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Abstract. We describe the obstruction to decomposing in degrees ≤ p the de Rham

complex of a smooth variety over a perfect field k of characteristic p that lifts over
W2(k), and show that there exist liftable smooth projective varieties of dimension

p + 1 whose Hodge-to-de Rham spectral sequence does not degenerate at the first

page. We also describe the action of the Sen operator on the de Rham complex in
degrees ≤ p and give examples of varieties with a non-semisimple Sen operator.

Our methods rely on the commutative algebra structure on de Rham and Hodge-

Tate cohomology, and are inspired by the properties of Steenrod operations on co-
homology of cosimplicial commutative algebras. The example of a non-degenerate

Hodge-to-de Rham spectral sequence relies on a non-vanishing result on cohomology

of groups of Lie type. We give applications to other situations such as describing
extensions in the canonical filtration on de Rham, Hodge, and étale cohomology of

an abelian variety equipped with a group action. We also show that the de Rham
complex of a smooth variety over k is formal as an E∞-algebra if and only if the

variety lifts to W2(k) together with its Frobenius endomorphism.
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1. Introduction

1.1. The main results. A celebrated theorem of Deligne and Illusie provides an analog
of Hodge decomposition on de Rham cohomology in degrees < p of varieties over a
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2 NON-DECOMPOSABILITY OF THE DE RHAM COMPLEX

perfect field k of positive characteristic p that lift to W2(k). In [DI87] they proved that
for a smooth variety over X0 over k that admits a lift to a smooth scheme X1 over the
ring W2(k) of length 2 Witt vectors, the canonical truncation of the de Rham complex
dRX0/k := (FX0/k∗Ω

•
X0/k

, d) in degrees ≤ p − 1 decomposes in the derived category

D(X
(1)
0 ) of O

X
(1)
0

-modules:

(1.1) τ≤p−1dRX0/k '
p−1⊕
i=0

Ωi
X

(1)
0 /k

[−i]

Passing to cohomology, this gives decompositions for n < p:

(1.2) Hn
dR(X0/k) '

⊕
i+j=n

Hj(X0,Ω
i
X0/k

)(1)

In this paper we investigate whether the de Rham complex of a variety liftable to W2(k)
decomposes in further degrees. We prove that in general it does not decompose, and
decomposition (1.2) might not exist, answering a question of Deligne and Illusie [DI87,
Remarque 2.6(iii)]:

Theorem 1.1 (Corollary 10.7). There exists a smooth projective variety X0 over k of di-

mension p+ 1 that lifts to W (k) such that dimkH
p
dR(X0/k) <

∑
i+j=p

dimkH
j(X0,Ω

i
X0/k

).

In particular, the Hodge-to-de Rham spectral sequence of X0 does not degenerate at the
first page, and dRX0/k is not quasi-isomorphic to

⊕
i≥0

Ωi
X

(1)
0 /k

[−i].

Moreover, we compute the obstruction to decomposing the truncation τ≤pdRX0/k of
the de Rham complex in degrees ≤ p in terms of other invariants of the variety X0 and
its lift X1. Given that τ≤p−1dRX0/k decomposes, the next truncation fits into an exact

triangle in the derived category D(X
(1)
0 ):

(1.3)

p−1⊕
i=0

Ωi
X

(1)
0 /k

[−i]→ τ≤pdRX0/k → Ωp
X

(1)
0 /k

[−p]

and hence gives an extension class

eX1,p ∈ Hp+1(X
(1)
0 ,ΛpT

X
(1)
0 /k

)⊕Hp(X
(1)
0 ,ΛpT

X
(1)
0 /k

⊗ Ω1

X
(1)
0 /k

)⊕ . . .

that vanishes if and only if (1.3) splits in D(X
(1)
0 ). We compute this class:

Theorem 1.2 (Theorem 5.12 if X1 lifts to W (k), Corollary 7.5 in general). All compo-

nents of eX1,p except for the one in Hp+1(X
(1)
0 ,ΛpT

X
(1)
0 /k

) vanish, and that component

is equal to

(1.4) Bock
X

(1)
1

(obF,X1 · α(Ω1

X
(1)
0

)) ∈ Hp+1(X
(1)
0 ,ΛpT

X
(1)
0 /k

)

where

• Bock
X

(1)
1

: Hp(X
(1)
0 ,ΛpT

X
(1)
0 /k

)→ Hp+1(X
(1)
0 ,ΛpT

X
(1)
0 /k

) is the Bockstein homo-

morphism, that is the connecting morphism arising from the short exact sequence
of sheaves on X1: 0→ ΛpT

X
(1)
0 /k

→ ΛpT
X

(1)
1 /W2(k)

→ ΛpT
X

(1)
0 /k

→ 0.
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• obF,X1
∈ H1(X

(1)
0 , F ∗

X
(1)
0

T
X

(1)
0

) is the obstruction to lifting the Frobenius mor-

phism FX0
: X0 → X0 to an endomorphism of X1,

• α(Ω1

X
(1)
0

) ∈ Hp−1(X
(1)
0 , F ∗

X
(1)
0

Ω1

X
(1)
0

⊗(ΛpΩ1

X
(1)
0

)∨) is a certain ‘characteristic class’

of the cotangent bundle, defined in Definition 3.4.

The class α(E) ∈ Hp−1(X0, F
∗
X0
E ⊗ (ΛpE)∨) is defined for any vector bundle E on

X0, and it can be made especially explicit when p = 2, in which case it is the class of the
extension

(1.5) 0→ F ∗X0
E → S2E

e1·e2 7→e1∧e2−−−−−−−−→ Λ2E → 0.

The fact that eX1,p has only one potentially non-zero component is a shadow of an
additional Z/p-grading on the de Rham complex dRX0/k in the presence of a lift X1,
discovered by Drinfeld through his work on the prismatization [Dri21]. More generally,
Bhatt-Lurie [BL22a] and Li-Mondal [LM21] showed that a lift of X0 to a smooth W2(k)-

scheme X1 induces an endomorphism ΘX1 of dRX0/k in the derived category D(X
(1)
0 ),

called the Sen operator.
The action of ΘX1

on the ith cohomology sheaf Hi(dRX0/k) ' Ωi
X

(1)
0 /k

is given by

multiplication by (−i). Therefore generalized eigenspaces for this operator form a decom-
position

(1.6) dRX0/k '
p−1⊕
i=0

dRX0/k,i

such that the object dRX0/k,i has non-zero cohomology only in degrees congruent to

i modulo p. In particular, τ≤pdRX0/k,0 is an extension of Ωp
X

(1)
0 /k

[−p] by O
X

(1)
0

that

splits off as a direct summand from the extension (1.3), corroborating the fact that the
components of eX1,p in Hp+1−i(X0,Λ

pTX0
⊗ ΩiX0

) vanish for i > 0. It was observed
earlier by Achinger and Suh [AS20] that these components vanish for i > 1, for a purely
homological-algebraic reason which is related to our method.

The Sen operator ΘX1
not only induces the decomposition (1.6) but also equips

each direct summand dRX0/k,i with an additional structure of the nilpotent endomor-

phism ΘX1 + i. Our methods allow to describe the action of ΘX1 on τ≤pdRX0,0. Since
τ≤pdRX0/k,0 has only two non-zero cohomology sheaves and ΘX1

acts on them by zero,

it naturally defines a map Ωp
X

(1)
0

[−p] → O
X

(1)
0

in the derived category D(X
(1)
0 ) whose

cohomology class we denote by c
X

(1)
1 ,p
∈ Hp(X

(1)
0 ,ΛpT

X
(1)
0

). This class can be described
as:

Theorem 1.3 (Theorem 7.1). For a smooth W2(k)-scheme X1 with the special fiber
X0 = X1 ×W2(k) k we have

(1.7) cX1,p = obF,X1 ·α(Ω1
X0

)

where the right hand side is the product of classes obF,X1
∈ H1(X0, F

∗
X0
TX0/k) and

α(Ω1
X0/k

) ∈ Hp−1(X0, F
∗
X0

Ω1
X0/k

⊗ ΛpTX0/k)

It is not a coincidence that eX1,p is the result of applying the Bockstein homomorphism
to cX1,p – this follows from the basic properties of the action of the Sen operator on
the diffracted Hodge cohomology of X1, as we prove in Lemma 6.12. In particular,
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if τ≤pdRX0/k is not decomposable then the Sen operator on τ≤pdRX0/k must be non-
semi-simple. Thus Theorem 1.1 also provides an example of a liftable variety with a
non-semisimple Sen operator on its de Rham cohomology, answering a question of Bhatt.

In fact, the non-vanishing of cX1,p is a more frequent phenomenon than that of eX1,p

as we demonstrate by the following:

Corollary 1.4 (Proposition 8.4). There exists a smooth projective variety X0 of dimen-
sion p over k equipped with a lift X1 over W2(k) such that the Sen operator ΘX1

on
dRX0/k is not semisimple.

The examples we construct admit a smooth proper morphism to a curve, and for such
varieties the class α(Ω1

X0
) can be expressed in terms of the Kodaira-Spencer class of this

fibration, giving a more tangible reformulation (Theorem 8.1) of Theorem 1.3.
We give two different, but similar in spirit, proofs of Theorem 1.2, both of which use

crucially the multiplicative structure on de Rham and Hodge-Tate complexes.

1.2. Proof of Theorem 1.2. The first proof, for which we additionally need to assume
that X0 lifts to a smooth (formal) scheme X over W (k), takes place in homotopical
algebra rather than algebraic geometry. To prove Theorem 1.2 in full generality, in a
situation when only a lift over W2(k) exists, we appeal to Theorem 1.3, which implies it
by Corollary 7.5.

To describe the idea, recall the structure of the proof of [DI87]. Given the lift X1 over

W2(k), they produce a map s : Ω1

X
(1)
0

[−1] → dRX0/k in the derived category D(X
(1)
0 )

inducing an isomorphism on cohomology sheaves in degree 1. Using that dRX0/k can be
represented by a cosimplicial commutative algebra in quasi-coherent sheaves on X0 via
the Čech resolution, s gives rise to maps

(1.8) si : Si(Ω1

X
(1)
0 /k

[−1])→ dRX0/k

for all i ≥ 0 where Si denotes the derived symmetric power functor in the sense of [Ill71].
When i < p, the derived symmetric power Si(Ω1

X
(1)
0 /k

[−1]) is identified with Ωi
X

(1)
0 /k

[−i],

and maps si produce a quasi-isomorphism
⊕
si :

p−1⊕
i=0

Ωi
X

(1)
0 /k

[−i] ' τ≤p−1dRX0/k.

This method of decomposing dRX0/k stops working for i = p, because Sp(Ω1

X
(1)
0 /k

[−1])

is now different from Ωp
X

(1)
0 /k

[−p]. It has non-zero cohomology sheaves in several degrees,

and we analyze this object in detail in Section 3. Specifically, there is a natural map
Np : Sp(Ω1

X
(1)
0 /k

[−1]) → Ωp
X

(1)
0 /k

[−p] but the map sp need not factor through it. In

Lemma 3.10 we compute the map sp on the fiber of Np, and thus relate the obstruction
to splitting τ≤pdRX0/k to the obstruction to the existence of a section of the map Np,

the latter being precisely the class α(Ω1
X0

).
This argument is not specific to the de Rham complex and applies more generally to

derived commutative algebras whose cohomology algebra is freely generated by H1. In
the body of the paper we work with derived commutative algebras in the sense of Mathew,
but here we state the main algebraic result for the more classical notion of cosimplicial
commutative algebras:

Theorem 1.5 (Theorem 4.1). Let A be a cosimplicial commutative algebra in quasi-
coherent sheaves on a flat Z(p)-scheme X. Suppose that H0(A) = OX , the sheaf H1(A) is
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a locally free sheaf of OX-modules, and the multiplication on the cohomology of A induces
an isomorphism Λ•H1(A) ' H•(A). If there exists a map s : H1(A)[−1] → A in D(X)
inducing an isomorphism on cohomology in degree 1, then

(1) τ≤p−1A is quasi-isomorphic to
p−1⊕
i=0

Hi(A)[−i].

(2) The connecting map Hp(A)→ (τ≤p−1A)[p+1] corresponding to the fiber sequence
τ≤p−1A→ τ≤pA→ Hp(A)[−p] can be described as the composition

(1.9)

Hp(A) = ΛpH1(A)→ ΛpH1(A)/p
α(H1(A)/p)−−−−−−−−→ F ∗X0

(H1(A)/p)[p−1]
F∗X0

s[p]
−−−−−→ (τ≤1F ∗X0

(A/p))[p]

ϕA/p−−−→ (τ≤1A/p)[p]
τ≤1BockA−−−−−−→ (τ≤1A)[p+ 1]

⊕−→ (τ≤p−1A)[p+ 1]

Here ϕA/p is the Frobenius morphism of the cosimplicial commutative algebra
A/p, and BockA : A/p→ A[1] is the morphism corresponding to the fiber sequence

A
p−→ A→ A/p on X.

The fact that the map sp : Sp(Ω1

X
(1)
0

[−1])→ dRX0/k need not factor through Ωp
X

(1)
0

[−p]
is an incarnation of the classical phenomenon responsible for the existence of non-
trivial Steenrod operations on mod p cohomology of topological spaces. If the map

s : Ω1

X
(1)
0 /k

[−1]→ dRX0/k in the derived category D(X
(1)
0 ) was represented by a genuine

map between these complexes, all the maps si would have to factor through Ωi
X

(1)
0 /k

[−i]
because of the commutative DG algebra structure on the de Rham complex. However, s
can generally only be represented by a chain-level map into a model of dRX0/k where mul-
tiplication is commutative up to a set of coherent homotopies, rather than commutative
on the nose.

Theorem 1.5 draws inspiration from Steenrod’s construction [Ste53], [May70] of coho-
mology operations from homology classes of symmetric groups, and our method of proof
implies the following statement about operations on cohomology of cosimplicial commu-
tative Fp-algebras, defined by Priddy [Pri73]. The appearance of Frobenius and Bockstein
homomorphisms in the description of the degree 1 Steenrod operation is directly related
(Lemma 3.10 being the common reason for both) to their appearance in (1.9).

Proposition 1.6 (Proposition 3.14). For a cosimplicial commutative Fp-algebra B,

(1) the degree zero Steenrod operation P 0 : Hi(B)→ Hi(B) is equal to the Frobenius
endomorphism ϕB of B,

(2) the degree 1 Steenrod operation P 1 : Hi(B) → Hi+1(B) is equal to Serre’s Witt

vector Bockstein homomorphism induced by the exact sequence B
V−→W2(B)→ B.

In particular, for any cosimplicial commutative flat Z/p2-algebra B̃ lifting B, P 1

can be described as the composition Hi(B)
ϕB−−→ Hi(B)

BockB̃−−−−→ Hi+1(B).

We apply Theorem 1.5 to the diffracted Hodge complex A := Ω
/D
X of [BL22a] (it coin-

cides with the Hodge-Tate cohomology of [BS22] over an appropriately chosen prism), and

deduce Theorem 1.2 by reducing modulo p, using that dRX0/k is the reduction of Ω
/D
X(1) .

We thus along the way obtain in Theorem 5.9 a similar description of the extension class

corresponding to τ≤pΩ
/D
X as well. Theorem 1.5 also applies to a number of cohomology
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theories evaluated on abelian varieties: in Section 9 we use it to study extensions in the
canonical filtration on coherent (Proposition 9.1), de Rham (Proposition 9.3), and étale
cohomology (Proposition 9.4) of an abelian scheme being acted on by a group. The results
on coherent and de Rham equivariant cohomology of abelian schemes play the key role
in our example of a liftable variety with a non-degenerate conjugate spectral sequence.

A related approach to decomposability of the de Rham complex has been pre-
viously used by Beuchot [Beu19], who used a description of cohomology sheaves of
(Ω1

X
(1)
0

[−1]⊗p)hSp to prove decomposability of the truncation τ≤pdRX0/k for a liftable

variety X0 under the assumption that certain cohomology groups of X0 vanish. The con-
sequence of Theorem 1.5 for the de Rham complex was also obtained independently by
Robert Burklund, by a similar method.

At the moment it is unclear how to generalize Theorem 1.5, and therefore Theorem
1.2, to describe extensions in degrees > p. We make some preliminary observations on
this in Section 11.

Computations of the map Sp(Ω1

X
(1)
0

[−1]) → dRX0/k that we perform for the proof of

Theorem 1.2 also allow us to determine when the de Rham complex can be decomposed
compatibly with the algebra structure. The following result is to be contrasted with the
formality result of [DGMS75] for smooth projective varieties in characteristic zero:

Proposition 1.7 (Proposition 5.14). For a smooth variety X0 over k the de Rham com-

plex dRX0/k is quasi-isomorphic to
⊕
i≥0

Ωi
X

(1)
0 /k

[−i] as an E∞-algebra in D(X
(1)
0 ) if and

only if X0 admits a lift over W2(k) together with its Frobenius endomorphism.

The ‘if’ direction was proven in [DI87] and is the starting point of their proof of the
decomposition (1.1).

1.3. Liftable variety with a non-degenerate conjugate spectral sequence. It is
rather non-obvious that the formula (1.4) ever takes non-zero values. Our example for
Theorem 1.1 is an approximation (in the sense of [ABM21]) of the classifying stack of a
finite flat non-commutative group scheme G over W (k) defined as follows. Let E be an
elliptic curve over W (k) whose reduction is supersingular. The group scheme G is

(1.10) G := SLp(Fp2) n (E[p]⊗Fp F
⊕p
p2 ).

Here E[p]⊗Fp F
⊕p
p2 is the product of 2p copies of the p-torsion group scheme E[p], and

the discrete group SLp(Fp2) acts on it via the tautological representation on F⊕pp2 .

We do not apply formula (1.4) to the stack BG directly, but rather study the conjugate
spectral sequence of an auxiliary quotient stack by applying Theorem 1.5 to equivariant
Hodge and de Rham cohomology of the abelian scheme E×d for a certain d, with respect
to a certain discrete group.

First, we show that the class α(−) does not vanish in the universal example:

Proposition 1.8 (Proposition 12.1). Denote by V the tautological p-dimensional repre-

sentation of the algebraic group GLp,k. The class α(V ) ∈ Extp−1
GLp,k

(ΛpV, V (1)) is non-zero.

For the proof, we find an explicit representation for α(V ) as a Yoneda extension and
apply Kempf’s vanishing theorem to compare spectral sequences associated to bête and
canonical filtrations on this explicit complex. We also prove an enhancement of this non-
vanishing: the class α(V ) remains non-zero after being restricted to the discrete group
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GLp(Fpr ) whenever r > 1 (Proposition 13.1), and that the Bockstein homomorphism ap-
plied to α(V ) gives a non-zero class in the cohomology of the special linear group SLp(OF )
of the ring of integers in an appropriately chosen number field F (Proposition 14.1). These
enhancements use the technique of Cline-Parshall-Scott-van der Kallen [CPSvdK77] for
comparing the cohomology a reductive group with that of its group of Fq-points.

With these non-vanishing results in hand, we apply Theorem 1.5 to de Rham and
coherent cohomology of an abelian scheme being acted on by a group. Our example
in Theorem 1.1 stems from the following potential discrepancy between de Rham and
coherent cohomology:

Proposition 1.9 (Proposition 10.3). There exists an abelian scheme A over W (k) with
an action of a discrete group Γ such that the truncation τ≤pRΓ(A0,O) of the cohomology
of the structure sheaf of the special fiber A0 = A×W (k) k is Γ-equivariantly decomposable,

while its de Rham cohomology τ≤pRΓdR(A0/k) is not.

The ultimate reason for different behavior of de Rham and coherent cohomology in
Proposition 1.9 is that the Frobenius morphism appearing in (1.9) is zero on H1(A0,O),
but is non-zero on H1

dR(A0/k). We moreover arrange that the stack [A0/Γ] has a non-
degenerate conjugate spectral sequence. We then construct a map [A0/Γ] → BG and
deduce that the conjugate spectral sequence of BG does not degenerate either, as desired.

The dependence of the extension class (1.9) on the Frobenius action yields the following
criterion for supersingularity of an elliptic curve:

Proposition 1.10 (Corollary 9.2). Suppose that n ≥ 2p. For any elliptic curve E0

over k, the discrete group GLn(Z) naturally acts on E×n0 and therefore on RΓ(E×n0 ,O).
The complex τ≤pRΓ(E×n0 ,O) is GLn(Z)-equivariantly quasi-isomorphic to the direct sum
p⊕
i=0

Hi(E×n0 ,O)[−i] of its cohomology if and only if E0 is supersingular.

1.4. Computation of the Sen operator. Finally, let us describe the idea of our proof
of Theorem 1.3. It might be possible to upgrade Theorem 1.5 to work in the category of
sheaves on X equipped with an endomorphism, but we instead evaluate the Sen operator
on τ≤pdRX0/k using the technique of descent to quasiregular semiperfectoid rings devel-
oped by [BMS18]. We set up the foundation for our computation in Section 6, defining in
particular a version of diffracted Hodge cohomology equipped with a Sen operator relative
to the base Z/pn for n ≥ 2 (Theorem 6.10). We then prove formula (1.7) in Theorem 7.1.

For a quasiregular semiperfectoid W (k)-algebra S with mod p reduction S0 = S/p the
derived de Rham complex dRS0/k is concentrated in degree zero so the Sen operator in
question is an endomorphism of a classical module, rather than an object of the derived
world. To compute it, we consider the natural map

(1.11)
⊕
i≥0

Si(LΩ1
S [−1])→ Ω

/D
S

from the symmetric algebra on the shifted cotangent complex of S, comprised of the
analogs of the maps (1.8).

Since S is quasiregular semiperfectoid, the map (1.11) is an injection of flat W (k)-
modules with torsion cokernel. As ΘS acts on the source of this map via multiplication
by −i on the summand Si(LΩ1

S [−1]), this allows us to pin down exactly how ΘS acts

on Ω
/D
S . A slight variation of this argument works for a semiperfectoid W2(k)-algebra S1
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lifting S0, even if there is no lift over W (k), as we prove in Lemma 7.2. Though as a

result we only compute the Sen operator on dRS0 rather than Ω
/D
S1/Z/p2 .

Note that, as in the proof of Theorem 1.2, we do not directly use here the construction
of the Sen operator via the Cartier-Witt stack, but rather rely crucially on its basic

properties: that it is a derivation with respect to the multiplication on Ω
/D
X and that it

acts by scalar multiplication on graded quotients of the conjugate filtration.

Notation. We use the machinery of∞-categories in the sense of [Lur09]. When referring
to an ordinary category we always view it as an ∞-category via the simplicial nerve
construction [Lur09, 1.1.2].

For an object F ∈ D(X) of the derived category of quasi-coherent sheaves on a prestack
X we denote by Hi(F) ∈ QCoh(X) the cohomology sheaf of F in degree i, and by
Hi(X,F) the abelian group of the degree i cohomology of the derived global sections
complex RΓ(X,F). By τ≤iF we denote the canonical truncation: it is an object with a
map τ≤iF → F such that Hj(τ≤iF) ' Hj(F) for j ≤ i, and Hj(τ≤iF) = 0 for j > i.

When working in a stable ∞-category C linear over a commutative ring R, for ob-
jects M,N ∈ C we denote by RHomC(M,N) ∈ D(R) the corresponding object of mor-
phisms. The mapping space MapC(M,N) is equivalent to the image of the truncation
τ≤0RHomC(M,N) under the forgetful functor D(R)→ Sp to the ∞-category of spaces.

For an algebraic stack X over a ring R we denote by LΩiX/R the ith exterior power of its

cotangent complex, viewed as an object of the derived category D(X) of quasicoherent
sheaves on X. If pR = 0 we denote by dRX/R the (derived) de Rham complex of X
relative to R, viewed as an object of D(X ×R,FR R), cf. [Bha12, §3]. We sometimes drop
the base R from the notation if it is clear from the context, especially if R is perfect.
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2. Preliminaries on homotopical algebra

The key to our approach to the study of the de Rham and Hodge-Tate cohomology is
the fact that the de Rham complex and the diffracted Hodge complex admit a structure
of a commutative algebra, in the appropriate derived sense. In this expository section we
summarize the necessary facts about non-abelian derived functors, derived commutative
algebras in the sense of Mathew, and cosimplicial commutative algebras. The specific
piece of structure that will be used in Section 4 is a map SpA → A where Sp is the
derived symmetric power functor in the sense of [Ill71]. Such a map is naturally induced
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both by the structure of a derived commutative algebra and a cosimplicial commutative
algebra structure on A. We choose to work with the former, but comment in Subsection
2.3 on how to translate the results in the language of cosimplicial commutative algebras.

Our exposition here definitely does not introduce any original mathematics but, on the
contrary, is aiming to convince the reader that the part of this machinery relevant for us
is powered by a fairly classical piece of homolog(top)ical algebra.

2.1. Non-abelian derived functors. Let X be an arbitrary prestack, that is a functor
X : Ringop → Sp from the category of ordinary commutative rings to the ∞-category of
spaces. We denote by PreStk the ∞-category of prestacks. For a prestack X, we denote
by D(X) the derived ∞-category of quasi-coherent sheaves on X defined as the limit

lim
SpecR→X

D(R) of derived categories of R modules, cf. [GR17, Chapter I.3]. We work in

this large generality simply because all actual proofs in this section take place over affine
schemes and the language of prestacks provides a convenient framework for generalizing
the result to more general geometric objects via descent.

By an algebraic stacks we will always mean a 1-Artin stack. In all of our applications,
X will either be a scheme, a p-adic formal scheme, or a global quotient of a scheme
by a group scheme. If X is a quasi-compact scheme with affine diagonal then D(X) is
equivalent to the derived category (in the sense of [Lur17, Definition 1.3.5.8]) of the usual
abelian category QCoh(X) of quasi-coherent sheaves on X. If such an X is being acted
on by an affine flat group scheme G then D([X/G]) is equivalent to the left completion of
the derived category of the abelian category QCohG(X) of G-equivariant quasicoherent
sheaves on X.

For each n ≥ 0 we have the derived functors Sn,Γn,Λn : D(X) → D(X) of sym-
metric, divided, and exterior power functors, respectively. These are the ∞-categorical
enhancements for the non-abelian derived functors defined by Illusie [Ill71]. We refer
to [BM19, Section 3] and [BGMN21, Section 2.3] for a treatment in the case X = SpecR
is an affine scheme, and [KP21, Section A.2] for the general case. We will now briefly
recall the construction of these functors and their basic properties. Denote by ModR the
ordinary abelian category of R-modules. These functors are uniquely characterized by
the following properties:

(1) If X = SpecR is affine then for a flat module M ∈ ModR ⊂ D(R), the values

Sn(M) = (M⊗n)Sn ,Γ
n(M) = (M⊗n)Sn ,

Λn(M) = (M⊗n)/〈m1 ⊗ . . .⊗mn|mi = mj for some i 6= j〉

are the usual symmetric, divided, and exterior powers.
(2) If X is an affine scheme, the functors Sn,Λn,Γn preserve sifted colimits, and are

polynomial functors of degree ≤ n in the sense of [BGMN21, Definition 2.11].
(3) These functors are natural in morphisms of the underlying stacks. That is, the

functors Sn,Γn,Λn can be enhanced to endomorphisms of the functor D(−) :
PreStkop → Cat∞ that sends X to D(X) and a morphism f : X → Y to the
pullback functor f∗ : D(Y )→ D(X).

These derived functors are first constructed on affine schemes using the following:

Lemma 2.1 ([BGMN21]). For a commutative ring R, the restriction functor

(2.1) Func≤n(D(R), D(R))→ Func≤n(Projf.gR , D(R))
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is an equivalence. Here the source of the functor is the category of polynomial of degree
≤ n endofunctors of the stable ∞-category D(R) that preserve sifted colimits. The target
category is the category of polynomial functors of degree ≤ n from the abelian category of
finitely generated projective R-modules to the ∞-category D(R).

Proof. Statement (2) is a combination of [BGMN21, Theorem 2.19] applied to A =
Proj(R)f.g with the fact that D(R) is the ind-completion of Stab(A) = Perf(R). �

Denote by Mod : Ring → Cat the functor from the ordinary category of commutative
rings to the 2-category of ordinary categories that sends a commutative ring R to the
ordinary category ModR or R modules, and a morphism of rings f : R → R′ to the
functor R′ ⊗R − : ModR → ModR′ . Similarly, denote by Projf.g. the subfunctor of Mod

that sends a ring R to the category Projf.g.R of finitely generated projective R-modules.

We denote by Mor≤n(Projf.g.,Mod) ⊂ Mor(Projf.g.,Mod) the full subcategory of the

ordinary 1-category of natural transformations Projf.g. → Mod spanned by transforma-

tions that are given by polynomial functors Projf.g.R → ModR of degree ≤ n, for every
ring R. We have the following construction principle for polynomial functors on arbitrary
prestacks

Lemma 2.2. For every prestack X there is a functor

(2.2) ΣX : Mor≤n(Projf.g.,Mod)→ Func(D(X), D(X))

satisfying the following property:
For any morphism f : SpecR → X from an affine scheme, and a polynomial functor

T ∈ Mor≤n(Projf.g.,Mod) there is an equivalence of functors f∗ ◦ ΣX(T ) ' T derived
R ◦ f∗

from D(X) to D(R), where T derived
R is the result of applying the inverse of the equivalence

(2.1) to TR : Projf.g.R → ModR.
Moreover, if X is an algebraic stack flat over a ring A, then ΣX factors through

the category Mor≤n(Projf.g. |A−flat,Mod |A−flat) of morphisms between these functors
restricted to the category of flat A-algebras.

Proof. For a general X the category D(X) is, by definition, equivalent to lim
SpecR→X

D(R),

where the limit is taken over all affine schemes mapping to X. Therefore
Func(D(X), D(X)) ' lim

SpecR→X
Func(D(X), D(R)) and we define ΣX(T ) as the object

of this limit given by T derived
R ◦ f∗ ∈ Func(D(X), D(R)) for every map f : SpecR→ X.

The last assertion follows from the fact that if X is a flat algebraic stack over A, then
in the above limit we may restrict to morphisms SpecR→ X for which R is flat over A,
by [GR17, Proposition 3.1.4.2]. �

Definition 2.3. For a prestack X, we define functors Sn,Γn,Λn : D(X) → D(X) as
images under ΣX of the corresponding polynomial functors on projective modules over
rings. We will denote these functors by SnX ,Γ

n
X ,Λ

n
X if the base is not clear from the

context.

Remark 2.4. We can give an explicit recipe for computing the derived functors
Sn,Γn,Λn that we state in a special case, for simplicity. Suppose that X is a quasi-
compact separated scheme and M ∈ D−(X) is an object with cohomology bounded from
above, that can be represented by a complex M0 →M1 → . . . concentrated in degrees ≥ 0



NON-DECOMPOSABILITY OF THE DE RHAM COMPLEX 11

of flat quasicoherent sheaves. Then Sn(M) (and likewise for the other functors Λn,Γn)
is the totalization of the cosimplicial diagram

(2.3) Sn(DK(M)0) Sn(DK(M)1) . . .

where DK(M) is the cosimplicial sheaf associated to the complex M by the Dold-Kan
equivalence. The miracle is that the resulting object Sn(M) does not depend on the
choice of a resolution, up to a quasi-isomorphism.

We will use Lemma 2.2 frequently for homotopy-coherent computations with poly-
nomial functors. Note that specifying an object of Mor≤n(Projf.g.,Mod) amounts to a

manageable collection of data: we need to give a functor TR : Projf.g.R → ModR for ev-
ery ring R, construct equivalences R′ ⊗R TR(−) ' TR′(R

′ ⊗R −) for all maps of rings
R → R′, and then check (rather than provide any additional constructions) that these
equivalences are associative with respect to the composition of maps of rings. Let us il-
lustrate this technique by constructing certain maps between the symmetric and divided
power functors.

For a projective module M over a ring R there are natural maps between SnM =
(M⊗n)Sn and ΓnM = (M⊗n)Sn :

(2.4) rn : ΓnM ↪→M⊗n � SnM Nn =
∑
σ∈Sn

σ : SnM → ΓnM

The compositions Nn ◦ rn and rn ◦Nn are equal to n! · IdΓnM and n! · IdSnM , respec-
tively. Since maps rn and Nn are compatible with base change along arbitrary maps
of rings R → R′, they define morphism between functors Sn and Γn in the category
Mor≤n(Projf.g.,Mod). Therefore Lemma 2.2 provides us with maps

(2.5) rn : Γn → Sn Nn : Sn → Γn

of endofucntors of the category D(X) for every prestack X.

Lemma 2.5. For an Fp-algebra R0 and a projective R0-module M the map rp : ΓpM →
SpM naturally factors as

(2.6) ΓpM
ψM−−→ F ∗R0

M
∆M−−→ SpM

where the first arrow is a surjection and the second one is an injection.

Proof. We start by constructing the map ∆M : M ⊗R0,FR0
R0 = F ∗R0

M → SpM . Define

∆M (m ⊗ r) = r · mp, this is a well-defined additive R0-linear map. To check that rp
factors through ∆M we may work locally on SpecR0 and thus assume that M is a free
R0-module. Denote a basis for M by e1, . . . , en. Then a basis for the module ΓpM ⊂M⊗p
is given by the elements eI :=

∑
σ∈Sp/ StabI

ei1⊗ . . .⊗eip where I = (i1, . . . , ip) runs through

Sp-orbits on {1, . . . , n}×p. The map rp sends eI to [Sp : StabI ]·ei1 ·. . .·eip . If the stabilizer
of I inside Sp has index coprime to p, then StabI contains a long cycle of length p which

forces all i1, . . . , ip to be equal. Hence only basis elements of the form e⊗pi ∈ ΓpM are
not killed by rp, which gives the desired factorization. �
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By Lemma 2.2, having constructed maps ψM ,∆M for projective modules in a functorial
fashion, we get maps

(2.7) ∆M : F ∗X0
M → SpM ψM : ΓpM → F ∗X0

M

for all objects M ∈ D(X0) for an arbitrary Fp-prestack X0. The composition ∆M ◦ ψM
is naturally homotopic to rp : ΓpM → SpM , by construction.

A useful computation tool for us will be the following ‘décalage’ isomorphisms:

Lemma 2.6 ([Ill71, Proposition 4.3.2.1], [KP21, Proposition A.2.49]). There are natural
equivalences for M ∈ D(X)

(2.8) Sn(M [1]) ' (ΛnM)[n] Γn(M [−1]) ' (ΛnM)[−n]

2.2. Derived commutative algebras. The precise version of the notion of a com-
mutative algebra that we will need is derived commutative algebras, in the sense of
Mathew. In this section we collect the necessary material about this notion, largely fol-
lowing [Rak20, Section 4]. Let us stress again that this section is purely expository and
contains no original results.

Recall the following point of view on ordinary commutative algebras over a field k,
afforded by the Barr-Beck theorem. The endofunctor S• =

⊕
n≥0

Sn of the category of

k-vector spaces has a structure of a monad, and the category of k-algebras is equivalent
to the category of modules over the monad S• in the category of k-vector spaces. The
idea of derived commutative algebras is to replicate this definition in the derived world
by using the appropriate derived version of the symmetric algebra monad.

Construction 2.7 ([Rak20, Construction 4.2.19]). For a ring R consider the endofunctor
S• :=

⊕
n≥0

Sn : ProjR → ProjR of the ordinary category of projective R-modules. It has

a monad structure induced by the maps Si(SjM) � Si·jM for every projective module
M . It naturally extends to a monad, in the sense of [Lur17, Definition 4.7.0.1], on the
category D(X) for every prestack X which we denote as

(2.9) S• :=
⊕
n≥0

Sn : D(X)→ D(X)

and call it the derived symmetric algebra monad.

We can now define derived commutative algebras on X:

Definition 2.8. The category DAlg(X) of derived commutative algebras on X is the
category of modules over the derived symmetric algebra monad S• in D(X).

By construction, there is a functor S• : D(X)→ DAlg(X) left adjoint to the forgetful
functor DAlg(X) → D(X). For a derived commutative algebra A ∈ DAlg(X) we will
usually denote the underlying object in D(X) by the same symbol A. The structure of a
derived commutative algebra, in particular, gives a map

(2.10) m : A⊗OX A→ S2A→ A
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which induces a graded commutative product operation Hi(A) ⊗OX Hj(A) → Hi+j(A)
on cohomology sheaves.

Definition 2.9. For an object M , we call S•(M) ∈ DAlg(X) the free derived commuta-
tive algebra on M .

Remark 2.10. For every M ∈ D(X) there are natural maps (M⊗n)hSn → Sn(M)
which give rise to a map from the monad M 7→

⊕
n≥0

(M⊗n)hSn to S•. It is in general far

from equivalence, we make a precise comparison between their values in a special case in
Lemma 3.8. Since modules over the the former monad are the E∞-algebras on X, we get
a functor DAlg(X)→ AlgE∞ D(X).

Derived commutative algebras in characteristic p have natural Frobenius endomor-
phisms:

Lemma 2.11. Suppose that X is a prestack over Fp. For all A ∈ DAlg(X) there is a
natural morphism ϕA : F ∗XA→ A in D(X) that is equal to the linearization of the usual
Frobenius endomorphism when A is a flat ordinary commutative algebra on an affine
scheme X.

Remark 2.12. It should be possible to enhance ϕA to a morphism of derived commuta-
tive algebras, but we do not pursue this here.

Proof. We define ϕA as the composition F ∗XA
∆A−−→ SpA

mA−−→ A where mA is a part of
the S•-module structure on A, and ∆A is the morphism defined in (2.7). Compatibility
with the usual Frobenius follows from the defining formula of ∆A given in the proof of
Lemma 2.5. �

One of the main motivations for introducing the notion of derived commutative algebras
is that many cohomological invariants arising in geometry are naturally equipped with
the structure of a derived commutative algebra.

Proposition 2.13. If f : X → Y is a morphism of prestacks then the functor Rf∗ :

D(X)→ D(Y ) can be naturally enhanced to a functor Rfalg
∗ : DAlg(X)→ DAlg(Y ).

Proof. Recall that Rf∗ : D(X) → D(Y ) is defined as the right adjoint functor to the
pullback functor f∗ : D(Y ) → D(X). The equivalences f∗ ◦ SnY ' SnX ◦ f∗ induce a
colimit-preserving functor f∗alg : DAlg(Y ) → DAlg(X) given by f∗ on the underlying

objects of D(−). Since DAlg(Y ) is presentable (e.g. by [Rak20, Proposition 4.1.10]),

this functor admits a right adjoint Rfalg
∗ : DAlg(X) → DAlg(Y ), by the adjoint functor

theorem [Lur09, Corollary 5.5.2.9(1)].

It remains to check that Rfalg
∗ defined this way induces Rf∗ on the underlying

sheaves. By construction, the compositions D(Y )
f∗−→ D(X)

S•X−−→ DAlg(X) and

D(Y )
S•Y−−→ DAlg(Y )

f∗alg−−→ DAlg(X) are equivalent. Their right adjoints are DAlg(X) →

D(X)
Rf∗−−→ D(Y ) and DAlg(X)

Rfalg
∗−−−→ DAlg(Y ) −→ D(Y ), and their equivalence is pre-

cisely the desired compatibility between Rf∗ and Rfalg
∗ . �

In particular, Rf∗OX ∈ D(Y ) is naturally equipped with a derived commutative alge-

bra structure. The functor Rfalg
∗ is compatible with Frobenius endomorphisms:
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Lemma 2.14. Suppose that Y is a prestack over Fp and f : X → Y is a morphism
of prestacks. For A ∈ DAlg(X) there is a natural equivalence between the composition

F ∗YRf∗A→ Rf∗F
∗
XA

Rf∗ϕA−−−−→ Rf∗A and the map F ∗YRf∗A
ϕ
Rf

alg
∗ A−−−−−→ Rf∗A in D(Y ). Here

F ∗YRf∗A→ Rf∗F
∗
XA is the base change map corresponding to the equality FY ◦f = f◦FX .

Proof. By adjunction between f∗ and Rf∗, and the definition of ϕA and ϕRfalg
∗ A, our

task is equivalent to identifying the composition

(2.11) f∗F ∗YRf∗A→ f∗Rf∗F
∗
XA

f∗Rf∗∆A−−−−−−→ f∗Rf∗S
p
XA

f∗Rf∗mA−−−−−−→ f∗Rf∗A→ A

with the composition

(2.12) f∗F ∗YRf∗A
f∗∆Rf∗A−−−−−−→ f∗SpYRf∗A

f∗m
Rf

alg
∗ A−−−−−−−→ f∗Rf∗A→ A

The map SpYRf∗A
m
Rf

alg
∗ A−−−−−→ Rf∗A is adjoint to the map f∗SpYRf∗A ' SpXf

∗Rf∗A →
SpXA

mA−−→ A, which allows us to rewrite (2.12) as

(2.13) f∗F ∗YRf∗A −→ f∗SpYRf∗A ' S
p
Xf
∗Rf∗A→ SpXA

mA−−→ A

For any object M ∈ D(Y ) the map f∗F ∗YM
f∗∆M−−−−→ f∗SpYM ' SpXf

∗M can be identified

with the composition f∗F ∗YM ' F ∗Xf∗M
∆f∗M−−−−→ SpXf

∗M where the first equivalence arises
from the fact that f intertwines the Frobenius endomorphisms of X and Y . Applying
this to M = Rf∗A allows us to identify (2.11) with (2.13), as desired. �

We can use Lemma 2.13 to construct examples of derived commutative algebras:

Definition 2.15. For a finite locally free sheaf M (concentrated in degree 0) on a scheme
X we define the free divided power algebra on M [−1] denote by Γ•(M [−1]) ∈ DAlg(X)

as Rπalg
∗ OBXM∨# where π : BXM

∨# → X is the relative classifying stack of the divided

power group scheme M∨# on X associated to M∨.

This terminology is justified by the fact that the underlying E∞-algebra of Γ•(M [−1])
is identified with

⊕
i≥0

ΛiM [−i], e.g. by [BL22b, Lemma 7.8]. If X is an Fp-scheme,

by Lemma 2.14 the Frobenius map ϕ∗Γ•(M [−1]) : F ∗XΓ•(M [−1]) → Γ•(M [−1]) factors

as F ∗XΓ•(M [−1]) → OX → Γ•(M [−1]) because the Frobenius endomorphism of M∨#

factors through the identity section.
Cohomology of a sheaf of rings on a site can be equipped with a derived commutative

algebra structure:

Lemma 2.16. Let C be a site and F be a sheaf of (ordinary) commutative algebras over
a ring R on C. Then for any object X ∈ C the complex RΓ(X,F) ∈ D(R) is naturally
endowed with a structure of a derived commutative R-algebra.

Proof. By [Sta23, 01GZ] we can compute RΓ(X,F) as a filtered colimit over all hyper-
covers U• → X of Čech cohomology with respect to U•:

(2.14) RΓ(X,F) ' colim
U•→X

lim
n
F(Un)

Each F(Un) is a commutative R-algebra, which we view as an object of DAlg(R). Since
the forgetful functor DAlg(R) → D(R) commutes with limits and filtered colimits, this
endows RΓ(X,F) with the structure of a derived commutative R-algebra. �
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Applying this construction to étale cohomology with coefficients in Fp produces derived
commutative algebras with the special property that the Frobenius endomorphism is
homotopic to identity:

Lemma 2.17. If X is a scheme then the Frobenius endomorphism ϕRΓet(X,Fp) of the
derived commutative Fp-algebra RΓet(X,Fp) is naturally homotopic to the identity mor-
phism.

Proof. In the formula (2.14) each Fp(Un) = Func(π0(Un),Fp) is the algebra of Fp-valued
functions on a set, and its Frobenius endomorphism is the identity, so the lemma follows.

�

When studying the Sen operator, we will use that it is compatible with the derived
commutative algebra structure on the diffracted Hodge cohomology (to be defined in
Section 5). Specifically, we need the following notion

Definition 2.18. For a prestack X and a derived commutative algebra A ∈ DAlg(X), a
derivation f : A → A is a map in D(X) such that the map IdA + ε · f : A ⊗ Z[ε]/ε2 →
A⊗Z[ε]/ε2 inD(X×Z[ε]/ε2) is equipped with the structure of a map in DAlg(X×Z[ε]/ε2).

2.3. Cosimplicial commutative algebras. For the duration of this subsection assume
that X is a scheme. In all of our main applications we will in fact be presented with
a cosimplicial commutative algebra in the ordinary category QCoh(X). We denote by

CAlg∆
X the ordinary category of cosimplicial commutative algebras in the abelian sym-

metric monoidal category QCoh(X). In this subsection we make some remarks on the

relation between CAlg∆
X and DAlg(X). These facts are not used in any of our main

results, but the reader who feels more comfortable with CAlg∆
X than with DAlg(X) is

encouraged to specialize the results in Section 4 to a situation where the algebra A is a
cosimplicial commutative algbera, using this subsection as a dictionary.

In general, a cosimplicial commutative algebra gives rise to a derived commutative
algebra:

Lemma 2.19. Let X be a scheme. There is a natural functor RX : CAlg∆(X) →
DAlg(X) from the ordinary category of cosimplicial commutative algebras in quasi-
coherent sheaves on X to the category of derived commutative algebras on X. This
functor is compatible with the cosimplicial totalization functor on the level of underly-
ing complexes.

Remark 2.20. For all of our main results we will work with derived commutative algebras
concentrated in degrees ≥ 0. In a forthcoming work, Mathew and Mondal will show that
for any commutative base ring R the ∞-category of derived commutative R-algebras
concentrated in degrees ≥ 0 is equivalent to the ∞-category of cosimplicial commutative
R-algebras, cf. [MR23, Remark 2.1.8].

Proof of Lemma 2.19. First of all, there is a functor from ordinary commutative algebras
in QCoh(X) to DAlg(X). Indeed, for an ordinary algebra A there is a natural map
SnA → (A⊗OXn)Sn where the tensor product and coinvariants are taken in the non-
derived sense. Hence the commutative multiplication on A ∈ QCoh(X) endows it with a
structure of a monad over S• in D(X).
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Now, if A =
[
A0 A1 . . .

]
is a cosimplicial commutative algebra in QCoh(X),

we define RX(A) as lim
[n]∈∆

RX(An), where each RX(An) was defined in the previous para-

graph. This indeed induces the totalization on underlying sheaves because the forgetful
functor DAlg(X)→ D(X) commutes with limits. �

Example 2.21. If f : X → SpecR is a morphism from a separated scheme to the
spectrum of a ring R, the object RΓ(X,OX) = f∗(OX) ∈ D(R) is endowed with a
structure of a cosimplicial commutative algebra using the Čech construction associated
to a cover X =

⋃
i

Ui:

(2.15) RΓ(X,OX) '

 ∏
i

O(Ui)
∏
i<j

O(Ui ∩ Uj) . . .


The result of applying RR to this cosimplicial algebra is naturally equivalent to falg

∗ OX
from Lemma 2.13.

If X is a scheme over Fp, for every cosimplicial commutative algebra A ∈ CAlg∆
X there

is a natural map ϕcosimp
A : F ∗XA → A of algebras induced by the term-wise Frobenius

endomorphism. It follows from the construction of the functor RX that ϕcosimp
A coincides

with the Frobenius map arising from the derived commutative algebra structure:

Lemma 2.22. For an Fp-scheme X, and a term-wise flat cosimplicial commutative al-

gebra A ∈ CAlg∆
X there is a natural homotopy between RX(ϕcosimp

A ) and ϕA in D(X).

Proof. If A is an ordinary commutative algebra, this was established along with defining
ϕA in Lemma 2.11. The case of an arbitrary A is obtained by passing to the limit over
the cosimplicial category ∆. �

For a locally free sheaf M on a scheme X we can represent the free divided power
algebra Γ•(M [−1]) ∈ DAlg(X) of Definition 2.15 by a cosimplicial commutative algebra.
Denote by DK(M [−1]) the cosimplicial object in the category of locally free sheaves on
X, obtained by applying the Dold-Kan correspondence to the complex M [−1].

Lemma 2.23. The derived commutative algebra Γ•(M [−1]) is equivalent to
RX(Γ•naive(DK(M [−1]))) where Γ•naive(DK(M [−1])) is the result of applying term-wise
the free divided power algebra functor to the cosimplicial sheaf DK(M [−1]).

Proof. The derived pushforward of the structure sheaf along the map BXM
∨# → X

is equivalent, as a derived commutative algebra, to the totalization of the cosimplicial
diagram

(2.16) OX π∗OM∨# π∗OM∨#×XM∨# . . .

obtained by applying the functor π∗O(−) to the bar-resolution associated to the group

scheme π : M∨# → X over X. The nth term of the diagram (2.16) is the commutative
algebra π∗OM∨#×Xn ' Γ•X(M⊕n) concentrated in degree 0, so the cosimplicial commu-
tative algebra defined by (2.16) is indeed equivalent to the result of applying Γ•naive to
DK(M [−1]). �
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2.4. Bockstein morphisms. For a stable Z-linear ∞-category C, any object M ∈ C
gives rise to a natural fiber sequence

(2.17) M
p−→M →M/p

We will denote the corresponding connecting map by BockM : M/p → M [1] and refer
to it as the Bockstein morphism corresponding to M . Note that BockM [1] is naturally
homotopic to (−BockM [1]).

Similarly, for a Z/pn-linear stable ∞-category C for any object M ∈ C we have a fiber
sequence

(2.18) M ⊗Z/pn Z/pn−1 →M →M ⊗Z/pn Z/p

inducing the connecting map BockM : M ⊗ Z/p → M ⊗ Z/pn−1[1]. These construc-
tions over Z and Z/pn are compatible in the sense that BockM/pn is the composition

M/p
BockM−−−−→M [1]→M/pn−1[1].

3. Symmetric power Sp, class α, and Steenrod operations

In this section we study in detail the derived functor Sp of pth symmetric power by
comparing it with the divided power functor Γp. For complexes of vector spaces over a field
k the values of Sn can be described non-canonically using the computations of Sn(k[−i])
done by Priddy [Pri73], but we crucially need to understand SpM as a complex of sheaves,
rather that its separate cohomology sheaves.

3.1. Symmetric powers vs. divided powers. Let X be an arbitrary prestack. Recall
that in the previous section for an object M ∈ D(X) we defined natural morphisms

(3.1) Nn : SnM → ΓnM rn : ΓnM → SnM

Denote by Tn(M) the cofiber cofib(Nn : SnM → ΓnM) of the norm map. The functor
Tn, especially for n = p, has been extensively studied in the literature. References close to
our point of view are works of Friedlander-Suslin [FS97, Section 4], and Kaledin [Kal18,
6.3]. We have the following classical results about Tn:

Lemma 3.1 ([FS97, Lemma 4.12], [Kal18, Lemma 6.9]). (1) If X is a prestack over
Z[ 1

n! ] then Tn(M) ' 0 for every M ∈ D(X).
(2) If R is a flat Zp-algebra and M is a flat R-module, then Np : SpM → ΓpM is

an injection and its cokernel Tp(M) is naturally isomorphic to F ∗R/p(M/p) as an

R-module.
(3) If X is a flat algebraic stack over Zp then there is a natural equivalence Tp(M) '

i∗F
∗
X0
i∗M , where i : X0 = X ×Zp Fp → X is the closed immersion of the special

fiber, and FX0 : X0 → X0 is the absolute Frobenius morphism.
(4) If X0 is a prestack over Fp then Tp(M0) fits into a natural fiber sequence

(3.2) F ∗X0
M0[1]→ Tp(M0)→ F ∗X0

M0.

Remark 3.2. (1) In the setting of (3), if M0 ' i∗M ∈ D(X0) is the reduction of an
object M ∈ D(X) then Tp(M0) can be naturally (in M) described as

(3.3) Tp(M0) ' i∗Tp(M) ' i∗i∗F ∗X0
M0
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Under this identification, the fiber sequence in (3.2) is identified with the sequence
induced by the fiber sequence of functors Id[1]→ i∗i∗ → Id from D(X0) to D(X0).

(2) This will not be used in any of the proofs but let us remark that one can describe
the extension (3.2) completely, even in the absence of a lift of X0 to Zp together
with the object M . It is proven in [PVV18, Theorem 6] that in the setting of
(4), at least if X is a scheme, Tp(M) can be upgraded to an object of the derived
category of crystals of quasi-coherent crystals of O-modules D(Cris(X0/Fp)) on
the scheme X0 such that (3.2) is an extension of crystals where F ∗X0

M is endowed
with a crystal structure using the canonical connection. Moreover, homotopy
classes of splittings of (3.2) in D(Cris(X0/Fp)) are in bijection with lifts of F ∗X0

M

to an object in D(Cris(X0/(Z/p2))). If X0 is equipped with a lift X1 over Z/p2

then splittings of (3.2) in D(X0) are in bijection with lifts of F ∗X0
M to an object

of D(X1).

Proof. 1) We have rn ◦ Nn = n! · IdSnM , Nn ◦ rn = n! · IdΓnM . Therefore Nn is an
isomorphism if n! is invertible, so Tn vanishes on prestacks over Z[ 1

n! ].
2) By the previous part, the map Np : SpM → ΓpM becomes an isomorphism after

inverting p. Since the module SpM is p-torsion free, the map Np is injective.
We will now construct a natural isomorphism α between the module F ∗R/p(M/p) =

M/p⊗R/p,FR/p R/p and the cokernel of Np. To an element m⊗ r ∈ M/p⊗R/p,FR/p R/p
assign the element α(m⊗ r) := r̃ · m̃⊗p ∈ cokerNp where r̃ ∈ R and m̃ ∈M are arbitrary
lifts of r and m, respectively.

To see that α gives a well-defined map F ∗R/p(M/p)→ cokerNp we need to check that

r̃ ·m̃⊗p ∈ cokerNp does not depend on the choices of the lifts r̃, m̃ and that (m̃1+m̃2)⊗p =

m̃⊗p1 + m̃⊗p2 ∈ cokerNp. The first claim follows from the fact that p · ΓpR(M) ⊂ ImNp,
and the additivity is demonstrated by the formula

(3.4) (m̃1 + m̃2)⊗p − m̃⊗p1 − m̃⊗p2 = Np

(
p−1∑
i=1

1

i!(p− i)!
m̃i

1m̃
p−i
2

)
Finally, to show that α : F ∗R/p(M/p)→ coker(Np) is an isomorphism, we may assume

that M is a free R-module, because both functors M 7→ coker(Np : SpM → ΓpM)
and M 7→ F ∗R/p(M/p) commute with filtered colimits and every flat module can be

represented as a filtered colimit of free modules. Let {ei}i∈I be a basis of M over R.

Then {Np(ei1 . . . eip)}(i1,...,ip)∈Ip\I ∪ {e⊗pi }i∈I is an R-basis for ΓpR(M) so {e⊗pi }i∈I is an
R/p-basis for cokerNp, as desired.

3) Part (2) produced a natural short exact sequence SpM → ΓpM → F ∗R/p(M/p)

of R-modules for every projective module M over a flat Zp-algebra R. The functor

M 7→ F ∗R/p(M/p) from Projf.g.R to ModR is polynomial (in fact, linear), and the formation

of this short exact sequence is compatible with base change along arbitrary maps R→ R′

of flat Zp-algebras, so Lemma 2.2 produces a fiber sequence SpM → ΓpM → i∗F
∗
X0
i∗M

for every M ∈ D(X) which gives the desired identification.
4) We will establish such a fiber sequence when M0 is a flat sheaf on an affine scheme

X0 = SpecR and the general case will follow formally as in (3). If M0 is a flat R-module

where R is an Fp-algebra, then Tp(M0) is represented by the complex SpM0
Np−−→ ΓpM0

concentrated in degrees [−1, 0]. In Lemma 2.5 we defined maps ψM0
: ΓpM0 → F ∗R0

M0
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and ∆M0
: F ∗R0

M0 → SpM0 that give rise to a sequence

(3.5) 0→ F ∗R0
M0

∆M0−−−→ SpR0
M0

Np−−→ ΓpM0

ψM0−−−→ F ∗R0
M0 → 0

that one checks to be exact by a direct calculation with a basis of M0 in case it is free, as
in part (2). This exact sequence gives rise to the desired fiber sequence (3.2) by Lemma
2.2. �

Non-decomposability of the de Rham complex will arise from the fact that the map
Np : SpM → ΓpM does not have a section in general. By definition, for an object
M ∈ D(X) on an arbitrary prestack X there is a natural fiber sequence

(3.6) Tp(M)[−1]
γM−−→ SpM

Np−−→ ΓpM

It will be slightly more natural for us to start with an arbitrary object E ∈ D(X), and
apply (3.6) to M = E[−1] to get a fiber sequence

(3.7) Tp(E[−1])[−1]→ Sp(E[−1])→ (ΛpE)[−p]
where we used the décalage identification Γp(E[−1]) ' (ΛpE)[−p] from Lemma 2.8 to
rewrite the third term. If X is an algebraic stack flat over Zp then, by Lemma 3.1(3) this
fiber sequence takes the form

(3.8) F ∗X0
(E/p)[−2]→ Sp(E[−1])→ (ΛpE)[−p]

Here F ∗X0
(E/p) is an abbreviation for i∗F

∗
X0
i∗E, we will prefer using this notation in what

follows. Let us record the description of the cohomology sheaves of Sp(E[−1]) in the case
E is a locally free sheaf, for p > 2, the analogous result for p = 2 will be established in
Corollary 3.7:

Lemma 3.3. Suppose that p > 2.

(1) If E is a locally free sheaf on a scheme X flat over Zp, then

(3.9) H2(Sp(E[−1])) ' F ∗X0
(E/p), Hp(Sp(E[−1])) ' ΛpE,

and all other cohomology sheaves of Sp(E[−1]) are zero.
(2) If E is a locally free sheaf on a scheme X0 over Fp, then

(3.10) H1(Sp(E[−1])) ' H2(Sp(E[−1])) ' F ∗X0
E, Hp(Sp(E[−1])) ' ΛpE

and all other cohomology sheaves of Sp(E[−1]) are zero.

Proof. This is immediate from (3.7) and Lemma 3.1(3),(4). �

Let now X0 be an arbitrary prestack over Fp. For an object E ∈ D(X0) the pushout
of the fiber sequence (3.7) along the map Tp(E[−1])[−1]→ F ∗X0

E[−2] from (3.2) defines
a fiber sequences

(3.11) F ∗X0
E[−2]→ Sp(E[−1])

⊔
Tp(E)[−2]

F ∗X0
E[−2]→ (ΛpE)[−p]

In case where E is a locally free sheaf on an Fp-scheme scheme X0, the sequence (3.11)
is simply the truncation of (3.7) in degrees ≥ 2.

Definition 3.4. We will denote by α(E) : ΛpE → F ∗X0
E[p − 1] the shift by [p] of the

connecting morphism corresponding to the fiber sequence (3.11).
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Suppose now thatX is a flat algebraic stack over Zp. Denote by i : X0 ' X×ZpFp ↪→ X
the closed embedding of the special fiber. Let us remark that the information contained
in the extension (3.7) for an object E ∈ D(X) is completely captured by α(i∗E):

Lemma 3.5. For an object E ∈ D(X) denote i∗E by E0. The image of
the map α(E0) under the adjunction identification RHomX0

(ΛpE0, F
∗
X0
E0[p − 1]) =

RHomX(ΛpE, i∗F
∗
X0
i∗E[p − 1]) is the connecting morphism corresponding to the fiber

sequence

(3.12) Tp(E[−1])[−1]→ Sp(E[−1])→ (ΛpE)[−p]
where we identify Tp(E[−1])[−1] with i∗F

∗
X0
i∗E[−2] via Lemma 3.1(3).

Proof. In general, for two objects M ∈ D(X), N ∈ D(X0) the adjunction identification
RHomD(X)(M, i∗N) ' RHomD(X0)(i

∗M,N) can be described as sending a map f : M →
i∗N to the composition i∗M

i∗f−−→ i∗i∗N → N where the second map is the counit of the
adjunction. The fiber sequence Tp(E0[−1])[−1]→ Sp(E0[−1])→ (ΛpE0)[−p] is the result
of applying i∗ to the sequence (3.12), and the map Tp(E0[−1])[−1] → F ∗X0

E0[−2] used
to form the pushout sequence (3.11) is precisely the counit map i∗i∗ → Id evaluated on
F ∗X0

E0[−2] by Remark 3.2, so the lemma follows. �

The extension defining α(E) can be described in more classical terms for p = 2. For a
projective module M over an F2-algebra R0 we have a natural short exact sequence

(3.13) 0→ F ∗R0
M

∆M−−→ S2M
j−→ Λ2M → 0

Here ∆M is the map defined in (2.7), it sends an element m ⊗ 1 ∈ M ⊗R0,FR0
R0 to

m ·m ∈ S2M , and j sends m1 ·m2 ∈ S2M to m1 ∧m2 ∈ Λ2M . By Lemma 2.2 this gives
rise to a fiber sequence

(3.14) F ∗X0
E

∆E−−→ S2E
j−→ Λ2E

for every object E ∈ D(X0) on any F2-prestack X0.

Lemma 3.6. When p = 2, and E is an object of D(X0), the fiber sequence (3.11) is
naturally equivalent to the shift by [−2] of the sequence (3.14).

Proof. Consider the shift of the fiber sequence (3.11) by [2]:

(3.15) F ∗X0
E → S2(E[−1])[2]

⊔
T2(E)

F ∗X0
E → Λ2E

When X0 = SpecR0 is an affine scheme and E corresponds to a projective R0-module,
first and third terms of (3.15) are concentrated in degree 0, so this fiber sequence is an
exact sequence of R0-modules. We will functorially identify it with the sequence (3.13),
which will prove the Lemma in general thanks to Lemma 2.2.

First, note that the middle term of (3.15) is isomorphic to the cohomology module
H2(S2(E[−1])). On the other hand, the fiber sequence

F ∗X0
E[−1]

∆E[−1]−−−−→ S2(E[−1])
jE[−1]−−−−→ Λ2(E[−1])

identifies H2(S2(E[−1])) with H2(Λ2E[−1]) ' S2E. This already identifies the middle
terms of exact sequences (3.14) and (3.15), so it remains to check that this identification
fits into an identification of fiber sequences.
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To this end, note that for any projective R0-module M the norm map N2 : S2M →
Γ2M factors as S2M

j−→ Λ2M
j′−→ Γ2M where j′ sends m1 ∧m2 to m1⊗m2 +m2⊗m1 ∈

Γ2M ⊂M⊗2. Therefore we get such a factorization for any object M ∈ D(X0). Applying
this to M = E[−1] we learn that the map S2(E[−1])→ Γ2(E[−1]) ' Λ2E factors through
jE[−1] which proves the lemma. �

We can deduce the computation of cohomology sheaves of Sp(E[−1]) when p = 2,
complementing Lemma 3.3(2):

Corollary 3.7. For a locally free sheaf E on an F2-scheme X0 we have

(3.16) H1(S2(E[−1])) ' F ∗X0
E H2(S2(E[−1])) ' S2E

and all other cohomology sheaves are zero.

For an arbitrary p, we can relate Sp(E[−1]) to the homotopy coinvariants (E[−1]⊗p)hSp
of the symmetric group Sp acting on E[−1]⊗p by permutations. This identification will
be used in our proof of non-vanishing of the class α in Section 12.

Lemma 3.8. For a locally free sheaf E on an Fp-scheme X0 there is a natural equivalence
Sp(E[−1]) ' τ≥1(E[−1]⊗p)hSp

Proof. First, let us recall the values of the cohomology sheaves of (E[−1]⊗p)hSp :

Lemma 3.9. If p > 2 then

(3.17) Hi((E[−1]⊗p)hSp) '


ΛpE, i = p

F ∗X0
E, i ≡ 1 or 2 mod p− 1, and i ≤ 2

0 otherwise

If p = 2 then

(3.18) Hi((E[−1]⊗2)hS2
) '


S2E, i = 2

F ∗X0
E, i < 2

0, i > 2

Proof. We will give the argument in the case p > 2 and the case p = 2 is proven analo-
gously. Note that the Sp-equivariant object E[−1]⊗p is equivalent to sgn⊗E⊗p[−p] where
Sp acts on E⊗p via permutation of factors, and sgn is the sign character. In particular,
Hp((E[−1]⊗p)hSp) is isomorphic to ΛpE by definition of the exterior power.

To identify other cohomology sheaves, we will compare homology of the symmetric
group with that of a cyclic group. Denote by Cp ⊂ Sp a cyclic subgroup of order p. There
is a natural map (E[−1]⊗p)hCp → (E[−1]⊗p)hSp . The coinvariants (E[−1]⊗p)hCp for the
cyclic group can be represented by the following two-periodic complex

(3.19) . . .
1−σ−−−→ E⊗p

NCp−−−→ E⊗p
1−σ−−−→ E⊗p

where σ is the endomorphism of E⊗p given by cyclic permutation of the factors, and

NCp =
p−1∑
i=0

σi. For all i < p we get a map F ∗X0
E → Hi((E[−1]⊗p)hCp) given by sending

a section e⊗ 1 ∈ E(U)⊗OX0
(U),FX0

OX0
(U) on an affine open U ⊂ X0 to e⊗p ∈ E⊗p(U).

One checks on stalks that this map is an isomorphism for all i < p. We get
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(3.20) Hi((E[−1]⊗p)hCp) '


(E⊗p)Cp , i = p

F ∗X0
E, i < p

0 otherwise

Since Cp ⊂ Sp is a p-Sylow subgroup, the map (E[−1]⊗p)hCp → (E[−1]⊗p)hSp estab-
lishes (E[−1]⊗p)hSp as a direct summand of (E[−1]⊗p)hCp . Hence to prove the lemma

it remains to check that the surjective map Hi((E[−1]⊗p)hCp) → Hi((E[−1]⊗p)hSp) is
an isomorphism for i ≡ 1, 2 mod p and is the zero map for all other i < p. This can be
checked on stalks, and F ∗X0

is an additive functor, so we may assume that X0 = SpecFp
and E is a 1-dimensional Fp-vector space. The statement is now a consequence of classical
computations of homology of the symmetric group with coefficients in the sign character,
cf. [Ste62, Chapter V, Proposition 7.8]. �

There is a natural map E[−1]⊗p → Sp(E[−1]) which is Sp-equivariant with respect
to the permutation action on the source and the trivial action on the target. Hence it
induces a natural map (E[−1]⊗p)hSp → Sp(E[−1]). Moreover, this map factors through

(E[−1]⊗p)hSp → τ≥1(E[−1]⊗p)hSp because Sp(E[−1]) is concentrated in degrees ≥ 1. We
thus obtain a map

(3.21) ξE : τ≥1(E[−1]⊗p)hSp → Sp(E[−1])

between objects of D(X0) whose cohomology sheaves are isomorphic, by (3.17) and
Lemma 3.3(2). It remains to check that this particular map induces isomorphisms on
cohomology sheaves.

For cohomology in degree p, this is a consequence of the fact that the composition
E[−1]⊗p → Sp(E[−1]) induces (up to a sign) the surjection E⊗p � ΛpE on Hp when
p > 2, and the surjection E⊗2 � S2E when p = 2. To show that the map ξE induces
isomorphisms on H1 and H2 it is enough to consider the case X0 = SpecFp and E
being a 1-dimensional vector space. This follows from the fact that cohomology classes of
(Fp[−1]⊗p)hSp are responsible for Steenrod operations in the cohomology of E∞-algebras,
as proven in Lemma 3.16 below. �

3.2. Tp and commutative algebras. We will now compute how the defect between Sp

and Γp, given by Tp, interacts with the structure of a derived commutative algebra. This
computation plays a central role in our proof of Theorem 4.1.

Lemma 3.10. Let X be an algebraic stack or a formal scheme flat over Zp with the
special fiber X0 := X ×Zp Fp. For a derived commutative algebra A ∈ DAlg(X) the

composition F ∗X0
(A/p)[−1]

γA−−→ SpA
mA−−→ A is naturally homotopic in D(X) to

(3.22) F ∗X0
(A/p)[−1]

ϕA/p−−−→ A/p[−1]
BockA[−1]−−−−−−−→ A

Proof. For a projective moduleM over a flat Zp-algebraR there is a diagram ofR-modules
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(3.23)

SpM ΓpM F ∗R/p(M/p)

SpM SpM SpR/p(M/p)

Np

idSpM rp ∆M/p

p!

where both rows are short exact sequences of R-modules. It evidently gives rise to a
diagram of polynomial functors that is moreover natural in arbitrary maps R→ R′. We
can construct from this the following diagram in D(X) where rows are fiber sequences
and vertical maps organize into morphisms of fiber sequences:

(3.24)

SpA ΓpA F ∗X0
(A/p)

SpA SpA SpX0
(A/p)

A A A/p

Np

∆A/p

p!

mA m mA

p!

The maps between the first two rows are obtained by applying the functor ΣX of
Lemma 2.2 to the diagram (3.23), and evaluating the resulting maps on the object A ∈
D(X). The maps between the second and third rows are obtained by applying the functor
cofib(p!) to the map mA : SpA→ A.

The connecting morphism F ∗X0
(A/p)→ (SpA)[1] corresponding to the top row of (3.24)

is equivalent to −γA[1], by definition of γA given in (3.6). Commutativity of the diagram
implies the lemma because the connecting morphism A/p → A[1] of the bottom row is
the negative (−BockA) of the Bockstein morphism by the identity (p − 1)! = −1 in Fp,
and the composition of the right vertical column is the map ϕA/p : F ∗X0

(A/p)→ A/p, by
the definition of Frobenius endomorphisms of derived commutative algebras. �

Remark 3.11. If A happens to be represented by a term-wise flat cosimplicial commu-
tative algebra A• in QCoh(X), for a flat Zp-scheme X, then the diagram (3.24) can be
obtained from the strictly commutative diagram in the ordinary category of cosimplicial
sheaves on X, where the rows are term-wise exact:

(3.25)

SpnaiveA
• ΓpnaiveA

• F ∗(A/p)

A A A/p

N

m m ϕcosimp
A/p

p!

where Spnaive and Γpnaive denote the endofunctors of the ordinary category of cosimplicial
objects in QCoh(X) induced by the (non-derived) functors Sp and Γp.

3.3. Steenrod operations on cohomology of cosimplicial algebras. This subsec-
tion is not used in the rest of the paper and contains classical material, if only presented
somewhat differently, but we include it, as Proposition 3.14 was the original motivation
for our approach and Theorem 4.1 should be viewed as its generalization. Let us also
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mention the result of Scavia [Sca21, Theorem 1.1(iv),(v)] which is related to and implied
by Proposition 3.14.

Recall that cohomology of derived symmetric powers is related to natural operations
on cohomology of cosimplicial commutative algebras:

Lemma 3.12. Fix a commutative base ring R. The R-module of natural transformations
between functors Hi, Hj : CAlg∆

R → ModR can be described as

(3.26) Hom(Hi, Hj) ' Hj(S•(R[−i]))

where the isomorphism takes a natural transformation α : Hi → Hj to the image of the
class 1 ∈ R = Hi(S1(R[−i])) ⊂ Hi(S•(R[−i])) under α evaluated on the free algebra
S•(R[−i]).

Remark 3.13. The resulting module of natural transformations can be computed com-
pletely, cf. [Pri73] for the case R = Fp.

Proof. We will describe the inverse map. Given a class c ∈ Hj(S•(R[−i])), for every
cosimplicial commutative algebra A we define a morphism Hi(A) → Hj(A) as follows.
Let x : R[−i]→ A be a map representing a cohomology class [x] ∈ Hi(A). Applying the
functor S• to this map of cosimplicial R-modules and composing it with the multiplication

on A gives a map S•(R[−i]) S•x−−→ S•A
mA−−→ A. We declare the image of [x] under the

natural transformation to be the image of the class c under mA ◦ S•x. This produces a
map Hj(S•(R[−i]))→ Func(Hi, Hj) inverse to the map (3.26). �

We will now deduce from Lemma 3.10 that certain cohomology operations of degree 0
and 1 are related to Frobenius endomorphism, and Witt vectors Bockstein homomorphism
introduced by Serre in [Ser58, §3]. Recall that for any object M ∈ D(R) of the derived

category of modules over a ring R we defined a map Tp(M)[−1]
γM−−→ SpRM in (3.6).

In the case M = Zp[−i] over R = Zp it takes form Fp[−i − 1] → Sp(Zp[−i]), and we
denote by P 1

Zp ∈ Hi+1(Sp(Zp[−i])) the resulting p-torsion class. For M = Fp[−i] over

R = Fp the map γFp has the form Fp[−i]⊕ Fp[−i− 1]→ SpFp(Fp[−i]), and we denote by

P 0
Fp ∈ H

i(Sp(Fp[−i])), P 1
Fp ∈ H

i+1(SpFp(Fp[−i])) the resulting classes. Note that P 1
Fp is

the image of P 1
Zp under the reduction map.

By Lemma 3.12 the class P 1
Zp gives rise to a natural homomorphism

(3.27) P 1
Zp : Hi(A)→ Hi+1(A)

for every cosimplicial commutative Zp-algebra A. Similarly, classes P 0
Fp , P

1
Fp define oper-

ations

(3.28) P 0
Fp : Hi(A0)→ Hi(A0) P 1

Fp : Hi(A0)→ Hi+1(A0)

for every cosimplicial commutative Fp-algebra A0. In the following result by W2(A0)
we mean the cosimplicial commutative Z/p2-algebra obtained by applying term-wise the
length 2 Witt vectors functor to A0.

Proposition 3.14. (1) For a cosimplicial commutative algebra A over Zp the oper-
ation P 1

Zp : Hi(A)→ Hi+1(A/p) is equal to the composition

Hi(A)→ Hi(A/p)
ϕA/p−−−→ Hi(A/p)

BockiA−−−−→ Hi+1(A)
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(2) For a cosimplicial commutative algebra A0 over Fp the operation P 0
Fp : Hi(A0)→

Hi(A0) is equal to the Frobenius endomorphism of A0.
(3) For a cosimplicial commutative algebra A0 over Fp the operation P 1

Fp : Hi(A0)→
Hi+1(A0) is equal to the connecting homomorphism induced by the exact sequence

A0
V−→W2(A0)→ A0.

Proof. Given a class [x] ∈ Hi(A) represented by a map x : Zp[−i]→ A we get a commu-
tative diagram

(3.29)

Tp(Zp[−i])[−1] SpZp[−i]

Tp(A)[−1] SpA A

Tp(x)[−1]

γZp[−i]

Spx

γA mA

By definition, the value P 1
Zp([x]) ∈ Hi+1(A) is equal to the image of the class 1 ∈

Fp ' Hi+1(Tp(Zp[−i])[−1]) under the clockwise composition in the diagram (3.29). On

the other hand, the counter-clockwise composition is homotopic to Fp[−i−1]
x[−1] mod p−−−−−−−−→

A/p[−1]
ϕA/p[−1]
−−−−−−→ A/p[−1]

BockA−−−−→ A by Lemma 3.10, and this implies part (1).
For a class [x] ∈ Hi(A0) represented by a map x : Fp[−i] → A0 the value

P 0
Fp([x]) ∈ Hi(A0) is defined as the image of the unit in Fp = Hi(Fp[−i]) under the

composition Fp[−i]
∆Fp[−i]−−−−−→ SpFp[−i]

Spx−−→ SpA0

mA0−−−→ A0. This composition is homo-

topic to Fp[−i]
x−→ A0

∆A0−−−→ SpA0

mA0−−−→ A0 which implies statement (2) by the definition
of Frobenius on A0.

By Lemma 3.12, in (3) it is enough to check the claimed formula for P 1
Fp on the

universal class 1 ∈ Hi(S•Fp[−i]) for A0 = S•Fp[−i]. This cosimplicial Fp-algebra lifts to
A = S•Zp[−i] and the universal class lifts along the map Hi(A) → Hi(A0). Therefore
we can apply part (1) to get that P 1

Fp(1) is equal to the image of 1 under the composition

Hi(A0)
ϕA0−−−→ Hi(A0)

BockA/p2

−−−−−−→ Hi+1(A0).
To see that this composition is equal to the Witt vector Bockstein homomorphism,

recall that there is a map of cosimplicial rings φ : W2(A0) → A/p2 term-wise given by
[a0] + V [a1] 7→ ãp0 + pã1 where ã0, ã1 ∈ Ai/p2 are arbitrary lifts of a0, a1 ∈ Ai0. This map
fits into a commutative diagram where rows are term-wise exact sequences:

(3.30)

0 A0 W2(A0) A0 0

0 A0 A/p2 A0 0

V

φ ϕA0

p

The induced map between the associated long exact sequence of cohomology proves that
the connecting homomorphism induced by the top row is equal to BockA/p2 ◦ ϕA0 which
finishes the proof of (3). �

3.4. Steenrod operations on cohomology of E∞-algebras. In this expository sub-
section we recall how power operations on cohomology of an E∞-algebra is defined, and
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relate them to the operations on the cohomology of cosimplicial commutative algebras.
All of this material is contained in [Ste62], [May70], [Pri73].

Let A be an E∞-algebra over a (ordinary) commutative ring R. This structure, in
particular, gives a multiplication map A⊗p → A in D(R) which is Sp-equivant where Sp
acts via permutations of the factors in A⊗p and acts trivially on A. The multiplication
map therefore factors through a map

(3.31) mA : (A⊗p)hSp → A

This map is used to define operations on cohomology of A. Given a cohomology class
[x] ∈ Hi(A) we can represent it by a map x : R[−i]→ A inD(R) and form the composition

(3.32) (R[−i]⊗p)hSp
x⊗p−−→ (A⊗p)hSp

mA−−→ A

We now specialize to the case R = Fp. The cohomology groups of (Fp[−i]⊗p)hSp are
given by
(3.33)

Hj((Fp[−i]⊗p)hSp) =

{
Fp, for j = pi− (2k + 1)(p− 1) or pi− (2k + 1)(p− 1) + 1 with k ≥ 0

0, otherwise

if i is odd, and by
(3.34)

Hj((Fp[−i]⊗p)hSp) =

{
Fp, for j = pi− 2k(p− 1) or pi− 2k(p− 1) + 1 with k ≥ 0

0, otherwise

if i is even, see [Ste62, Chapter V, Lemmas 6.1, 6.2 + Proposition 7.8]. Thus for every m of
the form 2k(p−1) or 2k(p−1)+1 we can define Pm([x]) ∈ Hi+m(A) as the image of a fixed
generator of Hi+m((Fp[−i]⊗p)hSp) under the map (3.32). Applying this construction to
the singular cohomology of a topological space gives rise to natural cohomology operations
which satisfy special properties that are false for general E∞-algebras:

Theorem 3.15. For a topological space X and an integer i ≥ 0 the operations P 0 :
Hi

sing(X,Fp) → Hi
sing(X,Fp), P 1 : Hi

sing(X,Fp) → Hi+1
sing(X,Fp) arising from the E∞-

algebra structure on C•sing(X,Fp) are described as

(1) P 0 = Id
(2) P 1 is the Bockstein homomorphism corresponding to the term-wise exact sequence

of complexes C•sing(X,Fp)→ C•sing(X,Z/p2)→ C•sing(X,Fp).
Moreover, all operations Pm with m < 0 are zero.

We can reconcile these operations with the operations on cohomology of cosimplicial
commutative algebras, which will justify denoting these by the same symbols P i. Let A ∈
CAlg∆

Fp be a cosimplicial commutative Fp-algebra. We can view it as an E∞-algebra with
the symmetric multiplication factoring through the cosimplicial symmetric multiplication

(3.35) (A⊗p)hSp → SpA
mA−−→ A

In particular, for a class x ∈ Hi(A) the map (3.32) factors through the natural map
(Fp[−i]⊗p)hSp → Sp(Fp[−i]).

Lemma 3.16. For every i the map (Fp[−i]⊗p)hSp → Sp(Fp[−i]) factors through an

equivalence τ≥i(Fp[−i]⊗p)hSp ' Sp(Fp[−i]).
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Proof. The cohomology groups of the object Sp(Fp[−i]) are abstractly isomorphic to that
of τ≥i(Fp[−i]⊗p)hSp by [Pri73, Theorems 4.1.1,4.2.1] so it is enough to show that the map

τ≥i(Fp[−i]⊗p)hSp → SpFp[−i] induces an injection on cohomology in degrees ≥ i.
For this it suffices to provide, for every m ≥ 0, a topological space X such that

the operation Pm : Hi
sing(X,Fp) → Hi+m

sing (X,Fp) is non-zero. The Eilenberg-MacLane

space X = K(Fp, i) satisfies this condition, because the operations on cohomology of
topological spaces defined from cohomology classes of Eilenberg-MacLane spaces coincide
with those defined using the E∞-algebra structure, e.g. by the uniqueness of functorial
operations [Ste62, §VIII.3]. �

This discussion can be applied to the cosimplicial commutative algebra A =
C•sing(X,Fp) of singular cochains on a topological space X whose underlying E∞-algebra
was referenced in Theorem 3.15. The fact that operations Pm vanish for m < 0 can thus
be explained by the fact that Sp(Fp[−i]) is concentrated in degrees ≥ i. The algebras of
the form C•sing(X,Fp) are special among general cosimplicial commutative Fp-algebras in

that their Frobenius endomorphism is equal to the identity, because Csing(X,Fp) is defined
as the algebra of Fp-valued functions on the simplicial singular set of X, cf. [Pri73, 6.1].
In particular, the relations P 0 = Id and P 1 = Bock in Theorem 3.15 can be deduced from
our Proposition 3.14.

4. Extensions in complexes underlying derived commutative algebras

In this section we prove our main algebraic result on extensions in the canonical filtra-
tion on the complexes underlying certain derived commutative algebras. In this section
X will be an algebraic stack flat over Zp, or a formal scheme flat over Spf Zp. In both
regimes we denote by X0 = X ×Zp Fp the special fiber of X.

Theorem 4.1. Let A ∈ DAlg≥0(X) be a derived commutative algebra on X concentrated
in degrees ≥ 0 such that H0(A) = OX , H1(A) a locally free OX-module, and multipli-
cation on cohomology induces an isomorphism H•(A) ' Λ•H1(A). Assume further that
there is a morphism s : H1(A)[−1] → A in D(X) splitting the canonical filtration on
τ≤1A.

(1) There exists a natural equivalence
p−1⊕
i=0

Hi(A)[−i] ' τ≤p−1A in D(X).

(2) There is a natural homotopy between the map Hp(A) ' cofib(τ≤p−1A →
τ≤pA)[p] → (τ≤p−1A)[p + 1] corresponding to the extension τ≤p−1A → τ≤pA →
Hp(A)[−p] and the composition

(4.1)

Hp(A) = ΛpH1(A)
α(H1(A)/p)−−−−−−−−→ F ∗X0

H1(A/p)[p− 1]
F∗X0

s[p]
−−−−−→ (τ≤1F ∗X0

(A/p))[p]
ϕA/p−−−→

(τ≤1A/p)[p]
BockA−−−−→ (τ≤1A)[p+ 1]→ (τ≤p−1A)[p+ 1]

Proof. For each i ≥ 0, consider the map

(4.2) si : Si(H1(A)[−1])
Sis−−→ SiA

mA−−→ A

The composition H1(A)[−1]⊗i → Si(H1(A)[−1])
si−→ A induces the multiplication map

m : H1(A)⊗i → Hi(A) on i-th cohomology and 0 on all other cohomology groups. By the
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assumption that H•(A) is freely generated by H1(A), the map m : H1(A)⊗i → Hi(A)
identifies Hi(A) with ΛiH1(A).

For i ≤ p−1 we have Si(H1(A)[−1]) ' Γi(H1(A)[−1]) ' (ΛiH1(A))[−i], and the map
H1(A)[−1]⊗i → Si(H1(A)[−1]) is the shift by [−i] of the natural surjection H1(A)⊗i →
ΛiH1(A). Therefore si induces an isomorphism on Hi, which proves the first part of the
theorem.

For i = p the natural map Sp(H1(A)[−1])
Np−−→ Γp(H1(A)[−1]) ' (ΛpH1(A))[−p] is

not an equivalence anymore. Using the map sp, we will relate the extension τ≤p−1A →
τ≤pA→ Hp(A)[−p] to the extension

(4.3) F ∗X0
(H1(A)/p)[−2]→ Sp(H1(A)[−1])→ ΛpH1(A)[−p]

constructed in (3.8). To begin, let us compute the map induced by sp on the cohomology
in degree p.

Since Sp(H1(A)[−1]) is concentrated in degrees ≤ p, the map sp naturally factors
through τ≤pA. We claim that the composition

(4.4) Sp(H1(A)[−1])
sp−→ τ≤pA→ Hp(A)[−p]

is naturally homotopic to the norm map Np : Sp(H1(A)[−1]) → (ΛpH1(A))[−p].
This composition factors uniquely through the norm map, because the mapping space
MapD(X)(fib(Np), H

p(A)[−p]) is contractible as Hp(A)[−p] is a locally free sheaf placed

in degree p, and fib(Np) ' F ∗X0
H1(A)/p[−2] is a p-torsion object concentrated in de-

grees ≤ 2 ≤ p. Therefore the composition (4.4) has the form Sp(H1(A)[−1])
Np−−→

ΛpH1(A)[−p] ψ−→ Hp(A)[−p] for some map ψ. To check that ψ is equal to the cup-product
map, we may precompose this composition with the map H1(A)[−1]⊗p → SpH1(A)[−1],
and the claim follows from:

Lemma 4.2. Let E be a locally free sheaf on X. Under the décalage identification

Γp(E[−1]) ' ΛpE[−p] the composition E[−1]⊗p → Sp(E[−1])
Np−−→ Γp(E[−1]) is identified

with the shift by [−p] of the map E⊗p → ΛpE.

Proof. [Ill71, Proposition I.4.3.2.1] shows that décalage equivalences are compatible with
graded algebra structures on symmetric, divided power, and exterior algebras. Our as-
sertion is a special case of this. �

This allows us to fit sp into the following map of fiber sequences for some map β≤p−1
p :

(4.5)

F ∗X0
(H1(A)/p)[−2] Sp(H1(A)[−1]) (ΛpH1(A))[−p]

τ≤p−1A τ≤pA Hp(A)[−p]

γH1(A)[−1]

β≤p−1
p

Np

sp ∼

This diagram implies that the extension class Hp(A)→ (τ≤p−1A)[p+1] corresponding
to the bottom row can be described as the composition

(4.6) Hp(A) ' ΛpH1(A)
α(H1(A)/p)−−−−−−−−→ F ∗X0

(H1(A)/p)[p− 1]
β≤p−1
p [p+1]
−−−−−−−→ (τ≤p−1A)[p+ 1]
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Here α(H1(A)/p) is the natural class attached to the vector bundle H1(A)/p on X0 by
Definition 3.4, we view it as a map from ΛpH1(A) to F ∗X0

(H1(A)/p)[p−1] via adjunction
as in Lemma 3.5.

To finish the proof of Theorem 4.1, it remains to compute β≤p−1
p . Note that β≤p−1

p can

be naturally recovered from the composition βp : F ∗X0
H1(A)/p[−2]

β≤p−1
p−−−−→ τ≤p−1A → A

as the truncation τ≤p−1βp, because the mapping space MapD(X)(F
∗
X0
H1(A)/p[−2], τ≥pA)

is contractible. To identify βp, consider the following commutative diagram

(4.7)

F ∗X0
(H1(A)/p)[−2] Sp(H1(A)[−1])

F ∗X0
(A/p)[−1] SpA A

γH1(A)[−1]

F∗X0
s[−1]

βp

Sps

m

The composition of the bottom row was proven in Lemma 3.10 to be homotopic to

F ∗X0
(A/p)[−1]

ϕA/p−−−→ A/p[−1]
BockA−−−−→ A, hence βp : F ∗X0

(H1(A)/p)[−2]→ A is homotopic
to the composition

(4.8) F ∗X0
(H1(A)/p)[−2]

F∗X0
s[−1]

−−−−−−→ F ∗X0
(A/p)[−1]

ϕA/p−−−→ A/p[−1]
BockA[−1]−−−−−−−→ A

that can be factored as

(4.9)

F ∗X0
(H1(A)/p)[−2]

F∗X0
s[−1]

−−−−−−→ (τ≤1F ∗X0
(A/p))[−1]

ϕA/p−−−→ τ≤1(A/p)[−1]
BockA[−1]−−−−−−−→ τ≤1A→ A

Therefore β≤p−1
p is the composition of the first 3 arrows in (4.9) followed by the map

τ≤1A → τ≤p−1A. Plugging this expression for β≤p−1
p into (4.6) finishes the proof of the

second part of the theorem. �

Let us record the special form that Theorem 4.1 takes in the case of augmented algebras.

Corollary 4.3. Let A ∈ DAlg≥0(X) be a derived commutative algebra such that H0(A) '
OX and the multiplication on cohomology induces an isomorphism H•(A) = Λ•H1(A).
Assume also that A is equipped with a map ε : A→ OX of derived commutative algebras
that induces an isomorphism on H0. Then

(1) τ≤p−1A naturally decomposes in D(X) as
p−1⊕
i=0

Hi(A)[−i]

(2) The extension class Hp(A) → τ≤p−1A[p + 1] corresponding to τ≤pA can be de-
scribed as the composition

(4.10) Hp(A)
α(H1(A)/p)−−−−−−−−→ F ∗(H1(A)/p)[p− 1]

ϕA/p−−−→ (H1(A)/p)[p− 1]
BockH1(A)[p−1]
−−−−−−−−−−→

→ H1(A)[p]
⊕−→ τ≤p−1A[p+ 1]
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Proof. The augmentation map ε induces a splitting of the fiber sequence H0(A) →
τ≤1A → H1(A)[−1]. In particular, there exists a map s : H1(A)[−1] → A inducing
an isomorphism on H1, so we are in a position to apply Theorem 4.1. The formula
(4.1) specializes to (4.10) because under the decompositions τ≤1A ' H0(A)⊕H1(A)[−1]
and τ≤1(A/p) ' H0(A/p) ⊕ H1(A/p)[−1] the Bockstein and Frobenius morphisms are
diagonalized. �

4.1. Equivariant situation. Suppose that X is a flat Zp-scheme equipped with an ac-
tion of a discrete group G. Let us explicitly record that Theorem 4.1 applied to the
global quotient [X/G] can be rephrased as a statement about G-equivariant algebras on
X, where we take the definition of the category of G-equivariant derived commutative
algebras on X to be DAlg([X/G]). We state the result in the augmented setting because
this is the version that will be used in all the applications.

Theorem 4.4. Given a G-equivariant augmented derived commutative algebra A on X,
such that H0(A) = OX , the sheaf H1(A)is a locally free sheaf of OX-modules, and the
multiplication induces isomorphisms Λ•H1(A) ' H•(A), we have

(1) There is an equivalence τ≤p−1A '
p−1⊕
i=0

Hi(A)[−i] in DG(X).

(2) The map Hp(A)→ τ≤p−1A[p+ 1] corresponding to the fiber sequence τ≤p−1A→
τ≤pA→ Hp(A)[−p] in DG(X) can be described as

(4.11)

Hp(A)
α(H1(A)/p)−−−−−−−−→ F ∗(H1(A)/p)[p−1]

ϕA/p−−−→ (H1(A)/p)[p−1]
BockH1(A)[p−1]
−−−−−−−−−−→ H1(A)[p]

⊕−→ τ≤p−1A[p+1].

5. Applications to de Rham and Hodge-Tate cohomology

In this section we apply Theorem 4.1 to de Rham and diffracted Hodge complexes.
Let k be a perfect field of characteristic p > 0. We now work in a setup where X is a
formally smooth formal scheme over W (k), and as before denote by X0 its special fiber

X ×W (k) k. We denote by FX0/k : X0 → X
(1)
0 := X0 ×k,Frp k the relative Frobenius

morphism, and as before FX0
: X0 → X0 denotes the absolute Frobenius morphism. We

have the following cohomological invariants associated to X and X0, each equipped with
a derived commutative algebra structure.

• The diffracted Hodge complex Ω
/D
X ∈ D(X) defined in [BL22a, Notation 4.7.12]

whose cohomology algebra H•(Ω
/D
X) is isomorphic to the algebra Ω•X of differential

forms on X. By [BL22b, Theorem 7.20(2)] it can be identified with the derived

pushforward RπHT
∗ OX /D of the structure sheaf along the map πHT : X /D → X,

hence Lemma 2.13 equips Ω
/D
X with a structure of a derived commutative algebra in

D(X). The Sen operator on Ω
/D
X induces a decomposition τ≤p−1Ω

/D
X '

p−1⊕
i=0

ΩiX [−i]

in D(X), and, in particular, gives rise to a map s : Ω1
X [−1] → Ω

/D
X that induces

an isomorphism on H1.

• The de Rham complex dRX0/k = FX0/k∗OX0

d−→ FX0/k∗Ω
1
X0/k

d−→ . . . viewed

as an object of D(X
(1)
0 ). The Cartier isomorphism provides an identification

H•(dRX0/k) ' Ω•
X

(1)
0 /k

of graded algebras. By de Rham comparison, dRX0/k

is naturally identified with Ω
/D
X(1)/p, where X(1) := X ×W (k),Frp W (k) is the
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Frobenius-twist of the formal W (k)-scheme X. We give dRX0/k the structure of

an object of DAlg(X
(1)
0 ) by identifying it with the derived pushforward of the

structure sheaf along the map πHT : (X
(1)
0 ) /D → X

(1)
0 using Lemma 2.13.

Remark 5.1. The diffracted Hodge complex can be identified with the Hodge-Tate co-
homology of X relative to an appropriate prism, by [BL22a, Example 4.7.8]. Theorem 4.1
also applies to Hodge-Tate cohomology of smooth formal schemes over arbitrary prisms,
as well as to the decompleted version of the diffracted Hodge cohomology [BL22a, Con-
struction 4.9.1].

We will apply Theorem 4.1 to Ω
/D
X(1) and will then compute the extension in the canon-

ical filtration on dRX0/k by reducing modulo p. To begin, we will relate the Frobenius
endomorphism of the de Rham complex to the obstruction to lifting Frobenius onto
X ×W (k) W2(k).

5.1. Obstruction to lifting Frobenius over W2(k). We prove the results in this sub-
section without the smoothness assumption, and only assuming the existence of a flat
lift over W2(k), for a future application in Section 7. For a scheme Y0 over k equipped
with a lift Y1 over W2(k) we denote by obF,Y1

: F ∗Y0/k
LΩ1

Y
(1)
0 /k

→ OY0
[1] the obstruc-

tion to lifting FY0/k : Y0 → Y
(1)
0 to a morphism Y1 → Y

(1)
1 , as defined by Illusie [Ill71].

We also denote by dRY0/k the derived de Rham complex of Y0 relative to k, viewed

as an object of D(Y
(1)
0 ), cf. [Bha12, §3]. It is equipped with a filtration Fil•conj whose

graded pieces are equivalent to the shifted exterior powers of the cotangent complex:
griconj dRY0/k ' LΩi

Y
(1)
0 /k

[−i]. Note also that the natural map induces an equivalence

dRY0/Fp ' dRY0/k.
Using the relation between the cotangent complex of Y0 over W (k) and the de Rham

complex of Y0, due to [BS22] and [Ill20] we will prove:

Proposition 5.2. Let Y0 be a quasisyntomic scheme over k equipped with a flat lift Y1

over W2(k). Denote by s : LΩ1

Y
(1)
0 /k

[−1]→ dRY0/k the splitting of the conjugate filtration

in degree 1 arising from Y1. The composition

(5.1) F ∗Y0/k
LΩ1

Y
(1)
0 /k

[−1]
F∗Y0/k

s
−−−−→ F ∗Y0/k

Filconj
1 dRY0/k

dF
Y

(−1)
0 /k

−−−−−−−→ Filconj
1 dR

Y
(−1)
0 /k

is homotopic to the composition F ∗Y0/k
LΩ1

Y
(1)
0

[−1]
obF,Y1−−−−→ OY0

→ Filconj
1 dR

Y
(−1)
0

. Here

Y
(−1)
0 is the twist Y0 ×k,Fr−1

p
k by the inverse of Frobenius and dF

Y
(−1)
0 /k

is the map

induced by the functoriality of the de Rham complex.

Remark 5.3. For Y0 smooth over k this result also follows from the explicit model for
the map s : Ω1

Y
(1)
0 /k

→ dRY0/k using local Frobenius lifts, provided by [DI87], cf. [Sri90].

Remark 5.4. Using the isomorphism Y
(1)
0 ' Y0 of Fp-schemes we may view obF,Y1

as
a map F ∗Y0

LΩ1
Y0

[−1]→ OY0 [1] that coincides with the obstruction to lifting the absolute
Frobenius morphism FY0 : Y0 → Y0 to an endomorphism of Y1, we will denote this map
by the same symbol obF,Y1

.

Convention 5.5. We take obF,Y1
to mean the negative of the obstruction class defined

in [Ill71], to avoid a trailing sign in all of the subsequent expressions.
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We start by recalling from [Ill20] how a lift of Y0 over W2(k) provides a decomposition
of LΩ1

Y0/W (k). In general, if Y0 is a quasisyntomic scheme over k we have the fundamental

triangle corresponding to the morphisms Y0 → Spec k → SpecW (k)

(5.2) OY0
[1] ' OY0

⊗k LΩ1
k/W (k) → LΩ1

Y0/W (k) → LΩ1
Y0/k

The natural map fib(LΩ1
Y0/W (k) → LΩ1

Y0/k
) → fib(LΩ1

Y0/W2(k) → LΩ1
Y0/k

) establishes

the source as a direct summand of the target, hence a flat scheme Y1 over W2(k) lifting
Y0 induces a splitting of this fiber sequence via the map di : LΩ1

Y0/k
' i∗LΩ1

Y1/W2(k) →
LΩ1

Y0/W2(k), where i : Y0 ↪→ Y1 is the inclusion of the special fiber, cf. [Ill20, §4]. We

denote by s′Y1
: LΩ1

Y0/k
→ LΩ1

Y0/W (k) the resulting section of (5.2).

Lemma 5.6. For a flat scheme Y1 over W2(k) the obstruction obF,Y1 : F ∗Y0/k
LΩ1

Y
(1)
0 /k

→

OY0
[1] to lifting FY0/k : Y0 → Y

(1)
0 to a morphism from Y1 to Y

(1)
1 is homotopic to the

composition

(5.3) F ∗Y0/k
LΩ1

Y
(1)
0 /k

F∗Y0/k
di(1)

−−−−−−−→ F ∗Y0/k
LΩ1

Y
(1)
0 /W2(k)

dFY0/k−−−−→ LΩ1
Y0/W2(k) → OY0

[1]

Proof. Let us start by recalling the definition of this obstruction given in [Ill71, Proposi-
tion III.2.2.4]. The scheme Y1 viewed as a lift of Y0 produces a map LΩ1

Y0/W2(k) → OY0
[1],

and composing it with dFY0/k we get a map

(5.4) γY0
: F ∗Y0/k

LΩ1

Y
(1)
0 /W2(k)

dFY0/k−−−−→ LΩ1
Y0/W2(k) → OY0

[1]

On the other hand, the lift Y
(1)
1 of Y

(1)
0 gives rise to a map LΩ1

Y
(1)
0 /W2(k)

→ O
Y

(1)
0

[1], and

pulling it back along FY0/k we obtain a map

(5.5) γ
Y

(1)
0

: F ∗Y0/k
LΩ1

Y
(1)
0 /W2(k)

→ F ∗Y0/k
O
Y

(1)
0

[1] ' OY0
[1]

By definition, obF,Y1
: F ∗Y0/k

LΩ1

Y
(1)
0 /k

→ OY0
[1] is the unique (up to a contractible space

of choices) map such that the composition F ∗Y0/k
LΩ1

Y
(1)
0 /W2(k)

→ F ∗Y0/k
LΩ1

Y
(1)
0 /k

obF,Y1−−−−→
OY0 [1] is homotopic to the difference γY0 − γY (1)

0
(we have incorporated Convention 5.5

at this point). Equivalently, obF,Y1
is the composition

(5.6) F ∗Y0/k
LΩ1

Y
(1)
0 /k

F∗Y0/k
di(1)

−−−−−−−→ F ∗Y0/k
LΩ1

Y
(1)
0 /W2(k)

γY0
−γ

Y
(1)
0−−−−−−−→ OY0

[1]

However, the composition F ∗Y0/k
LΩ1

Y
(1)
0 /k

F∗Y0/k
di(1)

−−−−−−−→ F ∗Y0/k
LΩ1

Y
(1)
0 /W2(k)

γ
Y

(1)
0−−−→ OY0

[1] is

zero by construction, so the lemma follows from the definition of γY0
. �

Proof of Proposition 5.2. [BS22, Proposition 4.15] in the smooth case, and [Ill20,

Corollary 3.3] in general identifies Filconj
1 dRY0/k with the shifted cotangent complex

LΩ1

Y
(1)
0 /W (k)

[−1]. Moreover, the fiber sequence O
Y

(1)
0
→ Filconj

1 dRY0/k → LΩ1

Y
(1)
0 /k

[−1]

induced by the conjugate filtration is identified with the shift of the fundamental triangle

(5.7) LΩ1
k/W (k) ⊗k OY (1)

0
→ LΩ1

Y
(1)
0 /W (k)

→ LΩ1

Y
(1)
0 /k
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corresponding to the sequence of morphisms Y
(1)
0 → Spec k → SpecW (k). Denote by

i : Y
(1)
0 ↪→ Y

(1)
1 the usual inclusion. We have a map s′

Y
(1)
0

: LΩ1

Y
(1)
0 /k

→ LΩ1

Y
(1)
0 /W2(k)

that splits this fundamental triangle, hence defining a map s′
Y

(1)
1

: LΩ1

Y
(1)
0 /k

[−1] →

Filconj
1 dRY0/k. By the uniqueness of functorial decompositions of the de Rham com-

plex [LM21, Theorem 5.10], s′
Y

(1)
1

is naturally equivalent to the section s
Y

(1)
1

constructed

using the Sen operator.
Since the identification Filconj

1 dRY0/k ' LΩ1
Y0/W (k)[−1] is functorial in Y0, the map

F ∗Y0/k
Filconj

1 dRY0/k → Filconj
1 dR

Y
(−1)
0 /k

induced by FY0/k is identified with the shift of

dFY0/k : F ∗Y0/k
LΩ1

Y
(1)
0 /W (k)

−→ LΩ1
Y0/W (k). The latter map factors as

(5.8) F ∗Y0/k
LΩ1

Y
(1)
0 /W (k)

→ OY0 → LΩ1
Y0/W (k)

because dFY0/k : F ∗Y0/k
LΩ1

Y
(1)
0 /k

→ LΩ1
Y0/k

is zero, and precomposing it with

F ∗Y0/k
Ω1

Y
(1)
0

F∗Y0/k
s′
Y

(1)
1−−−−−−−→ F ∗Y0/k

LΩ1

Y
(1)
0 /W (k)

we complete the proof of Proposition 5.2 by

the formula for the obstruction to lifting Frobenius given by Lemma 5.6. �

The Frobenius arising from the derived commutative structure on the de Rham complex
coincides with the map induced by the geometric Frobenius morphism:

Lemma 5.7. For a smooth scheme X0 over k the Frobenius map ϕdRX0/k
:

F ∗
X

(1)
0

dRX0/k → dRX0/k of the derived commutative algebra dRX0/k ∈ DAlg(X
(1)
0 ) is

naturally identified with the map dF
X

(1)
0

: F ∗
X

(1)
0

dRX0/k → dRX0/k induced by the functo-

riality of the de Rham complex under the absolute Frobenius endomorphism.
Explicitly, this morphism is the composition

(5.9) F ∗
X

(1)
0

dRX0/k → F ∗
X

(1)
0

FX0/k∗OX0

ϕ
X

(1)
0−−−−→ O

X
(1)
0
→ dRX0/k

where the first map is induced by the map from the de Rham complex to its 0th term.

Proof. We endowed dRX0/k with the structure of a derived commutative algebra by iden-

tifying it with the pushforward Rπ /D
∗ O(X

(1)
0 ) /D of the structure sheaf along the morphism of

stacks π /D : (X
(1)
0 ) /D → X

(1)
0 . By Lemma 2.14, the map ϕdRX0/k

: F ∗
X

(1)
0

dRX0/k → dRX0/k

is the composition F ∗
X

(1)
0

dRX0/k = F ∗
X

(1)
0

RπHT
∗ O(X

(1)
0 ) /D → RπHT

∗ F ∗
(X

(1)
0 ) /D
O

(X
(1)
0 ) /D '

RπHT
∗ O(X

(1)
0 ) /D = dRX0/k. The Frobenius endomorphism of the stack X

/D
0 coincides

with the endomorphism induced from F
X

(1)
0

by functoriality, cf. [BL22b, Remark 3.6].

Hence ϕdRX0/k
is equivalent to the morphism induced by FX0

by functoriality of the
de Rham complex. The last assertion follows from the fact that the maps dF

X
(1)
0

:

F ∗
X

(1)
0

FX0/k∗Ω
i
X0
→ Ωi

X
(1)
0

are zero for all i ≥ 1. �

Let us record the compatibility between two Frobenius morphisms on the level of
cohomology arising from Lemma 5.7:
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Lemma 5.8. For a smooth k-scheme X0, the Frobenius morphism ϕRΓdR(X0/k) of the de-
rived commutative k-algebra RΓdR(X0/k) is naturally homotopic to the morphism induced

by the relative Frobenius morphism FX0/k : X0 → X
(1)
0 .

5.2. Proof of Theorem 5.9. We can now prove the main result of this section:

Theorem 5.9. For a smooth formal scheme X over Spf W (k) there is a natural de-

composition τ≤p−1Ω
/D
X '

p−1⊕
i=0

ΩiX [−i] in D(X). The class of the extension τ≤p−1Ω
/D
X →

τ≤pΩ
/D
X → ΩpX [−p] in D(X) is naturally equivalent to the composition

(5.10)

ΩpX
α(Ω1

X0
)

−−−−−→ F ∗X0
Ω1
X0

[p− 1]
obF,X×W (k)W2(k)

−−−−−−−−−−−→ OX0
[p]

BockOX−−−−−→ OX [p+ 1]→ Ω
/D
X [p+ 1]

Proof. Applying Theorem 4.1 to the derived commutative algebra Ω
/D
X on X equipped

with the splitting s : Ω1
X [−1] → Ω

/D
X gives the first assertion (which by now we knew

anyway thanks to the existence of the Sen operator), as well as the following formula for

the extension class of τ≤pΩ
/D
X :

(5.11)

ΩpX
α(Ω1

X0
)

−−−−−→ F ∗X0
Ω1
X0

[p−1]
F∗X0

s[p]
−−−−−→ (τ≤1F ∗X0

dR
X

(−1)
0 /k

)[p]

ϕdR
X

(−1)
0 /k

−−−−−−−−→ (τ≤1dR
X

(−1)
0 /k

)[p]

Bock
Ω

/D
X−−−−−→ (τ≤1Ω

/D
X)[p+ 1]→ (τ≤p−1)Ω

/D
X [p+ 1]

Using Proposition 5.2 together with Remark 5.4, and Lemma 5.7 we can rewrite this
composition as

(5.12) ΩpX
α(Ω1

X0
)

−−−−−→ F ∗X0
Ω1
X0

[p− 1]
obF,X×W (k)W2(k)

−−−−−−−−−−−→ OX0 [p]→ (τ≤1dR
X

(−1)
0 /k

)[p]

Bock
Ω

/D
X−−−−−→ (τ≤1Ω

/D
X)[p+ 1]→ (τ≤p−1Ω

/D
X)[p+ 1]

Converting this into (5.10) amounts to the observation that the Bockstein maps for Ω
/D
X

and OX are related by the commutative square

(5.13)

OX0
dR

X
(−1)
0 /k

OX [1] Ω
/D
X [1]

BockOX
Bock

Ω
/D
X

�

5.3. Cohomological consequences. We can rewrite the answer provided by (5.10) as
a formula for the extension class in Hp+1(X,ΛpTX). Getting to this statement from
Theorem 5.9 amounts to a general piece of bookkeeping concerning the Bockstein homo-
morphisms, given by Lemma 5.11 below.
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Theorem 5.10. The class of the extension
p−1⊕
i=0

ΩiX [−i] → τ≤pΩ
/D
X → ΩpX [−p] in

Hp+1(X,ΛpTX) is equal to

(5.14) BockX(obF,X×W (k)W2(k) ∪α(Ω1
X0

)),

that is the result of applying the Bockstein homomorphism BockX : Hp(X0,Λ
pTX0) →

Hp+1(X,ΛpTX) to the product of classes α(Ω1
X0

) ∈ Extp−1
X0

(ΩpX0
, F ∗X0

Ω1
X0

) =

Hp−1(X0,Λ
pTX0

⊗ F ∗X0
Ω1
X0

) and obF,X×W (k)W2(k) ∈ H1(X0, F
∗TX0

).

Lemma 5.11. For two objects M,N ∈ D(X) denote by RHomOX (M,N) ∈ D(X) their
internal Hom object. The Bockstein morphism
(5.15)
RHomX0

(i∗M, i∗N) = RΓ(X0, i
∗RHomOX (M,N))→ RΓ(X,RHomOX (M,N)[1]) = RHomX(M,N [1])

can be described as sending f : i∗M → i∗N to the composition

(5.16) M → i∗i
∗M

i∗f−−→ i∗i
∗N → N [1]

Proof. For an object K ∈ D(X) there is a natural fiber sequence K →
i∗i
∗K → K[1] coming from the identification i∗i

∗K ' cofib(K
p−→ K). Ap-

plying RΓ(X,−) to the second map i∗i∗K → K[1] induces the Bockstein ho-
momorphoism RΓ(X0, i

∗K) → RΓ(X,K[1]) on cohomology. The lemma aims to
compute this map in the case K = RHomOX (M,N). By adjunction, we have
i∗i
∗RHomOX (M,N) ' i∗RHomOX0

(i∗M, i∗N) ' RHomOX (M, i∗i
∗N), and the Bock-

stein map i∗i
∗RHomOX (M,N) → RHomOX (M,N)[1] is induced by composing with the

map i∗i
∗N → N [1]. This proves the lemma by the observation that the adjunction equiv-

alence RHomX0(i∗M, i∗N) ' RHomX(M, i∗i
∗N) takes a map f : i∗M → i∗N to the

composition M → i∗i
∗M

i∗f−−→ i∗i
∗N . �

Reducing modulo p we also get a description of the extension class of τ≤pdRX0/k:

Theorem 5.12. If X0 is a smooth scheme over k equipped with a smooth lift X over

W (k) then the class of the extension
p−1⊕
i=0

Ωi
X

(1)
0

[−i] → τ≤pdRX0/k → Ωp
X

(1)
0

[−p] in

Hp+1(X
(1)
0 ,ΛpT

X
(1)
0

) is equal to

(5.17) Bock
X

(1)

W2(k)

(ob
F,X

(1)

W2(k)

∪α(Ω1

X
(1)
0

)),

the result of applying the Bockstein homomorphism Bock
X

(1)

W2(k)

: Hp(X
(1)
0 ,ΛpT

X
(1)
0

) →

Hp+1(X
(1)
0 ,ΛpT

X
(1)
0

) to the product of classes α(Ω1

X
(1)
0

) ∈ Extp−1

X
(1)
0

(Ωp
X

(1)
0

, F ∗
X

(1)
0

Ω1

X
(1)
0

) =

Hp−1(X
(1)
0 ,ΛpT

X
(1)
0
⊗ F ∗

X
(1)
0

Ω1

X
(1)
0

) and ob
F,X

(1)

W2(k)

∈ H1(X
(1)
0 , F ∗

X
(1)
0

T
X

(1)
0

).

For the convenience of applications, let us state explicitly what Theorem 5.10 tells us
about the differentials in the Hodge-Tate spectral sequence

Corollary 5.13. For a smooth W (k)-scheme X the Hodge-Tate spectral sequence Eij2 =

Hi(X,ΩjX/W (k)) ⇒ Hi+j
/D

(X) has no non-zero differentials on pages E2, . . . , Ep and for

every i ≥ 0 the differential di,pp+1 : Hi(X,ΩpX/W (k)) → Hi+p+1(X,OX) on page Ep+1 can

be described as the composition
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(5.18) Hi(X,ΩpX/W (k))→ Hi(X0,Ω
p
X0/k

)
α(Ω1

X0
)

−−−−−→ Hi+p−1(X0, F
∗
X0

Ω1
X0/k

)
obF,X−−−−→

Hi+p(X0,OX0
)

BockX−−−−→ Hi+p+1(X,OX).

5.4. Decomposing de Rham complex compatibly with the algebra structure.
Another application of the results of Section 3 is an obstruction to formality of the de
Rham complex as a commutative algebra. In what follows, by the derived commutative
algebra

⊕
i≥0

Ωi
X

(1)
0 /k

[−i] we mean the free divided power algebra on the object Ω1

X
(1)
0

[−1] ∈

D(X
(1)
0 ), see Definition 2.15.

Proposition 5.14. Let X0 be an arbitrary smooth scheme over k. The following are
equivalent

(1) dRX0/k is equivalent to
⊕
i≥0

Ωi
X

(1)
0 /k

[−i] as a derived commutative algebra in

D(X
(1)
0 )

(2) dRX0/k is equivalent to
⊕
i≥0

Ωi
X

(1)
0 /k

[−i] as an E∞-algebra in D(X
(1)
0 )

(3) there exists a map dRX0/k → OX(1)
0

of E∞-algebras in D(X
(1)
0 ) that induces an

isomorphism H0(dRX0/k) ' O
X

(1)
0

(4) X0 together with its Frobenius endomorphism admits a lift over W2(k).

Proof. Formally, (1) implies (2), and (2) implies (3). Let us first show that (4) implies
(1). It is well-known that (4) implies the formality of dRX0/k as a commutative DG
algebra [DI87, Remarque 2.2(ii)], or as an E∞-algebra [Bha12, Proposition 3.17]. We have
not discussed the relation between commutative DG algebras and derived commutative
algebras, so let us give an independent argument for the equivalence dRX0/k '

⊕
i≥0

Ωi
X

(1)
0 /k

in DAlg(X0), in the presence of a Frobenius lift over W2(k).
For this equivalence, we will represent dRX0/k by the Čech complex associated to the

flat cover Xperf
0 → X0 where Xperf

0 := lim
←
X

(−n)
0 is the perfection of X0. By fpqc descent

for derived de Rham cohomology we have that dRX0/k is equivalent to the cosimplicial

totalization of the following diagram of derived commutative algebras in D(X
(1)
0 ), cf.

[BMS19, Remark 8.15]:

(5.19) dRXperf
0 /k dRXperf

0 ×X0
Xperf

0 /k . . .

Since each (Xperf
0 )×X0

n is a quasiregular semiperfect scheme, all terms of this diagram

are classical commutative algebras in QCoh(X
(1)
0 ) placed in degree 0. The lift X1 of

X0 together with a Frobenius endomorphism induces lifts of the scheme Xperf
0 , the

morphism Xperf
0 → X0, and the Frobenius endomorphism of Xperf

0 . Therefore each
algebra dR

(Xperf
0 )

×X0
n
/k

decomposes as the Frobenius-twist of Γ•(LΩ1

(Xperf
0 )

×X0
n
/k

[−1]),

by [Bha12, Proposition 3.17]. Moreover all the maps in (5.19) are compatible with these
decompositions, so the cosimplicial commutative algebra defined by this diagram is quasi-
isomorphic to Γ•naive(DK(Ω1

X
(1)
0 /k

[−1])). This cosimplicial commutative algebra is a model
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for the derived commutative algebra
⊕
i≥0

Ωi
X

(1)
0 /k

[−i] by Lemma 2.23, so the implication

(4)⇒(1) is proven.
This is not logically necessary, but we will first give the proof of the implication (1)⇒(4)

to illustrate the idea of the implication (3)⇒(4) in a simpler case. Suppose that such an
equivalence α :

⊕
i≥0

Ωi
X

(1)
0 /k

[−i] ' dRX0/k of derived commutative algebras exists. In

particular, τ≤1dRX0/k is decomposed as O
X

(1)
0
⊕ Ω1

X
(1)
0 /k

[−1]. By [DI87, Théorème 3.5]

any such decomposition is induced, up to a homotopy, by a lift of X0 over W2(k). Denote
the lift corresponding to τ≤1α by X1.

The Frobenius endomorphism ϕ⊕
Ωi
X

(1)
0 /k

[−i] : F ∗
X

(1)
0

⊕
i≥0

Ωi
X

(1)
0 /k

[−i] →
⊕
i≥0

Ωi
X

(1)
0 /k

[−i]

is zero on all components with i ≥ 1 and is the usual adjunction map F ∗
X

(1)
0

O
X

(1)
0

∼−→ O
X

(1)
0

on the structure sheaf. Hence composing the section Ω1

X
(1)
0

[−1] → dRX0/k induced by

α with the Frobenius map ϕdRX0/k
: F ∗

X
(1)
0

dRX0/k → dRX0/k is homotopic to zero. By

Proposition 5.2 and Lemma 5.7 this implies that the composition F ∗
X

(1)
0

Ω1

X
(1)
0

[−1]
obF,X1−−−−→

O
X

(1)
0
−→ dRX0/k is homotopic to zero. Since the second map admits a section, it follows

that obF,X1
= 0 and X1 is a lift of X0 that admits a lift of Frobenius.

Finally, we prove that (3) implies (4). The augmentation map ε : dRX0/k → OX(1)
0

induces, in particular, a map s : Ω1

X
(1)
0

[−1] in D(X
(1)
0 ) such that the composition ε ◦ s

is zero. Denote by X1 the lift of X0 corresponding to this section s. The map s :
Ω1

X
(1)
0

[−1]→ dRX0/k also induces a map sp : Sp(Ω1

X
(1)
0

[−1])→ dRX0/k. The assumption

that ε is a map of E∞-algebras implies that the composition

(5.20) (Ω1

X
(1)
0

[−1]⊗p)hSp → Sp(Ω1

X
(1)
0

[−1])
sp−→ dRX0/k

ε−→ O
X

(1)
0

is homotopic to zero. We will deduce from this that the composition

Tp(Ω
1

X
(1)
0 /k

[−1])[−1]→ SpΩ1

X
(1)
0

[−1]→ dRX0/k
ε−→ O

X
(1)
0

is homotopic to zero.

Denote by K the fiber of the map (Ω1

X
(1)
0

[−1]⊗p)hSp → Ωp
X

(1)
0

[−p], it is equipped

with a map K → Tp(Ω
1

X
(1)
0

[−1])[−1], and the object fib(K → Tp(Ω
1

X
(1)
0

[−1])[−1]) '
fib((Ω1

X
(1)
0

[−1]⊗p)hSp → SpΩ1

X
(1)
0

[−1]) is concentrated in degrees ≤ 0 by Lemma 3.8. Our

assumption implies that the map Tp(Ω
1

X
(1)
0

[−1])[−1]→ dRX0/k
ε−→ O

X
(1)
0

factors through

the map Tp(Ω
1

X
(1)
0

[−1])[−1]→ fib(K[1]→ Tp(Ω
1

X
(1)
0

[−1])) which forces it to be homotopic

to zero because this fiber object is concentrated in degrees ≥ −1.
In Lemma 3.1(4) we constructed a map F ∗X0

M → Tp(M)[−1] for any M ∈ D(X0) such

that the composition F ∗X0
M → Tp(M)[−1]

γM−−→ SpM is the map ∆M : F ∗X0
M → SpM .

By definition, Frobenius map is the composition F ∗
X

(1)
0

dRX0/k

∆dRX0/k−−−−−−→ SpdRX0/k
m−→

dRX0/k which allows us to conclude that the composition

(5.21) F ∗
X

(1)
0

Ω1

X
(1)
0

[−1]→ Tp(Ω
1

X
(1)
0

[−1])[−1]→ SpΩ1

X
(1)
0

[−1]
sp−→ dRX0/k
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is homotopic to the composition

(5.22) F ∗
X

(1)
0

Ω1

X
(1)
0

[−1]
F∗
X

(1)
0

s

−−−−→ F ∗
X

(1)
0

dRX0/k

ϕdRX0/k−−−−−−→ dRX0/k

We are given that the composition of (5.22) with ε : dRX0/k → OX(1)
0

is homotopic to

zero, which is equivalent to the vanishing of the obstruction to lifting FX0 on X1, by
Proposition 5.2. �

6. Preliminaries on the Sen operator

In this section we collect preliminary material on the Sen operator, and more generally
on the derived category of sheaves equipped with an endomorphism. We first discuss the
Sen operator on diffracted Hodge cohomology of a scheme over Zp and relate its non-
semisimplicity to non-decomposability of the de Rham complex, and then give a parallel
discussion over Z/pn, n ≥ 2 for which we, in particular, describe the Hodge-Tate locus of
the Cartier-Witt stack of Z/pn, generalizing [BL22b, Example 5.15]. For the purposes of
the application to the de Rham complex in Section 7, the case of Z/pn subsumes that of
Zp, but we invite the reader to consider the case of schemes over Zp first.

6.1. Category of objects with an endomorphism. Let X be a flat formal scheme
over W (k) and as before D(X) is the ∞-category of quasicoherent sheaves on X. In this
section we will work in the ∞-category DN(X) := Func(BN, D(X)) of objects of D(X)
equipped with an additional endomorphism. Objects of this category are pairs (M,fM )
where M is an object of D(X) and fM : M → M is an endomorphism of M in D(X).
The morphisms between objects (M,fM ) and (N, fN ) are given by

(6.1)

RHomDN(X)((M,fM ), (N, fN )) = fib(RHomD(X)(M,N)
f 7→f◦fM−fN◦f−−−−−−−−−−→ RHomD(X)(M,N))

For a scalar λ ∈ Zp we have the functor D(X)→ DN(X) sending an object M ∈ D(X)
to itself equipped with the endomorphism λ · IdM . We will often use the following special
cases of the formula (6.1):

Lemma 6.1. For an arbitrary object (M,fM ) ∈ DN(X) the morphisms between it and
an object of the form (N,λ · IdN ) can be described as

(6.2) RHomDN(X)((M,fM ), (N,λ·IdN )) = RHomD(X)(cofib(fM−λ·IdM : M →M), N)

(6.3) RHomDN(X)((N,λ · IdN ), (M,fM )) = RHomD(X)(N,M
fM=λ)

6.2. Diffracted Hodge cohomology and Sen operator over Zp. The works of Drin-
feld [Dri21] and Bhatt-Lurie imply that the diffracted Hodge cohomology is equipped with
a natural endomorphism, referred to by [BL22a] as ‘Sen operator’. We work with arbitrary
(not necessarily smooth over W (k)) flat formal schemes because our proof will proceed
through a computation with diffracted Hodge cohomology of quasiregular semiperfectoid
rings.

Theorem 6.2 ([BL22a, Construction 4.7.1]). For a bounded p-adic formal scheme X

there is a natural object (Ω
/D
X ,ΘX) ∈ DN(X) whose underlying object is the diffracted



NON-DECOMPOSABILITY OF THE DE RHAM COMPLEX 39

Hodge complex, equipped with a filtration Filconj
• such that the graded quotients grconj

i of
this filtration are equivalent to (LΩiX [−i],−i).

From now on we assume that X is a flat formal Zp-scheme. When X is formally

smooth over W (k) for some perfect field k, the conjugate filtration on Ω
/D
X coincides with

the canonical filtration, and ΘX acts on Hi(Ω
/D
X) ' ΩiX by (−i) · IdΩiX

. The interesting

information contained in this new cohomological invariant of X is the data of extensions
between the graded quotients of the conjugate filtration. One of our main goals, achieved
in Theorem 7.1, is to explicate what this information is for the smallest potentially non-

split step (FilpconjΩ
/D
X ,ΘX) of the conjugate filtration.

Given that ΘX acts via multiplication by −i on grconj
i Ω

/D
X , the product ΘX(ΘX +

1) . . . (ΘX+i) is naturally homotopic to zero as an endomorphism of Filconj
i Ω

/D
X . Therefore

for each i the object Filconj
i Ω

/D
X ∈ DN(X) is naturally equipped with the structure of a

Zp[t]/t(t + 1) . . . (t + i)-module, and the decomposition of the spectrum of this ring into
a union of connected components induces a decomposition

(6.4) (Ω
/D
X ,ΘX) '

p−1⊕
i=0

(Ω
/D
X,i,ΘX)

such that for every n ∈ Zp the endomorphism ΘX + n of FiliΩ
/D
X,n mod p is topologically

nilpotent for every i, cf. [BL22a, Remark 4.7.20]. Restricting to the special fiber X0 :=

X ×Zp Fp
i
↪−→ X we similarly get an endomorphism ΘX of dRX0 , and a decomposition

(6.5) (dRX0 ,ΘX) '
p−1⊕
i=0

(dRX0,i,ΘX)

We will now set up a way to package the information about the extensions in the

conjugate filtration on (Filconj
p Ω

/D
X ,ΘX). There is a decomposition (Filconj

p−1Ω
/D
X ,ΘX) '

p−1⊕
i=0

(LΩiX [−i],−i) and the fiber sequence (Filconj
p−1Ω

/D
X ,ΘX) → (Filconj

p Ω
/D
X ,ΘX) →

(LΩpX [−p],−p) gives rise to the map in DN(X):

(6.6) (LΩpX [−p],−p)→
p−1⊕
i=0

(LΩiX [−i],−i)[1]

In the remainder of this section by LΩiX0
we will mean the ith exterior power of the

cotangent complex of X0 relative to Fp, so that LΩiX0
' i∗LΩiX .

Lemma 6.3. There is a natural equivalence

(6.7) MapDN(X)((LΩpX [−p],−p),
p−1⊕
i=0

(LΩiX [−i],−i)[1]) ' MapD(X0)(LΩpX0
,OX0

[p])
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Under this identification the map from the LHS to MapD(X)(LΩpX [−p],
p−1⊕
i=0

LΩiX [−i])

induced by the forgetful functor DN(X) → D(X) sends f ∈ MapD(X0)(LΩpX0
,OX0 [p]) to

the composition LΩpX → LΩpX0

f−→ OX0
[p]

BockOX [p]
−−−−−−−→ OX [p+ 1].

Proof. By Lemma 6.1 the left hand side of (6.7) is equivalent to MapD(X)(LΩpX ,O
p=0
X [p+

1]), because the summands (LΩiX [−i],−i) with 0 < i ≤ p − 1 do not contribute
to this mapping space. The fiber of multiplication by p on OX is identified with
OX/p[−1] = i∗i

∗OX [−1] hence this mapping space can be further described as
MapD(X)(LΩpX , i∗i

∗OX [p]) ' MapD(X0)(LΩpX0
,OX0 [p]).

For the second assertion note that, firstly, under the identification
MapDN(X)((LΩpX ,−p), (OX [p], 0)) ' MapD(X)(LΩpX ,O

p=0
X [p+1]) the map induced by the

forgetful functor DN(X) → D(X) is given by composing with the natural map Op=0
X →

OX which is nothing but the Bockstein map BockOX [−1] : i∗OX0
[−1] → OX . Secondly,

the adjunction identification MapD(X0)(LΩpX0
,OX0 [p]) ' MapD(X)(LΩpX , i∗i

∗OX [p])

sends f ∈ MapD(X0)(LΩpX0
,OX0

[p]) to LΩpX → i∗LΩpX0/Fp
i∗f−−→ i∗OX0

[p], which implies

the claim. �

Notation 6.4. We denote by cX,p ∈ MapD(X0)(LΩpX0
,OX0

[p]) the result of transporting

the map (6.6) along the equivalence (6.7), and by eX,p ∈ MapD(X)(LΩpX ,OX [p + 1]) we

denote the extension class in the conjugate filtration on Filconj
p Ω

/D
X,0.

Let us explicitly record how eX,p can be recovered from cX,p, which is immediate from
Lemma 6.3:

Lemma 6.5. The element eX,p ∈ MapD(X)(LΩpX ,OX [p+ 1]) corresponding to the exten-

sion OX → FilpΩ
/D
X,0 → LΩpX [−p] is naturally homotopic to the composition

(6.8) LΩpX → LΩpX0

cX,p−−−→ OX0 [p]
BockOX−−−−−→ OX [p+ 1]

Lemma 5.11 can be used to restate Lemma 6.5 as follows

Corollary 6.6. The map eX,p is naturally homotopic to the image of cX,p under the
Bockstein morphism

(6.9) Bock : RHomX0(LΩpX0
,OX0 [p])→ RHomX(LΩpX ,OX [p+ 1])

arising from the object RHomX(LΩpX ,OX [p+ 1]) ∈ D(Zp).
The map cX,p can also be read off from the action of the Sen operator on dRX0

,
as we will now show. In general, if (M1, 0) → (M,fM ) → (M2, 0) is a fiber sequence

in DN(X0) then fM : M → M naturally factors as M → M2
h−→ M1 → M for a

morphism h ∈ MapD(X0)(M2,M1). The element δ ∈ MapDN(X0)((M2, 0), (M1, 0)[1]) =

MapD(X0)(M2,M1[1]) ⊕MapD(X0)(M2,M1) corresponding to this fiber sequence is then

given by δ ⊕ h where δ is the image of δ under the forgetful map DN(X0) → D(X0).

Applying this discussion to Filconj
p dRX0 we obtain:

Lemma 6.7. The endomorphism ΘX of FilpdRX0,0 naturally factors as

(6.10) FilpdRX0,0 → LΩpX0
[−p] cX,p[−p]−−−−−→ OX0

= Filconj
0 dRX0,0 → Filconj

p dRX0,0
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Proof. Given the paragraph preceding the statement of the lemma, this amounts to ob-
serving that the map RHomDN(X)((LΩpX [−p],−p), (OX , 0)) →
RHomDN(X0)((LΩpX0

[−p],−p), (OX0
, 0)) induced by the restriction to the special fiber

X0 can be described as RHomD(X0)(LΩpX0
,OX0

[p])
(Bock,id)−−−−−−→ MapD(X0)(LΩpX0

,OX0
[p +

1])⊕ RHomD(X0)(LΩpX0
,OX0 [p]) under the identification (6.7). �

For our computation of the Sen operator in Theorem 7.1 it will be convenient to directly
relate cX,p to the action of ΘX on all of the object FilpdRX0

, rather than its weight zero
part:

Lemma 6.8. The endomorphism ΘX −Θp
X of FilpdRX0 naturally factors as

(6.11) FilpdRX0
→ LΩpX0

[−p] cX,p[−p]−−−−−→ OX0
= Fil0dRX0

→ FilpdRX0

Proof. The endomorphism Id − Θp−1
X : FilpdRX0

→ FilpdRX0
is an idempotent cor-

responding to the direct summand FilpdRX0,0 of FilpdRX0
. Therefore ΘX − Θp

X =

ΘX · (Id−Θp−1
X ) can be factored as FilpdRX0

→ FilpdRX0,0
ΘX−−→ FilpdRX0,0 → FilpdRX0

where the first and last maps establish FilpdRX0,0 as a direct summand of FilpdRX0
.

Hence the claim follows from Lemma 6.7. �

Since τ≤pdRX0 decomposes as
p−1⊕
i=0

τ≤pdRX0,i ' τ≤pdRX0,0 ⊕
p−1⊕
i=0

LΩiX [−i] compatibly

with the Sen operator, ΘX on τ≤pdRX0 is semi-simple if and only if cX,p ∼ 0. In
particular, if cX,p vanishes then the conjugate filtration on the diffracted Hodge complex
splits in degrees ≤ p:

Corollary 6.9. If the Sen operator on FilpconjdRX0
is semi-simple then there exists a

decomposition

(6.12) (FilpconjΩ
/D
X ,ΘX) '

p⊕
i=0

(LΩiX [−i],−i)

6.3. Diffracted Hodge cohomology and Sen operator over Z/pn, n ≥ 2. In this
subsection we give a discussion parallel to the above for a flat scheme Xn−1 over Z/pn

for n ≥ 2. We will define the diffracted Hodge complex Ω
/D
Xn−1/Z/pn of Xn−1 relative to

Z/pn, equipped with a Sen operator with properties analogous to Theorem 6.2.

Theorem 6.10. For a scheme Xn−1 quasisyntomic over Z/pn there is a natural object

(Ω
/D
Xn−1/Z/pn ,ΘXn−1) ∈ DN(Xn−1) equipped with a filtration Filconj

• with graded quotients

equivalent to (LΩiXn−1/Z/pn [−i],−i). The object Ω
/D
Xn−1/Z/pn ∈ D(Xn−1) has a natural

structure of a filtered derived commutative algebra such that ΘXn−1 is a derivation.

The base change Ω
/D
Xn−1/Z/pn ⊗OXn−1

OX0
is identified with dRX0

, and the base change

of the conjugate filtration matches the conjugate filtration on dRX0
. If X is a quasisyn-

tomic formal scheme over Zp then for Xn−1 := X ×Zp Zp/pn we have Ω
/D
Xn−1/Z/pn '

Ω
/D
X ⊗OX OXn−1 compatibly with the conjugate filtrations and the Sen operators.

Given a quasisyntomic Z/p2-scheme X1 with the special fiber X0 = X1×Z/p2 Fp
i
↪−→ X1,

the de Rham complex dRX0
' i∗Ω

/D
X1/Z/p2 therefore gets equipped with a Sen operator
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ΘX1
. Generalized eigenspaces for ΘX1

give a decomposition

(6.13) dRX0
'

p−1⊕
i=0

dRX0,i

The object FilpconjdRX0,0 fits into a fiber sequence

(6.14) OX0 → FilpconjdRX0,0 → LΩpX0
[−p]

on which ΘX1
naturally acts, inducing zero on the first and third terms.

Notation 6.11. We denote by eX1,p : LΩpX0
→ OX0 [p + 1] the connecting map corre-

sponding to the fiber sequence (6.14), and by cX1,p : LΩpX0
→ OX0

[p] the map induced

by the nilpotent operator ΘX1
on Filconj

p dRX0,0.

This is consistent with Notation 6.4 in the sense that for a quasisyntomic formal Zp-
scheme X with the mod p2 reduction X1 = X ×Zp Z/p2 the map cX1,p is naturally
homotopic to cX,p, and eX1,p is the mod p reduction of eX,p.

We can also consider the endomorphism ΘX1
−Θp

X1
of Filconj

p dRX0
which acts by zero

on Filconj
p−1 and hence naturally induces a map ΘX1 −Θp

X1
: LΩpX0

[−p]→ Filconj
p−1dRX0

. As

in the previous discussion in the presence of a lift of X0 over W (k), this map, cX1,p, and
eX1,p are related as follows:

Lemma 6.12. There is a natural homotopy

(6.15) eX1,p ∼ BockRHomD(X1)(LΩpX1
,OX1

[p])(cX1,p)

where
(6.16)
BockRHomD(X1)(LΩpX1

,OX1
[p]) : RHomD(X0)(LΩpX0

,OX0 [p])→ RHomD(X0)(LΩpX0
,OX0 [p+1])

is the Bockstein homomorphism induced by RHomD(X1)(LΩpX1
,OX1

[p]) ∈ D(W2(k)). The

map ΘX1
− Θp

X1
: LΩpX0

[−p] → Filconj
p−1dRX0

is naturally homotopic to the composition

LΩpX0
[−p]

cX1,p−−−→ OX0
→ Filconj

p−1dRX0

We will now define diffracted Hodge cohomology relative to Z/pn, proving Theorem
6.10, and will then prove Lemma 6.12. As in [BL22a], the construction of diffracted
Hodge cohomology over Z/pn together with its Sen operator arises from the computation
of the Cartier-Witt stack of the base ring Z/pn. I learned the following fact from Sanath
Devalapurkar:

Lemma 6.13. There is an isomorphism of stacks WCartHT
Z/pn ' G#

a,Z/pn/G
#
m,Z/pn where

the quotient is taken with respect to the scaling action. Moreover, the natural map

WCartHT
Z/pn →WCartHT

Zp is identified with G#
a,Z/pn/G

#
m,Z/pn → BG#

m,Z/pn → BG#
m,Zp .

Proof. We denote by G#
a the divided power envelope of 0 in Ga, and by G#

m the divided
power envelope of 1 in Gm, both viewed as group schemes over Zp. In this proof we
will use repeatedly the identifications of group schemes G#

m ' W×[F ] := WF=1 and
G#
a ' W [F ] := WF=0 proven in [BL22a, Lemmma 3.4.11, Variant 3.4.12] and [Dri21,

Lemma 3.2.6], together with the fact that the multiplication action of W×[F ] on W [F ]
corresponds to the usual scaling action of G#

m on G#
a under these identifications.
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By [BL22b, Construction 3.8] the stack WCartHT
Z/pn is the quotient of (SpecZ/pn) /D by

G#
m,Z/pn where for a test algebra S in which p is nilpotent we have (SpecZ/pn) /D(S) =

Map(Z/pn,W (S)/V (1)) where the mapping space is taken in the category of animated
commutative rings. As in [BL22b, Example 5.15] we can rewrite this more explicitly as

(SpecZ/pn) /D(S) ' {x ∈ W (S)|V (1)x = pn} with the G#
m(S) = W (S)F=1-action given

by multiplication on x. The key computation that will allow us to identify this set with
G#
a (S) in a G#

m(S)-equivariant fashion is the following:

Lemma 6.14. We have pn = V (pn−1) in W (Z/pn).

Proof. Recall that for any ring R there is the ghost map W (R) → RN sending a Witt

vector [x0] + V [x1] + V 2[x2] + . . . to (x0, x
p
0 + px1, x

p2

0 + pxp1 + p2x2, . . .). This is a map
of rings and it is injective if R is p-torsion-free. For an element a ∈ W (R) with ghost
coordinates (a0, a1, . . .) the ghost coordinates of F (a) are given by (a1, a2, . . .), and the
ghost coordinates of V (a) are (0, pa0, pa1, . . .).

Therefore the ghost coordinates of V (pn−1) ∈W (Zp) are (0, pn, pn, . . .) and the ghost
coordinates of pn − V (pn−1) are equal to (pn, 0, 0, . . .). The isomorphism G#

a ' W [F ]
composed with the ghost map sends r ∈ G#

a to (r, 0, 0, . . .), hence pn−V (pn−1) ∈W (Zp)
is the image of pn ∈ G#

a (Zp) under the natural map G#
a ' W [F ] ⊂ W . Since pn

is annihilated by the map G#
a (Zp) → G#

a (Z/pn) induced by Zp � Z/pn, the element
pn − V (pn−1) is zero in W (Z/pn), as desired. �

We now define an isomorphism G#
a ' (SpecZ/pn) /D by sending y ∈ G#

a (S) 'W (S)F=0

to y+V (pn−2) ∈ (SpecZ/pn) /D(S). The element y+V (pn−2) indeed satisfies the equation
V (1)(y + V (pn−2)) = pn because

(6.17) V (1) · (y + V (pn−2)) = V F (y + V (pn−2)) = V FV (pn−2) = V (pn−1) = pn

This isomorphism intertwines the G#
m-action on (SpecZ/pn) /D with the usual scaling

action on G#
a because for a ∈ G#

m(S) = W (S)F=1 we have a · (y + V (pn−2)) = a · y +
V (F (a)pn−2) = a · y + V (pn−2). �

We can now define diffracted Hodge cohomology relative to Z/pn. Given a flat scheme

Xn−1 over Z/pn, the stack WCartHT
Xn−1

lives over WCartHT
Z/pn and we define (Xn−1/Z/pn) /D

as the fiber product

(6.18)

(Xn−1/Z/pn) /D WCartHT
Xn−1

Spec(Z/pn) WCartHT
Z/pn

η

where η : Spec(Z/pn) → WCartHT
Z/pn ' G#

a,Z/pn/G
#
m,Z/pn is the composition

Spec(Z/pn)
0−→ G#

a,Z/pn → G#
a,Z/pn/G

#
m,Z/pn . The stack (Xn−1/Z/pn) /D is equipped with a

map π
/D
Xn−1/Z/pn : (Xn−1/Z/pn) /D → Xn−1 obtained as the composition (Xn−1/Z/pn) /D →

WCartHT
Xn−1

→ Xn−1. Define the diffracted Hodge cohomology of Xn−1 realtive to Z/pn

as the pushforward of the structure sheaf along the map π
/D
Xn−1/Z/pn :

(6.19) Ω
/D
Xn−1/Z/pn := RπXn−1/Z/pn∗O(Xn−1/Z/pn) /D ∈ D(Xn−1)
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We will now prove that this object shares the basic properties of diffracted Hodge coho-
mology of Zp-schemes:

Proof of Theorem 6.10. Since, by construction, the stack (Xn−1/Z/pn) /D is equipped with

an action of G#
m,Z/pn such that the map π

/D
Xn−1/Z/pn : (Xn−1/Z/pn) /D → Xn−1 is G#

m,Zp -

equivariant for the trivial action of G#
m,Zp on the target, the object Ω

/D
Xn−1/Z/pn ∈ D(Xn−1)

is naturally equipped with a G#
m,Zp -action. As in [BL22a, Theorem 3.5.8], this gives rise

to an endomorphism ΘXn−1
of Ω

/D
Xn−1/Z/pn . We endow Ω

/D
Xn−1/Z/pn with the structure of

a derived commutative algebra via Lemma 2.13, and ΘXn−1
is seen to be a derivation

(Definition 2.18) by following [BL22a, Construction 3.5.4].

We will now construct the conjugate filtration on Ω
/D
Xn−1/Z/pn and identify its graded

quotients. To do this we will compare Ω
/D
Xn−1/Z/pn with the ‘absolute’ diffracted Hodge

cohomology Ω
/D
Xn−1

. By [BL22a, Construction 4.7.1] the object Ω
/D
Xn−1

is equipped with

a filtration Filconj
n Ω

/D
Xn−1

with graded quotients grconj
n ' LΩnXn−1/Zp [−n]. In the case

Xn−1 = Spec(Z/pn) we have an equivalence Ω
/D
Z/pn ' Z/pn[G#

a,Z/pn ] of derived commuta-

tive Z/pn-algebras by Lemma 6.13.
By base change for the diagram

(6.20)

(Xn−1/Z/pn) /D (Xn−1) /D

Xn−1 (SpecZ/pn) /D ×Z/pn Xn−1
η

we have

(6.21) Ω
/D
Xn−1/Z/pn ' Z/pn ⊗Z/pn[G#

a ] Ω
/D
Xn−1

.

The ordinary commutative algebra Z/pn[G#
a ] is endowed with a conjugate filtra-

tion via the identification Z/pn[G#
a ] ' Ω

/D
Z/pn , and the associated graded algebra is

the free divided power algebra on the Z/pn-module LΩ1
Z/pn/Zp [−1] ' Z/pn. More-

over, the conjugate filtration on Ω
/D
Xn−1

makes it into an object of the derived cate-

gory of filtered Z/pn[G#
a ]-modules in D(Xn−1). Equipping Z/pn with the trivial fil-

tration Filconj
0 Z/pn = Z/pn,Filconj

−1 Z/pn = 0, we get an induced tensor product filtration

Z/pn ⊗Z/pn[G#
a ] Ω

/D
Xn−1

, and hence on the complex Ω
/D
Xn−1/Z/pn .

We will first check that the filtered complex Ω
/D
Xn−1/Z/pn ⊗OXn−1

OX0
is equivalent to

dRX0
, and that there is an equivalence of filtered complexes Ω

/D
Xn−1/Z/pn ' Ω

/D
X⊗OXOXn−1

compatible with the Sen operators if X is a flat formal Zp-scheme lifting Xn−1. Since we
assume that Xn−1 is quasisyntomic over Z/pn, the formal scheme X is quasisyntomic over

Zp, and Ω
/D
X coincides with the derived pushforward of the structure sheaf along the map

of stacks X /D → X, by specializing to the Hodge-Tate locus the isomorphism of [BL22b,
Theorem 7.20(2)]. We have the following relations between the relevant Cartier-Witt
stacks:



NON-DECOMPOSABILITY OF THE DE RHAM COMPLEX 45

(6.22) WCartHT
Xn−1

×WCartHT
Z/pn

WCartHT
Fp 'WCartHT

X0

WCartHT
X ×WCartHT

Zp
WCartHT

Z/pn 'WCartHT
Xn−1

These follows directly from the definition of WCartHT
(−), as in [BL22b, Remark 3.5]. The

identification dRX0
' Ω

/D
Xn−1

⊗Z/pn Fp follows from the fact that WCartHT
Fp ' SpecFp and

the map WCartHT
Fp →WCartHT

Z/pn factors through the map η. The identification Ω
/D
X/p

n '
Ω

/D
Xn−1/Z/pn is implied by the fact that the composition SpecZ/pn η−→ WCartHT

Z/pn →
WCartHT

Zp is equal to the composition SpecZ/pn → Spf Zp →WCartHT
Zp .

Finally, we will compute the quotients of the conjugate filtration on Ω
/D
Xn−1/Z/pn . The

associated graded object gr•conj(Ω
/D
Xn−1/Z/pn) ' gr•conj(Z/pn⊗Z/pn[G#

a ] Ω
/D
Xn−1

) is equivalent

to Z/pn ⊗Z/pn〈t〉
⊕
i≥0

LΩiXn−1/Zp [−i] where we identified gr•conj Z/pn[G#
a ] with the divided

power algebra Z/pn〈t〉 in one variable, such that Θ(t) = −t.
We have a natural map gr•conj(Ω

/D
Xn−1/Z/pn)→

⊕
i≥0

(LΩiXn−1/Z/pn [−i],−i) of graded ob-

jects of DN(Xn−1). To check that it is an equivalence we may assume that Xn−1 is
isomorphic to the spectrum of a polynomial ring over Z/pn, and the result follows be-
cause such Xn−1 lifts over Zp. �

We will now establish analogs of Corollary 6.6 and Lemmas 6.7, 6.8 over Z/p2, thus
proving Lemma 6.12. Given a flat scheme X1 over Z/p2 and two objects M,N ∈ D(X1),
consider the complex of morphisms RHomDN(X1)((M,p), (N, 0)), viewed as an object of

D(Z/p2). The restriction along i : X0 ↪→ X1 induces the map

(6.23) RHomDN(X1)((M,p), (N, 0))→
RHomDN(X0)((i

∗M, 0), (i∗N, 0)) ' RHomX0(i∗M.i∗N)⊕ RHomX0(i∗M, i∗N [−1])

We denote by r : RHomDN(X1)((M,p), (N, 0)) → RHomX0
(i∗M, i∗N [−1]) the second

component of this composition. Explicitly, the data of a 1-morphism f : (M,p)→ (N, 0)
amounts to a map f : M → N in D(X1) and a homotopy between p ·f and 0. Restricting

to X0, this gives a homotopy from the zero morphism i∗M
0−→ i∗N to itself, which is

equivalent to the data of a 1-morphism i∗M → i∗N [−1]. By Lemma 6.1 this map is
nothing but r(f).

Lemma 6.15. Let X1 be a flat scheme over Z/p2. Denote by X0 = X1 ×Z/p2 Fp
i
↪−→ X1

its special fiber. For any two objects M,N ∈ D(X1) the composition

(6.24) RHomDN(X1)((M,p), (N, 0))→ RHomD(X1)(M,N)→ RHomD(X0)(i
∗M, i∗N)

where the first map is forgetting the endomorphisms and the second map is induced by i,
can be identified with the composition
(6.25)

RHomDN(X1)((M,p), (N, 0))
r−→ RHomD(X0)(i

∗M, i∗N [−1])
Bock−−−→ RHomD(X0)(i

∗M, i∗N)

where the second map is Bockstein morphism associated to the object
RHomD(X1)(M,N [−1]).
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Proof. By Lemma 6.1 we
can identify RHomDN(X1)((M,p), (N, 0)) with RHomD(X1)(M,Np=0), and the forgetful

map to RHomD(X1)(M,N) is given by composing with the natural map Np=0 → N .

Moreover, we can identify RHomD(X1)(M,Np=0) with RHomD(X1)(M,N)p=0 so that the
desired identification becomes a consequence of the following Lemma 6.16, applied to
A = RHomD(X1)(M,N). �

Lemma 6.16. For any object A ∈ D(Z/p2) the composition Ap=0 → A → i∗i
∗A is

naturally identified with the composition

(6.26) Ap=0 rA−−→ i∗i
∗A[−1]

BockA[−1]−−−−−−→ i∗i
∗A

where the map rA is induced by the identification i∗i
∗(Ap=0) = i∗(i

∗A)p=0 ' i∗i
∗A ⊕

i∗i
∗A[−1].

Proof. Recall that i∗i
∗A ' A ⊗Z/p2 Fp and there is a natural fiber sequence i∗i

∗A
a1−→

A
a2−→ i∗i

∗A obtained by taking the tensor product of the sequence Fp → Z/p2 → Fp with
A. Consider the commutative diagram

(6.27)

A A

i∗i
∗A A

p

a2

a1

Taking the fibers of the horizontal arrows induces a commutative diagram

(6.28)

fib(A
p−→ A) A

fib(i∗i
∗A

a1−→ A) i∗i
∗A

The induced map Ap=0 = fib(A
p−→ A)→ fib(i∗i

∗A
a1−→ A) ' i∗i

∗A[−1] is the map rA,

and the map i∗i
∗A[−1] ' fib(i∗i

∗A
a1−→ A) → i∗i

∗A is BockA[−1], by definition. Hence
the statement of the lemma amounts to commutativity of the diagram (6.28). �

The upshot is that, given a quasisyntomic Z/pn-scheme Xn−1 for n ≥ 2, the Sen

operator on Ω
/D
Xn−1/Z/pn induces an operator on dRX0

, and all of the information about

the restriction of the latter operator to FilpdRX0
is captured by the class cXn−1,p. If

Xn−1 lifts to a flat formal Zp-scheme X, then this cXn−1,p also remembers the data of

the Sen operator on FilpΩ
/D
Xn−1/Z/pn , by Lemma 6.3. In the absence of a lift to W (k) it is

at the moment unclear to me whether the Sen operator on FilpΩ
/D
Xn−1/Z/pn contains more

information than its mod p reduction.
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7. Sen operator via descent from semiperfectoid rings

In this section we prove Theorem 7.1 via descent from quasiregular semiperfectoid
rings, this approach was suggested by Bhargav Bhatt. As a consequence, we extend
Theorem 5.10 to the situation where X0 is only liftable to Z/p2 rather than Zp.

Theorem 7.1. Let X1 be a quasisyntomic scheme over Z/p2 with the special fiber X0 =
X1 ×Z/p2 Fp. The map cX1,p : LΩpX0

→ OX0
[p] arising from the Sen operator on the de

Rham complex of X0 is naturally homotopic to the composition

(7.1) LΩpX0

α(LΩ1
X0

)
−−−−−−→ F ∗X0

LΩ1
X0

[p− 1]
obF,X1−−−−→ OX0 [p].

The particular interpretation of cX1,p that will be used in the proof is that the map

ΘX1 − Θp
X1

: LΩpX0
[−p] → Filconj

p−1dRX0
'

p−1⊕
i=0

LΩiX0
[−p] factors as LΩpX0

[−p]
cX1,p−−−→

OX0

⊕−→ Filconj
p−1dRX0

, as we established in Lemma 6.12.
We start by recalling the description of diffracted Hodge cohomology of quasiregu-

lar semiperfectoid algebras. Let S be a quasiregular semiperfectoid flat Z/pnZ-algebra,
as defined in [BMS19, Definition 4.20]. The cotangent complex LΩ1

S/Z/pn is concen-

trated in degree (−1) and H−1(LΩ1
S/Z/pn) is a flat S-module. For brevity, we denote

H−1(LΩ1
S/Z/pn) by MS . The objects LΩiS/Z/pn [−i] = Λi(H−1(LΩ1

S/Z/pn)[1])[−i] ' ΓiMS

are also flat S-modules placed in degree zero. Since Ω
/D
S/Z/pn admits an exhaustive filtra-

tion with graded pieces given by LΩiS/Z/pn [−i], the diffracted Hodge cohomology complex

Ω
/D
S/Z/pn is a commutative flat S-algebra concentrated in degree 0.

We denote by S0 := S/p the mod p reduction of S, and by Ω
/D
S0
' Ω

/D
S/Z/pn ⊗S S0 the

diffracted Hodge cohomology of S0 which coincides with the derived de Rham cohomology

dRS0/Fp . Thanks to the fact that Ω
/D
S/Z/pn is concentrated in degree 0, the Sen operator

ΘS : Ω
/D
S/Z/pn → Ω

/D
S/Z/pn is a genuine endomorphism of a discrete S-algebra, and we may

use tools from ordinary algebra rather than higher algebra to study it. The reader is
encouraged to view the next result as an analog of Theorem 4.1.

Proposition 7.2. Let S be a quasiregular semiperfectoid flat Z/p2-algebra. Suppose that

f : Ω
/D
S/Z/p2 → Ω

/D
S/Z/p2 is a derivation of S-algebras that preserves the conjugate filtration,

acting on grconj
i Ω

/D
S/Z/p2 ' ΓiMS by −i. Denote by s : MS → Filconj

1 Ω
/D
S/Z/p2 the splitting

of the conjugate filtration given by MS ' ker(f + 1 : Filconj
1 Ω

/D
S/Z/p2) ⊂ Filconj

1 Ω
/D
S/Z/p2 .

Then the map f − fp : Filconj
p Ω

/D
S0
→ Filconj

p Ω
/D
S0

on the mod p reduction of Filconj
p Ω

/D
S/Z/p2

factors as

(7.2)

Filconj
p Ω

/D
S0

� ΓpS0
(MS/p) � F ∗S0

(MS/p)
F∗S0

s
−−−→ F ∗S0

Filconj
1 Ω

/D
S0

ϕS0−−→ Filconj
1 Ω

/D
S0
↪→ Filconj

p Ω
/D
S0

where the surjection ΓpS0
(MS/p) � F ∗S0

(MS/p) is the map ψMS/p defined in (2.7).

Proof. To prove the proposition it is enough to check that f − fp coincides with the

composition (7.2) on elements y ∈ Filconj
p Ω

/D
S0

whose image in grconj
p ' ΓpS0

(MS/p) has the
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form x[p] for some x ∈ MS/p. Indeed, the S0-module Filconj
p Ω

/D
S0

is spanned by elements

of this form and the submodule Filconj
p−1Ω

/D
S0

, and both f − fp and the composition (7.2)

are identically zero on Filconj
p−1Ω

/D
S0

. The composition (7.2) takes the element y to s(x)p,
and we will prove that f − fp does the same.

Consider the endomorphism of Filconj
p Ω

/D
S/Z/p2 given by F := (−1)p

p−1∏
i=0

(f + i). It

reduces modulo p to the map f − fp : Filconj
p Ω

/D
S0
→ Filconj

p Ω
/D
S0

. Note also that F an-

nihilates Filconj
p−1Ω

/D
S . Let ỹ ∈ Filconj

p Ω
/D
S/Z/p2 be a lift of y such that the image of ỹ in

grconj
p Ω

/D
S/Z/p2 ' ΓpS(MS) has the form x̃[p] for some x̃ ∈ MS lifting x ∈MS/p. Then the

image of p! · ỹ in grconj
p Ω

/D
S/Z/p2 is equal to x̃p, hence p! · ỹ − s(x̃)p lies in the submodule

Filconj
p−1Ω

/D
S/Z/p2 ⊂ Filconj

p Ω
/D
S/Z/p2 . Therefore F (p! · ỹ − s(x̃)p) = 0. By definition of the

section s, we have f(s(x̃)) = −s(x̃). Since f is a derivation, f(s(x̃)p) = −p · s(x̃)p, and

F (s(x̃)p) = (−1)p
p−1∏
i=0

(−p+ i) · s(x̃)p. Hence we get the following equation on the element

F (ỹ):

(7.3) p!F (ỹ) =

p−1∏
i=0

(p− i) · s(x̃)p

We now use crucially that Ω
/D
S/Z/p2 is flat over Z/p2: we can cancel out p! on both sides

of (7.3) to get F (ỹ) = s(x̃)p + p · a for some a ∈ Filconj
p Ω

/D
S/Z/p2 . Reducing modulo p gives

the desired equality

(7.4) (f − fp)(y) = s(x)p.

�

We will now deduce a computation of the Sen operator for an arbitrary quasisyntomic
Z/p2-scheme using descent.

Proof of Theorem 7.1. We will prove that cX1,p is equivalent to the composition

(7.5)

LΩpX0

α(LΩ1
X0

)
−−−−−−→ F ∗X0

LΩ1
X0

[p− 1]
F∗X0

s[p−1]
−−−−−−−→ F ∗X0

dRX0 [p]→ F ∗X0
FX0∗OX0 [p]→ OX0 [p]

This is equivalent to the desired statement because the composition F ∗X0
LΩ1

X0

F∗X0
s[1]

−−−−−→
F ∗X0

dRX0
[1] → F ∗X0

FX0∗OX0
[1] → OX0

[1] is homotopic to the obstruction class obF,X1
:

F ∗X0
LΩ1

X0
→ OX0 [1] as was established in Proposition 5.2. Denote by dX1,p the composi-

tion of maps in (7.5). We denote by QSynZ/p2 the category of schemes quasisyntomic over

Z/p2, by AffQSynZ/p2 ⊂ QSynZ/p2 the full subcategory of affine quasisyntomic schemes,
and by QRSPrfdZ/p2 ⊂ AffQSynZ/p2 the opposite of the category of quasiregular semiper-

fectoid Z/p2-algebras.
Proposition 7.2 established that cX1,p = dX1,p when X1 = SpecS is the spectrum of

a quasiregular semiperfectoid Z/p2-algebra, because the map ΓpS0
(MS/p) → F ∗S0

(MS/p)
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is the shift by [−p] of the map LΩpS0

α(LΩ1
S0

)
−−−−−→ F ∗S0

LΩ1
S0

[p − 1]. The case of an arbitrary
X1 ∈ SchZ/p2 will follow by a descent argument in the spirit of [BMS19], cf. [BLM21,
Proposition 10.3.1] and [LM21, Proposition 4.4].

Let QCobj be the∞-category of∞-categories equipped with a distinguished object, as
defined in [Lur22, Tag 020S]. Its objects are pairs (C, C) where C is a ∞-category and
C is an object of C, and 1-morphisms from (C, C) to (D,D) are pairs (F : C → D, α :
F (C)→ D) where F is a functor and α is a 1-morphism in D.

Assigning to a scheme X1 ∈ QSynZ/p2 the pair (LΩiX0/Fp , D(X0)) defines a functor

LΩi : Schop
Z/p2 → QCobj, where a morphism f : X1 → Y1 is sent to f∗0 : D(Y0) → D(X0)

and Λidf0 : f∗0LΩiY0
→ LΩiX0

(this functor factors through QSynFp). For i = 0 we denote
this functor simply by O. The formation of classes cX1,p and dX1,p defines morphisms

from LΩp[−p] to O. Denote by Func0(QSynop
Z/p2 ,QCobj) the category of functors for which

the composition with the forgetful functor QCobj → Cat∞ is X1 7→ D(X0).

Lemma 7.3. For any i, j the restriction induces an equivalence
(7.6)
MapFunc0(QSynop

Z/p2 ,QCobj)
(LΩi[−i], LΩj [−j])→ MapFunc0(QRSPrfdop

Z/p2 ,QCobj)
(LΩi[−i], LΩj [−j]).

Proof. Affine schemes corresponding to quasiregular semiperfectoid rings form a basis in
the flat topology on the category of all quasisyntomic Z/p2-schemes by [BMS19, Lemma
4.28] which implies the result by flat descent for the exterior powers of the cotangent
complex. �

In general, specifying a natural transformation between functors F1, F2 into an ∞-
category requires (among further higher homotopies) specifying maps aX1

: F1(X1) →
F2(X1) for all objects X1 together with the additional data of homotopies between
F2(f) ◦ aX1

and aY1
◦ F1(f) for every map f : X1 → Y1. Crucially, if X = SpecS

is the spectrum of a quasiregular semiperfectoid Z/p2-algebra, then the mapping space
MapD(X0)(LΩpX0

[−p],OX0) is discrete because both LΩpX0
[−p] and OX0 are concentrated

in degree zero. Therefore the target of the map (7.6) is a discrete space and an element
of it is completely determined by its values on the objects: functoriality with respect
to morphisms in QRSPrfdZ/p2 amounts to checking a condition rather than specifying
additional structure.

Therefore it is enough to compare the values of cX1,p and dX1,p on objects of
QRSPrfdZ/p2 , and the corollary is proven. �

We can now generalize the results of Section 5 on extensions in the conjugate filtration
on the de Rham complex to schemes over k that only admit a lift to W2(k) and are not
necessarily smooth.

Corollary 7.4. For a quasisyntomic scheme X0 over Fp equipped with a flat lift X1 over

Z/p2 the class eX1,p ∈ RHomD(X1)(LΩpX0
,OX0 [p + 1]) of the extension

p−1⊕
i=0

LΩiX0
[−i] →

Filconj
p dRX0

→ LΩpX0
[−p] is naturally homotopic to BockX1

(obF,X1
◦α(LΩ1

X0
)).

Proof. This is Lemma 6.12 combined with Theorem 7.1. �

For convenience of applications, let us also explicitly state this result on the level of
cohomology classes in the case of smooth varieties:
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Corollary 7.5. For a smooth scheme X0 over k equipped with a smooth lift X1 over
W2(k) the class cX1,p ∈ Hp(X0,Λ

pTX0/k) is equal to obF,X1 ∪α(Ω1
X0/k

), and eX1,p ∈
Hp+1(X0,Λ

pTX0/k) is equal to BockX1
(obF,X1

∪α(Ω1
X0

)).

Hence the first potentially non-trivial differentials in the conjugate spectral sequence
of a liftable scheme are described as follows:

Corollary 7.6. For a smooth scheme X0 over k equipped with a lift X1 over W2(k) the

conjugate spectral sequence E2
ij = Hi(X

(1)
0 ,Ωj

X
(1)
0

)⇒ Hi+j
dR (X0/k) has no non-zero differ-

entials on pages E2, . . . , Ep. The differentials di,pp+1 : Hi(X
(1)
0 ,Ωp

X
(1)
0

)→ Hi+p+1(X
(1)
0 ,O)

on page Ep+1 can be described as

(7.7) BockO
X

(1)
1

◦ (obF,X1
∪α(Ω1

X
(1)
0

))− (obF,X1
∪α(Ω1

X
(1)
0

)) ◦ BockΩp

X
(1)
1

where obF,X1
∪α(Ω1

X
(1)
0

) denotes the map Hj(X
(1)
0 ,Ωp

X
(1)
0

)→ Hj+p(X0,
(1) ,O

X
(1)
0

) induced

by the product with the class c
X

(1)
1 ,p

= obF,X1 ∪α(Ω1

X
(1)
0

) ∈ Hp(X
(1)
0 ,ΛpT

X
(1)
0

), for j =

i, i+ 1.

Proof. As usual, denote the inclusion of the special fiber by i : X0 ↪→ X1. The dif-
ferential di,pp+1 is induced by the map i∗e

X
(1)
1 ,p

: Ωp
X

(1)
0

→ O
X

(1)
0

[p + 1] which is the

image of obF,X1
∪α(Ω1

X
(1)
0

) ∈ RHom
X

(1)
0

(Ωp
X

(1)
0

,O
X

(1)
0

[p]) under the Bockstein homomor-

phism associated with the W2(k)-module RHom
X

(1)
1

(Ωp
X

(1)
1

,O
X

(1)
1

[p]). For the purposes

of computing the effect of i∗e
X

(1)
1 ,p

on the cohomology groups it is enough to compute

i∗i
∗e
X

(1)
1 ,p

: i∗Ω
p

X
(1)
0

→ i∗OX(1)
0

[p+ 1]. This is achieved by Lemma 7.7 below. �

Lemma 7.7. Let X1 be a flat scheme over W2(k) with the special fiber X0 := X1×W2(k)

k
i
↪−→ X1. For any two objects M,N ∈ D(X1) the composition

(7.8)

RHomD(X0)(i
∗M, i∗N)

BockRHomX1
(M,N)

−−−−−−−−−−−−→ RHomD(X0)(i
∗M, i∗N)[1]

i∗−→ RHomD(X1)(i∗i
∗M, i∗i

∗N)[1]

is given by sending a map f : i∗M → i∗N to BockN ◦ i∗f − i∗f [1] ◦ BockM .

Proof. For any object K ∈ D(X1) there is a natural fiber sequence i∗i
∗K → K → i∗i

∗K
that we will view as a two-step filtration on K, defining therefore a functor B : D(X1)→
DFil(X1) to the category of filtered objects of D(X1). The complex of filtered morphisms
between M and N fits into the fiber sequence

(7.9)
RHomD(X1)(i∗i

∗M, i∗i
∗N)→ RHomDFil(X1)(M,N)→ RHomD(X1)(i∗i

∗M, i∗i
∗N)⊕2

Here the first term is identified with the complex of morphisms from M to N that
shift the filtration down by 1, and the second map associates to a filtered morphism its
effect on the graded pieces of the filtrations. This fiber sequence is the Baer sum of the
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following fiber sequences

(7.10)

RHomD(X1)(i∗i
∗M, i∗i

∗N)→ RHomD(X1)(M, i∗i
∗N)→ RHomD(X1)(i∗i

∗M, i∗i
∗N)

RHomD(X1)(i∗i
∗M, i∗i

∗N)→ RHomD(X1)(i∗i
∗M,N)→ RHomD(X1)(i∗i

∗M, i∗i
∗N)

induced by applying the functor RHomD(X1)(−, i∗i∗N) to i∗i
∗M → M → i∗i

∗M , and
the functor RHomD(X1)(i∗i

∗M,−) to i∗i
∗N → N → i∗i

∗N , respectively.
Therefore the connecting

map RHomD(X1)(i∗i
∗M, i∗i

∗N)⊕2 → RHomD(X1)(i∗i
∗M, i∗i

∗N)[1] induced by (7.9) is
given by (f0, f1) 7→ BockN ◦ f0 − f1[1] ◦ BockM .

The map RHomD(X1)(M,N) → RHomFil
D(X1)(M,N) induced by the functor B then

induces a map of fiber sequences

(7.11)

RHomD(X1)(i∗i
∗M, i∗i

∗N) RHomFil
D(X1)(M,N) RHomD(X1)(i∗i

∗M, i∗i
∗N)⊕2

RHomD(X0)(i
∗M, i∗N) RHomD(X1)(M,N) RHomD(X0)(i

∗M, i∗N)

i∗ (i∗,i∗)

and this proves the lemma because BockRHomX1
(M,N) is precisely the connecting mor-

phism induced by the bottom row of (7.11). �

8. Sen operator of a fibration in terms of Kodaira-Spencer class

In this section we specialize the formula for the class cX1,p from Corollary 7.5 to p-
dimensional W2(k)-schemes that are fibered over a curve. The fact that the cotangent
bundle of such a scheme admits a line subbundle allows us (Theorem 8.1) to relate the
class α(Ω1

X0
) to the Kodaira-Spencer class of the fibration. We then use this relation

in Proposition 8.4 to give examples showing that the Sen operator ΘX on dRX0 might
be non-semisimple. By Corollary 6.9, this is the case in a situation when the conjugate
spectral sequence is non-degenerate, so Corollary 10.7 does also provides such examples.
But we would like to demonstrate that non-semi-simplicity of ΘX is a much more fre-
quent phenomenon than non-degeneration of the Hodge-to-de Rham spectral sequence,
appearing even for familiar classes of varieties.

We start by introducing the notation needed to state Theorem 8.1. Let f : X1 → Y1

be a smooth morphism of smooth W2(k)-schemes with dimY1 = 1, rel.dim(f) = p − 1.
We will describe the class cX1,p ∈ Hp(X0,Λ

pTX0
) in terms of the Kodaira-Spencer class

of f and the obstruction to lifting the Frobenius morphism of Y0 to Y1. Recall that
the Kodaira-Spencer class ksf0

: TY0
→ R1f0∗TX0/Y0

is obtained from the fundamental
triangle

(8.1) TX0/Y0
→ TX0 → f∗0TY0

by applying the functor of 0th cohomology to the morphism TY0
→ Rf0∗TX0/Y0

[1] corre-

sponding to the class of the extension (8.1) by adjunction. Denote by ksp−1
f0

the compo-

sition T⊗p−1
Y0

ks⊗p−1
f0−−−−→ (R1f0∗TX0/Y0

)⊗p−1 → Rp−1f0∗Λ
p−1TX0/Y0

where the second map
is the cup product on cohomology.
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By our assumption on the dimensions, the Leray spectral sequence for f0 identifies
Hp(X0,Λ

pTX0) with H1(Y0, R
p−1f0∗Λ

pTX0) = H1(Y0, TY0 ⊗Rp−1f0∗Λ
p−1TX0/Y0

).

Theorem 8.1. The class cX,p ∈ Hp(X0,Λ
pTX0

) is equal, up to multiplying by an element

of F×p , to the product of the class obF,Y ∈ H1(Y0, F
∗
Y0
TY0

) = H1(Y0, T
⊗p
Y0

) with ksp−1
f0
∈

H0(Y0, T
⊗1−p
Y0

⊗Rp−1f0∗Λ
p−1TX0/Y0

).

We have the following description of α(E) for a rank p vector bundle admitting a line
subbundle. It will be proven, for p > 2, as a consequence of our computations with group
cohomology in Section 13, under Lemma 13.12. For the proof in the case p = 2 see
Remark 8.3 below.

Lemma 8.2. Let E be a vector bundle on X0 of rank p that fits into an extension

(8.2) 0→ L→ E → E′ → 0

where L is a line bundle, and E′ is a vector bundle of rank p−1. The class of this extension
defines an element v(E) ∈ Ext1

X0
(E′, L) = H1(X0, L ⊗ (E′)∨). Denote by v(E)p−1 ∈

Hp−1(X0, L
⊗p−1⊗(detE′)∨) the image of v(E)⊗p−1 ∈ Hp−1(X0, (L⊗(E′)∨)⊗p−1) under

the map induced by (L⊗ (E′)∨)⊗p−1 → Λp−1(L⊗ (E′)∨) = L⊗p−1 ⊗ (detE′)∨.

The class α(E) ∈ Extp−1
X0

(ΛpE,F ∗X0
E) = Hp−1(X0, F

∗
X0
E ⊗ L∨ ⊗ (detE′)∨) is equal,

up to multiplying by a scalar from F×p , to the image of v(E)p−1 under the map induced

by L⊗p−1 ⊗ (detE′)∨ = F ∗X0
L⊗ L∨ ⊗ (detE′)∨ ↪→ F ∗X0

E ⊗ L∨ ⊗ (detE′)∨.

Remark 8.3. The lemma is straightforward when p = 2. It follows from the existence
of the following map of extensions:

(8.3)

F ∗X0
E S2E Λ2E

L⊗2 L⊗ E L⊗ E′

Here the left vertical map is the pullback along FX0 of the inclusion L ↪→ E, the top row
is the extension representing α(E), and the bottom row is the tensor product of (8.2)
with L.

Our proof of this lemma for p > 2 is rather ad hoc: it relies on the fact that the class
α(V ) for the tautological representation V of GLp is non-zero, as proven in Proposition
12.1. Given that both α(E) and v(E)p−1 admit explicit representatives as Yoneda exten-
sions ((12.10) for the former and a Koszul complex for the latter), it would be nicer to
have a direct proof of the identity claimed in Lemma 8.2, in the spirit of the proof for
p = 2.

Proof of Theorem 8.1. By Corollary 7.5 the class cX1,p is the product of α(Ω1
X0

) ∈
Hp−1(X0,Λ

pTX0
⊗ (F ∗X0

TX0
)∨) with obF,X1

∈ H1(X0, F
∗
X0
TX0

). The vector bundle Ω1
X0

fits into the exact sequence dual to (8.1):

(8.4) 0→ f∗Ω1
Y0
→ Ω1

X0
→ Ω1

X0/Y0
→ 0

and we can apply Lemma 8.2 to E = Ω1
X0

. It gives that the class α(Ω1
X0

) ∈
Hp−1(X0, F

∗
X0

Ω1
X0
⊗ΛpTX0

) is the image of the class v(Ω1
X0

)p−1 ∈ Hp−1(X0, F
∗
X0
f∗0 Ω1

Y0
⊗

ΛpTX0
). Therefore the product α(Ω1

X0
) · obF,X1

∈ Hp(X0,Λ
pTX0

) is equal to the
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product of v(Ω1
X0

)p−1 with the image of obF,X1
under the map H1(X0, F

∗
X0
TX0

) →
H1(X0, F

∗
X0
f∗0TY0).

By functoriality of obstructions, this image is equal to the image of obF,Y1 under the
pullback map H1(Y0, F

∗
Y0
TY0

)→ H1(X0, F
∗
X0
f∗0TY0

). By the Leray spectral sequence the

receptacle of the class v(Ω1
X0

)p−1 fits into the exact sequence

(8.5) 0→ H1(Y0, R
p−2f0∗(F

∗
X0
f∗0 Ω1

Y0
⊗ ΛpTX0

))→ Hp−1(X0, F
∗
X0
f∗0 Ω1

Y0
⊗ ΛpTX0

)
ρ−→

H0(Y0, R
p−1f0∗(F

∗
X0
f∗0 Ω1

Y0
⊗ ΛpTX0))→ 0

Since H2(Y0,F) = 0 for any quasicoherent sheaf F on the curve Y0, our product
only depends on the image of v(Ω1

X0
)p−1 in H0(Y0, R

p−1f0∗(F
∗
X0
f∗0 Ω1

Y0
⊗ ΛpTX0

)) and

is equal to the product of this image ρ(v(Ω1
X0

)p−1) with obF,Y1
under the identification

Hp(X0,Λ
pTX0) ' H1(Y0, TY0 ⊗Rp−1f0∗Λ

p−1TX0/Y0
).

It remains to observe that the image of the class v(Ω1
X0

) ∈ H1(X0, f
∗Ω1

Y0
⊗TX0/Y0

) in

H0(Y0, R
1(f∗0 Ω1

Y0
⊗ TX0/Y0

)) = H0(Y0,Ω
1
Y0
⊗ R1f0∗TX0/Y0

) is the Kodaira-Spencer map

ksf0
. Therefore ρ(α(Ω1

X0
)p−1) ∈ H0(Y0, R

p−1f0∗(F
∗
X0
f∗0 Ω1

Y0
⊗ΛpTX0

)) = H0(Y0, F
∗
Y0

Ω1
Y0
⊗

TY0 ⊗Rp−1f0∗Λ
p−1TX0/Y0

) is equal to ksp−1
f0

and the desired formula for cX1,p is proven.
�

We will now demonstrate that there does exist a fibration as in Theorem 8.1 for which
cX1,p is non-zero. From now until the end of this section assume that k = Fp.

Proposition 8.4. For every p there exists a smooth projective scheme X over W (k) with
dimW (k)(X) = p such that the class cX,p ∈ Hp(X0,Λ

pTX0
) is non-zero, and therefore the

Sen operator on dRX0 is not semi-simple.

Remark 8.5. Since X has relative dimension p, the de Rham complex dRX0
of X0 is

necessarily decomposable, by [DI87, Corollaire 2.3].

Proof. We will construct X as the (p − 1)th relative Cartesian power S×Y (p−1) of an
appropriate smooth projective morphism h : S → Y of relative dimension 1, where Y is
a geometrically connected smooth projective relative curve over W (k). Assume that

(1) The Kodaira-Spencer map ksh0
: TY0

→ R1h0∗TS0/Y0
is an injection of vector

bundles
(2) coker ksh0 is a direct sum

⊕
Lj of line bundles such that degLj <

1
p−1 deg Ω1

Y0

for all j.

Injectivity of the Kodaira-Spencer map implies that the curve fibration h is not isotriv-
ial, which forces the genus of Y and all of the fibers of h to be larger than or equal to 2
by [Szp81, Théoremè 4]. In particular, the Frobenius endomorphism of Y0 does not lift to
Y ×W (k)W2(k) so the class obY1,F ∈ H1(Y0, F

∗
Y0
TY0) is non-zero, cf. [Ray83, Lemma I.5.4].

We will now prove that under these conditions on S the class cX,p ∈ Hp(X0,Λ
pTX0

) for
the p-dimensional W (k)-scheme X is non-zero, and then will check that a family of curves
h satisfying (1) and (2) does indeed exist.

Denote by π1, . . . , πp−1 : X = S×Y (p−1) → S the projection maps, and by f : X → Y

the map down to Y (so that f = h◦πi, for all i). We have TX/Y '
p−1⊕
i=1

π∗i TS/Y . For each i

the pushforward R1f∗(π
∗
i TS/Y ) = H1(Rh∗ ◦Rπi∗(π∗i TS/Y )) = H1(Rh∗(TS/Y ⊗Rπi∗OX))
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is equal to R1h∗TS/Y , because h∗TS/Y = 0 by our assumption on the genus of the fibers

of h. The Kodaira-Spencer class ksf : TY → R1f∗TX/Y =
p−1⊕
i=1

R1h∗TS/Y is then equal to

the diagonal map
p−1⊕
i=1

ksh, because the extension TX/Y → TX → f∗TY is the Baer sum of

the pullbacks along πi of the extension TS/Y → TS → h∗TY .

The pushforward Rp−1f∗Λ
p−1TX/Y = Rp−1f∗(

p−1⊗
i=1

π∗i TS/Y ) is likewise identified with

(R1h∗TS/Y )⊗p−1, and the (p− 1)th power ksp−1
f of the Kodaira-Spencer map is equal to

ks⊗p−1
h : T⊗p−1

Y → (R1h∗TS/Y )⊗p−1.

By Theorem 8.1, the class cX,p ∈ Hp(X0,Λ
pTX0

) = H1(Y0, TY0
⊗ Rp−1Λp−1TX0/Y0

)

is (up to a scalar from F×p ) the image of the obstruction to lifting Frobenius

obF,Y1
∈ H1(Y0, F

∗TY0
) = H1(Y0, T

⊗p
Y0

) under the map idTY0
⊗ks⊗p−1

h0
: T⊗pY0

→
TY0
⊗ (R1h0∗TS0/Y0

)⊗p−1. The proof of non-vanishing of cX,p will be completed if we

can show that the induced map H1(Y0, T
⊗p
Y0

) → H1(Y0, TY0 ⊗ (R1h0∗TS0/Y0
)⊗p−1) is in-

jective.
For brevity, denote the vector bundle coker ksh0

by Q. The map idTY0
⊗ks⊗p−1

h0
is an

injection of vector bundles whose cokernel admits a filtration with graded pieces isomor-
phic to T⊗iY0

⊗ Q⊗p−i for i = 1, . . . , p − 1. By our assumption (2), each T⊗iY0
⊗ Q⊗p−i is

a direct sum of line bundles of degree < 1
p−1 deg Ω1

Y0
· (p − i) − deg Ω1

Y0
· i < 0 because

deg Ω1
Y0

= 2g(Y0) − 2 is positive. Therefore H0(Y0, coker(idTY0
⊗ks⊗p−1

h0
)) = 0 which

implies that the map induced by idTY0
⊗ks⊗p−1

h0
on cohomology in degree 1 is injective.

We will now prove that there exists a family of curves h : S → Y satisfying prop-
erties (1), (2). We will construct Y as a complete intersection of ample divisors in an
appropriate compactification M∗g of the moduli space of curves of genus g, following the
idea of Mumford ([Oor74, §1]) for constructing proper subvarieties of moduli spaces of
curves. We only need to make sure that this construction goes through over W (k), and
check that the condition (2) is fulfilled. Denote by Mg,W (k) the coarse moduli scheme of

the stack Mg,W (k), and by Mg,W (k) the coarse moduli scheme of its Deligne-Mumford
compactification.

By [FC90, Theorem V.2.5] there exists a projective scheme A∗g,W (k) over W (k) that

contains the coarse moduli scheme Ag,W (k) of principally polarized abelian varieties of
dimension g as a dense open subscheme such that dimW (k)(A

∗
g,W (k) \Ag,W (k)) = g. More-

over, the Torelli map extends to a morphism j : Mg,W (k) → A∗g,W (k) that induces a

locally closed immersion of the locus U ⊂ Mg,W (k) of smooth curves without nontrivial
automorphisms into A∗g,W (k). Denote also by π : C → U the universal curve over U .

Assume from now on that g ≥ max(4, p3 + 1). The inequality g ≥ 4 ensures that
the locus of curves without nontrivial automorphisms has complement of codimension
≥ 2 in Mg, and the condition g ≥ p

3 + 1 will be used to ensure property (2). Denote
by M∗g,W (k) the closure of j(Mg,W (k)) inside A∗g,W (k). This is a flat projective scheme

over W (k) that contains U as a dense open subscheme, such that fibers of M∗g,W (k) \ U
over both points of SpecW (k) have codimension ≥ 2 (though we do not claim that this
complement is flat over W (k)). Denote by ω the line bundle det(π∗Ω

1
C/U ) on U . By the



NON-DECOMPOSABILITY OF THE DE RHAM COMPLEX 55

property [FC90, Theorem V.2.5(1)] of the Satake compactification, some positive power
ω⊗m extends to a very ample L line bundle on M∗g,W (k).

Take Y ⊂ U ⊂ M∗g,W (k) to be a smooth proper complete intersection of zero loci of

sections of L that has dim(Y/W (k)) = 1. It is possible to find such a complete intersection
entirely contained in U because the codimension of the complement of U is at least 2. Let
h : S → Y be the restriction of the universal curve C to Y . We have the exact sequence
corresponding to the closed embedding ι : Y ↪→ U :

(8.6) 0→ TY
dι−→ TMg,W (k)

|Y → L|⊕3g−4
Y → 0

where we identified the normal bundle to Y with L|⊕3g−4
Y . Since U is the locus where the

map Mg,W (k) → Mg,W (k) from the moduli stack of curves to the coarse moduli space is

an isomorphism, the sheaf TMg,W (k)
|Y is identified with R1h∗TS/Y in a way that identifies

dι with the Kodaira-Spencer map ksf .
By [HM82, Theorem 2], the determinant line bundle det(TMg,W (k)|Y ) is isomorphic to

ω⊗−13|Y and, in particular, has negative degree. Therefore deg(TY )+(3g−4)·degL|Y ≤ 0
giving that degL|Y ≤ − deg(TY ) · 1

3g−4 < − deg(TY ) · 1
p−1 by our assumption on g.

Therefore the family h : S → Y satisfies all of the desired assumptions. �

Remark 8.6. At the moment it is unclear to me whether the class cX,p is non-zero for
other natural classes of varieties. For instance, when p = 2 is cX,2 ∈ H2(X0,Λ

2TX0
) ' k

non-zero for a general K3 surface X over W2(k)?

9. Cohomology of abelian varieties

In this section, we apply Theorem 4.1 to the de Rham, coherent, and étale cohomology
of abelian varieties equipped with a group action. These results will play the key role in
our example of a liftable variety with a non-degenerate conjugate spectral sequence, which
ultimately relies on the existence of a supersingular abelian variety with an action of a
group, whose Hodge cohomology is equivariantly decomposable, but de Rham cohomology
is not.

In this section, for a commutative ring R and a discrete group G we denote by DG(R)
the derived ∞-category of complexes of R-modules equipped with a G-action.

9.1. Coherent cohomology. Recall that for a group G acting on a finite-dimensional
k-vector space V we have a class α(V ) ∈ Extp−1

G (ΛpV, V (1)) = Hp−1(G,V (1) ⊗ (ΛpV )∨)

defined in Definition 3.4, corresponding to the extension V (1)[−2] → τ≥2Sp(V [−1]) →
ΛpV [−p] in DG(k). If there exists a representation of G on a free W2(k)-module Ṽ such

that Ṽ /p ' V then the module Ṽ (1) ⊗ (ΛpṼ )∨ defines the Bockstein homomorphisms

Bocki : Hi(G,V (1) ⊗ (ΛpV )∨)→ Hi+1(G,V (1) ⊗ (ΛpV )∨).

Proposition 9.1. Let A be an abelian scheme over W (k) equipped with an action of a
discrete group G.

(0) There exists a G-equivariant equivalence τ≤p−1RΓ(A,O) '
p−1⊕
i=0

Hi(A,O)[−i].

(1) If F ∗A0
: H1(A0,O)→ H1(A0,O) is zero, then there exists a G-equivariant equivalence

(9.1) τ≤pRΓ(A,O) '
p⊕
i=0

Hi(A,O)[−i]
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(2) Suppose that A admits an endomorphism F̃A : A→ A that lifts the absolute Frobenius
endomorphism FA0 (in particular, A0 is ordinary) and commutes with the action of

G. Then the extension class Hp(A,O)→
p−1⊕
i=0

Hi(A,O)[p− i+1] in DG(W (k)) corre-

sponding to τ≤pRΓ(A,O) lands in the direct summand H1(A,O)[p] and the resulting
class in ExtpG,W (k)(H

p(A,O), H1(A,O)) = Hp(G,H1(A,O)⊗ΛpH1(A,O)∨) is equal
to

(9.2) F̃ ∗A(Bockp−1(α(H1(A0,O))))

where α(H1(A0,O)) ∈ Hp−1(G,H1(A0,O)(1) ⊗ ΛpH1(A0,O)∨) is the class cor-
responding to the representation of G on the k-vector space H1(A0,O), and
Bockp−1 is the Bockstein homomorphism induced by the W (k)-module H1(A,O)(1)⊗
ΛpH1(A,O)∨.

Proof. The identity section e : SpecW (k) → A induces the augmentation e∗ :
RΓ(A,O) → W (k), and the cohomology algebra H∗(A,O) is the exterior algebra on
H1(A,O) so we can apply Theorem 4.4 to the G-equivariant derived commutative alge-
bra RΓ(A,O). Part (0) then follows. To prove statements (1) and (2), we will apply
(4.11). The formula for the extension Hp(A,O) → τ≤p−1RΓ(A,O)[p + 1] in DG(W (k))
reads:
(9.3)

ΛpH1(A,O)
α(H1(A0,O))−−−−−−−−→ H1(A0,O)(1)[p−1]

F∗A0−−→ H1(A0,O)[p−1]
BockH1(A,O)−−−−−−−−→ H1(A,O)[p]

Here we identified the Frobenius endomorphism of the cosimplicial algebra RΓ(A0,O)
with F ∗A0

by Lemma 5.8. In particular, if F ∗A0
on H1(A0,O) is zero, then the composition

(9.3) vanishes, which proves part (1).

Regarding part (2), note that the lift of Frobenius F̃ ∗A induces the following commuta-
tive diagram in DG(W (k)):

(9.4)

H1(A0,O)(1) H1(A0,O)

H1(A,O)(1)[1] H1(A,O)[1]

F∗A0

Bock
(1)
A

BockA

F̃∗A

This allows us to rewrite (9.3) as
(9.5)

ΛpH1(A,O)
α(H1(A0,O))−−−−−−−−→ H1(A0,O)(1)[p−1]

Bock
H1(A,O)(1) [p]

−−−−−−−−−−−→ H1(A,O)(1)[p]
F̃∗A−−→ H1(A,O)[p]

The desired formula (9.2) now follows from Lemma 5.11. �

Corollary 9.2. Let n ≥ 2p be an integer and E0 be an elliptic curve over k. The group
GLn(Z) acts on the abelian variety En0 and therefore acts on the complex RΓ(En0 ,O). The
truncation τ≤pRΓ(En0 ,O) decomposes in DGLn(Z)(k) as a direct sum of its cohomology
modules if and only if E0 is supersingular.

Proof. We can choose a lift E of E0 to an elliptic curve over W (k) and apply Proposition
9.1 to the abelian scheme En that is being acted on by the group G = GLn(Z). If E0 is
supersingular then Proposition 9.1(1) gives that τ≤pRΓ(En0 ,O) is decomposable, for all
n.
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If E0 is ordinary, assume moreover that our chosen lift E is the canonical one, so that

FE0
lifts to a map F̃E : E → E. Following Proposition 9.1(2), we need to check that the

mod p reduction of the class F̃ ∗En(Bockp−1(α(H1(E0,O)))) ∈ Hp(GLn(Z), H1(En,O) ⊗
ΛpH1(En,O)∨) is non-zero. Note that the map F̃ ∗En is a bijection, so we only need to
check that its argument is non-zero modulo p.

Let F/Q be the quadratic extension provided by Proposition 14.1. Identifying
the abelian group OF with Z⊕2 we get an embedding SLp(OF ) ⊂ GL2p(Z) ⊂
GLn(Z). The induced action of SLp(OF ) on H1(En,O) = H1(E,O) ⊗W (k)

W (k)⊕n ' W (k)⊕n contains the tautological representation W (k)⊕p as a direct sum-
mand, hence the mod p reduction of the class Bockp−1(α(H1(En,O))) does not van-
ish in Hp(SLp(OF ), H1(En0 ,O)(1) ⊗ ΛpH1(E0,O)∨). Therefore the analogous class

in Hp(GLn(Z), H1(En0 ,O)(1) ⊗ ΛpH1(E0,O)∨) does not vanish either, and the non-
decomposability of τ≤pRΓ(En0 ,O) in DGLn(Z)(k) follows. �

9.2. De Rham cohomology. We can also apply Theorem 4.1 to the de Rham cohomol-
ogy of an abelian variety equipped with a group action.

Proposition 9.3. Let A0 be an abelian variety over k equipped with an action of a
discrete group G.

(1) τ≤p−1RΓdR(A0/k) is G-equivariantly equivalent to
p−1⊕
i=0

Hi
dR(A0/k)[−i].

(2) The extension class Hp
dR(A0/k) →

p−1⊕
i=0

Hi
dR(A0/k)[p + 1 − i] corresponding to

τ≤pRΓdR(A0/k) lands in the direct summand H1(A0/k)[p] and the resulting class
in ExtpG,k(Hp

dR(A0/k), H1
dR(A0/k)) = Hp(G,H1

dR(A0/k)⊗ΛpH1
dR(A0/k)∨) equals

to

(9.6) F ∗A0
◦ Bockp−1(α(H1

dR(A0/k)))

where we use the crystalline cohomology H1
cris(A0/W2(k)) as a lift of the G-

representation H1
dR(A0/k) to define the Bockstein homomorphism.

Proof. The derived commutative algebra RΓdR(A0/k) in the category of G-
representations on k-vector spaces admits a lift to W (k) given by the crystalline co-
homology RΓcris(A0/W (k)). This algebra has an augmentation e∗ : RΓcris(A0/W (k))→
RΓcris(Spec k/W (k)) = W (k) so we can apply Theorem 4.4 to it. This gives decom-
posability of τ≤p−1RΓdR(A0/k) and describes the extension class Hp

cris(A0/W (k)) →
H1

cris(A0/W (k))[p] as the composition

(9.7) Hp
cris(A0/W (k)) = ΛpH1

cris(A0/W (k))→ ΛpH1
dR(A0/k)

α(H1
dR(A0/k))−−−−−−−−−→

H1
dR(A0/k)(1)[p−1]

ϕRΓdR(A0/k)−−−−−−−−→ H1
dR(A0/k)[p−1]

Bock
H1

cris
(A0/W (k))

−−−−−−−−−−−−→ H1
cris(A0/W (k))[p]

Since ϕRΓdR(A0/k) lifts to an endomorphism ϕ∗A0,cris of RΓcris(A0/W (k)), the compo-

sition of the last two arrows of (9.7) is equivalent to

(9.8)

H1
dR(A0/k)(1)[p−1]

Bock
H1

cris
(A0/W (k))(1)

−−−−−−−−−−−−−−→ H1
cris(A0/W (k))(1)[p]

ϕ∗A0,cris−−−−−→ H1
cris(A0/W (k))[p]
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As in the deduction of Theorem 5.10 from Theorem 5.9, we now apply Lemma
5.11 to conclude that the class defined by the composition (9.7) equals to ϕ∗A0

◦
Bockp−1(α(H1

dR(A0/k))) ∈ ExtpG(Hp
cris(A0/W (k)), H1

cris(A0/W (k))). Reducing this class
modulo p gives the desired result. �

9.3. Galois action on étale cohomology of abelian varieties. This application was
suggested by Alexei Skorobogatov who had independently conjectured the validity of
Proposition 9.4 for p = 2.

Let A be an abelian variety over an arbitrary field F of characteristic not equal to p.
Denote by F a separable closure of F and by GF := Gal(F/F ) the absolute Galois group

of F . We view RΓet(AF ,Zp) as an object of the derived category D̂GF (Zp) of p-complete
Zp-modules equipped with a continuous action of GF . More precisely, it is the inverse
limit of categories DGF (Z/pn) of discrete Z/pn-modules over the profinite group GF .

Proposition 9.4. (1) The truncation τ≤p−1RΓet(AF ,Zp) is equivalent to
p−1⊕
i=0

Hi
et(AF ,Zp)[−i] in D̂GF (Zp).

(2) The extension class Hp
et(AF ,Zp) →

p−1⊕
i=0

Hi
et(AF ,Zp)[p + 1 − i] corresponding to

the fiber sequence τ≤p−1RΓet(AF ,Zp) → τ≤pRΓet(AF ,Zp) → Hp
et(AF ,Zp)[−p]

can be described as

(9.9) Hp
et(AF ,Zp)

α(H1
et(AF ,Fp))

−−−−−−−−−→ H1
et(AF ,Fp)[p− 1]

Bock
H1

et(AF
,Zp)

−−−−−−−−−−→ H1
et(AF ,Zp)[p]

⊕−→
p−1⊕
i=0

Hi
et(AF ,Zp)[p+ 1− i]

Proof. The étale cohomology RΓet(AF ,Zp) has a structure of a derived commutative

algebra in D̂GF (Zp) by Lemma 2.16. The pullback along the identity section e : SpecF →
A induces an augmentation, and multiplication on cohomology induces isomorphisms
Hi

et(AF ,Zp) ' ΛiH1
et(AF ,Zp). Hence we may apply Theorem 4.4 to RΓet(AF ,Zp) which

readily implies part (1).
Part (2) follows from the formula (4.11) by the fact that the Frobenius map

ϕRΓet(AF ,Fp) : H1
et(AF ,Fp)→ H1

et(AF ,Fp) is the identity map, by Lemma 2.17. �

We can apply this to describe some of the differentials in the Hochschild-Serre spec-
tral sequence of A with coefficients in Zp and Fp. Here Hi(GF ,−) denotes continuous
cohomology of the Galois group GF .

Corollary 9.5. (1) In the spectral sequence Ei,j2 = Hi(GF , H
j
et(AF ,Zp)) ⇒

Hi+j
et (A,Zp) there are no non-zero differentials on pages E2, . . . , Ep−1, and the

differentials di,pp : Hi(GF , H
p
et(AF ,Zp)) → Hi+p(GF , H

1
et(AF ,Zp)) can be de-

scribed as

(9.10)

Hi(GF ,Λ
pH1

et(AF ,Zp))
α(H1

et(AF ,Fp))
−−−−−−−−−→ Hi+p−1(GF , H

1
et(AF ,Fp))

Bocki+p−1

H1
et(AF

,Zp)

−−−−−−−−−−→ Hi+p(GF , H
1
et(AF ,Zp))
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(2) Likewise, the the spectral sequence Ei,j2 = Hi(GF , H
j
et(AF ,Fp)) ⇒ Hi+j

et (A,Fp)
has no non-zero differentials on pages E2, . . . , Ep−1, and the differentials di,pp :

Hi(GF , H
p
et(AF ,Fp))→ Hi+p(GF , H

1
et(AF ,Fp)) are equal to

(9.11) Bocki+p−1
H1

et(AF ,Z/p2)
◦ α(H1

et(AF ,Fp))− α(H1
et(AF ,Fp)) ◦ BockiHpet(AF ,Z/p2)

Proof. Part (1) follows immediately from the formula (9.9) because di,pp is the result of

applying the functor Hi(GF ,−) to that map. Part (2) follows by applying Lemma 7.7 to
describe the effect of the mod p reduction of (9.9) on cohomology. �

10. Liftable variety with non-degenerate conjugate spectral sequence

In this section we construct an example of a smooth projective variety over k that lifts
to a smooth projective scheme over W (k) but whose conjugate spectral sequence has a
non-zero differential. Let us start by describing our example.

Choose an elliptic curve E over W (k) such that the special fiber E0 = E ×W (k) k is

supersingular. Denote p2 by q, and consider the finite flat group scheme H := E[p] ⊗Fp
F⊕pq . It is isomorphic to a product of 2p copies of E[p], and we write it this way to define

an action of the group GLp(Fq) on it via the tautological representation on F⊕pq . Define
the non-commutative finite flat group scheme

(10.1) G := SLp(Fq) n (E[p]⊗Fp F⊕pq )

The main result of this section is that the classifying stack BG0 of the special fiber of
this finite group scheme has a non-degenerate conjugate spectral sequence. In Corollary
10.7 we then approximate the stack BG by a smooth projective scheme whose special
fiber also has a non-zero differential in its conjugate spectral sequence.

Theorem 10.1. The differential d0,p
p+1 : H0(BG0, LΩpBG0/k

) → Hp+1(BG0,O) on the

(p+ 1)st page of the conjugate spectral sequence of the classifying stack BG0 is non-zero.

In general, if X0 is an algebraic stack over k, the spectral sequence associated with
the conjugate filtration on its de Rham complex starts with the second page of the form
Ei,j2 = Hi(X0, LΩjX0/k

). If X0 admits a lift over W2(k) then there are no non-zero

differentials on pages E2, . . . , Ep, by the main result of [KP22]. In this case we denote by

di,jp+1 : Hi(X0, LΩjX0/k
)→ Hi+p+1(X0, LΩj−pX0/k

) the differentials on page Ep+1.

Although we already have a formula for the differential d0,p
p+1, provided by Theorem

5.10, we take a somewhat roundabout approach to proving Theorem 10.1 by proving as
an intermediary that for a certain n the quotient stack of the abelian variety E×n0 by a
well-chosen infinite group has a non-degenerate conjugate spectral sequence. This non-
degeneracy will arise from the results of Section 9 by contrasting the extensions in the
canonical filtrations on de Rham and Hodge cohomology of E×n0 , viewed as complexes
with a group action.

Let F be a number field provided by Proposition 14.1. It is a quadratic extension of Q
such that OF /p ' Fp2 = Fq. Consider the abelian scheme A := E ⊗ZO⊕pF equipped with
the natural action of the group GLp(OF ). The ‘⊗’ symbol refers here to Serre’s tensor
product [CCO14, 1.7.4]. Explicitly, choosing a Z-basis in OF we get an identification
A ' E×2p and the group GLp(OF ) acts through the embedding GLp(OF ) ↪→ GL2p(Z).



60 NON-DECOMPOSABILITY OF THE DE RHAM COMPLEX

We can view the multiplication-by-p map A
[p]−→ A as an A[p]-torsor on A and therefore

get a GLp(OF )-equivariant classifying map A → BA[p]. The action of GLp(OF ) on
the p-torsion group scheme A[p] factors through GLp(OF /p) = GLp(Fq) and A[p] is
GLp(Fq)-equivariantly isomorphic to H. Hence the classifying map can be viewed as a
GLp(OF )-equivariant morphism A→ BH and therefore induces a morphism

(10.2) f : [A/SLp(OF )]→ [(BH)/SLp(Fq)] ' B(SLp(Fq) nH) = BG

of quotient stacks. Pullback along f induces a morphism between conjugate spectral
sequences of the special fibers of these stacks. In particular, there is a commutative
square

(10.3)

H0(BG
(1)
0 , LΩp

BG
(1)
0

) H0([A
(1)
0 /SLp(OF )], LΩp

[A
(1)
0 /SLp(OF )]

)

Hp+1(BG
(1)
0 ,O) Hp+1([A

(1)
0 /SLp(OF )],O)

f∗0

d0,p
p+1 d0,p

p+1

f∗0

Therefore the following Lemma 10.2 and Proposition 10.3 imply Theorem 10.1.

Lemma 10.2. The map

(10.4) f∗0 : H0(BG0, LΩpBG0/k
)→ H0([A0/SLp(OF )], LΩp[A0/SLp(OF )])

is an isomorphism.

Proposition 10.3. The differential d0,0
p+1 : H0(Y

(1)
0 , LΩpY0/k

) → Hp+1(Y
(1)
0 ,O) in the

conjugate spectral sequence for Y0 = [A0/SLp(OF )] is non-zero.

Remark 10.4. A trivialization of the cotangent bundle to the abelian variety A0 provides
a decomposition of the de Rham complex of A0 [DI87, Remarque 2.6 (iv)]. Proposition
10.3 demonstrates that this decomposition in general cannot be chosen to be compatible
with the action of the group of automorphisms of the lift A.

Proof of Lemma 10.2. For a finite flat group scheme Γ over k denote by π : Spec k → BΓ
the natural quotient morphism, and by e : Spec k → Γ the identity section. Recall that the
cotangent complex LΩ1

BΓ/k is described as the shift e∗LΩ1
Γ/k[−1] of the co-Lie complex of

Γ, where we view LΩ1
BΓ/k ∈ D(BΓ) as an object of the category of Γ-equivariant objects

in D(k).
In particular, LΩ1

BG0/k
is concentrated in degrees ≥ 0, its pth exterior power LΩpBG0/k

is concentrated in non-negative degrees as well, so H0(BG0, LΩpBG0/k
) is simply the in-

variant subspace (H0(π∗LΩpBG0/k
))G0 = (H0(π∗LΩpBG0/k

))SLp(Fq). In the last equal-

ity we used that H0 is commutative, hence the adjoint action of G0 on the cotan-
gent complex π∗LΩpBG0

' π∗LΩpBH0
factors through SLp(Fq) = G0/H0. Similarly,

H0([A0/SLp(OF )], LΩp[A0/SLp(OF )]) = H0(A0,Ω
p
A0

)SLp(OF ) = H0(A0,Ω
p
A0

)SLp(Fq).

By Lemma 10.5 below, f0 induces an isomorphism H0(f∗0LΩpBG0
) ' ΩpA0

. Therefore it
induces an isomorphism on the subspaces of SLp(Fq)-invariants, which finishes the proof
of Lemma 10.2. �

Lemma 10.5. Let T be an abelian scheme over a base S such that pOS = 0. We denote
the dual Lie algebra e∗Ω1

T/S by ωT , where e : S → T is the identity section. Denote by
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q : BT [p]→ S the structure morphism. The cotangent complex of BT [p] can be described
as LΩ1

BT [p]/S ' q
∗ωT ⊕ q∗ωT [−1].

The classifying map f : T → BT [p] corresponding to the torsor T
[p]−→ T induces the

map df : f∗LΩ1
BT [p]/S → Ω1

T/S that gives an isomorphism H0(f∗LΩ1
BT [p]/S) ' Ω1

T/S.

Proof. By definition, the classifying map fits into the Cartesian square

(10.5)

T S

T BT [p]

qT

[p] π

f

that induces an equivalence LΩ1

T
[p]−→T

' q∗TLΩ1
S/BT [p] ' q∗T e

∗LΩ1
T [p]/S . Transitivity tri-

angles for the two vertical morphisms in (10.5) fit into the following commutative diagram
of sheaves on T

(10.6)

q∗Tπ
∗LΩ1

BT [p]/S 0 q∗T e
∗LΩ1

T [p]/S

[p]
∗

Ω1
T/S Ω1

T/S q∗T e
∗LΩ1

T [p]/S

∼

d[p]

We have d[p] = 0, and the bottom triangle gives that LΩ1
T [p]/S ' ωT ⊕ ωT [1] which

implies that LΩ1
BT [p]/S ' q

∗ωT ⊕q∗ωT [−1]. The left vertical map in (10.6) is the pullback

of the map df : f∗LΩ1
BT [p]/S → Ω1

T/S along [p] : T → T . Since [p] is a faithfully flat map,

to prove that df induces an isomorphism on H0 it is enough to prove that the left vertical
map in (10.6) induces an isomorphism on H0. But this follows from the fact that the
right vertical map in this diagram is an equivalence. �

To prove Proposition 10.3 we observe that the conjugate spectral sequence of a quotient
stack of a scheme X0 by an action of a discrete group Γ has a non-zero differential in
a certain situation where the Hodge cohomology of X0 is Γ-equivariantly decomposable
while the de Rham cohomology is not. The precise statement is:

Lemma 10.6. Let X0 be a smooth scheme over k equipped with an action of a discrete
group Γ such that X0 admits a lift X1 over W2(k) to which the action of Γ lifts. Sup-
pose that for all i ≤ p the complex τ≤p−iRΓ(X0,Ω

i
X0/k

) is Γ-equivariantly equivalent

to
p−i⊕
j=0

Hj(X,ΩiX/k)[−j] but the map Hp
dR([X0/Γ]/k) → Hp

dR(X0/k)Γ is not surjective.

Then the conjugate spectral sequence for the stack Y0 = [X0/Γ] has a non-zero differential

d0,p
p+1 : H0(Y

(1)
0 , LΩp

Y
(1)
0 /k

)→ Hp+1(Y
(1)
0 ,O

Y
(1)
0

) on the (p+ 1)th page.

Proof. For an algebraic stack Z over k that satisfies LΩiZ/k ∈ D
≥0(Z) for all i, we have

Hp
dR(Z/k) = Filconj

p Hp
dR(Z/k), and we denote by aZ,p : Hp

dR(Z/k) → H0(Z(1), LΩp
Z(1)/k

)

the map on cohomology induced by the morphism Filconj
p dRZ → grconj

p dRZ '
LΩp

Z(1)/k
[−p]. Note that both X0 and [X0/Γ] satisfy this condition.

The conclusion of the lemma is equivalent to saying that the map a[X0/Γ],p :

Hp
dR([X0/Γ]/k) → H0([X

(1)
0 /Γ], LΩp

[X
(1)
0 /Γ]/k

) = H0(X
(1)
0 ,Ωp

X
(1)
0 /k

)Γ is not surjective.
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Consider the commutative diagram induced by the pullback along the map π : X0 →
[X0/Γ]:

(10.7)

0→ Filconj
p−1H

p
dR([X0/Γ]) Hp

dR([X0/Γ]) H0([X
(1)
0 /Γ], LΩp

[X
(1)
0 /Γ]

)

0→ (Filconj
p−1H

p
dR(X0))Γ Hp

dR(X0)Γ H0(X
(1)
0 ,Ωp

X
(1)
0

)Γ

a[X0/Γ],p

aX0,p

Both rows are exact on the left and in the middle, and our goal is to show that the
top row is not exact on the right. For the sake of a contradiction, assume that a[X0/Γ],p

is surjective. Then the second map in the bottom row is of course surjective as well, so
both rows are exact sequences. However, we will now check that the left vertical map is
surjective which will yield the contradiction with our assumption that the middle vertical
map is not surjective.

By the assumption that X0 lifts to W2(k) together with the group action, we have

splittings Filconj
p−1H

p
dR([X0/Γ]) '

p−1⊕
i=0

Hp−i([X
(1)
0 /Γ], LΩi

[X
(1)
0 /Γ]

) and Filconj
p−1H

p
dR(X0) '

p−1⊕
i=0

Hp−i(X
(1)
0 ,Ωi

X
(1)
0

) (the second splitting is moreover Γ-equivariant), and the map π∗ is

compatible with these decompositions. Thus to prove that the map Filconj
p−1H

p
dR([X0/Γ])→

(Filconj
p−1H

p
dR(X0))Γ is surjective it is enough to show that Hp−i([X

(1)
0 /Γ], LΩi

[X
(1)
0 /Γ]

) →

Hp−i(X0,Ω
i

X
(1)
0

)Γ is surjective for all 0 ≤ i ≤ p−1. The group Hp−i([X
(1)
0 /Γ], LΩi

[X
(1)
0 /Γ]

)

is identified with the group cohomology Hp−i(Γ,RΓ(X
(1)
0 ,Ωi

X
(1)
0

)) so this surjectivity is

implied by the fact that each of the complexes τ≤p−iRΓ(X0,Ω
i

X
(1)
0

) is Γ-equivariantly

decomposable. �

Proof of Proposition 10.3. The results of Section 9 put us in a position to apply Lemma
10.6 to the action of SLp(OF ) on A0 ' E0⊗ZO⊕pF . On the one hand, since A0 is a product
of supersingular elliptic curves, Proposition 9.1 asserts that τ≤pRΓ(A,O) is SLp(OF )-
equivariantly decomposable, and hence so is the mod p reduction τ≤pRΓ(A0,O) of this
complex. This implies that the cohomology complexes τ≤pRΓ(A0,Ω

i
A0

) are decomposable

as well because ΩiA0
is trivial as a G-equivariant bundle, so RΓ(A0,Ω

i
A0

) is G-equivariantly

quasi-isomorphic to RΓ(A0,O)⊗k Λi(LieA0)∨. Hence the assumptions on decomposabil-
ity of the Hodge cohomology in Lemma 10.6 are satisfied.

On the other hand, using Proposition 9.3, we will see that the map
Hp

dR([A0/SLp(OF )]) → Hp
dR(A0)SLp(OF ) is not surjective. This map fits into a long

exact sequence

(10.8)

. . .→ Hp
dR([A0/SLp(OF )])→ Hp

dR(A0)SLp(OF ) δ−→ Hp+1(SLp(OF ),

p−1⊕
i=0

Hi
dR(A0)[−i])→ . . .
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Here δ lands in the direct summand Hp(SLp(OF ), H1
dR(A0)) and it is given by the com-

position
(10.9)

(ΛpH1
dR(A0))SLp(OF ) Bockp−1(α(H1

dR(A0/k)))−−−−−−−−−−−−−−−−→ Hp(SLp(OF ), H1
dR(A0)(1))

F∗A0−−→ Hp(SLp(OF ), H1
dR(A0))

in the notation of Proposition 9.3. We will prove that δ is non-zero, thus checking that
Hp

dR([A0/SLp(OF )])→ Hp
dR(A0)SLp(OF ) is not surjective.

Non-vanishing of δ can be checked after replacing the base field k by a finite extension,
hence we may assume that k contains Fq = Fp2 . The k-vector space H1

dR(A0) can be
SLp(OF )-equivariantly identified with

(10.10) H1
dR(E0)⊗Z O⊕pF = H1

dR(E0)⊗k (k ⊗Fp O
⊕p
F /p)

The group SLp(OF ) acts on the RHS via its tautological action on O⊕pF /p = F⊕pq . The k-

vector space k⊗FpO
⊕p
F /p is SLp(OF )-equivariantly isomorphic to

⊕
τ∈Gal(F/Q)

V τ where V τ

is isomorphic to V := F⊕pq ⊗Fq k as a k-vector space but the SLp(OF )-action is modified
by precomposing with the automorphism τ ∈ Gal(F/Q) ' Z/2. We get the following
SLp(OF )-equivariant description of 1st de Rham cohomology of A0:

(10.11) H1
dR(A0) ' H1

dR(E0)⊗k
⊕

τ∈Gal(F/Q)

V τ

Choose any element ξ ∈ H1
dR(E0/k) such that F ∗E0

(ξ) 6= 0, and choose an arbitrary

lift ξ̃ ∈ H1
cris(E0/W2(k)) of ξ. This defines a split SLp(OF )-equivariant embedding ιξ :

V
ξ⊗idV−−−−→ H1

dR(E0) ⊗k V ⊂ H1
dR(A0) that lifts to an embedding Ṽ −→ H1

cris(A0/W2(k)).
We have a commutative diagram

(10.12)

k = (ΛpV )SLp(OF ) Hp(SLp(OF ), V (1)) Hp(SLp(OF ), H1
dR(A0)(1))

Hp
dR(A0)SLp(OF ) Hp(SLp(OF ), H1

dR(A0))

Bockp−1

Ṽ
(α(V ))

Λpιξ

ι
(1)
ξ

ϕ∗A0

δ

By Proposition 14.1 the class Bockp−1

Ṽ
(α(V )) induces a non-zero map k =

(ΛpV )SLp(OF ) → Hp(SLp(OF ), V (1)). By our choice of ξ the composition ϕ∗A0
◦ ι(1)

ξ :

V (1) → H1
dR(A0) is a split injection. Therefore the composition of the top row and right

vertical arrow in (10.12) is injective, so δ is non-zero.
We have thus checked that all the conditions of Lemma 10.6 are satisfied, hence the

differential d0,p
p+1 : H0(Y0, LΩpY0/k

) → Hp+1(Y0,O) in the conjugate spectral sequence for

the stack Y0 = [A0/SLp(OF )] is non-zero, as desired. �

Theorem 10.1 is therefore proven, by combining Proposition 10.3 with Lemma 10.2. We
can now produce an example of a liftable smooth projective variety with a non-degenerate
conjugate spectral sequence:

Corollary 10.7. Let k be any perfect field of characteristic p. There exists a smooth
projective scheme X over W (k) of relative dimension p + 1, such that the differential
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H0(X0,Ω
p
X0

) → Hp+1(X0,O) on the (p+ 1)st page of the conjugate spectral sequence of
X0 is non-zero.

Proof. We will use the classical technique of approximating the classifying stack of a
finite flat group scheme by a projective variety, originated by Serre [Ser58], cf. [ABM21,
Theorem 1.2].

We choose, using Lemma 10.8 below, a complete intersection Z ⊂ PNW (k) of relative

dimension p + 1 over W (k), equipped with a free action of the group scheme G, such
that Z/G is smooth over W (k). Our example is X := Z/G, it is a smooth projective
scheme over W (k) equipped with the classifying map f : X → BG. The induced map
f∗0 : Hp+1(BG0,O)→ Hp+1(X0,O) is seen to be injective by considering the Hochschild-
Serre spectral sequence for the morphism Z0 → Z0/G0 using the fact that Hi(Z0,O) = 0
for i ≤ p. Therefore the differential H0(X0,Ω

p
X0

)→ Hp+1(X0,O) is non-zero. �

Lemma 10.8. Let k be any perfect field of characteristic p. For any finite flat group
scheme Γ over W (k) and an integer d ≥ 0 there exists a complete intersection Z ⊂ PNW (k)

of relative dimension d equipped with a free action of Γ such that the quotient Z/Γ is a
smooth scheme.

Proof. If k is infinite, this is proven in [BMS18, 2.7-2.9]. For finite k we will check that
the same construction goes through if we appeal to a Bertini theorem over finite fields
due to Gabber and Poonen. [BMS18, Lemma 2.7] provides us with an action of Γ on a
projective space PNW (k) such that there is an open subscheme U ⊂ PNW (k) preserved by

Γ on which Γ acts freely, the quotient U/Γ is smooth over W (k), and the dimension of
every component of both fibers of PNW (k) \U is at most N − d− 1. Consider the quotient

scheme Q := PNW (k)/Γ and denote by M ⊂ Q the image of PNW (k) \ U under the quotient

map. By construction, Q \M is smooth over W (k), and M has fiber-wise codimension
≥ d+ 1 inside Q.

Following the argument below [BMS18, Lemma 2.9], it is enough for us to find very
ample line bundles L1, . . . ,LN−d on Q and sections si ∈ H0(Q,Li) such that their com-
mon vanishing locus is smooth and does not intersect M . By induction on the number
N−d, it is enough to produce a very ample line bundle L on Q and a section s ∈ H0(Q,L)
such that V (s) ∩M ⊂ V (s) is of fiber-wise codimension ≥ d+ 1, and V (s) \ V (s) ∩M is
smooth. Note that both conditions can be checked just on the special fiber.

Let L be some very ample line bundle on Q. We choose a closed point on every
irreducible component of M0, and denote B the set comprised of these points. Let n0 be
an integer such that H1(Q,L⊗n) = 0 for all n ≥ n0. Applying [Gab01, Corollary 1.6],
for some n > n0 we can find a section s ∈ H0(Q0,L⊗n) of the line bundle L⊗n on the
special fiber Q0 := Q×W (k) k, such that V (s) \M0 ∩ V (s) is smooth of dimension N − 1,
and V (s) does not contain any of the points from B. The latter property implies that
the codimension of M0 ∩ V (s) inside V (s) is at least d + 1. By our assumption on the
vanishing of H1(Q,L⊗n), we can lift s to a section of L⊗n on Q whose vanishing locus
satisfies the desired properties.

Having constructed the sections s1, . . . , sN−d, we define Z ⊂ PNW (k) to be the preimage

of V (s1, . . . , sN−d) ⊂ Q \ M ⊂ Q = PNW (k)/Γ. The action of Γ on Z is free and the

quotient Z/Γ = V (s1, . . . , sN−d) is smooth, by the choice of sections s1, . . . , sN−d. �
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Remark 10.9. (1) If in the construction of the abelian scheme A we used an elliptic
curve E with ordinary reduction, the statement of Proposition 10.3 would be false.
Indeed, if E0 is ordinary then the stack [A0/SLp(OF )] admits a lift to W2(k) to-
gether with its Frobenius endomorphism, hence the conjugate filtration is split in all
degrees by [DI87, Remarque 2.2(ii)]. The part of the proof showing that the map
Hp

dR([A0/SLp(OF )]) → Hp
dR(A0)SLp(OF ) is not surjective goes through just as well

because it only used that ϕ∗E0
is non-zero on H1

dR(E0), but it is no longer true that

τ≤pRΓ(A0,O) is SLp(OF )-equivariantly decomposable, by Proposition 9.1. So both
Hodge and de Rham cohomology of A0 are not SLp(OF )-equivariantly decomposable,
but the conjugate filtration on RΓdR(A0) is SLp(OF )-equivariantly split.

(2) As in the proof of [DI87, Corollarie 2.4], the variety X0 in Corollary 10.7 necessarily
has a non-zero differential in its Hodge-to-de Rham spectral sequence.

(3) There are several examples in the literature of smooth projective varieties over k
with a non-degenerate Hodge-to-de Rham spectral sequence that lift to some ramified
extension of W (k), but to the best of my understanding none of them lift to W2(k).

11. Extensions in higher degrees

It would be interesting to generalize the methods of Section 4 to treat extensions in
the canonical filtration on the de Rham complex in degrees > p. In this section, which
is independent of the rest of the paper, we make some preliminary remarks, roughly
amounting to extending part (1) of Theorem 4.1 to higher degrees.

Suppose that X is an arbitrary (not necessarily flat) scheme over Z(p) and let A ∈
DAlg(X) be a derived commutative algebra such that H0(A) = OX , H1(A) is a locally
free sheaf, and multiplication induces isomorphisms ΛiH1(A) ' Hi(A) for all i.

Lemma 11.1. Given maps si : ΛiH1(A)[−i] → A, sj : ΛjH1(A)[−j] → A in D(X)
that induce isomorphisms on ith and jth cohomology respectively, there exists a map
si+j : Λi+jH1(A)[−i− j]→ A that induces an isomorphism on Hi+j if the integer

(
i+j
i

)
is not divisible by p.

Proof. For any object M ∈ D(X), there is a natural map mi,j : SiM ⊗ SjM →
Si+jM that, in case M is a projective module over a ring, is given by the surjection
(M⊗(i+j))Si×Sj → (M⊗(i+j))Si+j where we view Si × Sj as a subgroup of Si+j . Choos-
ing a set of representatives Σ ⊂ Si+j for left cosets of this subgroup, we can define a
map (that is independent of the choice of Σ) NSi+j/Si×Sj : Si+jM → SiM ⊗ SjM given

by
∑
σ∈Σ

σ. The composition Si+jM
NSi+j/Si×Sj−−−−−−−−→ SiM ⊗ SjM mi,j−−−→ Si+jM is equal to

multiplication by
(
i+j
i

)
= [Si × Sj : Si+j ].

Applying this to M = H1(A)[1] and using the decalage equivalences Si(H1(A)[1]) '
(ΛiH1(A))[i], we obtain a map NSi+j/Si×Sj : Λi+jH1(A) → ΛiH1(A) ⊗ ΛjH1(A)

whose composition with the wedge product map is the multiplication by
(
i+j
i

)
map on

Λi+jH1(A).
Consider the product of sections si and sj given by

(11.1) s′i+j : ΛiH1(A)[−i]⊗ ΛjH1(A)[−j] si⊗sj−−−−→ A⊗A m−→ A.

It induces exterior multiplication ΛiH1(A) ⊗ ΛjH1(A) → Λi+jH1(A) when evalu-
ated on Hi+j , so precomposing s′i+j with the map NSi+j/Si×Sj gives rise to a map
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si+j : Λi+jH1(A)[−i − j] → A that induces multiplication by
(
i+j
i

)
on Hi+j . Under

the assumption that p -
(
i+j
i

)
the map si+j thus gives the desired splitting in degree

i+ j. �

Corollary 11.2. Given an integer n ≥ 0, suppose that there exist morphisms spi :

Hpi(A)[−pi] → A inducing an isomorphism on Hpi , for all i = 0, 1, . . . n. Then there

exists an equivalence τ≤p
n+1−1A '

pn+1−1⊕
i=0

Hi(A)[−i].

Proof. We need to construct sections sm : Hm(A)[−m]→ A for all 0 ≤ m ≤ pn+1−1. We
will construct these by induction on m, the base case being m = 0, where s0 : H0(A)→ A
is simply the natural map that exists for every complex concentrated in non-negative
degrees. Suppose that the sections sm′ have been constructed for all m′ < m. Let
m = arp

r + · · · + a1p + a0 be the base p expansion of m. The splitting spr is given to
us and sm−pr has already been constructed, so sm is provided by Lemma 11.1 applied to
(i, j) = (pr,m− pr). �

Example 11.3. If X0 is a smooth scheme over k that lifts to a scheme X1 over W2(k),
such that the class eX1,p vanishes, the conditions of Corollary 11.2 are satisfied for A =

dRX0/k on X0 with n = 1, hence the truncation τ≤p
2−1dRX0/k decomposes as a direct

sum of its cohomology sheaves.

12. Non-vanishing in rational group cohomology

In this section we prove non-vanishing results related to the class α of Definition 3.4.
Let V be a finite-dimensional k-vector space equipped with the tautological action of
the algebraic group GL(V ), viewed as a group scheme over k. We denote by V (1) the
vector space V ⊗k,Frp k on which GL(V ) acts through the relative Frobenius FGL(V )/k :

GL(V ) → GL(V )(1) = GL(V (1)). Under the equivalence between representations of
GL(V ) and quasicoherent sheaves on the classifying stack BGL(V ) the representation
V (1) corresponds to the pullback F ∗BGL(V )V under absolute Frobenius, because V and

GL(V ) can be descended to Fp ⊂ k.
The construction of Definition 3.4 applied to the stack BGL(V ) with its tautological

vector bundle associates to V a class α(V ) ∈ Extp−1
GL(V )(Λ

pV, V (1)) where V (1) is the

Frobenius twist of the representation V . Recall that α(V ) is the extension class of

(12.1) V (1)[−2]→ τ≥2Sp(V [−1])→ ΛpV [−p]

We will start by proving that this extension is generally non-split when viewed as an
extension of algebraic representations

Proposition 12.1. If dimV = p then the class α(V )|SL(V ) ∈ Extp−1
SL(V )(Λ

pV, V (1)) =

Hp−1(SL(V ), V (1)) is non-zero.

Remark 12.2. In this section, we will work in the derived category D(RepSL(V )) of the

abelian category of k[SL(V )]-comodules. Its full subcategory D+(RepSL(V )) of bounded

below complexes is equivalent to D+(BSL(V )), so we may view α(V ) as a morphism
in D+(RepSL(V )). The unbounded derived categories D(BSL(V )) and D(RepSL(V )) are
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not equivalent though, and we will need to consider complexes unbounded from below in
the intermediate steps of the proof.

We will witness the non-vanishing of α(V ) by representing Sp(V [−1]) as a direct sum-
mand of an explicit complex of SL(V )-modules and then comparing the result of applying
RΓ(SL(V ),−) to the terms of this complex and the cohomology groups of this complex.

Remark 12.3. When p = 2, an explicit model for τ≥2Sp(V [−1]) is at our disposal by
Lemma 3.6. In this case Proposition 12.1 is asserting that the extension

0→ V (1) → S2V → Λ2V → 0

does not admit an SL(V )-equivariant section, for a 2-dimensional space V , and this is

elementary to show. Indeed, if e1, e2 is a basis in V then a matrix

(
a b
c d

)
satisfying

ad − bc = 1 sends an element λ11e
2
1 + λ12e1e2 + λ22e

2
2 ∈ S2V to (λ11a

2 + λ12 · ab +
λ22b

2)e2
1 + λ12e1e2 + (λ11c

2 + λ12 · cd+ λ22d
2)e2

2, so the invariants (S2V )SL2 vanish. But
the action of SL2 on Λ2V is trivial, so the surjection S2V → Λ2V does not admit a
section.

This remark proves Proposition 12.1 for p = 2. For the remainder of this section we
assume that p > 2. We start by relating Sp(V [−1]) to the homology of the symmetric
group Sp acting on V [−1]⊗p via permutation of the factors. For an object M of the derived
category of modules over a discrete group G we denote by MhG the derived coinvariants
of M .

Lemma 12.4. There is a GL(V )-equivariant equivalence τ≥1((V [−1]⊗p)hSp) ' SpV [−1].

Proof. This is Lemma 3.8 applied to the classifying stack X0 = BGL(V ) and E being
the tautological vector bundle corresponding to the representation V . �

The advantage of working with (V [−1]⊗p)hSp to understand the extension in the canon-
ical filtration on Sp(V [−1]) is that we can represent (V [−1]⊗p)hSp as a direct summand
of an explicit complex. Denote by Cp ⊂ Sp a cyclic subgroup of order p generated by the
long cycle σ = (12 . . . p). We have a natural map (V [−1]⊗p)hCp → (V [−1]⊗p)hSp that
admits a section NSp/Cp : (V [−1]⊗p)hSp → (V [−1]⊗p)hCp because the index of Cp ⊂ Sp
is coprime to p, so (V [−1]⊗p)hSp is a direct summand of (V [−1]⊗p)hCp .

Denote by N :=
p−1∑
i=0

σi ∈ k[Cp] the norm element in the group algebra of Cp. Using

the 2-periodic resolution

(12.2) . . .
1−σ−−−→ k[Cp]

N−→ k[Cp]
1−σ−−−→ k[Cp]

for the trivial Cp-module we have the following complex representing (V [−1]⊗p)hCp :

(12.3) . . .
1−σ−−−→ V ⊗p

N−→ V ⊗p
1−σ−−−→

p

V ⊗p

With this explicit complex in hand, we will deduce Proposition 12.1 from the following
collection of facts about the cohomology of SL(V ):

Lemma 12.5. (1) We have Hi(SL(V ), V ⊗n) = 0 for all i > 0 and n ≥ 0.
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(2) The embedding ε : ΛpV → V ⊗p given by v1∧. . .∧vp 7→
∑
g∈Sp

sgn(g)vg(1)⊗. . .⊗vg(p)

induces an isomorphism ΛpV ' H0(SL(V ), V ⊗p).
(3) Hi(SL(V ), V (1)) = 0 for all i 6= p− 1 and Hp−1(SL(V ), V (1)) = k.

Remark 12.6. First assertion of (3) for p = 2 is elementary to prove analogously to
Remark 12.3, and for p = 3 it is a result of Stewart [Ste12, Theorem 1]. It appears to be
a new result for p > 3.

We will now explain how Proposition 12.1 follows from Lemma 12.5 and the rest
of the subsection is devoted to its proof. Proving that the extension V (1)[−2] →
τ≥2Sp(V [−1])→ ΛpV [−p] is non-split is equivalent to showing that the map

Hp(SL(V ), τ≥2Sp(V [−1]))→ Hp(SL(V ),ΛpV [−p]) = H0(SL(V ), k) = k

is zero. By Lemma 12.4 the object Sp(V [−1]) is identified with τ≥2(V [−1]⊗p)hSp .
First, by Lemma 12.5 (3) and the fact that all non-zero cohomology modules of the
complex τ≤1(V [−1]⊗p)hSp are isomorphic to V (1) (by Lemma 3.9), the complex of de-

rived invariants RΓ(SL(V ), τ≤1(V [−1]⊗p)hSp) is concentrated in degrees ≤ p. There-

fore the map Hp(SL(V ), (V [−1])⊗phSp) → Hp(SL(V ), τ≥2(V [−1])⊗phSp) is surjective, and

it is enough to prove that the map Hp(SL(V ), (V [−1])⊗phSp) → Hp(SL(V ),ΛpV [−p]) is

zero. Moreover, since (V [−1]⊗p)hSp is a direct summand of (V [−1]⊗p)hCp , it is enough

to prove that the composition Hp(SL(V ), (V [−1])⊗phCp) → Hp(SL(V ), (V [−1])⊗phSp) →
Hp(SL(V ),ΛpV [−p]) is zero.

By Lemma 12.5 (1) and (2), the map ε : k = ΛpV → V ⊗p induces an isomorphism
k = RΓ(SL(V ),ΛpV ) → RΓ(SL(V ), V ⊗p). Lemma 12.7 below implies that this map
induces an equivalence k[−p]hCp = RΓ(SL(V ), k[−p]hCp) ' RΓ(SL(V ), (V [−1]⊗p)hCp).

This allows us to compute the map

(12.4) Hp(SL(V ), (V [−1]⊗p)hCp)→ Hp(SL(V ), (ΛpV )[−p])

as the result of passing to derived SL(V )-invariants in the composition ΛpV
ε−→ V ⊗p →

ΛpV . But this composition is zero, which finishes the proof of Proposition 12.1 modulo
Lemma 12.5.

Lemma 12.7. Let M be a finite-dimensional representation of a reductive group G over
k, equipped with an action of Cp that commutes with G. Then there is an equivalence
RΓ(G,MhCp) ' RΓ(G,M)hCp

Proof. This is not a priori obvious as it entails commuting a limit with a colimit. We
will first show that the natural map MhCp → Rlim τ≥−n(MhCp) induces an equivalence

RΓ(G,MhCp) ' RΓ(G,Rlim τ≥−n(MhCp)) The object MhCp ∈ DG(k) is represented by
a 2-periodic complex

(12.5) . . .
1−σ−−−→M

N−→M
1−σ−−−→M

In particular, as i varies Hi(M) runs through at most 3 different finite-dimensional repre-
sentations of G. Since for a reductive G and any finite-dimensional representation W the
complex RΓ(G,W ) is bounded [CPSvdK77, Theorem 2.4(b)], there exists a constant c ∈ N
such that RΓ(G,Hi(M)) ∈ D≤c(k) for all i, hence RΓ(G, τ<−n(MhCp)) ∈ D<c−n(k).

The fiber of the natural map RΓ(G,MhCp) → RΓ(G,Rlim τ≥−n(MhCp)) is given by
Rlim RΓ(G, τ<−n(MhCp)), and this limit is forced to vanish.
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Next, let c′ ∈ N be such that RΓ(G,M/ ker(1 − σ)), RΓ(G,M/ kerN), and
RΓ(G,M) belong to D≤c(k). Then for every n the natural map RΓ(G,M)hCp →
RΓ(G, τ≥−n(MhCp)) induces an isomorphism on cohomology in degrees ≥ c′− n because

τ≥−n(MhCp) can be represented by the complex

(12.6) 0→
−n−1

M/ ker f → . . .
1−σ−−−→M

N−→M
1−σ−−−→M

where f is N or 1 − σ, depending on the parity of n. This implies that the map
RΓ(G,M)hCp → Rlim RΓ(G, τ≤−n(MhCp)) is an equivalence which finishes the proof
of the lemma. �

Proof of Lemma 12.5. Part (1) follows from classical results on good filtrations, see
[Jan03, II.4]. We recall here relevant facts from this theory, from which the desired vanish-
ing follows immediately. In general, consider a split reductive group G over k with a Borel
subgroup B ⊂ G and a maximal torus T ⊂ B. Recall that for a weight λ ∈ X∗(T ) there
is the associated G-equivariant line bundle O(λ) on the flag variety G/B, obtained by
applying the equivalence {G-equivariant vector bundles on G/B}'{representations of B}
to the character B → T

λ−→ Gm. The global sections H0(λ) := H0(G/B,O(λ)) is a finite-
dimensional representation of G which is non-zero if and only if λ is a dominant weight. A
filtration . . . ⊂ Wi ⊂ Wi−1 ⊂ . . . on a finite-dimensional representation W is called good
if every quotient Wi−1/Wi is isomorphic to the representation H0(G/B,O(λi)) for some
dominant weight λ. If a representation W admits a good filtration then Hi(G,W ) = 0
for all i > 0, by Kempf vanishing [Jan03, Proposition II.4.13].

For n = 0, part (1) is asserting that H>0(SL(V ), k) = 0 which is the case because
k = H0(λ) for the trivial character λ. The tautological representation V of SL(V ) has
the form H0(λ) for λ the highest weight of V , so it tautologically has a good filtration.
Tensor product of two representations with good filtrations admits a good filtration as
well [Jan03, Proposition II.4.21], hence V ⊗n admits a good filtration which implies that
H>0(SL(V ), V ⊗n) = 0 for n > 0.

Part (2) is proven by a direct computation. Note that ε is an SL(V )-invariant map
so all we need is to prove that (V ⊗p)SL(V ) has dimension at most 1. Let e1, . . . , ep be a
basis for V and consider first the action of the maximal torus T = {diag(t1, . . . , tp−1, (t1 ·
. . . · tp−1)−1)|ti ∈ Gm} on V ⊗p. An element ei1 ⊗ . . . ⊗ eip is being acted on by T

via the character t
d1−dp
1 . . . t

dp−1−dp
p−1 where dj is the number of indices r = 1, . . . , p such

that ir = j. Therefore the subset of T -invariants (V ⊗p)T ⊂ V ⊗p is spanned by tensors
ei1 ⊗ . . .⊗ eip for which (i1, . . . , ip) is a permutation of the sequence (1, 2 . . . , p). We can
embed the group Sp into SL(V ) by sending τ ∈ Sp to the operator ei 7→ sgn(τ)eτ(i). The

subspace (V ⊗p)T is preserved by Sp and is isomorphic to the regular representation k[Sp]
of Sp. Hence Sp n T -invariants in V ⊗p are 1-dimensional and part (2) is proven.

To prove part (3) we will use an auxiliary complex of SL(V )-modules obtained from
the de Rham complex. The idea of using the de Rham complex of an affine space to study
cohomology of representations of GL(V ) appears already in [FLS94] and [FS97], and the
idea of our computation is specifically quite similar to [FS97, Theorem 4.5].

Consider the affine space A(V ) := SpecS•(V ) corresponding to the vector space V ∨.
It is equipped with an action of GL(V ) and the de Rham complex Ω•A(V )/k can be viewed

as a complex of representations of GL(V ) on k-vector spaces. Explicitly, Ω•A(V )/k has the
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form

(12.7) S∗(V )
d−→ S∗(V )⊗k V

d−→ S∗(V )⊗k Λ2V
d−→ . . .

where the de Rham differential d : S∗(V )⊗k ΛiV → S∗(V )⊗k Λi+1V is given by

(12.8) d(v1 · . . . · vn ⊗ ω) =

d∑
i=1

v1 · . . . · v̂i · . . . · vd ⊗ vi ∧ ω

The action of the center Gm ⊂ GL(V ) introduces a grading on the de Rham complex
with the n-th graded piece given by

(12.9) Ω•n := SnV
d−→ Sn−1V ⊗ V d−→ . . .

d−→ ΛnV

The Cartier isomorphism describes the cohomology modules of this complex as follows:

Lemma 12.8 (cf. [FS97, Theorem 4.1]). When p - n the complex Ω•n is acyclic. If
n = pk for an integer k then there are GL(V )-equivariant isomorphisms Hi(Ω•pk) '
Λi(V (1))⊗ Sk−iV (1) for all i.

In particular, for n = p the only non-zero cohomology groups of the complex Ω•p are

in degrees 0 and 1, both isomorphic to V (1). For completeness, we note the remarkable
coincidence that will however not be used in our proof:

Lemma 12.9 ([FS97, Lemma 4.12]). There is an equivalence Tp(V [−1]) ' τ≤1Ω•p of
representations of GL(V ).

Suppose that dimV = p. Consider the complex Ω≤p−1
p obtained from Ω•p by removing

the last term:

(12.10) Ω≤p−1
p := SpV → Sp−1V ⊗ V → . . .→ V ⊗ Λp−1V

This is a complex with H0 ' H1 ' V (1), Hp−1 = ΛpV and all other cohomology groups
are equal to zero. We will use Ω≤p−1

p to compute cohomology of the module V (1). We will
compute RΓ(SL(V ),−) applied to the complex (12.10) in two ways. First, Lemma 12.10
below implies that the terms of the complex have no cohomology in positive degrees and
the only term having non-zero H0 is V ⊗ Λp−1V . Hence RΓ(SL(V ),Ω≤p−1

p ) = k[1 − p],
and the map Λp−1V ⊗ V [1 − p] → Ω≤p−1

p given by the embedding of the top term of

Ω≤p−1
p induces a quasi-isomorphism on RΓ(SL(V ),−). Therefore the map Ω≤p−1

p →
Hp−1(Ω≤p−1

p )[1− p] = (ΛpV )[1− p] induces the zero map on RΓ(SL(V ),−) because the

de Rham differential V ⊗ Λp−1V → ΛpV induces the zero map on SL(V )-invariants.
On the other hand, the E2 page spectral sequence associated with the canonical filtra-

tion looks as follows:
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p− 1 H0(SL(V ),ΛpV ) 0 0 . . .

... 0 0 0

1 H0(SL(V ), V (1)) H1(SL(V ), V (1)) . . . Hp−1(SL(V ), V (1))

0 H0(SL(V ), V (1)) H1(SL(V ), V (1)) . . . Hp−1(SL(V ), V (1))

0 1 . . . p− 1

We used here that H>0(SL(V ),ΛpV ) = H>0(SL(V ), k) = 0, as we proved in part (1).
Since we computed that Hp−1(SL(V ),Ω≤p−1

p ) = k, and Hi(SL(V ),Ω≤p−1
p ) = 0 for i 6=

p−1, the E∞ page of the spectral sequence has no non-zero terms away from the diagonal
i + j = p − 1. Moreover, the induced map Hp−1(SL(V ),Ω≤p−1

p ) → H0(SL(V ),ΛpV )
is zero, so there has to be at least one non-zero differential coming out of the entry
E0,p−1

2 = H0(SL(V ),ΛpV ). Therefore Hi(G,V (1)) 6= 0 for at least one i.
Let i− be the minimal such i and i+ be the maximal one. The latter is well-defined

because cohomology of a finite-dimensional module over a reductive group is always con-
centrated in finitely many degrees by [CPSvdK77, Theorem 2.4(b)]. If i+ > p−1 then the

entry Ei
+,1

2 = Hi+(SL(V ), V (1)) will necessarily survive to the infinite page giving that
Hi++1(SL(V ),Ω≤p−1

p ) 6= 0 which is not the case. Similarly, if i− < p− 1 then the entry

E
i−,0
2 will survive to the infinite page contradicting that Hi−(SL(V ),Ω≤p−1

p ) = 0. There-

fore Hi(G,V (1)) 6= 0 for all i 6= p− 1 and dp−1 : H0(SL(V ),ΛpV )→ Hp−1(SL(V ), V (1))
is an isomorphism. �

Lemma 12.10. (1) For all a, b the cohomology Hi(SL(V ), SaV ⊗ ΛbV ) vanishes in
all positive degrees i.

(2) H0(SL(V ), SaV ⊗ ΛbV ) = 0 for a ≥ 2 and any b.
(3) (V ⊗ Λp−1V )SL(V ) is a 1-dimensional space, but the multiplication map V ⊗

Λp−1V → ΛpV induces the zero map on subspaces of invariants.

Proof. (1), (2), and the first assertion of (3) are special cases of [Jan03, Proposition
II.4.13]. For the second assertion of (3), the multiplication map V ⊗ Λp−1V → ΛpV
is equal, up to a unit, to the composition V ⊗ Λp−1V ↪→ V ⊗p → ΛpV where the fist
map is induced by the antisymmetrization map Λp−1V → V ⊗p−1. In Lemma 12.5(2) we
established that the map V ⊗p → ΛpV induces the zero map on SL(V )-invariants, so part
(3) is proven. �
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Having done this computation, we can conclude that Ω≤p−1
p in fact coincides with

Sp(V [−1]), up to a shift:

Corollary 12.11. The complex Ω≤p−1
p [−1] is equivalent to Sp(V [−1]) in DG(k).

Remark 12.12. It would be much nicer to directly identify Ω≤p−1
p [−1] with

τ≥1(V [−1]⊗p)hSp thus making the proof of Proposition 12.1 more straightforward.

Proof. By Proposition 12.9 the object Ω≤p−1
p [−1] fits into a fiber sequence

(12.11) Tp(V [−2])→ Ω≤p−1
p [−1]→ ΛpV [−p]

By the proof of Proposition 12.5(3) this fiber sequence is not split. Our object
Sp(V [−1]) also fits into a non-split fiber sequence with the same first and third terms.

Equivalence classes of such fiber sequences are parametrized by Extp−1
SL(V )(Λ

pV, Tp(V )) =

Hp−1(SL(V ), Tp(V )). Since Tp(V ) fits into a fiber sequence V (1)[1] → Tp(V ) → V (1),
Lemma 12.5(3) implies that this Ext space is 1-dimensional. Therefore any two non-split
extensions are isomorphic, as desired. �

13. From algebraic cohomology to cohomology of the group of Fq-points

Let now k = Fq be a finite field of characteristic p. In this section we show that α(V )
remains non-zero when restricted to the discrete group SLp(Fq), provided that q > p:

Proposition 13.1. If dimV = p and q > p then the restriction map
Hp−1

alg (SL(V ), V (1))→ Hp−1(SLp(Fq), V (1)) is injective.

In this and next sections we use the notation H∗alg for the cohomology of representations
of algebraic groups, and H∗ is reserved for cohomology of discrete groups. In general, it
follows from results of Cline, Parshall, Scott, and van der Kallen that the restriction from
cohomology of a split reductive group G to that of its Fq-points is injective for a large
enough q:

Theorem 13.2 ([CPSvdK77, Theorem 6.6]+[CPS83, Theorem 2.1]). Let G be a split
reductive group over Fp, and W be a finite-dimensional representation of it. For large
enough q = pr the restriction map

(13.1) Hn
alg(G,W )→ Hn(G(Fq),W )

is injective for all n.

Our Proposition 13.1 is only marginally stronger than this result in that we show that
for any q > p injectivity holds in the particular case G = SLp,W = V (1). We give here an
argument that follows closely the proof of [CPSvdK77, Theorem 6.6] in order to introduce
the techniques that will be used in Section 14.

Let us briefly describe the method of [CPSvdK77]. Let B ⊂ G be a Borel subgroup of
a split reductive group G over k. We have a commutative diagram

(13.2)

Hn
alg(G,W ) Hn(G(Fq),W )

Hn
alg(B,W ) Hn(B(Fq),W )

∼
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The fact that the left vertical map is an isomorphism is a consequence of the vanishing
H>0(G/B,O) = 0 ([Kem76, §6 Theorem 1(a)]) of the cohomology of the structure sheaf
on the flag variety:

Theorem 13.3 ([CPSvdK77, Theorem 2.1]). For every algebraic G-module W restriction
induces an isomorphism Hi

alg(G,W ) ' Hi
alg(B,W ) for all i.

Therefore it is enough to prove that the bottom horizontal arrow is injective. This
is now a more tangible question as the Borel subgroup is isomorphic to the semi-direct
product T n U of the maximal torus T and the unipotent radical U of B. Since the
algebraic cohomology of a torus, as well as the cohomology of the finite group T (Fq) with
p-torsion coefficients vanish in positive degrees, we have Hi

alg(B,W ) = Hi
alg(U,W )T and

Hi(B(Fq),W ) = Hi(U(Fq),W )T (Fq). This reduces the problem to the study of the action
of T on Hi

alg(U,W ) which, for the purposes of proving the desired eventual injectivity,

can be reduced to the study of the action of Gm on H•alg(Ga, k) and F×q on H•(Fq, k)
which is performed in Proposition 13.4.

Choose a basis e1, . . . , ep of V , and let Bp ⊂ SL(V ) be the subgroup of matrices
preserving each of the subspaces 〈e1, . . . , ei〉 ⊂ V . Denote also by Tp ⊂ Bp the maximal
torus of the diagonal matrices, and by Up ⊂ Bp the subgroup of strictly upper-triangular
matrices.

13.1. Proof of Proposition 13.1 when p = 2. We will now prove that when p = 2
and q > p the restriction map H1

alg(B2, V
(1)) → H1(B2(Fq), V (1)) is injective. We treat

the case p = 2 separately both because there are slight notational differences from the
case p > 2, arising from the fact that H•alg(Ga, k) has a different-looking ring structure,
and because it explains the idea of the general proof in a setting less burdened by the
combinatorial difficulties.

Denote by χ1 : T2 → Gm the character diag(a, a−1) 7→ a identifying the maximal torus
T2 with Gm. The conjugation action of T2 on U2 ' Ga is then given by χ2

1.
When restricted to B2, the representation V (1) fits into an exact sequence 0 → χ2

1 →
V (1) → χ−2

1 → 0. It induces the long exact sequences in cohomology of B2 and B2(Fq):

(13.3)

H1
alg(U2, χ

2
1)T2 H1

alg(U2, V
(1))T2 H1

alg(U2, χ
−2
1 )T2

H0(U(Fq), χ−2
1 )T2(Fq) H1(U2(Fq), χ2

1)T2(Fq) H1(U2(Fq), V (1))T2(Fq) H1(U2(Fq), χ−2
1 )T2(Fq)

We have H1
alg(U2, χ

2
1) ' Homgrp(Ga,Ga) with the action of T2 described as follows: any

k-algebra R, an element a ∈ T2(R) = R× acts by sending a homomorphism f : Ga → Ga
to a2 · f(a−2 · −). Similarly, H1

alg(U2, χ
−2
1 ) ' Homgrp(Ga,Ga) but the torus action sends

f to a−2 ·f(a−2 ·−). All homomorphisms f : Ga → Ga have the form f(x) =
N∑
i=0

aix
pi for

some N ≥ 0 and ai ∈ k, where x is a coordinate on Ga. It follows that H1
alg(U2, χ

−2
1 )T2 = 0

and H1
alg(U2, χ

2
1)T2 ⊂ Homgrp(Ga,Ga) is the one-dimensional space of homomorphisms of

the form x 7→ a0 · x. Therefore the map H1
alg(U2, χ

2
1)T2 → H1

alg(U2, V
(1))T2 is surjective,

and the restriction map H1
alg(U2, χ

2
1)T2 → H1(U2(Fq), χ2

1)T (Fq) is injective for any q.
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It remains to observe that H0(U2(Fq), χ−2
1 ) is a one-dimensional vector space on

which T2(Fq) = F×q acts via the character χ−2
1 . Therefore the invariant subspace of

this 0th cohomology group is trivial as soon as q > 2. This implies that the map
H1(U2(Fq), χ2

1)T2(Fq) → H1(U2(Fq), V (1))T2(Fq) is injective, and hence the restriction

H1
alg(U2, V

(1))T2 → H1(U2(Fq), V (1))T2(Fq) is injective.

13.2. Proof of Proposition 13.1 when p > 2. As in the special case p = 2 that we
dealt with above, the key to the proof is to analyze the action of the maximal torus on
the cohomology of the unipotent radical of a Borel subgroup of SLp. For a split torus T
over k we denote by X∗(T ) = Homgrp(T,Gm) its lattice of characters. We use additive
notation for the group operation in X∗(T ). If U is a unipotent algebraic group equipped
with an action of T , we denote by ∆U ⊂ X∗(T ) the set of characters appearing in the
T -representation LieU .

Here is the main computation in the case U ' Gna using which we will study the case
of an arbitrary unipotent U by a dévissage argument.

Proposition 13.4. Assume that p > 2. Let A be a group scheme over Z isomorphic to
Gna,Z, equipped with an action of a split torus T . Denote by a := (LieA)∨ the dual Lie

algebra of A. We denote by ak and aW2(k) the modules a⊗Z k and a⊗Z W2(k).

(1) There is a T -equivariant identification

(13.4) H•alg(A, k) = Λ∗(

∞⊕
i=0

a
(i)
k · xi)⊗ S

∗(

∞⊕
i=1

a
(i)
k · β(xi))

where xi and β(xi) are formal symbols, invariant under T . The cohomological
degrees of xi and β(xi) are 1 and 2, respectively.

(2) Let Fq ⊂ k be a finite subfield of k. There is a T (Fq)-equivariant identification

(13.5) H•(A(Fpr ), k) = Λ∗(

r−1⊕
i=0

a
(i)
k · xi)⊗ S

∗(

r⊕
i=1

a
(i)
k · β(xi))

and the map H•alg(A, k) → H•(A(Fpr ), k) sends xi and β(xi) to xi mod r and

β(x((i−1) mod r)+1), respectively. In particular, this map is surjective in every
degree.

Suppose that F ⊃ Q is a finite Galois extension, and p ⊂ OF is an unramified prime
ideal such that the residue field OF /p is identified with Fq. We have the following T (OF )-
equivariant identifications:

(3) H•(A(OF ), k) = Λ•(
⊕

τ∈Gal(F/Q)

aτk ·xτ ). Here T (OF ) acts on ak through the chosen

map T (OF )→ T (OF /p) = T (Fq), and aτk denotes the composition of this action

with the automorphism T (OF )
τ−→ T (OF ). The map on cohomology induced by

A(OF ) → A(Fq) annihilates β(xi) and sends xi to xτi where τi ∈ Gal(F/Q) is

the element of the decomposition group of p that induces the automorphism Frip
on Fq.

(4) H•(A(OF ),W2(k)) = Λ•(
⊕

τ∈Gal(F/Q)

aτW2(k) · xτ ) such that the mod p reduction of

this isomorphism is the isomorphism in (3).

Example 13.5. For cohomology in degree 1 and A ' Ga,Z statement (1) amounts to
the fact that H1(Ga,k, k) = Homgrp(Ga,k,Ga,k) is spanned by homomorphisms of the
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forms t 7→ tp
i

where t is a coordinate on Ga,k. Statement (2) in this case is saying that
H1(Ga(Fpr ), k) = Hom(Fpr , k), and every homomorphism Fpr → k of additive groups

can be represented as t 7→
r−1∑
i=0

ait
pi for some ai ∈ k, in a unique way.

Proof. By Künneth formula, it is enough to consider the case A ' Ga. Parts (1) and (2)
are [CPSvdK77, Theorem 4.1], see also [Jan03, Proposition I.4.27]. To fix ideas, let us

explicitly say that in part (1) the map a
(i)
k · xi → H1(A, k) = Homgrp(Ak,Ga,k) sends an

element α · xi with 0 6= α ∈ ak to the group scheme homomorphism Ak
Lα−−→ Ga,k

t7→tp
i

−−−−→
Ga,k where Lα is the unique group scheme homomorphism that induces the functional α
on Lie algebras.

We now turn to proving (4). Part (3) can either be proven by the same argument
or deduced formally using that cohomology groups H•(A(OF ),W2(k)) are flat W2(k)-
modules. Additionally to assuming that A = Ga we may and will assume that T = Gm,
acting on A through some power of the standard character. Since A(OF ) is isomorphic
to Z[F :Q], the cohomology ring H•(A(OF ),W2(k)) is T (OF )-equivariantly isomorphic to
Λ•(H1(A(OF ),W2(k))) via the multiplication on cohomology.

The 1st cohomology module H1(A(OF ),W2(k)) is naturally identified with
Hom(A(OF ),W2(k)) = HomW2(k)(OF ⊗Z W2(k),W2(k)) where T (OF ) = O×F acts by
multiplication on the source of the maps. The algebra OF ⊗Z W2(k) is isomorphic to⊕
τ∈Gal(F/Q)

W2(k) via the isomorphism sending a⊗ b ∈ OF ⊗Z W2(k) to ⊕τ(κ(a)b) where

κ : OF → OF /p2 ' W2(Fq) is the unique lift of the chosen identification OF /p ' Fq.
Therefore, A(OF ) ⊗Z W2(k) is isomorphic to

⊕
τ∈Gal(F/Q)

(LieAW2(k))
τ as a O×F -module

which implies the claim by dualizing. �

Since we assume that k contains Fq, every representation of the finite abelian group
T (Fq) on a finite-dimensional k-vector space decomposes as a direct sum of characters.
We will sometimes refer to the characters of T (Fq) appearing as direct summands of a
representation as T (Fq)-weights of this representation. The image of the restriction map
X∗(T ) = Homgrp(T,Gm)→ Hom(T (Fq), k×) is identified with X∗(T )/(q − 1).

It follows from Proposition 13.4 that

Corollary 13.6. (1) If a character χ ∈ X∗(T ) is a weight of Hn
alg(A, k) then χ can

be expressed as a sum of ≤ n elements of −pN ·∆A ⊂ X∗(T ).
(2) If a character χ of T (Fq) is a weight of Hn(A(Fq), k) then χ extends to an al-

gebraic character χ̃ of T that is congruent modulo q − 1 to an element of X∗(T )
expressible as a sum of ≤ n elements of −pN ·∆A.

These observations imply the following injectivity criterion

Corollary 13.7 ([CPSvdK77, 5.4]). Let χ be a character of T .

(1) If every equality of the form χ = pr1λ1 + . . . + prlλl with λ1, . . . , λl ∈ −∆A,
l ≤ n, and some r1, . . . , rl ≥ 0 satisfies r1, . . . , rl ≤ r − 1, then the restriction
map HomT (χ,Hn

alg(A, k))→ HomT (Fq)(χ,H
n(A(Fq), k)) is injective.

(2) If χ is not congruent modulo (q − 1) ·X∗(T ) to a sum of the form r1 + . . . + rl
with r1, . . . , rl ∈ −pN ·∆A and l ≤ n then HomT (Fq)(χ,H

n(A(Fq), k)) = 0.
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Proof. 1) Proposition 13.4 (1), (2) implies that there exists a T (Fq)-equivariant map sn :
Hn(A(Fq), k) → Hn

alg(A, k) such that its composition with the restriction Hn
alg(A, k) →

Hn(A(Fq), k) is the identity map: we define sn by sending xi to xi, and β(xi) to β(xi).
The assumption on character χ implies that every appearance of χ as a T -equivariant
direct summand of Hn

alg(A, k) is in the image of sn, which implies the injectivity.

2) Immediate from Corollary 13.6(2). �

We can deduce from Proposition 13.4 the following results about the action of T on
the cohomology of an arbitrary unipotent group.

Lemma 13.8. Let U be a unipotent algebraic group over k equipped with an action of a
split torus T . As before, ∆U ⊂ X∗(T ) is the set of characters of T that appear as weights
of the action of T on the Lie algebra LieU .

(1) Every weight of T on Hi
alg(U, k) can be expressed as a sum of ≤ i elements of

−pN ·∆U

(2) Let U ′ ⊂ U be a normal T -stable subgroup, and assume the subsets
pN∆U ′ , p

N∆U/U ′ ⊂ X∗(T ) are disjoint. Fix an integer i. Suppose that for ev-

ery expression χ = r1 + · · · + rl with l ≤ i and r1, . . . , rl ∈ −pN · ∆U , all
r1, . . . , rl are contained in −pN · ∆U ′ . Then the map HomT (χ,Hi

alg(U, k)) →
HomT (χ,Hi

alg(U ′, k)) is injective.

Proof. Since U is unipotent, there exists a T -equivariant filtration U0 = U ⊃ U1 ⊃ · · · ⊃
Un = 1 by normal subgroups, such that all graded quotients Um/Um+1 are isomorphic to
Ga. We have a Hochschild-Serre spectral sequence

(13.6) Er,s2 = Hr
alg(U/Un−1, H

s
alg(Un−1, k))⇒ Hr+s

alg (U, k)

Since Un−1 is a central subgroup of U , the term Er,s2 is T -equivariantly isomorphic
to Hr

alg(U/Un−1, k) ⊗ Hs
alg(Un−1, k). We can use this spectral sequence to prove (1) by

induction on n = dimU , with the base case given by Proposition 13.4(1). By the inductive
assumption, the T -weights of Hr

alg(U/Un−1, k) are sums of ≤ r elements of −pN ·∆U/Un−1
,

and the weights of Hs
alg(Un−1, k) are sums of ≤ s elements of −pN ·∆Un−1

by Proposition

13.4(1). From the spectral sequence (13.6) we have that Hi
alg(U, k) is a T -equivariant

subquotient of
⊕

r+s=i

Hr
alg(U/Un−1, k) ⊗ Hs

alg(Un−1, k) which proves the inductive step,

completing the proof of (1).
To prove (2), consider the spectral sequence

(13.7) Ẽr,s2 = Hr
alg(U/U ′, Hs

alg(U ′, k))⇒ Hr+s
alg (U, k)

To show injectivity of the restriction map

(13.8) HomT (χ,Hi
alg(U, k))→ HomT (χ,E0,i

2 ) ⊂ HomT (χ,Hi
alg(U ′, k))

it is enough to prove that the spaces HomT (χ,Hi−s
alg (U/U ′, Hs

alg(U ′, k))) vanish for

s < i. Since every representation of the solvable group scheme T n (U/U ′) is a
successive extension of characters, Hs

alg(U ′, k) has a filtration by U/U ′-submodules
with 1-dimensional graded pieces which is also respected by T . Therefore T -weights
of Hi−s

alg (U/U ′, Hs
alg(U ′, k)) form a subset of the set of T -weights of Hi−s

alg (U/U ′, k) ⊗
Hs

alg(U ′, k).
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For s < i the character χ does not appear in the latter set because our assumption
implies that χ cannot be written as χ′+χ′′ where χ′ is a sum of ≤ s elements of −pN ·∆U ′ ,
and χ′′ is a sum of ≤ i− s elements of −pN ·∆U/U ′ . �

We will now compute ∆Up for the unipotent radical Up ⊂ Bp of a Borel subgroup
of SLp. Let e1, . . . , ep be a basis of V so that Bp is the subgroup preserving each of
the subspaces 〈e1, . . . , ei〉, and Up ⊂ Bp is the subgroup of matrices that moreover act
trivially on the quotients 〈e1, . . . , ei〉/〈e1, . . . , ei−1〉. Let χi ∈ X∗(Tp) be the character of
the torus Tp = Bp/Up through which it acts on ei. Note that χp = −χ1− . . .−χp−1, and
χ1, . . . , χp−1 form a basis of X∗(Tp). The set of positive roots ∆Up is equal to

(13.9) {χi − χj |1 ≤ i < j ≤ p− 1} ∪ {χi + (χ1 + . . .+ χp−1)|1 ≤ i ≤ p− 1}

On the other hand, the weights of Tp on the representation V (1) are given by
pχ1, . . . , pχp−1, pχp = −p(χ1 + . . .+ χp−1).

Our goal is to prove injectivity of the map Hp−1
alg (Up, V

(1))T → Hp−1(Up(Fq), V (1)) for

q > p. To do so we will analyze the T -action on Hi
alg(Up, k) for i ≤ p− 1 and determine

for which i, j the cohomology group Hi
alg(Up, χ

p
j ) might have non-zero T -invariants. This

will be achieved through the following combinatorial computation:

Lemma 13.9. (1) For 2 ≤ j ≤ p the character pχj does not belong to the submonoid
of X∗(Tp) spanned by ∆Up .

(2) The only (up to permutation) way to express pχ1 as a sum of ≤ p − 1 elements
of pN ·∆Up is (χ1 − χ2) + . . .+ (χ1 − χp−1) + (χ1 + (χ1 + χ2 + . . .+ χp−1)).

(3) For q > p, and any 2 ≤ j ≤ p, the character pχj is not congruent modulo q − 1
to a sum of ≤ p− 1 elements of pN ·∆Up .

(4) For q > p, any congruence modulo q − 1 between pχ1 and a sum of ≤ p − 1
elements of p≤r−1 · ∆Up is an equality. In particular, by (2) there are no such
congruences with strictly less than p− 1 summands.

Proof. The first statement for j = p is clear because the image of every element of ∆Up

under the map σ : X∗(Tp)
b1χ1+...+bp−1χp−1 7→b1+...+bp−1−−−−−−−−−−−−−−−−−−−−−−→ Z is non-negative. Similarly, a

linear combination of elements of ∆Up that belongs to 〈χ2, . . . , χp−1〉 must be a combina-
tion of elements χi − χj , 2 ≤ i < j ≤ p− 1 and is therefore killed by σ. This shows that
pχj for j = 2, . . . , p− 1 are not in the monoid generated by ∆Up either.

For the second statement consider an arbitrary expression pχ1 = pr1λ1 + . . . + prlλl
with l ≤ p− 1, λ1, . . . , λl ∈ ∆Up . Since σ(pχ1) = p, there is exactly one m such that λm
is from the set {χ1 + (χ1 + . . .+χp−1), . . . , χp−1 + (χ1 + . . .+χp−1)} and rm = 0 for this
m. There are exactly p − 2 other elements of ∆Up in which χ1 appears with a non-zero
coefficient: χ1−χ2, . . . , χ1−χp−1. Therefore l = p−1, all r1, . . . , rp−1 are equal to 0, and
all λ1, . . . , λp−1 are elements of the set {χ1 − χ2, . . . , χ1 − χp−1, 2χ1 + χ2 + . . .+ χp−1}.
Hence there must be no repetitions among λ1, . . . , λp−1 for them to sum up to pχ1, which
proves assertion (2).

Suppose that, contrary to the assertion (3), there is a congruence

(13.10) pχj ≡ pr1λ1 + . . .+ prlλl mod q − 1

with l ≤ p−1 and all λm ∈ ∆Up . The coefficient of χ1 in pr1λ1+. . .+prlλl is a sum of ≤ 2l
powers of p. Hence it is a number whose sum of digits in base p is at most 2l ≤ 2(p− 1).
Moreover, its sum of digits is equal to 2(p − 1) only if l = p − 1, and all λ1, . . . , λp−1
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are equal to 2χ1 + χ2 . . .+ χp−1. This would violate (13.10), because the right hand side
would have the shape (pλ1 + . . . + pλp−1) · (2χ1 + χ2 . . . + χp−1). Therefore the sum of
digits in base p of the coefficient of χ1 in pr1λ1 + . . .+ prlλl is at most 2(p− 1)− 1.

Note that a number with base p expansion an . . . arar−1 . . . a0 is congruent to an . . . ar+
ar−1 . . . a0 modulo pr − 1. Applying this observation repeatedly, we see that for any non-
zero number a there exists a number 0 < a′ < pr congruent to a modulo pr − 1 and with
sum of digits less or equal to that of a. For 2 ≤ j ≤ p − 1 the coefficient of χ1 in pχj
is zero, so by this discussion there would have to be an integer 0 < a′ < pr divisible by
pr − 1 with the sum of digits ≤ 2(p− 1)− 1, but there is no such number.

For j = p the coefficient of χ1 in pχj is −p, but the only number 0 < a′ < pr − 1

congruent to −p modulo pr− 1 is pr− p− 1 = (p− 1)(p− 1) . . . (p− 1)(p− 2)(p− 1) and
its sum of digits is r(p − 1) − 1. This finishes the proof of (3) if r > 2, but for r = 2 we
still need to rule out the possibility that the sum of digits in base p of the coefficient of χ1

in pr1λ1 + . . .+ prlλl is 2(p− 1)− 1. If this was the case, up to reordering the summands,
this sum would have the form

(13.11) (pr1 + . . .+ prp−2)(2χ1 + χ2 + . . .+ χp−1) + prp−1(χi + (χ1 + . . .+ χp−1))

or

(13.12) (pr1 + . . .+ prp−2)(2χ1 + χ2 + . . .+ χp−1) + prp−1(χ1 − χi),

for some i = 2, . . . , p − 1. Neither of these expressions can be congruent to pχp =
−p(χ1+. . .+χp−1) modulo p2−1: if p > 3 this is clear because for all j 6= 1, i (which exists
since p > 3), the difference between the coefficients of χ1 and χj in these sums is a positive
integer with the sum of digits ≤ p−1, and in particular it cannot be zero modulo p2−1. If
p = 3 then we have a congruence of the form −3(χ1 +χ2) ≡ 3r1(2χ1 +χ2)+3r2(χ1 +2χ2)
or −3(χ1 +χ2) ≡ 3r1(2χ1 +χ2) + 3r2(χ1−χ2) modulo 8. In the first case we would have
3r1 ≡ 3r2 and 3r1+1 ≡ −3 which is impossible because (−1) is not a power of 3 modulo
8. In the second case comparing the coefficients of χ2 we arrive at the contradiction as
well, finishing the proof of (3).

For the assertion (4), suppose that pχ1 ≡ pr1λ1 + . . .+prlλl is such a congruence. The
value of σ on its right hand side is a number less than or equal to pr(p− 1) whose sum of
digits is at most p−1, and which is congruent to p modulo pr−1. The only such number
is p itself (we use here that r > 1), which implies that for exactly one value of m we have
rm = 0 and λm = χi + (χ1 + . . .+χp−1), while for all m′ 6= m the character λm′ is of the
form χi − χj .

Next, we consider the coefficient c of χ1 in the right hand side of our congruence.
Summands prm′λm′ for m′ 6= m contribute at most pr−1 to this coefficients, and prmλm =
λm contributes 1 or 2. Hence c is less than or equal to pr−1(p− 2) + 2. As c also has to
be congruent to p modulo pr − 1, it is forced to be equal to p. Given what we already
know about the right hand side, this can only happen if l = p − 1, and all r1, . . . , rl are
equal to zero, hence the congruence is forced to be an equality. �

Let Gp−1
a ' Ap ⊂ Up be the subgroup of matrices that act trivially on the quotient

V/〈e1〉. Note that Ap is preserved by the action of Tp and

(13.13) ∆Ap = {χ1 − χi|2 ≤ i ≤ p− 1} ∪ {2χ1 + χ2 + . . .+ χp−1} ⊂ ∆Up

Lemma 13.9 indicates that restriction to the subgroup Ap ⊂ Up should detect all cohomol-

ogy classes of V (1) in degrees ≤ p− 1. We make this precise in Lemma 13.10 below. The
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deduction of Lemma 13.10 from Lemma 13.9 is analogous to the discussion of injectivity
conditions in [CPSvdK77, §5].

Lemma 13.10. The following restriction maps are injective:

(1) Hp−1
alg (Bp, V

(1)) = Hp−1
alg (Up, V

(1))Tp → Hp−1
alg (Ap, V

(1))Tp .

(2) Hp−1
alg (Ap, V

(1))Tp → Hp−1(Ap(Fq), V (1))Tp(Fq), if q is strictly larger than p.

Proof. As a representation of Bp, V
(1) admits a filtration with graded pieces given by

the characters χpi , for i = 1, . . . , p. Given Lemma 13.9(1) and (2), Lemma 13.8(1) implies
that Hi

alg(Bp, χ
p
j ) = Hi

alg(Up, χ
p
j )
Tp = 0 for 2 ≤ j ≤ p and all i, and for j = 1 with

i < p − 1. Lemma 13.8(2) shows that the restriction Hj
alg(Up, χ

p
1)Tp → Hj

alg(Ap, χ
p
1)Tp

is an isomorphism (both groups are in fact zero) for j < p − 1 and is an injection for

j = p− 1. Therefore the restriction Hp−1
alg (Bp, V

(1))→ Hp−1
alg (Ap, V

(1))Tp is injective.

For the second statement, Hi(Ap(Fq), χpj )T (Fq) = 0 for i < p − 1 and all j, by

the combination of Corollary 13.6(2) and Lemma 13.9(3), (4). The restriction maps

Hp−1
alg (Ap, χ

p
j )
Tp → Hp−1(Ap(Fq), χpj )Tp(Fq) are injective by Lemma 13.9(3),(4) and Corol-

lary 13.7 (the source group is in fact zero for j 6= 1). This implies that the restriction

Hp−1
alg (Ap, V

(1))Tp → Hp−1(Ap(Fq), V (1))Tp(Fq) is injective. �

Proof of Proposition 13.1. Lemma 13.10 completes the proof of Proposition 13.1, because
combined with Theorem 13.3 it even shows that the composition Hp−1

alg (SLp, V
(1)) '

Hp−1
alg (Bp, V

(1))→ Hp−1(Ap(Fq), V (1)) is injective. �

Moreover, the 1-dimensional subrepresentation χp1 ⊂ V (1) is responsible for all of co-

homology of V (1) in degree p − 1. Precisely, we have the following results that will be
used in the next section, and in the proof of Lemma 13.12.

Lemma 13.11. (1) The map Hp−1
alg (Ap, χ

p
1)Tp → Hp−1

alg (Ap, V
(1))Tp is an isomor-

phism of 1-dimensional vector spaces.
(2) The map Hp−1(Ap(Fq), χp1)Tp(Fq) → Hp−1(Ap(Fq), V (1))Tp(Fq) is an isomorphism

when q > p.

Proof. 1) The kernel and cokernel of this map are, respectively, a quotient and a subgroup

of the groups Hp−2
alg (Ap, χ

p
2⊕ . . .⊕χpp)Tp and Hp−1

alg (Ap, χ
p
2⊕ . . .⊕χpp)Tp and we saw in the

proof of Lemma 13.10 that they both vanish. The fact that the Tp-invariant subspace of

Hp−1
alg (Ap, χ

p
1) is 1-dimensional follows from Lemma 13.9(2).

2) Just like in the case of algebraic cohomology, the kernel and cokernel of this map
are subquotients of the groups Hp−2(Ap(Fq), χp2⊕ . . .⊕χpp)Tp(Fq) and Hp−1(Ap(Fq), χp2⊕
. . .⊕ χpp)Tp(Fq) and they vanish by the proof of Lemma 13.10. �

We can deduce from the results obtained so far the following expression for the class
α(E) when E is a vector bundle of rank p that admits a line sub-bundle, which was used
in Section 8 (as Lemma 8.2) to relate the class α(Ω1

X0
) to the Kodaira-Spencer map of a

fibration.

Lemma 13.12. Let X0 be arbitrary algebraic stack over Fp. Suppose that a vector bundle
E of rank p on X0 fits into an extension

(13.14) 0→ L→ E → E′ → 0
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where L is a line bundle, and E′ is a vector bundle of rank p−1. The class of this extension
defines an element v(E) ∈ Ext1

X0
(E′, L) = H1(X0, L ⊗ (E′)∨). Denote by v(E)p−1 ∈

Hp−1(X0, L
⊗p−1⊗(detE′)∨) the image of v(E)⊗p−1 ∈ Hp−1(X0, (L⊗(E′)∨)⊗p−1) under

the map induced by (L⊗ (E′)∨)⊗p−1 → Λp−1(L⊗ (E′)∨) = L⊗p−1 ⊗ (detE′)∨.

The class α(E) ∈ Extp−1
X0

(ΛpE,F ∗E) = Hp−1(X0, F
∗E ⊗ L∨ ⊗ (detE′)∨) is equal, up

to multiplying by a scalar from F×p , to the image of v(E)p−1 under the map induced by

L⊗p−1 ⊗ (detE′)∨ = F ∗L⊗ L∨ ⊗ (detE′)∨ ↪→ F ∗E ⊗ L∨ ⊗ (detE′)∨.

Proof. The GLp-torsor Isom(E,O⊕p) associated to the bundle E naturally reduces to a

maximal parabolic subgroup P :=


∗ ∗ . . . ∗
0 ∗ . . . ∗

0 ∗
. . .

...
0 ∗ . . . ∗

 ⊂ GLp. Therefore E arises as the

pullback of the tautological rank p vector bundle V along the classifying map X0 → BP
to the classifying stack of the group P over Fp. Therefore it is enough to prove the

corresponding expression for the class α(V ) ∈ Extp−1
P,alg(ΛpV, V (1)) = Hp−1

alg (P, V (1) ⊗
(ΛpV )∗).

Denote by Bp ⊂ P ∩ SLp the subgroup of upper triangular matrices. By [Jan03,
Corollary II.4.7(c)] the restriction map Hi(P ∩ SLp,W ) → Hi(Bp,W |Bp) is an isomor-
phism for any P ∩ SLp-module W . Since restriction along the inclusion P ∩ SLp ⊂ P
is an injection on cohomology, it is enough to prove the desired expression for α(V ) in

Extp−1
Bp,alg(ΛpV, V (1)) = Hp−1

alg (Bp, V
(1)).

Recall that we denote by Tp ⊂ Bp the maximal torus of diagonal matrices and by
χi : Tp → Gm, for i = 1, . . . , p, the character sending diag(a1, . . . , ap) to ai. We denote

by the same symbol the composite character Bp → Tp
χi−→ Gm. Since we are working

inside SLp the character χp can be expressed as (χ1 · . . . · χp−1)−1. Next, there is a

subgroup Gp−1
a ' Ap =


1 ∗ . . . ∗
0 1 . . . 0

0 0
. . .

...
0 0 . . . 1

 ⊂ Bp. The Frobenius twist V (1) viewed as a

representation of Bp admits a filtration with quotients χp1, . . . , χ
p
p.

By Lemma 13.10(1), we may further restrict to the subgroup Tp n Ap ⊂ Bp to prove
the desired equality of cohomology classes. The class v(V |TpnAp) ∈ H1

alg(Tp n Ap, χ1 ⊗
(χ2 ⊕ . . .⊕ χp)∨) = Homgrp(Ap, χ1 ⊗ (χ2 ⊕ . . .⊕ χp)∨)Tp is an isomorphism between Ap
and the underlying vector space of the representation χ1⊗ (χ2⊕ . . .⊕χp)∨, and its power

v(V |TpnAp)p−1 ∈ Hp−1
alg (Ap, χ

p−1
1 ⊗ χ−1

2 ⊗ . . . ⊗ χ−1
p )Tp = Hp−1(Ap, χ

p
1)Tp is therefore

non-zero.
By Lemma 13.11(1) the class α(V |TpnAp) ∈ Hp−1(Ap, V

(1))Tp is the image of some

class in Hp−1(Ap, χ
p
1)Tp . Since α(V |TpnAp) is non-zero, and Hp−1(Ap, χ

p
1)Tp is a one-

dimensional vector space, the result follows. �

Remark 13.13. We do not expect Lemma 13.10(2) to remain true for q = p. E.g. when
p = 2 in Remark 12.3 we computed explicitly a cocycle representing the class α(V ) ∈
H1

alg(SL2, V
(1)), and its restriction to U2 ' Ga is the image of Id ∈ Homgrp(U2,Ga) =



NON-DECOMPOSABILITY OF THE DE RHAM COMPLEX 81

H1
alg(U2, k) under the map in the long exact sequence

(13.15) · · · → H0
alg(U2, k)

δ−→ H1
alg(U2, k)→ H1

alg(U2, V
(1))→ H1

alg(U2, k)→ . . .

The connecting homomorphism δ sends 1 ∈ k = H0
alg(U2, k) to the Frobenius map

Fr2 ∈ Hom(U2,Ga) = H1
alg(U2, k). Since Id coincides with Fr2 when restricted to

U2(F2), the image of α(V ) ∈ H1
alg(SL2, V

(1)) in H1(U2(F2), V (1)) (and consequently in

H1(SL2(F2), V (1))) is zero.

14. Cohomology of SLp over rings of integers

We will enhance the results of the previous section by showing that for an appropri-
ately chosen discrete group acting on the vector space V , the Bockstein homomorphism
(associated to a lift of V over W2(Fq)) applied to the class α(V ) is non-zero. We keep
the notation of the previous section: we work over a finite field k = Fq, and V is a
p-dimensional Fq-vector space.

Let Ṽ be a free W2(Fq)-module such that Ṽ /p ' V , it is equipped with the tautological

action of the discrete group GLp(W2(Fq)). Denote by Ṽ (1) := Ṽ ⊗W2(Fq),W2(Frp) W2(Fq)
the twist of Ṽ by the Frobenius automorphism of W2(Fq) induced by Frp : t 7→ tp

on Fq. The module Ṽ (1) can be GLp(W2(Fq))-equivariantly identified with Ṽ where
the action on the latter is modified by precomposing with the Frobenius automorphism

GLp(W2(Fq))
W2(Frp)−−−−−→ GLp(W2(Fq)). We have a short exact sequence

(14.1) 0→ V (1) ψ1−−→ Ṽ (1) ψ2−−→ V (1) → 0

of GLp(W2(Fq))-modules which gives rise to the connecting homomorphisms Bocki :

Hi(G,V (1))→ Hi+1(G,V (1)) for any group G mapping to GLp(W2(Fq)).
Let now F be an arbitrary number field in which p is unramified and such that there

exists a prime ideal p ⊂ OF with the residue field Fq. Prime ideal p gives rise to a
surjection κ : OF � Fq, and there is a unique homomorphism of rings OF � W2(Fq)
lifting κ. This homomorphism gives rise to a map SLp(OF )→ SLp(W2(Fq)) which defines

an action of SLp(OF ) on V, V (1), and Ṽ (1), and hence defines Bockstein homomorphisms

Bocki : Hi(SLp(OF ), V (1)) −→ Hi+1(SLp(OF ), V (1)).

Proposition 14.1. For every prime p there exists a quadratic extension F/Q in which
p is not split, such that Bockp−1(α(V )) ∈ Hp(SLp(OF ), V (1)) is non-zero.

We will prove this non-vanishing by a method similar to the one employed in previous
section, using the technique of [CPSvdK77]. For the method to work we need the image
of the reduction map O×F → F×p2 on groups of units to be large enough: the field F will

be chosen appropriately in Lemma 14.2.
As in the previous section, we denote by Bp ⊂ SLp the subgroup of upper triangular

matrices with respect to a given basis, Tp ⊂ Bp is the diagonal torus, and Gp−1
a '

Ap ⊂ Bp is the subgroup of matrices that send the basis vector ei to a vector of the
form aie1 + ei, for all i ≥ 2. By Lemmas 13.10 and 13.11(2), the image of the class

α(V ) ∈ Hp−1
alg (SL(V ), V (1)) in Hp−1(Ap(Fq), V (1))Tp(Fq) is non-zero and moreover lies

in the image of the homomorphism Hp−1(Ap(Fq), χp1)Tp(Fq) → Hp−1(Ap(Fq), V (1))Tp(Fq).
Therefore to prove that Bock(α(V )) is non-zero we may work with the cohomology of
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the group of OF -points of the subgroup Tp n Ap ⊂ SLp which is a fairly explicit object
thanks to Proposition 13.4.

When restricted to Bp(OF ), the representation Ṽ admits a filtration with graded quo-
tients χ̃1, . . . , χ̃p that are characters factoring through Bp(OF )→ Tp(OF ), and lifting the

characters χ1, . . . , χp. We denote by χ̃
(1)
i the character Bp(OF ) → Tp(OF ) → W2(Fq)×

obtained by composing χ̃i with the Frobenius automorphism Frp : W2(Fq)× →W2(Fq)×.

The representation Ṽ (1) of Bp(OF ) is likewise filtered with graded quotients isomor-

phic to χ̃
(1)
i . Note that χ̃

(1)
i /p ' χ

(1)
i ' χpi , but χ̃

(1)
i is generally not isomorphic to

χ̃pi . The discrepancy between these two characters will be key for proving that the class

α(V ) ∈ Hp−1(SLp(OF ), V (1)) does not lift to a class in Hp−1(SLp(OF ), Ṽ (1)).
We treat separately cases p = 2 and p > 2 because the proof for p > 2 relies on the

results of the previous section that were only proven away from the case p = 2. We also
hope that reading the proof for p = 2 first makes the general argument clearer. In all of
the cases, we choose an extension F/Q as directed by Lemma 14.2.

Lemma 14.2. For every prime number p there exists an integer N > 0 such that p is
not split in the real quadratic field F = Q(

√
N), and the two conditions are satisfied:

(1) The group of units O×F surjects onto {x ∈ F×p2 |NFp2/Fp(x) = ±1} under the reduc-

tion map OF → OF /p ' Fp2

(2) There exists a unit u ∈ O×F whose reduction u in W2(Fp2)× satisfies Frp(u) 6= up.

Proof. We first treat the case p > 2. Let u0 ∈ F×p2 be a generator of the cyclic group

{x ∈ F×p2 |NFp2/Fp(x) = ±1}. It satisfies the equation u2
0 − 2d0u0 − 1 = 0 where d0 =

1
2TrFp2/Fp(u0) ∈ Fp, hence we can write u0 as d0 +

√
d2

0 + 1. Let d ∈ Z be an arbitrary

integer reducing to d0 modulo p, and take F to be the field Q(
√
d2 + 1). By construction,

d2 + 1 is not a square modulo p, hence d2 + 1 is not a square in Q, and p is non-split in
OF . The element u = d+

√
d2 + 1 ∈ OF is invertible and it (or its conjugate) reduces to

u0 in Fp2 , hence condition (1) is satisfied.
Next, let us check that we can choose the lift d of d0 to ensure that condition (2) is

satisfied for u = d +
√
d2 + 1. The element Frp(u) ∈ W2(Fp2) is the mod p2 reduction

of d−
√
d2 + 1, hence to prove that Frp(u) 6= up it is enough to ensure that the integers

TrF/Q(d −
√
d2 + 1) and TrF/Q((d +

√
d2 + 1)p) are not congruent modulo p2. The first

one is equal to 2d, and we can expand their difference as

(14.2) TrF/Q((d+
√
d2 + 1)p)− TrF/Q(d−

√
d2 + 1) =

2(dp +

(
p

2

)
dp−2(d2 + 1) + . . .+

(
p

p− 1

)
d(d2 + 1)(p−1)/2)− 2d

This is a polynomial of degree p in d that reduces to 2(dp − d) modulo p. In particular,
by Hensel’s lemma, this polynomial has exactly one root in Z/p2 reducing to d0, so we
can choose the lift d of d0 such that the integer (14.2) is not zero modulo p2.

Finally, for p = 2 take F = Q(
√

5). The unit a = 1+
√

5
2 ∈ OF = Z[ 1+

√
5

2 ] has minimal

polynomial a2 − a − 1 = 0, hence 2 is not split in OF , and a reduces to an element of
F4 \ F2 that necessarily generates F×4 . Condition (2) is fulfilled simply by u = −1. �

Proof of Proposition 14.1 for p = 2. First, we will prove that the class α(V ) ∈
H1(SL2(Fq), V (1)) survives under the map to H1(SL2(OF ), V (1)). When restricted to the
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Borel subgroup B2, the module V (1) fits into the extension 0 → χ2
1 → V (1) → χ−2

1 → 0.

The extension induced from 0 → V (1) → S2V → Λ2V → 0 via the map V (1) → χ−2
1

is split by the map S2V → S2(χ−1
1 ), hence the class α(V )|B2 ∈ H1

alg(B2, V
(1)) is in the

image of the map H1(B2, χ
2
1)→ H1(B2, V

(1)).
In particular, the restriction α(V )|B2(Fq) is in the image of the map H1(B2(Fq), χ2

1)→
H1(B2(Fq), V (1)). Hence it is enough to show the following two facts:

(1) H1(B2(Fq), χ2
1)→ H1(B2(OF ), χ2

1) is injective

(2) H1(B2(OF ), χ2
1)→ H1(B2(OF ), V (1)) is injective

For (1), H1(B2(Fq), χ2
1) = H1(A2(Fq), χ2

1)T2(Fq) obviously injects into H1(A2(Fq), χ2
1),

and the map H1(A2(Fq), χ2
1) → H1(A2(OF ), χ2

1) is an isomorphism because A2 acts
trivially on χ2

1 here, and the natural map A2(OF ) → A2(Fq) induces an isomorphism
A2(OF )/2 ' A2(Fq). This implies (1).

For (2), it is enough to show that H0(B2(OF ), χ−2
1 ) = 0. The group T2(OF ) = O×F

maps surjectively onto F×q = F×4 , hence χ−2
1 is a non-trivial character of T2(OF ) ⊂

B2(OF ), and the space of invariants H0(B2(OF ), χ−2
1 ) = (χ−2

1 )B2(OF ) vanishes. Therefore

the image of α(V ) in H1(SL2(OF ), V (1)) is indeed non-zero.
Next, we will check that the Bockstein map Bock1 : H1(SL2(OF ), V (1)) →

H2(SL2(OF ), V (1)) induced by the W2(k)-module Ṽ (1) is injective. The key input for

this is that H1(SL2(OF ), Ṽ (1)) is annihilated by multiplication by 2. Indeed, the central

element diag(−1,−1) ∈ SL2(OF ) acts in the representation Ṽ (1) via multiplication by

(−1) so multiplication by (−1) on Hi(SL2(OF ), Ṽ (1)), for all i, is equal to identity, hence
these cohomology groups are 2-torsion.

Injectivity of Bock1 now follows by considering the long exact sequence

(14.3) . . .→ H0(V (1))
Bock0

−−−−→ H1(V (1))
ψ1−−→ H1(Ṽ (1))

ψ2−−→ H1(V (1))
Bock1

−−−−→ H2(V (1))

where Hi everywhere refers to the cohomology of SL2(OF ). The first visible term
H0(V (1)) = (V (1))SL2(OF ) is zero, because SL2(OF )→ SL2(Fq) is a surjection, hence ψ1

is injective. The composition ψ1 ◦ ψ2 is the multiplication by 2 map on H1(Ṽ (1)) which
we know to be zero, so ψ2 has to be zero, which is equivalent to injectivity of Bock1. This
finishes the proof of Proposition 14.1 for p = 2. �

Proof of Proposition 14.1 for p > 2. We will show the following vanishing results, and
Proposition 14.1 will be deduced as a formal consequence of these.

Lemma 14.3. Assume that q = p2. There exists a real quadratic extension F/Q with
OF /p ' Fq = Fp2 , such that

(1) The map Hp−1((Tp nAp)(Fq), χp1)→ Hp−1((Tp nAp)(OF ), χp1) is injective.
(2) The group Hp−1((Tp nAp)(OF ), χp2 ⊕ . . .⊕ χpp) vanishes.

(3) The group Hp−2((Tp nAp)(OF ), χp1) vanishes.

(4) the W2(k)-module Hp−1((Tp nAp)(OF ), χ̃
(1)
1 ) is annihilated by p.

Proof. We choose F satisfying the properties listed in Lemma 14.2. The reduction map
Ap(OF ) → Ap(Fq) induces an isomorphism Ap(OF )/p ' Ap(Fq). Therefore the induced
map H1(Ap(Fq), k) → H1(Ap(OF ), k) on cohomology in degree 1 is an isomorphism,
and induces a Tp(OF )-equivariant surjection Hi(Ap(Fq), k) → Hi(Ap(OF ), k) ' Λi(ak ·
xe ⊕ a

(1)
k · xτ ) for i ≥ 1, where we use the notation of Proposition 13.4, and e, τ are the
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elements of the Galois group Gal(F/Q) ' Z/2. The action of Tp(OF ) onH1(Ap(OF ), k) '
ak ·xe⊕ a

(1)
k ·xτ factors through Tp(OF )→ Tp(Fq), and this module explicitly is given as

the direct sum of inverses of the characters χ1−χ2, . . . , χ1−χp, p(χ1−χ2), . . . , p(χ1−χp).
The reduction map (O×F )p−1 ' Tp(OF )→ Tp(Fq) ' (F×p2)p−1 is not surjective (as soon

as p > 3), but its image is equal to ({x|NFp2/Fp(x) = ±1})p−1, by our choice of the field

F . We need the following partial refinement of Lemma 13.9 to nevertheless be able to
bound the invariant subspaces Hj(Ap(OF ), χpi )

Tp(OF ).

Lemma 14.4. Denote by S the set {χ1 − χ2, . . . , χ1 − χp, p(χ1 − χ2), . . . , p(χ1 − χp)} ⊂
X∗(Tp).

(1) For 2 ≤ i ≤ p the character pχi is not congruent modulo p+1 to a sum of ≤ p−1
elements of S.

(2) The character pχ1 is not congruent modulo p + 1 to a sum of ≤ p − 2 elements
of S.

(3) The only, up to permutation, congruence modulo p+ 1 between pχ1 and a sum of
≤ p− 1 elements of S is the equality pχ1 = (χ1 − χ2) + . . .+ (χ1 − χp).

Proof of Lemma 14.4. We use χ1, . . . , χp−1 as a basis for X∗(Tp), the character χp is
expressed as −(χ1 + . . .+χp−1). Denote by σ : X∗(Tp)→ Z the map sending a1χ1 + . . .+
ap−1χp−1 to a1 + . . .+ ap−1. We have σ(χ1 − χi) = 0 for i ≤ p− 1 and σ(χ1 − χp) = p.
In the rest of the proof, symbol ≡ alway refers to congruence modulo p+ 1.

1) The only elements of S with a non-zero value of σ are χ1 − χp and p(χ1 − χp),
with the values p ≡ −1 and p2 ≡ 1, respectively. Suppose that we have a congruence
pχi ≡ r1 + . . .+ rl mod p+ 1 with l ≤ p− 1, and all r1, . . . , rl from S.

Suppose first that i 6= p. If χ1−χp appears in this sum a times, and p(χ1−χp) ≡ χp−χ1

appears b times, then a− b ≡ 1 mod p+ 1 because σ(pχi) ≡ −1. This forces b to be equal
to a−1. Therefore the difference pχi− (a(χ1−χp)+(a−1)(χp−χ1)) ≡ −χi−χ1 +χp =
−2χ1 − χ2 − . . . − 2χi − . . . − χp−1 is congruent to a sum of ≤ p − 2 elements of the
form ±(χ1 − χj) for j = 2, . . . , p− 1. But such a congruence would have to use, for each
2 ≤ j ≤ p− 1, j 6= i, an element of the form ±(χ1 − χj) at least once, and an element of
the form ±(χ1 − χi) at least twice (because p + 1 ≥ 4), so at least p − 1 elements of S
would be needed.

Next, let us rule out the possibility of a congruence pχp ≡ r1 + . . . + rl. We have
σ(pχp) = −p(p − 1) ≡ −2. Hence if χ1 − χp appears a times in this congruence, then
p(χ1−χp) appears a−2 times, so pχp−2(χ1−χp) ≡ −3χ1−χ2− . . .−χp−1 is congruent
to a sum of ≤ p − 3 elements of the form ±(χ1 − χj), j ≤ p − 1. But similarly to the
previous case, such a sum would have to use at least p−2 such elements, and the original
congruence cannot exist.

2) We have σ(pχ1) = p ≡ −1, hence a congruence pχ1 ≡ r1 + . . . + rl would have to
use a instances of χ1 − χp and a− 1 instances of p(χp − χ1), for some a. But this leaves
us with pχ1− (χ1−χp) = (p−2)χ1−χ2− . . .−χp−1 being congruent to a sum of ≤ p−3
elements of the form ±(χ1 − χj), j ≤ p− 1, which is impossible.

3) As in part (2), such a congruence would induce a congruence between (p − 2)χ1 −
χ2− . . .−χp−1 and a sum of ≤ p−2 elements of the form ±(χ1−χj), j ≤ p−1. For each
j = 2, . . . , p − 1, we have to use an element of the form ±(χ1 − χj) at least once, hence
exactly once, and this element must be χ1 − χj , forcing a = 1 and implying the desired
uniqueness. �
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We can now proceed with the proof of Lemma 14.3. In (1), we will prove that
even the composition of this map with further restriction Hp−1((Tp n Ap)(OF ), χp1) →
Hp−1(Ap(OF ), χp1) is injective. By Lemma 13.9(4), in the notation of Proposition 13.4,

the invariant subspace Hp−1(Ap(Fq), χp1)T (Fq) ⊂ Hp−1(Ap(Fq), χp1) is 1-dimensional and
is equal to Λp−1(ak · x0). This shows the injectivity asserted in part (1), because
ak · x0 ⊂ H1(Ap(Fq), k) maps isomorphically onto ak · xe ⊂ H1(Ap(OF ), k).

By Lemma 14.5 below, to prove part (2) it is enough to show that every character of
Tp(OF ) appearing as a subquotient of Hi(Ap(OF ), χpj ) for j ≥ 2, i ≤ p− 1 is non-trivial.

The module Hi(Ap(OF ), k) is isomorphic to a direct sum of characters that are products
of i elements of

{−(χ1 − χ2), . . . ,−(χ1 − χp),−p(χ1 − χ2), . . . ,−p(χ1 − χp)} ⊂ X∗(Tp)

Since the kernel of the restriction X∗(Tp) → Hom(Tp(OF ), k×) is contained in (p + 1) ·
X∗(Tp) by our choice of the field F , the assertion follows from Lemma 14.4(1). Analo-
gously, part (3) follows from Lemma 14.4(2).

We now turn to proving part (4). By part (3), we have that Hi(Ap(OF ), χp1) de-
composes as a direct sum of non-trivial characters of Tp(OF ) for i < p − 1, therefore

RΓ(Tp(OF ), Hi(Ap(OF ), χp1)) and RΓ(Tp(OF ), Hi(Ap(OF ), χ̃
(1)
1 )) are quasi-isomorphic

to 0. Hence Hp−1((Tp n Ap)(OF ), χ̃
(1)
1 ) injects into Hp−1(Ap(OF ), χ̃

(1)
1 )Tp(OF ), and it

is enough to prove that the latter W2(k)-module is annihilated by p.

We have a Tp(OF )-equivariant identification Hp−1(Ap(OF ), χ̃
(1)
1 ) ' χ̃

(1)
1 ⊗

Λp−1(aW2(k) ⊕ a
(1)
W2(k)), and this module decomposes as a direct sum of characters of the

form χ̃
(1)
1 ⊗η where η is a product of p−1 characters of the form−(χ̃1−χ̃j) or−(χ̃

(1)
1 −χ̃

(1)
j )

for j = 2, . . . , p. By Lemma 14.4, even the mod p reduction of χ̃
(1)
1 ⊗ η is a non-trivial

character of Tp(OF ) unless η = −(χ̃1 − χ̃2) − . . . − (χ̃1 − χ̃p−1) − (χ̃1 − χ̃p) = −pχ̃1.

Therefore Hp−1(Ap(OF ), χ̃
(1)
1 )Tp(OF ) = (χ̃

(1)
1 ⊗ χ̃

−p
1 )Tp(OF ).

Let now u ∈ O×F be a unit such that its reduction u in W2(Fp2)× satisfies Frp(u) 6= up,
as provided by Lemma 14.2(2). Then the element diag(u, u−1, 1, . . . , 1) ∈ Tp(OF ) acts in

the character χ̃
(1)
1 ⊗ χ̃

−p
1 via multiplication by Frp(u)u−p, therefore the W2(k)-module of

invariants (χ̃
(1)
1 ⊗ χ̃

−p
1 )Tp(OF ) is isomorphic to k, which proves part (4). �

Lemma 14.5. Suppose that F is a number field such that the group of units of OF is
infinite. For any split torus T over OF , if χ : T (OF ) → k× is a non-trivial character
then RΓ(T (OF ), χ) = 0.

Proof. Choose an isomorphism T (OF ) ' Z⊕N × T (OF )tors such that the restriction
of χ to Z⊕N is still nontrivial. We have RΓ(T (OF ), χ) = RΓ(T (OF )tors,RΓ(Z⊕N , χ))
so it is enough to show that RΓ(Z⊕N , χ) = 0. By definition, RΓ(Z⊕N , χ) =
RHomk[x±1

1 ,...,x±1
N ](k, χ) where we denote by χ the module over the group algebra

k[x±1
1 , . . . , x±1

N ] corresponding to the character χ|Z⊕N , and k is the module on which
all xi act by 1. By the assumption that χ|Z⊕N is non-trivial, k and χ have disjoint
supports in Spec k[x±1

1 , . . . , x±1
N ] which implies the vanishing. �

Having proven Lemma 14.3, we will now deduce Proposition 14.1. Consider the long

exact sequence induced by 0→ χp1
ψ1−−→ χ̃

(1)
1

ψ2−−→ χp1 → 0:
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(14.4)

. . .→ Hp−2(χp1)
Bockp−2

−−−−−→ Hp−1(χp1)
ψ1−−→ Hp−1(χ̃

(1)
1 )

ψ2−−→ Hp−1(χp1)
Bockp−1

−−−−−→ Hp(χp1)→ . . .

where Hi(M) is the abbreviation for Hi((TpnAp)(OF ),M). The multiplication by p map

on Hp−1(χ̃
(1)
1 ) factors as the composition Hp−1(χ̃

(1)
1 )

ψ2−−→ Hp−1(χp1)
ψ1−−→ Hp−1(χ̃

(1)
1 ). By

Lemma 14.3(3) the map ψ1 is injective, but Lemma 14.3(4) says that the composition
ψ1 ◦ ψ2 is zero, hence ψ2 is zero itself and the Bockstein homomorphism Hp−1((Tp n
Ap)(OF ), χp1)→ Hp((Tp nAp)(OF ), χp1) induced by the character χ̃

(1)
1 is injective.

Consider now the long exact sequence of cohomology associated with the sequence
0→ χp1 → V (1) → χp2 ⊕ . . .⊕ χpp → 0. By Lemma 14.3(2) we get that the map Hp((Tp n
Ap)(OF ), χp1) → Hp((Tp n Ap)(OF ), V (1)) is injective. Combined with Lemma 14.3(1)
this implies that the composition

Hp−1(Ap(Fq), V (1))Tp(Fq) → Hp−1((TpnAp)(OF ), V (1))
Bockp−1

Ṽ (1)−−−−−−→ Hp((TpnAp)(OF ), V (1))

is injective when restricted to the image of the map Hp−1(Ap(Fq), χp1)Tp(Fq) →
Hp−1(Ap(Fq), V (1))Tp(Fq). But that map is an isomorphism by Lemma 13.11 (2) so Propo-
sition 14.1 is proven. �
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