
LECTURE X: KOSZUL DUALITY

Fix a prime number p and an integer n > 0, and let Svn∗ denote the ∞-category
of vn-periodic spaces. Last semester, we proved the following theorem of Heuts:

Theorem 1. The Bousfield-Kuhn functor Φ ∶ Svn∗ → SpT (n) induces an equivalence
of Svn∗ with the ∞-category of algebras over a monad Φ ○ Θ ∶ SpT (n) → SpT (n).
Moreover, Φ ○ Θ is a coanalytic functor: in other words, it corresponds to an
operad {O(d)}d≥0 in the ∞-category of T (n)-local spectra.

Our next goal is to identify the operad {O(d)} with the Lie operad. For this,
we first need to define the Lie operad in the setting of spectra. Here, it will
be convenient to use the language of Koszul duality: the (appropriately shifted)
Lie operad can be described as the Koszul dual to the (nonunital) commutative
operad.

Let us begin by reviewing the theory of Koszul duality in a simpler setting.

Notation 2. Let k be a field. We let Modk denote the ∞-category of k-module
spectra and Algk the ∞-category of associative algebra objects of Modk. More
concretely, the ∞-category Modk can be obtained from the ordinary category
Moddg

k of chain complexes of vector spaces over k by formally inverting quasi-
isomorphisms, and the ∞-category Algk can be obtained from the ordinary cat-

egory Algdg
k of differential graded algebras over k by formally inverting quasi-

isomorphisms.

Given an object A ∈ Algk, we will refer to a morphism ε ∶ A → k in Algk as an
augmentation on k. Given an augmentation ε, we can regard k as a left A-module
object of Modk. We can then consider the endomorphism algebra Map

A
(k, k),

which is characterized by the following universal property: for every object M ∈
Modk, we have a canonical homotopy equivalence

MapModk
(M,Map

A
(k, k)) = MapLModA

(M,k)

(where we regard M ≃ k ⊗kM and k as left A-modules via the augmentation ε).
It follows from general nonsense that Map

A
(k, k) can be regarded as an object

of Algk; we will denote this object by D(A) and refer to it as the Koszul dual
of A. By construction, the Koszul dual D(A) is universal among those objects
B ∈ Algk for which we can equip k with the structure of A-B bimodule.

Neglecting algebra structures, we have a canonical equivalence

D(A) = Map
A
(k, k) = Map

k
(k ⊗A k, k).
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We can therefore understand Koszul duality as a two-step procedure: given an
augmented algebra A, we first form the bar construction Bar(A) = k ⊗A k. The
Koszul dual D(A) can then be identified with the k-linear dual of Bar(A). In
this lecture, we will focus only on the first step; we’ll consider the second (in the
setting of operads) in the next lecture.

Since D(A) has the structure of an algebra object of Modk, it is natural to
expect that the predual Bar(A) has the structure of a coalgebra object of Modk:
that is, an algebra object of the opposite ∞-category Modop

k . In fact, there is an
obvious comultiplication ∆ ∶ Bar(A)→ Bar(A)⊗k Bar(A), given by the map

Bar(A) = k ×A k ≃ k ⊗A A⊗k k
id⊗ε⊗idÐÐÐÐ→ k ⊗A k ⊗A k ≃ Bar(A)⊗k Bar(A).

This comultiplication turns out to be coherently associative, and to induce a
coalgebra structure on Bar(A) which is predual to the algebra structure on D(A).
To understand why, it will be convenient to describe this comultiplication in a
different way. We also consider a more general situation.

Notation 3. Let C be a monoidal ∞-category, equipped with a tensor product
⊗ ∶ C ×C → C and a unit object 1 ∈ C. In what follows, we let M denote an
∞-category equipped with a right action of C, via a tensor product

⊗ ∶M×C → C .
Construction 4 (Endomorphism Algebras). Fix an object M ∈M. Given an
object A ∈ C, we will say that a morphism f ∶M ⊗A→M inM exhibits A as an
endomorphism object of M if, for every object X ∈ C, the composite map

HomC(X,A)→ HomM(M ⊗X,M ⊗A) f○Ð→ HomM(M ⊗X,M)
is a homotopy equivalence. In this case, the object A (and the morphism f) are
uniquely determined up to equivalence; we denote A by End(M). It follows from
general nonsense that End(M) has the structure of an associative algebra object
of C, which can be characterized by the following universal property: if B is any
associative algebra object of C, then there is a canonical homotopy equivalence

MapAlg(C)(B,End(M)) ≃ RModB(M) ×M {M}.
In other words, giving a map of associative algebras B → End(M) is equivalent
to giving a right action of B on M .

A right action of C onM induces a right action of the opposite ∞-category Cop

on Mop. We therefore have the following dual notion:

Construction 5 (Coendomorphism Coalgebras). Fix an object M ∈M. Given
an object C ∈ C, we will say that a morphism g ∶M →M ⊗C inM exhibits C as
a coendomorphism object of M if, for every object X ∈ C, the composite map

HomC(C,X)→ HomM(M ⊗C,M ⊗X) ○gÐ→ HomM(M,M ⊗X)
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is a homotopy equivalence. In this case, the object C (and the morphism g) are
uniquely determined up to equivalence; we will denote C by coEnd(M).

Let coAlg(C) denote the category of (associative) coalgebra objects of C, defined
by coAlg(C) = Alg(Cop)op. By the categorical dual of the general nonsense de-
scribed in Construction 4, we can regard the coendomorphism object coEnd(M)
(if it exists) as a coalgebra object of C, which is characterized by the following uni-
versal property: for any coalgebra object B of C, we have a canonical homotopy
equivalence

MapcoAlg(C)(coEnd(M),B) ≃ RModB(Mop) ×Mop {M}.
In other words, giving a map of coalgebras coEnd(M)→ B is equivalent to giving
a right coaction of B on M .

Example 6. Fix a monoidal ∞-category C as above. Let A be an associative
algebra object of C and let M = LModA(C) be the ∞-category of left A-module
objects of C. Then the right action of C on itself induces a right action of C on
M.

Suppose we are given an augmentation ε ∶ A→ 1, which endows the unit object
1 with the structure of a left A-module. By definition, a coendomorphism object
of 1 ∈M, if it exists, is characterized by the existence of a canonical homotopy
equivalence

MapC(coEnd(1),X) ≃ MapLModA(C)(1,1⊗X) = MapLModA(C)(1,X).
Proposition 7. Let C be a monoidal ∞-category and let ε ∶ A → 1 be an aug-
mented algebra object of C. Suppose that C admits geometric realizations of simpli-
cial objects. Then the 1 ∈ LModA(C) admits a coendomorphism object coEnd(1).

Remark 8. In the statement of Proposition 7, it is not necessary to assume that
the tensor product on C is compatible with geometric realizations of simplicial
objects.

Proof of Proposition 7. Note that composition with ε determines a forgetful func-
tor C ≃ LMod1(C) → LModA(C). It will suffice to show that this functor admits
a left adjoint λ: the coendomorphism object coEnd(1) will then be given by
as λ(1). Note that every left A-module M can be obtained as the geometric
realization of a simplicial left A-module which is free in every degree, given by
the bar resolution [n] ↦ A⊗(n+1) ⊗M . It will therefore suffice to show that the
functor λ is well-defined on every free A-module A⊗N , which is clear (we have
λ(A⊗N) ≃ N). �

Remark 9. The proof of Proposition 7 shows that the functor λ carries a left
A-module M to the geometric realization of the two-sided bar construction [n]↦
A⊗n⊗M . In particular, the coendomorphism object coEnd(1) is given by the bar
construction Bar(A) described above. (Beware, however, that viewing Bar(A) as
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a relative tensor product 1⊗A 1 can be a bit dangerous when the tensor product
on C is not compatible with geometric realizations).

We now specialize the bar construction to the setting of operads.

Notation 10. Let Set≃fin denote the category whose objects are finite sets and
whose morphisms are bijections. A symmetric sequence of spectra is a functor
O ∶ Set≃fin → Sp. Given such a functor, we let O(m) denote the value of O on the
standard set {1,2, . . . ,m} of cardinality m, so that O(m) carries an action of the
symmetric group Σ,. We can identify a symmetric sequence with the collection
of objects {O(m)}m≥0, each equipped with the associated Σm; however, this will
be slightly inconvenient in what follows.

Let SSeq = Fun(Set≃fin,Sp) denote the ∞-category of symmetric sequences. The
∞-category SSeq admits a symmetric monoidal structure given by Day convolu-
tion. We will denote the underlying tensor product by ⊗, given concretely by the
formula

(O⊗O′)(T ) = ⊕
T=T0∐T1

O(T0) ∧O′(T1).

Note that the category Set≃fin is characterized by a universal property: as a sym-
metric monoidal category (under disjoint union), it is freely generated by a single
object (given by a one-element set). By formal nonsense, this yields a univer-
sal property of the ∞-category SSeq: in the setting of presentable symmetric
monoidal stable ∞-categories (where the tensor product is required to distribute
over colimits), it is freely generated by a single object: namely, the symmetric
sequence Otriv given by

Otriv(T ) = {S if ∣T ∣ = 1

0 otherwise.

More precisely, if E is any other symmetric monoidal presentable stable ∞-
category for which the tensor product on E distributes over colimits, then evalu-
ation on Otriv induces an equivalence of ∞-categories

LFun⊗(SSeq,E)→ E ,
where LFun⊗(SSeq,E) is the ∞-category of colimit-preserving symmetric monoidal
functors from SSeq to E .

Applying this observation when E = SSeq, we obtain an equivalence of ∞-
categories

LFun⊗(SSeq,SSeq)→ SSeq

(given by evaluation onOtriv). Note that the left hand side has a (non-symmetric!)
monoidal structure given by composition of functors, so that SSeq inherits a
monoidal structure. We will denote the underlying tensor product by ○ ∶ SSeq×SSeq→
SSeq and refer to it as the composition product of symmetric sequences.
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We will say that a symmetric sequence O is reduced if O(0) ≃ 0. The composi-
tion product of reduced symmetric sequences is given concretely by the formula

(O ○O′)(T ) = ⊕
E∈Equiv(T )

O(T /E) ∧ ⋀
T ′∈T /E

O′(T ′)

The unit object for this composition product is the object Otriv.

An operad in spectra is an associative algebra for the composition product
on SSeq, and a cooperad in spectra is an associative coalgebra object of SSeq.
Applying the general formalism of Koszul duality, we see that for every operad
in spectra O equipped with an augmentation ε ∶ O → Otriv, we can form the bar
construction Bar(O) = Otriv ○OOtriv and regard it as a cooperad in spectra.

Definition 11. Let Onu
Comm denote the nonunital commutative operad in spectra,

given by

Onu
Comm(T ) = {S if T ≠ ∅

0 if T = ∅.
Then Onu

Comm admits an essentially unique augmentation ε ∶ Onu
Comm → Otriv. We

define the Lie cooperad to be the bar construction Bar(Onu
Comm).

Remark 12 (Partition Complexes). For each integer k ≥ 0, let Bk denote the kth
stage in the bar construction for Otriv ○Onu

Comm
Otriv. This can be identified with the

k-fold composition product of Onu
Comm with itself, but it will be more convenient

to view it as a quotient of the (k + 2)-fold composition product of Onu
Comm with

itself.
For every finite set T , let Equiv(T ) denote the poset of equivalence relations

on T , let Equiv+(T ) denote the subset of Equiv(T ) obtained by removing the
smallest element, and let Equiv−(T ) the subset obtained by removing the largest
element, and set Equiv±(T ) = Equiv+(T )∩Equiv−(T ). For simplicity, let us con-
sider only the case where T has at least two elements. Unwinding the definitions
above, we see that Bk is the symmetric sequence given by

Bk(T ) = ⊕
(E0⊆E1⊆⋯⊆Ek)∈Equiv(T )

{0 if E0 ∈ Equiv+(T ) or Ek ∈ Equiv−(T ) ∪N+(Equiv(T ))
S otherwise

= Σ∞(N(Equiv(T ))k/(N(Equiv−(T ))k ∪N(Equiv+(T ))k).
Passing to the geometric realization and using the fact that the simplicial sets

N(Equiv(T )), N(Equiv+(T )), and N(Equiv−(T )) are contractible (for ∣T ∣ > 1)
we obtain

∣B●(T )∣ = Σ∞(N(Equiv(T ))/((Equiv+(T )) ∪N(Equiv−(T ))))
= Σ∞+1((N(Equiv+(T )) ∪N(Equiv−(T ))))
= Σ∞+2N(Equiv±(T ))
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where we adopt the convention that Σ∞+2(∅) = S1 in the case ∣T ∣ = 2. It follows
that the Lie cooperad (Otriv ○Onu

Comm
Otriv)(k) is given, in degrees k ≥ 2, by the

(shifted) suspension spectrum of the partition complex N(Equiv±({1, . . . , k}).
If we specialize to the T (n)-local setting, the theory of symmetric sequences

can be simplified: we can identify symmetric sequences of T (n)-local spectra
with coanalytic functors from the ∞-category SpT (n) to itself, and the composi-
tion product on symmetric sequences with the usual composition of (coanalytic)
functors. Let us see what Koszul duality has to say in this case.

Construction 13. Let C be an ∞-category and let T be a monad on C: that is,
an algebra object in the monoidal ∞-category Fun(C,C). We let D = LModT (C)
denote the ∞-category of left T -module objects of C (that is, the ∞-category of

algebras for the monad T ). Then the monad T factors as a composition C FÐ→
D GÐ→ C, where G is the forgetful functor and F is its left adjoint (given by the
construction T ↦ TC, where we regard TC as an object of LModT (C)).

Suppose we are given another adjunction

D F ′ //C
G′
oo ,

together with an identification G ○G′ ≃ idC (which induces a compatible identifi-
cation F ′ ○ F ≃ idC). In this case, we obtain a map of monads

ε ∶ T ≃ G ○ F → (G ○G′) ○ (F ′ ○ F ) ≃ idC,

which endows T with the structure of an augmented algebra object of Fun(C,C).
Then we have a canonical equivalence LModT (Fun(C,C)) = Fun(C,LModT (C)) =
Fun(C,D). Under this equivalence, the left T -module structure on the identity
functor idC ≃ G ○G′ corresponds to the functor G′ ∈ Fun(C,D).

If C admits geometric realizations of simplicial objects, then so does Fun(C,C),
so that the bar construction Bar(T ) is well-defined and can be identified with
the coendomorphism object of G′. In other words, Bar(T ) is an endofunctor of
C with the following universal property: for every functor H ∶ C → C, we have a
canonical homotopy equivalence

MapFun(C,C)(Bar(T ),H) ≃ MapFun(C,D)(G′,G′ ○H).
Using the adjunction between F ′ and G′, we see that Bar(T ) is given by the
composition F ′ ○ G′. Moreover, the coalgebra structure on Bar(T ) agrees with
the comonad structure F ′ ○G′, arising from the adjunction between F ′ and G′.
(The existence of geometric realizations in C is not even really needed here.)

To put ourselves in the situation of Construction 13, we need a bit more infor-
mation about the relationship between stable and unstable vn-periodic homotopy
theory. Fix finite pointed spaces A and B, of types (n + 1) and n, respectively.
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Assume that A and B are both suspensions, and that their first nonvanishing
homology group (with Fp-coefficients) appears in the same degree d. Recall that
Svn∗ can be realized as the full subcategory of S∗ spanned by those spaces which
are d-connected, PA-local, and PB-acyclic. We let

Σ∞
T (n) ∶ S

vn
∗ → SpT (n)

denote the functor given by the composition

Svn∗ ↪ S∗
Σ∞ÐÐ→ Sp

LT (n)ÐÐÐ→ SpT (n) .

Proposition 14. The functor Σ∞
T (n) ∶ S

vn
∗ → SpT (n) is independent of choices.

Proof. By virtue of the results of Bousfield that we proved last semester, the only
possible dependence is on the integer d. Let us show that replacing A and B
by their suspensions does not change the functor Σ∞

T (n). For this, it will suffice

to show that if X is a d-connected, PA-local, and PB-acyclic, then the canonical
map f ∶X⟨d + 1⟩→X induces an equivalence LT (n)(X⟨d + 1⟩)LT (n)X. Note that
the homotopy fibers of f have the form K(G,d), where G = πd+1(X). It will
therefore suffice to show that the spectrum LT (n)Σ∞K(G,d) vanishes. Since X is
PB-acyclic, the group G is p-power torsion. It follows that K(G,d) is PA-acyclic
(Proposition 12 of Lecture 4). Since A has type > n, we have LT (n)Σ∞A ≃ 0, and
therefore LT (n)Σ∞K(G,d) ≃ 0. �

Proposition 15. The functor Σ∞
T (n) ∶ S

vn
∗ → SpT (n) has a right adjoint Ω∞

T (n)
given by the construction E ↦ fib((Ω∞E)⟨d⟩→ PB((Ω∞E)⟨d⟩)).

Proof. If E is T (n)-local, then the 0th space Ω∞E is automatically p-local and
PA-local. �

Corollary 16. The composition

SpT (n)
Ω∞

T (n)ÐÐÐ→ Svn∗
ΦÐ→ SpT (n)

is (canonically) homotopic to the identity.

Proof. For a T (n)-local spectrum E, the canonical map Ω∞
T (n)E → Ω∞E is a

vn-periodic homotopy equivalence, and therefore induces an equivalence

ΦΩ∞
T (n)E ≃ (Φ ○Ω∞)(E) ≃ LT (n)E ≃ E.

�

Corollary 17. Let Φ ○ Θ ∶ SpT (n) → SpT (n) be our monad. Then there is an

augmentation ε ∶ Φ ○ Θ → idSpT (n) for which the bar construction (̄Φ ○ Θ) can be

identified with Σ∞
T (n)○Ω∞

T (n), as a coalgebra in the ∞-category Fun(SpT (n),SpT (n)).

Proof. Combine Corollary 16 with Construction 13. �


