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Abstract— Classical results from the 1970’s state that w.h.p. a
random subspace of N -dimensional Euclidean space of proportional (linear in N ) dimension is “well-spread” in the sense that
vectors in the subspace have their `2 mass smoothly spread over
a linear number of coordinates. Such well-spread subspaces are
intimately connected to low distortion embeddings, compressed
sensing matrices, and error-correction over reals.
We describe a construction inspired by expander/Tanner
codes that can be used to produce well-spread subspaces
of Ω(N ) dimension using sub-linear randomness (or in subexponential time). These results were presented in our paper [10]. We also discuss the connection of our subspaces to
compressed sensing, and describe a near-linear time iterative
recovery algorithm for compressible signals.

I. I NTRODUCTION
The topic broadly referred to as “compressed sensing” has
been intensively studied in recent years.1 In one formulation
of compressed sensing, the goal is to approximately recover
a high-dimensional vector x ∈ RN based on its lowdimensional sketch Ax ∈ Rm (for m  N ), where A is
an m × N “sensing” matrix. (The vector Ax is a linear
compression of the real signal x.) While such recovery is
in general impossible to achieve (since Ax = y is an
undetermined linear system with many solutions), it becomes
possible when the signal x is sufficiently sparse (or close to
sparse). Specifically, it is known that when A is drawn at
random from certain ensembles (eg. with i.i.d Gaussians or
random ±1 entries), given z = Ax, the solution x# to the
`1 -minimization problem:
Minimize kx0 k1 subject to Ax0 = z ,

(1)

is close to the best k-sparse approximation for the signal x
for k . m/ log(N/m). Formally, one has the error guarantee
 1 
kx − x# k2 6 O √
min
kx − yk1 . (2)
k y∈RN ,kyk0 6k
(Here kyk0 refers to the number of nonzero coordinates in
y.) Note that the above is equivalent to
 1 
kx − x# k2 6 O √ kx − σk (x)k1 ,
k
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where σk (x) is the vector with the k largest entries of x in
absolute value, and the rest of the entries equal to 0.
(1) is a convex optimization problem (it is in fact a linear
program) and can be solved in polynomial time, so we
also get a polynomial time signal recovery algorithm. The
approximation guarantee (2) is a “mixed” `2 -`1 guarantee.
The `1 minimization algorithm also achieves an `1 -`1 error
guarantee
kx − x# k1 6 O(1) · kx − σk (x)k1 .

(3)

The `1 -`1 guarantee is in general weaker than the `2 -`1
approximation (2). We can only show the `1 -`1 guarantee
for the signal recovery algorithm we give in this paper.
A natural goal in the context of compressed sensing is
to find properties on the sensing matrix A that suffice for
approximately recovering sparse signals, say with guarantees
of the form (2), in polynomial time. Candes, Romberg,
and Tao [6], [5] established that a criterion for matrices
called “Restricted Isometry Property” (RIP) implies that `1 minimization on the sketch Ax outputs a signal x# satisfying
(2). The RIP property in turn is closely related to, and in fact
implied by, the classic Johnson-Lindenstrauss dimensionality
reduction property [3].
The RIP property, however, seems stronger than what is
needed for the compressed sensing property (2). A different
route to obtain good compressed sensing matrices is via classical results in high-dimensional geometry on near Euclidean
sections of the `1 ball [7], [12], [8]. These results state that if
A is a random m×N matrix, say with i.i.dqGaussian entries,
N
N
log m
, where
then the subspace ker(A) has distortion . m
N
the distortion of a subspace X ⊆ R is defined to be
√
N kxk2
∆(X) = sup
.
kxk1
x∈X,x6=0
√
Note that for every X ⊆ RN , 1 6 ∆(X) 6 N . A small
value of ∆(X) means that every x ∈ X is “well-spread” in
the sense that its `2 -mass cannot be concentrated on a small
number of coordinates (see, eg. [9], for a precise quantitative
connection between distortion and `2 -spread properties).
In a beautiful paper, Kashin and Temlyakov [13] make this
connection precise — they prove that if ker(A) has distortion
∆, then A is a compressed sensing matrix for which `1 minimization (1) provides the approximation guarantee (2)
for sparsity parameter k ≈ q
N/∆2 . Plugging in the optimal
N
N
distortion bound of ∆ .
m log m one gets that k can
be as large as Ω(m/ log(N/m)) (matching the RIP based
bounds). The authors of [13] also show a weak converse
stating that approximate sparse signal recovery with the

strong `2 -`1 guarantee (which they call strong compressed
sensing property) implies that ker(A) has low distortion.
Based on the above discussion, there are various angles
to reason about matrices with good compressed sensing
guarantees. Yet, all these results on RIP matrices or low
distortion subspaces are probabilistic, and show that the
desired property holds with high probability when a matrix
is picked randomly from a suitable ensemble. Once such
a matrix is sampled, it is not known how to efficiently
verify if it has the desired restricted isometry, distortion, or
compressed sensing properties.
A natural and important question, therefore, is whether one
can explicitly (in deterministic polynomial time) construct a
matrix with good compressed sensing properties. An explicit
construction is desirable as it would provide a certified guarantee of the desired property, lead to a better understanding
of the underlying structure, and also potentially result in
more efficient algorithms (that exploit some feature of the
construction, such as sparsity). Such explicit constructions
are, however, quite challenging, and seem much harder to
come by.
In this work, we will address the explicit construction
question for the problem of constructing low distortion
subspaces of RN of proportional dimension Ω(N ). When
the dimension d of the subspace is Θ(N ), the results of
[12] state that a random subspace of dimension d, defined
by the kernel of a (N − d) × N matrix with i.i.d Gaussian
(or random ±1) entries, has distortion O(1). This gives a
construction of such subspaces using O(N 2 ) random bits.
This randomness requirement was reduced to O(N log N )
in [2] and later to O(N ) in [14]; due to an underlying union
bound over a large ε-net, these approaches are unlikely to
yield constructions with sub-linear randomness. We give a
derandomized construction of such subspaces with distortion
Oδ (1) using only N δ random bits, for any desired δ > 0.
δ
This implies a deterministic construction in 2O(N ) time.
Unfortunately, our distortion bound, though a constant for
every fixed δ > 0, is exponential in 1/δ.
We will also analyze a natural iterative signal recovery algorithm when matrix we construct is used for compressed sensing. The advantage of the algorithm over `1 minimization (1) is that it runs in near-linear time. Further,
we are able to prove a better bound on the sparsity up to
which the algorithm works (compared to via the connection
to distortion [13] mentioned previously). However, the algorithm only provides the `1 -`1 approximation guarantee (3),
and we do not know how to achieve an approximation bound
like (2). We remark that other recent combinatorial signal
recovery algorithms in the context of compressed sensing
such as expander/sparse matching pursuit [11], [4] also only
provide an `1 -`1 approximation guarantee. We now turn to
the formal statements of our results.
II. E UCLIDEAN SECTIONS OF `N
1 FROM EXPANDER CODES
Tanner [16] gave an approach to construct long codes C
from a short code C 0 , by imposing a collection of “local”
conditions that projections of codewords in C on certain

subsets of coordinates belong to C 0 . The structure of the
local conditions can be captured by a bipartite graph which is
referred to as the factor graph. Below we use the continuous
version of this approach to construct a large global subspace
X of RN by combining a “local” subspace L of Rd for
d  N with a d-regular graph. (This construction originally
appears in our paper [10].) Each vector x in X must
satisfy the local conditions that the projection of x on the
neighborhood of each vertex belongs to L. When instantiated
with the appropriate local subspace and graph, this allows us
to construct large subspaces of good distortion from a nearoptimal small (local) subspace. In the context of compressed
sensing, this allows us to improve the sparsity up to which
signals can be recovered as well as the efficiency of signal
recovery.
Definition 1: Given an undirected d-regular graph G =
(V, E) with N edges and a subspace L ⊆ Rd , we define the
subspace T (G, L) ⊆ RN by
T (G, L) = {x ∈ RN | xE(v) ∈ L for every v ∈ V } . (4)
where E(v) is the set of d edges incident on v in some fixed
order.
This is the Tanner construction when the factor graph is
the edge-vertex incidence graph of the d-regular graph G.
A similar construction of codes was given and analyzed by
Sipser and Spielman [15], and the above is the continuous
analog of this construction. The expander codes based approach to constructing subspaces was initiated in [9] where
it was used, along with several other ingredients, to construct
an explicit subspace of dimension N − o(N ) and distortion
≈ (log N )log log log N .
We will use the spectral definition of graph expansion, as
defined below.
Definition 2 (Expander): A simple, undirected graph G is
said to be an (n, d, λ)-expander if G has n vertices, is dregular, and the second largest eigenvalue of the adjacency
matrix of G in absolute value is at most λ.
The following theorem is proved in [10].
Theorem 1: Let G be an (n, d, λ)-expander for λ 6 d0.9 ,
and L ⊆ Rd be a subspace of dimension dim(L) > (1 − η)d
and distortion ∆(L) 6 c0 for some absolute constants c0 > 1
and 0 < η < 1/2. Then T (G, L) ⊆ RN (where N = nd/2)
satisfies dim(T (G, L)) > (1 − 2η)N and ∆(T (G, L)) 6
N O(1/ log d) (the constant in O(1/ log d) depends on c0 ).
By picking d = nδ/2 , choosing L to be the kernel of
an ηd × d matrix with random and independent ±1 entries,
and taking G to be a Ramanujan expander
of degree d (and
√
second largest eigenvalue λ = O( d)), one can conclude
the following:
Corollary 2: For every δ > 0, for infinitely many integers
N , there is a construction of a subspace X of RN with
dim(X) > N/2 and ∆(X) 6 2O(1/δ) that uses N δ
random bits. Such a subspace X can also be constructed
δ
in deterministic 2O(N ) time.

The deterministic construction part follows since one can
construct the required local subspace in Rd deterministically
2
in 2O(d ) time by going over all sign matrices and estimating
their distortion using a sufficiently dense net for the unit ball.
III. U SING OUR SUBSPACES FOR COMPRESSED SENSING
We now turn to the compressed sensing properties of the
above Tanner construction of subspaces, or more precisely
of the matrix, say A, whose kernel is T (G, L). We find
it slightly more convenient to present these results in the
terminology of error-correction over reals, where the goal
is to decode an input string in RN to a close-by vector in
T (G, L) (when a close enough such vector exists). Formally,
given y = c + e, where c ∈ T (G, L) and e is a sparse (or
nearly sparse) error vector, the goal is to recover an approximation to c. Compressed sensing corresponds to “syndrome
decoding” where one is given the syndrome Ay = Ae and
the goal is to recover (an approximation) to e. The sparsity
parameter in compressed sensing corresponds to the number
of errors (of arbitrary magnitude) that can be corrected.
Given the distortion bound of Theorem 1, the connection
of Euclidean sections to compressed sensing proved by
Kashin and Temlyakov [13] implies that given y = c + e ∈
RN where c ∈ T (G, L), using `1 -minimization one can find
c0 ∈ T (G, L) such that kc0 − ck2 6 O( √1t )ke − σt (e)k1 for
t = N 1−O(1/ log d) . Thus one can recover a good approximation of the “codeword” c provided the error vector has small
`1 -mass outside its ≈ N 1−O(1/ log d) largest coordinates.
This bound is rather weak, and for the parameters of
Corollary 2, the fraction of errors will be exp(−1/δ). We
now proceed to improve this bound on the number of errors
t of arbitrary magnitude that can be corrected. This will be
based on an iterative algorithm, based on a sequence of local
decoding steps. This is the continuous analog of the SipserSpielman-Zémor approach for decoding expander based binary Tanner codes [15], [18]. Xu and Hassibi [17] present
an iterative algorithm for recovering exactly sparse signals
for a subspace construction based on unbalanced bipartite
lossless expanders (this construction is the continuous analog
of Gallager’s LDPC codes).
The main subtlety in our algorithm (which works for all
signals, not just exactly t-sparse signals) is to control the
accumulation of error outside the t largest coordinates since
we are no longer in a discrete setting where we can assume
that all but the largest t coordinates equal 0. Our formal
result is the following. For some technical reasons, we will
use the construction T (G, L) for a bipartite d-regular graph
G. Such a graph can be constructed by taking the “double
cover” of a d-regular undirected graph H.2
Theorem 3 (Main): Consider the subspace T (G, L)
√ ⊂
Rnd where G is the double cover of (n, d, λ = O( d))expander and L ⊆ Rd is a subspace with dim(L) > (1 − η)d
and ∆(L) 6 c0 for some absolute constants η < 1/2 and
2 In the double cover operation, we take two copies – V = {u | u ∈
L
L
V (H)} and VR = {vR | v ∈ V (H)} – of the vertex set of H, and connect
uL to vR whenever (u, v) is an edge of H.

c0 > 1. Let N = nd. There is a constant β = β(c0 ) > 0 and
a deterministic signal recovery algorithm A running in time
O(N dO(1) logd N ) that provides the following guarantee:
Given as input a string y ∈ RN expressible as y = c + f for
some c ∈ T (G, L) and f ∈ RN , the algorithm A outputs a
c0 ∈ RN (but not necessarily in T (G, L)) satisfying
kc0 − ck1 6 2O(logd n) kf − σβN (f )k1 .

(5)

Picking d = nδ for a constant δ > 0 in the above leads to
an algorithm running in N 1+O(δ) ·O(1/δ) time with an `1 -`1
approximation guarantee (3) with a multiplicative constant
2O(1/δ) . The fraction of errors corrected, or equivalently
the sparsity parameter for compressed sensing, is a constant
fraction β of the signal length N . We note that β depends
only on the distortion c0 of the local subspace L, and
is independent of δ (unlike the `1 -minimization algorithm
where it was of the form 2−Ω(1/δ) ).
In the remainder of this section, we will describe the
algorithm A and prove Theorem 3.
Let L = {x ∈ Rd | M x = 0} be a subspace of Rd
defined as the kernel of a matrix M ∈ Rηd×d . By the
previous discussion on the connection between distortion
and compressed sensing [13], we can assume that L has the
following error-correction guarantee for
w = αd where α = Θ(1/c20 ) .

(6)

Given z = x + e for x ∈ L, the solution z to the
linear program:
Minimize kz 0 k1 subject to M z 0 = M z
satisfies
kz 0 − ek1 6 C · ke − σw (e)k1

(7)

for some absolute constant C > 1. In other words,
the “codeword” z − z 0 ∈ L is close to the correct
codeword x in `1 -sense, i.e., k(z−z 0 )−xk1 6 C ·ε,
provided the error vector e has `1 -mass at most ε
outside its w most significant coordinates.
We will now prove Theorem 3 for the choice
β = α2 /2 .
Set t = βN to denote the number of errors of arbitrary
magnitude that we wish to correct. We will use boldface
y to denote vectors in RN to distinguish them from local
vectors in Rd .
Given y ∈ RN , we think of the symbols of y as residing
on the edges of the bipartite graph G = (VL , VR , E) (we
identify the coordinates of RN with the N edges of G
in some canonical way). Suppose that for some codeword
c ∈ T (G, L), y = c + f with kf − σt (f )k1 6 γ. Our goal
is to decode y and recover a close approximation c0 to c,
satisfying kc0 − ck1 6 γ · 2O(logd n) . The vector c0 output by
our algorithm will, however, not be guaranteed to belong to
T (G, L).

A. Iterative signal decoding algorithm
The algorithm is a natural iterative one, based on a series
of “local decoding” steps for the subspace L. We begin with
the vector y residing on the edges of G. For p = O(logd n),
the algorithm runs p iterations of local decoding of left nodes
VL , alternated with p iterations of decoding at the right nodes
VR . The local decoding at a node v ∈ VL ∪ VR is defined as
follows:
if zv ∈ Rd is the local vector residing on E(v), the
edges of G incident at v, then run `1 -minimization
to find zv0 with minimum kzv0 k1 satisfying M zv0 =
M zv and replace zv by zv − zv0 .
At the end of p iterations, the algorithm outputs the current
vector residing on the edges of G as the approximation c0 ∈
RN to the codeword c.
B. Analysis of the algorithm
We will use the following notation: For a vector x ∈ RE
and a subset A ⊂ E, xA denotes the projection of x onto
the coordinates in A, with the rest of the coordinates zeroed
out.
By assumption, y = c + f for some c ∈ T (G, L) and
f ∈ RN satisfying kf − σt (f )k1 6 γ. Let F ⊆ E, |F | = t,
be the set of t largest coordinates in absolute value of f . We
have kf − fF k1 6 γ.
For i = 1, 2, . . . , p, define the subsets Si ⊂ VL and
Ti ⊂ VR as follows. S1 consists of the nodes of VL that
are adjacent to w or more edges in F (where w = αd is as
defined in (6)). Clearly, |S1 | 6 |F |/w = αn/2. For i > 1,
define Ti to consist of the nodes of VR that have w or more
neighbors in Si , and for i > 2, define Si to consist of the
nodes of VL that have w or more neighbors in Ti−1 .
By the expander mixing lemma (see for instance [1]), the
number of edges e(S, T ) between a subset S ⊆
pVL and a
|
|
6
λ
|S||T |. A
subset T ⊆ VR satisfies |e(S, T ) − d|S||T
n
simple calculation using the expander
mixing
lemma
implies
√
the following when λ = O( d): if |Si |/n 6 α/2 (which
is satisfied for i = 1), |Ti | 6 O(1/(α2 d))|Si |, and if
|Ti |/n 6 α/2, then |Si+1 | 6 O(1/(α2 d))|Ti |. Hence after
p = Oα (logd n) iterations, we will have Tp = ∅.
Let Ai ⊂ E be the set of edges that are not incident on
a vertex of Si , and let Bi ⊂ E be the set of edges are not
incident on a vertex of Ti . Since Tp = ∅, we have Bp = E.
Let a(i) ∈ Rnd and b(i) ∈ Rnd be vectors that result after the
i’th iteration of left decoding and right decoding respectively.
Note that our final output c0 for the approximation to the true
codeword c is simply b(p) .
It is readily checked that the performance guarantee of the
local `1 -minimization decoder for the subspace L implies
the following inequalities. Each `1 -minimization based local
decoding loses a factor of C in the `1 error on a particular
neighborhood E(v) (as per the guarantee (7)). These neighborhoods being disjoint, we can bound the overall blowup
factor in `1 error per round by C. The first iteration of left
decoding gives the guarantee
ka(1) A1 − cA1 k1 6 C · γ .

(8)

For 1 6 i 6 p, the i’th iteration of right decoding implies
kb(i) Bi − cBi k1 6 C · ka(i) Ai − cAi k1 ,

(9)

and for 1 < i 6 p, the i’th iteration of left decoding implies
ka(i) Ai − cAi k1 6 C · kb(i−1) Bi−1 − cBi−1 k1 .

(10)

All of the above follow from the fact that if there are less
than w “big” errors (compared to the true codeword c) in the
local neighborhood E(v) of a node v and the errors (w.r.t
c|E(v) ) on all but these w coordinates add up to at most ε
in `1 -sense, then the local decoding at v gives a codeword
of L with `1 -distance at most Cε from c|E(v) .
Since Bp = E, combining the above inequalities, we get
kb(p) − ck1 6 C 2p γ .
Since p = O(logd n), the claimed error bound (5) of
Theorem 3 follows.
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