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REAL STRUCTURES ON POLARIZED DIEUDONNÉ MODULES
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1. Introduction

Many locally symmetric spaces for the group Sp2n(R) parametrize polarized abelian varieties
(possibly with level structures). They tend to be complex algebraic varieties whose reduc-
tions to characteristic p > 0 are moduli spaces for abelian varieties in characteristic p. This
phenomenon has led to a vast interplay between modular forms and Galois representations.

Locally symmetric spaces associated to the group GLn(R) for n ≥ 3 do not carry a com-
plex structure and do not admit an obvious reduction to characteristic p > 0. However,
it is known ([1, 13, 4, 10, 11, 23, 30, 31, 32]) that such locally symmetric spaces parame-
trize real polarized abelian varieties (possibly with level structures). In an effort to find a
characteristic p analog for such moduli spaces in [12] the authors introduced the notion of
a real structure on an ordinary abelian variety over k (or, rather, on its associated Deligne
module): it is an “anti-holomorphic” involution, that is, a linear involution that switches the
action of the Frobenius and the Vershiebung. Over a finite field k, there are finitely many
isomorphism classes of principally polarized ordinary abelian varieties with real structure
and the number of isomorphism classes is given ([12]) by a certain sum of orbital integrals
over the general linear group GLn×GL1. It is expected, but still unknown, whether these
(or similar) definitions make sense beyond the “ordinary” case.

In §3.2 of this paper we extend the notion of a “real structure” to the case of (not neces-
sarily ordinary) Dieudonné modules. We give examples (§3.3) to show that real structures
often exist, even on supersingular Dieudonné modules. Then we show (Proposition 4.4) that
the number of isomorphism classes of principally polarized “real” Dieudonné modules within
a single isogeny class is given by a “twisted” orbital integral TO(δ) over the same general
linear group GLn×GL1.

We show that the constructions in this paper are compatible with those in [12], which
requires an explicit description (Proposition 6.8) of the Dieudonné module (and its polar-
ization) of an ordinary polarized abelian variety. Then we use this description to show
(Proposition 6.12) that a real structure in the sense of [12] of an ordinary abelian varieties
determines a real structure (in the sense of this paper) on its Dieudonné module. This last
step is not automatic: it requires a universal choice of involution on the Witt vectors, as
constructed in Appendix A.

The compatibility between these two notions of real structure leads to a simplification of
the twisted orbital integral TO(δ). The number of isomorphism classes of “real” Deligne
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modules (over Zp) is given by an (ordinary) orbital integral O(γ): it is the component at p
in the adèlic orbital integral of [12]. We show (§6.12) that the orbital integral O(γ) (which
counts Deligne modules) coincides with the twisted orbital integral TO(δ) (which counts
Dieudonné modules). This equality of orbital integrals (valid only in the “ordinary” case)
is reminiscent of the results in [18] (valid in all cases) in which the fundamental lemma for
Levi subgroups is used in order to evaluate stable sums of twisted orbital integrals in terms
of ordinary orbital integrals.

We are grateful to Gopal Prasad for providing us with references for the Galois cohomology
proof of Proposition B.2.

2. Notation and terminology

Let R be an integral domain with fraction field K. Let T be a free R-module of rank 2n and
V = T⊗K. An alternating bilinear form ω : M×M → R is symplectic if ω⊗K : V ⊗V → K
is nondegenerate. It is strongly nondegenerate if the resulting M → HomR(M,R) is an
isomorphism. It is symplectic up to homothety if there exists c ∈ K× so that cω is strongly
nondegenerate. The standard symplectic form ω0 on R2n × R2n is that whose matrix is
J =

(
0 I
−I 0

)
. The standard involution τ0 : R2n → R2n is the linear map with matrix

(
−I 0
0 I

)
.

Conjugation by τ0, which we denote by

g 7→ g̃ = τ0gτ
−1
0

defines an action of the group 〈τ0〉 ∼= Z/2Z on GSp2n whose fixed subgroup is denoted

H = GL∗n =

{(
A 0
0 λ tA−1

)
∈ GSp2n

∣∣∣∣ A ∈ GLn;λ ∈ Gm

}
∼= GLn×Gm.

Throughout this paper we fix a finite field k = Fpa of characteristic p. Let W denote
the Witt ring functor, so that W (k), W (k̄) are the rings of (infinite) Witt vectors over k, k̄
respectively, with fraction fields K(k) = W (k) ⊗ Qp and K(k̄) = W (k̄) ⊗ Qp respectively.
We may identify K(k) with the unique unramified extension of Qp of degree a = [k : Fp].
Let W0(k̄) denote the maximal unramified extension of W (k). We may identify W (k̄) with
the completion of W0(k̄). Let σ : W (k̄) → W (k̄) be the lift of the Frobenius mapping
σ : k̄ → k̄, σ(x) = xp and let π = σa be the topological generator for the Galois group
Gal(k̄/k) ∼= Gal(K(k̄)/K(k)). Fix an identification, Qp

∼= K(Fp) of the p-adic numbers
with the fraction field of the Witt vectors of the prime field.

If C is a Z-linear category then associated category up to R isogeny is the category C⊗R
with the same objects but with morphisms HomC⊗R(x, y) = HomC(x, y)⊗ R.

3. Dieudonné modules

3.1. Notation. Let E = E(k) denote the Cartier-Dieudonné ring, that is, the ring of non-
commutative W (k)-polynomials in two variables F,V, subject to the relations F(wx) =
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σ(w)F(x), V(wx) = σ−1(w)V(x), and FV = VF = p, where w ∈ W (k) and x ∈ E. A
Dieudonné module M is a module over the ring E(k) that is free and finite rank over W (k).

The covariant Dieudonné functor (see, for example, [3] §B.3.5.6 or [9] p. 245 or [29])
assigns to each p-divisible group

G = . . . ↪→
�

Gr
↪→
�

Gr+1
↪→
�

. . .

a corresponding module M(G) = lim
←−
M(Gr) over the Dieudonné ring E.

A quasi polarization (in the sense of [25, 28] and [26] §5.9; following [27] p. 101) of
a Dieudonné module M is an alternating W (k)-bilinear form ω : M × M → W (k) such
that ω ⊗K(k) is nondegenerate and ω(Fx, y) = σω(x,Vy). (The use of the word “quasi”
reflects the fact that there is no p-adic counterpart to the “positivity” condition found in the
definition of a polarization for abelian varieties.) A K(k)-isogeny of polarized Dieudonné
modules (M,ω) → (M ′, ω′) is an element φ ∈ HomE(M,M ′)⊗K(k) so that φ∗(ω′) = cω for
some c ∈ K(k)×.

3.2. Real structures. Let M be a Dieudonné module of finite rank over W (k). Let ω be
a quasi-polarization on M . Define a real structure on (M,ω) to be a W (k)-linear mapping
τp : M → M such that

(3.2.1) τ 2
p = I, τpF

aτ−1
p = Va, ω(τpx, τpy) = −ω(x, y)

for all x, y ∈ M . (If p 6= 2, it follows from [12] Prop. B.4 that any two real structures on
(M,ω) are conjugate by an element g ∈ SpW (k)(M,ω) which does not necessarily preserve
F, V).

3.3. Manin modules. Following [21] let us define Dieudonné modules

Mr,s = E(k)/E(k)(Fr − Vs)

for non-negative integers r, s. If k̄ is an algebraic closure of k and if we extend scalars to

E(k̄) = W (k̄)[ 1
p
]⊗ E(k)

then it is shown in [21] that the resulting modules E(k̄) ⊗E(k) Mr,s are simple and they
account for all the simple Dieudonné modules. Elements of Mr,s may be represented by
(noncommutative) polynomials

x =

s−1∑

i=1

a−iV
i + a0 +

r∑

j=1

ajF
j

(with at ∈W (k) and with identifications Fr = Vs). Up to isogeny over k̄, the Manin module
associated to the p-divisible group of a simple abelian variety defined over k̄ is isomorphic
([21]) to Mr,s ⊕Ms,r (for some r, s coprime) or to Mr,r.

In the following paragraphs we will show that the Manin modules Mr,s ⊕Ms,r and the
Manin modules Mr,r admit quasi-polarizations and real structures.
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First suppose r 6= s. The elements {1,Fj ,Vi} (1 ≤ j ≤ r; 1 ≤ i ≤ s − 1) form a basis of
Mr,s over W (k). The module Ms,r admits a dual basis by setting

(Fi)∨ = Vr−i, (Vj)∨ = Fs−j .

This gives rise to a W (k)-linear pairing T : Mr,s ×Ms,r →W (k) with

T (Fi,Vj) =

{
1 if i+ j = r

0 otherwise
; T (Vi,Fj) =

{
1 if i+ j = s

0 otherwise

such that T (Fx, y) = σ(T (x,Vy)). It follows that the alternating bilinear form

ω(x⊕ y, x′ ⊕ y′) = T (x, y′)− T (x′, y)

defines a quasi-polarization on Mr,s ⊕ Ms,r. A real structure on this sum is defined by
switching the factors and exchanging F with V. Explicitly, define τ : Mr,s → Ms,r by

τ (
s−1∑

i=1

a−iV
i + a0 +

r∑

j=1

ajF
j) =

s−1∑

i=1

a−iF
i + a0 +

r∑

j=1

ajV
j

and similarly for τ : Ms,r → Mr,s. Then τ 2 = I and

τ (F(x⊕ y)) = σ2V(τ (x⊕ y))

which implies that τFa = Vaτ . Finally, one verifies for x, y ∈Mr,s and x′, y′ ∈ Ms,r that

ω(τ (x⊕ y), τ (x′⊕ y′)) = −ω(x⊕ y, x′ ⊕ y′).

Now suppose r = s. The Manin module

M ′r,r = E(k)/E(k)(Fr + Vr)

is the Dieudonné module of a supersingular Abelian variety. It has a W (k)-basis consisting
of {Vi,Fj,V0 = F0 = 1,Vr = −Fr} with 1 ≤ i, j ≤ r − 1. It admits a quasi-polarization
which for 0 ≤ i, j ≤ r is (well-) defined as follows:

ω(Vi,Fj) =

{
1 if i+ j = r

0 otherwise
; ω(Fi,Vj) =

{
−1 if i+ j = r

0 otherwise
.

Then ω(x, y) = −ω(y, x) and ω(Fx, y) = σω(x,Vy) for all x, y ∈M ′1,1. This module admits

a real structure by setting τ (tFi) = tVi for t ∈ W (k) and 0 ≤ i ≤ r (and in particular,
τ (tFr) = −tFr). It is easy to check that τ (Fax) = Vaτ (x) for all x ∈M ′r,r.
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4. Counting Dieudonné modules

Let Γ = GSp2n(W (k)) with the standard symplectic form ω0 =
(

0 I
−I 0

)
. Let Ip =

(
I 0
0 pI

)
.

4.1. Lemma. Let L0 = W (k)2n ⊂ K(k)2n denote the standard lattice. Let L ⊂ K(k)2n be a
W (k)-lattice and let h ∈ GSp2n(K(k)). The following statements are equivalent.

(1) pL0 ⊂ hL0 ⊂ L0.
(2) hL0 ⊂ L0, ph

−1L0 ⊂ L0

(3) h ∈ ΓIpΓ

Proof. Items (1) and (2) are clearly equivalent. By the theory of Smith normal form for the
symplectic group (see [33] or [2] Lemma 3.3.6), or by the Cartan decomposition for p-adic
groups , the double coset ΓhΓ contains a diagonal matrix of the form diag(pr1 , pr2, · · · , pr2n)
with r1 ≤ r2 ≤ · · · ≤ rn. By (1) and the symplectic conditions, we must have that rj = 0
(1 ≤ j ≤ n) and rj = 1 (n+ 1 ≤ j ≤ 2n). �

4.2. Assume p 6= 2. In this section we fix a Dieudonné module (M,F,V) with a quasi-
polarization ωM and a real structure τM : M → M . Then M is a free module over W (k)
of some even rank, say 2n. Let MQ = M ⊗ K(k). We wish to understand the set XM

of (real) isomorphism classes of principally (quasi-)polarized Dieudonné modules that are
K(k)-isogenous to M . Following the method of [17] we consider the set of isomorphism
classes XM in the category CM consisting of tuples (P, ωP , ψ, τP) where P is a Dieudonné
module, ωP is a principal quasi-polarization of P , where τP is a real structure on P and
where ψ ∈ HomW (k)(P,M) ⊗K(k) is a K(k) isogeny (that commutes with F,V and τ such
that ψ∗(ωM ) = cωP for some c ∈ K(k)×) and ψ ⊗K(k) : PQ → MQ is an isomorphism. A
morphism φ : P → P ′ is in CM if it is compatible with ω up to scalars, and it commutes
with F,V and τ . So there is a natural identification

XM
∼= I(M)\XM

where I(M) denotes the group of K(k) self-isogenies of (M,ωM , τM ).

4.3. The mapping (P, ωP , ψ, τP ) 7→ L = ψ(P ) determines an identification between the set
XM and the set of W (k)-lattices L ⊂ MQ that are preserved by FM ,VM , τM and such that
L is symplectic up to homothety meaning that L∨ = cL for some c ∈ K(k)×, where

L∨ = {x ∈MQ | ωM (x, y) ∈W (k) for all y ∈ L} .
By [12] Proposition B.4 there exists a K(k)-linear isomorphism MQ → K(k)2n which takes

the quasi-polarization ωM to the standard symplectic form ω0 and takes the involution τ to
the standard involution τ0 =

(
−I 0
0 I

)
∈ GSp2n(Z).

If we allow the automorphism σ to act component-wise on K(k)2n then the action of
F ◦ σ−1 becomes some element δ ∈ GSp2n(K(k)) with multiplier p, that is well defined
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up to σ-conjugacy. The group I(M) of self isogenies becomes identified with the twisted
centralizer (note that δ /∈ H(K(k))):

Sδ(K(k)) =
{
z ∈ H(K(k))

∣∣ z−1δσ(z) = δ
}
.

Normalize the Haar measure on H(K(k)) so that H(W (k)) has volume one.

4.4. Proposition. The choice of isomorphism MQ → K(k)2n determines a one to one
correspondence between the set of lattices L ⊂ MQ, symplectic up to homothety, that are
preserved by F,V, τ and the set of points in

{
g ∈ H(K(k))/H(W (k))

∣∣g−1δσ(g) ∈ ΓApΓ
}

Consequently the number of isomorphism classes of principally quasi-polarized real Dieudonné
modules within the isogeny class of M is given by the twisted orbital integral

|XM | = |Sδ(K(k))\XM |

=

∫

Sδ(K)\H(K)

κp(g
−1δσ(g))dg(4.4.1)

where κp is the characteristic function of ΓIpΓ ⊂ GSp2n(K(k)).

Proof. Let L0 = W (k)2n ⊂ K(k)2n be the standard lattice. If L ⊂ K(k)2n is a W (k)-lattice,
symplectic up to homothety, then L = gL0 for some g ∈ GSp2n(K(k)). If it is preserved by
F,V then

pL0 ⊂ g−1δσ(g)L0 ⊂ L0

which, by Lemma 4.1 is equivalent to: g−1δσ(g) ∈ ΓIpΓ. (In the case of an “ordinary”
Dieudonné module a simpler formula holds, see Proposition 7.3).

If the lattice L is also preserved by the involution τ0 then g−1gL0 = L0 so that α = g−1g̃
is a 1-cocycle, defining a class in H1(〈τ0〉,GSp2n(W (k))), which is trivial by [12] Prop. B.4

since p 6= 2. Thus, there exists h ∈ GSp2n(W (k)) so that g−1g̃ = h−1h̃, hence g′ = gh−1 ∈
H(K(k)) = GL∗n(K(k)) and L = g′L0. Thus we may assume that g ∈ H(K(k)), while
elements of H(W (k)) act trivially on the homothety class of the lattice L0. If we normalize
Haar measure so that H(W (k)) has volume one then the number of such lattices is given by
the integral in equation 4.4.1. �

5. Deligne modules and ordinary Abelian varieties

5.1. Recall from [7] that a Deligne module of rank 2n over the field k = Fq of q elements is a
pair (T, F ) where T is a free Z-module of dimension 2n and F : T → T is an endomorphism
such that the following conditions are satisfied:

(1) The mapping F is semisimple and all of its eigenvalues in C have magnitude
√
q.

(2) Exactly half of the eigenvalues of F in Qp are p-adic units and half of the eigenvalues
are divisible by q.
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(3) The middle coefficient of the characteristic polynomial of F is coprime to p.
(4) There exists an endomorphism V : T → T such that FV = V F = q.

A morphism (TA, FA)→ (TB, FB) of Deligne modules is a group homomorphism φ : TA → TB
such that FBφ = φFA. A polarization ([15]) of a Deligne module (T, F ) is a symplectic form
ω : T × T → Z (alternating and nondegenerate over Q) such that ω(Fx, y) = ω(x, V y) for
all x, y ∈ T , and such that the form R(x, y) = ω(x, ιy) is symmetric and positive definite,
where ι is some (and hence, any) totally positive imaginary element of Q[F ] (cf. [15] §4.7).
5.2. Following [7], for the rest of this paper we fix an embedding

(5.2.1) ε : W (k̄)→ C.

By a theorem of Serre and Tate, [8, 16, 22, 34] an ordinary Abelian variety A/k has a
canonical lift Ā over W (k) which, using (5.2.1) gives rise to a complex variety AC over
C. Let π ∈ Gal(k̄/k) denote the Frobenius. The geometric action of π on A lifts to an
automorphism FA on T = TA = H1(AC,Z), and the pair (TA, FA) is a Deligne module.

5.3. Theorem. [7, 15] The association A→ (TA, FA), determined by the embedding (5.2.1),
induces an equivalence between the category of n-dimensional ordinary Abelian varieties
(resp. polarized Abelian varieties) over k = Fq and the category of Deligne modules (resp.
polarized Deligne modules) over k, of rank 2n. �

5.4. In [12] the authors define a real structure on a polarized Deligne module (T, F, ω) to
be a group homomorphism τ : T → T such that

τ 2 = I, τF τ−1 = V, ω(τx, τy) = −ω(x, y).

The involution τ is a characteristic p analog of complex conjugation. There are finitely many
(“real”) isomorphism classes of principally polarized Deligne modules (of dimension 2n over
k = Fq) with real structure and principal level N structure, and a formula for this number
is given in [12]. In [12], following the method of Kottwitz [17] it is shown that the number
of isomorphism classes of principally polarized Deligne modules with real structure is finite
and is given by an adèlic orbital integral.

5.5. In order to conceptualize the contribution at p to this formula it is convenient to define
Deligne module at p (over Fq, of rank 2n) to be a pair (Tp, Fp) where Tp is a free Zp module
of rank 2n, Fp : Tp → Tp is a semisimple endomorphism, whose characteristic polynomial∑2n

i=0 aix
i is q-palindromic1, with middle coefficient an a p-adic unit, half of whose roots in

Qp are p-adic units and half of which are divisible by p, such that there exists Vp : Tp → Tp
with FpVp = VpFp = q. (This implies that if λ is a root then so is q/λ.) A polarization of
(Tp, Fp) is a Zp-valued symplectic form ωp such that ω(Fpx, y) = ω(x, Vpy). (The “positivity
condition” does not make sense in this setting.) A real structure τp on (Tp, Fp, ωp) is a
symplectic involution of Tp with multiplier −1 that exchanges Fp and Vp. If (T, F, ω, τ ) is

1meaning that ai = qn−ia2n−i for 0 ≤ i ≤ n− 1
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a (real, polarized) Deligne module then tensoring with Zp gives a (real, polarized) Deligne
module at p.

5.6. The Tate module. Let (T, F ) be a Deligne module over k = Fpa . From this we define
a Tate module, for ` 6= p a (rational) prime,

T`(T ) = T ⊗Z Z`

with an action of π ∈ Gal(k̄/k) given by F ⊗ 1. A polarization and/or a real structure on
(T, F ) induces one on T ⊗ Z` in an obvious way.

If A is an ordinary abelian variety with Deligne module (TA, FA) and if ` 6= p is prime
then there is a natural isomorphism of Tate modules T`(A) ∼= T`(TA) = TA ⊗ Z`.

6. The Dieudonné module of an ordinary variety

6.1. Let A be an ordinary Abelian variety over k = Fpa . In this section we explicitly
construct the Dieudonné module M(A) (and quasi polarization) of A directly from the
Deligne module (TA, FA) (and a polarization). In fact, the Dieudonné module M(A) depends
only on the associated Deligne module (TA ⊗ Zp, FA ⊗ Zp) at p. Although this material is
well known to experts, we require specific equations for these modules that do not appear
to be in the literature.

We then show, given a universal choice of involution of the Witt vectors as in Appendix
A, that a real structure on (TA, FA) determines a real structure on M(A).

6.2. Let (Tp, Fp) be a Deligne module at p, over k = Fpa . The same argument as in [7]
shows that the endomorphism Fp determines a unique decomposition

(6.2.1) Tp ∼= T ′ ⊕ T ′′

preserved by Fp and Vp, such that Fp is invertible on T ′ and is divisible by q on T ′′. In fact,
the module T ′ ⊗Qp is the sum of the eigenspaces of Fp whose eigenvalues in Qp are p-adic

units while T ′′⊗Qp is the sum of the eigenspaces of Fp whose eigenvalues are divisible by p.
For s ∈ Z define As(t

′ + t′′) = t′ + st′′. Then FpA
−1
q = A−1

q Fp : Tp → Tp is an isomorphism.

Extend Fp and σ to Tp ⊗W (k̄) by Fp(t⊗ w) = Fp(t)⊗ w and σ(t⊗ w) = t⊗ σ(w).

6.3. Given a Deligne module (Tp, Fp) at p as above, define the covariant Dieudonné module
M(Tp, Fp) (which we denote simply by M(Tp)) to be the invariant submodule of Tp⊗W (k̄)
where π ∈ Gal(k̄/k) as follows,

(6.3.1) π(t⊗w) = A−1
q Fp(t)⊗ σa(w)

so to be explicit,

(6.3.2) M(Tp) =
{
x ∈ Tp ⊗W (k̄)

∣∣ Fp(x) = Aqσ
−a(x)

}

with actions F(t⊗ w) = pA−1
p (t)⊗ σ(w) and V(t⊗ w) = Ap(t)⊗ σ−1(w).
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6.4. The mapping Aq preserves the splitting of Tp which gives a splitting M(Tp) = M(T ′)⊕
M(T ′′). The operator F is σ-linear; it is invertible onM(T ′′) and it is divisible by p onM(T ′).
If α ∈M(T ) then

Fp(α) = Va(α),

that is, the mapping Fp has been factored as Fp = Va. On the contravariant Dieudonné
module N(T ) = N(T ′) ⊕ N(T ′′) the mapping Fp is invertible on N(T ′), divisible by p on
N(T ′′) and one has Fp = Fa. Despite this confusion we use the covariant Dieudonné module
because the equations are a bit simpler.

6.5. Proposition. Let (Tp, Fp) be a Deligne module at p with Zp-rank equal to 2n. Then
its Dieudonné module M(Tp) is a free module over W (k) whose W (k)-rank also equals 2n
and in fact there exists a W (k)-basis of M(Tp) whose elements also form a W (k̄) basis of
Tp ⊗W (k̄).

The proof will appear in Appendix B. The following lemma will be needed in the proof of
Proposition 7.3.

6.6. Lemma. Let (Tp, Fp) be a Deligne module at p. The operator σ(t⊗ w) = t⊗ σ(w) on
Tp⊗W (k̄) preserves the Dieudonné module M(Tp) ⊂ Tp⊗W (k̄). Suppose Λ ⊂M(Tp)⊗Qp

is a W (k)-lattice. Then the following statements are equivalent.

(1) The lattice Λ is preserved by F and V.
(2) pΛ ⊂ FΛ ⊂ Λ.
(3) pΛ ⊂ VΛ ⊂ Λ.
(4) A−1

p VΛ = Λ.

Such a lattice is also preserved by σ.

Proof. The equivalence of (1), (2), (3) is straight forward. Such a lattice Λ is also preserved
by Fp, Vp so by the argument of [7] it decomposes as Λ = Λ′⊕Λ′′ with Λ′ = MQ(Tp)

′∩Λ and
Λ′′ = MQ(Tp)

′′ ∩Λ. Then V|Λ′ is invertible: Since Fp = Va is invertible on Λ′ it follows that
V is surjective on Λ′, and it is injective because it is injective on MQ(Tp)

′. Similarly F|Λ′′ is
invertible which implies (4). Conversely suppose that A−1

p VΛ = Λ. Then VΛ ⊂ ApΛ ⊂ Λ
and FΛ = pV−1Λ = (pA−1

p )Λ ⊂ Λ. Finally, A−1
p V coincides with σ−1, so σ preserves Λ and

is invertible on Λ. �

6.7. Let A/k be an ordinary Abelian variety with Deligne module (TA, FA). The associated
finite group scheme A[pr] = ker(·pr) decomposes similarly into a sum A′[pr] ⊕ A′′[pr] of an
étale-local scheme and a local-étale scheme, with a corresponding decomposition of the
associated p-divisible group, A[p∞] = A′ ⊕ A′′. Over W (k̄) the finite étale group scheme
A′[pr] becomes constant so there is a canonical isomorphism

(6.7.1) A′[pr] ∼= p−rT ′A/T
′
A.
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6.8. Proposition. The isomorphism A′[pr] ∼= p−rT ′A/T
′
A induces an isomorphism of covari-

ant Dieudonné modules

M(A) ∼= M(TA ⊗ Zp)

6.9. Proof of Proposition 6.8. First let us show that the Dieudonné module M(A′) may
be identified as follows,

(6.9.1) M(A′) ∼= (T ′A ⊗W (k̄))Gal

where the action of π = σa ∈ Gal, of F and V is given by

(6.9.2) π.(t′⊗ w) = FA(t′)⊗ σa(w), F(t′ ⊗w) = pt′ ⊗ σ(w), V(t′ ⊗ w) = t′ ⊗ σ−1(w).

From equation (6.7.1), over W (k̄), the covariant Dieudonné module of the finite group
scheme A′[pr] is:

(6.9.3) M (A′[pr]) = (p−rT ′A/T
′
A)⊗Z W (k̄) ∼= (T ′A/p

rT ′A)⊗Z W (k̄)

with F(t′ ⊗ w) = pt′ ⊗ σ(w), see [5] p. 68. Then (see [5] p. 71 or [3] §B.3.5.9, p. 350),

(6.9.4) M(A′) = lim
←−
M(A′[pr]).

Therefore

M(A′) =
(
lim
←−

(T ′A/p
rT ′A)⊗W (k̄)

)Gal

∼=
(
lim
←−

(
T ′A ⊗W (k̄)/pr(T ′A ⊗W (k̄)

))Gal

∼=
(
T ′A ⊗W (k̄)

)Gal

with (étale) Galois action

(6.9.5) π(t′ ⊗ w) = π(t′)⊗ π(w) = FA(t′)⊗ σa(w).

Next, using double duality, we will show that M(A′′) ∼= (T ′′A ⊗W (k̄))Gal where

(6.9.6) π(t′′⊗w) = q−1FA(t′′)⊗ σa(w), F(t′′⊗w) = t′′⊗ σ(w), V(t′′⊗w) = pt′′⊗ σ−1(w).

Let B denote the ordinary Abelian variety that is dual to A with Deligne module (TB, FB)
and corresponding p-divisible groups B ′, B ′′. Then B ′ is dual to A′′ (and vice versa), hence
it follows from the preceding Lemma (see also [3] §B.3.5.9, [5] p. 72 and [15] Prop. 4.5)
that:

M(B ′) = T ′B ⊗Zp W (k̄)
π(t′⊗w)=FB(t′)⊗σa(w)

F(t′⊗w)=pt′⊗σ(w)

M(A′′) = HomW (k̄)(M (B ′),W (k̄))
πAψ(m)=σaψ(π−1

B
(m))

Fψ(m)=σψ(V(m))

T ′B = HomZp(T
′′
A,Zp) FBφ(t′)=φVA(t′)
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From this, we calculate that the isomorphism

Ψ : T ′′A ⊗W (k̄)→ HomW (k̄)

(
HomZp(T

′′
A,Zp)⊗W (k̄),W (k̄)

)
= M(A′′)

defined by

Ψt′′⊗w(φ⊗ u) = φ(t′′).wu

(for t′′ ∈ T ′′A, for φ ∈ Hom(T ′′A,Zp) and for w, u ∈W (k̄)) satisfies:

(π.Ψt′′⊗w) (φ⊗ u) = σaΨt′′⊗w(π−1
B (φ⊗ u))

= σaΨt′′⊗w(F−1
B φ⊗ σ−au)

= σa
(
(F−1

B φ)(t′′).w.σ−au
)

= φ(V −1
A (t′′)).σa(w).u)

=
(
ΨV −1

A
t′′⊗σa(w)

)
(φ⊗ u)

Therefore π(t′′⊗ w) = V −1
A (t′′)⊗ σa(w) = q−1FA(t′′)⊗ σa(w). Similarly

(F.Ψt′′⊗w) (φ⊗ u) = Ψt′′⊗σ(w)(φ⊗ u)

hence F(t′′ ⊗ w) = t′′ ⊗ σ(w), which proves equation (6.9.6). Since M(A′′) =
(
M(A′′)

)Gal
,

this together with (6.9.1) verifies that M(A) satisfies the condition in equation (6.3.2) (with
Tp replaced by TA ⊗ Zp). �

6.10. Proposition. Let (Tp, Fp) be a Deligne module at p. Let ω : Tp × Tp → Zp be a
symplectic form such that ω(Fx, y) = ω(x, V y) for all x, y ∈ Tp. Extending scalars to W (k̄)
then restricting to the Dieudonné module M(Tp) ⊂ Tp ⊗W (k̄) gives a quasi polarization

ωp : M(Tp)×M(Tp)→ W (k)

of M(Tp). If the original form ω is nondegenerate up to homothety then the same is true of
the form ωp, with the same homothety constant.

Proof. The proof is a direct computation using the decomposition Tp ∼= T ′ ⊕ T ′′. �

6.11. Real structures. Let (Tp, Fp) be a Deligne module at p, with a polarization ω :
Tp × Tp → Zp. Let ωp denote the resulting quasi polarization on the covariant Dieudonné
module M(Tp). Let τ : Tp → Tp be a real structure on (Tp, Fp) that is compatible with
the polarization ω. Unfortunately, the mapping τ does not induce an involution on the
Dieudonné module M(Tp) without making a further choice.

Following Appendix A, choose and fix, once and for all, a continuous K(k)-linear involu-
tion τ̄ : K(k̄)→ K(k̄) that preserves W (k̄), so that τ̄σa(w) = σ−aτ̄ (w). Then the following
construction provides a functor from the category of polarized Deligne modules with real
structure to the category of quasi-polarized Dieudonné modules with real structure.



12 MARK GORESKY AND YUNG SHENG TAI

6.12. Proposition. With (Tp, Fp, ω, τ ) as above, the mapping τp : Tp ⊗W (k̄)→ Tp ⊗W (k̄)
defined by τp(x⊗w) = τ (x)⊗τ̄(w) is continuous and W (k)-linear. It preserves the Dieudonné
module M(Tp) and it satisfies τpF

a = Vaτp and

(6.12.1) ωp(τpx, τpy) = −ωp(x, y) for all x, y ∈M(Tp).

Proof. The mapping τ takes T ′ to T ′′ (and vice versa) because it exchanges the eigenvalues
of F and V . If x′ ⊗w ∈ T ′ ⊗W (k̄) then

τpπ.(x
′⊗ w) = τp(F (x′)⊗ σa(w))

= V τ (x′)⊗ σ−aτ̄ (w)

= π−1(τ (x′)⊗ τ̄ (w))

= π−1τp(x
′ ⊗ w)

which shows that τp takes M(T ′) to M(T ′′) (and vice versa). Similarly,

τpF
a(x′ ⊗ w) = τp(x

′ ⊗ qσa(w))

= τ (x′)⊗ qσ−aτ̄(w)

= Va(τ (x′)⊗ τ̄ (w))

= Vaτp(x
′ ⊗ w).

Similar calculations apply to any element x′′ ⊗ w ∈ T ′′⊗W (k̄).
We now wish to verify equation (6.12.1). Let Y = Tp ⊗ Q. It is possible to decompose

Y = Y1⊕ · · ·⊕Yr into an orthogonal direct sum of simple Qp[F ] modules that are preserved
by τ (see, for example, [12] Prop. 4.2). This induces a similar ωp-orthogonal decomposition
of

M(Y ) = M(Tp)⊗W (k) K(k)

into submodules Mi = M(Yi) over the rational Dieudonné ring

AQ = A⊗K(k) = K(k)[F, V ]/( relations),

each of which is preserved by τp. Since this is an orthogonal direct sum, it suffices to consider
a single factor, that is, we may assume that (Vp, Fp) is a simple Qp[F ]-module.

As in [7] the Qp vector space Y decomposes, Y = Y ′ ⊕ Y ′′ where the eigenvalues of F |Y ′
are p-adic units and the eigenvalues of F |Y ′′ are divisible by p. Then the same holds for the
eigenvalues of Fa on each of the factors of

M(Y ) = M(Y ′)⊕M(Y ′′).

Moreover, these factors are cyclic Fa-modules and τp switches the two factors. It is possible
to find a nonzero vector y′ ∈M(Y ′) so that y′ is Fa-cyclic in M(Y ′) and so that y′′ = τp(y)
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is Fa-cyclic in M(Y ′′). It follows that y = y′⊕ y′′ is a cyclic vector for M(Y ) which is fixed
under τp, that is, τp(y) = y. We obtain a basis of M(Y ):

y,Fay, · · · ,Fa(2n−1)y.

The symplectic form ωp is determined by its values ωp(y,F
ajy) for 1 ≤ j ≤ 2n− 1. But

ωp(τpy, τpF
ajy) = ωp(y, τpF

ajτpy)

= qjωp(y,F
−ajy)

= qjq−jωp(F
ajy, y) = −ωp(y,Fajy). �

7. Lattices

7.1. Let (Tp, Fp, ω, τ ) be a polarized Deligne module (at p) with a real structure. By
[12] Prop. B.4 there exists an isomorphism Φ : Tp ⊗ Qp → Q2n

p which takes ω to the
standard involution ω0 and takes τ to the standard involution τ0. It takes Fp to some element
γ ∈ GSp2n(Qp). As in [7], the special properties (§5.5) of γ determine a decomposition
Q2n
p = V ′⊕V ′′ where γ is invertible on V ′ and is divisible by q on V ′′. Define αq|V ′ = I and

αq|V ′′ = qI .
The mapping Φ̄ = Φ ⊗ K(k̄) is compatible with the action (see §6.6) of σ, that is,

Φ̄(t⊗σ(w)) = σΦ̄(t⊗w), and it takes the rational Dieudonné module MQ(Tp) = M(Tp)⊗Qp

to a module which, by §6.3 may be described as follows:

JQ(γ) =
{
x ∈ K(k̄)2n

∣∣γx = αqσ
−a(x)

}
.

In Corollary B.5 we construct a symplectic basis Ψ as in the following diagram:

(7.1.1)

Tp ⊗Z K(k̄)
Φ̄
- K(k̄)2n � Ψ⊗K(k̄)

K(k̄)2n

MQ(Tp)

6 ∼=- JQ(γ)

6

� Ψ
K(k)2n

6

The involution τp = τ ⊗ τ̄ in the first column becomes τ̄0 = τ0 ⊗ τ̄ in the second and

third columns. The mapping Ψ ⊗ K(k̄) ∈ GSp2n(K(k̄)) satisfies Ψ̃ = τ̄0Ψτ
−1
0 = Ψ. As

in §4.3 the operator Fσ−1 (in the first column) on MQ(Tp) becomes (in the third column)
multiplication by some element δ ∈ GSp2n(K(k)) with multiplier p. Let up = ΨαpΨ

−1.
Then δσ(w) = Ψ−1pα−1

p σ(Ψw) so δ = pu−1
p Ψ−1σ(Ψ) and its norm is

N(δ) = δσ(δ) · · ·σa−1(δ) = Ψ−1qα−1
q σa(Ψ) = Ψ−1qγ−1Ψ

is GSp2n(K(k̄))-conjugate to qγ−1. Similarly, the action of Vσ becomes (in the third column)
multiplication by η = Ψ−1αpσ

−1(Ψ) whose norm is stably conjugate to γ. Notations for these
operators are summarized in the following table.
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T ⊗ Zp T ⊗W (k̄)→ W (k̄)2n ← W (k̄)2n

MQ(T ) JQ(γ) K(k)2n

F F γ Ψ−1γΨ

Ap Ap αp up

F pα−1
p σ δσ

V αpσ
−1 pσ−1δ−1

ω ωp ω0 ω0

τ τp = τ ⊗ τ̄ τ̄0 = τ0 ⊗ τ̄ τ̄0

7.2. To each Zp-lattice L ⊂ Tp⊗Qp that is preserved by Fp and Vp we obtain a W (k)-lattice

Λ = (L⊗W (k̄))Gal(k̄/k) ⊂ MQ(Tp)

where the Galois action is given by π.(t⊗ w) = FA−1
q (t)⊗ σa(w) for t ∈ L and w ∈ W (k̄)

and where F is given by F(t⊗ w) = pA−1
p (t)⊗ σ(w) from equation (6.9.2), (6.9.6).

7.3. Proposition. Suppose p 6= 2. This association L 7→ Λ induces a one to one correspon-
dence between

(A) the set of Zp-lattices L ⊂ Tp⊗Qp, symplectic up to homothety, that are preserved by
F, V, τ and

(B) the set of W (k)-lattices Λ ⊂ MQ(T ), symplectic up to homothety, that are preserved
by F,V, τp.

The choice of basis Φ determines a one to one correspondence between (A) and

(C)
{
z ∈ H(Qp)/H(Zp)

∣∣ z−1α−1
q γz ∈ GSp2n(Zp)

}
.

The basis Ψ determines a one to one correspondence between (B) and the set

(D)
{
w ∈ H(K(k))/H(W (k))

∣∣ w−1p−1upδσ(w) ∈ Γ
}

Conjugation by Ψ ∈ Sp2n(K(k̄)) takes the centralizer Zγ(Qp) ⊂ H(Qp) isomorphically to the
twisted centralizer

Sδ(K(k)) =
{
w ∈ H(K(k))

∣∣z−1δσ(z) = δ
}
⊂ H(K(k)).

Proof. Using the symplectic isomorphism Φ (and Φ̄) the set (A) may be identified with

(A′) the set of Zp-lattices L ⊂ Q2n
p , symplectic up to homothety (with respect to the stan-

dard symplectic form ω0), preserved by the standard involution τ0 and the mappings
γ, qγ−1.



REAL STRUCTURES ON POLARIZED DIEUDONNÉ MODULES 15

Step 1. Let us show that (A′)↔ (C). As in [7], the special properties (§5.5) of γ determine
a decomposition Q2n

p = V ′ ⊕ V ′′ where γ is invertible on V ′ and is divisible by q on V ′′.
Then αq|V ′ = I and αq|V ′′ = qI . The same holds for any lattice L ⊂ Q2n

p = L′ ⊕ L′′ that

is preserved by γ and by qγ−1. Such a lattice L is also preserved by qγ−1 if and only if
α−1
q γ : L→ L is an isomorphism.
Write L = gL0 for some g ∈ GSp2n(Qp). If L is also preserved by the involution τ then

g−1g̃L0 = L0 (where g̃ = τ0gτ
−1
0 ) so g−1g̃ is a 1-cocycle for H1(〈τ0〉, Sp2n(Zp)), which is trivial

(by [12], and using the fact that p 6= 2). So there exists h ∈ Sp2n(Zp) so that h−1h̃ = g−1g̃,
thus L = zL0 where z = gh−1 ∈ GL∗n(Qp). Therefore we have that α−1

q γzL0 = zL0 so
that z−1α−1

q γz ∈ GSp2n(Zp). Replacing z by zt (for any t ∈ H(Zp) gives the same lattice
L = ztL0. This proves (C).

The correspondence (B) → (D) is similar (compare §4.4). By Lemma 6.6, if a lattice
Λ ⊂ MQ(T ) is preserved by F,V then it splits Λ = Λ′ ⊕ Λ′′; both factors are preserved by
F,V; and p−1ApF(Λ) = Λ. Translating this into the third column of the above table, we
have a W (k)-lattice, wΛ0 ⊂ K(k)2n (where Λ0 = W (k)2n is the standard lattice) such that
p−1upδσ(wΛ0) = wΛ0 or w−1p−1upδσ(w) ∈ GSp2n(W (k)), which is condition (D).
Step 2. Next, we claim the mapping L 7→ Λ̄ = L ⊗ W (k̄) determines a correspondence
between the set (A′) and

(A′′) the set of W (k̄)-lattices Λ̄ ⊂ K(k̄)2n, symplectic up to homothety, that are preserved
by γ, qγ−1, τ0, and σ.

Given Λ̄ from (A′′) write Λ̄ = βΛ̄0 for some β ∈ GSp2n(K(k̄)), where Λ̄0 = W (k̄)2n is the
standard lattice. Then β−1σ(β) ∈ Sp2n(W (k̄)2n) is a 1-cocycle for the Galois cohomology
H1(Gal(Fp/Fp, Sp2n(W (·))), that is, the cohomology which forms an index set for the col-
lection of all Zp-isomorphism classes of Zp-forms of nondegenerate skew symmetric bilinear
forms, of which there is only one, by [24] §3.5. So it is trivial, which implies that Λ̄ = zΛ̄0

for some z ∈ GSp2n(Qp). (That is, β−1σ(β) = s−1σ(s) for some s ∈ GSp2n(W (k̄)); take
z = βs−1.)

The element z−1α−1
q γz ∈ GSp2n(W (k̄)) and it is fixed under σ so it lies in GSp2n(Zp). This

implies that α−1
q γzL0 = zL0, hence L is preserved by γ and by qγ−1. Moreover, Λ̄⊥ = cΛ̄

where c−1 ∈ Q×p is the multiplier of z, so the lattice Λ̄ comes from the lattice L = zZ2n
p

and the homothety constant may be taken to lie in Q×p . Finally, since τ0(Λ̄) = Λ̄, the same
argument as in (Step 1) implies that z may be chosen to lie in H(Qp), hence the lattice L
is also preserved by τ0.
Step 3. According to §6.3, the mapping Φ̄ : Tp ⊗ K(k̄) → K(k̄)2n takes the Dieudonné
module M(Tp)⊗Qp to the module

JQ(γ) =
{
x ∈ K(k̄)2n

∣∣γx = αqσ
−a(x)

}

on which the mappings F,V become the following (for which we use the same symbols):
F(x) = pα−1

p σ(x) and V(x) = αpσ
−1(x). Consider the set
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(B′) the set of W (k)-lattices Λ ⊂ JQ(γ), symplectic up to homothety, that are preserved
by F,V, τ0.

We claim functors (A′′) ↔ (B′) defined by

Λ̄ 7→ Λ = Λ̄ ∩ JQ(γ)

Λ̄ = Λ⊗W (k̄)← [ Λ

define a one to one correspondence between lattices Λ̄ of (A′′) and lattices Λ of (B′).
Given Λ̄ from the set (A′′), the set Λ = Λ̄ ∩ JQ(γ) is clearly preserved by F,V, τ0, but we

need to prove that it is a lattice. In fact, it is a free W (k)-module of maximal rank, which
follows from the same proof (Appendix B) as that of Proposition 6.5.

On the other hand, given a lattice Λ from the set B′ we obtain a lattice

Λ̄ = Λ⊗W (k̄) ⊂ K(k̄)2n.

It is clearly preserved by F, V, τ0. It follows from Lemma 6.6 that it is also preserved
by σ, so it is in the set A′′. We claim that Λ̄ ∩ (JQ(γ))) = Λ. Choose a W (k)-basis
b1, b2, · · · , b2n ∈ Tp ⊗K(k̄) of Λ. If v =

∑
i sibi ∈ Λ̄ ∩ (JQ(γ))) with si ∈W (k̄) then

v =
∑

i

sibi = γ−1σ−aαq
∑

i

sibi =
∑

i

σ−a(si)γ
−1αqσ

−a(bi) =
∑

i

σ−a(si)bi

which implies that si ∈W (k). Therefore v ∈ Λ.
In fact every lattice in the set (A′′) arises in this way: given Λ̄ let Λ = Λ̄ ∩ JQ(γ). Then

Proposition 6.5 implies that Λ admits a W (k) basis whose elements form a W (k̄) basis of
Λ̄. So the inclusion Λ → Λ̄ induces an isomorphism Λ ⊗W (k̄) ∼= Λ̄. This completes the
verification of (A′′ ↔ B′).
Step 4. The correspondence between (B) and (B′) is straight forward.
Step 5. Suppose z ∈ Zγ(Qp). Then z preserves the eigenspace decomposition Q2n

p = V ′⊕V ′′
so it commutes with αp. Then w = Ψ−1zΨ satisfies

wδσ(w)−1 = Ψ−1pα−1
p σ(Ψ) = δ.

Conversely if w ∈ Sδ(K(k̄)), applying the norm gives wN(δ)w−1 = N(δ) so z = ΨwΨ−1 ∈
Zγ(K(k̄)). Moreover z commutes with αp (as above). Substituting δ = Ψ−1pα−1

p σ(Ψ) into
the equation wδσ(w)−1 = w gives zσ(z)−1 = 1 hence z ∈ Zγ(Qp). (This completes the proof
of Proposition 7.3.) �

8. Counting Deligne modules at p

8.1. In this section we show, in the case of an “ordinary” Dieudonné module, that the
twisted orbital integral of δ (cf. Proposition 7.3) is equal to the ordinary orbital integral of
γ, see equation (8.4.1).
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8.2. Fix (Tp, Fp), a Deligne module at p, with a polarization ω and real structure τ . Using
the same procedure (due to [17]) as in §4.2, §4.3, we may identify the set of isomorphism
classes of principally polarized Deligne modules at p with real structure that are Qp-isogenous
to (Tp, Fp, ω, τ ) with the quotient

Y (Tp) = I(Tp)\Y(Tp)

where Y(Tp) denotes the set of Zp-lattices L ⊂ Tp⊗Qp that are symplectic up to homothety
(that is, L∨ = cL for some c ∈ Q×p ) and preserved by F , V , and τ and where I(Tp) denotes
the group of self isogenies of (Tp, Fp, ω, τ ).

8.3. Choose a basis Φ of Tp as described in §7.1 with resulting element γ. It follows
from proposition 7.3 (C) that the number of isomorphism classes of principally polarized
Deligne modules (at p) with real structure that are Qp-isogenous to (Tp, Fp, ω, τ ) is |Y (Tp)| =
|Zγ(Qp)\Y(Tp)| and is given by the following formula,

O(γ) :=

∫

Zγ(Qp)\H(Qp)

χ(z−1αqγz)dz

where χ is the characteristic function on GSp2n(K(k)) of Λ0 = GSp2n(W (k)), where H =
GL∗n ⊂ GSp2n is the fixed subgroup of the standard involution τ0, and where

Zγ = {x ∈ H| xγ = γx}
is the centralizer of γ in H. (Note that γ /∈ H.)

8.4. Choose a basis Ψ ofM(Tp) as described in §7.1 with resulting element δ ∈ GSp2n(K(k)).
The number of isomorphism classes of principally quasi-polarized Dieudonné modules with
real structure within the isogeny class of M(Tp) is given by

∣∣XM (Tp)

∣∣ =
∣∣I(M(Tp))\XM (Tp)

∣∣ =
∣∣Sδ(K(k))\XM (Tp)

∣∣

where XM (Tp) denotes the set of W (k)-lattices in MQ(Tp), symplectic up to homothety, that
are preserved by F,V, τp. By Proposition 7.3 (B), (D) this number equals the twisted orbital
integral

TO(δ) :=

∫

Sδ(K(k))\H(K(k))

χ(w−1p−1upδσ(w))dw

=

∫

Sδ(K(k))\H(K(k))

κp(g
−1δσ(g))dg

(by Proposition 4.4). The correspondence (C) ↔(D) implies that

(8.4.1) TO(δ) = O(γ).
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Appendix A. Involutions on the Witt vectors

A.1. Fix a finite field k of characteristic p > 0 having q = pa = |k| elements. Fix an
algebraic closure k and let W (k), W (k) denote the ring of (infinite) Witt vectors. These are
lattices within the corresponding fraction fields, K(k) and K(k). Let W0(k) be the valuation
ring in the maximal unramified extension K0(k) of Qp ⊂ K(k). We may canonically identify
W (k) with the completion of W0(k). Denote by π : k → k the Frobenius π(x) = xq. It has
a unique lift, which we also denote by π : W (k) → W (k), and the cyclic group 〈π〉 ∼= Z is
dense in the Galois group G = Gal(K(k)/K(k) ∼= Gal(k/k). If L ⊃ k is a finite extension,
for simplicity we write Gal(L/k) in place of Gal(K(L)/K(k)) and we write TraceL/k for the
trace W (L)→W (k).

A.2. Proposition. There exists a continuous W (k)-linear mapping τ̄ : W (k)→W (k) such
that

(1) τ̄ 2 = I.
(2) τ̄ π = π−1τ̄ .
(3) For any finite extension E/k, the mapping τ̄ preserves W (E) ⊂W (k).
(4) For any finite extension L ⊃ E ⊃ k the following diagrams commute

W (L)
τ̄

- W (L) W (L)
τ̄
- W (L)

W (E)

TraceL/E
?

τ̄
- W (E)

TraceL/E
?

W (E)

6

τ̄
- W (E)

6

Such an involution will be referred to as an anti-algebraic involution of the Witt vectors.

Proof. Let E ⊃ k be a finite extension of degree r. Recall that an element θE ∈ W (E) is a
normal basis generator if the collection θE , πθE, π

2θE, · · · , πr−1θE forms a basis of the lattice
W (E) over W (k). By simplifying and extending the argument in [19], P. Lundström showed
[20] that there exists a compatible collection {θE} of normal basis generators of W (E) over
W (k), where E varies over all finite extensions of k, and where “compatible” means that
TraceL/E(θL) = θE for any finite extension L ⊃ E ⊃ k. Let us fix, once and for all, such a
collection of generators. This is equivalent to fixing a “normal basis generator” θ of the free
rank one module

lim
←−

E

W (E)

over the group ring

W [[G]] = lim
←−

E

W (k)[Gal(E/k)].
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For each finite extension E/k define τE : W (E)→ W (E) by

τE

(
r−1∑

i=0

aiπ
iθE

)
:=

r−1∑

i=0

aiπ
−iθE =

r−1∑

i=0

aiπ
r−iθE

where a0, a1, · · · , ar−1 ∈ W (k). Then τ 2
E = I and τEπ = π−1τE . We refer to τE as an anti-

algebraic involution of W (E). The mapping τE is an isometry (hence, continuous) because
it takes units to units. To see this, suppose v ∈ W (E) is a unit and set τE(v) = pru where
u ∈W (E) is a unit. Then v = τ 2

E(v) = prτE(u) ∈ prW (E) is a unit, hence r = 0.
Next, we wish to show, for every finite extension L ⊃ E ⊃ k, that τL|W (E) = τE (so that

τE is well defined) and that τE ◦ TraceL/E = TraceL/E ◦τL. We have an exact sequence

1 - Gal(L/E) - Gal(L/k) - Gal(E/k) - 1.

For each h ∈ Gal(E/k) choose a lift ĥ ∈ Gal(L/k) so that

Gal(L/k) = {ĥg : h ∈ Gal(E/k), g ∈ Gal(L/E)}.
Let x =

∑
h∈Gal(E/k) ahhθE ∈W (E) where ah ∈W (k). Then

x =
∑

h∈Gal(E/k)

ahh
∑

g∈Gal(L/E)

gθL

=
∑

h∈Gal(E/k)

ah
∑

g∈Gal(L/E)

ĥgθL

so that

τL(x) =
∑

h∈Gal(E/k)

ah
∑

g∈Gal(L/E)

ĥ−1g−1θL

=
∑

h∈Gal(E/k)

ahĥ
−1

∑

g∈Gal(L/E)

g−1θL

=
∑

h∈Gal(E/k)

ahh
−1θE = τE(x).

To verify that τE ◦ TraceL/E(x) = TraceL/E ◦τL(x) it suffices to consider basis vectors x =

ĥgθL where g ∈ Gal(L/E) and h ∈ Gal(E/k). Then TraceL/E(x) = hθE and

TraceL/E(τL(x)) =
∑

y∈Gal(L/E)

yĥ−1g−1θL

= ĥ−1
∑

z∈Gal(L/E)

zθL

= h−1Trace(θL) = τETraceL/E(x).
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It follows that the collection of involutions {τE} determines an involution

τ̄ : W0(k)→ W0(k)

of the maximal unramified extension of W (k). It is a continuous isometry (so it takes
units to units) and it satisfies the conditions (1) to (4). Therefore it extends uniquely and
continuously to the completion W (k̄). �

Appendix B. Galois cohomology

B.1. Throughout this section let k be a finite field with an algebraic closure k̄ with Galois
group Gal = Gal(k̄/k). Let W (k) be the ring of Witt vectors over k. A bilinear form
on a free finite dimensional W (k) module V is (strongly) nondegenerate if it induces an
isomorphism V → HomW (k)(V,W (k)). Let ω0 be the standard symplectic form whose matrix

is J =
(

0 I
−I 0

)
. In this section we recall some standard facts and applications from Galois

cohomology.

B.2. Proposition. The Galois cohomology set H1(Gal(k̄/k),GLn(W (k̄)) is trivial.

Proof. The proof follows from [6] Exp. XXIV, Prop. 8.1(ii) and [14] Thm. 11.7 and Remark
11.8.3 although it takes some work to translate these very general results of Grothendieck
into this setting. �

B.3. Proposition. The Galois cohomology set H1(Gal(k̄/k), Sp2n(W (k̄)) is trivial.

Proof. The proof also follows from [6] and [14] but it can be seen directly as follows. There
is a natural one to one correspondence between the set of W (k)-isomorphism classes of
(strongly) nondegenerate alternating bilinear forms on W (k̄)2n and elements of

ker
(
H1(Gal(k̄/k), Sp2n(W (k̄)))→ H1(Gal(k̄/k),GL2n(W (k̄))

)
.

In fact, if {ξθ} is a 1-cocycle (with θ ∈ Gal) which lies in this kernel then there exists
g ∈ GL2n(W (k̄)) so that ξθ = θ(g)g−1 (for all θ ∈ Gal). It may be used to twist the standard
symplectic form ω0 to give a new symplectic form with matrix B = tgJg−1. Then θ(B) = B
so it defines a symplectic form on W (k)2n which is nondegenerate over K(k) and also over
W (k̄), which implies that it is nondegenerate over W (k), i.e., strongly nondegenerate.

If R is an integral domain, it is well known (see, for example, [12] Lemma B.2) that all
strongly nondegenerate symplectic forms on R2n are isomorphic over R. It follows that
the above kernel contains a single element. By Proposition B.2 above, this implies that
H1(Sp2n(W (k̄)) is trivial. �

B.4. Proposition. Define an action of the group 〈τ0〉 ∼= Z/(2) on Sp2n(W (k)) where the
nontrivial element acts as conjugation by τ0 =

(
−I 0
0 I

)
If char(k) 6= 2 then the nonabelian

cohomology set H1(〈τ0〉, Sp2n(W (k)) is trivial.
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Proof. This follows from the same method as Prop. B.4 and Prop. D.2 in [12]: since W (k)
is an integral domain containing 1/2 every involution of Sp2n(W (k)) with multiplier equal to
−1 is conjugate to the standard involution g̃ = τ0gτ

−1
0 . The above nonabelian cohomology

set counts the number of conjugacy classes of such involutions. �

B.5. Corollary. Let V be a finite dimensional free W (k̄) module (resp. symplectic module)
together with a semi-linear action of Gal(k̄/k). Let V Gal be the W (k)-module of Galois
invariant elemens.

(1) The module V Gal is free over W (k) and there exists a W (k)-basis of V Gal which is
also a W (k̄)-basis of V .

(2) If ω is a (strongly nondegenerate) W (k̄)-valued symplectic form on V such that
ω(θx, θy) = θω(x, y) for all θ ∈ Gal then ω restricts to a strongly nondegenerate
W (k)-valued symplectic form on V Gal and there exists a symplectic W (k)-basis of
V Gal that is also a symplectic W (k̄)-basis of V .

(3) In addition to (2) above, if char(k) 6= 2, if τp : V → V is an involution such that
τpθ = θ−1τp for all θ ∈ Gal and ω(τpx, τpy) = −ω(x, y) then τp restricts to an
involution on V Gal and the symplectic basis {e1, · · · , en, e∗1, · · · , e∗n} of V Gal may be
chosen so that τp(ei) = −ei and τp(e

∗
i ) = e∗i .

Proof. For part (1), letm = rank(V ). Since the conclusion holds in the case that V = W (k̄)m

it suffices to show that there exists a Gal-equivariant isomorphism V →W (k̄)m. Choose any
W (k̄) isomorphism φ : V → W (k̄)m where m = dim(V ). Then θ 7→ θ(φ)φ−1 ∈ GLm(W (k̄))
is a 1-cocycle so it equals θ(B)B−1 for some B ∈ GLm(W (k̄)) by Proposition B.2. It follows
that the isomorphism φ′ = Bφ : V →W (k̄)m is equivariant.

For part (2), letm = 2n in the preceding argument. The conclusions of the argument hold
for the standard symplectic form ω0 on W (k̄)2n so it suffices to construct a Gal equivariant
symplectic isomorphism V → W (k̄)2n. The same argument works: choose the original
isomorphism φ : V →W (k̄)2n so as to take the symplectic form ω to the standard symplectic
form ω0. The same argument (using Proposition B.3 this time) gives B ∈ Sp2n(W (k̄)) so
the resulting isomorphism φ′ = Bφ : V →W (k̄)m is equivariant and symplectic.

For part (3), first use part (2) to obtain a symplectic isomorphism φ : V Gal → W (k)2n.
The conclusions of the argument hold for the standard involution τ0 so it suffices to modify
this isomorphism so as to be equivariant with respect to the involutions τp and τ0. The

same argument (using Proposition B.4 this time) also works: set φ̃ = τ0φτ
−1
p . Then φ̃φ−1 ∈

Sp2n(W (k)) is a 1-cocycle for the action of 〈τ0〉 and since the cohomology vanishes, the
mapping φ may be modified so as to become equivariant with respect to the involutions. �
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