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1. GoALs

Fix a prime number p. Our basic geometric objects of study will be (bounded) p-adic formal
schemes X, i.e., formal schemes covered by open affines of the form Spf(R) where R is a p-complete
ring with bounded p-torsion. It will often be convenient to regard all geometric objects as functors
on p-nilpotent rings'.

1.1. The Riemann—Hilbert construction (joint with Jacob Lurie). Our primary goal is
to study the p-adic Hodge theory of a (bounded) p-adic formal scheme (or its generic fibre) via
geometrization, i.e., via quasi-coherent sheaves on certain stacks associated to X. More precisely,
we hope to explain the following picture:

(1) Perfectization and perfectoid crystals: To any p-adic formal scheme X as above, there is an
attached stack X¥Pf called the perfectization of ¥. In fact, this stack is a “perfectoid algebraic
space”: it has the form /R for a flat equivalence relation & = & on perfectoid p-adic formal
schemes. There is a natural map 7 : XPfd — X roughly, ¥P is the “best possible” approximation
of X by perfectoid formal schemes?.

The quasicoherent derived category Dg.(XP) is denoted Crys(Ax) and its objects are called
perfectoid crystals on X; such an object can be regarded as a pullback compatible assignment
U — Ky € Dy (U) for any perfectoid formal scheme U over X. Almost mathematics over perfectoids
then provides a natural localization

Crys(Ax) — Crys(Ag)?,
and objects of the RHS are called almost perfectoid crystals.

When X is defined over a perfectoid ring, the map 7 : ¥Pfd — X behaves like an affine map in
multiple ways, e.g., we can recover XP' from the (derived) commutative algebra Rm,Oypta (which

was studied in [B522] when X was affine under the name perfectoidization), and similarly for quasi-
coherent sheaves under mild finiteness assumptions on X; see also (4) below.

Variant 1.1.1 (The perfect prismatization). There is a l-parameter thickening XP c X' that
comes equipped with a natural endomorphism ¢ : xPt Pt endowing this stack with a d-structure.

The associated derived category ch(%pf) will be denoted Crys(Ayx) and its objects called perfectoid
prismatic crystals. There is also an almost variant Crys(Ax)® as above.

Example 1.1.2 (The characteristic p case). Say X = Spec(R) for an Fj-algebra R. Then xpfd ~
Spec(Rpert), where Rpers = colim(R % R5 R...) is the direct limit perfection of R. And xPt =
W(X) := Spf(W(R)), where W(R) is given the p-adic topology.

Example 1.1.3 (The perfectoid case). Say X = Spf(R) for a perfectoid ring R, e.g., R = O¢ for
a complete and algebraically closed perfectoid field. Then %P/ = Spf(R) and XP f = Appe (3P =
Spf(Aine(R)), where Ajn(R) is given the (p, ker(6))-adic topology. More generally, for any perfectoid
formal scheme X, the map ¥P — X is an isomorphism and xPf = Ainf(%pfd).

Example 1.1.4 (The torus). Say K/Q, is a perfectoid field containing all p-power roots of 1. View
X = G, as a formal Og-scheme, i.e., X := Spf((’)K[Til]/\). Let Ggfrf = limg, yz» G,, denote the
naive perfection of Gy, and let Z,(1) = lim,, ppn (K) denote the p-adic Tate module of pip~ (K),

1We shall typically endow this category with the fpqc topology, though the smaller quasi-syntomic topology will
be relevant in some places.

2The construction X — XP™ can be obtained from the prismatization constructions of [BL, Dri20], though we
will not use this perspective explicitly; it can also be viewed as a formal scheme variant of the diamondification
construction for adic spaces from [Sch17].
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regarded as a pro-(finite constant étale) Ox-scheme. Then there is a natural action of Z,(1) on
GE™ and a natural map GO/ Z,(1) — G,,. This map factors as

Gret/7,(1) — GP . G,

and the first map is an “almost isomorphism”, suitably interpreted; an exact description can also
be given.

Example 1.1.5 (A discrete valuation ring). Say K/Q, is a discretely valued field with completed
algebraic closure C' and absolute Galois group Gi. For X = Spf(Og), there is a natural map
Spf(Oc) /G — %P, which is an “almost isomorphism”, suitably interpreted; an exact description
can also be given.

(2) Perfectoid crystals via the generic fibre: Fix a nonarchimedean p-adic field K/Q, as well as

a finite type p-adic formal scheme X/Ok. Then X admits a generic fibre X := X,;, regarded as an

adic space over K. Each perfectoid crystal determines a p-complete complex of O}—modules on Xg;

under mild finiteness assumptions on K (satisfied for local or perfectoid fields), this construction
extends to an equivalence

Crys(Ax)® ~ D(Xg, OF)>°°, (1)

where the RHS denotes the (suitably defined) almost derived category of p-complete objects in

D(Xet, OF) that are overconvergent. In particular, the LHS only depends on the generic fibre X.

Remark 1.1.6 (Quasi-coherent sheaves on perfectoid spaces). One can regard (1) as providing a
good theory of p-complete quasi-coherent O}—complexes on Xg. In fact, the key to establishing
this equivalence is a well-behaved theory of almost quasi-coherent OT-complexes on any affinoid
perfectoid space X = Spa(R, R"): tensoring along R™ — (’)} yields an equivalence

ﬁ(R-i-)a ~ ﬁ(Xét7 O;—()a’oc,

analogous to the theory of quasi-coherent sheaves on affine schemes.

(3) Finiteness properties of XP™: In the same setting as (2) above, assume further that K is a
perfectoid field. The map XPM — X behaves like a finite map in almost mathematics:

e There is a an intrinsic and well-behaved finiteness condition on the O-linear category Crys(Ax)®
of perfectoid crystals. The collection of finite objects gives a full subcategory

CrySyeon(Ax)® C Crys(Ax)®

of almost coherent perfectoid crystals.
e There is a Grothendieck duality autoequivalence Crys,.,,(Ax)® of almost coherent crystals.
e Pushforward along XP — X preserves and detects almost coherence, and commutes with
Grothendieck duality.

Remark 1.1.7. The first two bullet points above also admit natural variants for Crys(Ax)®.

Example 1.1.8 (Almost coherence over perfectoid valuation rings). Say X = Spf(OQk) for a per-
fectoid field K/Q,. In this case, XPfd ~ X 50 Crys(Ay) is simply the p-complete derived category
D(Ok) of all Og-modules. An object M € D(O) is almost coherent if and only if the following
condition holds: for any € € my (the maximal ideal of Of), there is a perfect Og-complex M, and
a map M. — M with cokernel killed by e. For example, if {€, },>1 is a sequence of elements of mx
with |e,| — 1 and {a,}n>1 is any sequence of integers, the object

®nOk /(€n)[an]

is almost coherent. Note that it is not coherent unless €, is a unit for n > 0.
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Many of the results mentioned above were inspired by Zavyalov’s work [Zav21, Zav25] (which
itself was inspired by unpublished work of Gabber).

(4) The Riemann—Hilbert functor: In the same setting as (2), there is a symmetric monoidal
colimit preserving functor
RH% : D(X 4, Z,)* — Crys(Ax)®

as well as a refinement R
RH® : D(X¢t, Zp)°° — Crys(Ax)®#=1
which is fully faithful and an equivalence on dualizable objects under mild assumptions (e.g., when

K has finite p-cohomological dimension or on bounded below objects). Closely related results also
appear in Mann’s thesis [Man22]

Variant 1.1.9. When X arises as the p-adic completion of a finite type Ox-scheme X, the above
functors admit non-almost variants: there is a colimit preserving symmetric monoidal functor

RH— : D(Xy, Z,) — Crys(Ax)

as well as a refinement R

RH :D(Xy,Z,) — Crys(Ag)¥=!
which is fully faithful under mild assumptions. Specializing to the case of characteristic p schemes
recovers the construction from [BL19], which was in fact our guide for the p-adic case.

Example 1.1.10 (The case of a point). Assume K is an algebraically closed p-adic field, and X =
Spf(Ok). Then XP ~ X, so almost coherent perfectoid crystals are described as in Example 1.1.8.
On the other hand, X = X, ~ Spa(K,Ok) is a geometric point, so D(X¢,F,) is simply the

p-complete derived ZS(Fp) of Z,-modules. Under these identifications, the functor RH% carries

M € D(Z,) to M&z, Ok € D(Ok)*.

(5) Properties of RH: In the same setting as (3), RH% enjoys the several good properties when

b
cons

restricted to the full subcategory D¢, (Xet, Zyp) of Zariski constructible sheaves on X, e.g., it

e commutes with proper pushforward and arbitrary pullback,

e carries Zariski constructible sheaves to almost coherent sheaves,

e intertwines Verdier duality for Zariski constructible sheaves with Grothendieck duality for
almost coherent perfectoid crystals, and

e has good exactness properties with respect to both the standard and perverse t-structures.

Let us briefly explain the link to classical statements in p-adic Hodge theory (though we will not
cover this aspect in any depth):

Remark 1.1.11 (The Hodge Tate decomposition). Fix a perfectoid field K/Q, and say X/Ok
is a finite type formal scheme. Then we can identify RH%(Z,) is an almost coherent perfectoid
crystal on X. Its pushforward m,RH%(Z,) is therefore an almost coherent complex on X. Inverting
p then yields a coherent complex m,RH%(Z,)[1/p] on the rigid space X = X,. This object can be
described as follows: it admits a finite increasing N-indexed filtration with graded pieces given by
) g (=i)[—i], where Q' ;- denotes Deligne-du Bois i-forms on X (this is a variant of [Guo23]).
Moreover, the filtration is split by a choice of lift * of X to Bj,(K)/(t)?. In particular, when X/K
is smooth and such a lift has been fixed, we obtain an isomorphism

RT (X", RH®(Z,))[1/p] > ©i R (X, Q) (=) [~d].

3Such a lift always exists for X proper by a result of Conrad—Gabber, see [BMS18, §13.2] and there is a canonical
one when X is defined over a discretely valued subfield of K.
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On the other hand, when X/K is proper and K = K, the compatibility of RH with proper
pushforwards gives
RH(XP RH(Z,)) ~ RT (X, Zp) @z, K.

Combining the previous isomorphisms gives the Hodge—Tate decomposition
RT(Xer, Zy) @z, K = @;RU(X, Q% /5) (—i)[~i]

for a proper smooth rigid space X/K equipped with a lift to BCTR (t)? over an algebraically closed
p-adic field K, as established in, e.g., [Sch13a] and also [Fal88].

(6) Applications: The geometric structures presented above have several applications to algebraic
geometry and commutative algebra. We shall present a couple:

e Splinters in mixed characteristic: Assume a noetherian p-complete ring R is a splinter, i.e.,
any finite injective map R — S has an R-linear splitting. Then R is a derived splinter, i.e.,
for any proper surjective map X — Spec(R), the map R — RI'(X,Ox) splits in D(R); this
implies R[1/p] has rational singularities when, e.g., R is tft over a p-complete DVR.

e An almost Kodaira vanishing theorem: Say K/ Q, is perfectoid and X/K is a projective
variety of dimension d. Fix a formal model X of X as well as an ample line bundle L on X. If
X = X, is smooth (or just lci), we have RI'4(X, L ® O% /p) € D=4

1.2. The p-adic Corlette—Simpson correspondence (joint with Mingjia Zhang). In the
final part, we shall turn attention to rational topics and aim to explain the following:

(7) p-adic Simpson for local systems: Fix a perfectoid field K and a smooth rigid space X/K.
Then there is a natural G,-gerbe P — T* X and an equivalence between the following categories:

e Perfect complexes of P-twisted Higgs bundles on X, i.e., objects in Dgoh(P) that have degree
1 with respect to the BG,,-action and have finite support over X.

e Perfect complexes on (Xproet, 5})

In particular, for any Z,-local system L on X, one obtains an associated P-twisted Higgs bundle
S(L), corresponding to L@zp O} under the above equivalence. (When K = K and X is proper, the
above is closely related to the work of Faltings [Fal05] and Heuer [Heu25]; in fact, it was a desire
to reformulate the latter without auxiliary choices that led to our work in the first place.)

While the statement above is not directly related to the preceding constructions, the proof uses
these objects. In particular, the first step is to realize Perf(Xp, oet) as, up to a sheafification, the
isogeny category of the full subcategory of dualizable objects in Crys(Ax)® for any formal model X
of X; one can then use the map ¥ — X7 to get a link to differential forms.

(8) p-adic Simpson beyond local systems: Fix X/K as above. Then every almost coherent
perfectoid crystal on X (e.g., those coming from constructible Z,-sheaves via RH% via (5) above)

has a functorially attached P-twisted coherent sheaf on T*X. In particular, pre-composition with
RH% gives a natural functor

S: Db

cons

(Xets Zp) — D2 (T*X, P) = D51, (P) deg—1-

coh coh

Note the contrast with complex geometry: in the latter, to obtain a sheaf on the cotangent bundle
from a constructible sheaf, one typically has to make additional choices (e.g., choosing a good
filtration on the associated regular holonomic D-module). Thus, the existence of the above functor
can be regarded as an example of “the arithmetic origin of the Hodge filtration”.

4This statement was discovered in conversations with Lue Pan.
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2. THE CHARACTERISTIC p STORY

For an F)-scheme X, the Artin-Schreier sequence

()—>Fp—>OX<p—71>(’)X—>()

on X¢ gives an extremely close link with F,-étale cohomology on X and coherent cohomology.
More generally, a classical result of Katz shows that F-local systems on X¢ can be identified with
pairs (M, ¢nr), where M € Vect(X) and ¢y @ 9*M ~ M (Corollary 2.1.5).

In this section, we recall how the preceding picture can be extended to constructible sheaves and
derived categories via the Riemann—Hilbert correspondence studied in [BL.19]; this will provide a
guiding model — both for statements and applications — for our later work in mixed characteristic.

2.1. Statement and immediate consequences. Recall that an F)-scheme is called perfect if its
(absolute) Frobenius endomorphism is invertible. Quasi-coherent sheaves on perfect schemes will
provide the target category for our RH functor. The following standard mechanisms for turning
arbitrary rings/schemes into perfect ones will be used without comment in the sequel.

Definition 2.1.1 (Perfections of rings and schemes). For an F,-algebra R, we shall write
Rperf :=colim(R 5 R % R...) and R :=lim(.R5 R% R)

for the direct limit and inverse limit perfections of R.
Similarly, for an Fp-scheme X, we shall write

xref = lim(.. X 5 X 5 X),

for the inverse limit perfection; this exists in schemes as the transition maps are affine, and we have

Spec(R)Pe = Spec(Rpext)-

Remark 2.1.2 (Universal property of XP°™). By construction, XP“f is a perfect F,-scheme.
Moreover, it is characterized by the following universal property: the map XPef — X is the
universal map from a perfect F,-scheme towards X.

Note that XP°f is almost never noetherian (Footnote 9). Despite this seeming drawback, it
has several rather nice commutative algebra properties (such as Remark 2.1.10). These properties,

together with the fact that XP*f — X induces an equivalence D(Xy, F,) ~ D(Xé’terf, F,) (as purely
inseparable maps do not change the étale site), make quasi-coherent sheaves on the perfection a
particularly nice receptacle for a Riemann—Hilbert functor, as explained in the following theorem:

Theorem 2.1.3 (The Riemann-Hilbert correspondence over F). Let X be a scheme of charac-
teristic p. Then there is a colimit preserving, symmetric monoidal, t-exact, fully faithful functor

RH : D(X, Fp) — D(XP)#=!

that is compatible with proper pushforward and arbitrary pullback. Moreover, the essential image
consists of those (M, pr) € D(XPHP=1 such that each local section of each H'(M) is annihilated
by a monic polynomial in ;.

Remark 2.1.4 (The right adjoint to RH). By general nonsense, the functor RH admits a right
adjoint Sol. In fact, the right adjoint can be described explicitly: for any (M, @) € D(XPerf)e=1
and any j : U — X étale, we have

RT(Ug, Sol(M)) =~ RU(U, M)#M=" .= Eq (RF(U, M) 227h R, M)) .
This follows essentially by applying the adjointness to jiF, 7 € D(X¢, F,).

Even without knowing the construction of RH, it is easy to draw consequences. For instance:
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Corollary 2.1.5 (Katz). The functor RH restricts to an equivalence between the category Loc(Xet, Fp)
of Fp-local systems on X¢t and the category Vect (XP) =1 of “unit root vector bundles”.

Proof. We first recall a categorical description of the category Loc(Xe, F}) of Fj-local systems on
X We claim that it is exactly the category of dualizable objects in Mod (X, Fp) = D(Xer, Fp)©.
Equivalently, it is the category of dualizable objects L € D(Xg, F)) such that both L and LY lie
in D=0, To see this, it is clear that local systems are dualizable. Conversely, dualizability of L
immediately forces L to be bounded and constructible by compactness. To conclude L is a local
system, we first show that the cospecialization L, — L, map attached to any specialization y ~ x
of geometric points is an isomorphism. But the cospecialization maps form a symmetric monoidal
natural transformation between symmetric monoidal functors; any such transformation must be an
isomorphism on dualizable objects, so L, ~ L, for any cospecialization map. Thus, each HI(L) is
a local system; but both L and LY are connective, so L must be in degree 0.

We now turn to the proof. By the first part of the theorem and the above, the object RH(L)
is a dualizable object of D(XP°f) which is connective and has connective dual. In other words,
RH(L) = (E, g) with E is a perfect complex on XPf such that both £ and EV are connective.
By commutative algebra, £ must then be a vector bundle, so RH(L) € Vect(XPerf)#=1,

Conversely, any such pair (E, pg) € Vect(XP)?=1 can be easily seen to satisfy the condition in
the second sentence of the theorem, and thus must have the form RH(L) for some L € D(X¢g, Fp).
Applying the same analysis to the dual and using symmetric monoidality and full faithfulness, we
learn that L must be dualizable. Finally, the t-exactness and full faithfulness show that #*(L) must
vanish for i # 0, so L must be a local system. 0

Remark 2.1.6 (RH for local systems). For local systems L as above, one has an explicit formula:
RH(L) = L ®r, Ox with its natural Frobenius induced from the second tensor factor. In fact, one
can deduce this formula from Theorem 2.1.3 using the fact that both sides are compatible with
étale descent, must respect clopen decompositions (as RH is compatible with pullback), and are
symmetric monoidal functors of L.

Remark 2.1.7 (Replacing vector bundles with finitely presented sheaves). One can replace “vector
bundle” with “finitely presented quasi-coherent sheaf” in Corollary 2.1.5 without changing the
meaning: given an F-algebra R and a finitely presented R-module M with an isomorphism ¢*M ~
M, the R-module M must be finite projective. Indeed, as finitely presented modules and the
Frobenius behave well under direct limits, we may assume R is noetherian and also connected.
Then any Fitting ideal I of M satisfies IP! = I since IP! is the corresponding Fitting ideal for
@*M; but I [Pl — T forces I = 0 or I = R by the Krull intersection theorem, so we win.

In practice, to understand RH, it suffices to know its value on local systems (Remark 2.1.6) and
extensions by 0 of the constant sheaf from a locally closed subset; the latter is described as follows.

Example 2.1.8 (Extensions by 0). Fix an affine scheme X = Spec(R) and a closed immersion
i: Z — X corresponding to an ideal I, with open complement j : U — X. Then

RH(F) x) = Rpert, RH(ixFpz) = (R/I)pert, and RH(jFpv) = Lpery-

Indeed, the first follows from symmetric monoidality and the second follows similarly via the proper
pushforward compatibility. For the third, we use the standard exact sequence

0—=jFpu —=Fpyx = iFpz—0

of étale Fp-sheaves on X. As the t-exact functor RH carries this to an exact sequence of Rper¢-
modules, the first two calculations show that

RH(j!Fp,U) = kel"(Rperf — (R/I)perf) = Iperf,

as wanted.
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The following formula for computing ¢-fixed vectors in a Frobenius module over a Zariski open
subset without localizing the module will be useful later:

Corollary 2.1.9 (Computing ¢-fixed vectors over a Zariski open). Let R be a perfect F,-algebra
equipped with an element t € R. Let I = (t'/7™). Then for any M € D(R)¥=", the natural map
induces an isomorphism
RHompg(I, M)¥=" — M[1/t]*=!
in D(F)).
Write R{i} for the invertible R-module R -t', regarded as a Frobenius module in the obvious way
when i > 0. Then the natural map R{1} — I induces an isomorphism

RHomp(I, M)?=" — RHomp(R{1}, M)?=! := fib(M{-1} £=% M{-p})

In the language of almost mathematics, the first part of this formula says that Frobenius modules
in the I-almost derived category (see Remark 2.1.10) map fully faithfully into Frobenius modules
over the complement of V(I).

Proof. For the first part, write j : U := Spec(R[1/t]) — X := Spec(R) for the tautological open
immersion. By Remark 2.1.4, the RHS above is RHomy,, (F), 7, Sol(M)), while the LHS above is
RHomyx,, (jiFp,, Sol(M)) thanks to Example 2.1.8; these agree by adjunction.

The second is immediate as I is the perfection of the Frobenius module R{1}. O

Remark 2.1.10 (Miracle Tor-independence over perfect rings). Let R be a perfect F,-algebra
equipped with a quotient S = R/I which is also perfect, so the ideal I is perfect, i.e., I = Ipef.
Example 2.1.8 shows that I = RH(j1F), 7) where j : U — X = Spec(R) is the open complement of
V(I) C X. Now observe that jiF, ; is an idempotent ideal of F,, x by the projection formula, i.e.,

1Fpu @r, jFpu = ji(Fpu @ FpFpu) = jiF, 0.
By symmetric monoidality of RH, we learn that
L
I ®R I ~ I,
with the map given by multiplication. By standard triangles, this implies
R/I @5 R/T ~R/I

via multiplication, so R/I is an idempotent animated R-algebra. This is a remarkable property
of perfect quotients of perfect rings, and fails wildly in classical settings’. It has the following
consequence that will be quite relevant for us: restriction of scalars gives a fully faithful functor
D(R/I) — D(R), so it makes sense contemplate the quotient

D(R)* := D(R)/D(R/T),

which is called the almost derived category of R (implicitly, with respect to the ideal I), and objects
killed by this localization are called almost 0.

For future reference, let us also also note the following: if R — S and R — T are arbitrary
maps of perfect rings, then S ®}L%T is discrete. Indeed, the case of quotients follows as above (using
two possibly distinct open sets), and the rest follows by factoring any map of perfect rings as the
composition of a perfect polynomial extension (which is flat) and a quotient. In particular, for any
perfect ring R and f € R, the ideal (f 1/ P¥) C R is flat: this is clearly true in the universal case
F,[f]perf, and the rest follows by base change.

A typical example of an almost 0 object is the following:

5The “proof” given here via RH is circular since the Tor independence is used in proving the properties of RH.
For an honest and explicit proof, see [BL.19, Lemma 3.5.4, Remark 3.5.5] and also [BS17, Lemma 3.16].
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Example 2.1.11 (Perfect rings are almost torsionfree). If R is a perfect Fj-algebra and = € R is
any element, then R[z*] is almost zero with respect to (z'/P™), and thus R is almost z-torsionfree.
Indeed, if y € R with zFy = 0, then 2*y?" = 0 for all n > 1, whence z*/?"y = 0 for all n > 1 by
perfectness, as wanted. (And thus, the classical and derived z-completions of R coincide.)

The following consequence of the idempotence observed above will be rather useful for us later:
Corollary 2.1.12. Let R be a noetherian F'-finite ring. Then Ryers has finite global dimension.

Proof. A result of Gabber [Gab04, Remark 13.6] shows that R = S/I for a finite dimensional
noetherian regular F-finite ring S. But then Rperf = Spert/Ipert is an idempotent Spee-algebra, so
RHomg, (M, N) ~ RHomg__ (M, N) for Rper-modules M and N. Hence, we may assume R = .S

is itself regular of finite dimension, say d. Then Serre showed that Extgd(M ,—) = 0 for any S-
module M. Now for any Spef-module M, we have RHomg (M, —) = Rlim, RHomgu/,n (M, —).

As each S'/P" is simply a copy of S, and because Rlim,cn has cohomological dimension 1, we
conclude that Sper has global dimension < d + 1 and is thus finite. O

Remark 2.1.13. In this section, we have discussed the covariant version of the Riemann—Hilbert
correspondence in characteristic p developed in [BL19] as that provides the model for upcoming
work in mixed characteristic. Other forms exist and preceded [BL19]; we refer to [BL19, §1] for a
more complete discussion.

Remark 2.1.14. In [Mat23], Mathew gave a short proof of Theorem 2.1.3 as well as a formula for
RH in general:

RH(F) = RHom,, (G, T F)[1],

(SchBe™ Fy)
where Schg’frf is the category of perfect schemes over X (or equivalently XPe) equipped with the
étale topology, and 7 : S(:hgfrf — ngrf is the projection. The Frobenius on RH(F') is induced from
the Frobenius automorphism of the structure sheaf G, on Schgfrf.

2.2. An application to singularities. Let us explain how to use Theorem 2.1.3 to quickly prove
a key result from [Bhal2b]; carrying out such an argument in mixed characteristic was one of the
author’s motivations for the work presented in this course.

The key result is the annihilation of higher coherent cohomology by finite covers:

Proposition 2.2.1 (“Evaporation”® in characteristic p). Let f : X — S = Spec(R) be a proper
map of noetherian F,-schemes. Then there exists a finite cover 7 : Y — S such that H>°(X, Ox) —

H>°(Y, Oy) is the 0 map.

Proof. By passing to finite covers and connected components, we may assume X and R are integral,
and f is surjective. Let R™ denote an absolute integral closure of R, i.e., the integral closure of
R in an algebraic closure of Frac(R). Note that R is the colimit of the ind-object P := {S}
formed by all R-finite subalgebras S C R™. It suffices to show that there is some S € P a map
RI'(X,0x) — S over R in D(R). By a direct limit argument using coherence of RI'(X, Ox), it
suffices to construct a map RI'(X,Ox) — R*' over R in D(R).

Let X T denote an absolute integral closure of X, chosen to lie over R, so we have a commutative
square

X+t X

P

Spec(R"T) — Spec(R),

6This name choice has the following explanation: the theorem asserts that cohomology classes disappear — or
“evaporate” — when passing to higher finite covers. Thanks to Jakub Witaszek for the suggestive name.
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with g being a pro-proper dominant map between absolutely integrally closed integral schemes. To
find the factorization desired above, it clearly suffices to prove Rt ~ Rg.,Ox+. As both R™ and
X are perfect and g is pro-proper, the proper pushforward compatibility in Theorem 2.1.3 reduces
us to showing F,, ~ Rg,F),,. This follows Lemma 2.2.2 and the fact a map of geometric points (i.e.,
spectra of separably closed fields) induces an equivalence of étale topoi. ]

The following elementary, but crucial, lemma was used above and will be used again later.

Lemma 2.2.2. Let Y be an integral normal scheme with algebraically closed function field. If
n : Spec(K) — X denotes the generic point, then F), ~ Rn.F,.

Proof. As the assumptions on Y pass to the connected components of an étale Y-scheme, it suffices
to show that F), >~ RI'(Yg, F,). But any étale map U — Y is, locally on U, an open immersion:
the Zariski local rings of both U and Y are strictly henselian by the assumption on their function
fields, and any étale extension of strictly henselian domains is an isomorphism. Thus, the étale and
Zariski topoi of Y coincide, so we conclude that Grothendieck’s theorem on the vanishing of the
cohomology of constant sheaves on irreducible topological spaces. O

The promised result is the following, which was motivated by a desire to better understand the
relationship of splinters to rational singularities:

Corollary 2.2.3 (Splinters = Derived splinters in characteristic p). Fiz a noetherian Fp-algebra R
that is a splinter: any finite injective map R — S has an R-module splitting. Then R is a derived
splinter: for any proper surjective map X — Spec(R), the map R — RI'(X, Ox) splits in D(R).

Proof. Iterating the conclusion of Proposition 2.2.1 dim(X) many times (or simply examining
the proof above) gives a finite cover ¥ — X such that RI'(X,0Ox) — RI'(Y,Oy) factors over
S = HY(Y,Oy) — RI(Y,Oy); applying the splinter property to R — S then splits the composition
R — RI'(X,0x) — S, whence also the first map in the composition. O
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3. REMINDERS ON PERFECTOID RINGS

Recall that for any perfect Fp-algebra S, the ring W(S) is p-complete and p-torsionfree, with
W(S)/p ~ S. In fact, the functors S — W(S) and A — A/p induce an equivalence between
perfect F,-algebras and p-complete p-torsion rings with perfect mod p reduction. It turns out
that this picture has a refinement where the prime p can be replaced with a deformation, leading
to the notion of perfectoid rings’, which can be regarded as a mixed characteristic generalization
of the notion of a perfect ring. In this section, we recall the definition and some key examples
and properties. For more references, including proofs of any unproven assertions below, see, for
instance, [Bhal8, Lectures II-1V], [(S19, §2], [BMS18, §3], [3S22, §2,3 7,8, 10].

3.1. Tilting commutative rings and the Fontaine map. It is convenient to extend Defini-
tion 2.1.1 to all commutative rings in a naive fashion:

Definition 3.1.1 (The tilt of a commutative ring). For a commutative ring R, define its tilt
R :=lim(..R/p % R/p % R/p),
%)

regarded as a perfect Fp-algebra.

The quotients R/p appearing above can be interpreted as animated or classical rings without
changing the output: Frobenius kills the higher homotopy groups of an animated F)-algebra. In
fact, if one applies the above definition to animated commutative rings R, then this reasoning shows
that R” ~ mo(R)®. The tilt only depends on the mod p reduction:

Lemma 3.1.2 (Fontaine). Fiz a p-complete commutative ring R.

(1) Reduction modulo p induces a bijection

xlbi—glp R xlbi—>nxlp R/p

of multiplicative monoids.
(2) The natural map R’ — R/p admits a unique lift to a ring map 0 : W(R’) — R.

Proof. Part (2) follows from deformation theory as Ly /r, = 0: any relatively perfect map of ani-

mated F-algebras has this property®. Part (1) can be proven by hand. Alternately, the deformation
theoretic argument from part (1) shows that reduction mod p induces a bijection

Hom(Z,[z"/?"|", R) ~ Hompp(Fp[xl/poo], R/p)

of the displayed sets of homomorphisms; but the LHS and RHS above identify with the two monoids
in (1) compatibly with the map, so the claim follows. O

"What we call “perfectoid rings” is sometimes called integral perfectoid rings in the literature, to distinguish them
from the slightly different notion of perfectoid Huber—Tate rings appearing in the theory of perfectoid spaces.

8We recall the (by now standard) argument for the reader’s convenience: if A — B is any map of animated
F-algebras, then the map L/ ®’;w, A~ Lgayja = Liya induced by relative Frobenius BY) — B is the 0 map:
this follows by animation of the corresponding statement for smooth A-algebras. But if B is relatively perfect over
A, this map must be an isomorphism as B®Y) — B is an isomorphism, so Lg/a=0.
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If R is noetherian, then R’ is extremely small: if R/p is connected, it equals’ the largest perfect
subfield inside R/p. Nonetheless, for large R’s, this construction turns out to be extremely inter-
esting and formed the starting point of Fontaine’s approach to p-adic Hodge theory (in the case
R=0c¢,).

p

3.2. Perfectoid rings and tilting. In this subsection, we introduce perfectoid rings and a version
of the tilting equivalence. We will adopt the prismatic perspective on perfectoid rings, so the main
player is following;:

Definition 3.2.1 (Perfect prisms). A perfect prism is a pair (W (S), I) where
(1) S is a perfect F-algebra, and I C W (S) is an invertible ideal.
(2) I = (d)' where d = (do,dy,ds,...) € W(S) is distinguished, i.e., di € S* and S is do-
complete.
A morphism (W(S),I) — (W(T'), J) of perfect prisms is given by a map W (S) — W (T') carrying
I into J; this gives a category of perfect prisms.

Condition (2) appearing above rigidifies the notion significantly; for instance, given a map
(W(S),I) — (W(T),J) of perfect prisms, one automatically has I @y (s) W(T) =~ IW(T) = J
via the natural maps. Relatedly, the construction carrying a perfect prism (W (S), ) to the com-
mutative ring R = W(S)/I is fully faithful, justifying the following:

Definition 3.2.2 (Perfectoid rings). A commutative ring R is called perfectoid if it has the form
W (S)/I for a perfect prism (W (S),I). Given a perfectoid ring R, the associated perfect prism is
denoted (Aine(R),ker(0)) (whence 6 : Ajp¢(R) — R is the structure map).

Remark 3.2.3 (Reconstructing the perfect prism from the perfectoid ring). For a perfect prism
(A, I) corresponding to a perfectoid ring R, the natural map A/p — R/p is surjective with topologi-
cally nilpotent kernel, so it induces an isomorphism A/p ~ R, which implies A = W (R”). Moreover,
under this identification, the map 6 : A — R is simply the Fontaine map 6 : W(R’) — R (by
deformation theory, as both lift the same map modulo p). Thus, we can reconstruct the perfect
prism attached to a perfectoid ring explicitly.

Given a perfect prism (A,I) corresponding to a perfectoid ring R = A/I, one obtains the
following pushout square of animated rings'!

A R=A/I

| |

R =A/p—— R /I ~ R/p,

where I, — R’ is the base change of I — A along A — R°. This diagram is often used to move
information between R to R’ (see Proposition 3.2.6).

9t suffices to show R’ is a field for R a connected noetherian F,-algebra. As R +— R’ is insensitive to nilpotent
ideals, we may assume R is reduced, whence R’ = N,R"" is the maximal perfect subring of R. We shall show that
each nonzero z € R’ is invertible in R; as a product of units is a unit, this implies that R® is a domain, and also that
R’ C R extends to an embedding Frac(R’) C R, whence R’ = Frac(R’) by maximality of R’ as a perfect subring of
R. To prove the invertibility claim, fix z € R’. As z admits arbitrary p-power roots, for any prime p C R containing
z, we have £ = 0 in R, by Krull’s intersection theorem. So the constructible closed set Spec(R/z) C Spec(R) is
stable under generalization, hence clopen, and hence either empty or equal to Spec(R), corresponding to x being a
unit (in R) or 0, as wanted.

10This condition admits several equivalent formulations. For instance, it suffices to demand (2) locally on Spec(.S).

Hpe only possibly non-classical ring in this diagram is the bottom right term; it will be classical exactly when
R is p-torsionfree or equivalently R’ is I-torsionfree.
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Remark 3.2.4 (Strict pseudouniformizers). For any perfectoid ring R, there is a natural multi-
plicative map R’ i, W(R") ~ Apnt(R) % R denoted by x + . Fixing a generator d € ker(f) with
image dg € R’, the element w := dg € R satisfies the following properties: it comes equipped with
a compatible system of p-power roots (the system (d(l)/ P n)u), we have @ € pR, and the Frobenius
induces an isomorphism R/ wl/P ~ R/w; we refer to such w € R as strict pseudouniformizers.

Example 3.2.5. We record some standard examples of perfectoid rings.

(1) Any perfect Fj-algebra S is perfectoid: S = W (S)/p, and p € W(S) is distinguished as
p=V(1)=(0,1,0,....) € W(S). Conversely, any perfectoid Fp-algebra R is a perfect ring:
the structure map F, — R refines to a map of perfect prisms (Zy, (p)) = (Ainf(R), ker(9)),
whence ker(6) = (p) by the rigidity lemma mentioned above.

(2) (Fontaine) If C/Q, is an algebraically closed nonarchimedean' field, then O¢ is perfectoid.
The tilt (’)bc turns out to be ring of integers of an algebraically closed nonarchimedean field
C” of characteristic p.

(3) (Scholze) A nonarchimedean extension K/Q, is a perfectoid field if its value group is not
discrete and the Frobenius on Ok /p is surjective. Some important examples are: C,,
Q,(»' /"), and QY := Qp(up=)", where the completions are for the natural norms
extending the p-adic one on Q,. For any such K/Q,, the ring O is perfectoid. More
generally, using the language of adic spaces, if (R, RT) is a perfectoid Huber-Tate pair over
(Qp,Z,), then R is a perfectoid ring (Remark 3.3.4).

(4) If R is a perfectoid ring, so is R[X'/?”]", where the completion is p-adic.

(5) (The crystallization) If R is a perfectoid ring, then R = (R/p),eq is a reduced F,-algebra
with a surjective Frobenius, and hence a perfect F,-algebra. The map R — R is thus the
universal map from R to a perfect F,-algebra; we call this ring the crystallization of R,
and write Jp = ker(R — R) for its kernel, so Jg = \/pR; note that if w € R is a strict
pseudouniformizer, then Jp = (w!/ P,

(6) (Absolutely integrally closed domains) Let R be an absolutely integrally closed domain
(i.e., a normal domain with algebraically closed fraction field). Then the p-completion R
is perfectoid. To see this, since the case of F,-algebras is clear, we assume p # 0 in R.
We can then choose a compatible system of p-power roots of p in R by the assumption on
R, endowing R with the structure of Ox-algebra, where K = Qp(pl/ P\ is the perfectoid
field from (3). By the forthcoming tilting equivalence (Proposition 3.2.6 (4)), it suffices to
show Ok /p — R/p is relatively perfect. As this map is flat and the source is perfectoid,
this is equivalent to showing that Frobenius induces a bijection R/p'/? — R/p, which can
be checked by hand using the assumption on R.

One of the main tools for understanding the category of perfectoid spaces is the tilting equiva-

lence, which takes the following form for perfectoid rings.
Proposition 3.2.6 (The tilting equivalence). Fiz a perfect prism (A, I) corresponding to a perfec-
toid ring R. The following categories are equivalent:

(1) A-algebras B which are (p,I)-complete with B/IB perfect.

(2) Perfectoid R-algebras S

(3) Perfect R’ -algebras T which are I-complete.

(4) Relatively perfect animated R/p-algebras, i.e., animated R/p-algebras C' such that the rela-

tive Frobenius CY) := C ®1L%/p7w R/p — C is an isomorphism.

12p6p us, a non-archimedean field K is, by definition, complete with respect to a rank 1 valuation. Thus, the ring
of integers O is a rank 1 valuation ring and K = Ok[1/w] for any pseudouniformizer (= nonzero nonunit) @ € Ok.
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Moreover, for any map R — S of perfectoid rings, we have LQ/R ~ 0.

Proof sketch. The functor from (1) to (2) is given by reduction modulo I while the functor from
(1) to (3) is given by reduction modulo p. The equivalence of (1) and (2) is a special case of the
equivalence between perfect prisms and perfectoid rings applied to the comma categories of perfect
prisms over (A, I) and perfectoid R-algebras. The equivalence of (1) and (3) follows similarly by
contemplating the perfect prism (A, pA) and passing to I-complete objects.

For the equivalence of (3) and (4) recall that any relatively perfect map of animated F-algebras
has vanishing relative cotangent complex (Footnote 8). Thus, writing Iz, — R’ for the base change
of I — A, for each n > 1, the natural maps R’ /Igjl . /1%, induce equivalences on the oo-
category of relatively perfect algebras over their source and target; taking the inverse limit over n
then gives the desired equivalence.

The assertion about the cotangent complex follows as Lg/p ®]L% R/p is the cotangent complex of
a relatively perfect map of F-algebras and thus 0 as noted above. O

Remark 3.2.7 (Completions of perfect Fp-algebras). Thanks to Proposition 3.2.6, we often need
to consider completions of perfect F,-algebras with respect to principal ideals. By Example 2.1.11,
such completions can be understood in either the derived or underived sense without changing the
meaning.

Tilting allows us to understand perfectoid rings in terms of perfect F,-algebras. Consequently,
surprising properties of the latter (such as Remark 2.1.10) transfer to the former.

Corollary 3.2.8. Fizx a perfectoid ring R, and let S and T be two perfectoid R-algebras. Then
S@éT is in degree 0 and perfectoid.

Proof. Write (Ai¢(R), I) for the perfect prism attached to R. Then the perfect prisms attached to
S and T are given by (Ains(S), I Aing(S)) and (Ains(T), I Aine(T")), so S@éT is the p-completion of
(Aint(S) ®ﬁinf(R) Aine(T'))/I. Now the p-completion of Aju¢(.S) ®iinf(R) A (T) is simply W (S ®éb
T b), which is discrete by Remark 2.1.10. Moreover, any distinguished element of a perfect p-
complete d-ring (such as W(S° ®éb T")) is automatically a non-zero divisor (see [3S22, Lemma

2.34]), so it follows that S@IL%T = W(S° ®]L%b T°)/1 is indeed discrete. O

Remark 3.2.9. The proof of Corollary 3.2.8 applies more generally to show that the colimit in p-
complete animated R-algebras of any diagram of perfectoid R-algebras is in degree 0 and perfectoid
ring. Consequently, the inclusion of perfectoid R-algebras inside p-complete animated R-algebras
admits a right adjoint S — G(S). Concretely, this is given by G(S) = W (S%)/ ker(dr)W (S°).

Corollary 3.2.10 (Crystallization and base change). For any map R — S of perfectoid rings, the
diagram

D=
wl<~—mw0

s a pushout square of animated rings.

Proof. Corollary 3.2.8 implies that the S-algebra S =9 ®ﬁ R is a perfect F,-algebra, so the

universal property of the crystallization gives a map S — S’ of S-algebras. The universal property
of pushouts gives a map in the other direction. As both maps are S-algebra maps between quotients
of S, they must be mutually inverse isomorphisms. O

Similarly, we have the following:
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Corollary 3.2.11 (Finiteness of global dimension). If a perfectoid ring R has p-complete global
(resp. flat) dimension < d, the same holds for any perfectoid quotient S of R (with the same

We say that R has finite p-complete global (resp. flat) dimension if for any p-complete R-module
M, the functor RHompg(M, —) (resp. M ®% (—)) has uniformly (in M) bounded cohomological
amplitude on R/p-modules. In particular, the p-complete global (resp. flat) dimension of R is
bounded by the usual global (resp. flat) dimension of R. Note that finite p-complete global
dimension implies finite p-complete flat dimension: for a ring R and R-modules M and N, the
object K = M @& N lies in D=7¢ if and only if RHompg(M, RHomp(N, Q)) = RHompg(K, Q) lies
in D=¢ for any injective R-module Q.

Proof. Corollary 3.2.8 implies S is an idempotent p-complete animated R-algebra, so D(S) — D(R)
is fully faithful, so the global and flat dimensions of S are bounded by those of R. O

Example 3.2.12 (Global dimension for p-completed perfected polynomial rings). For a perfectoid
ring V of finite p-complete global dimension, any perfectoid quotient of V[mi/ P Oo, ...,9:,11/ P 0O]A has
finite p-complete global (and hence flat dimension). By the argument in Corollary 2.1.12, it suffices
to show that V[z| has finite p-complete global dimension. But this follows from the corresponding

statement for V' and the following remark: for M, N € D(V[x]), there is a fibre sequence
RHomy (M, N) — RHomy (M, N) — RHomy (M, N)
of V-modules induced by the fibre sequence

fom—fm

fom— fx@m—f®xrm V[IL’] v M M

Viz] @y M

of V[z]-modules, where V[x] acts on the first two terms by the first tensor factor.

Example 3.2.13 (Tor dimension of perfectoid quotients). Fix a perfectoid base ring Ry and a

perfectoid Rp-algebra R. Fix fi,...,fn € R® and set z; = fitj € R, so each z; comes equipped
with a compatible system of p-power roots. Then the p-completion of S = R/ (ac}/ P Oo, ) :ml/ P oo) is
perfectoid and has flat dimension < n over R. Indeed, to see this, by Corollary 3.2.8, it suffices to

ceey

handle the universal case R = Ry [yi/poo, ey yyl/poo]/\ with f; corresponding to {yl-l/pm}m and z; = y;.
In this case, the claim is clear as yi/ LA y;/ P" s a p-completely regular sequence.

3.3. Almost mathematics. In doing commtuative algebra over a perfectoid ring R, it is very
convenient to use “almost mathematics”; roughly, this theory gives a semiorthogonal decomposition
of Zs(R) where one piece is controlled entirely by the crytallization R, while the other ignores a
small amount of p-torsion information. We recall the basic definitions next; see [GR03, GR] for
comprehensive studies.

Definition 3.3.1 (The almost derived category). For any perfectoid ring R, the crystallization
R is a p-completely idempotent animated R-algebra, i.e., E@éﬁ ~ R via the multiplication map;
equivalently, the ideal Jr = ker(R — R) is a p-completely idempotent ideal. Consequently, D(R) —
ﬁ(R) is a full subcategory; the corresponding quotient

D(R)" = D(R)/D(R)

is called the almost derived category of R (implicitly, with respect to /pR); the localization functor
is denoted by (—)® on objects and morphisms. A map f in ﬁ(R) is an almost isomorphism if
f@ is an isomorphism, an object M € D(R) is almost zero if M@ = 0. (Concretely, if w € R is
a strict pseudouniformizer in a perfectoid ring R, then M € ZS(R) is almost zero exactly when
w!/P" HY(M) = 0 for all i and n > 0.)
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General nonsense on localizations ensures that the functor (—)* has a fully faithful right adjoint
(—)«. But it turns out to also have a left adjoint (—);, which will be much more useful for our
purposes. We record some formulas for these functors next.

Construction 3.3.2 (Saturated and cosaturated realizations of the almost category). Fix a per-
fectoid ring R. The subcategory D(R) C YS(R) is closed under both colimits and limits, and has
left and right adjoints given by R ®% (—) and RHompg(R, —). Moreover, the localization functor
D(R) — D(R)” has both a left adjoint (—); and a right adjoint (—),, described by the formulae

(M%), ~ Jrg @5 M and (M%), = RHomg(Jr, M)

for M € D(R). We shall refer to objects in the essential image of (—), (resp. (—)s) as cosaturated
(resp. saturated) R-complexes. As these adjoints are fully faithful, the full subcategory of cosatu-
rated objects (resp. saturated objects) in D(R) provides a realization of D(R)®
of D(R) called the cosaturated (resp. saturated) realization.

The notation (—); and (—), is inspired by the j and j. functors from topology, and suggests
viewing ﬁ(R)“ as the category of quasi-coherent sheaves on some (non-existent) open subset of
Spf(R). More concretely, one has the following functorial exact triangles for M € YS(R), mirroring
the topological situation:

as a subcategory

(M%), = Jrg @5 M — M - M ®%R
(note the first tensor product is automatically complete) and
RHompg(R, M) — M — (M), = RHompg(Jg, M).

Moreover, the essential image of (—); is exactly those M € D(R) that have the form J rR®LN for
some N € D(R).

Crucially, it follows that M € D(R) is 0 if and only if M® = 0 and M ®k R = 0; this criterion
is quite useful, and will be used repeatedly without comment, in reducing assertions about objects
over R into assertions about objects in the almost category (where perfectoid techniques apply
best) and objects over the crysatllization (where classical algebraic geometry techniques apply).

Let us explain how perfectoid rings are obtained by glueing p-torsionfree perfectoid rings with
perfect F-algebras in a rather precise fashion:

Proposition 3.3.3 (Perfectoid rings via glueing). Let R be a perfectoid ring.
(1) Let S = R/R[p™] be its p-torsionfree quotient. Then S is perfectoid and the square

[

S~
wl<—mn0

is a Cartesian square of rings.

(2) If R is p-torsionfree, then R is p-root closed in R[1/p], i.e., if © € R[1/p] satisfies 2P € R,
then x € R.

(3) Let R be the integral closure of R in R[1/p]. Then R™ is perfectoid and the square

R—— Rt

-

is a Cartesian square of rings.
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In the sequel, unless otherwise specified, we shall always use the symbol RT to denote the integral
closure of R in R[1/p], and use without comment that R* is perfectoid when R is so.

Proof. For (1) and (2), see [Bhal8, Proposition 3.2] and [Bhal8, Proposition 2.10] respectively.

For (3), by (1), we may assume R is p-torsionfree and thus satisfies the conclusion of (2). We
shall check that R is perfectoid and that R — R™ is an almost isomorphism. The latter implies
that the square appearing in (3) is a pullback square after applying (—)* (which kills the bottom
line); as the same is also true after — ®§ R (as both vertical maps become isomorphisms), the
square must be a pullback square by Construction 3.3.2.

Pick a strict pseudouniformizer w € R as in Remark 3.2.4. For almost isomorphy R — R™, we
must show that the cokernel is annihilated by @/?" for all n. Fix 2 € RT. Then the R-subalgebra
R[z] C R[1/d] is a finite R-module annihilated by inverting w, so there is some ¢ > 1 such that
@’ - R[z] € T. But then w®2?" € R for all > 1. By (2), we must then have @w®?"z € R for all
n > 1, as wanted.

Next, we check that RT := R*’/wl/pooRJr ~ Rt ®%{ R is perfect. Fix © € Rt. By almost
isomorphy of R — R™, we can represent x by an element of the form y/w € RT with y € R.
The perfectoidness of R gives us a z,h € R with 2z’ = y + wPh in R. Dividing by w shows
(2/w'/P)P =y /w4 P hin R[1/w]. As y/w € R, we must have z/w!/? € Rt as well. Reducing
the previous equation modulo @!/?™ R then shows € RT admits a p-th root, so RT has a surjective
Frobenius. For injectivity, if « € Rt satisfies 2P = 0, then we can find a representative y € Rt
with y? € w!'/P” R+. By the previous paragraph, @'/?” R = w!'/P”RT so y € R[1/w] satisfies
yP € w/P” R C R, whence y € R. But then 2 € R which is known to be perfect, so z = 0.

Finally, we check that RT is a perfectoid R-algebra. By Proposition 3.2.6, it suffices to check that
the R/p-algebra R /p is relatively perfect, i.e., the relative Frobenius R*/p@lé/p R/p — Rt /pisan
isomorphism. We already know it is an almost isomorphism, so it suffices to check isomorphy after
applying — ®ﬁ Ip R. As the formation of relative Frobenius commutes with arbitrary base change,

this reduces to checking that relative perfectness of R — R+, which is clear from perfectness of
both. O

Remark 3.3.4 (Relation to affinoid perfectoids). For any perfectoid R which is integrally closed in
R[1/p], the pair (R[1/p], R) is a perfectoid Huber-Tate pair over (Qp, Z,). Conversely, if (S, ST) is
a perfectoid Huber—Tate pair over (Qp, Zjp), then ST is a perfectoid ring which is integrally closed
in ST[1/p]. In other words, the category of perfectoid Huber—Tate pairs over (Qp,Z,) identifies
with the full subcategory of perfectoid rings R which are integrally closed in R[1/p].

The squares appearing in Proposition 3.3.3 are Milnor squares with some rather nice properties:

Proposition 3.3.5 (Derived categories and arc descent for almost isomorphisms). Say R — S is
an almost isomorphism of perfectoid rings.

(1) The square
R——S
R——=S

18 a pullback square in the derived category.

(2) Applying the functor D(—) of derived categories to the square in (1) yields a pullback square
of categories; similarly for the functor D of p-complete derived categories.

(3) The map R — S x R is a p-complete arc cover (see [3522, §8.2]).

Proof. The square in (1) is a pullback square in the almost category (by assumption) and on
crystallizations (both vertical maps become isomorphisms on crystallization), and thus a pullback
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square, proving (1). Moreover, the vertical maps in this square are surjective and express the target
as idempotent animated algebras over the source (Corollary 3.2.8), so [Tam18, Theorem 26] implies
the assertion in (2) for D(—); as the bottom row comprises almost 0 objects, we formally obtain the
claim for D(—) too. For (3), it suffices to check that any map R — V with V a rank 1 perfectoid
valuation ring factors through either S or R. If V is p-torsion, then R — V clearly factors through
R, 50 it is remains to handle the p-torsionfree case. But in this case V = Hompg(y/pR, V) = H°(V,)
as V' is the maximal subring of V[1/p| not equal to the latter; since R — S is an almost isomorphism,
we have S — H9(S,) = H°(R,), which maps into V, as wanted. O

The following criterion for p-complete faithful flatness of maps of perfectoid rings in terms of the
almost category and the crystallization separately will be useful in the sequel.

Proposition 3.3.6 (Criterion for p-complete faithful ﬂatne@). Let R — S be a map of perfectoid
rings which is p-completely almost faithfully flat. Assume R — S is ind-étale. Then R — S is
p-completely flat; it is p-completely faithfully flat if R — S is so.

The assumption on R — S can be weakened to weak étaleness.

Proof. By deformation theory, the ind-étale map R — S deforms uniquely to a p-completely ind-
étale map R — R’ together with a map R’ — S of R-algebras (which then induces an isomorphism
on crystallizations); note that R’ is perfectoid. Since R — R’ is p-completely flat, it suffices to
show R’ — S is p-completely flat. Since R — R’ is p-completely ind-étale, the map R’ — S is
p-completely almost flat by the assumption on R — S. But any p-completely faithfully flat map
R’ — S of perfectoid rings that induces an isomorphism on crystallizations must be p-completely
flat. Indeed, the square

Jr—Jsg

L

R——S

is a pushout square by our assumption, so it suffices to show that Jg/Jp =~ (JRQAQES) /IR ~
JR(@é(S /R) is R-flat. Now S/R is p-completely almost R-flat by the almost faithful flatness of

R — S, and the cosaturation functor J R@é(—) is easily seen to carry p-completely almost flat
modules to p-completely flat modules, so the claim follows. O

When working with perfectoid rings, it is often extremely convenient to use v-descent; the fol-
lowing is a sample statement in this direction of relevance to the sequel.

Proposition 3.3.7 (v-descent for perfectoids). Fiz a perfectoid ring R and a map f : S — T of
perfectoid R-algebras. If fQRV is an (almost) isomorphism for each perfectoid valuation ring V
under R, then f is an (almost) isomorphism.

Proof. Recall that there is a v-cover R — R’ where each p-local ring of R’ is a perfectoid valuation
ring; for instance, we may simply take a big product. Our assumption then implies that f@rR’ is
an (almost) isomorphism. By v-descent for perfectoid rings (see [3522, §8.2]), the claim follows. [J

3.4. Almost purity. Almost mathematics was invented by Faltings [Fal88] to prove an analog of
the Zariski-Nagata purity theorem in mixed characteristic; see Example 3.4.5 for a simple example
of the phenomenon under consideration, and [Fal88, Fal02, GRO3] for much more context. In this
section, we simply recall the statement and record a consequence. We will need the following notion
from almost mathematics:

Proposition 3.4.1 (Almost projectivity). Fiz a perfectoid ring R with strict pseudouniformizer
w, and a p-complete M € D(R). The following conditions on M are equivalent:
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(1) M is in degree 0, and for each n > 1, multiplication by wP" on M factors over a finite
free R-module.

(2) M is connective, and the functor RHompg(M, —)* commutes with filtered colimits and pre-
serves connectivity on D(R)®

(3) Same as (2) on D(R)®

(4) M is a dualizable object of D(R)® such that both M and M" are connective.

(5) Same as (4) on D(R)®

Proof. (1) & (2), (2) = (3) and (4) = (5) are straightforward.

(2) & (4): In any presentable symmetric monoidal co-category C generated under filtered colimits
by dualizable objects, the internal Hom-functor functor Map Z(X , —) commutes with filtered colimits
limits exactly when X is dualizable.

(3) = (2): The assumption on the completion implies that M /p"™ € D(R/p™) satisfies the analog
of (2) over R/p", which readily implies the analog of (1) for M over R/p". By [GR03, Theorem
5.3.24], this implies (1) for M.

(5) = (4): The argument used for (2) < (4) also shows (3) < (5), whence we are done by the
previous paragraph. ]

Almost finite étale covers are defined using the above notion, and remembering the following
from classical algebraic geometry: a map A — B of commutative rings is finite étale exactly when
B is finite projective over A and the diagonal Spec(B) — Spec(B ®4 B) is a clopen immersion.

Definition 3.4.2 (Almost finite étale). A map R — S of perfectoid rings is almost finite étale if S

is almost finite projective both over R and over S ®g S (which equals S ®ﬁ5 by the first condition
and Corollary 3.2.8).

Let us immediately note that the definition can be simplified (see Corollary 3.4.4). The original
almost purity theorem ([Fal88, Theorem 3.1], [Fal02, §4, Theorem, page 192]) was the special case
of the following statement for particular examples of perfectoid rings:

Theorem 3.4.3 (Almost purity: classical case). Let R — S be a map of perfectoid rings such that
R[1/p| — S[1/p] is finite étale. Then the integral closure S" of R in S[1/p] is perfectoid and almost
finite étale over R. Moreover, S and S’ are almost isomorphic inside S[1/p].

A more general version of the almost purity theorem, where the discriminant p appearing above
is replaced by an arbitrary element g € R, was proven in [And18b] and [BS22, Theorem 10.9]; we
shall recall this later.

Proof. The fact that S’ is perfectoid and almost finite étale over R is the classical almost purity
theorem (see [Sch12, Theorem 1.10]). To compare S’ with S, fix a strict pseudouniformizer @ € R.
Using Proposition 3.3.3, we may assume S = ST is integrally closed in S[1/p], so there is a natural
inclusion S” — S of perfectoid rings inside S’[1/p] = S[1/p]. By p-completeness of the quotient
S/S', there exists some ¢ > 0 with w®S C . But then any = € S satisfies wz?" € S’ for all
n > 1. By Proposition 3.3.3 (2), we must have @w®?"z € S for all n > 1, whence 2 € H°(S,) =

Hompg((w@'/?™, ). Thus, ' ¢ § € HY(S.), s0 §' ~ S. O

Noting that the second condition in Definition 3.4.2 captures unramifiedness, one might always
expect it to hold since Lg /R = 0 (Proposition 3.2.6). While this is not true for arbitrary maps
of perfectoid rings, it is true under the first condition in Definition 3.4.2, leading to the following
simple description of almost finite étale maps:

Corollary 3.4.4. A map R — S of perfectoid rings is almost finite étale if and only if S is almost
finite projective over R.
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Proof. The “only if” direction is trivial. For the latter, if S is almost finite projective over R, then
the equivalence (1) < (5) in Proposition 3.4.1 (and a similar argument on the tilt) implies that S°
is almost finite projective over R’. But then S°[1/d] is finite projective over R’[1/d], where d € R’
is the image of a generator of ker(fr). Any finite locally free map of commutative rings with trivial
relative cotangent complex is étale, so R°[1/d] — S°[1/d] is finite étale. The characteristic p version
of the almost purity theorem (and the argument in Theorem 3.4.3) implies that R’ — S” is almost
finite étale, whence the same holds for R — S using the fact that almost finite projectivity can be
detected modulo p as at the start of the proof. O

Example 3.4.5 (Almost purity for a quadratic field). Assume p # 2. Say K = Qp(pl/poo)/\ and

L = K(y/p). Then Ok is perfectoid and L/K is finite separable, so almost purity implies that

the integral closure Op, of Ok in L is perfectoid and almost finite projective over O . To see this
L1 _ (=1/2

explicitly, note that 2?% € Oy, for all n since T =3 T In fact, by using the Eisenstein

criterion at finite levels and taking a completed direct limit, one learns that Oy, = O K[{p%% tn] C L.
1 1
Consider the subalgebra R,, = Ok|[p2™] C Oy, for each n. Then one checks that R,1/Ry, is pr"-
1

torsion, and hence Or,/R,, is annihilated by p»"~'. Moreover, each R, is finite free module of rank
2 over Or. Consequently, Oy, is almost finite étale over O by Corollary 3.4.4; one can also prove
almost finite projectivity of O, over Or, ®o, Or, directly, see [Bhal7, Example 4.3.2].

3.5. Universal perfectoidizations. For any p-complete ring R, [BS22, §10] constructs a natural
map R — Rpq where the target behaves like the universal perfectoid R-algebra, except that it is
often derived. However, under some assumptions on R, the target turns out to be discrete, in which
case it provides a universal perfectoid R-algebra. In this subsection, we record the main existence
theorems in this direction as well as some simple calculations.

Theorem 3.5.1. Say R is a perfectoid ring and S is an integral R-algebra. Then there is a universal
map S — Spta from S to a perfectoid ring. Moreover, if R — S is surjective, so is R — Spq.

Proof. See [B522, Theorems 10.11 and 7.4]. O

Corollary 3.5.2 (Images of perfectoids). If f : R — S is a map of perfectoid rings, then the image
T of f is perfectoid.

Proof. By construction, T' is semiperfectoid and embeds into S. As S is perfectoid, the inclusion
T C S factors as T' — Tprqg — S, whence T' — Tj¢q is also injective; but this map is also surjective
by Theorem 3.5.1, so T ~ Tp¢q is perfectoid. O

The following remarks giving an explicit description of the perfectoidization are included for
completeness alone, and not directly relevant for our purposes.

Remark 3.5.3 (p-torsionfreeness of perfectoidizations). Say R is a perfectoid ring and S is an
integral R-algebra. If S is p-torsionfree, so is Sprq by [MST 19, Lemma A.2]; the essential point
is that, since S is p-torsionfree, there exists a p-complete arc cover S — [[, V; where each V; is a
perfectoid and p-torsionfree valuation rings.

Remark 3.5.4 (An exact description of perfectoidizations in the almost purity context). Fix a
perfectoid ring R, and an integral R-algebra S such that R[1/p] — S[1/p] is finite étale. Theo-
rem 3.5.1 implies that Sp¢q is a perfectoid ring. On the other hand, Theorem 3.4.3 implies that the
integral closure ST of S (or equivalently R) in S[1/p] is perfectoid and almost finite étale over S.
By universality, there is a map Spq — S *. Then one has:

(1) S — Spa is a p-isogeny, and Spra — ST is an almost isomorphism.

(2) Assume S is p-torsionfree. Then Spq — ST is injective with image exactly those z € ST

such that 2P" € S for n > 0.



ASPECTS OF p-ADIC HODGE THEORY 21

The p-isogeny in (1) is part of [BS22, Theorem 10.9]; the rest of (1) follows as in the proof of
Theorem 3.4.3. For (2), we already know by Remark 3.5.3 that Spgq is p-torsionfree and hence
Spta — ST is injective. By Proposition 3.3.3 (3), the image exactly those € ST such that
the image of " in ST lies inside Im(S/p — S+) for n > 0; we must show that zP" € S for
m > 0 any such x. By replacing x with a power, we may assume that the image of x lies inside
Im(S/p — St = St /w!'/P™), where @ € R is a strict pseudouniformizer. So there exists some
y € S and ¢ > 0 such that z = y mod w!/?°ST. Raising to powers shows that z/" = y?"
mod w™/P°St for any m > 1. But S — ST is a w-isogeny, so @w"™/P°St C S for m > 0, whence
2P" € S for m > 0, as wanted.

Remark 3.5.5 (An explicit description of perfectoidizations of semiperfectoids). Fix a perfectoid
ring R and a p-complete quotient R — §. Then Sp¢q is in degree 0 by Theorem 3.5.1. Moreover, it
can be described explicitly: it is the p-completion of the “p-root closure” of S in S[1/p], see [('S19,
Proposition 2.1.8] or [Ish24]. For diversity, let us explain another almost description in terms of
slightly more familiar objects in commutative algebra:

(¥) The p-completed the integral closure T" of S in S[1/p] equals S;fd (and thus T is perfectoid).

Indeed, there is a natural R-algebra map T — S;rfd induced by functoriality. As R — Spq — S;rfd
is almost surjective (Proposition 3.3.3 (3)), the map 7' — S;fd is also almost surjective and thus
T[1/p] = Spra[l/p] is surjective. We shall show that I = ker(T" — S;fd) is 0. Granting this, the
surjectivity of 7" — S;rfd (and hence bijectivity) follows: any f € S;fd C Spta[l/p] = T[1/p] satisfies
a monic polynomial over Speq by definition, hence also over R (as R — Spgq is surjective), hence
also over T, so f € T by integral closedness of T" in T'[1/p|. To show I = ker(T — S;fd) vanishes,
we first note that the maps

(S[1/pl, 8) = (T[1/p], T) = (Spta[1/p], Spga)

Huber—Tate pairs induce bijections on applying Spa(—): this follows by interpreting all 3 spaces in
terms of maps to perfectoid p-torsionfree valuation rings, and then using universality of completions,
integral closures, and perfectoidizations to get the desired matching. But then any f € I C T must
then have |f(x)| = 0 for all z € Spa(T'[1/p],T), so f is uniquely p-divisible in T" by generalities on
adic spaces'®. On the other hand, I is derived p-complete (as both 7' and S;;fd are so), and thus
admits no nonzero uniquely p-divisible elements, so any f € I must vanish, as wanted.

Let us use Theorem 3.5.1 to calculate some perfectoidizations.

Example 3.5.6 (Finite flat group schemes). Fix a perfectoid ring R and a finite flat group scheme
G/R, so the generic fibre G, is a finite étale group scheme over R[1/p]. Theorem 3.5.1 implies
S = O(G) admits a universal map to a perfectoid ring Sp¢q, and moreover that the latter is almost
isomorphic to the integral closure of R in O(G,,). To give a more concrete description, assume G,
is constant (identified with a finite group also called Gy)) and that G,—¢ is purely infinitesimal over
R, ie., (Gpeo)P*! ~ Spec(R). In this case, the description in Remark 3.5.4 shows that O(G)pa
is the subring of HGn R consisting of tuples that are diagonal modulo /pR; equivalently, it is the

ring of functions G, — R that are constant modulo /pR.

The second example appearing in Theorem 3.5.1 will be quite important for us, so we recall its
name in a slightly more general context.

Definition 3.5.7. A commutative ring R is called semiperfectoid if it is p-complete, receives a map
from some perfectoid ring, and R/p is semiperfect, i.e., Frobenius is surjective.

13Specifically, we need the statmeent that T' = {g € T[1/p] | |g(x)| <1 Vz € Spa(T[1/p],T)}.
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Clearly any p-complete quotient of a perfectoid ring is semiperfectoid. It turns out all examples
have this form:

Lemma 3.5.8. If S is semiperfectoid, then S can be written as a quotient of a perfectoid ring.

Proof. Choose a perfectoid ring R with a map R — S; let (A, I) be the perfect prism for R. Then
S” is a perfect R’-algebra. Moreover, it is I-complete from the inverse limit description. By tilting,
the R’-algebra S untilts to the perfectoid R-algebra S’ := W (S?)/I. Moreover, deformation theory
ensures that the map S — S /p deforms uniquely to a map S’ — S; as the former was surjective,
the latter must be surjective by p-completeness. O

The main examples of interest to us are:

Example 3.5.9 (Tensor products of perfectoids). Fix a commutative ring A and two A-algebras R
and S which are themselves perfectoid. Then R®4S := WQ((R ®ﬁ S)/\) is semiperfectoid. Indeed,
this ring is p-complete by construction, receives a map from a perfectoid ring (say R), and its mod
p reduction is a quotient of the semiperfect Fy-algebra R/p ®r, S/p, and thus itself semiperfect.
We warn the reader that examples as above are typically not perfectoid unless A is perfectoid,
even in the nicest cases. For instance, if C/Q), is a perfectoid field, then S := (’)C(EA@ZP O¢ is semiper-
fectoid but not perfectoid. This can be seen, for example, by computing the relative cotangent com-
plex for the second factor map Oc — S: by the Kunneth formula, we have Lg 106 = Loz, @é S

which is nonzero, contrary to what happens for maps of perfectoid rings (Proposition 3.2.6).

Example 3.5.10 (The perfectoidization of Z,(1)). Fix a perfectoid field C'/Q, containing a com-
patible system of p-power roots of unity; let & denote the residue field. Let Z,(1) be the pro-(finite
flat) group scheme lim,, y,n, regarded as a p-adic formal scheme over Spf(O¢). This is naturally a

closed subgroup scheme of G2 = limy, ,zr Gy over Oc. As GE™ is an affine perfectoid formal
scheme, the co-ordinate ring R = T'(Z,(1), ) is semiperfectoid; explicitly, if {x!/7"} denotes the
co-ordinate system for GET, then we have

R = Oc[a"P" 1" (x = 1).

As each gy is constant after inverting p and purely infinitesimal after reduction modulo p, Ex-
ample 3.5.6 (and passing to p-completed filtered colimits) shows that R is the ring continuous
functions Z,(1)(O¢) — O¢ that are constant modulo the maximal ideal, i.e., we have a fibre square

Rptg — 5" := Map, ., (Zp(1)(O¢), O¢) = lim,, colim,, Map (= (Oc), Oc/p™)

| |

k Map,,,: (Zp(1)(Oc), k) = colim,,, Map(ppm (Oc¢), k).

The surjectivity of R — Rp,¢q = S in this example, which we have deduced ultimately from Andfe’s
lemma, is quite non-obvious from the explicit descriptions, and originally due to [FdMT75].

Theorem 3.5.1 allows us to contemplate the notion of almost mathematics with respect to any
ideal of a perfectoid ring, not just the ideal (p).

Construction 3.5.11 (Almost mathematics with respect to arbitrary ideals). Given a perfectoid
ring R and an ideal I, write Ipgq for the kernel of R — (R/I)peq. By Corollary 3.2.8, the R-algebra
(R/I)pta is a p-completely idempotent animated R-algebra, so there is a well-defined almost derived
category D(R)/ ﬁ((R/ I)pa), which we shall refer to as I-almost (or Ip¢q-almost) derived category
of R. Note that for I = (p), this coincides with the notion introduced earlier in Construction 3.3.2.
In fact, all the general remarks about adjoint functors in Construction 3.3.2 apply more generally
in the present context. Similarly, a version of the almost purity theorem to the general I-almost
context can be found in [BS22, §10].
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Remark 3.5.12 (Semiperfectoid formal schemes). Let us formulate a global version of the last
part of Theorem 3.5.1. A bounded p-adic formal scheme is called semiperfectoid if it is covered by
formal spectra of (necessarily bounded) semiperfectoid rings. Then we have: if X is a semiperfectoid
p-adic formal scheme and 4 — X is an immersion, then 4 admits a universal perfectoidization, i.e.,
a final object in the category of perfectoid formal schemes over 4.

This follows from Theorem 3.5.1 by glueing arguments. Indeed, when 4 = X is affine, this
is the theorem itself. The general case where 4 = X follows as the formation of the universal
perfectoidization in the affine case commutes with passage to open subsets. One then obtains
the case where 4 — X is an open immersion by the same argument, and then the general case
of immersions follows by another application of the theorem and compatibility of the universal
perfectoidization with passage to open subsets.
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4. THE PERFECTIZATION AND PERFECTOID CRYSTALS

In this section, given a bounded p-adic formal scheme X, our goal is to construct and study
the “best possible approximation” of X by perfectoid formal schemes. We define the candidate for
this notion in Definition 4.1.4 in terms of the functor it represents, and then show that X¥P is an
algebraic space (for the fpqc topology) in perfectoid formal schemes (Theorem 4.3.4), which allows
us to justify the opening sentence above in Corollary 4.3.6.

For most of our later purposes, the stack XP/ will feature through its derived category D(%pfd).
Objects here can be regarded as crystals of quasi-coherent complexes on category of perfectoid
formal schemes over X, so we call them perfectoid crystals. While this definition is abstract and
highly transcendental, we show in Theorem 4.6.3 that, for affine finite type formal schemes over a
perfectoid, perfectoid crystals can be regarded as modules over a (slightly derived) commutative
ring; a companion statement about the affineness of ¥P as a stack is also shown in Theorem 4.6.5.

Finally, we give explicit (almost) quotient presentations of XPf in some key examples (Exam-
ples 4.2.3 and 4.5.2).

4.1. The perfectization: definition. In this subsection, we construct the perfectization of a
bounded p-adic formal scheme through the functor it represents. While not explicitly explained
below, this definition arises by perfectifying the object studied in our previous work [BI1.22]. To avoid
technicalities involving derived inverse limits, we restrict our domain of definition of sufficiently large
rings:

Notation 4.1.1. Let SPerfd™! be the category of p-nilpotent semiperfectoid rings. We shall endow
this category with the fpqc topology. As SPerfd™ forms a basis for the fpqc topology on all
p-nilpotent rings, we can (and will) identify sheaves on SPerfd with sheaves on all p-nilpotent rings.

Definition 4.1.2 (Untilts). For R € SPerfd™! an untilt is given by a perfectoid ring S together
with a map S — R induces an isomorphism S° ~ R’.

By tilting (Proposition 3.2.6), an untilt of S € SPerfd™ is specified by a prism structure
(W(S*), 1) on W(S”) such that the map W(S”) — S annihilates I.

Remark 4.1.3 (The topology of an untilt). Fix R € SPerfd™ with an untilt $ — R. As a
perfectoid ring, S naturally carries the p-adic topology. However, the datum realizing S as an
untilt endows S with a finer topology that will be relevant for some technical purposes, so we
recall its definition'*. By Proposition 3.2.6, the untilt S of R is uniquely specified by a perfect
prism structure (W(R?),I) on W(R®) with the property that I maps to 0 in R; the perfectoid
ring S is then recovered as W (R")/I. Now the natural inverse limit topology on R’ induces a
topology on S through this isomorphism; concretely, S is given the inverse limit topology through
the identification S = W (R)/I ~ lim, r Wy, (R/p™)/IW,(R/p") (with transition maps induced by
the Frobenius W, 1(R/p"t') — W, (R/p"), so the W(R®)-algebra structure on the n-th term is
the = "-twist of the standard one). This topology on S refines the p-adic topology, and agrees with
the latter when R is perfectoid: the topology on R’ in this case agrees with the I-adic topology, so
the natural topology on W (R”)/(I,p") is the discrete topology for R perfectoid. When we use the
symbol Spf(.S) for an untilt in the sequel, we always implicitly use this finer topology.

Definition 4.1.4 (The perfectization). For any presheaf X on SPerfd™!, define a new presheaf
xPfd called the perfectization of X, as follows: for R € SPerfd™ the groupoid ¥P™(R) consists
of diagrams Spec(R) - Spf(S) = X, where i is given by an untilt S of R, and u is a morphism.
Forgetting the factorization gives a natural transformation 7 : ¥ — X that we shall often call
the structure map.

L41¢ the reader is only interested in contemplating perfectizations of bounded p-adic formal schemes, this topology
can be safely replaced with the p-adic topology in the discussion below; see the forthcoming Remark 4.1.5.
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Remark 4.1.5 (Ignoring funny topologies). Let us explain why the funny topology from Re-
mark 4.1.3 can be replaced with the p-adic topology when perfectizing bounded p-adic formal
schemes. Given a semiperfectoid R with an untilt S — R, since p™* annihilates W, (Z/p"), the
isomorphism S ~ W (R)/I yields a map of projective systems

n2 n n
{S/p" } = {Wn(R/p") [ ITWn(R/p")},
inducing an isomorphism on inverse limits. The induced map

li7rln Perf(S/p”Q) — lién Perf (W, (R/p"™)/IW,(R/p"™))

is also an equivalence as both sides identify with Perf(S): this follows from [Bhal6, Lemma 4.2] for
the second system and a slight generalization of [Bhal6, Remark 4.3] (relaxing nilpotent to locally
nilpotent via a direct limit argument) for the first system. Consequently, for any bounded p-adic
formal scheme X, the natural map

li7£n Map(Spec(S/p”z), X) — li7rln Map(Spec(W,,(R/p")/IW,(R/p"), X)

is a bijection by Tannaka duality (use [Bhal6, Theorem 1.5] in the quasi-separated case, and
Gabber’s trick [Bhal6, Remark 4.6] to deduce the general case). Hence, in the definition of XPfd
for bounded p-adic formal schemes X, we can simply use the p-adic topology on S; we shall use
this remark without comment in the sequel. More generally, the same reasoning also applies to any
X satisfying Tannaka duality with respect to perfect complexes; see [BHL17] and [Lura, §9.4] for
examples.

We will primarily apply this construction to bounded p-adic formal schemes and stacks. Note
that Spf (Zp)pfd is exactly the functor carrying R € SPerfd™! to its groupoid of untilts. For an F,-
scheme X, we have XPfd ~ Xxperf: 5 semiperfect F,-algebra S has a unique untilt as an F-algebra
given by S’ — S. We can also understand the perfectoid case.

Example 4.1.6 (Perfectization of perfectoids). If R is a perfectoid ring, then Spf(R)PM ~ Spf(R)
via the structure map. This amounts to showing the following: for a S € SPerfd™! equipped with
a map R — S, there is a unique untilt S’ — S of S equipped a factorization R — S’ — S of the
given map R — S. This follows from tilting as we must have S’ = W (S°)/IW (S”), where (A, ) is
the perfect prism corresponding to R, and A — W(S") is the unique lift of R* — S°.

Thanks to the above, for any presheaf X over Spf(R) with R perfectoid, the functor XP on
SPerfdr]‘%i} has a simple description: for S € SPerfd%i}, we have

Mapg,,¢(r) (Spec(S), XP) = Mapg,sr) (Spf (W (S”)/TW (S7)), %),

4.2. First properties and examples of the perfectization. In this subsection, we discuss some
relatively elementary properties of the perfectization construction, and use those to compute it in
some examples.

(1) Compatibility with limits: The functor X +— XP commutes with fibre products. In fact,
when valued in presheaves over Spf (Zp)pfd, it commutes with all limits.

(2) Discreteness: The groupoid of untilts of S € SPerfd™ is discrete by tilting. Consequently, if
X is a presheaf of sets, so is XPfd.

(3) Sheafyness: If X is a bounded p-adic formal scheme (or more generally any presheaf admitting
a cotangent complex), then XP is an fpqc sheaf. To see this, first consider the case X = Spf(Z,), so
we must check that sending R € SPerfd™! to its groupoid of untilts satisfies fpqc descent. But this
is clear from the description of untilts in terms of perfect prism structures (W (R’),I) on W (R’)
with the property that I — W(Rb) — R is the 0 map. This description immediately gives fpqc
descent as all constituent ingredients have the same property.
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Using the above, the general case reduces to the following statement: given R € S_Perfdnﬂ, an
untilt R = W(R’)/I — R, and a map Spec(R) — X, the functor carrying S € SPerde}%} to the set

of maps Spf(W(S”)/IW(S?)) — X lifting the given by Spec(S) — Spec(R) — X is an fpqc sheaf.
Writing W (S?)/IW (S°) = lim,, p W,,(S/p™)/IW,,(S/p™) as in Remark 4.1.3, we must show that

S — X(Wn(S/p™)/ IW,(S/p™))

is an fpqc sheaf. This can be deduced by the fpqc sheaf property of X itself together with deforma-
tion theory, via the following observation: for any such S, the ring W, 1(S/p™™!) is, functorially
in S, a (2n)-step iteration of square-zero extensions of S/p via the following factorization of the
canonical map

W1 (S/p™H) = Wi (S/p™ ) — ... = Wi (S/p"Th) = S/p™tt — S/p™ — ... — S/p,

where all maps are the obvious ones (no Frobenius).

(4) Extension to all rings: For any fpqc sheaf X on SPerfd™! admitting a cotangent complex,
there is a unique extension of XPM to an fpqc sheaf on all p-nilpotent rings as SPerfd™! forms a
basis for p-nilpotent rings. We shall often abuse notation in the sequel and view X¥P as a sheaf on

all p-nilpotent rings.

(5) Etale localization: If f : &4 — X is a map of presheaves that is formally étale, then P ~
XPd 5y (. This follows by deformation theory: for S € SPerfd™! with untilt S’ — S and a given
map g : Spec(S) — 4, the map Spec(S) — Spf(S’) is a ind-(nil thickening) by our definition of the
topology on S’, so factoring f through Spec(S) — Spf(S’) is the same as factoring the composition
fg through the same map via the formal étaleness of f.

(6) Value on perfectoids: If R is a perfectoid ring and X is any presheaf on SPerfd™!, composition
with the structure map induces a equivalence XP(Spf(R)) ~ X(Spf(R)). Unwinding definitions,
this amounts to showing the following: given a map Spf(R) — X, the groupoid of compatible
(in n) collections of untilts of R/p™ lying over X is contractible. This is clear: the groupoid of
compatible collections of untilts of R/p™ is contractible, with unique object given by the collection
{R— R/p"}n.

It follows that for any presheaf X, the category of perfectoid formal schemes over ¥P is equivalent
to the category of perfectoid formal schemes over X.

(7) Criterion for isomorphy of perfectizations: A map X — Q) of bounded p-adic formal schemes
induces an isomorphism XP — P if and only if X(Spf(R)) ~ Y (Spf(R)) for any perfectoid ring
R. The “if” direction is immediate from the definition and Remark 4.1.5, while the other direction
follows from (6).

Example 4.2.1 (The semiperfectoid case). If X = Spf(S) for a p-complete ring S whose category of
perfectoid algebras has an initial object Sptq (see Theorem 3.5.1 for examples, such as semiperfectoid
p-complete rings), then Spf(Spyq) — X induces an isomorphism Spf(Sp) ~ XPM by the above
criterion and Example 4.1.6.

(8) Perfectization of finite morphisms: If i : 3 — X is a finite morphism of bounded p-adic
formal schemes, then P/ : 3Pfd _ xPfd affine; moreover, if ¢ is a closed immersion, so is P,
Indeed, unwinding definitions and using Example 4.2.1, it suffices to show that for any perfectoid
ring R and any finite 3 — Spf(R), the composition 3P — 3 — Spf(R) is affine (and a closed
immersion if ¢ is so). This follows from the second half of Theorem 3.5.1.

(9) Properties of the diagonal: For any p-adic formal scheme X, any map from a perfectoid
formal scheme into XPf is representable. (Moreover, if X is separated, any such map is also
affine.) Unwinding definitions, it suffices to show the following: given perfectoid rings R and S,
the fibre product of any diagram of the form Spf(R) — X < Spf(S) admits a universal map from
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a perfectoid formal scheme (which is affine when X is separated). But the fibre product admits an
immersion into the semiperfectoid formal scheme Spf(R ®z, S) (which is a closed immersion when
X is separated), so we conclude by Remark 3.5.12.

The reasoning above also shows the following related statement: the limit (in presheaves) of any
non-empty finite diagram {; — X} of perfectoid formal schemes over XP is in fact a perfectoid
formal scheme: it is the perfectization of a p-adic formal scheme admitting an immersion into a
semiperfectoid one. Moroever, if each il; is affine and X is separated, then this limit is also affine.

Having discussed its properties, we now give some simple examples where the perfectization can
be explicitly computed.

Example 4.2.2 (Perfectizing group schemes). Fix a perfectoid ring R and a group scheme G /Spf(R).
Then the compatibility of (—)P! with fibre products implies that GP' is a sheaf of groups. For
finite flat G, the sheaf GP™ is in fact an affine group scheme over R whose co-ordinate ring of
O(GP') was described in Example 3.5.6 in some cases.

Example 4.2.3 (The perfectization of the torus). Fix a perfectoid field C/Q,. Let G, denote the
multiplicative group over Spf(O¢). We have a quotient presentation G, = Gt /Z,(1) for G,
itself. As (—)Pf preserves fibre products and takes quasi-syntomic covers to faithfully flat covers
(see the forthcoming Proposition 4.3.1), we have

Gyp;fd — ngerf/zp(l)pfd’

where we remark that Z,(1)P™ is an affine group scheme over Spf(O¢) by descent from Exam-
ple 3.5.10. To make this more concrete, assume C' contains a compatible system of p-power roots of
1. Then Example 3.5.10 shows that the affine group scheme Zp(l)pfd receives a natural almost iso-
morphism'® from the pro-finite group Z,(1)(O¢) (regarded as a pro-(finite constant) group scheme
over Spf(O¢)). It follows that

Gh/Z,(1)(Oc) — GRY
is an almost isomorphism.

4.3. Perfectoid atlases. Given a bounded p-adic formal scheme X, our goal is to show that XPfd
behaves like an algebraic space in perfectoid formal schemes, i.e., has the form U/R for a flat
equivalence relation R = U on perfectoid formal schemes.

Proposition 4.3.1 (Perfectization preserves covers). If f : 8 — X is a quasi-syntomic map of
bounded p-adic formal schemes, then the same holds true for fPf . (Pfd — xPf - Aoreover, if f is
also a cover for the flat topology, the same holds true for fPfd.

Proof sketch. Unwinding definitions, we must show the following: if R is a perfectoid ring and
R — S is a quasi-syntomic map (resp. cover), then there is a map S — T with T perfectoid such
that R — T is a flat map (resp. faithfully flat map); this follows from the version of Andfe’s lemma
in [BS22, Proposition 7.11 (2)]. O

Remark 4.3.2. Using Riemann—Hilbert, we shall later give an example of a perfectoid ring R
and a finite flat R-algebra S such that Spq is not flat over R (so almost purity fails if étaleness
is replaced by flatness). This implies that Proposition 4.3.1 does not extend from quasi-syntomic
maps to flat maps (unlike the characteristic p situation). On the other hand, we do not know a
counterexample to the following weaker statement: if f is a cover in the fpqgc topology, so is fPfd.

B50ne way to define almost isomorphisms between sheaves on O¢-algebras is as isomorphisms of the associated
sheaves on almost Oc-algebras, as in [GR03, §5.7]. To avoid the inherent sheafification involved here, for our purposes,
the following weaker condition will suffice: a map F' — G of presheaves on p-nilpotent rings over a fixed perfectoid
ring is an almost isomorphism if D(G)* ~ D(F)® via pullback. By Proposition 3.3.5, this condition holds if the
following is satisfied: F' — G can be represented as the geometric realization of a simplicial map X°* — 9° of affine
perfectoid formal schemes which is levelwise an almost isomorphism on co-ordinate rings.
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Notably, the example mentioned in the opening line does admit a refinement that is fpqc over
Spf(R) via the main theorem of [Bha20].

Example 4.3.3 (Flat covers of Spf (Zp)pfd). Any p-torsionfree perfectoid ring R is quasi-syntomic
over Z,, whence Spf(R) ~ Spf(R)P/ — Spf(Z,)P is a flat cover by Proposition 4.3.1. Via the
description of perfectization of semiperfectoid formal schemes, this recovers the following (known)
result on perfectoid rings: given two perfectoid rings R and S with R p-torsionfree, the perfectoid
ring (R ® S)ptq is p-completely faithfully flat over S.

The above example generalizes:

Theorem 4.3.4 (Existence of perfectoid atlases). For a bounded p-adic formal scheme X, there
exists a representable fpge map'® L — XPM with $1 a perfectoid formal scheme. If X is separated,
such a map can be taken to be affine.

We shall refer to any 4 — XP! as above as a perfectoid atlas for X.

Proof. The assertion is local on X, so we may assume X = Spf(R) for a p-complete ring R. As
the formation of perfectizations preserves closed immersions, commutes with fibre products and
is the identity functor on perfectoid formal schemes, it suffices to handle the case where R is the
p-completion of a polynomial ring over Z, on a possibly infinite set of variables. As perfectizations
commute with limits, we reduce to the case of finitely many variables, so R = Z,[z1,...,2,]". In

this case, consider the R-algebra S = Zp[pl/poo,x}/poo, ...,J:,ll/poo]/\. Then S is perfectoid and the
map R — S is quasi-syntomic and p-completely faithfully flat (and even genuinely faithfully flat,
but we do not need that). Proposition 4.3.1 then implies that Spf(S) — Spf(R)P™ is faithfully flat,
as wanted. O

Remark 4.3.5 (Generically pro-étale and minimal perfectoid atlases). A more careful construction
ensures that the covers {{ — X¥P provided by Theorem 4.3.4 can be chosen to be pro-étale surjec-
tions on the generic fibre (i.e., when regarded as sheaves on perfectoid spaces over Q). Moreover,
for affine X, one can even ensure that the map 4 — %P induces an isomorphism on crystallizations,
i.e., after base change along (X,—o)P" ~ (X,_o)PMd — xPfd,

The following corollary justifies regarding XP™ as the best approximation of X by perfectoids.

Corollary 4.3.6 (Characterizing the perfectization). For a bounded p-adic formal scheme X, the

fpge sheaf XP is the unique sheaf F' of sets on p-nilpotent rings over X with the following features:
(1) For any perfectoid ring R, we have F(Spf(R)) ~ X(Spf(R)) via the natural map.

(2) F can be written as a colimit of perfectoid formal schemes (e.g., F could admit a repre-
sentable fpgc cover by a perfectoid formal scheme with a perfectoid Cech nerve).

Proof. We already know XPf has both these properties. The uniqueness is a formal argument.
Indeed, fix F' satisfying (1) and (2) above. We can write F' = colim;er #; (in fpqc sheaves) with 4;
a perfectoid formal scheme using (2) for F'. Then {4l;} is a diagram of perfectoid formal schemes over
F and hence also over X, so (1) for XPf gives a natural map o : F = colim; l; — XP™. Similarly,
using (2) for XPf and (1) for F gives a map § : XP® — F using (1) for F. The compositions a3
and Sa are checked to be the identity by using (2) to rewrite the source as a colimit of perfectoids,
and then using (1) to simplify the target. O

The following extended remark introduces some convenient language but will not be used in any
serious way in the sequel.

164 map of schemes is fpqc if it is flat and any qc open in the target is covered by a qc open in the source.
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Remark 4.3.7 (Perfectoid presheaves). Given a presheaf X on SPerfd™!| let us say that X is perfec-
toid if it admits an quasi-syntomic hypercover by perfectoid formal schemes. By Proposition 4.3.1,
this forces XPfd ~ X via the natural map. Moreover, one has the following sanity check:

Lemma 4.3.8. A bounded p-adic formal scheme X is perfectoid as a formal scheme if and only if
it 1s perfectoid as a presheaf.

Proof sketch. The “only if” direction is Example 4.1.6. For the “if” direction, as both the hypothesis
and conclusion are Zariski local on X, we may assume X = Spf(R) for a bounded p-complete ring R.
There is a natural map X ~ XP/ — Spf(Z,)P™. Forming the base change along any faithfully flat
map Spf(S) — Spf(Z,)P™ with S perfectoid, and using Proposition 4.3.1, we learn that R admits
a p-completely faithfully flat map R — S with Cech nerve S® such that each S is perfectoid. We
will construct, via descent, a perfect prism (A, J) with A/J = R, proving the lemma.

Let (Aie(S°®),I°) be the cosimplicial perfect prism attached to S°®, and write I = I°. Let
Ay = lima Aje(S®)/(1°)" and let A = lim,, A,, = lima Ajne(S*®).

By faithfully flat descent of the cotangent complex, we learn that As — A; = R is a square-zero
extension of R by an invertible R-module J, that Az — Aj,¢(S)/1? is faithfully flat with the given
map Ay — Ape(S®)/(I°)? being its Cech nerve, and that the map

(A2 — Al) — (Ainf(S.)/(I.)Q - S.)

of square-zero extensions induces an isomorphism J ®g S® =~ (I®)/(I*)%. Inductively, we then
learn that A,,1 — A, is a square-zero extension of A, by the invertible R-module j®Rn, that
Api1 — Ape(S) /I is faithfully flat with the given map A,11 — Ape(S®)/(I1°)" ! being its
Cech nerve, and that the map

(A1 = An) = (Awme(S*)/(1)" = Aine(S*)/(1°)")

of square-zero extensions induces an isomorphism J°-°" @ S® ~ (I*)r/(I*)"*1. Tt follows from
these considerations that A = lim, A, is discrete (and hence a perfect p-complete d-ring), and
that the map A — A, is surjective for all n. Write F" = ker(A — A,), so {F"} is a complete
multiplicative filtration on A. As the perfectoidness of Spf(R) can be checked Zariski locally on
Spf(R), we may assume .J ~ R has been trivialized. We can then pick d € F' whose image in
As generates J. Its image in Aj,¢(S) is then an element of I that generates I/I? and must thus
be a generator for I itself. Consequently, each term of Aj,¢(S®) is d-complete and d-torsionfree, so
A = lima Ajne(S®) is also d-complete and d-torsionfree. Moreover, by choice of d, the element d"

generates the kernel TERY of Apt1 — Ap. So d*A — F*°A is a map of complete filtered objects
inducing an isomorphism on associated graded pieces, and must thus be an isomorphism, whence
R = A/(d). As we have already checked that A is a perfect (p,d)-complete J-ring, it remains to
check that d is distinguished; this can be checked locally on Spf(R), where it follows from the
corresponding property for the image of d in Aju¢(.5). O

As the above proof suggests, it might also be interesting to understand what the condition
xPfd ~ ¥ means for an fpqc sheaf X.

4.4. Perfectoid crystals. Recall that for any presheaf F' on SPerfd™!, one has an associated oo-
category D(F') := lim D(S), where the limit runs over the category of points of F', i.e., pairs (S,n),
where S € SPerfd™ and n € F(Spec(R)). The construction F — D(F) satisfies fpqc descent (and
consequently makes sense for presheaves on all p-nilpotent rings). Moreover, when F' = Spf(R) for

a bounded p-complete ring R, this agrees with the p-complete derived category D(R). We shall
apply this to the perfectization, so let us give it a name:

Definition 4.4.1 (Perfectoid crystals). For a presheaf X on p-nilpotent rings, the oo-category of
perfectoid crystals on X is defined as Crys(Ay) := D(XPH)
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Example 4.4.2. If X is a perfectoid formal scheme, then Crys(Ax) = D(X) since XPd ~ X.

Similarly, if X = Spf(S) with S semiperfectoid, then Crys(Ax) = YS(Spfd) by Example 4.2.1.

Given a presheaf X, a perfectoid crystal E € Crys(Ax), and a map p : Spf(R) — X from a perfec-
toid affine formal scheme, the pullback p*F is natually an object of ﬁ(R) by the previous example.
Moreover, the formation of p*FE is compatible with maps of perfectoid formal X-schemes. In fact,
under mild assumptions, a perfectoid crystal is exactly such a compatible system of complexes,
justifying its name:

Proposition 4.4.3. For any presheaf X that admits an fpqc hypercover by bounded p-adic formal
schemes, the pullback functors induce an equivalence

Crys(Ayg) ~ li}r%n D(R),
where limit runs over perfectoid affine formal schemes Spf(R) over X.

In the sequel, we do not need such presheaves in any large generality as we mostly care about
bounded p-adic formal schemes themselves. However, it will be convenient to have a formalism
that includes algebraic stacks, whence the above definition.

Proof. By fpqc hyperdescent for derived categories, it suffices to prove the claim for X being a
bounded p-adic formal scheme. By the definition of ¥Pf and Remark 4.1.5, the category of maps
{Spec(R/p"™) — %P} indexed by perfectoid affine formal X-schemes Spf(R) and integers n > 1,
is cofinal in the category of points of XPf: this implies the claim. O

Thanks to the above, we can now relate the perfectization to the perfected prismatic cohomology
from [BS22]:

Corollary 4.4.4 (The perfectization and the perfected prismatic complex). Fiz a perfectoid ring
R. For a bounded p-complete R-algebra S, there is a natural identification

Spfd = RF<Spf(S)pfd7 O)v
where the source is defined via perfected prismatic cohomology as in [3522, §10].
Proof. Pass to endomorphisms of the unit in Proposition 4.4.3. O

The above identification is rather crucial for us, as the functor S + Spsq is very well-behaved over
a fixed perfectoid. On the one hand, it respects many limits, e.g., it satisfies arc descent ([B3S22,
§8]), refining the fpqc descent that follows formally from Corollary 4.4.4. But, more importantly,
it behaves well with respect to colimits too:

Theorem 4.4.5. For a perfectoid ring R, the functor S +— Spiq from p-complete R-algebras to
E~-R-algebras commutes with all colimits (and, in particular, with cofibred coproducts).

Proof sketch. This reduces to the analogous statement for the Hodge—Tate complex, which follows
from the Hodge—Tate comparison (see [B522, Construction 7.6]. O

Changing directions slightly, let us introduce almost mathematics for perfectoid crystals by
descent.

Construction 4.4.6 (Almost perfectoid crystals). Let X be a bounded p-adic scheme (or any
fpqc-resolvable presheaf). An object E € Crys(Ag) is called almost zero if p*E is almost 0 for any
map p : Spf(R) — XPf from a perfectoid formal affine scheme. The collection of almost 0 objects
gives a full subcategory C of Crys(Ax) stable under limits and colimits, and we define the category
Crys(Ax)® of almost perfectoid crystals as the quotient

Crys(Az)® := Crys(Ax)/C.
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By descent, we have

Crys(Ag)® ~ lién D(R)?,
where limit runs over perfectoid affine formal schemes Spf(R) over X.

Remark 4.4.7 (Almost perfectoid crystals via idempotent ideals). Let X be a bounded p-adic for-
mal scheme. By descent, the closed immersion X,—y < X induces a closed immersion (%pzo)perf —
XPfd on perfectizations whose ideal sheaf Jy C Oypta is an idempotent ideal, i.e., Jy ®F Jx ~ Jx
via the multiplication map. One then checks, again by descent, that Crys(Ax) agrees with the
Jx-almost category attached to XP™ i.e., it equals D(XP™)/D((X,—0)P*"). Moreover, the general
remarks in Construction 3.3.2 then also apply in this setup. In particular, the localization functor

Crys(Agx) — Crys(Ax)®

then has a left adjoint whose essential image is exactly those M € Crys(Ax) such that Jx ®
M ~ M. We warn the reader that the ideal sheaf Jy is typically not globally generated unless
X admits a morphism to an affine perfectoid formal scheme; for instance, if X = Spf(Z,) itself,
then HO(XPMd Oy) = Z, (see Example 4.5.2), and it is easy to see that no ideal of Z, defines an
idempotent ideal on XPid.

4.5. Examples of the perfectization. In this subsection, we explicitly calculate the perfectiza-
tion (as a quotient stack) and the category of (almost) perfectoid crystals in some examples. Our
main tool is the following criterion (where all quotients are interpreted in sheaves of groupoids):

Proposition 4.5.1 (Presenting the perfectization). Fiz an affine map f: X — Q) of qcgs bounded
p-adic formal schemes with X perfectoid, a profinite group G acting on f, and a quotient G - G
satisfying the following:

(1) The induced map X — PP yields an almost G-torsor after base change to any rank 1
perfectoid valuation ring with algebraically closed fraction field.

(2) The G-action on the perfect F,-scheme X factors over G, and the induced X/G — p—o
identifies with the perfection of the target.

Then the following hold true:

(a) There is a perfectoid flat affine group scheme G — PP and an almost isomorphism G — G
such that the G-action on X over QPP factors over the G-action, inducing an isomorphism

:{/g ~ @pfd

of fpqc sheaves.
(b) The pullback functors induce a cartesian square

Crys(Ay) = D(YP) —= D(X/G)

| |

D(X/G) D(X/G)

of categories. In particular, Crys(Ay)®* ~ D(X/G)*,

The proof can be adapted to show that only assumption (1) is needed for the isomorphism
Crys(Ag)® ~ D(X/G)".
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Proof. First, we construct the affine scheme G over 9P by modifying the constant pro-finite group
scheme G to be G along YPfd, i.e., set Og to be the fibre product

Og Og = Map 4 (Gv O@Pfd)

| |

Mapcts (67 OW) Mapcts (G7 OW))

where we have identified sheaves on pfd = (@pzo)perf with sheaves on 2P via pushforward. It
is easy to see (by Theorem 4.3.4 and descent) that G is perfectoid, and that the group structure
on G descends to a group structure on G over 9P, Moreover, the resulting map G x QP — G is
clearly an almost isomorphism. The definition of Og as a fibre product also makes it clear that the
G-action on X descends to a G-action over PP, giving rise to the candidate map XPf /G — Qprfd,
Finally, for flatness of Og over P, note that the cofibre of either horizontal map in the square
above is flat over QP by assumption (2), and 2P has flat dimension < 1 over 2); the flatness of
O¢ and the fact that flat dimension drops by 1 when passing to the kernel of a map from a flat
module implies the flatness of Og.

Next, we show that X/G — 9P is an isomorphism. Using Theorem 4.3.4, we may assume
%) = Spf(R) for an affine perfectoid formal scheme (whence X = Spf(S) and G = Spf(T") are also
affine perfectoid formal schemes). By Proposition 3.3.6, the map f is faithfully flat. By flat descent,
we may then assume that f has a section. In this case, we claim that the map G — X defined by
acting on the section is an isomorphism, i.e., the map f : S — T of perfectoid R-algebras is an
isomorphism. Assumption (2) implies this holds true on specializations, while assumption (1) and
Proposition 3.3.7 implies the claim in the almost category, so we win.

Finally, the claim on derived categories follows from the isomorphism X/G ~ 2P just proven
by writing X/G as the geometric realization of the standard bar complex for the G-action on X and
using the definition of Og as a fibre product as well as Proposition 3.3.5. O

Example 4.2.3 fits into the above framework. Another example is the following:

Example 4.5.2 (The perfectization of Spf(Z,)). Fix a discretely valued field K/Q, with perfect
residue field k. Our goal is to describe Spf(Ox)P. Choose a perfectoid field extension C/K
obtained as the completion of a Galois extension with group G (e.g., we may take the completed
algebraic closure or the p-cyclotomic extension); its residue field k¢ then Galois over k with Galois
group a quotient G of G. Regard G and G as pro-(finite constant) group scheme over Spf(Of).
Proposition 4.5.1 then applies to show that Spf(O¢) — Spf(Ox)P™ is a torsor for an explicit flat
affine group scheme, and that the pullback functors induces a fibre square

D(Spf(Ox)P) D(Spf(Oc)/G)

| |

D(k) = D(Spec(kc)/G) —= D(Spec(ke)/C).

In particular, for any p-torsion quasi-coherent sheaf M on Spf(O)P™ with pullbacks Mg to any
perfectoid O-algebra R, as pullback along the bottom horizontal arrow induces a bijection on HY,
we obtain a triangle

RT(Spf(Ox )P, M) — RT(G, Mo,.) — 7' RT(G, My,.).

Running this argument with a totally ramified perfectoid Z,-extension C'/K and noting G = Z,, has
p-cohomological dimension for group cohomology, we learn that Spf(Og )P has p-cohomological
dimension 1 for quasi-coherent sheaves.
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We give a couple of examples illustrating the utility of the stacky formalism in proving statements
about perfectoids by universality considerations. (Both examples can also be proven directly by
arguing with O* on the étale site of the generic fibre.)

Example 4.5.3 (R-powers of (p)). Given a perfectoid ring R and ¢ € R>p, one can define an
invertible cosaturated ideal p”°R C R, compatible strictly with base change in R, as follows: it
suffices to construct such an object over Spf(Z,)P™, in which case it comes from applying Exam-
ple 4.5.2 with C' = C,, and the observation that the ideal of elements of O¢ of valuation > ¢ is
cosaturated, Galois invariant, and is 0 modulo the maximal ideal (by cosaturatedness). When R
is a perfectoid p-torsionfree valuation ring and ¢ belongs to the value group, this agrees with the
obvious meaning of p”°R, so the notation is sensible. Moreover, by base change compatibility, the
notion generalizes to any presheaf admitting an fpqc hypercover by perfectoid formal schemes.

Example 4.5.4 (Fractional powers of line bundles). We shall show that any line bundle on a
perfectoid formal scheme admits certain canonical p-power roots modulo certain powers of p coming
from Example 4.5.3:

Lemma 4.5.5. Let X be a perfectoid formal scheme (or any presheaf admitting an fpqc hypercover

1
by such). Fix L € Pic(X). For any integer n > 0, the reduction of L modulo p” 70 Oy admits a
canonical (p"*t1)-st root.

Proof. The line bundle L is classified by a map ¢;, : X — BG,,, and we wish to show it lifts
along the map BG,, — BG,, induced by the (p"*!)-power map on G, after reduction modulo

1
p> p* (=1 Oy. By perfectoidness of X, the map ¢y, lifts uniquely along BGEfd — BG,,. Comparing
the Kummer sequence for (—)pnﬂ-power map on G,, with its perfectization, is enough to show the
following statement about group schemes: the canonical map

f : (,upn+1)pfd — fpn+1 X Spf(zp)pfd

pfd

1
of sheaves over Spf(Z,)P™ is 0 modulo p~ 7" &1 Ospi(z,)pta- As both sides are sheaves of sets, this

can be checked locally, so we may base change along the flat cover Spf(Zy'‘) — Spf(Z,)P and
check the statement there. But then the calculation in Example 3.5.6, as well as the classical fact

1
that a (p"*')-st root of 1 is trivial modulo p"@=1, implies that the map f Xgpp(z, ypta SPF(Zy") is
1 1
almost constant modulo pr"®-1  and hence constant modulo p> p"(»-1) on the nose. ]

4.6. Affineness properties of the perfectization. In this section, we explain how the perfectiza-
tion of a bounded p-adic formal scheme X defined over some perfectoid ring V' behaves like an affine
stack in two (related) ways. First, when X is affine and locally of finite type over Spf(V'), perfectoid
crystals over X are simply modules over the non-connective R-algebra RT'(XP™, O) (Theorem 4.6.3).
Secondly, without any finiteness conditions on X, the stack %P is a non-connectively affine stack:
it agrees with the corepresentable functor Homy (RT(XPf, O), —) on p-complete V-algebras (Theo-
rem 4.6.5). These results are perfected analogs of similar results for the prismatizations in [BL22].

Notation 4.6.1. Let X be a bounded p-adic formal scheme. Let 7 : XPfd — X be the structure map,
and write Ox pq := RmOxpta, regarded as a commutative algebra object in D(X). If X = Spf(R) is

affine and defined over some perfectoid ring, then Ox ptq € D(X) identifies with the ring Ry € D(R)
by Corollary 4.4.4.

Our affineness theorems rest on the following excellent behaviour of perfectoid atlases.

Proposition 4.6.2 (Coconnective faithful flatness of perfectoid atlases). Let R be a tft algebra
over a perfectoid ring O.
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(1) Existence of descendable atlases: There exists a perfectoid atlas Spf(S) — Spf(R)P such
that the induced map Rpq — S is descendable. Moreover, if O has finite p-complete global
dimension, the same can be arranged for S.

Fiz a perfectoid atlas Spf(S) — Spf(R)PH, writing S® for the Cech nerve of Rpta — S (s0 Spf(S*)
is also the Cech nerve of Spf(S) — Spf(R)P™ by Theorem 4./.5).

(2) Descent: Pullback gives an equivalence ﬁ(Rpfd) ~ lim ﬁ(S').

(3) Coconnective faithful flatness: Fiz an integer n > 1, and M € D(Rpa/p™). Then M s
coconnective (as an R-complex) if and only if the base change M ®p .S is also coconnective.

Proof. For (1), by writing R as a quotient of a polynomial ring and using the base change com-
patibility of (—)pfa, we may assume R = O[z1,..,z,]". In this case, the map Rpq — S =
(’)[xi/poo, o w,ll/poo]/\ yields a perfectoid atlas (Proposition 4.3.1) which is also descendable ([B522,
Lemma 8.6]). The global dimension statement follows from Example 3.2.12.

For (2), since different perfectoid atlases can p-completely faithfully flatly dominated by a com-
mon one, it suffices to prove the statement for one perfectoid atlas. But then we can use a descend-
able perfectoid atlas, in which case the claim is clear.

For (3), the “if” direction is immediate from descent (i.e., from (2)). For the reverse direction,
again for the same reasons as above, we reduce to checking the statement for R = O[z1, .., z,,)" and
S = O[xypoo, s :c%/poo]/\. In this case, [B522, Proof of 8.6] (and compatibility with tensor products)
shows that S/p is semi-free as an Rp¢q/p-module, i.e., it has an increasing exhaustive N-indexed fil-
tration whose associated gradeds are finite free Ry¢q/p-modules. This immediately implies the claim
in proposition for n = 1; the general case reduces to the n = 1 case by filtering the coconnective
Rypga/p"-module M with n copies of the coconnective Ryq/p-module RHomg,,n (Z/p, M). O

The following is our first affineness theorem and critical to the sequel.

Theorem 4.6.3 (Perfectoid crystals are modules). Assume X is locally of finite type over a per-
fectoid ring. Then pushforward induces an equivalence

Crys(Ay) = D(X') = D(X, Ox pta),
and similarly for the corresponding almost categories. In particular, if X = Spf(R) is affine, then
Crys(Ax) ~ ﬁ(Rpfd)
and similarly for the corresponding almost categories.
See Remark 4.7.2 for a variant without any finiteness assumption on R.

Proof. First, one reduces to the affine case, say X = Spf(R). As Ryq = RI'(Spf(R)P™,0), the
pushforward functor under consideration is the right adjoint to the symmetric monoidal functor

D(Rpta) — D(Spf(R)PH)

given by M +— M® Rpra Ospe(rypia; we shall show that this last functor is an equivalence by descent.
Fix a perfectoid atlas Spf(S) — Spf(R), so Spf(S) — Spf(R)PM is faithfully flat and affine. Write

Spf(S*) for its Cech nerve, so each S is perfectoid, and obtained as the perfectization of S®7!. By
fpqc descent for the derived category, the pullbacks yield an equivalence

D(Spf(R)PM) ~ lim D(Spf(5*)) =~ lim D(S5°*).

But the colimit compatibility in Theorem 4.4.5 also identifies S® with the Cech nerve of the induced
map Rpeqg — S, so the claim now follows from Proposition 4.6.2 (1). O

Corollary 4.6.4 (Pushforwards of perfectoid crystals). Let f : X — 2 be a finite type map
of bounded p-adic formal schemes. Then the right adjoint (fP™), : Crys(Ax) — Crys(Ay) of
frid Crys(Ay) — Crys(Ax) commutes with any base change.
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Proof. The statement is local for the flat topology on 9P, so, by Theorem 4.3.4, we may assume
) = Spf(R) is a perfectoid affine formal scheme. Moreover, we may also work Zariski locally
on the qcgs scheme X, so we may assume X = Spf(S) is affine. Our task is to show that the
formation of (fP™), commutes with base change along maps R — R’ of perfectoid rings. Now
Theorem 4.6.3 shows that pushforward along fPf yields an isomorphism Crys(Ay) ~ YS(Spfd).
Using this description and its analog for the base change g : Spf(S’) — Spf(R’) of f to R/, the

claim follows from the fact that Spfd®éR’ ~ (8)pfa- O

The following is the second affineness theorem.

Theorem 4.6.5 (The perfectization is non-connectively affine). Assume X = Spf(R) is a bounded
affine p-adic formal scheme defined over some perfectoid ring. Then for any p-complete R-algebra
S, the global sections functor induces an isomorphism

Mapp(SpE(S), XP) ~ Homp(Rypta, 5),
where the target is computed in Fo-R-algebras. In particular, the target is discrete.

Here we have computed maps in the category of commutative algebras in D(R) on the right hand
side above; we could also use derived R-algebras in the sense of Mathew and Raksit [Rak20] and
the proof would go through unchanged.

Proof sketch. As the map is naturally defined and takes colimits in R in limits, we may reduce to
the case R = Rylz]" for a perfectoid ring Ro. In this case, write T = Ro[z'/"*°] for the evident
p-completely faithfully flat perfectoid cover of R. Then Spf(T) — Spf(R)P is affine and faithfully
flat; write Spf(7®) for its Cech nerve (so, concretely, T is the perfectization of the Cech nerve of
R — T'). We then have have a commutative square

Spt(T*) Spf(T*)

| l

Spf(R)pfd E—— HOInR(Rpfd, —)

of presheaves on p-nilpotent R-algebras. The left vertical arrow is a Cech nerve, and also a colimit
diagram after fpqc sheafification by construction. The right vertical arrow is also a Cech nerve: we
have T% = (T®R") gq ~ T®pta* (everything p-completed and derived) by Theorem 4.4.5. Moreover,
the bottom right term is an fpqc sheaf. Thus, to finish, it suffices to show that the map Spf(7T") —
Hompg(Rpa, —) is fpgc-locally surjective. But Proposition 4.6.2 (2) implies the following more
precise assertion: for any p-complete connective R¢g-algebra B, the base change B — B® Ryl 18
p-completely faithfully flat over B. O

Remark 4.6.6 (Absolute variants). The conclusion of Theorem 4.6.3 is also true when X is locally
of finite type over a p-complete discrete valuation ring with perfect residue field (and, in particular,

for Spf(Z,) itself). The argument involves realizing XP as the Hodge-Tate locus inside the perfect

prismatization X P = lim, X , and then analysing the limit carefully. A more refined version of

this argument also shows that the conclusion of Theorem 4.6.5 holds true for any bounded affine
p-adic formal scheme. These statements will not be proven in these notes.

4.7. t-exactness properties of perfectoid crystals as modules. We discuss the t-exactness
properties of the equivalence in Theorem 4.6.3 in the case of affine formal schemes.

Construction 4.7.1 (t-structures on perfectoid crystals and Rptq-modules). Given a p-complete
ring R with X = Spf(R), we shall use the following ¢-structures:
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e The torsion t-structure on Crys(Ax) ~ D(XP): Using Theorem 4.3.4, this is defined via
descent of the torsion t¢-structure on ZS(S) for a p-complete ring S. Concretely, if Spf(S) —
Spf(R)P is a perfectoid atlas with Cech nerve Spf(S®), then Crys(Az) = lima D(S®) is endowed
with the limit of the torsion ¢-structure on each 13(5”) (using implicitly the p-complete flatness of
the face maps S® to ensure that the face maps of D(S®) are t-exact).

o The constructible t-strucure on ﬁ(Rpfd): For any commutative algebra S in D(Z), there is a
t-structure on D(S) characterized either by requiring that S generate the connective part under
colimits and extensions, or by requiring the coconnective objects to be exactly those whose under-
lying complex in D(Z) is coconnective. This restricts to a t-structure on Dy iors(S). Specializing
to S = Rptq, we obtain a t-structure on YS(Rpfd) via the complete torsion equivalence.

Remark 4.7.2 (Crystals as left-complete modules in general). For any p-complete ring R that lives
over a perfectAoid, the conclusion Theorem 4.6.5 formally implies the conclusion of Theorem 4.6.3 if
one replaces D(Rptq) by its left-completion with respect to the constructible ¢-structure introduced
above (see [MM25, Proposition 2.18]). Thus, the conclusion of Theorem 4.6.3 holds true without

the finiteness assumption on R if one uses the left-completion of YS(Rpfd).
The equivalence in Theorem 4.6.3 enjoys the following nice property:

Proposition 4.7.3 (t-exactness properties of perfectoid crystals as modules). Given a bounded
affine p-adic formal scheme X = Spf(R) of finite type over a perfectoid ring, the equivalence
Crys(Ax) ~ D(Rpta) from Theorem 4.6.3 is t-ezact for the above t-structures.

Proof. It suffices to show that M € Dj,_tors(Rpra) is constructible-coconnective if and only if
M ®Rpsa Ogxpia is torsion-coconnective. The “if” direction follows from the identification M o~
RT(xP 0 ®Ryq Oxpta) as RI(XPH, ) clearly takes torsion-coconnective perfectoid crystals to
coconnective Z-complexes. The “only if” direction follows from the coconnective faithful flatness
of perfectoid atlases (Proposition 4.6.2). O

The above t-exactness result has the following consequence which will be rephrased as “preser-
vation of semiperversity” for the Riemann—Hilbert functor introduced in the sequel.

Proposition 4.7.4 (Cohomological dimension of Ryq). Let X = Spf(R) be a tft affine p-adic
formal scheme over Spf(Of), where K/Qy, is a perfectoid field. If d = dim(X), then Ry € D=,

The classical proof of similar results entails group cohomology considerations (and some addi-
tional wrinkles, such as working in the almost category and over Q;°); these have been avoided
below thanks to the Hodge-Tate comparison. However, as far as we know, all known proofs use
[B522, Theorem 10.11] to reduce to the smooth case.

Proof. When R/Op is smooth, this follows by the prismatic formalism: indeed, by the Hodge-
Tate comparison, we have r € D=? whence r € D=?% by Nakayama, whence Ryeq € D=4 by
passing to the perfection and reducing modulo ker(#). In general, use Noether normalization to
choose a finite map 7 : Spf(R) — Spf(P) := A% As 7 is finite, the map 7P™ is affine, whence
wafd(’)spf( rypta/p is connective in the torsion t-structure on Crys(Aq). By Proposition 4.7.3, the
object Rpga/p = RI((A)PH, Ry ffdospf( Rypta/p) is connective for the constructible ¢-structure; but

this implies that Rpgq/p is built from Ppeq using colimits and extensions; since Ppgq € D=4 by the
smooth case, we win. ]

4.8. Non-flat descent for perfectoid crystals. The functor D,.(—)P®") is an h-sheaf on the
category of perfect schemes of characteristic p (see [B517, §11]). Our goal is to prove the following
analog in mixed characteristic:
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Theorem 4.8.1 (h-descent). The functor carrying a qeqs scheme X to Crys(Ag) (where X is the
p-adic formal completion of X ) satisfies h-descent.

The h-topology on the category of schemes was originally defined by Voevodsky; for our purposes,
[BS17, §2] is a convenient reference.

Proof. Let f : X — Y be an h-cover of qcgs schemes. We must show that Crys(K(/_\)) carries the

Cech nerve of f to a limit diagram. By Theorem 4.3.4 and fpqc descent, it suffices to check the
claim when Y = Spec(R) with R perfectoid. In fact, by Lemma 4.8.3 below and fpqc descent
again, we may even R is the filtered colimit colim; R; of perfectoid rings of finite p-complete global
dimension. By Zariski descent, we may also assume X = Spec(S) is affine. We shall prove that
R — §pfd is descendable; this implies the theorem by Theorem 4.6.3. By the assumption on f
in the theorem, we know that R — S descends to some R;; as (—)pfq commutes with cofibered
coproducts of perfectoid rings, we may then assume R = R; has finite p-complete global dimension.
In this case, we shall prove that there exists a descendable map R — R’ of perfectoid rings such
that R — S acquires a section after base change to R'; this clearly implies the theorem. Since
h-covers of an absolutely integrally closed valuation ring always admit sections, it suffices to show
the following: if {V;};cs is a set of p-complete absolutely integrally closed valuation rings over R
containing at least one representative for each p-complete valuation on R, then R — R’ :=[[, V; is
descendable. But this map is a p-complete arc cover (even v-cover) by construction, so the claim
follows from Proposition 4.8.4 below. O

Remark 4.8.2. The proof of Theorem 4.8.1 also shows the following: if X is a qcgs p-adic formal
scheme such that XPf admits a faithfully flat map from a perfectoid formal scheme of finite p-
complete global dimension, then the functor Crys(K(_)) takes the Cech nerve of any p-complete
arc cover ) — X to a limit diagram. This applies, in particular, to any tft p-adic formal scheme

over a perfectoid ring of finite global dimension (by the proof of Theorem 4.3.4).

The above result relied on two ingredients. First, we need a large supply of perfectoid rings of
bounded p-complete global dimension.

Lemma 4.8.3. Let R be a perfectoid ring. Then there exists a p-completely faithfully flat map
R — S to another perfectoid ring S such that S is a filtered colimit (as rings) of perfectoid rings
of finite p-complete global dimension.

In characteristic p, we can simply take R = S; we do not know if the same holds true in mixed
characteristic, even in the p-complete category.

Proof. By Andfe’s lemma [BS5S22, Theorem 7.14], we can find a p-completely faithfully flat map
R — S to another perfectoid ring S such that every element of S admits a p-th root (and thus a
compatible system of p-power roots). Choose once and for all a compatible system of p-power roots
of each y € S. With O =%, [p'/>]", we then have an Og-algebra structure on S by the choice of
p-power roots of p. Moreover, for any finite subset I := {yi,...,y,} C S, our choice of p-power roots
for the y;’s determines a map R; := OK[:U}/poo,....,x}L/poo]/\ — S given by :r}/p" — yil/pn. Write
S; C S for the image of Ry — S, so S is perfectoid by Corollary 3.5.2. For a containment I C J
of finite subsets of S, we have Sy C S; C S by construction. Varying through all possible finite
subsets then gives a filtered collection {S7} of perfectoid subalgebras of S, and we trivially have
hﬂ[ St =UrSr = 5. To finish, it suffices to note that St has finite p-complete global dimension by

Example 3.2.12. O

Second, we need a general descendability result for perfectoid rings of bounded p-complete global
dimension; in fact, this result will be used in the sequel as well.
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Proposition 4.8.4 (Descendability of arc covers). (1) Let R be a perfect Fp,-algebra with global
dimension < d, and let R — S be a map of perfect rings whose Cech nerve is a limit dia-
gram (e.g., any arc cover by [BM18, Theorem 5.16]). Then R — S is descendable of index
<d+1.

(2) Let R be a perfectoid ring with p-complete global dimension < d. If R — S is a map of
perfectoid rings whose p-completed Cech nerve is (almost) a limit diagram , then R — S is
(almost) p-completely descendable of index < d+ 1.

A typical example of (2) is the map associated to a p-complete arc cover by [BS22, Theorem
8.10]. We learnt the argument below from Lucas Mann; our original argument only applied to
h-covers (which suffice for our applications).

Proof. For (1), write S® for the Cech nerve of R — S. We will show that f, : R ~ lima S® —
lima_, S® splits for any n > d; recalling that F,, = fib(f,) — R agrees with FO®R"+1 — R then
gives the desired result. To prove the splitting claim, note that F,, € D="*1(R) by construction, so
it is enough to show that Homp (K, R) = 0 for K € DZ%1(R). When K is in a single cohomological
degree or more generally bounded, this is clear from the definition of global dimension assumption.
The general case follows by writing K as a filtered colimit of its truncations.

For (2) in the real world (as opposed to the almost category), we can copy the argument above
provided the following holds: for any p-complete R-module M, we have Ext§d+2(M ,R) = 0.
For this, note that RHompg(M, R) = lim,, RHompg (M, R/p™) by p-completeness of R. Now the
p-complete global dimension assumption shows that ExtEdJrz(M ,—) vanishes on p-power torsion
R-modules, and moreover that Ext‘]i;l(M ,—) is right exact on the same category. By writing
R/p™ as an extension of R/p™R by R[p"][1] and using the Milnor sequence, one obtains the desired
vanishing.

For (2) in the almost category, we reduce to the real world by replacing S with T := S x R: if
the Cech nerve of R — S is an almost limit diagram, then the Cech nerve of R — T will be an
honest limit diagram (by checking in the almost category and on crystallizations separately). [

Since h-descent implies cdh-descent, we obtain:

Example 4.8.5 (Blowup descent). Consider a commutative ring R and a finitely generated ideal
I. We then have the associated abstract blowup square

E=f12) X = Bl;(Spec(R))

l X

Z = Spec(R/I) S := Spec(R)

of qcgs schemes. By Theorem 4.8.1, applying the functor Y — Crys(K?) to this diagram gives a

pullback square of co-categories. In particular, the pullback Crys(Ag) — Crys(A ;) identifies the

I,a-cosaturated subcategory of the LHS with the I,-cosaturated subcategory of the RHS.

Specializing the above to the case where p” C I for some n and then cosaturated further with
respect to (p)ptd, we learn that the notion of almost perfectoid crystals is insensitive to admissible
blowups. In fact, in the next section, we give a direct description of almost perfectoid crystals on
(many) p-adic formal schemes in terms of their generic fibre.
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5. PERFECTOID CRYSTALS AS OVERCONVERGENT SHEAVES

In this section, we explain how to understand almost perfectoid crystals on a relatively large class
of formal schemes in terms of étale sheaves on their generic fibre. More precisely, in Theorem 5.2.2,
we handle the case of perfectoid formal schemes; this is used in Theorem 5.3.5 to handle finite type
formal schemes over the ring of integers of a p-adic nonarchimedean field with finite p-cohomological
dimension. In all cases, the description is formulated in terms of overconvergent O*-modules on
the étale site of X, so we recall some background on overconvergent sheaves in §5.1.

Notation 5.0.1 (Derived categories and adic spaces). For a ringed topos (X, O), we shall write
Shv (X, Q) for the derived oo-category of sheaves on X in the sense of Lurie, i.e., presheaves satis-
fying Cech descent (see [L.ura, §1, 2]). This is a presentable stable symmetric monoidal oo-category
with a natural t-structure; the full subcategory of hypercomplete objects (i.e., presheaves satisfying
hyperdescent) identifies with the classical derived oo-category of X'. In particular, the bounded be-
low subcategory Shv™ (X, O) coincides with the bounded below subcategory of the classical variant
(see [Lura, Corollary 2.1.2.4]). When X satisfies some finiteness conditions (which will hold true
our later applications), Shv(&X', Q) is already left-complete and thus agrees with the classical object
(see [CM21, Corollary 2.20 and Proposition 2.31].

All adic spaces that appear in this section are assumed to be analytic adic spaces with a good
theory of étale sheaves; the only cases of relevance to the se(ggl are classical rigid spaces and
perfectoid spaces. For such an adic space X, we shall write ShV(Xét,O;—() C ShV(Xét’O}) for
the full subcategory spanned by sheaves which, locally on X, derived m-complete for some (or
equivalently any) pseudouniformizer 7 € O}(X ). Note that (9} itself might not satisfy this
property in general, though it does for perfectoid spaces.'” Finally, if R is a p-complete ring
with integral closure R C R[1/p], we shall often write Spa(R[1/p|, R) instead of Spa(R[1/p], R");
as the condition v(R") < 1 appearing in the definition of the latter is equivalent to requiring
v(R) < 1, the notation is not terribly abusive.

5.1. Basics on overconvergent sheaves. In this subsection, we define the notion of overcon-
vergence for objects of the derived category. The material in this section is studied in depth in
[Hub96, §8], except that our definition in the unbounded case is slightly different. Let us recall
some terminology surrounding points of adic spaces.

Notation 5.1.1 ((Geometric) points). Recall that an affinoid field is a pair (K, K1), where K
is a complete nonarchimedean field, and K™ C Ok is an open valuation ring; the associated adic
space Spa(K, K1) is called an adic point. Given an analytic adic space X, a point z € X of the

topological space gives rise to the adic point Spa(k(z), k(z)*), where k(z)* = lim; Ot (U;), where
{U; C X} is any cofinal collection of affinoid neighbhourhoods of x, and the completion is with
respect to a pseudouniformizer of some/any Uj.

Similarly, adic points Spa(C,C*) where C is algebraically closed'® are called geometric adic
points. Given an analytic adic space X, a geometric point © — Xg (or sometimes simply a
geometric point of X) refers to a point of Xg in the sense of topos theory; associated to such a

o —

point, one has a geometric adic point Spa(k(z), k(z)*1), obtained by taking k(z)* to be lim; O+ (U;),
where {U; € X} is any confinal collection of affinoid étale neighbhourhoods of  — X¢.

First, let us recall the meaning of overconvergence for open subsets. Given an analytic adic
space X, an open subset U C X is called overconvergent or partially proper if it satisfies any of the
following equivalent conditions:

1Ty fact, for classical rigid spaces X over a perfectoid field K of characteristic 0, one can show that (’);Q €
Shv (X, OF) is never p-complete unless dim(X) = 0: its rationalized p-completion O [1/p] agrees non-canonically
with the split Deligne-du Bois complex @iQ;/K[fﬂ of X locally on X.

18By Krasner’s lemma, a separably closed non-archimedean field is automatically algebraically closed.
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(1) U is closed under specialization.

(2) U is the preimage of an open subset of the Berkovich space X? (aka the maximal Hausdorff
quotient of X) along the canonical map X — X7,

(3) For affinoid open Y C X with pseudouniformizer 7 € O*(Y') and any rational open V =
Y(£> C U, there exists some n > 0 such that Y(g—nﬂ cU.

Condition (3) makes the geometric meaning of overconvergence clear: U is overconvergent if its
sections over a rational open subset spread out to a slightly larger rational open subset. Either
condition (3) or condition (2) make it clear that overconvergent opens are essentially never quasi-
compact. Condition (1), while less geometric, is extremely convenient in proofs and adapts well to
other contexts. Taking cue from this, we shall consider the following:

Definition 5.1.2 (Truncated overconvergent sheaves). Let X be an analytic analytic adic space.
An object F € Shvt (X, F)) is overconvergent if for any specialization z ~ y of points of X4, the
cospecialization map Fy — Fj is an isomorphism.

Clearly any locally constant sheaf is overconvergent, and overconvergence is stable under pull-
backs. On the other hand, if j : U — X is a quasi-compact open subset which is not closed,
then jiF, is not overconvergent (by testing against a specialization leaving U). To obtain more
examples, let us recall two criteria for overconvergence.

(1) Owverconvergence via geometric adic points: Recall that the set of generalizations of a point
z of an analytic adic space X is a totally ordered set: it is exactly the adic point Spa(k(z), k(z)™)
(regarded as a subspace of X), which is isomorphic to the locally ringed space Spf(k(z)™) attached
to the microbial valuation ring k(z)™. Via an étale analog of this, one learns that F' € Shvt (X, F})
is overconvergent if and only the following holds true: for geometric adic point f : Spa(C,CT) — X,
the pullback f*F is constant.

(2) Owerconvergence via large open subsets: If j : U C X is a quasi-compact open subset that
contains all the rank 1 points, then F is overconvergent if and only if F'|y is overconvergent and
F ~ Rj.(F|y). To see this, note that both conditions survive and can be tested after pullback
to geometric adic points Spa(C,CT) — X: this is clear for the overconvergence constraints, and
follows for the *-extension property by writing Spa(C,C*) — X as the cofiltered limit of qcgs étale
X-spaces and using that étale cohomology commutes with the relevant inverse limits for bounded
below objects. Consequently, we may assume X = Spa(C,CT) is a geometric adic point. In
this case, by quasi-compactness, U is itself a geometric adic point of the form Spa(C, V') where
CT CcV C O¢ is a sequence of localizations of valuation rings. Write u € U for the closed point,
and z € X — U for any point of the complement. As X (and hence U and X —U) is totally ordered,
the second condition is equivalent to requiring that F'|y is constant and that the cospecialization
F, — F, is an isomorphism. But this is clearly equivalent to requiring all cospecializations to be
isomorphisms, so the equivalence follows.

Example 5.1.3 (Pushforwards preserve overconvergence). If f : Y — X is a qcgs morphism of
analytic adic spaces and F' € Shv™ (Y, F,) is overconvergent, the same holds for Rf,F. In particular,
by triangles, any Zariski-constructible complex on X is overconvergent.

To see this, fix a specialization v ~» = of geometric points of X. Via base change, we may assume
X = Spa(C,C™") is a geometric adic point with z being its closed point. Then we must check that
RI(Y,F) — colimy RI'(Yy, F') is an isomorphism, where U C X ranges over all quasi-compact
opens in X containing u. But then each j : Yy C Y is a quasi-compact open containing all rank
1 points, so F' ~ Rj,(F|y,) by the second criterion above; this gives the desired claim on taking
global sections.

It is convenient to define overconvergence for unbounded complexes as follows (see Remark 5.1.7
a more conceptual perspective):
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Definition 5.1.4 (The overconvergent derived category). For an analytic adic space X, the
overconvergent derived category (with F,-coefficients) Shv(X¢, Fp)°¢ is the full subcategory of
Shv (X, F)p) generated by bounded below overconvergent sheaves under colimits.

Similarly, the p-completely overconvergent derived category S/}Rf(Xét, Z,)°¢ is the full subcategory
of the p-complete derived category Shv(X¢, Z,) spanned by M with M/p € Shv(X¢, F))°°.

Note that the definitions are compatible: a bounded below object F' € Shv(X,F),) is overcon-
vergent in the sense of Definition 5.1.4 if and only if it is so in the sense of Definition 5.1.2: the “if”
direction is definition, while the “only if” direction follows as the formation of the cospecialization
maps is compatible with colimits.

The following example shows that overconvergence interacts rather nicely with the notion of
cosaturatedness in almost mathematics, and is the reason these sheaves are relevant to our purposes:

Example 5.1.5 (Overconvergent sheaves from almost mathematics). Let X be any analytic adic
space over Spa(R, R"), with R a perfectoid ring. Recall that J = /pRT C R is an idempotent

ideal. We claim that J®é+(’)} is p-completely overconvergent. Indeed, to show this, we may
assume X = Spa(C,CT) is a geometric adic point; we must show that for any valuation ring
V C O¢ containing C*, the quotient V/C™T is annihilated by J. But for any p-complete p-
torsionfree valuation ring W over R™ (such as C*, V or O¢), the ideal JW equals the height 1
prime of W. Thus, it suffices to show that V/C™ is annihilated by any 7 inside the height 1 prime
of CT. Now V equals the localization (CT), of CT at a prime p of height > 1, and it is then easy
to see (from the valuation ring definition in terms of divisibility) that = - (C*), C CT, as wanted.

The next example gives a rather useful local model of overconvergent sheaves:

Example 5.1.6 (Overconvergent sheaves on a strictly totally disconnected space). Let X =
Spa(R, R%) be a strictly totally disconnected perfectoid space, i.e., an affinoid perfectoid space
where each connected component is a geometric adic point (see [Sch17, §7] for more). As X is
a spectral space, it admits a natural profinite set mo(X) of connected components as well as a
(necessarily quasi-compact) projection map f : X — mo(X). By checking on stalks and using that
each fibre of X, is a connected component of X and hence has vanishing higher étale cohomol-
ogy, one learns that the pullback functor f* : Shv(mo(X),F,) — Shv(X¢, F,) is fully faithful on
bounded below objects. Moreover, for any bounded below overconvergent N on X, the adjunction
map f*RfyN — N is an isomorphism, again by examining stalks. Thus, f* gives an equivalence
between Shv ™ (7mo(X),Fp) ~ Shvt (X, Fp)°°. In fact, this extends to the unbounded setting (see
Remark 5.1.7).

Remark 5.1.7. In [Hub96, §8], Huber defines the partially proper étale site Xpp¢ of an analytic
adic space, which comes equipped with a morphism of sites € : X¢g — Xppst. It can be shown that
when X is a perfectoid space, pullback along e identifies Shv(Xppet, Fp) with Shv(Xe, Fp,)°°.

5.2. Quasi-coherent sheaves on perfectoid spaces. Given a perfectoid space X, standard re-
sults show that the structure sheaf O% € Shv(X¢, Z,) is derived complete (for its natural topology)
with almost vanishing higher cohomology on affinoid perfectoids. Generalizing this, we shall explain
why there is a good notion of almost quasi-coherent O}-complexesw: it agrees with ﬁ(R*)“ for
X = Spa(R, R") affinoid, and satisfies étale descent. In fact, we characterize such sheaves inside
all (’)}—complexes on Xy in terms of overconvergence, as defined next.

Definition 5.2.1 (Almost overconvergent OT-complexes). Let X be a perfectoid space. The

almost overconvergent derived category Shv(Xg, OF)@°¢ is the full subcategory of S/}R/(Xét, 0%)®

19The existence of this purely algebraic statement was a surprise to the present author: conventional wisdom in
the area at the time of conception of this project was that there is no good theory of quasi-coherent sheaves on adic
spaces (or even perfectoid spaces).
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generated under colimits by bounded below objects whose cosaturated realization is overconvergent
modulo p when regarded as an object of DT (X, F,) (Definition 5.1.2), i.e., all cospecialization
maps are isomorphisms.

Example 5.1.5 shows that (’)} itself is almost overconvergent. Via bar resolution considerations,
one can check the following properties:

a,oc

e The ®-product on S/}R/(Xét, (’)})a restricts to a symmetric monoidal structure on S/};f(Xét, (’)})

. S/h\V(Xét, OF)»°¢ is exactly the fully subcategory of cosaturated objects of S/};/(Xét,O})
that are overconvergent when regarded as objects of Shv(Xg,F),) in the sense of Defini-
tion 5.1.4.

Our main theorem about this object is the following, which can be viewed as a perfectoid analog
of the familiar description of quasi-coherent complexes over an affine scheme.

Theorem 5.2.2 (Quasi-coherence = almost overconvergence). Let X = Spa(R, RT) be an affinoid
perfectoid space. Then the symmetric monoidal functor

(/—v) :D(R)* - S/IR/(Xét,O})“’OC given by M s M := M®2+(’)§
is an equivalence with inverse given by RT'(Xg, —).

This equivalence is one of the main reasons we prefer to use the étale topology, as opposed
to (say) the pro-étale topology, on perfectoid spaces: the analogous statement in the latter case
would either require more assumptions on X or involve some further completions of the categories
involved.

Proof sketch. First, we claim that the functor well-defined, i.e., takes values in S/};/(Xét, O})“’OC C
Shv(X¢, OF)¢. Indeed, as IS(RJF)“ is generated under colimits by R™ itself, it suffices to check

that OF = R+ is overconvergent, which follows from Example 5.1.5.

For the rest, let 7 € RT denote a fixed pseudouniformizer. By reduction modulo 7 and the
tilting corresponding for the étale site of perfectoid spaces, we may and do work in characteristic
p, i.e., from now on, all perfectoid spaces that show up below live over F,[r]. Correspondingly, all
notions of almost mathematics are with respect to (771/ poo), and all completions are m-adic.

(1) Full faithfulness of (—): It is clear that RI'(X¢;, —) is a right adjoint to the the localization
functor, even at the non-almost level. Thus, to prove full faithfulness, it suffices to show that,
given M € ZS(R+)G, the assignment carrying an object Spa(S, S™) € X to M@IL% ST is already an
almost sheaf with global sections M. This, in turn, is implied by the following: given M € ZS(R)
and an étale surjection f :Y = Spa(S,ST) — X = Spa(R, R") of affinoid perfectoid spaces with
Cech nerve f®:Y* = Spa(S®,S*") — Spa(R), the natural map

M — lim (M®p:S*¥)

is an almost isomorphism. To show this, recall from the theory of perfectoid spaces that S®* is
almost identified with the Cech nerve of RT™ — S*. It is therefore enough to show that R — ST
is almost descendable modulo 7. Since we are in characteristic p, by approximation for qcgs étale
maps as well as almost stability of +-rings under fiber products of affinoid perfectoid spaces, we may
assume RT is almost the m-adic completion of the perfection Ry of a finite type F,[r]-algebra and
thus has finite m-complete global dimension by (the characteristic p version of) Example 3.2.12.
Since the map RT — ST comes from an étale cover of perfectoid spaces, the map RT — T :=
R[1/7] x ST X (ST /7)pert is an arc cover (contemplate whether 7 is a unit, pseudouniformizer or
0 in a rank 1 valuation ring over R). Proposition 4.8.4 then shows RT — T is descendable; as
the projection ' — ST induces an almost isomorphism after reduction modulo 7, it follows that
Rt — ST is almost descendable modulo 7, as wanted.
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For the rest of the proof, let us call objects in the essential image of (;/) as quasi-coherent. Note

that quasi-coherent objects are stable under colimits as (—) is fully faithful and commutes with
colimits. Thus, since the target is generated under colimits by bounded below objects, it suffices
to show that any bounded below F' € DT (X, O})a’oc is quasi-coherent, i.e., that the natural map

ap : RU(X, F)®pOF ~ F
is an equivalence.

(2) Essential surjectivity in the strictly totally disconnected case: Next, assume X = Spa(R, R™)
is strictly totally disconnected, i.e., each fibre of the canonical projection f : X — mo(X) is
a geometric adic point, where mo(X) is the profinite set of connected components of X. Fix
Fe S/IRIJF(X@, (9})“7“; we must show ap is an isomorphism. For this, recall that the specialization
map (X,0%) — Spf(R") is an isomorphism of ringed spaces in this case’’. In particular, by
computing on Spf(R™), one learns that both source and target of ap are bounded below, and thus
the isomorphy of ar can be checked on stalks. Moreover, by overconvergence of both sides, it is
enough to check isomorphy on stalks at closed points. But the functor of taking the stalk at a closed
point of x is a direct limit of evaluating on clopen subsets of X by strict total disconnectedness, so
it suffices to check that ap induces an isomorphism on RI'(U, —), where U C X is a clopen subset.
This immediately reduces to the case U = X itself, where it is clear from the projection formula.

(3) FEssential surjectivity for small perfectoids: Let us now prove the claim over X = Spa(R, R™)
when R* has finite global dimension. Let f : U = Spa(S,S™) — X be a pro-étale cover by a
strictly totally disconnected affinoid perfectoid space U (see [Sch17, Lemma 7.18]), and let f :
U® = Spa(S°®,S*") — X denote its Cech nerve. Note that S*™ is almost isomorphic to the Cech
nerve of RT — ST by basic results on perfectoid spaces. We then have a commutative square

D(RT)® e limp D(5*T)®

le }

S/l;f(Xémo}l-()a,ocJ)hmA S/}Rf( . OU.+)a,oc

ét’

of categories. By finite global dimensionality, arguing as in (1) using Proposition 4.8.4, the
map Rt — ST is almost descendable modulo 7, so the functor a is an equivalence. The func-
tors b and c are fully faithful by (1). Moreover, the essential image of b contains all objects of
lima S/};/'(Ué.ta Ope+)*°¢ whose values on U = Uare bounded below by (2)*'. We will now show
that ar an is an isomorphism for F' € S/};f+ (Xet, (’)}'{)a’oc. By the previous remarks about b, we
know that d(F') is in the essential image of the fully faithful functor ba, so d(F) = ba(M) for a
unique M. In fact, we have

M =~ lim RT(U%,, f**F) ~ RT'(X, F),

éts

where the first identification comes from the explicit formulas for inverses to a and b on the relevant
objects, while the last isomorphism comes from pro-étale descent of étale cohomology for bounded

20This holds true for any totally disconnected X = Spa(R, R"). Indeed, for any affinoid X, the map Spa(R, R") —
Spf(R™') induces an isomorphism on mo(—) as connected components on both sides are determined by the Boolean
algebra of idempotents of RT. Thus, to prove the claim, by base changing along a connected component of Spf(R™),
we may assume both X = Spa(R, R") and Spf(R") are connected. But the total disconnectedness of X then implies
that X is a geometric adic point, whence R" is m-adically complete valuation inside R = R™[1/x]. In this case, it is
clear that X ~ Spf(R™).

218uch an ob ject is automatically uniformly bounded below in each cosimplicial degree as the transition maps are
pro-étale: indeed, if f : Z — Y is a pro-étale map of perfectoid spaces and M € D(Yes, O /7) is (say) coconnective,
then f*M is also coconnective by a direct limit argument.
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below objects. This formula shows that M is bounded below, since F' was so. Moreover, under
these identifications, the map d(ar) is simply the isomorphism ba(M) ~ d(F). Thus, the map ap
becomes an equivalence after applying d. As pullback along the pro-étale surjection f: U — X is
conservative on bounded below objects, it is enough to observe that ¢(M) is bounded below, which
is clear from the corresponding property of M and the finite global dimensionality of RT.

(4) Essential surjectivity in general: Now assume X = Spa(R,R") is an arbitrary perfectoid

space over Fy[n] and F € S/h?f(Xet,(’)})“’OC is bounded below. We wish to show F' is quasi-
coherent. Without loss of generality, we may assume F is bounded below. By writing RT as a
m-completed filtered colimit of 7-completions of finite type F,[r]-algebras, we may write X as a
cofiltered limit X = lim; Spf(R;, R;") of affinoid perfectoid spaces where each R; has finite global
dimension. If f; : X — X, denotes the transition map, then we claim that the natural map

colim ffRfi «F — F
1

is an isomorphism; this implies quasi-coherence as the LHS is quasi-coherent by Example 5.1.3,
step (3) above, and stability of quasi-coherence under colimits and pullbacks. To prove the above
is an isomorphism, consider the composition

colim f; 'Rf; .F — colim ff Rf; .,F — F
(2 (2

of natural maps. Now the composite map is an isomorphism: all objects are uniformly bounded
below, and the map is an isomorphism on stalks. The first map is also an isomorphism as tensor
products commute with filtered colimits, so the second map is also an isomorphism, as wanted. [

Remark 5.2.3 (Cech descent vs hyperdescent). In the first step of the proof of Theorem 5.2.2, we
crucially used our definition of derived oco-categories attached to X only required Cech descent
and not hyperdescent. In fact, we do not know if Theorem 5.2.2 holds true if we used hyperdescent
in our definitions (and we expect it does not hold, see Remark 5.2.4).

Remark 5.2.4 (Etale vs analytic). Theorem 5.2.2 also holds true if one uses the analytic topology
instead of the étale topology. In fact, the proof given above goes through with the following
modification: replace “strictly totally disconnected” by “totally disconnected” perfectoid spaces,
and replace “pro-étale” by “pro-Zariski”. Moreover, the distinction between Cech descent and
hyperdescent discussed in Remark 5.2.3 is provably nonzero in this case: by realizing the Hilbert
cube inside the Berkovich space of an infinite dimensional closed glit perfectoid ball X and adapting
[Lur09, Counterexample 6.5.4.8], one can find a nonzero F € Shv(Xgy,, OF)%°¢ whose stalks are
0, so F' is killed by hypercompletion. The same example also shows that one cannot replace our
definition of overconvergence (Definition 5.1.4) with the specialization criterion for overconvergence
in Definition 5.1.2.

In applications, it will be important to know the t-exactness properties of the equivalence in The-
orem 5.2.2 with respect to some t-structures. For this, we shall endow both sides with the torsion
t-structure. More precisely on the adic space side, given any analytic adic space X, we leave it to the
reader to check that the torsion ¢-structure on S/};/(Xét, (’)}) induces one on S/IR/(X éts (’)})a’oc, char-
acterized by the requirement that M € S/};/(Xét, O})avoc is connective exactly when, for any local
pseudouniformizer m € OF, the cosaturated realization of I'z(M) := colim,, (7%”(’)} /O% ®é)+( M )

is connective. We then have the following t-exactness property of the equivalence in Theorem 5.2.2:

Proposition 5.2.5 (t-exactness of the overconvergence/quasi-coherence equivalence). Let X =
Spa(R, R1) be an affinoid perfectoid space. Then the functor

(=) : D(R)* — Shv(X,p, OF )%
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(which is an equivalence by Theorem 5.2.2) has the following t-exactness properties with respect to
the torsion t-structures on both sides:

(1) (=) is right t-exact, whence the inverse RT'(Xg, —)® is left t-exact.

(2) If X has Krull dimension d, then @ has homological amplitude < d, i.e., takes D=°
into D=~ Equivalently, the inverse RT (X, —)* has cohomological amplitude < d on
Shv (X, OF)%ec,

Proof. For part (1), as the functor is given by a m-completed tensor product with O}, it is clear
that any connective p™-torsion RT-complex gets carried to a connective p™-torsion (’)}—complex; as
this holds true for all n, the claim follows by taking a direct limit.

For part (2), since (—) is an equivalence, it is enough to show the following: for any N € ZS(R)“
with N € D=V we have N € D=? To emphasize the distinction between the étale and analytic
topologies, write | X | for the underlying topological space of X. The proof of Theorem 5.2.2 showed
that the assignment carrying an affinoid open U C |X| to N ®é+ O%(U) was an almost sheaf on
| X |, equalling N ||x|- Consequently, we have

N ~ RT(|X|, N|jx|)-

As | X| is a spectral space of Krull dimension d, we know RI'(|.X |, —) has cohomological dimension d.
It is therefore enough to check that N| x| is connective for the torsion ¢-structure on D(|.X|, (9&')“.

This assertion can be checked on stalks, and then follows from the m-complete flatness of the
OT-local rings of X over the corresponding local rings on | X|. O

Corollary 5.2.6 (Left-completeness of étale sheaves). If an affinoid perfectoid space X = Spa(R, R™)

has finite Krull dimension, then S/l;f(Xet,O})a’oc 1s left-complete for the torsion t-structure, i.e.,
the natural map

— >
Shv(Xer, 0%)°¢ = limShv~  (Xer, OF)%0
n
1s an equivalence. In particular, isomorphisms between objects can be detected on stalks.

Proof. The last statement follows from hypercompleteness of each object of S/};r(Xet, (’)})“’OC, which
is implied by left-completeness. For the latter, by Proposition 5.2.5, the equivalence Shv (X, O})“’OC ~

~

D(R™')* has bounded t-amplitude with respect to the torsion ¢-structure on both source and target.
By transport of structure and the definition of the torsion t-structure, it is enough to show that
the natural map

Dp—tors (R+ ) = h??l Dpz—i;rrls (R+ ) ¢

is an equivalence, which follows readily from the analogous statement for D(R") itself. O

Scheme-theoretic intuition might suggest that Proposition 5.2.5 is not optimal, and that (—)

should actually be exact on, e.g., m-torsion objects. However, this is false and the bound in
Proposition 5.2.5 is, at worst, off by 1 from the optimal bound.

Example 5.2.7 (A non-connective RT-complex with connective localization on Xg). Fix a per-

fectoid field C' with pseuodouniformizer # € Og. Let RT = Oc[xy P m,...,x;/ P OO]/\, and let
R = R*[1/7]; we shall produce an object M € D(RT/7)® with nonzero H’ for i = 0 and i = n — 1
such that M = M @k, O% € Shv(Xg, 0% /) is connective. Let X = Spf(R™) denote the obvious
formal model of X, let j : 4 = X — V(z1,...,2,) — X be the quasi-affine open subscheme given
by the complement of the origin, and let M = Rj,Oy/m € D(RT/m)® Standard calculations in

algebraic geometry show that H°(M) # 0 and H" (M) # 0. On the other hand, by functoriality
of the construction, for any geometric adic point f : Spa(C,C*) — X of X, the pullback f*M
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identifies with RT'(U, (’)IJJr /m) for a quasi-compact open subset U C Spa(C,C™); any such U is itelf
a geometric adic point and hence has vanishing higher O /m-cohomology, so f*M is connective.

The preceding example was inspired by a similar example in algebraic geometry: while the
functor X + D,(XPe) satisfies h-descent on F-algebras (see [B517, Theorem 11.2]), localizing
for the h-topology may turn non-connective objects into connective ones, e.g., for any quasi-compact
open immersion j : U — X, the object Rj.Oppert is not connective if j is not affine, but becomes
connective on the blowup of X along any finitely generated ideal cutting out X — U.

5.3. Perfectoid crystals and overconvergent sheaves. In this section, we extend Theorem 5.2.2
to classical rigid spaces, at the expense of replacing the algebraic side with almost perfectoid crys-
tals on a formal model. Reading the main result (Theorem 5.2.1) in the reverse direction, one finds
that almost perfectoid crystals on a formal model of a rigid space naturally localize on the étale
site of the rigid space.

Notation 5.3.1. Fix a non-archimedean field K of finite p-cohomological dimension. Let X be a
p-adic formal scheme locally of finite type over Of; let X = X,, be the generic fibre, regarded as
an adic space over K. Write d = dim(X).

We need to make sense of almost mathematics on X, even when K might not contain a per-
fectoid field. This is done by exploiting the étale topology to extract roots locally:

Proposition 5.3.2. Let Y be an analytic adic space over Z,. Then Oy C (9; is an idempotent
ideal on Yy, i.e.,
L
oy’ ®O¢ Oy ~ 0y°.

Moreover, Oy’ is a flat O}t—module.

It is crucial that we work in the étale topology: the statement fails for the analytic topology in
the simplest examples, e.g., any adic point Spa(K, K1) with K discretely valued field.

Proof. The statement is local, so we may choose a pseudouniformizer = € (’);5. Let I, C O;t be the
presheaf of ideals defined by

L(U) ={f € Oy(U) | [f(@)]" < x| Vx €U}

Given U € Yy, a point z € U, and f € Of(U), the condition |f(x)|® < |r| is a condition on
elements of k(z)™ and can be checked after replacing the adic point Spa(k(zx),k(z)*) with any
geometric point Spa(C,CT) covering it; this easily implies that I,, is an étale sheaf. Moreover,
essentially by definition, we have Of° = U,I,,. We claim that each I, is an invertible (and hence
flat) O;S—module, and I, ® I, ~ I+ via the multiplication map; these imply the proposition by
passage to filtered colimits. Both properties are local. Since the ideal (7) admits n-th roots étale
locally??, by replacing m with a unit multiple, we may assume that = € (’); admits an (n + m)-th
root t. But then we have I, = tmO;E, I, = t"O}t, so the claim is clear. ]

Thanks to Proposition 5.3.2, there is a good notion of almost mathematics for (’)} with respect
to the ideal O%; unless otherwise specified, this is the notion always used in the sequel.

Definition 5.3.3 (The overconvergent derived category of O}—modules). The (p-completely) al-
most overconvergent derived category of X, denoted, Shv(Xe, (9})“70", is the full subcategory of
p-complete cosaturated (with respect to O%) objects in Shv(X¢, OF) whose mod p reduction is

overconvergent as an object of Shv(Xg, F)).

The p-completed tensor product (over (’)}) yields a symmetric monoidal structure on S/};f(Xét, (’)})a’oc.

22For n coprime to p, we obtain n-th roots of 7 étale locally by Kummer theory; for p"-th roots, we can pass to
the étale cover where we have adjoined roots of z?" — (1 — wz) = 0 to see () has (p")-th roots étale locally.
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Warning 5.3.4. Without further assumptions on X, the object O} € ShV(Xét,O;E) is not p-

complete, see Footnote 17. In fact, the unit of S/};/(Xét, O}) is the p-completion O} of OF, which
is not always in degree 0.

For any perfectoid ring R and a map p : Spf(R) — X, one obtains a map p,, : Spa(R[1/p],R) — X
of adic generic fibres. Pulling back along this map and invoking the equivalence in Theorem 5.2.2

(as well as the almost isomorphism R ~ R* from Proposition 3.3.3), we obtain a functor
Shv(Xy, 0%)*°¢ = D(RT)* ~ D(R)® given by F > RI(Spa(R[1/p], R), piF)?

This functor is compatible with changing R. Thus, taking limits over all perfectoid formal affine
schemes over X and using Proposition 4.4.3 yields a functor®’

v S/};7(Xét, 0F)*°¢ — Crys(Ax)".

Note that U is cocontinuous (i.e., commutes with colimits): this follows from the cocontinuity of
pullbacks and the equivalence in Theorem 5.2.2, using the fact that colimits in a limit of presentable
oo-categories are computed pointwise. Our main theorem about this is the following;:

Theorem 5.3.5 (Perfectoid crystals £ almost overconvergent sheaves). The functor U* is an

equivalence
Shv (X, O})‘LOC ~ Crys(Ax)“.

Further, if X is qcqs of dimension d, then W is left t-exact and has cohomological amplitude < d
with respect to the torsion t-structure on both Xg4 and xpfd,

It is easy to see that W* commutes with pullback between any morphism f of locally finite type
Og-formal schemes. By the theorem, this formally implies commutation with the right adjoints
as well; the latter coincide with the naive notions of pushforward when f is qcgs, so we obtain
pushforward compatibility of ¥ with respect to qcgs maps of locally finite type Og-formal schemes.

Proof. Since both sides satisfy descent for the Zariski topology on X, we may assume X = Spf(R)
is affine, so X = Spa(R[1/p], R). Choose a perfectoid atlas f : { = Spf(S) — XPM whose generic
fibre g : U, = Spa(S[1/p],S) is a pro-étale cover X. Let {* = Spf(S*) — XP!4 denote the Cech
nerve, so S' = (S®Ri+1)pfd is a perfectoid ring; let U®* — X denote the Cech nerve of g, so
Ul = ﬂﬁl = Spf(S¥[1/p], S?) is an affinoid perfectoid space. We shall use deduce the theorem for X
by applying Theorem 5.2.2 to 4°.

(1) Perfectoid crystals via 4°: As L — XP™ is an fpqc cover, we have
Crys(Ax)® ~ liin Crys(Ags)*

by fpqc descent for quasi-coherent derived categories.

(2) Almost overconvergent (’)} -modules via U®: By generalities on pro-étale sites, the pullback
functor

Shv(Xg, Z) — liin Shv(Ug,, Z)

is an equivalence on bounded below objects (see [BS15, §5.1, 5.2] for analogous statements for
schemes). Moreover, recall that for any qcgs rigid variety of dimension d, we have cd,(W') < 2d by
[Hub96, Corollary 2.8.3]; coupled with [CM21, Corollary 2.20 and Proposition 2.31] (see also [L.ur09,
§7.2]), this implies that Shv (X, F) is left-complete, i.e., Shv(X¢, Fp) = lim,, Shv="" (X, F) via
the truncation functors; this formally implies a similar result for (’)} /p-complexes as well.

23The notation ¥* was chosen as this functor is closely related to the nearby cycles functor: its composition with
pushforward along ¥ — X is identified as pushforward along the nearby cycles map (X, O;) — X of ringed topoi.
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The aforementioned finiteness results for X also apply, by limit arguments, to any qcgs pro-étale
X-space?. Thus, we conclude that Shv (U, o Fp) o~ lim,, Shv=""(U. 5, Fp) as cosimplicial categories,
and similarly for O}, /p-modules.

Finally, we claim that for any F' € Shv(Xy, F,), if each 727" F is overconvergent for all n, so is F.
Since Shv(X¢, F)) is generated by truncated objects of the form jiF, v with j : V' — X étale and V'
qcgs, it is enough to show that for any such V and n € H*(V, F), one can spread 7 out to a partially
proper étale X-space; but the analogous statement is true for the truncations of F', so the claim
follows from the Postnikov completeness of F' and the fact that cdp(V) < 2dim(X) (see [Hub96,
Corollary 2.8.3]). Thus, the overconvergent subcategories also satisfy the same left-completeness
properties: we have

Shv(Xer, Fp)*® = lim Shv=""(X¢;, Fp)°°

and similarly then for U®, and also for almost O /p coefficient variant in both cases.

(3) Full faithfulness: Consider the natural diagram

S/I'R/'(Xét, O})a,oc _a lima %(Uo O-}—.)a,oc

ét?

X -
B

Crys(Ax)® lima Crys(Age)®

where the horizontal maps are pullbacks. Then § is an equivalence by (1), « is an equivalence by
(2), and V¢, is an equivalence by Theorem 5.2.2, so we win.

For the final t-exactness statement, under the stated assumption on X, any affinoid perfectoid
which is pro-étale over X also has dimension < d, so the claim follows from Proposition 5.2.5 . [

Remark 5.3.6. Without any assumption on K, the left-completion of the statement in Theo-
rem 5.3.5 holds true.

Finally, let us record the following rather useful consequence of Theorem 5.3.5:

Corollary 5.3.7 (Detecting isomorphisms of perfectoid crystals). Let X be either a p-adic formal
scheme locally of finite type over Ok, or a qcqs perfectoid formal scheme with finite dimensional
generic fibre. Then an object M € Crys(Ax)® is 0 if and only if it vanishes after pullback along
any map Spf(V) — X with V' an absolutely integrally closed rank 1 perfectoid valuation ring.

Proof. In both cases, each object of S/fRf(Xet,O})“’OC is hypercomplete: this is by the step (2)
in the proof of Theorem 5.3.5 for the finite type case, and Corollary 5.2.6 in the perfectoid case.
Consequently, the property of being 0 for an object of S/l;/(Xet, (’)})“’OC can be detected on stalks.
Now the points of X are given by absolutely integrally closed perfectoid valuation rings, so we
only need to justify the restriction to rank 1 rings; this follows from overconvergence. O

24We use the following: If an affinoid perfectoid space V' is the inverse limit lim; V; of affinoid objects in X, then
every abelian étale sheaf on V is the direct limit of pullbacks of étale sheaves from the V;’s, and this is compatible
with taking cohomology.
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6. THE RIEMANN—HILBERT FUNCTOR

In this section, we use the description of perfectoid crystals in terms of overconvergent sheaves
from §5 to define the Riemann—Hilbert functor for both affinoid perfectoid spaces (Theroem 6.2.2)
and rigid spaces (Theorem 6.3.2). Besides the definition, the main results are the full faithfulness
of the Riemann—Hilbert functor (proven via an abstract form of Artin—Schreier theory recorded in
§6.1), its compatibility with the algebraic Riemann—Hilbert correspondence (Theorem 6.2.3), and
its behaviour on dualizable objects (Theorem 6.2.2).

6.1. Abstract Artin—Schreier theory. In this subsection, we prove an abstract full faithfulness
result for a “Riemann-Hilbert” functor in the setting of sheaves of F,-algebras on a general topos
using the Artin—Schreier sequence; this can be regarded as a generalization of Corollary 2.1.5 to
general sheaves.

Notation 6.1.1. Let X' be a topos. Let OF be a sheaf of perfect F,[r]-algebras on X*°. There
is an evident notion of m-complete objects and almost mathematics (with respect to (7'/?”)) in
Shv (X, O"). Write Shv(X, O1)? for the m-complete almost derived category.

In the above setting there is a natural scalar extension functor from F,-sheaves to O -sheaves,
which can then be followed by m-adic completion and almostification. Our goal is to prove the
following full faithfulness result for the composition:

Theorem 6.1.2. Assume that OF is w-complete and F), ~ O%='. Then the m-completed extension

of scalars operation F' — F@\mp(’)Jr induces a fully faithful functor

— p*=1
Shv(X,F,) — (Shv(x,(ﬁ)“) ,
with right adjoint given by the formation of -fixed points of the saturated realization.

The main examples of interest are:
e X = X for an analytic adic space over F,((r)) with OT = OF.
e X = X, for an analytic adic space over a perfectoid field K/Q, with Ot = ((’)j'()b =
Rlim, O% /p, and 7 € (’)3{ being any pseudouniformizer.

Proof. Recall that the localization functor Shv (X', Q) — Shv(X, Q)% has a right adjoint given by the
saturated realization M — M, = RHOIHO(TI'l/ P¥ O, M), and similarly for Frobenius fixed points
on both sides (via the natural Frobenius structure on 7/? ). The functor in the theorem then
has a right adjoint given by the formula

(M7 QOM) = (M*)Lp:1’
so it suffices to know that the natural map
F = ((F&r,0%),)""

is an isomorphism for any F' € Shv(X,F,). Now Corollary 2.1.9 shows for any saturated Frobenius
module M, the map M — M|[1/x] induces an isomorphism after applying (—)¥='. Applying this
to (sections of) (F®p,OT),, it then suffices to show that the natural map

F = ((F&p,01)[1/7])¥"

25The arguments also work when O is a derived perfect F, [r]-algebra (in the sense of Mathew). In fact, they
apply to any O € CAlg(D(F[r]pert) equipped with an automorphism ¢ extending the Frobenius on Fp[7]pert-
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is an isomorphism. For this, consider the cartesian square of Frobenius modules

F®p, Of —*— Fp,0F

| |

F®p, O — (F&p,0")[1/7]

obtained from the Frobenius module F' ®p, O™ via formal glueing. Our assumption F,, ~ or=t
ensures that applying (—)#=! to the bottom left entry gives F. Since we wish to show the same for
the bottom right entry, it suffices to check that a®=" is an isomorphism. Now, by m-completeness,
the map F®p, 0T — F ®p, Ot /m induces an isomorphism on (—)#=!: ¢ acts topologically nilpo-
tently on F @pr(9+ with respect to the complete m-adic filtration. So it suffices to show that
(F ®F, 7r(9+)30:1 is annihilated by (—)¥=!. But the ¢-action comes from the second factor, so

we have (F ®F, 7r(’)+)¢:1 ~ ' ®F, (mO*)¥=1: since we just checked the second tensor factor is 0
(where we implicitly use the m-completeness of O1), we win. O

6.2. The Riemann—Hilbert functor for perfectoid spaces.

Notation 6.2.1. Let X = Spa(R, R") be an affinoid perfectoid space of characteristic p with a
pseudouniformizer 7 € R™ (fixed only for notational ease). We shall write v : Spa(R, R")s —
Spec(R)¢ for the support map?®, and j : Spec(R) «— Spec(R™T) for the evident open immersion of
schemes. Informally, we refer to the pullback of an object along v as its “analyification”.

In this section, we explain how to fully faithfully attach Frobenius modules over R to overconver-
gent F),-sheaves on X, giving an analytic counterpart to Theorem 2.1.3. In fact, the construction
is rather straightforward given our previous results. Indeed, observe that there is a natural colimit
preserving symmetric monoidal functor

Shv(Xer, Fp)*® — Shv(Xep, O%)%°°  given by F s (F&p,O%)".
This functor naturally takes values in (-fixed points of the target, and the resulting functor to the

p-fixed point category is fully faithful by Theorem 6.1.2. Composing the resulting functor with the
inverse of the equivalence from Theorem 5.3.5 then yields most of the following:

Theorem 6.2.2 (Riemann-Hilbert for perfectoid spaces over F,). The construction F' — (F ®Fp O})“
gives a fully faithful colimit preserving symmetric monoidal functor

~ =1
RHY : Shv(Xy, ) — (D(Rﬂ“)“p .

that is compatible with pullback.
The above functor restricts to an equivalence on the full subcategories of dualizable objects on

—~ =1 .
either side. Moreover, an object (M, pp) € (D(Rﬂ“)w is dualizable exactly when each H'(M)

is almost finite projective over R and almost 0 for |i| > 0.

Only the last sentence needs proof, which is given later in §7.2; the latter proof uses some easy
lemmas on almost coherence proven in §7.1.
We call RH% the Riemann—Hilbert functor”’. Let us next explain the compatibility of RH- with

the algebraic Riemann—Hilbert functor RH from Theorem 2.1.3. It is formulated in terms of the

265ee [CY23, §2] for a construction of this morphism, at the level of ringed topoi, using the criterion in [Lurb,
§1.2.3.4] and the strict henselianness of the étale local rings of analytic adic spaces.

27The decorations in the notation RH% are understood as follows: the superscript a refers to passage to the
almost category on the target (reflecting the fact that we are working with étale sheaves on the “generic fibre” in the
source), while the subscript  indicates that this is the Hodge-Tate variant of a functor RH” that takes values in

D(Aint(RT)); in these notes, we mostly restrict ourselves to the Hodge-Tate case for simplicity of notation.
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support map v : Spa(R, R")g — Spec(R)¢. As Shv(Spec(R)¢t, Fp) is generated under colimits by
bounded below objects, and because any specialization of geometric points of Spa(R, R™)s maps
to the same point of Spec(R)¢ (as the support does not change under specialization in an analytic
adic space), pullback along v always produces overconvergent sheaves, i.e., we have a functor

v* : Shv(Spec(R) ¢, Fpp) — Shv(Spa(R, RT), F,)°C.
The promised compatibility with respect to Riemann—Hilbert is the following:

Theorem 6.2.3 (Comparing the algebraic and analytic RH-functors). The compositions

—a

Shv(Spec(R*)ar, Fy) 25 D(R)*~ 0 (D(RT)")#!

and

o * RHa— ~
Shv(Spec(RT )¢, Fp) EAN Shv(Spec(R)¢s, Fp) — Shv(Spa(R, RT),F,)°¢ — (D(R")*)#=!

of symmetric monoidal functors are naturally isomorphic.

Proof. Let us first produce the comparison map. Fix F' € Shv(Spec(R")s, Fp). By Theorem 2.1.3,
there is a natural identification

J°F ~ (RH(F) ® g+ Ospec(r))” -

Pulling back along v*, forgetting the Frobenius fixed points data, and extending scalars along along
y_lospec( R) — Ospa(r,r+) Yields a p-equivariant map

V' j*F — RH(F) ®p+ Ospa(r r+)-
As in the proof of Theorem 6.1.2, there is a natural identification of the (-fixed points of

RH(F) ©@p+ Ogpa(iit) and <RH(F)® 7O R+)>* .
Consequently, the preceding map can be seen as a p-equivariant map

viF = (RE(F)Er: Odyy ) -
Completed linearizing with respect to the O}—action and applying RT'(Spa(R, RT), —)® then gives
a @-equivariant map

_——a

o : RHE(v*j*F) — RH(F)

in D(R*)#=1, as desired.
It remains to show « is an isomorphism. For this, it is conventient to convert back to sheaves,
i.e., to show that

a y*j*F@FpOj—( — RH(F)®R+O§_pa(R,R+)
is an isomorphism in S/I;I(Spa(R, R, 0F)%°¢. As both source and target of a are cocontinuous
functors of F', we may assume F is constructible. This ensures that source and target of o/ are
bounded below, so we can check isomorphy on stalks. Moreover, as all functors involved also
commute with base change, we may then assume R™ is a rank 1 perfectoid valuation ring with
algebraically closed fraction field R. By devissage, it suffices to check the claim for the constant
sheaf F, or the pushforward i, F, of the constant sheaf on i : Spec(R*/w) — Spec(R™). But the
isomorphy of o’ is clear for former by symmetric monoidality of all functors involved, and follows
for the latter sheaf as both sides are 0. 0
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Remark 6.2.4. Theorem 6.2.3 is formally equivalent to the following: the composition

Shv(Spec(R)e, F,) 2% Shv(Spec(R* e, Fp) 5 D(RT)#= Ly (D(R*)2)#=1

is naturally identified with the composition

Shv(Spec(R)¢t, Fp) AN Shv(Spa(R, RT),F,)°¢ — (ﬁ(R*)a)“”:l.

Ha

This formulation will be rather convenient in computations.

The two main examples of interest on the sequel are the following, corresponding to (part of)
Corollary 2.1.5 and Example 2.1.8 respectively.

Example 6.2.5 (Local systems). It is classical that pullback along v : Spa(R, R )¢ — Spec(R)g
induces an equivalence on the categories of finite étale covers, and hence also on the categories of
F,-local systems. Consequently, given an Fp-local system L on Spa(R, R")s with unique alge-

_—— a

braization L', Remark 6.2.4 shows RH%(L) ~ RH(j5L’) . Moreover, as RH(jij(—))* is symmetric

monoidal t-exact functor Shv(Spec(R)¢,Fp) — D(RT)®, the object RH(jiL') is connective and
almost dualizable; as the same holds for the dual by symmetry, Proposition 3.4.1 yields almost
finite projectivity of RH(jL') (and thus also m-completeness). Thus, RH%(L) ~ RH(jL")* and
this object is almost finite projective.

The previous formula translates to the following concrete recipe for calculating RH%(L). Let
(M, @nr) € Vect(R)¥=1 correspond to L' under RH. Choose a finitely presented R*-lattice (No, o, )
for (M, par). Then RH2(L) is almost identified as the perfection N = (No)pert of (No, ©n,)- It is
worth noting that the map ¢p,, and hence also the map Ny — IV, is a m-isogeny in this case.

Example 6.2.6 (Extension by 0). Let i : Z — X be a Zariski closed set defined by an ideal
J C R* (which, without loss of generality, may be assumed to be radical and w-complete), and let
j : U — X be the open complement. Then

0— j!FnU — Fp7X — Z'*sz —0

is a short exact sequence of overconvergent F,-module sheaves on X¢: Zariski open (and closed)
subsets of X are closed under specialization. We claim that RH%(—) carries the above to the
sequence

0—J—=R"—=R"/J—O.

Indeed, if Z = Spa(S, ST), then RT/J =~ ST by the characteristic p variant of the almost isomor-
phism in Proposition 3.3.3 (3), so the claim follows from symmetric monoidality of RH% on both

X and Z, and functoriality.

Remark 6.2.7 (A GAGA consequence). Let us deduce full faithfulness of v* in certain cases from
the compatibility in Theorem 6.2.3. First, observe that the functors j;, RH and RHZ are fully

faithful. Moreover, the functor (—)a is fully faithful when the source argument is cosaturated and
the target argument is 7w-complete. By the compatibility in Remark 6.2.4, this implies that the
natural map RHom(F, G) — RHom(v*F,v*G) is bijective if RH(5G) is m-complete. In particular,
for any étale map k : U — Spec(R) with pullback U" — Spa(R, R") along v, the natural map

RT(U,F,) — RO(U"™,F,)

is an isomorphism: apply the full faithfulness just discussed to RHom(ki/F}, 7, Fp x). When U =
Spec(R) itself, this is a special case of the Fujiwara-—Gabber theorem comparing algebraic and
analytic étale cohomology for affinoids.
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Warning 6.2.8 (Analytification is not always fully faithful). Remark 6.2.7 might suggest that
v* : Shv(Spec(R)e, Fp) — Shv(Spa(R, R ), F)) is fully faithful on all constructible complexes (or

equivalently that (—) is fully faithful on cosaturated holonomic Frobenius complexes in D(R*)#=!);
however, this is false. Indeed, the support map v can fail to be surjective and in fact one can find
a strict inclusion Z; C Zs of constructible closed subsets of Spec(R) with the same preimage in
Spa(R, R*) under v, yielding the desired example by passage to constant sheaves supported on
these subsets.

To find such examples, take Rt to be the 7m-adic completion of Fp[m, z]per, so Spa(R, RT) is
the perfectoid closed unit disc over F,((r)). Consider the ideal J = (z'/7™) C RT as well as its
m-completion J, , which is also an ideal of R since R /J has no m-torsion. Both J and J are radical,
the quotient .J/J is 7-torsionfree (as R*/J is so), and J # J, e.g., y = S a0 Tzl € J—J.
Consequently, for any y € J — J, letting Zy = V(J[1/x],x) C Spec(R) and Zo = V(J[1/7]) C
Spec(R), we obtain a strict inclusion Z; C Zs of closed sets of Spec(R); these are also constructible
as J = VxzR*t. On the other hand, V(J[1/7]) C V(f[l/w]) pulls back to the same closed subset
{0} C Spa(R, R"), whence the same holds for Z; C Zj, giving the desired example.

The Riemann—Hilbert functor has a well-behaved right adjoint:
Proposition 6.2.9 (The right adjoint to RH%). The functor
=1

RHZ : Shv(Xer, F,)° — (ﬁ(Rﬂ“)w

. =1
has a right adjoint Solx (—), described as follows: given (M, @) € (D(Rﬂ“)cﬁ , there is a natural

isomorphism
Solx (M, ear) = b (M @gs (x71)/(7) £=5 My @+ (n77)/(r))

in Shv(Xe, Fp)©C.
The formation of Solx(—) commutes with arbitrary qcgs pushforward, as well as pullback along
maps f Y — X of affinoid perfectoid spaces which have “pointwise relative dimension 0”7 in the

following weak sense: for any geometric point y — Yz with image x = f(y) — Xg, we have

Proof. We first observe that, without any overconvergence assumptions, the functor

Shv (X, Fp) — (S/l;f(Xet, O})GYJ given by F +— F@FPO;E
has a right adjoint Solx(—) given by
(M, pp1) = (M)P
as we saw in the proof of Theorem 6.1.2. Now this can be identified with
fib (M! ®p+ (m71) LM Qg+ (Trfp)>
by applying Corollary 2.1.9 to the sections. Consider the diagram

M, R@p+ () g0—_1>/Vl! Qg+ ()

i |

My @ps (771) L% My @gs (77P).
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By m-completeness of M, the top horizontal map is an isomorphism. Passing to cones in the
vertical direction, we obtain an identification

fib (M! Qp+ (1) 275 My @p+ (n*p)) ~ fib (M! ps (7 H/(72) 25 My @ (n7P) /(ﬂ) ,

as desired in the lemma.
We can now pass to the overconvergent objects. As tensor products of overconvergent sheaves

— ¢
are overconvergent, the above formula shows that Solx(—) carries (ShV(Xet,O})a"’C) into

Shv (X, Fp)°¢. Composing with the equivalence (A—/) : (ﬁ(RJ“)“)w ' ~ (S/};/(Xet,(’)})“’oc)w '
from Theorem 5.2.2 and using the properties shown above for Solx (—) then gives the first assertion
of the corollary.

The compatibility is pushforwards is clear: it is right adjoint to the compatability of RH%
with pullback. For the pullback statement, observe that for any map f : ¥ — X of relative
dimension 0 in the sense of corollary, we have f‘l((’)} /m) ~ Oy /7 by examining stalks. This
implies f*N = f~'N for any (’)} /m*-complex N. The desired base change claim now follows from
the formula for Solx(—) proven above as both terms appearing are (’)} /mPFlcomplexes. O

The above leads to the following simple criterion for detecting when an object lies in the essential
image of the Riemann—Hilbert functor:

Corollary 6.2.10 (Pointwise criterion for being in the image of RH). Fiz (M, ¢y;) € (D(RT)*)?=!
such that M € (Shv(Xe¢, O%)%°¢)¢=1 is bounded below. Then (M, o) lies in the essential image
of RH% over X if and only if for each geometric point x — X¢, the pullback of (M, par) along

Spa(k(x), k(z)T) — X lies in the essential image of RH% over Spa(k(x), k(z)").

Note that if an object of S/h?/(Xéh OF)®°¢ is bounded below, then so its image in D(RT)® under
the equivalence of Theorem 5.2.2; the converse holds true when X is finite dimensional by the
t-exactness statement of Theorem 5.2.2.

Proof. By adjunction, the object (M, yas) is in the essential image of RH% over Xy if and only if

the map
Solx(M, QOM))&X\)FPO} — M

is an almost isomorphism. As M is bounded below, the formula in Proposition 6.2.9 makes it clear
that all objects appearing above are bounded below, so their isomorphy can be tested on stalks.
The claim then follows from the compatibility of Solx(—) with base change to geometric points in
the second half of Proposition 6.2.9. U

Variant 6.2.11 (RH in any characteristic). Let X = Spa(R, R") be an affinoid perfectoid space of
characteristic p with a pseudouniformizer 7. Then base change along the Frobenius R /7 — Rt /7
induces an symmetric monoidal equivalence D(R*/7)?=! ~ D(R* /w)¥=L. Passing to the limit, we
learn that the projection

D(RT)?=! ~ limD(R* /7)¥=" — D(R* /m)?=!
n,p

is a symmetric monoidal equivalence. This preserves and reflects the property of being almost 0.
Consequently, Theorem 6.2.2 can be restated: the functor

Shv(X¢, Fp)°© — D(RT /m)»¥=! given by F— F®p, RT/m
is fully faithful, colimit preserving and symmetric monoidal; moreover, it is an equivalence on the
subcategory of dualizable objects. By the tilting correspondence, the same statement holds true

for any affinoid perfectoid space X = Spa(R, R™), not necessarily of characteristic p, as long as 7
is chosen to ensure R™ /7 is an F,-algebra.
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6.3. The Riemann—Hilbert functor for rigid spaces. We now descend the result of the previ-
ous section to rigid spaces. For simplicity of notation, we only state results for mod p coefficients;
the natural p-adic variants, once formulated, follow immediately.

Notation 6.3.1. Fix a non-archimedean field K of finite p-cohomological dimension. Let X be a
p-adic formal scheme locally of finite type over Ok; let X = X, be the generic fibre, regarded as
an adic space over K. Write d = dim(X).

In the above situation, by passing the p-torsion objects in Theorem 5.3.5, we have an equivalence
U Shv (X, (’);E/p)“’OC ~ Crys(&x/p)a.
Taking Frobenius fixed points and tensoring along F, — O;r( /p then gives our desired functor:

Theorem 6.3.2 (RH for rigid spaces). The construction F +— V¥*(F QF, O%/p) yields a fully
faithful colimit preserving symmetric monoidal functor
RH% : Shv (X, F,)°¢ — (ShV(Xét, (9;2/119)“’00)%0:1 ~ (Crys(&x/p)“)g}:l.

This functor has the following properties:

(1) It is compatible with pullback, and identifies the full subcategories of dualizable objects on
either side.

(2) It is t-left exact and has cohomological amplitude < dim(X) with respect to the standard
t-structures on either side.

(8) It admits a right adjoint Solx whose formation commutes with arbitrary qeqs pushforward,
as well as pullback along maps of rigid spaces that have pointwise relative dimension 0 (as
in Proposition 6.2.9).

(4) An object M € (Crys(&x/p)“)g):l lies in the essential image of RHE if and only if it does
so after pullback to every geometric point x — Xg.

Proof. The functor is clearly well-defined as a symmetric monoidal colimit preserving functor.
Its full faithfulness and property (1) follow by pro-étale descent from Theorem 6.2.2 (and Vari-
ant 6.2.11) exactly as in the proof of Theorem 5.3.5.

Property (2) follows from the last sentence of Theorem 5.3.5 as extension of scalars along F), —
O3 /p is t-exact.

For property (3), the pushforward statement follows by adjointness as in Proposition 6.2.9. For
the pullback statement, we first write a formula for Solx by mimicing Proposition 6.2.9, noting
that all the terms appearing in that formula have a natural meaning in the present context (even
though X or K are not perfectoid). More precisely, recall from the proof of Proposition 5.3.2 that

1
for any a € Qxo, there is a well-defined invertible ideal (p)* C OF on Xg; set I = (p)»+1. One
can show as in Proposition 6.2.9 that we have

SOt ) =0 (005,71 M )

This formula makes the pullback statement clear since f *1((’)} /p) = (’); /p forany map f: Y — X
of relative dimension 0, exactly as in Proposition 6.2.9.

And finally property (4) follows as in the proof of Corollary 6.2.10; no boundedness assumptions
are needed as an object of Shv(Xg, Fp) is 0 if and only if it is pointwise 0 by hypercompleteness
(see proof of Theorem 5.3.5). O

Variant 6.3.3. It follows formally from Theorem 6.3.2 that the construction F +— V% (F ®Zp o)
yields a colimit preserving symmetric monoidal functor

RHZ : Shv(X, Z,)*°¢ — Crys(Ax)®.
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When X = Spf(R) is affine, the target is identified with ﬁ(Rpfd)a by Theorem 4.6.3, so RH% can

be regarded as a symmetric monoidal colimit preserving functor
Shv(Xet, Zp) @ — D(Rpta)”

This gives a rather close connection between étale sheaf theory on Spa(R[1/p|, R) and the commu-
tative algebra of Rptq-modules, and will be critical to our applications.

Example 6.3.4 (Finite pushforward compatibility). The functor RH% is compatible with finite

pushforwards (we shall later prove the same proper maps). To see this, first note that overcon-
vergence is preserved under arbitrary qcgs pushforward (Example 5.1.3). Moreover, as explained
after Theorem 5.3.5, the equivalence ¥® is also compatible with pushforward along finite type
maps of formal schemes. Consequently, it suffices to show the following more general statement:
given a finite map f : X — Y of rigid spaces over K and any F' € Shv(X¢,F,) (not necessarily
overconvergent), the natural map
foF @x, OF [p = f(F ®F, O%/p)

is an isomorphism. Let us first check the statement for bounded below F'. In this case, as the
formation of f, and OF /p commute with forming stalks, we may reduce to the case Y = Spa(C,C™)
is a geometric adic point. Then X = Spa(D, D™"), where D is a finite C-algebra and DV is the
integral closure of C* in DT. As the étale site and the sheaf O /p are insensitive to nilpotents, we
may assume D is reduced. But C is algebraically closed, so D is a finite product of copies of C, and
D™ is the corresponding product of copies of C'F; in this case, the claim is obvious. Note that this
argument also shows that f, is exact on abelian sheaves. To reduce the general case to the bounded
case, one can, e.g., invoke left-completeness of the sheaf categories (proof of Theorem 5.3.5) as well
as the t-exactness just established.
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7. ALMOST COHERENCE AND RH

In this section, we introduce the main finiteness condition on perfectoid crystals (almost coher-
ence) and study its interaction with the Riemann—Hilbert functor RH%. More precisely, we begin
in §7.1 with the definitions and basic properties of almost coherence, specialized to the setting of tft
algebras over a perfectoid field. In §7.2, we finish the proof of Theorem 6.2.2 by showing that RH%
is essentially surjective on dualizable objects for perfectoids (and thus everything); this uses a tiny
amount of material from §7.1. Specializing to rigid spaces over a perfectoid field, we show that RH%
carries Zariski-constructible sheaves to almost coherent sheaves (Theorem 7.3.6); this is essentially
a finiteness theorem. As an application, we deduce a relative form of the primitive comparison
theorem of Faltings—Scholze in Corollary 7.3.7: RH% commutes with proper pushforward.

7.1. Almost coherence. This subsection introduces and studies the key finiteness condition of
this course: almost coherence.

Notation 7.1.1. Fix a perfectoid field K with valuation ring Ok, maximal ideal m and residue
field k; choose (for notational ease) a pseudouniformizer m € Ok . All completions appearing below
are with respect to ().

Definition 7.1.2 (Almost coherence). Fix an Og-algebra R.

(1) An R-module M. We say M is almost finitely generated if for each € € m, there is a finitely
generated submodule M, C M with e (M/M,) = 0.

(2) We say that R is almost noetherian if every ideal I C R is almost finitely generated.

(3) For almost noetherian R, an object K € D(R)® is almost coherent if the R-module H*(M)
is almost finitely generated. Write ﬁawh(R)“ C ﬁ(R) for the full subcategory spanned by
all almost coherent objects.

The ring O itself is almost noetherian:

Example 7.1.3 (Almost noetherianness of Of). The valuation ring Ok is almost noetherian. To
see this, since O has rank 1, we can regard the valuation as a map v : Og — R>o. Now given
any ideal I C Ok, if I is not principal, one can find a sequence aq, az, as, ... € I such that v(a;) <
v(a;+1) and lim; v(a;) is the least upper bound of the set v(I) C R. Then I = (a1, as2,as,...) by
valuation considerations and moreover the annihilators in Ok of I /(a1,as, ....,a,) contain elements
of arbitrarily small valuation as n — oo, so I is arbitrarily close to a finitely generated submodule.

The following examples of almost coherent objects over O capture the essential phenomena
encoded in Definition 7.1.2

Example 7.1.4. The Og-module @,>00k/ (m)Y/P" is almost finitely generated but clearly not
finitely generated. Similarly, the complex

K =@ 0x/(m)""" ] @ Ok /(x) 7" [-n]

n>0 n<0

is almost coherent, but is unbounded in both directions.

The most important example of an almost noetherian ring for our purposes is provided by the
following, generalizing Example 7.1.3:

Theorem 7.1.5 (Zavyalov). Let R be a tfp O -algebra. Then R is coherent and almost noetherian.
Proof. The coherence is classical and the almost noetherianness is [Zav21, Theorem 2.11.4]. O

Let us make (without proof) some elementary remarks on these notions. Over an almost noe-
therian ring R, the category of almost finitely generated modules is an abelian subcategory of the
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category of all R-modules that is closed under subobjects, quotient objects, and extensions (and
thus almost finitely generated modules are almost finitely presented). Moreover, if R is also p-
complete, so is any almost generated R-module. Thus, for m-complete almost noetherian R, the
category Dacon(R) C D(R)® is stable. Moreover, containment here can be detected modulo 7

Proposition 7.1.6 (Detecting almost coherence modulo 7). Let R be a m-complete almost noe-
therian Ok -algebra.

(1) A w-complete R-module M is almost finitely generated if and only if M /wM is so.
(2) An object M € D(R)® is almost coherent if and only if M /x is so.

Proof. In both cases, the “only if” direction is immediate, so we focus on the “if” direction.

For (1), assume M /7 M is almost finitely generated and fix e € m. It suffices to find an integer
n and a map R"™ — M whose cokernel is annihilated by e. Clearly we may assume |7| < |e|.
By assumption on M/7wM, we can find a an integer n and a map f : (R/mR)" — M/mM whose
cokernel is annihilated by €; applying Lemma 7.1.7 to an arbitrary lift R™ — M of f then gives the
claim.

For (2), fix some M € ﬁ(R)a such that M /7 is almost coherent; we shall check M is almost
coherent. Since H'(M)/mH' (M) C H'(M/p), the previous paragraph shows that each H'(M) is
almost finitely generated. To finish, it is enough to show that for each € € m, we have e- H/(M) = 0
for all |i| > 0. But we know that e- H(M/m) = 0, and hence ¢- H*(M) /7 H*(M) = 0, for all |i| > 0
by the assumption on M /m; the desired claim again follows from Lemma 7.1.7. ([l

The following elementary lemma on derived complete modules is rather useful in analysing almost
finiteness properties, was used above, and will be used again later.

Lemma 7.1.7 (Torsion criterion). Fiz a commutative ring A equipped with elements f,g € A. Fix
an A-module M which is derived f-complete. If M/ fgM is annihilated by g, so is M.

In all our applications, we will in fact have that v/fA = \/gA.

Proof. We wish to show that the inclusion M[g] — M is bijective. By derived f-completeness, it
suffices to check M[g] — M — M/ fM is a surjective. But this is implied by the assumption: any
x € M satisfies g = fgy for some y € M, whence g(x — fy) = 0. O

Proposition 7.1.8 (Compactness properties of almost finitely generated modules). Let R be a
w-complete almost noetherian Ok -algebra. Then an R-module M is almost finitely generated if and
only if RHompg(M, —) almost commutes with colimits on D=°.

Proof. For the “if” direction, one has a stronger statement: if Hompg(M, —) almost commutes with
colimits on R-modules, then M is almost finitely generated. Indeed, applying this property to any
expression of M as a filtered colimit of its finitely generated submodules immediately gives the
claim.

For the converse, assume M is almost finitely generated and fix a filtered diagram {N;} € D=
with colimit N. We shall show that the natural map

ayy : colim RHomp (M, N;) — RHompg(M, N)
(2

induces an almost isomorphism on H* for each k > 0; fix one such k.

First, assume that each N;, and thus also N, is an honest R-module. Fix ¢ € m. By inductively
“resolving” M, we can find a finite complex K of finite free R-modules and a map K — M whose
cone  has homology annihilated by € in degree < k + 1. As RHompg (K, —) commutes with all
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colimits, we have a fibre square

colim; RHomp(Q, N;) e RHomp(Q, N)

i i

colim; RHomp(M, N;) —¥> RHomg (M, N).

Now only the first n homology groups of () can contribute to Ext’;(Q, —) in the spectral sequence
resulting from the canonical filtration of ). Thus, by our choice of K and (), we learn that
Ext]f%(Q, —) and Ext%H(Q, —) are annihilated by € and €*+! respectively. Taking the long exact
sequence of cohomology induced by the fibre square above then implies that H*(a ) has kernel
and cokernel annihilated by €**!. But this holds true for all €, so H*(ay;) must be an almost
isomorphism.

Once the claim holds for filtered diagrams of R-modules, it immediately follows for filtered
diagrams of R-complexes by applying the following to N’ = N and N’ = N; for all i: we have
Exth (M, 7SF+1IN') ~ Exth (M, N') for any cococonnective N'. O

For the categorical notion of dualizability specialized to the almost category, we have the following
rather general characterization:

Proposition 7.1.9 (Almost dualizability). Let R be a derived Ok -algebra. Fix M € D(R)*. The
following are equivalent:

(1) M is dualizable in D(R)*.

(2) For every N € D(R)*, the natural map

RHomp(M, R) @z N — RHompg(M, N)

s an almost isomorphism.
(3) RHompg (M, —) almost commutes with all filtered colimits in D(R)®.
(4) For each € € m, multiplication by € on M factors over a perfect complex.

The flexibility of allowing derived Ok-algebras R above will be useful later, when we apply this
to R = Speq for a tfp Ok-algebra R (see proof of Theorem 7.3.6, step (2)).

Proof. (1) < (2) is a general fact about closed symmetric monoidal co-categories, while (2) = (3)
is straightforward. For (3) = (4), write M as a direct limit of perfect complexes and apply the
almost commutation assumption. Finally, (4) = (2) is also straightforward by comparing the given
map for M to the analogous map for a perfect complex. O

Remark 7.1.10 (7m-complete almost dualizability). For any 7w-complete Ox-algebra R, let us call
a m-complete object M € D(R)® as m-completely almost dualizable if it is dualizable in D(R).
The arguments in Proposition 7.1.9 show that m-complete almost dualizability of M is equivalent
to RHomp(M, —) commuting with filtered colimits in D(R)® (or just D(R/m)*), and also with
RHomp(M, R)®zN — RHomp(M, N) being an isomorphism for N € D(R)® (or just in D(R/7)%).
In particular, any almost dualizable object of D(R)® is automatically m-complete and 7-completely
almost dualizable; we do not know if the converse holds true, i.e., is any m-completely almost
dualizable object also dualizable in D(R)*? Proposition 7.1.11 yields a positve answer in the
smooth case. On the other end, an extremely general version of such a statement cannot be true: if
R = dR(Zy[z]/Z,)", then there are p-completely invertible R-modules (e.g., the de Rham complex
of any non-trivial flat connection on Z,[z]" lifting the trivial one modulo p) that are not invertible
as R-modules, even after inverting p.

Despite the above remark, we have the following:
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Proposition 7.1.11 (Almost coherence = almost dualizability in the smooth case). Let R be a tft
Ok -algebra with Spf(R) smooth over Ok . Fix M € D(R). The following are equivalent:

(1) M is almost coherent.
(2) M is dualizable in D(R)“.
(8) M is dualizable in D(R)“.

The smoothness of R is relevant through the following consequence: R has finite p-complete
global dimension?®, i.e., there is an integer d > 0 such that Ext'f%(N ,N') =0 for any R-module N
and any p-torsion R-module N’.

Proof. (1) = (2): First, we show the claim for almost coherent R-modules M, i.e., we show that
Ext¥ (M, —) almost commutes with colimits of filtered diagrams in D(R)®. For diagrams in D=¢(R)®
for any fixed ¢, the claim follows from Proposition 7.1.8. The finite global dimension assumption
on R implies that Ext’f%(M, N) ~ Ext’f%(M, 724N) for d depending only on R and k, so the claim
follows.

The claim for almost coherent R-modules shown above immediately implies the claim for almost
coherent M € D(R)* which are bounded. To handle the possibly unbounded case, it suffices to
show the following: for each almost coherent M € D(R)® and each e, multiplication by € is null-
homotopic on 72" M and 7=""M for some n > 0 (depending on M and €). Since we know that
H!(M) is e-torsion for |i| > 0 (depending on ¢), the claim follows from Lemma 7.1.12.

(2) = (3): this is straightforward.

(3) = (1): As M/m € D(R/m)® is almost dualizable by assumption, the implication (1) = (4) in
Proposition 7.1.9 shows that, for any e € m, multiplication by € on H*(M /) factors over a finitely
generated R-module. This implies that M/m € D(R/7) is almost coherent, which implies almost
coherence of M € D(R) by Proposition 7.1.6. O

The following standard result on derived categories was used above (see [Chr98, Theorem 8.3]).

Lemma 7.1.12 (Ghosts are nilpotent on smooth spaces). Let R be a ring with p-complete global
dimension < d. Given M € D(R) and € € R such that € acts trivially on H*(M), multiplication by
¢l on N is 0 in D(R).

Proof. The canonical filtration on M induces a complete Z-indexed filtration F*RHompg(M, M) on
RHomp (M, M) with associated graded given by the assignment i € Z + RHomp(H* (M), H*t*(M)).
Consequently, the R-module Homp(M, M) admits a complete Z-indexed filtration whose associ-
ated graded in degree i is a subquotient of Ext’ (H*(M), H*(M)). But the latter is annihilated
by € for all i by assumption on M, and is 0 for ¢ ¢ [0,d] by the global dimension assumption
on R (noting that if Extﬁd(M , —) vanishes on p-torsion R-modules, it vanishes on all connective
p-complete R-complexes). By completeness, the induced filtration on Hompg (M, M) is in fact a
finite filtration with at most (d + 1)-nonzero graded pieces; as each graded piece is e-torsion, the
module Homp (M, M) is e¢*'-torsion, which implies the claim. O

Finally, we shall need the almost analog of Grothendieck’s fundamental theorem on the finiteness
of higher direct images for coherent sheaves along proper maps in algebraic geometry:

Proposition 7.1.13 (Almost Kiehl’s theorem). Let f : X — Q) be a proper map of tfp formal
schemes over Spf(Ok). Then Rf, preserves almost coherence.

2870 see this, we may, by Zariski localization on Spf(R), assume that there exists a m-completely étale map
Ry := Ok|z1,...,74)" — R. Now, for any étale map A — B and B-module M, the natural (B ®4 B)-module action
map B®a M — M is a projection onto a direct factor by étaleness; restricting scalars along the first factor inclusion
B — B ®a B then shows that Ext% (M, —) is a summand of Ext® (M, —). Applying this Ro/m — R/m, we may then
assume R = Ry is a m-completed polynomial ring. Now Example 7.1.3 shows that any ideal of Ok has projective
dimension < 2, whence the global dimension of Ok is < 2 by [Sta, Tag 065T] The argument in Example 3.2.12 then
shows that R has global dimension < d + 2.
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Proof. Using Proposition 7.1.6 and reducing modulo 7, we may assume f : X — Y is a proper map
of finitely presented, and hence coherent, Ok /m-schemes. Let M € D(X)® be an almost coherent
object. We wish to show the same for Rf,M. Choose d so that Rf, has cohomological amplitude
in [0,d]. Fix € € m.

We first explain the argument when M is bounded, say H!(M) = 0 for i ¢ [—m,m]. Write
M as a filtered colimit colim; K; of perfect complexes. Then M = colim; 7™ K, as well, and
each 7™M K; is a bounded coherent complex. By Proposition 7.1.8 applied to the finitely many
cohomology sheaves on M, we learn that RHomy (M, —) almost commutes with filtered colimits
in DZ~™. Consequently, M is coherent up to e-torsion, i.e., multiplication by e on M factors over
a coherent complex (namely, some 7= K;). By Kiehl’s theorem [Sta, Tag 0683], this property
pushes forward, so we learn that Rf,M is coherent up to e-torsion. As this holds true for all €, we
obtain almost coherence of Rf,M.

In the general case, by almost coherence of M, we can choose m > 0 (assumed to be greater
than d) such that e - H*(M) = 0 for i ¢ [—m, m]. Moreover, the truncation 7[="" M is a bounded
almost coherent complex and hence coherent up to e-torsion as above. We shall use the structure
of the truncations of M to obtain an analogous description for Rf.M using the cohomological
amplitude assumption on Rf,. More precisely, Rf.M has the following truncations:

(1) 7<~™Rf,M has cohomology sheaves annihilated by €?*!: this follows by the assumption
€+ H<"™(M) and the Leray spectral sequence.

(2) rl=m—mtd R M is an extension of the bounded complex 7="™*dR f, r[=m=m+dl Nf that is
coherent up to e-torsion by a bounded complex annihilated by €¢*! (coming from a suitable
truncation of Rf,7<~™M). In particular, rl=m=m+d R £ M is coherent up to e*+2-torsion.

(3) r(=mtdml R £ M is coherent up to e-torsion by the corresponding statement for a truncation
of Rf,rl=mmipg (using the classical Kiehl theorem [Sta, Tag 0683] to ensure preservation
of coherence of higher direct images).

(4) 7mmtdRf M is an extension of a complex that is e?t!-torsion (coming from a suitable
truncation of Rf.,7~™M) by a complex that is coherent up to e-torsion (coming from a
suitable truncation of Rf,7[=™™ M. In particular, 7(™™+d R f, M is coherent up to 4+2-
torsion.

(5) 7>™*+IRf, M has cohomology sheaves annihilated by €?*!: this follows by the assumption
€-H”"™(M) and the Leray spectral sequence.

d+1

Putting all of the above together, we learn that @;H‘(Rf.M) is coherent up to e?+2-torsion. As
this holds for all €, we obtain almost coherence of Rf.M. O

7.2. RH and local systems. In this subsection, we complete the proof of the second part of
Theorem 6.2.2: we show that RH% induces an equivalence on the full subcategories of dualizable

objects, and also deduce the description of the latter on the target side. Let us recall the notation:

Notation 7.2.1. Let X = Spa(R, RT) be an affinoid perfectoid space of characteristic p with
pseudouniformizer 7.

Our goal is to show the following:

Theorem 7.2.2 (RH is an equivalence on dualizable objects). The fully faithful symmetric monoidal
cocontinuous functor

RHZ : Shv(Xg, F,) — (D(R))#~!
from Theorem 6.2.2 identifies the subcategories of dualizable objects on either side.

An object (M, or) € (D(RT)®)¥=! is dualizable if and only if it is bounded and each H'(M) is
almost finite projective over R .
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Proof. Granting the first part, the description of dualizable objects in the second part follows from
Example 6.2.5, so it suffices to show that any dualiziable object (M, ) € (D(R')%)#=! lies in
the essential image. We shall use the criterion in Corollary 6.2.10. Set € = w/P.

(1) Almost boundedness of M. We shall show that M is bounded. By Proposition 7.1.9, there
exists a perfect complex K over CT /m such that multiplication by € on M/m factors over K. But
then e - H (M /) for all |i| > 0, whence € - H(M)/m = 0 for |i| > 0. Lemma 7.1.7 then implies
€ HY(M) = 0 for |i| > 0. The Frobenius structure on M then implies, via Lemma 7.2.3, that
Hi(M) ~ 0 for all |i| > 0. This argument shows that the cohomological amplitude of M is
bounded by the Tor amplitude of K, and moreover the same holds true for any base change of M.
In particular, M is bounded.

Thanks to Corollary 6.2.10, we can now assume (R, R™) = (C,C7) is an affinoid field (even an
algebraically closed one, though we do not need that). In fact, since we work in the almost category,
we may also assume C' has rank 1.

(2) The case of points. As M is bounded, by shifting, we may assume M is bounded and
connective with H(M) # 0. In this case, by Proposition 7.1.9 (3) = (1) applied over C* itself,
we learn that HO(M) is almost finitely generated, so N = H?(M)[1/x] is a finite dimensional
C-vector space equipped with an identification ¢*N ~ N. By Theorem 2.1.3, there is a local
system L' on Spec(C)¢ such that N ~ RH(L') = L’ ®r, Ogpec(cy on Spec(C)¢ as Frobenius
modules. Set M’ = RH(j,L'); this is a cosaturated almost finite projective CT-module identified
with RH%(L), where L is the analytification of L’ (see Example 6.2.5). By the universal property

of RH (Remark 2.1.4), we obtain a natural comparison map M’ — H°(M) of perfect Frobenius
modules inducing an isomorphism after inverting 7; as M’ is torsionfree, this map must be injective.
Since H%(M) is almost finitely generated, the quotient Q' = H°(M)/M’ is annihilated by 7" for
some k. But we also have a perfect Frobenius structure on @', so Lemma 7.2.3 forces @’ < 0,
whence H°(M) ~ RH%(L), where L is the analytification of L. Peeling off this cohomology group
and proceeding by induction on the cohomological amplitude of M then gives the theorem. O

Lemma 7.2.3. If Q is an R*-module with an identification og : Q ~ ¢+Q such that 7Q = 0, then
aV/P"Q =0 for all n.

n PO n
Proof. We have 71/P"Q < Q= ¢ (7rQ) = 0 for all n. d

Remark 7.2.4 (A formula for the local system attached to an almost dualizable Frobenius mod-
ule). Given a dualizable object (M, ;) € D(RT)*¥=1 Theorem 7.2.2 shows that M ~ RH%(L)

for a unique dualizable object (i.e., bounded constructible complex with locally constant coho-
mology) L € Shv(Spa(R,R")¢, Fp)°c. Moreover, L = v*(L') for a (unique) dualizable object
L' € Shv(Spec(R)a, Fp), where v : Spa(R,RT) — Spec(R) is the support map. Using Exam-
ple 6.2.5, we obtain the following purely algebraic formula for L: we have

—_~ 1~

L' = fib(M[1/x] 224 M{1/7))
as sheaves on Spec(R)¢;.

Remark 7.2.5 (Relaxing almost projectivity to almost finite presentation). Given M € (D(R*)®)#=!,
we claim that M is dualizable if and only if it is bounded and each H*(M) is an almost finitely
presented RT-module. Indeed, this follows from the argument given in step (3) in the proof of
Theorem 6.2.2 combined with Remark 2.1.7 to ensure that each H*(M)[1/7] is finite projective.

Let us isolate a particularly simple consequence of the above in the case of geometric points:
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Corollary 7.2.6 (Almost dualizable Frobenius modules over a point). Say (R, Rt) = (C,CT) is
an adic point. Then the functor

a

Shv(Spa(C, C)e, )¢ — (D(C /m)™)#=!

is an equivalence on dualizable objects. Moreover, M € (D(C™T /7)*)¥=! is dualizable if and only if

M is bounded and almost coherent.

Proof. Without loss of generality, we can assume C* has rank 1. As in Variant 6.2.11, reduction
modulo 7 induces a symmetric monoidal quivalence

(D(CH)")*=" = (D(CF /m)")*=".

It is thus enough to show the following: the unique lift M’ € (IS(C”“)“)@:1 of M along the above
equivalence is dualizable. The assumption on M ensures that M’ is bounded (derived Nakayama)
and almost coherent (Proposition 7.1.6), so the claim follows from Remark 7.2.5. O

7.3. RH, almost coherence, and proper pushforward.
Notation 7.3.1. Fix a perfectoid field K/Q,.

Our goal in this subsection is to prove that RH carries Zariski constructible sheaves to almost
coherent sheaves, and moreover that it commutes with proper pushforwards. In fact, the proofs
will be interwoven. Let us begin by defining almost coherence.

Definition 7.3.2 (Almost coherence of perfectoid crystals). Let X is a tft p-adic formal scheme
over Spf(Ok) with generic fibre X. Write 7 : XPfd — X for the structure map.

(1) An object F' € Crys(Ax)® is called almost coherent if Rm,F € D(X) is almost coherent.

(2) An object G € S/}FI(Xét,O})a’OC is almost coherent on some formal model if there exists

a formal model ) of X such that the associated perfectoid crystal ¥*(G) € Crys(Ag)® is
almost coherent in the preceding sense.

In §9, we shall reformulate almost coherence for perfectoid crystals in terms of an abstract
notion of Grothendieck duality intrinsic to the Og-linear category of almost perfectoid crystals
(Example 9.5.6). This perspective shows that conditions appearing in (1) and (2) above match
up under the equivalence ¥ : S/};/(Xét, OF)®°¢ ~ Crys(Ax)?; equivalently, condition (1) above is
independent of the model X. In fact, this condition is even étale local on the generic fibre, see
Corollary 9.6.6. For now, we only prove one direction of one instance of this implication:

Remark 7.3.3 (Checking almost coherence locally). Let X/K be a rigid space, and let 7 : Q) — X
be a map of formal models of X. Fix F' € Shv(Xg, O}/p)“’oc. Applying Theorem 5.3.5 to both
X and 9), we obtain perfectoid crystals Fx € Crys(Ax)® and Fy € Crys(Ag)® associated to F,
compatible under pushforward along . Using Proposition 7.1.13 and the pushforward compatibility
of the equivalence ¥* from Theorem 5.3.5, it is easy to see that if §y) is almost coherent, then so is
Sx. Moreover, the almost coherence of §y can be checked locally on ). In other words, to check
Sx is almost coherent, we may work locally on the generic fibre X.

To handle the proper pushforward compatibility, the following criterion shall be quite useful:

Proposition 7.3.4 (Criteria for pushforward compatibility). Let f : X — Y be a proper morphism
of rigid spaces. Assume that for every rank 1 geometric point y — Y, the sheaf F|x, ®F, (’)}y /D
is almost coherent on some model of X,. Then the map

a(f, F): Rf.F ®r, Oy /p = Rf.(F ®r, O/p)

18 an almost isomorphism.
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Assume Y is qcgs, and choose a formal model f: X — 92 of f. Since the equivalence ¥* from
Theorem 5.3.5 commutes with pullback and pushforward, the isomorphy of a(f, F') is equivalent to

the almost isomorphy of RH*(Rf,F') — RNEdeHa—(F ). We shall thus often informally refer to the
isomorphy of o f, F') map as the statement that “RH%(—) commutes with pushforward (for F)”.

Proof. Set G(F) := Rf.(F ®p, 0% /p) € (Shv(Yer, OF /p)*°)#=1. As the formation of Solx(—)
commutes with arbitrary qcqs pushforward, the almost isomorphy of a(f, F) is equivalent to the
almost isomorphy of the natural counit map

Soly (G(F)) ®r, OF /p — G(F)
in (Shv(Ye, O5 /p)»°¢)#=1, ie., we simply need to check that G(F) lies in the image of RH%.
By Theorem 6.3.2, this assertion can be checked on stalks at geometric points of rank 1 and
moreover the formation of all objects commutes with taking such stalks. So we may assume
Y = Spa(C,C™") is an adic geometric point where C* = O¢ has rank 1 (i.e., we have reduced

to the classical form of the primitive comparison theorem). In this case, the assumption is that
RH&(F) is almost coherent on some proper formal model X of X. Proposition 7.1.13 then shows

that G(F) = RI'(X¢, F ®r, 0% /p) € (D(Oc/p)*)¢=" is also almost coherent, so the claim follows
from Corollary 7.2.6 and tilting. O

We are now ready to prove the almost coherence of RH-partners of Zariski-constructible sheaves.
For completeness, let us recall some basic definitions first; see [Han20, §2] and [BH21, §3] for more.

Definition 7.3.5. Let X/K be arigid space. A sheaf F' of F-modules on X is Zariski-constructible
if there exists a locally finite stratification X = U;X; into Zariski locally closed subsets such that
F|x, is a local system (i.e., isomorphic to F}} locally on X;). An object in Shv(Xs, F)) is Zariski-
constructible if it is bounded and all cohomology sheaves are Zariski-constructible in the preceding
sense. Write Shv®.(X¢;, Fp) C Shv(Xg, F,) for the full subcategory of such complexes.

As Zariski locally closed sets are stable under generalization, any Zariski-constructible sheaf/complex
is overconvergent. In the following, we shall freely use some elementary properties of such sheaves
established in [BH21]. However, we will not use any results that require p-adic Hodge theory (such
as proper base change, or preservation of Zariski constructibility under proper pushforward).

Theorem 7.3.6 (RH preserves finiteness). Let X/K be a rigid space with a formal model X. For
any Zariski-constructible F € Shv®(X¢;, Zy), the object RHE(F) € Crys(Ax) is almost coherent.

Proof. Choose a strict pseudouniformizer m € Og.

(1) Constant sheaf, smooth formal model’’: Assume X is smooth and F = Z,. Then RH%(F) ~
Ox ptd, so we must show almost coherence of the latter. For this, by working locally on X, we may
assume X = Spf(R) is affine of dimension d, so we must show Rp¢q is almost coherent over R. Write
(A, I) for the perfect prism for O, and 7R/A7n = (% Rrya)/1, so (relative) Frobenius on g 4
induces a diagram B B B B

R/A= RJ/A0 " RJA1 7 RJA2 ~7 -
in ZS(R) with colimit R,¢q. The Hodge-Tate comparison shows that R /4 is R-coherent. As almost
coherence can be deteted modulo any power of m (Proposition 7.1.6), and because the Frobenius
R/m — R/m expresses the target as a coherent module over the source, it follows that 7R/ A 18
R-coherent for all n. Now the isogeny propertry for prismatic cohomology shows that g4 —
¢« R/ has cofibre annihilated by @~ 1(I)?. Reducing a Frobenius twist modulo I then implies that

29 This case can also be deduced via a group cohomology computation, essentially using Example 4.2.3 in the
language of the present document. However, we prefer to give a prismatic argument as it is less computational and
more clarifying (at least for the author).
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_ _ d _
R/Am — Rj/An+1 annihilated by (m)»"*. This implies that /4, — Ryt has cone annihilated

d
by (7)”#®=D. But then Rpq is almost dualizable over R by Proposition 7.1.9 (4), and hence
almost coherent by (the easy part of) Proposition 7.1.11.

(2) Constant sheaf, smooth generic fibre: Assume X is smooth and F' = Z,. Achinger’s theorem
[Ach15, Theorem 6.6.1] then shows that any sufficiently small affinoid in X admits a finite étale
map to a smooth affinoid with good reduction (in fact, to D™). Since we are allowed to work Zarsiki
locally on an admissible blowup of X by Remark 7.3.3, we may then assume that X = Spf(.S) is
affine, and that X = Spa(S[1/p],S) admits a finite étale map f : X — Y to a smooth affinoid
Y = Spa(R[1/p], R) with Spf(R) smooth. Using Theorem 4.6.3 and unwinding definitions, our
task is to show that Spgq is an almost coherent S-complex. As f is finite étale, the pushforward
f«Z, is a local system on X and hence dualizable, so RHY-(RH(f,Z);)) is an almost dualizable

Rptg-module as RH*- is symmetric monoidal. But RH% also commutes with finite pushforwards

(Example 6.3.4), so we learn that Spq is an almost dualizable Rp¢q-module. Recall that we have a
natural identification

RHomR(Spfd, —) = RHomefd (Spfd, RHomR(Rpfd, —))

of endofunctors of IS(R)“. The m-complete almost dualizability of Spiq over Ryeq and of Rpyeq over
R (by step (1) and Proposition 7.1.11) then shows Sptq is m-completely almost dualizable over R
by Proposition 7.1.9, and thus almost coherent over R by Proposition 7.1.11. Now any S-module
that is almost finitely generated as an R-module is also almost finitely generated as an S-module
for trivial reasons, so Spfq is indeed almost coherent over S.

(3) Constant sheaf, general space: Assume now X is arbitrary but F' = Z,,. We show by induction
d = dim(X) that RH%(Z,) is almost coherent on X. As we already know RH% commutes with

finite pushforwards (Example 6.3.4), we may assume without loss of generality that X is irreducible
(or even normal). By resolution of singularities [Tem18], we can find a proper surjective 7 : ¥ — X
such that Y is smooth of dimension d and 7 is an isomorphism over a dense Zariski open U C X.
Write Z = X —U and E =Y — U, both given the reduced structure, so we have a cartesian square

FEF——Y
N
7o X

By examining stalks (or by the easy case [Hub96, Theorem 4.3.1 (b)] of Huber’s quasi-compact
base change theorem), we have a fibre sequence

Zp’X — R’JT*Z@Y D Z'*sz — Rg*Zp,E
in Shv(X¢,Z,). Now RHE commutes with i, by Example 6.3.4, and by Rm, and Rg, by the
induction on dimension and the criterion in Proposition 7.3.4 (3). Thus, we are reduced to verifying
that RH%-(Z, y) is almost coherent on any formal model of Y, and similarly for £ and Z; the claim

for Y follows from step (2), while the claim for F and Z follow by induction, so we win.

(4) General case: As almost coherence can be tested modulo p (Proposition 7.1.6), it suffices to
prove almost coherence of RH%(F') for constructible F,-sheaves F'. We proceed by induction on

dimension of the support of F. If dim(Supp(F')) = 0, then Fis a finite direct sum of pushforwards of
the constant sheaf of classical points, so the claim is clear from the finite pushforward compatibility
(Example 6.3.4). So assume now that dim(Supp(F')) = d and that the claim is known for F’ with
dim(Supp(F’)) < d. Moreover, by replacing X with Supp(F) (using Example 6.3.4 again), we
may assume F' is generically nonzero. We can then find a dense Zariski open U C X such that
Fl|y is a local system, and ji(F'|y) embeds inside m,F, for a finite morphism 7 : ¥ — X (see
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[BH21, Proposition 3.6]). The cokernel of both maps ji(F|y) — F and ji(F|y) — mF, is Zariski
constructible and supported on a proper Zariski closed Z C X of smaller dimension. By induction,
the claim is known for these cokernels, so the claim for F' reduces to the claim for m,F,, which
follows from step (3) and the finite pushforward compatibility (Example 6.3.4). O

Corollary 7.3.7 (RH% commutes with proper pushforward). Let f : X — Y be a proper morphism

of rigid spaces. For any Zariski-constructible F' € Shv(X¢, F)p), the formation of Rf.F commutes
with applying RHZ, i.e., the natural map

Rf.F @r, O /p — Rf.(F @r, OF /p)

1s an almost isomorphism. '
Specializing further, if Y = Spa(C,C™) is a geometric point, then each H'(X¢, Fp) is finite
dimensional and 0 for i ¢ [0,2dim(X)].

Proof. The first part follows by applying the criterion in Proposition 7.3.4 and using Theorem 7.3.6.

For the second, when Y is a geometric point, it follows the first part that RI'(X¢, F)) is a perfect
F,-complex. The vanishing of H'(Xg,F,) = 0 for i ¢ [0,2d] follows from Proposition 4.7.4 and
the standard fact that RT'(X, —) has cohomological dimension d for a p-adic formal Og-scheme of
Krull dimension d. 0

Remark 7.3.8 (Extension to arbitrary p-adic fields). By Proposition 5.3.2, the first part of the
statement of Corollary 7.3.7 makes sense over any p-adic field K, not necessarily perfectoid. More-
over, this statement is true: it follows from the perfectoid case treated in Corollary 7.3.7 as almost
isomorphisms between bounded below O /p-modules can be detected at geometric points.

Remark 7.3.9 (The primitive comparison theorem). The statement of Corollary 7.3.7, when Y
is a geometric point and F' = Z,, is called the primitive comparison theorem; it was proven by
Faltings in the classical case [Fal02] (i.e., for smooth proper varieties over discretely valued fields)
and Scholze [Sch13a] in general. A different argument, involving localization on a formal model, was
found by Gabber and Zavyalov [Zav21]; the proof presented above is a variation of the latter. For f
proper smooth, yet another argument, via the calculation of f' for a suitable 6-functor formalism,
was found by Mann [Man22].

7.4. Some rational examples. Fix a perfectoid field K/Q,. The goal of this subsection is to
record two key geometric examples where one compute the output of the Riemann—Hilbert functor
in classical terms after inverting p. For this, it is convenient to formally name the rationalized
version of RH%:

Construction 7.4.1 (A rational Riemann—Hilbert functor). For any rigid space X /K with a formal
model X, we have a natural identification

Dgcoh (%) [1/p] = Z)lc7oh (X)

Write Oy € CAlg(DP,, (X)) for the image of Ox pra. It is easy to see (e.g., via Example 4.8.5) that
this is independent of the model X. In fact, by the description in Footnote 23, we can identify
Ox with the pushforward of (Rlim,, O% /p™)[1/p] € CAlg(Shv(X¢, OF%)) along v : X¢; — X. By
inverting p in Theorem 7.3.6, we thus obtain a natural functor

RHj : Shvl,(Xer, Qp) — Dy (X, Ox).

coh

We warn the reader that this functor is not symmetric monoidal and not compatible with pullbacks
in general®’.

30The integral functor RH% was symmetric monoidal and compatible with pullbacks (Theorem 6.3.2). However,
both ®-products and pullbacks in the integral story implicitly involve a p-adic completion; as inverting p does not
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In the above terms, we shall describe RH@(F ) for two natural values of F'. First, we explain the
case of F' = Q,, itself, where one obtains the rational Hodge-Tate comparison theorem in p-adic
Hodge theory [Schl3a, Guo23]:

Theorem 7.4.2 (The rational Hodge-Tate comparison). Let X/K be a rigid space. Then 6} ad-
mits a natural N-indezed multiplicative ezhaustive filtration with gr;(Ox) ~ Q' i (=8)[=i]. More-
over, if X is proper, this filtration admits a multiplicative splitting.

Here Q% K is the Deligne-du Bois complex, i.e., the cdh-sheafified de Rham complex, see [Guo23].
Modulo different setups, the main difference between the proof below and the classical proof is that
the former avoids explicit calculations in toric co-ordinates by using the Hodge—Tate comparison
(see Footnote 29).

Proof. By h-descent (Theorem 4.8.1 and Remark 4.8.2), we may assume X is smooth. In this case,

we must identify 7—[*(6}) ~ 0%, (=) as commutative algebras D%, (X). The existence of the

IB%:{R—deformation of 5; provides a natural candidate for the comparison map ax : 0% / i(—1) =

7{*(5)\(), which we must check is an isomorphism. We shall do so via the strategy in steps (1) and
(2) of the proof of Theorem 7.3.6, which minimizes calculations.

First, the proof of step (1) gives the isomorphy of ax when X has good reduction. (To make
sure the maps are compatible, one maps Aj,s-deformations of a formal scheme to BIR—deformations
of its generic fibre.)

In general, as in step (2) of Theorem 7.3.6, we can assume X = Spa(S[1/p],S) is a smooth
affinoid that comes equipped with a finite étale map f : X — Y = Spa(R[1/p|, R) with Spf(R)
smooth over O . In this case, the map S ®r Rpq — Spea in ﬁ(Rpfd) is a p-isogeny: indeed, this
follows by almost purity after base change to any perfectoid over R, and hence over Ry itself
by the existence of descendable perfectoid covers (Proposition 4.6.2 (1)). Inverting p then gives the
claim by the good reduction case treated above.

For the final statement about splitting the filtration, we refer to [Guo23]; the idea is that the
obstruction to splitting the filtration is exactly the obstruction to lifting X to B,/ ker()?, and
that such lifts always exist by the Conrad—Gabber approximation theorem [BMS18, §13.2]. O
The category ch’oh (X, 5}) appearing in Construction 7.4.1 is a bit inexplicit. However, thanks
to Theorem 7.4.2 and Koszul duality, one can turn it into a rather concrete object:

Remark 7.4.3 (The bosonic®! incarnation). Let X/K be a smooth rigid space equipped with
a lift to B}/ ker(#)?. In this case, (the proof of) Theorem 7.4.2 identifies Ox with the graded
Ox-algebra Ex = @iQfX/K(—i)[—i], regarded as a commutative Ox-algebra, in CAlg(D? , (X)).
Now observe Ex is precisely the endomorphism algebra of the structure sheaf of the 0-section

i: X — T*X(—1) on the twisted cotangent 7% X (—1). Consequently, writing 7*X(—1) for the
formal completion of 7" X (—1) at the O-section, there is a Koszul duality equivalence

—

D, (X, Ex) ~ Perf(T*X(—1)). (2)

coh

commute with p-completed tensor products, we do not obtain ®-product or pullback compatibility for RHg from that
of RH%. In fact, the statement is false and the failure is quite visible in simple examples, e.g., if X = P!, i:0 — X
is the inclusion of the origin, and F' = i.Q,, then i"RH5(F') is infinite dimensional. The ®-product and pullback
compatibility also fails for local systems whose corresponding twisted Higgs bundle is not nilpotent (see §?7): such
local systems can be annihilated by the functor.

31This nomenclature is motivated by the Koszul duality appearing in (2): it turns modules over an exterior algebra
(i.e., “fermionic objects”) to modules over a symmetric algebra (i.e., “bosonic objects”).
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Explicitly, given M & Perf(T’&(\—l)), its counterpart in D , (X, Fx) is given by RHomzp- x (1) (ixOx, M).

coh
Composing the above equivalence with RH then gives a functor

RH,;. i : Shvl,(Xu, Qp) — Perf(TX (—1)).

Higgs™!

The notation RHHiggs““ is justified by the following observation: coherent sheaves on T*X(—1)
with finite support over X are exactly coherent sheaves F on X with a twisted Higgs field © : £ —
E® Qﬁf / 5 (—1), so the target category above can be viewed as an enlargement of the category of
Higgs bundles. As with footnote 30, we warn the reader that RHHiggSnil is not compatible with

pullbacks; a better behaved version of this functor, without any nilpotence conditions on the Higgs
field, will be studied in §77.

Our second example concerns log smooth situations:

Theorem 7.4.4 (The logarithmic Hodge-Tate comparison). Let X/K be a smooth rigid space. Let
j:U — X be a Zariski open subset whose complement D = U; D; is an SNC' divisor. Then there is
a natural isomorphism

H*(RHp (52 Qp)) = N QY (log D) (1)
of graded Ox-algebras. This filtration is non-canonically split when X is proper.

Proof sketch. We imitate the proof in the smooth case, using log prismatic cohomology [Kos20,
KY25] instead of usual prismatic cohomology. Using h-descent again, we may assume (X, D)
extends to a log smooth p-adic formal scheme (X,®) over Spf(Ok) (with possibly some vertical di-
visors in ©). One can then imitate the proof of Theorem 7.3.6 (1), using the isogeny theorem for log
prismatic cohomology [KY25, Theorem 2 (6)], to show that O(x o) pra[1/p] € CAlg(D? , (X, Ox))
has the filtration described in the theorem. To finish, one identifies RH%(j.Z,) with O(x ) ptq in

Crys(Ax), which follows ultimately from the étale comparison theorem in [KY25, Theorem 2 (5)].
The assertion about splitting the filtration can be deduced analogously to the smooth case. [
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8. APPLICATION: (DERIVED) SPLINTERS AND p-ADIC KUNZ CRITERIA

The goal of this section is to record some first applications of the Riemann—Hilbert functor
to questions in algebraic geometry and commutative algebra®’; more will be given later once we
have established the duality compatibility. First, in Theorem 8.2.1, we explain the “evaporation”
theorem: O-cohomology of proper morphisms can be made p-adically small by passage to finite
covers. Using evaporation, in §8.4, we study splinters and derived splinters; notably, we prove that
the notions coincide in the p-complete setting (Theorems 8.4.9 and 8.4.10) and also discuss some
new examples arising from rigid geometry (Theorem 8.4.11). We also use evaporation to obtain
a characterization of regularity of a noetherian local ring conjectured in [MS20]. To carry out all
these arguments, we first record in §8.1 some purely algebraic consequences of Theorem 6.3.2 by
applying the latter to p-adic completions of schemes.

8.1. A Riemann—Hilbert functor for schemes. In this section, for later use, we extend our
Riemann—Hilbert functor to schemes by simply passage to the p-adic completion. More precisely,
for any qcqs scheme X, write XPf = (X)Pfd for the perfectization of the p-completion.

Theorem 8.1.1 (A Riemann—Hilbert functor for schemes). For any qcgs scheme X with p-adic
formal completion X, there is a colimit preserving symmetric monoidal functor

RH™ : Shv(X [1/plet, Fp) = (Crys(Ag/p)")?="

that commutes with pullback and is determined by the following normalization: if X = Spec(R) for
a perfectoid ring R, then RH™9 is given by

Shv(Spec(R[1/p])et, Fp) LA Shv(Spa(R[1/p], R)et, Fp) R—HCL> (Crys(&spf(R))/p)a)wzl

Moreover, this functor RH® has the following properies:

(1) It is given by the above formula for X = Spec(R) whenever R is a tft Ok -algebra for any
non-archimedean field K/Q,.
(2) It commutes with proper pushforward when restricted to bounded constructible complezes.

Proof. The assignment carrying a qcgs scheme X to the category Crys(K)?) = D(XPM) is the
Kan extension of its restriction to the subcategory of affine schemes whose co-ordinate rings are
perfectoid, so it suffices to construct the symmetric monoidal cocontinuous functor RH®Y in the
latter case, where it is provided by the normalization axiom. A similar argument shows the first
property as well. For the second, by proper base change for schemes and approximation argu-
ments, it suffices to show the following: if f : X — Y is a proper morphism of finite type Z-
schemes and F' € Shv(X[1/ple,F)p) is a bounded constructible Fy-complex, then the natural map
RHY(Rf,F) — RfPRH™(F) (induced by adjunction from the pullback compatibility of RH9)
is an isomorphism. As the formation of proper pushforwards commutes with analytification (i.e.,
with v*) by [Hub96, Theorem 3.8.1], the claim reduces to Remark 7.3.8. O

The above will mostly be used via the following consequence:

Corollary 8.1.2. Say f : X — S is a pro-proper map of qcqs schemes that become perfectoid on
p-completion. AssumeF, ¢ ~ Rf.F), x. Then Os — Rf.Ox is an isomorphism after p-completion.

Proof. Applying Theorem 8.1.1 and using the perfectoidness of X and S immediately shows that
Og — Rf.Ox is an almost isomorphism after p-completion. Write f : X — S denotes the map
on crystallizations; by Corollary 3.2.10, the map f is the derived base change of falong S = S.
Thanks to the almost isomorphy of Og — Rf.Ox and by tor-independent base change for coherent

32The prospect of proving such results was an early motivation for the present author to pursue p-adic Hodge
theory.
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cohomology, it suffices to show that Og ~ RT*OY via the natural map. As f is a pro-proper
map of perfect F,-schemes, this will be implied similarly by the mod p Riemann-Hilbert functor
(Theorem 2.1.3) provided we know that Fp’g ~ Rf*Fp’y. But this is ensured by our assumption
F, s~ Rf.F, x and proper base change, so we win. [l

8.2. Evaporation in mixed characteristic. Using the functor from Theorem 8.1.1, we shall
prove the following purely algebro-geometric result on coherent cohomology.

Theorem 8.2.1 (“Evaporation” of O-cohomology via finite covers). Let f : X — S be a proper
morphism of noetherian schemes. Then there exists a finite surjective map w:Y — X such that,
with g = f om, the pullback

°Rf.Ox — 77°Rg,Og

1s divisible by p.
Let us give a simple example of the theorem in action.

Example 8.2.2 (Smooth proper curves). Say S = Spec(V) for a p-complete noetherian ring V,
and let f: X — S be a proper smooth curve. Let us construct 7 : ¥ — X as in Theorem 8.2.1
by hand. After possibly enlarging V by a finite cover, we can choose a point x € X (S). Using
r as a base point gives an Abel-Jacobi map AJ : X — A := Pic%(X/S), where the target is an
abelian scheme over S. It is classical that pullback along AJ identifies H!(A, O4) ~ H'(X,Ox).
Now consider the pullback 7 : Y — X of the multiplication by p map [p] : A - A, son:Y — X
is a finite flat cover. As [p] : A — A by p on H'(A,0,4), a simple diagram chase shows that
7 H' (X,0x) = H'(Y, Oy) is divisible by p, as wanted®’.

Proof of Theorem 8.2.1. By replacing X and S with the disjoint union of their irreducible compo-
nents, and then passing to connected components, we may assume X and S are integral, and f
is dominant. Choose compatible absolute integral closures X+ — X and ST — S, so we have a
commutative diagram

Xt—= X

|
St ——§

where the vertical maps are pro-(proper surjective) and the horizontal maps are pro-(finite sur-
jective). By a limit argument relying on coherence of higher direct images of coherent sheaves
along proper maps of noetherian schemes, our task is simply to show that 7>YRf O+ is uniquely
p-divisible. Note that H(ST,Og+) ~ H°(X',Ox+): the latter algebra is an integral domain
integral over the absolutely integrally closed domain H°(S*,Og+). Therefore, we have to show
that Og+ — RfFOx+ is an isomorphism after p-completion. Note that the p-completions of X
and S are perfectoid by Example 3.2.5 (6). By Corollary 8.1.2, it then suffices to know that
F,or =~ Rijp7X+; the latter is provided by Lemma 2.2.2, so we are done. O

Remark 8.2.3. Theorem 8.2.1 seems interesting in its own right. In particular, the special case
where S has dimension < 1 proven in [Bhal5] (and alluded to in Footnote 33) was already useful in
foundations of p-adic Hodge theory: it was used crucially in the proof of Beilinson’s p-adic Poincare
lemma [Beil2] in his proof of Fontaine’s de Rham comparison conjecture in p-adic Hodge theory.
Curiously, to prove the general version above, we used p-adic Hodge theory!

33An elaborate version of this argument, combined with de Jong’s theorems on stable curve fibrations, also proves
Theorem 8.2.1 in general, up to replacing the base with an alteration; see [Bhal5, Proposition 2.8 and 2.9]. Via Stein
factorizations, it follows that the essential new contribution of Theorem 8.2.1 is the case of blowups. The author
remains rather interested in knowing if there is a more down-to-earth proof of the latter.
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Our original motivation for pursuing Theorem 8.2.1 came from singularity theory: we wanted a
mixed characteristic analog of the equivalence of splinters and derived splinters in Corollary 2.2.3
(discussed in §8.4). For this, the following non-noetherian variant shall be useful:

Corollary 8.2.4 (“Evaporation” in the non-noetherian case). Let f : X — S be a proper morphism
of qcqs schemes. Then there exists an integral surjective map 7 :Y — X such that, with g = fom,
the S-complex >Ry, Oy is uniquely p-divisible.

Proof. Tterating Theorem 8.2.1 countably many times provides a solution to the problem when S
(and hence X) is noetherian: if {Ay — A; — A — ...} is a directed system of abelian groups with
each transition map divisible by p, then the direct limit lignAi is p-divisible and p-torsionfree, and
thus uniquely p-divisible.

In general, it will be convenient to prove the claim in the corollary for any map f : X — S of
qcgs schemes that can be written as the limit of a cofiltered diagram {f; : X; — S;} of proper maps
of noetherian schemes with affine transition maps; this includes all proper maps (as desired in the
corollary), as well as compositions of integral maps and proper maps. By the previous paragraph,
we may choose an integral surjective map m; : Y; — X; solving the problem for each X; separately,
i.e., so that 779Rg; .Oy; is uniquely p-divisible. Write 7} : Y/ := Y; ngi X — X for the derived
base change of m; to X, and let ¢, : Y/ — S be the projection. By base change for coherent
cohomology for qcgs maps of derived schemes, each T>0Rg£7*0yi/ is uniquely p-divisible. As each
m 1 Y] — X is integral, we can form the (derived) product 7 : Z =[], V; ngi X — X of the 7/’s; let
7:Y = Z% — X be the induced map from the classical truncation, so 7 is integral and surjective.
Again, by base change for coherent cohomology, we learn that, with g = f o7 : Z — S, the object
7>9RG,. 0 is uniquely p-divisible®*. Consequently, if g = fonw : Y — S is the induced map, then
the pullback

Rf,0x — 77Rg,. Oy
factors over a uniquely p-divisible complex (namely, 7°°Rg.O). As in the previous paragraph, we
can now iterate the construction by replacing X — S with Y — S to solve the problem; note that
this replacement is possible as the construction in this paragraph applied not only to proper f but
also compositions of integral and proper maps. ]

8.3. Pure maps in the derived category. With an eye towards later accommodating some key
examples of non-noetherian splinters, in this subsection, we study a variant of the notion of “split”
maps in the derived category that has better stability properties. The discussion below is minimal,
and we refer to [BMP"24a, §2.1] for more details and context.

Definition 8.3.1 (Phantom and pure maps in the derived category). Fix a commutative ring R.

(1) Amap ¢ : F — M in D(R) is phantom if the composition K — F — M is 0 for any perfect
complex K with a map to F'.
(2) Amap a: M — N in D(R) is pure if the boundary map ¢ : fib(a) — M is phantom.

Clearly any split map is pure. In fact, the property of being pure can be regarded as a variant
of the property of being split that has better stability properties, e.g., it is stable under filtered
colimits. In fact, by approximating the cone by perfect complexes, one checks that every pure map
is the filtered colimit of split maps.

Example 8.3.2 (Pure = split under finiteness assumptions). Fix a commutative ring R. A map
of bounded complexes in D(R) with pseudocoherent cone is pure (resp. phantom) and only if it is
split (resp. 0). In partuclar, if R is coherent, then a finite and finitely presented ring map R — S
is pure if and only if it is split.

34Given A, B € D(S), if 77°A and 77°B are uniquely p-divisible, so is 77°(A ®s B), by contemplating the tensor
product of the truncation triangles for A and B.
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To see this, given a phantom map § : M — N with both M and N bounded and M pseudoco-
herent, we can write M = 72" "K for a perfect complex K with n chosen to ensure N € D=""(R).
Then Hompg (M, N) ~ Hompg(K, N), so the phantom property of § ensures it must be 0.

Example 8.3.3 (Faithfully flat maps are pure). Fix a commutative ring R. Say a: M — N is a
map in D(R) with cone ). Assume M is connective and @ is a flat R-module in degree 0. Then «
is pure. In particular, any faithfully flat map of rings is pure.

To see the preceding statement, write ) as a filtered colimit colim; F; of finite free R-modules
F; (Lazard); now observe that any perfect complex mapping to @ factors over some F;, and that
Homp(F;[—1], M) = 0 by assumption on M.

Example 8.3.4 (Pure non-split maps). Let (R, m) be any noetherian local ring which is not m-
adically complete, and let R be its m-adic completion. Then R — R is pure by Example 8.3.3.
However, it is not split: a direct summand of an m-adically complete module must be complete.

8.4. Splinters and derived splinters. The original definitions of splinters and derived splinters
were designed with the noetherian/geometric situations in mind, and hence were formulated in
terms of “split” maps. Using the material in §8.3, there is a natural modification of the definition
that works well in general®”:

Definition 8.4.1 ((Derived) splinters). Fix a commutative ring R. We say R is a derived splinter
(resp. splinter) if for all proper (resp. finite) surjective maps f : X — Spec(R), the map R —
RT'(X,0Ox) is pure in D(R).

By the stability of purity under direct limits, it suffices to consider finitely presented maps in
the above definitions.

Remark 8.4.2 (Replacing “pure” with “split” in the noetherian case). When the ring R is noe-
therian, by coherence of higher direct images and Example 8.3.2, the word “pure” in Definition 8.4.1
can be replaced with the word “split”, thus recovering the classical definitions.

An elementary argument shows that if a noetherian ring R is a splinter, then it must be a finite
product of normal domains, see [Lyu24, Lemma 2.7]. Moreover, in characteristic 0, these notions
are well-understood, at least in geometric cases:

Example 8.4.3 ((Derived) splinters in characteristic 0). Fix a field k of characteristic 0, and
assume R is a finite type k-algebra which is a domain.

(1) R is a splinter if and only if it is normal: the “only if” direction was mentioned above, while
the “if” direction follows from the existence of trace maps.

(2) R is a derived splinter if and only if it has rational singularities ([[Xov00, Bhal2b]). Let us
sketch the argument.

First, assume S = Spec(R) has rational singularities, and let f : X — S is a proper surjective
map; we shall find a splitting of Og — Rf.Ox. By replacing X with the closure of a closed point on
the generic fibre of f, we may assume X — S is an alteration. By Raynaud-Gruson, up to replacing
X with a further proper cover, we may assume f factors as X — Y EN Spec(R), where g is a blowup
at a non-proper closed subset, and w is finite flat. Now Oy — 7,Ox has a splitting coming from
the trace map, while Og — Rg.Oy has a splitting coming from the rational singularity assumption:
dominate by Y by a resolution. Combining these splittings gives a splitting for Og — Rf,Ox, as
wanted.

Conversely, assume R is a derived splinter. Let f : X — S = Spec(R) be a resolution of singular-
ities. We know that Og — R f.Ox admits a splitting; we want to show this map is an isomorphism.
Passing to Grothendieck duals implies that the pushforward Rf.w$ — wg on dualizing complexes

35The modifications we give already appear in [AD21, Lyu24].
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admits a left-inverse. Note that w} = wx|[d] by smoothness (where d = dim(X) = dim(S)). The
Grauert-Riemenschneider vanishing theorem ensures that Rf.wx is concentrated in degree 0, so
we have shown that w® = wg|d] is also concentrated in degree 0 (i.e., S is Cohen-Macaulay) and
that the trace map fiwx — wg is surjective. But this last map is clearly injective by passing to
the generic point, so we learn (by undoing the previous simplifications) that Rf.w% ~ wg, whence
Og ~ Rf:Ox, as wanted.

Another relatively simple case is that of valuation rings:

Example 8.4.4 (Valuation rings). Let V' be a valuation ring with fraction field K. Then V is
a derived splinter®®. Indeed, say f : X — Spec(V) is a proper surjective map. Choose a finite
extension L/K with X (L) #. For any valuation ring W C L dominating V' C K, we can apply the
valuative criterion for properness to a point of X (L) to find a map Spec(W) — X over V. It then
suffices to check V' — W is pure. But this is a faithfully flat map of valuation rings and thus pure

(Example 8.3.3), so win.
The following example was main reason to consider these notions in the first place:

Example 8.4.5 (Regular rings). If R is a regular ring, then R is a splinter. The case of char-
acteristic 0 is clear (Example 8.4.3), the characteristic p case is classical [Hoc73], and the mixed
characteristic case was settled recently by perfectoid techniques [Andl1R8al]; we shall later give a
different proof of the latter using the behaviour of perverse sheaves under RH%. For now, let us

simply explain a proof in the case of Fp-algebra837.

Say R is a regular Fj-algebra, and let R — S be a finite injective ring map. We wish to show
R — S splits or equivalently that the extension class 0b(S/R) € Exth(S/R, R) defined by S is
0. Without loss of generality, we may assume R is domain. By generic freeness, there exists
some 0 # g € R such that g - ob(S/R) = 0 in M := Exth(S/R,R). By transport of structure,
g'/P" - ob(SYP" JRYP") = 0 in Ext}:il/pn(Sl/pn/Rl/pn, RYP") for all n. Functoriality of obstruction
classes applied to the map S @p RYP" — SYP" of RY/ P"_algebras then implies that

g7 ~ob(S/R) =0 € M @p R?" := Ext}(S/R, R) ®r R'/"" ~ Extp, 0 (S/R) ®p RYP", RYP"),

where the last isomorphism uses flatness of R — R/?" (coming from regularity of R). Passing to
the limit, we learn that ¢'/?" - 0b(S/R) = 0 in M ®r RY/?”. But R — R'/?” is faithfully flat, so
it follows that g € Anng(ob(S/R))P" for all n. Since R is a domain and g # 0, Krull’s intersection
theorem implies that Anng(0b(S/R)) = R, whence 0b(S/R) = 0, as wanted.

Remark 8.4.6. Examples 8.4.4 and 8.4.5 can be combined to some extent: [AD21, Theorem 5.3.2]
shows that smooth algebras over valuation rings are splinters. A p-complete variant, applicable to
rings arising in rigid geometry, is explained in Theorem 8.4.11

Example 8.4.7 (Splinters in characteristic p). As we saw in Example 8.4.5, any regular F,-algebra
is a splinter. More generally, any F-regular Fj-algebra is a splinter. Conversely, it is conjectured
that any splinter is F-regular (and this is known in the Q-Gorenstein case, [Sin99]). In particular,
splinters form a rather important singularity class in characteristic p geometry. We refer to [S524,
§4.2] for much more information and context.

In the sequel, we will need to mix p-adic completions with purity. The following lemma records
what we need:

Lemma 8.4.8 (Detecting purity modulo powers of p). Let R be a commutative ring.

361n fact, V satisfies the stronger form of the (derived) splinter property with “split” replacing “pure”, see [AD21].
37For an F,-algebra R with Frobenius F': R — R, we shall follow the convention of writing F}'R as Rl/pn, S0 any
g € R defines an element gl/pn € R'?" whose (p™)-th power is the image of g under the canonical map R — RY/?".
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(1) For K € D(R) with H*(K) having bounded p™®-torsion, the natural maps
HY(K) — lim HY(K)/p"H(K) — lim H(K /p")

are bijective, where K is the p-completion of K.
Assume R is p-complete and coherent, and M [p™] is bounded for any coherent R-module M.

(2) For any pseudocoherent R-complex @, any map Q@ — R that is 0 modulo p" for all n
separately is actually 0. R
(3) Let R — S be a pure map. Then the map R — S to the p-completion is also pure.

The above assumptions on R are satisfied for tfp Og-algebras, where K/Q,, is a nonarchimedean
field (see [BL93, Proposition 1.3, Lemma 1.4]).

Proof. For (1), as the second map appearing in the statement is injective for general reasons, it
suffices to show that the composite is bijective. By the Milnor sequence, this reduces to showing
that lim! H—1(K/p™) = 0. Using the short exact sequence

0 — H™H(K)/p"H™H(K) — H™'(K/p") — H(K)[p"] = 0,

we are reduced to showing lim' H O(K)[p"] = 0, which follows from the assumption applied to
M = H(K).

Part (2) follows from (1) by applying it to K = RHompg(Q, R), noting that the assumption on
R ensures that H(K) has bounded p®-torsion.

For (3), let Q = S/R, so we have a boundary map ¢ :  — R[1] which is phantom by assumption.
Our goal is to show that the induced map 5 Q — RJ[1] is also phantom. Choose a perfect complex
P and a map P — Q, so our goal is to show that the composition P — Q — RJ[1] is 0. By
(2), it suffices to show that P/p" — Q/p" = Q/p"™ — R/p™[1] is 0 for all n separately. we know
R/p™ — S/p" is pure, so this is clear. g

Example 8.4.3 shows that, in characteristic 0, the condition of being a splinter is rather mild in
practice, while that of being a derived splinter is a rather non-trivial and interesting constraint on
singularities. In Corollary 2.2.3, we showed something dramatically different happens in character-
istic p: the conditions coincide. Moreover, they are both rather non-trivial constraints, quite close
to rational singularities (see Example 8.4.7). The picture in mixed characteristic turns out to be
quite similar:

Theorem 8.4.9 (Splinters = derived splinters, p-complete case). Let R be a commutative ring.
Assume that R is p-complete and coherent, and that M[p™>] is bounded for any coherent R-module
M. Then R is a splinter if and only if it is a derived splinter.

The bounded torsion assumption imposed on R above is trivially satisfied in the noetherian case.
Equally trivially, it applies to any coherent F,-algebra. Finally, it is also satisfied tfp O-algebras
where K/Q, is a nonarchimedean field by [BL93, Proposition 1.3 and Lemma 1.4].

Proof. We must show that if R is a splinter, then is a derived splinter. Fix a proper surjective
map f : X — S = Spec(R). We will show Og — Rf.Ox is pure. Without loss of generality,
we may assume f is finitely presented. By Corollary 8.2.4, we can find an integral surjective
map 7 : Y — X such that, with g = f o7, the object 7°9Rg,Oy is uniquely p-divisible. Write
Y — T = Spec(Ry) — S for the Stein factorization of g, so T is integral surjective over S and
Ry — RI'(Y,Oy) is an isomorphism after p-completion. It then suffices to show that R — Ry is
pure. Now R — Ry is pure by the splinter assumption, so we are done by Lemma 8.4.8 (3). ]

Essentially the same argument also shows the following:
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Theorem 8.4.10 (Splinters = derived splinters, noetherian case). Let R be a noetherian ring.
Assume each closed point of Spec(R) has positive residue characteristic. Then R is a splinter if
and only if it is a derived splinter.

The above assumption is satisfied, for example, if a prime number p lies in the Jacobson radical
Rad(R) of R. In fact, in the proof, we reduce to this case.

Proof. Assume R is a splinter. Fix a proper surjective map f : X — Spec(R). We must show that
R — RT'(X, Ox) splits.

We first reduce to the p-local case. Writing Qx/r = cone(R — RI'(X,Ox)), so we must show
that the naturally defined obstruction class ob(X/R) € Exth(Q x/R, R) is 0. By coherence of Q x/r,
the formation of the class ob(X/R) commutes with flat base change, so it suffices to show the
corresponding vanishing after replacing R with its localization at a maximal ideal. Moreover, by
spreading out finite covers, the splinter assumption on R passes to its localizations. Thus, we may
assume R is noetherian local with residue field of characteristic p; in particular, p € Rad(R).

Running the proof of Theorem 8.4.9 over Spec(R) gives an integral surjective map Y — X such
that Ry := H°(Y,Oy) — RI'(Y,Oy) is an isomorphism after p-completion. Now R — Ry is pure
by the splinter assumption. Applymg Lemma 8.4.8 (3) to the base change of (R — Ry) ®ﬁ R
along the p-completion R — R then shows that R — RIT(Y,Oy)" is pure. On the other hand, by
noetherianness and the assumption p € Rad(R), the p-completion map R — Ris faithfully flat and
hence pure. Thus, the composition R — RT'(X,Ox) — RT'(Y,Oy) — RT(Y,Oy)" is pure, whence
the first map in this composition is also pure, as wanted. ]

The following non-noetherian variant of the direct summand conjecture provides a rather natural
class of non-noetherian splinters:

Theorem 8.4.11 (Smooth affinoids with good reduction). Fiz a nonarchimedean field K/Q, and
let R/Ok be a p-completely smooth algebra (i.e., R is p-complete and R/p is smooth over Ok /p).
Then R is a derived splinter.

Proof. By Theorem 8.4.9, it suffices to show the splinter property. First, we reduce to the case
where K is algebraically closed and hence perfectoid. Indeed, if K denotes an algebraic closure of
K endowed with the induced valuation, then the map O — O is faithfully flat and hence pure.

The same is then true for R — R ®0,, Of. Lemma 8.4.8 (3) then ensures R — R@Of is also
pure, so we can replace K with K to reduce to the perfectoid case.

Next, R is integrally closed in R[1/p] and the latter is regular and noetherian. By passage to
connected components, we can thus assume that R is an integral domain. Fix a finite injective
map R — S; we shall show that this map splits. Without loss of generality, we may assume S is
p-torsionfree. It is then finitely presented as an R-module, so Q@ = S/R is a coherent R-module.
Let § : @ = S/R — R[1] be the boundary map. We shall show that 6 = 0.

Choose an absolute integrz/ﬂ\ closure R — R™. Using the Riemann-Hilbert functor, we shall later
show that the p-completion R+ is almost p-completely flat over R (see Corollary 11.1.2). We claim
that this forces R — R to be almost p-completely faithfully flat. Using almost flatness, this reduces
to showing that if M = R/I is a finitely generated cyclic R/p-module with M ®g Rt = RT/IR™
being almost 0, then M is almost zero. This can be checked locally on Spf (R) so we can choose etale
co-ordinates on R. By extracting suitable roots, we can then factor R — R¥ as R — Ry — R+
where the first map is p—completely faithfully flat, R, is perfectoid Wlth finite p-complete global
dimension, and Ry, — RJr is an arc cover. It suffices to show Roo /IR =~ L. By Theorem 5.2.2, this

is equivalent to showing that R /I Roo ~ 0 on Spa(Raso[1/p], Reo). Proposition 5.2.5 shows that
oo/ I Rs is bounded below, so its vanishing can be checked on stalks. But Spa(R*[1/p], RT) —
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Spa(Roo[1/p], Rso) is surjective and hence p-completely faithfully flat on the OT-stalks. Since we
know the claim after pullback to Spa(R*t[1/p], Rt) by our assumption that R™/IR" < 0, we

conclude that Reo/IRoo i~ 0, as wanted.

Returning to our finite map, as Rt is an absolutely integrally domain, we can choose an R-
algebra map S — RT™ — Rt. As R — RT is p-completely almost faithfully flat, the map § :
@ — R[1] becomes 0 in the almost category after reduction modulo p" for all n. Regarding o
as an element Ext}h(Q, R), we have shown that its image in Exth(Q, R/p") is almost 0 for all
n. But Ext}%(Q,R/p") is a finitely presented R-module and thus has no almost zero elements
(Lemma 8.4.12), so we have shown that ¢ lies in the kernel of

H'(RHomp(Q, R)) = Exth(Q, R) — lim Exth(Q,R/p") = lim H'(RHompg ,» (Q/p", R/p")).

As this map is bijective by Lemma 8.4.8, we obtain § = 0. O

Lemma 8.4.12. Let K/Q, be a perfectoid field, and let R/Ok be a tfp Ok-algebra. Then any
finitely presented R-module M has no nonzero almost zero elements.

Proof. By writing R as a finitely presented quotient of a p-completed polynomial ring, we may
assume R = Oglx1,...,2,)". Write m C Ok for the maximal ideal, let k¥ = Ok /m be the residue
field. Write X = Spf(R) = A r(oy) and X = A for its reduced special fibre.

Assume towards contradiction that there exists a finitely presented R-module M and a nonzero

almost zero element f € M. Then kernel J = Anng(f) of R 20 M contains mR (as f is
almost zero), is finitely generated (by coherence of R) and is not the unit ideal (as f # 0). Then
V(J) C X = A} is non-empty, so it contains a closed point 9. Replacing K with a finite extension
(which is harmless), we may assume that zo € X;(k) = k™ is a k-rational point, and hence has a
lift © € X(Ok) = O} to an Og-point of X. Consider the correponding map z* : R — Og. The
ideal x*(J)Of is then not the unit ideal (by construction of the map), is finitely generated (as J
is so), and contains m (as m C J). But then JOg = m by maximality of the latter, so we have
shown that m is finitely generated, which is absurd. O

8.5. A regularity criterion. In [MS20], the authors conjectured®® the following criterion for
regularity (and proved it for rings containing a field):

Theorem 8.5.1 (Regularity via alterations). Let R be a noetherian domain. Assume that there
is a cofinal collection of alterations f : X — Spec(R) such that Rf.Ox has finite Tor amplitude.
Then R is reqular.

Proof. We will show that the p-completion of R is regular for any prime number p. As [MS20)]
already handles the characteristic 0 case, this will suffice. Moreover, since the assumptions on R
pass to the p-localization by spreading out, we may assume R is p-local, i.e., p € Rad(R).

First, let us make a remark on the assumption. Given an alteration f : X — Spec(R) such that
Rf.Ox has finite projective dimension, the Auslander—Buchschaum formula for complexes [F103,
Theorem II], applied with M = R and P = Rf,Ox, shows that the pushforward Rf.Ox has Tor
amplitude in [— dim(R),00). In particular, it is uniformly bounded below.

Fix an algebraic closure K of K = Frac(R), regarded as a geometric generic point n — Spec(R).

Consider the category P of n-pointed alterations of R, i.e., the category of diagrams {n — X ERN
Spec(R)} where f is an alteration. Let P’ C P be the full subcategory of n-pointed finite covers,

38In fact, the setup in [MS20] was slightly different: they work with essentially finitely presented algebras over
an excellent Dedekind domain. In this siutation, by de Jong and Gabber, there is a cofinal collection of regular
alterations, so Theorem 8.5.1 was conjectured in [MS20] using regular alterations instead of a cofinal collection of
alterations.
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i.e., diagrams {n — Spec(95) ER Spec(R)} with f finite. Using evaporation (Theorem 8.2.1), we
learn that the natural map

colim S — colim RI'(X, Ox)
Spec(S)eP’ XeP

becomes an isomorphism on p-completion. Now the left hand side above is simply R*, the integral
closure of R C K, so the right hand side has p-completion Rt by the previous sentence. Applying
the assumption in the theorem and the previous paragraph, we then learn that the R-module R+

has finite p-complete Tor amplitude. But R* is perfectoid, so the Kunz criterion for regularity via
perfectoidness in [BIM19] (recalled in Theorem 8.5.2 below) implies that R is regular. O

The following result was used above:

Theorem 8.5.2 (Regularity via perfectoids, [BIM19, Theorem 4.1]). Let R be a noetherian ring
with p € Rad(R). If there exists a a perfectoid ring S over R such that S has finite p-complete Tor
amplitude over R and Spec(S/p) — Spec(R/p) is surjective, then R is regqular.

Proof. By p-locality, it suffices to check that R is regular after localization at a closed point of
characteristic p. As the assumption survives the localization, we may assume (R, m,k) is a noe-
therian local ring. By Serre’s criterion, it suffices to show that k£ has finite flat dimension over
R. Choose generators 1, ...,x, € m with z; = p. By tilting, we can write S/p ~ Sb/fl for some
fi € §°. Choose f,..., f, € S” lifting the images of xs,...,x, € S/p ~ S°/t. Consider the S-
algebra T := Sb/(fll/poo,le/poo, cey %/poc). By construction, this ring is perfect and it admits an
S/(z1, ..., zp)-algebra structure: in fact, it is simply the reduction of the latter. By the assumption
on Spec(S/p) — Spec(R/p), we know that T" # 0. Example 3.2.13 shows that T has finite flat
dimension over S, and thus also over R by our assumption. But the R-algebra structure on T
factors over k. Since any nonzero k-module contains k as a retract, we learn that k has finite flat
dimension over R, as wanted. O
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9. DuALITY

The goal of this section is to prove that the Riemann—Hilbert functor from Theorem 6.3.2 in-
tertwines Verdier duality for constructible sheaves with Grothendieck duality for almost perfectoid
crystals (Theorem 9.8.3). To even formulate the statement, we need a notion of Grothendieck
duality for almost coherent perfectoid crystals. In fact, the majority of this section (§9.1 — §9.6) is
dedicated to presenting an approach to Grothendieck duality that simultaneously applies in a vari-
ety of sheaf-theoretic contexts (e.g., coherent sheaves on varieties over a field or on formal schemes,
almost coherent sheaves on the latter or their perfectizations, constructible sheaves on varieties).
The main novelty of our approach is that the definition of dualizing complexes (and more gener-
ally Grothendieck duals) is manifestly local on the space: we do not need compactifications, even
implicitly (see Definition 9.2.1); this is closely related to some formulas in [AILN10].

Compared with the previous sections, our exposition here will be less detailed: we give all the
key definitions and examples, but many proofs are omitted.

9.1. Setup and key examples. In this subsection, we introduce the abstract setup that will be
used through §9.6 in our discussion of Grothendieck duality.

Notation 9.1.1. Let C be a presentably symmetric monoidal stable co-category. For R € CAlg(C),
write Modg(C) for the co-category of left R-module objects in C. Given M, N € Modg(C), write
Homp(M,N) € Modg(C) for the internal Hom object.

In the above setup, we shall define and study a notion of Grothendieck duality on Modg(C). The
main examples of C and R € CAlg(C) to keep in mind are:

Example 9.1.2. (1) Coherent sheaves on varieties: Let k be field, let C = D(k), and let R €
CAlg(C) be a finitely generated (discrete) k-algebra. In this case, the duality theory developed in
this section reduces to classical Grothendieck duality.

(2) Coherent sheves on formal schemes: Let K be a nonarchimedean field, let C = D(Ok) be the
m-complete derived category of Ok (where 7 is some or equivalently any pseudouniformizer), and
let R be a tfp Of-algebra (regarded as an object of CAlg(C)). In this case, the duality theory of
this section recovers Grothendieck duality for coherent sheaves on finitely presented p-adic formal
formal Og-schemes.

(3) Almost coherent sheves on formal schemes: In (2), if K is not discretely valued®’, one can
also take C = 13((’)1()“. Specializing to R’s coming from tfp Og-algebra, the duality theory of this
section produces a Grothendieck duality theory for almost coherent sheaves on finitely presented p-
adic formal formal Og-schemes. (In particular, the notion of almost coherence will be rediscovered
purely categorically from the symmetric monoidal co-category C = 23((9[()“.)

(4) Perfectoid crystals on formal schemes: Let K/Q, be a perfectoid field, let C = D(Ok)®, and
let R = Spq € CAlg(C) for a tfp O-algebra S. In this case, the theory of this section produces a
Grothendieck duality theory for almost perfectoid crystals on formal schemes (via Theorem 4.6.3)
or equivalently (via Theorem 5.3.5) for almost overconvergent p-complete étale OT-sheaves on a
rigid space.

(5) Perfectoid prismatic crystals on formal schemes: Let K/Q, be a perfectoid field, let C =
(ﬁ(Ainf(OK))a), and let R = Aine(Spra) € CAlg(C) for a tfp Og-algebra S. In this case, the
duality theory of this section produces a Grothendieck duality theory for almost perfectoid prismatic

crystals on formal schemes (via the Ajp¢-verson of Theorem 4.6.3). There is also a variant with
Frobenius structures obtained by replacing C with C¥=!; via our fully faithful Riemann-Hilbert

39This ensures that the maximal ideal m C O is a flat idempotent ideal, so there is a good notion of almost
mathematics over Og.
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functor (i.e., the Ajys-version of Theorem 6.3.2), this enables applying our considerations to étale
sheaves on rigid spaces, i.e., to Shv(Spa(S[1/p], S)et, Zp)™°C.

Strictly speaking, all the examples above corresponding to affine cases of the corresponding
geometries. However, since our constructions are local in nature (see §9.6), globalization is rather
straightforward (as we sketch in §9.7).

9.2. Copairings. Central to our approach to Grothendieck duality is the following definition:

Definition 9.2.1 (Grothendieck duality copairings). Let R € CAlg(C). Given M, N € Modg(C),
amap c¢: Ay,R— M ® N in Modgrgr(C) is a Grothendieck duality copairing if, for each test object
P € Modg(C), the following two conditions are verified:

(1) The composite map

Hom (M, P) —29, Hompo p(M ® N, P @ N) =% Hom pe p(AR, P @ N)
is an isomorphism.
(2) The composite map

Homp(N, P) “°% Hom o o (M @ N, M @ P) =% Hom pg p(ALR, M @ P)

is an isomorphism.

In this situation, we say that M and N are Grothendieck dual via the copairing c.

Example 9.2.2 (®-duality as Grothendieck duality). When R = 1¢ is the unit object of C, the
notion of Grothendieck duality collapses to ®-duality, i.e., a Grothendieck duality copairing is
simply a map 1¢ — M ® N exhibiting N as the ®-dual of M (and then vice versa).

We make some elementary remarks on Definition 9.2.1:

(1) Uniqueness: Given a Grothendieck duality copairing ¢ : AyR — M ® N, the pair (¢, N) in
uniquely determined by M and similarly with the roles of M and N reversed: this follows from the
universal properties in (2) and (1) respectively. Thus, the existence of a Grothendieck dual of M
is a property of M; we dub this Grothendieck dualizability.

(2) Functoriality: The construction carrying M € Modg(C) to its Grothendieck dual D(M)
(when the latter exists) is a partially defined (and even fully faithful) functor of M by the universal
mapping property. Consequently, the collection of all Grothendieck dualizable M € Modg(C) yields
a stable subcategory of Modg(C)*’.

(3) Symmetry: If M and N are Grothendieck dual, so are N and M: composing the Grothendieck
duality copairing ¢ : AyR — M ®gr N with the switch automorphism of R ® R gives rise to the
desired copairing. Thus, D?(M) ~ M for Grothendieck dualizable M.

(4) External products: For ¢ = 0,1, fix R; € CAlg(C) as well as a Grothendieck duality copair-
ing ¢; : AyR — M; ® N; over R;. Setting R = Ry ® Ri, M = My® M; and N = Ny ® Ny,
there is a naturally induced Grothendieck duality copairing AR — M ® N. In other words,
D(MO ® Ml) ~ D(MQ) X D(Ml) in MOdR®R(C).

To understand this notion in basic examples, we need the following axiomatization of a familiar
fact from classical algebraic geometry: on smooth varieties, Grothendieck duality collapses to ®-
duality with a twist.

Proposition 9.2.3 (“Smooth morphisms”). Fiz R € CAlg(C). Assume the following:

40T his subcategory need not be stable under ®-products, as the case of singular varieties over a field already makes
clear. However, if K € Modg/(C) is dualizable and M € Modg(C) is Grothendieck dualizable, then K@r M € Modg(C)
is also Grothendieck dualizable, and D(K ®r M) ~ K" ®r D(N).
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o Regularity of the diagonal: AR € Modrgr(C) is dualizable.
e Invertibility of the anticanonical: The R-module Tr := Hompg r(A+R, R® R) is invertible.

Then an R-module M is ®-dualizable if and only if M is Grothendieck dualizable; in this case,
writing MY for the ®@-dual, we have M ~D(M) ® Tg.

Proof sketch. Our assumptions on R allow us to write

Hotnyg (AR, M © D(M)) ~ Hot gy (AL B, R R) ©per (M @ D(M))
~ TR Qrar (M @ D(M))
~TRQr M @r D(M).

A copairing ¢: AyR — M @ D(M) can then be regarded as a map ¢’ : R — M ®r (D(M) ®g Tr)-
One then checks that the condition that ¢ is a Grothendieck duality pairing translates to the
condition that ¢’ is the coevaluation of a ®-duality datum, which proves the claim. ]

Example 9.2.4 (Classical Grothendieck duality on smooth varieties). Fix a field k, C = D(k),
and let R be a smooth k-algebra, regarded as an object of CAlg(C). As the diagonal Spec(R) —
Spec(R ® R) is a regular embedding with normal bundle Tg/;, the conditions in Proposition 9.2.3

are satisfied, and one has 7 = det(Tg)[— dim(R)] = w;%l, where wg = det(Q}%/k)[dim(R)] is the
classical dualizing complex*!. Consequently, by the conclusion of Proposition 9.2.3, we learn that
our notion of Grothendieck duality coincides with the classical one, i.e., M € D(R) is Grothendieck
dualizable if and only if it is coherent’?; for such M, we have D(M) ~ MY ® wp ~ Hom (M, wg),
as expected. In the special case M = R, the universal copairing

c: AR — RXwpg

is simply the cycle class of the diagonal. In particular, for a rational point = € Spec(R)(k), pulling

back ¢ along (x,1) : Spec(R) i, Spec(R) xj, Spec(R) gives an R-module map k = x(x) — wg, or
equivalently an element ¢, € HY (wg), that is the cycle class of the point z. (In the language of
commutative algebra, the R,-module H (wg) is an injective hull of the residue field k = r(z) at
x, and ¢, is a generator of the socle.)

Example 9.2.5 (Grothendieck duality in the almost category, smooth case). Let K be a per-

fectoid field, let C = D(Ok)?%), and let R be a smooth Og-algebra, regarded as an object of
CAlg(C). Then R satisfies the conditions in Proposition 9.2.3 by the same argument as in Ex-

ample 9.2.4. Consequently, by Proposition 9.2.3, Grothendieck duality in Modgr(C) = ﬁ(R)“

coincides with ®-duality: an object M € YS(R)“ is Grothendieck dualizable if and only if it is
®-dualizable or equivalently (by Proposition 7.1.11) almost coherent. Moreover, wg := D(R) is

given by det(Qépf( Rr)/05 ) [dim(Sp(R))] by a similar calculation.

UasAisa regular closed immersion with conormal bundle Q% /1 it suffices to prove the following: if i : Z — X is
a regular closed immersion of schemes with ideal sheaf Iz and codimension ¢, then RHom (Oz,Ox) is canonically
identified with det(Iz/I12)'[—c|. For this, by a local Koszul calculation, one first checks that RHom , (Oz, Ox) is
concentrated in cohomological degree ¢, and that the map RHom (Oz,0x) - RHom(Oz,Oz) induces an isomor-
phism on H°(—). It is then enough to identify H*(RHom  (Oz,0z)) with A* ((1z/12)?) " as an O z-algebra, or equiv-
alently that H™*(Oz ®(L/)X Oz) ~ /\*IZ/IE as Oz-algebra. But there is a canonical map IZ/IE — Tor(fx (02,0z2) ~
H Oz ®éx Oyz), which extends by multiplicativity to an Oz-algebra map A*Iz/I3 — H *(Oz ®éx Oz); one can
then check using co-ordinates that this is an isomorphism.

42Recall that the conditions of coherence, perfectness, and dualizability for objects in the derived category of a
regular ring coincide.
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9.3. Dualizing modules. Continue with the notation of §9.1. Given the notion of Grothendieck
duality, there is an evident notion of a dualizing module:

Definition 9.3.1 (Dualizing module). Fix R € CAlg(C). A dualizing module over R is a Grothendieck
dual for R € Modg(C) (if it exists); we denote it by wr (suppressing the implicit copairing from
the notation).

Example 9.3.2. In the setting of Example 9.2.4, the analysis there shows that the classical dual-
izing complex wg is a dualizing module in the sense of Definition 9.3.1.

In general, to check that a copairing is a Grothendieck duality copairing, we must check two
families of conditions (as in Definition 9.2.1). However, for dualizing modules themselves, it turns
out a single family condition is enough:

Proposition 9.3.3 (Criteria for dualizing modules). Fiz R € CAlg(C), an object w € Modgr(C)
and a map ¢: AyR — R®w. Then c exhibits w as a dualizing module for R if and only if for any
M € Modg(C), the natural map

M ~ Homp(R, M) 0w, Hom o p(R ® w, M ® w) — Hompgr(AR, M @ w)
s an isomorphism.

Remark 9.3.4. Fix R € CAlg(C), an R-module w, and a map « : A,R — R ® w. Then for any
M € Modpg(C), we then obtain an induced map

OéM:A*Mﬁ(M@R)@R@,RA*R—)(M@R)@R@)R(R@w)ﬁM@w

in Modgrggr(C). As the input is pushed forward from the diagonal, permuting the factors gives a
natural map

a3y AM 5w M
in Modgrgr(C) as well. Proposition 9.3.3 asserts that « defines the structure of a dualizing sheaf on
w if and only if the adjoint M — Homp (AR, M ®w) to ayy is an isomorphism for all M € Modg(C).

9.4. Pairings. The notion of a Grothendieck duality copairing is perhaps slightly unfamiliar: in
the classical approach, Grothendieck duals are characterized by the existence of a universal pairing
into the dualizing complex, provided one already has access to the latter. Since we now have an
intrinsic definition of dualizing modules, pairings can also be used to develop Grothendieck duality
in our context, as we now sketch, continuing in the setup of §9.1.

Definition 9.4.1 (Grothendieck duality pairings). Fix R € CAlg(C) and a dualizing module wg €
Modpr(C) (assumed to exist). Given M, N € Modgr(C), a Grothendieck duality pairing is a map
e: N®M — Awwpg in Modrgr(C) (or equivalently a map N ® g M — wg in Modg(C)) such that,
for each z € C, the natural maps

r®@ M — z®Homp(N,wr) - Homp(N,z @ wg)
and

r®N — x®Homp(M,wr) - Homp(M,z ® wg)
are both isomorphisms, where the first map in each line is induced by e. (In particular, taking
x = 1¢ shows that e induces isomorphisms N ~ Homp(M,wr) and M ~ Homp(N,wg).)

The main theorem about these objects is the following, saying roughly that the data of a
Grothendieck duality pairing is equivalent to that of a copairing.

Theorem 9.4.2 (Relating copairings to pairings). Fiz R € CAlg(C) admitting a dualizing module
wgr. Fiz M, N € Modg(C). The following are equivalent:

(1) There exists a Grothendieck duality copairing ¢ : AyR — M ® N in Modgrgr(C).
(2) There exists a Grothenndieck duality pairing e : N @ M — A,wpg in Modggr(C).
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(8) There ezists a full Grothendieck duality datum, i.e., we have maps ¢ : A,R — M ® N and
e: N®M — Awg in Modrgr(C) such that the following two properties hold (where we
use the maps from Remark 9.5./):

e The map

AR M M o N @ MM M@ Awr

in Modrgrer(C) is homotopic to the image of apy under the identification
HomR®R®R(A*R QM,M® A*wR) ~ HOIHR®R(A*M, M® wR).

e The map

N@AR W NoMeoN DM A opo N

in Modregrer(C) is homotopic to the image of oy under the identification
HOHIR®R®R(N R AR, Awp ® N) ~ HOH]R@)R(A*N, WR X M)
In particular, if M is Grothendieck dualizable, then D(M) ~ N ~ Homp(M,wpg).

The functors relating (3) with (1) or (2) are the obvious forgetful ones, so the content above
is that a Grothendieck duality pairing gives rise to a unique Grothendieck duality copairing sat-
isfying some axioms, and vice versa. Let us emphasize that characterizing these notions via full
Grothendieck duality data as in part (3) gives a rather finitistic way to check Grothendieck duality:
given candidates ¢ and e for the copairing and the pairing, we simply need to check two diagrams
commute (instead of infinitely many maps inducing isomorphisms, as in Definitions 9.2.1 and 9.4.1).
The following corollary is immediate from this diagrammatic characterization:

Corollary 9.4.3 (Change of category). Let f* : C — D be a symmetric monoidal functor of
presentably symmetric monoidal stable co-categories. Fiz R € CAlg(C) equipped with a dualizing
module wr with witness ¢ : AyR — wr ® R in Modg(C). Assume f*(c) endows f*(wr) with the
structure of a dualizing module. Then f* preserves Grothendieck duality copairings and pairings. In
particular, if M, N € Modg(C) are Grothendieck dual, the same holds for f*M, f*N € Mod s« r(D).

Example 9.4.4 (p-completion and almostification preserve Grothendieck duality). The condition
in Corollary 9.4.3 is satisfies if f* admits a right adjoint f. (resp. a left adjoint f) satisfying the
projection formula. In particular, this will apply in the/f\ollowing cases of interest: given a perfectoid
field K, take f* to be either the p-completion functor (—) : D(Ok) — D(Ok), or the almostification
functor (—)* : D(Ok) — D(Ok)?, or the p-completed almostificaton (—)* : 73((’)1() — ﬁ(OK)“.
(Indeed, p-completion has a fully faithful right adjoint with a projection formula, almostification
has a fully faithful left left adjoint with a projection formula, and p-completed almostification can
be written as a composition of p-completion with almostification in the p-complete category, where
a similar argument applies.) This shows that passage to p-complete (resp. almost, p-complete
almost) categories respects Grothendieck duality.

9.5. C-finite morphisms. Continuing in the setup of §9.1, we introduce a class of morphisms in
CAlg(C) that behave like finite morphisms in algebraic geometry:

Definition 9.5.1. Fix R € CAlg(C) admitting a dualizing module wg. A commutative R-algebra S
(or the morphism R — S in CAlg(C)) is called C-finite if S is Grothendieck dualizable in Modg(C).

Note that the identity map id : R — R is C-finite precisely by our assumption that R admits a
dualizing complex. The main result is that restriction of scalars along a C-finite morphism preserves
and reflects Grothendieck duality:

Theorem 9.5.2 (Finite restriction of scalars). Fiz R € CAlg(C) admitting a dualizing module and
a C-finite morphism f: R — S in CAlg(C).
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(1) Pushforwards preserve duality: Given M, N € Modg(C) with a Grothendieck duality copair-
ing cs : AS — M @ N in Modsgs(C), the induced map cg : AxR — AR — fM ® fN
is a Grothendieck duality copairing in Modrgr(C).

(2) Pushforwards reflect duality: Given M € Modg(C) and N’ € Modg(C), if cr : AR —
f«+M ® N’ is a Grothendieck duality copairing in Modrgr(C), then there is a natural
Grothendieck duality pairing cs : AyS — M QN in Modsgs(C), an isomorphism foN ~ N’,
and an identification of cg with the copairing induced by cs as in (1).

In particular, f.D(M) ~Df.M for Grothendieck dualizable M € Modg(C).
Applying part (1) to M = S then gives:

Corollary 9.5.3 (Dualizing modules for finite maps). Fiz R € CAlg(C) admitting a dualizing
module and a C-finite morphism f : R — S in CAlg(C). Then S € Modg(C) admits a dualizing
module wg. Moreover, there is a natural identification wg ~ Homp(S,wr) (whose adjoint map
frws — wp is called the trace map).

This discussion allows us to extend Example 9.2.4 and Example 9.2.5 to the singular cases:

Example 9.5.4 (Classical Grothendieck duality on arbitrary varieties). Fix a field k, take C =
D(k), and let S/k be a finitely generated k-algebra. Let us explain why our notion of Grothendieck
duality on Modg(C) = D(S) agrees with the classical notion, extending the discussion in Exam-
ple 9.2.4 in the smooth case.

Choose a presentation S = R/I with R a polynomial ring, so S € D% , (R). By Examples 9.2.4

and 9.3.2, the ring R admits a dualizing module wg, (given by det(Q7, y ) [dim(R)]) and the morphism
R — S is C-finite morphism. Consequently, by Corollary 9.5.3, the module S € Modg(C) = D(S)
also admits a dualizing module wg, given by the formula Homp (S, wgs). Moreover, by Theorem 9.5.2
and Example 9.2.4, an object M € D(S) is Grothendieck dualizable in our sense if and only if M
is coherent (over R or equivalently over S); in this case, the Grothendieck dual of M is given by
Homp(M,wg) thanks to Theorem 9.4.2.

Example 9.5.5 (Grothendieck duality for almost coherent sheaves, general case). Let K be a
perfectoid field, let C = ﬁ(OK)“, and let S/Ok be a tfp algebra. We can then write S = R/I,
where R is a smooth tfp O-algebra and I is finitely geenerated. In particular, R is coherent (and
thus almost coherent) over S. Arguing exactly as in Example 9.5.4, we learn that the conclusion
of Example 9.2.5 passes to S: an object M € 75(5 )* = Modg(C) is Grothendieck dualiziable if and
only if it is almost coherent. Moreover, the dualizing module is given by Homp(S,wr), and thus
the Grothendieck dual of an almost coherent S-complex M is given by Homg(M, wg).

For our purposes, the following example is crucial, and it justifies a heuristic proposed earlier:
the map XPM — X behaves like a finite morphism in the almost category, for X being a tft formal
scheme over the ring of integers in a perfectoid field.

Example 9.5.6 (Grothendieck duality for perfectoid crystals). Let K/Q be a perfectoid field, let
C = D(Ok)*, and let R/Ok be a tfp algebra. We showed in Theorem 7.3.6 that Rypq is almost
coherent as an R-module. Consequently, by Example 9.5.5, we learn that R is Grothendieck
dualizable as an R-module. By definition, this implies that R — Rpq is C-finite. Applying Theo-
rem 9.5.2 to R — Ry, we obtain a good notion of Grothendieck duality for Modg , (C) = ﬁ(Rpfd)ai
an Rpgg-module M is Grothendieck dualizable over Rp¢q if and only if it is almost coherent over
R. Moreover, the dualizing complex is given by wg , = Homp(Rped, wr). Via the equivalence
with perfectoid crystals in Theorem 4.6.3, we obtain a good notion of Grothendieck duality on
Crys(Agpe(r))®-
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9.6. C-étale morphisms. In classical algebraic geometry, the formation of Grothendieck duals is
étale local. We introduce an analogous condition in the setup of §9.1:

Definition 9.6.1. A map R — S in CAlg(C) is called C-étale if:

(1) The multiplication map A : S ®r S — S is a projection onto a direct factor in CAlg(C).
Write o5/ : S — S ®pg S for the unique™ right inverse to A in Modgg,s(C).

(2) For any M € Modgrgs(C), the natural map

S®r(—)
kil B

Hom 005 (S, M) Homgyg(S ®r S, S @r M) —2 Homg,s(ALS, S @r M)

is an isomorphism.

Condition (2) in Definition 9.6.1 might appear a bit strange at first, but it is desgined to capture
some geometric properties of étale morphisms, as the follwing explains:

Example 9.6.2 (Etale maps of varieties are C-étale). Let k be a field, let C = D(k), and let R — S
be an étale map of finitely generated k-algebras. Then R — S is C-étale. Indeed, the first property
is a standard one for étale morphisms. For the second, it will be convenient to use geometry,
so let f : X = Spec(S) — Y = Spec(R) be the corresponding map of affine schemes. Write
d: X — X xy X for the relative diagonal, so §(X) is a clopen subset of X xy X by étaleness; its
complement Z = X xy X —0(X) is then a closed subset of X x X. Write U = (X x X)— X ELNND.
for the complement. We then have a diagram

X' U

J J

XXy X —Xx X

pr1 Ixf
X XxY
f fx1
Y — 2.V xy

where all squares are Cartesian, the horizontal arrows are closed immersion, and the vertical maps
are étale. In particular, the compositum of the first two squares yields a Nisnevich pullback square
on passing to complements, i.e.

U— AN(X) U

i iUXf)Oj

XxY-T(X)—=XxY

is a Nisnevich pullback square, i.e., the square is Cartesian, the bottom horizontal map is an open
subset, the right vertical map is étale and an isomorphism over the complement of the bottom
horizontal. Now any étale sheaf carries such a square to a pullback diagram, i.e., étale sheaves are
Nisnevich sheaes. Applying this to suitable Hom-functors then gives

Hom y .y (I Ox, M) ~ Homy, (A.Ox, j*(1 x f)*M)

431f A = B x C is a product decomposition in CAlg(C), then Moda(C) ~ Modg(C) x Modc(C) via base change,
whence Homa (B, A) ~ Homa (B, B).
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as I'+Ox vanishes on (X xY) —I'(X). Now both A’ : X — X and A : X — X x Y are closed
immersions and j is an open immersion, so we can rewrite the second term above as

Hom; (A Ox,j*(1 x f)*M) ~ Hom y, x (A.Ox, (1 x f)*M).
Putting these isomorphism together and unwinding identifications then gives the claim.
The more relevant example for our purposes is the following variant for perfectizations.

Example 9.6.3 (Etale maps of rigid spaces induce C-étale maps of perfectizations). Let K/Q, be a

perfectoid field, and let C = 13((’) k). Let R — S be a map of flat tfp Ok-algebras inducing an étale
map on generic fibres. Then Rpsq — Speq is C-étale in CAlg(C). To check this, one first translates to
a statement about sheaves on generic fibres via the equivalence ﬁ(Rpfd)a ~ Shv(Spf(R)y e, OF)»°°
(and similarly for S) resulting from the conjunction of Theorems 4.6.3 and 5.3.5. One can then

proceed exactly as in Example 9.6.2 using our étaleness assumption on the generic fibre.

Back in the general setup, the notion of C-étale morphisms enjoys good stability properties:
it is stable under base change and composition. The main theorem about C-étale maps is that
they respect Grothendieck duality. More precisely, first, base change along such maps preserves
Grothendieck dualizability:

Theorem 9.6.4 (Grothendieck duality commutes with étale localization). Let R — S be a C-étale
map in CAlg(C). Write (—)s = (=) ®r S for the base change. Given M,N € Modr(C) that are
Grothendieck dual via a copairing ¢ : AyR — M ® N, the composition

OS/R

AS T S @R S~ AR @por (S © S) 295 (M @ N) @per (S © S) ~ Mg ® Ng

is a Grothendieck duality copairing.
In particular, if wr is a dualizing module for R, then wg = wr ®r S is a dualizing module for S
(via the above recipe for transporting copairings).

Secondly, Grothendieck duality can be descended along C-étale maps satisfying a suitable “cov-
ering” property:

Theorem 9.6.5 (Etale descent for Grothendieck duality). Let R — S be a C-étale morphism
in CAlg(C) which is also descendable. Given M € Modg(C), if Mg € Modg(C) is Grothendieck
dualizable, then so is M ; in this case, the formation of the Grothendieck dual commutes with base
chage (Theorem 9.6.4). In particular, if S admits a dualizing module, so does R.

Proof. Let S® be the Cech nerve of R — S = S°; write M*® = M ®p S®. By our assumption and
Theorem 9.6.4, we know that each M? admits a compatible Grothendieck dual N* over S, so we ob-
tain objects M*®, N® € lima Modge(C), and pairings ¢® : A,S® — M®*®ge N* in lima Modgeg s+ (C)
inducing Grothendieck duality copairings at each level. By descent, we know that N® ~ N®prS*® for
N =lim N* € Modg(C) and moreover that (M ®r N) ®p S® >~ M*® @ge N°® by a similar argument.
Taking limits of ¢®* then gives a copairing

AR > lim A.S* = lim M* @5 N* = M ©p N

in Modggr(C). We must show that for each P € Modg(C), the copairing induces an isomorphism
HOH]R(N, P) ~ HomR®R(A*R, M X P),

and similarly with M and N swapped. Write P®* = P®pr S®, so P ~ lim P*. By descendability, we
have P ® N ~ lim P* ® N. Consequently, we can write the RHS as

HOH’IR®R(A*R7M®P) ~ hgnHOInR(@R(A*R,M &® P.) ~ hgnHOInR(gS.(F*S.,M@ P.),
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where I' : R® S® — S*® is the base change of A : R® R — R. As each R — S is C-étale, the target
simplifies as

liénHomR@)S. (TS*, M ® P*) ~ lingomS.@S.(A*S', (S*®r M) ® P*).

Using Grothendieck duality over S*®, the above can be rewritten as
liinHomS.(N°, P*) ~ Homp(N, P).

Putting everything together and tracking identifications (and running the same argument with M
and N swapped) then gives the claim. ]

Fulfilling an earlier promise, we record a concrete corollary of Theorem 9.6.4:

Corollary 9.6.6 (Almost coherence for perfectoid crystals localizes on the generic fibre). Say
K/Qp is a perfectoid field. For any map f: X — Q) of tfp formal schemes over Spf(Ok) inducing
an étale map f, on generic fibres, the pullback f* : Crys(Agy)* — Crys(Ax)® preserves almost
coherence. If f is surjective, the converse is also true (i.e., f* also reflects almost coherence).

Proof. For the first part, the statement reduces to the affine case, so we must show the follow-
ing: if R — S be a map of p-complete tfp algebras inducing an étale map on adic generic fibres,
then the base change functor ﬁ(Rpfd)a — ﬁ(spfd)a preserves almost coherence. In the context of
Grothendieck duality in the ambient category D = 13((’) k)%, Example 9.5.6 shows that almost co-
herence coincides with Grothendieck dualizability under the identification ﬁ(Rpfd)a ~ Modg,, (C)
and similarly for Sptq. The claim then follows from Theorem 9.6.4 thanks to Example 9.6.3.

The second part follows analogously using Theorem 9.6.5 as the hypothesis ensures that Ryq —
Spia is descendable, thanks to the descendability criterion in Proposition 4.8.4 as well as the exis-
tence of descendable perfectoid atlases with finite global dimension (Proposition 4.6.2). O

9.7. Globalization. Theorems 9.6.4 and 9.6.5 allow us to globalize our constructions. In this
subsection, we sketch the picture for varieties over a field k; it works analogously for (almost)
coherent sheaves on formal schemes or (almost) perfectoid crystals.

Definition 9.7.1 (Grothendieck duality on varieties). Given a finite type k-scheme X and M, N €
Dye(X), a Grothendieck duality copairing is a map ¢ : A,Ox — M K N on X x X such that for
each P € Dy.(X), the natural map

RHomX(M, P) — RHOH]XX)((A*OX7 PKX N)
(defined as in Definition 9.2.1) is an isomorphism, and similarly with M and N swapped™’.

Remark 9.7.2 (Relation to coherence and dualizing complexes). Fix a finite type k-scheme X
and a Grothendieck dualizable M € Dy.(X). Applying the condition in Definition 9.7.1 with P’s
pushed forward from an open subset, we immediately see that for any affine open subscheme U =
Spec(R) C X, the restriction ¢|pxy is a Grothendieck duality pairing in the sense of Definition 9.2.1
with ambient category C = D(k). In particular, by Example 9.5.4, any Grothendieck dualizable M
is coherent. Conversely, by Theorems 9.6.5 and 9.6.5, any coherent M is Grothendieck dualizable.
In particular, Ox admits a Grothendieck dual wyx whose formation commutes with passage to open
subsets.

The main theorem about this notion is the following global version of Theorem 9.5.2 (1):

g Dyc(X) is generated under colimits by dualizable objects, and because A, satisfies a projection formula, the
condition above implies a stronger statement: for any K € Dy.(X), the natural map

RHomyx (K ®oy M, P) — RHomx x x (A.K, PK N)

is an isomorphism. In other words, we could replace RHomx with an internal RHom, computed in Dgc(X), in the
definition without changing the meaning.
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Theorem 9.7.3 (Proper direct images). Let f : X — Y be a proper morphism of finite type k-
schemes. Then there is a natural trace map Rf.wx — wy. Via this map, Rfs commutes with
Grothendieck duality.

Proof sketch. Write f' for the right adjoint to f, : D(X) — D(Y). To define the trace map, it
suffices to construct a natural map wyx — f'wy. Via the universal property, this is equivalent to
specifying a natural map A,Ox — Ox X f!wy. As f, preserves coherence and Ox has bounded
below Tor amplitude over k (in fact, it is flat), the functor f' commutes with filtered colimits
that are uniformly bounded below. Consequently, we have a natural isomorphism Ox X flwy ~
(1X ) (Ox x wy). Pulling back the tautological copairing A,Oy — Oy K wy via (1 x f)' then
yields the desired map.

Using the globalized form of the diagrammatic criterion for Grothendieck duality in Theo-
rem 9.4.2 (3), as well as the compatibility of Rf, with external products, one checks that Rf.
carries any full Grothendieck duality datum to a full Grothendieck duality datum, as wanted. [

9.8. Verdier duality and RH. In this subsection, we adapt the definitions of §9.7 to the context
of étale sheaves on rigid spaces, and study their interaction with the corresponding coherent notions
via RH.

Notation 9.8.1. Fix a perfectoid field K/Q, and a rigid space X/K.

We shall be interested in formulating (and studying) Verdier duality on the category %(Xét, Z,)>°
of overconvergent p-complete étale sheaves on X. This can be defined as follows (mirroring Defini-
tion 9.7.1 and Footnote 44):

Definition 9.8.2 (Ye\rdier duality). Fix a rigid space X and E € S/}Rf(Xét, Z,)°°. A Verdier dual
for E is given E’ € Shv(X¢, Z,)°° and a copairing
c:AZ,— FEKX E'
on X x X with the following property: for any =, P € S/}F/(Xét, Z,)°°, the natural map
RHomy (z ® E, P) - RHomxy x((z ® E) X E', PR E') — RHomx «x x (A.x, P X E)

is an isomorphism, and similarly with the roles of E and E’ swapped®. If such a datum exists, we
say E is Verdier dualizable.

Taking « = Z, above already shows that the Verdier dual of E (together with the copairing)
is functorially determined by E if it exists, so we denote it by D(E). The collection of Verdier

dualizable sheaves is a stable subcategory of S/h\V(Xét, Z,)°°. Unfortunately, we do not know an
explicit description of this category (unlike the coherent story, Example 9.5.4). However, we have
an important supply of examples: Zariski constructible sheaves. More precisely:

Theorem 9.8.3 (Constructible sheaves admit Verdier duals compatible with RH). Fiz a rigid
space X/ K. Given E € Shv% (X, Z,), there exists a Verdier dual E'.
Moreover, if X is a formal model for X, then applying RH%(—) to the Verdier duality copairing

for E gives a Grothendieck duality copairing for RH%-(E) € Crys(Ax)?.
Proof sketch. We sketch the proof with F,-coefficients. By étale locality of Verdier and Grothendieck
dualizability (see §9.6), the statement is local, so we may assume there exists a formal model X. By

full faithfulness of RH, it suffices to show that any E € Shvgc(X ,F,) admits a strong Verdier dual,
i.e., there exists a copairing A,Z, — E X E’ whose image under RH% is a Grothendieck duality

copairing of almost perfectoid crystals on X x X. Note that the full subcategory C C Shv® (X, F))

45This can also be formulated by assuming = = Z, provided we replace RHom with the internal RHom computed
in overconvergent sheaves.
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of strongly Verdier dualizable sheaves is stable. By resolution of singularities, it suffices to show
that Rf.F, € C for f:Y — X with ¥ smooth. By the proper pushforward compatibility of RH*
and the analog of Theorem 9.7.3 for perfectoid crystals, we may then assume X is smooth and
E =F,. By étale locality of strong Verdier dualizability (via Theorem 9.6.4 and Example 9.6.3),
we may assume X = D}l{ is the closed unit d-ball, and thus has good reduction. By compatibility
with external products, we reduce to the d = 1 case, i.e., X = Dg, in which case we can take

X = Aépf(OK)' In this case, we construct the copairing by hand as follows. The ideal sheaf In of

the diagonal A : X — X x X is a line bundle on X x X equipped with a natural trivialization over
the open subset j : U = X x X — A(X) — X x X, so its first Chern class ¢;(L) can be regarded
as a map

. c1(L
A*Fp,X ~ COﬁb(][Fp,U — FILXXX) g prxxx(l)p] ~ Fp,X X Fp’X(l)[Q].

One then checks that RH%(c) defines a Grothendieck duality pairing on X x X, to prove the
theorem. 0

In particular, there is a dualizing complexr wx ¢ = D(Zp) € Sthc(Xét,Zp), and it has the
feature that RH%(wx ¢;) ~ wypra is a (Grothendieck) dualizing complex in Crys(Ax)®. In fact, this

statement generalizes:

Corollary 9.8.4 (RH commutes with RHom). Let E, F € Shv®.(X¢, Z,)°¢. Then there is a natural
identification

RH% (RHom y (E, F)) ~ RHom ypta (RHE(E), RHE(F)).

Proof. Recall from [BH21] that Zariski-constructible sheaves are stable under RHomy and ®. We
can therefore identify

RHom y (F, F) ~ RHom y (E, RHom  (D(F),wx)) ~ RHomy (F ® D(F),wx) ~ D(E ® D(F)).
As RH% commutes with ® and D(—), the claim follows by applying RH% and using the reverse of

the the chain of isomorphisms used above. ]
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10. RH AND ¢t-STRUCTURES

In this section, we study the interaction of the Riemann—Hilbert functor with ¢-structures. More
precisely, we show that RHZ is t-exact with respect to both the standard and perverse t-structures

on source and target (Theorem 10.3.2 and Theorem 10.3.4). While the statement for the standard
t-structure evidently makes sense, the one for the perverse one needs an explanation. To this end, in
§10.2, we introduce the perverse t-structure on perfectoid crystals, based on the perverse t-structure
on quasi-coherent sheaves recalled in §10.1.

10.1. Perverse quasi-coherent sheaves. In this subsection, we recall the perverse t-structure
on quasi-coherent sheaves; some references for this material include [AB10], [[Kas04], [Gab04] and
[BMP24b, §3]. For our purposes, it will suffice to restrict attention on the following class of
schemes:

Definition 10.1.1. A scheme (or formal scheme) is topologically noetherian if its underlying topo-
logical space is noetherian.

Obviously any noetherian scheme is topologically noetherian. But there are some naturally
occurring non-noetherian examples crucial for our purposes:

Example 10.1.2. Say K is a nonarchimedean field with residue field k£ and a pseudouniformier 7.
Let X/Spf(Ok) is a tft m-adic formal scheme.

(1) Formal schemes: The formal scheme X (or equivalenly the schemes X,n—g) is topologically
noetherian with finite Krull dimension: indeed, the underlying topological space identifies with
that of the variety X;. Note that these (formal) schemes are typically not noetherian unless K is
discretely valued.

(2) Minimal atlases: Assume K is a p-adic field. Choose a perfectoid atlas § — %P which
is minimal, i.e., it induces an isomorphism %), — :{;];erf; such atlases exist in the affine case (Re-
mark 4.3.5). Then all terms of the Cech nerve of 9 — X¥Pf are topologically noetherian.

In [Gab04], Gabber showed the existence of perverse t-structures on ringed toposes in a large
amount of generality. Let us extract from this a statement that will cover our needs:

Theorem 10.1.3 (Perverse quasi-coherent sheaves, [Gab04]). Let X be a topologically noetherian
scheme of finite Krull dimension. Define p : X — Z via p(x) = —dim({z}). The quasi-coherent
derived category D(X) admit a perverse t-structure (PD=C(X),PD=%(X)) given as follows:

(1) K € PD=0(X) if and only if K, € D<P@) for allz € X.

(2) K € PDZ°(X) if and only if RT4(K,) € DZP(®),
This t-structure is left and right complete, and compatible with filtered colimits. Moreover, for any

x € X, the functor RT;((—)z) : D(X) — D(Ab) is t-exact with respect to the perverse t-structure
on the source and the standard t-structure on the target.

Proof. Everything but the last sentence is contained in [Gab04, §6,7] (in a significantly more general
context); see also [BMP724Dh, Theorem 3.14] for details in the key case of flat tft formal schemes
over a perfectoid valuation ring.

The last t-exactness assertion is in [BMP " 24h, Remark 3.14], but we sketch it here. First,
the left t-exactness is clear from the definitions. For the right t-exactness, we must show that
for any perverse connective M and z € X, the object RI';(M,) is connective. By topological
noetherianness, the functor RT';((—);) has finite cohomological dimension, so it suffices to check
the claim for bounded M. In this case, we may replace X with Spec(Ox ;) to assume X = Spec(R)
is local with closed point x. By filtering M by its cohomology sheaves and then its finitely generated
subsheaves, we may assume M = A[i] for an R-module A and integer i. The perverse connectivity
of Afi] means that if A, # 0, then —i < p(y) or equivalently dim({y}) < i. This condition passes
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to subquotients of A, so, by filtering A with cyclic submodules, we can then assume A = R/I for
some ideal I with dim(Spec(R/I)) <i. If i < 0, then A = 0, so there is nothing to prove, so we
may assume ¢ > 0. Thanks to the fibre sequence

RT(X — {z}, A[i — 1]) — RT',(A[i]) — Ali],

it suffices to prove the outer terms are connective. This is clear for the term on the right as ¢ > 0;
for the term on the left, note that RT'(X — {x}, Ali — 1]) ~ RI'(Spec(R/I) — {z}, O)[i — 1]; since
Spec(R/I) — {z} has dimension < i — 1 by assumption, the claim follows. O

Example 10.1.4 (Perverse abelian groups). Taking X = Spec(Z), Theorem 10.1.3 provides a
t-structure on D(Ab). Unwinding definitions, an object K € D(Ab) is perverse connective exactly
when H>°(K) = 0 and H°(K) is torsion; an object K € D(Ab) is perverse coconnective exactly
when H<"!(K) = 0 and H 1(K) is torsionfree. Thus, the heart is exactly those K € D(Ab)
with HO(K) torsion, H !(K) torsionfree, and all other H'(K) = 0. Restricting attention to
K € Perf(Z), one can check that K is perverse if and only if RHomgz (K, Z[1]) is discrete.

More generally, a completely analogous description applies to perverse quasi-coherent sheaves on
any Dedekind scheme.

The description perfect complexes that are also perverse in the last line of Example 10.1.4
generalizes considerably. While we do not record an all encompassing statement here, the following
is the key instance for our purposes.

Theorem 10.1.5 (Perverse coherent sheaves via Grothendieck duality). Fiz a nonarchimedean field
K. Let X/Ok be a flat tfp p-adic formal scheme. Fiz any integer n > 1, and write X = Xpn—g.
Then the perverse t-structure on D(X) restricts to a t-structure on D® , (X). Moreover, the latter
t-structure is the Grothendieck dual of the standard t-structure; in particular, the dualizing complex
Wx/oy 5 1n the heart.

Proof. We use the notation from Theorem 10.1.3. All statements are local, so we may assume
X is affine, when X = Spec(R) is affine. Write wg for the relative dualizing complex of X —
Spec(Ok /p"™). This complex has the feature that RI';(wg) is in concentrated in degree p(x) =
—dim({z}) = —(d — dim(R,)) for any z € X.

Temporarily, let us refer to the Grothendieck dual of the standard t-structure on ch’oh(X ) as
the “perverse” t-structure. It will suffice to prove that “perverse” connective objects are perverse
connective, and similarly for coconnective ones.

Fix a “perverse” connective K € Di’oh(X ), so D(K) is coconnective. We must show that K is
perverse connective. With notation as in Theorem 10.1.3, we must show that K, € D<P*) By
devissage, we may assume D(K') = M|0] for a coherent R-module M. We must show that for any
x € X, we have RHomp(M,wg), € D<P(*). By writing R as a quotient of a polynomial ring, we can
assume R = Ry/p", where Ry is a polynomial ring over Ok of relative dimension d. In this case,
wr = RI[d], so we must show RHompg (M, R), € DY™F) As R = Ry/p™ = RHompg, (Ro/p", Ro)[1],
we have RHomp (M, R) ~ RHomp, (M, Ry)[1]. Moreover, for any = € Spec(R) C Spec(Rp), we have
dim(R,) = dim(Rp ) — 1. Thus, it is enough to show that any finitely presented Ry ,-module N
has global dimension < dim(Rp ). Since Ry, is coherent and the generators of a finitely generated
Ry ;-module can be detected modulo its maximal ideal, the standard construction in commutative
algebra shows that N admits a minimal free resolution P®, i.e., each P is finite free over Ry,
and the differentials are 0 modulo the maximal ideal. Moreover, the resolution is finite as Ry (and
hence Ry ) has finite global dimension. The minimality shows that the amplitude of P*® equals
the implitude of N ®IL_-£0 . k(). But k(x) has Tor dimension dim(Rp ;) (by calculating modulo the
maximal ideal of Of), so the amplitude of P®, and hence the global dimension of N, is bounded
above by dim(Ry ), as wanted.
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Fix a “perverse” coconnective K € D’ (X), so D(K) is connective. We must show that K
is perverse coconnective, i.e., R[';(K,) € D=P() for all z. By resolving D(K), this reduces to
the case D(K) = R, i.e., we must show R[,(wr.) € DZP@). Writing R as a quotient of a
polynomial ring of relative dimension d and then lifting the polynomial ring to Ok as above,
we reduce to the following: for Ry = Oglx1,...,z4] and z € Spec(Ro/p) C Spec(R), we have
RT.(Ro./p"[d]) € D~4™{=H . As pis 0 in x(z) and dim(Rp,) = d — dim({z}) + 1, this reduces
to checking that RI';(Rpz) € p2dim(Roz)  Ag Ry 2 /mo, Ry, is a regular local ring of Ag, there

is a regular sequence fi = p, f2,....; fdim(R,,) Cutting out the maximal ideal m; C Ro, up to
radicals. But then RI';(Rp.) ~ colim, RHomg, , (Ro,m/(fln, "'7f(7fim(RO x)),RO,x) € piim(Ros)  ag
wanted. 0

10.2. Perverse t-structure on perfectoid crystals. In this subsection, bootstrapping from the
case of formal schemes and using the equivalence of perfectoid crystals and modules (Theorem 4.6.3),
we define a perverse t-structure on perfectoid crystals as well.

Notation 10.2.1. Let K/Q, be a perfectoid field, and let X be a tfp p-adic formal scheme, assumed
flat for simplicity. Write 7 : XPfd — X% for the natural map.

The promised object is:

Theorem 10.2.2 (Perverse t-structure on perfectoid crystals). There is a perverse t-structure on
Crys(Ax/p") described by either of the following constraints:

(1) The coconnective part is given by P Crys=°(Ax/p") = 71 (PDZ0(Xpn0)), i.e., K € Crys(Ax/p")
is perverse coconnective < m K is perverse coconnective on the scheme Xpn—g.

(2) The connective part P Crys=C(Ax/p") is generated under colimits by M with M perverse
connective on Xpyn—g.

Proof. Take P Crys=C(Ax/p") to be as prescribed in (2). As it is stable under colimits, it forms the
connective part of a ¢-structure. The coconnective part of this ¢-structure is the right orthogonal
to P Crys=C(Ax/p")[1]. By adjunction, ths is easily seen to be the category described in (1). O

The description of perverse connective perfectoid crystals is rather unsatisfactory, and difficult
to test in practice. To ameliorate this, we offer the following local criterion:

Proposition 10.2.3 (Detecting perverse connectivity on atlases). Let g : 4 — XP™ be a minimal
perfectoid atlas (Example 10.1.2). Then M € Crys(Ax/p") is perverse connective if and only if
g*M s perverse connective on h,n_q.

Proof. Tt is convenient to switch to modules using Theorem 4.6.3, so assume X = Spf(R) and
i = Spf(S). Let S® be p-completed Cech nerve of Ryq — S. Then all the face maps in S® are
faithfully flat and induce universal homeomorphisms on Spf(—). It is relatively elementary to check
that base change and pushforward along such maps are both perverse t-exact. Consequently, there
is a t-structure on lim D(S*®/p™) lifting the perverse t-structure on each cosimplicial level; call this
the o-perverse t-structure temporarily. We shall prove that the descent equivalence

D(Rpta/p") ~ limD(S®/p")

(Proposition 4.6.2) matches the perverse t-structure on the left with the o-perverse t-structure. It
suffices to show that perverse connective objects are o-perverse connective, and the same holds
with “coconnective” instead of “connective”.

First, if M € D(Rp/p") is perverse connective, then the description in Theorem 10.2.2 (2)
shows that M ®p ;, S’ must be perverse connective for each i: the map Spf(S’) — Spf(R) is a
universal homeomorphism. This implies that M is o-perverse connective, as needed.
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Next, fix M € D(Rpq/p") that is perverse coconnective. By definition of o-perversity, it suffices
to show that M ®p_, S is perverse coconnecitve in D(S/p"). Fix z € Spf(S) ~ Spf(R). We then
have RT';(M ®py S) ~ RTw(M) ®g,, S- Proposition 4.6.2 (2) and the perverse coconnectivity
assumption on M then ensure that RI';(M ®g,, S) € PD2P(*) | as wanted. O

An important class of perverse connective objects is provided by sufficiently connective objects
in the standard ¢-structure:

Corollary 10.2.4 (Relating standard and perverse t-structures). We have an inclusion
Crys=0(Ax/p")[dim(X)] € ” Crys="(Az/p")
of subcategories of Crys(Ax/p").

Proof. Given M € Crys(Ax/p") that is connective, we must show M [dim(X)] is perverse connective.
This is local, so we can assume X is affine and choose a minimal flat atlas ¢ : {4 — X. Since
dim() = dim(X), the pullback g*M[dim(X)] is perverse connective, so the claim follows from
Proposition 4.6.2. O

10.3. t-exactness of RH. In this subsection, we study the t-exactness properties of the Riemann—
Hilbert functor on Zariski-constructible sheaves.

Notation 10.3.1. Fix a perfectoid field K/Q,, and a rigid space X/K with a formal model X/O.
Fix an integer n. As usual, we write 7 : XP — ¥ for the structure map.

Let us begin by understanding the behaviour with respect to the standard t-structure:
Theorem 10.3.2 (Standard ¢-exactness of Riemann—Hilbert). The functor
RHZ : Shv®, (X, Z/p") — Crys(Ax/p™)®
15 t-exact with respect to the standard t-structures on both source and target.

It is important to work with Zariski-constructible sheaves here: the t-exactness does not hold
for general overconvergent sheaves.

Proof. Both t-structures are defined by descent of the standard t-structure on perfectoids, so we
are reduced to the following: if R/Of is a perfectoid ring with support map v : Spa(R[1/p], R) —
Spec(R[1/p]) and F is an honest constructible Z/p"-sheaf on Spec(R[1/p])et, then RHE(V*F) €

D(R/p™) is concentrated in degree 0. A standard devissage (see [BS22, Theorem 11.1]) reduces us
to checking the following statement: given a finitely presented finite R-algebra S and an ideal I C S
such that S is p-torsionfree, the object Iprq = fib(Spfa — (S/1)pta) is concentrated in degree 0 and
p-torsionfree. Since both S and S/I are finite over R, Theorem 3.5.1 implies that the derived rings
Spa and (S/1)ptq are concentrated in degree 0. Moreover (S/1)psq = (Spid/I Spid)ptd by the universal
property of perfectizations, so Sptq — (S/1)ptq is surjective; this yields the discreteness of I,¢q. The
p-torsionfreeness of I,¢q then follows from that of Sptq, which was discussed in Remark 3.5.3. [

Recall that Proposition 4.7.4 provided an estimate on the cohomological dimension of the per-
fectization Rpq of a tft Ok-algebra R, which was rather analogous to the classical Artin vanishing
theorem with constant coefficients. Using the above, we obtain the following generalization:

Proposition 10.3.3 (Artin vanishing for perfectoid crystals). Let F' be an honest constructible
Z/p"-sheaf on X¢. Then the object

. RH®(F)[dim(Supp(F))] € D(Xpn=0)

is connective in the standard t-structure.
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Via the full faithfulness of Riemann—Hilbert, the above implies the following (which was previ-
ously proven in [BM18] via a topological argument for K = K): for any affinoid rigid space X/K
and constructible Z/p"-sheaf F on X, we have R['(Xy, F) € D=dm(X)+1 When K = K, Hansen
had conjectured that this estimate can be improved by 1, yielding the optimal version of Artin
vanishing; this was established in [GZ24] via rather different techniques.

Proof. The statement is local, so we can assume X = Spf(R) is affine. Moreover, by replacing F' with
its support, we may assume Supp(F) = X. Theorem 10.3.2 implies that RHZ(F) is connective

in the standard t-structure on perfectoid crystals. Proposition 4.7.3 (and the definition of the
constructible ¢-structure on Rp¢q-modules in Construction 4.7.1) implies that m,RH%(F') € D(R/p"™)

is built via colimits and extensions from Rptq. But Proposition 4.7.4 shows that R,y € D=4 50
T RHL(F) € D= as well, as wanted. O

The category Shv®.(X¢, Z/p") has a natural perverse t-structure by [BH21, §4]; this t-structure
behaves rather analogously to the classical (middle) perverse t-structure on algebraic varieties
[BBDGS2]. In fact, the two are compatible under analytification. Our goal is to show that this
t-structure is carried to the perverse t-structure on perfectoid crystals under Riemann—Hilbert:

Theorem 10.3.4 (Perverse t-exactness of Riemann-Hilbert). The functor
RH% : Shv®,(X¢, Z/p™) — Crys(Ax/p™)*
18 t-exact with respect to the perverse t-structures on both source and target.

Proof. For right t-exactness, by filtering the input perverse connective sheaf in terms of its co-
homology sheaves, we may assume F' = A[i], where A is an honest constructible Z/p™-sheaf and
i > dim(Supp(F)); our goal is to show RH%(F') is perverse connective. As pushforwards along

closed immersions preserve perverse connectivity on both sides and commute with RH%, we may
assume Supp(F') = X and thus ¢ > dim(X). In this case, Theorem 10.3.2 implies that RH%(A) is

connective in the standard t-structure; shifting this by ¢ > dim(X) and using Corollary 10.2.4 then
gives the desired containment.

For left t-exactness, by the definition of perverse coconnectivity on the target, we have to check
the following: if F is a perverse Z/p™-sheaf on X, then D(m,RH%(F")) is connective in the standard
t-structure on D(X,n—p). But RH% and 7, both commute with duality and the category of perverse
sheaves is self-dual. So we are reduced to checking that, for any perverse connective F', the object
m«RH%(F) is connective in the standard ¢-structure on D(X,n—¢); by devissage, this follows from
Proposition 10.3.3. 0

Spelling out what perverse coconnectivity means, we learn that 7, RH% produces (shifted) almost
Cohen-Macaulay complexes when evaluated on perverse inputs:

Corollary 10.3.5 (Perverse sheaves give CM modules). If F' is a perverse Z/p™-sheaf on X,
then the almost coherent sheaf m,RH%(F)[—d] is Cohen-Macaulay, i.e., for any © € X, we have

RT, (. RH(F[—d])) € D>dim(Ox.0)

In the next section, we shall give some geometric applications of the above results. For now, let
us simply note the following consequence for perfectoid geometry:

Example 10.3.6 (Almost purity fails without étaleness). Let us explain how to use Theorem 10.3.2
to find an example of a perfectoid ring S and a finite flat S-algebra T such that T},¢q is not almost
flat over S, i.e., almost purity fails if we replace “étale” with “flat”. (Note that there are no such
examples in characteristic p.)
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Let X/K be an affinoid rigid space of dimension d with an isolated singularity at x € X.
Assume that F,, x[d] is not perverse, so PH'(F,, x[d]) is nonzero for some i # 0. Let X = Spf(R) be
a formal model of X, and assume R is Cohen-Macaulay’®. We can choose a finite surjective map
X — 9 = A? = Spf(Ry) by Noether normalization; this map is finite flat as R is Cohen-Macaulay
and Ry is smooth. Let f, : X — Y =9), be the generic fibre of f, and let y € Y be the image of
the singular point 2. Let Spf(S) — Spf(Rp)PH be the standard perfectoid cover given by the mock
perfection, and let T' = R ®pg, S, so T is a finite flat R-algebra. We claim that T,¢q is not almost
flat over S, providing the promised example.

Let 7 € 2 be the closed point given by the image of y. By Theorem 10.3.4 and the last
sentence of Theorem 10.1.3, the functor carrying a Zariski constructible sheaf F' on Y to the object
RUH(RH(F) ®R, ¢4 S) € D(Ab) is t-exact for the perverse t-structure on the source and the

standard t-structure on the target. Applying this to the pushforward of F), x to Y and using our
assumption on the former, we learn that that H%(RH“—(F@ X)®Ry g4 S) 18 nOt almost zero®” for some
i # d. But RH-(F), x) ®Ry 00 S = Bpfd @Ry pq S = Tpid, 50 we have shown that H%(Tpfd/p) # 0 for
some i # d; this implies that S — Ty cannot be almost flat since HX(S/p) = 0 for i # d.

463ych an X can be constructed by taking the affine cone C(3, L) over a smooth projective p-adic formal Og-
scheme 3 of relative dimension > 2 with respect to an ample line bundle L satisfying the following: H<di"‘(3)(3, 03)
and L is a p-th power.

47Here we implicitly use that RH% cannot kill skyscraper sheaves.
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11. APPLICATIONS: VANISHING THEOREMS

In this section, we explain some applications of the perverse t-exactness properties of the Riemann—
Hilbert functor established in §10. All applications are, roughly, vanishing theorems. In §11.1,
we establish that absolute integral closures of mixed characteristic noetherian rings are almost
Cohen—-Macaulay modulo p (Theorem 11.1.1); this implies the direct summand conjecture (Corol-
lary 11.1.3), fulfilling a promise made in §8. In §11.2, we prove a mixed characteristic variant
of the Kodaira(—Saito) vanishing theorem (Theorem 11.2.3). Finally, in §11.3, we record some
applications to p-adic nearby cycles.

11.1. Almost CM for R™. In this subsection, we use the Riemann—Hilbert functor to give a
new proof of the direct summand conjecture. In fact, this is deduced from the following vanishing
theorem, which is substantially stronger and was a useful guide in discovering the perverse t-
exactness property of RH (Theorem 10.3.4):

Theorem 11.1.1 (Almost Cohen-Macaulayness of absolute integral closures). Let K/Q, be a
nonarchimedean field with residue field k, let R be a p-completely smooth O -algebra which is
connected and with relative dimension d. Let R* be an absolute integral closure of R. Then R™ is
p-completely almost Cohen-Macaulay, i.e., for every point x € Spf(R), the object RU,((R™)./p)[d]
is almost concentrated in degree p(z) = — dim({z}).

After this project was completed, the author was able to show that the statement above holds
true without passage to the almost category, see [Bha20]. The proof of the latter relies on (the
proof of) Theorem 11.1.1, together with some other arguments.

Proof. First, we explain the proof when K is perfectoid. Let X = Spa(R[1/p], R) be the generic
fibre. Let P = {S C R'} be the collection of all R-finite subalgebras of R". For S € P, we
obtain a finite cover Yy = Spa(S[1/p],S) — X. Identifying sheaves on finite covers of X with
their pushforwards to X, we shall prove that the ind-object {F, y[d]}sep is ind-perverse. By
perverse t-exactness of Riemann-Hilbert, we would then learn that colimgep RI'.((Sptd)e/p)[d] is
concentrated in degree p(z) for any = € Spf(R). But this colimit is simply RT,((R1)./p)[d] since
R™ is perfectoid on p-completion (Example 3.2.5 (6)), so we get the theorem.

To prove ind-perversity of {F), y,[d]}scp, observe first that all terms of the diagram are perverse
connective, and hence admit universal maps to perverse sheaves (given by their truncation in
perverse cohomological degree 0). Moreover, recall that pushforward along the complement of an
affine open immersion preserves perversity. It then suffices to show the following:

(x) For S € P, there exists S C S" in P and a dense Zariski affine open immersion j : U < Yg
with U smooth such that the natural map F,y [d] — F, v, (4 factors over the canonical map
F,v,[d] = j«Fpu]d] (and hence over a perverse sheaf).

We shall prove this by first algebraizing the picture, and then analysing the algebraization. For
any S € P, write Zg = Spec(S[1/p]), and let Z = Zr = Spec(R[1/p]). The diagram {F), y,[d]}secp
is then the pullback, under the support map v : X — Z of the analogous diagram {F, z.[d]} on
Shv®.(Spec(R)¢s, Fp) on X9, Moreover, v* induces an equivalence Shv?,(Ze;, , Fp) =~ Shvl, (X F))
that is compatible with pushforwards along Zariski open immersions (see [BH21]). We are therefore
reduced to showing the algebraic analog of (%), i.e.,

(') For S € P, there exists S C S’ in P and a dense affine open immersion j : V < Zg with
V' smooth such that the natural map F z¢[d] — F, 7,4 factors the canonical map Fy z¢[d] —
J«Fpvid].

In this algebraic setup, the compactness of constructible sheaves shows that it suffices to show
the direct limit consequence of ('), i.e., that the map ¥, z.[d] — lim, Fp 2, [d] factors over some
F, 7,[d] — j<Fpv[d] as above. In fact, we shall show that lim, Fy 7, [d] is *-extended from the
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generic point of Z. Writing ZT = 1&1 Zg, we can identify hgl o Fpzg [d] with the pushforward of the
constant sheaf ¥, 7+ along Z T — Z. But Z* is the absolute integral closure of Z, so Lemma 2.2.2
implies that the constant sheaf on ZT is x-extended from its generic point; pushing forward along
the integral dominant map Z* — Z then gives the desired claim.

For general K, if one defines the ind-object P exactly as above, then the proof of assertion
(x) immediately goes through. Moreover, one also knows that colimgep RHE(F,y,[d]) ~ R /p

for the same reasons as above. It is therefore enough to prove perverse left t-exactness of RHZ :

Shv®.(X¢, Fp) — D(R/p); this follows by descent from the perfectoid case. O
The above property can be reformulated as a flatness result:

Corollary 11.1.2 (Almost flatness of RT). With notation as in Theorem 11.1.1, the map R — R™
is p-completely almost faithfully flat, i.e., for any R/p-module M, we have Torgo(RJ“, M) 2 0.

Proof. The proof of Theorem 8.4.11 already explained how to deduce the “faithful” part of p-
complete almost faithful flatness from the p-complete almost flatness, so we focus on the latter.

When K is discretely valued, thanks to Theorem 11.1.1 above, this follows from the p-complete
version of the “miracle flatness” lemma proven in [Bha20, Lemma 2.9], applied to M = (R™),.

To follow the same strategy in general, the proof of [Bha20, Lemma 2.9] shows that we need to
check the following statement: for each z € Spf(R), the local ring R, has p-complete flat dimension
< dim(R,). Tt certainly suffices to check this statement for the henselization R" of R,. By checking
the statement modulo the maximal ideal of O and spreading out, we can find an isomorphism
of R" with the henselization at (p,ya,...,yr) of Ouy1,....,yr], where O, is a henselian valuation
ring integral over Ok (and thus rank 1) realizing the the extension (z)/k on residue fields, and
r = dim(R;). It is then sufficent to show that O.[ys, ..., y,] has p-complete flat dimension < r,
which can be checked by induction on r using the last fibre sequence in Example 3.2.12. U

Let us deduce the direct summand conjecture, as promised in Example 8.4.5:
Corollary 11.1.3 (The direct summand conjecture). Let R be a regular ring. Then R is a splinter.

Proof. By formulating the splinter property in terms of vanishing of an Ext! class, the statement
can be checked after completion, so we can assume R is a complete noetherian local regular ring
with residue field k. We may also assume that k has characteristic p > 0 as the characteristic 0 case
is straightforward. Since we already explained the argument in the characteristic p case earlier, let
us assume R is p-torsionfree. Writing d = dim(R) and W for a Cohen ring for R, choose a Noether
normalization Ry = Wz, ...,z4] — R; this map is finite flat by the miracle flatness lemma, and
identifies residue fields.

Let us first explain how to reduce the problem to Rg. Let f : R — S be a finite map. Letting
mg C Ry and m C R be the maximal ideals, we have HZ, (Ro) ®p, R ~ HZ(R) by the finite flatness
of Ry — R. Moreover, as Ry is Gorenstein, the Ry-module HgO(RO) is an injective hull of the
residue field of Ry, and similarly for R; in particular, the socle is 1-dimensional in both cases, and
the base change map Hg (Ro) — HZ(R) identifies the socles. By Matlis duality, the map R — S
is split if and only if H4(R) — HZ(S) is injective. But this is injective if and only if its restriction
to the socle is injective; using the aforementioned identification of socles and reversing the logic
then shows that R — S is split as R-modules if and only if Ry — S is split as Rp-modules. Thus,
without loss of generality, we may assume R = Ry = W[xa, ...xq4.

Note that R = W{xs,...zq is the (p = 1,9, ..., x4)-adic completion of W{za,...,x4]. As the
latter ring is excellent, by Popescu’s approximation theorem, we can then reduce the statement to
the case where R is a smooth W-algebra. Again, by p-adically completing, we may assume R is the
p-completion of a smooth W-algebra. In this case, the claim follows from Theorem 8.4.11 (whose
proof used Corollary 11.1.2 above). O
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11.2. Almost Kodaira vanishing. Given a smooth projective variety X/C and an ample line
bundle L, the classical Kodaira vanishing theorem states that

H<dim(X)(X’ L—l) —0.

This is a fundamental tool in complex algebraic geometry, e.g., its Serre dual version provides a
very convenient tool for producing sections of the canonical bundle via induction on dimension.
Despite being a purely algebraic statement, its proof relies crucially on Hodge theory. In fact, the
statement is false in positive or mixed characteristic. In characteristic p, a substitute is provided
by passage to the perfection by a rather elementary argument with Serre vanishing;:

Theorem 11.2.1 (Kodaira vanishing for perfections of projective varieties). Let X be a Cohen-
Macaulay projective variety over a field of characteristic p, and let L be an ample line bundle on
X. Then H<Im(X)(xpert 741) =0, where m : XP*" — X is the projection.

Proof. Writing 7 : X perf X as the inverse limit of the n-fold Frobenie ¢™ : X — X, it suffices to
show H <dim(X) (X, ¢™*L~1) = 0 for n > 0. As X is Cohen-Macaulay, using Serre duality, it suffices
to show H>0(X,wx ® ¢™*L) for n > 0, where wx is the dualizing sheaf on X. But ¢™*L = LP",
so the claim follows from Serre vanishing. g
Our goal in this section is to provide a mixed characteristic analog (Theorem 11.2.3), replacing
the perfection with the perfectization®®.
Notation 11.2.2. Fix a perfectoid field K/Q,. Let X/Ok be a flat projective scheme of relative
dimension d equipped with an ample line bundle L. Write X = X,, for the generic fibre.

In the above setup, we prove the following theorem:

Theorem 11.2.3 (Almost Kodaira vanishing for XP™). For any perverse coconnective F € Shv®.(X¢s, Fp),
we have .
RT(XPM RHY(F) ® L™') € D=0

Remark 11.2.4 (Analogy with Saito vanishing). Theorem 11.2.3 can be roughly regarded as a
mixed characteristic analog of Saito’s vanishing theorem [Sai90, §2.g] (see also [Popl7, Schl4]):
the functor RH% is roughly a mixed characteristic counterpart of the gr,dR(—) functor for mixed
Hodge modules. In Theorem 11.2.14 and Theorem 11.2.15, we justify this analogy by recovering
more classical vanishing theorems in characteristic 0 from the above statement.

With an eye towards potential applications, let us rewrite Theorem 11.2.3 directly in terms of
the étale site of the generic fibre X, regarded as a rigid space. The line bundle L on the formal
model X yields an invertible O}—module L¢ on Xg via pullback along the specialization map.
Theorem 11.2.3 is then equivalent to the following:

Theorem 11.2.5 (Reformulation: almost Kodaira vanishing via (’)}) For any perverse coconnec-
tive F € Shv?,(X¢, Fp), we have

a
RI (X4, F ®p, O%/p® L,') € D=°. (3)

Proof. The composite functor

ge — Th 463
Shv(Xer, O /p)"*° = Crys(Az/p)* = D((XP)=0)* =" D(X, Oxpta/p)"
is identified with pushforward along the specialization map (Xg;, (’)} /p) = Xp—o. The theorem
then follows from Theorem 11.2.3 and the projection formula. g

48This result was discovered in response to questions asked by Lue Pan in the context of his joint work with
Kai-Wen Lan on rational completed cohomology of Shimura varieties. The strategy of the proof is similar to, but
much easier than, [Bha20, §6], which establishes a similar result without passage to the almost category and in a
relative setting, but only “up to finite covers”.
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Remark 11.2.6 (Reformulation over any field). Fix a nonarchimedean field K/Q, (that is not
necessarily perfectoid), a flat projective Og-scheme X with generic fibre X and an ample line bundle
L € Pic(X), and a perverse coconnective F' € Shv?,(X¢;, Fp). Then we claim that

RT(X%P RHY(F), @ L™!) e D29,
where RHL(F), € D(XP') is the cosaturated realization of RH(F) € D(XP)2. Indeed, this

follows by descent from Theorem 11.2.3: choose a completed algebraic closure C/K, write 2)°
for the Cech nerve of Xp, — X and Y, for its generic fibre, use Theorem 11.2.3 to show that
RT(P*Pd RHE(Fly+); ® L™') € D20 (by reduction to the case of YPOPHd ~ (Xp, )P using the

p-complete flatness of the face maps of the perfectized Cech nerve of O — O¢), take a limit.

11.2.1. Proof of Theorem 11.2.53. In this subsection, we prove Theorem 11.2.3. All our geometric
objects live over Spf(Of), where K/Q, is a perfectoid field. We begin with a construction of the
first Chern class in perfectoid crystals:

Construction 11.2.7 (The first Chern class). Let X be a p-adic formal Og-stack equipped with
a line bundle L. The restriction of L to the generic fibre X has a first Chern class ¢i1(L|x) :
Z,(—1)[—2] — Z,. Applying RH then gives a map
cr : Oxpra(—1)[~2] = Ox pta
in D(XP)2. For any M € D(XP[)?, we shall write
M/ep, = M ®0y 4 cone(cr,) € D(%pfd)a,

so there is a natural fibre sequence M (—1)[—2] - M — M /cr. The following remark about this
construction shall be used later: if M is bounded below in some ¢-structure, then M is coconnective
if and only if M/cy, is coconnective. Indeed, this follows by chasing the degree of the lowest nonzero
cohomology object of M in the aforementioned fibre sequence.

In our proof of Theorem 11.2.3, we shall need to explicitly understand the cohomology of certain
G?,fd—torsors. The relevant results are recorded next:

Proposition 11.2.8 (Cohomology of Gfrfd—torsors). Let X be a p-adic formal O -stack equipped
with a line bundle L. Let g : T — X be the total space of L', and let j : U C T be the complement
of the 0 section 0(X) C T, so f: U — X is the Gy,-torsor associated to L. Fix M € D(XP™).

(1) Automatic gradings: There are natural and compatible G?,frf-actions on P and gPfd (with
respect to the trivial action on XP™). Consequently, RT'(UPH, fPi* M) and RT (TP, gPid= M)
have natural and compatible Z[1/p|-gradings.

(2) Integral G?,ffrf—weights on UPH: Fori € Z, there is a natural almost isomorphism
RU(XPM M/cp @ L% = RT(U, fP'% M) geg——;

induced via pullback along f and the trivalization of cr, over UPH,
(3) Positive GE™ weights on UPM: Fori € Z[1/p] with i > 0, there is a natural almost isomor-
phism
RT(U, fP*M)qeg=—i — RTg(x) (TP, gP " M)[1] deg——;
induced by the boundary map in local cohomology.

Proof. For (1), observe that there is a natural G,,-action on f and g. This induces a G action

on fPM and ¢PM and hence also a G?,frf—action via the natural quotient map G?,frf — Ggfd (see
Example 4.2.3).
For (2), by the projection formula, it suffices to prove the formula for M = Oypta itself. In this

case, by base change, we may reduce to the universal case: X = BGB{d and L is the tautological
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line bundle coming from the structure map BGHd BG,,. Then f is simply the standard map
f: Spf(Or) — BGEM. To understand pushforward along this map, write Z = Zp(l)pfd, SO
G%d = G?,frf /Z as in Example 4.2.3. Consider the following diagram

GI - Spf(Ox)

|k

Spf(Ox) —= BGE™ — Spf(Ok)

)
BGHY — - B27.
Here both squares are pullback squares, and f = 7 o h. Using the second square, one computes

that Rm.Opgqpert = (’)Bprd/ cr: indeed, the corresponding statement for 7’ could be taken as a
definition of c;. Twisting this by L’ for i € Z shows that

Rﬂ'*ﬂ'*Li ~ OBGEde/CL (=) L.

Now, using the first square, one computes that Rh.O ~ @;cz /p](ﬂ'*L)i, where the non-integral
powers make sense as B Ggfrf is the universal BG,,-stack where such powers exist. Moreover, the
i-th summand gives the degree i piece under the grading from part (1). Plugging this information
into the last displayed isomorphism and taking global sections gives the claim in (2).

For (3), by the exact triangle for local cohomology, it suffices to show RI'(TP, gPfd* pp )deg=—i = 0
for i > 0, i.e., that RT(TP', gPf* A1) is concentrated in non-negative GH™ -weights. But the GE™

action on ¢gP acts to an action of the multiplicative monoid Ggerf = limg, ,»» G4: indeed, the
G,,-action on g extends to a Gg-action. Consequently, the G%erf—representation RI(T pfd - pfdxpr )

is in fact a GEerf—representation, and thus must have non-negative Gfrfrf—weights. O

Remark 11.2.9 (Non-integral Ggfrf-weights on UPf), In the setting of Corollary 11.2.8 (2), it is
natural to wonder what happens for non-integral degrees i € Z[1/p] — Z. For such i, one can show
the following: if 1 = zﬁ with n > 0 and p { a, then

RU(XP M ®o_,, L71[~1]) = RT(U, fP"* M) geg——s,

xpfd

where L= is the i-th power of L modulo p>m(’)3€pm, as in Lemma 4.5.5. Unwinding the proof
above, this amounts to showing the following: for 7 : BGE™ — BGN! and i € Z[1/p] — Z, we
have R, (7*L)" = Li[—1]. This can be checked by computing the action of the group scheme Z on
O(GH™ ) qegei =~ Ok - 2, where  is the co-ordinate on Gh™. In particular, if M € D((XP),_0)
is p-torsion, then the isomorphism

(M ®anpfd/p Lii[_u) S (M ®Oxpfd/P Lii) ~ M ®Oxpfd L=i[-1],

shows that that RT (%P, M ®0,pra /pF) is a summand of RT'(U, fP/* M) geg—_i, S0 coconnectivity
estimates for the latter pass to the former.

Using the above, we can prove Theorem 11.2.3 by translating the desired global vanishing for
(X, L) to a local vanishing theorem for the affine cone C'(X, L), which can be proven using perverse
t-exactness of RH%:

Proof of Theorem 11.2.3. As the statement can be checked after passage to the algebraic closure,
we may assume K is algebraically closed. We shall use the geometry captured by the following
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diagram of schemes over Spf(Ok):

UX,L)—=T(X,L) > C(X, L)

X
\ i
g
X,
here the map g is the total space of L~!, the map f is the G,,-torsor attached to L (and is obtained
from g by deleting the 0 section of g), the space C(X, L) is the affine cone on (X, L), and 7 is the
proper map contracting the 0 section of g. Write m C O(C(X, L)) for the maximal ideal corre-
sponding to the origin of the special fibre, so Ry (C(X, L)PM, Ry, (—)) ~ RT3 (T(X, Lypid ),
All assertions that follow are to be interpreted in the almost category.
By the last sentence of Construction 11.2.7, it suffices to show that

RT(XP RHY(F) /e (L) ® L% € DY,

Since i > 0, we can use Corollary 11.2.8 as well as compatibility of local cohomology with pushfor-
wards, so it suffices to check that

RTw(C(X, L), Ry, g RHE(F)[1])qeg——i € D=°.

From now on, we shall only need the weaker condition 7 # 0. As RH% commutes with arbitrary

pullback (Theorem 6.3.2) and proper pushforward (Corollary 7.3.7), it suffices to show that
RTw(C(X, L)*" RH( Ry g5 F[1]))deg0 € D=°.

Now RT(C(%,L)P', —) carries perverse coconnective objects to coconnective ones by definition
of the perverse t-structure, so it is enough to check that

RH (R g5 F[1])deg0 € "D (C(X, L)Pid),

As RH%(—) preserves perverse coconnecitivty (Theorem 10.3.4), it is enough to show that RH%(—)4eg£0
annihilates E := pTgfl(Rm,’*g;;F[l]). Writing (—) g for the algebraic generic fibres'’, observe that

FE is the analytification of a G?r?rf—equivariant complex on the algebraic variety C(X, L)k that is
supported at the origin: as gx is smooth of relative dimension 1, the shifted pullback g F'[1]
is perverse coconnective on T'(X,L)g, and mx is an isomorphism outside the origin. Thanks to
Lemma 11.2.10 applied with Y = C(X, L)k, it is then enough to show RH%(i,F))deg20 = 0, where

i:0— C(X, L), is the inclusion of the origin; but this is clear since RH% (i, F,) = O¢/p, regarded
as the quotient of O(C(X, L)) supported at the origin, is visibly concentrated in G5 -weight 0. O

The following was used above:

Lemma 11.2.10 (Equivariant skyscraper sheaves are trivial). Let Y be an algebraic variety over
an algebraically closed field E, equipped with an action of G = G%erf on'Y and a G-fized closed
point y € Y. The category Shvgg{y}(Y/G, F,) of G-equivariant constructible complexes on'Y set-
theoretically supported at {y} is equivalent to Perf(F,) via the “constant skyscraper sheaf” functor.

Proof. Ignoring equivariance (i.e., for Y/G replaced by Y'), this is obvious: the category of con-
structible F,, sheaves on Y supported at y is equivalent to the category of F,-modules via the
“constant skyscraper sheaf” functor, and similarly for the derived version.

OThe passage to algebraic generic fibres allows us to use Lemma 11.2.10, which is relatively easy. We could also
have used rigid generic fibres instead, at the expense of proving a rigid-analytic variant of Lemma 11.2.10, where
G2t is replaced by the mock perfection of the unit tire/annulus T = (G, 8pt(0x) -
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To finish, it suffices to show that pulling back along the structure map BG — Spec(E) induces
an equivalence Perf(F,) ~ Shv? (BG,F,). This functor is t-exact for the standard t-structures on
either side and is moreover an equivalence on the heart as any constructible sheaf on BG must be
constant: it must be locally constant as BG is covered by Spec(E), and then it must be constant
as G is connected (whence BG is simply connected). To pass to the derived categories, it then
suffices to know that F), ~ RI'(BG,F,). But we have

RI(BG,¥,) = lim RU(BG, Fp),

TP

so it remains to observe that the p-power map annihilates H>%(BG,y,, F,). ]

For practical applications, it is convenient to relax the positivity assumption in Theorem 11.2.3.
Towards this end, we offer the following:

Theorem 11.2.11 (Semiample and big variant). Fiz a flat polarized projective scheme (), N)
over Spf(Ok). Let f : X — Q) be a proper surjective map with generic fibre f, : X — Y. Fiz
F € S (X¢,F,) such that Rf,.F is perverse coconnective. Given M € Pic(X) such that
M®" = f*N for some n > 0, we have

RT(X" RH(F) @ M) € DO,

A typical example: f could be a proper birational map, and F' could be x-extended from a
perverse sheaf on an affine open in X that is finite over its image in Y. Note that some assumption
on the behaviour of F with respect to the map f is necessary for such a statement, e.g., there are
no interesting statements of the above form for F’s supported on the fibres of f.

Proof. The case n = 1 follows immediately from Theorem 11.2.3 by the compatibility of RH% with

proper pushforward.
(If n = p” for some k, then one can repeat the proof of Theorem 11.2.3 with the non-integral

degree i = ;—,} replacing ¢ = —1, using Remark 11.2.9 in lieu of Proposition 11.2.8 (2). However,

the proof given below also handles this case.)

In the general case, repeating the notation the proof of Theorem 11.2.3, consider the projection
map g : T(X, M) — M and the affinization map = : T(X, M) — C(X, M). Note that C(X, M) is
a reasonable object as M is semiample. To describe the geometry of m, observe that the natural
map C(X,M) — C(,N) (induced by a finite degree n map of graded rings) has the following
form: the preimage of the cone point is the cone point (set-theoretically), while the preimage
of the complement U(Y,92)) is U(X, M). It follows that the preimage under 7 of the cone point
0 € C(X,M) is X (set-theoretically), and the map 7 : T(X, M) — 7—1(0) — C(X,M) — {0} is
identified with the standard map 7° : U(X, M) — U(Q), N). In particular, unlike the ample case,
the map 7° is not an isomorphism; instead, it factors as a composition U(X, M) — U(X, f*M) =
Xx9U(Y,N) = U(Y,N), where the first map is a ji,,-torsor and the second map is a smooth base
change of the map f: X — 2.

To prove the theorem, following the proof of Theorem 11.2.3, we must show that

RH® (R, g5 F[1])aeg20 € PD7(C(X, M)Piy,

For this, first observe that the statement holds true away from the cone point: pushforward along
the (generic fibre of) 7° : U(X, M)P" — U(), N)PM carries the pullback of F[1] to a perverse
coconnective sheaf by the description of 7° given above and the assumption on F'. Thus, the failure
of the above containment to be true is concentrated at the cone point. Moreover, it is also Gh; it
equivariant (with the G,,-action induced by the standard action on 7'(X, M)). One then concludes
using Lemma 11.2.10, just as in the proof of Theorem 11.2.3. ]
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11.2.2. Some consequences. The formulation of Theorem 11.2.3 involves the perfectoid structure
sheaf. There are several mechanisms for extracting classical consequences from this statement: one
can invert p, one can specialize to schemes with nice singularities, or one can directly apply the
statement to perfectoid towers to replace the perfectoid structure sheaf with the usual one. In this
subsection, we record some such consequences, beginning with perfectoid towers.

Corollary 11.2.12 (Kodaira vanishing for some perfectoid towers). Assume we are given a tower
{X,} of finite maps over X = Xy and a Zariski open j : U C X := Xk with preimage j, : Uy, —
Xy = X, g with the following properties:

(1) Control over U: Fach U, is lci of dimension d.

(2) Infinite ramification outside U: The map F,, x.. — Rjoo«Fpu.. is an isomorphism on the

scheme Xoo = lim X,,, where jo : Uy = Xoo 18 the preimage of any jp : Uy — X,

(8) Perfectoidness of the limit: The limit X := lim X,, is perfectoid.

Then
a
RT(Xoo, L) /p :=lim RT(X,, L") /p € D=7,
n

Proof. By assumption (1) and perverse left t-exactness of Rjj, ., each Rjy.Fpy,[d] is perverse
coconnective, whence Theorem 11.2.3 implies that

RI(%,,RH-(Rj, .Fpu,) ® L) € D=4

Passing to the direct limit over n and using (2) as well as the direct limit compatibility of RH%-

then gives
lim RT(%,, Ox,, pta © L) /p € D=1

in the almost category. Using (3) then allows us to replace Ox, pta with Ox, without changing the
direct limit, which gives the claim. O

Remark 11.2.13. The assumptions in Corollary 11.2.12 come up naturally in constructions of
perfectoid spaces. For example, take X = A7 to be the minimal compactification of the moduli
stack Ay of abelian varieties over Ok, U = Ay ik to be the non-compactified moduli stack over
K, and let {X,} be the tower obtained by normalizing X in the classical level structure tower
{Ag x[p"]} over U. Then assumption (1) is clear, assumption (2) is a classical fact (see [FC91,
Theorem IV 6.7 (6)]), and assumption (3) is Scholze’s theorem [Schl5, Theorem IV.1.1]. The
vanishing provided by Corollary 11.2.12 is then a vanishing theorem for “completed cohomology”
and was a motivating example for this section; we refer to upcoming work of Lan—Pan for more in
this direction.

Next, we briefly explain how to recover some classical vanishing theorems in characteristic 0 by
inverting p in Theorem 11.2.3, thus justifying viewing the latter as an integral version of the former;
we refer to [Laz17, §4] for background and more on the classical vanishing theorems. First, we have
the Kodaira-Akizuki-Nakano (KAN) vanishing theorem:

Theorem 11.2.14 (KAN vanishing). Given a smooth projective variety X/K and an ample line
bundle Lx on X/K, we have

RD(X, Qi ® Ly') € D2
for all i.

Proof. As in the classical proof of the KAN theorem [Laz17, §4.2], by the cyclic covering trick,
we may assume Lx is very ample. In this case, by taking a suitable projective closure, we can
spread out the pair (X, Lx) over K to to a pair (X, L) over Ok as in Theorem 11.2.3. As X is
smooth, the shifted constant sheaf F' = Z/p|[d] is perverse (where d = dim(X)). We can then
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apply Theorem 11.2.3 to learn that RT'(X,RH%(F) ® L~!) € D=0 in the almost category. But
RH%(F) = Ox pta/pld], so we have

RT(X,Ox pa/p® L7') € D=1

in the almost category. By almost coherence of Ox piq and properness of X, the complex RI'(X, Ox pta®
L~1) is almost coherent and hence p-complete, so the previous displayed containment implies that

RT(X,Oxpta ® L71) € D=1

in the almost category (and moreover that the cohomology in degree d is p-torsionfree). Since X
is smooth, we have the Hodge—Tate decomposition

Oz pia[1/p] = &[]

in ch’oh(X ) (ignoring Tate twists), see Theorem 7.4.2. Inverting p in the previous containment thus
gives A ‘

RD(X, Qi ® Ly') € D2
for all i, as wanted. O

The Kodaira vanishing theorem has an important generalization with weaker positivity assump-
tions on the line bundle:

Theorem 11.2.15 (Kawamata—Viehweg vanishing). If X/K is a projective variety of dimension
d with rational singularities and My is a nef and big line bundle on Y, then RT'(X, Mgl) € D=4,

We shall only give a proof when M is assumed to be semiample and big; this is the case where
the role of Hodge theory (in the form of Theorem 11.2.11) becomes clear.

Proof when M is semiample and big. By spreading out, we can find a formal model X for X, line
bundle M on X lifting Mg, a proper surjective generically finite map f : X — ) with ) flat and
projective over Spf(Of), and an ample line bundle N on ) such that f*N ~ M®" for some n > 0.
Let f, : X — Y be the generic fibre of f. Choose j : U — X a smooth dense affine open subscheme
such that f, restricts to a finite étale morphism U — f,(U) =: V. Set F = Rj,F,[d]. Then the
hypotheses of Theorem 11.2.11 are satisfied, so we learn that

RT(X,RH%(F,) ® M~ ') € D>
This formally implies
RT(X,RHz(Rj.Qp) @ M) € D21
as in Theorem 11.2.14 (where RHg is the rational version of RH* from Construction 7.4.1). On

the other hand, if ¢ : (Z,F) — (X,X — U) is a log resolution, then the proper pushforward
compatibility of RH% and the logarithmic Hodge-Tate comparison (Theorem 7.4.4) give a non-

canonical decomposition 4
RH5(Rj:Qp) ~ @R [0y (log E)[—i].
Plugging this into the previous displayed formula and extracting the ¢ = 0 contribution shows
RI(Z, f*Mg') € D=2
But X has rational singularities, so Rg.Oz ~ Ox, whence the above can also be written as
RI(X, M;') € D4

by the projection formula, giving the desired vanishing”. O

50The vanishing obtained for other values of ¢ is called Steenbrink vanishing, and was first proven in [Ste85,
Theorem 2].
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Finally, let us note an application to honest Kodaira vanishing in mixed characteristic.

Proposition 11.2.16 (Kodaira vanishing for “perfectoid-pure” schemes). Let (X,L) be a flat
polarized projective scheme over p-complete valuation ring V. Assume the following:

(1) X is Cohen-Macaulay and X[1/p] is lci.
(2) X is “absolute perfectoid pure”, i.e., Ox — Ox pfa splits in D(X).

Then H<%(%,L7") = 0, where d = dim(X/V).

As the classical Kodaira vanishing theorem holds true for Cohen-Macaulay du Bois varieties in
characteristic 0, it would be more natural to drop the lci assumption on X[1/p] in the result above;
we have not explored this direction. For more on the notion of “perfectoid pure” singularities, which
is roughly a mixed characteristic counterpart to the notion of F-pure singularities in characteristic
p and du Bois singularities in characteristic 0, see [BMP " 24a].

Proof. The case of characteristic p is classical (also explained in the last sentence of this proof), so
we assume V' is p-torsionfree for notational simplicity. By assumption (2), it is enough to show that
M € D2? where M = RT'(X, Ox pra®L™1). In the almost category (i.e., after replacing Ox prq With
(Ox,ptd)1), this is ensured by the variant of Theorem 11.2.3 in Remark 11.2.6: the lci assumption
on X[1/p] ensures that the (shifted) constant sheaf on X[1/p| is perverse (see Lemma 11.2.17), so
the theorem applies. It then suffices to check that

My := RT(Xy, Oz, pert @ L71)
lies in D24, But X}, is Cohen-Macaulay (since X is s0), so this group vanishes by Theorem 11.2.1. [
The following lemma (which is presumably standard) was used above:

Lemma 11.2.17. Let f : W — Z be a flat lci map of relative dimension d between K -schemes of
finite type. Then f*[d] : Shvb.(Zs, Fp) — Shvl (Wy, F,) is perverse t-ezxact.

Proof. The statement is local on W and Z, so we may factor f as

W =Wy CW,C..CW.i=A"x 7 1% 7,

where 7 is the projection, each W; C W11 is the inclusion of an effective Cartier divisor, and
each composite f; : W; — Z is flat of relative dimension d; := n — (¢ — i) (and thus n —c = d
and d;y1 = d; +1). We shall prove by descending induction on ¢ that f*[d;] is perverse t-exact.
The base case i = c is classical as f. is smooth of relative dimension d. = n. Assume inductively
that f,;:_l[di_l’_l] is perverse t-exact for some 0 < ¢ < c¢. Let F be a perverse sheaf on Z, so
G = ff[diy1](F) is a perverse sheaf on W;y by assumption. By Artin’s theorem applied to
W; C Wiy, the pullback ff[d;](F) = G|w,[—1] has perverse cohomology”’ at most in degrees 0 and
1. We must show that the degree 1 contribution is 0. But then it is enough observe that f[d;] is
perverse right t-exact as f; is flat of relative dimension d;. O

11.3. Perversity of nearby cycles. Recall that the nearby cycles functor is t-exact in the classical
setting (i.e., for f-adic étale sheaves with ¢ invertible on the base), see [BBDG82, Proposition 4.4.2].
The proof relies on Artin vanishing for ¢-right exactness, and compatibility with duality to deduce
left t-exactness. With p-adic coefficients over a p-adic base, both steps of this argument fail: the
p-adic nearby cycles functor is not t-right exact (Example 11.3.2), and there is no natural notion
of duality for p-adic étale sheaves on varieties in characteristic p. Nevertheless, using the perverse
t-exactness of Riemann—Hilbert, we are able to show the following;:

51Say i: D C FE is the inclusion of a Cartier divisor with complement j : U C E. Then for constructible complex
F on E, we can write i.(F|p) as the cone of the map ji(F|yv) — F. If F is perverse, then ji(F|v) is perverse by
Artin’s theorem as j is affine. But then i.(F|p) € PDI"%% and hence the same holds for F|p.
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Theorem 11.3.1 (Left t-exactness of nearby cycles). Let K/Q,, be a perfectoid field, and let X /O
be a flat tft p-adic formal scheme. The nearby cycles functor

Ry, : Shv® (X¢, F)) — Shv(Xy, F,)
1s perverse left t-exact.

The perverse t-structure on the target is defined as in [Gab04], using the standard strong perver-
sity function p(z) = —dim({z}) for x € X. In particular, restriction of scalars along F, — Ox/p
yields a perverse t-exact functor D(Xp—o) — Shv(Xs, Fp).

Proof. We must show that for any perverse coconnective F' € ShVZC(Xét, F,), the object Rv, F €
Shv (X, Fp) is perverse coconnective. Writing 7 : xPfd 5 ¥ for the structure map, observe that
we have

Rv,F ~ Ru, ((F @p, 0% /p),)" " ~ ((w*RH“—(F)>*)@:1 ;

where the first isomorphism comes from the full faithfulness in Theorem 6.1.2, and the second
comes from Footnote 23. As perverse coconnectivity is stable under limits, it suffices to know
that m.RH%(F) € D(X,=0)" is perverse coconnective, which follows from Theorem 10.3.4 and the

assumption on F. ]
Unlike the ¢-adic story, the right t-exactness fails:

Example 11.3.2 (p-adic nearby cycles is not t-right exact). Let K/Q, an algebraically closed
nonarchimedean field with residue field k£, and let X = Aépf(OK)' Write n € X,—o for the generic
point of the special fibre. We claim that H°(¥(F,[1]),), so ¥ (F,[1]) ¢ PD=Y and thus ¥(—) is not ¢-
right exact. To see this, using compatibility of étale cohomology with p-completed filtered colimits,
we must show the following: if V' = (’);’jn, then H'(Spa(V[1/p],V)e,Fp) #0. As K = K, we can

1
identify F, ~ p, as group schemes over K. Consider the p,-torsor V[1/p] — W' := V[1/p][T?],

where T' is the co-ordinate on X. Write W for the integral closure of V in W', so T% € W since
T € V. It suffices to show V — W does not have a section. If there was a section, then T' € V
would have a p-th root, whence the same holds for the residue field (V') of V' as well; but x(V) is
a separable closure of k(T') and hence does not contain TP, so we win.

The classical theory of nearby cycles was beautifully used in recent work of Hansen—Scholze
[H523] to produce a well-behaved theory of relative perverse t-structures for morphisms. Using
Theorem 11.3.1, we obtain a similar statement with p-adic coefficients, at least in a key example,
as recorded next; all sheaf categories that appear below are interpreted in the étale sense.

Theorem 11.3.3 (The relative perverse t-structure). Fiz a non-archimedean field K/Q,, and let
X/Ok be a finitely presented flat scheme, Then there is a unique “relative perverse t-structure”
(P Shv=(X,Z/p"),? Shv="(X,Z/p"™)) on Shv(X,Z/p") where connectivity and coconnectivity can
be checked fibrewise, i.e., given F € Shv(X,Z/p"), we have

F e?Shw="(X,Z/p") <> F|x, € "Shw=*(Xg,Z/p") and F|x,_, €?Shv="(X,—0,Z/p")
and

F e?Shw*(X,Z/p") <= F|x, €S Xk, Z/p") and F|x,_, €?Shv="(Xp—0, Z/p").
We emphasize that all restrictions appearing above are the usual x-restrictions.

Proof. Write j : Xg — X and i : X,—9 — X for the standard maps. By general nonsense with
glueing, there is a t-structure (P Shv=%(X,Z/p"),? Shv="(X,Z/p")) on Shv(X,Z/p") obtained by
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glueing together the perverse t-structures on Shv(Xg, Z/p™) and Shv(X,—o, Z/p™). Explicitly, this
means the following;:
F e ?PShwv=(X,Z/p") <= j*F € PShv="(Xy,Z/p") and *F €?Shv="(X,_0,Z/p")
and
F e?Shv2(X,Z/p") <= j'F € PShv="(Xg,Z/p") and i'F €?Shv="(X,—0,Z/p").
Since j' = j*, the only thing we must check is the following: given F € Shv(X,Z/p") with
j*F € ?Shv="(X g, Z/p"), we have
i'F € P ShvZ%(X 0, Z/p") <= i*F € P Shv="(X 0, Z/p").
For this, we use the exact triangle
ii'F — F — jj*F.
Applying i*, this gives a triangle
i'F — i*F — i*j,j*F.
Since j*F € P Shv="(Xg, Z/p"), we have i*j.(j*F) € P Shv="(X,—o, Z/p") by Theorem 11.3.1 and
descent (and the compatibility of nearby cycles in the algebro-geometric sense and the analytic
sense of adic spaces). But then the above triangle shows
i'F € P ShvZ9(X 0, Z/p") <= i*F € P Shv="(X 0, Z/p")

since P Shv=%(X,_g, Z/p") is closed under extensions and limits in ? Shv(X,—¢, Z/p"), as wanted.
O
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12. NON-ABELIAN p-ADIC HODGE THEORY

In this section®”, we change directions slightly: our goal is to describe a p-adic Corlette-Simpson
correspondence for smooth rigid spaces X over a perfectoid field K/Q, (Theorem 12.4.11). The

correspondence takes the form of an equivalence

Veet (X proct, O) =~ Higgs(X, Px)

(and a similar statement for perfect complexes). The LHS is the category of pro-étale vector bundles
on X; this category, which is an enlargement of the category of K-local systems on X, is extremely
closely related to the category of perfectoid crystals on any formal model of X, and we shall use
our previous work to study this category. The RHS is the category of Px-twisted Higgs bundles
on X; the twist refers to a natural G,,-gerbe Px on (Tate twisted) cotangent bundle 7% X (—1),
constructed in §12.4, that we call the Simpson gerbe; the introduction of the twist and the resulting
choicefree formulation of the Simpson correspondence is perhaps the primary innovation of our
work (see Remark 12.0.1).

To relate the two categories appearing above, we first prove an analogous statement for for-
mal schemes over O (Theorem 12.2.5), where LHS is replaced with the category of Hodge—Tate
crystals; this result is a twisted version of of Cartier duality, whose untwisted version is recalled
in §12.1. We then deduce the result for rigid spaces by, roughly, sheafifying with respect to the
rig-étale topology; this requires knowing that Hodge—Tate crystals sheafify to perfectoid crystals
on formal schemes, which is essentially the subject of §12.3. In the final §12.5, we deduce some
more concrete relations to (untwisted) Higgs bundles obtained by trivializing the Simpson gerbe.

Remark 12.0.1 (Related work). Study of the p-adic Corlette-Simpson correspondence was initi-
ated by Faltings [Fal05], and has been an active topic in recent years. While we cannot survey all
the results in this direction, let us highlight those directly relevant to our work.

After making certain auxiliary choices, Heuer proved a remarkably clean statement in [Heu25] for
proper smooth rigid spaces over algebraically closed fields, generalizing ideas of Faltings in dimen-
sion 1. The initial motivation for Theorem 12.4.11 was precisely to find a choicefree formulation
of the Faltings—Heuer result. In terms of Theorem 12.4.11, these auxiliary choices have a clear
purpose: they provide a compatible family of trivializations of the Simpson gerbe on all proper
subvarieties of 7% X (—1). In fact, in Theorem 12.5.7, we give a direct Hodge-theoretic construction
of such trivializations from the choices, thus reproving the Faltings—Heuer theorem.

Other inspirations include the papers [AHLB25, AHB22] (and also [OV07], where the author
first learnt the G,-gerbe perspecitve on non-abelian Hodge theory), as well as ongoing work of
Anschutz, Camargo, Le Bras and Scholze on “analytic prismatization” which suggests a picture for
rigid spaces completely analogous to the one for formal schemes (exposited in §12.2): the analytic
Hodge Tate stack X*™HT — X is a BT;({I}—torsor, and its Cartier dual is the Simpson gerbe
Px — T*X{—1} (see [Cam25] for aspects of this story).

12.1. A spectral decomposition for representations of Gg. Let Gg denote the PD-hull of
the 0-section of the additive group scheme G, so elements of Gg(R), for a test ring R, are given
elements = € R equipped with a system {7, (x)}n>1 of divided powers. The representation theory
of Gg is well-understood. Indeed, given a finite projective R-module M with a nilpotent R-linear
endomorphism € : M — M, one obtains a representation of GE(R) on M via the formula

z € GL(R) s exp(z-€) = n(x)-€" € End(M).
n>0

52The contents of this section are joint work with Mingjia Zhang (to appear). Inspiring conversations with Brian
Conrad, Jacob Lurie, Alexander Petrov, Peter Scholze and Vadim Vologodsky played an important role in some of
the arguments presented below. We also urge the reader to consult [Zha26] for another perspective on the same work.
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Conversely, given a finite projective R-module M with an action of G?z, the action of the tautological
vector field e := & ¢ Lie(G%) (where  is the co-ordinate function on G#) determines a nilpotent
endomorphism of M. These constructions give mutually inverse equivalences of categories

Repp(Gh) =~ QCohp_yee (Ga),

where the LHS denotes the category of representations of G, on finite projective R-modules while
the RHS denotes the category of quasi-coherent sheaves on the formal scheme G, := Spf(R[e])
that are annihilated by some power of € and are finite projective as R-modules. This equivalence
can be regarded as a spectral decomposition of the category on the LHS. Our goal in this section
is to explain the derived variant of this result (that also incorporates some twists).

12.1.1. Left adjoint pushforwards. While there is a reasonable notion of quasi-coherent sheaves on
ind-schemes, the functor of global sections exhibits some undesirable behaviour as it is computed as
a (typically infinite) limit, e.g., it does not commute with scalar extension. In certain “ind-proper”
situations, however, one has a better behaved pushforward:

Lemma 12.1.1 (Left adjoint pushforwards for ind-(finite flat) maps). Fiz a scheme X, and let
{Z; — X} be a filtered collection of finite locally free X-stacks. Then pullback along f : Z =
colim,, Z, — X has a left-adjoint f; whose formation commutes with base change.

As the proof below shows, to obtain f, it suffices to assume that each Z; — X is proper with
finite Tor dimension.

Proof. By the assumption on Z;, we know that each pullback D(X) — D(Z;) commutes with limits.
Consequently, the pullback D(X) — D(Z) = lim; D(Z;) also commutes with limits: if a candidate
limit diagram in D(Z) gives a limit diagram after projection to each D(Z;), it must be a limit
diagram. By adjoint functor theorem, we obtain the left adjoint f;.

For the base change compatibility, we first recall the formula for the adjoint at finite levels. If
fi + Z; — X is the structure map, the left adjoint f;4 to f; is given by

fi,ti(_) = fl,*((_) ®Ozi O%Z)v
where Oy = fOx is the Ox-linear dual of Oz (and f;* denotes the right adjoint to fi). Tt is
then easy to see that
fr(M) = colim f; ;(M]z,),
where the natural transition maps are induced by the natural maps Oy — Ogj for any map

Z; — Zj; in the initial diagram {Z;}. In particular, as each f;; commutes with base change, the
same holds for f;. O

12.1.2. Local cohomology on vector bundle schemes. In this subsection, we shall specialize Lemma 12.

to the formal completion of the 0-section of a vector bundle, so let us fix the notation.

Notation 12.1.2. Let X = Spec(R) be an affine scheme. Fix € Vecty(X) with dual 7. Let
i: X — € be the 0-section, and write v : 2 — X for the formal completion of € at the 0-section.
Let w = det(Q) and t = w™!, and let S = Sym(7T') equipped with the augmentation ideal I.

~

In the above context, it is classical that the global sections functor identifies D(€2) with the
full subcategory D(S) C D(S) of I-complete objects in D(S); this is a compactly generated R-
linear category with compact objects the perfect S-complexes acyclic outside V(I). Under these
identifications, the functor v, : D(Q) — D(R) is the obvious forgetful functor D(S) — D(S) —
D(R). In particular, due to the completions implicit in computations in 5(5), this functor does
not preserve colimits or commute with base change. A better behaved functor between the same

categories is provided by the local cohomology functor, which is encoded geometrically as follows:

1.1
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Proposition 12.1.3 (Local cohomology). Under the identification D(S) ~ D(Q), the local coho-
mology functor D(S) — D(R), given by M — RI';(M), is the left Kan extension v« : D(2) — D(R)

of the restriction 7*|D(§)w of v« to the compact objects inside D(S).
Proof. Both functors agree on the compact objects and preserve colimits. ([l

On the other hand, the map ~ : O — X satisfies the assumptions of Lemma 12.1.1, so there is a
left-adjoint pushforward ~;(—) compatible with base change; this turns out to be a twist of 7,.:
Proposition 12.1.4 (Twisted local cohomology as a left adjoint). Pullback along ~ preserves
limits, and admits a left adjoint 4 : D(Q) — D(R). Moreover, we have a natural identification
Yee(—) = 1(—) @ w[—d] of functors.

Proof. We can write € = colim,, €,,, where Q,, = Spec(S/I™). As each S/I™ is finite projective
over R, Lemma 12.1.1 gives the first part. For the second, write S, = RHompg(S,, R) and S} =
RHomg(Sn, S). As the relative dualizing complex wg, is given by t[d], we have
SY ~ S* @p t[d].
Now the recipe provided by the proof of Lemma 12.1.1 shows that, for any M € 13(5’ ), one has
Y4(M) = colim M ®g S, .
n
Combining this with the previous formula, we can write
(M) = colim M ®g S;, @g t[d] = colim RHomg(S,,, M) @g t[d] = y«c(M) ® t[d],
n n
as wanted. g

Example 12.1.5 (Divided power algebras as f§-pushforwards). By the recipe for computing v4(—)
provided by Lemma 12.1.1, we have

v
14(0g) =~ co}Lim (Symén(T)) ,

where Sym%n(T) = Sym(T)/Sym”"(T) = S/I"*!, and (—)V denotes the R-linear dual. By the
standard duality of symmetric and divided power algebras (realized via the exponential function),
this can be rewritten as

7%(0g) = I'r(€2). (4)
Under this identification, the standard S-module structure on the LHS (provided by its description
in Proposition 12.1.4) coincides with the natural S-module structure on the RHS (provided by the
action of the commutative Lie algebra 7' by PD-derivations on I';;(£2)).

12.1.3. Divided power group schemes. In this subsection, we shall describe the derived category of
quasi-coherent sheaves on BGE; again, we work in the following nominally more general context.

Notation 12.1.6. Let X be a scheme, let T" € Vect(X) with dual Q. Write Q for the formal
completion of V() at the O-section i : X — (), and let 7 : Q@ — X be the structure map. Write
7: X — BT" and m : BT" — X for the tautological and structure maps. Set d = dim(7T),
t =det(T), and w = det(Q) =t~ 1.

Pullback along 7 induces an equivalence on quasi-coherent derived categories provided one re-
members a natural Lie algebra action:

Proposition 12.1.7 (Quasi-coherent sheaves on BGg). (1) The commutative algebra 7.Ox has
a natural action of the (commutative) Lie algebra 7*(2Y) (or equivalently of the commuta-
tive algebra Sym*(7*QY) ) with the following feature: the corresponding Koszul complex

0— Opr: = 1:0x 9, O0x 7N — ... > 1.O0x @m*w — 0
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1s exact in all degrees.
(2) The functor m.((—) ® 7.Ox) ~ 7*(=) yields, via the action in (1), a D(X)-linear functor

D(BT") ~ D(Q),
which is an equivalence, and carries Ogps to i,Ox.

Proof. For (1), first observe that the co-ordinate ring of T* is the free divided power algebra I (1)
on {2, with its natural Hopf algebra structure. The PD-derivations determined by the co-ordinates
of a PD-polynomial ring commute, so they determine an action of Sym% (7") on I'% (2). The Koszul
complex of this action is the PD de Rham complex

0 O0x 5 T%(Q) ST ®Q - T5(Q) @A — ... 5 T () @w — 0.

This complex is naturally graded (where Q is given degree 1). Moreover, by the Poincare lemma,
this complex is exact. As everything is equivariant for the coaction of I'} (), translating the
preceding statement to quasi-coherent sheaves on BT# gives the statement in (1).

For (2), by the projection formula and the action in (1), we learn that that pullback along 7
gives a functor

D(BT*) — D(X, Sym’% (Q")) = D(V(Q)).

As © is locally nilpotent, this functor takes values in D(2) (regarded as the full subcategory of
D(V(Q)) spanned by objects that vanish outside the O-section). The resulting functor D(BT*) —
D(ﬁ) is fully faithful by the exact complex considered above, and essentially surjective as the target
category is generated (locally on X) by the structure sheaf of the 0-section, which corresponds to

the image of Opps under the above functor. 0

Next, we aim to reformulate the above equivalence as a Fourier—Mukai transform. To make the
twists appear naturally, it is convenient to note the following variant of Lemma 12.1.1:

Lemma 12.1.8 (Left adjoint pushforwards for BG?I). Let f :' Y — X be a BT%-torsor. Then
[*:D(X) = D(Y) has a left adjoint fy whose formation commutes with base change. Moreover
this is a natural identification fy(—) ~ fi(—) ® t{d]

Proof. By Proposition 12.1.7 and descent, the pushforward functor f, preserves colimits and com-
pact objects, so it admits a right adjoint f* with the feature that the natural map f*(Ox) ®
(=) — f*(—) is an isomorphism. One then computes that f*(Ox) ~ f*(t[d]): as pullback
along gerbes (such as Isom g (Y, BT%) — X) is fully faithful on honest quasi-coherent sheaves,
and because f*(—) commutes with tensor products (and hence base change), this assertion can
also be checked reduction to the case Y = BT*, where one can use Proposition 12.1.7. Since t[d] is
invertible, we can thus also write f*(—) = f*(— ® t"1[—d]), so, passing to adjoints, we learn that
f* has a left adjoint f; given by f.(—) ® t[d]; the base change compatibility reduces to that for f,
which follows from Proposition 12.1.7 by descent. (|

Let us now reformulate Proposition 12.1.7 in terms of a Fourier—Mukai transform. There is a
natural candidate for the kernel coming from Cartier duality:

Construction 12.1.9 (The Fourier-Mukai kernel). There is a natural bilinear Cartier duality pair-
ing T% x x QO — G, given by (a,b) — exp(ab). Shifting gives a bilinear pairing BT# x x Q — BG,,
of animated abelian groups, or thus a line bundle £ € Pic(BT* x x Q) which is “bimultiplicative”.
Moreover, this line bundle induces a map

Q x BG,, — Pic(BT*/X) (5)

of sheaves of animated abelian groups (on the big étale site of X) which one readily computes
to be an isomorphism thanks to the Cartier duality isomorphism Q = Hom(T%, G,,). Write f :
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BT'x x Q — BT* and g:BT!xx Q — Q for the first and second projections, so we have a diagram
BT* xx Q
N
BT* Q
of sheaves on the big étale site of X.

Note that pullbacks along f and g admit well-behaved left adjoints by Lemmas 12.1.1 and 12.1.8.
Via the former, we may revisit the key player of Proposition 12.1.7:

Lemma 12.1.10 (The fy-pushforward of the universal line bundle). There is a natural identifica-
tion

fi ~ 1,.0x
in D(BT?).

Proof. Note that we have a Cartesian square

Q"> BTt xx Q

L
X T -~ BT,

To define the map fy£ — 7.Ox, by adjunction and base change for f; with respect to the above
square, it is enough to construct a map y7*€ — Ox. But 7/*£ is canonically trivialized (by
multiplicativity of £), so we can use the counit map 1;0g — Ox to obtain the desired comparison
map. To check this map is an isomorphism, one proceeds by explicit calculation, as in (4). [l

The main result about these objects is the following:
Proposition 12.1.11 (Spectral decomposition for D(BT*)). The D(X)-linear functors
®: D(BT') - D(Q) given by (M) = gy(f*(-) ® £) = g.(f*(-) ® L ® ¢{d))
and
U :D(Q) = D(BT?)  given by U(N) = fuelg"(—) ® £7) ~ fylg"(—) ® £ @ w[—d])
are mutually inverse equivalences.

Proof. In this proof, the Fourier-Mukai transform associated to a kernel is taken to mean (x,f)-
convolution, i.e., take the f-pushforward of the #-pullback twisted by the kernel (so we use the first
formula above for ® and the second one for ¥). As the (—)j-pushforwards commute with base
change, the composition U® is the transform associated to the convolved kernel K (¥®), which is
given by pi34(IM) ® w[—d], where

M = pir & @ phs €7 € Pic(BT* x x Q xx BT?).

Now 91 is canonically trivialized after pullback to the base change of the diagonal A gy : BT —
BT" xx BT*® along the projection p13. Using adjunction and the base change compatibility of
fs, we obtain a canonical map o : K(V®) — A,Oppr: ® w|—d] from the trivialization in the
preceding sentence; note that the latter is exactly the kernel realizing the identity functor via (x, f)-
convolution. Consequently, it is enough to check that a is an isomorphism. This can be done via
base change along the tautological point X — BT? x x BT* and using Lemma 12.1.10. Thus, we
have shown U ~ id. R

To show ®V ~ id, one argues similarly with the roles of BT and ) swapped. 0
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Remark 12.1.12 (Functoriality). Given a map t : T} — T» of vector bundles, the pullback
D(BT}) — D(BT}) is identified with (£¥),.. : D(Ty) — D(TY) (the universal colimit preserving
approximation to (tV),) under the equivalences of Proposition 12.1.11 applied to T} and T. This
follows by combining various base change isomorphisms, the essential point being that the pullback
of the universal line bundles along

(Bt',id) : BT} xx Ty — BT} xx Ty
and e e

(id,t¥) : BT? xx Ty — BT} xx T
are naturally identified. Similar reasoning with base change isomorphisms also shows that ® and
U are compatible with external products.

Example 12.1.13 (Symmetric monoidality). By Remark 12.1.12 applied to the projection T —
{0} to the 0 vector bundle, we have ®(Oprs) ~ i.Ox. More generally, as the diagonal map
A :T — T ®T has linear dual given by addition map m : Q d Q — Q, and because ® is com-
patible with external products, we learn that ® is symmetric monoidal for the standard symmetric
monoidal structure on D(BT?) and the convolution symmetric monoidal structure on D(€2), given
by (M, N) — my.(piM ® p5N), where m, p1, pa OxxQ~Q@Q — Q are the evident maps, and
My 1S the universal colimit preserving approximation of .

Remark 12.1.14 (Perfect complexes). The equivalence ® of Proposition 12.1.11 restricts to an
equivalence

Perf(BT*) ~ Dx_pert(),

where D X_Perf(ﬁ) C D((AZ) is the full subcategory consisting of quasi-coherent complexes on Q that
are perfect over X, i.e., perfect under vy.. Indeed, by Remark 12.1.12, the pullback 7* : D(BT*) —
D(X) matches vy : D(SA)) — D(X); as the condition of perfect for an object of D(BT?) is exactly
perfectness after application of 7*, the claim follows.

Restricting ® further gives an equivalence

Vect (BT*) = QCohx v (),

where the target is the full subcategory of quasi-coherent sheaves on Q that are vector bundles over
X. Unwinding definitions, this is exactly the category of vector bundles F on X equipped with
an Ox-linear map © : E — E ® Q whose adjoint map 7' — Endp, (E) defines a nilpotent action
of the commutative Lie algebra T. When X is a smooth algebraic variety over a field with Q its
cotangent bundle, such pairs are exactly the “nilpotent Higgs bundles” on X.

Remark 12.1.15. One can also show that ® agrees with the equivalence from Proposition 12.1.7.

12.2. The Simpson correspondence for formal schemes. The goal of this section is to record
a form of the p-adic Simpson correspondence for smooth p-adic formal schemes (Theorem 12.2.5);
we shall later obtain the rigid-analytic variant by sheafifying for the rig-étale topology. We shall
work in the following context.

Notation 12.2.1. Let (A,I) be a bounded prism with face A, and let X/Spf(A4) be a smooth
p-adic formal scheme of relative dimension d. Write 7 : (X/A)"T — X for the relative HodgeTate
stack of X. In fact, if there is no potential for confusion, we shall simply write XHT instead of
(X/A)HT and similarly write T for the relative tangent bundle of X/A. Write 7 = det(T%) and
w = 7! for the anticanonical and canonical bundles respectively. Finally, write M ~ M{1} to
denote the BK-twist operation on A-modules; on A-modules, it coincides with twisting by I/I2.

Our goal is to give a “spectral” description of the category D(XHT). As a first step, let us recall
some standard structural features of the Hodge—Tate stack:
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Proposition 12.2.2 (The Hodge-Tate stack as a torsor). (1) The map 7 : X7 — X is nat-
urally a BTfE{l}-torsor, where Tfe{l} = Tx{l} ®q, G! is the PD-hull of the O-section in
Tx{1}.

(2) The pushout of the BTjﬁe{l}—torsor 7 XY — X along Bng{l} — BTx{1} is naturally
identified with the gerbe of liftings’> of X to A/I?.

Part (1) geometrizes the Hodge-Tate comparison for prismatic cohomology (and thus the Cartier
isomorphism), while part (2) is the mixed characteristic lift of a result of Deligne-Illusie.

Sketch of proof. The Hodge Tate stack is defined via transmutation from 1-truncated animated A-
algebra stack GIT := W (—)/I on p-nilpotent A-algebras. The first part then follows by computing
that mo(GHT) = G, and m (GHT) = GE{1}; see [BL.22, Construction 5.10] or [Bha22, Construction
5.1.18] for more.

For part (2), we elaborate on the argument in [B1.22, Construction 5.10]. Consider the A-algebra
stack on animated A-algebras given by GIft .= G, /I, where the A-algebra structure is given by
the reducing the tautological map A — G, modulo I. There is then a natural A-algebra map
: GEIT — G}lift induced by the 0-th component of the Witt vectors; it is easy to compute that
7o(a) is an isomorphism, while () is the natural map GL{1} — G.{1}. Consequently, the
A-algebra stack GIf* yields, via transmutation, the pushout of the Hodge Tate stack along the
map BTjﬁe{ 1} — BTx{1} for any X. It thus remains to identify the groupoid C(R) of splittings of
G (R) — mo(Gl)(R) = R with the groupoid C'(R) of R-linear splittings of the tautological map
Lrja — Lp A of cotangent complexes; this is a general calculation in deformation theory, and we
content ourselves to give the construction of maps in either direction.

Note that Gif*(R) = R ®4 A with the A-structure defined by the second tensor factor. Given
an A-splitting s : R — R®4 A (i.e., a point of C(R)), applying L_ 7 gives an s-linear map
LR/Z — LR®AZ/Z ~ Lr/a®a A. Composing with the evident map Lg/a Q4 A= Lr/a ®ZZ ~
Lp / 4 then yields a map Lp A L/ linear over the identity on R (realized as the composition

can

R3 Ro A R ®% A ~ R) and splitting the projection Lr/a— LR/A, thus yielding a point of
C'(R). This construction yields a map C(R) — C’(R). For the reverse construction, note that the
two A-algebra structures on R ®4 A (one from each tensor factor) induce the same A/I?-algebra

structure by inspection. Thus, given an A/I%-lift R of R, the tautological map R—>R— R4 A
is A/I?-linear where the A/l 2 -structure on the target is obtained from the second tensor factor.
Linearizing with respect to A/I? — A then yields a point of C(R). O

A more precise formulation of our goal is now the following: prove an analog of Proposi-
tion 12.1.11 for the torsor m. Reflecting the potential non-triviality of the torsor m, one must
also twist dual side:

Construction 12.2.3 (The Simpson gerbe). Let Py := Pic(XHT/X) be the relative Picard stack
of w, i.e.,

Px = (TSIRTF*Gm) [1],
regarded as a sheaf of 1-truncated animated abelian groups on the big étale site Schy ¢ of p-adic

formal X-schemes; let f : Px — X be the structure map. Write £ € Pic(XHT x Py) for the universal
line bundle, and let f : XHT x Py — XHT and ¢ : XHT x Py — Px be the projections, so we have

53For our purposes, it is convenient to define this gerbe as the gerbe of splittings of Lx,a — Lae/Z~
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the diagram
XM xx Py (6)
PN
xHT Px
Write @ : D(XHT) — D(Px) for the D(X)-linear functor
(M) = g.(f*(—-) ® £) o, 7[d].
By Lemma 12.1.8, the RHS above is equivalent to g4(f*(—) ® £).

The functor ® cannot be an equivalence as Py contains a copy of BG,, leading to a Z-grading
of its category of quasi-coherent sheaves:

Construction 12.2.4 (The BG,,-action). Pulling back line bundles along 7 gives a group ho-
momorphism BG,, — Px. In particular, there is natural translation action of BG,, on Px.
Contemplating pullback along the action map BG,, x Px — Px yields a Z-grading on D(Px), and
similarly after replacing Py with any T xx Px for any test X-stack 7. Our sign conventions are
chosen to ensure that the universal line bundle £ € Pic(X"T x Px) has degree 1 with respect to
this Z-grading. In particular, we can (and will) regard ® as a functor

@ : D(XMT) = D(Px)deg=1-
We shall informally refer to objects of D(Px)dqeg—1 as P-twisted Higgs sheaves on X.
The promised theoerem is the following:
Theorem 12.2.5 (The Simpson equivalence for p-adic formal schemes). The functor
@ : D(XMT) = D(Px)deg—1
s an equivalence.

We shall deduce the theorem from the untwisted version. The key is the following calculation,
relating Px to the completed cotangent bundle.

Lemma 12.2.6 (The Simpson gerbe is a gerbe). There is a natural fibre sequence
BG., — Py — TX{—1} (7)

of sheaves of animated abelian groups on Schx ¢, with the first map being the one considered in
Construction 12.2.. In other words, Px is a multiplicative Gy,-gerbe on T*X{—1}.

Proof. By general topos theory”, we reduce to the analogous statement for the BT%{l}-torsor
XHT replaced by the trivial torsor BTB%{I} itself, i.e., for 7 : BT}E{l} — X, we must check that

R7.G,, = Gy, and R'7.G,, = T*X{—1}; the first is clear, and the second follows as T *?{tl} is
the Cartier dual Homx’grp(TfQ{l}, Gn). O

Given a topos X, a commutative group object T, a BT-torsor Y and a sheaf of abelian groups H, we have
natural isomorphisms R’ f.H ~ R'g.H for all 4, where f : Y — 1x and g : BT — X are the structure maps to the
final object. Indeed, there is such an isomorphism after pullback to along f itself (as Y becomes isomorphic to BT
after such a base change), so it suffices to show that pullback along the map f’ : Xy — X of topoi determined by
f is fully faithful on sheaves of abelian groups, or equivalently that A ~ f. f"* A via the natural map for any sheaf A
of abelian groups on X; this can be checked locally on X, so we may assume Y = BT is the trivial torsor, in which
case it is straightforward from the surjectivity of the tautological map 1x — BT.
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Remark 12.2.7 (The Simpson gerbe as the Cartier dual of the Hodge-Tate stack). The standard
dictionary relating torsors to Ext!-classes shows the following: the torsor BT fs{l}—torsor xHT
determines a unique fibre sequence

BTi{1} - E — Z (8)

of sheaves of complexes on Schy ¢ with an identification (as BT: x{1}f-torsors) of XHT as the fibre
E, of E — Z over 1. Applying RHomy(—, BG,,) gives another fibre sequence

BG,, — RHomy(E, BG,,) — RHomy(BT%{1}, BG,)

of sheaves of complexes. As the first term is concentrated in cohomological degree —1 while the
last term is coconnective, applying 7[-29 then gives a fibre sequence

BG,, — 7<°RHomy (E, BG,) — Homy (BT4{1}, BG,,) ~ T*X{—1}, (9)

where the last isomorphism uses the Cartier duality isomorphism T*X¥{—1} ~ @x,grp(ng{l}a Gn)-
Note that this sequence is a Postnikov truncation sequence for the middle term, and is thus unique
up to unique isomorphism given the latter. We claim that there is a natural isomorphism of this
sequence with (7). Indeed, as the sheaf 7<'RHomy(E, BG,,) parametrizes multiplicative line bun-
dles on E, restriction along XHT ~ E; C E defines a map from (9) to (7) that one checks to be the
identity on the outer terms. In particular, we can identify Py with the stack of multiplicative line
bundles on the extension E determined by the torsor XHT.

From now on, we view Py as a (multiplicative) G,,-gerbe over T' "E{\—l} As Higgs bundles

on X (with Higgs field valued in Q%{—1}) are naturally coherent sheaves on T*X{—1}, we shall
informally refer to objects of D(Px)deg—1 as Px-twisted Higgs sheaves on X. A source of examples

of such twisted sheaves is given by pushforwards of untwisted sheaves from loci in T*X{—1} where
the gerbe Px has already been trivialized. A simple example is:

Example 12.2.8 (Trivial Higgs bundles are canonically P-twisted). Lemma 12.2.6 shows that Py

is canonically trivialized over the 0-section i : X — T*X{—1}. Consequently, pushforward along i
gives a functor D(X) — D(Px)deg=1 that we shall also denote by i, if there is not confusion.

More interesting examples arise from more interesting trivializations of the gerbe Px; the follow-
ing is an important one, inspired by work of Ogus—Vologodsky [OV07].
Example 12.2.9 (Very small Higgs bundles). Assume X comes equipped with a lift to A/I%. Then
it can be shown” that the Py trivializes after pullback to the completed PD-hull T*g[_jl}fi —
T *g{?l} of the O-section; this is essentially Cartier dual the fact that the BTfE{l}—torsor given
by XHT splits after pushforward along BTfQ{l} — BTx{1} thanks to the choice of lift (see [BL22,
Remark 5.11] and [ALB23, Proposition 3.2.3]). In particular, it trivializes over the locus V(I%) C

T *@1} given by the p-fold neighbourhood of the 0O-section. It follows that Higgs bundles on X
whose Higgs field is nilpotent of order < p — 1 naturally determine Py-twisted Higgs sheaves.

Proof of Theorem 12.2.5. As all objects involved commute with base change, the assertion is local
on X, so we can trivialize the torsor XHT. In this case, the claim reduces to Proposition 12.1.11. O

Remark 12.2.10 (Formula for the inverse of ®). Pullback along h : Py — X has a left adjoint
hy whose formation commutes with base change: the analogous property for pullback to the coarse

957 forthcoming paper by Gleb Terentiuk will revisit [OV07] from the stack-theoretic perspective, and will include
this statement.
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modulo space T*g{tl} — X follows from Lemma 12.1.1, and easily checked for G,,-gerbes. In
particular, it makes sense to define a D(X)-linear functor ¥ : D(Px)deg=1 — D(X1T) via

U(N) = filg"(-) @ £7H).
As everything is base change compatible, one can check using Proposition 12.1.11 that ¥ is an
equivalence and naturally inverse to ®.

Remark 12.2.11 (Perfect complexes). Recall from Remark 12.1.14 that there is a well-behaved
subcategory Dx_perf(T"g{tl}) C D(T’@l}) of X-perfect complexes on D(T' *?{tl}) Now
the G,,-gerbe Py — T*g{tl} is trivial étale locally on X: this follows from base change com-
patibility of our constructions and the fact that the Hodge Tate stack X¥HT — X becomes the
trivial BTfe{l}—torsor étale locally on X. Consequently, it is sensible to talk about the subcate-

gory Dx-perf(Px)deg=1 C D(Px)deg=1 of Px-twisted Higgs sheaves that are X-perfect as well. By
Remark 12.1.14, one learns that the equivalence ® in Theorem 12.2.5 restricts an equivalence

Perf(%HT) = D%-Perf(P%)deg:1 :

Under this equivalence, the vector bundles on the LHS correspond to a subcategory on the RHS
that we shall informally call Py-twisted nilpotent Higgs bundles on X.

Remark 12.2.12 (The extended Simpson equivalence for formal schemes). In Remark 12.2.7, we
showed that the extension E of Z by BTx{1}¥, naturally associated to the Bng{l}-torsor XHT,
comes equipped with a canonical identification

Px = Hom(FE, BG,,)

with the feature that the restriction of the resulting bilinear pairing E xx Px — BG,, to ¥1T ~ E,;
is the pairing 17T xx Px — BG,, determined by the tautological line bundle. Consequently, if we
extend diagram (6) to the diagram

E Xy 'ng (10)

T
E Px,

then there is a natural line bundle £ € Pic(E xx Px) extending the universal line bundle £ €
Pic(XHT xx Px). Moreover, one checks that pullback along ¢ has a left-adjoint gy whose formation

commutes with base change, allowing us to define a D(X)-linear functor ¢ : D(E) — D(Px) via
gs(f*(—=) ® £); this functor can be checked to be an equivalence.

Remark 12.2.13 (The Simpson gerbe via linear duality). Write m = v/pR C A, so m consists of
topologically nilpotent elements. Assume for simplicity that m is a flat ideal; this holds true, e.g.,
when A is perfectoid. In this remark, we explain how to obtain the Simpson gerbe from the linear

dual of the Hodge Tate stack, after replacing”® T*E{tl} by m @5 T*X{—1}. We shall freely use
the calculation Homg, (Gg, G,ﬁl) = G, (see [Bha22, §5.2]).

As T 5 x s BTfE{l}—torsor, it is classified by a G,-module map G, — Tjﬁe{l}p]. Applying
Homg (-, BQGﬁa) (which in this case is the same as tensoring the map with the linear dual T*X
of Tx and postcomposing with the map induced by the evaluation pairing) gives a map

[xHT) . T*x{-1}[-2] — G

56This replacement, while harmless for applications to rigid spaces, can be avoided using the sheared Hodge—Tate
stack, see footnote 63.
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of G,-modules on the category of Schx ¢. We can then contemplate

; HT XD(—
¢ imeg TX{-1}[-2 L2 ) ey af 220 g, (11)

where the second map is given by the usual exponential power series (that converges when applied
to elements that are products of divided power elements with topologically nilpotent ones). On
the other hand, since elements of m are topologically nilpotent, the natural map m @4 7*X{—-1} —

T*X{—1} factors (uniquely) over T*X{—1}, so we can contemplate the composition

cim@y T x{~1}-2] » T x{-1}[-2 2 G, (12)

where the second map is the classifying map for the Simpson gerbe. The maps ¢ and ¢’ are naturally
identified: indeed, if we write (x) for sequence (8) and (xp) for its obvious Gg-linearization, then
desired compatibility follows by contemplating the maps

MGE((*o), BGﬁa) ®Zm — @((*O), BGm) — m((*)? BGm)?

where the first map is defined by the exponetial in the target factor, while the first map comes via
functoriality from the map (x) — (x0).

Remark 12.2.14. The entire discussion in this section was valid for any BTfE{l}—torsor over X,
not just the Hodge Tate stack ¥HT.

12.3. From Hodge—Tate crystals to perfectoid crystals on formal schemes. The goal of
this section is to explain the close relationship between Hodge—Tate crystals and perfectoid crystals
on (certain) formal schemes; ultimately, this will provide the key input in understanding one side
of the p-adic Simpson correspondence for rigid spaces in terms of formal schemes. For an impatient
reader, let us highlight the key statements for the application to rigid spaces: Proposition 12.3.3,
Proposition 12.3.8, and Corollary 12.3.10.

Notation 12.3.1. Let K/Q, be a perfectoid field, and let I" be the value group of K. Let X be a
smooth p-adic formal scheme over O

In the above situation, we have introduced the perfectization XP™ as well as the Hodge Tate
stack XHT. In fact, there is a natural map

® : xPM 5 T

relating these stacks (obtained by passing to the Hodge-Tate locus in the inverse limit perfectin

map X Pf 5 X for the prismatization X ). Our goal in this section is roughly to quantify the

failure of ® to induce an equivalence on quasi-coherent derived categories. In fact, both XPf and
XHT are affine over X in the sense that pushforward along the structure maps induce equivalences

D(XP) ~ D(X, Oxpra)  DE') = DX, ) (13)
by Theorem 4.6.3 and [MMN25, §4.6] respectively, so we are reduced to analyzing the map
“x — Oxpia
of derived Ox-algebras. To begin, we use this perspective to obtain flatness’” of ®:

Proposition 12.3.2 (Flatness of ®). The map ® : X¥PM — xHT s faithfully flat.

Proof. We may assume X = Spf(R) is affine. By étale localization and Kunneth, we may even

assume X = (,,. In this case, the natural map G?,frf — G, is a quasi-syntomic cover by a
perfectoid formal scheme. Now both (—)P and (—)HT preserve such covers and are the identity
on perfectoid formal schemes (by Proposition 4.3.1 and [BL.22, Proposition 7.5]), so we learn that

57This result is not necessary for the application to rigid spaces, but nonetheless seems psychologically quite useful.
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both Gf,frf — Ggfd and the composition G%erf — Gg{d — GELT are faithfully flat; this implies
GP _y GHT must also be faithfully flat, as wanted. 0

The following is the key assertion for controlling ®*:

Proposition 12.3.3 (Full faithfulness up to isogeny). The object Cone( x — Ox pta) is annihilated
by (p)>17%1 in D(X, x). In particular, the functor

o* : D(xHT) - D(xPHY)
18 fully faithful up to isogeny, i.e., the map on Hom'’s is an isogeny.

Proof. The first statement implies that for any M € ﬁ(ix), the natural map
M — M@*x()x?pfd

of yx-modules has cone annihilated by some power of (p), which clearly implies the second state-
ment. For the first statement, since the assertion concerns annihilation a cosaturated ideal, we can
work in the almost category. In this case, the isogeny theorem for prismatic cohomology yields a
natural isomorphism

x= LT/IO%,pfda

where [ = (p)ﬁ C Ok (which makes sense as an almost ideal). By interpreting this via the
Beilinson t-structure, we obtain a natural complete N-indexed I-adic filtration F* y and a filtered
isomorphism F* y ~ TEOI *Ox pfa refining the canonical map x — Oxpta- Now, if d = dim(X),
then grifs (Ox pta) € D=? for all n (e.g., by Proposition 4.7.4), so we have F¢ y ~ Idox,pfd, and
thus the natural diagram

x Ox pta

l |

“x/FT x —— Oxpta/1Ox pia

is a pullback diagram of derived Of-algebras. But then the fibre of the top horizontal map maps
isomorphically to that of the bottom horizontal map, so we learn that this fibre is a /1% x-
module, as wanted. O

For a faithfully flat map f: X — Y of qcgs schemes, the cone of Oy — Rf.Ox is a finite limit
of flat Ox-modules and hence has Tor amplitude > 0. While we do not know a general statement
along these lines for morphisms of stacks, the following establishes this implication for the map ®:

Lemma 12.3.4. The object Q = cone(Oxur — ®,Oxpta) € D(XHT) is p-power torsion and has
Tor amplitude > 0 in the torsion t-structure.

Proof. The first part was already shown in Proposition 12.3.3. For the Tor amplitude statement, as
in the proof of Proposition 12.3.2, we reduce to the case X = G,,. In this case, we have compatible
quotient presentations XHT = GE™ /Z,(1)HT and xPfd = Ghot /Z,(1)P 5o the map Ghd GHT
is a torsor Z,(1)H7T/Z,(1)P'. By base change, it is then enough to show that the cone of the natural
map O — RI'(Z, (1) /Z,(1)P1 O) is p-complete Tor amplitude > 0. But the map has a section
(given by the identity element), and the target certainly has p-complete Tor amplitude > 0 as it
can be represented by a cosimplicial p-torsionfree Ox-module via the Bar complex, so we win. [

Combining the above ingredients, we obtain full faithfulness of ®* on vector bundles:

Corollary 12.3.5 (Full faithfulness on vector bundles). The functor ®* is fully faithful when
restricted to vector bundles and, more generally, on the category of p-torsionfree quasi-coherent
sheaves (i.e., objects in D(XHT) whose restriction to (XH1),—o is a honest quasi-coherent sheaf).
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Proof. The statement is local on X, so we can assume X = Spf(R) is affine. Write @) = cone(Oxunr —
®,Oxpra) € D(XMT). Fix a p-torsionfree quasi-coherent sheaf M on XH"T. By the LES and the
projection formula, it is enough to show that HO(XHT M @@xHTQ) = 0. Now M @oxHTQ is p°-
torsion for some ¢ > 0 as @ is so (Proposition 12.3.3), so HO(%HT,M(EBO%HT Q) is p“-torsion as
well. On the other hand, () has Tor amplitude > 0 by Lemma 12.3.4. Since M is p-torsionfree,
it follows that M /p@oxHTQ is coconnective in the torsion t-structure, and hence the complex

R (XHT M/p@oxHT Q) is coconnective. By the LES, we learn that H9(XHT, M@@xHT Q@) must be
p-torsionfree. As this group was already known to be p°-torsion, it vanishes as wanted. O

Warning 12.3.6 (Full faithfulness fails on torsion quasi-coherent sheaves). The functor ®* is not
fully faithful in general, even when restricted on honest quasi-coherent sheaves. Indeed, after base
change to the residue field k of Ok, the map ® becomes the map (X3P — (X;)HT, which is a
representable affine morphism that is rather far from being an isomorphism. (And, in particular,
the ‘full” part of faithful flatness fails for the unit object.)

The functor ®* is not essentially surjective: not every perfectoid crystal admits a Hodge—Tate
reduction.

Example 12.3.7 (Derived full faithfulness fails for vector bundles). Say X = Spf(R) is a smooth
affine of dimension > 1. Then the map H°( r) — H°(Rps) is an isomorphism (with both sides
being R), but the map H'( g) — H'(Rpu) is not surjective: indeed, both statements follow
from standard toric calculcations in the case of a torus, and then étale localize. Interpreting H'
elements as extensions then gives perfectoid crystals in rank 2 vector bundles on X that do not
admit reductions to Hodge—Tate crystals of vector bundles. Note that, by Proposition 12.3.2, any
Hodge—Tate reduction of a perfectoid crystal in vector bundles must in fact be a Hodge—Tate crystal
in vector bundles.

The previous example notwithstanding, we shall deduce from Proposition 12.3.3 that any bounded
above perfectoid crystal admits a Hodge—Tate reduction provided it does so modulo an explicit
power of p (depending only on d = dim(X)). The key is the following abstract descent criterion
that can be viewed as a variant of a key lemma of Faltings in his work on the p-adic Simpson
correspondence [Fal05, Lemma 1]:

Proposition 12.3.8 (A criterion for descending modules along an isogeny). Fiz an ideal I C Of.
Let A — B be a map of p-complete derived O -algebras with cone annihilated by I in D(A). Fiz
somee>0inl, N € 5(3) and Mayy. € D(A/I*Y€) with an isomorphism asic : Maye @4 B ~
N/I*7¢ in D(B/1*7¢). Assume Mo, is eventually connective. Then there exists some M € Zs(A)
and an isomorphism o : M& 4B ~ N with a®4 A/TFE identified with a1y == gy ® 4/ 12+ AJIM e,

Proof. Let us explain the idea informally first: we shall produce M by successively lifting M,
across square-zero extensions. At the very first step, the existence of My, and agy, coupled with
the isogeny property of A — B, will ensure that the obstruction to lifting M, lifts to A/I%*2¢
vanishes.

For any k in the value group I' of K, write F'(k) := fiby, s (D(A/IF) — D(B/IF)), so F(k) is
informally the oo-category of pairs (Mg, ay) with M, € D(A/I¥) and ap : My ®4 B ~ N/I* an
isomorphism in D(B/I¥). Write F(oo) = limy F(k) ~ fiby (ﬁ(A) — ZS(B)) In these terms, the
proposition asserts that the canonical map F(co) — F(1 + €) has a non-empty fibre over over a
point Y14+ € F(1 + €) coming from a point yo4+c € F(2 + €). To prove this, we shall prove the
following general statement:

(*) Fix £ > 1 in I". The fibre of F(2(k — 1)) — F(k — 1) over a point in the image of
F(k) — F(k — 1) is non-empty.
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First, let us explain why (*) implies the propsition. Indeed, applying (*) to k = 2 + ¢, we find
that the image y14e € F(1 + €) of yare € F(2 + €) has a lift to yatac € F(2 + 2¢). Applying (*)
again with k = 2 + 2¢, we learn that y142. € F(1 + 2¢) has a lift ya14c € F(2 + 4€) which moreover
lifts y1+e € F(1 + €) as the same was already true for ya2c € F(2 + 2¢). Continuing inductively,
we can construct a compatible system {yjyone € F(1+2"€)},>0. Taking the limit gives the desired
result as moF'(00) — limy mo(F'(k)) is surjective.

It remains to prove (). Fix x € F(k) corresponding to a pair (M, ay); for j < k, write (M, o)
for the pair corresponding to the image of z; under F'(k) — F(j). By deformation theory (see
Lemma 12.3.9), the obstruction to finding 9, € F(2k) lifting x, is given by an A/I*-map

o(k,2k) : My — My, @ 4/ I¥ /1% @ 4 fib(A — B)[2].
Postcomposing by the map induced by the natural map o : I* /1% — 1%=1/12(:=1) carries o(k, 2k)
to an A/I*-map
My = My @ 4/ I¥71/ 125D @ 4 fib(A — B)|[2),
or equivalently an A/I*~1-map
My—1 — My—1 ® 4 pe I¥7H /127D @ 4 fib(A — B)[2)
that is identified, by functoriality of obstructions, with the obstruction o(k — 1,2(k — 1)) to lifting

rp—1 € F(k —1) to z94—1) € F(2(k —1)). Since our goal is to show that this last obstruction is 0,
it suffices to show that the map

a®id: I¥ /1% @4 fib(A — B) — IF-1/1?¢=Y @, fib(A — B)
is the 0 map in D(A/I*). But a can be identified with the map

1512 = [F @4 AJTF B, k-1 @a AJTF L P L@y AJTFL o 12D

of A/I*-modules, where /3 is induced by the canonical map I — A, while v is the natural reduction
map. Now observe that § ®4 fib(A — B) is already the 0 map: the A-module fib(A — B) is
annihilated by I, so the map (I — A) ®4fib(A — B), which is simply the action map I ® 4 fib(A —
B) — fib(A — B), is 0. Hence, the map «a ® id appearing above is also the 0 map, as wanted. [J

The folloiwing standard lemma was used above:

Lemma 12.3.9 (Deformation theory of modules). Let A be a derived O-algebra. Fix an ideal
J C Ok, and let J} — A be the base change of the n-th power of J. Fix M € D(A/Ja) which
is eventually connective (as a spectrum). Then there is a point ob(M) € Map,,;, (M, M ®y4,;,

Ja/J%[2]) such that the space of lifts of M to D(A/J%) is naturaly identified with the space of
trivializations of ob(M).

Proof. Observe that we have a pullback diagram
O/ J? Ox/J

| [

Ok /] —L Ok )T & J)J2[1]

of animated Ok-algebras mapping to Ok /J, where dj is the tautological map (corresponding to
the 0 derivation), while d classifies the square-zero extension on left vertical arrow. As the above
diagram is a pullback, the induced functor

D(Ok/J?) = lim (D(Ok/J) = D(O/J & J/J*[1]) + D(Ok/J))

is fully faithful. Moreover, it is essentially surjective if one restricts to eventually connective com-
plexes on all terms: if this is false, one can find eventually connective objects M, N € D(Ok/J)
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and an isomorphism d*M ~ diN in D(Of/J & J/J?[1]) with the property that the induced map
M & N — d*M is an isomorphism, which forces M = N = 0 by contemplating the top degree
cohomology group. Passing to A-module objects then shows that

D(A/J3) — lim (D(A/Ja) = D(A/Ja @ Ja/J3[1]) < D(A/J4))
is also fully faithful, and moreover is essentially surjective on the eventually connective (as Og-
complexes) subcategories everywhere. Thus, for such A/J4-modules M, the space of lifts of M to
D(A/J3) is exactly the space of isomorphisms d*M ~ d5M of (A/Ja & Ja/J%[1])-modules lifting
the identity modulo J4/J3[1]. Since d§M = M & (M ®4,,;, Ja/J3[1]) is simply the split extension,
the space of isomorphisms d*M ~ diM of (A/J4 & Ja/J3[1])-modules is identified with the space
of splittings of the natural sequence

M ®pyy7, Ja/JA] = dosd™M — M
of A/Js-modules; this sequence gives then gives the desired point ob(M) in the lemma. O
Putting Propositions 12.3.3 and 12.3.8 together gives:
Corollary 12.3.10 (Small perfectoid crystals admit Hodge—Tate reductions). The pullback functor
o*: D(XMT) — D(xPM)

2d
18 fully faithful up to isogeny. For any e > 0, write J. = (p)>PTl+€. Given eventually connective
M € D(XPI), if there exists some € > 0 such that M/ J. lies in the essential image of

DT ®o, Ox/J) = DX @0, Ok /J.),
then M itself lifts to D(XHT).

Proof. Thanks to affineness equivalences of (13), we shall deduce this by applying Proposition 12.3.8
to the I-isogeny algebras x — Ox pta in D(X) coming from Proposition 12.3.3. To do so, we need
to ensure that an eventually connective object of D(XP™) yields an eventually connective object of
D(X) on pushforward; this follows from Proposition 4.7.3 and Proposition 4.7.4. O

Remark 12.3.11. At the expense of naming I' more carefully, the results in this section hold true
over any perfectoid base, not merely perfectoid valuation rings.

12.4. The Simpson gerbe in rigid geometry. In this section, we formulate and prove the p-adic
Simpson correspondence for smooth rigid spaces X over a perfectoid field K (Theorem 12.4.11).
As mentioned before, our primary innovation relative to existing work is the introduction of a
natural O*-gerbe’® Py on the twisted cotangent bundle on X. This gerbe is constructed® in
Construction 12.4.4 by, essentially, sheafifying the Deligne—Illusie obstruction class for lifting Og-
algebras to Aie(Ok)/ ker(0)2.

To carry out this construction efficiently, we work in the following setup:

Notation 12.4.1 (The category of rigid spaces). Fix a perfectoid field K/Q,. Write A2(Ok) = Ok
for the universal square-zero extension constructed by Fontaine, so As(O) = Ape(Ok )/ ker(9)?
and ker(A2(Ok) — Ok) = Ok{1}. Let Rigy denote the category of rigid analytic spaces (incar-
nated as adic spaces) over K. Write Rigi" and Rig%ﬁf for the full subcategories spanned by smooth
and affinoid spaces respectively. All these categories are equipped with the étale topology. Write
O for the structure sheaf, and O+ C O for the sheaf of functions bounded by 1. We shall work in

58We write O* for multiplicative group in rigid geometry, and reserve the name G,, for the group scheme in
algebraic geometry. Thus, O is the analytification of the group scheme G,, over K.

290ur original construction of the Simpson gerbe relied on rational Hodge-Tate comparison isomorphism
H*(Rv.0) ~ %/ (—*) (Theorem 7.4.2) as well as a multiplicative variant due to Heuer; see Remark 12.4.10.
However, Construction 12.4.4 below is a more direct construction from first principles that also applies to singular

spaces without any modifications.
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the co-category Shv(Rigx, OF) in the sequel®. Write OF = Rlim, O*/p" and O = OF[1/p] for
the displayed p-adic completions (as sheaves of complexes).

Construction 12.4.2 (The analytic cotangent complex). Write Lo+ 0, € Shv(Rigy, O) be the
integral cotangent complex as defined in [GRO3, Definition 7.2.32], replacing the analytic topology
with the étale topology when sheafifying. Explicitly, it is the étale sheafification of the presheaf on
affinoid rigid spaces given by
Spa(R,R") — colim Lo , 14
pa(R. ) = colim Lo, (14
where the completion is p-adic and the colimit runs over all open bounded Og-subalgebras Ry C R™
and, for clarify, we stress that the colimit is not p-completed®’. Write Le /K = Lo+ o, [1/p] for its
rationalization.

Note that Lo, is a familiar object: for any X € Rigy, the restriction of Lo /i to X is the
pseudocoherent complex given by the analytic cotangent complex. In particular, for X smooth,
the restriction Lo,k |x,, is simply the cotangent bundle of X. The integral variant Lo+ /O » While
a priori a bit exotic, is surprisingly the same:

Proposition 12.4.3 (Differentials are étale locally 0 modulo p). The natural map

LO*/OK — LO/K
s an tsomorphism.

Some variant of this observation — differential forms become p-adically small on p-ramified covers
of formal schemes — plays a critical role in any approach to p-adic Hodge theory. We also warn
the reader that the analog for the analyic topology is extremely false.

Proof. As the claim can be checked on stalks, and because the formation of p-completed cotangent
complexes commutes with p-completed filtered colimits of rings, we are reduced to showing the
following statement: if (C,C%) is an adic geometric point over (K, K™"), then (Le+/k+)/p = 0.
This follows from, e.g., from Proposition 3.2.6 as C* and K are perfectoid. O

Construction 12.4.4 (The Simpson gerbe). For any Og-algebra R, the boundary map for the
transitivity triangle

Lo jans(0x) ®ox B=R{1}1] = Lg/a, (0x) = Lr/OK
gives, after twisting/shifting, the obstruction
ob™ : Lpo {~1}[-2] = R

to lifting R to across the square-zero thickening A3(Ok) — Of. Sheafifying this construction gives
a natural map

ob™? : Lo+ 0, {—1}[-2] = OT. (15)
Proposition 12.4.3 identifies the source of this map with the uniquely p-divisible complex Lo k.
Consequently, for any n > 0, the map above factors uniquely as
%O Ag '
Lo/r{-1}[-2] — 0" L5 OF.

60Note that Shv(Rigy,O") agrees with its hypercomplete version, all Postnikov towers converge, and there are
enough points: this follows as any qcgs rigid space has finite étale cohomological dimension with F;, or Q-coefficients.

61This formula is designed to get around non-uniformity issues and apply generally. In particular, if RT C R is
itself bounded (e.g., if Spa(R, RT) is a reduced classical rigid space), then the colimit in (14) is simply L;/\OK as
the collection of open bounded subrings of R™ has a final object R*.
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For any n > 2, we can then consider

1 3A
T

ob**2 exp(pm —
P Loy {—1}[-2] L o+ 222 (o+)r , 0, (16)

giving rise to an O*-gerbe on the functor Ly, x{—1}. Note that this map®? is independent of n.
Given a smooth rigid space X, restricting to the slice category Rig?r)n( of smooth rigid spaces over

X and postcomposing with the natural map 7" X := Ly, — Lo/ K|Rig71)“( then yields, by Yoneda, a
multiplicative étale O*-gerbe Px — T*X{—1} called the Simpson gerbe of X. For future reference,

let us note that the O*-gerbe Px comes equipped with a preferred reduction to an O *-gerbe 77;5
by construction (via ignoring the last map in (16)).

Remark 12.4.5 (Functoriality). Given a map f : X — Y of smooth rigid spaces, the description
of the Simpson gerbe via the big étale site in Construction 12.4.4 gives a natural identification

Px XTex{-1} TY{-1} ~ Py xy X

of O*-gerbes on T*X{—1}. In particular, we have the following commutative diagram

PX PX XT*X{fl} T*Y{—l} ~ PY Xy X PY

| | |

T*X{-1} T*Y{—I} xy X T*Yl{—l}
X Y.

In particular, via pull/push along the correspondence appearing in the top row, one obtains a
natural notion of “pullback along f” for (suitable) P-twisted sheaves.

For a smooth rigid space X, by construction, the classifying map of the Simpson gerbe is an
element

[Px] € Extx (T*X{-1},0%).
Forgetting linearity, it gives rise to a similarly denoted Brauer class
[Px] € H*(T*X{-1},0%).
The next three remarks about these classes can be ignored by the impatient reader.

Remark 12.4.6 (The order of the Simpson gerbe). For a smooth rigid space X with dim(X) > 0,
one can show that the class [Px] € H?(T*X{—1},0*) is always nonzero; in fact, it spans a copy
of K inside H?(T*X{—1},0%). In particular, even when X is a projective algebraic variety, the
gerbe Px is genuinely analytic (i.e., not the analytification of an algebraic G,,-gerbe on the twisted
cotangent bundle): étale G,,-gerbes on smooth varieties in algebraic geometry are always torsion.

To see the above claim on orders, note that by A'-homotopy invariance of unit and Picard groups
on smooth rigid varieties (see [[KKST20, Corollary 5], [Sigl7, §3.2]), the natural map

Extk (T*X{-1},0%) » H*(T*X{-1},0%)
is an injective map from a K-vector space. As [Px] lies in the image of this map, it simply suffices

to show that it is nonzero. For the latter, one can reduce to the case of a closed unit disc D. In this

621y fact, we have a lot of flexibility in the construction: we can replace p"O% C OV with any subsheaf B C OF
such that O" /B is p-power torsion, and such that the p-adic exponential converges on sections of B.
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case, there are several ways for proceed. For example, the existence of the sheared®® Hodge Tate
stack for A%pf(OK) (and a sheared variant of the compatibility in the forthcoming Remark 12.4.9)

shows that the restriction of the Simpson gerbe T*D<; = (T *Aépf(OK))n specializes to the Simpson

gerbe on T*A}, and the latter is known to be non-trivial (essentially because the ring of crystalline
differential operators on a smooth k-variety is an integral domain and thus never a matrix algebra).
In fact, this argument shows that the pullback of Pp to the Gauss point of T*D<; is non-trivial.
For completeness, let us also note that for any quasi-compact open U C T* X {—1}, the restriction
(Px)|v € H?(U, 0*) is p-power torsion: this follows from the forthcoming Corollary 12.5.5.

Remark 12.4.7 (The refined Simpson gerbe). We explain why natural refinements of the ob-
struction map (15) and the classifying map (16) for the Simpson gerbe coincide. Write OF :=
Rlim, p"O*+ = fib(O+ — OF) and write 0" = Rlim,(1 + p"O*). Then exp and log yield mu-
tually inverse isomorphisms Of ~ O*%: in fact, this is already true at the level of the natural
pro-systems describing either side. Proposition 12.4.3 then shows that the obstruction map ob?2

admits a unique refinement

obA2 : Lo {—1}[2] = O, (17)
On the other hand, by construction, the classifying map (16) for the Simpson gerbe comes equipped
with a refinement

Pl : Lopic{~1}[~2] = 0",
Moreover, by construction of the latter, the isomorphism exp : Ot — O*1 turns ob42 into [5]

Remark 12.4.8 (The Hodge-Tate comparison map). Let us explain why Remark 12.4.7 yields
a simple construction of the map realizing the Hodge-Tate comparison theorem (compare with
[Sch13b, Lemma 3.24] as well as the proof of Theorem 7.4.2). Fix a smooth rigid space X, and use
the sheaves from Remark 12.4.7 restricted to the small étale site X¢. Since O is concentrated in
cohomological degree 0, we have H'(O) ~ H%(O'). Consequently, applying H?(—) to (17) yields a
map
Ok {-1} = H'(0).
The Hodge-Tate comparison theorem for X is the assertion that this map is an isomorphism.

Next, we observe that the Simpson gerbe in rigid geometry is compatible with the one for formal
schemes in the natural way:

Remark 12.4.9 (Compatibility with formal schemes). Let X/Ox be a smooth formal scheme with
generic fibre X. Then the formal model X endows the vector bundle Qﬁf K with a norm where the

sections of norm < 1 coincide with Q%E 0K Geometrically, this translates to a fibrewise norm on
T*X — X with (T*X)<; being the generic fibre (T*X), of the integral cotangent bundle. The
resulting specialization map (7% X)<; — 77X carries (I X)<; into m ®p, T*X C T*X. Pulling

back along this map, the Simpson gerbe Py — ﬂ{—l} yields, on taking generic fibres, an O *-
gerbe Py, — (I"X{—1})<1. On the other hand, the last sentence of Construction 12.4.4 gives,
via restriction, an O**-gerbe P¥ _; — (T*X{—1})<1. The promised compatibility is:

63Sheared prismatization, developed jointly with Mathew, Kanaev, Vologodsky and Zhang, is an analog of the
prismatization construction for p-adic formal schemes that is designed to circumvent the “nilpotence of p-curvature”
assumptions implicit for coefficients in the usual prismatic theory. For our purposes, the main consequence is the
following: in the setting of §12.2, the sheared Hodge—Tate stack is classified by a map T"X{—-1}[-2] — G} (where

can

the target denotes the completion of G, for the PD-filtration), so composing with Gi Z25 G 2L G gives
a Gu,-gerbe on T*X{—1} whose restriction to the formal completion at the 0-section recovers Construction 12.2.3.
While the main reference for this construction unfortunately does not yet exist, we refer to [MV25, Dri25, Bar25] for
an introduction to these ideas.
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(*) The O™*-gerbes Px,, and Py _; on (T*X{—1})<; are naturally identified.

To see this, it is convenient to work on the category B of qcgs p-adic formal schemes over X with
smooth generic fibre, equipped with the rig-étale topology, so Shv(B) ~ Shv(Rigj‘}}). Let R denote
the structure presheaf U — O(U) on B, and write O for its sheafification, so O" agrees with the
eponymous object under the equivalence Shv(C) ~ Shv(Rig}y). In PShv(B), we have the following
commutative diagram:

[RHT]

m o LR/OK{_l}[_ﬂ m Qo Rﬁ — R (18)

| .
M RO, L(9+/(9K{—1}[—2] 4&>m®(’)K O+t o O+,

where the map [R17T] is the classifying map for the Hodge Tate stack, the map can is the natural
one, and the composite can o [RHT] is identified (up to multiplying the source with m) with the
obstruction map for deforming the Og-algebra R along A2(Ok) — Ok by Proposition 12.2.2; the
second row is simply the sheafification of the first row, with the composition being with the map
labelled 0b*2 in (15). Proposition 12.4.3 implies that the bottom left term is simply the rationaliza-
tion Lo x{—1}[-2]. Consequently, by footnote 62, postcomposing a with the exponential yields,
after restriction along Lx,x — Lo,k the classifying map for the gerbe P;g. On the other hand,
the composition exp o3 o [RHT] yields, after restriction along m Qo Lxjox = Moy Lrjo, the
gerbe Py, by Remark 12.2.13. Translating back to rigid geometry then gives ().

Finally, let us give an alternative (and, historically, the first) construction of the Simpson gerbe of
a smooth rigid space X in terms of the pro-étale: it is the relative Picard stack of v : (Xprost, O) —
(Xet, Ox), analogously to definition in the formal scheme case in Construction 12.2.3.

Remark 12.4.10 (The Simpson gerbe as a relative Picard stack). Write v for the map from
the big pro-étale site of K to Rigy'. If O denotes the structure sheaf on the big pro-étale site,
then O* ~ RO, O* via the natural map thanks to the Hodge—Tate comparison (Theorem 7.4.2).
Moreover, the canonical maps give isomorphisms

/\iLo/K{—l} ~ Riu*@ IO&Z Riu*(l + m@+) s Riu*@*,
where the first map comes from the Hodge—Tate comparison (see Theorem 7.4.2 and Remark 12.4.8);
this was first shown by Heuer, and the key observation is that the sheaves pp and O/mO on the

big pro-étale site are in fact pulled back from Rig%", so their higher direct images along v vanish.
In particular, there is a canonical truncation exact triangle

O* = 15 R, 0% — Lo jre{—1}[~1]

which can be shown to realize the Simpson gerbe, i.e., the boundary map is the classifying map for
the Simpson gerbe on Rig%"; this last assertion can be checked by using appropriate reductions of
structure groups and the compatibility in Remark 12.4.7.

In general, given an étale O*-gerbe P over a rigid space Y, one can show that the category
Perf(P) admits a natural Z-grading determined by the BO*-action®*. Using this grading and the
above compatibility, we shall prove:

64The main content here is the following. Write BG,, for the algebraic stack of line bundles on K-schemes. The
identification O* = (G,,)*" gives rise to a natural map Perf(BG,,) — Perf(BO™) that one must show to be an
equivalence. This amounts to checking that all vector bundles on BO™ are direct sums of the tauological twists O(i),
and that R['(BO™,O(i)) vanishes (resp. equals K) for ¢ # 0 (resp. ¢ = 0). The former statement can be seen
by restriction along BT — BO™ where T = (G spt(0g))n C OF is the unit tire, while the latter can be seen by
approximating BO™ by projective spaces; details omitted in these notes.
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Theorem 12.4.11 (The p-adic Simpson correspondence for rigid spaces). For a smooth rigid space
X/K, there is a natural equivalence

DX-Perf(PX)degzl = Perf(Xproét7 @) (19)
The naturality in Theorem 12.4.11 refers to the following: the obvious notion of pullbacks on
the RHS matches with the natural notion of pullbacks on the LHS (see Remark 12.4.5).

Proof. We shall deduce Theorem 12.4.11 as the étale sheafification of Theorem 12.2.5. To carry
this out efficiently, we work with smooth rigid spaces admitting semistable integral models®.

Let C C X¢ be the full subcategory spanned by smooth affinoids U = Spa(R, R™) whose canon-
ical formal model Y = Spf(R™) is semistable over Ok; equivalently, C is identified, via U + U,
with the full subcategory of semistable affine p-adic formal schemes over O whose generic fibres
come equipped with a map to X. By Temkin’s theorem [Tem17, §3.3], C forms a basis for Xg.

Let us record some facts about logarithmic prismatization used below. First, for U € C with
canonical formal model ¢, the logarithmic Hodge Tate stack YT — U is a BT, Zfi{{l}—torsor, where
T34 denotes the logarithmic tangent bundle for &/. Moreover, Theorem 12.2.5 has an evident log-
arithmic variant (Remark 12.2.14). The log prismatization and the usual prismatization have
isomorphic perfections, so the perfectoidization UP™ coming from the logarithmic theory agrees
with the one considered earlier in the notes. As the logarithmic prismatic theory satisfies the Ln
property used in the proof of Proposition 12.3.3 and Proposition 12.3.8, the conclusion of Corol-
lary 12.3.10 remains true in the logarithmic setting. Finally, the following “smallness” lemma, a
consequence of Proposition 12.4.3, will be used repeatedly:

(x) For any n > 1 and U € C, there is a cover f : V — U in C such that f*Qa/OK C p"Q\l}/OK.
For U € C, we have an identification
DZ/{—Perf(PZ/{)degzl =~ Perf(uHT) (20)

via a logarithmic analog of Theorem 12.2.5. Regarding this as an isomorphism of presheaves on C,
we shall deduce (19) as the global sections of the étale sheafification of (20). It is enough to match
the global sections of the sheafifications of the LHS and RHS of (20) with those of (19) separately.

Twisted sheaves: As the forthcoming argument involves analysing loci in 7% X, it is convenient
to switch notation: for a G,,-gerbe P on a formal scheme Y, write D(Y,P) instead of D(P)deg=1,
and similarly for rigid spaces as well as subcategories cut out by support constraints. Thus, our
goal is to show that global sections of the the sheafification of

U — F(U) := Dypet(TU{=1}, Piy)[1/p]
is given by Dx_pert(T*X{—1},Px). This will be accomplished in two steps.

(1) Shrinking T*U to a smaller locus: To get rid of the formal directions that are not p-adic, we
shall replace T*U with (p) ® T*U, i.e., we claim that the natural map from

G(U) := Du-pat((p) © T"U{-1}, Pu)[1/p] = F(U),

induced via pushforward from the map (p) ® T"U{—-1} — :F@{{q} of formal schemes, is fully
faithful and induces an isomorphism on étale sheafifications. As the statement is local on U, we can
trivialize and thus ignore the gerbe, and also trivialize the tangent bundle. Full faithfulness is then
tantamount to the following elementary assertion that can be checked by hand: if M is any Ok-
module and T': M — M is a endomorphism divisible by p (so T'= T'p for some endomorphism T'),
then the natural map RHomoKm(OK, M) — RHomg, (71(Ok, M) is an isogeny. For isomorphy
after sheafification, it now suffices to show that for any M € F(U), there is a cover f : V — U such
that M comes from G(U); this follows from (x) above.

55With a bit more work, one can replace the use of semistable integral models in the proof below with Achinger’s
trick, as in the proof of Theorem 7.3.6.
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(2) Etale localization achieves smallness: Thanks to the above paragraph, we may replace F (U)
with G(U). The compatibility in Remark 12.4.9, and the identification of the generic fibre of
(p) @ T"U — T*U with (T*U) <y C (IT"U)<1, then gives an identification

G(U) = Dypert(IT"U{—=1}) <) Pur)-
Via pushforward, we obtain a fully faithful map
n(U): GU) = H{U) := Dy_pert(T*U{—1}, Pv).
Clearly H(—) is a sheaf with H(X) = Dx_pert(T*X{—1},Px). Thus, it suffices to show that n
realizes H as the sheafification of G. As n(U) is fully faithful, so is its sheafification, and thus it is
enough to prove essential surjectivity after sheafifcation. As any object in H(U) is supported on a
quasi-compact open subset of T*U{—1}, the claim follows from the following consequence of (x):
for any U € C and a quasi-compact open S C T*U, we can find an étale cover f : V — U in C such
that f~1(S) C T*U xy V ~ T*V sits inside (T*V) <.
Pro-étale vector bundles: We must show that the étale sheafification of
U F'(U) := Perf(U"T)[1/p]
agrees with
U H'(U) := Perf(Uproet, O).
Note that the target can be described in terms of perfectoid site of U as
Perf(Upost, O) :=  lim  Perf(R[1/p]),
er ( proét ) Spf(gr)l—ﬂ/{ er ( [ /p])
where the limit runs over all perfectoid formal schemes equipped with a map to &. Moreover, as
etale maps are proetale, the presheaf H'(—) is a sheaf.

(1) From pro-étale vector bundles to perfectoid crystals on formal schemes: Consider the functor

6'(0) = Pertr1/p] = | tim | Pert()) 1/

where the limit again runs over all perfectoid formal schemes over U. There is an evident map

B:G(U)— H'(U). We claim that 3 is fully faithful, and realizes H' as the sheafification of G'.
The full faithfulness amounts to checking that the natural map

(Sp&i%;u R) 16— tim  (RI1/p)

is an isomorphism; writing the limit in terms of a suitable cosimplicial object, this follows from
commutatitivity of filtered colimits with cosimplicial limits for diagrams of coconnective abelian
groups. For essential surjectivity, we must show that for any U € C and any K € Perf(Upyost, (5),
there exists a cover f : V' — U such that K comes from Perf(VPf)[1/p]. First, by passing to a cover,
we may assume K comes from KT € Perf(Uproct, (/’):) the pro-étale sheaf of O+-lattices for K is
in fact an étale sheaf and, by pointwise checking, a cover of the final object. Next, by passing to a
further étale cover, we may assume K T is small in the following sense: it comes from a dualizable
object in ﬁ(RF(Uproét, O+)) whose reduction modulo p is base changed from Perf(O*(U)/p). By
Milnor glueing with respect to the square

—

RI’ ( Uproét ) o+ )

|

(O(u)/p)perf - RF(Uproéta O+/OOO)7

Ou)pH

the object K+ indeed comes from a dualizable object of D(O(U)PH) ~ D(UPH), as wanted.
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(2) From perfectoid crystals to Hodge-Tate crystals: As Spf(R)"T ~ Spf(R) for R perfectoid,
pullback yields a natural map n'(U) : F/(U) — G'(U). By the previous paragraph, it is enough
to show that 7 is fully faithful and locally (on C) surjective. The full faithfulness follows from
Proposition 12.3.3. For the rest, fix some perfectoid crystal M € Perf(UP™). We must find a cover
f:V — U such that f*M descends to Perf(VH1). But, as observed in the previous paragraph, we
can certainly achieve this statement modulo any power p” of p: in fact, modulo p”, we can find
a cover f : V — U such that f*M/p™ descends all the way to Perf(V,n—g) = Perf(OT(V)/p").

Qd]‘?m( ) with Corollary 12.3.10 then yields the claim. O

Combining this statement for some n >

Remark 12.4.12. The gerbe Px is multiplicative by construction, so the category Dx_perf(Px )deg=1
acquires a symmetric monoidal structure via convolution. The equivalence (19) carries this symmet-

ric monoidal structure to the standard one on Perf( Xy o¢t, (5) Indeed, by the proof, this reduces to
the analogous statement for formal schemes, which ultimately comes from Example 12.1.13; details
omitted in these notes.

12.5. Some consequences of the Simpson equivalence. In this subsection, our goal is to
explain some applications of Theorem 12.4.11.

Notation 12.5.1. Let K be a perfectoid field, and let Bo(K) = A9(Ok)[1/p] = Bir(K)/ ker(6)?
be Fontaine’s (rational) square-zero extension. Let X/K denote a smooth adic space. Write v :

(Xproét, (’)) (X¢t, O) for the usual map, so Rv,O agrees with the complex O from Notation 12.4.1
(restricted to the small étale site of X).

Construction 12.5.2 (The canonical Higgs field). The equivalence in Theorem 12.4.11 identifies
the category VeCt(Xproét,@) with the category of Px-twisted Higgs bundles on X, i.e., the full
subcategory of Coh(Px )deg=1 consisting of coherent sheaves which are (locally) finite flat over X.
This category is naturally tensored over Coh(T*X{—1}) = Coh(Px)deg=0. If 7 : T*X{-1} - X
denotes the projection, the tautological section of W*Qﬁ( / x1—1} can be regarded as a “Higgs field”

@taut : OT*X{fl} — OT*X{fl} & TI'*Q&v/K{—l}
Tensoring with this map then yields®, for any E € V@Ct(XprOét, (5), anatural map (in Vect(Xprost, @))

called the canonical Higgs field on E; note that this map satisfies the Higgs identity O A ©p =0
as the same holds true for ©%"* and is thus equivalent to an action of v*Sym*(Tx{1}) on E.

As the gerbe Px is canonically trivialized on the O-section of T*X{—1}, we have a natural
pushforward functor

P Perf(X) — Dx_pert(Px)deg=1-
Unwinding definitions, this is identified with the pullback functor

v* : Perf(X) — Perf(Xprost, 0).
The functor i¥, and hence v* are clearly fully faithful on vector bundles. Moreover, there is an
intrinsic characterization of the essential image of v*:

Corollary 12.5.3 (Characterizing étale vector bundles inside pro-étale ones). The essential image
of the fully faithful pullback functor Vect(X) — Vect(Xprost, O) is exactly those E’s with O = 0.

6675 the best of our knowledge, the canonical Higgs field was first constructed by Camargo [Cam22], building on
ideas of Pan [Pan22]. In different language, the idea of the construction already appears in [Fal05, §3, Remark (ii)].
Curiously, while the canonical Higgs field is typically used to prove the Simpson correspondence, our approach is the
opposite: we have constructed the canonical Higgs field from the Simpson correspondence.
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Proof. For a pro-étale vector bundle F, the canonical Higgs field © g, by construction, measures the
non-triviality of the Higgs field on the corresponding twisted Higgs bundle. In particular, ©p =0
means exactly that the corresponding twisted Higgs bundle is scheme-theoretically supported on
the 0-section of T*X{—1}; by the compatibility mentioned above, this happens exactly when E
comes from a vector bundle on X. O

Remark 12.5.4 (Simpson equivalence with support constraints). Construction 12.5.2 generalizes
immediately to the derived setting: for any E € Perf(Xproét,@), one has a natural action of
v*Sym*(T'x{1}) on E. In particular, it makes sense to demand that E be (set-theoretically) sup-
ported on a subset Z C T*X{—1}. Note that any Z C T*X{—1} that appears as the support of an
object of Perf(Xpyoct, (5) can be taken to be a closed analytic subpace finite over X; such subspaces
are called spectral varieties. Thus, by construction, for any such spectral variety Z C T*X{-1},

one obtains an equivalence
DX-Perf,Z(PX) = Peer (Xproéta O)

by restricting (19) to the full subcategories of objects (set-theoretically) supported on Z on both
sides. In the sequel, we shall see several examples Py can often be trivialized on (formal neighbour-
hoods of) spectral varieties, which allows us to replace the LHS above with its untwisted variant.
(This approach to non-abelian Hodge theory via trivializations of an Azumaya algebra on loci in
the cotangent bundle originated in [OV07].)

As an example of the preceding remark in action, let recover the (untwisted) Simpson correspon-
dence for nilpotent Higgs bundles:

Corollary 12.5.5 (The nilpotent Simpson correspondence). Fiz a smooth rigid space X/K
(1) Given a lift of X to Bo(K), the O*-gerbe Px has a natural reduction to a piye-gerbe.

Conversely, any such reduction determines a lift of X to Ba(K).
(2) Given a lift of X to Bo(K), there is a natural equivalence

Perf(Xproéta @)mlp = DX—PeTf(T*X{_l})nilpa
where the LHS is the full subcategory Perf(Xpmét,@) spanned by perfect complexes with
nilpotent canonical Higgs field, while the RHS is the category of perfect complexres on X
with a nilpotent Higgs structure.

Proof. For (1), we work on the site Rigs/r)ré. Recall from Remark 12.4.7 that the O*-gerbe Px has

a natural reduction of structure group to @*%, and hence to 1 + mO™, i.e., the classifying map for
Px admits a natural factorization

+
Lyx{-1}-2 Zh 1+ mot c 07,

where [P*] can be regaded as the classifying map for the canonical (1 + mO™)-reduction of P.
Consider the short exact sequence

0= e — 1+mOT 2% 0 0

of sheaves on Rigjn)}. By construction of the Simpson gerbe, the compositon

Ly/g{-1}[-2] = 1 + mO* <% 0

is the obstruction for lifting X to B2 (K). Thus, the groupoid of trivializations of the composition
is equivalent to both the groupoid of lifts of X and (by the logarithm exact sequence above) to the
groupoid of pyee-reductions of the (1 + mO™)-gerbe PT; this gives (1).

For (2), thanks to the equivalence in Theorem 12.4.11, it suffices to show that Py admits a
compatible system of splittings on any infinitesimal neighbourhood of the 0-section in T*X{—1}.
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For the 0-section itself, this is true by construction; the rest follows from part (1) by the topological
invariance of the étale site as pip~ is an étale group scheme over X. g

Remark 12.5.6 (A quantitative improvement). Assume that X comes equipped with a smooth
formal model X equipped with a lift to A;,¢(Ok )/ ker(#)?. In this case, the formal scheme Simpson
gerbe f*?{{—l} — B2G,, can be shown to trivialize on T*X{—1}f. Passing to generic fibres
shows that Px — T*X{—1} trivializes on T*X {—1}<‘p Py Using this trivialization, one obtains

a untwisted p-adic Simpson correspondence for “small” objects, analogously to Corollary 12.5.5.

We end by recovering Heuer’s recent theorem [Heu25] (generalizing Faltings” work [Fal05] in the
curve case) from Theorem 12.4.11. More precisely, we shall prove the following:

Theorem 12.5.7 (Faltings, Heuer). Assume K = K is algebraically closed, and X/K is proper.
Choose the following:

(1) A lift of X to Ba(K).

(2) A continuous section exp: K — 1+ m oflog: 14+ m — K.
These choices determine a compatible system of trivializations of (Px)|z for any proper analytic
subspace Z C T*X{—1}. In particular, we obtain an equivalence

Perf(XprOét, O) ~ Dx_perf(T*X{—l}). (21)
Warning 12.5.8. The equivalence in Theorem 12.4.11 was compatible with the natural notion of
pullback on either side. On the other hand, equivalence (21) is not compatible with the natural
notion of pullback on either side. Instead, given a map f : X — Y of smooth proper rigid spaces
as well as lifts of X and Y to Bs(K) separately, using the choice exp, one can define a twisted
pullback on the RHS that matches the natural pullback on the LHS (see [Fal05, page 858] or [Xu22,
Appendix A] for the curve case).

Remark 12.5.9 (What are the choices doing?). We briefly comment on the choices in Theo-
rem 12.5.7. Choice (1) is quite natural, e.g., in view of Corollary 12.5.5 (1). On the other hand,
choice (2) seems more arcane®”. In [Fal05, Heu25], the role of exp is to construct certain line bun-
dles by exponentiating elements in the Lie algebra of the relevant Picard varieties, so this relies
substantially on (non-trivial) representability results for certain Picard groups. In our proof of
Theorem 12.5.7, representability results play no role. Instead, we use exp and the primitive com-
parison theorem (Remark 7.3.9) to directly construct certain pro-étale line bundles. Perhaps more
seriously, we also use exp to lift (a piece of) the degeneration of the Hodge-to-de Rham spectral
sequence for singular varieties to more structured statement (Proposition 12.5.10).

In the proof of Theorem 12.5.7, to handle singular spectral varieties Z C T*X(—1), it will be
convenient to use the Deligne du Bois complex, i.e., the h-sheafification of the sheaf of differential
forms (see [Guo23, Guo2l] for more these notions in the context of rigid geometry). Let h :
Shv(Rigk") — Shv(Rigg) be the obvious morphism of topoi, so Rh.h*(—) is the h-sheafification
functor. Write
for the h-sheafification of the sheaf of i-forms. It is basic fact, deduced from resolution of singular-
ities [Tem 18], that for any rigid space Z, the restriction Q% / |2, is a bounded coherent complex.

Moreover, there is a natural sheafification map Q° /K Qb /K This map enjoys the following
surjectivity property on global cohomology in degree 0:

67 fact, this choice cannot admit a completely natural explanation: there is no preferred way to extend such
a choice for K to a similar choice for an algebraically closed field extension C' of K. Relatedly, when K arises as
the completed algebraic closure of a discretely valued field, there is no Galois equivariant choice of exp. Indeed,
as Lemma 12.5.11 observes, choosing exp is equivalent to splitting the fundamental exact sequence of p-adic Hodge
theory, and it is well-known that the latter has no Galois equivariant splitting.
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Proposition 12.5.10 (A surjectivity result for du Bois cohomology). Let Z/K be a proper rigid
space.

(1) The natural map RT(Z,0) — RT'(Z,Q) is surjective on all cohomology groups.

(2) Assume K = K, and choose a continuous section exp : K — 14+ m oflog: 1+ m — K.
Then the map

TSIRI(Z,0) — rS'RI(Z, 0)

admits a natural (in Z and exp) section.

Part (1) is a rigid analog of a classical (and very useful) result in complex algebraic geometry, see
[Kov99, Remark 1.1.7]. Part (2) is what we really need in the proof of Theorem 12.5.7; we suspect
the truncation is not necessary but have not attempted to remove it.

Proof. The proof shall use RT'4qr(Z), the derived de Rham cohomology of Z/K; see [Guo21] for
more, and [Bhal2a] for the complex algebraic analogs of the results used below. There is a natural
filtration on RI'qr(Z/K), the derived Hodge filtration F}; RI'qr(Z) whose associated graded is the
derived Hodge cohomology @; RT'(Z, A'Lz,k[—i]). Moreover, RTqr(—/K) is also an h-sheaf, so h-
sheafifciation yields another filtration, the du Bois Hodge filtration Fy, 5 RI'qr(Z) whose associated
graded is the du Bois Hodge cohomology @&; RI'(Z, 7"Z / x|—1]). By construction, the identity map re-
fines to a filtered map Fj; RT'qr(Z) = F},5RT'qr(Z). In particular, we have a natural commutative
diagram

RU4g(Z) —— RU4r(Z)/F}, —— RU4r(Z)/F}; = RT(Z,02)
o J
RU4r(Z)/F3 5 —— RU4r(2)/F}5 = RT(Z,0).

To prove (1), it suffices to show that e o b is surjective on all cohomology groups; this follows from

the degeneration of the du Bois Hodge-to-de Rham spectral sequence (see [Guo21, Theorem 7.3.5]).

To prove (2), it suffices to show that 7=!(docoa) = 751(eob) admits a natural section. But 7516

is an isomorphism as F' 12) sRT4r(2) € D22, so it is enough to show 7='e admits a natura section.
Now e sits in a fibre sequence

grppRUar(Z) = RT(Z, QY )[-1] = RTar(Z)/Fpp = RI(Z,0),
whose boundary map is induced by the h-sheafified de Rham differential
d™ : RT(Z,0) — RI(Z,9Q%y ).

It is then enough to show that 7=!(d9?) is canonically trivialized: the natural map cone(r='e) —

TSIRI(Z, le / ) is a derived monomorphism in D=!. For this, we shall switch to étale cohomology

with coefficients in K and By(K). By the primitive comparison theorem, there is a natural “con-
jugate” filtration FiRT'(Zproet, K) with gr, RI'(Zprost, K) = @;RI(Z, Q7,1 (—i)). As the conjugate

filtration is defined by the Postnikov filtration on RV*@, the short exact sequence
0— K(1) = By(K) - K —0
induces a fibre sequence
RT(Zproet, K (1)) = R (Zprost, B2(K)) = RI'(Zprost, K)
whose boundary map refines to a filtered map

0 1 Fu R (Zprott, ) = Fuqp1 RT (Zpross, K (1))[1].
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In particular, in low degrees, this compatibility yields a commutative diagram

RIZ,0) = FoRI(Zprost, K) = RT(Zproet, K) R (Zproe, K (1))[1]

| iﬁ

RU(Z,9y)x) = g1 RT(Zprost, K (1)) BRI (Zproat K (1)) / Fo[1,

where «, 3,7 are the canonical maps, while f and g are induced by §. A standard calculation
identifies g with d9®. By Proposition 12.5.11, the map f is canonically trivialized by our choice
of exp. To deduce the desired trivialization of rSH(dR), it is thus enough to show that 75y is a
derived monomorphism; this follows as cone(y) = RI'(Zprost, K(1))/Fi[1] lies in D=1, O

The following consequence of the choice of a p-adic exponential was used above and seems
independently interesting:

Proposition 12.5.11. Assume K = K, and choose a continuous section exp : K — 1+ m of
log:14+m — K. Then the short exact sequence

0— K(1) = By(K) = K—0
admits an additive®™ splitting determined functorially by exp.

Proof. The proof relies on the following commutative diagram

K(1) By(K)
]
Qp(1) — (Bc*rys )7 ——=K

|

1+mOK—>K

Here all rows are exact sequences, the first row is the sequence in the lemma, the second row is the
fundamental exact sequence of p-adic Hodge theory and the third row is the logarithm sequence.
The map from the second row to the first row is the obvious one, while the map from the second
row to the third row comes by identifying the former with RHomgz(Z[1/p], —) applied to the third
row, using crucially the identification

(BE. )PP ~ 1+ m’ O ~ RHomg(Z[1/p], 1 + mOx),

crys

where the first isomorphism comes from Dieudonne theory for G,,, while the second is immediate
from the standard identification (’)3( = limg,.,» Ok. As the third sequence is split by choice of exp,
all three sequences are (compatibly) split, as wanted. O

We can now prove the Faltings—Heuer theorem:

Proof of Theorem 12.5.7. Write Pt for the 1 + mO™-gerbe giving rise to Py by pushout along
1+ mO*T — O*. Recall that we have a SES

0= fipee = 1+mOT 25 0 0 (22)

68The map Bz(K) — K does not admit a continuous splitting as a map of rings: if such a splitting existed, the
derivation d : Lo, jz — Ox{1}[1] classifying the corresponding integral square-zero extension A2(Ox) — Ok would
have finite order, which violates the fact that d is in fact an isomorphism on p-completion.
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of étale sheaves on Rigy. Applying h-sheafification (i.e., Rh,h*(—) where h : Shv(Rig"™) —
Shv(Rig) was the obvious map) to the preceding sequence, and using h-descent for fip, we obtain
an exact triangle

fipe — 1+ mOT 25 0

of sheaves of complexes on Rigy. These constructions fit into a commutative diagram

O[-1] —=0/0[-1] == 0/0[-1] (23)

ok

fpe — =14+ mOT —5 0
C
0

1

where the bottom two rows and the two rightmost columns are exact, and the top left square is a
pullback. The gerbe P* is classified by a map

[P*]:Z[-2] = 1+mO*
to the middle term of diagram (23). Using our choices, we shall construct a natural lift of [PT]

along o a, i.e., to a map [PT]: Z[—2] — O[—1]. Since Proposition 12.5.10 (2) ensures that the
map

7<°RHom(Z[~2], O[-1]) 22= +<0RHom(Z[-2], ©0/O[-1])

is canonically trivial, the desired triviality of [P*] follows.

To construct the lift [P*], as the top left square in (23) is a fibre square, it suffices to construct
trivializations of [P*] : Z[-2] — 1 + mO™" after postcomposition with both log : 1 + mO*t — O
and § : 1 + mO*T — 1+ mO™" separately. In fact, logo[P'] is exactly the obstruction to lifting X
to Bir/(t?), so its trivialization is immediate from the choice (1). It remains to trivialize & o [P*].

To trivialize § o [PT], observe that we have the following map of fibre sequences on Rig®™:

1+mOt ——= Ry, (1 +mOT) —= 721Ru, (1 + mOY)

llog llog \Llog,:

O Rv,O 21 Ry, O.

Pushing forward along h and applying RI'(Z, —), for any rigid space Z, then gives a diagram

RU(Z,1+mOT) — RT(Zprost, 1 + mO+) —— RI(Z, Rh.72' R, (1 + mOt)) (24)

i 1Og\ét l 1ngroét \L E,’:

RI(Z,0) RT(Zyoet, O) RT(Z, Rh,m>'Rv,0)

with exact rows. Now specialize to the case where i : Z — T*X{—1} is a proper analytic
subspace with projection f : Z — X. In this case, the inclusion ¢ can be seen an element of
w; € H(Z, f*Qk/K{—l}). This gives rise to a map

w; : Z =5 RU(Z, f* i {—1}) = RT(Z,Q'{-1}) = RI'(Z, Rh.7>'Ru,0)[1],

where the second map is the obvious one from functoriality, and the third map comes from applying
Rh, to the identification H'(Rv,O) ~ Q'{—1} on Rig"™. The composition

W, o~ —1 ~
Z 2 RU(Z, Rhor2' Ru,O)[1] '~ RT(Z, Rhor2'Ru (1 + mOT)[1] 2 RU(Z,1 + mO™)[2),
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where v is the boundary map for the first row of (24), can be identified, thanks to Remark 12.4.10,
with 6 o [PT]. Tt therefore suffices to show the following:

(1) The map log,,,¢ in (24) has a natural section.
(2) The exact triangle in the second row of (24) is naturally split after pullback along w;.

For (1), observe that the primitive comparison theorem identifies the maps

~ 1 ~ 1
RF(Zproéta 1+ m0+) E) RP(Zproém O) and RP(Zproém 1+ mOK) E} RP(Zproé‘m K)

The choice of exp then yields the section desired in (1).
For (2), observe that there is a natural map of fibre sequences

RI(X, f,0;) — RI(X, f.0; ®0, Rv.0) —= RT(X, .0z ®0, 72 R, 0)

| |

RT(Zprost; O) RT(Z, Rhy>'R1,0).

RI(Z,0)

As w; naturally lifts along the right vertical map, it suffices to show that the fibre sequence in the
first row above is naturally split. But this row is obtained by applying RT'(X, f.Oz ®o, —) to the
exact triangle

OX — RV*@\ — TleV*(/’)\
restricted to the small étale site X¢; of X; the latter sequence is split by the choice of By (K)-lift of
X, so we obtain (2). O
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