0 = LModI−locA . In particular, the inclusion LModI−locA ↪→ LModA admits a

left adjoint, which we will denote by LI : LModA → LModI−locA . We have a fiber sequence of functors

ΓI → id→ LI

from LModA to itself. It follows from Corollary 4.1.16 that the composite functor

LModA
LI→ LModI−locA ↪→ LModA

preserves small colimits. In particular, LModI−locA is closed under small colimits in LModA.

Remark 4.1.21. Let A be an E2-ring and let I ⊆ π0A be a finitely generated ideal. Since the inclusion
functor LModI−locA → LModA preserves small colimits, Proposition T.5.5.7.2 implies that the localization

functor LI carries compact objects of LModA to compact objects of LModI−locA . It follows that the ∞-

category LModI−locA is compactly generated.
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Remark 4.1.22. Let A be an E2-ring and let I ⊆ π0A be a finitely generated ideal. It follows from Corollary
4.1.7 that the localization functor LI is compatible with the monoidal structure on LModA, in the sense of
Definition A.2.2.1.6. It follows that LModI−locA inherits the structure of a monoidal∞-category, and that the

localization LI : LModA → LModI−locA has the structure of a monoidal functor (Proposition A.2.2.1.9). The
same reasoning shows that if A is an En-ring for 2 ≤ n ≤ ∞, then LI has the structure of an En−1-monoidal
functor.

Remark 4.1.23. Let A be an E2-ring, let I ⊆ π0A be a finitely generated ideal, and let M be an I-local
left A-module. Then for any left A-module N , the tensor products M ⊗A N and N ⊗A M are I-local. To
prove this, we can use the fact that the full subcategory LModI−locA ⊆ LModA is closed under small colimits
to reduce to the case where N ' A[n] for some integer n, in which case the result is obvious.

Remark 4.1.24. Let A be a connective E2-ring and let I ⊆ π0A be a finitely generated ideal. Then the ∞-
category LModI−locA inherits a t-structure, where (LModI−locA )≤0 = LModI−locA ∩(LModA)≤0. To prove this,

we let C be the smallest full subcategory of LModI−locA which is closed under colimits and extensions and con-

tains LI(A). It follows from Proposition A.1.4.5.11 that there exists an accessible t-structure on LModI−locA

with (LModI−locA )≥0 = C, and it follows immediately that (LModI−locA )≤0 = LModI−locA ∩(LModA)≤0.

By construction, the inclusion functor LModI−locA ↪→ LModA is left t-exact and its left adjoint LI is right
t-exact. Note that for M ∈ (LModA)≤0, we have ΓIM ∈ (LModA)≤0, and the canonical map π0ΓIM → π0M
is injective. Using the fiber sequence

ΓI → id→ LI ,

we conclude that LI is also left t-exact.

Proposition 4.1.25. Let A be an E2-ring and let I, J ⊆ π0A be finitely generated ideals. Then LModI+J−locA

is generated under extensions by the full subcategories

LModI−locA ,LModJ−locA ⊆ LModI+J−locA .

Proof. It is clear from the definitions that LModI−locA ,LModJ−locA ⊆ LModI+J−locA . Let C be the smallest

full subcategory of LModA which contains LModI−locA and LModJ−locA and is closed under extensions; we

wish to show that the inclusion C ⊆ LModI+J−locA is an equivalence. Let M ∈ LModA be (I + J)-local; we
wish to show that M ∈ C. Consider the fiber sequence

ΓIM →M → LIM.

Since LIM ∈ C, we may replace M by ΓIM and thereby assume that M is I-nilpotent. Similarly, we can
replace M by ΓJM and thereby assume that M is J-nilpotent (Proposition 4.1.12 and Corollary 4.1.7 show
that this replacement does not injure our assumption that M is I-nilpotent). Then M is (I + J)-nilpotent
(Remark 4.1.5). Since M is (I + J)-local, we conclude that M ' 0 and therefore M ∈ C as desired.

4.2 Completion of Modules

Let A be an E2-ring and let I ⊆ π0A be an ideal. In §4.1, we saw that the ∞-category LModA admits a
“semi-orthogonal decomposition” into subcategories LModI−locA and LModI−nilA , where LModI−nilA denotes

the full subcategory spanned by the I-nilpotent objects and LModI−locA the full subcategory spanned by the

I-local objects. In particular, we can characterize LModI−nilA as the right orthogonal to the subcategory

LModI−locA : that is, the full subcategory spanned by those objects M ∈ LModA such that ExtnA(M,N) ' 0

for every N ∈ LModI−locA and every integer n. If I is finitely generated, then the subcategory LModI−locA is
closed under small colimits. It is therefore also sensible to consider the left orthogonal to the subcategory
LModI−locA .
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Definition 4.2.1. Let A be an E2-ring and let I ⊆ π0A be a finitely generated ideal. We will say that a
left A-module M is I-complete if, for every I-local object N ∈ LModA, the groups ExtnA(N,M) vanish for

each n ∈ Z. We let LModI−compA denote the full subcategory of LModA spanned by the I-complete objects.

Lemma 4.2.2. Let A be an E2-ring and let I ⊆ π0A be a finitely generated ideal. Then the inclusion functor
LModI−compA ↪→ LModA admits an accessible left adjoint. In particular, LModI−compA is a presentable ∞-
category.

Proof. Proposition A.1.4.5.11 implies that LModA admits an accessible t-structure with (LModA)≥0 =

LModI−locA . It follows immediately that (LModA)≤0 = LModI−compA , so that the associated truncation

functor is left adjoint to the inclusion LModI−compA ↪→ LModA.

Notation 4.2.3. Let A be an E2-ring and let I ⊆ π0A be a finitely generated ideal. We will indicate the
left adjoint to the inclusion LModI−compA ↪→ LModA by M 7→M∧I . We will refer to M∧I as the I-completion
of M .

Remark 4.2.4. Let A be an E2-ring and let I ⊆ π0A be a finitely generated ideal. Let α : M → M ′ be
a morphism of left A-modules which induces an equivalence of completions M∨I → M ′∨I , and let N be an
arbitrary left A-module. It follows from Remark 4.1.23 that the induced maps

(M ⊗A N)∧I → (M ′ ⊗A N)∧I (N ⊗AM)∧I → (N ⊗AM ′)∧I

are equivalences.

Since the subcategories LModI−compA and LModI−nilA can be described as the left and right orthogonals

of the ∞-category LModI−locA , they are canonically equivalent to one another:

Proposition 4.2.5. Let A be an E2-ring and let I ⊆ π0A be a finitely generated ideal. Then the I-completion
functor induces an equivalence of ∞-categories

F : LModI−nilA → LModI−compA .

Proof. The functor F admits a right adjoint G, given by the restriction ΓI |LModI−compA . We claim that G is
a homotopy inverse to F . We first show that the unit map u : id→ G ◦F is an equivalence. In other words,
we claim that if M ∈ LModA is I-nilpotent, then the canonical map α : M → ΓIM

∧
I is an equivalence. We

can factor α as a composition

M
α′→ ΓIM

α′′→ ΓIM
∧
I ,

where α′ is an equivalence since M is assumed to be I-nilpotent. The fiber of α′′ is given by ΓIK, where
K is the fiber of the map M → M∧I . Since K is I-local, we have ΓIK ' 0 so that α′′ is an equivalence. It
follows that α is an equivalence as desired.

We now show that the counit map v : F ◦ G → id is an equivalence. In other words, we show that if
N ∈ LModA is I-complete, then the canonical map β : (ΓIN)∧I → N is an equivalence. The map β factors
as a composition

(ΓIN)∧I
β′→ N∧I

β′′→ N

where β′′ is an equivalence by virtue of our assumption that N is I-complete. It will therefore suffice to
show that β′ is an equivalence. We now observe that the cofiber of β′ is given by (LIN)∧I , which is zero
since LIN is I-local.

Remark 4.2.6. Let A be an E2-ring and let I ⊆ π0A be a finitely generated ideal. The proof of Corollary
4.1.7 shows that if M ∈ LModA is I-local and N ∈ LModA is arbitrary, then M ⊗A N and N ⊗A M are
I-local. It follows that the I-completion functor M 7→ M∨I is compatible with the monoidal structure on

LModA, in the sense of Definition A.2.2.1.6. Applying Proposition A.2.2.1.9, we conclude that LModI−compA
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inherits the structure of a monoidal ∞-category, and that the completion M 7→ M∧I can be promoted to a
monoidal functor. The same reasoning shows that if A is an En-ring for 2 ≤ n ≤ ∞, then the I-completion
has the structure of an En−1-monoidal functor.

If A is an E∞-ring, we will denote LModI−compA simply by ModI−compA . Then ModI−compA inherits the
structure of a symmetric monoidal ∞-category with unit object A∧I . In particular, the completion A∧I
inherits the structure of an E∞-algebra over A, and every I-complete A-module admits an essentially unique
structure of A∧I -module.

Our next goal is to understand the I-completion functor M 7→M∧I more explicitly. We begin by studying
the case where I is a principal ideal.

Proposition 4.2.7. Let A be an E2-ring and let x ∈ π0A. For any A-module M , let T (M) denote the limit
of the tower

· · · →M
rx→M

rx→M,

where rx is induced by multiplication by x (see Remark 4.1.11). Then the (x)-completion of M is given by
the cofiber of the canonical map θ : T (M)→M .

Proof. For every integer n, let {πnM} denote the tower of abelian groups

· · · → πnM
x→ πnM

x→ πnM.

Multiplication by x induces a map of towers {πnM} → {πnM}, which is an isomorphism of the underlying
pro-objects in the category of abelian groups. It follows that multiplication by x is bijective on lim←−{πnM}
and lim←−

1{πnM}. For every integer n, we have a Milnor exact sequence

0→ lim←−
1{πn+1M} → πnT (M)→ lim←−{πnM} → 0.

It follows that multiplication by x is bijective on πnT (M), so that T (M) ' T (M)[ 1
x ] and therefore T (M) is

(x)-local. It follows that T (M)∧(x) ' 0 so that the map M∧I → cofib(θ)∧I is an equivalence. To complete the

proof, it will suffice to show that cofib(θ) is (x)-complete. We note that cofib(θ) can be identified with the
limit of a tower {Un(M)} in LModA, where Un(M) is the cofiber of the map rxn : M →M . It will therefore
suffice to show that each Un(M) is (x)-complete. For this, we note that

MapLModA(N,Un(M)) ' MapLModA(Un(N)[1],M) ' ∗

if N is (x)-local.

Corollary 4.2.8. Let A be an E2-ring, let M ∈ LModA, and let x ∈ π0A. The following conditions are
equivalent:

(1) The module M is (x)-complete.

(2) The limit of the tower

· · · →M
rx→M

rx→M

vanishes.

Corollary 4.2.9. Let A be an E2-ring, let x ∈ π0A, and let M ∈ LModA.

(1) If πkM ' 0 for k < 0, then πkM
∧
(x) ' 0 for k < 0.

(2) If πkM ' 0 for k > 0, then πkM
∧
(x) ' 0 for k > 1.
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Proof. Let T (M) be as in the statement of Proposition 4.2.7, so that we have an exact sequence

πkM → πkM
∧
(x) → πk−1T (M).

In case (1), the desired result follows from the observation that πk−1T (M) ' 0 for k < 0. In case (2), we
observe instead that πk−1T (M) ' 0 for k > 1.

Corollary 4.2.10. Let A be an E2-ring and let x ∈ π0A. For any finitely generated ideal I ⊆ π0A, the
(x)-completion functor M →M∨(x) carries I-complete objects to I-complete objects.

Proof. Since the collection of I-complete objects of LModA is closed under limits, it is clear that if M ∈
LModA is I-complete then T (M) is I-complete. The desired result now follows from the description of
(x)-completion provided by Proposition 4.2.7.

The following observation allows us to reduce the general study of completions to the case of completions
along principal ideals:

Proposition 4.2.11. Let A be an E2-ring, let I ⊆ π0A be a finitely generated ideal, and let I ′ ⊆ π0A be the
ideal generated by I together with an element x ∈ π0A. For any A-module M , the composite map

M
α→M∧I

β→ (M∧I )∧(x)

exhibits (M∧I )∧(x) as an I ′-completion of M .

Proof. It is clear that (M∧I )∧(x) is (x)-complete, and Corollary 4.2.10 shows that it is also I-complete. Using

Proposition 4.1.25 we deduce that (M∧I )∧(x) is I ′-complete. It will therefore suffice to show that the fiber of

β ◦ α is I ′-local. We argue that the fibers of α and β are both I ′-local. This is clear, since the fiber of α is
I-local and the fiber of β is (x)-local.

Corollary 4.2.12. Let A be an E2-ring, let I ⊆ π0A be a finitely generated ideal, and let M ∈ LModA. The
following conditions are equivalent:

(1) The module M is I-complete.

(2) For each x ∈ I, the module M is (x)-complete.

(3) There exists a set of generators x1, . . . , xn for the ideal I such that M is (xi)-complete for 1 ≤ i ≤ n.

Proof. The implications (1) ⇒ (2) ⇒ (3) are obvious. We prove that (3) ⇒ (1). For 0 ≤ i ≤ n, let I(i) be
the ideal generated by x1, . . . , xi. We prove that M is I(i)-complete by induction on i, the case i = 0 being
trivial. Assume that i < n and that M is I(i)-complete. Then the map α : M → M∧I(i) is an equivalence.

Since M is xi+1-complete, the map β : M → M∧(xi+1) is also an equivalence. Using Proposition 4.2.11, we

deduce that the map M →M∧I(i+1) is an equivalence, so that M is I(i+ 1)-complete.

We now study the behavior of completions with respect to truncation. Our main result can be stated as
follows:

Theorem 4.2.13. Let A be a connective E2-ring and let I ⊆ π0A be a finitely generated ideal. A module
M ∈ LModA is I-complete if and only if each πkM is I-complete, when regarded as a discrete A-module.

The proof of Theorem 4.2.13 will require some preliminaries.

Lemma 4.2.14. Let A be a connective E2-ring, let x ∈ π0A, and let M ∈ LModA. Assume that M ∈
(LModA)≤0 and that M is (x)-complete. Then τ≥0M is also (x)-complete.
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Proof. Let M ′ = τ≥0M and M ′′ = τ≤−1M , so we have a diagram of cofiber sequences

M ′ //

��

M //

��

M ′′

��
M ′
∧
(x)

// M∧(x)
// M ′′∧(x).

Corollary 4.2.9 implies that the homotopy groups πkM
′′∧

(x) vanish for k > 0 and that the homotopy groups

πkM
′∨
(x) vanish for k /∈ {0, 1}. It follows that π1M

′∧
(x) ' π1M

∧
(x) and that we have a short exact sequence

0→ π0M
′∧
(x)

α→ π0M
∧
(x) → π0M

′′∧
(x) → 0.

Note that the composite map π0M
′ → π0M

′∧
(x) → π0M

∧
(x) coincides with the composition π0M

′ → π0M →
π0M

∧
(x), which is an isomorphism (since M is assumed to be (x)-complete). It follows that α is surjective

and therefore an isomorphism. Similarly, since M is (x)-complete and belongs to (LModA)≤0, we deduce
that π1M

∧
(x) ' 0, so that π1M

′∧
(x) ' 0. It follows that the map M ′ → M ′

∧
(x) induces an isomorphism on

homotopy groups and is therefore an equivalence.

Lemma 4.2.15. Let A be a connective E2-ring, let x ∈ π0A, and let M ∈ LModA. If M is (x)-complete,
then τ≤0M is (x)-complete.

Proof. Let M ′′ = τ≤0M , so we have a fiber sequence

M ′ →M →M ′′

with M ′ ∈ (LModA)≥1. Corollary 4.2.9 shows that M ′
∧
(x) ∈ (LModA)≥1, so that the map M∧(x) → M ′′

∧
(x)

induces an isomorphism πkM ' πkM
∧
(x) → πkM

′′∧
(x) for k ≤ 0. We may therefore replace M by M ′′

∧
(x), so

that M ∈ (LModA)≤1 by Corollary 4.2.9. We have a fiber sequence

τ≥1M →M → τ≤0M

where M is (x)-complete by assumption and τ≥1M is (x)-complete by Lemma 4.2.14, so that τ≤0M is
(x)-complete as desired.

Proposition 4.2.16. Let A be a connective E2-ring and let I ⊆ π0A be a finitely generated ideal. If
M ∈ LModA is I-complete, then the truncations τ≤nM and τ≥nM are I-complete for every integer n.

Proof. In view of the fiber sequence
τ≥n+1M →M → τ≤nM,

it will suffice to show that τ≤nM is I-complete for each n ∈ Z. Replacing M by M [−n], we may reduce to
the case n = 0, which follows from Lemma 4.2.15 and Corollary 4.2.12.

Remark 4.2.17. It follows from Proposition 4.2.16 that the∞-category LModI−compA inherits a t-structure,
with

(LModI−compA )≤0 = (LModA)≤0 ∩ LModI−compA (LModI−compA )≥0 = (LModA)≥0 ∩ LModI−compA .

In particular, the inclusion functor LModI−compA ↪→ LModA is t-exact, so its left adjoint M 7→ M∧I is right
t-exact (a fact we already observed in Corollary 4.2.9 in the special case where the ideal I is principal).

Proposition 4.2.18. Let A be a connective E2-ring and let I ⊆ π0A be a finitely generated ideal. Then:

(1) The t-structure on LModI−compA (described in Remark 4.2.17) is both right and left complete.
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(2) The completion functor M 7→ M∧I is of finite left t-amplitude. In other words, there exists an integer
n such that if M ∈ (LModA)≤0, then M∧I ∈ (LModA)≤n.

Proof. We first prove (2). Choose generators x1, . . . , xn for the ideal I. Proposition 4.2.11 implies that the
I-completion functor can be obtained by composing the (xi)-completion functors for 1 ≤ i ≤ n. It therefore
suffices to treat the case where I is principal, which follows from Corollary 4.2.9.

We now prove (1). First we show that LModI−compA is left complete. SInce LModA is left complete,
it will suffice to show that if M ∈ LModA is an object such that τ≤kM is I-complete for all k ∈ Z, then
M is I-complete. This is clear, since the collection of I-complete objects is stable under small limits, and
M ' lim←− τ≤kM .

The proof of right completeness is slightly more difficult. Arguing as above, we are reduced to showing
that if M ∈ LModA is such that τ≥kM is I-complete for k ∈ Z, then M is I-complete. Fix an integer m;
we will prove that the completion map M →M∧I induces an isomorphism πm′M → πm′M

∧
I for m′ ≥ m. To

prove this, we choose n as in (2) and set k = m − n. Assertion (2) guarantees that the cofiber of the map
θ : (τ≥kM)∧I →M∨I belongs to (LModA)≤m−1. We have a commutative diagram

πm′τ≥kM
α //

β

��

πm′M

β′

��
πm′(τ≥kM)∧I

α′ // πm′M∧I .

Here the maps α and α′ are isomorphisms for m′ ≥ m, and the map β is an isomorphism for all m′ (since
τ≥kM is I-complete), so that β′ is an isomorphism as desired.

Remark 4.2.19. In the situation of Proposition 4.2.18, assertion (2) can be made more specific: the proof
shows that we can take n to be the minimal number of generators for the ideal I (or any other ideal having
the same radical as I).

Proof of Theorem 4.2.13. Let M be a left A-module. If M is I-complete, then Proposition 4.2.16 implies
that each homotopy group πkM is I-complete. Conversely, suppose that each πkM is I-complete. We will
prove that the completion map α : M → M∧I induces an isomorphism πmM → πmM

∧
I for each m ∈ Z. To

prove this, choose n as in Proposition 4.2.18, and consider the map of fiber sequences

τ≥m−nM
α //

��

M //

��

τ≤m−n−1M

��
(τ≥m−nM)∧I

α∨ // M∧I // (τ≤m−n−1M)∧I .

The associated long exact sequence shows that α and α∨ induce isomorphisms on πm. It will therefore suffice
to show that M ′ = τ≥m−nM is I-complete. We prove by induction on m′ that τ≤m′M

′ is I-complete; it
will then follow that M ′ ' lim←− τ≤m′M

′ is I-complete. For m′ < m we have τ≤m′M
′ ' 0 and the result is

obvious. The inductive step follows from the existence of a fiber sequence

(πm′M
′)[m′]→ τ≤m′M

′ → τ≤m′−1M
′,

since for m′ ≥ m the module πm′M
′ ' πm′M is I-complete by assumption.

4.3 Completion in the Noetherian Case

Let A be an E2-ring and let I ⊆ π0A be a finitely generated ideal. In §4.1 and §4.2, we discussed the functors

M 7→M∧I M 7→ ΓI(M),
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given by localization and colocalization with respect to the subcategories

LModI−compA ⊆ LModA ⊇ LModI−nilA

of I-complete and I-nilpotent modules, respectively. In this section, we will study the behavior of these
functors in the special case where A is Noetherian. In particular, we will show that when A is a Noetherian
commutative ring (regarded as a discrete E2-ring), then these functors reduce to familiar constructions in
commutative algebra (see Theorem 4.3.1 and Corollary 4.3.10).

We begin by analyzing the functor M 7→ ΓI(M).

Theorem 4.3.1. Let A be a Noetherian commutative ring, let A denote the abelian category of discrete
A-modules, so that we have a canonical equivalence of ∞-categories⋃

k

(ModA)≤k ' D+(A).

Let I ⊆ A be an ideal, let F : A → A denote the functor given by F (M) = {x ∈ M : (∃n ≥ 0)Inx = 0}.
Then F is a left exact functor, and the diagram

D+(A)

��

RF // D+(A)

��
ModA

ΓI // ModA

commutes up to canonical homotopy (here RF denotes the right derived functor of F ; see Example A.1.3.2.3).

The proof of Theorem 4.3.1 will require a bit of commutative algebra.

Lemma 4.3.2. Let A be a Noetherian commutative ring containing an ideal I. Let M be an injective object
in the abelian category A of discrete A-modules, and let M ′ ⊆ M be the submodule consisting of those
elements which are annihilated by In for n� 0. Then M ′ is also an injective object of A.

Proof. Suppose we are given an inclusion P ⊆ Q of discrete A-modules; we wish to show that every map
f : P → M ′ can be extended to a map Q → M ′. Let S be the partially ordered set of all pairs (P ′, f ′),
where P ′ is a submodule of Q containing P and f ′ : P ′ → M ′ is a morphism extending f . Then S satisfies
the hypotheses of Zorn’s lemma, and therefore contains a maximal element. Replacing P by this maximal
element, we may assume that f : P → M ′ does not admit an extension to any larger submodule of Q. If
P = Q, there is nothing to prove; otherwise, we can choose an element y ∈ Q−P . Let J = {a ∈ A : ay ∈ P}
and let g : J →M ′ be the map given by g0(a) = f(ay). Since J is finitely generated, there exists n� 0 such
that In annihilates g(J). According to the Artin-Rees lemma (see [1]), there exists n′ such that In

′∩J ⊆ InJ ,
so that g vanishes on In

′ ∩ J . Then g induces a map J/(In
′ ∩ J)→M . Since M is injective, we can extend

this to a map A/In
′ → M . This map automatically factors through M ′, and therefore determines a map

g′ : A→M ′ extending f0. By construction, we have a pushout diagram of discrete A-modules

J //

��

A

��
P // P +Ay.

Thus f and g′ can be amalgamated to a map f ′ : (P +Ay)→M ′, contrary to our assumption.

Proof of Theorem 4.3.1. We first show that F is left exact. Suppose we are given a short exact sequence of
discrete A-modules

0→M ′
ι→M

F (η)→ M ′′.
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We wish to show that the induced sequence

0→ F (M ′)
F (ι)→ F (M)→ F (η)→F (M ′′)

is exact. The injectivity of F (ι) is clear. If x ∈ F (M) belongs to the kernel of F (η), then x is an I-nilpotent
element of M belonging to ker(η). We can then write x = ι(y) for some y ∈ M ′. Since ι is injective, the
I-nilpotence of x implies the I-nilpotence of y, so that y ∈ F (M ′) and x = F (ι)(y).

We next observe that the functor F is given by F (M) = π0(ΓIM) (see Proposition 4.1.18 and Remark
4.1.19; note that since ΓI is left t-exact, this gives another proof of the left exactness of F ). According to
Theorem A.1.3.2.2, the commutativity of the diagram

D+(A)

��

RF // D+(A)

��
ModA

ΓI // ModA

is equivalent to the assertion that the functor ΓI carries injective objects of A to discrete A-modules. Since
A is Noetherian, the ideal I is generated by finitely many elements x1, . . . , xn ∈ A. The proof of Proposition
4.1.12 shows that ΓI = Γ(x1) ◦ · · · ◦ Γ(xn). We will show that each Γ(xi) carries injective objects of A to
discrete A-modules. Lemma 4.3.2 shows that Γ(xi) carries injective objects of A to injective objects of A, so
that ΓI has the same property.

Fix 1 ≤ i ≤ n, let x = xi, and let M be an injective object of A; we wish to show that Γ(x)M is discrete.

Using Example 4.1.14, we see that Γ(x)M can be identified with the fiber of the map λ : M → M [ 1
x ]. It

will therefore suffice to show that λ is an epimorphism in A. Fix y ∈ M and k ≥ 0; we wish to show that
λ(y)
xk
∈ M [ 1

x ] belongs to the image of λ. For each m ≥ 0, let J(m) = {a ∈ A : axm = 0}. We have an
ascending chain

0 = J(0) ⊆ J(1) ⊆ J(2) ⊆ · · ·

of ideals in A. Since A is Noetherian, this chain is eventually constant. We can therefore choose J(m) =
J(m + k). Define f : xm+kA → M by the formula f(xm+ka) = xmay ∈ M (this does not depend on the
choice of a, since J(m) = J(m + k)). Since M is injective, we can extend f to a map f ′ : A → M . Let
y′ = f ′(1). Then xk+my′ = f ′(xk+m) = f(xk+m) = xmy. It follows that xk+mλ(y′) = xmλ(y), so that
λ(y)
xk
' λ(y′) belongs to the image of λ as desired.

Corollary 4.3.3. Let A be a Noetherian commutative ring, let A denote the abelian category of discrete
A-modules, and let I ⊆ A be an ideal. Let LI : LModA → LModI−nilA denote a left adjoint to the inclusion,
and let G : A→ A be the functor given by G(M) = π0LIM . Then G is a left exact functor from A to itself.
Moreover, the diagram

D+(A)

��

RG // D+(A)

��
ModA

LI // ModA

commutes up to canonical homotopy, where RG denotes the right derived functor of G.

Proof. Since LI is left t-exact (Proposition 4.1.18), the functor G is left exact. If M ∈ A is injective, the
proof of Theorem 4.3.1 shows that ΓIM is a discrete A-module. Using the fiber sequence

ΓIM →M → LIM

(and the injectivity of the map π0ΓIM → π0M), we deduce that LIM is discrete. This proves that the
functor LI carries injective objects of A to discrete objects of ModA, so that the commutativity of the
diagram follows from Theorem A.1.3.2.2.
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Remark 4.3.4. In the situation of Corollary 4.3.3, the functor G : A → A carries a discrete A-module
M to the set of all global sections of the quasi-coherent sheaf associated to M over the open subscheme
U ⊆ SpecA determined by the ideal I. Using Theorem 4.3.1 and Corollary 4.3.3, we see that the fiber
sequence of functors

ΓI → id→ LI

reproduces Grothendieck’s theory of local cohomology.

We now turn to the study of completions. We begin by recalling the completion construction in classical
commutative algebra.

Definition 4.3.5. Let A be a commutative ring containing an ideal I and let M be a discrete A-module.
The I-adic completion of M to be the discrete A-module given by the inverse limit lim←−M/InM . We will
denote the I-adic completion of M by Cpl(M ; I).

The I-adic completion of Definition 4.3.5 and the I-completion of Notation 4.2.3 are closely related:

Proposition 4.3.6. Let A be a connective E2-ring, let I ⊆ π0A be a finitely generated ideal, and let M be a
discrete A-module. Assume that M is Noetherian: that is, that every submodule of M is finitely generated.
For every set S, there is a canonical equivalence M ′

∧
I ' Cpl(M ′; I), where M ′ =

⊕
β∈SM . In particular,

we have M∧I ' Cpl(M ; I)

Proof. We work by induction on the minimal number of generators of I. If I = (0) there is nothing to
prove. Otherwise, we may assume that I = J + (x) for some x ∈ π0A and that M ′

∧
J = Cpl(M ′; J). Using

Proposition 4.2.11, we deduce that M ′
∧
I ' (Cpl(M ′; J))∧(x). For m,n ≥ 0, we let Xm,n denote the cofiber

of the map M ′/JmM ′ → M ′/JmM ′ given by multiplication by xn. Then πiXm,n vanishes for i /∈ {0, 1},
and Proposition 4.2.7 implies that M ′

∧
I ' lim←−{Xm,n}. It follows that there is a canonical isomorphism

π1M
′∧
I ' lim←−{π1Xm,n} and a short exact sequence

0→ lim←−
1{π1Xm,n} → π0M

′∧
I → lim←−{π0Xm,n} → 0.

To complete the proof, it will suffice to show that lim←−{π1Xm,n} ' lim←−
1{π1Xm,n} ' 0. In fact, we claim

that {π1Xm,n}m,n≥0 is trivial as a pro-object in the category of abelian groups. To prove this, it suffices
to show that for each m,n ≥ 0, there exists n′ ≥ n such that the induced map π1Xm,n′ → π1Xm,n is zero.
For each k ≥ 0, let Y (k) = {y ∈ M/ImM : xky = 0}. Since M is Noetherian, the quotient M/ImM is also
Noetherian, so the ascending chain of submodules

0 = Y (0) ⊆ Y (1) ⊆ Y (2) ⊆ · · ·

must eventually stabilizer. It follows that there exists k ≥ 0 such that if y ∈ M/ImM is annihilated by
xk+1, then it is annihilated by xk. It follows immediately that the map π1Xm,n+k → π1Xm,n is zero as
desired.

Corollary 4.3.7. Let A be a connective E2-ring, let I ⊆ π0A be a finitely generated ideal, and let M ∈
LModA. Assume that πnM is Noetherian when regarded as a discrete π0A-module, for every integer n.
Then, for each integer n, there is a canonical isomorphism πnM

∧
I ' Cpl(πnM ; I).

Proof. In view of Proposition 4.3.6, it will suffice to show that we have an equivalence of R-modules

πnM
∧
I ' (πnM)∧I .

We have a fiber sequence
τ≥n+1M →M → τ≤nM,

hence a fiber sequence
(τ≥n+1M)∧I →M∧I → (τ≤nM)∧I .
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Since the functor of I-completion is right t-exact, the associated long exact sequence of homotopy groups
gives an isomorphism πnM

∨
I ' πn(τ≤nM)∨I . Replacing M by τ≤nM , we may reduce to the case where M is

n-truncated. Let N = τ≤n−1M . We have a fiber sequence

(πnM)[n]→M → N,

hence a fiber sequence
(πnM)∧I [n]→M∧I → N∧I .

Using the associated long exact sequence, we are reduced to proving that N∧I is (n− 1)-truncated. We first
prove by descending induction on k that (τ≥kN)∧I is (n− 1)-truncated. For k ≥ n, there is nothing to prove.
Assume therefore that k < n.

(τ≥k+1N)∧I → (τ≤kN)∧I → (πkN)∧I [k].

The inductive hypothesis implies that (τ≥k+1N)∧I is (n − 1)-truncated, and Proposition 4.3.6 implies that
(πkN)∧I is discrete. It follows that (τ≥kN)∧I is (n− 1)-truncated. We have a fiber sequence

(τ≥kN)∧I → N∧I → (τ≤k−1N)∧I .

For k � 0, Proposition 4.2.18 implies that (τ≤k−1N)∧I is (n− 1)-truncated, so that N∧I is (n− 1)-truncated
as desired.

Let A be an E∞-ring, let I ⊆ π0R a finitely generated ideal, and let M be an R-module. Using Remark
4.2.6, we see that R∧I inherits the structure of an E∞-algebra over R, and that M∧I has the structure of an
R∧I -module. We therefore obtain a canonical map R∧I ⊗RM →M∧I .

Proposition 4.3.8. Let R be a connective E∞-ring, let I ⊆ π0R be a finitely generated ideal, and let M be
an almost perfect R-module. Then the canonical map

R∧I ⊗RM →M∧I

is an equivalence. In particular, if R is I-complete, then M is I-complete.

Proof. Fix an integer n; we will show that the map φM : R∧I ⊗R M → M∧I is n-connective. Since M is
almost perfect, there exists a perfect R-module N and an n-connective map N →M . We have a commutative
diagram

R∧I ⊗R N
φN //

��

N∧I

��
R∧I ⊗RM

φM // M∧I .

Since the I-completion functor is left t-exact (and therefore R∧I is connective), the vertical maps in this
diagram are n-connective. It will therefore suffice to show that the map φN is n-connective. Let C ⊆ ModR
be the full subcategory spanned by those objects N for which φN is an equivalence. Then C is a stable
subcategory which is closed under the formation of retracts. Consequently, to show that C contains all
perfect R-modules, it suffices to show that C contains R, which is clear.

Corollary 4.3.9. Let A be a Noetherian E∞-ring and let I ⊆ π0A be an ideal. Then the completion A∧I is
flat over A.

Proof. Let M be a discrete A-module; we wish to show that A∧I ⊗A M is discrete. Since the construction
M 7→ A∧I ⊗AM commutes with filtered colimits, we can assume that M is finitely presented (when regarded
as a module over the commutative ring π0A). In this case, M is almost perfect as an A-module (Propo-
sition A.7.2.5.17), so that A∧I ⊗A M can be identified with the I-completion M∧I (Proposition 4.3.8). The
discreteness of M∧I now follows from Proposition 4.3.6.
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Corollary 4.3.10. Let A be a Noetherian commutative ring and let A denote the abelian category of discrete
A-modules, so that we have a canonical equivalence of ∞-categories⋃

k

(ModA)≤k ' D+(A).

(see Proposition A.7.1.1.15). Let I ⊆ A be an ideal, and let F : A→ A be the functor given by M 7→ π0M
∧
I .

Then:

(1) The functor F is right exact.

(2) If M is a free A-module, there is a canonical isomorphism F (M) ' Cpl(M ; I).

(3) The diagram of ∞-categories

D−(A)

��

LF // D−(A)

��
ModA

M 7→M∧I // ModA

commutes up to canonical homotopy, where LF denotes the left derived functor of F .

Proof. Assertion (1) follows from the right t-exactness of the functor M 7→ M∧I (Remark 4.2.17), and
assertion (2) follows from Proposition 4.3.6. Assertion (3) follows from (2) and Theorem A.1.3.2.2.

Remark 4.3.11. Let A be a Noetherian E∞-ring, let I ⊆ π0A be an ideal, and suppose that π0A is I-
adically complete: that is, that the canonical map π0A→ lim←−n(π0A)/In is an isomorphism of commutative
rings. Proposition 4.3.6 implies that π0A is I-complete. Using Propositions A.7.2.5.17 and 4.3.8, we deduce
that every finitely generated discrete module over π0A is I-complete. Combining this observation with
Theorem 4.2.13 and Proposition A.7.2.5.17, we conclude that every almost perfect A-module is I-complete.
In particular, A is I-complete: that is, the canonical map A→ A∧I is an equivalence.

We conclude this section by reviewing a few standard facts about the completion of Noetherian rings.

Proposition 4.3.12. Let R be a commutative ring and let I ⊆ R be a finitely generated ideal. Suppose that
R is I-adically complete (that is, the map R→ lim←−R/I

n is an isomorphism). If R/I is Noetherian, then R
is Noetherian.

Proof. For each n ≥ 0, set An = In/In+1, and let A denote the graded ring
⊕
An. Choose a finite set of

generators x1, . . . , xk for the ideal I, and let x1, . . . , xk denote their images in A1 = I/I2. The elements xi
generate A as an algebra over A0 = R/I. It follows from the Hilbert basis theorem that A is Noetherian.

Let J ⊆ R be an arbitrary ideal; we wish to show that J is finitely generated. For each n ≥ 0, set
Jn = (J ∩ In)/(J ∩ In+1), which we regard as a submodule of An. The direct sum

⊕
n≥0 Jn is an ideal

in the commutative ring A. Since A is Noetherian, this ideal is finitely generated. Choose a finite set of
homogeneous generators y1, . . . , ym ∈

⊕
n≥0 Jn, where yi ∈ Jdi . For 1 ≤ i ≤ m, let yi denote a lift of yi to

J ∩ In. We claim that the elements y1, . . . , ym ∈ J generate the ideal J .
Let d = max{di}. We will prove the following:

(∗) For each z ∈ J ∩ In, we can find coefficients ci ∈ R such that ci ∈ In−d if n > d, and z −
∑

1≤i≤m ciyi
belongs to In+1.

To prove (∗), we let z denote the image of z in Jn. Since the elements yi generate
⊕
Jn as an A-module,

we can write z =
∑
ciyi for some homogeneous elements ci ∈ A of degree n − di. For 1 ≤ i ≤ m, choose

ci ∈ In−di to be any lift of ci; then the elements ci have the desired property.
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Now let z ∈ J be an arbitrary element. We will define a sequence of elements z0, z1, . . . ,∈ J such that
z − zq ∈ Iq. Set z0 = 0. Assuming that zq has been defined, we apply (∗) to write

z − zq ≡
∑

1≤i≤m

ci,qyi (mod Iq+1)

where ci,q ∈ Iq−d for q ≥ d. Now set zq+1 = z − zq −
∑

1≤i≤m ci,qyi. For each 1 ≤ i ≤ m, the sum
∑
q≥0 ci,q

converges I-adically to a unique element ci ∈ R. We now observe that z =
∑
ciyi belongs to the ideal

generated by the elements yi, as desired.

Corollary 4.3.13. Let R be a Noetherian ring, let I ⊆ R be an ideal, and let Cpl(R; I) denote the I-adic
completion of R. Then Cpl(R; I) is Noetherian.

Proof. For each integer n, let Jn denote the ideal of Cpl(R; I) given by lim←− I
n/In+m, so that the canonical

map φ : R → Cpl(R; I) induces isomorphisms R/In → Cpl(R; I)/Jn for each n ≥ 0. It follows that the
canonical map Cpl(R; I) → lim←−Cpl(R; I)/Jn is an isomorphism. We will show that Jn = InCpl(R; I) for
each n ≥ 0. Assuming this, we deduce that J1 is finitely generated, that Cpl(R; I) is J1-adically complete,
and that Cpl(R; I)/J1 ' R/I is Noetherian. It then follows from Proposition 4.3.12 that Cpl(R; I) is
Noetherian.

Choose a finite set of generators x1, . . . , xk for the ideal In and an arbitrary z ∈ Jn, given by a compatible
sequence of elements {zm ∈ In/In+m}m≥0. Lift each zm to an element zm ∈ In. Then zm+1 − zm ∈ In+m,
so we can write

zm+1 = zm +
∑

1≤i≤k

cm,ixi

for some cm,i ∈ Im. For 1 ≤ i ≤ k, the residue classes of the partial sums {
∑
j≤m cj,i}m≥0 determine an

element ci ∈ Cpl(R; I). Then z = φ(z0) +
∑
ciφ(xi), so that z belongs to the ideal InCpl(R; I).

Corollary 4.3.14. Let A be a Noetherian E∞-ring and let I ⊆ π0A be an ideal. Then the completion A∧I is
a Noetherian E∞-ring.

Proof. Corollary 4.3.7 implies that π0A
∧
I is the I-adic completion of the Noetherian commutative ring π0A,

and therefore a Noetherian commutative ring (Corollary 4.3.13). To complete the proof, it will suffice to
show that each πkA

∧
I is a finitely generated module over π0A

∧
I . Since A → A∧I is flat (Corollary 4.3.9), we

have a canonical isomorphism
πkA

∧
I ' Torπ0A

0 (π0A
∧
I , πkA).

It will therefore suffice to show that πkA is a finitely generated module over π0A, which follows from our
assumption that A is Noetherian.

5 Completions of Spectral Deligne-Mumford Stacks

In §4, we studied the operation of completing a module M over an E∞-ring R along a finitely generated ideal
I ⊆ π0R. In this section, we will study the global counterpart of this construction. Suppose we are given a
spectral Deligne-Mumford stack X and a (cocompact) closed subset K of the underlying topological space
|X |. In §5.1, we will study an associated geometric object X∧K , which we refer to as the formal completion of
X along K (Definition 5.1.1). In the special case where X = SpecétR and K is defined by a finitely generated
ideal I ⊆ π0R, then we denote the completion X∧K by Spf R, and refer to it as the formal spectrum of R (with

respect to I). We will see that there is a close relationship between the∞-category ModI−compR of I-complete
R-modules and the ∞-category QCoh(Spf R) of quasi-coherent sheaves on Spf R (Lemma 5.1.10). We will
then use this result to prove a global version of Proposition 4.2.5 (Theorem 5.1.9).

The operation of formal completion X 7→ X∧K is best-behaved in the case when X is locally Noetherian. In
§5.2, we will show that in the locally Noetherian case, the∞-category QCoh(X∧K)aperf of almost perfect quasi-
coherent sheaves on X∧K admits a t-structure (Proposition 5.2.4). Moreover, the heart of QCoh(X∧K)aperf can
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be identified with the abelian category of coherent sheaves on the formal completion o the underlying ordinary
Deligne-Mumford stack of X (see Proposition 5.2.12 and Remark 5.2.13). In §5.3, we will use this result to
prove an analogue of the Grothendieck existence theorem in the setting of spectral algebraic geometry: if X
is a spectral algebraic space which is proper and almost of finite presentation over a Noetherian E∞-ring R
which is complete with respect to an ideal I ⊆ π0R, then the restriction functor

QCoh(X)aperf → QCoh(X×Specét R Spf R)aperf

is an equivalence of ∞-categories (Theorem 5.3.2). In §5.4, we will study some of the consequences of
this result. In particular, we will prove that X can be recovered (functorially) from its formal completion
X×Specét R Spf R (see Corollary 5.4.3).

5.1 Formal Completions

Let A be a connective E∞-ring. In §4.2 and §4.3, we studied the operation A 7→ A∧I of completing A with
respect to a finitely generated ideal I ⊆ π0A. In this section, we will introduce the closely related operation
of formal completion of a spectral Deligne-Mumford stack X along a closed subset K ⊆ |X |.

Definition 5.1.1. Let X be a spectral Deligne-Mumford stack. We will abuse notation by identifying X
with the functor CAlgcn → S represented by X, so that X(R) = MapStk(SpecétR,X). Let |X | denote the
underlying topological space of X, and let K ⊆ |X | be a closed subset, so that the complement |X | − K
determines an open immersion of spectral Deligne-Mumford stacks j : U → X. We will say that K is
cocompact if the open immersion j is quasi-compact. We let X∧K : CAlgcn → S which assigns to each
connective E∞-ring R the summand of X(R) spanned by those maps SpecétR → X such that the fiber
product U×X SpecétR is empty. We will refer to X∧K as the formal completion of X along the closed subset
K ⊆ |X |.

We will say that a quasi-coherent sheaf F ∈ QCoh(X) is supported on K if j∗ F ' 0. We let QCohK(X)
denote the full subcategory of QCoh(X) spanned by those quasi-coherent sheaves which are supported on K.

Our main goal in this section is to prove that in the situation of Definition 5.1.1, there is a close relationship
between the ∞-categories QCoh(X∧K) and QCohK(X) (Theorem 5.1.9). We begin by studying the operation
of formal completion in the affine case.

Example 5.1.2. Let X = SpecétR be an affine spectral Deligne-Mumford stack, so that the underlying
topological space |X | is homeomorphic to the Zariski spectrum SpecZ π0R of the commutative ring π0R.
There is a bijective correspondence between closed subsets K ⊆ |X | and radical ideals I ⊆ π0R. A closed
subset K ⊆ |X | is cocompact if and only if I can be written as the radical of a finitely generated ideal
J ⊆ π0R. In this case, a map SpecétA → X factors through the formal completion X∧K if and only if
the corresponding map of E∞-rings φ : R → A induces a map of commutative rings π0R → π0A which
annihilates some power of the ideal J .

Let R be an E∞-ring and let I ⊆ π0R be a finitely generated ideal. Then I determines a closed subset
K ⊆ SpecZR = |SpecétR|. Note that a quasi-coherent sheaf F ∈ QCoh(X) is supported on K if and
only if the corresponding R-module belongs to ModI−nilR (see Definition 4.1.3). There is a complementary

description of the full subcategory ModI−locR ⊆ ModR:

Proposition 5.1.3. Let R be a connective E∞-ring, let I ⊆ π0R be a finitely generated ideal, and let
U ⊆ SpecZ π0R be the quasi-compact open set {p ∈ SpecZ π0R : I * p}. Let U denote the correspond-

ing open substack of SpecétR, and let f : U → SpecétR be the inclusion. Then the pushforward functor
f∗ : QCoh(U) → QCoh(SpecétR) ' ModR is a fully faithful embedding, whose essential image is the full
subcategory ModI−locR of I-local objects of ModR.
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Proof. The assertion that f is fully faithful follows from Corollary VIII.2.4.6. Let M ∈ ModR be I-nilpotent
and let F ∈ QCoh(U). Then

MapModR(M,f∗ F) ' MapQCoh(U)(f
∗M,F)

vanishes, since f∗M ' 0 (here f∗ denotes the left adjoint to f∗, given by pullback along the open immersion
f). It follows that f∗ F is I-local. Conversely, suppose that M ∈ ModR is I-local. We wish to prove that
the unit map u : M → f∗f

∗M is an equivalence. Let N be the fiber of u. Because f∗ is fully faithful,
the pullback f∗N vanishes. In particular, for every element x ∈ I, we have N [ 1

x ] ' 0 (since N [ 1
x ] can be

identified with the global sections of f∗N over an open substack of U). This proves that N is I-nilpotent.
Since u is a map between I-local objects of ModR, N is also I-local. It follows that N ' 0, so that u is an
equivalence as desired.

Notation 5.1.4. Let A be a connective E∞-ring and let I ⊆ π0A be a finitely generated ideal, defining
a cocompact closed subset of K ⊆ |SpecétA| ' SpecZ π0A. We let Spf A denote the formal completion
(SpecétA)∨K . We will refer to Spf A as the formal spectrum of A (with respect to the ideal I).

It will be useful to have a more explicit description of the formal completion of an affine spectral Deligne-
Mumford stack.

Lemma 5.1.5. Let R be a connective E∞-ring, I ⊆ π0R a finitely generated ideal, and Spf R the formal
spectrum of R with respect to I. Then there exists an tower of E∞-algebras over R

· · · → A2 → A1 → A0

having the following properties:

(a) Each Ai is a connective E∞-ring, and each of the maps Ai+1 → Ai determines a surjection π0Ai+1 →
π0Ai.

(b) There is an equivalence of functors Spf R ' lim−→ SpecétAn. That is, for every connective E∞-ring B,
the canonical map

lim−→
n

MapCAlg(An, B)→ MapCAlg(R,B)

is a fully faithful embedding, whose essential image is the collection of maps φ : R→ B which annihilate
some power of I.

(c) Each of the E∞-rings An is almost perfect when regarded as an R-module.

Proof. Choose any element x ∈ π0R. We will construct a tower of E∞-algebras over R

· · · → A(x)2 → A(x)1 → A(x)0

having the following properties:

(ax) Each A(x)i is a connective E∞-ring, and each of the maps A(x)i+1 → A(x)i determines a surjection
π0A(x)i+1 → π0A(x)i.

(bx) For every connective E∞-ring B, the canonical map

lim−→
n

MapCAlg(A(x)n, B)→ MapCAlg(R,B)

is a fully faithful embedding, whose essential image is the collection of maps φ : R→ B which annihilate
some power of x.

(cx) Each of E∞-rings A(x)n is almost perfect, when regarded as an R-module.
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Assuming that this can be done, choose a finite set of generators x1, . . . , xk for the ideal I. Setting An =
A(x1)n⊗RA(x2)n⊗R · · · ⊗RA(xk)n, we obtain a tower of E∞-algebras over R satisfying conditions (a), (b),
and (c).

It remains to construct the tower {A(x)n}. For each integer n ≥ 0, let R{tn} denote a free E∞-algebra
over R on one generator tn. We have R-algebra morphisms αn : R{tn} → R and βn : R{tn} → R, determined
uniquely up to homotopy by the requirements that tn 7→ xn ∈ π0R and tn 7→ 0 ∈ π0R. Moreover, we have
maps γn : R{tn} → R{tn−1} determined up to homotopy by the requirement that tn 7→ xtn−1 ∈ π0R{tn−1}.
For each n ≥ 0, the diagram

R

id

��

R{tn}
αnoo

γn

��

βn // R

id

��
R R{tn−1}

αn−1oo βn−1 // R

commutes up to homotopy and can therefore be lifted to a commutative diagram in CAlgR. Concatenating
these, we obtain a commutative diagram

R R{t0}
α0oo β0 // R

R

id

OO

R{t1}
α1oo

γ1

OO

β0 // R

id

OO

R

id

OO

R{t2}
α2oo

γ2

OO

β2 // R

id

OO

· · ·

OO

· · ·

OO

oo // · · ·

OO

For each n, let A(x)n denote the colimit of the nth row of this diagram, so that we have a tower

· · · → A(x)2 → A(x)1 → A(x)0

where A(x)n ' R ⊗R{tn} R is the R-algebra obtained by freely “dividing out” by xn ∈ π0R. In particular,
we have π0A(x)n ' (π0R)/(xn), thereby verifying condition (ax). To verify (cx), it will suffice to show that
R is almost perfect when regarded as an R{tn}-module via β. For this, it suffices to show that the sphere
spectrum is almost perfect when regarded as an S{tn}-module via the map of E∞-rings S{tn} → S given by
tn 7→ 0 ∈ π0S. Since S{tn} is Noetherian (Proposition A.7.2.5.31), this is equivalent to the assertion that
each homotopy group πkS is finitely generated as a module over the commutative ring π0(S{tn}) ' Z[tn]
(Proposition A.7.2.5.17). This is clear, since the stable homotopy groups of spheres are finitely generated
abelian groups.

To verify (bx), we note that if φ : R→ B is a map of connective E∞-rings, then the homotopy fiber of the
map lim−→n

MapCAlg(A(x)n, B) → MapCAlg(R,B) over the point φ is given by a sequential colimit lim−→n
Pn,

where each Pn can be identified with a space of paths in Ω∞B joining the base point to a suitably chosen
representative for the image of xn in π0B. Let y ∈ π0B be the image of x under φ. If y is not nilpotent,
then each Pn is empty. Assume otherwise; we wish to show that P∞ = lim−→Pn is contractible. Note that
if Pn contains some point pn, the we have canonical isomorphisms πk(Pn, p) ' πk+1B. For m ≥ n, let pm
denote the image of pn in Pm, and let p∞ denote the image of pn in P∞. Note that the induced map

πk+1B ' πk(Pn, pn)→ πk(Pm, pm)→ πk+1B

is given by multiplication by ym−n. Since y is nilpotent, this map is trivial for m � n. It follows that
πk(P∞, p∞) ' lim−→πk(Pm, pm) is trivial. Since pn was chosen arbitrarily, we conclude that P∞ is contractible
as desired.
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Remark 5.1.6. The notation Spf R is traditionally reserved for the formal spectrum of a ring R which is
complete with respect to an ideal I. Notation 5.1.4 does not require this. However, there is no real gain
in generality. Suppose that R is a connective E∞-ring and that I ⊆ π0R is a finitely generated ideal, and
choose a tower of R-algebras

· · · → A2 → A1 → A0

satisfying the requirements of Lemma 5.1.5. Let R∧I denote the I-completion of R, so that I generates an
ideal J ⊆ π0R

∧
I . The formal spectrum Spf R∧I of R∧I with respect to J can be identified with the direct limit

lim−→ Specét(R∧I ⊗R An). The fiber of the completion map u : R → R∧I is I-local and each An is I-nilpotent,
so that the tensor product fib(u)⊗R An vanishes and therefore u induces an equivalence An → R∧I ⊗R An.
It follows that we have a canonical equivalence

Spf R∧I ' lim−→ Specét(R∧I ⊗R An) ' lim−→ SpecétAn ' Spf R.

Remark 5.1.7. Let X be a spectral Deligne-Mumford stack, let K ⊆ |X | be a closed subset, and let
F ∈ QCoh(X). Then F is supported on K if and only if each of the homotopy sheaves πi F is supported on
K. It follows that the full subcategories

QCohK(X)≥0 = QCohK(X) ∩QCoh(X)≥0 QCohK(X)≤0 = QCohK(X) ∩QCoh(X)≤0

determine a t-structure on QCohK(X).

Notation 5.1.8. Let X : CAlgcn → S be a functor, and let F ∈ QCoh(X) be a quasi-coherent sheaf on X.
Recall that F is said to be connective (almost connective) if, for every E∞-ring R and every point η ∈ X(R),
the R-module F(η) is connective (almost connective). We let QCoh(X)cn and QCoh(X)acn denote the full
subcategories QCoh(X) spanned by the connective and almost connective objects, respectively.

If X is a spectral Deligne-Mumford stack and K ⊆ |X | is a closed subset, then we let QCohK(X)acn denote
the intersection QCohK(X)∩QCoh(X)acn. If X is quasi-compact (or, more generally, if K is quasi-compact)
then this subcategory coincides with the union

⋃
n QCohK(X)≥−n.

We are now ready to state the main result of this section.

Theorem 5.1.9. Let X be a spectral Deligne-Mumford stack and let K ⊆ |X | be a cocompact closed subset.
Then the composite functor

QCohK(X)acn ⊆ QCoh(X)acn → QCoh(X∨K)acn

is an equivalence of ∞-categories.

We will deduce Theorem 5.1.9 by combining Proposition 4.2.5 with the following result:

Lemma 5.1.10. Let R be a connective E∞-ring, let I ⊆ π0R be a finitely generated ideal. Then the composite
functor

(ModI−compR )≥0 ⊆ Modcn
R ' QCoh(SpecétR)cn → QCoh(Spf R)cn

is an equivalence of ∞-categories.

Proof. Choose a tower
· · · → A2 → A1 → A0

of connective R-algebras satisfying the requirements of Lemma 5.1.5, so that the functor Spf R can be
described as the filtered colimit lim−→n

SpecétAn. It follows that QCoh(Spf R) ' lim←−n ModAn . Let f∗ :

ModR ' QCoh(SpecétR) → QCoh(Spf R) denote the pullback functor. Then f∗ admits a right adjoint
U , which carries a compatible system {Mn ∈ ModAn}n≥0 to the limit U({Mn}) = lim←−nMn ∈ ModR. By
assumption each of the maps An+1 → An is surjective on π0. It follows that if each Mk is connective, then
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each of the maps Mn+1 → An⊗An+1
Mn+1 →Mn is surjective on π0. In particular, U({Mn}) is a connective

R-module and each of the maps U({Mn})→Mn is surjective on π0.
Note that if N is an I-local R-module, then An ⊗R N is both I-local and I-nilpotent (since An is I-

nilpotent), and therefore vanishes. It follows every An-module is I-complete when viewed as an R-module.
In particular, for every object {Mn} ∈ QCoh(Spf R), U({Mn}) is a limit of I-complete R-modules and
therefore I-complete. It follows that f∗ and U determine a pair of adjoint functors

(ModI−compR )≥0
//QCoh(Spf R)cn.oo

We wish to show that these functors are mutually inverse equivalences. The main step is to prove the
following:

(∗) If M is a connective R-module, then the unit map M → U(f∗M) exhibits U(f∗M) as an I-completion
of M .

Assuming (∗), we deduce that f∗ induces a fully faithful embedding from (ModI−compR )≥0 to QCoh(X∨K)cn.
To complete the proof, it will therefore suffice to show that U is conservative when restricted to QCoh(X∨K)cn.
Since U is an exact functor between stable ∞-categories, it will suffice to show that if {Mn} is an object
of QCoh(Spf R)cn satisfying U({Mn}) ' 0, then each Mn ∈ ModAn vanishes. We prove by induction
k that πiMn ' 0 for i ≤ k. When k = 0, this follows from our observation that each of the maps
π0U({Mn}) → π0Mn is surjective. If k > 0, the inductive hypothesis implies that {Mn} is the k-fold
suspension of an object {Nn} ∈ QCoh(Spf R)cn. Then U({Nn}) ' 0 and we can apply the inductive
hypothesis to deduce that πkMn ' π0Nn ' 0.

It remains to prove (∗). Let M be a connective R-module. Since U(f∗M) is I-complete, the unit map
M → U(f∗M) induces a map βM : M∧I → U(f∗M). We wish to show that βM is an equivalence. Choose
an element x ∈ I, and let C(xn) denote the cofiber of the map of R-modules R→ R given by multiplication
by xn. Since fib(βM ) is I-complete, we have

fib(βM ) ' lim←− fib(βM )⊗R C(xn);

it will therefore suffice to show that each tensor product fib(βM ) ⊗R C(xn) vanishes. Since C(xn) can be
obtained as a successive extension of n copies of C(x), we may suppose that n = 1. Note that fib(βM ) ⊗R
C(x) ' fib(βM⊗RC(x)). Consequently, to show that βM is an equivalence, it suffices to show that βM⊗RC(x)

is an equivalence.
Choose generators x1, . . . , xn ∈ I for the ideal I. Using the above argument repeatedly, we are reduced

to proving that βN is an equivalence when N = M ⊗R C(x1)⊗R C(x2)⊗ · · · ⊗R C(xn). For 1 ≤ i ≤ n, we
observe that N can be obtained as a successive extension of 2n−1 copies of M ⊗RC(xi). Since the homotopy
groups of M⊗RC(xi) are annihilated by multiplication by x2

i , we conclude that each of the homotopy groups
of N is annihilated by multiplication by x2n

i . We are therefore reduced to proving the following special case
of (∗):

(∗′) Let M be a connective R-module, and suppose that there exists an integer k such that each homotopy
group πiM is annihilated by the ideal Ik ⊆ π0R. Then βM : M∧I → U(f∗M) is an equivalence.

To prove (∗′), it suffices to show that for every integer j ≥ 0, the map πjM
∧
I → πjU(f∗M) is an

isomorphism of abelian groups. Both M∧I and U(f∗M) are right t-exact functors of M . We may therefore
replace M by τ≤jM and thereby reduce to prove (∗′) under the additional assumption that M is p-truncated
for some integer p. We now proceed by induction on p. If p < 0, then M ' 0 and there is nothing to prove.
Otherwise, we have a map of fiber sequences

(τ≤p−1M)∧I

��

// M∨I

��

// (πpM)∧I [p]

��
U(f∗τ≤p−1M) // U(f∗M) // U(f∗πpM)[p]
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where the left map is an equivalence by the inductive hypothesis. We may therefore replace M by πpM
and thereby reduce to the case where M is discrete. In this case, M has the structure of a module over the
discrete R-algebra R′ = π0R/I

k.
Note that Spf R×X SpecétR′ ' SpecétR′, so that the tower of R′-algebras {R′ ⊗R An}n≥0 is equivalent

(as a pro-object of CAlgcn
R′) to the constant diagram taking the value R′. Since M is I-complete, we can

identify βM with the unit map

M → U(f∗M) ' lim←−{M ⊗R An} ' lim←−{M ⊗R′ (R′ ⊗R An)} 'M ⊗R′ R′,

which is evidently an equivalence.

Remark 5.1.11. Let R be a connective E∞-ring, let I ⊆ π0R be a finitely generated ideal, and choose a
tower

· · · → A2 → A1 → A0

satisfying the requirements of Lemma 5.1.5. The proof of Lemma 5.1.10 shows that for every connective
A-module M , the I-completion M∧I can be identified with the inverse limit of the tower

· · · → A2 ⊗RM → A1 ⊗RM → A0 ⊗RM.

In particular, the I-completion R∧I of R is given by lim←−Ai.

Remark 5.1.12. Let R be a connective E∞-ring and let I ⊆ π0R be a finitely generated ideal, so the
I-completion functor induces an equivalence ModI−nilR → ModI−compR (see Proposition 4.2.5). This functor
restricts to an equivalence

θ : ModI−nilR ∩Modacn
R → ModI−compR ∩Modacn

R .

Indeed, the functor of I-completion is right t-exact, so that θ is well-defined. It will therefore suffice to show
that if M is an I-nilpotent R-module such that M∧I is almost connective, then M is almost connective. We
can recover M as V ⊗RM∨I , where V is R-module of Proposition 4.1.12. It now suffices to observe that V
is almost connective (this follows from the proof of Proposition 4.1.12).

Proof of Theorem 5.1.9. The assertion is local on X. We may therefore reduce to the case where X = SpecétR
is affine. Since K is cocompact, it corresponds to the radical of a finitely generated ideal I ⊆ π0R. Let
f∗ : ModR ' QCoh(X)→ QCoh(X∨K) be the restriction functor. We wish to show that the composite functor

θ : ModI−nilR ∩Modacn
R ⊆ Modacn

R
f∗→ QCoh(Spf R)acn

is an equivalence of ∞-categories. Note that an R-module M satisfies f∗M ' 0 if and only if A⊗RM ' 0
whenever φ : R → A is a map of connective E∞-rings which annihilates a power of I. In particular,
this condition is satisfied whenever M is I-local. It follows that for any M ∈ ModR, the canonical map
f∗M → f∗M∧I is an equivalence. We may therefore factor θ as a composition

ModI−nilR ∩Modacn
R

θ′→ ModI−compR ∩Modacn
R

θ′′→ QCoh(X∨acn)acn.

Here θ′ is the equivalence of∞-categories of Remark 5.1.12 (given by I-completion) and θ′′ is an equivalence
of ∞-categories by Lemma 5.1.10.

We close this section be recording a few other applications of Lemma 5.1.10.

Proposition 5.1.13. Let R be a connective E∞-ring which is complete with respect to a finitely generated
ideal I ⊆ π0R, and let f : Spf R→ SpecétR be the canonical map. Let M ∈ ModR ' QCoh(SpecétR) be an
almost connective R-module. Let n be an integer. The following conditions are equivalent:
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(1) The R-module M is perfect to order n.

(2) The pullback f∗M is perfect to order n (as a quasi-coherent sheaf on Spf R).

Corollary 5.1.14. Let R be a connective E∞-ring which is complete with respect to a finitely generated
ideal I ⊆ π0R, and let f : Spf R→ SpecétR be the canonical map. Let M ∈ ModR ' QCoh(SpecétR) be an
almost connective R-module which is I-complete. The following conditions are equivalent:

(1) The R-module M is almost perfect.

(2) The pullback f∗M is almost perfect (as a quasi-coherent sheaf on Spf R).

Proof of Proposition 5.1.13. The implication (1)⇒ (2) is obvious. We will prove that (2)⇒ (1). Replacing
M by a shift if necessary, we may suppose that M is connective. We now proceed by induction on n. We
begin by treating the case n = 0. Assume that f∗M is perfect to order 0. We wish to show that M is perfect
to order zero: that is, that π0M is finitely generated as a module over the commutative ring π0R. Choose a
tower of R-algebras

· · · → A2 → A1 → A0

satisfying the requirements of Lemma 5.1.5. Then A0 ⊗R M is perfect to order 0, so that π0(A0 ⊗R M) '
Torπ0R

0 (π0A0, π0M) is finitely generated as a module over π0A0. Since M is I-complete (Proposition 4.3.8),
Lemma 5.1.10 implies that the map M → lim←−An⊗RM is an equivalence. Since each An⊗RM is connective
and each of the maps

π0(An ⊗RM)→ π0(An−1 ⊗RM)

is surjective, we deduce that π0M → π0(A0 ⊗R M) is surjective. In particular, we can choose a map of
R-modules α : Rk →M such that the composite map

π0R
k → π0M → π0(A0 ⊗RM)

is surjective. We claim that α induces a surjection π0R
k → π0M . To prove this, let K denote the fiber of

α; we wish to show that π−1K ' 0. In fact, we claim that K is connective. Since K is almost perfect as an
R-module, it is I-complete (Proposition 4.3.8); it will therefore suffice to show that f∗K ∈ QCoh(Spf R) is
connective (Lemma 5.1.10). Equivalently, we must show that each tensor product An⊗RK is connective. It
is clear that An ⊗R K is (−1)-connective. Let P = π−1(An ⊗R K), and let J denote the kernel of the map
π0An → π0A0. Then P/JP ' π−1(A0 ⊗R K) ' 0 by construction. Since J is a nilpotent ideal in π0A, it
follows from Nakayama’s lemma that P ' 0, as desired.

Proposition 5.1.15. Let R be a connective E∞-ring which is complete with respect to a finitely generated
ideal I ⊆ π0R, let f : Spf R → SpecétR be the inclusion, and let M ∈ ModR ' QCoh(SpecétR) be almost
perfect. The following conditions are equivalent:

(1) As an R-module, M is locally free of finite rank.

(2) The pullback f∗M ∈ QCoh(Spf R) is locally free of finite rank.

Proof. The implication (1)⇒ (2) is obvious. Suppose that (2) is satisfied. Proposition 4.3.8 shows that M is
I-complete. Using Lemma 5.1.10, we deduce that M is connective. Since M is almost perfect, we conclude
that π0M is finitely presented as a module over π0R. We may therefore choose a map u : Rn → M which
induces a surjection π0R

n → π0M . To prove (1), it will suffice to show that u admits a section. For this, it
suffices to show that the map

φ : MapModR(M,Rn)→ MapModR(M,M)

is surjective on π0. Letting K denote the cofiber of u, we are reduced to proving that MapModR(M,K) is
connected. Choose a tower of E∞-algebras

· · · → A2 → A1 → A0
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satisfying the requirements of Lemma 5.1.5. The proof of Lemma 5.1.10 shows that we can recover K ' K∨I
as the limit of the tower {Ai⊗RK}. Then MapModR(M,K) is the limit of the tower MapModR(M,Ai×RK).
It will therefore suffice to prove the following:

(a) Each of the mapping spaces MapModR(M,Ai ⊗R K) is connected.

(b) Each of the maps ψi : MapModR(M,Ai ⊗R K) → MapModR(M,Ai−1 ⊗R K) induces a surjection of
fundamental groups.

Note that K is 1-connective, so that Ai ⊗R K is a 1-connective module over Ai. We have a homotopy
equivalence MapModR(M,Ai ⊗R K) ' MapModAi

(Ai ⊗R M,Ai ⊗R K). Consequently, assertion (a) follows

immediately from assumption (2). To prove (b), we note that the homotopy fiber of ψi (over the base point)
can be identified with MapModAi

(Ai ⊗R M,J ⊗R K), where J = fib(Ai → Ai−1). Since J is connective,

J ⊗R K is 1-connective, and the desired result follows from the projectivity of Ai ⊗RM .

Corollary 5.1.16. Let R be a connective E∞-ring which is complete with respect to a finitely generated ideal
I ⊆ π0R, let f : Spf R→ SpecétR be the inclusion, and let M ∈ ModR ' QCoh(SpecétR) be almost perfect.
Let n be an integer. The following conditions are equivalent:

(1) As an R-module, M has Tor-amplitude ≤ n.

(2) The pullback f∗M ∈ QCoh(Spf R) has Tor-amplitude ≤ n.

Proof. Choose k such that M ∈ (ModR)≥−k. Replacing M by M [k] and n by n + k, we may reduce to
the case where M is connective. The implication (1) ⇒ (2) is obvious. We will prove the converse using
induction on n. When n = 0, the desired result follows from Propositions 5.1.15 and A.7.2.5.20. If n > 0,
we can choose a fiber sequence

N → Rm →M,

where N is connective. Then f∗N has Tor-amplitude ≤ n − 1, so the inductive hypothesis implies that N
has Tor-amplitude ≤ n. Using Proposition A.7.2.5.23, we deduce that M has Tor-amplitude ≤ n.

Corollary 5.1.17. Let R be a connective E∞-ring which is complete with respect to a finitely generated ideal
I ⊆ π0R, let f : Spf R→ SpecétR be the inclusion, and let M ∈ ModR ' QCoh(SpecétR) be almost perfect.
Let n be an integer. The following conditions are equivalent:

(1) As an R-module, M is perfect

(2) The pullback f∗M ∈ QCoh(Spf R) is perfect.

Proof. Combine Corollary 5.1.16 with the characterization of perfect modules given in Proposition A.7.2.5.23.

5.2 Truncations in QCoh(X∧
K)

Let X be a spectral Deligne-Mumford stack and let K ⊆ |X | be a cocompact closed subset. In §5.1, we
defined the formal completion X∧K of X along K and studied the ∞-category QCoh(X∧K) of quasi-coherent
sheaves on X∧K . Our goal in this section is to study the exactness properties of the restriction functor

QCoh(X)→ QCoh(X∧K).

In order to obtain reasonable results, it is necessary to make some assumption about X and the class of
quasi-coherent sheaves under consideration. We will restrict our attention to the case where X is locally
Noetherian, and to the study of almost perfect objects of QCoh(X∧K).
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Definition 5.2.1. Let R be a Noetherian E∞-ring, let I ⊆ π0R be an ideal, and let M be an R-module. We
will say that M is formally n-truncated along I if the I-completion M∧I is a n-truncated and almost perfect
when regarded as a module over the I-completion R∧I .

Let X be a locally Noetherian spectral Deligne-Mumford stack, K ⊆ |X | a closed subset, and F ∈
QCoh(X) a quasi-coherent sheaf. We will say that F is formally n-truncated along K if the following
condition is satisfied:

(∗) Let f : SpecétR → X be an étale map and I ⊆ π0R an ideal defining the inverse image of K in
SpecZ(π0R), and identify f∗ F ∈ QCoh(SpecétR) with an R-module M . Then M is formally n-
truncated along I.

Notation 5.2.2. Let X be a locally Noetherian spectral Deligne-Mumford stack, and let K ⊆ |X | be a

closed subset, let f : X∧K → X be the inclusion, and let n be an integer. We let QCoh(X∨K)aperf
≤n denote the

full subcategory of QCoh(X∨K)aperf spanned by those quasi-coherent sheaves F which are of the form f∗ F′,
where F′ ∈ QCohK(X)acn is formally n-truncated along K.

Remark 5.2.3. The object F′ ∈ QCohK(X)acn appearing in the statement of Notation 5.2.2 is determined
by F up to canonical equivalence, by virtue of Theorem 5.1.9.

The first main result of this section can be stated as follows.

Proposition 5.2.4. Let X be a locally Noetherian spectral Deligne-Mumford stack and let K ⊆ |X | be a

closed subset. Then the pair of full subcategories (QCoh(X∧K)aperf ∩QCoh(X∧K)cn,QCoh(X∧K)aperf
≤0 ) determine

a t-structure on the stable ∞-category QCoh(X∧K)aperf .

We begin by showing that Definition 5.2.1 behaves well with respect to the étale localization.

Lemma 5.2.5. Let f : R → A be an étale map of Noetherian E∞-rings, let I ⊆ π0R be an ideal, and let
J ⊆ π0A be the image of I. Then:

(1) The induced map of completions R∧I → A∧J is flat.

(2) If M ∈ ModR is formally n-truncated along I, then A⊗RM is formally n-truncated along J .

Proof. We begin by proving (1). Let A′ = A ⊗R R∧I , so that A′ is étale over R∧I . Since R∧I is Noetherian
(Corollary 4.3.14), Theorem A.7.2.5.31 implies that A′ is Noetherian. Since R → R∧I is an I-equivalence,
the induced map A→ A′ is an J-equivalence. It follows that the induced map A′ → A∧J is a J-equivalence,
and therefore exhibits A∧J as the J ′-completion of A′, where J ′ denotes the ideal in π0A

′ generated by J .
Using Corollary 4.3.9, we deduce that A∧J is flat over A′. Since A′ is étale over R∧I , we conclude that A∧J is
flat over R∨I .

Now suppose that M ∈ ModR is formally n-truncated along I. Then M∧I is almost perfect and n-
truncated. It follows from (1) A∧J ⊗R∧I M

∧
I is an almost perfect, n-truncated A∧J -module. Using Proposition

4.3.8, we deduce that A∧J ⊗R∧I M
∧
I is J-complete (when regarded as an A-module). Since the map u :

A⊗RM → A∨J ⊗R∧I M
∧
I is a J-equivalence, it exhibits A∧J ⊗R∧I M

∧
I as a J-completion of A⊗RM . It follows

that (A⊗RM)∧J is n-truncated and almost perfect, as desired.

Lemma 5.2.6. Let R be a Noetherian E∞-ring, let X = SpecétR be its spectrum, and let F ∈ QCoh(X) be
a quasi-coherent sheaf corresponding to an R-module M . Let I ⊆ π0R be an ideal and K the corresponding
closed subset of |X |. Then F is formally n-truncated along K if and only if M is formally n-truncated along
I.

Proof. The “only if” direction follows immediately from the definitions, and the converse follows from Lemma
5.2.5.

Lemma 5.2.7. Let f : R → A be a faithfully flat étale of Noetherian E∞-rings, let I ⊆ π0R be an ideal,
and let J ⊆ π0A be the image of I. Then:
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(1) The induced map of completions R∧I → A∧J is faithfully flat.

(2) If M ∈ ModR is almost connective and A⊗RM is formally n-truncated along J , then M is formally
n-truncated along I.

Proof. We first prove (1). Lemma 5.2.5 implies that A∧J is flat over R∧J . It will therefore suffice to show that
every maximal ideal of π0R

∧
J can be lifted to a prime ideal in π0A

∧
J . Without loss of generality, we may

replace R by π0R and thereby reduce to the case where R is discrete. Let m be a maximal ideal in R∧I . Let
I ′ denote the ideal in R∧I generated by I, and let x ∈ I ′. If x /∈ m, then x is invertible in R∧I /m, so we can
choose an element y ∈ R∧I such that 1− xy ∈ m is not invertible. This is impossible, since R∧I is I ′-adically
complete (the element 1 − xy has a multiplicative inverse given by the sum of the I ′-adically convergent
series 1 +xy+x2y2 + · · · ). It follows that m contains the ideal I. Consequently, to show that m can be lifted
to a prime ideal of in π0A

∧
I , it suffices to show that the map

θ : SpecZA∧I /I
′A∨J → SpecZR∨I /I

′

is surjective. We can identify θ with the map SpecZA/J → SpecZR/I, which is a pullback of the surjective
map SpecZA→ SpecZR.

We now prove (2). We first claim that M∧I is almost perfect as an R∧I -module. Since M is almost
connective, the proof of Lemma 5.1.10 shows that we can identify M∧I with the global sections over Spf R
of the quasi-coherent sheaf F associated to M . Using Corollary 5.1.14, we are reduced to showing that F is
almost perfect. Let R → R′ be a map of connective E∞-rings which carries I to a nilpotent ideal in π0R

′;
we wish to show that R′ ⊗RM is almost perfect as an R′-module. Since A is faithfully flat over R, we can
use Proposition VIII.2.6.15 to reduce to showing that (A ⊗R R′) ⊗R M is almost perfect over (A ⊗R R′),
which follows from our assumption that A⊗RM is J-truncated along n.

To complete the proof of (2), we must show that M∧I is n-truncated. The proof of Lemma 5.2.5 furnishes
an equivalence

(A⊗RM)∧J ' A∧J ⊗R∧I M
∧
I .

Since A∧J is faithfully flat over R∧I , we are reduced to proving that (A⊗RM)∧J is n-truncated (Proposition
VIII.2.6.15). This follows from our assumption that A⊗RM is n-truncated along J .

Lemmas 5.2.5 and 5.2.7 immediately imply the following global assertion for a locally Noetherian spectral
Deligne-Mumford stack:

Lemma 5.2.8. Let f : X→ Y be a map of locally Noetherian spectral Deligne-Mumford stacks, let K ⊆ |Y |
be a closed subset, and let F ∈ QCoh(Y). Then:

(1) If F is formally n-truncated along K, then f∗ F is formally n-truncated along f−1K.

(2) If f is an étale surjection and f∗ F is formally n-truncated along f−1K, then F is formally n-truncated
along K.

Proof of Proposition 5.2.4. Let X = (X,OX). For every object U ∈ X, let XU denote the spectral Deligne-
Mumford stack (X/U ,OX |U), and let KU denote the inverse image of K in the topological space |XU |. Let
us say that the object U ∈ X is good if the pair of full subcategories

(QCoh((XU )∧KU )aperf ∩QCoh((XU )∧KU )cn,QCoh((XU )∧KU )aperf
≤0 )

determines a t-structure on QCoh((XU )∨KU )aperf . To check that U is good, we must verify two conditions:

(a) If F,F′ ∈ QCoh((XU )∧KU )aperf are such that F is connective and F′ ∈ QCoh((XU )∧KU )aperf
≤−1 , then

MapQCoh((XU )∧KU
)(F,F

′) is contractible.
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(b) For every object F ∈ QCoh((XU )∧KU )aperf , there exists a fiber sequence

F′ → F → F′′

where F′ is connective and almost perfect and F′′ ∈ QCoh((XU )∧KU )aperf
≤−1 .

We will prove that every object U ∈ X is good. Let us first suppose that U is affine, so that we can
write XU ' SpecétR for some Noetherian E∞-ring R. Let I ⊆ π0R be an ideal defining the closed subset
KU ⊆ |XU | ' SpecZ π0R, and let A = R∧I be the I-completion of R. Using Corollary 5.1.14, we can identify

QCoh((XU )∧KU )aperf with the ∞-category Modaperf
A of almost perfect A-modules. Under this equivalence,

the full subcategory (XU )∧KU )aperf ∩ QCoh((XU )∧KU )cn corresponds to (Modaperf
A )≥0 (Lemma 5.1.10), while

QCoh(XU )aperf
≤0 corresponds to (Modaperf

A )≤0 (Lemma 5.2.6). It is now clear that U satisfies (a), and assertion
(b) follows from Proposition A.7.2.5.18.

To complete the proof that every object of X is good, it will suffice to show that the full subcate-
gory of X spanned by the good objects is closed under small colimits (Lemma V.2.3.11). Let us there-
fore suppose that we are given a small diagram u : J → X having colimit U . Assume that u(J) is
good for each object J ∈ J; we wish to show that U is good. For each J ∈ J, let C(J) denote the ∞-
category QCoh((Xu(J))

∧
Ku(J)

)aperf . Since u(J) ∈ X is good, we have a t-structure (C(J)≥0,C(J)≤0) on C(J),

where C(J)≥0 = QCoh((Xu(J))
∧
Ku(J)

)aperf ∩ QCoh((Xu(J))
∧
Ku(J)

)cn and C(J)≤0 = QCoh((Xu(J))
∧
Ku(J)

)aperf
≤0 .

The explicit characterizations of the subcategories C(J)≥0 and C(J)≤0 shows that for every morphism
α : J → J ′ in J, the induced map C(J ′) → C(J) is t-exact. It follows that the limits lim←−J∈J C(J)≥0 and

lim←−J∈J C(J)≤0 determine a t-structure on lim←−J∈J C(J) ' QCoh((XU )∧KU )aperf . Since the map
∐
J∈J u(J)→

U is an effective epimorphism, Proposition VIII.2.6.15 allows us to identify lim←−J∈J C(J)≥0 with the in-

tersection (XU )∧KU )aperf ∩ QCoh((XU )∧KU )cn, and Lemma 5.2.8 allows us to identify lim←−J∈J C(J)≤0 with

QCoh((XU )∧KU )aperf
≤0 .

Remark 5.2.9. Let X be a locally Noetherian spectral Deligne-Mumford stack, and let K ⊆ |X | be a
closed subset. Then the t-structure on QCoh(X∧K)aperf described in Proposition 5.2.4 is left complete. To
prove this, we may work locally on X: we may therefore suppose that X = SpecétR for some Noetherian
E∞-ring R. Let I ⊆ π0R be an ideal defining the closed subset K ⊆ |X | ' SpecZ π0R, and let A = R∧I
denote the I-completion of R. Then Corollary 5.1.14 gives a t-exact identification of QCoh(X∧K)aperf with
the ∞-category of almost perfect A-modules, which is evidently left complete (see Proposition A.7.2.5.17).

Note that QCoh(X∧K)aperf is never right complete (unless the set K is empty). However, it is right
bounded (see §A.1.2.1) when K is quasi-compact.

Our next goal is to describe the heart of the t-structure appearing in Proposition 5.2.4. More generally,
we will describe the intersection QCoh(X∧K)cn ∩QCoh(X∧K)aperf

≤n , for every integer n ≥ 0.

Notation 5.2.10. Let Mod = Mod(Sp) denote the ∞-category of pairs (A,M), where A is an E∞-ring and
M is an A-module spectrum. Fix an integer n ≥ 0, and let C denote the full subcategory of Mod spanned
by those pairs (A,M), where A is connective and M is finitely n-presented over A. The forgetful functor

C → CAlgcn is a coCartesian fibration, classified by a functor χ : CAlgcn → Ĉat∞. The functor χ carries
every connective E∞-ring A to the full subcategory Modn−fpA ⊆ ModA spanned by the finitely n-presented

A-modules. If f : A→ B is a map of connective E∞-rings, then the induced functor Modn−fpA → Modn−fpB

is given by M 7→ τ≤n(B⊗AM). We let QCohn−fp : Fun(CAlgcn, Ŝ)op → Ĉat∞ denote a right Kan extension

of χ along the Yoneda embedding CAlgcn → Fun(CAlgcn, Ŝ)op. More informally, if X : CAlgcn → Ŝ is a
functor, then an object F ∈ QCohn−fp(X) can be viewed as a functor which assigns to each point η ∈ X(A)

an A-module F(η) ∈ Modn−fpA , which is functorial in the sense that if f : A→ B is a map of connective E∞-
rings and η′ denotes the image of η in X(B), then we have a canonical equivalence F(η′) ' τ≤n(B⊗A F(η)).
We refer the reader to §VIII.2.7 for a more detailed discussion of this construction.
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Remark 5.2.11. Let X be a spectral Deligne-Mumford stack representing a functor X : CAlgcn → S. Then
the ∞-category QCohn−fp(X) of Construction 2.4.3 can be identified with the ∞-category QCohn−fp(X) of
Notation 5.2.10.

For any functor X : CAlgcn → Ŝ, we have an evident functor QCoh(X)cn,aperf → QCoh(X)n−fp, which
is given pointwise by the construction (M ∈ ModA) 7→ τ≤nM .

We can now state the other main result of this section:

Proposition 5.2.12. Let X be a locally Noetherian spectral Deligne-Mumford stack and let K ⊆ |X | be a
closed subset. For every integer n ≥ 0, the composite functor

QCoh(X∧K)cn ∩QCoh(X∧K)aperf
≤n ↪→ QCoh(X∨K)cn ∩QCoh(X∧K)aperf → QCohn−fp(X∧K)

is an equivalence of ∞-categories.

Remark 5.2.13. Let K ⊆ |X | be as in Proposition 5.2.12. Taking n = 0, we deduce that giving an object F
in the heart of the stable ∞-category QCoh(X∧K)aperf can be described by specifying, for every commutative
ring R equipped with a map η : SpecétR → X for which the induced map SpecZR → |X | factors through
K, a finitely presented discrete R-module (which is given by π0η

∗ F). If X = SpecétA is affine and K is
defined by an ideal I ⊆ π0A, then the heart of QCoh(X∧K)aperf can be identified with the abelian category
of finitely generated discrete modules over the Noetherian ring π0A

∧
I . More generally, if X = (X,OX) is

a spectral algebraic space, then we can identify the heart of QCoh(X∧K)aperf with the abelian category of
coherent sheaves on the formal completion of the ordinary algebraic space (X, π0 OX) along K.

The proof of Proposition 5.2.12 will require some preliminaries.

Lemma 5.2.14. Suppose we are given a tower of connective E∞-rings

· · · → A2 → A1 → A0

having limit A, where each of the maps π0Ai+1 → π0Ai is surjection whose kernel is a nilpotent ideal of
π0Ai+1. For every integer i ≥ 0, suppose we are given a connective Ai-module Mi, and if i > 0 a map of
Ai−1-modules

φi : Ai−1 ⊗Ai Mi →Mi−1.

Let n ≥ 0 be an integer. Suppose that each of the spectra fib(φi) is n-connective, and that M0 is perfect to
order (n− 1) if n > 0. Then:

(1) If n > 0, then M = lim←−Mi is perfect to order (n− 1), when regarded as an A-module.

(2) For every integer i, let ψi : Ai ⊗AM →Mi be the canonical map. Then fib(ψi) is n-connective.

Proof. Since each Mi is connective and each of the maps π0Mi+1 → π0Mi is surjective, we deduce that
M is connective and that each of the maps π0M → π0Mi is surjective. This proves (2) in the case n = 0
(and condition (1) is automatic). We handle the general case using induction on n. Assume that n > 0.
Then π0M0 is finitely generated as a module over π0A0. We may therefore choose finitely many elements
x1, . . . , xk ∈ π0M whose images generator π0M0. The elements xi determine a map of A-modules Ak →M ,
which in turn determines a compatible family of Ai-module maps θi : Aki →Mi. We claim that each of the
maps θi is surjective on connected components. This holds by hypothesis when i = 0. If i > 0, then the
image of θi generates π0Mi/Jπ0Mi ' π0Mi−1, where J denotes the kernel of π0Ai → π0Ai−1, and therefore
generates π0Mi by Nakayama’s lemma (since J is a nilpotent ideal).

For i ≥ 0, form a fiber sequence
Ni → Aki →Mi,

so that each Ni is connective. If n ≥ 2, then N0 is perfect to order n − 2 as an A0-module. Moreover, we
have maps φ′i : Ai−1 ⊗Ai Ni → Ni−1 such that fib(φ′i) ' fib(φi)[−1] is (n − 1)-connective for each i. Let
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N = lim←−Ni. Applying the inductive hypothesis, we deduce that each of the maps ψ′i : Ai ⊗A N → Ni is
(n − 1)-connective. This proves (2), since fib(ψi) ' fib(ψ′i)[1]. Note that N is connective, and is perfect to
order n− 2 if n ≥ 2. Using the fiber sequence

N → Ak →M,

we deduce that M is perfect to order n− 1.

Lemma 5.2.15. Let R be a Noetherian E∞-ring, and let M be a connective R-module. If M is perfect to
order n, then τ≤nM is almost perfect.

Proof. According to Remark A.7.2.5.19, it will suffice to prove that πiM is a finitely generated module over
π0R for 0 ≤ i ≤ n. We proceed by induction on n. When n = 0, the result is obvious. Assume therefore
that n > 0. Then there exists a fiber sequence

N → Rk →M

where N is connective and perfect to order (n− 1). For i ≤ n, we have an exact sequence

(πiR)k → πiM → πi−1N

of modules over π0R. Since πi−1N is finitely generated by the inductive hypothesis and (πiR)k is finitely
generated (by virtue of our assumption that R is Noetherian), we conclude that πiM is finitely generated,
as desired.

Lemma 5.2.16. Let R be a Noetherian commutative ring, let I ⊆ R be an ideal, and let M and N be discrete
R-modules. Assume that N is I-nilpotent and that M is finitely generated. Then every class η ∈ ExtpR(M,N)
vanishes when restricted to ExtpR(ImM,N) for m� 0.

Proof. We proceed by induction on p. If p = 0, the result is obvious. Otherwise, choose an injective map
u : N → Q, where Q is an injective R-module. Let Q0 ⊆ Q be the submodule consisting of elements which
are annihilated by Ik for k � 0. We claim that Q0 is injective. To prove this, it suffices to show that for
every inclusion of finitely generated R-modules P0 ⊆ P , every map α0 : P0 → Q0 can be extended to a map
α : P → Q0. Since P0 is finitely generated and Q0 is I-nilpotent, there exists an integer k ≥ 0 such that
α0 annihilates IkP0. Since R is Noetherian and P is finitely generated, the Artin-Rees lemma implies that
there is an integer k′ such that Ik

′
P ∩ P0 ⊆ IkP0. Then α0 determines a map β0 : P0/(I

k′P ∩ P0) → Q0.
Since Q is injective, we can extend β0 to a map β : P/Ik

′
P → Q. The map β evidently factors through Q0,

and the composite map

P → P/Ik
′
P

β→ Q0

is an extension of α0.
Replacing Q by Q0, we can assume that Q is I-nilpotent. We then have an exact sequence of I-nilpotent

R-modules
0→ N → Q→ N ′ → 0.

Since p > 0, the we have ExtpR(M,Q) ' 0, so the boundary map ∂ : Extp−1
R (M,N ′) → ExtpR(M,N) is

surjective. Write η = ∂(η) for some class η ∈ Extp−1
R (M,N ′). Applying the inductive hypothesis, we deduce

that η has trivial image in Extp−1
R (ImM,N ′) for m � 0. It follows that the image of η in ExtpR(M,N)

vanishes as well.

Lemma 5.2.17. Let R be a Noetherian commutative ring and let M be a finitely generated discrete R-
module. Let I ⊆ R be an ideal, and choose a tower

· · · → A3 → A2 → A1 → A0
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of E∞-algebras over R satisfying the requirements of Lemma 5.1.5. For every integer n ≥ 0, the canonical
map

θ : {τ≤nAi ⊗RM}i≥0 → {π0(Ai ⊗RM)}i≥0 ' {M/IjM}j≥0

is an equivalence of Pro-objects of the ∞-category ModR.

Proof. Let C be the full subcategory of ModR spanned by those objects which are connective, almost perfect,
n-truncated, and I-nilpotent. Then the domain and codomain of θ can be identified with Pro-objects of C.
It will therefore suffice to show that θ induces a homotopy equivalence

αN : lim−→
j≥0

MapModR(M/IjM,N)→ lim−→
i≥0

MapModR(τ≤n(Ai ⊗RM), N)

for every object N ∈ C. Since N is n-truncated, we can identify the codomain of α with

lim−→
i≥0

MapModR(Ai ⊗RM,N).

The collection of those objects N ∈ C for which αN is a homotopy equivalence is closed under extensions;
we may therefore suppose that N = N0[k], where N0 is a finitely generated discrete R-module. Since N is
I-nilpotent, N0 is a module over the quotient ring R/Ik for k � 0. It follows that the codomain of αN can be
rewritten as lim−→MapMod

R/Ik
((R/Ik⊗RAi)⊗RM,N). Since the projection map Spf R×Specét RSpecétR/Ik →

SpecétR/Ik is an equivalence, the tower {R/Ik ⊗R Ai} is equivalent to R/Ik in the ∞-category Pro(CAlg).
It follows that we can identify the codomain of αN with MapMod

R/Ik
(R/Ik⊗RM,N) ' MapModR(M,N). To

prove that αN is a homotopy equivalence, it will suffice to show that the direct limit lim−→j≥0
MapModR(IjM,N)

vanishes. For this, it suffices to show for every integer p, the abelian group lim−→j≥0
ExtpR(IjM,N0) vanishes.

This follows immediately from Lemma 5.2.16.

Notation 5.2.18. Let Ab denote the category of abelian groups, and Pro(Ab) the category of Pro-objects
of Ab. Let R be a commutative ring and I ⊆ R an ideal. To any discrete R-module M , we can associate
an object of Pro(Ab), represented by the inverse system {M/InM}n≥0. Given an exact sequence of discrete
R-modules

0→M ′
φ→M →M ′′ → 0,

we obtain an exact sequence of Pro-objects

0→ {M ′/φ−1(InM)}n≥0 → {M/InM}n≥0 → {M ′′/InM ′′}n≥0 → 0.

If R is Noetherian and M is a finitely generated R-module, then the Artin-Rees lemma allows us to identify
the term on the left side with the Pro-abelian group {M ′/InM ′}n≥0. It follows that we have an exact
sequence

0→ {M ′/InM ′}n≥0 → {M/InM}n≥0 → {M ′′/InM ′′}n≥0 → 0

in the abelian category Pro(Ab). We can summarize the above discussion as follows: if R is a Noetherian
commutative ring and I ⊆ R is an ideal, then the construction M 7→ {M/InM}n≥0 determines an exact
functor from the category of finitely generated R-modules to the category Pro(Ab).

Lemma 5.2.19. Let R be a Noetherian E∞-ring, let I ⊆ π0R be a finitely generated ideal, and choose a
tower of R-algebras

· · · → A2 → A1 → A0

satisfying the requirements of Lemma 5.1.5. Let M be an almost perfect R-module. For every integer n, the
canonical map

θMn : {πn(Ai ⊗RM)}i≥0 → {Torπ0R
0 (π0Ai, πnM)}i≥0 ' {(πnM)/Ij(πnM)}j≥0

is an isomorphism in the category Pro(Ab) of Pro-abelian groups.
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Proof. Let us say that an R-module M is n-good if the map θMn is an isomorphism, and that M is good
if it is n-good for every integer n. Note that M is n-good if and only if the truncation τ≤nM is n-good.
Consequently, to prove that every almost perfect R-module M is good, it will suffice to treat the case where
M is truncated.

Suppose we are given a fiber sequence of R-modules

M ′ →M →M ′′.

We then obtain a commutative diagram

{πn+1(Ai ⊗RM ′′)}i≥0

��

θM
′′

n+1 // {(πn+1M
′′)/Ij(πn+1M

′′)}j≥0

��
{πn(Ai ⊗RM ′)}i≥0

��

θM
′

n // {(πnM ′)/Ij(πnM ′)}j≥0

��
{πn(Ai ⊗RM)}i≥0

��

θMn // {(πnM)/Ij(πnM)}j≥0

��
{πn(Ai ⊗RM ′′)}i≥0

��

θM
′′

n // {(πnM ′′)/Ij(πnM ′′)}j≥0

��
{πn−1(Ai ⊗RM ′)}i≥0

θM
′

n−1 // {(πn−1M
′)/Ij(πn−1M

′)}j≥0

in the category Pro(Ab). The left column is obviously exact. If M , M ′, and M ′′ are almost perfect, then
the discussion of Notation 5.2.18 shows that the right column is also exact. Applying the five lemma, we
deduce that if M ′ and M ′′ are good, then M is also good. Consequently, the collection of almost perfect
good R-modules is closed under extensions. To prove that every truncated almost perfect R-module M is
good, it will suffice to treat the case where M is discrete. In this case, we can regard M as a module over the
discrete commutative ring π0R. Replacing R by π0R (and the tower {Ai}i≥0 with {π0R⊗R Ai}i≥0), we can
assume that R is also discrete. In this case, the desired result follows immediately from Lemma 5.2.17.

Lemma 5.2.20. Let R be a Noetherian E∞-ring which is complete with respect to a ideal I ⊆ π0R. Then
for every integer n, the canonical map

f : Modn−fpR → QCohn−fp(Spf R)

is an equivalence of ∞-categories.

Proof. Choose a tower of R-algebras
· · · → A2 → A1 → A0

satisfying the requirements of Lemma 5.1.5, so that R ' lim←−Ai and Spf R ' lim−→ SpecétAi. Then the ∞-

category QCohn−fp(Spf R) can be identified with the limit of the tower {Modn−fpAi
}i≥0. The functor f is

given by the restriction of a functor F : (ModR)≤n → lim←−(ModAi)≤n. The functor F admits a right adjoint
G, which carries a compatible family of n-truncated Ai-modules {Mi} to the limit lim←−Mi. If each Mi is
connective, then the maps

π0Mi → Torπ0Ai
0 (π0Ai−1, π0Mi) ' π0Mi−1

are surjective, so that G{Mi} = lim←−Mi is also connective. If, in addition, each Mi is almost perfect, then
Lemma 5.2.14 implies that G{Mi} is perfect to order n. Since G{Mi} is n-truncated, we conclude that G{Mi}
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is almost perfect (Lemma 5.2.15). It follows that the functor G restricts to a functor g : lim←−Modn−fpAi
→

Modn−fpR , so we adjoint functors

Modn−fpR

f // lim←−Modn−fpAi
.

g
oo

It follows immediately from Lemma 5.2.14 that the counit map f ◦ g → id is an equivalence. We wish
to prove that the unit map id → g ◦ f is also an equivalence. In other words, we wish to show that if
M ∈ Modn−fpR , then the map uM : M → lim←− τ≤n(Ai ⊗R M) is an equivalence. Let K denote the fiber of
u, and note that K is n-truncated. The proof of Lemma 5.1.10 shows that M ' lim←−(Ai ⊗R M), so that

K ' lim←− τ≥n+1(Ai ⊗RM). It follows that K is n-connective, and that πnK ' lim←−
1 πn+1(Ai ⊗RM). It will

therefore suffice to show that the abelian group lim←−
1 πn+1(Ai⊗RM). This follows from the observation that

the inverse system {πn+1(Ai ⊗R M)}i≥0 is trivial as an object of Pro(Ab), because πn+1M ' 0 (Lemma
5.2.19).

Proof of Proposition 5.2.12. The assertion is local on X. We may therefore assume without loss of generality
that X = SpecétR for some Noetherian E∞-ring R. Let I ⊆ π0R be an ideal defining the closed subset
K ⊆ |X |. The desired result now follows immediately by applying Lemma 5.2.20 to the completion R∧I .

5.3 The Grothendieck Existence Theorem

Let R be a Noetherian ring which is complete with respect to an ideal I. Let X be an R-scheme, and let
X denote the formal completion of X along the closed subscheme SpecR/I ×SpecR X. There is an evident
restriction functor from the category of coherent sheaves on X to the category of coherent sheaves on X. If
X is proper, then we have the following fundamental result (see Theorem 5.1.4 and Corollary 5.1.6 of [8]):

Theorem 5.3.1 (Grothendieck Existence Theorem). In the above situation, if X is proper, then the restric-
tion functor induces an equivalence from the category of coherent sheaves on X to the category of coherent
sheaves on X.

Our goal in this section is to prove an analogue of Theorem 5.3.1 in the setting of spectral algebraic
geometry. Our result can be stated as follows:

Theorem 5.3.2. Let R be a Noetherian E∞-ring which is I-complete for some ideal I ⊆ π0R. Let X =
(X,OX) be a spectral algebraic space which is proper and locally almost of finite presentation over R, let
X∧ = X×Specét R Spf R, and let f : X∧ → X be the inclusion map. Then f induces a t-exact equivalence of
∞-categories

f∗ : QCoh(X)aperf → QCoh(X∧)aperf .

We begin by proving that thepullback functor f∗ in Theorem 5.3.2 is fully faithful. This does not require
any Noetherian hypotheses on R.

Proposition 5.3.3. Let R be a connective E∞-ring which is I-complete for some finitely generated ideal
I ⊆ π0R. Let X be a spectral algebraic space which is proper and locally almost of finite presentation
over SpecétR, and let X∧ = Spf R ×Specét R X denote the formal completion of X along the closed substack

determined by I, and let f : X∧ → X denote the inclusion map. Let F,G ∈ QCoh(X), and assume that G is
almost perfect. Then the canonical map map

MapQCoh(X)(F,G)→ MapQCoh(X∧)(f
∗ F, f∗ G)

is a homotopy equivalence.

Corollary 5.3.4. In the situation of Proposition 5.3.3, the pullback functor f∗ : QCoh(X)→ QCoh(X∧) is
fully faithful when restricted to the full subcategory QCoh(X)aperf ⊆ QCoh(X) spanned by the almost perfect
objects.
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We first treat the following special case of Proposition 5.3.3

Lemma 5.3.5. Let R be a connective E∞-ring which is I-complete for some finitely generated ideal I ⊆ π0R.
Let X be a spectral algebraic space which is proper and locally almost of finite presentation over SpecétR, and
let f : X×Specét R Spf R → X be the inclusion map. If G ∈ QCoh(X) is almost perfect, then the restriction
map

Γ(X;G)→ Γ(X×Specét R Spf R; f∗ G)

is an equivalence of spectra.

Proof. Choose a tower of R-algebras
· · · → A2 → A1 → A0

satisfying the requirements of Lemma 5.1.5. Then the functor X×Specét R Spf R can be identified with the

colimit of the sequence of functors represented by the spectral algebraic spaces Xn = X×Specét R SpecétAn.
Using Proposition 1.5.14, we obtain equivalences

Γ(X×Specét R Spf R; f∗ G) ' lim←−
n

Γ(Xn;G |Xn) ' lim←−
n

(Γ(X,G)⊗R An).

Let M = Γ(X;G) ∈ ModR, so that θF can be identified with the canonical map

θ : M → lim←−
n

(M ⊗R An).

Since G is almost perfect, Theorem 3.2.2 implies that M is almost perfect as an R-module. In particular, M
is connective, so that the proof of Lemma 5.1.10 shows that θ exhibits lim←−n(M ⊗R An) as the I-completion

M∨I of M . Since R is I-complete and M is almost perfect, Proposition 4.3.8 guarantees that θ is an
equivalence.

Proof of Proposition 5.3.3. Let us first consider G as fixed, and regard the morphism

θF : MapQCoh(X)(F,G)→ MapQCoh(X∧)(f
∗ F, f∗ G)

as a functor of F. This functor carries colimits in QCoh(X) to limits in Fun(∆1, S). Consequently, the
collection of those objects F ∈ QCoh(X) for which θF is a homotopy equivalence is closed under colimits.
Using Theorem 1.5.10, we are reduced to proving that θF is an equivalence in the special case where F is
perfect. In this case, F is a dualizable object of QCoh(X); let us denote its dual by F∨. Replacing G by
F∨⊗G, we can reduce to the case where F is the structure sheaf of X. In this case, we can identify θF with
the restriction map

Γ(X;G)→ Γ(X∧; f∗ G).

The desired result now follows from Lemma 5.3.5.

We also have the following relative version of Proposition 5.3.3:

Proposition 5.3.6. Let R be a connective E∞-ring which is I-complete for some finitely generated ideal
I ⊆ π0R. Let X be a spectral algebraic space which is proper and locally almost of finite presentation over
SpecétR, let X∧ = X×Specét R Spf R denote the formal completion of X along the closed substack determined

by I, and let f : X∧ → X denote the inclusion map. Let C be a locally proper quasi-coherent stack on X (see
Definition 3.3.6), and let F,G ∈ QCoh(X;C) be objects such that G is locally compact. Then the evident map

MapQCoh(X;C)(F,G)→ MapQCoh(X∧;C)(f
∗ F, f∗ G)

is a homotopy equivalence. In particular, the functor f∗ is fully faithful when restricted to locally compact
objects of QCoh(X;C).
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Proof. Let us regard G as fixed, and consider the morphism

θF : MapQCoh(X;C)(F,G)→ MapQCoh(X∧;C)(f
∗ F, f∗ G)

as a functor of F. This functor carries colimits in QCoh(X;C) to limits in Fun(∆1, S). Consequently, the
collection of those objects F ∈ QCoh(X;C) for which θF is a homotopy equivalence is closed under colimits.
Using Theorem 1.5.10, we are reduced to proving that θF is an equivalence in the special case where F

is locally compact. Then F corepresents a map of quasi-coherent stacks eF : C → Q (where Q denotes the
quasi-coherent stack given by R 7→ ModR); see Remark 3.3.21. Then θF can be identified with the restriction
map

Γ(X; eF(G))→ Γ(X×Specét R Spf R; f∗eF(G)).

Since C is locally proper and both F and G are locally compact, eF(G) is a perfect object of QCoh(X). In
particular, eF(G) is almost perfect, so that Lemma 5.3.5 implies that θF is a homotopy equivalence.

We now turn to the proof of Theorem 5.3.2 itself.

Proof of Theorem 5.3.2. It is clear that the pullback functor f∗ is right t-exact. To verify that f∗ is left t-
exact, suppose that F ∈ QCoh(X)aperf

≤0 ; we wish to show that F is formally 0-truncated along the closed subset

K ⊆ |X | given by the inverse image of SpecZ(π0R)/I ⊆ SpecZ π0R. Choose an étale map u : SpecétA→ X,
so that u∗ F corresponds to a 0-truncated, almost perfect A-module M . Let J denote the image of I in π0A;
we wish to show that the formal completion M∨J is 0-truncated and almost perfect over A∨J . Since M is
almost perfect over A, Proposition 4.3.8 furnishes an equivalence M∨J ' A∨J ⊗AM . The desired result now
follows from the fact that A∨J is flat over A (Corollary 4.3.9).

Since QCoh(X)aperf and QCoh(X∧)aperf are both left complete and right bounded (Remark 5.2.9), it will
suffice to show that for every pair of integers m and n, the pullback functor f∗ induces an equivalence of
∞-categories

θ : QCoh(X)aperf
≤n ∩QCoh(X)aperf

≥m → QCoh(X∧)aperf
≤n ∩ Coh(X∧)aperf

≥m .

Proposition 5.3.3 implies that θ is fully faithful. To verify the essential surjectivity, we proceed by induction
on the difference n−m. If n−m < 0, then the intersection QCoh(X∧)aperf

≤n ∩ Coh(X∨)aperf
≥m consists of zero

objects and there is nothing to prove. Let us therefore assume that n−m ≥ 0 and that F ∈ QCoh(X∧)aperf
≤n ∩

Coh(X∧)aperf
≥m . We have a fiber sequence

τ≤n−1 F → F → (πn F)[n].

The inductive hypothesis implies that τ≤n−1 F belongs to the essential image of f∗. It will therefore suffice
to show that πn F belongs to the essential image of f∗. Note that πn F can be identified with a coherent sheaf
(in the sense of classical algebraic geometry on the formal algebraic space given by completing (X, π0 OX)
along K (Remark 5.2.13). The classical Grothendieck existence theorem (for algebraic spaces; see [31])
implies that F is the restriction of a coherent sheaf on the algebraic space (X, π0 OX), which we can identify
with an object belonging to the heart of QCoh(X)aperf .

5.4 Algebraizability of Formal Stacks

Let R be a Noetherian commutative ring which is complete with respect to an ideal I ⊆ R. Suppose we are
given schemes X and Y which are of finite type over R, and let X and Y denote their formal completions
along the closed subsets defined by I. Every map of R-schemes f : X → Y determines a map of formal
schemes X→ Y. If X is proper over R and Y is separated, then the converse holds: every map f0 : X→ Y
arises by formally completing a map f : X → Y . This can be deduced by applying the Grothendieck
existence theorem to the structure sheaf of X, regarded as a closed formal subscheme of the fiber product

X×Spf RY .
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Our goal in this section is to prove an analogous result in the setting of spectral algebraic geometry. We can
state our main result as follows:

Theorem 5.4.1. Let R be a Noetherian E∞-ring which is complete with respect to an ideal I ⊆ π0R,
let X be a spectral algebraic space which is proper and locally almost of finite presentation over R, and let
X∧ = X×Specét R Spf R. Let Y be a locally Noetherian geometric spectral Deligne-Mumford stack, and identify
Y with the functor CAlgcn → S represented by Y.

Then the restriction map

MapStk(X,Y)→ MapFun(CAlgcn,S)(X
∧,Y)

is a homotopy equivalence.

Corollary 5.4.2. Let R be a Noetherian E∞-ring which is complete with respect to an ideal I ⊆ π0R.
Let Stk/ Spf R denote the full subcategory of Fun(CAlgcn, S)/ Spf R spanned those natural transformations of
functors X → Spf R which are representable by spectral Deligne-Mumford stacks, so that the construction
X 7→ X×Specét R Spf R defines a functor Stk/ Specét R → Stk/ Spf R, which we will denote by X 7→ X∧. Let
X,Y ∈ Stk/ Specét R. Assume that X is a spectral algebraic space which is proper and locally almost of finite

presentation over SpecétR, and that Y is geometric. Then the restriction map

MapStk
/ Specét R

(X,Y)→ MapStk/ Spf R
(X∧,Y∧)

is a homotopy equivalence.

Corollary 5.4.3. Let R be a Noetherian E∞-ring which is complete with respect to an ideal I ⊆ π0R, and
let φ : Stk/ Specét R → Stk/ Spf R be the pullback functor of Corollary 5.4.2. Then φ is fully faithful when
restricted to the full subcategory of Stk/ Specét R spanned by the spectral algebraic spaces which are proper and
locally almost of finite presentation over R.

Remark 5.4.4. Let R be a Noetherian E∞-ring which is complete with respect to an ideal I ⊆ π0R. Let
f : X∧ → Spf R be a natural transformation of functors which is representable by spectral algebraic spaces
which are proper and locally almost of finite presentation. We will say that X∨ is algebraizable if it lies in
the essential image of the functor φ of Corollary 5.4.3: that is, if X∧ = X×Specét R Spf R for some spectral
algebraic space X which is proper and locally almost of finite presentation over R. Corollary 5.4.3 implies
that if X exists, then it is unique (up to a contractible space of choices).

The proof of Theorem 5.4.1 will require some preliminaries.

Notation 5.4.5. Let C and D be presentable symmetric monoidal∞-categories, and assume that the tensor
product functors

⊗ : C×C→ C ⊗ : D×D→ D

preserve colimits separately in each variable. We let Fun⊗(C,D) denote the ∞-category of symmetric

monoidal functors from C to D, and FunL⊗(C,D) the full subcategory of Fun⊗(C,D) spanned by those
symmetric monoidal functors which preserve small colimits.

Lemma 5.4.6. Let C and D be presentable symmetric monoidal ∞-categories. Assume that C and D are
stable and equipped with t-structures for which the tensor product functors

⊗ : C×C→ C ⊗ : D×D→ D

are right t-exact and preserve small colimits in each variable. Let E ⊆ Fun⊗(C,D) be the full subcategory
spanned by those symmetric monoidal functors F : C→ D which are right t-exact and preserve small colimits.
If the t-structure on C is right complete, then the restriction functor

θ : E→ FunL⊗(C≥0,D≥0)

is an equivalence of ∞-categories.
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Proof. It will suffice to show that, for every ∞-category K, the induced map

Map
Ĉat∞

(K,E)→ Map
Ĉat∞

(K,FunL⊗(C≥0,D≥0))

is a homotopy equivalence. The collection of ∞-categories K which satisfy this condition is stable under
colimits. We may therefore assume without loss of generality that K is small. Replacing D by Fun(K,D), we

are reduced to proving that θ induces an equivalence E' → FunL⊗(C≥0,D≥0) on the level of the underlying
Kan complexes.

Let PrL denote the∞-category of presentable∞-categories, endowed with the symmetric monoidal struc-
ture described in §A.6.3.1. Since C is stable, we have a symmetric monoidal functor Sp→ C, which induces
a symmetric monoidal functor φ : C≥0⊗ Sp→ C. The assumption that C is right complete implies that φ is
an equivalence (that is, we can identify C with C≥0⊗Sp ' Sp(C≥0) ' lim←−C≥−n). Since MapCAlg(PrL)(Sp,D)
is contractible, we deduce that the restriction map

FunL⊗(C,D)' = MapCAlg(PrL)(C≥0,D)→ MapCAlg(PrL)(C≥0,D) = Fun⊗,L(C≥0,D)'

is a homotopy equivalence. It now suffices to observe that under this homotopy equivalence, E' is the

preimage of the summand FunL⊗(C≥0,D≥0)' ⊆ FunL⊗(C≥0,D)'.

Lemma 5.4.7. Let Y = (Y,OY) be a spectral Deligne-Mumford stack. Let n ≥ 0 be an integer, and assume
that Y is (n+ 1)-quasi-compact. Then:

(1) If F ∈ QCoh(Y) is finitely n-presented, then F is a compact object of QCoh(X)≤n.

(2) The inclusion QCohn−fp(Y) ↪→ QCoh(Y) extends to a fully faithful embedding

θ : Ind(QCohn−fp(Y))→ QCoh(Y)cn
≤n.

(3) Assume that Y is locally Noetherian and (n + 2)-quasi-compact. Then θ is an equivalence of ∞-
categories.

Proof. We first prove (1). We will prove the following:

(∗) Let U ∈ Y and let YU = (Y/U ,OY |U). Suppose that we are given a filtered diagram {Gα} in QCoh(Y)≤n
having colimit G. If U is m-coherent for some integer m ≥ 0, then the canonical map

lim−→
α

ExtpQCoh(YU )(F |U,Gα |U)→ ExtpQCoh(YU )(F |U,G |U)

is an isomorphism for p < m− n and an injection when p = m− n.

Assertion (1) follows from (∗) by taking U to be the final object of Y and m = n+ 1. We will prove (∗) by
induction on m. We observe that the conclusion of (∗) holds when m = −1 for every object U ∈ Y, since
ExtpQCoh(YU )(F |U,F

′ |U) ' 0 for p < −n provided that F is connective and F′ is n-truncated. To handle

the inductive step, we invoke the assumption that U is m-coherent to choose an effective epimorphism
u : V0 → U , where V0 is affine. Let V• be the Čech nerve of u. If m > 0, then each Vi is (m−1)-coherent. For
every object F′ ∈ QCoh(Y), we have a spectral sequence {Ep,qr }r≥1 with Ep,q1 = ExtpQCoh(YVq

)(F |Vq,F
′ |Vq),

which converges to Extp+qQCoh(YU )(F |U,F
′ |U) provided that F′ is truncated. Consequently, to prove assertion

(∗), it will suffice to show that the maps

lim−→
α

ExtpQCoh(YVq
)(F |Vq,Gα |Vq)→ ExtpQCoh(YVq

)(F |Vq,G |Vq)

isomorphisms for p+ q < m−n and injections when p+ q = m−n. If q > 0, this follows from the inductive
hypothesis. It therefore suffices to treat the case q = 0. That is, we may replace U by V0 and thereby reduce
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to the case where U is affine. In this case, the desired result follows from our assumption that F is finitely
n-presented.

Assertion (2) follows from (1) and Proposition T.5.3.5.11. Let us prove (3). The proof proceeds by
induction on n. We begin with the case n = 0, using an argument of Deligne. Let F ∈ QCoh(Y) be
discrete. Since Y is 2-quasi-compact, we can choose an étale surjection f : SpecétR → Y, where f is
quasi-compact and quasi-separated. We can identify the pullback f∗ F ∈ QCoh(SpecétR) ' ModR with
a discrete R-module M . Write M = lim−→Mα, where each Mα is a finitely presented R-module. Theorem

VIII.2.5.18 implies that F′ = π0f∗M is quasi-coherent, and the proof of Theorem VIII.2.5.18 shows that
F′ ' lim−→α

F′α, where F′α = π0f∗Mα. For each index α, let Fα denote the fiber product F′α×F′ F in the

abelian category QCoh(Y)♥. Then F ' lim−→Fα. Moreover, for each index α the map f∗ Fα → f∗ F (which

is a monomorphism in the abelian category QCoh(SpecétR)♥ ) factors through Mα. Since Y is locally
Noetherian, R is Noetherian, so that f∗ Fα corresponds (under the equivalence QCoh(SpecétR) ' ModR) to
a finitely presented (discrete) R-module. Since f is an étale surjection, we deduce that Fα ∈ QCoh0−fp(Y),
so that F belongs to the essential image of θ.

We now treat the case n > 0. Let C ⊆ QCoh(Y)cn
≤n denote the essential image of θ, so that C contains

all finitely n-presented quasi-coherent sheaves and is stable under filtered colimits. Let F ∈ QCoh(Y)cn
≤n; we

wish to show that F ∈ C. Choose a fiber sequence

F′[1]→ F → F′′

where F′′ is discrete and F′ ∈ QCoh(Y)cn
≤n−1. The argument above shows that we can write F′′ as a filtered

colimit lim−→F′′α, where each F′′α is finitely 0-presented. Then F ' lim−→(F×F′′ F
′′
α). Since C is closed under

filtered colimits, it will suffice to show that each fiber product F×F′′ F
′′
α belongs to C. Replacing F by

F×F′′ F
′′
α, we can reduce to the case where F′′ is finitely 0-presented. Applying the inductive hypothesis, we

can write F′ as the colimit of a diagram {F′β}β∈B indexed by some filtered partially ordered set B, where

each F′β is finitely (n− 1)-presented. The above fiber sequence is classified by a map v : F′′ → lim−→β∈B F′β [2].

Since Y is locally Noetherian, the sheaf F′′ is finitely (n+ 1)-presented. Because Y is (n+ 2)-quasi-compact,
assertion (1) implies that v factors through a map v0 : F′′ → F′β0

[2] for some β0 ∈ B. For β ≥ β0 in B, let vβ
be the induced map F′′ → F′β [2]. Then F ' lim−→β≥β0

fib(vβ). Since each fiber fib(vβ) is finitely n-presented,

we conclude that F ∈ C as desired.

Lemma 5.4.8. Let X be a locally Noetherian geometric spectral Deligne-Mumford stack, and let F ∈
QCoh(X)cn. The following conditions are equivalent:

(1) The sheaf F is flat.

(2) For every object F′ ∈ QCoh(X)♥, the tensor product F⊗F′ belongs to QCoh(X)♥.

(3) For every object F′ ∈ Coh(X)♥, the tensor product F⊗F′ belongs to QCoh(X)♥.

Proof. The implications (1) ⇒ (2) ⇒ (3) are obvious. The implication (3) ⇒ (2) follows from Lemma
5.4.7 (which guarantees that every object of QCoh(X)♥ can be obtained as a filtered colimit of objects of
Coh(X)♥). We will complete the proof by showing that (2) ⇒ (1). Assume that F satisfies condition (2),
let u : SpecétR→ X be an étale map, and let M ∈ ModR be the R-module corresponding to u∗ F. We wish
to show that M is flat. Equivalently, we wish to show that M ⊗R N is discrete, whenever N is a discrete
R-module. It is clear that M ⊗RN is connective (since M , N , and R are connective); it will therefore suffice
to show that M ⊗R N is 0-truncated. As a spectrum, we can identify M ⊗R N with the global sections of
the coherent sheaf F⊗u∗N on X. It will therefore suffice to show that F⊗u∗N belongs to QCoh(X)♥. Since
X is geometric, the morphism u is affine. It follows that the pushforward functor u∗ is t-exact. In particular,
u∗N belongs to the heart of QCoh(X), so that the desired result follows from (2).
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Proof of Theorem 5.4.1. Choose a tower of E∞-algebras

· · · → A2 → A1 → A0

satisfying the requirements of Lemma 5.1.5 and define Xi = X×Specét R SpecétAi for i ≥ 0. Then we can

write X∧ = lim−→i≥0
Xi. We wish to show that the canonical map

MapStk(X,Y)→ lim←−
i≥0

MapStk(Xi,Y)

is an equivalence. For every spectral Deligne-Mumford stack Z, let Fun⊗(QCoh(Y),QCoh(Z))′ denote the full
subcategory of Fun⊗(QCoh(Y),QCoh(Z)) spanned by those symmetric monoidal functors F : QCoh(Y) →
QCoh(Z) which are right t-exact, preserve small colimits, carry flat objects to flat objects, and carry almost
perfect objects to almost perfect objects. For every map f : Z → Y, we can regard the pullback functor
f∗ : QCoh(Y) → QCoh(Z) as an object of Fun⊗(QCoh(Y),QCoh(Z))′. Since Y is geometric, Theorem
VIII.3.4.2 implies that the construction f 7→ f∗ induces an equivalence of ∞-categories MapStk(Z,Y) →
Fun⊗(QCoh(Y),QCoh(Z))′. It will therefore suffice to show that the functor

Fun⊗(QCoh(Y),QCoh(X))′ → lim←−Fun⊗(QCoh(Y),QCoh(Xi))

is an equivalence of ∞-categories.
For every spectral Deligne-Mumford stack Z, let Fun⊗(QCoh(Y),QCoh(Z))′′ denote the full subcategory

of Fun⊗(QCoh(Y),QCoh(Z)) spanned by those symmetric monoidal functors which are right t-exact, preserve
small colimits, and preserve almost perfect objects. We will prove the following assertions:

(a) The functor
Fun⊗(QCoh(Y),QCoh(X))′′ → lim←−Fun⊗(QCoh(Y),QCoh(Xi))

′′

is an equivalence of ∞-categories.

(b) Let F : QCoh(Y)→ QCoh(X) be a symmetric monoidal functor which is right t-exact, preserves small
colimits, and carries almost perfect objects to almost perfect objects. Suppose that, for every flat sheaf
F ∈ QCoh(Y), the image of F (F) in QCoh(X∨) is flat. Then for every flat sheaf F ∈ QCoh(Y), F (F)
is flat.

We begin with (a). For every spectral Deligne-Mumford stack Z, let Fun⊗(QCoh(Y)cn,QCoh(Z)cn)′′

denote the full subcategory of Fun⊗(QCoh(Y)cn,QCoh(Z)cn) spanned by those symmetric monoidal functors
F : QCoh(Y)cn → QCoh(Z)cn which preserve small colimits and almost perfect objects. We have an evident
commutative diagra

Fun⊗(QCoh(Y),QCoh(X))′′ //

��

lim←−Fun⊗(QCoh(Y),QCoh(Xi))
′′

��
Fun⊗(QCoh(Y)cn,QCoh(X)cn)′′ // lim←−Fun⊗(QCoh(Y)cn,QCoh(Xi)

cn)′′.

Lemma 5.4.6 implies that the vertical morphisms in this diagram are equivalences. We are therefore reduced
to proving that the lower horizontal map is an equivalence of ∞-categories.

For every spectral Deligne-Mumford stack Z and every integer n, the ∞-category QCoh(Z)cn
≤n is a local-

ization of QCoh(Z)cn which inherits a symmetric monoidal structure. Let Fun⊗(QCoh(Y)cn,QCoh(Z)cn
≤n)′′

denote the full subcategory of Fun⊗(QCoh(Y)cn,QCoh(Z)cn
≤n) spanned by those functors which preserve small

colimits, and carry almost perfect objects of QCoh(Y)cn to finitely n-presented objects of QCoh(Z)cn
≤n. Since

the t-structure on QCoh(Z) is left complete (Proposition VIII.2.3.18), we have QCoh(Z)cn ' lim←−QCoh(Z)cn
≤n.

It will therefore suffice to show that each of the functors

Fun⊗(QCoh(Y)cn,QCoh(X)cn
≤n)′′ → lim←−Fun⊗(QCoh(Y)cn,QCoh(Xi)

cn
≤n)′′
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is an equivalence of ∞-categories.
Note that each of the presentable∞-categories QCoh(Z)cn

≤n is equivalent to an (n+1)-category, and there-
fore has the structure of a module over the presentable∞-category τ≤n S of n-truncated spaces (Proposition
A.6.3.2.13). Consequently, every colimit-preserving symmetric monoidal functor QCoh(Y)cn → QCoh(Z)cn

≤n
factors (uniquely) through QCoh(Y)cn⊗ τ≤n S ' QCoh(Y)cn

≤n. Let Fun⊗(QCoh(Y)cn
≤n,QCoh(Z)cn

≤n)′′ denote

the full subcategory of Fun⊗(QCoh(Y)cn
≤n,QCoh(Z)cn

≤n) spanned by those functors which preserve small col-
imits and carry almost perfect objects of QCoh(Y)cn

≤n to finitely n-presented objects of QCoh(Z)cn
≤n. We

have a commutative diagram

Fun⊗(QCoh(Y)cn
≤n,QCoh(X)cn

≤n)′′ //

��

lim←−Fun⊗(QCoh(Y)cn
≤n,QCoh(Xi)

cn
≤n)′′

��
Fun⊗(QCoh(Y)cn,QCoh(X)cn

≤n)′′ // lim←−Fun⊗(QCoh(Y)cn,QCoh(Xi)
cn
≤n)′′

where the vertical maps are equivalences of ∞-categories. It will therefore suffice to show that the upper
horizontal map is an equivalence.

Lemma 5.4.7 gives an equivalence of symmetric monoidal ∞-categories

QCoh(Y)cn
≤n ' Ind(QCohn−fp(Y)).

It follows that for every spectral Deligne-Mumford stack Z, the canonical map

Fun⊗(QCoh(Y)cn
≤n,QCoh(Z)cn

≤n)′′ → Fun⊗(QCohn−fp(Y),QCohn−fp(Z))

is a fully faithful embedding, whose essential image is the full subcategory

Fun⊗(QCohn−fp(Y),QCohn−fp(Z))′′ ⊆ Fun⊗(QCohn−fp(Y),QCohn−fp(Z))

spanned by those symmetric monoidal functors F : QCohn−fp(Y) → QCohn−fp(Z) which preserve finite
colimits. We are therefore reduced to proving that the functor

Fun⊗(QCohn−fp(Y),QCohn−fp(X))′′ → lim←−Fun⊗(QCohn−fp(Y),QCohn−fp(Xi)).

is an equivalence of ∞-categories. For this, it suffices to show that the functor θ : QCohn−fp(X) →
lim←−i QCohn−fp(Xi) is an equivalence of∞-categories. Proposition 5.2.12 allows us to identify the∞-category

lim←−i QCohn−fp(Xi) with QCoh(X∧)aperf
≤n ∩ QCoh(X∧)cn. It follows that θ is given by the restriction of the

t-exact equivalence QCoh(X)aperf → QCoh(X∧)aperf of Theorem 5.3.2. This completes the proof of (a).
We now prove (b). Assume that F : QCoh(Y) → QCoh(X) is a symmetric monoidal functor which is

right t-exact, preserves small colimits, and preserves almost perfect objects. Assume further that each of the
composite functors QCoh(Y)→ QCoh(X)→ QCoh(Xi) preserves flat objects. Using Theorem VIII.3.4.2, we
deduce that each of these composite functors is given by pullback along a map of spectral Deligne-Mumford
stacks fi : Xi → Y. Together, these functors determine a map f : X∧ → Y. Let F ∈ QCoh(Y) be flat;
we wish to show that F (F) ∈ QCoh(X) is flat. According to Lemma 5.4.8, it will suffice to show that if
F′ ∈ Coh(X)♥, then F (F)⊗ F′ = lim−→α

F (Fα)⊗ F′ belongs to QCoh(X)♥. Fix an integer m > 0; we wish to

show that πm(F (F)⊗F′) is trivial. Since F is right t-exact, the map F (F)→ F (τ≤m F) is (m+1)-connective.
Since F′ is connective, the map F (F)⊗ F′ → F (τ≤m F)⊗ F′ is (m+ 1)-connective. In particular, we obtain
an isomorphism

πm(F (F)⊗ F′)→ πm(F (τ≤m F)⊗ F′).

We will prove that πm(F (τ≤m F)⊗ F′) ' 0.
Using Lemma 5.4.7, we can write the truncation τ≤m F as the colimit of a diagram {Fα}α∈A with values in

QCohm−fp(Y), indexed by a filtered partially ordered set A. Since the t-structure on QCoh(X) is compatible
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with filtered colimits, we have πm(F (τ≤m F) ⊗ F′) = lim−→πm(F (Fα) ⊗ F′). It will therefore suffice to show
that for every element α ∈ A, the map

θ : πm(F (Fα)⊗ F′)→ πm(F (τ≤m F)⊗ F′)

vanishes.
Choose an étale surjection SpecétB → X, and let J ⊆ π0B be the ideal generated by the image of I. Then

f determines a map of spectral Deligne-Mumford stacks Specét(π0B)/J → Y. Choose an étale surjection
u : U → Y, where U is affine. Since Y is geometric, the fiber product Specét(π0B)/J ×Y U is affine, hence

of the form SpecétB′0 for some étale (π0B)/J-algebra B′0. Using the structure theory of étale morphisms of
E∞-rings (Proposition VII.8.10), we can write B′0 = B′ ⊗B (π0B)/J for some étale B-algebra B′. We then
have an étale map v : SpecétB′ → X. Let J ′ be the ideal in π0B

′ generated by I and Spf B′ the associated

formal scheme. By construction, the composite map Spf B′ → X∧
f→ Y factors through u.

Write U = Specét C and identify u∗ F with a flat C-module M . Using Theorem A.7.2.2.15, we can write M
as the colimit of a diagram {Mα′}α′∈A′ indexed by a filtered partially ordered set A′, where each Mα′ is a free
C-module of finite rank. Then u∗τ≤n F ' lim−→ τ≤nMα′ . Since u∗ Fα is a compact object of QCohm−fp(U)
(Lemma 5.4.7), the map u∗ Fα → u∗τ≤m F factors through τ≤mMα′ for some index α′ ∈ A′. The same
reasoning shows that there exists an index β such that the map τ≤mMα′ → u∗τ≤m F factors through u∗ Fβ .
Enlarging β if necessary, we can assume that β ≥ α and that the composite map u∗ Fα → τ≤mMα′ → u∗ Fβ
is homotopic to the transition map appearing in our filtered system {Fα}α∈A.

Let v̂ : Spf B′ → X denote the restriction of v to the formal spectrum of B′. The above argument shows
that the map v̂∗F (Fα)→ v̂∗F (Fβ) factors through τ≤m OkSpf B′ for some integer k. It follows that the map

θ′ : v̂∗πm(F (Fα)⊗ F′)→ v̂∗πm(F (Fβ)⊗ F′)

factors through πm(τ≤m OkSpf B′ ⊗v∗ F
′) for some integer k. We have isomorphisms

0 ' v̂∗(πm F′)k ' πm(OkSpf B′ ⊗v̂∗ F
′)→ πm(τ≤m OkSpf B′ ⊗v̂∗ F

′).

We conclude that θ′ is the zero map.
Let G denote the image of the map

πm(F (Fα)⊗ F)→ πm(F (Fβ)⊗ F′)

(formed in the abelian category QCoh(X)♥). To complete the proof, it will suffice to show that G ' 0.
Let us identify v∗ G with a discrete B′-module N . Then N is finitely generated as a module over the
Noetherian commutative ring π0B

′, and the restriction of N to Spf B′ vanishes. It follows that N = J ′N .
Let S ⊆ SpecZ(π0B

′) denote the support of N . Then S is a closed set which does not intersect the image
of SpecZB′0. Let U ⊆ |X | denote the image of the open set SpecZ(π0B

′)− S. Since v is étale, the set U is
open and G vanishes on U . We will prove that U = |X |.

Let K denote the closed subset of |X | given by the image of |X0 |, so that X∧ = X∧K . By construction,
we have a surjection SpecZB′0 → K. Since S does not intersect the image of SpecZB′0, we have K ⊆ U . Let
Z ⊆ SpecZ π0R denote the image of the closed set |X | − U . Since X → SpecétR is a proper map, Z is a
closed subset corresponding to some ideal I ′ ⊆ π0R. The assumption that K ⊆ U implies that Z does not
meet the image of SpecZ(π0R)/I. It follows that I generates the unit ideal in (π0R)/I ′. Since R is I-adically
complete, (π0R)/I ′ is also I-adically complete and therefore (π0R)/I ′ ' 0. It follows that Z = ∅, so that
U = |X | as desired.

6 Relationship with Formal Moduli Problems

Let A be an E∞-ring and let I ⊆ π0A be a finitely generated ideal. In §5.1, we saw that the formal completion
A∧I can be identified with the E∞-ring of functions on the formal spectrum Spf A, obtained by completing
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SpecétA along the closed subset K ⊆ SpecZA determined by the ideal I. Let us now suppose that A is
Noetherian and that I is a maximal ideal in π0A. In this case, we can think of the formal spectrum Spf A as
the union of all infinitesimal neighborhoods of the closed point of SpecétA. The language of formal moduli
problems developed in [46] suggests another way of describing the same mathematical object. Namely, let
k = π0A/I denote the residue field of A, and let CAlgsm

/k denote the ∞-category of local Artinian E∞-rings
with residue field k (see Notation 6.1.3 for a precise definition). Then A determines a functor

Specf A : CAlgsm
/k → S,

given by the formula (Specf A)(R) = MapCAlg/k
(A,R). The main result of this section is that the construc-

tion A 7→ Specf A is fully faithful when restricted to complete local Noetherian E∞-rings with residue field k.
Moreover, the essential image consists precisely of those functors X : CAlgsm

/k → S which are formal moduli
problems whose tangent complexes satisfy a certain finite-dimensionality condition (see Theorem 6.2.2). Af-
ter reviewing the relevant definitions in §6.1, we will formulate our result precisely in §6.2. The proof relies
on a spectral version of Schlessinger’s criterion for formal representability (Theorem 6.2.5), which we prove
in §6.3.

6.1 Deformation Theory of Formal Thickenings

Let X0 be a smooth projcetive variety defined over the field Z /pZ. In some cases, one can obtain information
about X0 by lifting the variety X0 to positive characteristic. That is, suppose that X0 is given as the special
fiber of a morphism of schemes π : X → Spec Zp. Under some reasonable assumptions (for example, if π is
proper and smooth), there is a close relationship between X0 and the generic fiber XQp

of the morphism π.
One can sometimes exploit this relationship to reduce questions about X0 to questions about XQp

, which
may be more amenable to attack (since XQp

is defined over a field of characteristic zero). In applications of
this technique, one frequently encounters the following question:

(Q) Given a smooth projective variety X0 over the field Z /pZ, when does there exist a proper flat Zp-
scheme X having special fiber X0?

This question can naturally be broken into two parts:

(Q′) Given a smooth projective variety X0 over the field Z /pZ, when does there exist a proper flat formal
Zp-scheme X having special fiber X0?

(Q′′) Given a formal scheme X as above, under what circumstances does it arise as the formal completion
of a proper flat Zp-scheme?

Question (Q′′) can often be attacked by means of the Grothendieck existence theorem, which we have
discussed in §5.3. Question (Q′) asks about the existence of a compatible family of proper flat morphisms

Xn → Spec Z /pn+1 Z .

This is a question of deformation theory, which can be phrased naturally using the language developed in
[46].

Recall that to every field k, we can associate an ∞-category Modulik of formal moduli problems over k.
By definition, an object Z ∈ Modulik is a functor from the ∞-category CAlgsm

k of small E∞-algebras over k
to the ∞-category of spaces, satisfying some natural gluing conditions (see Definition X.1.1.14). However,
this definition is not really suitable for thinking about questions like (Q′): the rings Z /pn+1 Z are are
local Artin rings with residue field Z /pZ, but they are not algebras over Z /pZ, and therefore cannot be
regarded as objects of CAlgsm

Z /pZ. Our goal in this section is to address this deficiency by introducing a
variant of the∞-category Modulik, which we will denote by Moduli/k. The objects of Moduli/k are functors
Z : CAlgsm

/k → S satisfying a mild gluing condition (see Proposition 6.1.5), where CAlgsm
/k is an appropriately
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defined full subcategory of CAlg/k (whose objects can be regarded as “infinitesimal thickenings” of k). For
example, if X0 is a smooth projective variety over k = Z /pZ, we can define an object Z ∈ Moduli/k which
assigns to each object R ∈ CAlgsm

/k a classifying space for Deligne-Mumford stacks XR equipped with an
equivalence

Specét k ×Specét R XR ' X0.

In this case, we can regard (Q′) as a question about the functor Z: namely, the question of whether or not
the space lim←−n Z(Z /pn+1 Z) is nonempty. In §6.2, we will see that questions of this sort can often be reduced
to problems in commutative algebra.

Notation 6.1.1. Throughout this section, we will assume that the reader is familiar with the theory of formal
moduli problems developed in §X.1 of [46]. Let k be a field. We let CAlg/k denote the ∞-category of E∞-
rings A equipped with a map A→ k. We have a canonical equialence of∞-categories Stab(CAlg/k) ' Modk.
In particular, the object k ∈ Modk determines a spectrum object of E ∈ Stab(CAlg/k), whose nth space

Ω∞−nE is given by the square-zero extension k⊕k[n]. We will regard the pair (CAlg/k, {E}) as a deformation
context, in the sense of Definition X.1.1.3.

We begin by dispensing with some formalities.

Proposition 6.1.2. Let k be a field and let A ∈ CAlg/k. The following conditions are equivalent:

(1) The object A is small (in the sense of Definition X.1.1.8). That is, the map A → k factors as a
composition

A = A0 → A1 → · · · → An = k

where each of the maps Ai → Ai+1 exhibits Ai as a square-zero extension of Ai+1 by k[mi], for some
mi ≥ 0.

(2) The following axioms are satisfied:

(i) The underlying map π0A→ k is surjective.

(ii) The commutative ring π0A is local. We will denote its maximal ideal by mA, so that we have a
canonical isomorphism A/mA ' k.

(iii) The E∞-ring A is connective. That is, we have πnA ' 0 for n < 0.

(iv) For each n ≥ 0, the homotopy group πnA has finite length as a module over π0A.

(v) The homotopy groups πnA vanish for n� 0.

Proof. Suppose first that A is small, so that there there exists a finite sequence of maps

A = A0 → A1 → · · · → An ' k

where each Ai is a square-zero extension of Ai+1 by k[mi], for some mi ≥ 0. We prove that each Ai satisfies
conditions (i) through (v) by descending induction on i. The case i = n is obvious, so let us assume that
i < n and that Ai+1 is known to satisfy conditions (i) through (v). We have a fiber sequence of k-module
spectra

k[ni]→ Ai → Ai+1

which immediately implies that Ai satisfies (i), (iii), (iv), and (v). To prove (ii), we note that the map
φ : π0Ai → π0Ai+1 is surjective and ker(φ)2 = 0, from which it follows immediately that π0Ai is local.

Now suppose that the map A → k satisfies axioms (i) through (v). We will prove that A is small by
induction on the length of π∗A (regarded as a module over π0A). If follows from (v) that there exists a
largest integer n such that πnA 6= 0. We first treat the case n = 0. We will abuse notation by identifying
A with the underlying commutative ring π0A. Condition (ii) asserts that A is a local ring; let m denote its
maximal ideal. Since π0A has finite length as a module over itself, we have mi+1 ' 0 for i� 0. Choose i as
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small as possible. If i = 0, then m ' 0 and A ' k, in which case there is nothing to prove. Otherwise, we
can choose a nonzero element x ∈ mi ⊆ m. Let A′ denote the quotient ring A/(x). Since x2 = 0, Theorem
A.7.4.1.26 implies that A is a square-zero extension of A/(x) by k. The inductive hypothesis implies that A′

is small, so that A is small.
Now suppose that n > 0 and let M = πnA. Since M has finite length over π0A, we can find an element

x ∈M which is annihilated by m. We therefore have an exact sequence

0→ k
x→M →M ′ → 0

of modules over π0A. We will abuse notation by viewing this sequence as a fiber sequence of A′′-modules,
where A′′ = τ≤n−1A. It follows from Theorem A.7.4.1.26 that there is a pullback diagram

A //

��

k

��
A′′ // k ⊕M [n+ 1].

Set A′ = A′′ ×k⊕M ′[n+1] k. Then A ' A′ ×k⊕k[n+1] k so that A is a square-zero extension of A′ by k[n].
Using the inductive hypothesis we deduce that A′ is small, so that A is also small.

Notation 6.1.3. Let k be a field. We let CAlgsm
/k denote the full subcategory of CAlg/k spanned by the

small objects: that is, those objects A ∈ CAlg/k which satisfy conditions (i) through (v) of Proposition 6.1.2.

Proposition 6.1.2 has the following relative version:

Proposition 6.1.4. Let k be a field and let f : A→ B be a morphism in CAlgsm
/k . The following conditions

are equivalent:

(1) The morphism f is small. That is, f factors as a composition

A = A0 → A1 → · · · → An = B,

where each Ai is a square-zero extension of Ai+1 by k[mi] for some mi ≥ 0.

(2) The map π0A→ π0B is surjective.

Proof. Let K be the fiber of f , regarded as an A-module. If π0A→ π0B is surjective, then K is connective.
Since π∗B has finite length as a module over π0B, it has finite length as a module over π0A (note that the
residue fields of π0A and π0B are both isomorphic to k). It follows from the exact sequence

π∗+1B → π∗K → π∗A

that π∗K has finite length as a module over π0A. We will prove that f is small by induction on the length
of π∗K as a module over π0A. If this length is zero, then K ' 0 and f is an equivalence. Assume therefore
that π∗K 6= 0, and let n be the smallest integer such that πnK 6= 0. Let m denote the maximal ideal of
π0A. Then m is nilpotent, so m(πnK) 6= πnK and we can choose a map of π0A-modules φ : πnK → k.
According to Theorem A.7.4.3.1, we have (2n+ 1)-connective map K ⊗A B → LB/A[−1]. In particular, we

have an isomorphism πn+1LB/A ' Torπ0A
0 (π0B, πnK) so that φ determines a map LB/A → k[n + 1]. We

can interpret this map as a derivation B → B ⊕ k[n + 1]; let B′ = B ×B⊕k[n+1] k. Then f factors as a
composition

A
f ′→ B′

f ′′→ B.

Since f ′′ exhibits B′ as a square-zero extension of B by k[n], we are reduced to proving that f ′ is small.
This follows from the inductive hypothesis.
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Proposition 6.1.5. Let k be a field and let X : CAlgsm
/k → S be a functor. The following conditions are

equivalent:

(1) The functor X is a formal moduli problem (in the sense of Definition X.1.1.14).

(2) The space X(k) is contractible and, for every pullback diagram

A′ //

��

B′

φ

��
A // B

in CAlgsm
/k , if φ induces a surjection π0B

′ → π0B, then the induced diagram

X(A′) //

��

X(B′)

��
X(A) // X(B)

is a pullback square in S.

(3) The space X(k) is contractible and, for every pullback diagram

A′ //

��

k

��
A // k ⊕ k[n]

in CAlgsm
/k where n > 0, the induced diagram

X(A′) //

��

X(k)

��
X(A) // X(k ⊕ k[n])

is a pullback square in S.

(4) The space X(k) is contractible and, for every

A′ //

��

B′

φ

��
A

ψ // B

in CAlgsm
/k , if φ and ψ induce surjections π0B

′ → π0B ← π0A, then the induced diagram

X(A′) //

��

X(B′)

��
X(A) // X(B)

is a pullback square in S.
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Proof. The equivalence of (1) and (2) follows immediately from the definitions (and the characterization
of small morphisms given in Proposition 6.1.4). The implications (2) ⇒ (4) ⇒ (3) are obvious, and the
implication (3)⇒ (2) follows from Proposition X.1.1.15.

Notation 6.1.6. Let k be a field. We let Moduli/k denote the full subcategory of Fun(CAlgsm
/k , S) spanned

by the formal moduli problems (that is, spanned by those functors X : CAlgsm
/k → S satisfying the equivalent

conditions of Proposition 6.1.5). For each A ∈ CAlg/k, we let Specf A ∈ Moduli/k denote the functor given
by the formula (Specf A)(R) = MapCAlg/k

(A,R).

Remark 6.1.7. Let k be a field. Since X(k) is contractible for each X ∈ Moduli/k, the object Specf k ∈
Moduli/k is initial. It is a final object of Moduli/k if and only if the mapping space MapCAlg/k

(k,A) is

contractible for every A ∈ CAlgsm
/k : that is, if and only if every object A ∈ CAlgsm

/k admits a contractible
space of k-algebra structures. This condition is satisfied if and only if k is an algebraic extension of the field
Q of rational numbers.

Suppose X ∈ Moduli/k is equipped with a map φ : X → Specf k. We can associate to the pair
(X,φ) a functor X0 : CAlgsm

k → S, which carries a small E∞-algebra R over k to the fiber of the induced

map X(R)
φR→ MapCAlg/k

(k,R). The construction (X,φ) 7→ X0 determines an equivalence of ∞-categories

(Moduli/k)/ Specf k → Modulik, where Modulik denotes the ∞-category of formal moduli problems over k
introduced in §X.2. This functor is an equivalence of ∞-categories if and only if k is an algebraic extension
of the field Q of rational numbers.

Notation 6.1.8. Let k be a field and let X ∈ Moduli/k. We let TX = X(E) denote its tangent complex
(Definition X.1.2.5). This is a spectrum whose nth space is given by Ω∞−nTX = X(k⊕k[n]) for each n ≥ 0.

Unwinding the definitions, we see that the tangent complex to Specf A is a classifying spectrum for A-
module maps from the absolute cotangent complex LA into k: that is, it is the k-linear dual of the k-module
spectrum k ⊗A LA. In particular, for each n ∈ Z we have a canonical isomorphism of k-vector spaces
πnTSpecf A ' π−n(k ⊗A LA)∨.

The functor Specf k is an initial object of Moduli/k. In particular, to every formal moduli problem
X ∈ Moduli/k, the canonical map Specf k → X induces a map of tangent complexes L∨k = TSpecf k → TX .

We will denote the cofiber of this map by T red
X , and refer to it as the reduced tangent complex of X. If

X = Specf A for some A ∈ CAlg/k, then the fiber sequence TSpecf k → TX → T red
X is just given by the

k-linear dual of the fiber sequence of k-module spectra Lk/A[−1] → k ⊗A LA → Lk. That is, we have an

equivalence T red
Specf A

' L∨k/A[1].

Remark 6.1.9. Let k be a field and let C ⊆ Modk denote the full subcategory spanned by those k-module
spectra which are perfect and connective. The construction V 7→ k ⊕ V determines functors

θ0 : C→ CAlg/k θ1 : C→ Alg
(0),sm
k ,

where θ1 is an equivalence of∞-categories. Composition with the fucntor θ0 ◦θ−1
1 induces a forgetful functor

Φ : Moduli/k → Moduli
(0)
k ,

where Moduli
(0)
k denotes the ∞-category of formal E0 moduli problems over k (see Definition X.3.0.3).

According to Theorem X.4.0.8, there is an equivalence of ∞-categories Ψ : Modk → Moduli
(0)
k , such that

the composition of Ψ−1. Then Ψ−1 ◦ Φ determines a functor Moduli/k → Modk. It follows from Theorem
X.3.0.4 that this functor refines the tangent complex functor: that is, the composite functor

Moduli/k
Φ→ Moduli

(0)
k ' Modk = Modk(Sp)→ Sp

carries a formal moduli problem X to its tangent complex TX . We can informally summarize the situation
by saying that for X ∈ Moduli/k, the tangent complex TX is equipped with a k-module structure, depending
functorially on X. In particular, we can regard each of the homotopy groups πnTX as a vector space over k.
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6.2 Formal Spectra as Formal Moduli Problems

Let k be a field and let A be an E∞-ring equipped with a map A → k. We can associate to A a formal
moduli problem

Specf A : CAlgsm
/k → S .

We now ask the following question: how close is the functor Specf A to being an equivalence? For example:

(a) Given an object A ∈ CAlg/k, can we recover A from the formal moduli problem Specf A?

(b) Given a formal moduli problem X : CAlgsm
/k → S, can we find an object A ∈ CAlg/k such that

X ' Specf A?

The answers to both of these questions are generally negative. For example, if we are given an object
A ∈ CAlg/k and we let m denote the kernel of the commutative ring homomorphism π0A → k, then for
R ∈ CAlgsm

/k , every morphism A → R must automatically annihilate some power of the ideal m. It follows

that the formal moduli problem Specf A depends only on the formal completion Spf A of SpecétA along the
ideal m. To have any hope of recovering A from Specf A, we need to assume that A is m-complete. This
motivates the following definition:

Notation 6.2.1. Let k be a field. We let CAlgcg
/k denote the full subcategory CAlg/k spanned by those

morphisms A→ k satisfying the following conditions:

(i) The E∞-ring A is connective and Noetherian.

(ii) The map π0A→ k is surjective.

(iii) The commutative ring π0A is local and complete with respect to its maximal ideal mA ⊆ π0A.

We can now state the main result of this section, which gives an affirmative answer to questions (a) and
(b) under some reasonable hypotheses:

Theorem 6.2.2. Let k be a field. Then the functor Specf : CAlgop/k → Moduli/k restricts to a fully faithful

embedding
θ : (CAlgcg

/k)op → Moduli/k .

Moreover, a formal moduli problem X : Moduli/k belongs to the essential image of θ if and only if it satisfies
the following conditions:

(i) For every integer n, the homotopy group πnT
red
X is finite dimensional (as a vector space over k).

(ii) The groups πnT
red
X vanish for n > 0.

Remark 6.2.3. Let A be a Noetherian E∞-ring, let m ⊆ π0A be a maximal ideal, and let k = (π0A)/m be
the residue field. Then the formal moduli problem X = Specf A ∈ Moduli/k satisfies conditions (i) and (ii)

of Theorem 6.2.2. To see this, we note that T red
X is given by the k-linear dual of the shifted relative cotangent

complex Lk/A[1] (see Notation 6.1.8). It therefore suffices to show that each πnLk/A is a finite dimensional
vector space over k, and that πnLk/A ' 0 vanishes for n ≤ 0. The vanishing for n < 0 follows from the
fact that k and A are connective. Moreover, π0Lk/A is the module of Kähler differentials of k over π0A
(Proposition A.7.4.3.9), which vanishes because the map π0A→ k is surjective. The finite-dimensionality is
equivalent to the assertion that Lk/A is almost perfect as a k-module, which follows from the fact that k is
almost of finite presentation over A (see Theorems A.7.4.3.18 and A.7.2.5.31).

The proof of Theorem 6.2.2 will require some preliminary results. Recall that the Yoneda embedding
Specf : (CAlgsm

/k )op → Moduli/k extends to a fully faithful embedding

Pro(CAlgsm
/k )op → Moduli/k .

We say that a formal moduli problem X ∈ Moduli/k is prorepresentable if it belongs to the essential image
of this embedding.
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Proposition 6.2.4. Let A be a Noetherian E∞-ring, let m ⊆ π0A be a maximal ideal, and let k denote the
residue field (π0A)/m. Then there exists a tower of A-algebras

· · · → A2 → A1 → A0 → k

satisfying the following conditions:

(a) Each Ai ∈ CAlg/k is small.

(b) The induced map
lim−→ Specf Ai → Specf A

is an equivalence in Moduli/k

(c) The canonical map A→ lim←−Ai exhibits lim←−Ai as an m-completion of A.

Proof. Choose a tower
· · · → B2 → B1 → B0

satisfying the requirements of Lemma 5.1.5. Set Ai = τ≤iBi; we will prove that the tower {Ai}i≥0 has the
desired properties. Each of the maps π0A → π0Ai is annihilated by some power of the maximal ideal m.
It follows that each homotopy group πnAi can be regarded as a module over (π0A)/mk for k � 0. Since
Ai is almost perfect as a module over A, each πnAi is finitely generated as a module over (π0A)/mk, and
therefore of finite length. Since π0A→ π0Ai is surjective, π0Ai is a local Artinian ring with residue field k.
Using the criterion of Proposition 6.1.2, we see that each Ai is small. This proves (a), and (c) follows from
Remark 5.1.11. To prove (b), we note that if R ∈ CAlg/k is small, then any map π0A→ π0R automatically
annihilates some power of the maximal ideal m. It follows that the canonical map

lim−→MapCAlg/k
(Bi, R)→ MapCAlg/k

(A,R)

is a homotopy equivalence. Choose an integer m such that R is m-truncated. Then the map

MapCAlg/k
(Ai, R)→ MapCAlg/k

(Bi, R)

is a homotopy equivalence for i ≥ m. It follows that the composite map

lim−→MapCAlg/k
(Ai, R)→ lim−→MapCAlg/k

(Bi, R)→ MapCAlg/k
(A,R)

is a homotopy equivalence.

The essential surjectivity of the functor θ appearing in Theorem 6.2.2 is a consequence of the following
more general result, which we will prove in §6.3:

Theorem 6.2.5 (Spectral Schlessinger Criterion). Let k be a field, let X ∈ Moduli/k be a formal moduli

problem, and assume that πnT
red
X is finite dimensional as a k-vector space for each n ≤ 0. Then there exists

a Noetherian E∞-ring A, where π0A is a complete local Noetherian ring with residue field k, and a map
η : Specf A→ X which induces isomorphisms

πnT
red
Specf A

→ πnT
red
X

for n ≤ 0.

Remark 6.2.6. In the situation of Theorem 6.2.5, let K denote the fiber of the map T red
Specf A

→ T red
X . We

have exact sequences

πn+1T
red
Specf A

→ πn+1T
red
X → πnK → πnT

red
Specf A

→ πnT
red
X
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which show that πnK ' 0 for n < 0: that is, K is connective. We have a homotopy pullback diagram of
spectra

TSpecf A
//

��

T red
Specf A

��
TX // T red

X .

It follows that K can also be identified with the fiber of the map TSpecf A → TX . Since K is connective, we
deduce that the map Specf A→ X is smooth (in the sense of Definition X.1.5.6).

Proof of Theorem 6.2.2. We first show that the functor θ is fully faithful. Fix objects A,B ∈ CAlgcg
/k. We

wish to show that θ induces a homotopy equivalence

MapCAlg/k
(B,A)→ MapModuli/k

(Specf A,Specf B).

Choose a tower of A-algebras {Ai} satisfying the requirements of Proposition 6.2.4. In particular, we have
Specf A ' lim−→ Specf Ai, so that we have homotopy equivalences

MapModuli/k
(Specf A,Specf B) → lim←−MapModuli/k

(Specf Ai,Specf B)

' lim←−(Specf B)(Ai)

' lim←−MapCAlg/k
(B,Ai)

' MapCAlg/k
(B, lim←−Ai).

It will therefore suffice to show that the canonical map

MapCAlg/k
(B,A)→ MapCAlg/k

(B, lim←−Ai)

is a homotopy equivalence. This follows from Proposition 6.2.4 together with our assumption that A is
complete with respect to the maximal ideal of π0A.

Let Moduli0/k denote the full subcategory of Moduli/k spanned by those formal moduli problems X for

which the homotopy groups πnT
red
X are finite dimensional for each n and vanish for n > 0. It follows from

Remark 6.2.3 that θ restricts to a functor (CAlgcg
/k)op → Moduli0/k. It remains to prove that this functor is

essentially surjective. Let X ∈ Moduli0/k, and choose a map u : Specf A→ X satisfying the requirements of

Theorem 6.2.5. Since πnT
red
X ' 0 for n > 0, the map u induces an equivalence of reduced tangent complexes

T red
Specf A

→ T red
X . Since the diagram

TSpecf A
//

��

T red
Specf A

��
TX // T red

X .

is a pullback, we see that u induces an equivalence on tangent complexes TSpecf A → TX , and is therefore an
equivalence by Proposition X.1.2.10.

We close this section by establishing a formal property of the construction A 7→ Specf A which will be
needed in §6.3.

Proposition 6.2.7. Suppose we are given a pullback diagram of connective E∞-rings σ :

R //

��

R0

f

��
R1

g // R01,
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where f and g induce surjections π0R1 → π0R01 ← π0R1. Assume that R0, R1, and R01 are Noetherian.
Then:

(1) The E∞-ring R is Noetherian.

(2) Let k denote the residue field of π0R01 at some maximal ideal, so that we can regard σ as a pullback
diagram in CAlg/k. Then the induced map

Specf R0

∐
Specf R01

Specf R1 → Specf R

is an equivalence in Moduli/k.

Proof. Let A denote the fiber product π0R0 ×π0R01
π0R1. We first prove that A is Noetherian. Let I ⊆ A

be an ideal, and let I0 and I1 denote the images of I in π0R0 and π0R1. Let J denote the intersection of
I1 with the kernel of the map π0R1 → π0R01. Since π0R0 and π0R1 is Noetherian, the ideals I0 and J are
finitely generated. We have an exact sequence of A-modules

0→ J → I → I0 → 0

which proves that I is also finitely generated.
Let K denote the kernel of the map π0R→ A. Using the exact sequence

π1R01 → π0R→ π0R0 × π0R1 → π0R01,

we see that K can be regarded as a quotient of π1R01. In particular, K is annihilated by the kernel of the map
π0R→ π0R01, and is therefore a square-zero ideal in π0R. It follows that π0R is K-adically complete. Since
R01 is Noetherian, K is finitely generated. Applying Proposition 4.3.12, we deduce that π0R is Noetherian.

For every integer n, we have an exact sequence

πn+1R01 → πnR→ πnR0 × πnR1.

Since R0, R1, and R01 are Noetherian, the modules πn+1R01, πnR0, and πnR1 are finitely generated over
π0R01, π0R0, and π0R1, respectively. It follows that each of these modules is finitely generated over π0R.
Since π0R is Noetherian, we deduce that πnR is finitely generated as a module over π0R. This proves (1).

The proof of (2) will proceed in several steps.

• Suppose first that R0, R1, and R01 belong to CAlgsm
/k . Then R ∈ CAlgsm

/k . We wish to show that, for
every X ∈ Moduli/k, the diagram of spaces

MapModuli/k
(Specf R,X) //

��

MapModuli/k
(Specf R0, X)

��
MapModuli/k

(Specf R1, X) // MapModuli/k
(Specf R01, X)

is a pullback square. This is equivalent to the requirement that the map

X(R)→ X(R0)×X(R01) X(R1)

is a homotopy equivalence, which follows from Proposition 6.1.5.

• Suppose that π0R is a local Artin ring (with residue field k). Then π0R0, π0R1, and π0R01 are also local
Artin rings. It follows that for each integer n ≥ 0, the truncations τ≤nR0, τ≤nR1, and τ≤nR01 belong
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to CAlgsm
/k . Let R(n) denote the fiber product τ≤nR0×τ≤nR01

τ≤nR1. It follows from the previous step
that the canonical map

Specf(τ≤nR0)
∐

Specf (τ≤nR01)

Specf(τ≤nR1)→ Specf R(n)

is an equivalence. Passing to the filtered colimit over n, we deduce that the upper horizontal map in
the diagram

lim−→ Specf(τ≤nR0)
∐

Specf (τ≤nR01) Specf(τ≤nR1)

��

// lim−→ Specf R(n)

��
Specf R0

∐
Specf R01

Specf R1
// Specf R

is an equivalence. To prove that the lower horizontal map is an equivalence, it will suffice to show that
the vertical maps are equivalences. This is clear: if B ∈ CAlgsm

/k is m-truncated, then the maps

(Specf τ≤nR0)(B)→ (Specf R0)(B) (Specf τ≤nR1)(B)→ (Specf R1)(B)

(Specf τ≤nR01)(B)→ (Specf R01)(B) (Specf R(n))(B)→ (Specf R)(B)

are homotopy equivalences provided that n > m.

• Now suppose that R is arbitrary. Let I ⊆ π0R be the kernel of the map π0R→ k, and choose a tower
of R-algebras

· · · → A2 → A1 → A0

satisfying the requirements of Lemma 5.1.5. The map

θ : Specf R0

∐
Specf R01

Specf R1 → Specf R

is a filtered colimit of maps

Specf(Ai ⊗R R0)
∐

Specf (Ai⊗RR01)

Specf(Ai ⊗R R1)→ Specf Ai.

It follows from the preceding case that each of these maps is an equivalence in Moduli/k, so that θ is
an equivalence in Moduli/k.

6.3 Schlessinger’s Criterion in Spectral Algebraic Geometry

Our goal in this section is to give the proof of Theorem 6.2.5. We begin by recalling some facts from
commutative algebra.

Lemma 6.3.1. Suppose we are given an inverse system

. . .→ B3 → B2 → B1 → B0

be an inverse system of (ordinary) local Artinian rings with the same residue field k. Denote the maximal
ideal of Bi by mi, and suppose that the induced maps mi+1/m

2
i+1 → mi/m

2
i on Zariski cotangent spaces are

isomorphisms. Then the inverse limit B = lim←−Bi is a complete local Noetherian ring with residue field k
and maximal ideal m = lim←−mi. Moreover, there is a canonical isomorphism

{Bi}i>0 ' {B/mn}n≥0

of pro-objects in the category of commutative rings.
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Proof. We first prove that B is Noetherian. Note that for each n ≥ 0, each of the maps Bi+1 → Bi induces
surjections mni+1/m

n+1
i+1 → mni /m

n+1
i . Since mi+1 and mi are nilpotent, we conclude that the map mi+1 → mi

is surjective: that is, mi is generated by the image of mi+1. For each n ≥ 0, let m(n) denote the inverse limit
lim←−mni , regarded as an ideal in B. The inverse system {mni }i≥0 has surjective transition maps, so the exact
sequences

0→ mni → Bi → Bi/m
n
i → 0

determine an exact sequence
0→ m(n)→ B → lim←−{Bi/m

n
i } → 0.

In other words, we have canonical isomorphsims B/m(n) ' lim←−{Bi/m
n
i }.

Since each Bi is local and Artinian, the ideals mi are nilpotent, so that the canonical maps

Bi → lim←−
n≥0

Bi/m
n
i

are isomorphisms. Taking the inverse limit over i, we obtain isomorphisms

B ' lim←−
i

Bi

' lim←−
i

lim←−
n

Bi/m
n
i

' lim←−
n

lim←−
i

Bi/m
n
i

' lim←−
n

B/m(n).

We will prove the following assertions:

(a) For each n ≥ 0, we have an equality m(n) = mn of ideals of B.

(b) The ideal m is finitely generated.

Assuming (a), we deduce that B is m-adically complete. Since B/m ' k is Noetherian, it follows from
(b) that the commutative ring B is also Noetherian (Proposition 4.3.12), hence a complete local ring with
maximal ideal m and residue field k.

Choose a finite set of generators x1, . . . , xp for the maximal ideal m0 of B0. Since the inverse system
{mi} has surjective transition maps, we can lift each xi to an element xi ∈ m. Let I ⊆ B denote the ideal
generated by the xi. Assertions (a) and (b) are immediate consequences of the following:

(c) For each n ≥ 0, we have m(n) = In.

To prove (c), choose generators y1, . . . , yr for the ideal In. Note that since the associated graded rings⊕
m≥0

mmi /m
m+1
i

are generated over k by the images of the xi, the truncated ring⊕
0≤m′≤m

mm
′

i /mm
′+1

i

have dimension at most
(
p+m
m

)
over k. It follows that the quotients Bi/m

m+1
i have length at most

(
p+m
m

)
,

so that the inverse systems {Bi/mm+1
i }i≥0 are eventually constant. It follows that for each m ≥ 0, the map

B/m(m+ 1)→ Bi/m
m+1
i is an isomorphism for i� 0. Since the maps

Im → mmi → mmi /m
m+1
i
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are surjective, we conclude that each of the maps Im → m(m)/m(m+ 1) is surjective.
Now let z be an arbitrary element of m(n). We define a sequence of approximations zn, zn+1, zn+2 . . . ∈ In

with
z ≡ zm (mod )m(m)

by induction as follows. Set zn = 0. Assuming that zm has been defined for m ≥ n, we use the surjectivity
of the map Im → m(m)/m(m+ 1) to write

z − zm ≡
∑

1≤i≤r

ci,myi (mod m(m+ 1))

for some elements ci,m ∈ Im−n. For each 1 ≤ i ≤ r, the sequence of finite sums {
∑
m≤m0

ci,m} has eventually
constant image in each Bi, and so converges uniquely to an element ci ∈ m. It is now easy to check that
z =

∑
1≤i≤q ciyi belongs to the ideal In, as desired. This completes the proof that B is Noetherian.

It remains to show that the pro-objects {Bi}i≥0 and {B/mn}n≥0 are isomorphic. For each i ≥ 0, let
I(i) ⊆ B denote the kernel of the map B → Bi. It will suffice to show that the sequences of ideals

· · · ⊆ I(3) ⊆ I(2) ⊆ I(1) ⊆ I(0) ⊆ B

· · · ⊆ m3 ⊆ m2 ⊆ m ⊆ B

are mutually cofinal. In other words:

• For each i ≥ 0, there exists an integer n such that mn ⊆ I(i). This follows immediately from the fact
that the ideal mi is nilpotent.

• For each n ≥ 0, there exists an integer i such that I(i) ⊆ mn. This follows from the fact that the tower
{Bi/mni } is eventually constant, which was established above.

Lemma 6.3.2. Let R be an associative ring, and suppose we are given a tower

· · · →M2 →M1 →M0

consisting of discrete R-modules of finite length. Then:

(a) The group lim←−
1{Mi} is trivial.

(b) If the inverse limit lim←−
0{Mi} ' 0, then the tower {Mi} is isomorphic to zero as a pro-object of ModR.

Proof. For integers i ≤ j, let Mi,j denote the image of the map Mj →Mi. We have a decreasing system of
submodules

Mi = Mi,i ⊇Mi,i+1 ⊇Mi,i+2 ⊇ · · ·

Since Mi has finite length, this sequence eventually stabilizes to some submodule Mi,∞ ⊆Mi. Let Ni denote
the quotient Mi/Mi,∞, so that we have a tower of short exact sequences

0→Mi,∞ →Mi → Ni → 0.

For each i ≥ 0, we can choose an integer j ≥ i such that the map Mj → Mi factors through Mi,∞. It
follows that the map Nj → Ni is zero. Consequently, the tower {Ni} is a zero object in the category of
pro-R-modules. It follows that the inclusion {Mi,∞} ↪→ {Mi} is an isomorphism of pro-objects; we may
therefore replace {Mi} by {Mi,∞} and thereby reduce to the case where each of the maps Mi+1 → Mi is
surjective. In this case, assertion (a) is obvious. To prove (b), we note that if M = lim←−

0Mi, then the map
M →Mi is a surjection for each i. If M is zero, we conclude that each Mi is zero.
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Lemma 6.3.3. Let B = lim←−Bi be as in Lemma 6.3.1. Then the canonical map

lim−→ Specf Bi → Specf B

is an equivalence in Moduli/k

Proof. Let m ⊆ B be the maximal ideal, and choose a tower of B-algebras

· · · → A2 → A1 → A0

satisfying the hypotheses of Lemma 5.1.5. Let R ∈ CAlgsm
/k , and assume that R is n-truncated. Since every

map B → R annihilates some power of the maximal ideal m, the canonical map

lim−→MapCAlg/k
(τ≤nAi, R) ' lim−→MapCAlg/k

(Ai, R)→ MapCAlg/k
(B,R)

is a homotopy equivalence. It will therefore suffice to prove the following:

(∗) The towers {τ≤nAi}i≥0 and {Bi}i≥0 are equivalent (when regarded as Pro-objects of (CAlgB)/k)

We prove (∗) by induction on n. In the case n = 0, it follows from Lemma 6.3.1 that both towers are
Pro-equivalent to the tower of commutative rings

· · · → B/m3 → B/m2 → B/m ' k.

To carry out the inductive step, it will suffice to show that the towers {τ≤n−1Ai}i≥0 and {τ≤nAi}i≥0 are
Pro-equivalent for n > 0. Using Theorem A.7.4.1.26, we can construct a pullback square of towers

{τ≤nAi}i≥0
//

��

{τ≤n−1Ai}i≥0

��
{τ≤n−1Ai}i≥0

// {(τ≤n−1Ai)⊕ (πnAi)[n+ 1]}i≥0

It will therefore suffice to show that the right horizontal map in this diagram is an equivalence of Pro-objects.
In fact, we claim that the tower {πnAi} is zero when regarded as a Pro-object of ModB . Each πmAi is a
finitely generated module over B which is annihilated by some power of m, and therefore has finite length.
It follows that

lim←−
0{πnAi} ' πn lim←−Ai ' πnB ' 0,

so that {πnAi} is trivial as a pro-object of ModB by Lemma 6.3.2.

Lemma 6.3.4. Suppose that R is a complete local Noetherian ring with maximal ideal m, and that

. . .→M2 →M1 →M0

is an inverse system of finitely generated R-modules. Let m be the maximal ideal of R, and suppose that
each map Mj+1/mMj+1 →Mj/mMj is an isomorphism. Then the inverse limit M = lim←−

0{Mj} is a finitely

generated R-module, and lim←−
1{Mj} ' 0.

Proof. Using Nakayama’s lemma, we deduce that each of the maps Mi+1 →Mi. It follows that the the map
M → M0 is surjective, so we can choose a finite collection of elements x1, . . . , xn ∈ M whose images form
a basis for the vector space M0/mM0. Then the images of the xi in each Mj form a basis for Mj/mMj . It
follows from Nakayama’s lemma that each Mj is generated by the images of the xi. For each integer c ≥ 0,
the quotient Mj/m

cMj has length at most nq, where q denotes the length of the Artinian ring R/mcR. It
follows that there exists an integer mc such that the maps

Mj+1/m
cMj+1 →Mj/mMj
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are bijective for j ≥ mc.
Fix an element y ∈ M . We will define a sequence of elements y0, y1, . . . ∈ M such that each of the

differences y − yc has vanishing image in Mj/m
cMj , for all j. Set y0 = 0. Assume that c ≥ 0 and that yc

has been defined, and let m = mc+1. Then the image of y − yc in Mm belongs to mcMm. It follows that we
can choose elements {λi,c ∈ mc}1≤i≤n such that y and yc +

∑
1≤i≤n λi,cxi have the same image in Mm. Set

yc+1 = yc +
∑

1≤i≤n λi,cxi; it follows from the choice of m that yc+1 has the required property.
For 1 ≤ i ≤ n, the sum

∑
c≥0 λi,c converges m-adically to an element λi ∈ R (since R is m-adically

complete). It follows that the image of z = y −
∑

1≤i≤n λixi vanishes in each quotient Mj/m
cMj . Since

Mj is a finitely generated R-module, it is m-adically complete: we therefore deduce that the image of z in
each Mj is zero. Since M = lim←−

0{Mj}, we conclude that z = 0: that is, y belongs to the submodule of M
generated by the elements xi.

Remark 6.3.5. In the situation of Lemma 6.3.4, suppose that each Mj is an R-module of finite length.
Then there is a canonical isomorphism of Pro-systems

{Mj}j≥0 ' {M/miM}i≥0.

To prove this, let Kj ⊆M be the kernel of the surjection M →Mj ; we claim that the descending chains of
submodules

K0 ⊇ K1 ⊇ K2 ⊇ K3 ⊇ · · ·
M ⊇ mM ⊇ m2M ⊇ m3M ⊇ · · ·

are mutually cofinal. This is equivalent to the following pair of assertions:

(a) For every integer j, there exists an integer i such that miM ⊆ Ki. In other words, each Mj is
annihilated by a sufficiently large power of the maximal ideal m: this follows from our assumption that
Mj has finite length.

(b) For every integer c, there exists an integer m such that Km ⊆ mcM . In fact, we can take m to be the
integer mc appearing in the proof of Lemma 6.3.4. If y ∈ Km, then the image of y in Mm is contained
in mcMm. It follows that we can take y0 = y1 = · · · = yc = 0 in the proof of Lemma 6.3.4, so that the
expression

y =
∑

λixi

belongs to mcM .

Lemma 6.3.6. Let R and {Mj}j≥0 be as in Lemma 6.3.4, let M = lim←−Mj, let A be a Noetherian E∞-ring
with π0A = R, and suppose we are given a map η : LA → M [n + 1] classifying a square-zero extension of

Ã of A by M [n]. For each j ≥ 0, let Aj denote the square-zero extension of A by Mj determined by the
composite map

A
η→M [n+ 1]→Mj [n+ 1].

Then the canonical map
θ : lim−→ Specf Aj → Specf Ã

is an equivalence in Moduli/k.

Proof. For each m ≥ 0, let θm denote the canonical map

θm : lim−→ Specf A⊕Mj [m]→ Specf A⊕M [m].

Applying Proposition 6.2.7 to the pullback diagrams

Ã //

��

A

��

Aj //

��

A

��
A // A⊕M [n+ 1] A // A⊕Mj [n+ 1],
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we obtain a pushout diagram
θ idSpecf A
oo

idSpecf R

OO

θn+1
oo

OO

in the ∞-category Fun(∆1,Moduli/k). It will therefore suffice to show that θn+1 is an equivalence.
We will prove that each θm is an equivalence. Choose a tower of A-algebras

· · · → A2 → A1 → A0

satisfying the requirements of Lemma 5.1.5, so that the canonical maps

lim−→ Specf Ai → Specf A lim−→ Specf Ai ⊕ (Ai ⊗AM [m])→ Specf A⊕M [m]

are equivalences. Proposition 6.2.7 implies that the diagrams

Specf Ai //

��

Specf A

��
Specf Ai ⊕ (Ai ⊗AM [m]) // Specf A⊕ (Ai ⊗AM [m])

are pushout squares. Passing to the direct limit, we conclude that the map

lim−→ Specf Ai ⊕ (Ai ⊗AM [m])→ lim−→ Specf A⊕ (Ai ⊗AM [m])

is an equivalence, from which it follows that

Specf A⊕M [m] ' lim−→
i

Specf A⊕ (Ai ⊗AM [m]).

Let B ∈ CAlgsm
/k , and assume that B is q-truncated for some positive integer q ≥ m. We wish to show

that the map
lim−→MapCAlg/k

(A⊕Mj [m], B) ' MapCAlg/k
(A⊕M [m], B)

is a homotopy equivalence. The argument above shows that the map

lim−→MapCAlg/k
(A⊕τ≤q(Ai⊗AM [m]), B) ' lim−→MapCAlg/k

(A⊕(Ai⊗AM [m]), B)→ lim−→MapCAlg/k
(A⊕M,B)

is a homotopy equivalence. It will therefore suffice to prove the following:

(∗) The towers {Mj}j≥0 and {τ≤q−m(Ai ⊗AM)}i≥0 are equivalent as Pro-objects of (ModA)M/.

The proof of (∗) proceeds by induction on q. We first treat the case where q = m. Since the homotopy
groups πp(Ai ⊗AM) are R-modules of finite length, Lemma 6.3.2 gives isomorphisms

lim←−
0πp(Ai ⊗AM) ' πp lim←−(Ai ⊗AM) '

{
M if p = 0

0 otherwise.

Applying Remark 6.3.5, we deduce that the towers {Mj}j≥0 and {τ≤0(Ai⊗AM)}i≥0 are both Pro-isomorphic
to the tower {M/mcM}c≥0. To carry out the inductive step, let us suppose that q ≥ m and that the towers
{Mj}j≥0 and {τ≤q−m(Ai ⊗AM)}i≥0 are equivalent. We have a fiber sequence of towers

{τ≤q−m(Ai ⊗AM)}i≥0 → {τ≤q+1−m(Ai ⊗AM)}i≥0 → {(πq+1−m(Ai ⊗AM))[q + 1−m]}.

It will therefore suffice to show that the tower of discrete R-modules {πq+1−m(Ai ⊗AM)} is trivial as Pro-
object. This follows from Lemma 6.3.2 (since each πq+1−m(Ai ⊗AM) is finitely generated as a module over
π0Ai, and therefore of finite length as an R-module).
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Proof of Theorem 6.2.5. We will construct a tower

· · · → A2 → A1 → A0

in CAlgcg
/k such that each of the maps An+1 → An exhibits An as an n-truncation of An+1, and a compatible

sequence of natural transformations
φn : Specf An → X

with the following property: for each integer n, the induced map

πiT
red
Specf An

→ πiT
red
X

is an isomorphism for −n ≤ i ≤ 0 and an injection for i = −n − 1. Assuming that such a sequence can be
found, we take A = lim←−An. Then Specf A ' lim−→ Specf An, so we obtain a map Specf A→ X which evidently
has the desired properties.

Our construction proceeds by induction. We begin with the case n = 0, where we essentially reproduce
the proof of the main theorem of [59]. We construct the ordinary Noetherian ring A0 as the inverse limit of
a sequence of local Artinian rings {Bj} with residue field k, equipped with maps ψj : Specf Bj → X, which
we will identify with points of X(Bj). We begin by setting B0 = k, and take ψ0 to be any point of the
contractible space X(k).

Assuming now that that Bj and ψj have already been constructed for some integer j ≥ 0. Let Fj denote
the fiber of the map of tangent complexes TSpecf Bj → TX , and let Vj = π−1Fj . We have an exact sequence
of vector spaces

π0T
red
X → Vj → π−1T

red
Specf Bj

which shows that Vj is finite dimensional over k. Choose a map of k-module spectra η : Vj [−1]→ Fj inducing
an isomorphism on π−1. Then η determines a map η0 : Bj → k ⊕ V ∨j [1] and a point of the fiber product

η1 ∈ X(Bj)×X(k⊕V ∨j [1]) X(k)

lying over ψj . Let Bj+1 denote the square-zero extension of Bj by Vj determined by η0, so that η1 determines
a map ψj+1 : Specf Bj+1 → X extending φ(0)j .

For each j ≥ 0, let mj denote the maximal ideal of Bj . We claim that for j ≥ 1, the map Bj+1 → Bj
induces an isomorphism of Zariski cotangent spaces θ : (mj+1/m

2
j+1) → (mj/m

2
j ). The surjectivity of θ is

clear. To prove injectivity, we note that Theorem A.7.4.3.1 supplies canonical isomorphisms

mj/m
2
j ' π1Lk/Bj V ∨j ' π1(k ⊗Bj+1

LBj+1/Bj ).

The fiber sequence of k-module spectra

k ⊗Bj LBj+1/Bj → Lk/Bj+1
→ Lk/Bj

gives a long exact sequence of vector spaces

π2Lk/Bj
θ′→ V ∨j → mj+1/m

2
j+1

θ→ mj/m
2
j .

We therefore see that the injectivity of θ is equivalent to the surjectivity of θ′. The dual of θ′ is the canonical
map from Vj ' π−1Fj into π−1T

red
Specf Bj

. Using the long exact sequence

π0T
red
Specf Bj

θ′′→ π0T
red
X → π−1Fj

θ′∨→ π−1T
red
Specf Bj

,

we are reduced to proving that the map θ′′ is surjective. This is clear, since the composite map

V0 ' π0T
red
Specf B1

→ π0T
red
Specf Bj

θ′′→ T red
X
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is an isomorphism by construction (note that F0 = T red
X [1]).

Now we may apply Lemma 6.3.1 to conclude that the inverse limit A0 of the tower

. . .→ B2 → B1 → B0 = k

is Noetherian, and Lemma 6.3.3 implies that the map

lim−→ Specf Bi → Specf A0

is an equivalence. The compatible family of maps ψj induce a natural transformation φ0 : Specf A0 → X.
Let F denote the fiber of the canonical map TSpecf A0

→ TSpecf X . Then F ' lim−→Fj . By construction, each
of the maps π−1Fj → π−1Fj+1 is zero. It follows that π−1F ' 0. Using the fiber sequence

F → T red
Specf A0

→ T red
X ,

we conclude that the map πiT
red
Specf A

→ T red
X is injective for i = −1 and surjective for i = 0. Note that

π0T
red
Specf A0

is the filtered colimit of the Zariski tangent spaces (mj/m
2
j )
∨. Since these tangent spaces are

isomorphic for j ≥ 1, we deduce that the canonical map

V0 ' (m1/m
2
1)→ π0T

red
Specf A

is an isomorphism. Since the composite map

V0 → π0T
red
Specf A0

→ π0T
red
X

is an isomorphism by construction, we deduce that the map π0T
red
Specf A0

→ π0T
red
X is an isomorphism. This

completes the construction of the map φ0 : Specf A0 → X.
Let us now suppose that n ≥ 0 and the map φn : Specf An → X has been constructed. We will construct

An+1 as the limit of a tower of Noetherian E∞-rings

· · · → C3 → C2 → C1 → C0 = Ai,

equipped with compatible maps νj : Specf Cj → X, starting with ν0 = φi. Assume that νj has been
defined for j ≥ 0, let Fj denote the fiber of the induced map of tangent complexes TSpecf Cj → TX , and set
Vj = π−n−2Fj . Choose a map η : Vj [−n−2]→ F ′j which induces the identity on π−n−2, so that η determines
a map of E∞-rings η0 : Cj → k ⊕ V ∨j [n+ 2] together with a nullhomotopy of the composite map

Specf(k ⊕ V ∨j [n+ 2])→ Specf Cj → X.

We define Cj+1 to be the square-zero extension of Cj determined by η0. It follows from Proposition 6.2.7
that the diagram

Specf k ⊕ V ∨j [n+ 2] //

��

Specf k

��
Specf Cj // Specf Cj+1

is a pushout square in Moduli/k, so that η determines a map νj+1 : Specf Cj+1 → X extending νj .
Since each of the maps Cj+1 → Cj is (n+ 2)-connective, Theorem A.7.4.3.1 supplies (2n+ 4)-connective

maps
k ⊗Cj V ∨j [n+ 2]→ k ⊗Cj LCj/Cj+1

.

It follows that

πm(k ⊗Cj LCj/Cj+1
) '

{
V ∨j [n+ 2] if m = n+ 2

0 if m < n+ 2.
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Combining this informatio with the fiber sequence of k-module spectra

(k ⊗ LCj/Cj+1
)∨ → Fj → Fj+1,

we deduce that πmFj → πmFj+1 is an isomorphism for m > −n, and that there is an exact sequence of
k-vector spaces

0→ π−n−1Fj → π−n−1Fj+1 → Vj
β→ π−n−2Fj → π−n− 2Fj+1.

By construction, the map β is an isomorphism. It follows that π−n−1Fj ' π−n−1Fj+1 and that the map
π−n−2Fj → π−n−2Fj+1 is zero. Since πmF0 ' 0 for −n− 2 < m < 0, it follows by induction that πmFj ' 0
for −n− 2 < m < 0 and every nonnegative integer j.

For each j ≥ 0, we have a commutative diagram

π−n−2(k ⊗An LAn/Cj+1
)∨ //

θj

��

π−n−2F0

��
π−n−2(k ⊗Cj LCj/Cj+1

)∨ // π−n−2Fj .

If j > 0, then the right vertical map is zero. Since the bottom horizontal map is an isomorphism, we conclude
that the left vertical map is zero. Let Mj denote the discrete A0-module given by πn+1Cj . Since each of the
maps Cj → An is (n+ 2)-connective, Theorem A.7.4.3.1 supplies (2n+ 4)-connective maps

k ⊗ CjMj [n+ 2]→ k ⊗An LAn/Cj .

Let m denote the maximal ideal of A0, so that we obtain an isomorphism Mj/mMj ' πn+2(k ⊗An LAn/Cj ).
By construction, we have M0 = 0 and for each j ≥ 0 a short exact sequence

0→ V ∨j →Mj+1 →Mj → 0.

In particular, we obtain exact seuqences of k-vector spaces

V ∨j
θ∨j→Mj+1/mMj+1 →Mj/mMj → 0.

Since θj = 0 for j > 0, we deduce that the maps Mj+1/mMj+1 → Mj/mMj are isomorphisms. Applying
Lemma 6.3.4, we conclude that that M = lim←−Mj is a finitely generated module over A0 and that lim←−

1Mj ' 0.
Set An+1 = lim←−Cj , so that An+1 is an (n+ 1)-truncated E∞-ring with τ≤nAn+1 ' An and πn+1An+1 = M .
In particular, An+1 is Noetherian.

Using Theorem A.7.4.1.26, we see that An+1 is a square-zero extension of An by M [n+1]. Using Lemma
6.3.6, we see that the map lim−→ Specf Cj → Specf An+1 is an equivalence in Moduli/k. It follows that the
compatible family of maps νj : Specf Cj → X determine a map φn+1 : Specf An+1 → X. We claim that
φn+1 has the desired properties. Let U denote the fiber of the map of tangent complexes TSpecf An+1

→ TX ,
so that U ' lim−→Fj . If 0 > m > −n− 2, then πmFj ' 0 for all j, so that πmU ' 0. Since each of the maps
π−n−2Fj → π−n−2Fj+1 is zero, we also conclude that π−n−2U ' 0. Using the fiber seqeunce

U → T red
Specf An+1

→ T red
X ,

we conclude that the map
πmT

red
Specf An+1

→ πmT
red
X

is an isomorphism for 0 > m > −n− 2, injective when m = −n− 2, and surjective for m = 0. To prove the
injectivity when m = 0, we note that the composite map

π0T
red
Specf A0

µ→ π0T
red
Specf An+1

→ π0T
red
X
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is an isomorphism. It will therefore suffice to show that the map µ is surjective. This map µ fits into an
exact sequence of k-vector spaces

π0T
red
Specf A0

→ π0T
red
Specf An+1

→ (π1k ⊗A0
LA0/An+1

)∨

Consequently, to prove that µ is surjective, it suffices to verify that the relative cotangent complex LA0/An+1
is

2-connective. This follows from Corollary A.7.4.3.2, since the map An+1 → A0 has 2-connective cofiber.

A Stone Duality

Let X be a topological space. We say that X is a Stone space if it is compact, Hausdorff, and has no connected
subsets consisting of more than one point. The category of Stone spaces has many different incarnations:

(a) According to the Stone duality theorem (Theorem A.3.26), a topological space X is a Stone space if and
only if it is homeomorphic to the spectrum Spt(B) of a Boolean algebra B. Moreover, the construction
B 7→ Spt(B) determines a (contravariant) equivalence from the category of Boolean algebras to the
category of Stone spaces.

(b) For any filtered inverse system of finite sets {Sα}, the inverse limit lim←−Sα is a Stone space (when
endowed with the inverse limit topology). This construction determines an equivalence from the
category of profinite sets to the category of Stone spaces (Proposition A.1.6).

(c) Let p be a prime number and let R be a commutative ring in which p = 0 and every element x ∈ R
satisfies xp = x (in this case, we say that R is a p-Boolean algebra). Then the Zariski spectrum SpecZR
is a Stone space. Moreover, the construction R 7→ SpecZR determines a (contravariant) equivalence
from the category of p-Boolean algebras to the category of Stone spaces (Proposition A.1.12; in the
case p = 2, this reduces to the equivalence of (a)).

In this appendix, we will review the construction of the equivalences of categories described above. We
begin in §A.1 with a quick exposition of the theory of Stone spaces and giving proofs of (b) and (c). In
§A.2 we review the definition of the spectrum Spt(P ) of an arbitrary distributive upper-semilattice P , and
show that this construction determines a fully faithful embedding from the category of distributive upper-
semilattices to a full subcategory of the category Top of topological spaces (Proposition A.2.14). In §A.3 we
will specialize this result to the case where P is a Boolean algebra and use it to give a proof of (a). We will
also record a few facts about the relationship between Boolean algebras and distributive lattices, which are
useful in discussing constructible sets in algebraic geometry.

Remark A.0.7. The results described in this appendix are all well-known. We refer the reader to [28] for
more details.

A.1 Stone Spaces

In this section, we review the theory of Stone spaces: that is, topological spaces which are compact, Hausdorff,
and totally disconnected. We will see that the category of Stone spaces has many different descriptions: it
can be obtained as a full subcategory of the category of topological spaces (Definition A.1.2), as the category
of profinite sets (Proposition A.1.6), or as the category of p-Boolean algebras for any prime number p
(Proposition A.1.12). We begin with a review of total disconnectedness.

Proposition A.1.1. Let X be a compact Hausdorff space. The following conditions are equivalent:

(a) There exists a basis for the topology of X consisting of sets which are both closed and open.

(b) Every connected subset of X is a singleton.
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Proof. Suppose first that (a) is satisfied, and let S ⊆ X be connected. Then S is nonempty; we wish to
show that it contains only a single element. Suppose otherwise, and choose distinct points x, y ∈ S. Since
X is Hausdorff, there exists an open set U ⊆ X containing x but not y. Using condition (a), we can assume
that the set U is also closed. Then U ∩ S and (X − U) ∩ S is a decomposition of S into nonempty closed
and open subsets, contradicting the connectedness of S.

To prove the converse, we need the following fact:

(∗) Let x, y ∈ X. Assume that, for every closed and open subset U ⊆ X, if x belongs to U then y also
belongs to U . Then there is a connected subset of X containing both x and y.

To prove (∗), consider the collection S of all closed subsets Y ⊆ X which contain both x and y, having the
property that any closed and open subset U ⊆ Y containing x also contains y. Then S is nonempty (since
X ∈ S). We claim that every linearly ordered subset of S has a lower bound in S. Suppose we are given
such a linearly ordered set {Yα}, and let Y =

⋂
Yα. Then Y contains the points x and y. If Y /∈ S, then we

can decompose Y as the disjoint union of (closed and open) subsets Y−, Y+ ⊆ Y , with x ∈ Y− and y ∈ Y+.
Let us regard Y− and Y+ as compact subsets of X. Since X is Hausdorff, we can choose disjoint open sets
U−, U+ ⊆ X with Y− ⊆ U− and Y+ ⊆ U+. The intersection

(X − U−) ∩ (X − U+) ∩
⋂
α

Yα

is empty. Since X is compact, we conclude that there exists an index α such that (X−U−)∩(X−U+)∩Yα = ∅.
Then Yα ∩ U− and Yα ∩ U+ are disjoint closed and open subsets of Yα containing x and y respectively,
contradicting our assumption that Yα ∈ S. This completes the proof that Y ∈ S, so that S satisfies the
hypotheses of Zorn’s lemma. We may therefore choose a minimal element Z ∈ S.

To complete the proof of (∗), it will suffice to show that Z is connected. Assume otherwise: then there
exists a decomposition of Z into closed and open nonempty subsets Z ′, Z ′′ ⊆ Z. Since Z ∈ S, we have either
x, y ∈ Z ′ or x, y ∈ Z ′′; let us suppose that x, y ∈ Z ′. The minimality of Z implies that Z ′ /∈ S, so that
Z ′ can be further decomposed into closed and open subsets Z ′−, Z

′
+ ⊆ Z ′ containing x and y, respectively.

Then Z ′− and Z ′+ ∪ Z ′′ are closed and open subsets of Z containing x and y, respectively, contradicting our
assumption that Z ∈ S. This completes the proof of (∗).

Now suppose that (b) is satisfied; we wish to prove (a). It follows from condition (∗) that for every pair
of distinct points x, y ∈ X, there exists a closed and open subset Vx,y which contains y but does not contain
x. Let U ⊆ X be an open set; we wish to show that U contains a closed and open neighborhood of each
point x ∈ U . Then X −U is covered by the open sets {Vx,y}y∈X−U . Since X −U is compact, we can choose
a finite subset {y1, . . . , yn} ⊆ X − U such that

X − U ⊆
⋃

1≤i≤n

Vx,yi .

It follows that X−
⋃

1≤i≤n Vx,yi is a closed and open subset of X which contains x and is contained in U .

Definition A.1.2. Let X be a topological space. We say that X is a Stone space if it is compact, Hausdorff,
and satisfies the equivalent conditions of Proposition A.1.1. We let Top denote the category of topological
spaces, and TopSt the full subcategory of Top spanned by the Stone spaces.

Remark A.1.3. Let X be a compact Hausdorff space. The collection of closed and open subsets of X is
closed under finite intersections. Consequently, to show that the X is a Stone space, it suffices to verify that
the collection of closed and open sets forms a subbasis for the topology of X.

Remark A.1.4. Let X be a Stone space. Then every closed subset Y ⊆ X is also a Stone space (with the
induced topology).
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Notation A.1.5. Let Set denote the category of sets. We will abuse notation by identifying Set with the
full subcategory of Top spanned by those topological spaces which are endowed with the discrete topology.
We let Setfin denote the full subcategory of Set spanned by the finite sets, and Pro(Setfin) the category of
Pro-objects of Setfin. We will refer to Pro(Setfin) as the category of profinite sets.

Since the category Top admits filtered inverse limits, the inclusion Set ⊆ Top extends to a functor
ψ : Pro(Setfin)→ Top which preserves filtered inverse limits (moreover, this extension is unique up to unique
isomorphism).

Proposition A.1.6. The functor ψ : Pro(Setfin) → Top of Notation A.1.5 is a fully faithful embedding,
whose essential image is the full subcategory TopSt ⊆ Top spanned by the Stone spaces. In particular, the
category of Stone spaces is equivalent to the category of profinite sets.

The proof of Proposition A.1.6 will require some preliminaries.

Lemma A.1.7. The category TopSt of Stone spaces is closed under the formation of projective limits (in
the larger category Top of topological spaces).

Proof. Suppose we are given an arbitrary diagram {Xα} of Stone spaces; we wish to show that lim←−Xα is also
a Stone space. Note that lim←−αXα can be identified with a closed subspace of the product

∏
αXα. It will

therefore suffice to show that
∏
αXα is a Stone space (Remark A.1.4). This product is obviously Hausdorff,

compact by virtue of Tychanoff’s theorem, and has a subbasis consisting of inverse images of open subsets
of the spaces Xα. Since each Xα has a basis of closed and open sets, we conclude that

∏
αXα has a subbasis

consisting of closed and open sets, and is therefore a Stone space by Remark A.1.3.

Lemma A.1.8. Let A be a filtered partially ordered set, and suppose we are given a functor X : Aop → Set.
If the set X(α) is finite for each α ∈ A, then the inverse limit lim←−α∈AX(α) is nonempty.

Proof. Let S denote the collection of all subfunctors X0 ⊆ X such that the set X0(α) is nonempty for each
α ∈ A. We regard S as a linearly ordered set with respect to inclusions. Note that any linearly ordered
subset of S has an infimum in S, since the intersection of any chain of nonempty finite subsets of a finite set
is again nonempty. It follows from Zorn’s lemma that S has a minimal element X0 ⊆ X. We will show that
for each α ∈ A, the set X0(α) has a single element, so that lim←−α∈AX0(α) consists of a single element. The

desired result will then follow from the existence of a map lim←−α∈AX0(α)→ lim←−α∈AX(α).

Let α ∈ A and choose elements x, y ∈ X0(α); we will prove that x = y. For β ≥ α, let φβ : X0(β)→ X0(α)
be the corresponding map of finite sets, and define subfunctors Xx, Xy ⊆ X0 by the formulae

Xx(β) =

{
φ−1
β (X0(α)− {x}) if β ≥ α
X0(β) otherwise.

Xy(β) =

{
φ−1
β (X0(α)− {y}) if β ≥ α
X0(β) otherwise.

Since X0 was chosen to be a minimal element of S, we must have Xx, Xy /∈ S. It follows that there exist
elements β, γ ∈ A such that the sets Xx(β) and Xy(γ) are empty. Since A is filtered, we may assume without
loss of generality that β = γ. Note also that we must have β ≥ α, since otherwise Xx(β) = X0(β) 6= ∅. Since
Xx(β) = ∅, the map φβ must be the constant map taking the value x ∈ X0(α). The same argument shows
that φβ takes the constant value y. Since X0(β) 6= ∅, this proves that x = y as desired.

Proof of Proposition A.1.6. Let us identify Pro(Setfin) with the category of left exact functors F : Setfin →
Set. The functor ψ admits a left adjoint φ, which carries a topological space X to the left exact functor
φ(X) given by the formula

φ(X)(J) = HomTop(X, J).

We will prove the following:
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(a) If S is a profinite set, then X = ψ(S) is a Stone space. Moreover, the counit map φ(X) → F is an
isomorphism of profinite sets.

(b) If X is a Stone space and S = φ(X), then the unit map X → ψ(S) is a homeomorphism of topological
spaces.

We begin by proving (a). Let S be a profinite set. Choose a filtered partially ordered set A and an
isomorphism of profinite sets S ' lim←−α∈A Sα in Pro(Setfin), where each Sα is a finite set. Then X = ψ(S)

can be identified with the inverse limit of the diagram {Sα} in the category Top of topological spaces, which
is a Stone space by virtue of Lemma A.1.7. We now show that the map φ(X) → S is an isomorphism of
profinite sets. Unwinding the definitions, we must show that for every finite set T , the natural map

θ : lim−→HomSet(Sα, T )→ HomTop(X,T )

is a bijection. We first show that θ is injective. Suppose we are given a pair of maps f0, f1 : Sα → T such

that the composite maps X
φα→ Sα → T coincide. We wish to show that there exists β ≥ α such that the

composite maps Sβ → Sα → T coincide. Let S′ = {s ∈ Sα : f0(s) 6= f1(s)}. For each s ∈ S′, the inverse
image φ−1

α {s} ⊆ X is empty. Using Lemma A.1.8, we deduce that the inverse image of {s} in Sβs is empty
for some βs ≥ α. Since S′ is finite, we may choose β ∈ A such that β ≥ βs for all s ∈ S′. Then the inverse
image of S′ in Sβ is empty, so that β has the desired property.

We now show that θ is surjective. Suppose we are given a continuous map f : X → T . We wish to show
that f factors through φα : X → Sα for some index α ∈ A. If T is empty, then X is empty and so (by
Lemma A.1.8) the set Sα is empty for some α ∈ A, and therefore f factors through Sα. Let us therefore
assume that T is nonempty. Fix t ∈ T and let Xt = f−1{t}. Note that Xt is both open and closed in X.
Since X is compact, Xt is also compact. The topological space X has a basis consisting of sets of the form
φ−1
α {s}, where s ∈ Sα. In particular, for every point x ∈ Xt, we can choose a αx ∈ A and a point sx ∈ Sαx

such that x ∈ φ−1
αx {sx} ⊆ Xt. The sets Ux = φ−1

αx {sx} form an open covering of Xt. Since Xt is compact,
there exist finitely many points x1, . . . , xn ∈ Xt such that Xt =

⋃
1≤i≤n Uxi . Since A is filtered, we can

choose an index αt ∈ A such that αt ≥ αxi for 1 ≤ i ≤ n. Because T is finite, we may further choose α such
that α ≥ αt for all t ∈ T . Let St = {s ∈ Sα : ∅ 6= φ−1

α {s} ⊆ Xt}. Then

Xt ⊆
⋃

1≤i≤n

Uxi ⊆ φ−1
α St ⊆ Xt.

Note that the subsets St ⊆ Sα are disjoint. Since T is nonempty, there exists a map of finite sets f ′ : Sα → T
such that St ⊆ f ′−1{t} for each t ∈ T . Then f = f ′ ◦ φα as desired. This completes the proof of (a).

We now prove (b). Fix a Stone space X, and let C be the category whose objects are pairs (T, f), where
T is a finite set (which we regard as a discrete topological space) and f : X → T is a continuous map.
Unwinding the definitions, we see that S = φ(X) ∈ Pro(Setfin) is given by the filtered limit of finite sets
lim←−(T,f)∈C T . Let C0 be the full subcategory of C spanned by those pairs (T, f) such that f is surjective.

We observe that the inclusion C
op
0 ↪→ Cop is cofinal (it admits a left adjoint), so that S ' lim←−(T,f)∈C0

T . We

wish to prove that the unit map u : X → ψ(S) is a homeomorphism. Since ψ(S) has a basis of open sets
consisting of inverse images of points under the maps ψ(S)→ T for (T, f) ∈ C0, we deduce that the map u
has dense image. Since X is compact and ψ(S) is Hausdorff, the map u is automatically closed and therefore
surjective. To complete the proof, it will suffice to show that u is injective. To this end, suppose we are given
two distinct points x, y ∈ X. Since X is a Stone space, we can choose a continuous map f : X → {0, 1} such
that f(x) = 0 and f(y) = 1. By construction, this map factors through ψ(S), so that u(x) 6= u(y).

We now describe a more algebraic incarnation of the category of Stone spaces.

Definition A.1.9. Let p be a prime number. We say that a commutative ring R is a p-Boolean algebra if
the following conditions are satisfied:
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(i) We have p = 0 in R: that is, R is an algebra over the finite field Fp.

(ii) For each x ∈ R, we have xp = x.

We let BAlgp denote the category whose objects are p-Boolean algebras and whose morphisms are ring
homomorphisms.

Remark A.1.10. In the special case p = 2, condition (ii) of Definition A.1.9 implies that 22 = 2, which
implies (i). If p is an odd prime, these conditions are independent (for example, the ring Z /2 Z satisfies
condition (ii) but does not satisfy (i)).

Example A.1.11. Let X be a topological space, and let C(X; Fp) denote the ring of locally constant
functions from X to Fp. Then C(X; Fp) is a p-Boolean algebra.

The proof of our next result will show that every p-Boolean algebra is of the form given in Example
A.1.11.

Proposition A.1.12. Let p be a prime number. The construction R 7→ SpecZR induces a fully faithful
embedding BAlgopp → Top, whose essential image is the full subcategory TopSt ⊆ Top spanned by the Stone
spaces. In particular, the category of Stone spaces is equivalent to (the opposite of) the category of p-Boolean
algebras.

Proof. For every topological space X, we let C(X; Fp) denote the ring of locally constant functions from X
into Fp. For every point x ∈ X, let px ⊆ C(X; Fp) be the prime ideal consisting of those functions which
vanish at the point x. For every locally constant function f : X → Fp, the set {x ∈ X : f(x) 6= 0} is open

(and closed) in X, so the construction x 7→ px determines a continuous map uX : X → SpecZ C(X; Fp). This

construction is functorial in X and gives a natural transformation of functors u : idTop → SpecZ C(•; Fp).
We first prove:

(∗) The natural transformation u is the unit of an adjunction between the functors SpecZ : BAlgopp → Top
and C(•; Fp) : Top→ BAlgopp .

More concretely, (∗) asserts that for every topological space X and every p-Boolean algebra R, the
composite map

θ : HomBAlgp(R,C(X; Fp))→ HomTop(SpecZ C(X; Fp),SpecZR)
◦uX−→ HomTop(X,SpecZR)

is a bijection. Let f : R → C(X; Fp) be an arbitrary ring homomorphism. For a ∈ R, x ∈ X, and λ ∈ Fp,
we have f(a)(x) = λ if and only if a − λ belongs to the prime ideal θ(f)(x); this proves that θ is injective.
To prove surjectivity, consider an arbitrary continuous map X → SpecZR, which we will denote by x 7→ px.
For each a ∈ R, we have ap = a, so the product a(a− 1)(a− 2) · · · (a− p+ 1) vanishes. It follows that every
prime ideal of R contains a − λ for some λ ∈ Fp; note that λ is necessarily unique. There is therefore a
unique function fa : X → Fp, characterized by the property that a = fa(x) in the quotient ring R/px. From
the uniqueness, we immediately deduce that a 7→ fa determines a ring homomorphism from R to the ring of
all functions from X to Fp. To complete the proof of (∗), it will suffice to show that each of the functions
fa is locally constant. For λ ∈ Fp, we have

f−1
a {λ} = h−1{p ∈ SpecZR : a− λ ∈ p}.

Since h is continuous, this is a closed subset of X. We then deduce that

f−1
a {λ} = X −

⋃
λ′ 6=λ

f−1
a {λ′}

is open (since the field Fp is finite), so that fa is locally constant as desired.
To complete the proof, we will verify the following:
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(a) For every p-Boolean algebra R, the spectrum X = SpecZR is a Stone space, and the canonical map
vR : R 7→ C(X; Fp) is an isomorphism.

(b) If X is a Stone space, then the unit map uX : X → SpecZ C(X; Fp) is a homeomorphism.

We first prove (a). Let R be a p-Boolean algebra. Then X = SpecZR is a compact topological space.
Then the Zariski spectrum has a basis for its topology given by {p ∈ X : a /∈ p}, where a ∈ R. Note that a
prime ideal p of R contains a if and only if it does not contain b = ap−1 − 1 (since ab = 0 and (a, b) is the
unit ideal in R). It follows that X has a basis of closed and open sets. Since the open sets separated points
in X, we conclude that X is Hausdorff, and therefore a Stone space.

To complete the proof of (a), we must show that the map vR : R → C(X; Fp) is an isomorphism of
commutative rings. If a ∈ ker(vR), then a belongs to every prime ideal in R. It follows that a is nilpotent,

so that ap
k

= 0 for k � 0. Using the fact that R is a p-boolean algebra, we deduce that a = 0. This proves
that vR is injective. To prove the surjectivity, we note that every element of C(X; Fp) can be written as an
Fp-linear combination of functions of the form

f(x) =

{
1 if x ∈ Y
0 if x /∈ Y.

where Y is a closed and open subset of X = SpecZR. Then Y determine an idempotent e ∈ R, and we
observe that f = vR(e).

We now prove (b). Let X be a Stone space; we wish to show that uX : X → SpecZ C(X; Fp) is a
homeomorphism. We first claim that uX has dense image. Assume otherwise; then there exists a nonempty
open subset of SpecZ C(X; Fp) which does not intersection uX(X). Without loss of generality, we may
assume that this open subset has the form

U = {p ⊆ C(X; Fp) : f /∈ p}

for some f ∈ C(X; Fp). Since this set does not intersect uX(X), the function f must vanish at every point of

X. It follows that f = 0, so that U = ∅ contrary to our assumption. Since X is compact and SpecZ C(X; Fp)
is Hausdorff, the map uX is automatically closed and therefore surjective. To complete the proof that uX is
a homeomorphism, it will suffice to show that uX is injective. For this, it suffices to show that if x, y ∈ X
are distinct points, then there exists a locally constant functon f : X → Fp which vanishes at x and does
not vanish at y. This follows from our assumption that X is a Stone space.

Remark A.1.13. Let R be a p-Boolean algebra. The following conditions on R are equivalent:

(a) As a set, R is finite.

(b) As an algebra over Fp, R is finitely generated.

(c) As an algebra over Fp, R is finitely presented.

(d) The space SpecZR is finite.

Under the equivalence of categories supplied by Proposition A.1.12, the p-Boolean algebras satisfying these
conditions correspond to the finite sets (regarded as Stone spaces with the discrete topology). We may
therefore use Proposition A.1.12 to reformulate Proposition A.1.6 as follows:

(∗) The category BAlgp of p-Boolean algebras is compactly generated, and its compact objects are precisely
those p-Boolean algebras which satisfy any (and therefore all) of the conditions (a) through (d).

It is fairly easy to prove (∗) directly, thereby obtaining a slightly different proof of Proposition A.1.6.
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A.2 Upper Semilattices

Let X be a Stone space, and let B = C(X; F2) be the ring of locally constant functions from X to the
field F2 = {0, 1}. It follows from Proposition A.1.12 that we can reconstruct X functorially from B, which
we can identify with the collection of all closed and open subsets of X. In fact, this reconstruction is
possible for a much larger class of topological spaces X, which includes (for example) the Zariski spectrum
of any commutative ring (see Proposition A.2.14). The basic point is that if X is not Hausdorff, we should
emphasize the compact open subsets of X, rather than the closed and open subsets of X.

Definition A.2.1. An upper semilattice is a partially ordered P set such that every finite subset S ⊆ P has
a supremum

∨
S.

For partially ordered set P to be an upper semilattice, it is necessary and sufficient that P has least
element ⊥ and every pair of elements x, y ∈ P has a least upper bound. We denote this least upper bound
by x ∨ y, and refer to it as the join of x and y.

Remark A.2.2. Let P be an upper semilattice. Then the join operation ∨ : P × P → P endows P with
the structure of a commutative monoid. Moreover, every element x ∈ P is idempotent: that is, we have
x = x ∨ x. Conversely, if M is a commutative monoid in which every element is idempotent, then we can
introduce a partial ordering of M by writing x ≤ y if and only if xy = y. This partial ordering exhibits M
as an upper semilattice.

Definition A.2.3. Let P be an upper semilattice. We say that a subset I ⊆ P is an ideal if it is closed
downwards and closed under finite joins. We say that a subset F ⊆ P is a filter if it is closed upwards and
every finite subset S ⊆ F has a lower bound in F . We say that an ideal I is prime if P − I is a filter.

Remark A.2.4. Any ideal I ⊆ P contains the least element ⊥∈ P . Note that I is prime if and only if the
following pair of conditions holds:

(i) The empty set ∅ ⊆ P − I has a lower bound in P − I: that is, I 6= P .

(ii) For every pair of elements x, y ∈ P such that x, y /∈ I, there exists z ≤ x, y such that z /∈ I.

Definition A.2.5. Let P and P ′ be upper semilattices. A distributor from P to P ′ is a subset D ⊆ P ×P ′
satisfying the following conditions:

(i) If (x, x′) ∈ D, y ≤ x, and x′ ≤ y′, then (y, y′) ∈ D.

(ii) Let S = {yi} be a finite subset of P ′, let y =
∨
S, and let x ∈ P . Then (x, y) ∈ D if and only if we

can write x =
∨
{xi} for some finite collection of elements {xi} ⊆ P such that (xi, yi) ∈ D for every

index i.

(iii) Let S = {yi} be a finite subset of P ′ and let x ∈ P be such that (x, yi) ∈ D for every index i. Then
there exists an element y ∈ P ′ such that (x, y) ∈ D, and y ≤ yi for every index i.

We say that an upper semilattice P is distributive if the set {(x, y) ∈ P ×P : x ≤ y} is a distributor from
P to itself.

Remark A.2.6. Let P be an upper semilattice. The set {(x, y) ∈ P × P : x ≤ y} automatically satisfies
conditions (i) and (iii) of Definition A.2.5. Consequently, P is distributive if and only if for every inequality
x ≤

∨
{yi}, we can write x =

∨
{xi} for some collection of elements xi satisfying xi ≤ yi. This is obvious if

the set {yi} is empty. Using induction on the size of the set {yi}, we see that P is distributive if and only if
the following condition is satisfied:

(∗) For every inequality x ≤ y ∨ z in P , we can write x = y0 ∨ z0, where y0 ≤ y and z0 ≤ z.
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Remark A.2.7. Let P , P ′, and P ′′ be upper semilattices, and suppose we are given distributors D ⊆ P×P ′
and D′ ⊆ P ′ × P ′′. We define the composition D′ with D to be the relation

D′D = {(x, z) ∈ P × P ′′ : (∃y ∈ P ′)[((x, y) ∈ D) ∧ ((y, z) ∈ D′)]}.

Then D′D is a distributor from P to P ′′. The composition of distributors is associative. Moreover, if P is a
distributive upper semilattice and we let idP denote the distributor {(x, y) ∈ P ×P : x ≤ y}, then idP R = R
for any distributor R from P ′ to P , and R′ idP = R′ for any distributor R′ from P to P ′′. We therefore
obtain a category Lats whose objects are distributive upper-semilattices, where the morphisms from P to P ′

are given by distributors from P to P ′.

Construction A.2.8. Let P be a distributive upper semilattice. We let Spt(P ) denote the collection of all
prime ideals of P . We will refer to Spt(P ) as the spectrum of P .

Notation A.2.9. Let P be a distributive upper semilattice. If I ⊆ P is an ideal, we let Spt(P )I denote the
collection of those prime ideals p ⊆ P such that I * p. If x ∈ P , we let Spt(P )x = {p ∈ Spt(P ) : x /∈ p}.

Proposition A.2.10. Let P be a distributive upper semilattice and let Spt(P ) be the spectrum of P . Then:

(1) There exists a topology on the set Spt(P ), for which the open sets are those of the form Spt(P )I , where
I ranges over the ideals of P .

(2) The construction I 7→ Spt(P )I determines an isomorphism from the partially ordered set of ideals of
P and the partially ordered set of open subsets of Spt(P ).

(3) For each x ∈ P , the subset Spt(P )x ⊆ Spt(P ) is open. Moreover, the collection of sets of the form
Spt(P )x form a basis for the topology of Spt(P ).

(4) For every finite subset S ⊆ P having join
∨
S = x, the open set St(P )x is given by the union⋃

y∈S St(P )y.

(5) Each of the open sets Spt(P )x is quasi-compact. Conversely, every quasi-compact open subset of Spt(P )
has the form Spt(P )x for some uniquely determined x ∈ P .

(6) The topological space Spt(P ) is sober: that is, every irreducible closed subset of Spt(P ) has a unique
generic point.

Lemma A.2.11. Let P be a distributive upper semilattice containing an element x. For every ideal I ⊆ P
which does not contain x, there exists a prime ideal p ⊆ P which contains I but does not contain x.

Proof. Using Zorn’s lemma, we can choose an ideal p ⊆ P which is maximal among those ideals which
contain I and do not contain x. We will complete the proof by showing that p is prime. Since x /∈ p, it is
clear that P − p is nonempty. It will therefore suffice to show that every pair of elements y, z ∈ P − p have
a lower bound in P − p. The maximality of p implies that x belongs to the ideal generated by p and y. It
follows that x ≤ y ∨ y′ for some y′ ∈ p. Since P is distributive, we can write x = y0 ∨ y′0 for some y0 ≤ y
and some y′0 ∈ p. The same argument shows that x ≤ z ∨ z′ for some z′ ∈ p. Then y0 ≤ z ∨ z′, so that
y0 = z0 ∨ z′0 for some z0 ≤ z and some z′0 ∈ p. Then z0 is a lower bound for y and z. We claim that z0 /∈ p:
otherwise, we deduce that y0 = z0 ∨ z′0 ∈ p, so that x = y0 ∨ y′0 ∈ p, a contradiction.

Proof of Proposition A.2.10. We first prove (1). Suppose first that we are given a finite collection of open
subsets Spt(P )Iα of Spt(P ), and let I =

⋂
α Iα. To prove that

⋂
α Spt(P )Iα is open, it will suffice to show

that
⋂
α Spt(P )Iα = Spt(P )I . That is, we must show that a prime ideal p ⊆ P contains I if and only if it

contains some Iα. The “if” direction is obvious. For the converse, suppose that each Iα contains an element
xα ∈ P − p. Since p is a prime ideal, the finite collection of elements {xα} have a lower bound x ∈ P − p.
Since each Iα is closed downwards, we deduce that x ∈ I =

⋂
α Iα.
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Now suppose we are given an arbitrary collection of open subsets Spt(P )Iβ of Spt(P ); we wish to show
that

⋃
β Spt(P )Iβ is open. Let I smallest ideal containing each Iβ . Then a prime ideal p contains I if and

only if it contains each Iβ ; so that
⋃
β Spt(P )Iβ = Spt(P )I . This completes the proof of (1).

We now prove (2). Consider two ideals I, J ⊆ P ; we wish to show that I ⊆ J if and only if Spt(P )I ⊆
Spt(P )J . Let K = I ∩ J , so that Spt(P )K = Spt(P )I ∩ Spt(P )J (by the argument given above). Then
K ⊆ I. We wish to show that K = I if and only if Spt(P )K = Spt(P )I . The “only if” direction is obvious.
For the converse, we must show that if I 6= K, then there is a prime ideal p such that K ⊆ p but I * p.

To prove (3), we note that Spt(P )x = Spt(P )I where I is the ideal {y ∈ P : y ≤ x}; this proves that
Spt(P )x is open. For any ideal J ⊆ P , we have Spt(P )J =

⋃
x∈J Spt(P )x, so that the open sets of the form

Spt(P )x form a basis for the topology of Spt(P ). Assertion (4) follows immediately from the definition of a
prime ideal.

We now prove (5). Let x ∈ P , and suppose that Spt(P )x admits a covering by open sets of the form
Spt(P )Iα ⊆ Spt(P )x. Let J be the smallest ideal containing each Iα. It follows from the proof of (1)
that Spt(P )J =

⋃
α Spt(P )Iα = Spt(P )x. Invoking (2), we deduce that J = {y ∈ P : y ≤ x}. In

particular, x ∈ J . It follows that x ≤ x1 ∨ . . . ∨ xn for some elements xi ∈ Iα(i), from which we deduce
that Spt(P )x =

⋃
1≤i≤n Spt(P )Iα(i)

. This proves that Spt(P )x is quasi-compact. Conversely, suppose that
U ⊆ Spt(P ) is any quasi-compact open set. Then U has a finite covering by basic open sets of the form
Spt(P )y1

, . . . ,Spt(P )yn . It follows from (4) that U = Spt(P )y, where y = y1 ∨ . . . ∨ yn.
We now prove (6). Suppose that K ⊆ Spt(P ) is an irreducible closed subset. Then K = Spt(P )−Spt(P )I

for some ideal I ⊆ P , which is uniquely determined by condition (2). By definition, a prime ideal p ∈ Spt(P )
is a generic point for K if K is the smallest closed subset containing p. According to condition (2), this is
equivalent to the requirement that I be the largest ideal such that I ⊆ p. That is, p is a generic point for
K if and only if p = I. This proves the uniqueness of p. For existence, it suffices to show that I is a prime
ideal. Since K is nonempty, I 6= P . It will therefore suffice to show that every pair of elements x, y ∈ P − I
have a lower bound in P − I. Since x, y /∈ I, the open sets Spt(P )x and Spt(P )y have nonempty intersection
with K. Because K is irreducible, we conclude that Spt(P )x ∩ Spt(P )y ∩ K 6= ∅. That is, there exists a
prime ideal q such that x, y /∈ q while I ⊆ q. Since q is prime, x and y have a lower bound z ∈ P − q. Then
z is a lower bound for x and y in P − I.

Construction A.2.12. Let P and P ′ be distributive upper semilattices, and let D ⊆ P×P ′ be a distributor
from P to P ′. We define a map Spt(D) : Spt(P )→ Spt(P ′) by the formula

Spt(D)(p) = {y ∈ P ′ : (∀x ∈ P )[(x, y) ∈ D ⇒ x ∈ p]}.

We claim that, for every prime ideal p ⊆ P , the subset Spt(D)(p) is a prime ideal in P ′. It is clear that
Spt(D)(p) is closed downwards. If {y1, . . . , yn} ⊆ P ′ − Spt(D)(p) is a finite subset, then we can choose a
finite subset {x1, . . . , xn} ⊆ P −p such that (xi, yi) ∈ D for 1 ≤ i ≤ n. Since p is prime, the elements xi have
a lower bound x ∈ P −p. Then (x, yi) ∈ D for 1 ≤ i ≤ n. Since D is a distributor, we deduce that (x, y) ∈ D
for some lower bound y for {y1, . . . , yn}. Noting that y /∈ Spt(D)(p), we see that P ′−Spt(D)(p) is a filter. To
show that Spt(D)(p) is an ideal, suppose we are given a finite collection of elements {y′1, . . . , y′m} ⊆ Spt(D)(p).
If the join y′1 ∨ · · · ∨ y′m does not belong to Spt(D)(p), then (x′, y′1 ∨ · · · ∨ y′m) ∈ D for some x ∈ p. We
can therefore write x′ = x′1 ∨ · · · ∨ x′m where (x′i, y

′
i) ∈ D for every index i. Since each y′i ∈ Spt(D)(p), we

conclude that x′i ∈ p, so that x′ = x′1 ∨ · · ·x′n ∈ p, a contradiction.

Remark A.2.13. In the situation of Construction A.2.12, the map Spt(D) : Spt(P )→ Spt(P ′) is continuous.
To prove this, we note that if I ⊆ P ′ is an ideal, then Spt(D)−1 Spt(P ′)I = Spt(P )J , where J is the ideal
{x ∈ P : (∃y ∈ I)[(x, y) ∈ D]}.

It follows from Remark A.2.13 that we can view Spt as a functor from the category Lats of distributive
upper semilattices (with morphisms given by distributors) to the category Top of topological spaces.

We can now state the main result of this section.
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Proposition A.2.14 (Duality for Distributive Upper Semilattices). The functor Spt : Lats → Top is fully
faithful. Moreover, a topological space X belongs to the essential image of Spt if and only if it is sober and
has a basis consisting of quasi-compact open sets.

Proof. Let P and P ′ be distributive upper semilattices, let f : Spt(P )→ Spt(P ′) be a continuous map, and
let D ⊆ P × P ′ be a distributor. We first prove the following:

(∗) We have f = Spt(D) if and only if D = {(x, y) ∈ P × P ′ : Spt(P )x ⊆ f−1 Spt(P ′)y}.

This shows in particular that D is uniquely determined by f , so that the functor Spt is faithful. We begin
by proving the “only if” direction of (∗). Suppose that f = Spt(D). If (x, y) ∈ D, then for every prime
ideal p ⊆ P not containing x, we have y ∈ Spt(D)(p) = f(p), so that Spt(P )x ⊆ f−1 Spt(P ′)y. Conversely,
suppose (x, y) /∈ D. Then I = {x′ ∈ P : (x′, y) ∈ D} is an ideal of P which does not contain the element x.
Using Lemma A.2.11, we can choose a prime ideal p containing I and not containing x. Then p ∈ Spt(P )x
but f(F ) = Spt(D)(p) /∈ Spt(P ′)y, so that Spt(P )x * f−1 Spt(P ′)y.

We next prove the “if” direction of (∗). Assume that D = {(x, y) ∈ P × P ′ : Spt(P )x ⊆ f−1 Spt(P ′)y},
and let p ⊆ P be a prime ideal. We wish to show that f(F ) = Spt(D)(p). We have

y /∈ f(p) ⇔ f(F ) ∈ Spt(P ′)y

⇔ F ∈ f−1 Spt(P ′)y

⇔ (∃x ∈ P )[F ∈ Spt(P )x ⊆ f−1 Spt(P ′)y]

⇔ (∃x ∈ P )[(x ∈ F ) ∧ (x, y) ∈ D]

⇔ y /∈ Spt(D)(p).

We now prove that the functor Spt is full. Let f : Spt(P ) → Spt(P ′) be a continuous map, and set
D = {(x, y) ∈ P × P ′ : Spt(P )x ⊆ f−1 Spt(P ′)y}. We will show that D is a distributor; then assertion (∗)
immediately implies that f = Spt(D). Let us verify the conditions of Definition A.2.5:

(i) It is clear that if (x, y) ∈ D, x′ ≤ x, and y ≤ y′, then (x′, y′) ∈ D.

(ii) Let S = {yi} be a finite subset of P ′, let y =
∨
S, and let x ∈ P . Then (x, y) ∈ D if and only if

Spt(P )x ⊆
⋃
i f
−1 Spt(P ′)yi . In this case, Spt(P )x admits a covering by quasi-compact open sets Ui,j

such that Ui,j ⊆ f−1 Spt(P ′)yi . Since Spt(P )x is quasi-compact, we can assume that this covering is
finite. Let Ui =

⋃
j Ui,j . Then each Ui is a quasi-compact open subset of Spt(P ), and is therefore of

the form Spt(P )xi for some xi ∈ P . Since Spt(P )x =
⋃
Ui, we have x = x1 ∨ · · · ∨ xn. Moreover, the

containment Ui ⊆ f−1 Spt(P ′)yi implies that (xi, yi) ∈ D for 1 ≤ i ≤ n.

(iii) Let S = {yi} be a finite subset of P ′ and let x ∈ P be such that (x, yi) ∈ D for every index i. Then
U =

⋂
Spt(P ′)yi is an open subset of Spt(P ′) containing f(Spt(P )x). Since f is continuous, Spt(P )x

is quasi-compact. We may therefore choose a finite covering of f(Spt(P )x) by quasi-compact open
subsets of Spt(P ′) which are contained in U . Let V be the union of these quasi-compact open sets, so
that V = Spt(P )y for some y ∈ Y . Then Spt(P )x ⊆ f−1V , so that (x, y) ∈ D and y ≤ yi for each i.

We now describe the essential image of the functor Spt. Proposition A.2.10 implies that for every
distributive upper semilattice P , the spectrum Spt(P ) is a sober topological space having a basis of quasi-
compact open sets. Conversely, suppose that X is any sober topological space having a basis of quasi-compact
open sets. Let P be the collection of all quasi-compact open subsets of X, partially ordered by inclusion.
Since the collection of quasi-compact open subsets of X is closed under finite unions, we see that P is an
upper semilattice. We next claim that P is distributive. Let U , V , and W be quasi-compact open subsets
of X such that U ⊆ V ∪W . Then U ∩ V and U ∩W is an open covering of U . Since X has a basis of
quasi-compact open sets, this covering admits a refinement {Uα} where each Uα is quasi-compact. Since U
is quasi-compact, we may assume that the set of indices α is finite. Then U = V1∪· · ·∪Vm∪W1∪· · ·∪Wm′ ,
where Vi ⊆ V , Wi ⊆ W , and each of the open sets Vi and Wi is quasi-compact. Let V ′ =

⋃
i Vi and
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W ′ =
⋃
iWi. Then V ′ and W ′ are quasi-compact open subsets of X satisfying U = V ′ ∪W ′, V ′ ⊆ V , and

W ′ ⊆W .
We now define a map Φ : X → Spt(P ) by the formula Φ(x) = {U ∈ P : x /∈ U}. To prove that φ

is well-defined, we must show that for every point x ∈ X, the subset Φ(x) ⊆ P is a prime ideal. It is
easy to see that Φ(x) is an ideal. If we are given a finite collection of elements U1, . . . , Un ∈ P − Φ(x),
then x ∈

⋂
i Ui. Since X has a basis of quasi-compact open sets, we can choose a quasi-compact open set

V ⊆
⋂
i Ui containing x, so that V is a lower bound for the subset {Ui} ⊆ Φ(x). This proves that P − Φ(x)

is a filter, so that Φ(x) is prime.
For each U ∈ P , we have

Φ−1 Spt(P )U = {x ∈ X : Φ(x) ∈ Spt(P )U} = {x ∈ X : x ∈ U} = U.

Since the open sets of the form Spt(P )U form a basis for the topology of Spt(P ) (Proposition A.2.10), we
deduce that Φ is continuous. We next show that Φ is bijective. Let p ⊆ P be a prime ideal; we wish to show
that there is a unique point x ∈ X such that F = Φ(x). Let V =

⋃
U∈p U . Note that if p = Φ(x), then

V is the union of all those quasi-compact open subsets of X which do not contain the point x. It follows
that x is a generic point of X − V . Since X is sober, we conclude that the point x is unique if it exists.
To prove the existence, we will show that the closed set K = X − V is irreducible. Since p is prime, there
exists a quasi-compact open set W ⊆ X which is not contained in p. We claim that W ∩K 6= ∅. Assume
otherwise; then W ⊆ V =

⋃
U /∈F U . Since W is quasi-compact, it is contained in a finite union U1 ∪ · · · ∪Un

where each Ui belongs to p. Since p is an ideal, we conclude that U1 ∪ · · · ∪ Un ∈ p, contradicting our
assumption that U /∈ p. To complete the proof that K is irreducible, it will suffice to show that if W and
W ′ are open subsets of X such that W ∩K 6= ∅ and W ′ ∩K 6= ∅, then W ∩W ′ ∩K 6= ∅. Since X has a basis
of quasi-compact open sets, we may assume without loss of generality that W and W ′ are quasi-compact.
The definition of V then guarantees that W and W ′ belong to the filter P − p. It follows that W and W ′

have a lower bound W ′′ ∈ P − p. Since p is an ideal, W ′′ is not contained in any finite union of open sets
belonging to p. The quasi-compactness of W ′′ then implies that W ′′ is not contained in

⋃
U∈p U = V , so

that ∅ 6= W ′′ ∩K ⊆W ∩W ′ ∩K.
To complete the proof, it will suffice to show that the continuous bijection Φ : X → Spt(P ) is an open

map. Since X has a basis consisting of quasi-compact open sets, it will suffice to show that for every quasi-
compact open set U ⊆ X, the set Φ(U) ⊆ Spt(P ) is open. In fact, we claim that Φ(U) = Spt(P )U . The
containment Φ(U) ⊆ Spt(P )U was established above. To verify the reverse inclusion, let p ⊆ P be a prime
ideal not containing U . The bijectivity of Φ implies that p = Φ(x) for some point x ∈ X. It now suffices to
observe that x ∈ U (since this is equivalent to the condition that U /∈ p = Φ(x)).

A.3 Lattices and Boolean Algebras

In §A.2, we introduced the category Lats of distributive upper semilattices (with morphisms given by dis-
tributors), and showed that the spectrum construction P 7→ Spt(P ) determines a fully faithful embedding
from Lats to the category of topological spaces (Proposition A.2.14). In this section, we will study this
equivalence in the more restrictive setting of distributive lattices.

Definition A.3.1. Let P be a partially ordered set. We say that P is a lattice if both P and P op are upper
semilattices: that is, if every finite subset S ⊆ P has both a greatest lower bound and a least upper bound.

Notation A.3.2. If P is a lattice and we are given a finite subset S ⊆ P , we will denote its greatest lower
bound by

∧
S. In the special case where S = {x, y}, we will denote this greatest lower bound by x ∧ y.

Proposition A.3.3. Let P be a lattice. The following conditions are equivalent:

(1) The lattice P is distributive when regarded as an upper semilattice (see Definition A.2.5).

(2) For every triple of elements x, y, z ∈ P , we have x ∧ (y ∨ z) = (x ∧ y) ∨ (x ∧ z).
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(3) The lattice P op is distributive when regarded as an upper semilattice.

(4) For every triple of elements x, y, z ∈ P , we have x ∨ (y ∧ z) = (x ∨ y) ∧ (x ∨ z).

Proof. We first prove that (1)⇒ (2). Let x, y, and z be elements of a lattice P . Since x∧y ≤ x∧(y∨z) ≥ x∧z,
we automatically have

x ∧ (y ∨ z) ≥ (x ∧ y) ∨ (x ∧ z).
Suppose that P is distributive as an upper semilattice. Then the inequality x ∧ (y ∨ z) ≤ y ∨ z implies that
we can write x∧ (y∨ z) = y′ ∨ z′, where y′ ≤ y and z′ ≤ z. Then y′, z′ ≤ x, so that y′ ≤ x∧ y and z′ ≤ x∧ z.
It follows that

x ∧ (y ∨ z) = y′ ∨ z′ ≤ (x ∧ y) ∨ (x ∧ z).
Conversely, suppose that (2) holds. We will prove that P is distributive as an upper semilattice. Suppose

we have an inequality x ≤ y ∨ z in P . Then

x = x ∧ (y ∨ z) = (x ∧ y) ∨ (x ∧ z),

where x ∧ y ≤ y and x ∧ z ≤ z. This completes the proof that (1) ⇔ (2), and the equivalence (3) ⇔ (4)
follows by the same argument.

We now prove that (2) ⇔ (4). By symmetry, it will suffice to show that (2) ⇒ (4). Let x, y, z ∈ P . If
assumption (2) is satisfied, we have

(x ∨ y) ∧ (x ∨ z) = (x ∧ (x ∨ z)) ∨ (y ∧ (x ∨ z))
= x ∨ ((y ∧ x) ∨ (y ∧ z))
= (x ∨ (y ∧ x)) ∨ (y ∧ z)
= x ∨ (y ∧ z).

Definition A.3.4. We say that a lattice P is distributive if it satisfies the equivalent conditions of Proposition
A.3.3.

Definition A.3.5. Let X be a topological space having a basis of quasi-compact open sets. We say that
X is quasi-separated if, for every pair of quasi-compact open sets U, V ⊆ X, the intersection U ∩ V is
quasi-compact.

Proposition A.3.6. Let P be a distributive upper semilattice. The following conditions are equivalent:

(1) The partially ordered set P is a distributive lattice.

(2) The topological space Spt(P ) is quasi-compact and quasi-separated.

Proof. Suppose first that condition (2) is satisfied. Let us identify P with the collection of quasi-compact
open subsets of Spt(P ). For any finite collection {Ui} of such subsets, condition (2) guarantees that U =

⋃
Ui

is quasi-compact, so that U is a greatest lower bound for {Ui} in P . Conversely, suppose that (1) is satisfied.
Let {Ui}1≤i≤n be a finite collection of quasi-compact open subsets of Spt(P ), and let U be their greatest
lower bound in P . Then U is the largest quasi-compact open subset contained in

⋂
Ui. Since Spt(P ) has a

basis of quasi-compact open sets, we must have U =
⋂
Ui, so that

⋂
Ui is quasi-compact. Taking n = 0, we

learn that Spt(P ) is quasi-compact; taking n = 2, we learn that Spt(P ) is quasi-separated.

Definition A.3.7. Let P and P ′ be lattices. A lattice homomorphism from P to P ′ is a map λ : P → P ′

such that, for every finite subset S ⊆ P , we have

λ(
∨
S) =

∨
λ(S) λ(

∧
S) =

∧
λ(S).

We let Lat denote the category whose objects are distributive lattices and whose morphisms are lattice
homomorphisms.
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Remark A.3.8. A map of lattices λ : P → P ′ is a lattice homomorphism if and only if λ satisfies

λ(⊥) =⊥ λ(x ∨ y) = λ(x) ∨ λ(y)

λ(>) = > λ(x ∧ y) = λ(x) ∧ λ(y).

Here ⊥ and > denote the least and greatest elements of P and P ′.

Construction A.3.9. Let P and P ′ be distributive lattices, and let λ : P ′ → P be a lattice homomorphism.
We let Dλ ⊆ P ×P ′ denote the subset {(x, y) ∈ P ×P ′ : x ≤ λ(y)}. Then Dλ is a distributor from P to P ′.
The construction λ 7→ Rλ determines a functor Latop → Lats.

Remark A.3.10. The functor Latop → Lats of Construction A.3.9 is faithful. That is, we can recover
a lattice homomorphism λ : P ′ → P from the underlying distributor Dλ. For each y ∈ P ′, λ(y) can be
characterized as the largest element of x such that (x, y) ∈ Rλ.

Notation A.3.11. Let P be a distributive lattice. We let Spt(P ) denote the spectrum of P , regarded
as an upper semilattice (Construction A.2.8). If λ : P → P ′ is a lattice homomorphism, we let Spt(λ) :
Spt(P ′)→ Spt(P ) denote the map associated to the distributor Dλ of Construction A.3.9. The construction
P 7→ Spt(P ) determines a functor Latop → Top. We will abuse notation by denoting this functor by Spt.

Remark A.3.12. Let P be a distributive lattice which is given as a filtered colimit of distributive lattices
Pα. Then the canonical map

Spt(P ) ' lim←− Spt(Pα)

is a homeomorphism.

Remark A.3.13. The definition of the spectrum Spt(P ) can be simplified a bit if we work in the setting
of distributive lattices. Note than an ideal p ⊆ P is prime if and only if it satisfies the following pair of
conditions:

(i) The greatest element > ∈ P is not contained in p.

(ii) If x ∧ y ∈ p, then either x or y belongs to p.

Proposition A.3.14. The functor Spt : Latop → Top is faithful. Moreover:

(1) A topological space X lies in the essential image of Spt if and only if it is sober, quasi-compact, quasi-
separated, and has a basis of quasi-compact open sets.

(2) Let P and P ′ be distributive lattices. Then a continuous map f : Spt(P ) → Spt(P ′) arises from a
lattice homomorphism λ : P ′ → P (necessarily unique) if and only if, for every quasi-compact open
subset U ⊆ Spt(P ′), the inverse image f−1U ⊆ Spt(P ) is also quasi-compact.

Proof. The faithfulness follows from Proposition A.2.14 and Remark A.3.10. Assertion (1) follows from
Propositions A.2.14 and A.3.6. We now prove (2). Suppose first that λ : P ′ → P is a lattice homomorphism,
let Dλ be the corresponding distributor, and f : Spt(P ) → Spt(P ′) the induced map. For each y ∈ P ′, we
have

f−1 Spt(P ′)y =
⋃

Spt(P )x⊆f−1 Spt(P ′)y

Spt(P )x =
⋃

(x,y)∈Dλ

Spt(P )x =
⋃

x≤λ(y)

Spt(P )x = Spt(P )λ(y),

so that f−1 carries quasi-compact open subsets of Spt(P ′) to quasi-compact open subsets of Spt(P ). Con-
versely, suppose that f : Spt(P )→ Spt(P ′) is a continuous map such that f−1U is quasi-compact whenever
U ⊆ Spt(P ′) is quasi-compact. We then have f−1 Spt(P ′)y = Spt(P )λ(y) for some map λ : P ′ → P . Since
the formation of inverse images commutes with unions and intersections, we conclude that λ is a lattice ho-
momorphism. Note that Spt(P )x ⊆ f−1 Spt(P ′)y if and only if x ≤ λ(y), so that the underlying distributor
of the continuous map f is given by Dλ.
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Definition A.3.15. Let P be a distributive lattice containing a least element ⊥ and a greatest element >.
Let x ∈ P be an element. A complement of x is an element xc ∈ P such that

x ∧ xc =⊥ x ∨ xc = >.

We will say that x is complemented if there exists a complement for x. We say that P is a Boolean algebra
if every element of P is complemented. We let BAlg denote the full subcategory of Lat spanned by the
Boolean algebras.

Remark A.3.16. Let P be a distributive lattice containing an element x. If xc and xc
′

are complements of
x, then xc = xc

′
. To see this, we note that

xc = xc ∧ > = xc ∧ (x ∨ xc
′
) = (xc ∧ x) ∨ (xc ∧ xc

′
) =⊥ ∨(xc ∧ xc

′
) = xc ∧ xc

′

so that xc ≤ xc′ . The same argument shows that xc
′ ≤ xc.

Remark A.3.17. Let P be a distributive lattice containing elements x, xc. Then xc is a complement of x
if and only if x is a complement of xc. In this case, we will simply say that x and xc are complementary.

Remark A.3.18. Let λ : P ′ → P be a homomorphism of distributive lattices. Suppose that y, yc ∈ P ′ are
complementary. Then λ(y), λ(yc) ∈ P are complementary.

The following result makes explicit the relationship between Definitions A.1.9 and A.3.15.

Proposition A.3.19. Let B be a commutative ring in which every element x ∈ B satisfies x2 = x (that
is, a 2-Boolean algebra, in the sense of Definition A.1.9). For x, y ∈ B, write x ≤ y if xy = x. Then ≤
defines a partial ordering on B, which makes B into a Boolean algebra (in the sense of Definition A.3.15).
Moreover, the construction

(B,+,×) 7→ (B,≤)

determines a bijection between Boolean 2-algebra structures on B and Boolean algebra structures on B.

Proof. We first show that ≤ is a partial ordering on B. For every element x ∈ B, we have x2 = x so that
x ≤ x. If x ≤ y and y ≤ z, then we have xz = (xy)z = x(yz) = xy = x so that x ≤ z. Finally, if x ≤ y and
y ≤ x, then x = xy = yx = y.

For every pair of elements x, y ∈ B, we have (xy)x = x2y = xy = xy2 = (xy)y, so that xy ≤ x, y.
Moreover, xy is a greatest lower bound for x and y: if z ≤ x, y, then z(xy) = (zx)y = zy = z so that z ≤ xy.
Moreover, the unit 1 ∈ B satisfies 1x = x for all x, and is therefore a largest element of B. This proves that
B is a lower semilattice, with x ∧ y = xy > = 1.

Note that the map x 7→ 1− x is an order-reversing bijection from B to itself: if x ≤ y, then we have

(1− y)(1− x) = 1− y − x+ yx = 1− y − x+ x = 1− y,

so that 1 − y ≤ 1 − x. It follows by duality that B is also an upper semilattice, with join given by
x ∨ y = 1− ((1− x) ∧ (1− y)) = 1− (1− x)(1− y) = x+ y − xy and least element given by 1− 1 = 0.

We next show that B is a distributive lattice by verifying condition (2) of Proposition A.3.3. Given
x, y, z ∈ B, we have

x ∧ (y ∨ z) = x(y + z − yz)
= xy + xz − xyz
= xy + xz − (xy)(xz)

= (x ∧ y) ∨ (x ∧ z).

We now claim that, as a distributive lattice, B is complemented. In fact, the complement of any element
x ∈ B is given by 1− x: we have

x ∨ (1− x) = x+ (1− x)− x(1− x) = x+ (1− x) + (x2 − x) = 1 = >
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x ∧ (1− x) = x(1− x) = x− x2 = 0 =⊥ .

This completes the proof that B is a Boolean algebra.
We next prove that the construction (B,+,×) 7→ (B,≤) determines an injective map from Boolean 2-

algebra structures on B to Boolean algebra structures on B. In other words, we prove that the addition and
multiplication on B are uniquely determined by the induced ordering on B. For multiplication, this follows
from the formula xy = x ∧ y. For addition, we have

x+ y = x(1− y) + (1− x)y − x(1− y)(1− x)y

= (x ∧ yc) ∨ (xc ∨ y).

To complete the proof, suppose that B is an arbitrary lower semilattice. Define a multiplication on B by
the formula xy = x ∧ y. This multiplication is commutative, associative, unital, and we have x2 = x for all
x ∈ B (see Remark A.2.2). Moreover, it is clear that x ≤ y if and only if x = xy. We wish to show that if B
is a Boolean algebra, then there exists an addition + : B×B → B which makes B into a commutative ring.
It follows from the analysis above that the addition on B is uniquely determined: it is necessarily given by
the formula x + y = (x ∧ yc) ∨ (xc ∧ y). This addition is obviously commutative, and there is an additive
identity given by the least element of B (since (⊥ ∧yc) ∨ (> ∧ y) =⊥ ∨y = y). We have

x+ x = (x ∧ xc) ∨ (xc ∧ x) =⊥ ∨ ⊥= 0

so that every element is its own additive inverse. Note that for x, y ∈ R, we have

x ∧ (xy)c = x ∧ (xc ∨ yc) = (x ∧ xc) ∨ (x ∧ yc) = x ∧ yc.

Using this, we compute

x(y + z) = x ∧ ((y ∧ zc) ∨ (yc ∧ z))
= (x ∧ y ∧ zc) ∨ (x ∧ yc ∧ z)
= (x ∧ y ∧ (xz)c) ∨ (x ∧ (xy)c ∧ z)
= (xy ∧ (xz)c) ∨ ((xy)c ∧ xz)
= xy + xz

so that multiplication distributes over addition. It remains only to verify that addition is associative. We
have

x+ (y + z) = x+ ((y ∧ zc) ∨ (yc ∧ z))
= (x ∧ ((y ∧ zc) ∨ (yc ∧ z))c) ∨ (xc ∧ ((y ∧ zc) ∨ (yc ∧ z)))
= (x ∧ (yc ∨ z) ∧ (y ∨ zc)) ∨ (xc ∧ y ∧ zc) ∨ (xc ∧ yc ∧ z)
= (x ∧ y ∧ z) ∨ (x ∧ yc ∧ zc) ∨ (xc ∧ y ∧ zc) ∨ (xc ∧ yc ∧ z)

and a similar calculation gives

(x+ y) + z = (x ∧ y ∧ z) ∨ (x ∧ yc ∧ zc) ∨ (xc ∧ y ∧ zc) ∨ (xc ∧ yc ∧ z).

Corollary A.3.20. The construction of Proposition A.3.19 determines an equivalence of categories BAlg '
BAlg2 (which is the identity on the level of the underlying sets).

Remark A.3.21. Let B be a Boolean algebra, and regard B as a commutative ring as in Proposition A.3.19.
Then:
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(1) A subset I ⊆ B is an ideal in the sense of Definition A.2.3 if and only if it is an ideal in the sense of
commutative algebra.

(2) An subset I ⊆ B is a prime ideal in the sense of Definition A.2.3 if and only if it is a prime ideal in
the sense of commutative algebra.

To prove (1), assume first that I is closed under addition and under multiplication by elements of B. If
x ≤ y ∈ I, then x = xy ∈ I, so that I is closed downwards. It is clear that I contains the least element 0 ∈ B.
If x, y ∈ I, then x ∨ y = x + y − xy ∈ I, completing the proof that I is an ideal in the sense of Definition
A.2.3. Conversely, suppose that I satisfies the conditions of Definition A.2.3. Then I is a downward-closed
subset of B containing 0, and is therefore closed under multiplication by elements of B. For x, y ∈ I, we
have x + y = (xc ∧ y) ∨ (x ∧ yc) ∈ I ∨ I ⊆ I. This proves (1); assertion (2) follows from (1) and Remark
A.3.13.

Remark A.3.22. Let B be a Boolean algebra. It follows from Remark A.3.21 that there is a canonical
bijection (in fact equality) between the sets Spt(B) and SpecZB, where we regard B as a commutative ring
via Proposition A.3.19. By inspection, this bijection is a homeomorphism.

Proposition A.3.23. Let P be a distributive upper semilattice. The following conditions are equivalent:

(1) The partially ordered set P is a Boolean algebra.

(2) The topological space Spt(P ) is a Stone space.

(3) The spectrum Spt(P ) is compact and Hausdorff.

Proof. The implication (1) ⇒ (2) follows from Remark A.3.22 and Proposition A.1.12, and the implication
(2)⇒ (3) is a tautology. We will show that (3)⇒ (1). Let x ∈ P , so that Spt(P )x is a quasi-compact open
subset of Spt(P ). Since Spt(P ) is Hausdorff, the subset Spt(P )x is also closed. Let U be the complement
of Spt(P )x. Then U is a closed subset of Spt(P ) and therefore compact. Since it is also an open subset of
Spt(P ), it has the form Spt(P )y for some y ∈ P . We now observe that x′ is a complement to x.

Corollary A.3.24. Let P be a distributive lattice, let B be a Boolean algebra, and let D ⊆ P × B be a
distributor. Then D = Dλ for some lattice homomorphism λ : B → P (necessarily unique, by Remark
A.3.10).

Remark A.3.25. Corollary A.3.24 implies that we can regard the category BAlg of Boolean algebras as
a full subcategory of both the category of Lat of distributive lattices (and lattice homomorphisms) and the
category Lats

op of distributive upper semilattices (and distributors), despite the fact that the embedding
Lat ↪→ Lats

op is not full.

Proof of Corollary A.3.24. Using Propositions A.2.14 and A.3.14, we are reduced to proving that if f :
Spt(P ) → Spt(B) is a continuous map and U ⊆ Spt(B) is a quasi-compact open subset, then f−1U is a
quasi-compact open subset of Spt(P ). Since Spt(B) is Hausdorff (Proposition A.3.23), the subset U ⊆ Spt(B)
is closed. The continuity of f guarantees that f−1U is a closed subset of Spt(P ), hence quasi-compact (since
Spt(P ) is quasi-compact).

Theorem A.3.26 (Stone Duality). The construction B 7→ Spt(B) induces a fully faithful embedding Spt :
BAlgop → Top, whose essential image is the category TopSt of Stone spaces.

Proof. Combine Proposition A.3.23, Proposition A.3.14, and Corollary A.3.24. Alternatively, combine
Proposition A.3.19, Proposition A.1.12, and Remark A.3.21.

We next study the relationship between distributive lattices and Boolean algebras in more detail.
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Proposition A.3.27. The categories Lat and BAlg are presentable. Moreover, the inclusion functor
BAlg ↪→ Lat preserves small limits and filtered colimits, and therefore admits a left adjoint U : Lat→ BAlg
(Corollary T.5.5.2.9).

Proof. The first assertion is easy. If we are given a filtered diagram {Bα} of Boolean algebras having colimit
P ∈ Lat, then every element x ∈ P is the image of an element xα of some Bα. Since xα complemented, x
is complemented (Remark A.3.18). Suppose that {B′β} is an arbitrary diagram of Boolean algebras having
limit P ′ ∈ Lat. Let y be an arbitrary element of P ′. For each index β, let yβ denote its image in B′β . Since
B′β is a Boolean algebra, yβ admits a complement ycβ ∈ B′β (uniquely determined Remark A.3.16). Using
Remark A.3.18, we deduce that the complements {ycβ} determine an element in P ′, which is easily seen to
be a complement to y.

Notation A.3.28. Let Top denote the category of topological spaces. We let Topcoh denote the subcategory
of Top whose objects are sober, quasi-compact, quasi-separated topological spaces with a basis of quasi-
compact open sets, and whose morphisms are continuous maps f : X → Y such that for every quasi-compact
open subset U ⊆ Y , the inverse image f−1U ⊆ X is quasi-compact.

Combining Theorem A.3.26 and Proposition A.3.14, we obtain the following consequence of Proposition
A.3.27:

Proposition A.3.29. The inclusion functor TopSt ↪→ Topcoh admits a right adjoint.

Notation A.3.30. We will denote the right adjoint to the inclusion functor TopSt ↪→ Topcoh by X 7→ Xc.

Proposition A.3.31. Let X ∈ Topcoh. Then the canonical map φ : Xc → X is bijective.

Proof. Let ∗ denote the topological space consisting of a single point, so that ∗ ∈ TopSt. As a map of sets,
φ is given by the composition of bijections Xc ' HomTopSt

(∗, Xc) ' HomTopcoh
(∗, X) ' X.

Remark A.3.32. Let X ∈ Topcoh. We will use Proposition A.3.31 to identify the underlying sets of the
topological spaces X and Xc. We may therefore view Xc as the space X endowed with a new topology,
which we refer to as the constructible topology. We say that a subset K ⊆ X is constructible if it is compact
and open when regarded as a subset of Xc. We can characterize the constructible sets as the smallest
Boolean algebra of subsets of X which contains every quasi-compact open subset of X. More concretely, the
constructible sets are those which are given by finite unions of sets of the form U − V , where V ⊆ U are
quasi-compact open subsets of X.

Example A.3.33. Given a commutative ring R, we say that a subset S ⊆ SpecZR is constructible if it is a
quasi-compact open subset of (SpecZR)c: that is, if it belongs to the Boolean algebra of subsets of SpecZR
generated by the quasi-compact open sets.

We close this section with a few observations related to Example A.3.33.

Proposition A.3.34. For every commutative ring R, let U(R) denote the distributive lattice of quasi-
compact open subsets of the Zariski spectrum SpecZ(R). Then the functor R 7→ U(R) commutes with filtered
colimits.

Proof. The partially ordered set of all open subsets of SpecZ(R) is isomorphic to the partially ordered set
of radical ideals I ⊆ R. Under this isomorphism, U(R) corresponds to the collection of radical ideals I such
that I =

√
J for some finitely generated ideal J ⊆ R.

Let {Rα}α∈A be a diagram of commutative rings indexed by a filtered partially ordered set A, and let R
be a colimit of this diagram. We wish to show that the canonical map φ : lim−→U(Rα) → U(R) is surjective.
The surjectivity of φ follows from the observation that every finitely generated ideal J ⊆ R has the form JαR,
where Jα is a finitely generated ideal in Rα for some α ∈ A. To prove the injectivity, we must show that if
J, J ′ ⊆ Rα are two finitely generated ideals such that JR and J ′R have the same radical, then JRβ and J ′Rβ
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have the same radical for some β ≥ α. Choose generators x1, . . . , xn ∈ Rα for the ideal J , and generators
y1, . . . , ym ∈ Rα for the ideal J ′. Let ψ : Rα → R be the canonical map. The equality

√
JR =

√
J ′R implies

that there are equations of the form

ψ(xi)
ci =

∑
j

λi,jψ(yj) ψ(yj)
dj =

∑
i

µi,jψ(xi)

in the commutative ring R, where ci and dj are positive integers. Choose β ≥ α such that the coefficients
λi,j and µi,j can be lifted to elements λi,j , µi,j ∈ Rβ . Let ψβ : Rα → Rβ be the canonical map. Enlarging β
if necessary, we may assume that the equations

ψβ(xi)
ci =

∑
j

λi,jψβ(yj) ψβ(yj)
dj =

∑
i

µi,jψβ(xi)

hold in the commutative ring Rβ , so that
√
JRβ =

√
J ′Rβ as desired.

Corollary A.3.35. For every commutative ring R, let B(R) denote the Boolean algebra consisting of con-
structible subsets of SpecZR. Then the functor R 7→ B(R) commutes with filtered colimits.

Proof. Let R 7→ U(R) be the functor of Proposition A.3.34. Using Proposition A.3.31, we see that B is given
by the composition

Ring
U→ Lat

U→ BAlg,

where U is as in Proposition A.3.27. The functor U commutes with all colimits (since it is a left adjoint),
and the functor U commutes with filtered colimits by Proposition A.3.34.

Corollary A.3.36. Let {Rα}α∈A be a diagram of commutative rings having colimit R, indexed by a filtered
partially ordered set A Let α ∈ A and let K ⊆ SpecZRα be a constructible subset. Suppose that the inverse
image of K in SpecZR is empty. Then there exists β ≥ α in A such that the inverse image of K in SpecZRβ
is empty.
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