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Preface

These are notes for a course given at Princeton University in Fall 2022. The goal of this course is
to ultimately explain some work in progress of the author with Jacob Lurie on prismatic F -gauges.
While some references are given, we have made no serious attempt to give exhaustive references.

Currently (in Fall 2022), these notes are being continuously updated and may change at any
time. Please use with caution.

Thanks are due to Baptiste Dejean, Peter Haine, Linus Hamann, Shiji Lyu, Lue Pan, Guobin
Sha, Longke Tang, Jakub Witaszek, Bogdan Zavyalov and more generally all attendees of the lec-
tures for their comments and questions. Thanks also to Johan de Jong, Vladimir Drinfeld, Toby
Gee, Andy Jiang, Dmitry Kubrak, Jacob Lurie, Akhil Mathew, Shubhodip Mondal, Sasha Petrov,
Piotr Pstragowski, Peter Scholze, Chris Skinner, Gleb Terentiuk, Michael Thaddeus and Vadim
Vologodsky for discussions. Further comments are welcome!

Any original result is joint work with Jacob Lurie; all mistakes are due to the author alone.
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Chapter 1

Motivation and goals

This course concerns algebraic geometry in mixed characteristic, so our basic geometric objects of
study are bounded p-adic formal schemes1. In recent years, prismatic cohomology has provided a
useful integral p-adic cohomology theory to study such spaces. The goal of this course is explain
the first steps towards a reasonable theory of “coefficients” for prismatic cohomology and some
consequences. To explain what this means as well as our motivation, let us recall two important
examples of coefficient systems for more classical cohomology theories in algebraic geometry.

1.1 Hodge-theoretic coefficients

Say X is a complex variety (regarded as an analytic space). Then Saito attached to X the category
MHM(X) of mixed Hodge modules on X. An object E ∈ MHM(X) consists a perverse sheaf L ∈
Perv(X,Q) and a filtration (in quasi-coherent OX -modules) on the associated DX -module RH(LC)
satisfying many conditions. An important example (for X smooth) is the Tate twist QX(i)[dim(X)]:
take L = Q[dim(X)] (with the shift ensuring perversity) with filtration concentrated in degree −i.
For our purposes, the salient features of this construction are:

1. The value on a point: WhenX = pt, we can identify MHM(Y ) with the category of polarizable
mixed Hodge structures.

2. Pushforward stability: If f : X → Y is a map, then there is a naturally defined pushforward
Rf∗ : Db(MHM(X)) → Db(MHM(Y )) compatible with pushforward on underlying sheaves.
When Y = pt, this captures the fact that H i(X,Q) carries a natural polarizable mixed Hodge
structure (Deligne).

3. Motivic nature: For any reasonable notion of “motives over X”, there ought to be a re-
alization functor towards Db(MHM(X)). In particular, the groups H i

MHM (X,QX(j)) :=
ExtiMHM(X)(QX ,QX(j)) provides a Hodge-theoretic approximation to the motivic cohomol-

ogy H i
Mot(X,Q(j)) of X and thus to algebraic cycles. For example, H2

MHM (X,QX(1)) '
Pic(Xan)Q. In general, the group H2i

MHM (X,QX(i)) is built from two pieces: the discrete

1A bounded p-adic formal scheme is a formal scheme which locally has the form Spf(R) for a p-adically complete
ring R with bounded p∞-torsion (e.g., any noetherian p-adically complete ring). Note that any scheme of characteristic
p is a bounded p-adic formal scheme. For our purposes, the main examples of bounded p-adic formal schemes are
those which are smooth over Spf(R), where R is either a perfect field of characteristic p or the ring of integers of a
p-adic field (such as a local field or a perfectoid field). Studying these will often entail allow more “very ramified”
examples.
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part is the group of rationalized Hodge classes in codimension i, and the continuous part is
an intermediate Jacobian.

1.2 Étale coefficients

Fix a field k with separable closure k and a prime ` invertible on k. To a variety X/k, Grothendieck
and collaborators attached the constructible derived category Db

cons(X,Q`) of `-adic sheaves on X.
An important example of an object here is the invertible lisse `-adic sheaf Q`(1) := (limn µ`n)[1

` ].
For our purposes, the salient features of this construction are:

1. The value on a point: When X = Spec(k), we can identify Db
cons(X,Q`) with the derived

category of finite dimensional continuous `-adic representations of Gal(k/k).

2. Pushforward stability: If f : X → Y is a map of k-varieties, then there is a naturally defined
pushforward Rf∗ : Db

cons(X,Q`) → Db
cons(Y,Q`). For Y = Spec(k), this captures the fact

that H i(Xk,Q`) is naturally a continuous finite dimensional `-adic representation of Gal(k/k).

3. Motivic nature: For any reasonable notion of “motives over X”, there ought to be a realization
functor towards Db

cons(X,Q`). Thus, the groups H i(X,Q`(j)) = ExtiDbcons(X,Q`)
(Q`,Q`(j)),

often called “absolute étale cohomology”, provide a Galois-theoretic approximation to motivic
cohomology and thus algebraic cycles. For example, the Hochschild–Serre spectral sequence

H i(Gal(k/k), Hj(Xk,Q`(i)))⇒ H i+j(X,Q`(i))

yields a filtration onH∗(X,Q`(i)). For k a number field, the resulting filtration onH2i(X,Q`(i))
has a close conjectural relationship with the Bloch-Beilinson filtration on CHi(X) under the
cycle class map CHi(X)⊗Q` → H2i(X,Q`(i)), see [Jan94].

1.3 Goals

Broadly speaking, the goal of these lectures is to introduce a partial analog of the stories in §1.1
and §1.2 for bounded p-adic formal schemes and prismatic cohomology. More precisely, given a
p-adic formal scheme X satisfying mild conditions, we shall construct a symmetric monoidal stable
∞-category F-Gauge�(X)perf of perfect prismatic F -gauges on X; roughly, this will play the role
Db(MHM(X)) or Db

cons(X,Q`) in the above discussion2. This category comes equipped with a line
bundle O{1} (called the Breuil-Kisin twist) playing the role of the Tate twist. Moreover, there
are “realization” functors towards more classical notions of coefficient systems (e.g., F -crystals
on the special fibre Xp=0, local systems on the generic fibre Xη, filtered modules with integrable
connection on X under certain assumptions, etc.). A large part of this course is dedicated to the
study the F -gauge analogs of the 3 salient features mentioned in §1.1 and §1.2. In particular, we
have pushforward stability under proper smooth maps, leading to many interesting examples of
F -gauges. Moreover, similar to what happens in both Hodge theory and étale cohomology, the
case of a point (i.e., X = Spf(Zp)) is highly interesting and non-trivial. In fact, one of our target
theorems concerns this case, and is the following:

2A disclaimer is already in order: perfect prismatic F -gauges capture only the lisse objects. The analogy with
Hodge theory or étale cohomology breaks down outside the lisse case due to the phenomenon that integral p-adic
cohomology theories, such as prismatic or crystalline cohomology, do not have good finiteness properties for, e.g.,
open varieties. Correspondingly, we only have pushforward stability of perfect prismatic F -gauges under proper
smooth morphisms in general.
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Theorem 1.3.1. Let X = Spf(Zp). For any E ∈ F-Gauge�(X)perf , the complex RΓ(ZSyn
p , E) :=

RHomF-Gauge�(X)perf
(O, E) ∈ D(Zp) is called the syntomic cohomology of Zp with coefficients in E.

1. Finiteness: For any E ∈ F-Gauge�(X)perf , the complex RΓ(ZSyn
p , E) ∈ D(Zp) is perfect.

2. Étale realization: There is a natural symmetric monoidal “étale realization” functor

T : F-Gauge�(X)perf → Db
cons(Spec(Qp),Zp) ' Db

fd,cts(Gal(Qp/Qp),Zp)

with the property that each cohomology group of T (E)[1/p] is a crystalline representation.
Moreover, we have a natural isomorphism T (O{1}) = Zp(1).

3. Lagrangian refinement of Tate duality: For any E ∈ F-Gauge�(X)perf , write E∗ for the
O-linear dual. Then there is a natural fibre sequence

RΓ(ZSyn
p , E)→ RΓ(Gal(Qp/Qp), T (E))→ RHomZp(RΓ(ZSyn

p , E∗{1}[2]),Zp),

where the first map is induced by the functor T for E, while the second map is induced by T
for E∗ as well as the classical Tate duality isomorphism

RΓ(Gal(Qp/Qp), T (E)) ' RHomZp(RΓ(Gal(Qp/Qp), T (E∗)(1)[2]),Zp).

The informal heuristic here is that prismatic F -gauges on Spf(Zp) give a reasonable definition
of “crystalline objects”3 of the derived category of Galois representations, and moreover that F -
gauge cohomology RΓ(ZSyn

p , E) can be seen as the “crystalline part”4 of the Galois cohomology
RΓ(Gal(Qp/Qp), T (E)). To help demystify these objects, let us explain Theorem 1.3.1 (3) by
writing out all the terms in in an example (assuming some blackboxes).

Example 1.3.2. Say E = O{1}, whence E∗{1} = O. As we shall later see, one has

RΓ(O{1}) = RΓfl(Spf(Zp),Zp(1)) = lim
n
RΓfl(Spf(Zp), µpn)

and
RΓ(O) = RΓet(Spf(Zp),Zp) ' RΓet(Spec(Fp),Zp),

both for general reasons (i.e., valid for any X). Specializing to our context, using Kummer theory,
one can compute that

H i(O{1}) = H i
fl(Spf(Zp),Zp(1)) =


0 if i = 0

the p-adic completion (Z∗p)
∧ if i = 1

0 otherwise

(1.3.1)

and

H i(Gal(Qp/Qp),Zp(1))


0 if i = 0

the p-adic completion (Q∗p)
∧ if i = 1

Zp(via the fundamental class) if i = 2

0 otherwise.

(1.3.2)

3The étale realization functor T is not fully faithful, so this terminology is a perhaps a bit misleading: being
“crystalline” is now additional structure.

4With rational coefficients, such a notion was defined at the level of cohomology groups by Bloch–Kato
[BK07, §3]: for a crystalline Qp-representation V of Gal(Qp/Qp), they defined a subspace H1

f (Gal(Qp/Qp), V ) ⊂
H1(Gal(Qp/Qp), V ) using the period ring Bcrys, and proved an analog of Theorem 1.3.1 (3). Time permitting, we
shall explain how this compares to RΓ(ZSyn

p , E) when V = T (E).

6



Writing π = Gal(Fp/Fp)
∧ for the pro-p-completion (which is isomorphic to Zp as Gal(Fp/Fp) ' Ẑ

via the Frobenius), one then computes that

H i(O) = H i
et(Spec(Fp),Zp) =


Zp if i = 0

π∨ := Hom(π,Zp) if i = 1

0 otherwise

(1.3.3)

The exact triangle in Theorem 1.3.1 (3) then induces an exact sequence in degree 1 given by

0→ (Z∗p)
∧ → (Q∗p)

∧ → π → 0.

This sequence is in fact simply isomorphic to the p-adic completion of the exact sequence defined by
the valuation map v : Q∗p → Z. Moreover, thinking about the geometric meaning of the terms in this
sequence helps explain the heuristic mentioned above in this example: indeed, the subspace (Z∗p)

∧ ⊂
(Q∗p)

∧ exactly parametrizes those Zp(1)-torsors on Spec(Qp) that are crystalline (i.e., have good
reduction or equivalently spread out to Zp(1)-torsors on Spf(Zp)), while the dual π∨ of the cokernel
π ' (Q∗p/Z

∗
p)
∧ can be viewed (via Tate duality) as the subspace of H1(Gal(Qp/Qp),Zp(1))∨ '

H1(Gal(Qp/Qp),Zp) parametrizing those Zp-torsors on Spec(Qp) that are crystalline in the same
sense.

Besides the above, we hope to discuss certain other results from the perspective of F -gauges
(and closely related notions such as prismatic crystals), including the following:

• Mazur’s theorem on Newton-above-Hodge.

• Artin-Milne duality theorem for the p-adic Picard group of a surface over a finite field.

• Drinfeld’s refinement of the Deligne–Illusie theorem

1.4 Strategy: geometrization5

Fix a p-adic formal schemeX which is quasi-syntomic6. We shall construct the category F-Gauge�(X)perf

via geometrization, i.e., as perfect complexes on a certain (close to algebraic) stack XSyn attached
to X. More precisely, we shall attach the following stacks and categories to X:

• X� - the prismatization of X. The∞-category of prismatic crystals is Crys�(X) := Dqc(X
�).

• XN - the (Nygaard) filtered prismatization of X. The ∞-category of prismatic gauges is
Gauge�(X) := Dqc(X

N).

The stack XN contains two open substacks isomorphic to X�. Consequently, we can define:

• XSyn - the syntomification of X, obtained by glueing together the two copies of X� inside
XN. The ∞-category of prismatic F -gauges is defined as F-Gauge�(X) := Dqc(X

Syn).

5We shall use this word in this course to refer to the process of translating problems of interest into algebraic
geometric terms, e.g., realizing a category of interest in terms of quasi-coherent sheaves on a variety or a stack.

6This is a condition on singularities of X ensuring that the cotangent complex has good properties. For noetherian
X’s, it amounts to the lci condition. While it is possible to develop the theory without this hypothesis at the expense
of using derived algebraic geometry more fully, we shall avoid doing so in these lectures in the interest of simplicity.
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The subcategory of perfect prismatic F -gauges inside F-Gauge�(X) is defined as the subcategory
of perfect complexes, i.e., F-Gauge�(X)perf := Perf(XSyn), and similary for prismatic gauges and
crystals. The glueing description of XSyn shows that

F-Gauge�(X) ' Eq(Gauge�(X) ⇒ Crys�(X)) and F-Gauge�(X)perf ' Eq(Gauge�(X)perf ⇒ Crys�(X)perf)

where the two maps are restriction to each copy of X� inside XN.

Remark 1.4.1 (Relation to the prismatic site). The stacks described above are closely related
to the absolute prismatic site of X [BS19]. In fact, the ∞-categories described above often admit
direct descriptions in terms of the prismatic site. For example, the category Crys�(X) is identified
[BL22b] with the ∞-category of crystals on absolute prismatic site of X; similarly, Gauge�(X) can
be identified with the ∞-category of filtered modules over the filtered Nygaard complex for certain
“very ramified” X’s (to be explained, [BL]). Nonetheless, the stacky perspective will be important
to understanding their finer structure when X is not very ramified (e.g., for X = Spf(Zp)).

Remark 1.4.2 (Relative theory). The constructions X 7→ X�, XN, XSyn as well as the natural
maps relating them are covariantly functorial in X. Consequently, if f : X → Y is a map of p-adic
formal schemes, one obtains maps fSyn : XSyn → Y Syn, etc. These maps give pushforward/pullback
stability for prismatic (F -)gauges and crystals, compatibly with the identifications in Remark 1.4.1.

Remark 1.4.3 (Relation to syntomic cohomology). For each i ∈ Z, the complexRΓSyn(X,Zp(i)) :=
RΓ(XSyn,O{i}) can be identified with the syntomic cohomology7 of X; this is the reason XSyn is
called the syntomification of X. Syntomic cohomology is a form of p-adic étale motivic cohomology
of X. For example, RΓSyn(X,Zp(1)) ' RΓfl(X,Gm)∧[−1], where the completion is p-adic. More
generally, there is a natural filtration on the étale K-theory of X with graded pieces given by
syntomic cohomology, analogous to how algebraic K-theory is filtered by motivic cohomology (see
[CMM21, Mat21, BMS19]).

The stacks discussed above will be quite close to algebraic and thus quite amenable to methods
of algebraic geometry. To give a flavour of what we will study in more depth later, we describe
these stacks in the simplest example.

Example 1.4.4 (The syntomification of a perfect field of characteristic p). For X = Spec(k) with
k a perfect field of characteristic p, these objects are described as follows:

• X� = Spf(W (k)).

• XN = Spf(W (k)[u, t]/(ut − p))/Gm. Note that the open substacks X�
N,u 6=0 and X�

N,t6=0 can

each identified with Spf(W (k)) via the projection XN → X�.

• XSyn is obtained by glueing the two copies of X� ⊂ X�
N found in the previous line using the

Frobenius on W (k). More precisely, XSyn sits in a pushout square

X�
N,u6=0 tX�

N,t6=0
//

ϕ−1 id
��

XN

��
X� // XSyn,

7Syntomic cohomology was defined by Fontaine–Messing [FM87], in certain situations, for the purpose of proving
p-adic comparison theorems. Following a large body of work, a reasonable definition for general X was recently
obtained via prismatic cohomology [BMS19, BS19]; its specialization to characteristic p was already known to Kato
[Kat19], and imporant special cases were also known via motivic methods [Sch94, Gei04, Sat07].
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where the horizontal maps are open immersions, and the vertical map are surjective local isomor-
phisms. In particular, due to the Frobenius involved in the glueing procedure, the stack XSyn is
only Zp-linear and not W (k)-linear, unlike the rest of the terms in the pushout diagram. This
reflects the fact that syntomic cohomology of X is only Zp-linear. In fact, as we shall see later and
was hinted at in Example 1.3.2, we have RΓSyn(X,Zp) ' RΓet(X,Zp) for general reasons; it is a
pleasant exercise to verify this by computing cohomology on the stack XSyn described above.

In the lectures, we will first (slowly) explain the construction of XSyn and cousins via their
moduli interpretations when X has characteristic p, drawing motivation from known structures on
de Rham cohomology. The eventual description will make the extension to mixed characteristic
relatively straightforward. We shall then explain the relation to prismatic cohomology and the
Nygaard filtration, and then zero in on Dqc(Z

Syn
p ) ' F-Gauge�(Zp).

1.5 Credits

While we have made no attempt to systematically give references, let us at least indicate some of
the original sources for the material we will cover:

• Crystalline cohomology: [Gro68, Ber06]

• F -gauges in characteristic p: [FJ13]

• Syntomic cohomology:

– Mixed characteristic, in low dimension and Hodge–Tate weights or up to isogeny: [FM87,
K+87, KM92]

– Characteristic p: [Kat19]

– Mixed characteristic in general: [BMS19, BS19, BL22a, BM22]

• Prismatic cohomology: [BMS18, BS19]

• Prismatic F -crystals and F -gauges: [Dri20, Dri21a, BL22a, BL22b, BS21]

In particular, the filtered prismatization XN and thus the syntomification XSyn was first con-
structed by Drinfeld [Dri20] via a modular description. These lectures will rely on Drinfeld’s paper
as well as the forthcoming [BL].

Remark 1.5.1 (A comment on notation). The paper [Dri20] studies the stacks X�, XN and XSyn

under the names X�, X�′ and X�′′ (as well as Σ, Σ
′

and Σ
′′

when X = Spf(Zp)). The stack
X� was also studied independently in [BL22a, BL22b] under the name WCartX . We apologize
for introducing yet another naming scheme. The present choice of notation reflects our belief that
the notation should be compact and yet reflect what the stacks are designed to capture: X�,
XN and XSyn capture the prismatic, Nygaard filtered prismatic, and syntomic cohomology of X
respectively.
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Chapter 2

Algebraic de Rham cohomology

Prismatic cohomology can be roughly regarded as a deformation of de Rham cohomology. Con-
sequently, many structures on prismatic cohomology have counterparts for de Rham cohomology
that are more classical and more explicit. In this chapter, we will explain how to interpret some of
those via stacks.

2.1 Review

In this section, we review the theory of relative algebraic de Rham cohomology for a smooth
morphism of schemes.

Definition 2.1.1 (Algebraic de Rham and Hodge complexes). Let f : X → S be a morphism of
schemes. The complex

Ω•X/S :=
(
OX

d−→ Ω1
X/S

d−→ Ω2
X/S

d−→ ...
)

of f−1OS-modules on X is called the algebraic de Rham complex of X/S. Similarly, the complex

ΩH
X/S :=

(
OX

0−→ Ω1
X/S

0−→ Ω2
X/S

0−→ ...
)

=
⊕
i

Ωi
X/S [−i]

is called the Hodge complex of X/S; this is a graded complex of OX -modules.

We shall be interested in Rf∗Ω
•
X/S and Rf∗Ω

H
X/S ; assume from now that f is finitely presented,

so these are quasi-coherent complexes on S, i.e., they lie in Dqc(S). Exterior product of differential
forms turns Ω•X/S into a commutative differential graded f−1OS-algebra, while ΩH

X/S is a graded
OX -algebra via the same construction. As Rf∗ is lax symmetric monoidal, it follows that Rf∗Ω

•
X/S

and Rf∗Ω
H
X/S give commutative algebra objects in Dqc(S). Let us recall some important features

of this construction.

1. The Hodge filtration: Forgetting terms of the complex defines a complete descending N-
indexed filtration Fil∗H on Ω•X/S with associated graded ΩH

X/S . This filtration is multiplicative:

the product carries Fili ⊗ Filj into Fili+j . Pushing down to S, we learn:

Proposition 2.1.2. The object Rf∗Ω
•
X/S ∈ Dqc(S) admits a natural complete descending

multiplicative N-indexed Hodge filtration Fil∗H together with an isomorphism gr∗HRf∗Ω
•
X/S '

Rf∗Ω
H
X/S.

10



2. Grothendieck’s comparison [Gro66]: If S = Spec(C) and X is smooth over C, then analytifi-
cation yields an isomorphism

H i(X,Ω•X/C) ' H i
dR(Xan; C) ' H i

Sing(X
an,C).

In particular, each H i(X,Ω•X/C) is a finite dimensional C-vector space; it vanishes for i /∈
[0, 2 dim(X)]; and one has Poincare duality when X is additionally proper. Let us check this
in an interesting example by hand:

Example 2.1.3 (The case of a torus). Say X = Gm = Spec(C[t±1]). Then

H i(X,Ω•X/C) = H i

(
C[t±1]

d−→ C[t±1]
dt

t

)
= H i

(⊕
i∈Z

Cti
ti 7→iti dt

t−−−−−→
⊕
i∈Z

Cti
dt

t

)

= H i

(
Ct0

0−→ Ct0
dt

t

)
=

{
C if i = 0 or i = 1

0 otherwise.

= H i
Sing(C− {0}; C),

as wanted.

3. Poincaré duality (see [Sta18, Tag 0G8F], [Cla21]): If f : X → S is proper and smooth,
then Rf∗Ω

i
X/S ∈ Perf(S) for all i, whence Rf∗Ω

•
X/S ∈ Perf(S). Moreover, if f has relative

dimension n, then there is a trace map tX/S : R2nf∗Ω
•
X/S → OS such that the induced pairing

Rf∗Ω
•
X/S ⊗Rf∗Ω

•
X/S

multiply−−−−−→ Rf∗Ω
•
X/S

can−−→ R2nf∗ΩX/S [−2n]
tX/S−−−→ OS [−2n]

is a perfect pairing, i.e., it induces an isomorphism

Rf∗Ω
•
X/S ' RHomS(Rf∗Ω

•
X/S [2n],OS)

in Perf(S).

Remark 2.1.4 (Hodge filtered Poincaré duality). For a filtered object E, write E{n} for the
result of shifting the filtration by n, i.e., Fili(E{n}) = Fili+n(E). The construction of the
trace map tX/S in [Sta18, Tag 0G8F], relying on [Sta18, Tag 0G8J], shows that the map

Rf∗ωX/S [−n] = FilnHRf∗Ω
•
X/S → Rf∗Ω

•
X/S

induces an isomorphism on H2n, and that the resulting map Hn(Rf∗ωX/S) ' H2n(Rf∗Ω
•
X/S)→

OS coincides with the trace map from Grothendieck duality up to a unit8. It follows that the
same recipe used above refines to give a filtered isomorphism

Rf∗Ω
•
X/S ' RHomS(Rf∗Ω

•
X/S{n}[2n],OS),

8It would be useful to pin down this ambiguity via the cycle class map
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whose associated graded gives an isomorphism

Rf∗Ω
H
X/S ' RHomS(Rf∗Ω

H
X/S{n}[2n],OS)

of graded objects (where the twist now indicates a shift of grading); in degree i, the above
coincides (up to units) with the isomorphism

Rf∗Ω
i
X/S ' RHomS(Rf∗Ω

n−i
X/S [n+ i],OS),

induced by cup product of differential forms and Grothendieck duality for f .

4. Cartier theory: Say S has characteristic p, and f : X → S is smooth. Recall that we have
following fundamental diagram defining relative Frobenius FX/S : X → X(1):

X
FX/S

!!

FX

��
f

$$

X(1) //

f (1)

��

X

f
��

S
FS // S.

The map FX/S : X → X(1) is a universal homeomorphism, and the differential of the complex
FX/S,∗Ω

•
X/S is naturally OX(1)-linear: for local sections f, g ∈ OX and s ∈ OS , we have

d(fpg) = fpd(g) and d(sg) = sd(g). Consequently, we can regard FX/S,∗Ω
•
X/S as a coherent

OX(1)-complex. When regarded as such, there is a natural isomorphism H∗(FX/S,∗Ω
•
X/S) '

Ω∗
X(1)/S

of graded rings; in particular, FX/S,∗Ω
•
X/S ∈ Perf(X(1)). Pushing forward down to S,

we learn the following:

Proposition 2.1.5. The complex Rf∗Ω
•
X/S ∈ Dqc(S) admits a natural multiplicative increas-

ing exhaustive N-indexed conjugate filtration Filconj∗ together with an isomorphism grconj∗ Rf∗Ω
•
X/S '⊕

iRf
(1)
∗ Ωi

X(1)/S
[−i].

Let us explain the conjugate filtration in a key example.

Example 2.1.6 (The case of a torus). Say S = Spec(Fp) and X = Gm = Spec(Fp[t
±1]).

To avoid confusion, let Y = Gm = Spec(Fp[y
±1]), and let f : X → Y be determined by

y 7→ tp, so f can be identified with the relative Frobenius for X/S. In this case, the Cartier
isomorphism asserts that H i(Ω•Fp[t±1]/Fp

) is canonically identified with Ωi
Fp[y±1]/Fp

.

H i(Ω•Fp[t±1]/Fp
) = H i

(
Fp[t

±1]
d−→ Fp[t

±1]
dt

t

)
= H i

(⊕
i∈Z

Fpt
i ti 7→iti dt

t−−−−−→
⊕
i∈Z

Fpt
idt

t

)

' H i

⊕
i∈pZ

Fpt
i 0−→

⊕
i∈pZ

Fpt
idt

t


' H i

(
Fp[y

±1]
0−→ “

1

p
” · Fp[y

±1]
dy

y

)
' Ωi

Fp[y±1]/Fp
,

as wanted.
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Remark 2.1.7 (Conjugate filtered Poincare duality). The analog of the assertion in Re-
mark 2.1.4 also applies to the conjugate filtration and is in fact easier: the desired filtered
trace map is defined via the composition Rf∗Ω

•
X/S → Rf∗ωX(1)/S [−n]→ OS [−2n], where the

first map is projecting to grconjn .

5. Existence of crystalline cohomology: Say f : X → S is a finitely presented smooth map and
S has characteristic p. Assume that S is given as the mod p reduction of a Zp-flat p-adic

formal scheme S̃. Then the formalism of crystalline cohomology [Ber06] shows the following:

• The complex Rf∗Ω
•
X/S ∈ Dqc(S) has a functorial lift E

X/S̃
to Dqc(S̃) given by the

crystalline cohomology of X/S̃. The formation of E
X/S̃

is compatible with base change

on S̃.

• If f : X → S admits a (necessarily smooth) lift f̃ : X̃ → S̃ to a map of Zp-flat p-adic
formal schemes, then there is a natural identification E

X/S̃
' Rf∗Ω

•
X̃/S̃

. In particular,

the latter is independent of choice of lift f̃ .

We refer to [BdJ11] for a relatively quick proof of the comparison with de Rham cohomology.
A typical use of this formalism is the following consequence:

Corollary 2.1.8. Say k is a perfect field of characteristic p and X/W (k) is a proper smooth
scheme. Then the object M := RΓ(X,Ω•X/W (k)) ∈ D(W (k)) depends only on mod p fibre Y :=

X ⊗W (k) k. Moreover, there is a natural map φX/W (k) : φ∗M →M (where φ : W (k)→W (k)

is the Frobenius) lifting the map F ∗kRΓ(Y,Ω•Y/k) ' RΓ(Y (1),Ω•
Y (1)/k

)
F ∗
Y/k−−−→ RΓ(Y,Ω•Y/k).

We warn the reader that the lift φX/W (k) does not respect the Hodge filtration in general.

2.2 Linear algebra via stacks: filtrations and endomorphisms

In this section, we recall two geometric (stacky) perspectives of objects in linear algebra (namely,
filtrations and endomorphisms).

2.2.1 Filtrations and A1/Gm

Fix a commutative ring R. Our goal in this section is to review9 a standard dictionary between
filtrations on R-modules and the stack A1/Gm. As a warmup, let us recall the analog of this
dictionary for graded objects.

Construction 2.2.1 (Graded objects of the derived category). The derived ∞-category of graded
R-complexes is defined as Fun(Z,D(R)), where Z is viewed as a discrete category. This has a
symmetric monoidal structure given by Day convolution:

(F ⊗G)(n) = colim
i+j=n

F (i)⊗G(j) =
⊕
i+j=n

F (i)⊗G(j).

Recall that the stack BGm classifies line bundles on R-schemes; in particular, it carries a tauto-
logical line bundle OBGm(1). There is a symmetric monoidal R-linear equivalence

Fun(Z,D(R)) ' Dqc(BGm), F 7→
⊕
i∈Z

F (i)⊗R O(−i),

9For proofs, we refer [GP18, Mou21, MRT19, BMS19].
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with inverse described as M 7→ (i 7→ RΓ(BGm,R,M(i))) (so O(1) corresponds to the graded R-
module R placed in grading degree −1). Under this dictionary, the functor of forgetting the
grading on the left side (i.e., taking the colimit) corresponds10 to pullback along the tautological
map π : Spec(R)→ BGm

Next, let us recall some basic formalism around the filtered derived category (parametrizing
decreasing filtrations) mostly to introduce notation.

Construction 2.2.2 (The filtered derived ∞-category). For a commutative ring R, we define the
filtered derived ∞-category of R as DF(R) = Fun(Zop,D(R)), where Z denotes the poset of integers
with usual ordering. Let us name name some structures associated to this construction:

1. Underlying and assocaited graded objects: Given a filtered object F : Zop → D(R), we can
attach the following objects of D(R):

• F = colimi F (i); this is called the underlying R-complex.

• FiliF = F (i) and griFilF = Cone(Fili+1F → FiliF ). The construction

F 7→ gr∗FilF :=
⊕
i

griFilF

gives an exact colimit preserving functor to the ∞-category of graded objects in D(R).

Thus, we have a diagram

...→ Fili+1F → FiliF → Fili−1F → ...

with colimit F , so we can roughly regard Fil•F as a filtration on F with graded pieces gr∗FilF .

2. Completeness: Given a filtered object F : Zop → D(R), we say that F is complete if
limi FiliF = 0. For any filtered object F , there is a universal map F → F̂ to a complete
filtered object computed via the formula F̂ = Cone(Const(limi FiliF )→ F ), where Const(−)
denotes the functor of regarding an R-complex M as a filtered R-complex with constant
filtration. Write D̂F(R) ⊂ DF(R) for the full subcategory of complete objects.

Example 2.2.3 (The canonical filtration). Any K ∈ D(R) has a preferred lift K̃ ∈ DF(R)
defined by the canonical filtration: FiliK̃ = τ≤−iK. Note that griK̃ = H−i(K). The
construction K 7→ K̃ gives a fully faithful embedding D(R)→ DF(R) whose essential image
is exactly those F ∈ DF(R) with the property that griFilF is concentrated in cohomological
degree −i and such that F is complete; this statement can be proven using the formalism of
t-structures.

Example 2.2.4 (The stupid filtration). Any actual chain complex K• of R-modules has a
naive filtration given by forgetting terms of the complex: FiliK• = K≥i. Passing to the
derived category, this yields a complete filtration on K ∈ D(R) with associated graded given
by griFil ' Ki[−i]. In fact, this construction yields a fully faithful functor Ch(R) → DF(R)
from the abelian category of chain complexes of R-modules to DF(R) which is exact in the
sense that it carries exact sequences to exact triangles. Moreover, the essential image is exactly
those objects of DF(R) which are complete and have gri concentrated in cohomological degree
i; this statement is one the basic features of the Beilinson t-structure (see (5) below).

10We caution the reader that the formation of limits in Dqc(BGm) does not commute with π∗ : Dqc(BGm)→ D(R);
for instance, the natural map ⊕

i∈Z

O(i)→
∏
i∈Z

O(i)

is actually an equivalence on BGm. This will turn out to be a feature rather than a bug for our later purposes.
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3. Symmetric monoidal structure: There is a natural symmetric monoidal structure on DF(R)
defined via Day convolution from the commutative monoid structure on Z. Explicitly,

(F ⊗G)(n) = colim
i+j≥n

F (i)⊗G(j).

The associated graded functor gr∗ mentioned in (1) i symmetric monoidal, i.e., there is a
natural identification

gr∗FilF ⊗ gr∗FilG ' gr∗FilF ⊗G

of graded objects of D(R).

4. Shifting the filtration: Given a filtered object F and an integer n, one obtains a new filtered
object F{n} by shifting the filtration by n, normalized as follows: FiliF{n} = Fili+nF .
Thus, for any filtered object F , there is a natural map F{1} → F with the property that
Fil0(F/F{1}) = gr0F .

5. t-structures: There are two t-structures on DF(R) that will be important for us:

• The standard t-structure: This is the t-structure induced from the usual t-structure on
D(R): an object F ∈ DF(R) is connective11 (resp. coconnective) if each FiliF is so. The
heart of this t-structure is the abelian category Fun(Zop,ModR) of Zop-indexed diagrams
of R-modules.

• The Beilinson t-structure: An object F ∈ DF(R) is connective for the Beilinson t-
structure if griFilF ∈ D≤i for all i. It turns out that the the coconnective F ’s are exactly
those with FiliF ∈ D≥i for all i; if F is already complete, then this is equivalent to
griF ∈ D≥i for all i. The heart of this t-structure is the abelian category of chain
complexes via the embedding of Example 2.2.4. See [Bei87, Appendix A], [BMS19, §5],
[BL22a, Appendix D] for more.

Our goal is to describe this∞-category geometrically as quasi-coherent sheaves on the quotient
stack A1/Gm (with respect to the standard action). To avoid ambiguity, let us specify the grading
convention: we write A1 = Spec(R[t]), with Gm-action giving t grading degree 1. Thus, we can
identify Dqc(A

1/Gm) with Dgraded(R[t]). To proceed further, it will be useful to think about
A1/Gm functorially and name some important structures it carries.

Construction 2.2.5 (A1/Gm and its tautological line bundle). Given a scheme T , the groupoid
A1/Gm(T ) is identified with the groupoid of Gm-torsors T ′ → T together with a Gm-equivariant
map T ′ → A1. As a Gm-torsor must uniquely have the form Spec(

⊕
i∈Z L

−i) for a line bundle L
on T , the groupoid A1/Gm(T ) identifies with the groupoid of virtual Cartier divisors on T , i.e., to
the groupoid of OT -linear maps L→ OT where L ∈ Pic(T ). In particular, there is a universal such
pair

t : OA1/Gm
(−1)→ OA1/Gm

over A1/Gm; we refer to t (as well as all twists) as the tautological section. In terms of the
description Dqc(A

1/Gm) ' Dgraded(R[t]), the map above corresponds to the inclusion

tk[t] ⊂ k[t]

11The word “connective” is shorthand, borrowed from topologists, that means “cohomologically bounded above
at 0” in the classical derived category literature on t-structures. Similarly, “coconnective” means “ cohomologically
bounded below at 0”.
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of graded k[t]-modules. The vanishing locus of t is the Cartier divisor BGm ⊂ A1/Gm. Note
that we have OA1/Gm

(−1)|BGm = OBGm(−1) in the normalization from Construction 2.2.1: this
amounts to observing that the graded R[t]-module tR[t]/t2R[t] is a copy of R in grading degree 1,
and hence corresponds to the line bundle OBGm(−1).

Our target theorem is the following; the idea here goes back to Simpson’s work in non-abelian
Hodge theory (see [Sim96, §5]), and a complete proof in modern language can be found in [Mou21].

Proposition 2.2.6 (Geometrization of the filtered derived category). Let R be a commutative ring.
Consider the stack A1/Gm = Spec(R[t])/Gm. The Rees module construction, informally described
by carrying a filtered object F ∈ DF(R) to the graded R[t]-module

Rees(F ) :=
⊕
i∈Z

FiliF · t−i,

defines a symmetric monoidal equivalence

Rees : Dqc(A
1/Gm) ' DF(R).

This equivalence enjoys the following properties:

1. Rees is t-exact for the standard t-structures.

2. Restriction to the open substack Spec(R) = Gm/Gm ⊂ A1/Gm corresponds to forgetting the
filtration.

3. Restriction to the closed substack i : BGm := Spec(R)/Gm
t=0
⊂ A1/Gm corresponds to

passage to the associated graded with a change of sign. More precisely, given F ∈ DF(R)
and i ∈ Z, we have

griFilF ' RΓ(BGm, i
∗Rees(F )(−i)).

4. Rees matches the completeness condition for objects in DF(R) with derived t-completeness
for objects in Dqc(A

1/Gm).

5. For an integer n, tensoring with the line bundle O(−n) on A1/Gm corresponds to the twist
operation F 7→ F{n} on filtered objects.

Sketch of inverse construction. Consider the tautological virtual Cartier divisor

t : OA1/Gm
(−1)→ OA1/Gm

over A1/Gm. Taking powers of this section gives a Z-indexed diagram

...→ OA1/Gm
(i− 1)→ OA1/Gm

(i)→ OA1/Gm
(i+ 1)→ ...

in Dqc(A
1/Gm). Given M ∈ Dqc(A

1/Gm), tensoring with the (Zop-indexed version of the) above
diagram and taking global sections yields an object of DF(R), giving the inverse construction.

Remark 2.2.7 (Completeness on A1/Gm). The stack A1/Gm behaves in many ways like a proper
stack12. For our purposes, the following manifestation of properness will be important: any perfect
complex M ∈ Perf(A1/Gm) is derived t-complete, i.e., the inverse limit

· · ·M(−n)
t−→M(−n+ 1)

t−→ ....
t−→M(−1)

t−→M

12For example, this stack is “formally proper” in the sense of [HLP14], i.e., its base change to Spf(R), where R is
an adic noetherian ring, satisfies the conclusion of formal GAGA for pseudocoherent complexes.
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vanishes13. By standard reductions, it suffices to show this claim for M = OA1/Gm
. In this case, the

claim essentially follows as the graded k-algebra k[t] is t-adically complete in the graded sense, i.e.,
k[t] ' limn k[t]/(tn), where everything is interpreted in graded vector spaces. One can repackage
this argument as follows: show that the pushforward along the affine map f : A1/Gm → BGm

carries OA1/Gm
to
⊕

i≤0 O(i), then identify this sum with the corresponding product as in the
footnote in Construction 2.2.1, and then directly compute that the relevant limit vanishes.

More generally, the preceding argument shows t-completeness of any M ∈ Dqc(A
1/Gm) with

the property that f∗M has bounded below Gm-weights (⇔ ∃i0 such that RHomBGm(O(i), f∗M) =
0 for all i ≥ i0); this applies to certain “big” objects, e.g., to O⊕J

A1/Gm
for any set J . Note that

having bounded above weights is not enough (e.g., the graded k[t]-module k[t±1]/k[t], viewed as an
object in Dqc(A

1/Gm), is not derived t-complete).

Remark 2.2.8 (Vector bundles on A1/Gm). The Rees equivalence in Proposition 2.2.6 identifies
the category Vect(A1/Gm) with the category of pairs (M,F ∗), where M is a finite projective R-
module, and F ∗ is a finite filtration on M (in the genuine sense: each F i is a submodule of M)
such that griFM is finite projective for all i. Let us explain the forward direction. If E is a vector
bundle on A1/Gm, then we obtain a vector bundle M on Spec(R) via E|Gm/Gm

. For any flat quasi-
coherent sheaf (such as a bundle) E, the tautological maps t : E(i) → E(i + 1) are injective; the
inverse of the Rees construction sketched above then shows that M comes equipped with a genuine
decreasing filtration F ∗ = RΓ(A1/Gm, E(−∗)). Moreover, identifying E with a finite projective
graded R[t]-module, one learns that RΓ(A1/Gm, E(i)) vanishes for i � 0 and stabilizes (via the
tautological maps) for i� 0, ensuring that F ∗ is a finite filtration. Finally, as E is a vector bundle,
the restriction E|BGm is also a vector bundle, whence each griFM is finite projective.

Remark 2.2.9 (Canonical filtrations). As discussed in Example 2.2.3, sending an object K ∈ D(R)
to its canonical filtration Fil∗ = τ≤−∗K gives a fully faithful functor D(R)→ DF(R) whose essential
image is those objects which are complete and have gri concentrated in cohomological degree −i.
Transporting via the Rees equivalence, we obtain a fully faithful functor D(R) → Dqc(A

1/Gm)
whose essential image is those objects M ∈ Dqc(A

1/Gm) which are complete and have the feature
that Hi(M)(i) is constant for all i, i.e., it is (necessarily uniquely) pulled back from Spec(R).

Remark 2.2.10 (Non-abelian filtrations). Motivated by Proposition 2.2.6 and following Simpson,
we shall view a morphism f : X→ A1/Gm of stacks as a filtration on the stack X := f−1(Gm/Gm)
and regard Gr(X) := f−1(BGm) as the associated graded. This terminology is justified by
the following observation: assuming pushforward along f preserves quasi-coherence (e.g., f is
representable qcqs), for any M ∈ Dqc(X), the pushforward f∗M ∈ Dqc(A

1/Gm), seen as an
object of DF(R) via Proposition 2.2.6, is a filtration on RΓ(X,M |X) with associated graded
RΓ(Gr(X),M |Gr(X)). We shall thus sometimes refer to a morphism f : X → A1/Gm as a fil-
tered stack.

2.2.2 Endomorphisms and BĜa

Fix a commutative ring R, and work with R-schemes. Our goal in this review the variants and
consequences of the following principle: when R has characteristic 0, specifying a representation of
Ĝa on an R-module V is equivalent to specifying an endomorphism t : V → V (by differentiating
the action), and this equivalence passes to derived categories.

13As the proof shows, it is critical that we work with A1/Gm. The analogous statement on A1 is clearly false.
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Notation 2.2.11 (Formal completions of vector bundle schemes). Let Ĝa ⊂ Ga be the formal

completion at 0; its functor of points is described as Ĝa(S) = Nil(S) for any R-algebra S. More
generally, given a finite projective R-module E, write V(E) = Spec(Sym∗R(E∨)) for the associated

vector bundle scheme over Spec(R), and let V̂(E) be its formal completion at the 0 section; thus,

for an R-algebra S, we have V̂(E)(S) = E ⊗R Nil(S) as a subset of V(E)(S) = E ⊗R S.

Given a group scheme G/S, vector bundles on the stack BG are identified with representations
of G on finite projective R-modules (essentially by definition); similarly for formal group schemes,

such as the ones appearing above. Our goal in this section is to study representations of Ĝa, their
cohomology, as well as a general version that allows Ĝa to vary in a family. Before formulating the
general result, let us explain the statements in the case of Ĝa itself.

Example 2.2.12 (Ĝa-representations). Let k be a field of characteristic 0. Writing t for a fixed

generator of the tangent space Lie(Ĝa) of Ĝa at 0, Proposition 2.2.13 gives an equivalence14

Φ : Dqc(BĜa) ' D(k[t]).

The equivalence Φ has the following features:

• If π : Spec(k) → BĜa denotes the tautological map, then Φ intertwines π∗ with the for-

getful functor D(k[t]) → D(k). In other words, if one regards objects in Dqc(BĜa) as Ĝa-
representations on R-complexes, then the equivalence Φ is the identity functor on underlying
R-complexes. Thus, the equivalence is observing that a Ĝa-representation carries a functorial
endomorphism t that complete determines the representation, and moreover that there are
no additional constraints on the endomorphism t.

• Φ(O
BĜa

) ' k[t]/(t) ' k. Hence, for M ∈ Dqc(BĜa), we have a natural isomorphism

RΓ(BĜa,M) ' RHomk[t](k,Φ(M)) ' Fib(Φ(M)
t−→ Φ(M)).

In particular, RΓ(BĜa,−) has cohomological dimension 1.

• Φ carries tensor products on the left hand side to convolution on the right hand side. In
particular, given M,N ∈ QCoh(BĜa), we have Φ(M ⊗N) ' Φ(M)⊗k Φ(N) with k[t]-action
determined by the formula tM ⊗ 1 + 1⊗ tN . Thus, we learn that

CAlg(QCoh(BĜa)) ' {(R,D : R→ R) | R ∈ CAlg(k), D is a k-linear derivation.}

In fact, as Ĝa is formal local, this description globalizes: specifying a Ĝa-action on a k-scheme
X is the same as specifying a k-linear derivation D : OX → OX .

As a concrete example, observe that the inclusion Ĝa ⊂ Ga gives rise to a Ĝa-action on the
scheme Ga. By the last point above, this corresponds to a k[t]-module structure on O(Ga) := k[X],
where t acts as a derivation. One then computes that t = d

dX .

14Let us expliclity describe the formula for the inverse at the abelian level to demystify the equivalence. Write X for
the co-ordinate on Ĝa that is Gm-equivariantly dual to t. Given a k[t]-module M , the corresponding quasi-coherent

sheaf on BĜa, seen as a topological O(Ĝa)-comodule, is simply M itself with coaction map

c : M →MJXK, m 7→ exp(tX)(m) :=
∑
i≥0

ti(m)
Xi

i!
.

Note that the action of t on M can be recovered from the coaction map as the coefficient of X in the coaction map:
we have t(m) = ( d

dX
c(m))|X=0.
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Let us now formulate the general statement where we allow the formal additive group to vary
in a family.

Proposition 2.2.13 (Representations of formally completed vector bundles). Let R be a commu-
tative Q-algebra R. For a finite projective R-module E, there is a natural equivalence

Dqc(BV̂(E)) ' Dqc(V(E∨))

of R-linear stable ∞-categories intertwining pullback along the tautological map π : Spec(R) →
BV̂(E) with pushforward along the structure map V(E∨) → Spec(R). Moreover, if we endow
the target with the convolution symmetric monoidal structure, then this equivalence is naturally
symmetric monoidal.

Idea of proof. We only sketch the idea of the proof at the abelian level. For any commutative ring
R and finite projective R-module E, the natural duality identification

Symn
R(E)∨ = ΓnR(E∨)

leads to an isomorphism

HomR(Sym∗R(E), R) ' Γ̂∗(E∨)

of topological coalgebras, where the RHS denotes the completion of the divided power coalgebra
Γ∗(E∨) by the natural filtration by divided powers ideals. When R is a Q-algebra, divided powers
and symmetric powers coincide, so we can write

HomR(Sym∗R(E), R) ' ̂Sym∗R(E∨),

where the completion is with respect to the standard filtration {Sym≥nR (E∨)}n≥0 of the symmetric
algebra. Now quasi-coherent sheaves on V(E∨) are identified with Sym∗R(E)-modules, while quasi-

coherent sheaves on BV̂(E) are identified15 with R-modules equipped with a continuous ̂Sym∗R(E∨)-
comodule structure, i.e., a map M →M⊗̂RSym∗R(E∨) satisfying suitable axioms. Using the above
duality isomorphism, it is easy to see that these notions are equivalent to each other: a Sym∗R(E)-
module structure on an R-module M yields a “continuous” Sym∗R(E∨)-comodule structure M →
M⊗̂RSym∗R(E∨) and vice versa.

Remark 2.2.14 (Cohomology of V̂(E)-representations). Continue with notation as in Proposi-

tion 2.2.13. A given M ∈ Dqc(BV̂(E)) may be regarded as a representation of V̂(E) on the
R-complex π∗M ∈ D(R). The proposition implies that the R-complex π∗M naturally admits an
R-linearaction of the R-algebra S = Sym∗R(E), and moreover that

RΓ(BV̂(E),M) := RHom
BV̂(E)

(O,M) ' RHomS(R, π∗M),

where R on the rightmost term is given the S-action where E acts trivially. Using the Koszul
resolution (

...→ ∧2E ⊗R S → E ⊗R S → S
)
→ R

15 To understand this, recall that for any sheaf of groups G on Spec(R), one has a simplicial presentation(
· · ·

//////// G×G
////// G // // Spec(R)

)
→ BG.

of BG. Using this presentation, one checks that when G is a formal affine scheme, quasi-coherent sheaves on BG are
equivalent to R-modules M equipped with a “continuous” O(G)-comodule structure.
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to compute RHomS(R, π∗M) then gives an explicit recipe for computing RΓ(BV̂(E),M) in terms
of the “underlying R-complex” of the representation M . For example, if E is a line bundle, then
we learn that there is a fibre sequence

RΓ(BV̂(E),M)→ π∗M → π∗M ⊗ E∨

of R-complexes.

Remark 2.2.15 (Cohomology of actions of formally completed line bundles). Say we are given a
qcqs morphism f : Y → Z of characteristic 0 schemes, a line bundle L on Z, and a Z-linear action

of G := V̂(L) on Y . Let us explain how to compute pushforwards along fG : Y/G→ Z. Consider
the cartesian diagram

Y
f //

πY

��

Z

πZ

��
Y/G

f̃ // BG.

As the horizontal map is representable qcqs, pushforward along this map preserves quasi-coherence.
Moreover, given M ∈ Dqc(Y/G), flat base change shows that π∗ZRf̃∗M ' Rf∗π

∗
YM . Pushing

forward Rf̃∗M along the structure map g : BG → Z and using Remark 2.2.14, we learn that
RfG,∗M ' Rg∗Rf̃∗M sits in a fibre sequence

RfG,∗M → Rf∗π
∗
YM → Rf∗π

∗
YM ⊗ L−1.

In particular, the pushforward RfG,∗M is quasi-coherent. Changing perspective, if we regard
N = π∗YM as a G-equivariant sheaf on Y (with G-equivariant structure corresponding to the
descent M to Y/G), then the fibre sequence gives a recipe for computing the equivariant cohomology
RΓG(Y,N) := RΓ(Y/G,M) of N in terms of its non-equivariant cohomology RΓ(Y,N) together
with some additional structure on the latter induced by the G-equivariant structure. One can
formulate a similar statement if L is replaced by a higher rank bundle (left to the reader).

Variant 2.2.16. In characteristic 0, we can identify representations of Ga with nilpotent endo-
morphisms (more precisely: Dqc(BGa) ' Dqc(Ĝa)) by similar arguments.

We shall be working with quotients by Ĝa-actions in the sequel. To control this effectively, the
following variant of Serre vanishing will be useful, at least psychologically:

Lemma 2.2.17 (Higher cohomology of Ĝa vanishes on affines). Let R be any commutative ring.

Then RΓet(Spec(R), Ĝa) ' Nil(R)[0].

Proof. By general nonsense, it suffices to show that for any étale cover R → S with Cech nerve
R→ S•, we have

Nil(R) ' lim Nil(S•).

But R → S is étale, so Nil(R) ⊗R S• ' Nil(S•), whence lim Nil(S•) ' lim Nil(R) ⊗R S• ' Nil(R)
by fpqc descent for quasi-coherent sheaves.

Remark 2.2.18 (Higher fppf cohomology of Ĝa). For completeness, let us record the behaviour

of RΓfppf (Spec(R), Ĝa) when one works over a field.
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• The case of characteristic p: As the nilradical of an Fp-algebra is always annihilated by the
map to the perfection, we obtain a short exact sequence

0→ Ĝa → Ga → Ga,perf → 0

of fppf sheaves on Fp-algebras, where Ga,perf(R) = Rperf is the colimit perfection of R, and
the surjectivity on the right is due to the ability to extract p-th roots of functions fppf locally.
Now both Ga and Ga,perf are cyclic: this amounts to observing that if R → S• is the Cech
nerve of an fppf cover, then R ' limS• (by fppf descent), and Rperf ' limS•perf (by passage
to the colimit from the previous statement). Taking global sections, we learn that

RΓfppf (Spec(R), Ĝa) ' Cone(R→ Rperf)[−1]

for any Fp-algebra R. In particular, we have non-vanishing H1 if R is not semiperfect.

• The case of characteristic 0 (de Jong): We claim that RΓfppf (Spec(R), Ĝa) ' Nil(R)[0] for a
Q-algebra R. In other words, we claim that R 7→ Nil(R) is an fppf sheaf of complexes on Q-
algebras. As the class of étale covers is already of universal Nil(−) descent by (Lemma 2.2.17),
it suffices by [Sta18, Tag 0DET] to prove the same for finite locally free covers, i.e., we must
show that if R → S is a finite locally free extension with Cech nerve S•, then the natural
map induces an equivalence Nil(R) ' lim Nil(S•) in D(Ab); we show this using a variant
of the standard argument for faithfully flat descent. Consider the normalized trace map
tS/R : S → R given by tS/R(x) = 1

deg(S/R) · TrS/R(x). Then t is an R-linear map that splits

the inclusion. Moreover, t carries Nil(S) into Nil(R): this can be detected after base change
to fields, and then it is the classical statement that the trace of a nilpotent endomorphism of
a finite dimensional vector space is 0. For each i ∈ ∆, consider the induced maps

s : Nil(Si)→ Nil(Si−1) via s(x0 ⊗ x1 ⊗ ....⊗ xi) = (x0 ⊗ x1 ⊗ ...⊗ xi−1)tS/R(xi),

so s = tSi/Si−1 , where the map Si−1 → Si is determined by including the first i factors. One
then checks that these maps yield a contracting homotopy of the augmented complex

Nil(R)→ Nil(S)→ Nil(S ⊗R S)→ ...,

showing the desired acyclicity.

We do not know what happens in mixed characteristic.

2.3 de Rham cohomology in characteristic 0 via stacks

In this section, we work over a ground field k of characteristic 0. All quotients are interpreted as
sheaves in the étale topology on the big site of all finitely presented k-schemes.

Our goal is to explain a geometrization procedure (due to Simpson) to recover algebraic de
Rham cohomology of smooth k-schemes X as the O-cohomology of an auxiliary geometric object
XdR. In fact, the procedure naturally accommodates coefficients too: vector bundles on XdR

identify with vector bundles equipped with a flat connection on X. To make the analogy with
later constructions more transparent, we shall explain the construction X 7→ XdR via the following
intermediary:
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Construction 2.3.1 (The ring stack GdR
a ). The scheme Ga is naturally ring scheme, and the

subfunctor Ĝa ⊂ Ga is an ideal scheme. Consequently, the quotient sheaf GdR
a = Ga/Ĝa is a

sheaf of rings. In fact, we have GdR
a (R) = Rred for any k-algebra R by Lemma 2.2.17. We shall

sometimes refer to GdR
a , which is a sheaf of sets, as a ring stack since closely related variants will

be genuinely stacky.

Using the ring stack GdR
a , one formally obtains a “de Rhamification” operation on k-schemes:

Definition 2.3.2 (The de Rham space). For any k-scheme X, write XdR for the functor on finite
type k-algebras given by

XdR(R) = X(GdR
a (R)) = X(Rred).

We call this the de Rham space of X.

The functor X 7→ XdR commutes with limits, and we have (A1)dR = GdR
a by definition, so the

notation is consistent. In general, there is a natural map X → XdR induced by the quotient map
Ga → GdR

a . If X is smooth, then this map X → XdR is a surjection of étale sheaves (or actually
even presheaves on finite type k-algebras) by the infinitesimal lifting property of smoothness. Our
goal is to show:

Theorem 2.3.3 (de Rham cohomology via XdR (Simpson)). For a smooth k-scheme X, there is
a natural identification

RΓ(XdR,OXdR) ' RΓ(X,Ω•X/k).

Under this isomorphism, pullback along X → XdR corresponds to the projection RΓ(X,Ω•X/k) →
gr0
HRΓ(X,Ω•X/k) ' RΓ(X,OX) to the displayed piece of the Hodge filtration.

One relatively standard way to prove this theorem is to identify the Cech nerve of the cover
X → XdR with the formal completion of the Cech nerve of X → Spec(k) along the diagonally
embedded copy of X; this gives a comparison with Grothendieck’s infinitesimal cohomology [Gro68],
which in turn is known to compute de Rham cohomology. With an eye towards introducing a simple
model of more complicated later constructions, we shall sketch a different proof that also yields
stronger filtered refinement recovering the Hodge filtration on RΓ(X,Ω•X/k) in terms of a filtration

on RΓ(XdR,OXdR). In fact, following Remark 2.2.10, we shall construct a filtration on XdR itself.
This relies on the following filtered variant of GdR

a (Construction 2.3.1):

Construction 2.3.4 (The ring stack GdR,+
a ). Consider the universal effective Cartier divisor t :

O(−1) → O on the stack A1/Gm. Passing to the associated vector bundle schemes, we obtain a
morphism

d : ̂V(O(−1))
t−→ V(O) = Ga

over A1/Gm. This map has the following features: the target is a ring scheme, the source is a
module over the target and the map is a linear map satisfying xdy = ydx for local sections x, y of
the source. In this situation, the stack quotient

GdR,+
a = Cone(d : ̂V(O(−1))

t−→ Ga)

admits16 a natural the structure of a 1-truncated animated Ga-algebra stack over A1/Gm. This
object enjoys the following properties:

16The paper [Dri21b] gives multiple concrete descriptions of the ∞-category of 1-truncated animated rings; one
of those is via “quasi-ideals”, and the map d appearing provides an example. This style of construction will appear
repeatedly in the sequel.
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• GdR,+
a (Spec(R) → A1/Gm) = Cone(Nil(R)(−1) → R), where the twist and the map are

defined via pullback from A1/Gm. In other words, if the map Spec(R) → A1/Gm is given

by a pair (L ∈ Pic(R), L→ R), then GdR,+
a (Spec(R)→ A1/Gm) = Cone(Nil(R)⊗R L→ R).

• The restriction GdR,+
a |Gm/Gm

is GdR
a .

• The restriction GdR,+
a |BGm is the split square-zero extension

GHodge
a := Ga ⊕ ̂V(O(−1))[1],

so GHodge
a (Spec(R)→ BGm) is the split square-zero extension R

⊕
Nil(R)(−1)[1].

Slightly informally, GdR,+
a degenerates the cdga Ĝa

d−→ Ga to the underlying graded algebra
by scaling the differential down to 0. Using this stack, we can mimic the construction of XdR to
obtain a filtered analog:

Definition 2.3.5 (The filtered de Rham space and the graded Hodge stack). For a smooth k-
scheme X, the filtered de Rham space is the map XdR,+ → A1/Gm whose functor of points is the
following:

XdR,+(Spec(R)→ A1/Gm) = X(GdR,+
a (R)),

where the right side denotes the groupoid of maps Spec(GdR,+
a (R)) → X computed in derived

algebraic geometry17. The fibre

XHodge := XdR,+ ×A1/Gm
BGm

is called the Hodge stack of X, so the functor XHodge on BGm-schemes is given by

XHodge(Spec(R)→ BGm) = X(GHodge
a (R)),

where again the right side denotes a mapping space in derived algebraic geometry.

Note that (A1)dR,+ = GdR,+
a by construction. In general, the filtered stack π : XdR,+ → A1/Gm

recovers XdR over the open substack Gm/Gm ⊂ A1/Gm, so we can regard it as a filtration on XdR

with associated graded XHodge, following the principle enunciated in Remark 2.2.10. Theorem 2.3.3
then follows from the following stronger assertion:

Theorem 2.3.6 (Hodge-filtered de Rham cohomology via XdR,+ (Simpson)). For X/k a smooth
variety, let πX : XdR,+ → A1/Gm be the structure map. Then HdR,+(X) := RπX,∗OXdR,+ is

quasi-coherent and complete. Moroever, the corresponding object of D̂F(k) identifies with the Hodge-
filtered de Rham cohomology Fil∗HRΓ(X,Ω•X/k).

In fact, the proof gives a more precise assertion: the construction carrying an open U ⊂ X to
the pushforward HdR,+(U) ∈ Dqc(A

1/Gm) can be regarded as a Zariski sheaf F on X valued in
Dqc(A

1/Gm). The category Shv(X;Dqc(A
1/Gm)) of all such sheaves carries a Beilinson t-structure

by transferring the eponymous t-structure on the filtered derived category via (a sheafified version
of) the Rees equivalence (Proposition 2.2.6); the heart is equivalent to the abelian category of chain
complexes of sheaves of k-modules on X. The proof below shows that F lies in the heart of this
t-structure, and the correspond chain complex is exactly the de Rham complex Ω•X/k.

17This phrase is unambious as we are working in characteristic 0. But in fact even away from the characteristic 0
there is no ambiguity: as the derived rings appearing are 1-truncated, the mapping space can be computed in either
derived algebraic geometry built from animated rings, or in spectral algebraic geometry built from E∞-rings, without
changing its meaning.
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Proof. Let us make some preliminary remarks.

(a) The functor X 7→ XdR,+ from k-schemes to stacks over A1/Gm commutes with products
and more generally Tor-independent finite limits. Indeed, observe that the formula defining
XdR,+ can be regarded as giving a functor from derived k-schemes to sheaves on derived
schemes over A1/Gm; when viewed as such, the functor commutes with all limits, essentially
by definition.

(b) The map X ×A1/Gm → XdR,+ is a cover for the étale topology by smoothness of X.

(c) If f : U → X is an étale map (resp. open immersion), then the diagram

U ×A1/Gm
//

��

UdR,+

��
X ×A1/Gm

// XdR,+

is cartesian (and thus, by (b), the right vertical map is a representable étale map (resp. open
immersion)). Indeed, this follows from the infinitesimal lifting property for étale maps (in
derived algebraic geometry).

(d) If X is written as the colimit of a finite diagram U• of affine open subschemes of X, then
U•,dR,+ forms a finite diagram of affine open subfunctors of XdR,+ with colimit XdR,+: this
follows from the previous item as the horizontal maps in the square appearing there are
surjections of étale sheaves (by smoothness).

Note that these remarks also apply to XHodge by base change. Let us now sketch to use these
remarks to prove the theorem.

1. Properties of the pushforward: We claim that the pushforward HdR,+(X) ∈ D(A1/Gm,O) is
quasi-coherent and complete, and moreover that its restriction to BGm (as a quasi-coherent
complex) agrees with the corresponding pushforward along XHodge → BGm via the natural
comparison map. By Remark (d), this can be checked when X admits an étale map f :

X → An. Write G = ̂V(O(−1))
n
, regarded as a group scheme over A1/Gm. Consider the

commutative diagram

X ×A1/Gm
//

��

XdR,+

��
An ×A1/Gm

// (An)dR,+.

By Remark (c), the above diagram is Cartesian. Now the bottom horizontal map is a G-
torsor: this reduces by Remark (a) to the case n = 1, where it is true by the definition of

(A1)dR,+ = GdR,+
a as a quotient. It follows that the top horizontal map is a G-torsor as well,

so XdR,+ =
(
X ×A1/Gm

)
/G. The recipe given in Remark 2.2.15 for computing pushforward

along (X ×A1/Gm)/G→ A1/Gm then gives quasi-coherence of the pushforward HdR,+(X)
and the base change compatibility. Moreover, the completeness also follows from this recipe
using the observations in Remark 2.2.7.

2. Identification of the associated Hodge stack: The functor of points of XHodge over BGm is
given by

XHodge(Spec(R)
η−→ BGm) = X(R⊕Nil(R)(−1)[1]).
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It follows by derived deformation theory18 that we can identify XHodge with the classi-

fying stack B ̂V(TX/k(−1)) over X × BGm, where TX/k(−1) is shorthand for pr∗1TX/k ⊗
pr∗2OBGm(−1). Using Proposition 2.2.13 to compute cohomology, we learn that

HHodge(X) := RπX,∗OXHodge '
⊕
i

RΓ(X,Ωi
X/k[−i])(i)

in Dqc(BGm).

3. Identification of the consturction X 7→ HdR,+(X) as a complex of sheaves: Consider the
DF(k)-valued presheaf F on X given by transporting the Dqc(A

1/Gm) valued presheaf
U 7→ HdR,+(U) via the Rees equivalence in Theorem 2.2.6. Remark (d) above shows that
the presheaf is a sheaf, so it can be regarded as an object of the filtered derived ∞-category
DF(X, k) of DF(k)-valued sheaves on X. Moreover, by items (1) and (2), the value of this
sheaf on affine opens in X lies in the heart of the Beilinson t-structure on DF(k). Con-
sequently, F itself lies in the heart of the (appropriately defined) Beilinson t-structure on
DF(X, k). The identification of the heart of the Beilinson t-structure and the calculation in
(2) then shows that F is given by a chain complex

OX
δ−→ Ω1

X/k
δ−→ Ω2

X/k
δ−→ ....

(for some currently unknown differential δ) equipped with the stupid filtration. To finish
proving the theorem, it then suffices to identify δ with the de Rham differential. In fact,
by multiplicativity and naturality, it suffices to check this when X = A1. In this case, we

have XdR,+ = GdR,+
a , which is the quotient of Ga by the action of ̂V(O(−1)) defined by the

tautological section t : O(−1) → O on A1/Gm. Using Remark 2.2.15, one then computes
HdR,+(X) is the graded k[t]-complex given by

k[t, x]
t d
dx−−→ k[t, x](1),

where the differential is computed by observing that it is a graded k[t]-linear derivation that
gives d

dx on underlying non-filtered objects via the calculation in Example 2.2.12 (especially

in Footnote 14). Translating to filtered objects, this shows that δ = d
dx , so we win.

Remark 2.3.7 (Coefficients for de Rham cohomology). For a smooth k-variety X, the stack XdR,+

not only geometrizes (Hodge-filtered) de Rham cohomology, it also geometrizes the natural notion
of coefficients for (Hodge-filtered) de Rham cohomology. Let us formulate the result.

Via pullback along the map X ×A1/Gm → XdR,+ appearing above, the category Vect(XdR,+)
of vector bundles on XdR,+ can be identified with the category of triples (E,∇, F ∗), where E is
a vector bundle on X, ∇ : E → Ω1

X/k ⊗OX E is a flat connection, and F ∗ is a finite filtration

of E by subbundles satisfying Griffiths transversality, i.e., ∇(F i) ⊂ Ω1
X/k ⊗OX F i−1. Similarly,

by Proposition 2.2.13, pullback along X × BGm → XHodge identifies the category Vect(XHodge)
identifies with the category of graded Higgs bundles, i.e., graded vector bundles M = ⊕iMi together

18More precisely, we use the following assertion in derived algebraic geometry: given a finite type k-scheme X,
an animated k-algebra R, a map η : Spec(R) → X of derived k-schemes, and a square-zero extension R′ → R in
animated k-algebras of R by N ∈ D≤0(R), the fibre of the map X(R′) → X(R) over η ∈ X(R) is a torsor for
Derk(OX , η∗N) ' MapR(η∗LX/k, N). When X is smooth and N = L[1] ∈ D≤−1(R), we have MapR(η∗LX/k, N) '
B(η∗TX/k ⊗R L). When R′ → R comes equipped with a splitting, we conclude that the fibre of X(R′) → X(R) is
also a split torsor, and hence canonically identified with B(η∗TX/k ⊗R L).
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with a Higgs field19 Θ : M → Ω1
X/k ⊗OX M carrying Mi into Ω1

X/k ⊗OX Mi+1. Under these

descriptions, the restriction functor Vect(XdR,+)→ Vect(XHodge) carries (E,∇, F ∗) to the graded
vector bundle M = ⊕iMi where Mi = gr−iF E with the Higgs field Θ induced by ∇.

Remark 2.3.8 (Transmutation). Definition 2.3.2 and Definition 2.3.5 both rely on a very general
construction. Namely, given a ring R, a scheme B, and an animated R-algebra stack A on B-
schemes, we obtain a functor from schemes over R to stacks over B by carrying an R-scheme X to
the B-stack XA given by XA(Spec(S)→ B) = X(A(S)); one can then contemplate the cohomology
theory on R-schemes defined by, e.g., X 7→ RΓ(XA,OXA). This process of producing stack valued
invariants (such as X 7→ XA) or cohomology theories (such as X 7→ RΓ(XA,OXA)) out of a single
ring stack shall appear repeatedly in the sequel, and we refer to it informally as transmutation20.

This section can be summarized as follows: via the process of transmutation (Remark 2.3.8),

the ring stack GdR,+
a → A1/Gm captures the theory of algebraic de Rham cohomology with its

additional algebro-geometric structures in characteristic 0. In the sequel, we will give similar
constructions for other cohomology theories.

2.4 Linear algebra via stacks: BG]
a and nilpotent endomorphisms

In §2.3, we gave a description of algebraic de Rham cohomology via stacks in characteristic 0.
Beyond the key definitions, the main calculation powering this description was the calculation
of the cohomology of BĜa in Proposition 2.2.13, which is only valid in characteristic 0. In this
section, we give a (somewhat) analogous calculation in mixed/positive characteristic by replacing
the additive group with its PD-version; this will be used later in describing de Rham cohomology
via stacks in a p-adic setting.

Definition 2.4.1 (The group scheme G]
a). Let G]

a be the PD-hull of the origin in Ga over Z.

Explicitly, if Ga = Spec(Z[t]), then G]
a = Spec(Z[t, t

2

2! ,
t3

3! , ...]), so G]
a(R) consists of elements of R

equipped with a compatible system of divided powers. There is a natural map G]
a → Ga which is

an isomorphism on rationalization. Moreover, the group law on Ga induces (a necessarily unique)

one on G]
a (which amounts to observing that (x+y)n

n! =
∑

i+j=n
xi

i!
yj

j! ). The multiplicative Ga-action

on itself induces one on G]
a (which amounts to observing (xy)n

n! = xn

n! · y
n) , turning the latter into

a Ga-module scheme, and the structure map G]
a → Ga into a quasi-ideal.

Example 2.4.2. If R is Z-flat, then G]
a(R) → Ga(R) = R is injective, with image exactly those

t ∈ R such that tn

n! ∈ R for all n ≥ 0. In particular, for R = Zp, an elementary argument with

valuations shows that G]
a(Zp) = pZp ⊂ Zp. On the other hand, if R is an Fp-algebra, then

G]
a(R)→ Ga(R) is injective if and only if R is reduced.

Variant 2.4.3 (PD-hulls of vector bundles). If E is a vector bundle on a scheme X, we write
V(E)] for the PD-hull of the 0 section in V(E). Then V(E)] is a Ga-module scheme over X, and
the map V(E)] → V(E) is a Ga-module map.

19A Higgs structure on a quasi-coherent sheaf M is an OX -linear map Θ : M → Ω1
X/k⊗OX M satisfying Θ∧Θ = 0.

In other words, it is exactly the data that gives an action of Sym∗OX
(TX/k) on M , or equivalently the data needed to

realize M as the pushforward to X of a quasi-coherent sheaf on the cotangent bundle T ∗X.
20Our inspiration comes from the definition of “transmute” as “to change or alter in form, appearance, or nature

and especially to a higher form”, see https://www.merriam-webster.com/dictionary/transmute.
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Proposition 2.4.4 (Representations of G]
a). There is a natural equivalence

Dqc(BG]
a) ' Dqc(Ĝa).

1. This equivalence naturally intertwines pullback along Spec(Z) → BG]
a on the LHS with the

“local cohomology at 0” functor on the RHS.

2. If we endow the right side with the convolution product, then this equivalence is naturally
symmetric monoidal.

3. The equivalence carries the standard t-structure on the LHS to the torsion t-structure21 on
the RHS.

A (slightly more complex) variant of the above statement appears in [BL22a, §3.5]; see also
[Dri21a, Appendix B] for the corresponding ring-theoretic assertion.

Sketch of construction. Recall that, as in Footnote 15, for any affine group scheme G/Z, one can
identify QCoh(BG) with comodules over the Hopf algebra O(G) via pullback along the tautological
point f : Spec(Z) → BG, with the comodule structure coming from the descent data. In this
dictionary, the comodule given by O(G) acting on itself corresponds to f∗OSpec(Z).

Specializing to our case, let f : Spec(Z)→ BG]
a be the tautological map. Thanks to the formula

d
dt(

tn

n! ) = tn−1

(n−1)! for n ≥ 1, we have an evident exact sequence

0→ Z→ O(G]
a)

d
dt−→ O(G]

a)→ 0.

One checks that this sequence G]
a-equivariant for the standard action of G]

a on the second and
third term, and the trivial action on the first. Under the dictionary relating O(G]

a)-comodules with

QCoh(BG]
a), this yields an exact sequence

0→ O
BG]

a
→ f∗OSpec(Z)

N−→ f∗OSpec(Z) → 0

on BG]
a. As f∗ and f∗ commute with filtered colimits, it follows from the projection formula and

the above sequence that RΓ(BG]
a,−) also commutes with filtered colimits. Given V ∈ Dqc(BG]

a),

this sequence also shows that f∗V ' RΓ(BG]
a, V ⊗ f∗OSpec(Z)) carries a canonical endomorphism

NV . As d
dt : O(G]

a)→ O(G]
a) is locally nilpotent, the same holds true for NV by the compatibility

of RΓ(BG]
a,−) with filtered colimits, so the pair (f∗V,NV ) yields an object of Dqc(Ĝa), yielding

one direction of the construction. It is also easy to see from the above sequence that this direction
is fully faithful.

Conversely, given a Z-module M with a locally nilpotent endomorphism N : M → M , we
obtain a O(G]

a)-comodule structure on M via

M →M ⊗ O(G]
a) = M ⊗Z Z[t,

t2

2!
,
t3

3!
, ...], m 7→ exp(Nt)(m) =

∑
i≥0

N i(m)⊗ ti

i!
,

where the infinite sum makes sense by local nilpotence of N . We leave it to the reader to check
that this yields an inverse to the preceding construction.

21Given a commutative ring R with finitely generated ideal I, let DI−comp(R) and DI−tors(R) be the full subcate-
gories of D(R) spanned by derived I-complete and I∞-torsion R-complexes respectively. Then the functor of taking
local cohomology RΓI(−) and derived I-completion (−)∧I give an equivalence DI−comp(R) ' DI−tors(R), called the
complete-torsion equivalence, see [Sta18, Tag 0A6X]. The standard t-structure on the torsion side then induces a
t-structure on the complete side that we refer to as the “torsion t-structure”. In the text above, this is applied for
R = ZJtK with I = (t) (as Ĝa = Spf(R)).
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This result has the following relative variant whose proof we omit:

Proposition 2.4.5. Let X be a scheme. Let E be a vector bundle on X. Then there is a natural
identification

Dqc(BV(E)]) ' Dqc(V̂(E∨)),

enjoying compatibilities with respect to the forgetful functors, symmetric monoidal structures, and
t-structures as in Proposition 2.4.4.

Remark 2.4.6 (Koszul description of cohomology on BE]). Similar to what we saw in Re-
mark 2.2.14 in charateristic 0, Proposition 2.4.5 has the following consequence. With notation

as above, if π : BV(E)] → X and ν : V̂(E∨) → X denote the projections and i : X → V̂(E∨) is
the 0-section, then we have a natural identification

Rπ∗OBV(E)] ' Rν∗RHom
V̂(E∨)

(i∗OX , i∗OX) '
⊕
i

∧iE∨[−i] (2.4.1)

in Dqc(X); the first equality follows from Proposition 2.4.5, while the second can be calculated using
the Koszul resolution of i∗OX . (One can even obtain this isomorphism at the level of commutative
algebra objects in Dqc(X) using the natural Gm-action on E.)

For our later use, we shall need the following vanishing theorem, analogous to Lemma 2.2.17.

Lemma 2.4.7 (Higher cohomology of G]
a vanishes in degrees ≥ 2). Let R be a p-nilpotent ring.

Then the complex RΓfl(Spec(R),G]
a) is concentrated22 in degrees 0 and 1.

Proof. We shall prove later (Remark 2.6.2) that there is a short exact sequence

0→ G]
a →W

F−→W → 0

of group schemes, where W denotes the ring scheme of Witt vectors, the map F is the Witt vector
Frobenius, and exactness is measured in the flat topology. Granting this, taking cohomology,
it suffices to show that RΓfl(Spec(R),W ) is concentrated in degree 0. Now W = limnWn =
R limnWn as sheaves in the flat topology, so RΓ(Spec(R),W ) ' R limnRΓ(Spec(R),Wn), whence
it is enough to show that RΓfl(Spec(R),Wn) = Wn(R)[0] is concentrated in degree 0 and that the
transition maps Wn(R)→Wn−1(R) are surjective for all n. The latter is clear by construction. For
the former, we use that Wn(−) admits a finite filtration with associated graded being copies of Ga

(as abelian sheaves) to reduce to the assertion that RΓfl(Spec(R),Ga) = R[0]; this is a standard
consequence of fpqc descent.

Remark 2.4.8. Lemma 2.4.7 has the following consequence of interest to us. Say A is any abelian
sheaf with vanishing higher cohomology on affines (e.g., Ga). Fix a map d : G]

a → A of abelian

sheaves. Then G]
a acts (linearly) on A, and we may form the quotient stack [A/G]

a]; this quotient
can also be regarded as the 1-truncated connective object of the derived category given by Cone(d).

The above vanishing ensures that RΓfl(Spec(R), [A/G]
a]) ' [A/G]

a](R) is connective.
22The notion of flat cohomology is delicate in general. To define it, one can, for example, use cutoff cardinals; but

then one must worry whether the choice of the cardinal affects the answer. However, in the case at hand (and all
cases relevant to us), these subtleties are irrelevant. Let us spell this out for G]

a. First, for a p-nilpotent ring R,
there is a perfectly reasonable notion of an fpqc G]

a-torsor on Spec(R) devoid of set-theoretic subtleties: it consists
of a faithfully flat affine R-scheme X → Spec(R) equipped with an R-linear G]

a-action with the property that for
any R-algebra S, the action of G]

a(S) on X(S) is simply transitive provided X(S) 6= ∅. Note that any such X is
countably presented over R, and thus there are countably presented faithfully flat R-algebras where X(S) 6= ∅. It
therefore makes sense to consider the groupoid BG]

a(R) of all fpqc G]
a-torsors on Spec(R); this is naturally an object

of D(Ab) (as G]
a is commtuative). The assertion in Lemma 2.4.7 can then be formulated as the statement that

functor carrying a p-nilpotent ring R to BG]
a(R) is a D(Ab)-valued sheaf for the fpqc topology.
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2.5 de Rham cohomology of p-adic formal schemes via stacks

The goal of this section is to provide an analog of the constructions and results of §2.3 in the
setting of p-adic formal schemes. Some relevant references for the material in this section are
[Dri20, Dri18, LM21b, Mon22, BL22b].

Let V be a p-complete commutative ring with bounded p∞-torsion; the primary cases of interest
are rings of characteristic p or p-torsionfree rings. We shall work in the category of (bounded) p-adic
formal schemes over V throughout unless otherwise specified. As a first step towards finding p-adic
analogs of §2.3 for smooth p-adic formal V -schemes, we introduce the relevant ring stacks.

Definition 2.5.1 (The ring stack GdR
a and variants). Working over A1/Gm, the natural map

t′ : V(O(−1))] → V(O) = Ga,A1/Gm
, induced by the tautological map t : O(−1) → O, is a

quasi-ideal, and hence we may form the quotient

GdR,+
a = Cone(V(O(−1))]

t′−→ Ga,A1/Gm
)

to obtain a 1-truncated animated Ga-algebra stack on p-nilpotent V -algebras over A1/Gm. Re-

garding GdR,+
a as a filtered stack, we obtain two auxiliary stacks:

• GdR
a = GdR,+

a |Gm/Gm
= Cone(G]

a
can−−→ Ga) is the underlying non-filtered stack, and is a

1-truncated animated Ga-algebra stack on p-nilpotent V -algebras. Concretely, we have

GdR
a (R) = Cone(BG]

a(R)[−1]
can−−→ R),

regarded as a 1-truncated animated R-algebra.

• GHodge
a := GdR,+

a |BGm → BGm is the associated graded stack, and is a 1-truncated animated
Ga-algebra stack on p-nilpotent V -algebras over BGm. Concretely, we can identify

GHodge
a (Spec(R)→ BGm) = R⊕BG]

a(R)(−1)

as a 1-truncated split square-zero extension of R in animated k-algebras, where the twist on
the right is defined via pullback from BGm.

Remark 2.5.2. Let R be a p-nilpotent ring. By Remark 2.4.8, we have

GdR
a (R) ' RΓfl(Spec(R),GdR

a ),

where the RHS denotes the flat cohomology of Spec(R) with coefficients in the sheaf GdR
a (−) of

1-truncated R-complexes on R-algebras; similarly for GdR,+
a and GHodge

a .

Thus, GdR
a and GdR,+

a are analogs similarly named constructions from §2.3: the former is an
expliclty defined cdga, while the latter is a degeneration of the former to the underlying graded
algebra obtained by rescaling the differential. Following the transmutation construction as in §2.3,
we can use the ring stacks above to introduce the “de Rhamification” functors:

Definition 2.5.3 (The (Hodge filtered) de Rham stack). Fix a smooth p-adic formal scheme X/V .

• The Hodge filtered de Rham stack of X/V is the stack πX : (X/V )dR,+ → A1/Gm defined by

(X/V )dR,+(Spec(R)→ A1/Gm) = X(GdR,+
a (R)) := MapV (Spec(GdR,+

a (R)), X),

where the mapping space on the right is computed in derived algebraic geometry over V .
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• The fibre of πX over Gm/Gm ⊂ A1/Gm is labelled (X/V )dR and called the de Rham stack
of X/V . Concretely, we have

(X/V )dR(R) = MapV (Spec(GdR
a (V )), X).

• The fibre of πX over BGm ⊂ A1/Gm is called (X/V )Hodge and called the Hodge stack of
X/V . Concretely, we have

(X/V )Hodge(Spec(R)→ BGm) = MapV (Spec(GHodge
a (R)), X).

Remark 2.5.4 (Group schemes vs formal group schemes). Observe a slight difference from the

characteristic 0 story in §2.3: the role of the formal group scheme Ĝa in the latter story is now
played by the group scheme G]

a. As the latter is a genuine scheme instead of a formal scheme,
certain technical arguments become easier (e.g., Remark 2.5.5, Remark 2.5.7).

Remark 2.5.5 (Quasi-coherence of pushforwards). The following shall be repeatedly used in the
sequel: if Y is a scheme, G/Y is a flat affine group scheme, and f : X → Y is a BG-torsor for the
flat topology, then Rf∗OX ∈ D(Y,OY ) lies in Dqc(Y ) and the formation of the latter commutes
with flat base change. Indeed, this is a general fact about suitable “fpqc-algebraic” stacks. In our
case, one can argue explicitly as follows. As the assertion can be checked locally on Y , so we may
assume Y = Spec(R) and that X → Y is a trivial BG-torsor. Choose a point Y = X0 → X giving
a trivialization, and let X• → X be the Cech nerve of the X0 → X. Then each Xn is a flat affine
Y -scheme, and RΓ(X,OX) ' limRΓ(X•,OX•) by descent. Moreover, the same picture holds true
after base change on R. The claim then follows from the fact that the formation of totalization of
cosimplicial objects in D≥0(R) commutes with flat base change on R for any commutative ring R.

With these definitions in place, the picture is quite analogous to characteristic 0

Theorem 2.5.6 (Hodge-filtered de Rham cohomology via stacks). Let X/V be a smooth qcqs p-
adic formal scheme. Let πX : XdR,+ → A1/Gm be the filtered de Rham stack of X/V . Then
HdR,+(X) := RπX,∗OX+,dR is quasi-coherent and complete. Moreover, the corresponding object of

D̂Fp−comp(V ) identifies with the Hodge-filtered de Rham complex Fil∗HRΓ(X,Ω•X/V ).

Sketch of proof. The proof is entirely analogous to that of Theorem 2.3.6, except we need to justify
certain arguments that were obvious in characteristic 0. We only sketch the differences.

Before starting, we make some general remarks. Observe that p-nilpotent rings R that are
G]
a-acyclic (i.e., all G]

a-torsors are trivial) form a basis of the flat topology: as G]
a is countably

presented, this follows by a small object argument. When R is G]
a-acyclic, the map R→ GdR

a (R) is
surjective on π0 with a locally nilpotent kernel: the surjectivity is immediate from acyclicity, while
the assertion about the kernel follows from existence of divided powers of kernel elements together
with the p-nilpotence of R. In particular, the map R→ GdR

a (R) induces an isomorphism on étale

sites. Moreover, if a G]
a-acyclic p-nilpotent ring R comes equipped with a map Spec(R)→ A1/Gm,

then the same analysis shows that R → GdR,+
a (R) is also surjective on π0 with locally nilpotent

kernel, and hence induces an isomorphism on étale sites.
Next, let us explain how to justify the analogs of Remarks (a) through (d) in the proof of

Theorem 2.3.6. For Remark (a), the same proof applies. The analog of Remark (c) also follows

similarly as the assertion can be tested on G]
a-acyclic test rings. For Remark (b), we have the

following flat analog: the maps X → (X/V )dR and X ×A1/Gm → (X/V )dR,+ are covers for the
flat topology. Indeed, the smoothness of X/V shows that if R → S is any map of p-nilpotent
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animated V -algebras which is surjective on π0 with locally nilpotent kernel, then X(R) → X(S)

is surjective on π0, so the desired flat analog follows from the observations on G]
a-acyclic rings

recorded above. The preceding flat analog of Remark (b) then also gives the analog of Remark (d).
The rest of the proof of Theorem 2.3.6 then adapts to our present context, with the calcula-

tion from Proposition 2.4.4 (especially the variant in Remark 2.4.6) replacing that from Proposi-
tion 2.2.13 in determining the Hodge stack.

Remark 2.5.7 (Local models for (X/V )dR). The proof of Theorem 2.5.6 implicitly gives local
models for the stack (X/V )dR, so let us record them explicitly here. Assume we have an étale map

X → Y = Ân of p-adic formal schemes, corresponding to f1, ..., fn ∈ O(X). Then the action of the

group scheme G = (G]
a)n on Ân lifts naturally to X — the action of the i-th copy of G]

a corresponds
to the derivation d

dfi
under the dictionary in Proposition 2.4.4 — and we have (X/V )dR ' X/G.

In particular, the stack (X/V )dR is the quotient of a flat p-adic formal V -scheme by a flat p-adic
formal group scheme, and its formation commutes with base change on V . In the special case
where V has characteristic p (or is merely p-nilpotent), we learn that (X/V )dR is quite close to
being an Artin stack: it is locally the quotient of a smooth V -scheme by a countably presented
flat group V -scheme. In contrast, the analogous object over a characteristic 0 ring k was locally
the quotient of a smooth k-scheme by a flat formal group scheme over k (see part (1) of proof of
Theorem 2.3.6). This distinction is a variant of the fact that infinitesimal site in characteristic 0 is
defined using nilpotent thickenings, while the (non-PD-nilpotent) crystalline site in characteristic
p is defined using PD-thickenings without any nilpotence assumption.

Remark 2.5.8 (Vector bundles on (X/V )dR,+). Parallel to Remark 2.3.7, it can be shown via
quasisyntomic descent that vector bundles on (X/V )dR,+ give rise to the natural coefficient systems
for Hodge-filtered de Rham cohomology: they correspond to triples (E,∇,Fil•), where E is a vector
bundle on X, Fil• is a filtration of E by subbundles, and ∇ : E → Ω1

X/V ⊗OX E is a flat connection

that satisfies Griffiths transversality with respect to Fil• and such that ∇ has nilpotent p-curvature
modulo p. We do not explain the proof here except to observe that this can either be shown via
quasi-syntomic descent, or by identifying the Cech nerve of the fpqc coverX×A1/Gm → (X/V )dR,+

(coming via transmutation from the canonical surjection Ga → GdR,+
a ) with the Rees stack of the

PD-envelope DI•∆
(X•) of small diagonal in the Cech nerve X• of X → Spec(V ), where OD∆• (X•)

is given the PD-filtration.

Remark 2.5.9 (Vector bundles on (X/V )Hodge). The proof of Theorem 2.5.6 shows that (X/V )Hodge

is the classifying stack BV(T ]X(−1)) over X ×BGm. Consequently, vector bundles on (X/V )Hodge

can be identified with graded Higgs bundles on X where the Higgs field decreases degree 1 and is
nilpotent23; this follows from Proposition 2.4.5. Under the explicit description of Vect((X/V )dR,+)
mentioned in Remark 2.5.8, pullback along (X/V )Hodge → (X/V )dR,+ simply corresponds to taking
the associated graded.

We end this section by observing that the stacky perspective on de Rham cohomology in mixed
characteristic gives a clean conceptual explanation of the “crystalline miracle”, i.e., the phenomenon
that de Rham cohomology of a smooth projective scheme over Zp only depends on the mod p fibre.

Corollary 2.5.10 (Crystalline miracle). Let X/V be a smooth qcqs p-adic formal scheme. Assume
V is p-torsionfree. Then RΓ(X,Ω•X/V ) ∈ Dp−comp(V ) functorially depends on Xp=0.

23In fact, the nilpotence of the Higgs field is automatic by grading considerations as we are working with vector
bundles. But we prefer to emphasize it with an eye towards generalizations.
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Proof. Passing to underlying stacks in Theorem 2.5.6, we learn thatRΓ((X/V )dR,O) ' RΓ(X,Ω•X/V ).

It is therefore enough to show that the stack (X/V )dR itself only depends on Xp=0. Now for any
p-nilpotent V -algebra R, we have

(X/V )dR(R) = MapV (Spec(GdR
a (R)), X).

We claim that the animated V -algebra GdR
a (R) admits a functorial V/p-algebra structure. Granting

this, the above can be rewritten as

(X/V )dR(R) = MapV (Spec(GdR
a (R)), X) ' MapV/p(Spec(GdR

a (R)), Xp=0),

which clearly implies the corollary. To prove the claim24, it suffices to show that G(Zp) =

Cone(G]
a(Zp) → Zp) admits an animated Fp-algebra structure: there is a natural map G(Zp) →

GdR
a (R) of animated rings for any p-nilpotent V -algebra R. But Zp is p-torsionfree, so the map

G]
a(Zp) → Zp is injective, whence G(Zp) is actually a discrete commutative ring. Since p ∈ Zp

admits (unique) divided powers, we learn that G(Zp) is a Fp-algebra, as wanted. (In fact, one can
check that G(Zp) = Fp.)

Remark 2.5.11 (Crystalline Frobenius). In the context of Corollary 2.5.10, assume that V = W (k)
for a perfect field k of characteristic p, and let φ : W (k) → W (k) be the Frobenius auto-
morphism. Then the functoriality asserted in the corollary implies that the de Rham complex
M := RΓ(X,Ω•X/W (k)) ∈ Dp−comp(W (k)) comes equipped with a natural map φM : φ∗M → M ,

induced by functoriality from the relative Frobenius Xp=0 → (Xp=0)(1) ' (φ∗X)p=0 over k.

Remark 2.5.12 (The crystallization functor). Set k = V/p. The proof of Corollary 2.5.10 actually
yields a more precise assertion: there is a functor (−/V )crys from smooth k-schemes to sheaves on
p-nilpotent V -algebras as well as a functorial isomorphism (X/V )dR ' (Xp=0/V )crys for smooth
p-adic formal schemes V . Indeed, for a smooth k-scheme Y , we may simply take

(Y/V )crys(R) := MapV/p(Spec(GdR
a (R)), Y ).

Moreover, the discussion in the proof of Theorem 2.5.6 as well as Remark 2.5.7 extends to this
setting: the functor (−/V )crys preserves étale maps (resp. covers), commutes with Tor independent

finite limits, and satisfies (An
k/V )crys ' (An

V /V )dR ' An
V /(G

]
a)n. In particular, if Y → An

k is

an étale map, we learn that (Y/V )crys ' X/(G]
a)n, where X/V is the unique smooth V -lift of

Y determined by the given étale co-ordinates. Thus, (Y/V )crys admits a Zariski open cover by
quotients of a flat affine Spf(V )-schemes by flat affine group Spf(V )-schemes. It follows from
these properties that RΓ((Y/V )crys,O) ∈ CAlg(D(V )) is a p-complete commutative algebra in
D(V ) lifting the de Rham cohomology algebra RΓ((Y/k)dR,O) ' RΓ(Y,Ω•Y/k) ∈ CAlg(D(k)). One

can in fact show that there is a natural identification RΓ((Y/V )crys,O) ' RΓcrys(Y/V ) with the
crystalline cohomology of Y/V , but we do not explain this comparison in these notes. Instead, we
shall simply take RΓ((Y/V )crys,O) as a definition of crystalline cohomology.

2.6 The group scheme G]
a via the Witt vectors

In this section, we describe the group scheme G]
a via the Witt vectors (as used in the proof of

Lemma 2.4.7), and deduce several consequences about the stack GdR
a . In the next section, these

24See Corollary 2.6.8 for a more conceptual reason for the V/p-algebra structure.
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consequences will give (via transmutation) a stacky description of the conjugate filtration on de
Rham cohomology in characteristic p.

We write W (resp. Wn) for the ring scheme of p-typical Witt vectors (resp. n-truncated p-
typical Witt vectors) over Z(p) (unless otherwise specified). As schemes, we have Wn =

∏n
i=0 A1

via the Witt components, and W = limnWn '
∏
i≥0 A1, so each Wn is smooth over Z(p) and W

itself is pro-smooth (and hence flat) over Z(p). The restriction, Frobenius, and Verschiebung maps
on the Witt vectors give the following maps of schemes

• The projection R : W → W1 := Ga is called the restriction map (or the 0-th ghost map). It
is a homomorphism of ring schemes.

• F : W →W is the Witt vector Frobenius. It is a homomorphism of ring schemes. Moreover,
the induced map on the special fibre W |Spec(Fp) coincides with the Frobenius endomorphism
of the special fibre, i.e., F is a lift of the Frobenius.

• V : F∗W → W is the Verschiebung map. It is W -module map, is injective on points, and

identifies F∗W with ker(W
R−→ Ga).

These maps satisfy some standard relations, e.g., FV = p always, and V F = p if we restrict the
input to characteristic p rings. The following lemma realizes the group scheme G]

a via the Witt
vectors; it is analogous to (and in fact relies on) the description of divided powers via δ-structures.

Lemma 2.6.1 ([Dri20, Lemma 3.2.6], [BL22a, Variant 3.4.12]). The Frobenius F : W → W is

faithfully flat. Moreover, the composition W [F ] ⊂ W
R−→ Ga lifts uniquely to an isomorphism

W [F ] ' G]
a.

Sketch of proof. We shall use the relationship of Witt vectors to δ-rings due to Joyal, so we recall
the dictionary next; see [Joy85, Bor16]. One identifies W = Spec(Z(p){x}) with the spectrum of
the free Z(p)-δ-algebra Z(p){x} on 1 generator. As a ring, we have

Z(p){x} = Z(p)[x, δ(x), δ2(x), ...].

Writing x = δ0(x), the δ-structure is the obvious one from the notation. The corresponding
Frobenius lift φ : Z(p){x} → Z(p){x} (determined as the unique δ-endomoprhism satisfying φ(x) =
xp + pδ(x)) gives rise to the Witt vector Frobenius F : W → W . The addition and multiplication
maps on W are determined by the δ-ring maps Z(p){x} → Z(p){a, b} given by x 7→ a+b and x 7→ ab

respectively. The n-th ghost map γn : W
R◦Fn−−−→ Ga is determined by the function φn(x) ∈ Z(p){x}.

It is easy to see that the resulting map

γ : W →
∏
i≥0

Ga

of ring schemes intertwines F with the shift map, and is an isomorphism after inverting p.
We now begin the proof. By the last point above, the map F : W → W is certainly faithfully

flat after inverting p: it corresponds to the shift map on
∏
i≥0 Ga under γ. As a map of p-torsionfree

rings is faithfully flat iff it is faithfully flat after inverting p and after reducing modulo p, we are
reduced to checking that φ : Z(p){x} → Z(p){x} gives a faithfully flat map modulo p. But φ is a lift
of the Frobenius modulo p, so the claim follows as Frobenius is faithfully flat on

∏
i≥0 A1 over Fp.

For the final assertion, the uniqueness of the lift is clear: by the previous paragraph, W [F ] is

Z(p)-flat, while G]
a → Ga becomes an isomorphism on inverting p. Moreover, the map W [F ]→ Ga
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is also an isomorphism after inverting p by the description via ghost maps. To analyze the integral
picture, let us rename xi = δi(x). By the above description of W , the group scheme W [F ] is
identified with the spectrum of

O(W [F ]) := Z(p)[x0, x1, x2, ....]/(x
p
0 + px1, x

p
1 + px2, ....).

and the map W [F ]→ Ga determined by x0. To lift this map (necessarily uniquely) to G]
a, we must

show that the divided powers γn(x) := xn

n! ∈ O(W [F ])[1
p ] actually lie in O(W [F ]). The equations

above show that γp(x0) ∈ O(W [F ]). As O(W [F ]) is a p-torsionfree δ-ring, an elementary argument
with δ-rings (see [BS19, Lemma 2.35]) shows that γn(x0) ∈ O(W [F ]) for all n ≥ 1, which gives the

desired lift W [F ]→ G]
a of W [F ]→ Ga. As the latter is a map of group schemes, so is the former

by Z(p)-flatness. The resulting map O(G]
a) → O(W [F ]) is injective (as it is an isomorphism after

inverting p and both sides are p-torsionfree) and surjective: the equations show that

xn = ± xp
n

0

p1+p+...+pn−1 ,

which equals the pn-th divided power γpn(x0) up to a unit in Z∗(p) since p1+p+...+pn−1
equals (pn)!

up to a unit in Z∗(p). The lemma follows.

Remark 2.6.2 (Reformulation via W -module schemes). The formula xV y = V (Fxy) for Witt vec-
tor multiplication shows that VW = ker(W � Ga) annihilates W [F ], so the W -module structure
on W [F ] factors uniquely through a Ga-module structure. The isomorphism in Lemma 2.6.1 is a
W -module isomorphism, and hence Ga-module isomorphism as well. Consequently, Lemma 2.6.1
can be rewritten as a short exact sequence

0→ G]
a →W

F−→ F∗W → 0 (2.6.1)

of W -module schemes for the flat topology.

Variant 2.6.3 (The group scheme G]
m via the Witt vectors). Work over Z(p). Let G]

m be the PD-
hull of 1 ∈ Gm, and let W ∗[F ] = ker(F : W ∗ → W ∗). Then an argument similar to Lemma 2.6.1
shows that the map W ∗[F ] ⊂ W ∗ → Gm induced by restriction lifts uniquely to an isomorphism

W ∗[F ] ' G]
m; see [BL22a, Lemma 3.4.11] or [Dri20, §3.3.3]. For future reference, observe that the

Teichmuller map [·] : Gm → W ∗ is a multiplicative section to the restriction map W ∗ → Gm, and

that the F -action on W ∗ restricts to the p-power map (−)p on Gm
[·]
↪→ W ∗. In particular, passing

to the kernel, we obtain an inclusion µp ⊂ W ∗[F ] ' G]
m lifting the inclusion µp ⊂ Gm. The

natural W ∗ action on W then restricts to an action on G]
m = W ∗[F ] on G]

a = W [F ]; unwinding

identifications, one learns that the resulting action of µp ⊂ G]
m on G]

a is the natural scalar action

(coming from the Gm-action on G]
a).

For future reference, we note that the existence of divided powers gives a logarithm homomor-
phism log : G]

m → G]
a of group schemes Spf(Zp), and it can be shown that this map gives an

isomorphism G]
m/µp ' G]

a ([BL22a, Lemma 3.5.18]).

The sequence (2.6.1) plays a fundamental role in Drinfeld’s approach [Dri20] to syntomification.
In the rest of this section, we collect some more results and remarks on related themes that will be
useful in the sequel. First, we obtain explicit conditions ensuring G]

a-acyclicity:

Corollary 2.6.4 (Vanishing of higher G]
a cohomology on semiperfect rings). If R is a semiperfect

Fp-algebra, then H>0
fl (Spec(R),G]

a) = 0.
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This corollary gives a convenient basis for the flat topology on Fp-algebras where RΓfl(−,G]
a)

is concentrated in degree 0. Restricted to this basis, functors like GdR
a (−) as well as various variants

encountered in the sequel have quite explicit descriptions, e.g., GdR
a (R) = Cone(G]

a(R) → R) for
R semiperfect.

Proof. The assumption on R ensures that F : W (R) → W (R) is surjective (as it is given by the
Frobenius on the Witt components), so the sequence in Remark 2.6.1 implies the claim on applying
RΓfl(Spec(R),−).

Next, we obtain a presentation of G]
a as a profinite group scheme:

Corollary 2.6.5 (G]
a as an inverse limit of finite flat group schemes). Work over Fp. Then the

Ga-module G]
a is the inverse limit of the following tower of finite flat Ga-module schemes with

finite flat and surjective transition maps:

....Wn+1[F ]→Wn[F ]→ ....→W1[F ] = αp.

Moreover ker(Wn+1[F ]→Wn(F )) ' Fn∗ αp as Ga-modules for all n.

Proof. Throughout this proof, we repeatedly use the fact that Frobenius is an endomorphism of
the identity functor on schemes of characteristic p, i.e., any map of Fp-schemes commutes with the
Frobenius.

The description as the inverse limit is immediate from (2.6.1) as the V -adic filtration on W
is Frobenius stable over Fp. As the map F : Wn → Wn is simply the Frobenius endomorphism
of the smooth Fp-scheme Wn, it is finite flat. Consequently, each Wn[F ] is a finite flat group

scheme. Using the faithful flatness of Frobenius on Fn∗Ga = ker(Wn+1
R−→ Wn), one checks that

Wn+1[F ] → Wn[F ] is surjective as flat sheaves with kernel Fn∗Ga[F ] = Fn∗ αp. This implies that
Wn+1[F ]→Wn[F ] is finite flat and surjective with kernel Fn∗ αp, as wanted.

Remark 2.6.6 (The V -adic filtration on G]
a). Working over Fp, we refer to the filtration on G]

a

induced by the inverse limit description in Corollary 2.6.5 as the V -adic filtration. Note that the

composition G]
a
gr0
V−−→ αp

can−−→ Ga is the canonical map. Moreover, the subgroup Fil1G]
a = ker(G]

a →
αp) identifies with F∗G

]
a as a W -module: indeed, since FV = V F = p as endomorphisms of W ,

the map V : F∗W → W induces the desired identification F∗G
]
a ' Fil1G]

a. Inductively, one can
also check that for any n ≥ 1, we have Fn∗G]

a ' FilnG]
a via V n.

Remark 2.6.7 (The Cartier dual of G]
a). An alternate perspective on Corollary 2.6.5 is obtained

by identifying the Cartier dual of G]
a with Ĝa: the above inverse limit presentation is then dual to

the standard colimit preservation colimn αpn = Ĝa. To prove this identification of Cartier duals,
one can argue as in the proof of Proposition 2.2.13.

An important consequence of Lemma 2.6.1 for the sequel is the following, giving a rather
different, and much more “finitistic”, model for the ring stack GdR

a .

Corollary 2.6.8 (The Witt vector model for GdR
a ). There is a natural quasi-isomorphism between

the animated W -algebras F∗W/p := Cone(F∗W
p−→ F∗W ) and GdR

a (as sheaves in the flat topology),
where the latter is viewed as a W -algebra via the restriction W → Ga.
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Proof. In this proof, we freely identify the map G]
a → Ga with W [F ] ⊂W R−→ Ga via Lemma 2.6.1.

Consider the following diagram:

G]
a

can

��

G]
a ⊕ F∗W

pr1oo

(can,V )

��

//pr2 // F∗W

p

��
Ga W

Roo F // F∗W.

This is a commutative diagram of W -module schemes. Moreover, each column is a quasi-ideal:
for the middle column, this amounts to the Witt vector identity xV y = V ((Fx)y) = 0 if x ∈
G]
a = W [F ] and y ∈ VW = F∗W . The left and right squares each give maps of quasi-ideals. As

V : F∗W → W is injective with image the kernel of the surjection R : W → Ga, the left square
gives an isomorphism

Cone(G∗a ⊕ F∗W →W ) ' GdR
a

animated W -algebras. Similarly, as can: G]
a →W injective with image the kernel of the surjection

F : W →W (Lemma 2.6.1), the right square gives an isomorphism

Cone(G∗a ⊕ F∗W →W ) ' F∗W/p

of animated W -algebras. Combining these gives the desired quasi-isomorphism GdR
a ' F∗W/p.

Remark 2.6.9. We shall later see that the W -algebra stack W/p = Cone(W
p−→W ) captures pris-

matic cohomology relative to a crystalline prism via transmutation, so Corollary 2.6.8 is essentially
a form of the crystalline comparison theorem for prismatic cohomology.

Warning 2.6.10. Work over a base ring k of characteristic p. The animated W -algebra structure

on F∗W/p is given by W
F−→ F∗W → F∗W/p, so the animated W -algebra F∗W/p is naturally the

restriction of scalars of the W -algebra W/p along the Frobenius on W . However, the k-algebra
stack GdR

a is not naturally the restriction of scalars of another k-algebra under the Frobenius on
Ga; this will only be true for certain k and will in any case require auxiliary choices25. Thus, one
cannot use Corollary 2.6.8 to conclude that the theory of algebraic de Rham cohomology relative
to k is naturally a Frobenius pullback.

Finally, let us use Lemma 2.6.1 to explicitly compute the homology of GdR
a . Note that, unlike

the case of characteristic 0, the homology sheaves are representable and flat over the base.

Corollary 2.6.11 (The homology of GdR
a ). Work over Fp. As sheaves of W -modules for the flat

topology, we can naturally identify

π0(GdR
a ) = F∗Ga and π1(GdR

a ) = F∗G
]
a.

In particular, the animated W -algebra GdR
a is a square-zero extension of F∗Ga by BF∗G

]
a.

This result will be useful in the sequel (e.g., Proposition 2.7.1) as it lets us understand GdR
a (R)-

valued points of a scheme X in terms of deformation theory.

25For example, if k = A/p for a p-torsionfree δ-ring A, then for any k-algebra R, the map A → k → R refines
uniquely to a δ-map A→ W (R), which then induces a map k = A/p→ W/p(R) refining the structure map k → R.
This construction realizes W/p(−) as a k-algebra stack, and its restriction of scalars along the Frobenius on k is the
k-algebra stack F∗W/p ' GdR

a .
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Proof. The last part is a general statement: any 1-truncated animated ring R is a square-zero
extension of π0(R) by its π1(R)[1]. For the first two, we use the model F∗W/p provided by Corol-
lary 2.6.8. Since we are working in characteristic p, we have p = V (1) whence xp = xV (1) = V Fx.
As F is surjective and V is injective, it follows that

π0(F∗W/p) = F∗W/F∗VW ' F∗Ga

and
π1(F∗W/p) = F∗ ker(F ) = F∗G

]
a,

as wanted.

Corollary 2.6.11 implies that the cohomology sheaves of the complex
(
G]
a

can−−→ Ga

)
are isomor-

phic (up to Frobenius twists) to the terms of the same complex. This is similar to what the Cartier
isomorphism provides over a perfect field k of characteristic p: the de Rham complex Ω•X/k of a

smooth k-scheme X has cohomology sheaves Ωi
X(1)/k

, which are themselves (Frobenius twists of

the) terms of the complex Ω•X/k. We shall soon see that these phenomena are related: the former
implies the latter via transmutation.

2.7 The conjugate filtration and the Deligne–Illusie theorem

In this section, let k be a commutative ring of characteristic p. For any smooth k-scheme X, recall
that in §2.5, we have defined the stack (X/k)dR on k-algebras given by

(X/k)dR(R) = Mapk(Spec(GdR
a (R)), X),

where maps are computed in derived algebraic geometry over k. In this section, we use this
perspective on de Rham cohomology to reconstruct the conjugate filtration via stacks. In fact, we
give two constructions of the latter: one via a global geometric property of the stack (X/k)dR, and
other via transmutation from a filtration on the animated k-algebra stack GdR

a .

2.7.1 The stack (X/k)dR as a gerbe

Recall that we have already seen in Theorem 2.5.6

RΓ((X/k)dR,O) ' RΓ(X,Ω•X/k),

like the corresponding result (Theorem 2.3.6) in characteristic 0. As in the latter case, the evident
map X → (X/k)dR, induced via transmutation from the map Ga → GdR

a of k-algebra stacks,
is a surjection of flat sheaves geometrizing the degree 0 part of the Hodge filtration. However,
unlike characteristic 0, the space (X/k)dR itself has a nice algebro-geometric structure. In fact,
we already in Remark 2.5.7 that (X/k)dR is very close to being an algebraic stack. In the present
characteristic p context, the situation is even better and there is a global statement: the stack
(X/k)dR is naturally a gerbe over a smooth k-scheme.

Proposition 2.7.1 (The de Rham space as a gerbe). The k-stack (X/k)dR is naturally identified
with a BV(TX(1)/k)

]-torsor over the Frobenius twist X(1) of X relative to k.

Proof. For a k-algebra R, Corollary 2.6.11 gives a map GdR
a (R) → F∗Ga(R) = F∗R of animated

k-algebras and moreover realizes GdR
a (R) as a square-zero extension of F∗R by BG]

a(R). Via
transmutation, this gives a map (X/k)dR → X(1) of k-stacks and moreover realizes the source as a
BV(TX(1)/k)

]-torsor (by deformation theory, as X/k is smooth), as wanted.
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We shall write ν : (X/k)dR → X(1) for the structure map used above. This geometrizes the
idea that the complex FX/k,∗Ω

•
X/k is OX(1)-linear. We can then go further and obtain the conjugate

filtration as the Leray filtration for this map:

Corollary 2.7.2 (The conjugate filtration). Let ν : (X/k)dR → X(1) be the structure map from
Proposition 2.7.1.

1. There is a natural isomorphism⊕
i

Riν∗O(X/k)dR ' ∧∗Ω∗X(1)/k

of graded algebras on X(1).

2. The Leray filtration on RΓ((X/k)dR,O) induced via map ν coincides with the conjugate fil-
tration on RΓ(X,Ω•X/k) via the isomorphism of Theorem 2.5.6.

3. The pushforward Rν∗O(X/k)dR is naturally identified with FX/k,∗Ω
•
X/k in Dqc(X

(1)).

Proof. 1. The claim would be clear from the calculation in Remark 2.4.6 if the gerbe in Propo-
sition 2.7.1 was trivial (or, rather, trivialized). Even though the gerbe is typically not trivial,
the calculation still suffices by the following general statement about gerbes:

(∗) Fix a scheme Y and a flat affine commutative group scheme G/Y . If f : X → Y and
g : Z → Y are BG-torsors for the flat topology, then there is a natural identification

Rif∗OX ' Rig∗OZ

of quasi-coherent sheaves on Y for all i26.

Consider the sheaf T := IsomBG(X,Z) of BG-equivariant isomorphisms X ' Z on Y -
schemes. This sheaf is itself a torsor for BG, whence Dqc(T ) has a well-behaved “standard”
t-structure with the pullback along T → Y being t-exact (corrsponding to flatness of this
map). Moreover, the statement (∗) in question is clearly true after pullback along T → Y .
It therefore suffices to prove that the pullback functor QCoh(Y )→ QCoh(T ) is fully faithful.
By descent, this can be checked flat locally on Y , so we may assume T = BG. But then we

have faithfully flat maps Y
b−→ T

a−→ Y with the composition being the identity. Consider the

pullback functors QCoh(Y )
a∗−→ QCoh(T )

b∗−→ QCoh(Y ). By faithful flatness, both a∗ and b∗

are faithful. But b∗ ◦a∗ = id∗ is the identity, so it immediately follows that a∗ is fully faithful.

2. When X is affine, the claim is automatic as both filtrations are simply the canonical filtrations
of RΓ(X,Ω•X/k). The claim then follows in general as both filtrations form étale sheaves by the

description of their associated graded pieces (coming from part (1) and the classical Cartier
isomorphism respectively).

3. It suffices to construct a natural such identification for affine X, so assume X = Spec(R) is
affine. Unwinding definitions, our task is to identify RΓ((X/k)dR,O(X/k)dR) with RΓ(X,Ω•X/k)

in an R(1)-linear fashion. In fact, Theorem 2.5.6 already supplies an isomorphism of the
underlying k-complexes, so it suffices to show this identification is R(1)-linear. This can be
seen by running the degeneration argument proving Theorem 2.5.6 over F∗Ga, i.e., using the

26We do not claim that this comes from an isomorphism between the complexes Rf∗OX and Rg∗OY ; in fact, these
will typically not be isomorphic.
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map GdR,+
a → F∗Ga of Ga-algebra stacks over A1/Gm induced by the Frobenius Ga → F∗Ga.

We omit the details.

Remark 2.7.3 (GdR
a as a sheaf of groupoids). Corollary 2.6.11 gives a fibre sequence

BF∗G
]
a → GdR

a → F∗Ga

of sheaves of Ga-modules in the flat topology. In particular, regarded merely as sheaves of groupoids
(which allows us to suppress F∗), this sequence realizes the stack GdR

a as a BG]
a-torsor over Ga

or equivalently a G]
a-gerbe over the affine line Ga. Such gerbes are classified by H2(Ga,G

]
a), and

thus vanish by Lemma 2.4.7. Thus, we learn that there exists an isomorphism

GdR
a ' Ga ×BG]

a

of sheaves of groupoids27. Such an isomorphism cannot be upgraded to an isomorphism of ring
stacks, i.e., GdR

a is not isomorphic (as an Fp-algebra stack) to the split square-zero extension

Ga ⊕BG]
a. Indeed, if it were, the gerbe from Proposition 2.7.1 would be trivial for all smooth X,

whence Corollary 2.7.2 would imply that the conjugate spectral sequence must always degenerate
for any smooth X; this is well-known to be false. In fact, Petrov recently found examples of smooth
projective k-varieties X that admit a flat lift to W (k) with the property that the conjugate spectral
sequence does not degenerate (see [Ill22]), answering an old problem from [DI87]. The existence of

such examples also implies that GdR
a is not isomorphic to the split square-zero extension Ga⊕BG]

a

as a Z-algebra stack. It is not clear to the author if this reasoning can be reversed: how far is the
previous statement from the existence of examples mentioned in the statement before?

Remark 2.7.4 (Splitting the gerbe and the Azumaya property). For a smooth k-variety X, the
preceding discussion gives a factorization

X
π−→ (X/k)dR

ν−→ X(1) (2.7.1)

over k of the relative Frobenius FX/k, obtained via transmutation from the composition

Ga → GdR
a → π0(GdR

a ) = F∗Ga

of maps of k-algebra stacks. The map π is a flat surjection (proof of Theorem 2.5.6), while the map
ν is a BV(TX(1)/k)

]-torsor (Proposition 2.7.1) with the property that Rν∗O(X/k)dR ' FX/k,∗Ω
•
X/k

(Corollary 2.7.2). Using quasi-syntomic descent, one may upgrade the last statement to a cate-
gorical one: the ∞-category Dqc((X/k)dR) identifies with the ∞-category Crys(X/k) of crystals of
quasi-coherent complexes on the crystalline site (X/k)crys or equivalently with derived ∞-category
Dqc,nilp(DX) of DX -modules whose homology sheaves are quasi-coherent and have locally nilpo-
tent p-curvature; see [BL22b, Theorem 6.5] for a variant of this assertion for prismatic crystals.
Under this equivalence, pullback along π corresponds to passage to the underlying OX -module,
while the pullback ν∗ corresponds to observing that the pullback F ∗X/kM of M ∈ Dqc(X

(1)) has a
canonical DX -module structure with p-curvature 0. The above factorization FX/k = ν ◦ π gives a

natural splitting of the torsor ν after pullback along the relative Frobenius FX/k : X → X(1), so

F ∗X/k(X/k)dR → X identifies with BV(F ∗X/kTX(1)/k)
] ' BV(F ∗XTX/k)

], whence

Dqc(F
∗
X/k(X/k)dR) ' Dqc(

̂V(F ∗XΩ1
X/k)) (2.7.2)

27When k is a perfect field, we will see later that the choice of a lift of Ga to W (k) together with a lift of the
Frobenius gives an explicit such splitting.

39



by Remark 2.4.6; this description can be regarded as an analog at the level of de Rham stacks of
the Azumaya property of DX/k

28 [BMRR08, §2]. (The ideas in this remark were independently
observed by Petrov–Vologodksy.)

Remark 2.7.5 (F -split varieties and Hodge-to-de Rham degeneration, following Petrov). For
X/k smooth, we observed in Remark 2.7.4 that the BV(TX(1)/k)

]-torsor ν : (X/k)dR → X(1) is

canonically split after pullback along the relative Frobenius FX/k : X → X(1). Thus, we have

a preferred identification F ∗X/k(X/k)dR ' BV(TX/k)
] over X. Passing to cohomology and using

Proposition 2.4.5, we obtain an isomorphism

F ∗X/kFX/k,∗Ω
•
X/k ' F

∗
X/kRν∗O(X/k)dR ' F ∗X/k

(⊕
i

Ωi
X(1)/k

[−i]

)
,

i.e. the pullback F ∗X/kFX/k,∗Ω
•
X/k is canonically a direct sum of its cohomology sheaves. This has

the following consequence, first observed by Petrov:

Corollary 2.7.6 (Petrov). Assume X/k is relatively F -split, i.e., the map OX(1) → FX/k,∗OX is
OX(1)-linearly split. Then FX/k,∗Ω

•
X/k is a direct sum of its cohomology sheaves. In particular,

the conjugate spectral sequence degenerates. (Thus, if k is a field, the Hodge-to-de Rham spectral
sequence also degenerates.)

If dim(X/k) < p then this corollary can be proven via [DI87] as F -split varieties are liftable (see
[Zda18, §3.1] for a quick proof without smoothness constraints). However, in general, despite its
relatively elementary formulation, we are not aware of a proof of Corollary 2.7.6 that does not pass
through the de Rham stack. For completeness, we also remark that Petrov has also extended the
preceding to quasi-F -splittings in the sense of [KTT+22] using the Witt vector models for GdR

a .

2.7.2 The conjugate filtration via transmutation

We shall now realize the conjugate filtration via transmutation by interpreting as a filtration on the
stack GdR

a itself, analogously to what we did for the Hodge filtration in §2.5. In fact, we actually
give two quasi-ideal models for this filtration: a Ga-algebra model GdR,c

a with underlying non-

filtered object
(
G]
a → Ga

)
(Construction 2.7.8), and a W -algebra model GdR,c,W

a with underlying

non-filtered object
(
F∗W

p−→ F∗W
)

(Construction 2.7.11); one advantage of the latter model is that

it allows us to see certain hidden symmetries in de Rham cohomology of W2-liftable varieties (first
noticed by Drinfeld), leading to a refinement of the Deligne–Illusie theorem.

To construct GdR,c
a , the basic idea is to degenerate the cdga GdR

a to its cohomology algebra
(as computed in Corollary 2.6.11) rather than the underlying graded algebra (as we did in Defini-

tion 2.5.1). Since the same idea also recurs in constructing GdR,c,W
a , let us first recall the following

general construction for degenerating 1-truncated cdgas to their cohomology.

28This property asserts that the associative OX(1) -algebra E := FX/k,∗DX is Azumaya over its center Z, and is natu-
rally split after pullback along the faithfully flat map FX/k. More precisely, one first identifies Z ' SymO

X(1)
(TX(1)/k)

using p-curvatures, and then shows that F ∗X/kE is naturally a split Azumaya algebra over F ∗X/kZ ' SymOX
(F ∗XTX/k),

whence Morita theory gives an equivalence

Dqc(X,F
∗
X/kE) ' Dqc(X, SymOX

(F ∗XTX/k)) ' Dqc(V(F ∗XΩ1
X/k)),

which can be compared in (2.7.2) above, with the tautological action of BV(T ]
X(1)/k

) on the torsor (X/k)dR → X(1)

providing a geometric analog of the p-curvature map SymO
X(1)

(TX(1)/k)→ E.

40



Construction 2.7.7 (Explicitly degenerating a 1-truncated cdga to its cohomology algebra). Work
over some fixed base ring A. Let d : I → B be a quasi-ideal over A, representing an animated
A-algebra B/I. We may then endow B/I with the (decreasing) Postnikov filtration, normalized so
that gr1 = K[1] := ker(d), gr0 = B/d(I), and gri = 0 for i 6= 0, 1. Under the Rees equivalence, this

filtered animated A-algebra can be seen as a 1-truncated animated algebra B̃/I in quasi-coherent
sheaves on A1/Gm that recovers B/I over Gm/Gm and gives K(1)[1] ⊕ B/d(I) over BGm, i.e.,

B̃/I degenerates the animated A-algebra B/I to its cohomology algebra. In fact, since we have an
explicit quasi-ideal model for B/I, we also obtain an explicit quasi-ideal d̃ : Ĩ → B̃ representing

B̃/I in QCoh(A1/Gm) ' Modgr(A[t]) that can be described as follows: B̃ is the graded A[t]-algebra

B[t], while the graded B[t]-module Ĩ is defined via the pushout diagram

0 // K[t] //

��

I[t] //

��

I/K[t] // 0

0 // 1
tK[t] // Ĩ // I/K[t] // 0

of exact sequences where the map on the left is the obvious one. The differential d̃ : Ĩ → B̃ =
B[t] is determined by the map d[t] : I[t] → B[t] and the 0 map 1

tK[t] → B[t] via the pushout

description. This an evident map 1
tK[t][1]→ B̃/Ĩ of graded B[t]-complexes identifying the source

with π1(B̃/Ĩ)[1]; similarly, there is an obvious map B̃/Ĩ → B/d(I)[t] identifying the target with

π0(B̃/Ĩ). Thus, the homology of B̃/I is “constant” over A1/Gm. For future reference, we note

that the construction carrying the quasi-ideal (d : I → B) over A to the quasi-ideal
(
d̃ : Ĩ → B̃

)
over A1/Gm is functorial, and preserves quasi-isomorphisms.

Specializing this construction to GdR
a = Cone(G]

a → Ga) leads to the following object:

Construction 2.7.8 (The conjugate filtered de Rham stack GdR,c
a ). Over the stack A1/Gm over

Spec(Fp) with tautological section u : O→ O(1), consider the commutative diagram:

0 // F∗G
]
a

u]

��

// G]
a

��

pr //

can

��

αp // 0

0 // F∗V(O(1))]

0
��

// Gu //

du
��

αp

can

��

// 0

0 // 0 // Ga Ga
// 0.

(2.7.3)

Here all rows are exact; u] is the map induced by the tautological section u; the first row is the exact
sequence coming from gr0 of the V -adic filtration on G]

a = W [F ] (Remark 2.6.6), while the second
row is induced via pushout from the first; the map du is the unique map making the rest of the
diagram commute. One checks that the diagram commutes and moreover that du is a quasi-ideal.
We then define the animated Ga-algebra stack GdR,c

a over A1/Gm as

GdR,c
a := Cone(Gu

du−→ Ga).

This stack has the following features:
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• Homotopy: One has identifications

π0(GdR,c
a ) ' F∗Ga and π1(GdR,c

a ) ' F∗V(O(1))],

induced by the Frobenius Ga → Ga/αp ' F∗Ga and the inclusion F∗V(O(1))] → Gu. In

particular, GdR,c
a → π0(GdR,c

a ) = F∗Ga is naturally a square-zero extension of the target by
BF∗V(O(1))] in animated Ga-algebra stacks over A1/Gm.

• The underlying non-filtered animated Ga-algebra stack: GdR,c
a |Gm/Gm

' F∗W/p ' GdR
a . In

fact, by the middle column in the above diagram, there is a map GdR
a → GdR,c

a over A1/Gm

that becomes an isomorphism over the open substack {u 6= 0} = Gm/Gm.

• The associated graded29 animated Ga-algebra stack: GdR,c
a |BGm ' F∗Ga ⊕BF∗V(O(1))].

As before, given a smooth k-scheme X, transmutation gives a filtered stack πX : (X/k)dR,c →
A1/Gm:

(X/k)dR,c(Spec(R)→ A1/Gm) = Mapk(Spec(GdR,c
a (R)), X).

We can now prove the promised geometrization of the conjugate filtration via XdR,c:

Theorem 2.7.9 (The conjugate filtration via ring stacks). For X/k smooth and finitely presented
and πX : (X/k)dR,c → A1/Gm as above, the pushforward HdR,c(X) := RπX,∗O(X/k)dR,c is quasi-

coherent and complete. The corresponding object of DF(k) is identified with Filconj∗ RΓ(X,Ω•X/k).

Proof. Write G = V(O(1))] = π1(GdR,c
a ). The map GdR,c

a → π0(GdR,c
a ) = F∗Ga of k-algebra stacks

over A1/Gm is a square-zero extension of the target by BG (Construction 2.7.8). Via transmutation
and derived deformation theory, it gives us a map

ν : (X/k)dR,c → X(1) ×A1/Gm

of stacks over A1/Gm which is a BV(TX(1)/k(1))]-torsor. To prove the theorem, it suffices to

identify the pushforward Rν∗O(X/k)dR,c ∈ Dqc(X
(1) × A1/Gm) under the Rees equivalence with

the filtered object Filconj
∗ FX/k,∗Ω

•
X/k ∈ DFqc(X

(1)). We already know that the underlying non-
filtered objects are identified by Corollary 2.7.2. As the conjugate filtration on FX/k,∗Ω

•
X/k is

simply the canonical filtratiom, we may use Remark 2.2.9 to reduce to checking that Rν∗O(X/k)dR,c

is complete and that each Hi(Rν∗O(X/k)dR,c)(i) ∈ QCoh(X(1) ×A1/Gm) is pulled back from X(1).
But the relative cohomology sheaves of a BG-torsor are insensitive to the torsor structure by
the proof of Corollary 2.7.2 (1). We may thus replace the BG-torsor ν with the trivial torsor
ν ′ : BG → X(1) ×A1/Gm in the statement, i.e., it suffices to show that Rν ′∗OBG is complete and
that each Hi(Rν ′∗OBG)(i) ∈ QCoh(X(1)×A1/Gm) is pulled back from X(1). Both these properties
follow from the Koszul description Rν ′∗OBG in Remark 2.4.6.

Remark 2.7.10 (Vector bundles on XdR,c). Parallel to Remark 2.5.8, it can be shown via quasisyn-
tomic descent (but we do not do so here) that vector bundles on (X/k)dR,c provide the natural notion
of coefficients for conjugate filtered de Rham cohomology: they correspond to triples (E,Fil•,∇),
where E is a vector bundle on X, ∇ : E → Ω1

X/k⊗OXE is a flat connection, and Fil• is a filtration of

E subbundles such that ∇ preserves Fil• with the induced connection on gr•(E) having p-curvature
0. (Note that these structures force ∇ to have nilpotent p-curvature; to extend such assertions to
describe more general quasi-coherent sheaves, one must enforce that ∇ has nilpotent p-curvature.)

29Note that the twist appearing here is opposite to the one appearing in the Hodge filtered version GdR,+
a in

Definition 2.5.1. This change of signs is expected: the conjugate filtration is an increasing N-indexed filtration, while
the Hodge filtration is a decreasing N-indexed filtration.
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In the rest of this section, we shall give a Witt vector model for the conjugate filtered de
Rham stack GdR,c

a from Construction 2.7.8 and discuss an application. To motivate the construc-
tion, recall that the Witt vector model for GdR

a is given by F∗W/p = F∗Cone(W
p−→ W ). The

idea, like Construction 2.7.8, is to degenerate this cdga to its cohomology algebra by pushing
out π1(F∗W/p) = F∗G

]
a (Corollary 2.6.11) along the rescaling map F∗G

]
a

u−→ F∗G
]
a (for a scalar

parameter u).

Construction 2.7.11 (The Witt vector model for GdR,c
a ). Consider the stack A1/Gm over Spec(Fp)

with tautological section labelled u : O→ O(1). We shall build a commutative diagram

0 // G]
a

u]

��

//

p=0

��

W

��

F //

p

��

F∗W
p

��

// 0

0 // V(O(1))]

0
��

//Mu
//

du

��

F∗W

p

��

// 0

0 // G]
a

//W
F // F∗W // 0.

(2.7.4)

Here all rows are exact sequences; the top and bottom row are the sequence (2.6.1) with the map
between them (indicated in red) being multiplication by p; the second row is defined via pushout
from the first row along the map u]; the fact that the left vertical composition (which is clearly

0) equals multiplication by p is simply because G]
a is annihilated by p as we work in characteristic

p; the map du : Mu → W necessarily factors over the quotient Mu � F∗W , and is defined as the

composition Mu � F∗W
V−→W , where V is Verschiebung. One checks that the diagram commutes

and moreover that du is a quasi-ideal. We then define the animated W -algebra stack GdR,c,W
a over

A1/Gm as

GdR,c,W
a := F∗Cone(Mu

du−→W ).

This construction has the following features:

• As the differential du factors as Mu � F∗W
V−→W , it is easy to see that one has identifications

π0(GdR,c,W
a ) ' F∗Ga and π1(GdR,c,W

a ) ' F∗V(O(1))],

as in the case of GdR,c
a (Construction 2.7.8).

• We have the following commutative square of W -module maps:

F∗W

V
��

// F∗Mu

dt
��

W
F // F∗W.

Here the top horizontal arrow comes by applying F∗ to the map W → Mu appearing in the
diagram (2.7.4), and the commutativity amounts to the observation FV = p. Each vertical
arrow is a quasi-ideal, and the square can be regarded as a map of quasi-ideals. As the left
quasi-ideal is a model for Ga, this gives an animated Ga-algebra structure on GdR,c,W

a , and
hence an animated k-algebra structure.

The following is now obligatory:
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Proposition 2.7.12. The animated Ga-algebra stacks GdR,c,W
a and GdR,c

a are quasi-isomorphic.

Proof. This is obtained by applying the last sentence from Construction 2.7.7 to Corollary 2.6.8.
Let us spell it out for simplicity. Consider the following commutative diagram (explained after the
diagram).

F∗G
]
a

can
��

F∗G
]
a

(can,−can)
��

F∗G
]
a

−can

��
G]
a

��

can

��

G]
a ⊕ F∗W

pr1oo pr2 //

��

(can,V )

��

F∗W

��

p

��

Gu

��

G̃u //

��

oo F∗Mu

��
Ga Woo // F∗W.

(2.7.5)

The subdiagram spanned by the second and fourth rows is the one in the proof of Corollary 2.6.8.
The first row is self-explanatory, and the map from the first row to the second comes from the
canonical maps F∗G

]
a → G]

a (Remark 2.6.6) and F∗G
]
a ' F∗W [F ] ⊂ F∗W (from (2.6.1)). Note the

first row mapping to the second row is injective realizes the kernel of the second row mapping to
the fourth row. The third row and the map to the fourth row are then obtained via pushing out
the second row along the tautological map F∗(u

]) : F∗G
]
a → F∗V(O(1))].

One then checks that the maps relating the third row to the fourth row are quasi-ideals, and
that the squares relating the third and fourth rows give quasi-isomorphisms

GdR,c
a := Cone(Gu → Ga)

'←− Cone(G̃u →W )
'−→ Cone(F∗Mu → F∗W ) =: GdR,c,W

a

of animated ring stacks. Moreover, one checks that each of the quasi-isomorphisms appearing above

is a map over Cone(F∗W
V−→W ) ' Ga, and hence the composite quasi-isomorphism is naturally a

Ga-algebra isomorphism.

Remark 2.7.13 (A G]
m-action on W/Mu and GdR,c

a ). Recall that we introduced the group scheme

G]
m = W ∗[F ] in Variant 2.6.3. We now observe that there is a natural action of W ∗[F ] on the

animated ring stack W/Mu over A1/Gm (over k) from Construction 2.7.11. In fact, it simply given
by the action on the quasi-ideal du : Mu →W determined by the natural W ∗[F ]-action on Mu and
the trivial W ∗[F ]-action on W ; to verify the compatibility with du, observe that for a local section
ε ∈W ∗[F ], one has the following commutative diagram:

V(O(1))] ⊕W ε //

can

��
(0,p)

��

V(O(1))] ⊕W

can

��
(0,p)

��

Mu
ε //

du
��

Mu

du
��

W W.

Here the two maps labelled can come from the pushout description of Mu in (2.7.4), the top square
commutes by W -linearity of everything in sight, and the outer square commutes as pε = V (1)ε =
V (Fε) = V (1) = p (since ε ∈W ∗[F ] and p = V (1) as we work in characteristic p). This determines
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W ∗[F ]-action on the animated W -algebra W/Mu over A1/Gm. In fact, this is even an action of
W ∗[F ] on W/Mu regarded as an animated W/p2-algebra stack: for a local section ε ∈ W ∗[F ], the
diagram (

p2W
can−−→W

)
can

ww

can

''(
Mu

du−→W
)

ε //
(
Mu

du−→W
)

of maps of quasi-ideals over A1/Gm commutes by a similar calculation to the one appearing above
to justify the action; here p2W is simply a copy of W labelled with a generator p2 to make the
maps clear. The resulting action of the subgroup µp ⊂ W ∗[F ] on the W/p2-algebra stack W/Mu

has the property that it acts trivially on π0(W/Mu) = Ga and acts via the natural scalar action

on π1(W/Mu) = V(O(1))]. By transport of structure, we also obtain a G]
m-action (and hence µp-

action) on the animated W/p2-algebra stack GdR,c
a over A1/Gm; we do not know how to construct

this action without passage to the Witt vector model.

Using the action in Remark 2.7.13, we obtain Drinfeld’s refinement of the seminal Deligne–Illusie
theorem [DI87] on degeneration of the conjugate spectral sequence:

Corollary 2.7.14 (Drinfeld’s refinement of Deligne–Illusie). Assume k is perfect. Let X be a
smooth k-scheme equipped with a flat lift to W2(k). Then there is a natural (in the lift) µp-action
on FX/k,∗Ω

•
X/k giving Ωi

X(1)/k
' Hi(FX/k,∗Ω

•
X/k) weight −i. In particular, for any integers a ≤ b ≤

a+ p− 1, the truncation τ [a,b]FX/k,∗Ω
•
X/k is naturally split.

The proof sketched below follows the perspective advocated in [LM21a]; see [BL22a, Remark
4.7.18] or [Dri20, §5.12.1] for a version of this argument phrased in terms of the prismatization of
W2(k). A slightly weaker variant of the last sentence of Corollary 2.7.14 was first proven via the
method of [DI87] and homological algebra in [AS21].

Proof sketch. Let G = V(O(1))], so we have a BG-torsor

ν : (X/k)dR,c → X(1) ×A1/Gm

over A1/Gm in the proof of Theorem 2.7.9, constructed via transmutation from the square-zero

extension GdR,c
a → π0(GdR,c

a ) = F∗Ga of animated k-algebra stacks over A1/Gm. Theorem 2.7.9
shows that Rν∗O(X/k)dR,c ∈ Dqc(X

(1) × A1/Gm) identifies with Filconj
∗ FX/k,∗Ω

•
X/k ∈ DFqc(X

(1))
under the Rees equivalence. In particular, via the description in Remark 2.2.9, it suffices to con-
struct a µp-action on (X/k)dR,c over ν with the feature that the induced action on Rν∗O(X/k)dR

gives Hi weight −i. Given a flat lift X̃/W2(k) of X/k, we can rewrite the functor of points of
XdR,c → A1/Gm as follows:

(X/k)dR,c(Spec(R)→ A1/Gm) = Mapk(Spec(GdR,c
a (R)), X) ' MapW2(k)(Spec(GdR,c

a (R)), X̃).

It is now clear that the µp-action on the W2(k)-algebra stack GdR,c
a constructed in Remark 2.7.13

gives a µp-action on (X/k)dR,c. Moreover, as the µp-action on GdR,c
a acts trivially on π0(GdR,c

a ), the
resulting µp-action on (X/k)dR,c is linear over ν, and hence induces a µp-action on Rν∗O(X/k)dR,c .

Our task is to show that this action gives Hi(Rν∗O(X/k)dR,c) weight −i. But we saw in the proof

of Theorem 2.7.9 that Hi(Rν∗O(X/k)dR,c)(i) was pulled back from X(1) along the projection X(1)×
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A1/Gm → X(1). It is therefore enough to check that the µp-action on Hi(Rν∗O(X/k)dR,c)|BGm has
weight −i. Since we know that the formation of cohomology commutes with base change along ν,
we are then reduced to checking the analogous assertion for pushforward along ν : XdR,c|BGm →
X(1) × BGm. But now the situation is very explicit: the stack ν is obtained via transmutation
from the split-square extension π0(GdR,c

a |BGm)⊕π1(GdR,c
a |BGm)[1] = F∗Ga⊕F∗V(O(1))][1] of F∗Ga

over BGm, the map ν corresponds to the projection F∗Ga ⊕ F∗V(O(1))][1] → F∗Ga, and the µp-
action is induced by the trivial action on F∗Ga and the action on F∗V(O(1))] that is the standard
scalar action on the underlying group scheme V(O(1)]). The stack XdR,c|BGm then identifies
with the classifying stack BV(TX(1)/k � O(1))] over X(1) × BGm with µp-action induced by the

second factor. In this case, one can compute explicitly that Riν∗OXdR,c|BGm
' Ωi

X(1)/k
� O(−i) ∈

QCoh(X(1) ×BGm), which has the desired µp-weight.

For completeness, we remark that [DI87] gave the first purely algebraic proof of the degenera-
tion of the Hodge-to-de Rham spectral sequence in characteristic 0: one reduces to the analogous
statement mod p by spreading out, then applies Corollary 2.7.14 in the case p > dim(X) to conclude
that conjugate spectral sequence degenerates, which then formally implies that the Hodge-to-de
Rham spectral sequence also degenerates.

Remark 2.7.15. The core of the proof of Corollary 2.7.14 shows the following statement: given a
flat lift X̃/W2(k) of X/k, there is a natural (in the lift) G]

m-action on the conjugate filtered de Rham
stack (X/k)dR,c → A1/Gm with certain properties. In particular, given any map f : Y → X of
smooth k-schemes that lifts to W2(k), the pushforward Rf∗O(Y/k)dR,c ∈ Dqc((X/k)dR,c) is naturally

(in the lift) a G]
m-equivariant object; this leads to more results analogous to Corollary 2.7.14.

2.8 Glueing the Hodge and conjugate filtrations

Fix a perfect field k of characteristic p. Given a smooth variety X/k, consider the Frobenius
twisted30 de Rham complex

E := φ∗RΓ(X,Ω•X/k) ' (φ−1)∗RΓ(X,Ω•X/k) ∈ D(k),

where φ is the Frobenius on k. The object E has the following features31:

• φ∗E admits a decreasing Hodge filtration.

• E admits an increasing conjugate filtration.

• The associated graded pieces of both the above filtrations are identified with the Hodge
cohomology complex RΓ(X,ΩH

X/k) :=
⊕

iRΓ(X,Ωi
X/k)[−i].

In this section, we construct a ring stack that encodes these structures via transmutation. We
have already explained how to see the Hodge and conjugate filtrations individually via transmuta-
tion (Theorems 2.5.6 and 2.7.9), so the current task is to glue these descriptions together. This relies

on glueing together (up to Frobenius twists) the Witt vector model of GdR,c
a (Construction 2.7.11)

with a Witt vector model for GdR,+
a , described next; these models will eventually naturally lead

us to the Nygaard filtration as well. The Witt vector model for GdR,+
a is the following, directly

inspired by the proof Corollary 2.6.8.

30The reason for the Frobenius twist is compatibility with the prismatic theory: the object E identifies k-linearly
with the Hodge-Tate complex RΓ�(X/W (k)) ' RΓ�(X/W (k))/p.

31Abstract vector spaces with such structures have been studied under the name of F -zips, see [Wed08, §1.8].
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Construction 2.8.1 (The Witt vector model for GdR,+
a ). Consider the stack A1/Gm over Fp,

with tautological section labelled t : O→ O(1). Consider the commutative diagram

0 // V(O(−1))]

t]

��

i1// V(O(−1))] ⊕ F∗W
pr //

(t],V )

��

F∗W

p

��

// 0

0 // G]
a

//W
F // F∗W // 0,

(2.8.1)

where both rows are exact sequences. It is relatively straightforward to check that the middle
vertical map is a quasi-ideal. Moreover, one has a commutative square

V(O(−1))] ⊕ F∗W
pr1 //

(t],V )
��

V(O(−1))]

t]

��
W

R // Ga

giving a map of quasi-ideals from the left column to the right column. As V : F∗W →W is exactly
the kernel of R : W → Ga, the above diagram yields a quasi-isomorphism

Cone(V(O(−1))] ⊕ F∗W
(t],V )−−−→W ) ' GdR,+

a ,

of animated ring stacks, so we can regard the LHS as a Witt vector model for GdR,+
a (Defini-

tion 2.5.1). In fact, the above map is compatible with the natural map from Cone(F∗W
V−→

W ) ' Ga to either side, so this quasi-isomorphism is naturally an animated Ga-algebra quasi-
isomorphism.

Next, we will build a stack where we can, essentially, glue together the diagrams (2.8.1) and
(2.7.4) to capture both the Hodge and conjugate filtrations as well as an isomorphism of their
associated graded pieces (up to some Frobenius twists). To handle both an increasing and a
decreasing filtration simultaneously, it is quite natural to contemplate the following base, replacing
A1/Gm in our previous discussions that involved a single filtration:

Construction 2.8.2 (The stack C32). Let R = k[u, t]/(ut), regarded as a graded ring where u has
degree −1 and t has degree 1. Consider the quotient stack C = Spec(k[u, t]/(ut))/Gm; it comes
equipped with a structure map C → BGm. Two further descriptions of this stack are:

• Moduli-theoretic: Given a k-algebra S, the groupoid of k-maps η : Spec(S) → C identifies
with the groupoid of triples (L, u′, t′), where L ∈ Pic(S) and u′ : S → L and t′ : L → S are
maps such that u′t′ = 0 (whence t′u′ = 0 as well).

• Geometric: The stack C is a union of two components Cu=0 and Ct=0, each of which is
isomorphic to A1/Gm via the choice of co-ordinates t and u respectively (so the isomorphism
Cu=0 ' A1/Gm is compatible with the structure map to BGm, while the isomorphism Ct=0 '
A1/Gm lives of −1 : BGm → BGm on account of u having degree −1); the intersection of
these components is a copy of BGm. In particular, the stack C has 3 points: two open copies
of Spec(k), and one closed k-point with stabilizer Gm.

32We shall later learn that C = kN ⊗ Fp.
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The moduli interpretation for C gives a universal L ∈ Pic(C) together with maps

O
u−→ L and L

t−→ O such that ut = 0.

These correspond to the graded R-module maps

R
u−→ R(−1) and R(−1)

t−→ R.

Bounded above quasi-coherent complexes on C have a relatively simple description: the restriction
maps give an equivalence

D−qc(C) ' D−qc(Ct=0)×D−qc(BGm) D
−
qc(Cu=0),

as one checks by reducing to the analogous statement for the ring R itself (see [Lur18, Theorem
16.2.0.2] for a modern treatment). Translating through the Rees equivalence, one can arrives at
the following informal description of quasi-coherent sheaves on C: a quasi-coherent complex on
C consists of an increasingly filtered object G∗ ∈ Fun((Z,≤),D−(k)) ' D−qc(Ct=0), a decreasingly

filtered object F ∗ ∈ Fun((Z,≤)op,D−(k)) ' D−qc(Cu=0), and an identification gr∗F ' grG∗ of their

associated gradeds in Fun(Zdisc,D−(k)) ' D−qc(BGm).

In particular, the complex E = φ∗RΓ(X,Ω•X/k) mentioned at the start of this section, equipped
with the conjugate and Hodge filtrations, gives rise to a quasi-coherent sheaf on C via the description
mentioned in Construction 2.8.2. Our goal is to obtain E via transmutation, so we need suitable
ring stacks. More precisely, over C, we need to glue the ring stack GdR,c

a over Ct=0 (up to a

Frobenius twist) with the ring stack GdR,+
a over Cu=0 to obtain the desired ring stack capturing

both conjugate and Hodge filtrations at once. This can be accomplished gracefully via the Witt
vector models (Constructions 2.8.1 and 2.7.11) as follows:

Construction 2.8.3 (The ring stack GC
a over C33). Over the stack C, one can build the following

commutative diagram:

0 // G]
a

u]

��

//

p=0

��

W

��

F //

p

��

F∗W
p

��

// 0

0 // V(L)]

t]

��

//Mu
//

du,t

��

F∗W

p

��

// 0

0 // G]
a

//W
F // F∗W // 0.

(2.8.2)

This diagram is constructed similarly to (2.7.4). A slightly tedious check shows that the map du,t
is a quasi-ideal, so we can consider the ring stack

GC
a := Cone(Mu

du,t−−→W ).

This construction has the following specializations :

• Over the component Ct=0: the identification Ct=0 ' A1/Gm carries L to O(1). Under this
isomorphism, diagram (2.8.2) identifies with the diagram (2.7.4). In particular, we learn that

F∗G
C
a |Ct=0 ' GdR,c

a

under the identification Ct=0 ' A1/Gm.

33We shall later see that GC
a → C agrees with the restriction of GN

a → kN to the divisor kN ⊗ Fp ⊂ kN.
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• Over the component Cu=0: the dentification Cu=0 ' A1/Gm carries L to O(−1). In partic-
ular, we learn that the subdiagram spanned by the second and third row in diagram (2.8.2)
identifies with diagram (2.8.1), whence

GN
a |Cu=0 ' GdR,+

a

under the isomorphism Cu=0 ' A1/Gm.

• Over the two open copies jHT : Spec(k) = Cu6=0 ⊂ C and jdR : Spec(k) = Ct6=0 ⊂ C: we have
isomorphisms

j∗HTGC
a 'W/p and j∗dRGC

a ' F∗W/p

of W -algebra stacks, giving an isomorphism

F∗j
∗
HTGC

a ' j∗dRGC
a . (2.8.3)

of W -algebra stacks over Spec(k).

• Over the closed point iHodge : BGm → C (normalized to be inverse to the tautological map
C → BGm): we have an isomorphism

i∗HodgeG
C
a ' GHodge

a := Ga ⊕BV(L)]

of W -algebra stacks on BGm.

Applying transmutation to the k-algebra stack GC
a → C then gives:

Definition 2.8.4 (The mod p filtered prismatization). Given a smooth k-variety X, define34 a
C-stack πX : XC → C via XC(R) = X(GC

a (R)).

Remark 2.8.5 (Local models for XC). Given a smooth k-scheme X, let us a describe a local
model for XC , analogous to what Remark 2.5.7 provided for (X/k)dR. Over the stack C, the
middle vertical column in diagram (2.8.2) gives a natural map W/p → GC

a of k-algebra stacks

which is surjective fpqc locally, and whose fibre identifies with Cone(G]
a

u]−→ L]). As the map

L] → W factors over G]
a ⊂ W , we learn the following: for a G]

a-acyclic test algebra R over
A1/Gm, the map W/p(R) → GC

a (R) is a map of animated rings which is surjective on π0 with
locally nilpotent kernel. Via transmutation, for a smooth k-scheme X, this gives a surjection35

(X(−1)/k)dR ×C → XC of fpqc sheaves over C with the property that if X → Y is étale, then the
square

((X(−1)/k)dR × C //

��

XC

��
(Y (−1)/k)dR × C // Y C

is Cartesian with horizontal maps being fpqc surjections. Arguing as in Remark 2.5.7, one then
learns that the construction X 7→ XC from smooth k-schemes to C-stacks preserves Tor indepen-
dent finite limits, and carries étale maps (resp. covers) to representable étale maps (resp. covers).

34We shall later see that XC agrees with the divisor XN⊗Fp ⊂ XN, so we call it the mod p filtered prismatization
of X.

35Applying transmutation to the k-algebra stack GdR
a = F∗W/p gives rise to (X/k)dR, so applying transmutation

to the k-algebra stack W/p gives rise to (X(−1)/k)dR, explaining the appearance of the latter. More conceptually,
this is the mod p prismatization of X (to be defined later).
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In particular, we obtain the following local models: if f : X → An is an affine étale map of schemes,
then XC → (An)C = (W/Mu)n is an affine étale map of C-stacks, so XC is affine étale over the
quotient of a flat affine C-scheme by a flat affine group C-scheme, and is thus itself36 the quotient
of a flat affine C-scheme by a flat affine group C-scheme.

We can now almost obtain the desired glueing:

Theorem 2.8.6 (Glueing the Hodge and conjugate filtered stacks at their origins). Given a smooth
k-variety X, consider the map πX : XC → C from Definition 2.8.4.Then the pushforward

HC(X) := Rπ∗OXC ∈ Dqc(C)

has the following features:

1. The restriction HC(X)|Ct=0 to Ct=0 ' A1/Gm identifies (under the Rees equivalence) with
φ∗RΓ(X,Ω•X/k) equipped with the conjugate filtration. In particular, HC(X)|Cu6=0

' φ∗RΓ(X,Ω•X/k)

in D(k).

2. The restriction HC(X)|Cu=0 to Cu=0 ' A1/Gm identifies (under the Rees equivalence) with
RΓ(X,Ω•X/k) equipped with the Hodge filtration. In particular, HC(X)|Ct 6=0

' RΓ(X,Ω•X/k)

in D(k).

3. The restriction HC(X)|BGm to the intersection BGm = Cu=0 ∩ Ct=0 ⊂ C identifies (under
the Rees equivalence) with the graded Hodge complex RΓ(X,ΩH

X/k).

Comments on the proof. If the formation of the pushforward HC(X) = Rπ∗OXC commuted with
restriction to the loci Cu=0, Ct=0 and BGm inside C then the claim would follow from Theo-
rems 2.5.6 and 2.7.9. This base change compatibility is not automatic. Indeed, while the flatness of
the local models from Remark 2.8.5 shows that XC → C recovers XdR,+ → Cu=0 and XdR,c → Ct=0

by pullback even in the derived sense, we do not formally get a similar assertion at the level of co-
homology due to a problem of commuting an infinite limit (computing Rπ∗) with an infinite colimit
(computing the base change): the cohomological dimension of XC → C is a priori infinite and the
closed immersions Cu=0 → C, Ct=0 → C and BGm → C are not relatively perfect (as C is not a
regular stack). This problem can be gracefully resolved by deforming the entire picture to the Witt
vectors by replacing the graded k-algebra R with the graded W (k)-algebra R̃ = W (k)[u, v]/(uv−p)
as the latter is regular. As this idea naturally leads to the Nygaard filtration, we shall elaborate
on it later.

The stack C does not yet encode the fact that the Hodge and conjugate filtration live on the
same object (up to a Frobenius twist). For this, we must glue the open points Cu6=0 and Ct6=0

themselves together (with a Frobenius twist) as follows.

Construction 2.8.7 (The stack C37). We construct a stack C by glueing together the two open
points jHT and jdR inside C via the Frobenius, i.e., via a colimit diagram

Spec(k) t Spec(k)
(jHT ,jdR) //

(φ−1,id)

��

C

��
Spec(k) // C

.

36This follows from a generality: in any topos, given a group G acting on an object V and a map Z → V/G of
stacks, we have Z = W/G, where W → Z is the G-torsor obtained as the pullback of the G-torsor V → V/G to Z.

37We shall later learn that C = kSyn ⊗ Fp.
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The k-algebra stack GC
a → C then descends to a k-algebra stack38 GC

a → C via the isomorphism
(2.8.3): to get the Frobenius twists right, observe that the W (k)-algebra stack (φ−1)∗W identifies
with the W (k)-algebra stack W (φ−1

∗ (−)) = F∗W (−). Via transmutation, for a smooth k-scheme

X, we obtain XC → C. Pushing forward the structure sheaf along this map then gives a stacky
explanation of the last sentence in Theorem 2.8.6 (1) and (2): the object E from Theorem 2.8.6
comes equipped with a canonical identification φ∗j∗HTE ' j∗dRE.

38We shall later see that GC
a → C agrees with the restriction of GSyn

a → kSyn along the divisor kSyn ⊗ Fp ⊂ kSyn.
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Chapter 3

Crystalline cohomology, the Nygaard
filtration and Mazur’s theorem

Notation 3.0.1. In this section, we fix a perfect field k of characteristic p > 0, write W = W (k).
For M ∈ D(W ), we shall write M/p{i} := M ⊗LW piW/pi+1W ; this is of course isomorphic to M/p,
but it is useful to keep track of the twist with an eye towards mixed characteristic generalizations.

Given a smooth k-scheme X, one has its crystalline cohomology algebra RΓcrys(X/W ) ∈
CAlg(D(W )), giving a functorial lift to W of the de Rham cohomology algebra RΓ(X,Ω∗X/k); one
definition was given in Remark 2.5.12 in terms of the crystallization functor, i.e., via transmutation
from the k-algebra stack F∗W/p ' GdR

a on p-nilpotent W -algebras. The crystalline cohomology
complex RΓcrys(X/W ) carries a natural filtration called the Nygaard filtration; this was first con-
structed in [Nyg81], though our homological perspective via the Beilinson t-structure will be closer
to that of [BO78, BLM21]. To a first approximation, one might regard this filtration as an analog
of the Hodge filtration in the setting of crystalline cohomology. Our goal in this section is to under-
stand this filtration via transmutation. As a consequence of its basic properties, we shall explain a
proof of Mazur’s theorem [Maz73] determining the Hodge filtration from crystalline cohomology in
certain situations; besides intrinsic interest, the purity argument we use to establish this theorem
will also foreshadow some analogous arguments in mixed characteristic.

3.1 The prismatization over k

In this section, we explain how to compute a Frobenius twist of crystalline cohomology via trans-
mutation; in fact, since we already know how to do this without a twist (Remark 2.5.12), the
exposition will be quite brief as k is assumed to be perfect.

Construction 3.1.1 (The prismatization). The ring stack G�
a := W/p can be regarded as a k-

algebra stack on p-nilpotent W -algebras: the canonical map W (k)/p → k is an isomorphism as
k is perfect. Given a smooth k-scheme X, we thus obtain a p-adic formal stack X� over W via
transmutation:

X�(R) = Mapk(Spec(W (R)/p), X)

for a p-nilpotentW -algebraR. We refer toX� as the prismatization39 ofX, and writeRΓ�(X/W ) :=
RΓ(X�,O) for its prismatic cohomology. It has the following features:

39Strictly speaking, we should write (X/W )� as we are working with relative prismatizations over W . However,
since W is perfect, this object identifies canonically with the absolute prismatizaton X�. For compactness of notation
and with an eye towards mixed characteristic generalizations, we shall thus simply write X� (and later XN and XSyn).
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1. Relation to crystallization: since we have an isomorphism F∗W/p = GdR
a of k-algebra stacks

(Corollary 2.6.8), we obtain
φ∗X� ' (X/W )crys

where φ denotes the Frobenius on the Witt vectors, and the RHS is defined in Remark 2.5.12.
In particular, we have identifications

φ∗RΓ�(X/W ) ' RΓcrys(X/W ) and φ∗RΓ�(X/W )/p ' RΓ(X,Ω•X/k),

so RΓ�(X/W )/p admits an increasing k-linear conjugate filtration with associated graded

RΓ(X,ΩHodge
X/k ) (without Frobenius twists!).

2. Frobenius lifts: There is a natural map φX� : X� → X� living over φ : W → W . This
can either be defined via functoriality of the Frobenius endomorphism of X, or can also be
described as the map induced by the φ-semilinear endomorphism F : W/p(−)→ W/p(−) of
k-algebra stacks over Spf(W ) coming from the Witt vector Frobenius F ; the latter perspective
is relevant for mixed characteristic analogs.

3. The Hodge-Tate gerbe: We define the Hodge–Tate stack XHT = X� ×Spf(W ) Spec(k) to be

the mod p reduction of X�. Then XHT = (X(−1)/k)dR by unwinding definitions, so we can
regard XHT as a BV(TX/k)

]-torsor over X by Proposition 2.7.1. (Note that the Frobenius
twists appearing in the latter have now disappeared!)

4. Local structure of X�: The functor X 7→ X� from k-schemes to p-adic formal W -stacks com-
mutes with Tor independent finite limits and carries representable étale maps (resp. covers)
to representable étale maps (resp. covers); moreover, each X� admits a Zariski open cover by
quotient of flat affine Spf(W )-schemes by flat affine group Spf(W )-schemes, e.g., G�

a is the

quotient stack Cone(W
p−→W ). (All of these assertions follow from (1) and Remark 2.5.12.)

5. Quasi-coherent complexes on X�: Tautologically, quasi-coherent sheaves on X� provide a
notion of “coefficients” for prismatic or crystalline cohomology. This notion turns out to be
equivalent to the classical notion of crystals. More precisely, using quasi-syntomic descent,
one can show the following:

• Dqc(X
�) identified with the ∞-category Crys�(X/W ) prismatic crystals on (X/W )�,

i.e., with the full subcategory of D((X/W )�,O�) spanned by objects K such that for
every map

((B, J),Spf(B/J)→ X)→ ((A, I),Spf(A/I)→ X)

in (X/W )�, we have

K((A, I),Spf(A/I)→ X)⊗̂LAB ' K((B, J),Spf(B/J)→ X)

via the natural map; this is essentially shown in [BL22a, Theorem 6.5, Lemma 6.3 and
Lemma 6.1]. For the purposes of these notes, one can take Dqc(X

�) as a definition of
Crys�(X/W ).

• φ∗Dqc(X
�) identifies with the∞-category of crystals on (X/W )crys, i.e., the full subcat-

egory of D((X/W )crys,Ocrys) spanned by objects K such that for every map

(U, T, δ)→ (U ′, T ′, δ′)

of affine objects in (X/W )crys, we have

K(U ′, T ′, δ′)⊗LO(T ′) O(T ) ' K(U, T, δ)
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via the natural map; see [GR22, Proposition 6.4] for the statement involving perfect
complexes.

6. Relationship to δ-lifts: In this remark, we assume the reader is familiar with δ-structures
and their relationship to the Witt vectors. If X/k is a smooth k-scheme equipped with a lift
X̃/Spf(W ) together with a Frobenius φ

X̃
: X̃ → X̃ over φ : W →W , then there is a natural

map X̃ → X� which is a flat cover: the map is defined by noting that any map Spec(R)→ X̃
over Spf(W ) extends uniquely to a δ-map Spf(W (R)) → X̃, which then defines a k-scheme
map Spec(W (R)/p)→ X by reduction mod p. (The fact that this map is a flat cover can be
seen using derived deformation theory; we do not give the argument here.)

Example 3.1.2. Say X = A1 = Spec(k[x]). We then have the standard lift X̃ = A1
Spf(W ) =

Spf(V [x]∧) with the Frobenius lift determined by x 7→ xp. The above construction gives a
map X̃ → X� that can be described explicitly as the map

A1
Spf(W )

[·]−→W (−)/p

induced by the Teichmuller representative.

3.2 Review of the Nygaard filtration

In this section, we recall the basic properties that characterize the Nygaard filtration on crystalline
cohomology. We will not recall the classical construction via the de Rham–Witt complex; rather,
in §3.3, we construct this filtration via transmutation.

Theorem 3.2.1 (Characterizing of the Nygaard filtration). For any smooth affine k-scheme X,
there is a natural filtered refinement

φ∗X/W : Fil•Nφ
∗RΓcrys(X/W )→ p•RΓcrys(X/W )

of the crystalline Frobenius φ∗RΓcrys(X/W )→ RΓcrys(X/W ), uniquely characterized by the follow-
ing properties:

1. Fil•Nφ
∗RΓcrys(X/W ) is complete as a filtered object.

2. The map φ∗X/W induces an isomorphism

griNφ
∗RΓcrys(X/W ) ' τ≤igrip•RΓcrys(X/W ) ' Filconji RΓ(X,Ω•X/k){i}.

The filtration Fil•Nφ
∗RΓcrys(X/W ) is called the Nygaard filtration.

Idea. We shall construct such a filtration using transmutation in §3.3, so let us simply explain why
a filtration as in the theorem is unique. We shall use the Beilinson t-structure formalism; essentially,
we are spelling out [BL22a, Remark D.11] in our situation.

Property (2) ensures that griNφ
∗RΓcrys(X/W ) ∈ D≤i for all i, so Fil•Nφ

∗RΓcrys(X/W ) ∈ BDF≤0(W )
belongs to the connective part of the Beilinson t-structure (Construction 2.2.2 (5)). Hence, the fil-
tered map φ∗X/W factors uniquely as

Fil•Nφ
∗RΓcrys(X/W )

φ̃∗
X/W−−−−→ Bτ≤0p•RΓcrys(X/W )

can−−→ p•RΓcrys(X/W ).

54



We shall prove this map is an isomorphism, which then gives the desired uniqueness. By description
of connective covers in the Beilinson t-structure (see [BMS19, Theorem 5.4 (2)]), the isomorphism

in property (2) also ensures that the refined Frobenius φ̃∗X/W induces an isomorphism on gr∗. As

the source is complete for the filtration by property (1), it suffices to show the same for the target.
By generalities on connective covers in the Beilinson t-structure (see [BL22a, Remark D.10]), it
suffices to show that p•RΓcrys(X/W ) is complete for the filtration, which is clear.

Remark 3.2.2 (Extension to non-affine smooth k-schemes). For a smooth affine k-scheme X, The-
orem 3.2.1 implies that Fil•Nφ

∗RΓcrys(X/W ) is complete and that griNφ
∗RΓcrys(X/W ) is described

via differential forms. It follows that the assignment X 7→ Fil•Nφ
∗RΓcrys(X/W ) is a DF(W )-valued

sheaf on smooth k-affines. By descent, for any smooth k-scheme X, one obtains a natural filtered
refinement

φ∗X/W : Fil•Nφ
∗RΓcrys(X/W )→ p•RΓcrys(X/W )

of the relative Frobenius satisfying (1) and (2) in Theorem 3.2.1; we refer to the left hand side as
the Nygaard filtration on φ∗RΓcrys(X/W ).

Remark 3.2.3 (Prismatic realization of the Nygaard filtration). Via Frobenius twisting, one ob-
tains the following variant of Theorem 3.2.1: for a smooth affine k-scheme X, there is a natural fil-
tered refinement φ∗X/WFil•Nφ

∗RΓ�(X/W )→ p•RΓ�(X/W ) of the prismatic Frobenius φ∗RΓ�(X/W )→
RΓ�(X/W ) characterized by the following properties:

1. Fil•Nφ
∗RΓ�(X/W ) is complete.

2. For X affine, the map φ∗X/W induces an isomorphism

griNφ
∗RΓ�(X/W ) ' τ≤igrip•RΓ�(X/W )

for all i.

Moreover, as in Remark 3.2.2, this globalizes.

Example 3.2.4 (The Nygaard filtration on W itself). For X = Spec(k) itself, the Nygaard filtra-
tion is the p-adic filtration on φ∗W 'W .

Example 3.2.5 (The Nygaard filtration in the F -liftable case). Let X = Spec(R0) be a smooth
affine k-scheme. Assume we are given a lift X̃ = Spf(R) to flat p-adic formal W -scheme together
an endomorphism φR : R → R that lifts the Frobenius on R0 = R/p and is compatible with the
Frobenius on W . Then the (continuous) de Rham complex Ω•R/W computes RΓcrys(X/W ). The
Nygaard filtration on φ∗Ω∗X/W can be described explicitly as a filtration at the level of complexes.
For this, consider the subcomplexes

F i =
(
piφ∗R

d−→ pi−1φ∗Ω1
R/W

d−→ pi−2φ∗Ω2
R/W → · · ·

d−→ p0φ∗Ωi
R/W

d−→ φ∗Ωi+1
R/W

d−→ · · ·
)

of the complex

φ∗Ω∗R/W =
(
φ∗R

d−→ φ∗Ω1
R/W

d−→ φ∗Ω2
R/W → · · ·

)
,

We claim that the filtration F • of the complex φ∗Ω∗R/W gives the Nygaard filtration Fil•Nφ
∗Ω•R/W

on passage to the derived category. Let us briefly explain why. It is clear that the filtration F • is
complete. Moreover, the relative Frobenius φ∗R/W : φ∗Ω∗R/W → Ω∗R/W is divisible by pi on φ∗Ωi

R/W ,
and hence carries F • to p•Ω∗R/W , thus giving a filtered map

φ̃ : F • → p•Ω∗R/W ,
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refining the relative Frobenius φ∗R/W . It is enough to show that this map satisfies property (2) in
Theorem 3.2.1. For this, first observe that the graded pieces of both sides are very easy to compute:
we have

griFφ
∗Ω∗R/W =

(
φ∗R0{i}

0−→ φ∗Ω1
R0/k
{i− 1} 0−→ ...

0−→ φ∗Ωi
R0/k

0−→ 0
0−→ 0 · · ·

)
(3.2.1)

and
grip•Ω

∗
R/W =

(
R0{i}

d−→ Ω1
R0/k
{i} d−→ Ω2

R0/k
{i} → ...

)
.

Undoing the twist, the resulting map gri(φ̃) : griFφ
∗Ω∗R/W → grip•Ω

∗
R/W is induced by the map of

complexes given in degree j by the map

φ∗Ωj
R0/k

φ∗
R/W

pj−−−−→ Ωj
R0/k

for j ≤ i, and the 0 map for j > i (as the j-th term of grjFφ
∗Ω∗R/W is 0 for such j). But it is

classical that this map induces the Cartier isomorphism, i.e., its image is contained in the cycles,
and the resulting map to cohomology gives an isomorphism

φ∗Ωj
R0/k

' Hj(Ω•R0/k
).

Thus, the map gri(φ̃) induces an isomorphism

griFφ
∗Ω∗R/W ' τ

≤igrip•Ω
∗
R/W ,

as wanted.

Warning 3.2.6 (The naive Nygaard filtration is sometimes too naive). Example 3.2.5 has an
evident globalization to a smooth p-adic formal scheme Y/W lifting Y0/k and equipped with a lift
φY of the Frobenius compatible with the Frobenius on W : the W -linear filtration F • on the de
Rham complex φ∗Ω∗Y/W defined by the subcomplexes

F i :=
(
piφ∗OY

d−→ pi−1φ∗Ω1
Y/W

d−→ pi−2φ∗Ω2
Y/W → · · ·

d−→ p0φ∗Ωi
Y/W

d−→ φ∗Ωi+1
Y/W

d−→ · · ·
)

induces a filtration on RΓ(Y, φ∗Ω∗Y/W ) ' RΓcrys(Y0/W ) that is naturally (in the pair (Y, φY/W ))
identified with the Nygaard filtration; this assertion follows immediately from Example 3.2.5 by
sheafification. However, we warn the reader that this identificaton critically needs the Frobenius lift
φY (even though the definition of F • makes no reference to it), and can fail even for smooth projec-
tive Y/W without Frobenius lifts40 . More precisely, we claim that if the filtered object RΓ(Y, F •)
is even abstractly isomorphic to Fil•Nφ

∗RΓcrys(Y0/W ), then the conjugate spectral sequence must
degenerate for Y0: indeed, for i� 0, we have

RΓ(Y, griF ) '
⊕
j

RΓ(Y0, φ
∗Ωj

Y0/k
)[−j]

by globalizing (3.2.1) and ignoring twists, so even if we have an abstract isomorphism

RΓ(Y, griF ) ' RΓ(Y, grip•Ω
∗
Y/W ) = RΓ(Y0,Ω

∗
Y0/k

),

then dimension considerations force the conjugate spectral sequence to degenerate. The warning
is then justified as Petrov recently constructed smooth projective Y/W such that the conjugate
spectral sequence does not degenerate for Y0/k (see [Ill22]).

40This warning was first brought to our attention by Arpon Raksit, and verifies the expectation formulated in
[BMS19, opening paragraph of §8.1.2]; Raksit’s argument predated Petrov’s example, and relied instead on showing
that the ring stacks corresponding to the two filtrations are non-isomorphic.
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3.3 The (Nygaard) filtered prismatization

Given a smooth k-scheme X, the Nygaard filtration Fil•Nφ
∗RΓcrys(X/W ) from Theorem 3.2.1 and

Remark 3.2.2 has many remarkable features that encode the known structures on de Rham coho-
mology of X/k (such as the Hodge and conjugate filtrations as well as the identification of their
associated graded objects). Our goal in this section is to construct the Nygaard filtration via trans-
mutation in a manner that makes these structures transparent. The basic geometric object over
which all the action takes place is the following:

Construction 3.3.1 (The Rees stack of the p-adic filtration). The Rees algebra of the p-adic
filtration on W is the graded W [t]-algebra by

Rees(p•W ) :=
⊕
i∈Z

pmax(i,0)Wt−i.

Writing u = pt−1 ∈ pWt−1 for the displayed degree −1 element of the Rees algebra, we obtain a
more direct description of this graded ring:

Rees(p•W ) = W [u, t]/(ut− p). (3.3.1)

Let kN be the associated Rees stack on p-nilpotent W -algebras, i.e.,

kN := Spf(W [u, t]/(ut− p))/Gm.

We shall refer to kN as the filtered prismatization of Spec(k). This stack will be a key player in
what follows, so let us discuss some basic features:

• Local properties and tautological classes: The stack kN is noetherian and even regular and
W -flat: indeed, W [u, t]/(ut− p) is a (ramified) p-torsionfree regular ring of dimension 2, and
kN is the quotient of Spf(W [u, t]/(ut − p)) by Gm. Moreover, kN carries a tautological line
bundle L (which is the pullback of O(−1) under the structure map kN → BGm) with sections

O
u−→ L and L

t−→ O

whose composition is p. In fact, kN is the universal p-adic formal W -stack equipped with
such a triple (L, u, t).

• The points of kN: The special fibre (kN)p=0 is exactly the stack C studied in Construc-
tion 2.8.2, so the stack kN has three physical points: the open points41

j̃dR : Spf(W ) = (kN)t6=0 ↪→ kN and jHT : Spf(W ) = (kN)u6=0 ↪→ kN,

as well as the closed point

iH : [Spec(k)/Gm] = (kN)u=t=0 ↪→ kN,

giving a section to the projection kN → BGm modulo p. Moreover, the zero loci (kN)u=0 and
(kN)t=0 of the sections u ∈ H0(L) and t ∈ H0(L−1) are Cartier divisors given by copies of
A1/Gm (over k) that meet transversally along the locus (kN)u=t=0 ' BGm.

41We use the notation j̃dR instead of the more suggestive jdR for compatibility with what appears later: jdR will
be reserved for a Frobenius twist of j̃dR.
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• Quasi-coherent sheaves on kN: A coherent sheaf on kN is the same thing as a finitely generated
graded W [u, t]/(ut− p)-module. More generally, the ∞-category Dqc(k

N) can be seen as any
of the following:

1. Dp−comp,gr(W [u, t]/(ut− p)).
2. ModRees(p•W )(Dp−comp,gr(W [t])).

3. Modp•W (DFp−comp(W )).

The equivalence with (1) is general stack theory; the equivalence of (1) and (2) comes from
the identification (3.3.1), while the equivalence of (2) and (3) is the Rees equivalence. It will
later be convenient to switch between these descriptions: (3) is quite conceptual, while (1) is
more easily amenable to algebraic arguments. We shall sometimes refer to objects of Dqc(k

N)
as gauges over k (see Definition 3.4.1).

To proceed further via transmutation, we need ring stacks. In fact, as (kN)|p=0 = C, it is
reasonable to expect that the ring stack GC

a from Construction 2.8.3 deforms to kN, which it does:

Construction 3.3.2 (The ring stack GN
a over kN). Over the stack kN, consider the following

diagram of group schemes:

0 // G]
a

u]

��

//

p=ut

��

W

��

F //

p

��

F∗W
p

��

// 0

0 // V(L)]

t]

��

//Mu
//

du,t

��

F∗W

p

��

// 0

0 // G]
a

//W
F // F∗W // 0.

(3.3.2)

This diagram is constructed similarly to (2.8.2). One checks that the map du,t is a quasi-ideal, so
we can consider the W -algebra stack

GN
a := Cone(Mu

du,t−−→W )

over kN. In fact, by the diagram, GN
a is naturally a W/p-algebra stack, and thus a k-algebra stack

since (W/p)(k) ' k via the restriction map W → Ga. Over the locus C = (kN)p=0, the diagram
above restricts to (2.8.2), whence GN

a |C = GC
a .

Via transmutation, this gives:

Definition 3.3.3 (The filtered prismatization). Let X/k be a smooth k-scheme. Its filtered prisma-
tization is the stack π : XN → kN defined via transmutation from GN

a :

XN(Spec(R)→ kN) = Mapk(Spec(GN
a (R)), X).

For X quasi-comapct, we write HN(X) := Rπ∗OXN ∈ Dqc(k
N).

Remark 3.3.4 (Relating XN to X�). There are two natural maps relating XN to X�.

• There is a map W/p → GN
a of k-algebra stacks over kN coming from the middle vertical

column in (3.3.2). Via transmutation, for any smooth k-scheme X, this defines a map

X� ×W kN → XN

of stacks over kN. Using the local nilpotence of divided powers, one checks that this map is
a flat cover. Moreover, by construction, it is an isomorphism over (kN)u6=0.
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• Similarly, the bottom right square in (3.3.2) gives a map GN
a → F∗W/p of k-algebra stacks

over kN, which then induces via transmutation a map

XN → φ∗X� ×W kN

over kN; this map is also a flat cover, and is an isomorphism over (kN)t6=0. Thus, from the
perspective of the Rees dictionary with respect to the parameter t, we can regard XN as a
filtration on the stack φ∗X� with associated graded (XN)t=0 (which in turn is described in
Remark 3.4.2 as a filtration on the Hodge–Tate stack XHT using the parameter u).

The composition of the two above maps is induced via transmutation from the map W/p→ F∗W/p

of k-algebra stacks over kN, and hence can be identified with the map (X� φX−−→ φ∗X�) ×W kN

induced by the Frobenius on X�.

The name given to XN is justified by part (1) of the following:

Theorem 3.3.5 (The Nygaard filtration via transmutation). Let X/k be a smooth quasi-compact
k-scheme. The object HN(X) ∈ Dqc(k

N) has the following comparisons:

1. The Nygaard filtration: under the identification of Dqc(k
N) with filtered modules over p•W in

DFp−comp(W ), the object HN(X) identifies with φ∗Fil•Nφ
∗RΓcrys(X/W ) = Fil•Nφ

∗RΓ�(X/W ).

2. The de Rham pullback: the object j̃∗dRHN(X) identifies with RΓcrys(X/W ) = φ∗RΓ�(X/W ).

3. The Hodge-Tate pullback: the object j∗HTHN(X) identifies with φ∗RΓcrys(X/W ) = RΓ�(X/W ).

4. The Hodge filtration: via the isomorphism (kN)u=0 ' A1
k/Gm determined by the degree 1 ele-

ment t, the object HN(X)|(kN)|u=0
identifies (under the Rees equivalence) with Fil•HRΓ(X,Ω∗X/k).

5. The conjugate filtration: via the isomorphism (kN)t=0 ' A1
k/Gm determined by the de-

gree −1 element u, the object HN(X)|(kN)|t=0
identifies (under the Rees equivalence) with

φ∗Filconj• RΓ(X,Ω∗X/k).

6. The Hodge pullback: via the identification Spec(k)/Gm ' (kN)|u=t=0, the object HN(X)|(kN)|u=0

identifies with
⊕

iRΓ(X,Ωi
X/k)[−i](i).

Proof. The strategy of the proof is to first prove the identifications (2) - (6), and then deduce the
comparison in (1) by checking the properties in Theorem 3.2.1.

First, we observe a general base change property deduced from the regularity of kN. Say we are
given a kN-stack Y such that Y can be written as the colimit of a simplicial flat affine kN-scheme
U•; note that this applies to Y = XN by the argument in Remark 2.8.5. Then we claim that
the formation of Rπ∗OY commutes with pullback along any locally closed immersion i : Z → kN

appearing in (2) - (6), i.e., i∗Rπ∗OY ' Rπ′∗OYZ , where π′ : YZ → Z is the projection. (In fact,
this property holds for any locally closed substack Z of kN.) To see this, using the presentations
U• → Y and U•Z → YZ , we are reduced to checking that the formation of cosimplicial totalizations
in D≥0

qc (kN) commutes42 with i∗. Now i∗OZ a perfect complex over a localization of OkN in all cases,

so the claim follows as the formation of cosimplicial totalizations in D≥0
qc (kN) commutes with both

filtered colimits and tensoring with perfect complexes.
Applying the observation in the previous paragraph to XN → kN, we arrive at a simplifica-

tion: the pullbacks appearing in (2) - (6) above can be computed by first restricting GN
a to the

corresponding locus, and then applying transmutation. We next prove (2) - (6) and deduce (1).

42Here D≥0
qc (kN) denotes the full subcategory of K ∈ Dqc(k

N) whose pullback to Dqc(Spf(W [u, t]/(ut − p))) '
Dp−comp(W [u, t]/(ut−p)) lies in D≥0. Alternately, one could also use the coconnective part of the torsion t-structure.
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Thanks to the observation in the previous paragraph, the pullback j̃∗dRHN(X) identifies with
RΓ�(X/W ) by Corollary 2.6.8 and our definition of crystalline cohomology (Remark 2.5.12); this
gives (2). The same reasoning shows that j∗HTHN(X) ' φ∗RΓ�(X/W ) as well, giving (3).

Assertion (5) is similarly a consequence of the recovery of the conjugate filtration from the

animated k-algebra stack GdR,c
a over A1/Gm with parameter u (Theorem 2.7.9) and the k-algebra

isomorphism GdR,c
a ' GdR,c,W

a = F∗G
N
a |(kN)|t=0

(Construction 2.7.11 and Proposition 2.7.12), while
assertion (4) follows similarly from Theorem 2.5.6 and Construction 2.8.1. Either of these implies
assertion (6) by passage to the associated graded.

It remains to prove (1), i.e., to check that the filtered object corresponding HN(X) carries
the structures/properties required by the Nygaard filtration in Remark 3.2.3. The strategy is the
following: we obtain the comparison map using maps of ring stacks coming from the diagram
(3.3.2), then obtain the completeness of the Nygaard filtration using (4), and then finally check the
shape of the associated graded using (5).

By sheafyness, we can assume X is a smooth affine k-scheme. As in Remark 3.3.4, we have
faithfully flat maps

W/p
ψ−→ GN

a
η−→ F∗W/p

of W -algebra stacks with η being an isomorphism over the locus (kN)|t6=0 and ψ being an isomor-
phism over the locus (kN)|u6=0. Via transmutation, this gives rise43 to maps

Rees(p•φ∗RΓ�(X/W ))
η∗−→ HN(X)

ψ∗−→ Rees(p•RΓ�(X/W ))

of commutative algebras in Dqc(k
N) with composition induced by the crystalline Frobenius; the

map η∗ (resp. ψ∗) is an isomorphism over the locus (kN)|t6=0 (resp. (kN)|u6=0). Translating back
under the Rees equivalence, the above diagram then gives a composition

p•φ∗RΓ�(X/W )
α−→ Fil•φ∗RΓ�(X/W )

β−→ p•RΓ�(X/W )

of maps of commutative algebras in DFp−comp(W ) with composition being the crystalline Frobenius;
moreover, the first map being an isomorphism on underlying non-filtered objects as η∗ was an
isomorphism over (kN)t6=0, so the middle vertex is a filtration on φ∗RΓ�(X/W ), justifying the
notation. By Theorem 3.2.1, it suffices to show the following two assertions:

(a) Fil•φ∗RΓ�(X/W ) is complete as a filtered object.

(b) The map β induces an isomorphism

griFφ
∗RΓ�(X/W ) ' τ≤igrip•RΓ�(X/W )

(
' φ∗Filconj

i RΓ(X,Ω•X/k){i}
)

for all i ≥ 0, where the parenthetical isomorphism comes from the de Rham comparison
RΓ�(X/W )/p ' φ∗RΓ(X,Ω•X/k).

For (a): via the Rees equivalence, it is enough to show that HN(X) ∈ Dqc(k
N) is t-complete. As

everything is p-complete, it suffices to show the same after reduction modulo p. As {u, t} give a
regular sequence of length 2 in W [u, t]/(ut− p), we have a short exact sequence

0→ OkN/p→ OkN/u⊕ OkN/t→ OkN/(u, t)→ 0

43We are implicitly using the following assertion: for any M ∈ Dp−comp(W ), the pullback of M along kN → Spf(W )
corresponds to Rees(p•W ⊗W M) =: Rees(p•M) ∈ Dqc(k

N).
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of coherent sheaves on kN. Tensoring HN(X) with this sequence, it is then enough to show that
HN(X)/u is t-complete (as t is zero on the other two terms). This follows from the identification
in (4) and the completeness of the Hodge filtration.

For (b), consider the following diagram in Dgr(k[u]):

HN(X)/t
ψ∗ // Rees(p•RΓ�(X/W ))/t

⊕
i griFilφ

∗RΓ�(X/W )(i) //
⊕

i grip•RΓ�(X/W )(i)

The top horizontal arrow ψ∗ is the mod t reduction of the map ψ∗, and the vertical identifications
are general features of the Rees equivalence. Our task is to show that the bottom horizontal map
of graded W -complexes realizes the degree i term on the LHS as τ≤i of the degree i term on the
RHS. But the map ψ∗ can also be studied geometrically: it is the map on graded k[u]-modules
obtained via transmutation from map W/p → W/Mu of k-algebra stacks over [Spec(k[u])/Gm]
coming from middle vertical composition in (2.7.4). The map ψ∗ then identifies, via the argument
proving asssertion (5) above, with the graded k[u]-linear map⊕

i

φ∗Filconj
i RΓ(X,Ω•X/k)u

i →
⊕
i

φ∗RΓ(X,Ω•X/k)u
i

coming from the Rees construction (with respect to u) applied to the conjugate filtration. But this
map clearly realizes the degree i term on the LHS as τ≤i of the degree i term on the RHS (as X is
a smooth affine), so we win.

Remark 3.3.6 (Perfectness of Nygaard filtered crystalline cohomology). For a smooth proper k-
scheme X, we claim that HN(X) ∈ Dqc(k

N) is actually a perfect complex with Tor amplitude in
[0, 2d]. For perfectness, by p-completeness, it suffices to show that HN(X)/p is perfect on (kN)|p=0.
But (kN)p=0 is the stack C = Spec(k[ut]/(ut))/Gm from Construction 2.8.2. A quasi-coherent
complex M on C is perfect if and only the corresponding complexes M |u=0 on Cu=0 and M |t=0

on Ct=0 are perfect44. In the case M = HN(X)/p, using Theorem 3.3.5 (4) and (5), it suffices to
show that the filtered objects Fil•HRΓ(X,Ω∗X/k) and φ∗Filconj

• RΓ(X,Ω∗X/k) give perfect complexes

on A1/Gm via the Rees construction; this follows as each filtration is a finite filtration on a perfect
k-complex whose associated graded complex is also k-perfect. The claim about Tor amplitudes is
proven similarly once one observes that the Tor amplitude of a perfect complex on a noetherian
scheme can be computed fibrewise.

3.4 Gauges over k

Using the filtered prismatization XN from Theorem 3.3.5, we obtain our desired notion of gauges.

44Given a noetherian scheme X and two closed subschemes Y,Z ⊂ X such that |X| = |Y | ∪ |Z|, we claim that
an object M ∈ Dqc(X) is perfect if and only if M |Y and M |Z are perfect on Y and Z respectively. The “only if”
direction is clear. For the “if” direction, we may replace X, Y , and Z by their reduced closed subschemes as the
condition of being perfect can be detected after pulling back along a nil-immersion. In this case, we have a triangle
OX → OY × OZ → Q of coherent sheaves on X with Q set-theoretically supported on Y ∩ Z. As M |Y and M |Z are
perfect are on Y and Z respectively, so is M |Y ∩Z on Y ∩Z, and thus M ⊗OX Q is bounded coherent on X. Tensoring
the previous triangle with M then shows that M is bounded coherent on X. Now the perfectness of a bounded
coherent complex on X can be detected after pulling back to points of X, so we win since pullback to a point of X
factors over restricting to Y or Z.
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Definition 3.4.1 (Gauges over X). Given a smooth k-scheme X, write Gauge�(X) := Dqc(X
N);

we refer to such objects as as (prismatic) gauges on X.

Prismatic gauges provide a natural notion of “coefficients” for Nygaard filtered prismatic coho-
mology. We next make a series of remarks aimed towards demystifying this notion.

Remark 3.4.2 (What is XN made of?). Fix a smooth k-scheme X. The stack XN contains two
open substacks

(XN)t6=0 ' φ∗X� = (X/W )crys and (XN)u6=0 ' X�

as well as the complementary closed substacks

(XN)t=0 = XHT,c := φ∗(X/k)dR,c and (XN)u=0 = (X/k)dR,+

with (transverse) intersection
(XN)u=t=0 = (X/k)Hodge.

Write jHT , jdR : X� → XN for the open immersions arising as

jHT : X� ' (XN)u6=0 ↪→ XN and jdR : X�
φ−1
W' φ∗X� ' (XN)t6=0 ⊂ XN

Note that jHT is W -linear, while jdR lives over φ−1
W on Spf(W ).

Remark 3.4.3 (Gauges as filtered objects). For a smooth k-scheme X, if we regard XN as living
over the t-line A1/Gm, then a vector bundle E on XN gives a vector bundle jdR,∗E on X� '
(XN)t6=0 (aka a prismatic crystal on X, see Construction 3.1.1) together with additional filtration
data specifying the extension across (XN)t6=0 ⊂ XN; this additional data can roughly be regarded
as providing a “Nygaard” filtration on the cohomology of the crystal jdR,∗E compatible with that
on the prismatic cohomology of X itself. In fact, we shall later prove a much more precise statement
along these lines using Theorem 3.3.5: for a qrsp ring R, the stack Spf(R)N identifies with the Rees
stack of the Nygaard filtration Fil•N�R, so Gauge�(R) is exactly the∞-category of filtered modules
over Fil•N�R. Thus, for general X, we may informally regard Gauge�(X) as the ∞-category of
filtered modules over the filtered Nygaard complex, regarded as a sheaf on X45.

Remark 3.4.4 (Gauges over X, concretely). In this remark, we outline two expectations for
descriptions of gauges in more explicit terms. The first of these is essentially accessible using
quasi-syntomic descent, while the second is the subject of ongoing discussions with Dodd.

1. Reinterpreting the construction in [FJ13, §6] in modern language, one obtains a sheaf of
graded W [u, t]/(ut−p)-algebras G on the quasi-syntomic site of k, determined by the following
requirement: if R is a qrsp k-algebra, then G(R) = Rees(⊕i∈ZFili�Rt−i) (naturally in R) with
u = pt−1. Let GX denote the restriction of G to the quasi-syntomic site Xqsyn of X (as in
[BMS19, Variant 4.35]). Then Gauge�(X) identifies naturally with Dqc,gr(Xqsyn, G).

2. Given a flat lift X/Spf(W ) of X/k, Dodd has recently defined a notion also called gauges
using filtered D-module theory on X (see [Dod22, §4]. We expect that Gauge�(X) embeds
fully faithfully into Dodd’s category, with essential image given by nilpotence constraints.

45Our original motivation for considering this category (and thus the stack Spf(R)N for R qrsp) as a natural
coefficient category was by analogy with complex algebraic geometry: the analogous object there is equivalent, via
a form of Koszul duality, to the category of coherent D-modules equipped with a good filtration. In fact, one can
use this perspective with quasi-syntomic descent to even construct XN directly. However, the functor of points
description provided by the perspective [Dri20] is quite mysterious from this approach.
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Precise statements with proofs will appear elsewhere.

Remark 3.4.5 (Explicit local charts). Fix a smooth k-scheme X/k with a lift X̃/Spf(W ) together
with a Frobenius φ

X̃
: X̃ → X̃ over φ : W → W . We then saw in Construction 3.1.1 that there is

a (Frobenius equivariant) flat cover X̃ → X�. Via the first map in Remark 3.3.4, we thus obtain a
flat cover X̃ × kN → XN. For instance, with notation as in Example 3.1.2, this gives a flat cover

Spf(W [x, u, t]/(ut− p)∧)→ (A1)N,

suggesting that (A1)N can be regarded as a 3-dimensional object, consistent with the analogy
between curves over finite fields and 3-manifolds in étale cohomology. This analysis also shows
that XN admits a flat cover by a regular noetherian p-adic formal scheme, so there is a reasonable
theory of coherent sheaves on XN.

In the rest of this section, we shall study gauges over k and their cohomology. First, let us
describe how one pictures a gauge, following the original perspective in [FJ13].

Remark 3.4.6 (How to picture a gauge?). Fix a gauge E ∈ Dqc(k
N). This corresponds to an

object46 M• ∈ Dp−comp,gr(W [u, t]/(ut − p)). Let us describe this object explicitly. Consider the
diagram

· · ·
t // O(−(i+ 1))

t //
u
oo O(−i)

u
oo

t // O(−(i− 1))
u
oo

t // · · ·
u
oo

of vector bundles on kN, where ut = tu = p. The above diagram describes a graded W [u, t]/(ut−p)-
module object in Vect(kN). Tensoring this object with E and taking global sections then gives the
corresponding M• ∈ Dp−comp,gr(W [u, t]/(ut− p)). Informally, we can picture M• (and thus E) as
follows: set M i = RΓ(kN, E(−i)) ∈ Dp−comp(W ), so the maps t : O(−1) → O and u : O → O(−1)
on kN then give rise to a diagram

· · ·
t //M i+1 t //
u

oo M i
u
oo

t //M i−1
u

oo
t // · · ·
u
oo (3.4.1)

of p-complete W -complexes, where p = ut = tu. Write M−∞ = colimM−i for the (p-completed)
colimit along the t maps, and M∞ = colimiM

i for the (p-completed) colimit along the u maps;
more conceptually, M∞ = E|(kN)|u6=0

and M−∞ = E|(kN)|t6=0
. Thus, we have a correspondence

M∞
u∞←−−M0 t∞−−→M−∞

in Dp−comp(W ). Note that if E ∈ Perf(kN), then the map t induces an isomorphism M i → M i−1

for i � 0, and the map u induces an isomorphism M i → M i+1 for i � 0. In this case, it follows
that both maps appearing in the correspondence above are p-isogenies, and thus we have a natural
identification M∞[1/p] 'M−∞[1/p] in Perf(W [1/p]).

Example 3.4.7 (The gauge HN(X)). Say E = HN(X), where X is a smooth quasi-compact
k-scheme X. Let us describe the diagram (3.4.1) corresponding to the gauge E. Since we have

M i = RΓ(kN, E(−i)) = FiliNφ
∗RΓ�(X/W ),

by Theorem 3.3.5, this diagram takes the form

· · · // Fili+1
N φ∗RΓ�(X/W )

t //oo FiliNφ
∗RΓ�(X/W )

u
oo

t // Fili−1
N φ∗RΓ�(X/W )

u
oo // · · · ,oo

46We have chosen cohomological indexing for the M i’s, to be consistent with the indexing for the Nygaard filtration.
Thus, the behaviour of t and u is swapped: the map t decreases degree by 1, while the map u increases degree by 1.
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where the map t is the obvious inclusion, while the map u is induced by multiplication by p ∈
Fil1Nφ

∗W = pW . Note that the t map induces isomorphisms

φ∗RΓ�(X/W ) =: M0 t,'−−→M−1 t,'−−→M−2 t,'−−→ ....,

so the map t∞ : M0 → M−∞ is an isomorphism, and then u∞ : M0 → M∞ gets identified with
the prismatic Frobenius φ∗X/W : φ∗RΓ�(X/W )→ RΓ�(X/W ) via the proof of Theorem 3.3.5. Let
us highlight two special features of this example:

• Frobenius is an isogeny: As Fili+1
N φ∗RΓ�(X/W )/pFiliNφ

∗RΓ�(X/W ) ' Fili+1
H RΓ(X,Ω•X/k),

we learn that the map u : M i → M i+1 is also an isomorphism for i + 1 > dim(X), so
M−∞[1/p] 'M∞[1/p], just as for perfect complex gauges (even though HN(X) need not be
perfect if X is not proper).

• F -gauge structure: Note that M∞ = RΓ�(X/W ) and M−∞ = φ∗RΓ�(X/W ) are off by a
Frobenius twist: this special feature of HN(X) corresponds to the fact that it is naturally an
F -gauge in the sense of the upcoming §4.1.

The next notion is motivated from the above discussion, and will be quite useful later.

Definition 3.4.8 (Effective gauges). We say that a gauge E ∈ Dqc(k
N) is effective if the maps

t : RΓ(kN, E(−i))→ RΓ(kN, E(−(i− 1)))

are isomorphisms for i ≤ 0. In other words, in terms of the diagram (3.4.1), the maps labelled t
emanating at M i are required to be isomorphisms for i ≤ 0.

Similarly, we say that a gauge E ∈ Dqc(k
N) is anti-effective if the maps

u : RΓ(kN, E(−i))→ RΓ(kN, E(−(i+ 1)))

are isomorphisms for i ≤ 0. In other words, in terms of the diagram (3.4.1), the maps labelled u
emanating at M i are required to be isomorphisms for i ≥ 0.

Example 3.4.9. The gauge HN(X) for a smooth quasi-compact k-scheme is always effective (see
Example 3.4.7), and the gauge HN(X)(−dim(X)) is anti-effective by Theorem 3.3.5 (4).

Remark 3.4.10. For any E ∈ Perf(kN), the twist E(i) is effective for i� 0: twisting by O(1) has
the effect of shifting diagram (3.4.1) to the left one step.

With an eye towards Mazur’s theorem, we are especially interested in vector bundles on kN.
For this, the following result, essentially capturing the “properness” of kN, will be quite useful:

Lemma 3.4.11 (Formal GAGA for kN). Write kNalg = Spec(W [u, t]/(ut − p))/Gm, so we have

natural map π : kN → kNalg realizing the source as the p-adic formal completion of the target.

1. Pullback along π indues equivalences on Vect(−), Coh(−) and Perf(−).

2. RΓ(kN,−) carries Perf(kN) into Perf(W ).

Proof. We first make some preliminary remarks. Write X = Spec(W [u, t]/(ut− p)), and let X̂ be
its p-adic formal completion. As X and thus X̂ are noetherian and regular, we have Vect(kN) ⊂
Coh(kN) ⊂ Perf(kN), and similarly for kNalg. Moreover, we have a Cech presentation(

· · ·
//////// Gm ×Gm × X̂

////// Gm × X̂ //// X̂
)
' kN (3.4.2)
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of p-adic formal stacks, as well as a Cech presentation(
· · ·

// ////// Gm ×Gm ×X
// //// Gm ×X //// X

)
' kNalg (3.4.3)

of schemes. Both augmented simplicial diagrams have flat face maps, and we can use them to
compute categories of quasi-coherent sheaves/complexes by descent. Arguing this way, one learns
that there is a standard t-structure on Perf(kN) with heart Coh(kN), and similarly kNalg; moreover,
the pullback π∗ is t-exact. We can now begin the proof.

1. First, we check full faithfulness. Let L be the tautological line bundle on kNalg (i.e., the

pullback O(1) ∈ Pic(BGm)). As X is an affine scheme, the category Dqc(k
N
alg) is generated

under colimits by {Li}i∈Z. Applying RHomkNalg
(Li,−), it is then easy to see that the natural

OkNalg
→ Rπ∗OkN is an isomorphism: this amounts to observing that (W [u, t]/(ut− p))deg=i is

a finite W -module and hence already p-complete. By the projection formula, we deduce that
π∗ is fully faithful on Perf(−), and hence on all categories under consideration. For future
use, let us also note that the functor π∗ : Perf(kNalg) → Perf(kN) is t-exact as the pullback

functor Perf(X)→ Perf(X̂) is t-exact by flatness of completion in the noetherian case.

To prove essential surjectivity, we first explain the claim for Coh(−). By full faithfulness,
it suffices to show that any M ∈ Coh(kN) is a quotient of ⊕ni=1L

mi for suitable integers
n,mi. An object M ∈ Coh(kN) is given by a compatible system {Mn ∈ Cohgr(X,OX/p

n)} of
graded coherent sheaves. As M1 is coherent and X is affine, we can then choose a surjection
⊕ni=1L

mi →M1, corresponding to homogeneous elements x1, ..., xn ∈M1. Each such element
can be lifted compatibly to homogeneous elements in each Mj ; choosing such lifts for each
j and each xi separately, then gives a map ⊕ni=1L

mi → M in Coh(kN) which is surjective
modulo p. By Nakayama, this map is surjective, so we win.

It remains to prove essential surjectivity for Perf(−) and Vect(−). In fact, the claim for
Perf(−) is immediate from the claim for Coh(−) using the full faithfulness and the standard
t-structure. For Vect(−), using the claim for Coh(−), it suffices to show the following: given
M ∈ Coh(kNalg), if π∗M is a vector bundle, so is M . Measuring local freeness via Fitting ideals,
it suffices to show the following: if a homogeneous ideal I ⊂ W [u, t]/(ut − p) gives the unit
ideal modulo p, then it must be the unit ideal. If I gives the unit ideal modulo p, then we have
an equation of the form 1 + pε =

∑
i aixi in W [u, t]/(ut− p) with xi being the homogeneous

generators of I, and ai, ε ∈ W [u, t]/(ut − p). Projecting to homogeneous components in
degree 0, then shows that 1 + pε0 ∈ Ideg=0 for some ε0 ∈ W = (W [u, t]/(ut − p))deg=0. But
1 + pε0 ∈W is a unit, so I contains a unit, as wanted.

2. Thanks (1) and its proof, any perfect complex on kN is a retract of a finite complex whose
terms are finite direct sums of powers of L. We are therefore reduced to checking that
RΓ(kN, Li) ∈ Perf(W ), which we already saw in the proof of (1) above.

Using the previous lemma, we next completely explicitly describe vector bundles on kN via a
standard purity result for schemes.

Proposition 3.4.12 (Vector bundles on kN via purity). Restriction to the loci (kN)u6=0 and (kN)t6=0

identifies the category Vect(kN) with the category of modifications of W -lattices, i.e., the category
of triples (Mu,Mt,Ψ), where Mu,Mt ∈ Vect(W ) and Ψ : Mu[1/p] ' Mt[1/p] is a W [1/p]-linear
isomorphism.

65



Proof. Consider the diagram where all functors are induced by pullback:

Vect(kN)← Vect(kNalg)→ Vect
(

(kNalg − V (u, t)
)
→ Vect((kNalg)u6=0)×Vect((kNalg)ut6=0) Vect((kNalg)u6=0).

We claim all arrows are equivalences. This is Lemma 3.4.11 for the first arrow; for the second arrow,
it follows by descent from purity of vector bundles47, while the last arrow is simply an equivalence
by Zariski descent. Now observe that

(kNalg)u6=0 = Spec(W [u±1])/Gm ' Spec(W ) and (kNalg)t6=0 = Spec(W [t±1])/Gm ' Spec(W ),

while
(kNalg)ut6=0 = Spec(W [1/p]).

As all identifications are W -linear, the claim follows.

Warning 3.4.13. The equivalence in Proposition 3.4.12 is not exact: the functor from Vect(kN)
to the category of modifications is exact, but the inverse functor is not. Correspondingly, Proposi-
tion 3.4.12 does not admit an obvious extension to quasi-coherent sheaves or higher cohomology:
via the algebraization for Perf(−) in Lemma 3.4.11, the construction in Proposition 3.4.12 does
derive to an exact functor

Ψ : Perf(kN)→ Perf(W )×Perf(W [1/p]) Perf(W ),

but this functor is not an equivalence; in fact, it fails to be fully faithful. For instance, RHomkN(M,N)
is W -perfect for M,N ∈ Perf(kN) by Lemma 3.4.11, while this is essentially never true on the right

(e.g., RHom(Ψ(O),Ψ(O)) = fib(W ×W (a,b)7→a−b−−−−−−→W [1/p]) is not W -perfect).

Example 3.4.14 (The Picard group of kN). The equivalence in Proposition 3.4.12 is induced by
pullback functors, and is thus symmetric monoidal. Consequently, we can identify the groupoid
Pic(kN) of line bundles on kN with the category of triples (L,L′,Ψ : L[1/p] ' L′[1/p]), where L
and L′ are invertible W -modues. Up to isomorphism, any such triple has the form (W,pnW, can :
W [1/p] ' pnW [1/p]) for a unique integer n, and the map remembering n gives an isomorphism
Pic(kN) ' Z, with O(1) corresponding to +1 ∈ Z. Moreover, H0(kN,O∗) = (W [u, t]/(ut− p))∗deg 0 =

W ∗, so it follows that pullback along kN → BGm induces an isomorphism

Z×BW ∗ ' Pic(kN)

of Picard groupoids (aka objects in D[−1,0](Z)).

Remark 3.4.15 (Explictly relating vector bundles to modifications of lattices). For future refer-
ence, it will be convenient to know the explicit construction describing the equivalence in Proposi-
tion 3.4.12, its inverse, and its interaction with computing global sections.

1. From vector bundles on kN to modifications. Let us explain how to explicitly construct the
triple (Mu,Mt,Ψ) corresponding to a vector bundle E ∈ Vect(kN). As in Remark 3.4.6, let
M• ∈ Vectgr(W [u, t]/(ut − p)) be the associated finite projective graded W [u, t]/(ut − p)-
module. We then have a correspondence

M∞
u∞←−−M0 t∞−−→M−∞.

47For a regular scheme X and a closed subset Z ⊂ X of everywhere codimension ≥ 2, the restriction functor
Vect(X)→ Vect(X −Z) is fully faithful in general, and an equivalence if dim(X) = 2. Applying this to the terms of
the simplicial presentation in (3.4.3) then gives the claim by smooth descent for vector bundles.
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Note that both u∞ and t∞ are p-isogenies, so the above diagram gives an isomorphism

ΨE : M∞[1/p] 'M−∞[1/p].

One then checks that the triple (Mu,Mt,Ψ) corresponding to E under the equivalence in
Proposition 3.4.12 is then explicitly given by (M∞,M−∞,ΨE).

2. Global sections of a vector bundle on kN via the modifications. Given a vector bundle E ∈
Vect(kN) with corresponding triple (Mu,Mt,Ψ), one computes that

RΓ(kN, E(i)) = p−iMu ∩Mt,

where the intersection takes place inside Mu[1/p]
Ψ'Mt[1/p]. The Zop-indexed diagram

...
t−→ RΓ(kN, E(−i)) t−→ RΓ(kN, E(−(i− 1))

t−→ ...

then identifies with the Zop-indexed diagram

... ⊂ piMu ∩Mt ⊂ pi−1Mu ∩Mt ⊂ ...

describing a filtration of Mt by W -submodules.

3. From modifications to vector bundles. Given a triple (Mu,Mt,Ψ), the corresponding vector
bundle E, regarded as graded W [u, t]/(ut− p)-module M = ⊕iM i, is determined by setting
M i = piMu ∩Mt, with t : M i → M i−1 being the obvious inclusion, and u : M i → M i+1

induced by multiplication by p; this follows by reversing (3).

In particular, it follows from the above descriptions that a vector bundle E corresponding to a
triple (Mu,Mt,Ψ) is effective (Definition 3.4.8) if and only if Ψ carries the lattice Mt ⊂ Mt[1/p]
into Mu ⊂Mu[1/p].

3.5 Mazur’s theorem

Theorem 3.3.5 explains how to attach gauges over k to a smooth proper k-scheme X. In this section,
we use this formalism to present a proof of a theorem of Mazur relating the Hodge filtration to the
crystalline Frobenius for certain X’s; see [Maz72, Maz73] for more context surrounding this result,
including its application to a conjecture of Katz relating the Newton and Hodge polygons48.

Theorem 3.5.1 (Mazur). Let X/k be a smooth proper k-scheme. Assume that the crystalline coho-
mology of X is p-torsionfree, and that the Hodge-to-de Rham spectral sequence degenerates49. Then
the F -crystal φX/W : Hn

crys → φ∗H
n
crys determines the Hodge filtration on Hn

dR := Hn(X,Ω•X/k) for
all n. More precisely, for each k, we have

FilkHH
n
dR = Im

(
φ−1
X/W (pkφ∗H

n
crys)

can−−→ Hn
crys(X/W )/p ' Hn

dR

)
⊂ Hn

dR.

Remark 3.5.2. In the situation of Theorem 3.5.1, if X/k admits a smooth proper lift X/W with
generic fibe Xη, then Theorem 3.5.1 implies that the Hodge numbers hi,j(Xη) of the generic fibre

Xη are determined by the F -crystal (H i+j
crys(X/W ), φ∗X/W ) attached to the special fibre.

48The idea of proving Theorem 3.5.1 using the present formalism of F -gauges goes back at least to Fontaine (see
[Eke86, FJ13]); the author benefitted from a talk by Dodd on [Dod22].

49This is satisfied, for instance, if X admits a flat lift to W with p-torsionfree Hodge cohomology.
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Remark 3.5.3. In the situation of Theorem 3.5.1, one can also recover the conjugate filtration
from the F -crystals: one has

Filconj
k Hn

dR = Im

φ−1
X/W (pkφ∗H

n
crys)

φ∗
X/W

pk−−−−→ φ∗H
n
crys → φ∗H

n
crys/p ' φ∗Hn

dR

 .

This follows by a similar argument given below to prove Theorem 3.5.1.

The strategy for proving this theorem is the following: we reinterpret the assumption on X as
stating that the cohomology sheaves of HN(X) ∈ Perf(kN) are vector bundles, and then deduce the
theorem using purity of vector bundles on kN (Proposition 3.4.12). To implement this strategy, we
need the following criterion for recognizing when the cohomology groups are a perfect complex are
vector bundles.

Lemma 3.5.4 (When do perfect complexes have finite projective cohomology?). Let R be a reduced
ring50, and let M ∈ Perf(R) be a perfect complex. Assume that for all i, the function

x ∈ Spec(R) 7→ dimκ(x)H
i(M ⊗LR κ(x)) ∈ N

is locally constant. Then each cohomology group of M is a finite projective R-module.

Proof. By devissage, it suffices to show that the top cohomology group N of M is locally free. As
N is the top cohomology group of a perfect complex, it must be finitely presented; moreover, the
assumption on M ensures that x 7→ dimκ(x)N ⊗R κ(x) is locally constant. We claim that this
forces N to be finite projective. By a limit argument, it suffices to show that N is finite projective
after localizing at points of Spec(R): the functor carrying a ring to its category of finitely presented
modules (resp. finite projective modules) commutes with direct limits. We may thus assume R
is a reduced local ring with maximal ideal m and residue field k. In this case, we must show N
is free. Choose a surjection π : Rn → N with n minimal, so n = dimk(N ⊗R k) and π gives
an isomorphism after tensoring with k. By the assumption on N , it follows that π induces an
isomorphism after tensoring with κ(x) for all x ∈ Spec(R). If ker(π) 6= 0, then we can find an

element 0 6= v ∈ ker(π). But then v gives a nonzero map R
17→v−−−→ Rn which vanishes after tensoring

with κ(x) for all x ∈ Spec(R), so v = (v1, ..., vn) ∈ Rn must have the property that each vi ∈ R
maps to 0 in every residue field of R. But we know that vi 6= 0 for some i. As R is reduced, this

means R[1/vi] 6= 0, so tensoring R
1 7→v−−−→ Rn with κ(x) for any x ∈ Spec(R[1/vi]) ⊂ Spec(R) gives

a contradiction.

We are now in a position to implement our stated strategy for proving Mazur’s theorem:

Proof of Mazur’s theorem (Theorem 3.5.1). In this proof, we shall regard HN(X) ∈ Perf(kN) as an
object of Perf(kNalg) by Lemma 3.4.11.

We first claim that, under the hypotheses in Theorem 3.5.1, the cohomology sheaves of HN(X)
are vector bundles. Using the criterion in Lemma 3.5.4, it suffices to show that the fibrewise rank
function is constant in all cohomological degrees. By the comparison in Theorem 3.3.5, the fibres
of HN(X) are given by one of the following complexes of vector spaces (up to Frobenius twists over
W , which we can ignore for rank considerations):

RΓcrys(X/W )[1/p], RΓ(X,Ω•X/k), RΓ(X,ΩHodge
X/k ).

50I thank Shiji Lyu and Longke Tang for suggesting removal of noetherian hypotheses from a previous version of
this lemma.
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The assumption that X has p-torsionfree crystalline cohomology and that its Hodge-to-de Rham
spectral sequence degenerates guarantees that all these complexes of vector spaces have the same
Betti numbers, so Lemma 3.5.4 ensures that the cohomology groups of HN(X) are indeed vector
bundles. Write Hi

N(X) := Hi(HN(X)) for simplicity from now on.
Next, let us make the bundle Hi

N(X) explicit as a graded W [u, t]/(ut − p)-module.. Applying
Proposition 3.4.12, we learn that each Hi

N(X) is corresponds to a triple (M i
u,M

i
t ,Ψ). Unwinding

how this identification is constructed and using Theorem 3.3.5, we learn that M i
t = H i

crys(X/W )
and M i

u = φ∗H
i
crys(X/W ) with the identification Ψ : M i

u[1/p] ' M i
t [1/p] induced by the crys-

talline Frobenius φX/k : H i
crys(X/W ) → φ∗H

i
crys(X/W ) on inverting p. In other words, we learn

that Hi
N(X) is functorially determined by the F -crystal (H i

crys(X/W ), φX/k[1/p]). From the ex-
plicit description in Remark 3.4.15, we then learn that the graded W [u, t]-module M = ⊕jM j

corresponding to Hi
N(X) is determined by

M j = φ−1
X/k(p

jφ∗H
i
crys(X/W )) ∩H i

crys(X/W ) ⊂ H i
crys(X/W )[1/p]

for all j. But φX/k[1/p] is effective, so this simplifies to give M j = φ−1
X/k(p

jH i
crys(X/W )) for j ≥ 0.

We now turn to the problem at hand. As each Hi
N(X) is a vector bundle, the same is true

for its specializations, so the comparison in Theorem 3.3.5 (4) holds true at the level of individual
cohomology groups, and not just at the level of complexes. In particular, we have

FiljNH
i
crys(X/W ) ' RΓ(kN,Hi

N(X)(−j)) and RΓ(kN,Hi
N(X)/u(−j)) ' FiljHH

i(X,Ω•X/k)

for all j ≥ 0, with the natural map from the LHS to the RHS being surjective. But the previous
paragraph identifies the LHS with the subspace φ−1

X/k(p
jH i

crys(X/W )) ⊂ H i
crys(X/W ); plugging this

into the above surjection (and identifying maps) then yields the theorem.
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Chapter 4

Syntomic cohomology in
characteristic p and duality

We work over a perfect field k of characteristic p. In this chapter, we introduce the primary object
of study in characteristic p in these notes: the syntomification. To each smooth k-scheme X, we
shall attach (via transmutation) a stack XSyn, called the syntomification of X, functorially in X.
For proper smooth maps f : X → Y , the induced map fSyn enjoys good finiteness properties, e.g.,
pushforward along fSyn preserves perfect complexes. This device serves multiple purposes:

1. One can regard Dqc(k
Syn) as a category of “p-adic cohomology theories” on smooth k-schemes:

for each M ∈ Dqc(k
Syn), we obtain a cohomology theory on smooth k-schemes via

(f : X → Spec(k)) 7→ RΓ(XSyn, f∗M).

Examples of cohomology theories that arise this way include: (graded pieces of) Hodge coho-
mology, (Hodge/conjugate filtered layers of) de Rham cohomology, (Nygaard filtered layers
of) crystalline cohomology, p-adic étale cohomology, the p-completion of the cohomology of
Gm, and more generally syntomic cohomology (which we shall define).

2. When k is a finite field and X/k is proper smooth, the stack XSyn enjoys good absolute
finiteness properties as a stack over Fp (and not merely relative to kSyn). A concrete man-
ifestation is a duality theorem (essentially due to Milne) expressing the idea that X has
“p-cohomological dimension 2 dim(X) + 1” — when dim(X) = 0, this captures the idea that
Spec(Fq) behaves like a circle.

The stack kSyn is constructed, roughly, a quotient of the filtered prismatization kN by Frobenius.
In general, for smooth k-schemes X, the stack XSyn can then be constructed in two ways: either
as a similar quotient of XN, or via transmutation from a suitable ring stack over kN.

4.1 Syntomification in characteristic p

For a smooth k-scheme X, Theorem 3.3.5 constructed the Nygaard filtered prismatization XN → kN

via transmutation from the ring stack GN
a → kN. To proceed further, we construct a new stack

XSyn as a quotient of XN:

Definition 4.1.1 (The syntomification and F -gauges). Fix a smooth k-scheme X. The stack XN

contains two open substacks isomorphic to X� as in Remark 3.4.2. Write XSyn for the result of
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glueing these two open substacks together, i.e., we have a pushout square

X� tX� jHT ,jdR //

can

��

XN

jN
��

X� j� // XSyn

(4.1.1)

where all maps are étale (and even local isomorphisms). We call XSyn the syntomification of X.

Remark 4.1.2 (Geometry of XSyn). Let us describe certain loci in XSyn:

• The stack kSyn has only two physical points: an open point Spf(W ) corresponding to either
of (kN)t6=0 or (kN)u6=0 inside kN, and a closed point based at Spec(k)/Gm → kSyn coming
from the closed point of kN. Via pullback, this gives an open-closed decomposition

X� j�−→ XSyn iH←− XHodge

of XSyn, where XHodge = (X/k)Hodge = (BT ]X/k)/Gm.

• The inclusion of the two divisors (X/k)dR,+ = (XN)u=0 ⊂ XN and XHT,c = (XN)t=0 ⊂ XN

gives rise to maps

hdR,+ : (X/k)dR,+ → XSyn and hHT,+ : XHT,c → XSyn

of stacks. When X = Spec(k), these are simply given by maps

hdR,+ : A1/Gm → XSyn and hdR,c : A1/Gm → XSyn

and have the feature that h∗dR,+HN(X) = HdR,+(X) and h∗HT,cHN(X) = HHT,+(X) :=
φ∗HdR,c(X) for any smooth k-scheme X.

Warning 4.1.3. Fix a smooth k-scheme X.

• The stack XSyn is not a W -stack but only a Zp-stack: the map jHT : X� → XN is W -linear,
while the map jdR : X� → XN is linear over φ−1

W , so XSyn only has a Zp-structure and not a
W -structure. (This is a feature and not a bug: it allows us to capture Zp-linear cohomology
theories, such as RΓet(X,Zp) or RΓet(X,Gm)/pn, as coherent cohomology on XSyn.)

• The stack XSyn is not separated: indeed, even kSyn is not separated as there are two visible
specializations from the open point to the closed point, one coming from each divisor (kN)u=0

and (kN)t=0 in kN. Nevertheless, the situation is somewhat tame: if X has affine diagonal,
one can show the same for XSyn.

• The maps hdR,+ : (X/k)dR,+ → XSyn and hHT,+ : XHT,c → XSyn are locally closed im-
mersions but not closed immersions. Indeed, even when X = Spec(k), the pullback of
hdR,+ : A1/Gm → kSyn along jN : kN → kSyn identifies with (kN)u=0 t (kN)t 6=0 → kN,
which is a union of disjoint closed and open immersions.

Remark 4.1.4 (Stability properties). The commutative square (4.1.1) can be regarded as a natural
transformation of functors on smooth k-schemes. Moreover, for any map f : X → Y of smooth
k-schemes, the induced map gives a base change identification

XN ' XSyn ×Y Syn Y N.
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As the map jN : Y N → Y Syn is an étale cover, we deduce that the functor X 7→ XSyn from smooth
k-schemes to stacks over kSyn enjoys the same nice properties as the functor X 7→ XN from smooth
k-schemes to stacks over kN: it commutes with Tor independent finite limits, and carries (affine)
étale maps (resp. covers) to (affine) étale maps (resp. covers).

Remark 4.1.5 (Noetherianness). The stack kSyn is a noetherian regular p-adic formal stack: in-
deed, the same is true for kN, and we have a surjective étale map jN : kN → kSyn. Consequently,
there is a sensible notion of coherent sheaves on kSyn, and moreover we have a standard t-structure
on Perf(kSyn) with heart the abelian category Coh(kSyn) of coherent sheaves. In fact, by Re-
mark 3.4.5, the same remarks apply to XSyn for any smooth k-scheme X.

The syntomification can also be defined via transmutation from the stack GSyn
a .

Remark 4.1.6 (The k-algebra stack GSyn
a ). Let us explain why GSyn

a is naturally a k-algebra
stack. In fact, the compatibility with finite products shows that GSyn

a is naturally an animated
algebra stack over kSyn. To get the k-algebra structure, it is easiest to directly explain why the
k-algebra structure on GN

a descends to one on GSyn
a .

The diagram in Construction 3.3.2 gives an isomorphism

(GN
a )|u6=0 'W/p

of k-algebra stacks on (kN)u6=0, as well as an isomorphism

(GN
a )|t6=0 ' φ∗W/p

as k-algebra stacks on (kN)t6=0. The first isomorphism may be viewed as a natural identification
j∗HTGN

a ' W/p as k-algebra stacks on k�. Moreover, the φ∗ appearing in the second isomor-
phism coupled with the φ−1-linearity of jdR then also gives a natural identification j∗dRGN

a '
(φ−1)∗F∗W/p 'W/p as k-algebra stacks on k�51. Via these identifications, the k-algebra structure
on GN

a descends to a k-algebra structure on GSyn
a over kSyn along jN : kN → kSyn.

For a general smooth k-scheme X, we leave it to the reader to check that the stack XSyn → kSyn

can also be constructed via transmutation from the k-algebra stack GSyn
a → kSyn.

4.2 Generalities on F -gauges

Definition 4.2.1 (F -gauges). For a smooth k-scheme X, the ∞-category F-Gauge�(X) is defined
to be Dqc(X); objects here are called F -gauges on X. There is a natural map π : XSyn → kSyn,
and we write HSyn(X) := Rπ∗OXSyn ∈ Dqc(k

Syn) when X is quasi-compact.

Let us first make some general remarks on F -gauges and their cohomology.

Remark 4.2.2 (Realization functors). For a smooth k-scheme X, we have maps j� : X� → XSyn,
hdR,+ : XdR,+ → XSyn, hHT,c : XHT,c → XSyn and iH : XHodge → XSyn as described in
Remark 4.1.2. Thus, given a vector bundle F -gauge E ∈ Vect(XSyn), its pullback along any
of these maps gives a more classical object, e.g., j∗�E ∈ Vect(X�) is a prismatic crystal on
X (Construction 3.1.1 (5)), h∗dR,+E ∈ Vect(XdR,+) is a vector bundle with a flat connection

51Let us check this on the functor of points. Given a map α : k → R of commutative rings, the k-

algebra
(
(φ−1)∗F∗W/p

)
(k

α−→ R) identifies with the k-algebra F∗W/p(k
α◦φ−1

−−−−→ R), which equals the k-algebra

φ∗W/p(k
α◦φ−1

−−−−→ R), which is simply the k-algebra W (R)/p, regarded as a k-algebra via the unique lift k →W (R)/p
of α : k → R.
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with nilpotent p-curvature equipped with a Griffiths transversal Hodge filtration (Remark 2.5.8),
i∗HodgeE ∈ Vect(XHodge) is a nilpotent Higgs bundle on X/k (Remark 2.5.9), etc. Thanks to this
picture, we often regard an F -gauge as a universal coefficient object for p-adic cohomology theories
on X, and the aforementioned pullback functors can be regarded as “realization functors”.

Remark 4.2.3 (Finiteness of cohomology). For X/k smooth and proper of dimension d, we claim
that HSyn(X) ∈ Perf(kSyn) with Tor amplitude in [0, 2d]. Indeed, this can be checked after pull-
back along the local isomorphism kN → kSyn. But XN ' XSyn ×kSyn kN, so we are reduced to
showing that HN(X) is perfect with Tor amplitude in [0, 2d], which was explained in Remark 3.3.6.
The same reasoning combined with the proof of Theorem 3.5.1 also shows the following: if each
H i

crys(X/W ) is p-torsionfree and the Hodge-to-de Rham spectral sequence fo X/k degenerates, then
each cohomology sheaf Hi

Syn(X) := Hi(HSyn(X)) is a vector bundle.

Remark 4.2.4 (F -gauges on k in terms of gauges and glueing). Recall that kN contains two open
copies of Spf(W ) as a W -stack: one given by (kN)u6=0 → kN, and the other by (kN)t6=0 → kN. The
stack kSyn is obtained by identifying these together along the Frobenius. Keeping track of twists,
one learns that specifying an F -gauge on k is equivalent to specifying a gauge E ∈ Dqc(k

N) on k
together with isomorphisms φ∗(E|(kN)u 6=0

) ' E|(kN)t 6=0
.

Remark 4.2.5 (Cohomology of F -gauges, conceptually). For smooth X/k, elaborating on Re-
mark 4.2.4, the pushout square in Eq. (4.1.1) gives an equalizer diagram

Dqc(X
Syn) ' Eq(Dqc(X

N)
j∗HT //
j∗dR

// Dqc(X
�))

of stable∞-categories. In particular, if E ∈ Dqc(X
Syn) be an F -gauge on X, then there is a natural

triangle

RΓ(XSyn, E)→ RΓ(XN, E|XN)
j∗HT−j

∗
dR−−−−−−→ RΓ(X�, E|X�) (4.2.1)

where we abusively write E|XN = j∗NE and E|X� = j∗�E. The map j∗HT is W -linear, while the map
j∗dR is not W -linear, so the second map appearing above is only Zp-linear, whence the fibre term
on the left is only Zp-linear as well.

Using the above, we can produce some basic calculations of F -gauges and their cohomology.

Example 4.2.6 (Weight 0 syntomic cohomology). Let us calculate RΓ(XSyn,O) using the fibre
sequence (4.2.1). Using Theorem 3.3.5 to compute the middle term in (4.2.1), we obtain a fibre
sequence

RΓ(XSyn,O)→ RΓ(X�,O)
φ∗X−1
−−−−→ RΓ(X�,O),

where we recall that φ∗RΓ(X�,O) ' RΓ((X/W )crys,O) by §3.1. A standard argument52 then shows
that

RΓ(XSyn,O) ' RΓet(X,Zp),

so syntomic cohomology of the structure sheaf is p-adic étale cohomology.
52By étale descent for prismatic/crystalline cohomology (which follows from the de Rham comparison), the as-

signment carrying U to the fibre RΓ(U�,O)φ
∗
U=1 := fib

(
RΓ(U�,O)

φ∗
U−1
−−−−→ RΓ(U�,O)

)
is a p-complete étale sheaf

of complexes on Xet, so there is a natural map RΓet(X,Zp) → RΓ(X�,O)φ
∗
X=1. To check this is an isomorphism,

one can reduce modulo p. Via the de Rham comparison for crystalline cohomology, we are reduced to checking that
the natural map RΓet(X,Fp) → RΓ(X,Ω•X/k)φ

∗
X=1 is an isomorphism. As φ∗X kills differential forms of positive

degree, this reduces to checking that RΓet(X,Fp) → RΓ(X,OX)φ
∗
X=1 is an isomorphism, which follows from the

Artin–Schreier sequence.
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Remark 4.2.7 (From local systems of F -gauges). For an étale map U → X of smooth k-schemes,
the map USyn → XSyn is also étale by Remark 4.1.4. This construction is compatible with pullbacks
and disjoint unions, and preserves surjections. Consequently, we have a natural morphism

((XSyn)et,O/p
n)→ (Xet,Z/p

n)

of ringed sites for all n. As the construction is local on Xet, the pullback of a local system along
this map is a vector bundle. Passing to derived categories, we obtain pullback functor

RH : Db
lisse(Xet,Z/p

n)→ Perf((XSyn)pn=0)

and hence, on passage to the limit, a pullback functor

RH : Db
lisse(Xet,Zp)→ Perf(XSyn).

Extending the analsysis in Example 4.2.6, one can show that both these functors are fully faithful.
In particular, we have

RΓ(Xet, L) ' RΓ(XSyn, T (L)),

so we can regarded the theory of F -gauges as an enlargement of theory of lisse Zp-sheaves on X.

The F -gauges coming from étale local systems as above are very special; for instance, objects of
geometric origin (e.g., HN(X) for dim(X) ≥ 1) essentially never have this form. To work with the
cohomology of general F -gauges effectively, we need to explicitly understand the cohomology of an
F -gauge on k itself; let us record an explicit description of this theory obtained from the explicit
description of gauges in Remark 3.4.6.

Remark 4.2.8 (Cohomology of F -gauges on k, explicitly). Let E ∈ Dqc(k
Syn) be an F -gauge on

Spec(k). Let M• ∈ Dp−comp,gr(W [u, t]/(ut−p)) be the graded W [u, t]/(ut−p)-complex corresponds
to the gauge E|kN as in Remark 3.4.6; thus, M i = RΓ(kN, E(−i)), and we view the W [u, t]/(ut−p)-
linear structure on M• as a diagram

· · ·
t //M i+1 t //
u

oo M i
u
oo

t //M i−1
u

oo
t // · · ·
u
oo

where ut = tu = p. Write M−∞ = colimM−i for the p-completed colimit along the t maps, and
M∞ = colimiM

i for the p-completed colimit along the u maps, so we have a correspondence

M∞
u∞←−−M0 t∞−−→M−∞.

As E comes from kSyn, we are given an isomorphism τ : φ∗M∞ ' M−∞ (Remark 4.2.4), so we

obtain an induced map τφu∞ : M0 u∞−−→ M∞
φ
' φ∗M∞

τ' M−∞. Unwinding definitions, one finds
that the complex RΓ(kSyn, E) can then be computed as

RΓ(kSyn, E) = fib
(
M0 t∞−τφu∞−−−−−−→M−∞

)
.

This formula will be quite useful in the sequel.

Let us end this section by observing that a small modification of mod p prismatic F -gauges on
X naturally produces a category linear over the “twistor line”
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Remark 4.2.9 (Relation to canonical global quantization). In the recent paper [BKTV22], the
authors introduce (amongst others) the following construction: given a smooth k-scheme X, there
is a quasi-coherent sheaf of categories CX over X(1) × P1/Gm (which the authors call the twistor
category) with the following specializations:

1. The restriction of CX to the open substack X(1) × {1} ⊂ X(1) × P1/Gm is the category
DX -Mod of quasi-coherent DX -modules on X.

2. The restriction of CX along X(1) × {0} → X(1) × P1/Gm is the category HiggsX of quasi-
coherent Higgs bundles on X.

3. The restriction of CX along X(1) × {∞} → X(1) × P1/Gm is the category HiggsX(1) of
quasi-coherent Higgs bundles on X(1).

Let us explain how to recover a similar picture using mod p prismatic F -gauges; we are grateful to
Dmitry Kubrak for discussions on this point.

Consider the normalization map kh → (kSyn)p=0. Thus, the Fp-stack kh is obtained by glueing
two copies of A1/Gm over k to each other along their open points using the Frobenius automor-
phism. This stack is isomorphic (via an isomorphism that is the identity on one component and
φ−1
k on the other) to the k-stack Ξ/Gm, where Ξ = A1 ∪Gm A1 is the affine line with the doubled

origin. Moreover, we have a natural identification Ξ/Gm ' P1/Gm of k-stacks53, so we henceforth
identify kh = P1/Gm.

Next, let Xh = XSyn ×kSyn kh, so there is a natural projection map Xh → kh = P1/Gm.
Starting from the pushout description of kSyn and unwinding definitions, we learn that the stack
Xh sits in a pushout square

(XN)t=0,u6=0 t (XN)u=0,t 6=0
//

��

(XN)t=0 t (XN)u=0

��
XHT // Xh.

Via the modular description, one can also define a natural map Xh → X, uniquely determined by
the requirement that it extend the structure map XHT → X on the bottom left term above.

Combining the above two paragraphs, we obtain a natural map Xh → X × P1/Gm. The
category QCoh(Xh) thus sheafifies to a quasi-coherent sheaf of categories C′X over X × P1/Gm.
One can check that C′X has similar specializations to (1) - (3) above, with the following two changes:
(a) one must add nilpotence constraints on the p-curvature in (1) and the Higgs fields in (2) and (3),
and (b) there is one fewer Frobenius twist appearing in the specializations describing C′X . In fact,
it seems quite likely that C′X is exactly the full subcategory of CX determined by the constraints
in (a) after twisting by the Frobenius.

4.3 Vector bundles on kSyn

To discuss syntomic cohomology in higher weight, we need to understand line bundles on kSyn

better. In fact, vector bundles on kSyn are quite classical objects:

53This looks slightly funny, but is obtained by simply noticing that both stacks are obtained by glueing two copies
of A1/Gm along their open point, and there is only one such glueing as the point has no automorphisms. However,
the resulting isomorphism Ξ/Gm ' P1/Gm is not linear over BGm: indeed, if it were, we would get the absurd
conclusion that Ξ ' P1.
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Proposition 4.3.1 (Vector bundles on kSyn as F -crystals). The category Vect(kSyn) is identified
with the category of (not necessarily effective) F -crystals, i.e., pairs (M, τ : φ∗M [1/p] ' M [1/p]),
where M is a finite projective W -module and τ is an isomorphism of W [1/p]-modules.

Proof. We saw in Proposition 3.4.12 that the category Vect(kN) identifies with the category of
modifications (Mu,Mt,Ψ : Mu[1/p] ' Mt[1/p]) of W -lattices. Using the pushout square defining
kSyn and unwinding identifications, one then learns that Vect(kSyn) identifies with the category of
pairs ((Mu,Mt,Ψ : Mu[1/p] 'Mt[1/p]), τ : φ∗Mu 'Mt), where (Mu,Mt,Ψ : Mu[1/p] ' Mt[1/p])
is a modification of W -lattices and τ is a W -module isomorphism. This simplifies to the category
in the lemma.

Remark 4.3.2 (Effective and anti-effective F -gauges). We call an F -gauge E ∈ Dqc(k
Syn) effective

(resp. anti-effective) if its pullback to kN is effective (resp. anti-effective) in the sense of Defini-
tion 3.4.8. One then checks that a vector bundle E ∈ Vect(kSyn) is effective (resp. anti-effective)
if and only the corresponding F -crystal (M, τ) (from Proposition 4.3.1) is effective (resp. anti-
effective) in the classical sense, i.e., the isomorphism τ : φ∗M [1/p] 'M [1/p] satisfies τ(φ∗M) ⊂M
(resp. τ(φ∗M) ⊃M).

Example 4.3.3 (The Picard groupoid of kSyn). We shall determine the groupoid Pic(kSyn) of line
bundles on kSyn, regarded as a Picard groupoid (i.e., an object of D[−1,0](Z)). Given α ∈W [1/p]∗,
we obtain an invertible F -gauge Lα via the description in Lemma 4.3.1: it corresponds to the F -
crystal (W, τα), where τα : φ∗W [1/p] 'W [1/p] is the map determined by 1 7→ α. This construction
is multiplicative, so it extends to a symmetric monoidal functor W [1/p]∗ → Pic(kSyn). It is easy to
see this functor is essential surjective. To determine the “relations”, observe that the composition

W ∗
x 7→φ(x)x−1

−−−−−−−→W [1/p]∗ → Pic(kSyn)

is canonically trivialized: indeed, for x ∈W ∗, one has the isomorphism

(W, τ1)
17→x' (W, τφ(x)x−1)

of F -crystals. This construction determines a map

Cone

(
W ∗

x 7→φ(x)x−1

−−−−−−−→W [1/p]∗
)
→ Pic(kSyn)

that one checks is an equivalence of Picard groupoids. In this description, the effective invertible
F -gauges are exactly those lying in the image of W −{0} ⊂W [1/p]∗ in Pic(kSyn). In two important
special cases, this can be made much more concrete:

• If k is separably closed, then W ∗
x 7→φ(x)x−1

−−−−−−−→W ∗ is surjective with kernel Z∗p by Artin-Schreier
theory, giving an isomorphism

Pic(kSyn) ' Z×BZ∗p

of Picard groupoids.

• If k = Fp, then W = Zp and φ is the identity, so we learn that

Pic(FSyn
p ) ' Q∗p ×BZ∗p ' Z∗p × Z×BZ∗p (4.3.1)

of Picard groupoids.
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The fundamental remaining input in defining syntomic cohomology is the following:

Definition 4.3.4 (Breuil–Kisin twists in characteristic p). The Breuil–Kisin (BK) twist O{−1} ∈
Pic(FSyn

p ) is defined to be the essential image p ∈ Q∗p under the map Q∗p → Pic(FSyn
p ) from (4.3.1).

We use the same notation for its pullback to XSyn for any smooth k-scheme X.

Thus, under the description in Proposition 4.3.1, the line bundle O{−1} corresponds to the

effective F -crystal (M, τ), where M = W , and τ is determined by φ∗M
17→p−−−→M . The corresponding

invertible gauge O{−1}|kN is identified with O(1): this follows by plugging the effective F -crystal
definition of O{−1} into the description of Pic(kN) given in Example 3.4.14.

Remark 4.3.5 (BK twists and cohomology). Let E ∈ Dqc(k
Syn) be an F -gauge. Keep notation

as in Remark 4.2.8, so M j = RΓ(kN, E|kN(−j)), etc. For any integer i, we claim that

RΓ(kSyn, E{i}) = fib

(
M i t∞+i−τφu∞−i−−−−−−−−−→M−∞

)
,

where t∞+i : M i → M−∞ is the map induced by the t maps, u∞−i : M i → M∞ is the map

induced by the u maps, and τφu∞−i is the map M i u∞−i−−−→ M∞
φ
' φ∗M∞

τ' M−∞. To prove
this, let N• ∈ Dp−comp,gr(W [u, t]/(ut − p)) be the graded W [u, t]/(ut − p)-complex corresponding
to E{i}|kN . It will suffice to show that N0 = M i, N±∞ = M±∞, and then to identify the maps.
To understand the terms, note that O{−1}|kN ' O(1) as explained above, whence N0 = M i and
N±∞ = M±∞, as claimed. One can then explicitly track down the effect of BK twists on the
Frobenius identification τ to obtain the desired.

Remark 4.3.6 (Realizing BK twists geometrically). Consider the F -gauge HN(P1) ∈ Dqc(k
Syn).

By Remark 4.2.3, this is a perfect complex whose cohomology groups are vector bundles. Classical
calculations of de Rham cohomology then show that these cohomology groups nonzero only in
degrees 0 and 2, where they are line bundles. We claim that H2

Syn(P1) identifies with O{−1}. Using
the equivalence with F -crystals in Proposition 4.3.1 and its construction, we are reduced to checking

that H2
crys(P

1/W ) → φ∗H
2
crys(X/W ) identifies with φ∗W

17→p−−−→ W , which is a classical calculation
in crystalline cohomology. More generally, similar reasoning shows that H2n

Syn(Pn) ' O{−n}.

4.4 Syntomic cohomology in characteristic p

In this section, we introduce syntomic cohomology for smooth k-schemes. Its definition is immediate
from the syntomification functor and the notion of BK twists. The resulting cohomology theory
can be reasonably regarded as “p-adic étale motivic cohomology” for smooth k-schemes.

Definition 4.4.1 (Syntomic cohomology). For a smooth k-scheme X and an integer i, we define
its weight i syntomic cohomology as

RΓSyn(X,Zp(i)) := RΓ(XSyn,O{i}).

Syntomic cohomology in weight 0 is p-adic étale cohomology, as we saw in Example 4.2.6 via the
Artin-Schreier sequence. More generally, in any weight, there is an Artin-Schreier style description
of syntomic cohomology:
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Proposition 4.4.2 (Syntomic cohomology via the Nygaard filtration). Fix a smooth k-scheme X.
For any integer i, there is a natural fibre sequence

RΓSyn(X,Zp(i))→ FiliNφ
∗RΓ�(X/W )

can−φi−−−−→ RΓ�(X/W ), (4.4.1)

where can is the canonical map FiliNφ
∗RΓ�(X/W ) → φ∗RΓ�(X/W )

φ−1

' RΓ�(X/W ), while φi is

the “divided Frobenius map” FiliNφ
∗RΓ�(X/W )

φ∗
X/W−−−−→ piRΓ�(X/W )

1/pi

' RΓ�(X/W ).

Proof. Remark 4.3.5 and the description in Theorem 3.3.5 give a fibre sequence

RΓSyn(X,Zp(i))→ FiliNφ
∗RΓ�(X/W )

α−ψ−−−→ φ∗RΓ�(X/W ),

where α is the canonical map forgetting the filtration, and ψ is the map

FiliNφ
∗RΓ�(X/W )

φ∗
X/W

pi−−−−→ RΓ�(X/W )
φ
' φ∗RΓ�(X/W ).

The map can − φi appearing in the proposition is obtained by postcoming the map α − ψ ap-

pearing above with the automorphism φ∗RΓ�(X/W )
φ−1

' RΓ�(X/W ). As postcomposing with an
automorphism does not change the fibre, the claim follows.

Proposition 4.4.3 (Very (anti-)effective F -gauges have vanishing cohomology). Let E ∈ Dqc(k
Syn).

If E is effective, then RΓ(kSyn, E{−i}) = 0 for i > 0.
Dually, if E is anti-effective, then RΓ(kSyn, E{i}) = 0 for any i > 0.

Proof. We only explain the first assertion as the second one follows by a similar argument. More-
over, it suffices to explain the claim when i = 1. We use the notation and recipe in Remark 4.3.5.
By the formula there, we have

RΓ(kSyn, E{−1}) = fib

(
M−1 t∞−1−τu∞+1

−−−−−−−−−→M−∞
)
,

so we must show the map appearing on the right is an automorphism. Now as E is effective,

the maps M0 t−→ M−1 t−→ M−2 t−→ ... induced by t are all isomorphisms, and thus the maps
M0 u←−M−1 u←−M−2 u←− ... are all identified with multiplication by p. Consequently, the map t∞−1

appearing above is an isomorphism, while the map τu∞+1 is divisible by p. But then the map
t∞−1 − τu∞+1 is an isomorphism modulo p, and thus an isomorphism by derived Nakayma.

Corollary 4.4.4 (Negative weight syntomic cohomology vanishes). For a smooth k-scheme and
an integer i > 0, we have RΓSyn(X,Zp(−i)) = 0 and RΓSyn(X,Zp(dim(X) + i)) = 0.

Proof. It suffices to show this when X is quasi-compact. But then it is immediate from Proposi-
tion 4.4.3 as HSyn(X) is effective and HSyn(X){dim(X)} is anti-effective (Example 3.4.9).

Example 4.4.5 (The syntomic cohomology of k itself). We have already seen thatRΓSyn(k,Zp(0)) =
RΓet(Spec(k),Zp) (Example 4.2.6). Since dim(X) = 0, Corollary 4.4.4 implies that RΓSyn(k,Zp(i))
vanishes for i 6= 0.
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Remark 4.4.6 (Generating the category of F -gauges). Say k is an algebraically closed field of
characteristic p. It follows from Example 4.4.5 that RHomkSyn(O{i},O{j}) vanishes for i 6= j, and
equals Zp for i = j. Thus, pullback along the map kSyn → BGm classifying O{1} gives a fully
faithful embedding Dqc(BGm) → Dqc(k

Syn). However, this map is not surjective, i.e., Dqc(k
Syn)

is not generated under colimits by {O{i}}i∈Z. Indeed, if this functor were essentially surjective,
then it would be an equivalence. But this would imply any perfect complex on (kSyn)p=0 would
have to be isomorphic to a finite direct sum of shifts of vector bundles (as the same holds true for
(BGm)p=0). In particular, this would imply that for any smooth proper X/k, the perfect complex
HSyn(X)/p ∈ Perf((kSyn)p=0) has vector bundle cohomology sheaves. Pulling back to kN and using
Theorem 3.3.5, we would learn that the Hodge-to-de Rham and conjugate spectral sequences for
X/k must always degenerate, which clearly need not be the case.

The preceding analysis raises the following question: is Dqc(k
Syn) generated (under colimits)

by the compact objects {HN(X)/p} as X ranges over all smooth proper k-schemes?

We end this section by explaining why syntomic cohomology in weight 1 is the p-completion of
the étale cohomology of Gm (in fact, we only prove it mod p); in any reasonable theory of motives,
one expects Z(1) to be closely related to Gm, so this calculation supports the view that Dqc(k

Syn)
might be viewed as a category of p-adic étale motives, with HN(X) providing the “motive of X”.

Proposition 4.4.7 (Syntomic cohomology in weight 1). For any smooth k-scheme X, there is a
natural identification

RΓSyn(X,Zp(1)) ' RΓet(X,Gm)∧[−1],

where the completion is p-adic. Reducing mod pn, we learn that

RΓSyn(X,Zp(1))/pn ' RΓfl(X,µpn).

Proof of the mod p analogue. We will only prove the mod p assertion: we shall prove that there is
a natural identification

RΓSyn(X,Zp(1))/p ' RΓet(X,Gm)/p[−1] (' RΓfl(X,µp)) ,

where the parenthetical isomorphism comes from Kummer theory. Moreover, for simplicitly, we
only give the argument when X = Spec(R) is a smooth affine Fp-scheme; this allows us to suppress
Frobenius twists. Let �R = RΓ�(X/Zp) be the prismatic complex, so �R/p ' Ω•R/Fp is the de

Rham complex. Let Z1ΩR/Fp ⊂ Ω1
R/Fp

be the subgroup of 1-cycles, i.e., the kernel of d. The proof
has two parts:

1. Reinterpretation via differential forms: We claim that there is a natural quasi-isomorphism(
Fil1N�R/p

can−φi−−−−→ �R/p
)
'
(
Z1ΩR/Fp

1−C−−−→ Ω1
R/Fp

)
[−1] (4.4.2)

where the map 1 on the right denotes the canonical inclusion, and C denotes the projection
Z1ΩR/Fp � H1(Ω•R/Fp) ' Ω1

R/Fp
, with the last map being the Cartier isomorphism.

For this, consider the sheaf HN(X) ∈ Dqc(k
Syn). We have an exact triangle

HN(X)/p
can−−→ HN(X)/t⊕HN(X)/u

(a,b)7→a−b−−−−−−→ HN(X)/(u, t)

on FSyn
p , where all quotients are interpreted in the Koszul sense (this arises by tensoring the

analogous triangle for OkSyn with HN(X), as in the proof of Theorem 3.3.5). Identifying these
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objects with graded Zp[u, t]/(ut − p)-complexes and passing to the degree 1 summand, this
gives an exact triangle

Fil1N�R/p
α:=(φ1,can)−−−−−−−→ Filconj

1 Ω•R/Fp ⊕ Fil1HΩ•R/Fp
δ−→ Ω1

R/Fp
[−1] (4.4.3)

in D(Fp), where the map φ1 is induced by the divided Frobenius, the map can is the canonical
map, and δ is the map induced by the difference of the obvious maps from each term. On the
other hand, recalling that

Filconj
1 Ω•R/Fp =

(
R

d−→ Z1ΩR/Fp

)
, (4.4.4)

we obtain a natural fibre sequence

Z1ΩR/Fp [−1]
β:=(π,−inc)−−−−−−−→ Filconj

1 Ω•R/Fp ⊕ Fil1HΩ•R/Fp
σ:=sum−−−−−→ Ω•R/Fp ' �R/p, (4.4.5)

where π comes from the inclusion of Z1ΩR/Fp as the last term of (4.4.4), while inc comes
from the inclusion Z1ΩR/Fp ⊂ Ω1

R/Fp
: indeed, this is a general statement about any chain

complex. Consider the map
Fil1N�R/

σ◦α−−→ �R/p

obtained by composing α and σ from (4.4.3) with (4.4.5). Unwinding definitions, this map
identifies with the map φ1− can appearing on the LHS of (4.4.2), so it suffices to identify the
fibre of this map with the RHS of (4.4.2). For this, consider the following diagram

F //

��

Z1ΩR/Fp [−1]

β

��

δ◦β // Ω1
R/Fp

[−1]

Fil1�R/p
α //

σ◦α
��

Filconj
1 Ω•R/Fp ⊕ Fil1HΩ•R/Fp

δ //

σ

��

Ω1
R/Fp

[−1]

�R/p �R/p

where one first draws the middle column and row from (4.4.5) and (4.4.3) respectively, then
defines F to make the square on the top left a fibre square, and then computes that the top
row and left column are also exact. In particular, the term F is both the fibre of σα as well
as δβ. To finish proving the claim, it suffices to identify δβ with C − 1; this is immediate
from the definitions and chasing diagrams, so we win.

Remark 4.4.8. The preceding homological argument is not specific to the F -gauge HN(X)
and can be abstractly explained as follows (where we ignore Frobenius twists by assuming
k = Fp). The stack (kSyn)p=0 admits the following descriptions:

(a) Glue two copies of A1/Gm at their closed point (which is a copy of BGm) to get (kN)p=0,
and then identify the two open copies of Spec(k) with each other to obtain (kSyn)p=0.

(b) Glue two copies of A1/Gm at their open point to get a stack Ξ, and then identify the
two closed points (which are copies of BGm) together to obtain (kSyn)p=0.

Each of these glueing descriptions leads to a fibre seqeunce computing RΓ(kSyn, E) for a mod
p F -gauge E ∈ Dqc((k

Syn)p=0) on k. The first recipe gave the fibre sequence (4.2.1), which
for E = HN(X){i} leads to the left side of (4.4.2); the second recipe gives the right side of
(4.4.2).
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2. Identifying Gm/p via differential forms, following Cartier54: It suffices to show that there is
a natural quasi-isomorphism

RΓet(Spec(R),Gm/p) '
(
Z1ΩR/Fp

1−C−−−→ Ω1
R/Fp

)
[−1].

Moreover, the terms on the right are quasi-coherent sheaves on a Frobenius twisted copy of
X. The claim will then follow by applying RΓet(X,−) to the following local assertion:

(∗) There is a natural short exact sequence

0→ Gm/p
d log−−−→ Z1ΩX/Fp

C−1−−−→ Ω1
X/Fp

→ 0

on Xet, where d log(f) = df
f .

This exactness can be checked on stalks, so pick a geometric point x → X, and let OX,x be
the corresponding strictly henselian local ring of X. Recall that the Cartier map C has the
following properties:

• C is p−1-linear: it is OX -linear when viewed as a map F∗Z
1Ω1

X/Fp
→ Ω1

X/Fp
. Concretely,

we have C(fpω) = fω for f ∈ OX,x and ω ∈ Z1ΩX/Fp,x.

• We have C(fp−1df) = df for f ∈ OX,x.

• We have C(dff ) = df
f for f ∈ O∗X,x: this follows from the previous one by dividing by f .

The third property ensures that the sequence of maps in (∗) above gives a complex. Let us
now prove exactness of the sequence.

Exactness on the left: given f ∈ O∗X,x, if df
f = 0, then df = 0, whence f = gp by the Cartier

isomorphism, so f is 0 in O∗X,x/(O
∗
X,x)p, as wanted.

Exactness on the right: Pick invertible étale co-ordinates t1, ..., tn ∈ OX,x, so {dtiti } forms a

basis of Ω1
X/Fp,x

over OX,x. It suffices to show that any element of the form f dtiti ∈ Ω1
X/Fp,x

has the form (C − 1)(ω) for a closed 1-form ω ∈ Z1ΩX/Fp,x. As OX,x is strictly henselian, we

can find g ∈ OX,x such that g − gp = f . The form ω = gp dtiti is closed and satisfies

(C − 1)(gp
dti
ti

) = g
dti
ti
− gpdti

ti
= (g − gp)dti

ti
= f

dti
ti
,

so C − 1 is indeed surjective.

Exactness in the middle: This is the trickiest part of the proof, and we only give the argument
using the following unproven property: if ω ∈ Z1Ω1

X/Fp,x
is a closed 1-form, the associated

flat connection (M = OX,x,∇ω := d + ω) has p-curvature 0 exactly when (C − 1)(ω) = 0.

Granting this, we must show that if (M,dω) has p-curvature 0, then ω = df
f for some unit f

at x. But if (M,∇ω) has p-curvature 0, then, by Cartier descent, it must have a ∇-horizontal
basis, i.e., there is some generator (aka unit) g ∈M = OY,y such that ∇ω(g) = 0. The latter

means dg + gω = 0, whence ω = −dg
g = df

f for f = g−1, as wanted.

Remark 4.4.9. For a smooth k-scheme X, one can give a description of RΓSyn(X,Zp(n)) in terms
of logarithmic de Rham–Witt forms for all n, see [BMS19, Corollary 8.21].

54This result goes back to Cartier, see [Ses58, §2, Theorem 1]. The proof we sketch is adapted from [Mil76, Lemma
1.3] and [Ill79, Corollary 0. 2.1.18].
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Remark 4.4.10 (An analog of the Lefschetz (1, 1) theorem). The conclusions of Proposition 4.4.7
apply much more generally than just for smooth k-schemes: for any k-scheme X, there is a fibre
sequence

RΓet(X,Gm)/p→ RΓ(X,Z1LX/k)
1−C−−−→ RΓ(X,LX/k),

which gives a tool for calculating the p-primary part of Picard/Brauer groups of X in terms of
coherent cohomology, somewhat similar to the exponential sequence over C. This result was es-
sentially proven in [BMS19, §7] in the quasi-syntomic case, and [BL22a, Theorem 7.5.6] in general;
see also [CZ22] for further exposition as well as some concrete geometric applications. Mixed char-
acteristic analogs of this sequence were studied in [CS19] (for perfectoids, via arc descent) with
applications to Gabber’s conjectures on Picard and Brauer groups; see also [BL22a, Theorem 8.5.7]
for an exposition via quasi-syntomic descent.

Remark 4.4.11 (From quasi-coherent sheaves to cohomology theories). As noted earlier, we can
regard Dqc(k

Syn) as a category of p-adic cohomology theories on smooth k-schemes: each F ∈
Dqc(k

Syn) gives rise to the cohomology theory carrying a smooth map f : X → Spec(k) to the
complex RΓ(XSyn, f∗F ) ' RΓ(kSyn, F ⊗ HN(X)). We make a short list of some of the theories
captured by this construction:

Quasi-coherent complex F ∈ Dqc(k
Syn) Cohomology theory RΓ(kSyn,HSyn(X)⊗ F )

OkSyn{i} RΓSyn(X,Zp(i))

j�,∗Ok� RΓ�(X/W )

jN,∗OkN{i} FiliNφ
∗RΓ�(X/W )

hdR,+,∗OA1/Gm
{i} FiliHRΓ(X,Ω•X/k)

hHT,c,∗OA1/Gm
{i} φ∗Filconj

i RΓ(X,Ω•X/k)

iH,∗OSpec(k){i} RΓ(X,Ωi
X/k)[−i]

Moreover, the natural maps between cohomology theories on the right are induced by maps
of quasi-coherent sheaves on left (e.g., OkSyn{i} → jN,∗OkN{i} corresponds to the natural map
RΓSyn(X,Zp(i)) → FiliNφ

∗RΓ�(X/W ) appearing in Proposition 4.4.2). In particular, this table
shows the flexibility of working with quasi-coherent complexes on kSyn that are not perfect com-
plexes (or equivalently not coherent complexes) is quite useful: the middle 4 entries in the table
above come from quasi-coherent sheaves that are not perfect and yet give cohomology theories of
interest with good finiteness properties.

4.5 Serre duality on FSyn
p

In this section, we record a Serre duality theorem for the cohomology of perfect complexes on the
stack FSyn

p . This duality theorem (or, better, its analog for a curve over a finite field) is a “toy
model” of the duality result mentioned in Theorem 1.3.1 (3). As a concrete application, we use
it to deduce a duality theorem in the syntomic cohomology of smooth proper varieties over finite
fields (due to Milne) as well as some concrete consequences in low dimensions.

In order to explain why FSyn
p satisfies a form of Serre duality, the following result, morally

expressing the properness of FSyn
p over Fp, is obligatory:
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Proposition 4.5.1. The functor RΓ(FSyn
p ,−) carries Perf(FSyn

p ) into Perf(Zp). Moreover, it has

cohomological dimension ≤ 1, i.e., H>1(FSyn
p ,−) vanishes on Coh(FSyn

p ).

Proof. For the first statement, using the sequence (4.2.1), it suffices to show a similar statement for
the stacks FN

p and F�
p . The former was shown in Lemma 3.4.11, while the latter is obvious since

F�
p = Spf(Zp). The second statement then follows immediately as H>0(FN

p ,−) and H>0(F�
p ,−)

both vanish on coherent sheaves: the latter is clear as F�
p is affine, while the former follows as FN

p

is the quotient of an affine p-adic formal scheme by the linearly reductive group Gm.

The main theorem of this chapter is the following form of Serre duality for FSyn
p ; this can be

regarded as a p-adic counterpart of the familiar assertion that, for prime-to-p finite coefficients,
Spec(Fp) has the étale homotopy type of a circle.

Theorem 4.5.2 (Serre duality on FSyn
p ). The following hold true.

1. Cohomology of the structure sheaf: There is a natural isomorphism

t : RΓ(FSyn
p ,O) ' Zp ⊕ Zp[−1]

in Perf(Zp).

2. Duality: For any E ∈ Perf(FSyn
p ), the pairing

RΓ(FSyn
p , E)⊗RΓ(FSyn

p , E∨)→ RΓ(FSyn
p ,O)

t−→ Zp[−1]

coming from (1) induces an isomorphism

RΓ(FSyn
p , E) ' RΓ(FSyn

p , E∨)∨[−1]

in Perf(Zp).

Note that it makes sense to formulate the statement in (2) without demanding that E is perfect.
In fact, as the proof below shows, the claim holds true for some E’s which are not perfect, and
these are critical to the method of the proof.

Proof. For (1), the calculation of weight 0 syntomic cohomology (Example 4.2.6) gives

RΓ(FSyn
p ,O) ' RΓ(Spec(Fp),Zp) ' RΓcts(Gal(Fp/Fp),Zp),

where the last term denotes continuous group cohomology. We have the standard isomorphism
Ẑ ' Gal(Fp/Fp) coming from the Frobenius element. For any continuous Ẑ-module M , we have a
natural identification

RΓcts(Ẑ,M) '
(
M

γ−1−−→M
)
,

where γ ∈ Ẑ is a topological generator. When M = Zp has the trivial action, the differential γ − 1
vanishes, which gives the claim in (1).

The proof of (2) is via devissage on E and will entail proving the assertion for objects E ∈
Dqc(F

Syn
p ) that are not necessarily perfect. Thus, let C be the full subcategory of Dqc(F

Syn
p )

spanned by those E for which the map

ηE : RΓ(FSyn
p , E)→ RΓ(FSyn

p , E∨[1])∨
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coming from (1) is an isomorphism, where internal (−)∨ denotes RHom
FSyn
p

(−,O
FSyn
p

), computed

in Dqc(F
Syn
p )55. Note that E ∈ C if and only if E/p ∈ C. Our goal is to show that Perf(FSyn

p ) ⊂ C,
which we shall do by a series of reductions.

(a) We have O
FSyn
p
∈ C: this follows by the calculation in (1) and the construction of the pairing

giving rise to the comparison map ηO
F

Syn
p

.

(b) We have O
FSyn
p
{i} ∈ C for all i ∈ Z: we just checked it for i = 0 in (a) and the claim is

vacuous for i 6= 0 (as both sides vanish by Example 4.4.5).

(c) We claim that E := j�,∗O ∈ C. For this, let us first compute E∨/p using the following exact
sequence

O
FSyn
p
/p→ jN,∗OFN

p
/u⊕ jN,∗OFN

p
/t→ j�,∗OF�

p
/p⊕ iH,∗OFHp

,

which can be obtained by regarding (FSyn
p )p=0 as obtained by glueing together two copies of

A1/Gm along their open and closed points separately (and we have written j� : F�
p → FSyn

p

and iH : FH
p → FSyn

p for the corresponding open and closed points in FSyn
p ). Consider the

functor F (−) := RHom
FSyn
p

(E,−). We claim that F (−) kills jN,∗OFN
p
/u, jN,∗OFN

p
/t, and

iH,∗OFHp
. As E is pushed forward along j� which does not meet iH , the claim for the last

term is clear. For the first two, by adjunction, one reduces to the following assertion: if
j : Gm/Gm ⊂ A1/Gm is the inclusion of the open point, then RHomA1/Gm

(j∗O,O) = 0,

which can be proven using the completeness of perfect complexes on A1/Gm (Remark 2.2.7).
Thus, applying F (−) to the exact sequence above then gives a triangle

E∨/p := F (O
FSyn
p
/p)→ 0→ F (j�,∗OF�

p
/p) ' E/p,

where the last isomorphism reflects full faithfulness of j�,∗. In other words, we learn that

E∨/p[1] ' E/p,

so the comparison map ηE , reduced mod p, takes the form

RΓ(FSyn
p , E/p)→ RΓ(FSyn

p , E/p)∨.

As E/p = j�,∗O/p, both sides above are naturally identified with Fp[0], and one checks by
unwinding identifications that the map is an isomorphism.

(d) For any E ∈ Perf(F�
p ), we have j�,∗E ∈ C: indeed, since F�

p = Spf(W ), any such E can be
finitely built from copies of OF�

p
, so the claim follows from (c).

(e) For E ∈ Perf(FN
p ), we claim jN,∗E ∈ C. For this, recall (as in the proof of Lemma 3.4.11)

that Perf(FN
p ) is generated under finite colimits, shifts and retracts by the twists OFN

p
(i) for

i ∈ Z. Now j∗NOFSyn
p
{i} = OFN

p
(−i), so it suffices (by the projection formula) to show that

(jN,∗O){i} ∈ C for all i ∈ Z. For this, consider the exact triangle

O
FSyn
p
→ jN,∗OFN

p
→ j�,∗OF�

p

resulting from the description of FSyn
p as the result of glueing two copies of F�

p inside FN
p .

After twisting by O{i}, the outer two terms lie in C by (b) and (d), so we win.

55Note that E 7→ E∨ defined as above is, a priori, a strange operation for non-perfect E, e.g., its formation does
not commute with restriction to open subsets. We will only use this operation in cases where one has good control on
the output. In particular, in all cases we consider, the complex E will be reflexive, i.e., the biduality map E → (E∨)∨

is an isomorphism.
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(f) Any E ∈ Perf(FSyn
p ) lies in C: this follows by tensoring the triangle in (e) with E, and using

the conclusion of (d) and (e).

To extract tangible consequences of this form of Serre duality, we need the following version of
Poincare duality for crystalline cohomology, formulated at the level of F -gauges.

Theorem 4.5.3 (Geometric Poincare duality via F -gauges, (Berthelot [Ber97], Tang [Tan22])).
Fix a perfect field k and a smooth proper geometrically connected k-scheme X of dimension d.

1. There is a natural isomorphism H2d
Syn(X){d} ' OkSyn.

2. The pairing

HSyn(X)⊗HSyn(X)→ HSyn(X)
trX/k−−−→ O{−d}[−2d]

(where the last map comes from (1) and Remark 4.2.3) is perfect, giving an isomorphism

HSyn(X)∨ ' HSyn(X){d}[2d]

in Perf(kSyn).

Remark 4.5.4 (Classical geometric Poincare duality from F -gauge version). The Poincare duality
in Theorem 4.5.3 gives rise to more classical forms of Poincare duality under various “realization”
functors (Remark 4.2.2), e.g., after pulling back along j� : Spf(W )→ kSyn (resp., iH : BGm → kSyn,
hdR,+ : A1/Gm → kSyn, and hdR,c : A1/Gm), one recovers, at least up to p-adic units, the known
form of Poincare duality for crystalline cohomology (resp. Hodge cohomology, Hodge filtered de
Rham cohomology, and conjugate filtered de Rham cohomology).

Remark 4.5.5 (Geometric Poincare duality with coefficients). Fix X/k as in Theorem 4.5.3 and
write π : XSyn → kSyn for the structure map. Using Theorem 4.5.3, a version of Remark 3.3.6
with coefficients as well as classical Serre duality for X/k, one can show the following (but we do
not explain it here): for any E ∈ Perf(XSyn), the pushforward Rπ∗E is a perfect complex, and the
resulting pairing

Rπ∗E ⊗Rπ∗E∨{d}[2d]→ Rπ∗OXSyn{d}[2d] = HSyn{d}[2d]→ H2d
Syn(X){d} ' OkSyn

is perfect, i.e., we have
(Rπ∗E)∨ ' Rπ∗(E∨){−d}[−2d],

which can be regarded as a form of classical Poincare duality with coefficients in an F -gauge.

Combining Theorem 4.5.2 with Theorem 4.5.3, one obtains the following result of Milne [Mil76,
Theorem 1.9], which was originally conjectured by Artin [Art74].

Corollary 4.5.6 (Milne). Let X/k be a smooth proper k-scheme of dimension d. For each integer
i, there is a natural isomorphism

RΓSyn(X,Zp(i)) ' RΓSyn(X,Zp(d− i))∨[−2d− 1]

in Perf(Zp).

Proof. Since RΓSyn(X,Zp(i)) ' RΓ(kSyn,HN(X){i}), the first claim follows by applying Theo-
rem 4.5.2 to E = HSyn(X){i}, noting that E∨ ' HSyn(X){d − i}[2d] by Theorem 4.5.3. The last
claim is then immediate from Corollary 4.4.4.
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Let us explain the concrete information present in Corollary 4.5.6 in low dimensions.

Example 4.5.7 (From duality for curves to unramified p-primary class field theory). Say X/k is
a smooth proper curve over Fq. Recall that unramified global class field theory for X gives an
isomorphism

Pic(X)∧ ' π1(X)ab

(with certain specified features) where the completion on the left denotes the profinite completion.
Modulo pn, this amounts to an identification

Pic(X)/pn ' π1(X)ab/pn.

We explain how to recover this from Corollary 4.5.6; the analogous `-adic deduction is classical.
Reducing the i = 1 case of the isomorphism in Corollary 4.5.6 modulo pn and using Proposi-

tion 4.4.7, we obtain a natural identification

RΓ(X,µpn) ' RΓ(X,Z/pn)∨[−3], (4.5.1)

where (−)∨ denotes RHomZ/pn(−,Z/pn). As this functor is t-exact (as Z/pn is artinian and
Gorenstein), we obtain

H2(X,µpn) ' H1(X,Z/pn)∨ ' Homcts(π1(X),Z/pn)∨ ' π1(X)ab/pn.

The Kummer sequence gives a SES

0→ Pic(X)/pn → H2(X,µpn)→ H2(X,Gm)[pn]→ 0 (4.5.2)

so it suffices to show that H2(X,Gm)[pn] = 0, which then reduces to the corresponding statement
for n = 1. This can be shown directly using Lang’s theorem on the triviality of torsors for connected
group schemes over finite fields; we give an argument using Corollary 4.5.6 for the sake of variety.
Observe that taking Euler characteristics over the n = 1 case of (4.5.1) gives the formula

dimH0(X,µp) + dimH2(X,µp)− dimH1(X,µp)− dimH3(X,µp) = −χ(X,Z/p).

Noting that χ(X,Z/p) = 0 by Artin–Schreier theory, dimH0(X,µp) = 0 as X is reduced, and
H3(X,µp) ' H0(X,Z/p)∨ ' Z/p, this gives

dimH1(X,µp) + 1 = dimH2(X,µp).

The Kummer sequence shows that H1(X,µp) = Pic(X)[p]. so the above can be rewritten using
(4.5.2) as

#Pic(X)[p] · p = #Pic(X)/p ·#H2(X,Gm)[p].

But the degree map deg : Pic(X) → Z surjects onto nZ for some nonzero n56, and can then be
split to give an abstract isomorphism Pic(X) ' Pic0(X) × Z with Pic0(X) finite. Contemplating
multiplication by p on any such product shows that

#Pic(X)[p] · p = #Pic(X)/p,

so we must have #H2(X,Gm)[p] = 1, as wanted.

56In fact, one has n = 1: X carries a degree 1 line bundle, by either Lang’s theorem or the Lang–Weil estimate.
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Remark 4.5.8 (Duality for surfaces). Corollary 4.5.6 for smooth proper geometrically connected
surfaces X/Fq takes the form of a self-duality

RΓfl(X,µpn) ' RΓfl(X,µpn)∨[−5] (4.5.3)

for any n ≥ 0. This duality formalism was used in (at least) two important results in positive
characteristic algebraic geometry: Artin’s work on supersingular K3 surfaces (including, e.g., Tate’s
conjecture for elliptic supersingular K3 surfaces) [Art74], and Milne’s work on deducing the refined
formula of B-SD type from Tate’s conjecture for divisors on a surface [Mil75]. A concrete geometric
observation in the latter is the construction of a well-behaved pairing on the Brauer group of X
from (4.5.3), so let us quickly recall how this works.

Combining the above duality theorem with corresponding `-adic statement, one can replace pn

with any integer m in (4.5.3). One then obtains a pairing

Br(X)× Br(X)
(a,b)7→〈a,b〉−−−−−−−→ Q/Z

by passage to the direct limit over n of the maps

H2
fl(X,µn)×H2

fl(X,µn)
(1,βn)−−−−→ H2

fl(X,µn)×H3
fl(X,µn)

∪−→ H5(X,µn) ' Z/n,

where βn is the Bockstein map associated to the extension µn2 of µn by µn. Note that the pairing
〈·, ·〉 is skew-symmetric: this amounts to using that βn is a derivation together with the fact that
βn : H4

fl(X,µn) → H5
fl(X,µn) ' Z/n is 0 as the canonical map Z/n ' H5

fl(X,µn) → Z/n2 '
H5
fl(X,µn2) is injective. Moreover, this pairing kills divisible elements on either side, and induces

(thanks to the duality with finite coefficients) a perfect skew-symmetric pairing on the quotient of
Br(X) by its divisible elements.

Remark 4.5.9 (Serre duality for XSyn). Combining Remark 4.5.5 with Theorem 4.5.2, we learn
the following: for X/Fp proper smooth of dimension d and E ∈ Perf(XSyn), there is a canonical
isomorphism

RΓ(XSyn, E) ' RΓ(XSyn, E∨)∨{−d}[−2d− 1].

Thus, one might regard X as being “p-adic Poincare duality manifold of dimension 2d + 1”, in
analogy with what happens in étale cohomology. The d = 1 case of this result can be regarded as
a characteristic p analog of Theorem 1.3.1 (3).
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Chapter 5

Filtered prismatization in mixed
characteristic

In this section, we turn to mixed characteristic. Given a bounded p-adic formal scheme X, the main
object of study in this chapter is its prismatiziation X� in §5.1 as well as its filtered enlargement
X� ⊂ XN in §5.3. We introduce these stacks through their moduli descriptions, and then explain
why they specialize in characteristic p to the constructions from Chapter 3, justifying the nota-
tion. The primary theorem of this chapter is Corollary 5.5.11, describing the filtered prismatization
explicitly (in terms of the Nygaard filtration on prismatic cohomology) for “quasiregular semiper-
fectoid rings”, thereby enabling one to study quasi-coherent sheaves on the filtered prismatization
stacks relatively explicitly via descent57; note that the connection with the Nygaard filtration was
anticipated in [Dri20, Footnote 3].

Unlike previous chapters, it will be useful in this chapter if the reader has some prior exposure
to the prismatic theory from [BS19] as well as parts of [BL22a], both for motivational purposes as
well as understanding Corollary 5.5.11.

5.1 The prismatization

In this section, we introduce the prismatization X� of a bounded p-adic formal scheme X. Roughly,
the goal here is to geometrize the theory of prismatic crystals and their cohomology: the quasi-
coherent sheaf theory ofX� should reflect the theory of prismatic crystals onX, and thusRΓ(X�,OX�)
should equal the prismatic cohomology RΓ�(X) in good cases. Note that saw variants in charac-
teristic p for de Rham and crystalline cohomology in §2.5 and §3 respectively. To get started, we
shall need the language of δ-rings and the concomittant theory of Witt vectors.

Construction 5.1.1 (δ-rings). A δ-ring (A, δ) consists of a commutative ring A and a map δ :
A→ A of sets such that δ(0) = δ(1) = 0,

δ(x+ y) = δ(x) + δ(y)−
p−1∑
i=1

1

p

(
p

i

)
xiyp−i

and
δ(xy) = xpδ(y) + ypδ(x) + pδ(x)δ(y)

57Essentially all the material in this chapter comes from [Dri20, BL22a, BL22b, BL]. The definition of the filterered
prismatization XN is due to [Dri20]; the comparison theorem mentioned above will appear in [BL].
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for all x, y ∈ A. Given a δ-ring (A, δ), the induced map

φ : A→ A, φ(x) = xp + pδ(x)

is a ring homomorphism and a is a lift of the Frobenius on A/p. Conversely, if A is p-torsionfree,
then any lift of the Frobenius comes from a δ-structure. In this section, we shall assume familiarity
with the basic theory of δ-rings. In particular, we shall use the following: the forgetful functor
from δ-rings to all rings has a right adjoint given by the p-typical Witt vector functor W (−), with
the counit W (R) → R of the adjunction called γ0 (aka the 0-th ghost component), and given by
projection to the 0-th component in the standard description of W (−). Moreover, the induced
δ-structure on W (−) has the corresponding Frobenius lift given by the Witt vector Frobenius
F : W (R)→W (R); see the references given in Lemma 2.6.1 for more on this relationship.

Recall that a generalized Cartier divisor58 on a scheme X is given by an invertible OX -module
I together with a map d : I → OX of OX -modules; any such map is automatically a quasi-ideal.
The following proposition studies a variant of this notion:

Proposition 5.1.2. Fix a p-nilpotent ring R, an invertible W (R)-module I, and a map α : I →
W (R) of W (R)-modules. The following are equivalent:

1. For any map R → k with k a perfect field, the base change of α along the induced map
W (R)→W (k) identifies (necessarily uniquely) with pW (k)

can−−→W (k).

2. The composition I
α−→ W (R)

γ0:=restriction−−−−−−−−−→ R is nilpotent, and the image of the composition

I
α−→W (R)

δ−→W (R) generates the unit ideal.

3. For any Zariski open cover {Spec(Rj)}j∈J of Spec(R) such that I ⊗W (R) W (Ri) is principal
and any generator dj ∈ I ⊗W (R) W (Rj), the Witt vector α(di) = (a0, a1, a2, ...) ∈ W (R) is
distinguished, i.e., a0 is nilpotent and a1 is a unit.

Proof. (1)⇒ (2):

First, let us show that I
α−→ W (R)

γ0−→ R has nilpotent image. Pick a point x ∈ Spec(R). We
must show that γ0(α(I)) is 0 in κ(x). Writing k = κ(x)perf , it suffices to show that γ0(α(I)) is 0

in k. We know from (1) that the composition I
α−→ W (R)

τ−→ W (k) has image in pW (k), where

τ : W (R) → W (k) is the induced map. But then I
α−→ W (R)

τ−→ W (k)
γ0−→ k is 0. As τ commutes

with restrictions, the desired claim follows.

Next, we we show that the image of I
α−→ W (R)

δ−→ W (R) generates the unit ideal. Arguing as
in the previous paragraph, it suffices to show that for any perfect field k with a map R→ k, if one

writes τ : W (R)→W (k) for the induced map, then the composition I
α−→W (R)

τ−→W (k)
δ−→W (k)

generates the unit ideal; here we implicitly use that τ commutes with δ. By the assumption in (1),
we know that τ(α(I)) = pW (k), so we can find f1, ..., fn ∈ I and a1, ..., an ∈W (k) such that∑

i

aiτ(α(fi)) = p.

58This notion has many other names in the literature, including virtual Cartier divisors, or “divisors” (with the
quotes!). Note that specifying a generalized Cartier divisor d : I→ OX on X is equivalent to giving a map π : X →
A1/Gm. The derived preimage of BGm ⊂ A1/Gm along this map gives a closed derived subscheme i : Xd=0 ⊂ X
with i∗OXd=0 = Cone(d); one regards the closed immersion i as the geometric incarnation of the generalized Cartier
divisor. When d is injective, Xd=0 is a scheme, and the map i is a classical Cartier divisor on X.
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As τ(α(fi)) ∈ pW (k) by the previous paragraph, applying δ(−) and reducing mod p then gives the
equation ∑

i

δ(aiτ(α(fi))) ≡ δ(p) = unit mod pW (k).

Expanding this out, again using that τ(α(fi)) ∈ pW (k), we conclude that at least one δ(τ(α(fi)))
must be a unit, as wanted.

(2)⇒ (1): Assume (2) and a fix a map R→ k as in (1), with induced map τ : W (R)→W (k).

Note that τ commutes with both δ and γ0. As I
α−→ W (R)

γ0−→ R has nilpotent image, so does

I
α−→W (R)

τ−→W (k)
γ0−→ k, whence τ(α(I)) ⊂ pW (k). Moreover, as δ(α(I)) ⊂W (R) generates the

unit ideal, so does δ(τ(α(I))) ⊂W (k). Since δ(pnW (k)) ⊂ pn−1W (k) for any n ≥ 1, it follows that
τ(α(I)) must be either pW (k) or W (k); since we already ruled out the latter possibility, we must
have τ(α(I)) = pW (k). It remains to show that the induced map I ⊗W (R) W (k) → pW (k) is an
isomorphism. But this is a surjective W (k)-linear map of invertible W (k)-modules, and hence must
be an isomorphism for general reasons: it admits a splitting by projectivity of invertible modules,
so its kernel is projective of rank 0, whence 0.

(1) ⇒ (3): Choose {Spec(Rj)}j∈J and dj as in (3). We want to show α(dj) ∈ W (Rj) is
distinguished. Note that for any element of any ring, the condition of being nilpotent or being a
unit can be detected after mapping to perfected residue fields. Thanks (1), we are then reduced
to checking the following: for any perfect field k, any generator of pW (k) is distinguished. Such a
generator has the form pu for u ∈ W (k)∗. If u =

∑
i≥0 V

i([ui]) is the Witt vector expansion, then
we compute that

pu = V (1) · (
∑
i≥0

V i([ui])) = V (F (
∑
i≥0

V i([ui])) ≡ V ([up0]) mod V 2W (k).

Now u0 is a unit, so the above formula shows that pu is distinguished, as wanted.
(3)⇒ (1): By the same logic used in the previous implication, it suffices to show the following:

for any perfect field k, any distinguished element d = (a0, a1, a2, ...) of W (k) is a generator of
W (k). As k is reduced and a0 is nilpotent, we must have a0 = 0. As a1 is a unit, we then have
d = V (u) for u ∈W (k)∗. As k is perfect, we can write u = Fu′ for a unique u′ ∈W (k)∗. But then
d = V Fu′ = u′V (1) = u′p, which is indeed a generator of W (k).

The following definition is key to the geometrization of prismatic cohomology:

Definition 5.1.3 (Cartier–Witt divisors). Fix a p-nilpotent ring R.

1. A Cartier–Witt divisor on Spf(R) (or just R) is given by a map α : I →W (R) satisfying the
conditions in Proposition 5.1.2.

2. For a Cartier–Witt divisor I →W (R), write W (R) = Cone(W (R)/I) if there is no ambiguity;
we regard W (R) as a 1-truncated animated ring and write Spec(W (R)) for the corresponding
derived scheme59

3. A morphism (I
α−→ W (R)) → (J

β−→ W (R)) is given by a map I → J of W (R)-modules
intertwining α and β. The category of all Cartier–Witt divisors on R is denoted by WCart(R).

Example 5.1.4 (Two standard examples). For any p-nilpotent ring R, one always has the following

two Cartier–Witt divisors: W (R)
p−→W (R) and W (R)

V (1)−−−→W (R). We sometimes informally refer

59While it would be natural to endow W (R) with the p-adic topology and work with the corresponding derived
formal scheme Spf(W (R)), this is actually not necessary. Indeed, W (R) is p-nilpotent, see [BL22b, Lemma 3.3].
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to these as the de Rham and Hodge–Tate Cartier–Witt divisors respectively. If R is an Fp-algebra,
then p = V (1), so these coincide. However, they are non-isomorphic in general.

The following lemma, which is a version of the irreducibility lemma for distinguished elements,
is one of the most useful tools is understanding the behaviour of the prismaitzation and later its
filtered counterpart.

Lemma 5.1.5 (Rigidity of maps). For a p-nilpotent ring R, the category WCart(R) is a groupoid,

i.e., any map (I
α−→W (R))→ (J

β−→W (R)) in WCart(R) is an isomorphism.

Proof. We must show that the induced map I → J is an isomorphism of W (R)-modules. As both
sides are finite projective modules, it suffices to show the map is surjective, and this can be checked
after tensoring with the residue field at a closed point of Spec(W (R)) by Nakayama. But any

closed point of Spec(W (R)) lies in Spec(R)
γ0−→ Spec(W (R)), so it suffices to show the following:

for any map R → k with k a perfect field, the induced map I ⊗W (R) k → J ⊗W (R) k is surjective.
But Proposition 5.1.2 (1) implies that the map I ⊗W (R) W (k) → J ⊗W (R) W (k) is already an
isomorphism, so it is certainly true after further tensoring with k.

Given any mapR→ S of p-nilpotent rings, there is an induced base change functor WCart(R)→
WCart(S) given by sending a Cartier–Witt divisor (I

α−→ W (R)) to (I
α−→ W (R)) ⊗W (R) W (S) :=

(I ⊗W (R) W (S)
α⊗id−−−→ W (S)). Thus, we can regard WCart(−) can be regarded as a presheaf of

groupoids over Spf(Zp). In fact, using fpqc descent for quasi-coherent sheaves, one can even show
that WCart(−) is a sheaf for the fpqc topology.

Definition 5.1.6 (The prismatization). For any bounded p-adic formal scheme X, we define a
presheaf X� over Spf(Zp) as follows: for a p-nilpotent ring R, the groupoid X�(R) consists of

Cartier–Witt divisors (I
α−→ W (R)) together with a map Spec(W (R)) → X of derived Spf(Zp)-

schemes.

When X = Spf(S) is affine, we shall often write S� instead of Spf(S)�. Note that a similar nota-
tion was used in Chapter 3 for an a priori distinct notion. However, we shall verify (Example 5.1.12)
that the notions are equivalent, so we have not overloaded the notation.

Remark 5.1.7 (The prismatization via transmutation). The construction carrying a Cartier–Witt
divisor I

α−→W (R) to the animated quotient W (R) gives a natural (animated) ring stack over Z�
p .

Unwinding definitions, this ring stack is represented by G�
a → Z�

p . Moreover, for general X, the

stack X� → Z�
p is obtained via transmutation from G�

a . Thus, the prismatization construction

X 7→ X� fits into the transmutation picture studied previously in these lectures.

Example 5.1.8 (The stack Z�
p ). We have Z�

p = WCart by definition. It is relatively straightforward
from Proposition 5.1.2 (3) to see that this stack has the following presentation as a quotient stack
(where quotients can be computed as sheaves in any topology between Zariski and fpqc):

Z�
p = Wdist/W

∗,

where Wdist ⊂ W denotes the subfunctor of the affine pro-smooth p-adic formal scheme W
parametrizing distinguished elements, i.e., Wdist is the formal completion of the affine open p-adic
formal subscheme Wa1 6=0 ⊂ W along the locus {a0 = 0} (where the ai’s are the Witt co-ordinate
functions on the scheme W ). In particular, Z�

p is flat over Spf(Zp) in the appropriate sense. In

fact, using prisms, one can even write down flat surjective maps Spf(ZpJuK)→ Z�
p , where ZpJuK is

given the (p, u)-adic topology, which gives a good theory of coherent sheaves on Z�
p .

91



Example 5.1.9 (The prismatization of a perfect field). Let k be a perfect field of characteristic
p > 0. We claim that Spf(W (k)) ' k�. (The argument give below extends, mutatis mutandis, to
show that Spf(�R) ' R� any perfectoid ring R.)

First, let us build a map ρ : Spf(W (k)) → k� using the functor of points. Given a p-nilpotent
W (k)-algebra R, the structure map W (k) → R lifts uniquely to a δ-map W (k) → W (R). Base

change of the Cartier–Witt divisor W (k)
p−→ W (k) along this map gives a Cartier–Witt divisor

W (R)
p−→ W (R) together with a map k = W (k) → W (R), thus giving a point of k�, and thereby

building the map ρ.
Conversely, we build a map η : k� → Spf(W (k)). Given a p-nilpotent ring R, an R-valued point

of k� is given by a Cartier–Witt divisor (I
α−→ W (R)) together with a map k → W (R). Observe

that both the maps R
γ0←− W (R) → W (R) are pro-infinitesimal thickenings. As Zp → W (k) is

p-completely étale, we learn that the induced maps

Map(W (k), R) ' Mapδ(W (k),W (R))→ Map(W (k),W (R))→ Map(W (k),W (R))

are all equivalences. In particular, the given map k →W (R) deforms uniquely to a δ-map W (k)→
W (R), and the latter is adjoint to a map W (k) → R, yielding an R-valued point of Spf(W (k)).
This construction yields the map η.

It is clear from the construction that η◦ρ = idSpf(W ). Conversely, we claim that ρ◦η is naturally

isomorphic to idk� . Fix an R-valued point (I
α−→ W (R), τ : k → W (R)) of k�. As in the previous

paragraph, the map τ deforms uniquely to a δ-map W (k)→W (R). But this deformation yields a

map (W (k)
p−→W (k))→ (I

α−→W (R)) of Cartier–Witt divisors. By Lemma 5.1.5, this map induces
an isomorphism

(W (k)
p−→W (k))⊗W (k) W (R) = (W (R)

p−→W (R)) ' (I
α−→W (R))

of Cartier–Witt divisors carrying the map k ' W (k)/p → W (R)/p to the map τ . Thus, we have
naturally identified (ρ ◦ η)(α, τ) with (α, τ), as wanted.

Remark 5.1.10 (The Frobenius on X�). Fix a p-nilpotent ring R and a Cartier–Witt divisor

(I
α−→ W (R)) ∈ WCart(R). Then (F ∗I

F ∗α−−→ W (R)) is also a Cartier–Witt divisor by the char-
acterisation in Proposition 5.1.2 (1). Moreover, the Witt vector Frobenius F induces a map
W (R)/I → W (R)/F ∗I of animated rings. Passing to prismatizations, we learn that for any
bounded p-adic formal scheme, there is a natural map FX : X� → X� induced by the Witt
vector Frobenius. When X = Zp, we simply write F = FX if there is no confusion. In general,
if R is an Fp-algebra, the Witt vector Frobenius F : W (R) → W (R) identifies with W (ϕ); this
observation implies that FX : X� → X� is a lift of the Frobenius on (X�)p=0.

To make further computations, the following remark will be useful.

Remark 5.1.11 (The fibres of the prismatization map). Let f : X → Y be a map of bounded p-
adic formal schemes. For a p-nilpotent ring R, we obtain an induced map f�(R) : X�(R)→ Y �(R)
of groupoids. Given a point (I

α−→ W (R), τ : Spec(W (R)), Y ) ∈ Y �(R), the fibre of f�(R) over
(α, τ) is given by the mapping space MapY (Spec(W (R)), X).

As promised, the prismatization in characteristic p coincides with the notion from §3.1.

Example 5.1.12 (The case of Fp-schemes). Fix a perfect field k of characteristic p and let X/k
be any scheme. By Example 5.1.9, we can regard X� as a stack over Spf(W (k)) = k�. We claim
that for any p-nilpotent ring W (k)-algebra R, we have

X�(R) = Mapk(Spec(W (R)/p), X),
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where the points on the left are computed over W (k), and the maps on the right are computed
in derived k-schemes. Indeed, this follows from Example 5.1.9 and Remark 5.1.11. In particular,
we learn that the prismatization X� as in Definition 5.1.6 agrees with the object considered in
Construction 3.1.1.

In the rest of this section, we turn attention to the Hodge–Tate theory, which is the tautological
(and perhaps most computable) specialization of the prismatic theory.

Construction 5.1.13 (The Hodge–Tate locus in Z�
p ). Given a p-nilpotent ring R and a Cartier–

Witt divisor I
α−→ W (R), we can base change α along W (R)

γ0−→ R to obtain a generalized Cartier

divisor I ⊗W (R) R
γ∗0 (α)
−−−→ R over R. As α is a Cartier–Witt divisor, the image of γ∗0(α) is nilpotent.

Thus, the assignment carrying α to γ∗0(α) can be regarded as a map

u : Z�
p → Â1/Gm,

over Spf(Zp), where Â1 denotes the formal completion of A1 at 0. Write ZHTp ⊂ Z�
p for the

preimage of BGm ⊂ Â1/Gm. Using the quotient description in Example 5.1.8, one checks that
ZHTp ⊂ Z�

p is actually an effective Cartier divisor.

The following result describes ZHTp explicitly as the classifying stack of the group scheme G]
m

from Variant 2.6.3.

Proposition 5.1.14 (Describing ZHTp explicitly). There is a natural isomorphism ZHTp ' BG]
m

of fpqc stacks over Spf(Zp).

Proof. There is a natural map η : Spf(Zp) → ZHTp determined by the Cartier–Witt divisor

W (Zp)
V (1)−−−→ W (Zp). To prove the proposition, we shall show that this map is an fpqc surjec-

tion, and that the automorphism group scheme of η identifies with G]
m.

η is a flat surjection: fix a p-nilpotent ring R and a point (I
α−→W (R)) ∈ ZHTp (R). Our goal is

to lift this point along η after replacing R by a flat cover. After making such replacements, we may
assume that I = W (R) is principal, so α is determined by a distinguished element d = (a0, a1, ...) ∈
W (R). By distinguishedness, a1 is a unit. Moreover, the condition that α ∈ ZHTp (R) ⊂ Z�

p (R)
implies that a0 = 0, so we have d = V (u) for u ∈ W (R)∗. By replacing R with further flat
covers, we may assume (thanks to Lemma 2.6.1) that u = F (u′) for some u′ ∈ W (R)∗. But then

d = V (Fu′) = u′V (1), so multiplication by u′ defines an isomorphism of α with W (R)
V (1)−−−→W (R),

thus showing that α lifts along η.
The automorphism group G = Aut(η) of η: by definition, for a p-nilpotent ring R, the group

G(R) is the group of automorphisms of the Cartier–Witt divisor W (R)
V (1)−−−→ W (R). Such auto-

morphisms are determined by W (R)-linear maps u making the following diagram commute:

W (R)
V (1) //

u

��

W (R)

W (R)
V (1) //W (R).

In other words, G(R) = {u ∈ W (R)∗ | uV (1) = V (1)}. But uV (1) = V (Fu) and V is injec-

tive, so this simplifies to G(R) = {u ∈ W (R)∗ | Fu = 1}, which we identified with G]
m earlier

(Variant 2.6.3).

93



Remark 5.1.15. Proposition 5.1.14 is quite useful in understanding absolute prismatic cohomol-
ogy. For instance, it formed the basis of Drinfeld’s original proof of Corollary 2.7.14, see [BL22a,
Remark 4.7.18]. Secondly, one can use Proposition 5.1.14 together with Cartier duality to give
a concrete linear algebraic description of Dqc(Z

HT
p ), which plays a foundational role throughout

[BL22a]. Moreover, the analog of Proposition 5.1.14 describing OHTK (for K/Qp finite) in [BL22b,
Example 9.6] was used recently in [AHB22] to give a geometric perspective on Sen theory.

Remark 5.1.16 (The Hodge–Tate ideal sheaf and BK twists). Consider the map u : Z�
p → Â1/Gm

from Construction 5.1.13. By definition, the pullback u∗O(−1) ∈ Pic(Z�
p ) of O(−1) ∈ Pic(Â1/Gm)

is identified with the ideal sheaf I ⊂ OZ�
p

of the Hodge–Tate locus. Moreover, the special fibre of u

is a map u0 : BG]
m → BGm to Proposition 5.1.14. It is straightforward to verify that this map is

the map on classifying stacks induced by the tautological map G]
m → Gm of group schemes. It then

follows from the second sentence of this remark that I/I2 = u∗0O(−1) ∈ Pic(BG]
m); in particular,

this line bundle is nonzero (as it is already nonzero after restriction along Bµp → BG]
m). We shall

write OZHTp
{1} := I/I2 and refer to it as the BK twist; write M 7→M{n} to denote the n-fold twist

by this line bundle on Dqc(Z
HT
p ). In Remark 5.1.19, we explain how to lift this line bundle on ZHTp

to a line bundle on Z�
p in an interesting way, defining BK twists over Z�

p .

Remark 5.1.17 (Z�
p as a formal stack). The closed substack (BG]

m)p=0 =
(
ZHTp

)
p=0
⊂ Z�

p is

a closed substack of definition, i.e., every field valued point factors through this closed substack,
and moreover this closed substack is fpqc-algebraic (in fact, it admits an affine faithfully flat cover
by a scheme). Thus, we can regard Z�

p as a formal stack with the ideal of definition given by
(p, I) ⊂ OZ�

p
, i.e., it is roughly a 2-parameter formal thickening of an algebraic stack. In the future,

we shall study various formal stacks over Z�
p ; these will essentially always be adic, i.e., the preimage

of (BG]
m)p=0 ⊂ Z�

p will be a closed substack of definition.

Construction 5.1.18 (The Hodge–Tate stack XHT ). More generally, for any p-adic formal scheme
X, we define the Hodge–Tate locus XHT ⊂ X� as the pullback of ZHTp ⊂ Z�

p . This construction
has the following features:

1. The Hodge–Tate structure map: The ring stack GHT
a :=

(
G�
a

)
|ZHTp has the following proper-

ties:
π0(GHT

a ) = Ga and π1(GHT
a ) = G]

a{1},
where the twist is defined as in Remark 5.1.16. This follows from the following calculation
which we leave to the reader: if I

α−→W (R) is a Cartier–Witt divisor lying in ZHTp (R) ⊂ Z�
p (R)

and R is G]
a-acyclic, then coker(α) = W (R)/VW (R) ' R, while ker(α) = I ⊗W (R) G]

a(R).

In particular, the induced map GHT
a → π0(GHT

a ) = Ga of ring stacks over ZHTp gives, via
transmutation, a natural map

XHT → X

for any bounded p-adic formal scheme X; we call this the Hodge–Tate structure map.

2. The case of characteristic p: For smooth schemes X over a perfect field k of characteristic p,
the stack XHT coincides with the object defined in Construction 3.1.1 as in Example 5.1.12:

this amounts to checking that the composition Spf(W (k)) ' F�
p → Z�

p → Â1/Gm classifies
p ∈W (k), which is immediate from the definitions.

3. The Hodge–Tate gerbe: If f : X → Y is a smooth map of bounded p-adic formal schemes,
then the induced map XHT → Y HT × X is a BV(TX/Y {1})]-torsor by (1) above and the
same deformation-theoretic argument used in Footnote 18.
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Remark 5.1.19 (Breuil–Kisin twists). For any bounded prism (A, I), one has a natural line
bundle A{1} ∈ Pic(A) equipped with an isomorphism ϕA{1} : I ⊗A ϕ∗A{1} ' A{1}): heuristically,

we have A{1} = ⊗k≥0(ϕk)∗I, with ϕA{1} being the evident isomorphism (see [BL22a, §2] or [Dri20,

§4.9]). Varying over all (A, I) then gives rise to a line bundle OZ�
p
{1} ∈ Pic(Z�

p ) together with

an isomorphism I ⊗ F ∗OZ�
p
{1} ' OZ�

p
{1}, where I ⊂ OZ�

p
is the Hodge–Tate ideal sheaf from

Remark 5.1.16 and F : Z�
p → Z�

p is the Frobenius endomorphism (Remark 5.1.10).

For any prism (A, I), the line bundles (ϕk)∗I are canonically trivialized by I for k ≥ 1, and
thus A{1} ⊗A A/I ' I/I2. Varying over all prisms then shows that OZ�

p
{1}|ZHTp agrees with the

line bundle from Remark 5.1.16, justifying our notation.
This line bundle can also be realized geometrically: if f : (P1)� → Z�

p is the structure morphism,
then H2

�(X) := H2(Rf∗O(P1)�) is naturally identified with OZ�
p
{−1}.

Using the above objects, one can geometrize the theory of prismatic crystals and their coho-
mology; this was done in [BL22a, BL22b]. In the rest of this chapter, we shall turn attention to
Nygaard filtered refinements of this picture.

5.2 Invertible and admissible W -modules

In this section, W denotes the ring scheme of Witt vectors over Spf(Zp). The main goal of this
section is to introduce (Definition 5.2.4) the key notion of an admissible W -module over a p-nilpotent
ring from [Dri20] and study some of its basic examples and properties. Before that, however, we
shall need some calculations of Hom’s and Ext’s in the category of W -module schemes; these are
always computed in the category of sheaves for the fpqc topology unless otherwise specified. We
shall also freely and frequently use that restriction of scalars along surjective maps of ring schemes,
such as the Frobenius F : W → F∗W or the restriction γ0 : W → Ga, is fully faithful.

Let us begin with a calculation that can be extracted from [Dri20, §3].

Proposition 5.2.1 (Some Hom and Ext calculations). Work over Z(p).

1. The Ga-action on G]
a gives an isomorphism Ga ' HomW (G]

a,G
]
a).

2. There is a natural identification

ExtW (F∗W,G
]
a) := τ≤0(RHomW (F∗W,G

]
a)[1]) ' GdR

a := Cone(G]
a → Ga)

of W -complexes, with 1 ∈ RHS corresponding to the extension (2.6.1).

3. HomW (G]
a, F∗W ) = 0.

4. The G]
a-torsion in W identifies with F∗W

V
↪→ W : applying HomW (F∗W,−) to the map V :

F∗W →W induces an isomorphism

HomW (F∗W,F∗W ) ' HomW (F∗W,W )

of W -modules.

5. The F∗W -torsion in W (via F∗W
V−→ W ) identifies with G]

a ↪→ W : applying HomW (Ga,−)

to G]
a →W induces an isomorphism

HomW (Ga,G
]
a) ' HomW (Ga,W )

of W -modules
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6. The natural map HomW (G]
a,G

]
a)→ HomW (G]

a,Ga) is injective.

7. HomW (G]
a,HomW (F∗W,G

]
a)) = 0.

Proof. 1. Note that HomW (G]
a,G

]
a) ' HomGa

(G]
a,G

]
a) as the W -module structure on G]

a

factors over γ0 : W � Ga. Now any Ga-module map is in particular a Gm-equivariant
map. The graded Cartier dual of G]

a is simply Ga, so we learn that HomGa
(G]

a,G
]
a) '

HomGa
(Ga,Ga) ' Ga.

2. Apply HomW (−,G]
a) to the sequence (2.6.1) to obtain

Cone
(

HomW (W,G]
a)→ HomW (G]

a,G
]
a)
)
' ExtW (F∗W,G

]
a).

The first term appearing on the left is clearly G]
a, while the second term is Ga by (1). One

checks that the map is also the standard one, giving GdR
a ' ExtW (F∗W,G

]
a), as wanted.

3. By filtering F∗W for the V -adic filtration, it suffices to show that any W -module map
f : G]

a → Fn∗Ga over any Z(p)-algebra R vanishes if n > 0. By the W -equivariance, any
such map is also Gm-equivariant (via the Teichmulller Gm ⊂ W ). Thus, f is determined
by an element α(t) ∈ R[{ tnn!}n≥1]deg=pn with the property that ∆(α(t)) = α(x) + α(y) ∈
R[{xnn! }n≥1, {y

n

n! }n≥1]. We can write α(t) = r · tp
n

(pn)! for a unique r ∈ R, and we must show
r = 0. We then compute

∆(α(t)) = ∆

(
r · t

pn

(pn)!

)
= r∆

(
tp
n

(pn)!

)
= r

(x+ y)p
n

(pn)!
= r

∑
i+j=pn,i,j≥0

xi

i!

yj

j!
,

so ∆(α(t)) = α(x) + α(y) forces

r
∑

i+j=pn

xi

i!

yj

j!
= r

xp
n

(pn)!
+ r

yp
n

(pn)!

or equivalently that

r
∑

i+j=pn,i,j 6=0

xi

i!

yj

j!
= 0.

As the divided power monomials xi

i!
yj

j! form a basis of R[{xmm! }m≥1, {y
m

m! }m≥1], the above is
impossible for n > 0 unless r = 0, so we win.

4. Consider the diagram

0 // F∗W
V //W //

'
��

Ga ' HomW (G]
a,G

]
a)

��

// 0

0 // HomW (F∗W,W ) // HomW (W,W ) // HomW (G]
a,W )

where the top row is the standard exact sequence with isomorphism on the top right coming
from (1), the bottom row is exact and comes by applying HomW (−,W ) to the standard exact
sequence (2.6.1), the middle vertical arrow is the obvious isomorphism, and the right vertical

arrow is induced by applying HomW (G]
a,−) to the inclusion G]

a →W . As the right vertical
arrow is injective, a diagram chase shows that one can uniquely fill in the above diagram with
an isomorphism F∗W → HomW (F∗W,W ); explicitly, this is given by sending a local section

x ∈ F∗W to the map F∗W
x−→ F∗W

V−→W , which proves the claim.
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5. Applying HomW (−,W ) to the sequence F∗W
V−→W

γ0−→ Ga, we learn that

HomW (Ga,W ) = ker (HomW (W,W )→ HomW (F∗W,W )) .

By (4), we can identify the map appearing on the right as W
F−→ F∗W , so the claim follows.

6. Using (5), it suffices to show that the map Hom(G]
a,W ) → Hom(G]

a,Ga) induced by γ0 :

W → Ga is injective. The kernel of this map is HomW (G]
a, F∗W ), which vanishes by (3).

7. Using (2), it suffices to show that any map G]
a → ker(G]

a → Ga) vanishes, which follows from
(6).

Using the previous calculation, we can isolate and classify certain W -module schemes that will
be the building blocks of all W -module schemes that we shall encounter in the sequel.

Construction 5.2.2 (Twisted forms of W , F∗W and G]
a). Given a p-nilpotent ring R and an

affine W -module scheme M over R, we have:

1. Invertible W -modules: M is fpqc locally (on R) isomorphic to the W -module W if and only
if M ' L⊗W (R) W , where L ∈ Pic(W (R)): indeed, this follows as the groupoid of such M ’s
is given by (

τ≤1RΓ(Spec(R),W ∗)
)

[1] '
(
τ≤1RΓ(Spec(W (R)),Gm)

)
[1].

We will call such W -module schemes invertible, so the construction L 7→ L ⊗W (R) W gives
an equivalence between Pic(W (R)) and the groupoid of invertible W -modules (and more
generally between the corresponding categories, where we also allow non-invertible maps).

2. Invertible F∗W -modules: M is fpqc locally isomorphic to the W -module F∗W if and only
if M ' F∗L for an invertible W -module L. Indeed, this follows from (1) as well as the
surjectivity of F : W → F∗W .

3. ]-invertible W -modules: M is fpqc locally isomorphic to the W -module G]
a if and only if

M ' V(L)] for a line bundle L ∈ Pic(R): the “if” direction is clear, and the “only if”
direction essentially follows from Proposition 5.2.1 (1) as the groupoid of twisted forms of
the W -module M is given by

(
τ≤1RΓ(Spec(R),AutW (M))

)
[1] '

(
τ≤1RΓ(Spec(R),Gm)

)
[1].

We will call such W -module schemes ]-invertible, so the construction L 7→ V(L)] gives an
equivalence between Pic(R) and the groupoid of ]-invertible W -modules. In fact, by the same
reasoning, the same statement is also true for the corresponding categories where we allow
possibly non-invertible maps.

One can reformulate the theory of Cartier–Witt divisors in the above terms:

Remark 5.2.3 (Reinterpreting Cartier–Witt divisors via W -module schemes). Fix a p-nilpotent
ring R. Thanks to the equivalence in Construction 5.2.2 (1), we can pass freely between the category
of invertible W (R)-modules and the category of invertible W -module schemes over R. In particular,
the groupoid Z�

p (R) of Cartier–Witt divisors over R admits a fully faithful functor to the category
of pairs (M,d : M →W ), where M is an invertible W -module scheme and d is a map of W -module
schemes. The essential image of this embedding is characterized by the analog of the pointwise
condition in Proposition 5.1.2 (1), formulated at the level of module schemes.

The following notion, along with its companion in Definition 5.3.1, is one of the fundamental
definitions in [Dri20]:
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Definition 5.2.4 (Admissible W -modules). Fix a p-nilpotent ring R. An admissible W -module
over R is an affine W -module scheme M which can be realized an extension of an invertible F∗W -
module by a ]-invertible W -module. Write Adm(R) for the groupoid of admissible modules.

Our previous calculations imply that the property of being admissible is remarkably robust; in
particular, the extension witnessing admissibility is essentially unique.

Remark 5.2.5 (The admissible sequence associated to an admissible module). Fix a p-nilpotent
ring R and an affine W -module scheme M . By Construction 5.2.2, M is admissible if and only if
it sits in a short exact sequence

0→ V(LM )] →M → F∗M
′ → 0 (∗M )

with LM ∈ Pic(R) and M ′ invertible W -module scheme. We claim that the sequence (∗M ) is
unique up to unique isomorphism; we refer to it as the admissible sequence for M . In fact, by
Proposition 5.2.1 (3) and Construction 5.2.2, any W -module map M → N of admissible W -modules
lifts uniquely to a map (∗M )→ (∗N ) of admissible sequences, which proves the uniqueness of (∗M ).
By the uniqueness, the property of being admissible for a W -module scheme can be tested fpqc
locally. We shall say that M is split if the sequence (∗M ) admits a splitting.

Invertible W -modules are admissible. In fact, given an invertible module, there are multiple
modification procedures to build admissible modules that are not necessarily invertible; these are
summarized in the next two examples, and will also appear in the sequel.

Example 5.2.6 (Admissible modules as pushouts of invertible modules). For a p-nilpotent ring
R, any invertible W -module scheme M has the form I ⊗W (R) W by Construction 5.2.2. We claim
it is also an admissible module: indeed, it sits in a SES

0→ I ⊗W (R) G]
a → I ⊗W (R) W

id⊗F−−−→ I ⊗W (R) F∗W → 0. (∗I⊗W (R)W )

More generally, given a line bundle L ∈ Pic(R) and a map u : I ⊗W (R) R → L of line bundles, we
obtain an admissible module Mu via pushout of the above sequence (∗I⊗W (R)M ) along the induced

map u] : I ⊗W (R) G]
a → V(L)], i.e., via the following map of exact sequences

0 // I ⊗W (R) G]
a

//

��

I ⊗W (R) W //

��

I ⊗W (R) F∗W // 0

0 // V(L)] //Mu
// I ⊗W (R) F∗W // 0.

Note that we have already seen such constructions earlier in the definition of the module Mu used
to construct the ring stack GN

a in characteristic p (see Construction 3.3.2). In fact, we shall soon see
that any admissible module over R arises by this construction fpqc locally on R (see Lemma 5.2.8).

Example 5.2.7 (Admissible modules via pullbacks of invertible modules). Fix a p-nilpotent ring R
and an invertible F∗W -module F∗N

′ (which necessarily has the form F∗(J⊗W (R)W ) for a uniquely
determined invertible W (R)-module J). Given a map d : F∗N

′ → F∗W of W -modules, we can
construct a W -module scheme M via the following pullback diagram of exact sequences:

0 // G]
a

//M

��

// F∗N
′

d

��

// 0

0 // G]
a

//W
F // F∗W // 0.
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Thanks to the top row, we learn that M is an admissible W -module; in fact, the top row is
necessarily the admissible sequence (∗M ).

The next lemma implies that every admissible module arises, at least locally, via the modification
procedure in Example 5.2.6.

Lemma 5.2.8 (Constructing all admissible modules via pushouts). Fix a p-nilpotent ring R and
an admissible W -module scheme M over R. Then, fpqc locally on R, there a map of admissible
sequences (∗W )→ (∗M ), displayed as

0 // G]
a

//

��

W
F //

��

F∗W (R)

'
��

// 0

0 // V(LM )] //M // F∗M
′ // 0,

with the right vertical arrow an isomorphism. In particular, the square on the left is a pushout
square.

Proof. Consider the admissible sequence (∗M ) attached to M . Working fpqc locally on R, we may
trivialize M ′ and LM to assume this sequence has the form

0→ G]
a →M → F∗W → 0.

Proposition 5.2.1 (1) and (2) show that any such sequence is, locally on Spf(R), the pushout of the

standard sequence (∗W ) along some map u ∈ HomW (G]
a,G

]
a) ' Ga(R), determined uniquely up

to elements of HomW (W,G]
a) ' G]

a(R).

The proof of Lemma 5.2.8 can be refined to give an explicit description of a certain gerbe over
Adm(−), which we record next for completeness.

Remark 5.2.9 (An explicit description of Adm(−)). Fix a p-nilpotent ring R and consider the
fibre product diagram

F(R) //

��

Pic(R)× Pic(W (R))

(id,F ∗)
��

Adm(R)
M 7→(LM ,M

′) // Pic(R)× Pic(W (R))

of groupoids defining F(R). Then the fibre of top horizontal map over (L, I) ∈ Pic(R)×Pic(W (R))
is identified with the groupoid GdR

a (R) ⊗R HomW (R)(I, L) via an examination of the proof of

Lemma 5.2.8. As the Frobenius mapW ∗ →W ∗ is fpqc locally surjective with kernel G]
m (Lemma 2.6.1,

Variant 2.6.3), the vertical map on the right in the square above is a BG]
m(R)-torsor, and hence the

same holds true for the left vertical map. The fibre F(R) is identified with the groupoid Ãdm(R)
from [Dri20, §3.15]60.

60Let us formulate an expectation for an explicit quotient description of Adm(−). Consider the stack

GdR
a := Cone

(
G]
a = HomW (W,G]

a)→ Ga = HomW (G]
a,G

]
a)
)
.

The complex on the right, and hence also the quotient stack GdR
a , has a natural action of W ∗ ×Gm induced by the

action of W ∗ on W and Gm on G]
a respectively. The quotient GdR

a /(W ∗ ×Gm) is identified with F(−). To proceed
further, observe that the W ∗-action on the stack GdR

a actually factors over W ∗ →W ∗/G]
m ' F∗W ∗ via the following

observation: for any local section λ ∈ G]
m and any W -module map f : G]

a → G]
a, the map λf − f : G]

a → G]
a, which

has the form εf for some ε ∈ Ga with a specified lift to G]
a, extends canonically along G]

a ↪→ W . Thus, we obtain
an action of F∗W

∗ ×Gm on GdR
a , and we expect that the quotient is identified with Adm(−).
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5.3 Filtered Cartier-Witt divisors

The goal of this section is to introduce and study the notion of a filtered Cartier–Witt divisor
over p-nilpotent ring R. To motivate the definition, note that Cartier–Witt divisors on R can
be regarded as (certain) maps d : M → W of W -module schemes over R with M an invertible
W -module. Relaxing invertibility to admissibility leads to the following fundamental notion:

Definition 5.3.1 (Filtered Cartier–Witt divisors). Given a p-nilpotent ring R, a filtered Cartier-
Witt divisor over R consists of an admissible W -module scheme M over R and a map d : M →W
of W -modules such that the induced map F∗M

′ → F∗W of associated invertible F∗W -modules
comes from (after undoing F∗) a Cartier–Witt divisor over R via the construction in Remark 5.2.3.

A morphism (d : M → W ) → (e : N → W ) of filtered Cartier–Witt divisors is provided by a
map τ : M → N of admissible W -modules such that eτ = d. (Note that the induced map M ′ → N ′

of invertible W -modules is automatically an isomorphism by the rigidity in Lemma 5.1.5.)
Write ZN

p (R) for the groupoid of all filtered Cartier–Witt divisors over R; as R varieties, this

defines a stack ZN
p on p-nilpotent rings.

Given a p-nilpotent ring R and a filtered Cartier–Witt divisor d : M →W , we obtain an induced
map (∗M )→ (∗W ) of admissible sequences:

0 // V(LM )] //

](d)
��

M //

d

��

F∗M
′

F∗(d′)

��

// 0

0 // G]
a

//W // F∗W // 0

(5.3.1)

where the map d′ is a Cartier–Witt divisor. We shall analyse the structure of ZN
p by using various

components of this picture. But first, let us explain one procedure for turning a Cartier–Witt
divisors into a filtered ones:

Construction 5.3.2 (From Cartier–Witt divisors to filtered Cartier–Witt divisors via jHT ).

Given a p-nilpotent ring R and a Cartier–Witt divisor
(
I

α−→W (R)
)
∈ Z�

p (R), the induced map(
M := I ⊗W (R) W

dα−→W
)

is a filtered Cartier–Witt divisor: indeed, M is invertible and thus ad-

missible (Example 5.2.6), and the mapM ′ →W is identified with the map
(
F ∗I

F ∗α−−→W (R)
)
⊗W (R)

W , which satisfies the necessary condition by Remark 5.1.10.

Conversely, we claim that if
(
M

d−→W
)
∈ ZN

p (R) is any filtered Cartier–Witt divisor with M

invertible, then it arises by the preceding construction. Indeed, if M is invertible, then the map
d′ identifies with F ∗(d), so the claim follows from the observation that condition (1) in Proposi-
tion 5.1.2 can be tested after Frobenius pullback.

Thus, we have identified Z�
p with the substack (ZN

p )inv ⊂ ZN
p parametrizing filtered Cartier–Witt

divisors d : M →W with M invertible. Write

jHT : Z�
p = (ZN

p )inv → ZN
p

for the resulting map; we leave it to the reader to check that this map is an open immersion.

Next, we try to justify the term “filtered Cartier–Witt divisor”. First, observe that ZN
p is

naturally a filtered stack.
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Construction 5.3.3 (The structure and Rees maps for ZN
p ). Fix a p-nilpotent ring R and a

filtered Cartier–Witt divisor d : M → W , and consider the diagram (5.3.1). We can then extract
the following observables from the situation:

1. The map d′ : M ′ →W is a Cartier–Witt divisor by definition. Sending d to d′ thus defines a
map

π : ZN
p → Z�

p = WCart

that we refer to as the structure map.

2. The map ](d) is a map of ]-invertible modules. By Construction 5.2.2, it has the form t(d)]

for a unique map t(d) : LM → R of invertible R-modules. Sending d to t(d) then defines a
morphism

t : ZN
p → A1/Gm

that we refer to as the Rees map (for reasons to be explained later).

The following construction attaches filtered Cartier–Witt divisors to generalized Cartier divisors,
and provides left inverse to the Rees map.

Construction 5.3.4 (Cartier divisors to filtered Cartier-Witt divisors). Given a p-nilpotent ring
R, a line bundle L and a map L → R corresponding to a point of A1/Gm(R), we can construct
the following diagram:

0 // V(L)] //

t]

��

V(L)] ⊕ F∗W //

d:=(t],V )

��

F∗W

p

��

// 0

0 // G]
a

//W // F∗W // 0.

This diagram is a map between admissible sequences of admissible modules, and one verifies that
d is in fact a filtered Cartier–Witt divisor. The construction carrying t to d thus defines a map

idR : A1/Gm → ZN
p

of stacks that we call the de Rham map.

Regarding ZN
p as a filtered stack via the Rees map, we observe next that the underlying non-

filtered stack is a copy of the stack Z�
p parametrizing Cartier–Witt divisors, explaining why we refer

to points of ZN
p as filtered Cartier–Witt divisors.

Construction 5.3.5 (From Cartier–Witt divisors to filtered Cartier–Witt divisors via jdR). The
preimage of Gm/Gm ⊂ A1/Gm under the Rees map t : ZN

p → A1/Gm from Construction 5.3.3

gives an open substack (ZN
p )t6=0 ⊂ ZN

p . This locus identifies with Z�
p via the structure map π from

Construction 5.3.3, with inverse given by the construction in Example 5.2.7. Write

jdR : Z�
p = (ZN

p )t6=0 → ZN
p

for the resulting open immersion. Thus, we can regard ZN
p as a filtration on the stack Z�

p .

The maps jdR, jHT : Z�
p → ZN

p constructed above are disjoint.
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Remark 5.3.6 (The two open copies of Z�
p in ZN

p are disjoint). We have defined two open immersion

jHT , jdR : Z�
p → ZN

p in Constructions 5.3.2 and 5.3.3 respectively. We claim these two copies are
disjoint. To see this, fix a p-nilpotent ring R. Then the image of jdR(R) consists of those filtered
Cartier–Witt divisors d : M →W for which the map ](d) in Eq. (5.3.1) is an isomorphism. On the
other hand, for the filtered Cartier–Witt divisors e : N →W lying in jHT (R), the map ](e) has the
form t] where t : I ⊗W (R) R → R is the map coming from a Cartier–Witt divisor α : I → W (R);

by definition of the latter, the map t is nilpotent, and hence t] can never be an isomorphism by
Proposition 5.2.1 (1).

The following result, which is a filtered refinement of Proposition 5.1.14, is important in under-
standing the geometry of ZN

p .

Proposition 5.3.7. The fibre (ZN
p )t=0 of the Rees map over BGm ⊂ A1/Gm is naturally identified

with GdR
a /Gm := A1/(G]

a o Gm).

Proof. Fix a p-nilpotent ring R. By definition, an R-valued point of (ZN
p )t=0 is given by a filtered

Cartier–Witt divisor d : M → W over R with ](d) = 0. The latter ensures that F∗(d
′) lifts

across F : W → F∗W , i.e., we can add a unique arrow d̃ in the diagram (5.3.1) to obtain a new
commutative diagram

0 // V(LM )] //

](d)=0
��

M //

d

��

F∗M
′

F∗(d′)

��

//

d̃

}}

0

0 // G]
a

//W // F∗W // 0.

In this situation, we first claim that d̃ identifies its source F∗M
′ with F∗W

V
↪→ W ; this then

identifies F∗(d
′) with p : F∗W → F∗W . For the first claim, note that the image is contained in

F∗W
V
↪→ W by Proposition 5.2.1, so d̃ factors as F∗M

′ F∗(e)−−−→ F∗W
V
↪→ W . We must show e is an

isomorphism. But then the commutativity of the triangle based at the bottom right vertex shows

that d′ = pe. We can then regard e as a map (M ′
d′−→ W ) → (W

p−→ W ) of Cartier–Witt divisors,
so it must be an isomorphism by the rigidity lemma, as wanted.

Thanks to the previous paragraph, we have identified (ZN
p )t=0(R) with the groupoid consisting of

line bundles L ∈ Pic(R) together with a W -module extension of F∗W by V(L)]. This groupoid can
be identified with (GdR

a /Gm)(R) by (passage to the Gm-equivariant version of) Proposition 5.2.1,
so we win.

To construct the filtered prismatization of a general bounded p-adic formal scheme via trans-
mutation, we need to produce a natural animated ring stack over ZN

p , which ultimately comes from
the following:

Proposition 5.3.8. Fix a p-nilpotent ring R and a filtered Cartier–Witt divisor
(
M

d−→W
)

over

R. Then d is a quasi-ideal.

One can prove this result “by hand”, using the presentation of admissible modules provided by
Lemma 5.2.8. The slick proof given below is essentially borrowed from [Dri20, Lemma 3.12.12].
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Proof. We may work locally, so we can assume M is an extension of F∗W by G]
a, so d sits in a

diagram

0 // G]
a

//

](d)

��

M //

d

��

F∗W

F∗(d′)

��

// 0

0 // G]
a

//W // F∗W // 0

with exact rows. For local sections a, b ∈M , we must show that ε(a, b) := ad(b)− bd(a) ∈M is 0.
The map ε gives an alternating pairing M×M →M or equivalently as a map ε : ∧2M →M (where
∧2 is computed in W -module sheaves). We make a series of reductions using Proposition 5.2.1 to
conclude that ε must vanish.

First, as F∗(d
′) is a quasi-ideal, the composition ∧2M

ε−→M � F∗W vanishes, so we can regard

ε as a map ∧2M → G]
a.

Next, observe that the restriction d|
G]
a

is a quasi-ideal: this follows as the map ](d) is given

by scalar multiplication by a section of W thanks to Proposition 5.2.1 (1). It follows that the

composition ∧2G]
a → ∧2M

ε−→ G]
a vanishes, and thus we can regard ε as a map ∧2M/∧2 G]

a
ε−→ G]

a.

Regarding the admissible sequence (∗M ) as a filtration of M , we learn that ∧2M/∧2 G]
a admits

a subobject H which is naturally a quotient of G]
a ⊗W F∗W , and a quotient object identified with

∧2F∗W . But F∗W is a cyclic W -module (as F : W → F∗W is surjective), so ∧2F∗W = 0, so we

learn that H ' ∧2M/ ∧2 G]
a is a quotient of G]

a ⊗W F∗W . It is then enough to show that the
composition

G]
a ⊗W F∗W � H ' ∧2M/ ∧2 G]

a
ε−→ G]

a

is 0, which follows from Proposition 5.2.1 (6).

Corollary 5.3.9 (From filtered Cartier–Witt divisors to animated rings). For a p-nilpotent ring

R and a filtered Cartier–Witt divisor
(
M

d−→W
)
∈ ZN

p (R), the W (R)-complex RΓ(Spec(R),W/M)

is naturally a 1-truncated animated W (R)-algebra.

Proof. Thanks to Proposition 5.3.8, it suffices to show that RΓfl(Spec(R),W/M) ∈ D[−1,0]. We
have RΓfl(Spec(R),W ) = W (R)[0], so it is enough to check that RΓfl(Spec(R),M) ∈ D[0,1]. By
the admissible sequence of M , it suffices to show the following: for line bundle L ∈ Pic(R) and
I ∈ Pic(W (R)), we have RΓfl(Spec(R),V(L)]), RΓfl(Spec(R), I ⊗W (R) W ) ∈ D[0,1]. We check
this by computing both objects. For the second, one checks that I ' RΓfl(Spec(R), I ⊗W (R) W )
via the natural map, which gives the desired containment. For the former, we compute that
L⊗R RΓ(Spec(R),G]

a) ' RΓfl(Spec(R),V(L)]), which gives the claim by Lemma 2.4.7.

By Corollary 5.3.9, the construction carrying a filtered Cartier–Witt divisor
(
M

d−→W
)
∈

ZN
p (R) to (W/M)(R) := RΓ(Spec(R),W/M) yields an animated W -algebra stack GN

a → ZN
p .

Moreover, the right square in the diagram (5.3.1) gives a map GN
a → π∗G�

a of animated ring
stacks61, where π : ZN

p → Z�
p is the structure map. Via transmutation, this yields:

Definition 5.3.10 (The filtered prismatization). Fix a bounded p-adic formal scheme X.

1. The filtered prismatization of X is the stack XN → ZN
p obtained via transmutation with from

the animated ring stack GN
a → ZN

p .

2. The category of gauges over X is defined as Gauge�(X) := Dqc(X
N).

61Both sides have natural W -algebra structures, and the map is linear over F : W →W .
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3. The structure map πX : XN → X� is the map obtained via transmutation from the map
GN
a → π∗G�

a ; it lives over π : ZN
p → Z�

p .

4. The Rees map tX : XN → A1/Gm is simply the composition of the structure map XN → Z�
p

with the Rees map t : Z�
p → A1/Gm.

5. Pullback of the open immersions jHT , jdR : Z�
p → ZSyn

p (from Constructions 5.3.2 and 5.3.5)

defines, via transmutation, the open immersions jHT , jdR : X� → XN with disjoint image
(Remark 5.3.6).

Remark 5.3.11. The compositions of various maps introduced above can be understood via the
functor of points directly. For instance, we have πX ◦ jdR = idX� , that πX ◦ jHT = FX (where
FX is the Frobenius from Remark 5.1.10), that tX ◦ jdR factors over Gm/Gm ⊂ A1/Gm, and that
tX ◦ jHT : X� → A1/Gm is classified by the map I → OX� given by the Hodge–Tate ideal sheaf
(Remark 5.1.16).

Example 5.3.12 (The structure gauge). Given a quasi-syntomic qcqs p-adic formal scheme X
with structure map π : XN → ZN

p , we obtain a gauge HN(X) := Rπ∗OXN ∈ Dqc(Z
N
p ) over Zp that

we sometimes call the structure gauge of X.

Construction 5.3.13 (The de Rham map). Fix a bounded p-adic formal scheme X. Its (absolute)
Hodge-filtered de Rham stack XdR,+ is the stack over A1/Gm defined62 via transmutation from

the Ga-algebra stack GdR,+
a = Cone

(
V(O(−1))]

t]−→ Ga

)
, where t : O(−1)→ O is the tautological

section over A1/Gm. Thus, there are natural maps X × A1/Gm → XdR,+ → A1/Gm with the
composition being the projection. Now observe there is a natural quasi-isomorphism(

V(O(−1))] ⊕ F∗W
(t],V )−−−→W

)
'
(

V(O(−1))]
t]−→ Ga

)
of quasi-ideals induced by the restriction map W → Ga (see Construction 2.8.1; the characteristic
p assumption is not necessary there). As the quasi-ideal appearing on the left above is naturally
a filtered Cartier–Witt divisor while the one on the right represents an animated Ga-algebra, we
deduce via transmutation that there is a natural map

idR : XdR,+ → XN.

By construction, this is a map of stacks over A1/Gm (where we use the Rees map on the target),
so it can be regarded as a filtered map of filtered stacks. We write TdR(−) = i∗dR and call it the
de Rham realization functor for gauges over X. The reason for the name is the following: when
X is smooth over Zp, the functor TdR(−) carries vector bundle gauges over XN to filtered vector
bundles on X equipped with a Griffiths-transversal connection relative to Zp (Remark 2.5.8). A
similar remark applies in the relative context of Footnote 62 as well.

Remark 5.3.14 (Hodge–Tate weights). Fix a bounded p-adic formal scheme X. Restricting the
composition X ×A1/Gm → XdR,+ → XN from Construction 5.3.13 to the closed point of point of
A1/Gm gives a map ι : X ×BGm → XN. In particular, given a gauge E ∈ Dqc(X

N), the pullback
ι∗E can be regarded as a graded quasi-coherent complex ⊕iMi on X. The set {i ∈ Z | Mi 6= 0}

62The relative variant of this construction was studied in §2.5 to define (X/V )dR,+ for X smooth over a bounded
p-complete ring V . Note that there is a natural map (X/V )dR,+ → XdR,+: in fact, we have (X/V )dR,+ '
XdR,+ ×Spf(V )dR,+ Spf(V ). Thus, one can readily relativize the constructions explained in this paragraph.
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is called the set of Hodge–Tate weights of E. For example, if f : Y → X is a smooth qcqs map of
relative dimension d, then using the comparisons in §5.5, one can show that ι∗RfN∗ OY N identifies
with ⊕iRf∗Ωi

Y/X [−i] as a graded quasi-coherent complex on X, whence the set of Hodge–Tate

weights of RfN∗ OY N is contained in {0, 1, ..., d}.

In the next sections, we shall describe these objects more concretely in certain cases.

5.4 Filtered Cartier-Witt divisors over k

In this section, fix a perfect field k of characteristic p as well as a smooth k-scheme X. Defini-
tion 5.3.10 introduced a stack XN attached to X. Another object with the same notation was
introduced in Definition 3.3.3; call the latter XN′ in this section. The goal of this section is to show
that these stacks are naturally identified.

Theorem 5.4.1. There is a natural isomorphism XN′ ' XN, compatible with the Rees maps.

As both stacks under consideration are defined via transmutation, it suffices to prove the fol-
lowing:

Proposition 5.4.2. There is a natural isomorphism kN ' kN′ of stacks over A1/Gm that carries
the animated k-algebra stack GN

a to the animated k-algebra stack GN′
a .

Proof. Recall from Construction 3.3.1 that kN
′

is the Rees stack of the p-adic filtration on W (k).
Let us first construct a map η : kN

′ → kN. Thus, we must build a filtered Cartier–Witt divisor(
M

d−→W
)

over kN
′

together with a map k → RΓ(kN
′
,W/M) of animated rings. This is provided

by Construction 3.3.2: the map

(
Mu

du,t−−→W

)
in diagram (3.3.2) is a filtered Cartier–Witt divisor,

and the middle vertical column in the same diagram gives a map
(
W

p−→W
)
→
(
Mu

du,t−−→W

)
of

quasi-ideals, which then yields an animated W (k)-algebra map k 'W (k)/p→ RΓ(kN
′
,W/M).

Conversely, let us construct a map τ : kN → kN
′

by doing so on points. Given a p-nilpotent

ring R, a point x ∈ kN(R) is given a filtered Cartier–Witt divisor
(
M

d−→W
)

over R together with

a map k → (W/M)(R) of animated rings. By deformation theory, this map lifts uniquely to a map
W (k)→W (R) of animated rings, giving a commutative diagram

W (k) //

��

W (R)

��
k // (W/M)(R)

of animated rings. Passing to fibres then gives a commutative diagram

W (k)
α //

p

��

M(R)

��
W (k) //W (R)

of quasi-ideals, which is adjoint to a map α :
(
W

p−→W
)
→
(
M

d−→W
)

of filtered Cartier–Witt

divisors. Writing each admissible module appearing in this map in terms of its admissible sequence

105



gives a diagram

0 // G]
a

u]

��

//

p=](p)

��

W

α

��

F //

p

��

F∗W

α′

��

//

p

��

0

0 // V(L)]

t]=](d)
��

//M //

d

��

F∗W

p

��

// 0

0 // G]
a

//W
F // F∗W // 0,

where we have used Proposition 5.2.1 to write the maps appearing in the left column as u] and t] for
uniquely determined sections u : R→ L and t : L→ R. Note that the map α′ is an isomorphism by
Lemma 5.1.5, and moreover that ut = p. Thus, the datum (L, u, t) determines an R-valued point
τ(x) of kN

′
(R). This construction is natural in x, giving a map τ : kN → kN

′
.

One can now check that τ and η are mutually inverse isomorphisms carrying GN
a to GN′

a . In
fact, these isomorphisms carry the diagram above for kN to the diagram (3.3.2) over kN

′
.

5.5 The filtered prismatization of a qrsp ring

In this section, we assume the reader is familiar with the notion of perfectoid rings, the quasi-
syntomic site and quasi-regular semiperfectoid (qrsp) rings, and most importantly the prismatic
cohomology of qrsp rings63. Our main goal in this section is to explain why the filtered prismati-
zation RN of a qrsp ring R has a concrete description in terms the Nygaard filtration Fil•N�R on
the prismatic cohomology of R (Corollary 5.5.11); this in turn gives a purely algebraic description
of quasi-coherent sheaves on RN.

5.5.1 Review of the prismatic cohomology of qrsp rings

In this subsection, we recall some basic prismatic structures attached to a qrsp ring. Thus, let R
be a qrsp ring. One then has the following objects attached to R.

1. The prism of R: There is an initial object (�R, I) of the prismatic site of R, i.e.,

• �R is a naturally δ-ring with δ-structure classified by a map �R →W (�R) splitting the
restriction map.

63Quasi-syntomic rings are bounded p-complete rings whose cotangent complex over Zp has p-complete Tor ampli-
tude in [−1, 0]; examples include noetherian lci rings, perfectoid rings, and smooth (or even syntomic) extensions of
these. A particularly important subcategory is given by qrsp rings; these rings admit maps from perfectoid rings, are
semiperfect modulo p, and have the feature that their cotangent complex has p-complete Tor amplitude concentrated
in degree −1, with typical examples being regular quotients of a perfectoid ring. We do not discuss these notions
here, referring the reader to [BMS19, §4] for more details on the quasi-syntomic site, and [BS19, §12] for the prismatic
cohomology of qrsp rings. But, since qrsp rings are exotic from the perspective of classical algebraic geometry, let
us at least explain why they play an important technical (in fact, fundamental) role in the prismatic theory. The
explanation rests on the following features of this class of rings:

1. For a qrsp ring R, essentially all natural prismatic invariants attached to R (e.g., the prismatic cohomology
�R, the layers FiliN�R or graded pieces griN�R of the Nygaard filtration, the Hodge–Tate complex �R,...) are
concentrated in degree 0.

2. The collection of all qrsp rings forms a basis for the quasi-syntomic site.

The combination of these properties ensures the centrality of qrsp rings in the prismatic formalism: (2) allows us to
reduce general theorems to the qrsp case, and then (1) ensures we can proceed quite explicitly.
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• I ⊂ �R is an invertible ideal such that �R is (p, I)-adically complete with �R := �R/I
having bounded p-power torsion; henceforth, give �R (and its modules) the (p, I)-adic
topology.

• I is locally generated by a distinguished element (i.e., I ⊗�R W (�R) → W (�R) is a
Cartier–Witt divisor on Spf(�R)).

• There is a map R→ �R := �R/I universal with respect to the preceding data.

For M ∈ D(�R), write M{i} := M ⊗�R
Ii/Ii+1; it is called the Breuil–Kisin twist.

2. The Nygaard filtration: The prism (�R, I) carries a natural Nygaard filtration Fil•N�R defined
via FiliN�R = ϕ−1(Ii) ⊂ �R. In particular, we have a map ϕ : Fil•N�R → I• of filtered rings
that we sometimes call the filtered Frobenius.

Example 5.5.1 (The case of a perfectoid ring). Say R is perfectoid. Consider Fontaine’s
ring Ainf(R) = W (R[) = W ((R/p)perf). The natural surjection Ainf(R) → Ainf(R)/p =
(R/p)perf → R/p deforms uniquely to a surjection θ : Ainf(R)→ R whose kernel is a principal
ideal generated by a distinguished element. The pair (Ainf(R), ker(θ)) with the isomorphism
R ' Ainf(R)/ ker(θ) then realizes (Ainf(R), ker(θ)) as the initial prism (�R, I) over R. As the
comparison map R → �R is an isomorphism in this case, we have a notion of BK twists on
D(R), and hence also on D(S) for any R-algebra S, compatibly with the one coming from
(1) in the case S = �T for a qrsp ring T . Moreover, ϕ is an automorphism, so Fil•N�R =
ϕ−1(I•) is the filtration by powers of a nonzerodivisor, and the filtered Frobenius induces an
identification

gr∗N�R ' SymR(R{1}) (5.5.1)

of graded rings. The choice of a generator d ∈ I (or even just its image in R0{1} = I/I2)
identifies the right hand side with R0[u].

3. The picture relative to a chosen perfectoid: Choose a perfectoid ring R0 and a map R0 → R.
Then there is a natural (in the map R0 → R) conjugate filtration Filconj• �R ⊂ �R with the
following two features:

(a) The associated graded grconj∗ �R is naturally identified with the graded ring ΩH
R/R0

:=

∧∗LR/R0
{−∗}[−∗] (where the notion of BK twists comes from R0).

(b) The associated graded of the filtered Frobenius map ϕ : Fil•N�R → I• factors64 as

griN�R ' Filconji �R{i} ⊂ �R{i} = griI•�R, (5.5.2)

where the BK twist on the second term is defined using the map �R0 ' R0 → R. Under
this description, the inclusion Filconji �R{i} ⊗R0 R0{1} ⊂ Filconji+1 �R{i + 1} of the stages
of the filtration coming from (1) corresponds to the natural map

griN�R ⊗gr0
N

�R0
gr1

N�R0 → gri+1
N �R

under the isomorphism (5.5.1).

64As the filtered Frobenius map is independent of the choice of R0, (5.5.2) implies that the subgroup Filconji �R{i} ⊂
�R{i} is independent of the choice of R0. However, as Filconji �R{i} is merely a module over R = Filconj0 �R and not
over �R, we are not allowed to twist this inclusion by �R{−i} to conclude that Filconji �R is independent of the choice
of R0. In fact, it is provably not, see [BS19, Example 12.3].
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(c) Combining (a) and (b), we obtain a natural isomorphism

gr∗N�R ⊗Lgr∗
N

�R0
R0 ' ΩH

R/R0

of graded rings.

(d) The filtered Frobenius yields a map
⊕

i∈Z FiliN�Rt−i →
⊕

i∈Z I
it−i of Z-graded rings

that exhibits the target as a localization of the source (in the (p, I)-complete sense):
indeed, one simply needs to invert a generator of Fil1N�R0t

−1 and use (b) as well as
the fact that conjugate filtration is exhaustive. Note that while the choice of element
to invert depends on the choice of R0, the assertion that the map is a localization is
independent of the choice of R0.

For our future use, it will be convenient to introduce a name and notation for the Rees stack
associated to the Nygaard filtration.

Definition 5.5.2 (The Rees stack of Fil•N�R). Let Rees(Fil•N�R) be the extended Rees algebra of
the Nygaard filtration on �R, i.e.

Rees(Fil•N�R) =
⊕
i∈Z

FiliN�Rt
−i ⊂ �R[t, t−1].

This is naturally a graded ring (where deg(t) = 1), and we define R(Fil•N�R) to be the corresponding
Rees stack, i.e.:

R(Fil•N�R) := Spf(Rees(Fil•N�R))/Gm.

The parameter t gives a map R(Fil•N�R)→ A1/Gm that we call the Rees map; the inclusion of the
degree 0 subring yields a map R(Fil•N�R)→ Spf(�R) that we call the structure map.

Remark 5.5.3 (The functor of points of R(Fil•N�R)). For a p-nilpotent test ring S, the groupoid
R(Fil•N�R)(S) is the groupoid consisting of:

1. A line bundle L ∈ Pic(S) with a map t : L→ S; this pair yields a map Spf(S)→ A1/Gm

2. A map of graded rings ⊕i≥0FiliN�Rt−i → ⊕i≥0L
it−i that kills some power of (p, I) ⊂ �R and

intertwines multiplication by t on the source (corresponding to filtration level inclusions) with
multiplication by t on the target (corresponding to multiplying by the section t from (1)).

In particular, for test rings S where the map t in (1) is injective (e.g., if Spf(S)→ A1/Gm is flat),
the data in (2) is simply a map �R → S that kills some power of (p, I) and carries FiliN�R into

Li
ti

⊂ S for all i ≥ 0.

Remark 5.5.4 (Quasi-coherent sheaves on R(Fil•N�R)). By the Rees equivalence, the quasi-coherent
derived category Dqc(R(Fil•N�R)) identifies with the filtered derived category DF(p,I)-comp(Fil•N�R)
of (p, I)-complete complexes over �R endowed with the structure of a Fil•N�R-module, i.e., we can
roughly regard a quasi-coherent complex on R(Fil•N�R) as a (p, I)-complete �R-complex equipped
with a filtration compatible with the Nygaard filtration.

Remark 5.5.5 (Some open substacks of R(Fil•N�R)). The stack R(Fil•N�R) contains two distin-
guished open copies of Spf(�R):

1. The open immersion jdR: The fibre over Gm/Gm ⊂ A1/Gm of the Rees map R(Fil•N�R) →
A1/Gm identifies with Spf(�R) by generalities on the Rees construction, giving an open

immersion jdR : Spf(�R) ⊂ R(Fil•N�R). The composition Spf(�R)
jdR−−→ R(Fil•N�R)

π−→ Spf(�R)
is the identity, where π is the structure map.
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2. The open immersion jHT : The filtered Frobenius yields a map
⊕

i∈Z FiliN�Rt−i →
⊕

i∈Z I
it−i

of Z-graded rings which is a localization at a single element. Passing to the corresponding
stacks then defines an open immersion

jHT : Spf(�R) ' Spf(
⊕
i∈Z

Iit−i)/Gm → R(Fil•N�R).

The composition Spf(�R)
jHT−−→ R(Fil•N�R)

π−→ Spf(�R) is the Frobenius, where π is the struc-
ture map.

It is easy to see that these copies are disjoint: the Rees parameter t is invertible after pullback
along jdR, and is topologically nilpotent after pullback along jHT .

In the next example, we explain why the Rees stack introduced above takes on a familiar form
for perfectoid R: we obtain the same structures that we saw earlier in §3.3 when R was a perfect
field of characteristic p.

Example 5.5.6 (The Nygaard filtered Rees stack for perfectoids). If R is a perfectoid ring, then
Fil•NR = ϕ−1(I)•. Choose a generator d ∈ I. Then u = ϕ−1(d)t−1 ∈ Rees(Fil•N�R)deg=−1 is a
generator satisfies ut = ϕ−1(d). In fact, through this choice, we obtain a presentation

Rees(Fil•N�R) = �R[u, t]/(ut− ϕ−1(d)).

More intrinsically, R(Fil•N�R) has the following moduli description: for a p-nilpotent ring R, the
groupoid R(Fil•N�R) is identified with the groupoid of maps �R → S that kill some power of (p, I)

together with a line bundle L ∈ Pic(S) and a factorization ϕ−1(I) ⊗�R S
u−→ L

t−→ S of canonical
map. In particular, we can regard u as a canonically defined section of a line bundle on R(Fil•N�R),
so its (non-)vanishing locus is well-defined, independent of any choices. In fact, the non-vanishing
loci of u and t correspond respectively to the open immersions jHT and jdR from Remark 5.5.5.

For future reference, let us explain why the ring stack from Construction 3.3.2, which concerns
the case where R is a perfect field of characteristic p, has a natural variant over any perfectoid
R as here. To explain this, observe that for any δ-ring A, there is a natural δ-map A → W of
sheaves of δ-rings on the big site of all A-schemes: indeed, for any A-algebra R, the structure map
A→ R refines uniquely to a δ-map A→W (R). In particular, there is a natural δ-map �R →W of
presheaves of δ-rings over R(Fil•N�R). One can then imitate the reasoning used to construct (3.3.2)
to obtain the following diagram of W -module schemes over

0 // ϕ−1(I)⊗�R G]
a

u]

��

//

can

��

ϕ−1(I)⊗�R W

��

id⊗F //

can

��

ϕ−1(I)⊗�R F∗W ' F∗(I ⊗�R W )
can

��

// 0

0 // V(L)]

t]

��

//Mu
//

du,t

��

ϕ−1(I)⊗�R F∗W ' F∗(I ⊗�R W )

can

��

// 0

0 // G]
a

//W
F // F∗W // 0.

(5.5.3)
The map du,t is a quasi-ideal (Proposition 5.3.8), leading to an animated W -algebra stack

GR
a := Cone(du,t)

over R(Fil•N�R). The middle vertical column shows that GR
a is naturally an animated ring over

W/ϕ−1(I), and hence also an animated ring over �R/ϕ−1(I)
ϕ
' ϕ∗�R/I = ϕ∗R, where the ϕ∗
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decoration gives the compatibility between this R-algebra structure and the original �R-algebra
structure on GR

a . Note that ring stack is actually valued in p-nilpotent animated ϕ∗R-algebras
by [BL22b, Lemma 3.3] and the W/ϕ−1(I)-algebra structure. In the sequel, we shall thus regard
GR
a as a p-nilpotent animated ϕ∗R-algebra valued stack on (p, I)-nilpotent on �R-algebras over

R(Fil•N�R).

5.5.2 Identifying the prismatization

In this subsection, let R be a qrsp ring. Our goal is to sketch a proof of the following theorem
identifying the prismatization R� in classical terms; as qrsp rings form a basis for the quasi-syntomic
site, this justifies the name “prismatization” given the functor X 7→ X� on quasi-syntomic schemes.

Theorem 5.5.7 (The prismatization via �R). There is a natural isomorphism Spf(�R) ' R�,
where we use the (p, I)-adic topology on �R on the left.

The proof we sketch is borrowed from [BL22b], and we refer to [BL22b, Lemma 6.1, Corollary
7.18] for the missing details details.

Proof sketch. The δ-structure on �R is classified by a map w : �R →W (�R) splitting the restriction
map γ0. Reducing w modulo I and composing with the natural map R → �R/I then defines a
map R → W (�R)/I. This construction can be regarded as giving a map ηR : Spf(�R) → R� by
definition of points of the target. We claim this map is an isomorphism.

As ηR is naturally defined, we can make choices to prove it is an isomorphism. Thus, choose
a perfectoid ring R0 and a map R0 → R. By enlarging R0, we may also assume R0 → R is
surjective. We only explain the argument in the key case R0 is p-torsionfree and R = R0/(f1, ..., fr)
for a sequence f1, ...., fr in R0 that is regular on R0/p; the general case can be reduced to this
case by an elaborate devissage. Write (�R0 , I0) for the prism of R0, so we have an induced map
(�R0 , I0)→ (�R, I) of prisms, and thus an identification I0 ⊗�R0

�R ' I.
First, the argument proving Example 5.1.9 adapts to prove the statement in the perfectoid

case, i.e., ηR0 gives an isomorphism Spf(�R0) ' R�
0 . It then suffices to prove that the fibres of ηR

over ηR0 are identified, i.e., to show the following: for a p-nilpotent ring S and an S-valued point
x : Spec(S)→ Spf(�R0), the fibre Fx of Spf(�R)(S)→ Spf(�R0)(S) over x identifies with the fibre
Gx of R�(S)→ R�

0 (S) over η(x) via the map η. We can identify the fibres explicitly as

Fx = Map�R0
(�R, S) and Gx = MapR0

(R,W (S)),

where W (S) = Cone(I⊗�R0
W (S)→W (S)), with the implicit map �R0 →W (S) being the unique

δ-lift adjoint of the given map �R0 → S. To prove this, let us describe the map ηR explicitly. First,
by adjunction, we have

Fx = Map�R0
(�R, S) ' Map�R0

,δ(�R,W (S)).

Given this description, the map Fx → Gx induced by ηR is the composition

Map�R0
,δ(�R,W (S))→ Map�R0

(�R,W (S))→ MapR0
(R,W (S)),

where the first map is by forgetting the δ-structure and reducing modulo I0, and the second map is
induced by R→ �R (and the observation that R0 ' �R0). To check this is an isomorphism, we can
use presentations for the first factor: R is obtained from R0 by freely setting f1 = 0, f2 = 0, ..., fr = 0
in p-complete animated rings, while �R is obtained from �R0 by freely adjoining f1

I0
, ..., frI0 in the

world of (p, I)-complete δ-rings by [BS19, Example 7.9]. Using these presentations, one explicitly
checks that the above map is an isomorphism.
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5.5.3 Identifying the filtered prismatization

In this subsection, we shall describe the filtered prismatization of qrsp rings explicitly as the Rees
stack of the Nygaard filtration on prismatic cohomology (Corollary 5.5.11), extending Theorem 5.5.7
describing the (non-filtered) prismatization. In fact, as qrsp rings admit maps from perfectoids, it
is convenient to fix a base perfectoid ring R0 for the rest of this subsection (even though the the
final result is independent of this choice). Let us first begin by describing RN

0 itself.

Proposition 5.5.8 (The filtered prismatization of a perfectoid ring). There is a natural identifi-
cation R(Fil•N�R0) ' RN

0 of stacks that intertwines the Rees and structure maps, and carries the
animated W -algebra stack GR

a over R(Fil•N�R0) (from Example 5.5.6) to the animated W -algebra
stack GN

a over RN
0 .

Proof. Using the perfectoid case of Theorem 5.5.7, this follows by essentially the same argument
used in Proposition 5.4.2

Via transmutation, one already obtains a description of XN that avoids contemplating admis-
sible modules (or, rather, their moduli) directly.

Corollary 5.5.9 (Concrete description of XN). For any bounded p-adic formal R0-scheme X and
p-nilpotent ring S, there is a natural identification of XN(S) with the groupoid of pairs (a, b), where
a is a point of R(Fil•N�R0)(S), and b is an ϕ∗R0-map Spec(GR

a (S))→ ϕ∗X.

The main theorem of this chapter in the following, giving a concrete description of the filtered
prismatization of a qrsp ring and thus justifying the name “filtered prismatization”:

Theorem 5.5.10 (The filtered prismatization over R0 via the Nygaard filtration). For a qrsp
R0-algebra R, there is a natural identification

RN ' R(Fil•N�R)

of derived stacks over the identification RN
0 ' R(Fil•N�R0) from Proposition 5.5.8.

The two sides of the isomorphism in Theorem 5.5.7 depend only on the qrsp ring R, and not
on its structure as an algebra over a perfectoid ring. However, a priori, the isomorphism we will
construct certainly relies heavily on this choice. Nevertheless, it is in fact independent of the choice
for relatively soft reasons:

Corollary 5.5.11 (Independence of perfectoid base). For any qrsp ring R, there is a natural
isomorphism

cR : RN ' R(Fil•N�R)

of stacks over A1/Gm (via the Rees map), uniquely determined by the requirement that it restricts
over Gm/Gm ⊂ A1/Gm to the isomorphism R� ' Spf(�R) from Theorem 5.5.7.

Proof. First, note that Theorem 5.5.10 provides such an isomorphism, say cR0→R, for each choice
of perfectoid ring R0 mapping to R. Moreover, the Rees map from both RN and R(Fil•N�R) to
A1/Gm is independent of the choice of R0 by construction. As the fibre R(Fil•N�R)t6=0 ' Spf(�R)
over Gm/Gm ⊂ A1/Gm is dense65 in R(Fil•N�R), it follows that (RN)t6=0 is dense in RN as well. In
particular, any isomorphism RN ' R(Fil•N�R) of stacks over A1/Gm is uniquely determined by its
behaviour over (−)t6=0 locus. Now the fibre cR0→R|t6=0 agrees with the isomorphism R� ' Spf(�R)
from Theorem 5.5.7, and is thus independent of choice of R0. It thus follows that cR0→R is also
independent of the choice of R0, and provides the natural isomorphism cR in the corollary. The
characterization mentioned in the corollary follows from the proof.

65This amounts to observing that Fil•N�R is an honest filtration, i.e., FiliN�R → Fili−1
N �R is injective for all i.
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Remark 5.5.12 (Why should one have expected the Rees description of RN?). We are aware of
two motivations for predicting the statement of Theorem 5.5.10 or Corollary 5.5.11; they rest on
the naturality of contemplating R(Fil•N�R) from two different perspectives.

First, for a (say) smooth variety X/C, consider the ∞-category DFcoh(Fil•HΩ•X/C) of complete
filtered modules over the Hodge filtered de Rham complex with the property that the associated
graded is coherent over X. This is a good category of coefficients for (Hodge filtered) de Rham
cohomology: it can be identified (via a version of Koszul duality) with the filtered derived ∞-
category DFgood(DX) of coherent DX -modules equipped with a good filtration. Motivated by this
as well as the analogy of the Nygaard filtration on prismatic cohomology with the Hodge filtration
on de Rham cohomology, it is natural to guess that DF(p,I)-comp(Fil•N�R) is a good category of
coefficients for (Nygaard filtered) prismatic cohomology. This reasoning (and Remark 5.5.4) led us
to the statement of Corollary 5.5.11 in the first place.

Secondy, as was first remarked to us by Scholze, the Rees stack R(Fil•N�R) can also be presented
via a Breuil–Kisin twisted version of the Rees algebra that appears extremely naturally in the theory
of topological Hochschild homology (up to a completion, see Remark 5.5.16).

We now turn to the proof of Theorem 5.5.10. For a slightly technical reason that comes up
in the proof, it will be quite convenient to know that the moduli stacks under consideration have
natural modular extensions to the derived world, so we record this next.

Remark 5.5.13 (Derived extensions). Regard GR
a → R(Fil•N�R0) as a map of derived stacks over

Spf(�R) in the natural way, i.e., via left Kan extension of the inclusion of affine schemes into
derived stacks. Then GR

a can be regarded as a p-nilpotent animated R0-algebra stack over the
derived Spf(�R0)-stack R(Fil•N�R0)66. It follows by transmutation that XN → R(Fil•N�R0) also has
a natural extension to derived stacks with the following feature: given a p-nilpotent animated ring
S and a point x ∈ R(Fil•N�R0)(S), the fibre of XN(S) → R(Fil•N�R0)(S) over x identifies with the
space of maps MapR0

(Spec(GR
a (S)), X) of derived Spf(R0)-schemes.

We now sketch the proof of Theorem 5.5.10; more details, together with an alternative proof
that directly constructs a filtered Cartier–Witt divisor over R(Fil•N�R) unlike the proof below, will
appear in [BL].

Proof sketch. In the proof below, all geometric objects that appear are regarded as derived stacks
over Spf(�R0) via the recipe given in Remark 5.5.13; the main reason to pass to the derived world is
that we need to contemplate derived pullbacks to run the argument (e.g., see item (4) below), and
it is much easier to understand moduli-theoretically the derived pullback of a map between derived
moduli stacks than the derived pullback of a map between classical moduli stacks. It follows from
the proofs that the relevant derived stacks are actually classical. Also, we write ϕ : �R0 → �R0 for
the Frobenius automorphism; the appearance of many Frobenius twists in the discussion below is
a consequence of our desire to work relative to Spf(�R0) and can be ignored at first pass.

Let us begin by introducing a constructible stratification of R(Fil•N�R0) that plays an important
role, both implicitly and explicitly, in the arguments that follow. Using the sections u, t from

66The content here is the following. For a functor F from rings to an ∞-category admitting all colimits, write LF
for its animation. Then the natural maps give an equivalence LW ' limn LWn as animated ring valued functors on
animated rings, so LW is both left Kan extended from polynomial rings (by definition) as welll as an fpqc sheaf (as
each Wn(−) is so, and limits of sheaves are sheaves). The same remarks also apply to functors finitely built from W ,

such as RΓfl(Spec(−),G]
a) := fib(W

F−→ W ) (regarded as a functor from rings to D(Ab)). Applying this reasoning
to all terms of (5.5.3) pulled back to the Cech nerve of a flat cover of R(Fil•N�R0) then yields the structure of a
p-nilpotent animated R0-algebra valued stack on the derived stack GR

a by descent.
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Example 5.5.6, we obtain the constructible stratification

{R(Fil•N�R0)t6=0 = Spf(�R0), R(Fil•N�R0)t=0,u6=0 = Spf(ϕ∗R0), R(Fil•N�R0)u=t=0 = BGm,ϕ∗R0}
(5.5.4)

of R(Fil•N�R0). The pullback of GR
a to this stratification is given (as a p-nilpotent animated ϕ∗R0-

algebra valued derived stack) by

{ϕ∗G�
a = F∗(W/I), ϕ∗GHT

a = W/ϕ−1(I), GHodge
a = Ga ⊕BV(L)]}

by analysing the diagram (5.5.3). Consequently, via transmutation, the pullback of XN to this
stratification has pieces described by

{X� → Spf(�R0), ϕ∗X
HT → Spf(ϕ∗R0), ϕ∗X

Hodge → BGm,ϕ∗R0} (5.5.5)

We now begin the proof.

1. Geometry of XN for X/R0 smooth: Fix a smooth quasi-compact scheme X/Spf(R0) and
consider the derived stack π : XN → R(Fil•N�R0). We claim that π is flat (and thus XN is
classical) and that formation of pushforward of quasi-coherent complexes along π commutes
with base change along maps with finite Tor amplitude (such as the inclusions of the strata
of the constructible stratification (5.5.4)). To see this, one first proves (as in Remark 2.8.5)
that the functor X 7→ XN from smooth quasi-compact Spf(R0)-schemes to derived stacks
over R(Fil•N�R0) commutes with finite limits and preserves affine étale maps (resp. covers);
this implies that if X → An is an affine étale map over Spf(R0), then XN → (An)N =
(GR

a )n = (W/Mu)n is an affine étale, so XN is the quotient of a flat affine Spf(R0)-scheme by
the flat affine Spf(R0)-group scheme (Mu)n (where Mu is the admissible W -module scheme
constructed in diagram (5.5.3)). This description gives the desired flatness as well as base
change compatibility by Remark 2.5.5.

2. Cohomology of XN for X/R0 smooth: With notation as in (1), we claim that Rπ∗OXN ∈
Dqc(R(Fil•N�R0)) identifies with Fil•NRΓ�(X) ∈ DFcomp(�R0) under the Rees equivalence.
Thanks to the base change compatibilities in (1), this follows by the same argument used to
establish Theorem 3.3.5.

3. The natural transformation η : RN → R(Fil•N�R): Recall that the Nygaard filtration on
the prismatic cohomology of p-complete animated R0-algebras is left Kan extended from the
smooth ones. Thus, it follows from (2) that for any bounded p-adic formal scheme X with
structure map π : XN → R(Fil•N�R0), one obtains a natural map

Rees(Fil•NRΓ�(X))→ Rπ∗OXN

of commutative algberas in Dqc(R(Fil•N�R0)). Specializing to X = Spf(R) for our qrsp R, the
left hand side is concentrated in degree 0, so the above map defines, by adjunction, a map

η : RN → R(Fil•N�R)

of stacks over R(Fil•N�R0).

4. The isomorphy of η: It suffices67 to prove that η is an isomorphism after (derived) pullback to
the pieces of the stratification (5.5.4). The pullback of RN to the pieces of this stratification
is given by

{R�, ϕ∗R
HT , ϕ∗R

Hodge}
67We are using the following fact: given an animated ring A, an element f ∈ π0(A), and a map τ : M → N in

D(A), the map τ is an isomorphism if and only if τ [1/f ] and τ ⊗A A/f are so.
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as in (5.5.5) above; the pullback of R(Fil•N�R) to the pieces is given by

{Spf(�R), Spf(ϕ∗�R), ϕ∗Spf(∧∗LR/R0
{−∗}[−∗])/Gm}

by known features of prismatic cohomology, as summarized in §5.5.1. On the first two pieces,
the map can then be checked to be an isomorphism via known properties of prismatization
as in Theorem 5.5.7. The claim for the last piece follows by analogous arguments.

Remark 5.5.14. We leave it to the reader to check that the open substacks from Remark 5.5.5
match, under the isomorphism in Corollary 5.5.11, with the correspondingly named open substacks
of RN coming via pullback from Constructions 5.3.2 and 5.3.3 respectively.

Remark 5.5.15 (The BK twist over RN). In [Dri20, §5.9], Drinfeld extends the line bundle
OZ�

p
{1} ∈ Pic(Z�

p ) from Remark 5.1.19 along either inclusion jHT , jdR : Z�
p ⊂ ZN

p by construct-

ing OZN
p
{1} ∈ Pic(ZN

p ), defined as

OZN
p
{1} = π∗OZ�

p
{1} ⊗ t∗O(−1),

where π and t are the structure and Rees maps (Construction 5.3.3). As the isomorphism in
Corollary 5.5.11 is compatible with the structure and Rees maps, the pullback ORN{1} of OZN

p
{1}

to RN ' R(Fil•N�R) coincides with the line bundle defined by the graded Rees(Fil•N�R)-module
Rees(Fil•N�R){1}(−1). In particular, we have RΓ(RN,ORN{1}) = (Fil1N�R){1} and more generally
RΓ(RN,ORN{i}) = (FiliN�R){i} for all i ∈ Z, as expected.

Remark 5.5.16 (Relation to TC). For any line bundle L ∈ Pic(�R), the twisted version of the
Rees construction gives a Z-graded ring

Rees(Fil•N�R ⊗�R L
•) =

⊕
i∈Z

(FiliN�R ⊗�R L
i)t−i ⊂

⊕
i∈Z

Lit−i,

where the last term is the algebra of functions on the Gm-torsor attached to L. Using the functor
of points interpretation from Remark 5.5.3 as well as a twisted version, one checks that there is a
natural identification

R(Fil•N�R) ' R(Fil•N�R ⊗�R L
•)

of the corresponding Rees stacks (not compatible with the map to BGm!). In particular, taking
L = ORN{1} from Remark 5.5.15 and using Corollary 5.5.11, we learn that

RN ' R(Fil•N�R{•}).

The latter stack is an extremely natural object to consider from the perspective of topological cyclic
homology: indeed, by [BMS19, Theorem 1.12], we have a natural identification of graded rings

Rees(Fil•N�̂R{•}) = π∗TC−(R; Zp),

where the (̂−) denotes the Nygaard completion. In this description, the two open points

jdR, jHT : Spf(�R)→ R(Fil•N�R{•})

from Remark 5.5.5 match with the two maps

can, ϕ : π∗TC−(R; Zp)→ π∗TP(R; Zp)

coming from the canonical and (cyclotomic) Frobenius maps respectively.
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Having understood the filtered prismatization of qrsp rings (and thus implicitly the theory of
gauges of such rings), let us define gauges explicitly and make some remarks on how to understand
them by descent.

Definition 5.5.17 (Gauges). For a bounded p-adic formal scheme X, its category of (prismatic)
gauges is defined as

Gauge�(X) := Dqc(X
N).

The category of gauges can be studied via descent thanks to Corollary 5.5.11.

Remark 5.5.18 (Descent to arbitrary quasi-syntomic p-adic formal schemes). Given a quasi-
syntomic cover f : X → Y of quasi-compact quasi-syntomic p-adic formal schemes, one can show
that the induced map XN → Y N is also a cover (see [BL22b, Proposition 2.17] for the analogous
statement for (−)�). Using the behaviour of (−)N under finite limits as well as the basis property
of qrsp rings for the quasi-syntomic site, we obtain the following consequences for a quasi-syntomic
scheme X:

1. The natural map
colim
R∈Xqrsp

R(Fil•N�R)→ XN

is an equivalence, where the Xqrsp is the category of all qrsp rings R equipped with a map
Spf(R)→ X. In particular, this formula gives an alternative approach to the filtered prisma-
tization construction.

2. Pullback along the maps in (1) induces an equivalence

Gauge�(X) = lim
R∈Xqrsp

Gauge�(Spf(R)) = lim
R∈Xqrsp

DF(p,I)−comp(Fil•N�R).

One may summarize this as follows: specifying a gauge on X is equivalent to specifying, in a
base change compatible fashion, a filtered module over Fil•N�R for each qrsp ring R over X.

Remark 5.5.19 (A construction of charts for XN with X regular). Say (A, I) is a prism such
that A is p-torsionfree and A/p is regular (whence A is noetherian with a flat p-complete cotangent
complex over Zp). The ring R = A/I is then a regular p-complete ring; moreover, any complete
noetherian regular local ring has this form by the Cohen structure theorem. We shall describe a
particularly convenient chart for the stack RN resulting from the choice of the prism (A, I).

Consider the Rees stack R(I•) := Spf(Rees(I•))/Gm attached to the I-adic filtration on A
(endowed with the (p, I)-adic topology). For instance, if I = (d) is principal, then Rees(I•A) =
A[u, t]/(ut− d) with t being the degree 1 Rees parameter and u having degree −1; this description
shows that R(I•) is always a regular stack68. More canonically, given a p-nilpotent ring S, a point
x ∈ R(I•)(S) is given by a map A → S that kills some power of I, a line bundle L ∈ Pic(S),

and a factorization I ⊗A S
u−→ L

t−→ S of the canonical map. From this interpretation as well as
the δ-structure on A to get a δ-A-algebra structure on the Witt ring scheme W over S, one can

68The ring B := A[u, t]/(ut − d) contains a nonzerodivisor u such that B/u = A[t]/(d) = R[t] is a regular ring,
whence B must be a regular ring.
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construct the following diagram of W -modules over S, as in Example 5.5.6:

0 // I ⊗A G]
a

u]

��

//

can

��

I ⊗AW

��

id⊗F //

can

��

I ⊗A F∗W
can

��

// 0

0 // V(L)]

t]

��

//Mu
//

du,t

��

I ⊗A F∗W

can

��

// 0

0 // G]
a

//W
F // F∗W // 0.

Here each row is an admissible sequence for an admissible module, the map du,t is a quasi-ideal
representing an animated W -algebra stack W/Mu over Spf(S), and the map labelled can in the
bottom right square is a Cartier–Witt divisor. Consequently, the map du,t gives a point π(x) of
ZN
p (S). Moreover, the middle column yields a map R = A/I → RΓ(Spf(S),W/Mu) of animated

rings (and even A-algebras), so the point π(x) ∈ ZN
p (S) is naturally lifted to a point π(x) ∈ RN(S).

The assignment x 7→ π(x) then defines a morphism π : R(I•)→ RN of stacks. One can check this
map is faithfully flat by reducing to the perfectoid case treated in Proposition 5.5.869. Moreover, the
map is adic in the sense of Remark 5.1.17; more precisely, the preimage of the locus (BG]

m)p=0 ⊂ Z�
p

along the composite map R(I•) → RN → ZN
p → Z�

p is a closed substack of definition. It follows70

that Perf(RN) admits a “standard” t-structure whose heart Coh(RN) is the abelian category of
coherent sheaves, and such that the pullback functor Perf(RN) → Perf(R(I•)) is t-exact for any
prism (A, I) with A/I = R. In particular, Coh(RN) is a noetherian category.

Example 5.5.20 (Charts for ON
K). Let K/Qp be a completely discretely valued extension with

perfect residue field k. Let π ∈ OK be a uniformizer. Attached to this choice, we have a BK
prism (A, I) where A = W (k)JxK, and I = (E(x)) is the kernel of the W (k)-algebra map A →
OK determined by x 7→ π. The construction in Remark 5.5.19 then gives a faithfully flat cover
Spf(A[u, t]/(ut−E(x)))→ ON

K . Note that A[u, t]/(ut−E(x)) has Krull dimension 3, so one might
imagine ON

K as analogous to a 3-manifold.

69If A∞ denotes the (p, I)-completed colimit perfection of A, then A → A∞ is a (p, I)-complete quasi-syntomic
cover, whence R→ R∞ := A∞/IA∞ is a quasi-syntomic cover as well. Proposition 5.5.8 implies that the analogously
constructed map R(I•A∞) → RN

∞ is an isomorphism. As the maps R(I•A∞) → R(I•) and RN
∞ → RN are both

faithfully flat covers, the claim follows.
70Let us first explain an abstract statement. Fix a cosimplicial commutative ring A• with a Cartesian cosimplicial

ideal J• ⊂ A•. Assume that A0 is noetherian and regular, each Aj is derived Jj-complete, and that each face
map Ai → Aj is J i-completely flat. In this situation, note that Perf(Spf(A•)) ' Perf(A•) by J•-completeness.
Moreover, by regularity and noetherianness of A0, the standard t-structure on D(A0) restricts to a t-structure on
Perf(A0). We claim that C := lim Perf(A•) also admits a “standard” t-structure for which the projection functors
C → Perf(Ai) ⊂ D(Ai) are t-exact for all i (and, in particular, truncations in D(Ai) of objects in Perf(Ai) that
lift to C also lie in Perf(Ai)). To see this, it suffices to show that for any face map A0 → Ai, the pullback functor
Perf(A0) → Perf(Ai) ⊂ D(Ai) preserves coconnectivity. But this follows as the map A0 → Ai is genuinely flat by
J0-complete flatness and noetherianness of A0 (see [Bha20, Lemma 5.15]).

To obtain the desired t-structure on RN, one applies the result in the previous paragraph by taking Spf(A•) to be
the Cech nerve of Spf(Rees(I•)) → XN (where J• ⊂ A• is the pullback of (p, I) ⊂ OZ�

p
, and thus gives an ideal of

definition). The independence of choice of charts can be proven similarly by comparing charts.
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Chapter 6

Syntomification and duality

In this chapter, we study71 syntomification and F -gauges in mixed characteristic, analogous to
what Chapter 4 accomplished in positive characteristic.

To each bounded p-adic formal scheme X, we functorially attach a stack XSyn called the syn-
tomification of X; the category of F -gauges on X is defined to Dqc(X

Syn). The subcategory
Perf(XSyn) can be regarded as a universal home for (derived) p-adic local systems on X: be-
sides being stable under proper smooth pushforward and arbitrary pullback, it admits (pushfor-
ward/pullback compatible) realization functors to more classical notions of p-adic local systems,
e.g., one has TdR(−) towards Hodge-filtered de Rham local systems on X (Construction 5.3.13),
Tcrys(−) towards crystalline local systems on Xp=0 (Remark 6.1.5), and Tet(−) towards étale local
systems on the rigid generic fibre Xη (Construction 6.3.2). It is the appearance of the generic
fibre Xη that makes the mixed characteristic story both more subtle and more interesting than the
characteristic p case from Chapter 4.

Beyond the basic definitions, our main focus in this chapter is on F -gauges over Spf(Zp) as well
as their cohomology, especially in relation to Galois representations of the absolute Galois group
GQp . We shall prove the following statements72:

1. Relationship to crystalline Galois representations: For any coherent sheaf M ∈ Coh(ZSyn
p ),

the étale realization Tet(M), regarded as a continuous representation of GQp on a finitely
generated Zp-module, is crystalline on inverting p (Corollary 6.7.2). Moreover, this construc-

tion establishes an equivalence between reflexive coherent sheaves on ZSyn
p and Zp-lattices in

crystalline GQp-representations (Theorem 6.6.13).

The proofs of these statements rely critically on the equivalence is [BS21] and quasi-syntomic
descent; we also need an analysis of the kernel of the étale realization functor (Remark 6.3.5).

2. Lagrangian refinement of Tate duality: The functorRΓ(ZSyn
p ,−) carries Perf(ZSyn

p ) to Perf(Zp)

(Proposition 6.4.3). Moreover, for any M ∈ Perf(ZSyn
p ), there is a natural fibre sequence

RΓ(ZSyn
p ,M)→ RΓ(GQp , Tet(M))→ RHomZp(RΓ(ZSyn

p ,M∗{1}[2]),Zp)

71Essentially all the material in this chapter comes from [Dri20, BL]. In particular, the definition of the syntomi-
fication XSyn as well as the geometry of the reduced locus ZSyn

p,red ⊂ ZSyn
p is due to Drinfeld [Dri20]. The results on

coherent cohomology on these stacks will appear in [BL]. The relationship between reflexive coherent sheaves and
crystalline Galois representations (Theorem 6.6.13) was discovered thanks to conversations with Toby Gee and Peter
Scholze, who arrived at the statement in the context of their joint work with George Boxer and Matt Emerton.

72Implicit in all of these statements is that the stack ZSyn
p admits a reasonable theory of coherent sheaves and

perfect complexes, analogous to a noetherian regular scheme, via Remark 5.5.19.
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of perfect Zp-complexes, where M∗ denotes the O-linear dual, the first map is induced by the
étale realization functor for M , while the second map is induced by the same functor for M∗

as well classical local Tate duality for Tet(M) (Corollary 6.5.22. We regard this theorem as an
analog for ZSyn

p of the Serre duality for FSyn
p established in Theorem 4.5.2 (see Remark 6.5.24).

Moreover, the fibre sequence above is deduced from a stronger statement for mod p F -gauges
M ′: we formulate and prove purely geometrically a filtered refinement of the classical local
Tate duality for Tet(M

′) (Theorem 6.4.4).

The primary tool for proving these statements is a divisor ZSyn
p,red ⊂ (ZSyn

p )p=0, whose geom-
etry is described in §6.2 following [Dri20]. We use this this description in §6.5 to obtain a
concrete linear algebraic description of quasi-coherent sheaves on ZSyn

p,red, which is then used
to prove our main theorems. The picture can be summarized as follows: quasi-coherent sheaf
theory on the divisor ZSyn

p,red captures “mod p Sen theory”, while quasi-coherent sheaf theory
on the complement of this divisor captures the theory of mod p Galois representations (Re-
mark 6.3.6), whence the total space (ZSyn

p )p=0 provides a mechanism to understand certain
Galois representations via (the typically much more explicit and linear algebraic) Sen theory.

3. Relation to the Bloch–Kato Selmer group: For any coherent sheaf M ∈ Coh(ZSyn
p ), the com-

parison map
RΓ(ZSyn

p ,M)→ RΓ(GQp , Tet(M))

is injective on H∗(−) after inverting p (but not before), with the image given by the Bloch–
Kato Selmer groups H∗f (GQp ,−) from [BK07, §3] (Proposition 6.7.3, Remark 6.7.4).

These statements are deduced from those in (1) and (2).

6.1 Syntomification

We build the syntomification in mixed characteristic exactly as in characteristic p: by glueing two
copies of the prismatization inside the filtered prismatization together.

Definition 6.1.1 (The syntomification and F -gauges). Fix a bounded p-adic formal scheme X.
The stack XN contains two open substacks isomorphic to X� as in Remark 3.4.2. Write XSyn for
the result of glueing these two open substacks together, i.e., we have a pushout square

X� tX� jHT ,jdR //

can

��

XN

jN
��

X� j� // XSyn

(6.1.1)

where all maps are étale (and even local isomorphisms). We then make the following definitions:

1. The stack XSyn is called the syntomification of X.

2. The category F-Gauge�(X) := Dqc(X
Syn) is called the category of prismatic F -gauges on X.

3. Pullback along the étale cover j∗N induces a functor j∗N : F-Gauge�(X)→ Gauge�(X) that we
refer to as passage to the underlying gauge.

Example 6.1.2 (The structure F -gauge). As in Example 5.3.12, given a quasi-syntomic qcqs p-adic
formal scheme X with structure map π : XSyn → ZSyn

p , we obtain an F -gauge

HSyn(X) := Rπ∗OXSyn ∈ Dqc(Z
Syn
p )

on Zp that we call the structure F -gauge of X; note that the underlying gauge of HSyn(X) is the
structure gauge HN(X).
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Remark 6.1.3 (F -gauges and their cohomology). The discussion in Remark 4.2.5 transports to
the present setting. In particular, we have an equalizer diagram

Dqc(X
Syn) ' Eq(Dqc(X

N)
j∗HT //
j∗dR

// Dqc(X
�))

of stable ∞-categories. Moreover, if E ∈ Dqc(X
Syn) be an F -gauge on X, then there is a natural

triangle

RΓ(XSyn, E)→ RΓ(XN, E|XN)
j∗HT−j

∗
dR−−−−−−→ RΓ(X�, E|X�) (6.1.2)

where we abusively write E|XN = j∗NE and E|X� = j∗�E.

Remark 6.1.4 (F -gauges in characteristic p). Say X is a smooth scheme over a perfect field k of
characteristic p. Then the notions from Definition 6.1.1 coincide with those studied in Chapter 4
thanks to Proposition 5.4.2 and transmutation. In particular, we have not overloaded the notation.

Remark 6.1.5 (The crystalline realization). Given any Zp-flat p-adic formal scheme X, functori-
ality applied to Xp=0 ↪→ X yields a pullback functor Tcrys(−) : F-Gauge�(X) → F-Gauge�(Xp=0)
that we refer to as the crystalline realization functor.

Example 6.1.6 (F -gauges over a perfectoid). Say R is a perfectoid ring with corresponding perfect
prism (�R, I). Let d ∈ I be a generator. Then Gauge�(R) identifies with DF(p,I)-comp(φ−1(I)•�R) '
Dgr(�R[u, t]/(ut− ϕ−1(d)) thanks to Proposition 5.5.8 as well as the explicit description in Exam-
ple 5.5.6. As in characteristic p (Remark 3.4.6), we can picture an object M in this category as a
diagram

· · ·
t //M i+1 t //
u

oo M i
u
oo

t //M i−1
u

oo
t // · · ·
u
oo (6.1.3)

of (p, I)-complete �R-complexes, where ϕ−1(d) = ut = tu. Writing M−∞ = colimM−i for the
((p, I)-completed) colimit along the t maps, and M∞ = colimiM

i for the ((p, I)-completed) colimit
along the u maps, we obtain a correspondence

M∞
u∞←−−M0 t∞−−→M−∞

where both maps are ϕ−1(d)-isogenies if M is in fact a perfect complex over RN. More conceptually,

we have M−∞ = j∗dRM and ϕ∗M∞ = j∗HTM . In particular, lifting M ∈ Dqc(R
N) to an object M̃ ∈

Dqc(R
Syn) amounts to specifiying an isomorphism τ : ϕ∗(M∞) 'M−∞; the complex RΓ(RSyn, M̃)

is then computed by the fibre of t∞ − τφu∞ : M0 →M−∞, as in Remark 4.2.8.

Example 6.1.7 (F -gauges over a qrsp ring). Fix a qrsp ring R and an F -gauge E ∈ Dqc(R
Syn); let

us explain the concrete data extracted from E. First, we obtain M(E) = E|R� ∈ D(p,I)-comp(�R),
the underlying prismatic crystal. The restriction E|RN can be viewed as a filtration Fil•M(E) ∈
DF(p,I)-comp(Fil•N�R) on M(E), and the F -gauge structure on E gives a map ϕ̃M(E) : Fil•M(E)→
I•M := I•�R ⊗�R M linear over the Frobenius map Fil•N�R → I•�R (where I•�R denotes the full
Z-indexed I-adic filtration on �R[1/I]) such that the linearized map

Fil•M⊗̂Fil•N�RI
•�R → I•M

is an isomorphism in DF(p,I)-comp(I•�R) ' D(p,I)-comp(�R). Conversely, the filtered object Fil•M(E) ∈
DF(p,I)-comp(Fil•N�R) recovers the gauge E|RN via the Rees construction, and then the entire triple
(M(E),Fil•M(E), ϕ̃M(E)) provides the relevant descent data needed to reconstruct the F -gauge E.

In fact, the ∞-category of such triples identifies with Dqc(R
Syn). In the future, we shall typically

represent an object of Dqc(R
Syn) by such a triple.
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Example 6.1.8 (The BK twist as an F -gauge). Recall from Remark 5.5.15 that we have

OZN
p
{1} = π∗OZ�

p
{1} ⊗ t∗O(−1) ∈ Pic(ZN

p ).

We shall construct a natural isomorphism τ : j∗dROZN
p
{1} ' j∗HTOZN

p
{1}, so the pair (OZN

p
{1}, τ)

yields an F -gauge O
ZSyn
p
{1} ∈ Pic(ZSyn

p ) via descent. To construct τ , we first claim that applying

j∗dR to the above formula defining OZN
p
{1} gives

j∗dROZN
p
{1} = OZ�

p
{1}.

Indeed, this follows as π ◦ jdR = idZ�
p

and because t ◦ jdR : Z�
p → A1/Gm factors over Gm/Gm ⊂

A1/Gm. On the other hand, applying j∗HT shows that

j∗HTOZN
p
{1} = F ∗OZ�

p
{1} ⊗ j∗HT t∗O(−1),

where F = π ◦ jHT : Z�
p → Z�

p is the Frobenius (Remark 5.1.10). The definition of BK twists over

Z�
p (Remark 5.1.19) provides a natural identification F ∗OZ�

p
{1} ' I−1 ⊗OZ�

p
{1}, where I ⊂ OZ�

p
is

the Hodge–Tate ideal sheaf; moreover, we have j∗HT t
∗O(−1) = I as t◦ jHT : Z�

p → A1/Gm classifies

the Cartier divisor ZHTp ⊂ Z�
p by the functor of points description. Thus the above simplifies to

give a natural identification

j∗HTOZN
p
{1} ' I−1 ⊗ OZ�

p
{1} ⊗ I ' OZ�

p
{1},

as desired.

One can prove several stability properties of the construction X 7→ XSyn by reduction to
statements about prismatic cohomology via the comparison in Remark 5.5.18, e.g., if f : X → Y is a
proper smooth map of quasi-syntomic p-adic formal schemes, then RfSyn

∗ : Dqc(X
Syn)→ Dqc(Y

Syn)
preserves perfectness. As these follow relatively standard arguments, we do not elaborate on them
here; instead, in the rest of the chapter, we focus on geometry of the stack ZSyn

p and the cohomology
of F -gauges.

6.2 The reduced locus

In this section, we will always work with mod p coefficients.
The basic tool in understanding the geometry of ZSyn

p (and thus in understanding F -gauges and

their cohomology) is the reduced locus ZSyn
p,red: this is a certain divisor inside (ZSyn

p )p=0 that can be
described very explicitly. The goal of this section is to construct this divisor, and recall the explicit
geometric description coming from [Dri20]. First, let us explain where the divisor (or, rather, its
defining equation) comes from:

Construction 6.2.1 (The section v1 via quasi-syntomic descent). We shall define a natural nonzero
section

v1 ∈ H0(ZSyn
p ,O{p− 1}/p).

Its pullback to XSyn for any quasi-syntomic p-adic formal scheme X will be denoted v1,X . In
fact, to define v1 by quasi-syntomic descent, it suffices to construct, for each p-torsionfree qrsp
ring R with prism (�R, I), a nonzero section v1,R ∈ H0(RSyn,O{p − 1}/p) compatible with maps
between such qrsp rings. To construct this section, we must define a nonzero section ṽ1,R ∈
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H0(RN,O{p− 1}/p) satisfying a compatibility under the Frobenius. Thanks to Remark 5.5.15, we
have H0(RN,O{p−1}/p) = Filp−1

N �R{p−1}/p. We first claim that there is a natural identification

�R{p− 1}/p = I−1/p

as line bundles in Pic(�R): heuristically, this follows from the “formula”

�R{1}/p =
⊗
j≥0

(ϕj)∗I/p =
⊗
i≥0

(I/p)⊗p
j

and the geometric series formula (p− 1)(1 + p+ p2 + ...) = p−1
1−p = −1. Thanks to this formula, to

construct ṽ1,R, it suffices to define a natural nonzero map I/p → Filp−1
N �R/p of �R-modules. But

we claim that there is a natural inclusion

θ : I/p ⊂ FilpN�R/p

of submodules of �R. Indeed, as R is p-torsionfree, we have FiliN�R/p = ϕ−1(Ii/p) as submodules
of �R/p73, which then clearly implies that I/p ⊂ FilpN�R. Thus, we have constructed the promised
nonzero map

I/p
θ
⊂ FilpN�R/p ⊂ Filp−1

N �R/p,

yielding the nonzero section ṽ1,R ∈ H0(RN,O{p − 1}/p). Using the formula φ(d)/dp−1 = d
mod p�R, one can check that this section satisfies the desired compatibility, yielding the promised
nonzero section v1,R ∈ H0(RSyn,O{p− 1}/p).

Remark 6.2.2 (Other constructions of v1). An alternative and purely moduli-theoretic construc-
tion of a nonzero section in H0(ZSyn

p ,O{p − 1}/p) is provided by [Dri20, §5.10.8 and Proposition
8.11.2]; one can show this section agrees with v1 though we do not verify this here (but we shall use
it). Another construction, this time via the prismatic logarithm, was provided in [BM22, Construc-
tion 2.7]; the element θ̃ in [BM22, Construction 2.8] corresponds to the map θ : I/p → FilpN�R/p
in Construction 6.2.1 (see [BM22, Remark 2.10]). Yet another construction comes from homotopy
theory and was in fact the original motivation for considering this element in [BM22] as well as its
name (see [BM22, paragraph after Construction 2.7]).

Remark 6.2.3 (Explicitly identifying v1 via distinguished elements). Say R is a perfectoid ring
with corresponding perfect prism (�R, I); fix a generator d. We can then identify

RN = Spf(�R[u, t]/(ut− φ−1(d)))/Gm

as in Proposition 5.5.8. In this description, the section ṽ1,R ∈ H0(RN,O{p− 1}/p) from Construc-
tion 6.2.1 corresponds to the degree (p− 1) element

upt = dt−p+1 ∈ Filp−1
N �R/p · t−p+1 ⊂ �R[u, t]/(ut− φ−1(d), p),

where we use the choice of d to identify Filp−1
N �R{p − 1}/p = Filp−1

N �R ⊗ I−1/p with Filp−1
N �R/p.

The formulae v1 = upt and d1/p = ut in �R/p show that the open subset Spec(Fil•N�R/p)v1 6=0

coincides with the open subset Spec(Fil•N�R/p)d 6=0.

73More precisely, as R is p-torsionfree, the filtered Frobenius Fil•N�R → I• induces, for each integer n, a map
grnN�R → In/In+1 that is a map of p-torsionfree R-modules that is injective and remains injective modulo p; this
implies by induction on i that FiliN�R/p ⊂ �R/p = ϕ−1(Ii/p).
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Definition 6.2.4 (The reduced locus of ZSyn
p and ZN

p ). The reduced locus74 ZSyn
p,red ⊂ ZSyn

p is defined

to be the common zero locus (ZSyn
p )p=0,v1=0 of (p, v1); the pullback of this closed substack to ZN

p is

called the reduced locus of ZN
p and denoted ZN

p,red. For any E ∈ Perf((ZSyn
p )p=0), we write

E/v1 = Cone
(
E{−(p− 1)} v1−→ E

)
for the restriction of E to ZSyn

p,red.

Remark 6.2.5 (The geometry of the reduced locus). Drinfeld [Dri20, §7] has given a concrete
algebro-geometric description of the stack ZSyn

p,red; we recall next the key elements of this description.

First, to describe the stack ZN
p,red, we need the following two components:

1. The Hodge–Tate component DHT := (ZN
p )p=t=0: this is the closed substack of (ZN

p )p=0 cut
out by t = 0, as the notation suggests. As in Proposition 5.3.7, this component can be
described as Ga/(G

]
a o Gm) and thus has the following stratification:

• An open substack Dund := BStab
G]
aoGm

(1 ∈ Ga) ' BG]
m = (ZHTp )p=0. This substack

can be conceptually realized as jHT (Z�
p ) ∩ (ZN

p )red.

• A closed substack DHod := αp/(G
]
a o Gm) ' B(F∗G

]
a o Gm), which is the reduced

complement of the open substack mentioned in the previous item.

Remark 6.2.6. Note that DHT is the mod p reduction of the Zp-flat stack (ZN
p )t=0, which

can be described as Ga/(G
]
a o Gm) over Spf(Zp) by Proposition 5.3.7. However, the closed

substack DHod ⊂ DHT described above does not lift to a Zp-flat closed substack of (ZN
p )t=0.

2. The de Rham componentDdR := (ZN
p )p=up=0: this is the closed substack of (ZN

p )p=0 parametriz-
ing filtered Cartier–Witt divisors d : M → W where M is locally split (i.e., the admissible
sequence (∗M ) is locally split, see Remark 5.2.5). To describe this component concretely, note
that we have the Rees map tdR : DdR ⊂ (ZN

p )p=0 → A1/Gm as well its left inverse provided
by the de Rham map idR : A1/Gm → DdR from Construction 5.3.13. It is relatively straight-
forward to see that idR is an fpqc cover; this implies that the map idR identifies the map
tdR : DdR → A1/Gm as the structure map for the classifying stack BA1/Gm

G of the group
scheme G→ A1/Gm given by Aut(idR). Drinfeld computes (see [Dri20, Corollary 7.5.5 (ii)])

that G is the “[−tp]-rescaled” degeneration of G]
m to G]

a; more canonically, we can realize G as
an open subscheme of V(O(−p))], endowed with a group law that degenerates multiplication
to addition (see [Dri20, §7.4.3]). In particular, this stack admits the following stratification:

• An open substackDund := BG]
m given as the fibre ofBA1/Gm

G→ A1/Gm over Gm/Gm.

In fact, this identifies with jdR(Z�
p ) ∩ (ZN

p )red.

• The closed substack DHod :=
(
BA1/Gm

G
)
|t=0 ' B(F∗G

]
a o Gm) given as the fibre over

BGm ⊂ A1/Gm; this is also the reduced complement of the open substack mentioned
in the previous item.

Remark 6.2.7. Unlike the Hodge–Tate component, the substack DdR ⊂ (ZN
p )p=0 does not

admit a flat lift to a closed substack of ZN
p .

74This terminology can be justified by noticing that v1 is a formal parameter on (ZSyn
p )p=0, and that Zp,red is

reduced.
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To obtain ZN
p,red, we glue the two stacks DHT and DdR transversely along the closed substack

DHod described above for each component; thus, ZN
p,red has two irreducible components given by

Hodge–Tate and de Rham components respectively, and the complement of the common intersection
in each component is the copy of Dund described above.

The stack ZSyn
p,red is obtained ZN

p,red by identifying the two copies of Dund mentioned above with

each other. Thus, the stack ZSyn
p,red admits an open substack identified with Dund whose reduced

closed complement is given by DHod

6.3 From prismatic F -gauges to Galois representations

In this section, using the explicit description of the filtered prismatization given in Chapter 5, we
explain why prismatic F -gauges in perfect complexes over a quasi-syntomic p-adic formal scheme X
naturally give rise to local systems on the rigid generic fibre Xη of X. Essentially, the idea is that
such prismatic F -gauges give prismatic F -crystals, which then give local systems via a standard
construction. To explain it more quantitatively, it is convenient to proceed via quasi-syntomic
descent, and the key qrsp case is the following:

Construction 6.3.1 (From prismatic F -gauges to local systems for qrsp rings). Let R be a p-
torsionfree qrsp ring with corresponding prism (�R, I). Write Db

lisse(Spa(R[1/p], R),Zp) for the
full subcategory of D(Spa(R[1/p], R)proet,Zp) spanned by bounded complexes with lisse cohomol-
ogy; this can also be defined algebraically exactly the same way by replacing Spa(R[1/p], R) by
Spec(R[1/p]). We shall construct a Zp-linear symmetric monoidal étale realization functor

Tet : Perf(RSyn)→ Db
lisse(Spa(R[1/p], R),Zp).

In fact, to construct this functor, it would suffice to assume R is perfectoid (via p-complete arc
descent for the target when regarded as a functor of R); nonetheless, we prefer to work in the qrsp
generality as some intermediate steps yield stronger results.

For any fixed integer n ≥ 1, consider the diagram

Spec(Rees(Fil•N�R/pn))/Gm Spec(�R/pn)
jdR

oo
jHToo

Spec(�R/pn[1/I])

OO

Spec(�R/pn[1/I])
1

oo
ϕoo

OO

Here each row can be regarded as a coequalizer diagram; the vertical arrows provide a map between
coequalizer diagrams and are themselves open immersions obtained by pulling back the open im-
mersion Spec(�R/pn)I 6=0 ⊂ Spec(�R/pn) along the structure map Spec(Rees(Fil•N�R/pn))/Gm →
Spec(�R/pn) (equivalently, by the last sentence of Remark 6.2.3, we simply invert (a lift of) v1 to
obtain the vertical arrows). These diagrams are compatible as n changes. Applying Perf(−), using
the algebraization equivalence

Perf(Spec(Rees(Fil•N�R/p
n))/Gm) ' Perf((RN)pn=0),

and taking a limit over n then gives a diagram

Perf(RN)
j∗HT //
j∗dR

//

��

Perf(R�)

��
Perf(�R[1/I]∧)

ϕ∗ //
1
// Perf(�R[1/I]∧),

123



where the rows are equalizer diagrams, while the vertical maps provide a morphism of equalizer
diagrams and are obtained by algebraizing and inverting (a lift of) v1 modulo any power of p.
Passing to equalizers, we obtain a map

T : Perf(RSyn)→ Perf(�R[1/I]∧)ϕ=1.

The target was called the∞-category of Laurent F -crystals in [BS21]. Moreover, a variant of Artin-
Schreier theory (see [BS21, Corollary 3.7] or [Wu21]) shows that the functor of taking Frobenius
fixed points gives a symmetric monoidal Zp-linear identification

Perf(�R[1/I]∧)ϕ=1 ' Db
lisse(Spa(R[1/p], R),Zp),

so we can regard T as a symmetric monoidal Zp-linear functor

Tet : Perf(RSyn)→ Db
lisse(Spa(R[1/p], R),Zp).

We refer to this functor as the étale realization functor for prismatic F -gauges.

Once we have the étale realization over qrsp rings (or just perfectoid rings), it is relatively
formal to extend to the general case:

Construction 6.3.2 (The étale realization in general). Let X be a bounded p-adic formal scheme.
Let X�,perf be the perfect prismatic site of X, i.e., the (opposite of the) category of perfectoid rings
R equipped with a map Spf(R)→ X. By pullback and Construction 6.3.1, we have a natural map

Perf(XSyn)→ lim
R∈X�,perf

Perf(RSyn)→ lim
R∈X�,perf

Db
lisse(Spa(R[1/p], R),Zp).

Let Xη denote the generic fibre of X, regarded as a pro-étale sheaf on the category of all affinoid
perfectoid spaces over Qp. One thus has a natural pullback map

Db
lisse(Xη,Zp)→ lim

R∈X�,perf

Db
lisse(Spa(R[1/p], R),Zp)

which can be shown to be an equivalence via p-complete arc descent. Composing the inverse of this
equivalence with the previous functor then gives a natural Zp-linear functor

Tet : Perf(XSyn)→ Db
lisse(Xη,Zp)

that we call the étale realiztion functor for prismatic F -gauges on X.

Example 6.3.3 (BK twists and Tate twists). In this example, we work over ZSyn
p ; fix a completed

algebraic closure Cp of Qp, and write GQp for the corresponding absolute Galois group of Qp, so
there is a natural continuous action of GQp on Cp. Then the étale realization functor

Tet : Perf(ZSyn
p )→ Db

lisse(Spa(Qp,Zp),Zp) ' Db
fg(GQp ,Zp)

takes values in the derived category of continuous representations of the absolute Galois group
GQp of Qp on finitely generated Zp-modules. One can show that this functor carries the BK twist
O
ZSyn
p
{1} to the Tate twist Zp(1) and the map v1 : O

ZSyn
p
/p → O

ZSyn
p
{p − 1}/p to the natural

isomorphism Z/p ' (Z/p(1))⊗p−1 ' Z/p(p − 1). In particular, the étale realization of v1 is an
isomorphism, and thus the étale realization functor is not faithful.
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In the rest of this section, we make some remarks on the constructions appearing above; these
are not necessary to our main results.

Remark 6.3.4 (From prismatic F -gauges to prismatic F -crystals). Construction 6.3.1 gave a
rather explicit local procedure to attach Laurent F -crystals to prismatic F -gauges. One can in fact
also attach prismatic F -crystals to prismatic F -gauges directly globally, as we briefly explain next;
this will not be seriously used in the sequel but the author finds it psychologically useful.

Let X be a quasi-syntomic scheme. Write Perfϕ(X�,O�) for the ∞-category of prismatic F -
crystals on X, i.e., pairs (E,ϕE), where E ∈ Perf(X�,O�) is a prismatic crystal in perfect complexes
on X, and ϕE : ϕ∗E[1

I
] ' E[1

I
] is an isomorphism in D(X�,O�[1

I
]); the vector bundle variant of

this notion was studied in [BS21]75. We claim that there is a natural symmetric monoidal functor

G : Perf(XSyn)→ Perfϕ(X�,O�).

Indeed, given any M ∈ Perf(XN), we obtain a natural correspondence

j∗HTM
a←− φ∗π∗M

b−→ φ∗j∗dRM

where b is defined by applying φ∗ to the canonical map π∗M → j∗dRM (arising via functoriality of
pullback along jdR : X� → XN as a map of stacks over X�), while a is defined by adjunction from
the analogous map π∗M → j∗HTM as well as the observation that jHT ◦ π equals the Frobenius ϕ
on X�. Since M is perfect, a local calculation by descent to the qrsp case shows that both a and
b are I-isogenies. If M = j∗NN comes from an F -gauge N ∈ Perf(XSyn), then we have canonical
identifications j∗HTM ' j∗dRM , so inverting I in the diagram above provides the desired object
G(N) ∈ Perfϕ(X�).

Using the functor G, we obtain the composition

Perf(XSyn)
G−→ Perfϕ(X�,O�)

(−)[ 1
I
]∧

−−−−−→ Perf(X�,O�[
1

I
]∧)ϕ

∗=1 ' Db
lisse(Xη,Zp)

which can be identified with the étale realization Tet : Perf(XSyn)→ Db
lisse(Xη,Zp).

Remark 6.3.5 (The kernel of the étale realization). Example 6.3.3 gives an example of an M ∈
Coh(ZSyn

p ) is annihilated by Tet; this sheaf M was annihilated by (p, v1) and it is clear from the
construction of Tet (which involves inverting v1 when working mod p) that any sheaf annihilated by
(p, v1) must be killed by Tet(−). The converse is also true: any M ∈ Coh(ZSyn

p ) with Tet(M) = 0
must be annihilated by (p, v1)n for n� 0, i.e., it is annihilated by pn for n� 0, and that M/pM
is annihilated by vn1 for n � 0. We sketch why next (using [BMS18] and [BS21]). Thus, for the

rest of this remark, fix M ∈ Coh(ZSyn
p ) annihilated by Tet.

First, we observe that M/pM is annihilated by vn1 for n� 0: this can be checked after pullback

to O
Syn
Cp

, and then it follows as the étale realization functor for mod p F -gauges on OCp is constructed

by inverting v1 on ON
Cp

(see Construction 6.3.1). It thus remains to show that M is p-power torsion.

Next, we show that M |Z�
p

is p-power torsion. As Tet(M) = 0, the prismatic F -crystal M |Z�
p
∈

Cohϕ(Z�
p ) (coming from the functor G in Remark 6.3.4) has vanishing étale realization. By the

structure theory of such crystals (see [BMS18, Proposition 4.3]), we must have pnM |Z�
p

= 0 for
n� 0, as desired.

75Note that we have used the prismatic site X� instead of the prismatization X�. The reason is that even though
we have Perf(X�) ' Perf(X�,O�) by [BL22b], we need the larger category D(X�,O�) attached to the site X� to
make sense of inverting I meaningfully.
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We now show that M itself is p-power torsion. If not, then by replacing M with a quotient, we
may assume M is p-torsionfree. The previous paragraph then implies that M |Z�

p
= 0. In particular,

when applied at the de Rham point of ZN
p , we learn that N := M |ZN

p
is annihilated by tn, where t is

the Rees parameter. We must show N is annihilated by some power of p. Filtering by powers of t,
we may assume tN = 0, so N is a coherent sheaf on (ZN

p )t=0 = Ga/(G
]
aoGm) (Proposition 5.3.7).

By the previous paragraph (applied now at the Hodge–Tate point of ZN
p ), the sheaf N vanishes

after pullback to BG]
m = Gm/(G

]
aoGm) ⊂ Ga/(G

]
aoGm). Writing u for the co-ordinate on Ga,

the sheaf N can be seen as a finitely generated graded Zp[u]∧-module with a graded connection
D : N → N du

u such that N [ 1
u ]∧ = 0. Thanks to the grading, the p-completion plays essentially no

role in the previous sentence: N is the p-completion a finitely generated graded Zp[u]-module N0

with a graded connection D0 : N0 → N0
du
u such that N0[ 1

u ] = 0. But N0[1/p] must be locally free
as coherent sheaves with a flat connection on a smooth variety in characteristic 0 are locally free,
so N0[1/u] = 0 implies that N0[1/p] = 0, i.e., N0 is p-power torsion, as wanted.

Remark 6.3.6 (Obtaining all local systems geometrically). Fix a quasi-syntomic p-adic formal
scheme X. We then have the section v1,X ∈ H0(XSyn,O{p−1}/p), coming from Construction 6.2.1.
The vanishing locus of v1,X contains all the physical points of the formal stack XSyn over Spf(Zp),
so it does not make sense invert v1 in an algebro-geometric sense. Nonetheless, it seems plausible,
based on the descent results in [Mat22], one can define a p-adic formal analytic stack (XSyn)v1 6=0

for the “v1-adic topology” with the feature that Perf((XSyn)v1 6=0) ' Db
lisse(Xη,Zp). The isomorphy

of (6.4.1) in Construction 6.4.1 below as well as Remark 6.3.5 above can be regarded as partial
justification for this picture.

6.4 Syntomic cohomology and Galois cohomology: statements

In this section, fix Cp and GQp as in Example 6.3.3. We formulate the main theorems of this chapter

in this section: we relate the cohomology of F -gauges on ZSyn
p and the Galois cohomology of the

corresponding representation of GQp with mod p coeffecients. The passage between the two will
be mediated by the following filtraiton, which will be one of our primary tools for understanding
cohomology on ZSyn

p :

Construction 6.4.1 (The syntomic filtration). Consider a mod p F -gauge E ∈ Perf((ZSyn
p )p=0).

We then have a Z-filtered diagram

E{•(p− 1)} :=
(
...

v1−→ E{−(p− 1)} v1−→ E
v1−→ E{p− 1} v1−→ ...

)
in Perf((ZSyn

p )p=0) defined by multiplication by v1. Note that the corresponding Z-filtered object

of Dqc(Z
Syn
p ) is complete: the section v1 is topologically nilpotent as it cuts out the reduced locus.

Write

RΓ(ZSyn
p , E)[

1

v1
] := colim

(
...

v1−→ RΓ(ZSyn
p , E{−(p− 1)}) v1−→ RΓ(ZSyn

p , E)
v1−→ RΓ(ZSyn

p , E{p− 1} v1−→ ...
)

for the displayed colimit76; we refer to the resulting Z-filtered object FilSyn
• RΓ(ZSyn

p , E)[ 1
v1

] coming

from the colimit description as the syntomic filtration on RΓ(ZSyn
p , E)[ 1

v1
]. Note that the filtration

76Note that we cannot commute the colimit past the RΓ(ZSyn
p ,−) as ZSyn

p is a formal stack. In fact, v1 is a
topologically nilpotent section, so colimE{•(p − 1)} ∈ Dqc(Z

Syn
p ) is just 0, while colimRΓ(ZSyn

p , E{•(p − 1)}) '
RΓ(ZSyn

p , E)[ 1
v1

] is not always 0: it is given by Galois cohomology, as explained later in Construction 6.4.1.
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is complete since RΓ(ZSyn
p ,−) preserves limits. By construction, we have a canonical isomorphism

grSyn
•

(
RΓ(ZSyn

p , E)[
1

v1
]

)
= RΓ(ZSyn

p , E/v1{•(p− 1)})

of Z-graded Fp-complexes, where we recall that E/v1 := Cone(E{−(p− 1)} v1−→ E).
By Example 6.3.3, the étale realization functor carries multiplication by v1 to an isomorphism,

so we obtain a natural map

RΓ(ZSyn
p , E)[

1

v1
]→ RΓ(GQp , Tet(E)). (6.4.1)

An examination of the argument in Construction 6.3.1 shows that this map is an isomorphism.
Consequently, we also obtain a natural Z-indexed filtration FilSyn

• RΓ(GQp , Tet(E)) on the Galois
cohomology complex that we also call the syntomic filtration. This is an complete increasing
exhaustive filtration, and thus gives a useful tool in computing Galois cohomology.

Variant 6.4.2. Given a mod p F -gauge E ∈ Perf((ZSyn
p )p=0), we can truncate the syntomic filtra-

tion FilSyn
• RΓ(ZSyn

p , E)[ 1
v1

] in degrees≤ 0 to obtain a complete Nop-indexed filtration FilSyn
• RΓ(ZSyn

p , E)

on RΓ(ZSyn
p , E); we also call this the syntomic filtration if no confusion arises. Again, by construc-

tion, we have a natural isomorphism

grSyn
•
(
RΓ(ZSyn

p , E)
)

= RΓ(ZSyn
p , E/v1{•(p− 1)})

of N-graded Fp-complexes. As this filtration is complete, it gives a useful tool for controlling the
cohomology of F -gauges themselves.

The syntomic filtration has a number of pleasant finiteness properties

Proposition 6.4.3 (Finiteness properties for F -gauges on Zp). We have the following:

1. For any E ∈ Perf((ZSyn
p )p=0), the filtered Fp-complex FilSyn

• RΓ(ZSyn
p , E)[ 1

v1
] is finite, i.e., it

is complete as a filtered object, each gri is a perfect complex over Fp and vanishes for |i| � 0.

In particular, FilSyn
0 RΓ(ZSyn

p , E)[ 1
v1

] ' RΓ(ZSyn
p , E) is a perfect Fp-complex.

2. The functors RΓ(ZSyn
p ,−) and RΓ(ZSyn

p,red,−) have cohomological dimension ≤ 2.

These will be prove in §6.5. Using the syntomic filtration as well as its finiteness properties, we
can formulate our main theorem on the cohomology of mod p F -gauges over Zp.

Theorem 6.4.4 (Filtered refinement of Tate duality). We have the following:

1. The fundamental class: There is a natural isomorphism

FilSyn
• H2(ZSyn

p ,O{1}/p)[ 1

v1
] ' Fp〈−1〉,

where the target is Fp regarded as a complete Z-filtered vector space with gri = 0 unless i 6= 1.

2. The duality theorem: For any E ∈ Perf((ZSyn
p )p=0), the natural map

FilSyn
• RΓ(ZSyn

p , E)[
1

v1
]⊗FilSyn

• RΓ(ZSyn
p , E∨{1})[ 1

v1
]→ FilSyn

• RΓ(ZSyn
p ,O{1}/p)[ 1

v1
]→ Fp〈−1〉[−2]

coming from (1) is a perfect pairing of Z-filtered objects77 in D(Fp).
77The Rees construction of a finite filtered complex is a perfect complex on A1/Gm. In this language, the assertion

that a pairing of finite filtered complexes is perfect amounts to saying that the corresponding pairing on Rees
constructions is perfect as a pairing of perfect complexes; equivalently, by perfectness, the corresponding pairing on
the associated graded objects is a pairing pairing of graded objects.
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The above results will be proven later in §6.5. In this section, we extract some consequences.
First, by ignoring the filtration, we recover local Tate duality for the relevant representations:

Corollary 6.4.5 (Local Tate duality for crystalline Galois representations (Tate)). For E ∈
Perf((ZSyn

p )p=0), one has a natural identification

RΓ(GQp , Tet(V )) ' RHomFp(RΓ(GQp , T
∗
et(1)[2]),Fp)

in Perf(Fp).

Proof. The étale realization functor Tet : Perf((ZSyn
p )p=0) → Db

fg(GQp ,Fp) is symmetric monoidal
and hence commutes with taking duals. Moreover, it carries BK twists to Tate twists. Since we
have

RΓ(ZSyn
p , E)[

1

v1
] ' RΓ(GQp , Tet(E))

and similarly for E∗{1}, the claim follows by passing to the colimit in Theorem 6.4.4 (and using the
finiteness from Proposition 6.4.3 (1) to see that the formation of duals commutes with forgetting
the filtration).

Next, by analysing the duality theorem in filtration degree 0, we obtain the following, which is
the mod p version of the result promised in the introduction in Theorem 1.3.1 (3); the full integral
version can be deduced from the (proof of the) mod p version, see Corollary 6.5.22.

Corollary 6.4.6 (Lagrangian refinement of Tate duality). For any E ∈ Perf((ZSyn
p )p=0), there is

a natural fibre sequence

RΓ(ZSyn
p , E)→ RΓ(GQp , Tet(E))→ RHomFp(RΓ(ZSyn

p , E∗{1}[2]),Fp),

where E∗ denotes the O-linear dual on (ZSyn
p )p=0, the first map is induced by the functor Tet for E,

while the second map is induced by Tet for E∗ as well as the Tate duality isomorphism

RΓ(GQp , Tet(E)) ' RHomFp(RΓ(GQp , Tet(E
∗{1}[2])),Fp)

Proof. This follows from Theorem 6.4.4 (2) applied to filtration level 0. For simplicity of nota-
tion, write M = RΓ(ZSyn

p , Tet(E))[ 1
v ] and N = RΓ(ZSyn

p , Tet(E
∗{1}[2]))[ 1

v ], each endowed with the
syntomic filtration; thus, M and N〈1〉 are filtered Tate dual by Theorem 6.4.4(2). We have a
tautological fibre sequence

FilSyn
0 M →M →M/FilSyn

0 M.

Our task is then to identify M/FilSyn
0 M with (FilSyn

0 N)∨. Recall that for any finite filtered complex
Fil•K over any field k, we have an identification Fili ((Fil•K)∨) = (K/Fil−i−1K)∨ of k-complexes78.
Applying this to K = M with i = −1, we learn that

M/FilSyn
0 M '

(
Fil−1((FilSyn

• M)∨)
)∨

= (Fil−1(N〈1〉))∨ = (Fil0N)∨,

as wanted.

78One hint for getting the indices right is to recall that we must have gri((Fil•K)∨) = (gr−iK)∨.
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Remark 6.4.7 (Analogy with 3-manifolds). In topology, the following assertion is classical: Given
a 3-manifold M with boundary a compact Riemann surface Σ, the natural map Loc(M)→ Loc(Σ)
on spaces of local systems induces a Lagrangian map on tangent spaces, where the symplectic
structure on Loc(Σ) is induced by Poincare duality on Σ. Under the analogy between 3-manifolds
and number rings, the statement in Corollary 6.4.6 can be roughly regarded as an arithmetic
counterpart of this assertion: ZSyn

p replaces the 3-manifold M , the étale site Spa(Qp)et replaces
the boundary surface Σ, and local Tate duality replaces Poincare duality. In fact, the statement of
Corollary 6.4.6 was inspired by this analogy, and formed the starting point of the work described
in this chapter.

Finally, let us explain how to compute the Euler characteristic of the cohomology of an F -gauge
as well as the Galois cohomology of the associated Galois representation in terms of its Hodge–Tate
weights; this will fall out of the method of proving Theorem 6.4.4, so the proofs will appear in §6.5.

Corollary 6.4.8 (Euler characteristic formula). For any E ∈ Perf((ZSyn
p )p=0), write EHod ∈

Dqc(BGm) for the pullback of E along the Hodge map BGm → DHod ⊂ (ZSyn
p )p=0. We then have

the following formulae:

• χ(RΓ(ZSyn
p , E/v1)) = −

(
dim(gr−1

Hod(E) + dim(gr−2
Hod(E)) + ...+ dim(gr

−(p−1)
Hod (E))

)
• χ(RΓ(ZSyn

p , E)) = −
∑

i<0 dim(griHod(E))

• χ(RΓ(ZSyn
p , E)[ 1

v1
]) = −

∑
i∈Z dim(griHod(E)) = −rank(E)

Remark 6.4.9 (Bloch–Kato Selmer groups). Given a crystalline Qp-representation V of GQp ,
Bloch–Kato define in [BK07, §3] a subspace H1

f (GQp , V ) ⊂ H1(GQp , V ) (corresponding to crys-
talline extensions), and prove in [BK07, Proposition 3.8] an analog the Lagrangianness prop-
erty in Corollary 6.4.6 for this subspace, i.e., they show that H1

f (GQp , V ) ⊂ H1(GQp , V ) and

H1
f (GQp , V

∗(1)) ⊂ H1(GQp , V
∗(1)) are exact annihilators of each other under the Tate duality

pairing. The integral version of Corollary 6.4.6 will be shown later to recover the Bloch–Kato re-
sult on inverting p (see §6.7). From this guise, Corollary 6.4.8 (2) is a mod p analog of the rational
statement in [BK07, Corollary 3.8.4].

6.5 Cohomology on ZSyn
p

The goal of this section is to sketch a proof of the assertions from §6.4, including the filtered
Tate duality theorem (Theorem 6.4.4). Even though these statements concern cohomology on
(ZSyn

p )p=0, the bulk of the proof consists of understanding the coherent sheaves and cohomology

on the stack ZSyn
p,red, described in §6.2. Recall the following objects introduced while explaining

Drinfeld’s description of ZSyn
p,red in Remark 6.2.5:

• DHT = (ZN
p )p=t=0 = Ga/(G

]
a o Gm).

• DdR = (ZN
p )p=up=0 = BA1/Gm

G.

• DHod = B(F∗G
]
a o Gm), regarded as a closed substack of both DHT and DdR.

• Dund = BG]
m, regarded as an open substack of both DHT and DdR.
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Thus, ZSyn
p,red is obtained by glueing DHT and DdR along both DHod and Dund. We adopt a similar

notation for global sections: for a complex E on any substack of ZSyn
p containing Dund, write

Fund(E) = RΓ(Dund, E|Dund), and similarly for all the other substacks introduced above. (This
notation is slightly ambiguous as the notion of restriction depends on the stack E is defined over,
but will be clear from context.)

In the rest of this section, we shall explain how to compute quasi-coherent sheaves and their
cohomology in concrete linear algebraic terms on each of the 4 stacks appearing above, as well as
on ZSyn

p,red. The desired theorems will then be deduced relatively easily from these calculations.

Remark 6.5.1 (Geometric context). For any quasi-syntomic p-adic formal scheme X, one has a
complex HSyn(X) ∈ Dqc(Z

Syn
p ) defined via pushforward. The explicit descriptions of quasi-coherent

sheaves on the loci appearing above, when specialized to HSyn(X), translate to certain (sometimes
new) structures on mod p cohomology theories attached to X that we shall elaborate below.

6.5.1 Cohomology on Dund

Via Cartier duality, the category Dqc(Dund) identifies with D(Θp−Θ)-nilp(Fp[Θ]), with the standard
tensor product being carried to convolution, the structure sheaf corresponding to (Fp,Θ = 0), and
the BK twist O{i} corresponds to (Fp,Θ = i); see [BL22a, §3.5]. In particular, if we view an object
E ∈ Dqc(Dund) is a Fp-complex V with an operator Θ : V → V , then we have

Fund(E) = fib(V
Θ−→ V ), (6.5.1)

so Fund(−) preserves perfectness. One then checks:

Proposition 6.5.2. The functor Fund(−) : Perf(BG]
m) → Perf(Fp) satisfies Serre duality in

dimension 1 with dualizing sheaf O{p} ' O, i.e., we have a natural identification

Fund(E) ' Fund(E∗{p}[1])∨

for E ∈ Perf(BG]
m).

Note that O{p} is trivial on BG]
m, so it might seem slightly strange to use it on the RHS above.

Nonetheless, for consistency with what happens on other substacks of ZSyn
p below, it is easier to

use O{p}.
Remark 6.5.3 (Geometric context). For a quasi-syntomic p-adic formal scheme X, the restric-
tion HSyn(X)|Dund , when regarded as an object of D(Θp−Θ)-nilp(Fp[Θ]), corresponds to the mod p

diffracted Hodge complex Ω
/D
X/p of X equipped with its Sen operator ΘX : Ω

/D
X/p→ Ω

/D
X/p, as stud-

ied in [BL22a, §4.7]. Note that we can identify Ω
/D
X/p with the derived de Rham complex dRX/Fp/p

by the de Rham comparison theorem for prismatic cohomology.

6.5.2 Cohomology on DHod

Via Cartier duality over BGm, the category Dqc(DHod) is identified with Dgr,Ψ-nilp(Fp[Ψ]), where
deg(Ψ) = −p; this equivalence carries tensor product to convolution, and the BK twist O{1} to
the 1-dimensional Fp-vector space concentrated in grading degree −1 with (necessarily) trivial
Ψ. In particular, quasi-coherent sheaves E on B(DHod) correspond to Z-graded Fp-vector spaces
V := ⊕iVi with an Ψi : Vi → Vi−p for all i such that Ψ = ⊕iΨi is locally nilpotent on V . In
particular, we have

FHod(E) = fib(V0
Ψ−→ V−p) (6.5.2)

so FHod preserves perfectness. One then shows:
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Proposition 6.5.4. The functor FHod(−) : Perf(DHod) → Perf(Fp) satisfies Serre duality in
dimension 1 with dualizing sheaf O{p}, i.e., we have a natural identification

FHod(E) ' FHod(E∗{p}[1])∨

for E ∈ Perf(B(F∗G
]
a o Gm)).

Remark 6.5.5 (Geometric context). For a quasi-syntomic p-adic formal scheme X, the restriction
HSyn(X)|DHod , when regarded as an object of Dgr,Ψ-nilp(Fp[Ψ]), corresponds to the Hodge complex
Ω∗X/Zp/p of X, with Ψ induced by the Sen operator via the p-Griffiths transversality discussed in
Remark 6.5.8.

6.5.3 Cohomology on DdR

In Remark 6.2.5, we recalled Drinfeld’s identification DdR ' BA1/Gm
G, where the group scheme

G→ A1/Gm is given by the [−tp]-rescaled degeneration of G]
m to G]

a. One then shows:

Proposition 6.5.6. Let H be the formal completion of V(O(p)) := Spec(Fp[t,Θ])/Gm at the finite

flat subgroup of V(O(p)) determined by the homogeneous element Θp − tp2−pΘ (so H is a formal
commutative subgroup scheme of V(O(p)) over A1/Gm). One then has a natural equivalence

Dqc(DdR) ' Dqc(H)

via a symmetric monoidal equivalence carrying tensor products to convolution, and O{p} being the
line bundle O(−p) ∈ Pic(A1/Gm), regarded as a coherent sheaf on H sitting at the 0 section.

Proof idea. Recall that the group scheme G is defined as, as a scheme over Spec(Fp[t])/Gm =

A1/Gm, as G]
a/Gm = Spec(Fp[t]〈x〉)/Gm, where deg(t) = 1 and deg(x) = −p. The comultipli-

cation is determined by ∇(x) = x + y + [tp]xy. One then proceeds as in [BL22a, Theorem 3.5.8],
using the differential operator Θ̃ = (1 + tpx) d

dx (which has degree p) in lieu of the operator t ddt
in loc. cit.. Alternately, one can directly identify H with the Cartier dual of G following [Dri21a,
Appendix B].

Thus, E ∈ Dqc(DdR) corresponds to (decreasingly) Z-filtered complex F ∗V ∈ DF(Fp) together

with an operator Θ : F ∗V → F ∗−pV such that Θp−tp2−pΘ is locally nilpotent as an endomorphism
of the Rees construction Rees(F ∗V ) =

⊕
i F

iV · t−i of F ∗V 79. The object FdR(E) is then given by

FdR(E) = fib(F 0V
Θ−→ F−pV ), (6.5.3)

and hence preserves finiteness properties. We have a natural map

aE : FdR(E)→ Fund(E)× FHodge(E).

given by restriction. This map is “Lagrangian” with respect to Serre duality on the target:

79Note that Θ induces an operator Θ−∞ : V → V on the underlying non-filtered complex V = F−∞V . The pair
(V,Θ−∞) is a Sen complex, i.e., its generalized eigenvalues lie in Fp: this follows by the nilpotence assumption on

Θp − tp
2−pΘ = tp

2

·
(
( Θ
tp

)p − Θ
tp

)
. Conversely, if F ∗V is a perfect complex on A1/Gm, then F i = 0 for i � 0 and

the transition map t : F i → F i−1 is an isomorphism for i� 0. In this case, any (−p)-shifted filtered endomorphism
Θ : F ∗V → F ∗−pV whose underlying non-filtered endomorphism Θ−∞ : V → V defines a Sen complex satisfies the
necessary nilpotence condition to yield a quasi-coherent complex on H.
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Proposition 6.5.7. For any E ∈ Perf(DdR), the restriction map aE fits into a fibre sequence

FdR(E)
aE−−→ Fund(E)× FHodge(E)→ (FdR(E∗{p}[1]))∨, (Lag1)

where the second map is induced by the Serre duality isomorphism

Fund(E)× FHodge(E) ' (Fund(E
∗{p}[1])× FHodge(E∗{p}[1]))∨

coming from Proposition 6.5.2 and 6.5.4 composed with the map a∨E∗{p}[1].

Proof idea. Given E = (F ∗V,Θ) ∈ Perf((ZN
p )p=up=0), we have

FdR(E) = fib
(
F 0V

Θ−→ F−pV
)

while
Fund(E) = fib

(
V

Θ−→ V
)
, FHodge(E) = fib

(
gr0V

Θ−→ gr−pV
)
,

with the map aE being the obvious map. One then computes that

Cone(aE) = fib
(
V/F 1V

Θ−→ V/F 1−pV
)
.

Now for a finite decreasingly Z-filtered complex Fil∗W , we have Fili((Fil∗W )∨) = (W/Fil−i+1W )∨.
Applying this to E and noting that twisting by O{p} increases filtration by p (i.e., Fili(Fil∗W{p}) =
Fili+pW ) without changing Θ, we have

(FdR(E∗{p}[1]))∨ =
(

fib
(

(V/F 1−pV )∨
Θ−→ (V/F 1V )∨

))∨
[−1].

This simplifies to the expression for Cone(aE) above, so the claim follows.

Remark 6.5.8 (Geometric context). For a quasi-syntomic p-adic formal scheme, the restriction
HSyn(X)|DdR , when regarded as an object of Dqc(H), corresponds to the Hodge filtered derived de
Rham complex Fil∗HdRX/Zp/p, with the operator Θ corresponding to the Sen operator ΘX under

the identification dRX/Zp/p ' Ω
/D
X/p. In particular, we learn that the Sen operator on ΘX satisfies

p-Griffiths transversality, i.e., it fails to preserve the Hodge filtration by at most p. The associated
graded of this statement was already used in Remark 6.5.5.

Via the comparison in Corollary 5.5.11, the complex HSyn(X)|DdR computes the Hodge–Tate
complex of X modulo p equipped with the twisted Nygaard filtration80, i.e., if one writes t : DdR →
A1/Gm for the Rees, map, then we have

Rt∗HSyn(X)|DdR{i} ' Rees(Fil•
Ñ
RΓ(X,�X/p{i})),

where Fil•
Ñ

�X/p is defined by quasi-syntomic descent from the construction R 7→ Cone(I ⊗�R

Fil•−pN �R/p
θ−→ Fil•N�R/p) on qrsp rings, where the map θ is the intermediate map appearing in

Construction 6.2.1. The formula (6.5.3) then gives a fibre sequence calculating this filtered object
in terms of the filtered Sen operator on dRX/Zp/p.

80This filtered object plays an essential role in [BM22].
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6.5.4 Cohomology on DHT

In Remark 6.2.5 and Proposition 5.3.7, we identified the Hodge–Tate component DHT ' Ga/(G
]
ao

Gm) ' GdR
a /Gm, whence Dqc(DHT ) identifies with the derived category of Gm-equivariant crystals

on A1 over Fp. Concretely, if A1 = Fp{x,D}/(Dx − xD − 1) is the 1-dimensional Weyl algebra,
then we have

Dqc(DHT ) ' Dgr,D-nilp(A1).

Under this description,

• The global sections functor

FHT (−) : Perf(DHT )→ D(Fp)

corresponds to

M ∈ Dgr,D-nilp(A1) 7→ fib(M0
D−→M−1), (6.5.4)

and hence preserves finiteness properties.

• The “restriction to open point” functor

Perf(DHT )→ Perf(Dund) ' D(Θp−Θ)-nilp(Fp[Θ])

is given concretely via

M ∈ Dgr,D-nilp(A1) 7→ (M [
1

xp
]deg=0,Θ = xD).

The resulting map on global sections is the map

fib(M0
D−→M−1)→ fib(M [

1

xp
]deg=0

Θ=xD−−−−→M [
1

xp
]deg=0)

induced by multiplication by x on the second term.

• To understand the “restriction to closed point functor”

Perf(DHT )→ Perf(DHod)

explicitly, recall that DHod ⊂ DHT is the closed substack αp/(G
]
a o Gm) ⊂ Ga/(G

]
a o Gm).

Consequently, Dqc(DHod) ' Dgr,D-nilp(A1/x
p), where we recall that xp ∈ A1 is central. The

above restriction functor is then simply given by

M ∈ Dgr,D-nilp(A1) 7→ M/xp.

The resulting map on global sections is the obvious map

fib(M0
D−→M−1)→ fib((M/xp)0

D−→ (M/xp)−1)

of complexes.
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Remark 6.5.9. Let us reconcile the description of DHod used above with the one in §6.5.2.

The key point is that the map Fp[Ψ]
Ψ 7→Dp−−−−→ A1/x

p realizes the target as a split Azumaya
algebra over the source, with splitting module given by K := A1/A1x, everything compat-
ibly with the grading. In particular, we can identify Dgr,Ψ-nilp(Fp[Ψ]) ' Dgr,D-nilp(A1) via
N 7→ K ⊗Fp[Ψ] N , with inverse given by M 7→ RHomA1/xp(K,M). Moreover, there is a nat-
ural identification A1/(A1x

p,A1D) ' A1/(A1x,A1D
p)〈−(p − 1)〉 of graded left A1-modules

determined by 1 7→ Dp−1; using this, for any M ∈ Dgr(A1), one identifies

fib

(
M/xp

D(−)−−−→M/xp〈−1〉
)
' fib

(
M/x

Dp(−)−−−−→M/x〈−p〉
)
,

as graded Fp-complexes. On global sections (i.e., in degree 0), the RHS above becomes

fib
(

gr0M
Dp−−→ gr−pM

)
,

which matches the description of the global sections used above with that coming from §6.5.2.

In particular, for any E ∈ Perf(DHT ), we have a natural map

bE : FHT (E)→ Fund(E)× FHodge(E).

given by restriction. This map is “Lagrangian” with respect to Serre duality on the target:

Proposition 6.5.10. For any E ∈ Perf(DHT ), the restriction map bE fits into a fibre sequence

FHT (E)
bE−→ Fund(E)× FHodge(E)→ (FHT (E∗{p}[1]))∨, (Lag2)

where the second map is induced by the Serre duality isomorphism

Fund(E)× FHodge(E) ' (Fund(E
∗{p}[1])× FHodge(E∗{p}[1]))∨

coming from Proposition 6.5.2 and 6.5.4 composed with the map b∨E∗{p}[1].

Proof idea. Write M ∈ Dgr,D-nilp(A1) for the left A1-complex corresponding to E. It is convenient
to regard M as an (increasingly) Z-filtered Fp-complex F∗V via the inverse of the Rees construction
where the Rees parameter is x, i.e., FiV = Mi, multiplication by x corresponds to the transition
map FiV → Fi+1V , and V = M [ 1

xp ]deg=0. Using the explicit descriptions used above, the map
under consideration is

bE : fib
(
F0V

D−→ F−1V
)
→ fib

(
V

D−→ V
)
× fib

(
F0V/F−pV

D−→ F−1V/F−1−pV
)
.

The cone of bE then identifies with

fib
(
V/F−pV

xD−−→ V/F−1−pV
)

Using the description of the dual of a finite filtered Fp-complex given in Corollary 6.4.6 as well as
the fact that O{p} ∈ Perf(DHT ) corresponds to the grading shift Fp[x]〈p〉 as a left A1-module, one
then identifies this cone with (FHT (E∗{p}[1]))∨.
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Remark 6.5.11 (Geometric context). For a quasi-syntomic p-adic formal scheme X, the object
HSyn(X)|DHT can be regarded as an object of Dgr,D-nilp(A1). This object is the Rees construction

(with parameter x) for Filconj
∗ Ω

/D
X/p, with the Sen operator on Ω

/D
X/p computed by the Euler operator

xD, and the rest of the A1-module structure encoding the divisibility properties of ΘX on the
conjugate filtration (as in [BL22a, Notation 4.7.2]). Indeed, for any graded A1-complex M , one has
a commutative diagram

M //

xD

��

1
xM

//

xD−1
��

... // 1
xi
M //

xD−i
��

... //

M // 1
xM

// ... // 1
xi
M // .... //

of graded Fp-complexes with displayed maps. Taking the colimit gives a map Θ∞ : M [ 1
x ]→M [ 1

x ]
of graded Fp-complexes. Passing to degree 0, we obtain an Fp-complex V = M [ 1

x ]deg=0 with a
filtration Fil∗V defined by the diagram, i.e., FiliV = ( 1

xi
M)deg=0 and a filtered endomorphism

Θ : Fil∗V → Fil∗V (coming from Θ∞) such that Θ + i : FiliV → FiliV comes equipped with a
factorization through Fili−1V (and thus gri(Θ) = −i) thanks to the x-divisibility of (xD − i) + i;
this is exactly the structure on the diffracted Hodge complex studied in [BL22a, Notation 4.7.2].

Let us also note that via the comparison theorems in Corollary 5.5.11 and quasi-syntomic
descent, it follows that RΓ(DHT ,HSyn(X)|DHT {i}) ' griNRΓ(X,�X/p). The description of these
global sections coming from the explicit description of the underlying quasi-coherent sheaf in the
previous paragraph together with the formula (6.5.4) for FHT (−) then recovers the Nygaard fibre
sequence in [BL22a, Remark 5.5.8]

6.5.5 Cohomology on ZSyn
p,red.

Having studied the components DHT and DdR of ZSyn
p,red as well as the overlaps Dund and DHod, we

can access cohomology on ZSyn
p,red itself. More precisely, combining the sequences (Lag1) and (Lag2),

we prove that ZSyn
p,red has Serre duality in dimension 2 with dualizing sheaf O{p}:

Proposition 6.5.12 (Serre duality on ZSyn
p,red). For any E ∈ Perf(ZSyn

p,red), we have a natural iden-
tification

RΓ(ZSyn
p,red, E)∨ ' RΓ(ZSyn

p,red, E
∗{p}[2])∨.

In particular, ZSyn
p,red and ZSyn

p have cohomological dimension ≤ 2.

Proof. The claim for the cohomological dimension of ZSyn
p,red is immediate from the duality assertion,

while that for ZSyn
p reduces to its analog for (ZSyn

p )p=0 by p-completeness, and the latter follows

from the statement for ZSyn
p,red by completeness of the syntomic (aka v1-adic) filtration. So it remains

to prove the duality theorem. For this, by the glueing description of ZSyn
p,red, we have

RΓ(ZSyn
p,red, E) = fib

(
FdR(E)× FHT (E)

aE−bE−−−−→ Fund(E)× FHodge(E)
)

(6.5.5)

Using (Lag1) and (Lag2), a diagram chase then shows that this fibre is identified with the fibre of

Fund(E
∗{p}[1])∨ × FHodge(E∗{p}[1])∨

(aE∗{p}[1]−bE∗{p}[1])
∨

−−−−−−−−−−−−−−→ FdR(E∗{p}[1])∨ × FHT (E∗{p}[1])∨.

The dual of this is then identified with RΓ(ZSyn
p,red, E

∗{p}[2])∨, as wanted.
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One can use the description of cohomology on ZSyn
p,red given in (6.5.5) to make explicit calculations

of cohomology of perfect complexes in terms of filtered vector spaces with operators. Let us record
some examples:

Example 6.5.13 (Some explicit calculations). • RΓ(ZSyn
p,red,O) = fib(F2

p

(
1 −1
1 −1

)
−−−−−−−→ F2

p) ' Fp⊕
Fp[−1].

• RΓ(ZSyn
p,red,O{1}) = Fp[−1]: to compute this, one calculates that FdR(O{1}) = Fp[−1] while

FHT (O{1}) = Fund(O{1}) = FHodge(O{1}) = 0 (using that the Sen operator is +1 to kill
Fund(O{1})).

• RΓ(ZSyn
p,red,O{p}) = Fp[−1]⊕ Fp[−2] via duality from the case of the structure sheaf.

• Say E ∈ Perf(ZSyn
p,red) is very effective, i.e., the graded object E|BGm has vanishing gri for

i ≤ 0 (or equivalently that the Hodge–Tate weights in the sense of Remark 5.3.14 are all
≥ 0). Then RΓ(ZSyn

p,red, E) = 0. This applies to O{i} for i < 0.

• If E ∈ Perf(ZSyn
p,red) is (p + 1)-antieffective (i.e., its Hodge–Tate weights are all ≤ −(p + 1)),

then RΓ(ZSyn
p,red, E) = 0 by duality from the previous item. This applies to O{i} for i > p.

Finally, let us also record the Euler characteristic statement for ZSyn
p,red:

Corollary 6.5.14 (Euler charateristics on ZSyn
p,red). For any E ∈ Perf(ZSyn

p,red) with pullback EHod ∈
Dqc(BGm) as in Corollary 6.4.8,

χ(RΓ(ZSyn
p,red, E)) = −

(
dim(gr−1

Hod(E) + dim(gr−2
Hod(E)) + ...+ dim(gr

−(p−1)
Hod (E))

)
(6.5.6)

Proof. We shall use the explicit description of quasi-coherent sheaves on DHT , DdR, Dund and DHod

in terms of filtered/graded vector spaces with operators given in §6.5.1, §6.5.2, §6.5.3 and §6.5.4 to
explicitly compute the Euler characteristic. The perfect complex E defines objects (V, F ∗, F∗,Θ),
where V is a perfect Fp-complex, F ∗ and F∗ are finite decreasing and increasing filtrations with an
identification griFV ' grFi V for all i, and Θ : V → V is an operator satisfying certain compatibilities
(in the derived sense) with F ∗ and F∗. Thus, using the formula (6.5.5) to compute cohomology, it
suffices to show that

χ(FHT (E)) + χ(FdR(E))− χ(Fund(E))− χ(FHod(E)) = −
p−1∑
i=1

dim gr−iF V (χred)

Using (6.5.4), (6.5.3), (6.5.1), and (6.5.2), we can compute each term on the left explicitly:

χ(FHT (E)) = dimF0−dimF−1 = dim grF0 V and χ(FdR(E)) = dimF 0−dimF−p = −
p∑
i=1

griFV,

while

χ(Fund(E)) = dimV − dimV = 0 and χ(FHod(E)) = dim gr0
FV − dim gr−pF V.

Using all 4 quantities, the LHS of (χred) equals the RHS, so we win.
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Remark 6.5.15 (Syntomic cohomology in small Hodge–Tate weights). Let E ∈ Perf((ZSyn
p )p=0)

be a mod p F -gauge such that E{−(p − 1)} is very effective, i.e., the Hodge–Tate weights of E
are all ≥ −(p − 2). Then E{−i(p − 1)} is very effective for all i > 0, so the calculations in
Example 6.5.13 show that RΓ(ZSyn

p , E/v1{−i(p−1)}) = 0 for i > 0, whence the complete syntomic
filtration collapses to give

RΓ(ZSyn
p , E) ' RΓ(ZSyn

p , E/v1).

Moreover, one can also check that the map FHT (E)→ FHodge(E) is an isomorphism thanks to the
condition on the weights. Writing F•V and F •V for the filtered Fp-complexes underlying E|DHT
and E|DdR respectively and using Eq. (6.5.5), one then calculates that

RΓ(ZSyn
p , E) ' RΓ(ZSyn

p , E/v1) ' fib(F 0V
1−τ−−→ V ),

where τ is the map given by F 0V
can−−→ gr0V

ι−→ V ; here ι is the inclusion of the eigenspace (with
eigenvalue 0) of the semisimple Sen operator on F0V/FpV = F0V (the isomorphism coming from
the condition on the Hodge–Tate weights) followed by the canonical map F0V → V . In fact,
the reader can check that the preceding discussion applies to any E ∈ Dqc((Z

Syn
p )p=0) such that

E{−(p− 1)} is very effective, i.e., we do not need finiteness conditions on E. In particular, taking
E = HSyn(X){i} for a smooth p-adic formal scheme X and 0 ≤ i ≤ p− 2, we learn that

RΓSyn(X,Zp(i))/p ' fib
(

FiliHRΓdR(X)/p
1−τ−−→ RΓdR(X)/p

)
.

Via Kan extensions, this compares with [AMMN22, Theorem F (2)]. On the other hand, [AMMN22,
Theorem F (1)] contains a simiar statement for arbitrary i at the expense of working up to p-isogeny
over Zp; we do not know how to obtain such a statement from the perspective of syntomification.

Remark 6.5.16 (Continuity of cohomology). As ZSyn
p or even the substack (ZSyn

p )p=0 is a formal
stack, the formation of cohomology does not commute with filtered colimits of quasi-coherent
complexes (see Footnote 76 for an explicit example that came up earlier). However, on the positive
side, one has the following assertion:

Lemma 6.5.17. Fix a filtered diagram {Ei} in Dqc(Z
Syn
p ). Assume that the Hodge–Tate weights

of all the Ei’s are uniformly bounded below. Then the natural map

colim
i

RΓ(ZSyn
p , Ei)→ RΓ(ZSyn

p , colim
i

Ei)

is an isomorphism after p-completion.

Proof. By reduction modulo p, We may assume {Ei} is a diagram in Dqc((Z
Syn
p )p=0). Write E∞ for

the colimit. Using (6.5.5) as well as the explicit description of the constituent functors, it is clear
that the functor RΓ(ZSyn

p,red,−) commutes with filtered colimits. In particular, the functor carrying

E ∈ Dqc((Z
Syn
p )p=0) to grSyn

i RΓ(ZSyn
p , E) ' RΓ(ZSyn

p,red, E/v1{−i(p − 1)}) commutes with colimits
for all i ≥ 0. As the syntomic filtration is induced by the complete v1-adic filtration on E and is
itself complete, it then suffices to show that there exists some c ≥ 0 such that grSyn

≥c RΓ(ZSyn
p , Ei)

for all Ei in our diagram. But this follows from Example 6.5.13 as the Hodge–Tate weights of Ei
are uniformly bounded below since twisting by O{−1} increases weights by 1.

The above lemma is a variant for F -gauges of known continuity properties in p-adic geometry,
including that for syntomic cohomology ([BL22a, Proposition 7.4.8]), étale cohomology of p-adic
formal schemes ([BS19, Lemma 9.2]), and topological cyclic homology ([CMM21, Theorem G]).
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6.5.6 Filtered Tate duality on (ZSyn
p )p=0.

We can now prove the promised filtered Tate duality theorem. For this, we first construct the
fundamental class for (ZSyn

p )p=0; this is relatively straightforward using the calculations of Exam-
ple 6.5.13

Proposition 6.5.18 (The fundamental class for (ZSyn
p )p=0). We have

FilSyn
• H2(ZSyn

p ,O/p{1})[ 1

v1
] = Fp〈−1〉.

Proof. Note that ZSyn
p,red has cohomological dimension 2 by Proposition 6.5.12. It follows that the

complete Z-indexed diagram

FilSyn
• H2(ZSyn

p ,O/p{1})[ 1

v1
]

has gri = H2(ZSyn
p,red,O{1 + i(p − 1)}). It is then enough to show that H2(ZSyn

p,red,O{1 + i(p − 1)})
equals 0 if i 6= 1 and equals Fp if i = 1. This follows from the calculations in Example 6.5.13.

Remark 6.5.19. Forgetting filtrations in Proposition 6.5.18 shows that

c� : H2(ZSyn
p ,O/p{1})[ 1

v1
] = Fp.

Let us call this the F -gauge fundamental class. On the other hand, via the étale realization, the LHS
is naturally identified with H2(GQp ,Fp(1)), which in turn is identified with Fp via Tate duality;
let us call the resulting isomorphism

cet : H2(ZSyn
p ,O/p{1})[ 1

v1
] = Fp.

We expect these are the same isomorphism; for our purposes, it will suffice to note that c� and cet
differ by an element of F∗p, which is clear.

Having constructed the fundamental class, we obtain our promised theorem relatively easily
from passage to the associated graded of the syntomic filtration and Proposition 6.5.12.

Theorem 6.5.20 (Filtered Tate duality). For any E ∈ Perf((ZSyn
p )p=0), the map

FilSyn
• RΓ(ZSyn

p , E)[
1

v1
] ' RHomFp(FilSyn

• RΓ(ZSyn
p , E∨{1})[ 1

v1
],Fp)〈−1〉[−2]

of filtered objects induced by the fundamental class in Proposition 6.5.18 is an isomorphism.

Proof. As all filtrations in sight are finite, it suffices to prove the claim at the associated graded level,
i.e., it suffices to show that the associated graded of the fundamental class induces an isomorphism

grSyn
• RΓ(ZSyn

p , E)[
1

v1
] ' RHomFp(grSyn

• RΓ(ZSyn
p , E∨{1})[ 1

v1
],Fp)〈−1〉[−2].

In degree i, the LHS is given by

grSyn
i RΓ(ZSyn

p , E)[
1

v1
] = RΓ(ZSyn

p,red, E/v1{i(p− 1)}) = RΓ(ZSyn
p,red, E/v1{ip− i)}), (6.5.7)
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while the RHS is given by

gri−1

(
(grSyn
• RΓ(ZSyn

p , E∨{1})[ 1

v1
])∨
)

[−2] =

(
gr1−iRΓ(ZSyn

p , E∨{1})[ 1

v1
]

)∨
[−2],

which simplifies to

RΓ(ZSyn
p,red, E

∨/v1{1 + (1− i)(p− 1)})∨[−2] ' RΓ(ZSyn
p,red, E

∨/v1{i+ p− ip})∨[−2]. (6.5.8)

The rightmost terms in (6.5.7) and (6.4.4) are identified under the Serre duality in Proposition 6.5.12
which is induced by the same class as the one used here, so we win.

Finally, we obtain an Euler characteristic formula for ZSyn
p and also recover the Euler charac-

teristic formula in local Galois cohomology

Corollary 6.5.21 (Euler charateristics on ZSyn
p ). For any E ∈ Perf((ZSyn

p )p=0) with pullback
EHod ∈ Dqc(BGm) as in Corollary 6.4.8,

χ(RΓ(ZSyn
p , E)) = −

∑
i<0

dim(griHod(E))

and

χ(RΓ(ZSyn
p , E)[

1

v1
]) = −

∑
i∈Z

dim(griHod(E)) = −rank(E).

Proof. Observe that we have a (finite) syntomic filtration FilSyn
≤0 RΓ(ZSyn

p , E)[ 1
v1

] on RΓ(ZSyn
p , E)) =

FilSyn
≤0 RΓ(ZSyn

p , E)[ 1
v1

]. We thus learn that

χ(RΓ(ZSyn
p , E)) =

∑
i≤0

χ(grSyn
i RΓ(ZSyn

p , E)[
1

v1
]) =

∑
i≤0

χ(ZSyn
p,red, E/v1{i(p− 1)}).

The first formula then follows from Corollary 6.5.14. The second formula follows similarly using
the full Z-indexed syntomic filtration.

So far, we have worked with mod p coefficients. But let us at least indicate how this can be used
to deduce integral statements by explaining how to deduce Theorem 1.3.1 (3) from Corollary 6.4.6:

Corollary 6.5.22 (Lagrangianness with integral coefficients). For any E ∈ Perf(ZSyn
p ), there is a

natural fibre sequence

RΓ(ZSyn
p , E)→ RΓ(GQp , Tet(E))→ RHomZp(RΓ(ZSyn

p , E∗{1}[2]),Zp),

where E∗ denotes the O-linear dual, the first map is induced by the functor Tet for E, while the
second map is induced by Tet for E∗ as well Tate duality.

Proof. First, we claim that H2(ZSyn
p ,O{1}) = 0: as the cohomological dimension of ZSyn

p is 2, it

suffices to prove H2(ZSyn
p ,O{1}/p) = 0, which follows from Proposition 6.5.18 by passage to Fil0.

Thanks to this, it follows that the Tate duality pairing

RΓ(GQp , Tet(E))⊗RΓ(GQp , Tet(E
∗{1}[2]))→ H2(GQp ,Zp(1)) ' Zp

vanishes after precomposition with

RΓ(ZSyn
p , E)⊗RΓ(ZSyn

p , E∗{1}[2])→ RΓ(GQp , Tet(E))⊗RΓ(GQp , Tet(E
∗{1}[2])),
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yielding a “complex”

RΓ(ZSyn
p , E)→ RΓ(GQp , Tet(E))→ RHomZp(RΓ(ZSyn

p , E∗{1}[2]),Zp).

To show this complex is a fibre sequence, it suffices to do so after reduction modulo p. In this case,
we are done by Corollary 6.4.6 (thanks to the compatibility of the étale and F -gauge fundamental
classes in Remark 6.5.19).

Remark 6.5.23. Corollary 6.5.22 has some antecedents in the literature. Notably, specializing to
E = HSyn(X) for a smooth proper X/Spf(Zp), we obtain from Corollary 6.5.22 a duality theorem
for the syntomic cohomology of X itself; such a duality was first established in [Sat07] using very
different techniques (and in fact [Sat07] allows more general X’s). Using the comparison in [BM22,
Theorem 5.8], we expect the two dualities to coincide.

Remark 6.5.24 (A higher dimensional analog). It is natural to wonder if the Serre duality in
Theorem 4.5.2 and the Lagrangianness property in Corollary 6.5.22 admit a common generalization.
To this end, we expect (and have an outline of proof of) the following:

Conjecture 6.5.25 (Lagrangianness for proper regular Zp-schemes). Say X is a regular p-adic
formal scheme that is proper over Spf(Zp) and with absolute dimension d. Then for any E ∈
Perf(XSyn), there is a fibre sequence

RΓ(XSyn, E)→ RΓ(Xη, Tet(E))→ RΓ(XSyn, E∗{d}[2d])∨

of perfect Zp-complexes, where E∗ denotes the O-linear dual of a perfect complex on XSyn, and
(−)∨ denotes the Zp-linear dual of a perfect Zp-complex.

For X = Spf(Zp), this recovers Corollary 6.5.22, while for X = Spec(Fp), this gives Theo-
rem 4.5.2 (as the generic fibre is empty). Moreover, one can then also deduce the conjecture for X
proper smooth over Spec(Fp) or Spf(Zp) using geometric Poincare duality from [Tan22]. Granting
Conjecture 6.5.25 when dim(X) = 1, all the results in this chapter for F -gauges over Zp extend to
the ramified case, i.e., for F -gauges over OK where K/Qp is any finite extension.

6.6 From crystalline representations to F -gauges

In this section, fix a complete discretely valued extension K/Qp with perfect residue field. Fix a
completed algebraic closure C/Qp, and let GK denote the corresponding absoluste Galois group
of K. We shall explain the relationship between F -gauges over OK and crystalline Galois repre-
sentations of GK : the latter correspond to “reflexive coherent sheaves” on O

Syn
K (Theorem 6.6.13).

The proof relies critically on the main theorem of [BS21], giving a relationship between crystalline
GK-representations and prismatic F -crystals over OK , as well as quasi-syntomic descent.

Remark 6.6.1. The main theorem in [BS21] was extended to smooth formal OK-schemes X in
[DLMS22, GR22] in the form an equivalence between crystalline Zp-local systems on Xη and “ana-
lytic” prismatic F -crystals on X. It seems reasonable to expect that Theorem 6.6.13 also admits a
generalization to such X’s (or, ideally, to any p-adic formal scheme X that is regular and topologi-
cally finitely presented over OK with K as above).

140



6.6.1 Reflexive F -gauges over a perfectoid field

In this subsection, we introduce reflexive coherent sheaves on O
Syn
C , and show that these correspond

to prismatic F -crystals in vector bundles over OC . The functor in the forward direction is simply
restriction along j� : O�

C ⊂ O
Syn
C (coupled with some observations concerning Frobenius structures).

For the reverse construction, the idea is to interpret a prismatic F -crystal in vector bundles over OC
as a vector bundle on the complement of the closed point in O

Syn
C , and then construct an F -gauge

by taking a ∗-extension. Due to the formal completions involved, the argument below is phrased
more algebraically. For simplicity of notation, we work in slightly more generality.

Notation 6.6.2. Let (A, I) be a perfect prism with the property that A is a perfectoid valuation
ring, and choose a generator d ∈ I for notational simplicity. We then have the Rees ring A[u, t]/(ut−
d) of the I-adic filtration on A.

First, let us explain how to understand reflexive modules over the Rees algebra in terms of
isogenies of vector bundles, mimicing what we saw in characteristic p in Proposition 3.4.12

Proposition 6.6.3. The following two categories are equivalent:

1. The category Isog(A, I) of triples (M,N, τ), where M,N ∈ Vect(A) and τ : M [1/I] ' N [1/I]
is an isomorphism.

2. The category Cohrefl
gr (A[u, t]/(ut−d)) ⊂ Perfgr(A[u, t]/(ut−d)) spanned by those E that satisfy:

(a) E[1/u] and E[1/t] are locally free over A[u, u−1] and A[t, t−1] respectively.

(b) E is (u, t)-regular, i.e., Kos(E;u, t) is discrete.

The functor relating (1) to (2) is essentially ∗-extension along Spec(A[u, t]/(ut−d))−V (u, t) ⊂
Spec(A[u, t]/(ut − d)). It would be nice to formulate a more general non-graded statement that
would imply the proposition on passage to graded pieces.

Proof. Let us first define a functor G : Cohrefl
gr (A[u, t]/(ut − d)) → Isog(A, I). Given an object

E ∈ Cohrefl
gr (A[u, t]/(ut − d)), set M(E) = E[1/u]deg 0 and N(E) = E[1/t]deg 0. Then we have a

natural correspondence τ̃ :

M(E)
u∞←−− Edeg 0

t∞−−→ N(E).

By perfectness of E, both maps above become isomorphisms on inverting d, so we obtain an object
G(E) := (M(E), N(E), τ = τ̃ [1/d]) ∈ Isog(A, I). This construction is clearly functorial, so we
obtain the functor G.

Conversely, let us define a functor F : Isog(A, I)→ Cohrefl
gr (A[u, t]/(ut− d)). Given (M,N, τ) ∈

Isog(A, I), consider the I-adically filtered A-module Fil•N given by FiliN = IiM ∩N (where the
intersection takes place inside N [1

I ] 'M [1
I ] via τ). We then define

F (M,N, τ) = Rees(Fil•N) ∈ Modgr (A[u, t]/(ut− d)) .

The construction is evidently functorial, so, in order to define the functor F , we have to check that
F (M,N, τ) is perfect and satisfies conditions (a) and (b) above.

For condition (a), we observe that FiliN = IiM for i� 0 and FiliN = N for i� 0. Under the
Rees dictionary, this implies that Rees(Fil•N)[1/u] = M [u, u−1] and Rees(Fil•N)[1/t] = N [t, t−1],
so we have verified (a).

For condition (b), note that Fil•N is an honest filtration on an A-module, so t acts injectively
on Rees(Fil•N). Moreover, this filtration satisfies the property that an element x ∈ FiliN =
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IiM ∩N with dx ∈ Fili+2N = Ii+2M ∩N must satisfy x ∈ Ii+1M ∩N = FiliN ; this implies that
multiplication by u acts injectively on Rees(Fil•N)/t, so Rees(Fil•N) is indeed (u, t)-regular.

Next, let us check the A[u, t]/(ut − d)-perfectness of Rees(Fil•N). Choose integers a ≤ b such
that IbM ⊂ N ⊂ IaM . Consider the strict SES

0→ Fil≥max(•,b)N → Fil•N → Fil•Q→ 0

of I-adically filtered A-modules defining the last term. Applying Rees(−) to this sequence produces
a short exact sequence. Moreover, by our choice of b, we can identify Rees(Fil•≥bN) with IbM ⊗A
A[u, t]/(ut − d) up to a twist, which is clearly perfect. So it suffices to show that Rees(Fil•Q) is
A[u, t]/(ut − d)-perfect. Now Fil≥bQ = 0 by construction, and FiliQ = Fili−1Q for i ≤ a as the
same is true for Fil•N . Thus, Fil•Q is a finite I-adic filtration on an Ib−a-torsion module. By
devissage, it is enough to show that Rees(griQ) is A[u, t]/(ut− d)-perfect for each a ≤ i ≤ b, where
gri(Q) is regarded as an I-adically filtered A-module in the trivial way: it is an A-module with
a trivial filtration, concentrated in grading degree i. In particular, we have Rees(griQ) = griQ[t]
(up to a shift) with u acting by 0, so it suffices check that griQ is perfect over A. We have
griQ = griN = (IiM ∩ N)/(Ii+1M ∩ N) for the relevant i’s. As A is a valuation ring, it then
suffices to show that (IiM ∩N)/(Ii+1M ∩N) is finitely presented over A or equivalently over A.
But we have the formula

(IiM ∩N)/(Ii+1M ∩N) =
(

(IiM ∩N)/IbM
)
/
(

(Ii+1M ∩N)/IbM
)
,

so griQ is the cokernel of a map between intersections of finitely presented submodules of the finite
projective A/Ib−a-module IaM/IbM for the relevant i’s. As A/In is coherent for all n ≥ 1 (by
devissage down to the n = 1 case of A = A/I), any such intersection is finitely presented, so the
claim follows.

Having defined functors in both directions, we must check they are mutually inverse equiva-
lences. It is clear from the construction that GF ' id. Let us show the same for FG. Given
E ∈ Cohrefl

gr (A[u, t]/(ut − d)), we first observe that E is (u, t) complete by perfectness81, so the
(u, t)-regularity of E implies E is discrete. In particular, both t and u act injectively on E. Let
(M,N, τ) = G(E), and let Fil•N = Edeg=−• be the corresponding I-adically filtered A-complex.
By the t-regularity of E, we know that Fil•N is an honest decreasing filtration on the locally free
A-module N . Our task is to check that FiliN = IiM ∩N inside τ : M [1/d] ' N [1/d]. By shifting,
it is enough to show the claim when i = 0. By construction of G, it is clear that Fil0N ⊂M ∩N .
For the reverse inclusion, choose x ∈ M ∩ N . Under the Rees dictionary, the element x gives a
degree 0 section of E|Spec(A[u,t]/(ut−d))−V (u,t). But the (u, t)-regularity of E implies that E and
E|Spec(A[u,t]/(ut−d))−V (u,t) have the same global sections, so we conclude that x is a global section
of E, as wanted.

Motivated by the above, we isolate the following class of F -gauges on A:

Definition 6.6.4. The category Cohrefl(A
Syn

) of reflexive F -gauges on A is the full subcategory

of Perf(A
Syn

) spanned by E’s satisfying:

1. E|
A

� is locally free.

2. E|
A

N ∈ Perf(A
N

) ' Perfgr(A[u, t]/(ut− ϕ−1(d))) is (u, t)-regular.

81Indeed, any object in Perfgr(A[u, t]/(ut− d)) is derived (u, t)-complete in Dgr(A[u, t]/(ut− d)) as the same holds
true for the ring itself.
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Incorporating Frobenius structures in Proposition 6.6.3 then shows:

Corollary 6.6.5. The following two categories are equivalent:

1. The category Vectϕ(A) ' Vectϕ((A)�) of prismatic F -crystals in vector bundles on A.

2. The category Cohrefl(A
Syn

) of reflexive F -gauges on A.

6.6.2 Nygaardian filtrations on prismatic F -crystals over qrsp rings

The goal of this subsection is record a lemma (Lemma 6.6.10) that characterizes F -gauges over
qrsp rings obtained via suitable base change from the reflexive F -gauges considered in Section 6.6.1
intrinsically (i.e., in terms of the underlying F -crystal, without the base change data). For this
purpose, the following slightly ad hoc definition will be useful:

Definition 6.6.6 (Nygaardian filtrations). Let R be a qrsp ring and (M, τ : ϕ∗M [1/I] 'M [1/I]) ∈
Modϕfp(�R) be a prismatic F -crystal in finitely presented modules on Spf(R).

1. A Nygaardian filtration is a filtration Fil•M of M in (p, I)-complete �R-modules such that
the map

M
can−−→ ϕ∗M ⊂ ϕ∗M [1/I]

τ'M [1/I] (6.6.1)

carries FiliM into IiM for all i ∈ Z.

2. A Nygaardian filtration Fil•M is called saturated if it is the maximal such filtration, i.e.,
FiliM is the preimage of IiM ⊂ M [1/I] under the above map82. In particular, there is a
unique saturated Nygaardian filtration on any prismatic F -crystal.

Write Modϕfp(�R)+ for the category of prismatic F -crystals (M, τ) ∈ Modϕfp(�R) equipped

with a Nygaardian filtration Fil•M ; the full subcategory of Modϕfp(�R)+ spanned by saturated

Nygaardian filtrations identifies with Modϕfp(�R) via the forgetful functor.

Example 6.6.7 (Nygaardian filtration from F -gauges). Fix a qrsp ring R and an F -gauge E ∈
Dqc(R

Syn), corresponding to a triple (M(E),Fil•M(E), ϕ̃M(E) : Fil•M(E) → I•M(E)) as in Ex-
ample 6.1.7. If M(E) is a finitely presented �R-module and Fil•M(E) is an honest filtration, then
Fil•M(E) is a Nygaardian filtration, as the map (6.6.1) is simply the map on underlying non-filtered
objects associated to the filtered map ϕ̃M(E).

Example 6.6.8 (Saturated Nygaardian filtrations in the perfectoid case). Say R = OC for C/Qp

a perfectoid field. Then any E ∈ Cohrefl(OC) gives rise to a triple (M(E),Fil•M(E), ϕ̃M(E)) as
in Example 6.1.7. Condition (a) in Definition 6.6.4 ensures that M(E) is naturally a prismatic
F -crystal in vector bundles, while condition (b) in the same definition ensures that the filtration
Fil•M(E) is saturated Nygaardian for the F -crystal M(E) (see proof of Proposition 6.6.3).

Remark 6.6.9. Fix a qrsp ring R as well as (M, τM ,Fil•M), (N, τN ,Fil•N) ∈ Modϕfp(�R)+. If
Fil•N is a saturated Nygaardian filtration, then we have

HomModϕfp(�R)+((M, τM ,Fil•M), (N, τN ,Fil•N)) ' HomModϕfp(�R)((M, τM ), (N, τN ))

via the forgetful functor Modϕfp(�R)+ → Modϕfp(�R). In the other words, the formation of the
saturated Nygaardian filtration provides a right adjoint to the forgetful functor.

82This preimage is automatically (p, I)-complete as it can be described as a fibre product of the diagram M →
I−cM ← IiM for c� 0 in (p, I)-complete �R-modules by finite presentation of M .
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Our main lemma about these objects is the following, observing that reflexive F -gauges over
a perfectoid valuation ring base change to yield saturated Nygaardian filtrations over flat qrsp
algebras over the ring.

Lemma 6.6.10. Fix a perfectoid valuation ring OC as well as a p-torsionfree qrsp OC-algebra
R. Given E ∈ Cohrefl(OSyn

C ), let ER ∈ Perf(RSyn) be its base change. Then, with notation as
in Example 6.6.7, the filtration Fil•M(ER) is the saturated Nygaardian filtration for the F -crystal
M(ER) (and thus only depends on the latter F -crystal).

Proof. Consider the triple (M(E),Fil•M(E), ϕ̃M(E)) attached to E as in Example 6.1.7. As E
is reflexive, M(E) is a finite free �OC -module and Fil•M(E) is an honest filtration on M(E).
The triple (M(ER),Fil•M(ER), ϕ̃M(ER)) corresponding to ER is obtained as the ((p, I)-completed,
derived) base change of (M(E),Fil•M(E), ϕ̃M(E)). Our task is to show the following:

1. Fil•M(ER) is an honest filtration.

2. For each integer i, the subgroup FiliM(ER) ⊂M(ER) is the preimage of IiM(ER) under the
non-filtered map underlying ϕ̃M(ER).

Before embarking on the proof, let us make some preliminary observations aboutN := gr•FilM(E),
regarded as a graded module over gr•N�OC = OC [u]: we shall explain that both N and N [1/u]/N
have bounded p-power torsion. As E is perfect, N is a finitely presented graded OC [u]-module.
Moreover, the assumption that E is (u, t)-regular implies that u acts injectively on N . Under the
Rees dictionary (with respect to the parameter u), we then learn that N is the Rees module for a
finite filtration G•N0 on a finitely presented OC-module N0 with the further property that grG• N0

is also finitely presented over OC ; explicitly, we have N = ⊕iGiN0u
i. As finitely presented OC-

modules have bounded p-power torsion, we learn that N has bounded p-power torsion. Moreover,
the p-power torsion in N/un is bounded uniformly in n by the explicit formula for N , whence
N [1/u]/N also has bounded p-power torsion, as asserted.

We can now begin the proof. As Fil•M(E) is saturated, we have Fil−nM(E) = M(E) for all
n � 0, whence the same holds true after base change. Thus, to show (1), it suffices to show that
gr•FilM(ER) is coconnective. But we have

gr•FilM(ER) ' gr•FilM(E)⊗̂Lgr•
N

�OC
gr•N�R. (6.6.2)

Now N = gr•FilM(E) is discrete by assumption and has bounded p-power torsion as explained above.
The coconnectivity of the RHS above then follows as gr•N�R is p-completely flat over gr•N�OC .

To show (2), since we already saw that Fil−nM(ER) = M(ER) for n � 0, it suffices to show
the map

gr•(ϕ̃M(ER)) : gr•FilM(ER)→ gr•I•M(ER)M(ER)

is injective or equivalently has coconnective cone. As E is an F -gauge, this map identifies the RHS
with the p-completed localization at u ∈ gr1

N�OC of the LHS, so we must show that

(gr•FilM(ER)[1/u]/gr•FilM(ER))∧

is coconnective. By (6.6.2), the object above identifies with the p-completed base change of
N [1/u]/N along the p-completely flat map gr•N�OC → gr•N�R, so the claim again follows as the
OC [u]-module N [1/u]/N has bounded p-power torsion as explained above.
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6.6.3 Reflexive F -gauges over OK

Recall that we have fixed K/Qp, C/K and GK at the start of the section. In Remark 5.5.19

and Example 5.5.20, we explained that O
Syn
K admits faithfully flat adic covers by affine noetherian

formal regular schemes of dimension 3, and in particular that there is a reasonable theory of
coherent sheaves on O

Syn
K . In this section, we shall focus attention on those coherent sheaves which

are reflexive, and relate them to crystalline Galois representations.

Definition 6.6.11. An F -gauge E ∈ Perf(OSyn
K ) is called reflexive if its pullback to O

Syn
C is reflexive

(Definition 6.6.4); write Cohrefl(OSyn
K ) for the full subcategory spanned by such F -gauges.

Remark 6.6.12 (Relationship to reflexivity in commutative algebra). Choose a prism (A, I) with
A/I = OK . Let B = Rees(I•) be the Rees algebra for the I-adic filtration on A, and let B̂ be
the (p, I)-completion of B. Thus, we obtain a faithfully flat map R(I•) = Spf(B)/Gm → ON

K as
in Remark 5.5.19. Let us explain why reflexivity in the sense of Definition 6.6.11 is equivalent to
reflexivity in the classical commutative algebra sense after pullback to Spf(B̂).

First, the canonical map ON
C → ON

K can then be factored as ON
C → R(I•)→ ON

K , with both maps
being faithfully flat (via the argument in Footnote 69 as well as the equivalence of perfectoid rings
with perfect prisms). It follows that reflexive F -gauges as in Definition 6.6.11 are indeed coherent
sheaves on O

Syn
K , justifying the notation for the category in Definition 6.6.11.

Secondly, given an F -gauge E ∈ Perf(OSyn
K ) with pullback E

B̂
∈ Perf(B̂), the following are

equivalent:

1. E is reflexive in the sense of Definition 6.6.11.

2. E
B̂

is a reflexive83 B̂-module (regarded as a complex by being placed in degree 0).

This equivalence, which follows84 from standard commutative algebra arguments over the 3-dimensional
regular ring B̂, provides justification for the name “reflexive” given to the concept in Defini-
tion 6.6.11.

Our main theorem about reflexive F -gauges is the following:

Theorem 6.6.13. The following three categories are equivalent:

1. The category Repcrys
Zp

(GK) of crystalline GK-representations on finite free Zp-modules.

2. The category Vectϕ((OK)�) of prismatic F -crystals on OK .

3. The category Cohrefl(OSyn
K ) of reflexive F -gauges on OK ,

83Recall that B̂ is a 3-dimensional regular noetherian domain. A finitely generated B̂-module M is called reflexive
if it is the (non-derived) ∗-extension of a vector bundle from the complement of some codimension ≥ 2 closed subset

of Spec(B̂). In fact, the stalks of such a module over codimension 2 points are locally free by Auslander-Buchsbaum

and regularity of B̂, so it is equivalent to assume that M is the (non-derived) ∗-extension of a vector bundle from the
complement of a codimension ≥ 3 closed subset.

84Say (R,m) is a 3-dimesional regular local ring. Fix a regular sequence x, y ∈ m of length 2. Then a finitely
generated R-module M is reflexive if and only if M [1/x] and M [1/y] are free, and Kos(M ;x, y) is discrete. Indeed,
the “if” direction follows as the hypotheses ensure that M is ∗-extended from a vector bundle on Spec(R)− V (x, y).
For the “only if” direction, the local freeness after inverting x and y is clear from the reflexivity of M . Moreover, if
j : U = Spec(R)−{m} ↪→ Spec(R) is the punctured spectrum, then by assumption we haveM ' R0j∗E with E = M |U
being a vector bundle, so one can apply Kos(−;x, y) to the local cohomology exact triangle RΓm(M)→M → Rj∗E
to conclude that M satisfies the desired condition on the Koszul complex since Kos(E;x, y) is discrete by reduction
to the case E = OU .
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The functor from (3) to (2) is given by restriction to an open substack O�
K ⊂ O

Syn
K as in Re-

mark 6.3.4, while the functor from (2) to (1) is étale realization.

We warn the reader that the equivalences in Theorem 6.6.13 are not exact. More precisely, the
functors

Cohrefl(OSyn
K )→ Vectϕ((OK)�)→ Repcrys

Zp
(GK)

described in theorem are exact, while the inverses are not.

Proof. The equivalence (1)⇔ (2) is realized by the étale realization functor for prismatic F -crystals
(Remark 6.3.4) by the main theorem of [BS21], so we focus on (2)⇔ (3). Restriction to the open
point gives a functor

Φ : Cohrefl(OK)→ Vectϕ((OK)�).

We shall show it is an equivalence by constructing an inverse. Write R• for the p-completed Cech
nerve of OK → OC . We then have descent equivalences

Vectϕ((OK)�) ' lim Vectϕ(R•) and Perf(OSyn
K ) ' lim Perf((R•)Syn).

For each i, let Ci ⊂ Perf((Ri)Syn) to be the full subcategory spanned by those prismatic F -gauges
whose F -gauges Ei such that the corresponding triple (M(Ei),Fil•M(Ei), ϕ̃M(Ei)) (as in Exam-
ple 6.1.7) has the following properties:

1. Each M(Ei) is a vector bundle on �Ri .

2. Each Fil•M(Ei) gives a saturated Nygaardian filtration for the F -crystal M(Ei).

3. The previous two conditions hold true after base change along any map Ri → Rj in the
cosimplicial ring R•.

By construction, we obtain a cosimplicial category C• as well as natural functors

Perf((R•)Syn)
a•←− C•

b•−→ Vectϕ((R•)�)

of cosimplicial categories, where a• is the defining inclusion, while b• is defined by restricting F -
gauges to the open point. As a is termwise fully faithful, the limit functor

lim a• : limC• → lim Perf((R•)Syn) ' Perf(OSyn
K )

is also fully faithful. On the other hand, each bi is fully faithful by construction (as the saturated
Nygaardian filtration is determined by the F -crystal and preserved by maps between these); more-
over, by Corollary 6.6.5 and Lemma 6.6.10, the functor b0 is an equivalence. This implies that the
limiting functor

lim b• : limC• → lim Vectϕ(R•) ' Vectϕ((OK)�)

is an equivalence. Composing the inverse of this equivalence with lim a• then gives a fully faithful
functor

Vectϕ((OK)�)→ Perf(OSyn
K )

whose image is easily seen to lie inside Cohrefl(OK) by construction. This gives a fully faithful
functor

Ψ : Vectϕ((OK)�)→ Cohrefl(OK).

One can then check that Φ and Ψ are mutually inverse equivalences.
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The following observation will be useful later in understanding maps to reflexive F -gauges.

Proposition 6.6.14. Let M ∈ Coh(OSyn
K ) and N ∈ Cohrefl(OK). Then there is a natural identifi-

cation
Hom

O
Syn
K

(M,N) ' HomCohϕ((OK)�)(M |O�
K
, N |O�

K
).

Proof. This follows by descent from Remark 6.6.9 as well as Lemma 6.6.10.

6.7 Relation to the Bloch–Kato Selmer group

In this section, we use combine the results from §6.5 and §6.6 to give an exact relationship between
the cohomology of a coherent sheaf on ZSyn

p and Galois cohomology of the corresponding Galois
representation after inverting p.

Our starting point is the observation that any p-torsionfree F -gauge admits a reflexive hull with
the difference supported in codimension ≥ 2.

Proposition 6.7.1 (Existence of the reflexive hull). For any p-torsionfree M ∈ Coh(ZSyn
p ), there

is a universal reflexive F -gauge M ∈ Cohrefl(ZSyn
p ) equipped with a map ηM : M → M . Moreover,

Cone(ηM ) is annihilated by (p, v1)n for n� 0.

By passage to the p-torsionfree quotient, the proposition also implies that any coherent F -gauge
N on Zp admits a universal map N → N to a reflexive F -gauge, and moreover that the cone of
this map is annihilated by pn for n� 0.

Proof. The restriction M◦ := M |Z�
p

is naturally a prismatic F -crystal in finitely presented p-
torsionfree modules. By the classification of such F -crystals, any such M◦ has a universal map
M◦ → M◦ to a prismatic F -crystal M◦ in vector bundles such that the cone of M◦ → M◦ is
supported on the codimension 2 locus (Z�

p )p=I=0 ⊂ Z�
p (and, in particular, the two F -crystals have

the same étale realization). Let M be the unique reflexive F -gauge lifting M◦ (Theorem 6.6.13).
Then the map M◦ → M◦ lifts uniquely to a map M → M of F -gauges by Proposition 6.6.14.
The same proposition also gives then the desired universal property for this map. Moreover, by
construction, the cone of M → M has vanishing étale realization, and must thus be killed by
(p, v1)n for n� 0 by Remark 6.3.5.

Consequently, we learn that Galois representations coming from coherent sheaves on ZSyn
p are

always crystalline85.

Corollary 6.7.2. For any M ∈ Coh(ZSyn
p ), the GQp-representation Tet(M)[1/p] is crystalline.

Proof. By replacing M with its p-torsionfree quotient and then by its reflexive hull as in Propo-
sition 6.7.1, we may assume M is reflexive; the claim then follows from (the easy direction of)
Theorem 6.6.13.

The promised relationship between cohomology on ZSyn
p and Galois cohomology after inverting

p, which follows next, roughly says that the former picks out the “crystalline part” of the latter.

85We warn the reader that this is false if we drop the finiteness condition on the sheaf, even in situations where the
étale realization has good finiteness properties. For example, say X/Zp is any proper lci scheme. Then the F -gauge
HSyn(X) ∈ Dqc(Z

Syn
p ) is not perfect or even pseudocoherent in general (unlessX is smooth over Zp). However, its étale

realization Tet(HSyn(X)) is lisse: it identifies with the GQp -representation on the perfect Zp-complex RΓ(XQp
,Zp).

Moreover, the cohomology groups of the latter do not typically give crystalline GQp -representations on inverting p
unless one assumes X is smooth over Zp.

147



Proposition 6.7.3. For any M ∈ Coh(ZSyn
p ), consider the map

η : RΓ(ZSyn
p ,M)[1/p]→ RΓ(GQp , Tet(M))[1/p]

of perfect Qp-complexes coming from functoriality. Writing ηi = H i(η), we have:

1. η0 is an isomorphism.

2. η1 is injective with image the subspace of H1(GQp , Tet(M)[1/p]) spanned by crystalline exten-
sions of Qp by Tet(M)[1/p].

3. The group H2(ZSyn
p ,M)[1/p] vanishes.

Proof. Since we are only interested in cohomology after inverting p, thanks to Proposition 6.7.1,
we may assume M is a reflexive F -gauge. The exact triangle of Corollary 6.5.22 with p inverted
gives a long exact sequence

0 H0(ZSyn
p ,M)[1/p] H0(GQp , Tet(M))[1/p] H2(ZSyn

p ,M∗{1})[1/p]∨

H1(ZSyn
p ,M)[1/p] H1(GQp , Tet(M))[1/p] H2(ZSyn

p ,M∗{1})[1/p]∨

H2(ZSyn
p ,M)[1/p] H2(GQp , Tet(M))[1/p] H2(ZSyn

p ,M∗{1})[1/p]∨ 0

η0

η1

where the (−)∨ denotes duality in Qp-vector spaces, and we have used that the cohomological

dimension of ZSyn
p is ≤ 2 to get the 0’s on the first and last term. Let us explain how to de-

duce (3) assuming (1) and (2). Indeed, assuming the latter, the diagram would then show that
H2(ZSyn

p ,M∗{1})[1/p]∨ for all reflexive F -gauges M . By finiteness, the same holds true before

dualizing, i.e., H2(ZSyn
p ,M∗{1})[1/p] = 0 for all reflexive F -gauges M . But then Proposition 6.7.1

and duality imply that H2(ZSyn
p , N)[1/p] = 0 for all coherent sheaves N , as wanted in (3). It thus

remains to prove (1) and (2).
For (1), as M is reflexive, the map η0 is bijective by the full faithfulness in Theorem 6.6.13. Sim-

ilarly, the injectivity in (2) follows from the full faithfulness of Theorem 6.6.13 again by interpreting
H1 via extensions. For the description of the image, again by interpreting H1 via extensions, it
suffices to show the following: the equivalence Repcrys

Zp
(GK)→ Cohrefl(OSyn

K ) (inverse to étale real-

ization) coming from Theorem 6.6.13 carries a SES to a sequence whose homology is killed by pn

for n � 0. This follows from Remark 6.3.5 as étale realization of the latter sequence is a SES by
construction.

Remark 6.7.4 (Interpretation via Bloch–Kato Selmer groups). Given a GQp-representation on a fi-
nite dimensional Qp-vector space V , Bloch–Kato introduce subspaces H i

f (GQp , V ) ⊂ H i(GQp , V ) in

[BK07, §3]: H≥2
f (−) vanishes by fiat, H0

f (GQp , V ) = H0(GGp , V ), and H1
f (GQp , V ) is the subspace

of H1(GQp , V ) spanned by crystalline extensions of Qp by V . A reformulation of Proposition 6.7.3
is thus that the étale realization functor induces isomorphisms

H i(ZSyn
p ,M)[1/p] ' H i

f (GQp , Tet(M))[1/p],

for all i. Note that unlike the RHS, the vanishing of the LHS for i = 2 is not formal: the proof
uses the Lagrangianness result from Corollary 6.5.22, and the statement would be false if we did
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not invert p86. This suggests the following picture: given a motive X over Spf(Zp) with F -gauge

realization M(X), the cohomology RΓ(ZSyn
p ,M(X)) is reasonable candidate for the “motivic part”

of Galois cohomology RΓ(GQp , T ) of the (integral) Galois representation T = Tet(M(X)) coming
from the corresponding motive Xη over Qp.

Remark 6.7.5. Based on the results of [EK99] as well as the comparison in Proposition 6.7.3
and the equivalence in Theorem 6.6.13, it would be interesting to understand the difference (if
any) between the isogeny category Perf(ZSyn

p )Qp and the bounded derived category of the abelian
category of finite dimensional crystalline Qp-representations of GQp .

86In fact, H2(ZSyn
p ,O{p}) 6= 0: as the cohomological dimension of ZSyn

p is ≤ 2, the natural map H2(ZSyn
p ,O{p})→

H2(ZSyn
p ,O{p}/(p, v1)) is surjective, and the target is nonzero by Example 6.5.13.
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plex. Astérisque, 424, 2021.

[BM22] Bhargav Bhatt and Akhil Mathew. Syntomic complexes and p-adic\’etale tate twists.
arXiv preprint arXiv:2202.04818, 2022.

[BMRR08] Roman Bezrukavnikov, Ivan Mirković, Dmitriy Rumynin, and Simon Riche. Local-
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de l’École Normale Supérieure, volume 9, pages 171–201, 1976.

[Mon22] Shubhodip Mondal. Reconstruction of the stacky approach to de rham cohomology.
arXiv preprint arXiv:2202.07089, 2022.

[Mou21] Tasos Moulinos. The geometry of filtrations. Bulletin of the London Mathematical
Society, 53(5):1486–1499, 2021.

[MRT19] Tasos Moulinos, Marco Robalo, and Bertrand Toën. A universal HKR theorem. arXiv
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