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Plan

Statement

Meaning

History

Progress
New directions, notions, connections, techniques
Structure
Methodology

We know a lot!
But don't know much more....



Statement

Task: Decide if a given map is 3-colorable

Thm[Cook, Karp, Levin '71-73]

P=NP iff Task has an efficient algorithm
for every map!

Efficient: poly(n)-time (n = |input|) (P)
Task has a brute-force exp(n)-time algorithm

Verifying a 3-coloring takes linear time (NP)

Understanding a single problem is enough (iff)
- 2-coloring and 4-coloring have efficient algorithms



Meaning
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What is in NP?

Mathematician: Given a statement, a proof
Scientist: Given data on some phenomena,
a theory explaining it.
Engineer: Given constraints (size, weight, energy)
a design (bridge, medicine, phone)
In many intellectual challenges, that

we found a good solution is an easy task !
(if not, we probably wouldn't start looking)

P=NP = fast, automatic Utopial




History



Math & algorithms

2 millennia: Euclid's algorithm, Gaussian elimination,...

Hilbert's dream: Truth = Provability = Computability

[Godel '31] Incompleteness Thm (= is wrong)

[Turing '36] Undecidability Thm (= is wrong) Def of algorithm!
Undecidable: Reductions

[Novikov, Boone, Britton '55] Word problem in groups
[Matiyasevich '70] Diophantine equations (Hilbert's 10th)
Decidable: Algorithms

[Tarsky 'B1] 1s*-order theory of the Reals (quant. Elimination)
[Haken '61] Knot un-knottedness (normal surfaces)

Very slow! Efficient algorithms? Complexity theory born!
[Cobham, Edmonds, Rabin '60s]: P [Godel '56]
[Cook, Karp, Levin, '70s]: NP & NP-completeness

Prescient definitions = structure



Inside NP
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Reductions & NP-completeness
Partial order on all problems: A <B iff
solving B efficiently implies the same for A
An NP problem B is complete if for

every NP problem A we have A <B

NP-complete problems:

If one is easy, then all are!

If one is hard, then all arel

Map 3-coloring: NP-complete
Theorem proving: NP-complete
Integer factoring: we don’ t know



Can the Riemann Hypothesis
be proved via 3-coloring?

Thm: There is an efficient algorithm A:

“Claim” + # A

“Proof length” — Map M

“Claim” true «=————» M 3-colorable

“Formal proof ’———  3-coloring of M

A is the Cook-Karp-Levin reduction



Ubiquity of NP-completeness

Thousands of NP-complete problems known in
Math, Biology, Physics, Economics,....
Unique scientific phenomenon

Computation: every evolution by a
sequence of simple, local steps, of:

bits in computer
network

dish
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P¥ciences € TheRRYioHs ciﬂmpﬁ"m?'oﬂrofeins in a cell



Average-case complexity
(are NPC problems hard?)



NPC problems easy for nature

NP-complete problems that “nature solves”

Biology: Minimum energy  Physics: Minimum
Protein Folding

Economics: Nash Equilibrium in strategic games



NPC problems easy "in practice”

Protein folding: AlphaFold predicts the 3-
dimensional structure of proteins (Nobel prize)

SAT solvers: GRASP, SHAFF,... routinely solve
instances with millions of variables & clauses
(coming of numerous applications)

Linear Programming: SIMPLEX typically runs in
linear time, but is worst-case exponential.

Average-case complexity. Heuristics (eg deep nets).
Challenge: What are "natural” input distributions?
Rest of the talk: Worst-case inputs



Possible resolutions

P=NP
Utopia (almost...no crypto possible)
Finding efficient algorithms: Theory of algorithms

P=NP

Lower bounds - hardness results
Utilizing hardness
Structure: Computational Complexity theory

P vs. NP is independent (eg of PA/ZFC)

Weak independence (from fragments of arithmeftic)
Proof complexity, NP vs. coNP.



o

| 8 : , I"*eg‘? ' Pattern

nl‘ x4 .l, e Facormg Sh;cr:ﬁst | Matching
coloring Provmg FFT B Correction
| & . ! ‘ M Multiplication §

3 - ' ' é N - » :




Dichotomies: on the “"dark
matter”’ between P & NP



Constraint Satisfaction Problems (CSPs)

3-coloring: x; € {R,G,B}
X1 # X

X| # X3
X{ # Xg4
X, # X3

X3 7 Xg !




The dichotomy theorem
CSP (k,R): x; € D (finite domain), relation R € Dk

Captures numerous
(X1.X2,%7) €R natural problems
(X3,X5,X,) ER
(X7,X3,X4) ER

3-LIN, 2-SAT,6 2-COL €P
3-SAT, 3-COL € NP-complete

Conj: [Feder-Vardi'98] Every CSP is in P or NP-complete
Thm: [..,Bulatov,.., Maroty-McKensey'08, ..., Zhuk'20] Truell
Exact, simple characterization of easy & hard relations R.
Algorithms, complexity, model theory, universal algebras
One algorithm!! Gaussian elimination



The PCP thm: optimization dichotomy

CSP(k,R): x. € D (finite domain), R < Dk

(X1,X5,%X7) ER  Decision: Are all constraints satisfiable?
(X3.X5,X,) ER  Optimization: Maximize % of sat. constraints
(x7.X3Xq) € R

[Arora-Lund-Motwani-Safra-Sudan-Szegedy'92]
PCP Thm: Approximating satisfied % € NPC

Easy: Satisfy g of 3-SAT eP
[Hastad'O1] Satisfy g +c of 3-SAT € NPC

Unique Games Conjecture
[Khot'00] UGC: Distinguish % +e vs.1—¢ of 2-LIN € NPC

[Raghavendra’0O8] UGC =» For every R there exists ¢, s.t.
() Satisfy cy of R €P (**) Satisfy cy + ¢ of R € NPC
One algorithm!l Sum-of-Squares (Hilbert's 17t problem)



The power of randomness



Randomness is powerful

Enhance algorithms with coin flips (and allow tiny error)

Numerous problems with: - Fast probabilistic algorithms
- Best known deterministic algorithms require exponential time

Number theory: Finding large primes

Algebra: Factoring multivariate polynomials over finite fields
Geometry: Approx the volume of high dim convex

Analysis: Computing large Fourier coeffs of multivariate fns

Or is it??
[Blum-Micali'91, Yao'82, Nisan-W'94, Impagliazzo-W'97,...]

"P#NP” =» Randomness is weak! Every efficient probabilistic
algorithm can be made deterministic!l

Theory of pseudorandomness, "Hardness vs. Randomness”



Beyond NP-
New proof systems



Essentials of proof systems

Completeness: True claims have proofs
Soundness: False claims don't

Easy to check: Distinguishing convincing and faulty
arguments by an efficient Verifier algorithm

Time=poly(|claim|)



IP = (Probabilistic) Interactive Proofs
[Babai'85, Goldwasser-Micali-Rackoff'85]

claim
/ \
Prover Verifier (deterministic)
PETN argument  Lem 8 ACC/RET
NP e g 8\ correctly
always
Verifier (probabilistic)
ACC/REJ
IP correctly
WHP
Reasonable

A revolutionary scientific notion!



2IP: 2-Prover Interactive Proofs (&

MIP)
WnOr-GoldwaaﬁrmKilian-Wigder'son '89]

Reasonabkel/ l\

—
Prover, 4— Ver'ufuer' Prover,

q- P.
— —_—
a | b.

_r>Cor'recﬂy ¢
ACC/REJ WHP

IP* - a quantum version of IP
2IP* - a quantum version of 2IP



Computational characterizations

[Cook,Karp,Levin'72] NP
[Arora-Lund-Motwani-Safra-Sudan-Szegedy'92] NP = PCP

[Babai, Goldwasser-Micali-Rackoff'85] IP
[Lund-Fortnow-Karloff-Nisan, Shamir '90] TP = PSPACE
[BenOr-Goldwasser-Kilian-Wigderson '89]. 2IP
[Babai-Fortnow-Lund '91] 2IP = NEXP
[Watrous'99] IP*
[Jain-Ji-Updahyay-Watrous'09] IP*= PSPACE
[Cleve-Hoyer-Toner-Watrous'04] 2IP*

[Ji-Natarajan-Vidick-Wright-Yuen'20] 2IP* = RE



PCP: Probabilistically Checkable Proofs
Not interactivel

claim
—
Prover Verifier (deterministic)
Wl argument bRl ACC/RET
NP 4 . I — 3\ correctly
always
||[ALMSS'92] claim
/ T—~—
Verifier (probabilistic)
argument fe="8 ACC/REJ
PCP

A Cor'r'ecﬂi WHP



Computational characterizations

[Arora-Lund-Motwani-Safra-Sudan-Szegedy'92] NP = PCP

- Verification of math proofs in constant time
- NP-hardness of approximation problems
- Applications: error correction, blockchains, ...

[Ji-Natarajan-Vidick-Wright-Yuen'20] 2IP* = RE

Resolving central math and physics conjectures

- Von Neumann algebras: the Connes embedding conjecture
- Quantum information theory: the Tsirelson problem

- Group theory: the Kirchberg QWEP conjecture

New technique, resolving more...



Lower bounds & barriers



Turing

Lower boundSrlgh MOover _ finite state MaChine

_ \'5. | mamin} read/write hea

[Turing'36] Halting is not computable! - ° 1t 0 1 1:1.0.
A4

infinite tape finite alphabet

Technique: Efficient simulation and legOHGhZGTIOH

More resources - more power
[Hartmanis-Stearns' 64] TIME(t) ¢ TIME(+2)

[Paul-Pippenger-Szemerédi-Trotter'1983]
DTIME(n)SNTIME(n) [Linear-time version of P & NP]

Why not P € NP ?
[Baker-Gill-Solovay'75]
- If technique proves C < D, it proves C° < D° V “oracles” O
- Joracles A, B: PA= NPA -
o8 . NP8 Barrier



Circuit complexity

\ ,, =
0:1:0 1 1:1:0
f/:}\/ i X; X, X,
f. {0,1}* - {0,1} f.. {0,1}» - {0,1}

Fact: If aTM computes f in time t(n), then
vn a circuit computes f, of size = 1(n)

Thm: Almost all f, require size exp(n)

Challenge: Exhibit f s.t. f, requires size > poly(n)
We don't know f s.t. f, requiring size > 5n



Restricted circuit lower bounds

Monotone circuits (no negation gates)
[Razborov'85, Alon-Boppana'87]
Clique requires size exp(n1/4)

Constant depth Boolean circuits (AC°)
[Furst-Saxe-Sipser'83, Ajtai'83, Yao'85, Hastad'86]
Parity requires size exp(n¢)

Constant depth Boolean circuits with Mod p gates (AC°[p])
[Razborov'86, Smolensky'87]
Majority, Mod-q require size exp(n¢)

Constant depth Boolean circuits with Mod 6 gates (ACC)
?? As far as we know NP € ACC



The “"Natural Proof” barrier

Techniques: Approximation method, Random restrictions

[Razborov-Rudich'94] Natural proofs:

Most existing lower bounds techniques enjoy 2 features:

- Largeness: They apply to a set H of > ¢ of all functions f,
- Constructiveness: The set His in P

[Razborov-Rudich'94] If one-way functions exist, natural
proofs cannot prove superpolynomial circuit lower bounds!
In particular, no natural hardness proofs for factoringl!

Barriers:

- Introspection

- Bypassing these barriers

- Weak independence results



Lower bounds from algorithms

[Wllllams 10]
"quasi-NP" £ ACC (Constant depth circuits with Mod 6 gates)

C-SAT: Given a circuit from a class C on n bits, decide if some
input satisfies it.

Brute force: Time 2" algorithm

[Williams'10]

(1) Time 2"/nk algorithm for C-SAT = ckt lower bounds for C
(2) ACC-SAT has a 2"/nk algorithm

Proving (1) for P-SAT would imply "quasi-NP" £ P

Can NP-complete avoid exponential brute-force search?



Lower bounds from algorithms
for Polynomial Identity Testing (PIT)

Symbolic matrix M (0,1,X,..,X,) 0 X1

0]
PIT: Is det(M) = O identically ? %s
X X
n Xn X
[Lovasz '75]: PIT € RP! . Ly
Open: PIT € P? "
[Kabanets-Impagliazzo'03]: n

PIT € P implies exponential circuit lower bounds

Connections
Algebraic complexity theory (VP vs VNP, Det vs Per)
Invariant theory, Algebraic geometry,...



Conclusions
The study of P vs NP has led us to develop

- Theory of computation (algorithms, complexity)
for numerous computational settings, resources

- Methodology of modeling and uncovering
structure between computational problems

- Connections with Math & the sciences
Exciting & fun playground to live in

Still, cannot prove hardness for any problem
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NP as proof systems



Deductive proof systems |Nimerous

e.g. Peano Arithmetic others
Objects: Formulas/expressions over integers (A,B,..)

Axioms: E.g.

- X+y = y+x

- x+1> X

- (x+y)z = xz+yz

- Induction Principle

Deduction rules: E.g. if A, A>B true, then B is true.

Argument (for claim C): Ay, A,,..., A, = C
Verification: Check that each A, is an axiom, or follows
from previous ones by a deduction rule. ACCEPT/REJECT

Theorems:
- There are infinitely many primes
- Fermat's last theorem: no solution to x"+y"=z" n>2



3-coloring as a proof
system

Claim: This map is {R,G,B}-colorable /A\

1

Argument: /A\
G

Verification: Check colors € {R,G,B} and that
adjacent colors differ. ACCEPT/REJECT

Efficient: simple pattern matching
Theorems = {all 3-colorable maps}



Proof SYS‘I'eIT\ [Cook-Reckhow '79]

An efficient Verifier V(claim, argument) satisfies:

Completeness: If claim is true then, for some argument
V(claim, argument) = ACCEPT
(in which case claim=theorem, argument=proof)

Soundness: If claim is false then, for every argument
V(claim, argument) = REJECT

Ty : the set of theorems in this system.

[CR'79] NP = {T, : V deterministic}

= { {Solvable Sudoku puzzles}, {Composite
numbers}, ...}

5 P = [T : V determinicticr innarec



Commumca‘non Complexity [Karchmer- W]

H
—eee
1
——
—
Alice 3-colorable map Non 3-colorable map

BRlice and Bob communicate to solve:
Task: Find (i,j) adjacent in exactly one of H or G
Task™: Find (i,j) which is adjacent in H but not 6

Fact: comm(Task) < O(n) bits
Challenge:  Prove: comm(Task) =+ O(polylog n) bits
Thm[KW]: Will imply "P = NP”

Thm[Raz-W]: comm(Task*) > Q(n) bits



Arithmetic complexity [Valiant]
f

Arithmetic
circuits (over F)

Conj: VP = VNP
N tGRH
i X XI C 1)

Permanent & Determinant

~ Easy! Det, (X) = 2ocsn5gN(0) [icpn;
'Hard?

D... /\7\ = \ T1 \/



Arithmetic complexi‘ry [Valiant]

Affine map L: M (F) > M, (F) is good if Per, = Det,° L
dc(n): the smallest k for which there is a good map

{4

Thm[Polya]: de(2) =2 Pe[g g]
Thm[Polya]: dc(3) >3

Thm[Valiant]: dc(n) < exp(n)
Thm[Mignon-Ressayre]:  dc(n) > n?
Challenge: Prove dc(n) = poly(n)

Thm[V]: Implies VP = VNP
Using alg geom, rep th, invariant th,.. many

O o DR N o % 0 B om A S W N



Protein Engineering vol. 7 no. 9 pp. 1059-1068, 1994

The protein threading problem with sequence amino
acid interaction preferences igNP-complete

Richard H. Lathrop

Economic Theory vol. 23, no. 2, pp. 445-454, 2004

Finding a Nash equilibrium in spatial games isj NP-complete

R. Baron, J. Durieu, H. Haller and P. Solal

[math.GR] arXiv:0802.3839v1
Quadratic equations over free groups are NP-complete
O. Kharlampovich, I.G. Lysenok, A G Myasnikov, N. Touikan

NP-completeness: sign of structural “nastiness”.
Potential guide to better models and theories


http://arxiv.org/abs/0802.3839v1
http://arxiv.org/find/math/1/au:+Kharlampovich_O/0/1/0/all/0/1
http://arxiv.org/find/math/1/au:+Lysenok_I/0/1/0/all/0/1
http://arxiv.org/find/math/1/au:+Myasnikov_A/0/1/0/all/0/1
http://arxiv.org/find/math/1/au:+Touikan_N/0/1/0/all/0/1

Verification vs. Computation

R = {Sets computable by finite algorithms}
RE = {Sets verifiable by finite algorithms}
[Turing'36]: R # RE

[can verify sets that we cannot compute]

P = {Sets computable by efficient algorithms}
NP = {Sets verifiable by efficient algorithms}
Open: P #= NP?
[can we efficiently compute everything

that we can efficiently verify?]
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