Cheovatic Localizakion

Ohigin_story ot 4 2:::
Thn ( Sullivan, Alisah-Seqa)  Mler p-completion there is an equivalence
of nlinke ooy spaeos

BsuU — esu®

pso —— vso®

Thm ( Ma\nowalA) Adaws- Priddy ) T X is a conwectak 2-complete spectrum
with DX ~830 then X~ bso . Seacly § X is a conmected
p- complete spectrum with N°K ~ oS\, ten T~ bsu, .

Remack  Not bue Sor BU .

BU v P 15U
b ¥ THZV bsu

Rowark  This is vot 4rue without g-adie ecomple tion.

'_I_'kA(Mszen_SmiHn-'lbth\ Abber o- comgotion. the wap
97 Qosw, o] — 185U, B5u)

is & monomorpiiem with a describable wage.

BousSed gme o elewant | “vow: compuiational " prook-



BousGield’s proet
) Factorization
Conslrwet a functor & Sitting into o factorization

—

)
Spaces — () ~local spectea

“"\/m

Seectra

D) C(omectividy
Suppre Ut B is o coeedoauwa.  Show that the fiber of the map

Ly E — 2 Ly ©

*
& 2 co-comeeted, so that

L QPE <8 — G L €)XY

s an equiudeme.

Rowarde  Petually owe swows Ti= O >2
W, is tocsion Svee |

PreeR oS vmiaueness of QSup -
XU, = L T Ly b
Conmarkivity - N = Ly VX = Ly STEGY = 97 Ly X3

0 the desiced spectrum equivalence s Ly X 435 = Leen bsudsd



Bewarlk There ace Wiolrer chromabic amaloguess o the albove, Here is

an example of a muck more geweral cesult of Teremy Hahn.

T (Hadw) 35 X ig o cometive, g-complete spetoam with
NE ~ 97 2 s>
then B~ BRED,

Not provede by the analogue of Bouglieds araument.



Boushidd localization dor speetra

,5 = cateqory of spectra

Ecd o spectrum |
Nullg = §Ted | BT ~x3

Delimition Xe.d s E-loeal 1S
2e Ve = [2,E] =0,
Theotem (BousSidld)  There ewsts o Suretor
le:d— B
and e natutal transSocma ton
d —le
with the following progec ties

i) LeX is €-local

i) The wap T—=LleF s on €- equalence.

Consauevces ) The Sher HeX —X - Lle¥
5 E-awhe, 0 § T s E-loeal then the testriction map
Le®,3) — 127\
iS an iSomocphism, awnd
Map(Le ¥, 1) — Map (£,1 )
¢ o wede eqiivalence. So Lg can be regarded as o left adjoint
W the inclusion Agcd of the full subcatapey of E-leal spectra.
) Le ts idempotent: the map Le ¥ — Lele X  induced

by l—le is a wed equalevce.



BousSid _equivalene
Note that 1—le depends only om Millg .

Defimbion Two seectra E and & owe Boustied eqivalet & Mullg = bulle

The Rouslidd chss <ES of E s the et‘u'\ua(eme cass o € ynder this

eﬁuiua\ew:e velation.

Relations amony BousSidd cleesses:
CES2LFY &> bulg ¢ pulle
<eSVERS = LuvF>
LESALES = LEATS

There s @ cod trecxem wwich we wont need
"li\m (Okawn)) The colection & BousSied classes Seems o Set .

Note that if (€D 2 LFD then
X sEdocal = X s Tlocal
ard so theee is a natural transfocmatdion
Le — Le

which ey e veaocded os being deced Svom A —Lg by applying  Le.



Dror_nullification (Roushield coloealization)

Geveralization o% Rousidd \ocoization goiten by veplacing Pulle by
something more sgmeval. First descrived oy Boustield in "N Goolean olgdora o<
spectre’.  Later generdizel Yy Dooc/Fasiown,

We will consides e special case.

Cupese Aed.

natural érm%cmT:
Defintion X ed s Anull & S ol ¢
(T'ME) <0
or equivaletly & the fwction sgartrum XA is contractive.

Thwn (BousSidd | Farion ) Theve s a Sunelor Np: Seetra — Spectra. and a

nalusal teansformation I— Mp with the properties

i) Pp s A-null
™) For any Y which is A-nul, the map
(a3l —z9)

i an isomecphism -

\aciadlion  Given S:A>0 Say ¥ s “$onall i

¥ <f

s a wedk ezuiualence,

There s alw o Sametor Vg

and o nolusal ttanstorwmation J—Mp as aave.

Rewack Tw gpectrar X is fonull F X s C-mul, where C-= %gC‘\-
Tt Slows Hat Ng=De



Construction

In priveiple, cuery asseclion about Lg and Np follows from the universal

propecty.  Some things, however, ave easer to prove using the Ccomstvuction.

The functor MA(E’\ ¢ constucted (Lransinite) inductively g5 Hlows.
Cheose an inSinite ordinal Kk Jor which P s k-syall:

lim Map(A¥s) = Map(R, L Ys)

S<le s¢le
(Sor examde one Can assume B s a CW spectrum and take Kk 4o ke
the owallot infinite ordinal of cardinality greater than the number o€
cels of '\) Ore constructs Np X induetively | stacting with X,=%
and, howiry defined Xy Jov al aspar fofining Xp.-_—cl;\n Ra , i

p

pois a limt oddinal | and by He pushout diagram

t t
\[ T ___,,L\/ CTh
ﬁ’ ZtP‘—’Ip—\ £)Z h-’lﬁ—l

| \

Xp—l —_— Xp

Tn out case of interast A will be ¢ linile CW complox so we can Lake
Suks bbe H\e owdemi cet 30(!42(--- g .



Mete is an evample £ a therem wmest easily geon Stom the construction

theorem ¢ EBafrx then dor all X, e map

Ex X — Ea Wp(%)

is an et\qioal enee . A
The exwmde Theorem
Eramges of Pouslield clases

Co = p-lecalization of gi\\l\,e & L
G :g'g’e C \ Ka-1\ X =0} Licle spectia of tqe w.

Thm (Lavdweber, Ravenel ) CocCany
T ( Vitchell)  Ch # Can
Thm(H,Smith) TR CcG is thick them C=Ca St some w.
(oo (4, Swith) 3 X (T are Simte en
LEYLrY &> Il KO E 0] 2 §n| K610}

1.

Class wwasionee



Up sel$ wmops
Dl Suppr ReCo. bme STETE & a un sell-mep &

D KNS s wpolenl loc wm#n
2) wm=o oawd H‘(S-.&\ = wmuk by d Lx come d

or 3) w0 and K(h\.-c ¥ an isémorphism.

Rewark There was a chotce wade w this definilion, ACler vatsivg
lo a power o Un-se{-map cam be chownm to salis{y

1) K =0 Sor wm#a

2) koWl < mult by a gowar ot U,

Tm(H,8) 5) T odwids o un sd® mp & X € Ca
i) T8 uv are Un sl wapsef T then vPey® Sk some a,b.

i) B 3L el 52T thentore  Enst U celd waps

iy E— W'Y
sudn that
'y 34T
L \
X —1

commures up 1o howolow .
d
ExeTC(Se 'I') s X_G CV\\C‘A\ Q“A V'Z X—’I S a Vg Sel'V'mp 'tm

Xg CX{K € Cr\u— CV\ .



i Sel€ - wmeps ond Bousfield clasces

Lomme. (Raverel ) Supgose SR s oa sl wep.  thew
Iy = APEY VL LY

poct  An enjoyable exetcise.

Slast with FBo € CorC , (say o= 5° )
Va“zo_’zo (3&3 Vo'—'PB

a Vo Sel§ wap
SQ’L $| = coc:b« Vo .
Havtng doSived  Towa choose o V.., se\S-map

dn-l
Vit 2 Zv\-\ - zu—l

X»n = cofrbes V-t

By class invaciomce  LRo7 = L5°>. By Raverels lewma

£8°> = Lui' 80> v (2>
A DEPIE TS A

= (Yo-( $0> \ems (U:'X-b v <3« wu>.



Proposition The aloove decomposition of {3’D is octhogomal ‘m the
sene thal & 143 then  v'R{AY; s eontrackible and hence so
is (u:"Xﬂa(V{‘z{).

Qloct  Some power of
d:
Viall: T ZiaEs —X1¥;
is sevo in o\l Movave 'S theories, Wence conttactible.

For simpkcily weile
Er= VW Eev-v UIEm

(L is rceally the Qouslield class of el we care about. Vpte that
5% = <ESY v LR

cnd that
EVS\-A Fovae ~¥

We ave intewsled in Hee localization Suneters
Lr=Le,

L'\'(n'\ = L\’;(i"\



@s&aeu ard Oyor

Mﬁ@\— \—*v\ = NIW»\
) bﬂm
Poustie\d

We weed:
Lewma. Both Lg and Dp commute with finite howotopy (o) limils. T
particdae 1§ S s Sinte (dualieable) then the natusa\ waps

(LE YI)AS - LE($A33

(Npg»\s - UACXAS\

ose wedk et‘uic)a\;emws.
proof  For examde, to show that

Q—E ¥)AS — L (3/\33

is on equivadlence it suSSices o show Bt if W is E-loca( then

WaS is E-local. For this, supose Ze Mullp | Then
. g\y‘é
"‘__\.)ﬁ*"'

o EARADS) v (BARD\ADS ~¥

s \/
implies that 2ADS € Pllg,  Pow obgcerve
12,wasl=(z2a0s,wl=0 .

the other assections are sawi\as . D



\>woo$t of the Proposition:. Since Ej A X ~¥ the spectrum K (S e wall

omd so Sor ol X T
(Li ’X\ X .

Uy the wwiversal progecty of Ny

=n&\

this memws Hut thete is a unie
natusal  vons focmati on
1 Vg — L,
o fuctows (ovee ). To Sow it s an equivaleve it sulSices Lo show
that dorall X Ny, X ¢ B -leal  For Beis suppose that 2 e Vullgs
We wust show that any wap
2= PR K

i wll., Ginee pl«w s dempotent & wuflices to show that

Ny 2

X
is contractilde. By octhogonality | we kwow Hut v igw
TSI SR N
The evample theotem then implies that Soc ol ign
(' 2)A2 — ORI v, @)

ond 50
(vit=) 4 p$(%) ~¥%.



Bul we also kvow , by defivilion, that
R

) o~
M

By class iwariance IOX S =Ry, So afler all of His we
leasn that

DX aN ;2: N(”Zn

(N }\Au{‘XiA«x N
zv\u

(NEML?:.\A’XAM[ ~AX
Tt Lollows Scom

(5= L0 F v LIZSV L B

Vg2 ~ S Vg, & ~x. O



Loeali li§ieation
The theory weeds to be sel up alifle diflerently in Spaces.

Q! A R—R s oan E-euvalence f EAZEBR s an o,
Dt P space W is E-lcal i Sor all E-equudenes A—BQ the map

Wt — wh

is a weak equivalence.

%U&gdeu COV\S%TU.Q{,S [ UN E‘ \Om(-.‘-zaym %‘W\C{O“ LE N S?ace5 —_ SWCPS
ad a natural teansSormation

X —»LleX
chacsctorized by the covident am(oguf ol the p\*a?eel;}ﬂs ckatm{,ef"\qjmb

the localization of Speetra .

Let M be o space. Popee X s A-vall 38 Phe inclusion

X—-X Pee iy indicate® pnpointed wags

of the conslamt waps 15 a weak equivalorce.  Folowme BousSield,
Carjoun (Deor ) constructs an lkﬂ\u“ls,iccclim Junetoc (and ratucal itans)

X—=MNX

Cnavocterined \wy propecties analegeus 4o Hhose acaetecizng the yullification
ol spectia.



Uns table Lf localization ((all spaces ase wted, all howmology s ceduced)

So we have seomal candidates Sor L om Soams.
) Llocalizakion with vespeet 1o ‘Ef'

2) Owr wulificakion with respet &0 X,,—pt <« sw o &pe @ .

Roposilion Suppose that \ and V' are fnite CW compexes whose
suspersion spectta are in Cyu~Cuz.  Choose an imteser Mmoo with the

propesty that 3 d,d'swm  with Hd(U:'Z,»#O ond “J(U';Z,,\:#O.

Thete is a natucal week eqwualence

Dy X L5~ Ny T dm>

(m-[\ ~ conneeted
coves

Progosition. T N and d are as above, and WY a specisum
H\en the Ynap s

(L 2 W)Ld> — G LWL
¥
(N srw) s — (6% Ny w) &

ove weak equivt{\ev\ce‘b.



T will establish ove key point W the acqument for thege vesults now and
voturn 1o the rest of the proof in a laker talk.

Progosition  Supme that X is a space, and >0 is an wheger and
) (B E =0

w) H(K:g)+#0. K(Z,,d) Progosition
Then  foc all d-’aa(,

(€, (¥(3.0)) =o.

Note Hut foc any von contcactible finite spestrum of tgpe (n4) | some
suspersion of V is the suspension specttum of a space which we might

as well call V.  Sinee X is vot contractible, there s « d for which H;(V;?/P)#D.
Ths o d exists with the property Hat for d'>d,

Lo €(7,8) ~x



The swallest Qogsiw d s one greatec than the minimum Poss\\k conmectwidy of
o Er- aesclic spoce. The thaotem shows that this is attaned om an

Eilenbery- Vaelane space K(7 4) (and ot on a Siite complex). The precise
vadue of d 1o wol known. One docs kwow Hut

d 2 n+l

and He comjectuse is that d=mnu. Texe s wome wrogress  towacd Provine this.
The \mog PAN '\:\regrogrﬁiﬂw cequUites

lewwa  Supose ot E s a howolagy Hhewy, TH OO 5 o wap
having the ?"0?9‘45‘3 ot Jor eac be ¥ the map

Fibtation Lemwma
f.—b

s an E ejuiodeme, where T, 15 Phe hamo'bvy Jibec over by thewn

X —9%

¢ an E - equivalevee .

prood  Ove con use the usual asqument inducling over a covecing of & cvex which

He Sibtation 1s o praduct | ov , equivaladly waile

X = Voly |

o = W%‘*

ond appeq\ o the acd Hat E- eql[wlevas e Qtesewe& vnder
Womotopy eolimits. O



Lemma. qupose © s a spattum, Tf X —9pt 1S an € - equivalence

thn QK= Q IX —spt is an E- epivalence .

ot ¥ € s contractide there is otling 1o prove. T € 15wt contraelible
then X wusl be conmected. Tn this case we can use the Swaith spitting
6d the My wodel

2°0% ~ V E2LAXT
to veduce to thowing that E’Zu% X™ s B-aseke. Out o8 in the ool oF
Ye previeus proposition  the map

EZm A o BT AR 4 x

2n en

1S an E- enuivalence .
CO"'O“atg Wth E ond X s above, I 2 6 a (=)~ conmetad Spactrum Hhen
QAT2UX

is E - aeyelic.



goeot: Worlking 'H\rauoh a cell decomposition of 2 one «eluces o the

assection that & 2,2 (5 a4 colibrotion sequence cwd w21 then the wap
QP 2 AE — NP 2n%

is an E-equivslewee Dut Hus s a prncipa\ $beation witla fibes
Q"3 SN

so the vesult fdows Loom the fibration lewme , and the alove lemma,  with

SAX dlaying the oo of X . ]

Pro_of the K(?ff.i\ proposilion:  Since Kl(r-,‘ib\ Z0 b specdvaum 24‘4@,, is

o cetract of  HZWpa¥ | ond 50 K(%d) is o vetract of  THGAY .
The latler s EX-aeycdic by bhe cocollaey above. This imeles thet
(@ d) s Ef-aeclic. Replativg ¥ with ‘Z&uf gives the resut
for  ¥(3,47) . n



Nulki ea bion W\ggue

The cloove cesuls Wold Sor the vulification N, with respect. to  a
finite spuce U o8 type w.

We start with some general facts —Frst

Delivilion Aspace T s A-nul i§ the wmelusion of the constont
wps X XN s an equva'ence,

A ospace O s A-periodic (A comull) & for all A-null spaces X the
inelusion o8 the constant maps H—=FK"" i an equivalerce.

Lemma.  Supwse Z—W s the propecty that dor all A-nall spoees
D, the wa
W+ e
D —O
is an equivalence, then Wy 2 > Wl s a wedk equivalence.

\)C . Tmmediate from the universa\ progerty .

lewma TH L0 s o wep having the property tal Sor eacn be R the

homotopy fibec Fo s A- peciodic Hren

(F: beation Le’mwl\
.—b

then UA'K ——DUAB s e« weak equiualence.

preet  As in the proof of the previous Yibrabion lemmea , the assumplions
imply that for caddh A-null space D, the map Do'— D2 s a
weak eq“(ua(e\nce, The clawm dolows Stem Hre lemma aloove-



Proposition  TF A s commected then QA= ACI®A s N-peviodic.

oot We will use Bhe May model @K = lim Wl in whids Rl =P
ond For nxi Bl (¢ defined nduclively by the pushout square

Ca(®B5 P — (RSN

L

Ry —— R\
i which
CAZIN = § 5c B, £:S-k | \sl=n3

15 the configuration gpace of n ponds i &7 labeled by elowments of M,
be sibspace Ca(% R\ 16 the subsmce o) (S,0) sach that fls)=x doc
some se S ad te o8l wmap sends (5,0) to ($h27) whee S
is tre complewment of sowme s¢S with MD=x and L' is the restriclion
of £. The vesult Solows once one shows that for all P\ epures
0, the wap

D(FM" (Flad+

—_—

is @ wede equivalevee. Fom the pushout Square itis enoygh to
show that
C“(\PS A . C:Cﬁ IS

D — D

i a wedke eqtﬂua(eme. Vow the maps



Cal®S KY — ColeS o2
Cn(B%R\ —> C.(®70E)

e Svebione with (s P and T“LM=3,(Q\,..,0(.~‘)6 K \q.-=¥,s<mi—3,
One easily cheds that N and TR ove P-peciodic, o the Sibration \emma

mplies that in the diagram,

c“(m‘f’vt\* C“(\KQ,\’B-\
D —_— D
\ }
C TSR, Col 5D,
D — D
Ye vecrical maps ave weak e1qioa\evwes. O

Now ore com imitate bhe acqument in the stakle case o show

M@_ Tt H;(P\'.Z/,,\--/o then \((Z{p,d\ is A- pesiodic. O



