Math 214 — Final Exam

Blue Version Answers

BY MICHAEL CAP KHOURY

Problem 1.
a) cha(\)=(1-N2-NB-N4-2N)

b) 1,2,3,4

o o

c) Each eigenspace is evidently one-dimensional. The 1-eigenspace is spanned by ( ) The
0

1 1
2-eigenspace is spanned by ( ) The 3-eigenspace is spanned by ( ) The 4-eigenspace

1 0
0 1
2 0 0
is spanned by ; .
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Problem 2.
) 1/v3 1/vV2
a) Gram-Schmidt. 1/V3 || —1/v2
1/V3 0

1/V3 12 5/6 —1/6 1/3
b) | 1/v3 —1/v2 ( V313 1)V )( —1/6 5/6 1/3 )
(1/\/5 0 V2 —1/v2 o /3 1/3 1/3

Problem 3.

Problem 4.
a) First cha(A\)=—A3+3X+2= —(A+1)(A+1)(A+2), so the eigenvalues are —1,—1,2.

1 1 1
The ( — 1)-eigenspace is spanned by ( 0 ), ( -1 > The 2-eigenspace is spanned by ( 1 >
-1 0 1

Unfortunately neither of these basis is orthonormal, but Gram-Schmidt (on each space

1/V2 1/V6 1/V3
individually) gives us an orthonormal eigenbasis 0 | —2/v6 || 1/v3 |-
-1/v2 1/V6 1/V3

1/vV2  1/vV6 1/V3 T -1 0 0
Take S = o —2/v6 1/v3 |;STAS=( 0o -10 |
—1/vV2 1/vV6 1/V3 0o 0 2

b) @Q(1,1,0)=2>0; Q(1,—1,0) = — 2. This matrix is indefinite.



Problem 5.

First we diagonalize. The eigenvalues are 8 and -1, with eigenvectors ( -1 ) and ( _12 ), respec-
: —10 —18\_( -1 —2\/8 0 -1 —2\-1
tively. Thus( o 17 )7( - )(0_1)< L ) .

_(—-1-2\/2 o0 -1 —2\-1_/( -4 -6
WecantakeA—<1 1)(()71)(1 1) _(3 5),
(It turns out that in this case the answer we gave is the only one possible, provided we are con-
fined to matrices of real numbers.)

Problem 6.
a) T(az* + ba® + ca? + dx + e) = dax* + 3baz® + 2c2? + dx. In the usual coordinates, the
40000
. . . O 3 O O 0 . . .
matrix representation is | 0 0 2 0 o |. Fortuitously, the usual basis {x4,x3,x2,x, 1} is an
00010
00000

—_—

eigenbasis, with attached eigenvalues 4, 3,2, 1,0, respectively.

b) The determinant is the product of the eigenvalues, 4-3-2-1-0=0.

Problem 7.
a) V22 +32+52=1/38.

0 0
b) ker T = span (8),(2) ;kerT:span{l,—2x2+x}
1

. -3 0
c) istpan{( -6 ),(0 >} ; im T = span{z? 4 2z,1}
0 1

d) The rank is 2.

e) The nullity is 2.

Problem 9.

a) SA—»BZ(f 3)



b) SB_’A:( T f)2)

-2 5 1 2 2 5\_(—-13 —28
C)<1 72><071)(12)_( 6 13)
d) If Bob were using orthonormal coordinates, then we would have ||7] = v20 > 1 = ||@ ||,
which goes against the given information.

It must be that Alice is using orthonormal coordinates, so that the cosine of the angle is

7w -4 2\/5.

Izl-n@l— 2vs 5

True or False?
a) True
b) True
c) False
d) False
e) False
f) True
g) False
h) False
i) True

j) True



