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Appendix

by J. Ellenberg and A. Venkatesh

A.1. Let N(X) denote the number of isomorphism classes of number fields with
discriminant less than X .

Theorem. For every ǫ > 0 there is a constant C(ǫ) such that log N(X) ≤
C(ǫ)(log X)1+ǫ, for every X ≥ 2.

In fact we prove the more precise upper bound that

log N(X) ≤ C6 log X exp(C7

√

log log X)

for absolute constants C6, C7.
This theorem (almost) follows from [EV, Theorem 1.1], the only point being to

control the dependence of implicit constants on the degree of the number field.
We refer to [EV] for further information and for some motivational comments

about the method. In the proof C1, C2, . . . will denote certain absolute constants.

A.2. Let K be an extension of Q of degree d ≥ 200. Denote by Σ(K) the set of
embeddings of K into C (#Σ(K) = d), and by Σ(K) a set of representatives for
Σ(K) modulo complex conjugation (in the notations of the paper [EV] Σ(K) =
V∞(K)). We regard the ring of integers OK as a lattice in K ⊗Q R =

∏

σ∈Σ(K) Kσ.

We endow the real vector space K ⊗Q R with the supremum norm, i.e. ‖(xσ)‖ =
supσ |xσ|. Here | · | denotes the standard absolute value on C. In particular, we
obtain a “norm” on OK by restriction. Explicitly, for z ∈ OK , we have ‖z‖ =
supσ∈Σ(K) |σ(z)|.

We denote by Md(Z) (resp. Md(Q)) the algebra of d by d matrices over Z (resp.
Q).

By the “trace form” we mean the pairing (x, y) 7→ TrK/Q(xy). It is a symmetric

nondegenerate Q-bilinear pairing on K2.
Let s be a positive integer which we shall specify later. We denote by y =

(y1, y2, . . . , ys) an ordered s-tuple of elements of OK and write ‖y‖ := max(‖y1‖, . . . , ‖ys‖).
For y = (y1, . . . , ys) ∈ Os

K and l ≥ 1, we shall set

(5)
S(l) = {(k1, . . . , ks) ∈ Zs : k1 + . . . + ks ≤ l, k1, . . . , ks ≥ 0},

S(y, l) = {yk1

1 yk2

2 . . . yks

s : (k1, . . . , ks) ∈ S(l)} ⊂ OK .

If S is a subset of S(l) we denote by S(y) the set {yk1

1 yk2

2 . . . yks

s : (k1, . . . , ks) ∈
S.}

A.3. Lemma. Let S be a subset of S(l) such that S(y) spans a Q-linear subspace

of K with dimension strictly greater than d/2. Let S + S be the set of sums of two

elements of S. Then (S + S)(y) spans K over Q.

Proof. (cf. [EV, Lemma 2.1].) Suppose that there existed z ∈ K which was per-
pendicular, w.r.t. the trace form, to the Q-span of (S + S)(y). Since (S + S)(y)
consists precisely of all products αβ, with α, β ∈ S(y), it follows that

(6) TrK/Q(zαβ) = 0, (α, β ∈ S(y)).

Call W ⊂ K the Q-linear span of S(y). Then (6) implies that zW is perpendicular
to W w.r.t. the trace form, contradicting dim(W ) > d/2. �
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A.4. Lemma. Let C ⊂ OK be a finite subset containing 1 and generating K
as a field over Q. Let z1, z2, . . . , zd be a Q-linear basis for K. For each u ∈ C,

let M(u) =
(

TrK/Q(uzizj)
)

1≤i,j≤d
∈ Md(Q). Then the Q-subalgebra of Md(Q)

generated by M(u)M(1)−1, as u ranges over C, is isomorphic to K.

Proof. (cf. [EV, Lemma 2.2].) In fact, M(u)M(1)−1 gives the matrix of “multipli-
cation by u,” in the basis {zi}. �

A.5. We denote by DK the absolute value of the discriminant of K.

Lemma. There is an absolute constant C1 ∈ R such that, for any K as above,

there exists a basis γ1, γ2, . . . , γd for OK over Z such that

(7) ‖γj‖ ≤ ‖γj+1‖,
d

∏

i=1

‖γd‖ ≤ D1/2
K Cd

1 , ‖γi‖ ≤ (Cd
1D

1/2
K )

1

d−i (i < d).

Proof. This is reduction theory (cf. [EV, Prop. 2.5]). The final statement of (7)
follows from the preceding statements, in view of the fact that ‖γj‖ ≥ 1 for each
j. �

A.6. Let r, l be integers such that d/2 < r ≤ |S(l)| =
(

l+s
s

)

.

Lemma. Suppose W ⊂ K is a Q-linear subspace of dimension r, and let S ⊂ S(l)
be a subset of size r. Then there exists y = (y1, y2, . . . ys) ∈ W s such that the

elements of S(y) are Q-linearly independent.

Proof. This is precisely [EV, Lemma 2.3]. �

A.7. Lemma. Let Λ = Zγ1 + Zγ2 + · · · + Zγr and let S ⊂ S(l) be a subset of

size r. Then there is y = (y1, y2, . . . , ys) ∈ Λs such that the elements of S(y) are

linearly independent over Q, and ‖y‖ ≤ r2l(Cd
1D

1/2
K )

1

d−r .

Proof. Considering Λs as a Z-module of rank rs, the proof of [EV, Lemma 2.3]
shows that there is a polynomial F of degree at most rl in the rs variables so that
the elements of S(y) are linearly independent over Q whenever F (y) 6= 0. Lemma
2.4 of [EV] then shows that we can choose such a y whose coefficients are at most
(1/2)(rl + 1) ≤ rl. It follows that

‖yi‖ ≤ r2l(Cd
1D

1/2
K )

1

d−r

for i = 1, 2, . . . s. �



COUNTING MAXIMAL ARITHMETIC SUBGROUPS 23

A.8. Lemma. The number of number fields with degree d ≥ 200 and discriminant

of absolute value at most X is at most

(C3d)d exp(C4

√
log d)Xexp(C5

√
log d).

Proof. Fix once and for all a total ordering of S(2l). We denote the order relation
as (k1, . . . , ks) ≺ (k′

1, . . . , k
′
s). Choose S ⊂ S(l) of cardinality r as above.

Let K have degree d over Q and satisfy DK < X . Chose y as in Lemma A.7.
By Lemma A.3, S(2l)(y) spans K over Q. It follows that there exists a subset

Π ⊂ S(2l) of size d such that {z1, . . . , zd} := {yk1

1 yk2

2 . . . yks

s : (k1, k2, . . . , ks) ∈ Π}
forms a Q-basis for K, and such that the ordering z1, . . . , zd conforms with the
specified ordering on Π ⊂ S(2l).

We apply Lemma A.4 to {z1, . . . , zd} and C = (1, y1, y2, . . . , ys). Then each
product uzizj (u ∈ C, 1 ≤ i, j ≤ d) is contained in S(4l + 1).

Put A = (TrK/Q(yk1

1 yk2

2 . . . yks

s ))(k1,k2,...ks)∈S(4l+1). For each K, the collection of

matrices M(u) is determined by A and Π. Since |TrK/Q(z)| ≤ d‖y‖4l+1 for any

z ∈ S(y, 4l + 1), the number of possibilities for A is at most (d‖y‖4l+1)|S(4l+1)|;
since Π is a subset of |S(2l)|, the number of possibilities for Π is at most 2|S(2l)|.

Lemma A.4 now yields that the number of possibilities for the isomorphism class
of K is at most 2|S(2l)|(d‖y‖4l+1)|S(4l+1)|. By our bound on ‖y‖ we now have that
the number of possibilities for K is at most

(8) 2|S(2l)|(d(r2l(Cd
1D

1/2
K )

1

d−r )4l+1)|S(4l+1)|.

Note that |S(4l + 1)| =
(

s+4l+1
s

)

.
Now, just as in the paragraph following (2.6) of [EV], we choose s to be the

greatest integer less than
√

log d and l to be the least integer greater than (ds!)1/s.

Note that l < exp(C2

√
log d). Now |S(l)| =

(

s+l
s

)

is at least d, so we may choose r

between d/2 and 3d/4. In particular, r2l < d3. Also,
(

s+4l+1
s

)

is at most 10sd and

|S(2l)| =
(

s+2l
s

)

≤ 6sd. Finally, s < 2
√

log d.
Substituting these values into (8) we get that the number of possible K is at

most

26sd(d(d3(Cd
1X1/2)4/d)5 exp(C2

√
log d)10

sd

which is in turn at most

(C3d)d exp(C4

√
log d)Xexp(C5

√
log d).

�

A.9. Proposition. There are absolute constants C6, C7 with

log N(X) ≤ C6 log X exp(C7

√

log log X).

Proof. By Minkowski’s discriminant bound, there is an absolute constant C6 > 1

such that DK > C
[K:Q]
6 for any extension K/Q; so we may take d to be bounded by

a constant multiple of log X . From Lemma A.8 it now follows that the logarithm
of the number of extensions K/Q with DK < X and [K : Q] ≥ 200 is bounded by
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C6 log X exp(C7

√
log log X). Trivial bounds suffice to show that the number of K

with DK < X and [K : Q] < 200 is ≤ C8X
200. �
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