
Math 261y: von Neumann Algebras (Lecture 14)

October 3, 2011

In this lecture, we will continue our study of abelian von Neumann algebras. Let A be any ∗-algebra.
We let P (A) denote the collection of projections of A: that is, the collection of elements e ∈ A satisfying
e∗ = e2 = e. We would like to study the structure of P (A) in the case where A is commutative.

Definition 1. A Boolean algebra is a commutative ring B in which every element x satisfies x2 = x. (In
particular, we have 4 = 22 = 2, so that B has characteristic 2).

Example 2. Let A be a commutative ∗-algebra. The P (A) has the structure of a Boolean algebra, where
the addition ⊕ is given by e⊕ e′ = e + e′ − ee′.

Remark 3. If B is any Boolean algebra, we can regard B as a partially ordered set: say x ≤ y if xy = x.
Then B is a lattice: it has a greatest element 1, a least element 0, and every pair of elements x, y ∈ B has
a greatest lower bound x ∧ y = xy and a least upper bound x ∨ y = x + y − xy. Moreover, the lattice B is
distributive (we have x∨ (y ∧ z) = (x∨ y)∧ (x∨ z) for all x, y, z ∈ B. Furthermore, B is complemented: for
every x ∈ B, we have another element 1− x ∈ B satisfying

x ∨ (1− x) = 1 x ∧ (1− x) = 0.

The converse is true as well: any distributive lattice in which every element x has a complement x′ can
be regarded as a Boolean algebra, with multiplication given by xy = x ∧ y and addition given by x ⊕ y =
(x ∨ y) ∧ (x′ ∨ y′).

If B is a Boolean algebra, we will say that a pair of elements x, y ∈ B are orthogonal if xy = 0 (this
terminology is not standard, but is very natural since our primary interest is in Example 2).

Construction 4. Let B be a Boolean algebra. We let SpecB denote the Zariski spectrum of B (in the
sense of algebraic geometry): that is, the set of prime ideals of B, equipped with the Zariski topology.

Let B be a Boolean algebra and let x ∈ B. Since x(1− x) = x− x2 = 0, we see that every prime ideal of
B contains x or (1− x). No prime ideal can contain both. It follows that every element x ∈ B determines a
decomposition of SpecB into disjoint closed (and open) sets

{p : x ∈ p} ∪ {p : 1− x ∈ p}.

Given any pair of distinct points p, q ∈ SpecB, there exists an element x ∈ p not belonging to q (or
vice versa). Applying the above reasoning, we see that SpecB can be decomposed into closed and open
subsets containing p and q, respectively. A compact topological space with this property is said to be totally
disconnected. Note that a compact totally disconnected space is automatically Hausdorff.

Theorem 5 (Stone Duality). The construction B 7→ SpecB induces an equivalence from the category of
Boolean algebras (regarded as a full subcategory of the category of commutative rings) with the opposite of the
category of totally disconnected compact spaces (regarded as a full subcategory of the category of topological
spaces).
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Remark 6. Given an arbitrary space X, let B(X) denote the collection of all subsets of X which are both
closed and open. Then B(X) can be regarded as a Boolean algebra (with respect to the partial ordering by
inclusion). Given any Boolean algebra B, there is a canonical bijection

Hom(B,B(X))→ Hom(X,SpecB).

That is, the construction B 7→ SpecB is adjoint to the construction X 7→ B(X). When restricted to totally
disconnected compact spaces, these constructions are inverse to one another.

Proposition 7. Let A be an abelian von Neumann algebra. Then there is a canonical homeomorphism
SpecA ' SpecP (A). Here the left hand side denotes the space of characters A → C, while the right hand
side denotes the spectrum of the Boolean algebra P (A).

Proof. We will show that for any compact space Y , there is a canonical bijection between continuous maps
from Y to SpecA and continuous maps from Y to SpecP (A). Equivalently, we claim that there is a canonical
bijection between ∗-algebra homomorphisms

A→ C0(Y )

and Boolean algebra homomorphisms
P (A)→ P (C0(Y )).

Let A′ = C0(Y ). It is clear that every ∗-algebra homomorphism A→ A′ induces a map of Boolean algebras
P (A) → P (A′). This construction is injective: if f, f ′ : A → A′ are two ∗-algebra homomorphisms which
agree on all projections, then f and f ′ agree on all linear combinations of projections. We have seen that
these are dense in A (with respect to the norm topology); since f and f ′ are norm-continuous, we deduce
that f = f ′.

We claim that this construction is also surjective: that is, every Boolean algebra homomorphism f :
P (A) → P (A′) induces a map of ∗-algebras F : A → A′. To prove this, let A0 ⊆ A be the subalgebra
generated by the projections of A. Every element of A0 can be written uniquely as a finite linear combination∑

ciei

where the ci are nonzero complex numbers and the ei are mutually orthogonal nonzero projections. We
set F (

∑
ciei) =

∑
cif(ei). It is not difficult to see that this defines a ∗-algebra homomorphism A0 → A′.

Since ||
∑

ciei|| = sup{ci}, we see that this ∗-algebra homomorphism has norm ≤ 1 and therefore extends
continuously to the desired map A→ A′.

It follows that an abelian von Neumann algebra A is determined by its Boolean algebra P (A) of projec-
tions. Of course, this Boolean algebra is not arbitrary.

Proposition 8. Let B be a Boolean algebra. The following conditions are equivalent:

(1) Every subset of B has a least upper bound.

(2) Every set {eα} of mutually orthogonal elements of B has a least upper bound.

Proof. It is clear that (1)⇒ (2). Conversely, suppose that (2) is satisfied. Let S ⊆ B be an arbitrary subset;
we wish to show that S has a least upper bound. We may assume without loss of generality that S is closed
downwards. Let T be maximal among collections of mutually orthogonal subsets of S. Condition (2) implies
that T has a least upper bound e. To complete the proof, it will suffice to show that e is also an upper
bound for S (in this case, it is clearly the least upper bound for S). Suppose otherwise; then there exists an
element f ∈ S such that f � e. Replacing f by f − ef , we may suppose that e and f are orthogonal. Then
f is orthogonal to each element of T , so that T ∪ {f} contradicts the maximality of T .
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We say that a Boolean algebra is complete if it satisfies the equivalent conditions of Proposition 8. If B
is a complete Boolean algebra, we denote the least upper bound of a subset S ⊆ B by

∨
S.

Example 9. Let A be a von Neumann algebra. Then the Boolean algebra P (A) is complete.

Proposition 10. Let B be a Boolean algebra. The following conditions are equivalent:

(1) B is complete.

(2) For every open set U ⊆ SpecB, the closure U is open.

Proof. Suppose first that (1) is satisfied. Let U ⊆ SpecB be open. For each x ∈ B, let Ux ⊆ SpecB be the
corresponding open and closed subset. These sets form a basis for the topology on SpecB, so we can write
U =

⋃
x∈S Ux for some subset S ⊆ B. Let e be a least upper bound for S. We will verify (2) by showing that

Ue is the closure of U . Since Ue contains each Ux, it is a closed set containing U . To complete the proof, it
will suffice to show that U is dense in Ue: that is, U intersects every open set contained in Ue. It suffices
to test this on basic open sets: that is, we claim that if Uy ⊆ Ue is nonempty, then Uy ∩ U is nonempty.
Otherwise, e− y would be an upper bound for S which is smaller than e.

Now suppose that (2) is satisfied; we will show that B is complete. Let S ⊆ B and let U =
⋃
x∈S Ux.

Then an element e ∈ B is an upper bound for S if and only if U ⊆ Ue. We wish to show that there exists
a least such e: that is, there is a smallest closed and open set containing U . This is clear: the closure U is
open by virtue of (2), and is contained in every closed set containing U .

Remark 11. We say that a compact Hausdorff space X is extremally disconnected if it satisfies condition (2)
of Proposition 10. This implies that X is totally disconnected: if a pair of points x, y ∈ X can be separated
by disjoint open sets U and V , then they can be separated by the closed and open sets U and X − U .

Combining Proposition 10 with Theorem 5, we see that the data of a complete Boolean algebra is
equivalent to the data of an extremally disconnected compact Hausdorff space. Let us now discuss the
analogous equivalence at the level of morphisms.

Proposition 12. Let f : B → B′ be a map between complete Boolean algebras, and let F : X ′ → X be
the induced map between the extremally disconnected spaces X = SpecB and X ′ = SpecB′. The following
conditions are equivalent:

(1) For every subset S ⊆ B, we have f(
∨
S) =

∨
f(S).

(2) For every set S of mutually orthogonal elements of B, we have f(
∨

S) =
∨
f(S).

(3) For every open set U ⊆ X, we have F−1(U) = F−1(U).

Proof. The implication (1)⇒ (2) is obvious. We next show that (2)⇒ (1). It is clear that
∨

f(S) ≤ f(
∨

S).
We may assume without loss of generality that S is closed downwards. The proof of Proposition 8 shows
that there exists a subset T ⊆ S consisting of mutually orthogonal elements such that

∨
T =

∨
S. Then

f(
∨

S) = f(
∨

T ) =
∨

f(T ) ≤
∨

f(S)

provided that (2) is satisfied.
The equivalence of (1) and (3) follows as in the proof of Proposition 10.

We say that a homomorphism of complete Boolean algebras is continuous if it satisfies the equivalent
conditions of Proposition 12.
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Example 13. Let A and A′ be abelian von Neumann algebras. Then a ∗-algebra homomorphism f : A→ A′

is completely additive if and only if the underlying map P (A) → P (A′) is a continuous map between
complete Boolean algebras. It follows that we can identify the collection of ultraweakly continuous ∗-algebra
homomorphisms with the collection of continuous maps P (A) → P (A′). In other words, we can regard the
construction

A 7→ P (A)

as giving a fully faithful embedding from the category of abelian von Neumann algebras (and ultraweakly
continuous ∗-algebra homomorphisms) to the category of complete Boolean algebras (and continuous Boolean
algebra homomorphisms).

The functor of Example 13 is not essentially surjective: that is, not every complete Boolean algebra arises
as the set of projections in an abelian von Neumann algebra. We will return to this point in the next lecture.
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