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1.Preface

1 Preface

In the present paper I will suggest a construction which assigns to the scheme 
S  a tensor triangle category DM (S) and a covariant functor M  from the 
category of schemes over S  to D M (S), which satisfies the usual properties of 
homology theories. I hope that it gives us an appropriate theory of covariant 
mixed motives (except, that I have no idea how to prove the existence of 
the t-structure in DM (S)). This construction was inspired by topological 
analogs. The “homology theory of schemes” we obtain this way is related to 
the would-be homotopy theory of schemes in the same way as usual singular 
homologies of topological spaces are related to classical homotopy theory.

A part of this work was done in collaboration with M.Kapranov together 
with whom we started to think about these motivic matters two years ago 
in Moscow. I am also very grateful to David Kazhdan, Sasha Beilinson and 
Sasha Goncharov for their interest and very inspiring discussions.
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2. Generalities 2

2 Generalities.

2.1 Freely generated sheaves o f abelien groups.
This section is devoted to the very useful construction one has for arbitrary 
site. Namely, like in the category of sets one can define the free group (or 
free abelien group) generated by a set in the category of sheaves of sets on 
a site one can define the free group object (resp. free abelien group object) 
generated by a sheaf of sets.

For a site T  denote by Sets(T) and Ab(T) the categories of sheaves of 
sets and abelien groups on T  respectively.

P roposition  2.1 Let f  : Ab(T) — >• Sets(T) be the forgetful functor. Then 
there exists a functor Z : S ets(T ) — >■ Ab(T) left adjoint to F.

Proof: For a sheaf X  of sets on T  we defined the sheaf Z(X) of abelien 
groups as the sheaf associated with the presheaf U — » Z(X(U)), where 
Z{X{Uj) is the free abelien group generated by the set X(U ). The proof of 
the adjointness property is trivial.

The sheaf Z(X) is called the sheaf of abelien groups freely generated by X . 
I shall also use a notation Z for the functor which takes X  to the kernel of 
the natural map Z(X) — > Z which is induced by the canonical morphism 
from X  to the finite object in Sets(T).

Following proposition summarize main properties of the functor Z(*).

P roposition  2.2 1. The functor Z(*) is right exact.

2. The functor Z(*) preserves monomorphisms.

3. For any X  6 Sets(T) and U 6 ob(T) the group Z(X)(U ) has no tor
sion.

4- Sheaves Z (X ) are flat (as sheaves of abelien groups).
5. For X ,Y  6 Sets(T) one has Z (X  I I Y)  =  Z{X) ® Z(F) and Z{X  x 
Y ) = Z {X )® Z {Y ).

Proof:
1. It follows from general properties of adjoint functors.
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2.Generalities 3

2. It is obviously, that the functor which takes a sheaf X  of sets to the 
presheaf of the form U — > Z(X(U)) preserves monomorphisms. Since Z is a 
composition of this functor with the functor of associated sheaf our statment 
follows from the exactness of this last functor.

3. This is obviously equivalent to the injectivity of the maps Z(X)
Z(X) where "m" is the multiplication by m. In this form our statment follows 
from the construction of the sheaf Z(X) in the same way as a second item of 
our proposition.

4.1t is well known, that a sheaf of abelien groups is flat if and only if its 
fibers are flat as Z-modules, which is equivalent to that they have no torsion. 
Our statment follows now from the previous item.

5. It follows directly from the definitions of direct sums and tensor prod
ucts of sheaves.

Examples:

1. One can easily see that the presheave of the form X  — > Z(F(X)) for 
some sheaf of sets F  will never be a sheaf in any reasonable topology. 
The cause is that it takes the disjoint union of open sets U., V  to the free 
abelien group generated by the product of F(U) and F(V), i.e. to the 
tensor product of the groups corresponding to each open set instead of 
their direct sum.

2. Let X  be the spectrum of a strictly local ring and X f f  be the site 
whose objects are schemes flat and finite over X  and coverings are 
the flat coverings. Then for any sheaf F  of sets on X f f  the group 
Z (F)(U) is isomorphic to the direct sum ®Z(F(I/,)), where f/t- are the 
connected components of U. Therefore in this example the presheave 
U — » Z(F(U)) is very close to be a sheaf. This fact was used by 
Shatz 0 to prove some results on the flat cohomological dimension of 
such schemes X.

3. Let T  be the category of simplicial sets which we consider as a site 
with the weakest topology (i.e. the topology with respect to which 
all presheaves are sheaves). Then every sheaf on T  is representable 
by some simplicial set and the corresponding freely generated sheaf 
of abelien groups is representable by the free abelien simplicial group
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2. Generalities 4

generated by this simplicial set. Opposite to the previous example the 
group Z(F)(U) in this case is in general much biger than Z(F(U)).

4. Let G be a profinite group and Tq be the site of finite G-sets with the 
topology topology defined by means of surjective families of morphisms. 
A sheaf of abelien groups (resp. of sets) on Tq is a discrete G-module 
(resp. discrete G-set).The functor of freely generated sheaf of abelien 
groups corresponds on this language to the functor which takes a G-set 
to the corresponding freely generated G-module.

5. Let T  be a topological space and U be its open subset. Denote by U the 
corresponding represerntable sheaf of sets on T. Then Z(U) =  i\(Zy) 
where Zy  is the constant sheaf on U and i : U — > T  is the inclusion. 
(See the end of this section for a generalization of this example.)

From this point I suppose that our site has sufficiently many points. It 
means that there exists a  family of morphisms of sites Xi : Sets — * T  
such, that a morphism /  : X  — > Y  of sheaves of sets on T  is surjective 
(resp. injective) if and only if all the morphisms x* (f) are surjective (resp. 
injective). This condition holds in particular for any site T  such that topology 
on T  is generated by a pretopology where coverings are finite families of 
morphisms (see [?, 6.9.0]).

Proposition 2.3 Let f  : X  — > Y  be a surjection of sheaves of sets on T. 
Then the sequence of sheaves o f abelien groups

... —-> Z (X  X y  I x y I ) - 4  Z (X  x Y X )  — > Z (X )  — ♦ Z(F) — > 0

wehre the differencial is defined as alternated sum of the maps correspondings 
to the partial projections is exact.

Proof: Since T  has sufficiently many points we can reduce our problem to 
the case T  =  Sets  where it is trivial.

We denote the exact sequence of sheaves which corresponds to a surjection 
/  : X  — > Y  by the proposition above by G*(/).

For an object U of a site T  we denote by Z(U) the sheaf of abelien groups 
freely generated by the sheaf of sets representable by U.
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Z.Generalities 5

P roposition  2.4 Let T  be a site and U — * V  be a covering in T . Then the 
sequence of sheaves

... — »■ Z (U X y  U x v U )—+ Z(U  X y  U) — * Z (U) — * Z(V) — ► 0

wehre the differencial is defined as alternated sum, of the maps correspondings 
to the partial projections is exact.

Proof: It is a direct corollary of the proposition ??.

P roposition  2.5 Let g : X '  — ► X  be a morphism of sheaves of sets on T  
and f  : Y  — > X  be a surjection. Then both the kernel and the cokemel of 
the natural morphism o f complexes Cm( f  Xx X ')  — > Cm(f)  are exact.

Proof: Consider the decomposition of g of the form g — g\go where go is a 
surjection and g\ is an injection. It defines a factorization of our morphism 
of complexes into the composition of surjection and injection in the full sub- 
category of exact complexes, which implies our result.

P roposition  2.6 Let f  : X  — > Y  be a morphism of sheaves of sets. Then 
one has a natural isomorphism

7m(Z(f)) £  Z(Im(f)).

Proof: It follows easily from ??.l and ??.2.

P roposition  2.7 Let : X \ — > Y , f 2 : X^ — » Y  be morphisms of sheaves 
of sets on T . Then one has

Im {Z(fx)) n  Im(Z(f2)) =  Im(Z(Xx x Y X2)).

Proof: One can easily reduce our problem to the case T  =  Sets , where it is 
trivial.

The following proposition is a generalization of the adjointness property of 
the functor Z(*).
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2. Generalities 6

Proposition 2.8 Let T  be a site and U E ob(T). Then for any sheaf F  of 
abelien groups on T  and any i > 0 one has a natural isomorphism:

H i(U,F) = E x ti(Z(U ),F)

Proof: It follows immediately from the adjointness property of Z(*) and the 
description of Hzf-groups by means of an injective resolution of F.

Following construction provides a different approach to the definition of freely 
generated sheaves of abelien groups, which is sometimes more convenient 
than the one we gave above.

Let U be an object of a  site T. Denote by U /T  the relative category of 
objects of T  over U which we consider as a site with the topology induced 
in an obvious way by the topology on T. There is a natural morphism 
of sites p : T /U  — T  which corresponds to the functor p~l of the form 
p_1(V') =  (V' x U — »• U). Let p«,p‘ be the corresponding functors of the 
direct and inverse images of sheaves respectively.

Proposition 2.9 There exists a functor pi : Ab(T/U) — »• Ab(T) left adjoint 
to p“.

Proof: Let F  be a  sheaf of abelien groups on T/U . Consider the presheaf 
p# on T  of the form

P#(F)(V) =  @feHom(v,u)F(f : V — ► U).

We define pi to be the sheaf associated with a presheaf p#. To prove that the 
functor pi defined by means of this construction is left adjoint to pm we have 
to show that for any pair of sheaves F  E ob(Ab(T/U)) and G E ob(Ab(T)) 
there exists a natural bijection

HomAb(T/u)(F.p'G) =  HomAb(T)(piF,G).

By the adjointness property of the functor of associated sheaf a  right hand 
side is naturally isomorphic to HomAb(T/xj) (p# F, G). Therefore a  morphism 
a : piF — > G is just a natural family of morphisms

aJzV— u : F ( f  : V  — * U) — * G(V).
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2. Generalities

From the other hand a one has

p ' G ( f z V ^ U )  = G(V)

and therefore a morphism F  — ► p'G  is a natural family of morphisms of 
exactly the same form. Proposition is proven.

P roposition  2.10 Functor p \: Ab(T/U) — > Ab(T) is exact.

Proof: Since p\ is left adjoint to p* it is right exact by the general properties 
of the adjoint functors. It is sufficient to prove therefore, that px preserves 
monomorphisms. By our construction pj is a  composition of the functor 
p# with the functor of associated sheaf. It follows immediately from an 
explicit description of p# that it preserves monomorphism and the functor 
of associated sheaf is known to be exact. Proposition is proven.

A connection between functor p\ and functor of freely generated abelien group 
is given by the following proposition.

P roposition  2.11 Let Zu be a constant sheaf on T /U . Then one has

p,Zu £  Z(U).

Proof: It follows immediately from the constructions of the functors pt and 
Z given above.

Denote by Zu : Sets(T/U) — » Ab(T/U) a functor of freely generated sheaf 
of abelien groups on T/U . The above proposition implies in particular, that 
for any (V — » U) £ ob(T/U) one has a natural isomorphism pt(Zu(V — *• 
U)) =  Z(V).

2.2 H om ological category of site  w ith  interval
Let T  be a site. An interval in T  is by the definition an object 7+, such that 
there exists a triple of morphisms (p : 7+ x 7+ — *• 7+, i0, z'i : pt — ► 7+) 
satisfying the following conditions

p(io x Id) =  p(Id  x  io) — iop

R ep ro d u ced  w ith p erm iss io n  o f  th e  cop yrigh t ow n er. Further reproduction  prohibited w ithout p erm issio n .



2. Generalities 8

ji(ii x  Id) = fi(Id  x £j) =  Id,
where p : I + — »pt is a  canonical morphism.

The goal of this section is to assign to any site with interval a  tensor trian
gle category H(T, I +) (or just H (T )) which is called a homological category 
of T  and to prove its elementary properties.

There are two most important examples of sites with interval. First is 
a category A°p — Sets  of the simplicial sets with a  weakest topology and a 
standard simplicial interval as / +. In this case category H (T) is equivalent to 
derived category of abelien groups. Another example is a category of scheme 
considering as a site with respect to some topology on it and with an affine 
line as an interval.

Let 11 be a kernel of a  canonical morphism Z(I+) — ► Z. Denote by 
D(T) a  derived category of the category Ab(T) of sheaves of abelien groups 
on T  constructed by means of bounded complexes. It is known to be a  tensor 
triangle category.

Definition 2.12 Homological category H(T) o f site with interval I + is de
fined as a strong localization o f the category D (T ) with respect to a thick 
subcategory generated by objects of the form X  ® 71 where X  € ob(D(T)) 
(see Appendix B  for definition of strong localization).

It follows from the results of Appendix B that H(T) has a  natural tensor 
triangle structure. I shall also use a  notation Hq(T) for a  category defined 
in the same way as H (T) but by means of usual localization.

Definition 2.13 A functor M  : Sets(T ) — * H (T) is defined as a composi
tion o f functor Z with a natural functor from Ab(T) to H (T). In the same 
way are defined functors M , Mo, Mo-

Denote by i : Z — * I1 morphism induced by the difference Z(io) — Z(ij) : 
Z — »• Z(I+). It is easy to see that i is a monomorphism. Let S1 be its 
cokemel and j  : S1 — » Z[l] a corresponding morphism in D(T). Denote 

(resp. / Sn) by (resp.' I 71).

Proposition 2.14 Let X , Y  € obD(T) then one has:

Homu0(T)(X ,Y) =  lim n-.00HomD(T)(X  ® Sn,F[n])

where the direct limit is defined by tensor multiplication of morphisms with 
j  ; S 1 — »■ Z[l].

R ep ro d u ced  with p erm issio n  o f  th e  copyrigh t ow ner. Further reproduction  prohibited w ithout p erm issio n .



2.Generalities 9

Proof: Note first of all that the morphism j  : S 1 — > Z[l] represents iso
morphism in H0(T) and therefore there is a canonical morphism:

X  ®S%y[n]) — * H o m ^ ^ X . Y )

One can see that for any exact functor F  : D(T) — » I f  from D(T) to 
a triangle category I f .  such that F(g) is an isomorphism for any such g 
that it cone lies in the thick subcategory generated by objects of the form 
X  ® 11 there exists the unique extension of the map Homr,(T){X. Y )  — >• 
Hom£><(F(X), F (Y )) to the map

Um1̂ eoHomD(n { X  ® S", Y[nj) — » HomD>(F(X),F(Y)).

Using universal properties of localization we see that to prove our theorem 
it is sufficient to show, that for any Y  from the thick subcategory generated 
by objects of the form X  ® I 1 there easts  n such that Idy  ® =  0. It
is sufficient to show that class of objects satisfying this property contains 
objects of the form X  ® I 1 and is thick.

Let Y  =  X  ® I 1. Then Idy  ® j  : F  0  5 3 — * V*[l] can be included in 
exact triangle:

Y  — * Y  ® 71 — >■ Y  ® S1 — * V*[l]

The morphism pt.: 71 ® 71 — »■ I 1 induces a splitting of the morphism Y  — >
y  ® I 1 and, therefore Idy  ® j  =  0.

Let us show now, that our class of object is indeed thick, i.e. that it 
satisfies the axioms of the definition ??

1. Fist axioms satisfies by trivial reason.
2. Let A’ — » Y  — Z  —̂  A’[l] be an exact triangle such that for some 

m and n one has Id_x ® j®771 =  0 and Idy  ® =  0 (we can restrict ourself
to this case because if Idjj S  j®51 =  0 for some n then the same holds for any 
U[kj). Let us show that Id z  ® j®fra+r‘l =  0. Consider a diagram:

y  ® 5"------ ► Z  ® 5 r ► x[l] ® S n

y[n]  Z[n]
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2.Generalities 10

Doted arrow exists because the upper string is exact and F ® S ” — »• F[n] 
is equal to zero. Denote it by a . One obviously has

Idz  ® j®TO+n =  (Idz  ® j®n) ®j®m =  (<* ® j®m) ( f  ® Ids™)

and
a  ® j®’71 =  o;[m](/dx[i]®s- ® j m) =  0.

3. Similary.

Corollary 2.15 Let X , Y  be a pair o f objects o f the D (T ) such that for any 
n and m one has

Homjj(T)(X ® 7n, F[m]) =  0

then
HomHo(T)(X,Y[m]) =  HomD{T){X,Y[m}).

Proof: We should show that morphisms

HomD{T)(X, V"[m]) — »■ H om (X  ® 5 ”, Y[m  +  n])

are isomorphisms for all n. We shall prove it by the induction on n. For 
n =  0 our statment is trivial. To make an inductive step consider the exact 
triangle

X  ® S’1"1 — * X  ® 71 ® S”-1 — > X  ® S 71 —+ X  ® 5 s- 1 [1].

It is sufficient to show that HomD(x)(X ® 71 ® Sn-1,F[m]) =  0. Obviously, 
if X  satisfies the conditions of our proposition so does X  ® I 1. Therefore, by 
the induction we have

Homr,{T)(X  ® I 1 ® S'”' 1, Y[m]) =  Hom.D(T){X ® Z1, Y[m — n]) =  0.

D efinition 2.16 An object Y  € ob(D(T)) is called strictly homotopy invari
ant i f  for any X  € ob(D(T)) one has H om (X  ® 71, Y)  =  0.
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2.Generalities 11

Proposition 2.17 Let Y  G ob(D(T)) be a strictly homotopy invariant ob
ject. Then for any X  one has

H om jj(T)(X,Y ) =  HomD(T)(X ,Y )

Proof: Follows from the proposition ??

We call an object X  of D (T) an object of finite dimension if there exists N  
such that for any F  G ob(Ab(T)) and any n > N  one has

HomD(T)(X,F[n]) =  0.

Proposition 2.18 Suppose, that Z, I1 and X  are objects ofjinite dimension. 
Then for any Z  G ob(D(T)) one has

Homff(T){X,Z) =  Homn0(T){X,Z)

Proof: It is sufficient to show that for unbounded (with respect to the objects 
of the form Y  x J 1) object Z  G ob(D(T)) one has

HomHo(T)(X, Z) = 0.

It follows immediately from our assumptions and proposition ??.

Let (Ti, I f ) ,  (T2, I f )  be a pair of sites with interval. A morphism F : 
(Ti, I f )  — > (T2, I f )  is by definition a morphism of sites F : Ti — ► T2 

such, that F~^ ( I f ) is isomorphic to I f .  For example if Ti,T2 have the same 
underlying categories and topology of Ti is stronger than that of T2 and 
I f  =  I f  then an identity functor is a morphism of sites with interval.

Proposition 2.19 Let F  : (Ti, I f )  — >■ (T2, I f )  be a morphism o f sites with 
interval, then it induces a tensor triangle functor

H (F ) : H(T2) H(Ti ).

Proof: There is a  functor D(F) : D{T2) — » Z)(Ti) which is induces by the 
inverse image of sheaves. One can easily see, using universal properties of 
localization, that it can be descended to a functor H(F) : H(T2) — » H(T\) 
which obviously satisfies all the properties we need.

There is an obvious analogue of this proposition for the categories ifo(Ti), Hq(T2). 
We denote the corresponding functor by Hq(F).
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2. Generalities 12

P ro p o sitio n  2.20 Let (Ti, I*), (T2, I 2 ) be sites with interval such, that un
derlying categories o f Ti and T2 coincide, I*  =  1} and topology on Ti 
is stronger than topology on T2. Denote by F  : Ti — » T2 a morphism 
which corresponds to the identity functor on underlying categories. Then 
Hq(F) : H0{T2) — > H0(Ti) is a localization of Hq(T2) with respect to thick 
subcategory generated by the objects which correspond to the sheaves F  of 
abelien groups on T2 such, that Ti-sheaf associated with F  is isomorphic to 
zero.

Proof: Obviously.
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3.H-topology on the category of schemes 13

3 H-topology on the category of schemes.

3.1 H -topology.
This section is devoted to the definition of the new Grothendieck topology 
on the category of schemes over the base which I call h-topology because 
it seems to be the suitable for the developing of the homotopy theory of 
schemes.

All through this section by the scheme I mean the separated netherien 
scheme over a fixed base S  and all the morphisms of schemes are morphisms 
over S. I shall omit S  in all the notations below where it is possible.

The most important cause why the topologies usually used are not satis
factory for our purpose is that there are all too weak. Let me explain what I 
mean. The only cause why we are to use the topologies and sheaves in the 
homotopy theory is the absence of the direct limits in the category of schemes 
which we need to define such objects as a cone of a morphism, suspension 
or realization of a simplicial scheme. From the other hand there are several 
situations when the direct limits in the category of schemes exist. The most 
important examples are the symmetric powers and the objects like dA n or 
d ln which can be considered as the direct limits of the suitable diagrams of 
affine spaces. Therefore it is natural to try to find the topology such that 
the direct limits of such kind would be representable by the corresponding 
direct limits of sheaves. (Note that the functor which takes an object of the 
category to the corresponding representable sheaf of sets preserves inverse 
limits but not in general direct ones.)

Let C be a site, i.e. the category with a Grothendieck topology on it. De
note by Shv(C) a category of sheaves of sets on C and by L : C — » Shv(C) 
natural functor which takes an object to the corresponding representable 
sheaf. Consider an equalizer of the two morphisms

X = t Y — +Z.

It is easy to see that for L(Z)  be the equalizer of the morphisms L(X)  
L(Y)  it is necessary (but not sufficient) that the morphism Y  — > Z  is 
the covering in C. Therefore if we want L(dAn) , to be a direct limit of 
the diagram of the sheaves L( Ak) we must admit in our topology the cov
erings like a covering of the scheme by its irreducible components. Con
sidering the easiest example of such kind, say the covering of the scheme
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3.H-topology on the category of schemes 14

X  = Spec k[x,y]/(xy)  by two affine lines we notice that the corresponding 
morphism, being the strict epimorphism in the category of schemes, is not the 
universal epimorphism. To see it it is sufficient to consider the base change 
over the morphism Speck[t]/(t2) — >• X  corresponding to the tangent vector 
in the singular point of X which does not lie along any of the irreducible 
components. Our would be covering after this base change become the mor
phism Spec{k®k) — » Speck[t]/(t2) which obviously is not the epimorphism 
of schemes. The main conclusion we can make from this example is that the 
topology for which the functor L preserves the direct limits of such type can 
not be subcanonical, i.e. that the presheaf representable by the scheme will 
not be in general the sheaf in it.

There is also another class of the coproducts in the category of schemes 
which I want to be preserved by the functor taking a scheme to the corre
sponding representable sheaf. Namely, consider a blowing up p : X z  — > X  
of the closed subscheme Z  of X .  Then in the category of schemes X  is a 
coproduct of X z  and Z  with respect to the natural morphisms p~l (Z) — > Z  
and p~1(Z) — » X .

Gathering all these examples together we come to the following definition.
Let p : X  — > Y  be the morphism of schemes. It is called topological 

epimorphism if the underlying topological space of Y  is the quotient space 
of the underlying topological space of X , i.e. if p is surjective and the subset 
A  in Y  is open if and only if p-1(-A) is open in X . One can easily see that 
any open or closed surjective morphism is the topological epimorphism in 
this sense. The topological epimorphism p : X  — > Y  is called universal 
topological epimorphism if for any morphism /  : Z  — » Y  the projection 
Z  X y  X  — > Y  is the topological epimorphism. Note that any surjective 
proper or flat morphism is the universal topological epimorphism as well as 
any composition of such morphisms.

Definition 3.1 H-topology on the category of schemes is defined as the topol
ogy associated with the pretopology with the coverings of the form  {p,- : Ui — >
X }, where {p,} is the finite family of the morphisms of finite type such that 
the morphism Up* : II Ui — > X  is the universal topological epimorphism.

I  shall also use qfh-topology, which corresponds to the coverings of the 
same type, but only for the quasifinite morphisms p,-.

Proposition 3.2 The class of the coverings defined above forms the Grothendieck 
pretopology on the category of schemes.
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Proof: Obviously.

Examples:

1. Any flat covering is, obviously an h-covering. Moreover, since any flat 
surjective morphism of the finite type admit a section over the quasi- 
finite surjective flat morphism, even qfh-topology is stronger then the 
flat one.

2. Any surjective proper morphism is an h-covering. It follows almost 
immediately from this remark, that for the closed subscheme Z  of X , 
the sheaf representable by A  is a suitable coproduct of the sheaves 
representable by Z  and the blow-up Xz-

3. Let AT be a scheme and G be a finite group acting on X . Suppose 
that there exist a categorical factor X /G  (see [?, ex.5 n.l]). then the 
corresponding representable qfh-sheaf (and, a fortiori, an h-sheaf) is 
a quotient sheaf of the sheaf representable by X  with respect to the 
induced G-action. Note, that if the action of G is not free, then even 
in the easiest cases this statment is false for any standard topology like 
etale or flat.

4. Consider a blow up p : X x — s- X  of the surface X  with the center in 
the closed point and let U = X x — {2 0 } where xq is a closed point 
over x. Then the natural morphism pu : U — *■ X  is not an h-covering. 
To see it consider a curve C in X  such that p-1(C) =  p-1({x}) U C 
and C n p -1({x}) =  {xo}. Obviously, pi^{C  — {x}) is closed in U but 
C — {x} is not. Therefore pu is not a topological epimorphism.

5. The condition of the finiteness of the family of morphisms in the defi
nitions of both h- and qfh-topologies is essential. Consider a surface X  
and a closed point x  E X .  Let

a =  (a j , ..., an, ..) E lim m /m n

be an element in the completion of the maximal ideal m of the local ring 
of x which does not correspond to any element of m. let X n — > X  be 
a blow-up of an ideal (an)+ m n. It is easy to see that X n+i is a blow-up 
of X n with the center in the point xn E X n over x E X .  Let Un = X n —
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S.H-topology on the category of schemes 16

{zn}. It can be shown, that the morphism IIn>0 Un — > X  is a universal 
topological epimorphism, though the morphisms Hv>n>0 Un — ► X  are 
not for any N  < oo.

It is clear from the above examples that it is not easy, in the general case, 
to say whether or not a given surjective morphism is a universal topological 
epimorphism. I am going to define now some special class of h-coverings 
which I call coverings of the normal form. The main result of this paragraph is 
the theorem, that any h-covering of an excellent scheme admit a refinitement 
which is an h-covering of the normal form.

Proposition 3.3 Let {Ui X} be an h-covering o f the scheme X , denote 
by U Vj the disjoint union of the irreducible components of JJ {/,- such that 
for any j  there exists an irreducible component o f X i o f X  over which Vj is 
dominant. Then the morphism q : U Vj — > X  is surjective.

Proof: Suppose first that X  is irreducible. Let x  6 X . We want to prove 
that x lies in the image of a. Considering a base change along the natural 
morphism Spec{Ox) — > X  we may suppose that X  is a spectrum of the 
local ring and x  is a closed point of X .

Denote by Z  the closure of the image of the irreducible components of 
U Ui which are not dominant over X .  Since this image is a constructive set 
which does not contain the generic point of X  one has Z  X .  Let x  € X  be 
a closed point of X .  Considering the base change along the natural morphism 
SpecOx — > X  we may restrict ourself to the case X  = SpecOx. It follows 
from [?, 10.5.5 and 10.5.3], that the set of the points of the dimension one 
is dense in X .  Therefore, there exists a point y £ X  of the dimension one 
which does not lie in Z. If x  does not lie in the image of q then the preimage 
g-1(y) is closed which implies that p f 1{y) are closed as well, which gives us 
a contradiction with the condition that {p,} is an h-covering.

Suppose now, that X  is a  general scheme and X red =  liXk be the com
position of the maximal reduced subscheme of X  into the union of its ir
reducible components. Consider the natural morphisms Xk — > X  and let 
{Ui X x X i — » X i}  be the preimages of our h-covering. Then the morphisms 
II Vjk — * Xk, where Vjk are the irreducible components of U Ui x x Xk which 
are dominant over Xk are surjective, which implies that II Vj — > X  is sur
jective, since II Vj = Ull^fc-
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R em ark: This proposition leads to the following generalization of the ex
ample 4 above. Let Z  be a closed subscheme of the integral scheme X  and 
X z  — > X  be a, blow-up with the center in Z. Suppose, that for an open 
subscheme U C X z  the composition U — » X z  — *■ X  is an h-covering. 
Then U =  X z- To show it, let me consider a base change along the pro
jection X z  — > X .  Then U X x X z  is an open subscheme in X z  X x Xz- 
This last scheme is a union of the diagonal A and a component, which is not 
dominant over Xz- According to our proposition (U X x X z)  l"l A — » X z  is 
a surjection, which implies that U =  Xz-

P ro p o sitio n  3.4 Let {pt- : Ui — » X } be a finite family of the quasi-finite 
morphisms over the normal connected scheme X .  Then {p,} is a qfh-covering 
i f  and only if  the subfamily {qf} consisting of those pi which are dominant 
over X  is surjective. In that case {gy} is also a qfh-covering of X .

Proof: The “only if” part follows immediately from the previous proposition.
To prove the “if” part it is sufficient to notice that in the case of the nor

mal connected scheme X  each dominant quasi-finite morphism is universally 
open [?, p.24] and therefore each surjective family of such morphisms is an 
h-covering.

R em ark: The statment of the proposition above is false for the schemes 
which are not normal. To see it, consider a surface X  over an algebraically 
closed field and let x, y € X  be two different closed points of X .  Let Y  be a 
scheme obtained from X  by glueing the point x, y together. Let U = X —{x}. 
The natural morphism p : U — *■ Y  is surjective but it is not a qfh-covering. 
To show it, consider a curve C C X  in X ,  which contains x  and does not 
contain y . Then p '1 (C — {x}) is closed in U, while C — {x} is not closed in Y.

D efinition 3.5 The finite family of the morphisms {Ui X }  is called 
an h-covering of the normal form if the morphisms pi admit a factorization 
of the form pi — s o f  o im, where {in,- : Ui — > U} is an open covering, 
f  : U — > X z  is a finite surjective morphism and s : X z  — ► X  is a blowing 
up of the closed subscheme o f X .
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Beginning from this point, I restrict my considerations to the excellent 
schemes (see [?, 7.8]). I am almost sure, that this restriction can be omited, 
but since it leads to the significant simplifications of the proofs, it seems to 
be reasonable.

Let me recall several properties of the excellent schemes, which I shall use 
below without additional references. Any scheme of the form X  =  Spec(A) 
where A is a field or a Dedekind domain with the field of fractions of the 
characteristic zero is excellent. If scheme X  is excellent and Y  — > X  is 
a morphism of the finite type, then Y  is excellent. Any localization of the 
excellent scheme is excellent.

The most important for our purposes property of the excellent schemes 
is that for any excellent integral scheme X  and the finite extension L of the 
field of functions on X , the normalization of X  in L  is finite over X .

Lem m a 3.6 Let f  : Y  — » X  be a finite morphism, then the underlying 
topological space of the diagonal Y  C Y  X x Y  is an irreducible component of 
Y x x  Y .

Proof: Obviously.

Lem m a 3.7 Let X  be an excellent norm,al connected scheme and L ba a 
finite purely inseparable extension of the field of functions K(X) of X . Then 
the normalization f  : Y  — » X  of X  in L is a universal homeomorphism.

Proof: Since X  is excellent, the morphism /  is finite and surjective , which 
implies that it is universally surjective. It is sufficient to show, that /  is 
universally injective. According to [?, 3.7.1] this is equivalent to the sur- 
jectivity of the diagonal morphism A : Y  — > Y  x x  Y .  Since X  is normal 
our morphism /  is universally open ([?, p.24]). In particular, considering a 
base change along /  we see that the projection Y  x x Y  — > Y  is an open 
morphism. It implies that each irreducible component of Y  x x Y  is dominant 
over Y . According to the previous lemma our statment would follow if we 
prove that the general fiber of the projection Y  x x Y  — > Y  is connected. 
This fiber is a scheme Z  =  Spec(L) Xspec(K(X)) Spec(L) and since our exten
sion is purely inseparable one has Zred =  Spec(L) which finish the proof.
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To prove that any h-covering admit a refinitement which is an h-covering of 
the normal form, we need first to introduce some notations.

Let Z  be a closed subscheme of the scheme X . I denote by pz : X z  — > X  
the blow-up of X  with the center in Z. For the scheme Y  — »■ X  over X ,  
denote by pz{Y) the closure Y  X x X z  of the open subscheme Y  Xx X z  — 
Pr2 1(Pz1(Z))- The scheme pz(Y )  over X z  is called a strict transform of Y .

T heorem  3.8 (p latification p a r  eclatem ent) Let f  : Y  — > X  be a mor
phism of the finite type, which is fiat over an open subset U C X . Then there 
exists a closed subscheme Z  disjoint with U such that the strict transform 
pz(Y)  is flat over X z-

Proof: See [?, 5.2].

Theorem 3.9 Let {Ui X }  be an h-covering of the excellent reduced 
scheme X  which has the finite number of the irreducible components , then 
there exists an h-covering of the normal form, which is a refinitement of{pi}.

Proof: Suppose first, that X  is a normal connected scheme and all the 
morphisms pi  are dominant and quasi-finite. Considering the normalizations 
of the schemes Ui we may suppose, that Ui are normal and connected as 
well. Let pi : Ui — > X  be the finite morphisms such that U{ are normal and 
connected and there exist the factorizations of Ui Ui X ,  where in, 
are the open immersions ([?, 1.1.8]).

There exists a connected normal scheme V  and a finite surjective mor
phism q : V  — ► X  such that it can be factorized through all the morphisms 
pi and there exists the factorization of q of the form V  W  — X  where 
IF is a connected normal scheme and f,g correspond to the purely inseparable 
and Galois extensions of the fields of functions respectively. Let Vi = VX(y.U. 
The compositions {qt- : V  — ► V" — > X }  define an h-covering which is a ref
initement of our initial one. Let G be a Galois group of the extension of the 
fields which corresponds to the morphism g. Then G acts on V.  Consider 
the open subsets cr(F') for a  € G. Since 1%(V;) =  X  and the morphism f  
defines a homeomorphism of the underlying topological spaces (lemma ??), 
we have U<r(Vi) =  V. The covering — » X }  is of the normal form and
I claim that it is a refinitement of the covering {V̂  — > X}. To see it it is
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sufficient to define a  morphism from one to another as a  family of morphisms 
a " 1 : <T(Vi) — > Vf.

Let now X  be a general reduced scheme and p,- be the flat quasi-finite 
morphisms. Consider a  normalization Xnorm — * X  of X .  It is a finite 
morphism and Xnorm is a  disjoint union of the connected normal schemes 
X j. Applying the above construction to the covering Ui X x  X j — * X j  we 
obtain in this case the refinitement we need.

Consider now the case of the general h-covering {p,- : Ui — ► X} of the 
reduced scheme X  with the finite number of the irreducible components. It 
follows from [?, 11.1.1] that there exists a dense open subscheme X0 of X  
such that all the morphisms pi axe flat over Xo- Let Z  be a closed subscheme 
disjoint with Xo such that the morphism /  : pz(Il Ui) — * X z  is flat (the
orem ??). Since X z  X x  (U U) — *• X z  is an h-covering and the closure 
of the complement X z  X j  (II Ui) — p z if l  U) lies over p~£~{Z) and, therefore 
is not dominant over any irreducible component of X z  the proposition ?? 
implies that /  is a  surjection. There exists then a quasi-finite flat surjective 
morphism U' — * X z  which can be factorized through / .  The normal refi
nitement for such type of coverings was constructed above.

3.2 R epresentable sheaves.
Let I  be a functor S ck / S  — * S h v ^S )  which takes a scheme X /S  to the 
corresponding representable sheaf, i.e L(X)  is the h-sheaf associated with 
the presheaf Y  — * Mors{X,Y) .  I shall also use a notation Lqjh. for the 
corresponding functor with respect to the qfh-topology.

The question we axe interisting about in this paragraph is what can be said 
about the morphisms L(X)  — > L(F)? Note, that the set Mor(L(X ), L(Y))  
coincides with the set of sections of the sheaf L(Y)  over X . Therefore, to 
answer our question we just need to describe a sheaf L(Y)  which is associated 
with the presheaf representable by Y.

Let me recall first a general construction of the sheaf associated with 
the presheaf [?, 2.2],[?]. Let P  be a presheaf. For any scheme X define an 
equivalence relation on the set P(X ), setting the sections a,b £ P(X)  to be 
equivalent if there exists a  covering {p,- : U, — > X} of X  such that for any 
i one has p*(a) =  p'(6). Denote by P'  the presheaf such that P'{X)  is a set
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of the equivalence classes of P(X).
For any covering U — {pi : Ui — ► X} denote by H°(U,P') the equal

izer of the maps II P'ipi) — * II P'(U{ Xx Uf) which axe induced by the 
projections. For any refinitement W  of U there is defined an obvious map 
H°(U, P r) — * H°(U',P'). We set

aP(X ) = ]imH°{U,P').

It can be shown that aP  is indeed a sheaf associated with P. Note that the 
natural morphism of presheaves P' — > aP  is injective.

I am going now to apply this construction to the representable presheaves.

Lemma 3.10 Let X  be a scheme and X TCd be its maximal reduced sub
scheme. Then the natural morphism Lqfh(i) : Lqfh{XTed) — * Lqfh(X) is 
an isomorphism.

Proof: Since the morphism i : Xred — > X  is a monomorphism in the cat
egory of schemes and the functor L is left exact, so is L(i). From the other 
hand, i is a  qfh-covering which implies that L(i) is an epimorphism. There
fore L(i) is an isomorphism.

Lemma 3.11 Let X  be a reduced scheme and U — *• X  be an h-covering, 
then it is epimorphism in the category of schemes. In particular for any 
reduced X  and any Y  the natural map M or$(X ,Y ) — ► M or(L(X), L(Y)) 
is injective.

Proof: It follows immediately from the fact that h-coverings axe surjective 
on the underlying topological spaces of schemes. For a scheme X  denote by 
Lo(X) a  presheaf we obtain on the first step of the construction of the sheaf 
L(X) which is described above. Two previous lemmas shows that for any 
scheme Y  one has L0 (.Y)(F) =  Mors(YTed,X).

Lemma 3.12 Let X  = Spec(K), where K  is afield, then for any scheme Y  
one has M or(L (X ),L (Y )) = Mor{LqSh(X ),L qJh(Y)) =  Y (K '), where K ‘ is 
a maximal purely inseparable extension of the field K .
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Proof: It follows immediately from the previous lemma and the remark 
that the extension L  of K  is purely inseparable if and only if the diago
nal A : Spec(L) — » Spec(L) x  sps^K) Spec(L) induces the isomorphism of 
Spec(L) with {Spec(L) x 5pec{A 1 Spec(L))rcd.

Definition 3.13 Let f  : _Y — »• Y  be a morphism o f the finite type. It is 
called radicial (resp. universal homeo morphism) if  for any scheme Z  — *• Y  
over Y  the morphism X  X y  Z  — »• Z  induces an immersion (resp. homeo- 
morphism) of the underlying topological spaces.

Proposition 3.14 Let f  : A' — » Y  be a morphism o f the finite type. Then

1. L( f )  (resp. Lqjh^f)) is a monomorphism if  and only is f  is radiciaL

2. L( f )  is an epimorphism if  and only i f  f  is a universal topological epi
morphism.

S. L( f )  (resp. Lqjh(f)) Is an isomorphism if  and only i f  f  is a universal 
homeomorphism.

Proof; It follows from lemma ?? that we may suppose A*,F to be the 
reduced schemes.

1 . The “iP  part follows from the trivial observation that any radicial 
morphism with the reduced source is a  monomorphism in the category 
of schemes and the left exactness of the functor L. The “only iP  part 
follows from the proposition ?? and the criterion that the morphism 
is radicial if and only if it induces the monomorphisms on the sets of 
the geometrical points (see [?]).

2. It is easy to show that the morphism of schemes /  : X  — * Y  induces 
an epimorphism on the corresponding representable sheaves if and only 
if there exists a covering U — »• Y  which can be factorized through / .  
It implies the result we need, since if there exists a  universal topological 
epimorphism which can be factorized through /  then /  is a  universal 
topological epimorphism itself.
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3. Suppose that /  is a  universal homeomorphism- Then it is a  qfh- 
covering, and, therefore, £$/*(/) is a  suijection. From the other hand 
any universal homeomorphism is a  radicial morphism which implies, 
according to  (1 ), that L( f)  is a  monomorphism as well. Suppose now, 
that L ( f)  is an isomorphism, then by (1 ) and (2), /  is a  radicial uni
versal topological epimorphism, which obviously implies that /  is a  
universal homeomorphism.

Let X . Y  be the schemes and /  €  .\/or(L(.Y), L(Y)). I say that the h- 
covering {p:- : U; — »• _Y} realises f  if there exist the morphisms / , :  Ui — *■ Y  
such that L(fi) =  /  o Z.(pj). It follows from lemma ?? that in that case one 
has f:  o =  f j  o pr^f*. where pr-** are the restrictions of the projections 
Ui x.v Uj — * Ui and U  x.v Uj — * Uj to the maximal reduced subscheme 
(Ui x.v Uj)r~a of the scheme U  x.\- Uj. Note, that if — * Ui — *• A'} is 
a  refinitement of the h-covering {p,- : Ui — *•.Y} and {1% — X  realises / ,  
then the coverings {Vjj — *■ U{] realize /  o L(pi).

L em m a 3.15 Lei X  be a reduced scheme and f  £  Mor(L(X).L(Y))  be 
such, a morphism, that it can be realised on the open covering of X . then 
there exists a morphism, f  £ Mor$(X. Y ) such, that L ( f ) =  / .

Proof: It is sufficient to notice, that since for the open subschemes U. V of 
the reduced scheme X  one has U x.v V =  U H V =  (U x.v V ) ^  and the open 
coverings «ie the effective epimorphisms in the category of schemes, one can 
descended the morphism which realises /  to the morphism /  : X  — * Y .

Lemma 3.16 Lei p : X ’ — > A” be an h-covering such that pm(€>x') =  Ox- 
Then fo r  any f  £  Mor(L(X). L(Y)) uhich, can be realised by p there exists 
a morphism f  £  M ors(X .Y )  such thai, L( f)  =  / .

Proof: Denote by f 1: X ’ — <■ Y  the morphism such that L ( /f) =  /  o L(p). 
Then there obviously exists a continuous map f  from the underlying topo
logical space of X  to the underlying topological space of Y  such that f  — 
/ o p  as the continuous map. But since p.(0.v») =  Ox- the morphism of 
sheaves Gy — * f l (O x ») defines the morphism of sheaves <9y- — f l(O x ’) —
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f~(p.(O x’)) =  f~{Ox), and, therefore /  corresponds to the morphism of 
schemes, which obviously satisfies the condition we need.

Proposition 3.17 Let f  £ M or(L (X ) ,L (Y )) be a morphism of the repre
sentable h-sheaves, then there exists a finite surjective morphism p : X ' — ► 
X  such that f  o L(p) =  L ( f )  for a morphism f  : X '  — > Y .

Proof: Let {p,-: U, — >• X } be an h-covering which realises /  and : Ui — *• 
Y  be the corresponding morphisms. According to the theorem ?? we may 
suppose that our covering has a normal form. Let U{ U —̂  X z  ——»• X  
be a  normal decomposition of p,-. Consider a morphism r  o s. Since it is 
proper there exists a Stein decomposition of it of the form r  o s=r' o s' where 
s' is a proper surjective morphism U — * X '  such that s'JOfy) = Ox> and r' 
is a finite surjective morphism. Our proposition follows now from the lemmas 
?? ??.

Theorem 3.18 The category L(Sck/S) (resp. Lghf(Sch/S)) o f the repre
sentable h-sheaves (resp. qhf-sheaves) is a localization of the category SchJS  
of the schemes over S  with respect to the universal homeomorphisms.

Proof: It follows from the proposition ??(3) that it is sufficient to show, that 
for any schemes X , Y  and a morphism /  £ Mor(L(X), L(Y)),  there exists a 
universal homeomorphism X 0 — ► X  which realises / .  Let p : X '  — » X  be 
a finite morphism such that there exists a morphism f  : X '  — * Y  satisfying 
L(f ')  = f  o L(p). Let us define a sheaf % of the finite Oy-algebras over X  
as follows. Let U be an open subset of X .  Then 72.(17) is a subalgebra in 
Ox>(f~l (U)) which consists of those functions g £ <9y/(//_1 (i7)) that there 
exists an element g £ Mor(L(X), L( A 1)), such that L(g) =  j o  L(p). One 
can easily see, that the morphism SpecfR.) — * X  is a finite surjective mor
phism, which realize / .  To finish the prove it is sufficient to show that it is 
a universal homeomorphism. It is almost obviously.
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Proposition 3.19 Let S  be a scheme o f the characteristic zero, then there 
is a functor R  : L (Sch/S ) — > SchfS  left adjoint to L. For the scheme X  
the scheme R (L (X )) is a semi-normalization of X  (see /?]).

In particular for any seminormal scheme X  and any scheme Y  one has

Mor(L(X),L(Y))  = Mors (X ,Y) .

Proof: Let X  be a normal scheme of the characteristic zero. Suppose, that 
p : Y  — * X  is the universal homeomorphism. Then considering the base 
change along the immersion of the generic point of X  we conclude, that p 
is birational. From the other hand p is universally closed and quasi-finite, 
which implies that it is finite. Then p is an isomorphism by [?, 4.4.9].

Therefore, for any scheme X  of the characteristic zero and any /  G 
M or(L(X ) ,L (Y )) there exists a finite morphism p : X '  — > X  which re
alize /  such that p is a universal homeomorphism and the normalization of 
X  can be factorized through p. It follows easy from the results of [?], that 
the seminormalization of X  is exactly the universal morphism satisfying this 
property, which finish the proof.

The situation in the positive characteristic is a bit more complicated. Roughly 
speaking, there exists the analog of the functor R  in that case. Namely 
R(L(Xj)  for the integral scheme X  should be a seminormalization of X  in 
the maximal purely inseparable extension of its field of functions. The prob
lem is that this scheme is not in general a Netherien scheme, and, therefore 
we can not construct R  in the category of the Netherien schemes.

The following proposition provides us all the information we shall really 
need about the sets Mor(L(X ), L(Y))  in the general case.

Proposition 3.20 Let X  be a normal connected scheme. Then for any 
scheme Y  one has:

Mor(L(X),L(Y))  = lim Mors (XL,Y )
L

where the limit is defined over the category of the purely inseparable exten
sions of the field of functions of X  and X l denotes a normalization of X  in 
the extension L.

Proof: It follows almost automaticly from the above results.
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P roposition  3.21 Let Y  be a scheme of the finite type over S, then the 
natural morphism

Mors (X ,Y )  — > Mor(L(X),L(Y))  

is a bijection for any X  if  and only i f Y i s  etale over S.

Proof: It follows from the valuative criterion for etale morphisms (see [?, 
ex. 17])

3.3 Sheaves Z( X)  in h-topology.
Let X  be a scheme over S. I denote by Z(X) ( resp. Z?/a(X)) an h-sheaf 
(resp. a qfh-sheaf) of the abelien groups freely generated by the sheaf of sets 
L(X).  I shall also use the notations N (X ),N?/^(X) for the corresponding 
freely generated sheaves of the abelien semi-groups.

For an abelien semi-group A  I denote by A+ an abelien group associated 
with A  in an obvious way.

Proposition 3.22 For any schemes X , Y  overS and a section a £ Zqjfl(X)(Y)  
there exists a finite surjective morphism p : U — > Y  suck, that p*(a) =  
12af  ~12 aki where a f ,a k correspond to the morphisms U — ► X.

Proof: According to the construction of the associated sheaf and a theorem 
?? above for any a G Zgf/l(X)(Y)  there exists a  covering {Ui f] JL+ y  
of the normal form such, that in'p'(a) = ^2atj ~  12 aTk where a - , a~k £ 
M ors(U i,X ) are such elements that af- ^  a~k for any j ,  k.

For a pair z'i, i2 of indexes we have

=F ' i  (E<i - E a«̂)
in Zqjh(X)(U^ Xu Ui2). Since Xu U2 =  fl Ui2 is reduced it implies, 
that this equality also holds on the level of the formal sums of morphisms 
Ui — » X.  It means, that with respect to some order on the set of indexes 
one has

prlatd  =  pr;af2j
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=  Pr 2a i2k

There exists then a family of morphisms afj, a~k £ Mors(U,-j U Ui2,X )  such, 
that

a t:\uh  =  < i

a tj\Ui2 =  a t j  

a ik\Ui1 =  °ufc 

a ti|£/.-2 =  a i2k

The statment of our proposition follows now by the induction on the 
number of open subschemes of U.

P roposition  3.23 Let X  be a normal connected scheme and p : Y  — > X  
be a normalization of X  in a Galois extension of its field o f functions. Then 
for any qfh-sheaf F  of the abelien semi-groups an image of p* : F (X )  — *• 
F{Y) coincide with a subsemigroup F(Y )G of the Galois invariant elements 
° f  F(Y)

Proof: Obviously Im(p*) lies in F (Y )G. Let a £ F(Y)G be a Galois invariant 
element of F(Y).  Consider a scheme Y  Xx Y.  It is a union of the irreducible 
components

Y  X x Y  = UggciYg

and Yg can be identified with Y  in such a way that a restriction of the first 
projection Y  X x Y  — ► Y  becomes an identity and a restriction of the sec
ond one is an isomorphism Y  — )■ Y  induced by g £ G. To prove, that 
a £ Im(p*) it is sufficient to show, that pr^(a) =  pr^(a) in F ( Y  Xx  Y).  Since 
a decomposition of Y  Xx  Y  in the union of its irreducible components is a 
qfh-covering it is sufficient that for any g £ G one has prl(a)\yg =  Pr2 {a)\Ygi 
which means exactly, that a is a Galois invariant.

T heorem  3.24 Let X  be a scheme and Y  be a normal scheme, then one 
has:

Z,» (* )(* ')  =  N ,/»(X)(K)+.
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Proof: Denote by F a  presheaf of the form

Y  —  N t / i (X )(y )+

Obviously a qfh-sheaf associated with F  is isomorphic to Zqjh(X).  In par
ticular, there is a natural map

«S: N t / i (A-)(K)+ — * Z,Ih(X)(Y)

and we have to prove that it is a bijection for normal Y. Let us show 
first that <j> is an injection. It follows immediately from the construction of 
the associated sheaf, that it is sufficient to show that for any qfh-covering 
{Ui — > Y} a natural map

F(Y)  — > ®iF(Ui)

is injective. Note, that according to the axioms of sheaf a  map

N ,/fc(X)(Y) — > ®iNqfh(X)(Ui)

is injective. Our statment now follows easily from the following lemma:

Lem m a 3.25 Let a,b E N 9/a(X)(Y) be a pair of sections such that a +  x  =  
b +  x for some x E N g//l(X)(Y), then a = b.

Proof: There exists a covering {pi : U{ — > Y }  of Y such, that

Pi(x) = Y , xn

Pi (a) = J 2 a*

P*(b) =  E x«'
where Xij, aik, bn E L(X)(Ui).

Since N qfh(X)  is a sheaf it is sufficient to show that p*(a) = p*(b). An 
equality

53aik d" 53 x v  =  53bii E x *j

in N qfh(X)(Ui) means that there is a covering {g,-m : Vim — > Ui} such that 
for any m  one has

^ .j Qim®ik “I” 5 '-j Qim^ij ^  y Qirrfiil "f" ^
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as a formal sum of sections of the sheaf L(X)  over V{m. It implies, that

and, therefore, p*{a) — p*(b).

Note that an injectivity of the map <f> which we just proved is still valid 
in the context of a general site.

Let me prove now that in our case a map <f> is also surjective. By the 
proposition ?? for any a € Zgf}l(X)(Y)  there exists a finite surjective mor
phism p : U — > Y  such that p*(a) = — 12 ak- We may suppose,
that Y  is connected. Since Y  is normal we may suppose, that p  admit a 
decomposition of the form

i / J l + U o - ^ Y

where pi is a normalization of Y  in a purely inseparable extension of its field 
of functions and po is a normalization of Uq is a Galois extension of its field 
of functions with a Galois group G. For any g E G we have

E at  -  E ak = ~ Effak
in Zgffl(X)(U) and, since U is reduced the same equality holds on the level 
of the formal sums of morphisms U — >■ X.  It implies, that

E 4 = 2 > t  
E°i =E9“4

in N gfh{X)(U) and, according to the proposition ??, that there exist a pair 
ak,a~ of elements of N gfk(X)(U0) such, that %(a+) =  J2af  and pJ5(a“ ) =  
Y , ak- By lemma ?? we have N gfh(X)(U0) =  N g//l(X )(y)which finish the 
proof.

Theorem 3.26 Let X  be an affine scheme over S, then one has

Z(X) =  Zq£h(X).
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Proof: It is sufficient to show, that for an affine scheme X  a qfh-sheaf 
Zgfh(X) is an h-sheaf. By the theorem ?? we have to prove only, that 
Zqfh(X) satisfies the axioms of sheaf for h- coverings of normal form Let Y  be 
a scheme over S  and {Ui — » U — > Yz  — ► Y }  be its covering of the normal 
form. Let us show first that a map u : Zqfh(X)(Y)  — > ©jZqjh(X)(Ui) 
is injective. Let a E Zg/k(X)(Y) be an element such, that u(a) =  0. By 
the proposition ?? there exists a finite surjective morphism q : V  — > Y  
such, that q*(a) =  J2 4  — 12 ok where af,  a f  correspond to the morphisms 
V  — » X .  denote a morphism Yz  — > Y  by s. Since {Ui — y U — y Yz} 
is a qfh-covering an equality «(a) =  0  implies, that s*(a) =  0  as an element 
of Z qfh(X)(Yz).  Consider a fiber product Yz Xy V  and let pr-i,pr2 be the 
projection to Yz and V  respectively. We have p r j ^ a )  =  prjs*(a) =  0 in 
Yz Xy V. It implies that with respect to a suitable order on the index set we 
have a f  o pr2 = a j opr2 as morphisms {Yz Xy V)red — > X .  Therefore, since 
(Yz X y  V)red — > Vred is an epimorphism in the category of schemes we have 
a f  — a j  on VTed which implies, that a = 0 .

Now let a,- E Zqfh(X)(Ui) be a family of sections such, that pr*(a,-) =  
prl(af) in Zqfh(X)(Ui X y  Uj) where pr 1 : Ui X y  Uj — > U,pr2 : Ui X y  

Uj — > Uj are projections. We have to prove, that there exists an element 
a £ Z,fh(X)(Y)  such that its restrictions on Ui is equal to a*, passing to a 
refinitement we may suppose, that a,- =  Y)atj~'Ha{k where afj, afk correspond 
to the morphisms [/,- — > X.  as in the proof of the proposition ?? we see, 
that there exist a family of morphisms af, ak E Mors(U,X ) such, that

aXTT = at.j| Ui “tj

a k\Ui =  a ik-

Consider a Stein decomposition U — W  Y  of the morphism U — > 
Yz — > Y .  Since f*Ojj =  Ow and X  is aflane over S  one has Mors(U, X )  = 
Mors(W,X).  Therefore our family af,  ak can be descended to the family 
bf, bk of morphisms W  — » X .  Since

K ( E  at  -  E  ak) = f K E  4  -  E  ak)
in Z qfh(U X y  tJ) and a natural morphism U X y  U — > W  X y  W  is an h- 
covering it follows from the injectivity result proved above, that the same
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equality holds in Zqjh(W X y  W). Since W  — * Y  is a finite surjective mor
phism and, therefore a qfh-covering, it implies that there exists an element 
a € Zgfh.(X)(Y) such, that g*{a) = fZhj —'fZbf in Zqjh{X){W), which finish 
the proof.

Proposition 3.27 L e tX  be a scheme over S  such that there exist symmetric 
powers S nX  o fX  overS. Then the sheaves ’N(K ) ,N qjh.(X) are representable 
by the (ind-) scheme Un>0 SnX .

Proof: It is obviously sufficient to prove our proposition in the case of qfh- 
topology. Note first that a sheaf representable by Un > 0  S nX  is a sheaf of 
abelien semi-group. To prove the proposition it is sufficient to show that it 
satisfies a universal property of N qfh(X).  It means that for any qfh-sheaf of 
abelien semi-groups G and any section a £ G(X)  of G over X  there should 
exists the unique element /  £ Hom(L(LL> 0 SnX) ,  G) =  G(IIn>o SnX)  which 
is a homomorphism of sheaves of abelien groups and which restriction on 
X  = S*X  is equal to a.

Consider a natural morphism q : X n — > S nX  and let yn =  J2Pri (a) £ 
G(Xn). It is obviously invariant with respect to the action of the symmetric 
group Sn. Exactly in the same way as in the proof of the proposition ?? one 
can show that there exists an element f n £ G(SnX ) such, that q*(fn) =  Vn-

It is very easy to see that an element 1 © yi © ... © yn £ ®n>0G(SnX )  = 
G(Un>o S nX )  satisfies our conditions and is unique.

P roposition  3.28 Let Z  be a closed subscheme of scheme X .  Denote by 
P N z a projectivization of the normal cone to Z  in X .  Then a kernel of the 
map

Zqfh(PZ) : Z qfh{XZ)  > Zgfh( X )

is naturely isomorphic to a kernel of the map

Eg/hip) : Zqfk(PNz)  --- * Zqfh(Z).

Proof: There is a morphism ker(Zqfh(p)) — ► ker(Zqfh(pz)) which is ob
viously an injection. We have to prove that it is also a surjection. Let us
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consider first the case when X  is our base scheme. It is sufficient to show that 
for normal connected scheme Y  over X  and an element /  £ Zqfh(Xz )(Y) 
such that 2iqjh{pz){f) =  0  there exists a lifting of /  to an element of 
Zgfh(PNz )(Y).  Let me suppose for the simplicity that we are working in 
the case of characteristic zero. Then by the proposition ?? and theorem ?? 
we have

Z M X z ) ( Y )  = Homx (Y, ] J  S $ X Z)+.
n> 0

Let /  =  Y , f t  ~  12 f j  be a decomposition of /  into the sum of indecomposable 
morphisms. It is easy to see that the condition Zqfh{jPz)(f) =  0 implies, that 
with respect to some identification of the index sets one has

Z o M i f ? )  =  Z ' j k W U T ) -

It implies that we may restrict our considerations to the case f  = f  + — f~ .
Consider a  scheme Sx X Z- One can easily see, that it is a union of closed 

subschemes one of which is isomorphic to X z  and another one to Sx PNz . 
Since Y  is irreducible and a morphism is birational our condition on /  implies, 
that f +(Y ) , f~ (Y )  C Sx P N z  for some n , i.e. /  can be lifted to an element
of Zqfh(PNz ).

A statment of our proposition for a general base scheme follows now from 
the propositions ??,??.

T heorem  3.29 Let X  be a normal connected scheme and f  : Y  — > X  be a 
finite surjective morphism of the separable degree d. Then there is defined a 
morphism

tr( f )  : Zqfh(X)  —  Zqfh(Y) 

such, that Zqfh( f ) t r ( f )  = dIdZq}h{X)

Proof: We may suppose, that Y  is a normalization of AT in a finite extension 
of the field of functions on X.  There is a decomposition /  =  /o /i, where 
/ i  corresponds to the separable and fo  to purely inseparable extensions re
spectively. By lemma ?? and proposition ?? a morphism fo  induced an 
isomorphism on the qfh-sheaves. It implies that we may restrict our consid
erations to the case f 0 = Id. Let f  : Y  — > Af be a normalization of Af in the
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Galois extension which contains K(Y).  A morphism Zqfh(X)  — ► Zgfh(Y) 
is nothing but a  section of the sheaf Zg/h(Y)  over X .  Let G = Gal(Y / X ) 
be a Galois group of Y  over X  and H = G a l (Y fY ) be its subgroup which 
corresponds to Y .  By the proposition ?? it is sufficient to construct such a 
section to find a section a of Zqjh{Y) over Zgfh(Y) which is G-invariant. We 
set

« =  S  z (s)’
xeG /H

where g : Y  — > Y  is a natural morphism. It is easy to see, that the corre
sponding section of Zqfh(Y) over X  satisfy all the properties we need.

3.4 Comparison results and cohomological dimen
sion.

T heorem  3.30 Let X  be a normal scheme and F  be a qfh-sheaf o f Q-vector 
spaces, then one has

H\Sh{X,F)  = H[t{X,F).

Proof: It follows from the Leray spectral sequence, that to prove our theorem 
it is sufficient to show that for any normal strictly local ring R  one has

H‘,Jh(Spcc(R),F) =  0

for i > 0 . It is easy to see that we actually need only to consider a case i =  1 . 
Let a 6  Hgjh(Spec(R), F)  be a  cohomological class, then there exists a qfh- 
covering {Ui — > Spec(R)} and a Cech cocycle {a»j} G ®F(U, X-sPec(R) Uj) 
which represents a. To prove, that a =  0 it is sufficient to show, that a natural 
surjection of sheaves of Q-vector spaces Z(JJUj) ® Q — > Z(Spec(R)) (g> Q 
has a splitting. It follows from the theorem ?? above and the next lemma.

Lem m a 3.31 Let X  be a spectrum of the strictly local ring and {Ui — ► X }  
be a qfh-covering. Then there exists the finite surjective morphism V  — X  
and the splitting V  — *• III/,-.

Proof: It is well known that we may assume that U\ — > X  is finite and 
the image of all other U{ does not contain the closed point of X .  We should
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prove that if our family of morphisms was a qfh-covering then U\ — ► X  
is surjective. Let us do it by the induction on the dimension of X .  The 
result is obvious for dim X  < 2 . Let x  £ X  be a point of the dimension one. 
Considering the base change over the embedding Zx — » X , where Zx is the 
closure of x  we conclude that x  lies in the image of L\. Therefore the image 
of Ux contains all the points of the dimension 1 of X , but it is closed and 
therefore coincide with all X .

Our theorem is proven.

Theorem 3.32 Let X  be a scheme over S  and F  be a locally constant in 
the etale topology sheaf on Sch/S,  then F  is an h-sheaf and one has

H i(X ,F )  = Hit(X,F) .

Proof: I Shall prove only the case of h-topology. The proof for qfh-topology 
is similar. By the Leray spectral sequence it is sufficient to show that for a 
strictly local ring R  one has H{(Spec(R), F) =  0 for i >  0 . We need first a 
following technical result.

Lemma 3.33 Let p : T\ — »■ T2 be a morphism of sites and F  be a sheaf 
of abelien groups on Tx such, that the sheaves on T2 associated with the 
presheaves U — ► Hj-^p^iU),  F) are isomorphic to zero for i >  0, then 
Rip«(F) =  0  for i >  0 .

Proof: It is well known that Rtpm(F) is a sheaf associated with a presheaf 
U — * (p~1([/), F). I am going to prove the result we need by the induc
tion on i. for i =  1 one has (p~l (U), F)  =  (p_1(£/), F) and, therefore,
R lp*(F) =  0  by our assumption. Suppose, that everything is proved for 
i < n. there is a spectral sequence

=*• h ^ ( p - \ v ) , f )

where H g(F) denote a presheaf of cohomological groups. Since, this spectral 
sequence is natural with respect to U it is sufficient to show, that for any 
a £ Hj'l (p~1(U),Hf(F))  such that p + q =  n +  1 there exists a 7 2 -covering 
{U{ — ► U} such that the restrictions of a to each of the objects U, are zero.
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It is obviously.

I define p-topology (resp. f-topology) as a  Grothendieck topology associated 
to the pretopology of in which coverings are proper (resp. finite) surjective 
families of morphisms. There is a following sequence of morphisms of sites:

h — topology — * p — topology — * /  — topology.

I am going to show now that for any scheme X  over 5  and a locally 
constant in the etale topology sheaf F  one has natural isomorphisms:

H i(x ,  f ) =  h ;( a ,  F) = f } ( a ,  f ).

To prove the first isomorphism it is sufficient to show by lemma ??, that 
for any a £  H {(X ,F) . i  >  0  there exists a proper surjective morphism p : 
Y  — »• A' such, that p'(a) =  0. let {Ui — *• U — » X z  — * A} be an h- 
covering of the normal form which realises a. then a  restriction of a to U can 
be realised by the covering {U{ — >• U}. since U is a  disjoint union of the 
irreducible schemes one has HZaT(U.F ) =  HZaT{U.F) =  0 , which implies 
that this restriction is equal to zero.

Let us now prove the second isomorphism. Let a £ H^{X. F), i >  0 be 
a class which can be realised by the covering p : Y  — *• A”, where p is a 
proper morphism. Considering a  Stein decomposition Y  Vo A* of p. 
where pi is a finite morphism and (po).(CV) =  Oy0 one can see, that it is 
sufficient to show (using, once more lemma ??), that if pi is an isomorphism, 
i.e. p«(0 y) =  Ox,  then a = 0 . We may suppose, that X  is connected and 
F  is a  constant sheaf associated with a  group .4. Then for any Z  one has 
F (Z ) =  ©A, .4, where N  is a number of the connected components of Z.  
Now, our statment is trivial, since if A  is connected and p : Y  — * X  is such 
a morphism, that p«(Oy) =  O x , then Y  x.v — XjfV are connected schemes.

Now we are ready to finish the prove of the theorem.
let A  be a spectrum of the strictly local ring. We have to prove, that 

Hl(X.  F) = 0 for i > 0. according to the discussion above it is sufficient to 
prove, that Hj{A, F) =  0  for i > 0 . Since any scheme which is finite over A  
is a  disjoint union of spectrums of the strictly local rings it follows from the 
spectral sequence, which connected usual and Cech cohomologies, that it is 
sufficient to prove, that Hj{A, F) =  0 for i > 0. It follows immediately from 
the next lemma.

R ep ro d u ced  with p erm issio n  o f th e  copyrigh t ow n er. Further reproduction  prohibited w ithout p erm issio n .



S.H-topology on the category of schemes 36

L em m a 3.34 Let U — ► X  be a finite morphism over X  such, that U is 
connected, then the schemes U Xx  — * x  U are connected.

Proof: See [?, p.33].

Our theorem is proven.

Theorem 3.35 Let X  be a scheme of the (absolute) dimension N , then for  
any h-sheaf of abelien groups and any i > n one has:

H i (X ,F )®  Q =  0.

Proof: We need first the following lemma

Lemma 3.36 Let X  be a scheme of the absolute dimension N , then for any 
etale sheaf of the abelien groups F  and any i>  N  one has:

H[t{X ,F )®  Q =  0.

Proof: (cf. [?, p.221]) we use an induction on N.  For N  =  0  our statment is 
obvious. Let x i , ..., x* be a set of general points of X  and inj : Spec(Kf) — ► 
X  be the corresponding inclusions. Consider a natural morphism of sheaves 
on the small etale site over X:

F  — » @kj=1(inj ).(inj )‘{F).

Then kernel and cokemel of this morphism have a support in the codimen
sion at least one and, therefore, there cohomologies vanish in the dimension 
greater then N  — 1 by the inductive assumption, to finish the proof it is 
sufficient now to notice, that H t(X^(inj)^{inj)'L(F)) ® Q =  0  by the Leray 
spectral sequence of the inclusions inj.

It follows from this lemma and a theorem ?? above, that for the normal 
scheme X  of the dimension N  and any i >  1 one has H y k(X, F)  ® Q =  0.

According to the spectral sequence which is connected Cech and usual 
cohomologies it is sufficient to prove our theorem to show, that Hk(X,F)  ® 
Q =  0 for i > N.  let a €  Hk( X , F ) ® Q be a cohomological class and
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{Ui — * U — ► X z  — * X }  be an h-covering of the normal form which 
realize a. Passing to the refinitement we may suppose, that X z  is normal. 
Since {Ui — * U — X z }  is a  qfh-covering a restriction of a to X z  is equal 
to zero. It follows from the propositions ?? and ??, that there axe defined 
two long exact sequences:

... — » E x f - ' i G ,  F ) — * Hl(X,  F ) — * H i(X z , F)  — > E x t\G , F ) — *... 

and

... —  E x t* - \G , F ) —* Hl(Z, F)  —  H{(PNz, F)  — * E x t\G , F) — >...

and, since dim(PNz) < d im (X ) our result follows by the induction on 
dim(X).
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4 Categories DM(S).
4.1 Definition and general properties
Consider a category S ck /S  of schemes over a base 5  as a site with either h- or 
qfh-topology. It has a structure of site with interval if we set 7+ =  A 5 . Mor
phisms from the definition of site with interval axe multiplication
on and points 0 , 1 respectively.

Definition 4.1 Category D M (S ) is a homological category H (S ch /S ,A \ ) .  
When it is necessary I  specify a topology writing DMh(S) or DMqfh(S) for 
h- and qfh-topologies respectively.

In this section I summarize elementary properties of this categories and cor
responding functors M  : Sck /S  — * DM(S).  All of them follows easily from 
the properties of h- and qfh-topologies which were proven in previous chapter 
and general properties of the construction of the homological category of site 
with interval.

I usually identify sheaves of abelien groups on Sch /S  with corresponding 
objects of DM(S)  and schemes with corresponding representable sheaves of 
sets. I also use a sign =  for canonical isomorphisms.

Proposition 4.2 Categories DM(S) are tensor triangle categories. For 
any morphism f  : Si — * S2  then is defined tensor triangle functor f~  : 
DM(S 2 ) — * DM(Si) .  I f  X  is a scheme over S2 then one has f “(M(X))  =  
M ( X  x *  Si).

Proof: It follows immediately from the general properties of our construc
tion and proposition ??

Proposition 4.3 For any schemes X , Y  over S  one has

M {X  ] J  Y) = M{X)  © M (Y)

M ( X  x s Y) = M (X )  ® M (Y)
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Proof: It follows from the corresponding properties of the functor Z (see 
proposition ??).

P roposition  4.4 Let X  = U U V  be an open or close covering of X .  Then 
there is defined a natural exact triangle in D M (S ) o f the form

M (U  fl V) — ► M(U)  © M{V) M{X)  — > M{U  n V)[l]

Proof: It follows from the proposition ??.

P roposition  4.5 Let p : Y  — > X  be a locally trivial in Zariski topology 
fibration which fibers are affine spaces, then morphism M(p) : M (Y)  — > 
M (X )  is an isomorphism.

Proof: It follows from the proposition ?? and an obvious remark that for 
any scheme X  a natural morphism M{pr{) : X  x  A 71 — * M{X)  is an iso
morphism.

P roposition  4.6 Let X  be a scheme over S  and F  be a sheaf on SchjS, 
then one has a natural map

H \ X , F )  — 9. DM(M(X),F[i\ )

Proof: It follows immediately from our construction.

P roposition  4.7 Let F  be a locally free in etale topology sheaf o f torsion 
prime to characteristic o f S  , then for any scheme X  one has a natural 
isomorphism

DM(M(X),F[n]) = H*(X ,F)
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Proof: It follows from the proposition ??, theorem ?? and a homotopy 
invariance of etale cohomologies with locally constant coefficients (see [?, 
p.240]).

P roposition  4.8 Let S  be a scheme of characteristic p > 0, then category 
D M (S ) is Z[l/p]-Zmear.

Proof: One can easily see, that Z[l/p]-linearity is equivalent to acyclicity of 
the sheaf Z/pZ. Consider Artin-Shrier exact sequence

0 — > Z/pZ — + G a ?=X Ga — 0

where Ga is a sheaf of abelien groups representable by A 1 and F  is a geo
metrical Frobenious. Since Gtt is obviously acyclic it implies the result we 
need.

P roposition  4.9 Let f  : Y  — > X  be a finite surjective morphism of the 
normal connected schemes of the separable degree d. Then there is defined a 
morphism tr( f )  : M (X )  — * M (Y ) such, that M ( f ) t r ( f )  = dIdM(x)-

Proof: It follows from the theorem ??

At the end of this section I want to prove the result which describes the 
objects of the simplest type in DM(SpecZ).

Let X  be a simplicial set. We shall call X  regular if it can be represented 
as the simplicial subset in An for some n. In this case one can define the 
schematic realization of A  as follows. We realize the simplex A" as a scheme

Az =  SpecZ[xo, -  1).

To each face of the A” corresponds the closed subscheme of A^, namely its 
intersection with the corresponding affine subspace. We define the realiza
tion X z  of A  as a union of this subschemes corresponding to the faces of 
A  C An. For general simplicial sets one can define another construction 
of the schematic realization. Consider the functor from the simplicial cat
egory A to the category Sets(SpecZ) of the sheaves of sets in h-topology
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over specZ, which turns an object [ra] of A to the sheaf represented by A |.  
Using the standard construction (Kan extension) one can associate with that 
functor the pair of the adjoint functors between the category A opSets of the 
simplicial sets and Sets(SpecZ). One of them, which we denote |?|z, pro
vides the schematic realisations for general simplicial sets.

Lem m a 4.10 I f  X  is a regular simplicial set then the h-sheaf represented by 
X z  is naturally isomorphic to \X\z-

Proof: It follows immediately from the fact that the covering of the scheme 
by its irreducible components is the h-covering.

For the simplicial set X  denote by C*(X) its simplicial chain complex 
(i.e. the normalization of the free simplicial abelien group generated by X).

P roposition  4.11 L e tX  be a finite dimensional simplicial set, then M(\X\z)  
is isomorphic in the DM(SpecZ) to the C*(X), which is considered as the 
complex of constant sheaves on SchjSpecZ.

Proof: Using the fact that X  is an inductive limit of the finite simplicial sets 
and that all our constructions are obviously compatible with the passing to 
the inductive limits, we can restrict our considerations to the case of the finite 
X .  Let me suppose for the simplicity, that X  is even a regular simplicial set. 
Consider the covering of X  by its maximal faces. It is an h-covering and we 
obtain from it the long exact sequence which defines the resolvent of Z(X)  
which terms are the sums of the sheaves of the form Z (A h). Replacing all the 
sheaves Z(Afc) by the constant sheaves Z we obtain the complex of sheaves 
which represents the same object in the category DM.  It is sufficient to 
show now that considering as the complex of the abelien groups it is quasi- 
isomorphic to the C*(X). It follows immediately from the remark that it is 
naturally dual to the usual Cech complex of the constant sheaf Z on X  with 
respect to its covering by the maximal faces.
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4.2 M otives o f sm ooth proper schemes of the relative 
dimension < 1

Let p : X  — > S  be a morphism of schemes. We denote by Picx/s  a qfh-sheaf 
of abelein groups associated with the flat sheaf R1p^(Gm) on Sch/S.

T heorem  4.12 Let p : X  — > S  be a smooth projective morphism of the 
relative dimension one over a normal scheme S  such that p*(Ox ) =  0$. 
Then there is defined a canonical exact triangle in DMqfk(S) of the form

G m[l] — > M (X )  — > Picx/S  — > G to[2].

Proof: Let me recall first several definitions (see [?, §3]). Effective Cartier 
divisor Z  on X  is called a relative Cartier divisor on X  over S  if the cor
responding closed subscheme of X  is flat over S. One can easily show (loc. 
cit.) that this condition is stable under base changes and multiplication of 
Cartier divisors. Denote abelien semi-group of the relative Cartier divisors of 
X  over S  by Divy/js and by D ivx/s a qfh-sheaf of abelien groups associated 
with the presheaf of the form

T /S  > (Divx XsT/T)+

Lem m a 4.13 One has a natural isomorphism o f qfh-sheaves of abelien groups:

Z qfk(X) =  Divx/s-

Proof: Consider a morphism <f> : Z qjh{X)  — > D ivx/s, which corresponds 
by the adjointness property of functor Zqjh to the section of D ivx/s over X  
defined by the diagonal X  — * X  Xs X  (it is a relative Cartier divisor, since 
p is smooth and S  is normal, see [?, 21.14.3]). We want to prove, that <j> is 
an isomorphism.

Let us prove first, that <j> is a monomorphism. Consider aq section u 6  

Zqfh(X)(T)  of Zgjh(X)  over T /S .  There exists a qfh-covering U — » T  such, 
that the corresponding section v! over U has a form

« '  =  J2ut ~ Y,uJi
where u f , u j  are morphisms U — > U Xs X .  It is sufficient to show, that 
u' =  0 if =  0. Since normalization is a qfh-covering, we may suppose
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that U is a disjoint union of normal connected schemes. It is obviously 
sufficient to consider a case of the connected U. Let Z f  (resp. Z~) be a 
Cartier divisor of U x $ X  over U which corresponds to u f  (resp. uj).  Since 
these divisors are irreducible an equality YhZf ~  Y2 Z j  =  0  in Diy x / s (U) 
implies, that with respect to some identification of the index sets one has 
Zf'  =  Z f ,  which means, that u' =  0 .

Let us show now that <f> is epimorphism. Let Z  £ DWx/s(T) be a section 
of the sheaf D iv^ /s over T.  One can easily see, that there exists a qfh- 
covering U — »• X  such that the corresponding section Z'  over U is of the form 
Z'  =  YZnt Z f  — Y2nJZj~, where Z f ,  Z~ are the divisors, which correspond 
to U-points of X  x$  U. Therefore Z ' is contained in the image of <f>, which 
implies, that the same is true for Z  because of the injectivity of <f>.

For a scheme X  denote by K.*(X) a multiphcative group of the invertible 
elements of the total quotient ring of X  (see [?, p.140]).

Let ■M-'x/s be a qfh-sheaf of abelien groups associated with a presheaf of 
the form:

subgroup of fC*(X x$  T ) which consists of the el- 
T / S  — > ements /  such that the divisor D(f)  of /  is a rel

ative Cartier divisor of X  X s T  over T

Lem m a 4.14 There is defined a following exact sequence of the qfh-sheaves 
of abelien groups over S

0  — > G m — >■ M x / s  — *■ Zqfh(X) — ► Picx/s  — * 0 .

Proof: Definition of the morphisms in this sequence as well as exactness in 
all terms except last one is trivial. A surjectivity of the morphism 
D ivy / 5  — * P icx/s  is proved in the case of flat topology in [?], which implies 
our result because of the exactness of the functor of associated sheaf.

To prove our theorem it is sufficient now to show, that M -x/s is acyclic. We 
are going first to construct a presheaf F  of abelien semi-groups on Sch/S  
such, that qfh-sheaf of abelien groups associated with F  is isomorphic to 
M x / s  and F  is (ind-) representable.

Denote by £  a very ample sheaf on X .  We may suppose, that K p m(L) =  0  

for i > 0  and that there exists a section so : O x  — * calL of calL over X
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such, that the corresponding divisor Z  — > X  is a relative Cartier divisor of 
X  over S.

For any T  over S  define a set F(T)  as a direct limit  with respect to 
so of the sets Fn(T) of nonzero sections of pr^(£®n) over X  X s T  which 
correspond to the relative Cartier divisors on X  X s T  over T. One can easily 
see that F : T  — > F(T)  is a presheaf of abelien semigroups on Sch/S  with 
respect to the abelien semi-group structures on F(T ) given by the tensor 
multiplication of sections. As a presheaf of sets F  is a direct limit of the 
presheaves Fn : T  — > Fn(T).

Lem m a 4.15 A qfh-sheaf of abelien groups associated with F  is isomorphic 
to M x /s -

Proof: Let us first construct a morphism of presheaves <f> : F  — » Mx/s-  
For any section /  of Fn over T  we define <f>{f) as an element of K*(X X s T ) of 
the form //pr*(so)®n- One can easily see, that <f> is well defined. Denote by 
F + a qfh-sheaf of abelien groups associated with F  and by <f>+ a morphism

F + _  M x / s

which corresponds to <j>. we are going to show, that <f>+ is an isomorphism. 
It is obviously a monomorphism. To prove, that it is isomorphism it is suffi
cient, therefore to show, that for any section g 6  M X^(T) of M x / s  over T  
there exists a qfh-covering U — ► T  such, that the corresponding section g' 
of M x / s  over U is of the form g' =  g+ — g~ where g+,g~ 6  Fn(U) for some 
n >  0. It is a direct corollary of the ampleness of C.

Lem m a 4.16 For any n >  0 a direct image p,(£®n) is a locally free sheaf 
on S  and Fn is represented by the complement to the zero section of the 
corresponding vector bundle on S.

Proof: It follows from the results of [?] that p„(£®") is locally free sheaf, let 
En be a corresponding vector bundle over S  and E* be a complement to the 
zero section of En. Denote by L(E*) qfh-sheaf of sets representable by E*. 
There is defined an obvious morphism of presheaves Fn — > L(E*), which is 
injective by trivial reasons. Let us show, that the corresponding morphism 
of associated sheaves is an isomorphism. Let g be a section of L(E*) over
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T.  we may suppose, that T  is reduced and g corresponds to the morphism 
T  — >■ E*, i.e to the section of prl(£®n) over X  X s T  such, that the corre
sponding divisor does not contain fibers of the projection X  X s T  — > T.  to 
prove our lemma it is sufficient to show, that such a section is contained in 
Fn(T), i.e., that the corresponding Cartier divisor is a relative Cartier divisor 
on X  Xx  T  over T.  Since T  is reduced it follows from [?, 1.2.5 p.9].

Lem m a 4.17 There exists an open covering S  =  LiU{ of S  such, that for 
any n  >  0  restrictions ofp*(C®n) to Ui are free sheaves.

Proof: Let Z  be a closed subscheme which corresponds to the divisor of the 
section so of C. Since a composition p o i : Z  — »• 5  is a flat finite morphism 
a direct image (p o i)*(i*C) is a locally free sheaf on S. Let S  =  UCZ; be an 
affine open covering of S  such that restrictions of both p*(C) and (poi)m(i*L) 
on Ui are free. I claim that this covering satisfies our condition. We prove 
it by the induction by n. Suppose, that we already proved, that p,(£®n) is 
free over Ui. Consider an exact sequence of coherent sheaves on X:

0  — ► £®n — ► — ► C/calOx ®C®n — ► 0

Since Kp*{£)  =  0  for i >  0  there is defined an exact sequence of coherent 
sheaves on S

0 — *■ p»£®n — ► p,£®(n+1) — > p^C /calO x ® £®n) — » 0.

One can easily see, that

Pm(C/calOx  ® £®n) =  (p o

Therefore this sheaf is free over Ui and our exact sequence splits over Ui since 
Ui is affine. Lemma is proven.

To prove that M-x/s is acyclic it is sufficient to prove that its restrictions 
on Ui are acyclic. It follows from our lemmas, that over Ui sheaf M x / s  is 
isomorphic to the sheaf of abelien groups associated with a presheaf of abelien 
semigroups, which is representable as a presheaf of sets by the (ind-)scheme

A 00 — {0} =  Jim (A71 — {(0 ,..., 0)}).

We need now a following technical lemma.
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Lem m a 4.18 Let F  be a presheaf o f abelien semi-groups on Sch/S such, 
that for any regular simplicial set K  and any T  over S  a natural morphism

F (Az xspeC(Z) T ) — » F (K z  x spec(Z) T)

is surjective. Then a sheaf of abelien groups associated with F is acyclic.

Proof: Denote by F + a presheaf of abelien groups associated with F. It is 
sufficient to sbow, that F + is isomorphic to zero in the category DM q{S) 
which is defined in the same way as D M (S ) but, with respect to weakest 
topology on Sch/S.  Consider a simplicial presheaf 5*(i?) on Sch/S  which 
terms are internal i/om-objects in the category of presheaves of the form

S'n(F) =  Hom(Az X5 pec(Z) T,F)

and face and degeneration maps defined in an obvious way. It follows im
mediately from our assumptions, that S*(F) is a presheaf of Kan simpli
cial abelien semi-groups with trivial homotopy groups. It implies, that 
5*(F+) is a presheaf of simplicial abelien groups, which homotopy groups 
are also trivial. Consider a normalization iV(5»(F+)) of 5 ,(F +). Since ho
motopy groups of S«(jF+) are trivial it is exact complex of presheaves of 
abelien groups on Sch/S.  There are natural monomorphisms of presheaves 
F + — » Sn(F+) which assign to a section /  of F + over T  a section (pr2 : 
A rj  x Spcc(Z) T  T)*(f) of Sn(F+) over T.  They define a monomorphism of the 
complexes of presheaves of the form:

... p+ l i  f + -h. F+ "  F + 0
i  i  i  1  i

...-*  S4(F+) ̂  S3(F+) S2 (F+) -* 5a(F+) -» So(F+)

One can easily se, that Sq(F+) =  F + and all the vertical arrows except the 
last one are isomorphisms in DMq(S). Consider a cokemel of this monomor
phism. Since both complexes are exact it is also exact. We obtained therefore 
a resolvent of F  which consists of acyclic objects, which implies by ?? that 
F  is also acyclic.

To finish the proof of our theorem it is sufficient now to show, that a presheaf 
representable by A°° — {0} satisfies a condition of the previous lemma. It is 
obviously.
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Theorem is proven.

C orollary 4.19 A morphism -M(Ps) — >• Gm[l] which corresponds to co- 
homological class in H 1^ 1, Gm) representable by line bundle 0 (  1 ) on is 
an isomorphism in DMgfk(S)
Proof: Obviously.

C orollary 4.20 Let p : X  — » S  be a smooth projective morphism of the 
relative dimension one such, that p*(Ox) =  Os and n be a number prime to 
characteristic of S, then object M (X )  x Z/nZ is representable in D M (S ) by 
a complex of locally constant (in etale topology) sheaves of finite groups over 
S.

Proof: Obviously.

4.3 Tate motives.
All through this section I work with categories D M (S ) with respect to qfh- 
topology. All the results below obviously hold for h-topology as well.

Since the results of this section do not depend of the base scheme S  I 
omit S  in all the notations below where it is possible.

D efinition 4.21 Tate motive Z(l) is an object of the category D M  which
corresponds to the sheaf Gm shifted by minus one, i.e.

Z(l) =  Gm[—1]

We denote by Z(n) n-tensor power of Z (l) and for any object X  of D M  by 
X(n)  a tensor product X  x Z(n).

P roposition  4.22 For any n and k there exists a following exact triangle 

Z(n) Z(n) —  —  Z(n)[l]

where p fn denote an object of the category DM  which corresponds to the
n-th tensor power o f the sheaf pk of k-th roots of unit.
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Proof: It is sufficient to show that one has a natural isomorphism Z(n) ®
Z / k Z  =  g f n, which is equivalent by the definition of Z(n) to the isomorphism
Qoumesn g> z/fcZ =  p fn [n] (note that tensor product on the left side is tensor
product in the category D M  which corresponds to the T-tensor product on
the level of the derive category of sheaves).

Note first that pu is, by the definition, a kernel of the morphism of the
sheaves GTO — » G m which corresponds to the morphism of schemes A 1 —
0 — > A 1 — 0 which takes z to zk. In h-topology it is a surjection. (It
is not true in the case of etale topology, say, where we should restrict our
considerations to the case of schemes over SpecZ[l/£:].) Therefore one has 

L
G m g) Z / k Z  = /Xfc[lj- To finish the proof of the proposition one should show 
that p f n g) G m =  ,xf(n+1)[l], which is easy.

For any scheme X  we define its motivic cohomologies to be the groups

HP(X,  Z(q)) =  DM(M(X), Z(q)

When it is necessary I shall use the notations H%fh(X,  Z(q)) and HP(X,  Z(q)) 
for these groups defined with respect to qfh- and h-topology respectively.

There is defined an obvious multiplication of the form

IP (X ,  Z(q)) ® H*'(X, Z(q')) HP+^X, Z(q +  q')

which satisfies all standard properties. In particular a direct sum (&PtqH p(X , Z(q)) 
has a natural structure of bigraded ring, which is commutative as a bigraded 
ring by the axioms of the tensor triangle categories (see Appendix A).

P roposition  4.23 Let X  be a scheme. For any q for any k prime to char
acteristic of X  one has a long exact sequence

... —  H>(X, Z(q)) - i*  HP(X,Z(q)) — . H J« (X ,^ )  — > H<p+l)(X,Z(q)) —  .

Proof: It follows from the proposition ?? that the only thing we have to 
prove is that under our assumptions one has an isomorphism

D M (M (X ),,< r M) a

It follows from the proposition ?? and a remark that p fn is a locally free in 
etale topology sheaf over 5pec(Z[l/k]).
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P roposition  4.24 Let X  be a scheme of the characteristic 1 then all the 
groups HP(X,  Z(q)) for q > 0 are Z[l/1] modules.

Proof: It is a particular case of ??.

T heorem  4.25 A natural section of the sheaf Gm over A 1 — {0} defines 
isomorphism in DM

M(A}  -  {0}) 3  Z(l)[l],

Proof: Consider a covering of P 1 of the form

P 1 =  (P 1 -  {o}) U (P1 -  {oo})

It defines an exact sequence of the sheaves

0 — > Z ^ A 1 -  {0}) — > Z ^ A 1) 0 Z ^ A 1) — > Zqfhi?1) — > 0

Since Zg/ft,(A1) is acyclic a morphism

Z ^ C P 1) —  Z'qSh{A} -  {0})[1]

defined by this exact sequence is isomorphism in DM  and our result follows 
from ??

T heorem  4.26 Let X  be a scheme and E  be a vector bundle on X . Denote 
by P (E ) — * X  a projectivization of E . One has a natural isomorphism in 
DM

dimE—1
M(P(E))SS  ®  M(X)(i){2i],

t = 0

Proof: We may suppose X  to be our base scheme. Let 0 ( —1) be a  tau
tological line bundle on P(E)  and a be a morphism M(P(E))  — » Z(l)[2] 
in the category DM{X)  which corresponds to the class of this bundle in 
H 1(P(E),  Gm). Using a morphism M(P(E))  — » M(P(E))  ® M{P(E))  in
duced by the diagonal we can define elements a* € DM(M(P(E)) ,  Z(i)[2i]) 
as tensor powers of a = a1. I claim that a direct sum

d im E -l dimE—1
©  o ': U(P(E))  —* ©  Z(i)[a]
t = 0  t = 0
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is an isomorphism in DM(X).
Consider a  trivializing open covering A’’ =  UZJf of X.  Let me suppose 

for a simplicity of the notations that this oovering consists only of two open 
subsets. By the proposition ?? we have an exact sequence of sheaves

0  — ► Z(U n V) ► Z(U) © Z(V) — * Z =  Z(X) — > 0 .

Since our construction of the map <> is natural with respect to the restrictions 
to the open subsets it is easy to see that the existence of this exact sequence 
let us restrict our considerations to the case of a trivial bundle E.

In other words we should consider a scheme P " over S and prove, that a  
morphism in DM(S ) which is defined as

<? =  0 <  
i=0

where a corresponds to the line bundle 0 ( —l)  is an isomorphism. We use 
an induction on n. For n =  0 our statement is trivial. Consider a covering 
of P 71 of the form

P r =  P r _  {0} U A n

where {0} is a point with coordinates [1,0,..., 0]. We have a following exact 
triangle in DM

M (An -  {0}) — * M (P" -  {0}) © M (An) —-> M (Pn) — * M (A n -  {0})[lj.

I am going to construct a  morhpism from this exact triangle to the exact 
triangle of the form

Z(n)[2n -  1] © Z — > ©j^Z(i)[2i] © Z —  @[LoZ(i)[2i] — > Z(n)[2n] © Z,

and to show that it is an isomorphism on the first two terms, which would 
imly that it is an isomorphism of exact triangles. Define a cohomological 
class ib £ Hn~1(An — {0}, G®”) as follows. Consider a covering of the scheme 
A n — {0} of the form

A ” -{ 0 }  =  U A n - t f i
j' = 3

where Hi is a  hyperplane Xi =  0. A Cech cocycle in Zn~l (An — {O}^®") 
with respect to this covering is nothing but a section of the sheaf G®” over
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n"=1A ” — Hi. So we set tb to be a cohomological class which corresponds to 
a tautological section of the form

(^1, ..., %n)  ̂^1 ® ®

Define a morphism /  : M{A” — {0}) — >• Z(n)[2n — l] © Z as a direct sum of 
the morphism which corresponds to tb and a structural morphism.

Lem m a 4.27 f  is an isomorphism.

Proof: Easy by the induction on n starting with a  theorem ??

Let p : P n — {0} — »■ p n - i  |je a natural projection which fibers are affine 
lines. It is obviously an isomorphism in DM.  Define now a morphism g : 
M (Pn — {0}) © M (An) — »• ©|tZJ^Z(i)[2i] © Z as a direct sum of the morphism

©So M  (p)a.in_1

and a  structural morphism of A”. Note, that g is an isomorphism accord
ing to our inductive assumption. I claim now that a family of morphisms 
f ,  g. i£>, /[l]  is indeed a morphism of the exact triangles. To prove it one has 
to verify a commutativity of three squares. It is almost, tautology.

Theorem is proven.

4.4 C haracteristic classes
In this section I construct for any scheme X  a  family of maps

4 : z(i))

from Quillen K-groups (of locally free sheaves) to our motivic cohomologies, 
which satisfies all the usual properties of the characteristic classes.

All through this section I am working with qfh-topology. To obtain char
acteristic classes which take value in the motivic cohomology groups defined 
with respect to h-topology one should just consider a composition of Cj with 
a natural map from one cohomologies to another.
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We shall construct firs our classes for Ko- Let X  be a  (which I suppose 
to be connected for a simplicity) scheme and £  be a vector bundle on X .
We use an induction on dim(E). If dim(E) =  1 then it defines a class 
in H 1 (X, G to) and, therefore a  class c in the group ff2(.Y,Z(l)). We set 
<%(E) =  1, Cj (E) =  c and all the higher classes are equal to zero.

Suppose now that dim(E) = n. Denote by p : P(E)  — * X  a  projec- 
tivization of X  considering as a scheme over X.  By the theorem ?? above 
we have a decomposition:

dimE—1
M ( P ( £ ) ) S  ®  -W(JC)(i)!2i].

2 = 0

Consider an inverse image p”(£ ) of E  with respect to the projection p. It 
contains one dimensional subbundle F  C E.  By the induction there is defined 
an element

(@c?(F)) ® (ec?(£/F)) € Sitf2)‘(F(£0,za))

where ® here means a multiplication in the ring of motivic cohomologies of 
P(E).  A decomposition above defines a morphism M( X)  — M(P(E))  and 
we set Cj(E) to be the components of an inverse image of this class with 
respect to this morphism.

It is very easy to see that this construction defines indeed a family of maps 
from Ko(X)  to the corresponding motivic cohomologies, which is natural 
with respect to the morphisms of scheme ( but not in general with respect 
to morphisms in DM).

If one consider a  A-ring H{ X )  associated with a graded ring ®jLT2j(P (£), Z(j)), 
then one can define a Chem character

ch : K 0(X) — * H(X)

which will be a  morphism of A-rings, which means that our classes satisfy all 
the usual properties. The proof of this result is similar to its proof for usual 
characteristic classes.

To extend our construction to the higher K-groups it is sufficient to use 
a following remark. For any scheme X  there is a natural homomorphism

A';(A) — * K0(X  x  dAi+1).
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From the other hand almost by the definition we have

g*(x x s a ‘« ,  zg)) = h ^ x ,  z(j)) ® h*(x, zq)),

which leads immediately to the definition of the higher classes P-.
In the composition with natural morphisms Z(j)) — >•

our classes give us a family of maps from K-theory to etale cohomologies 
which also satisfies all the standard properties and coincide with the usual 
characteristic classes for line bundles. It implies, by the well known unique
ness theorem that they coincide with usual classes everywhere.

4.5 M onoidal transform ations
All through this section I am working with qfh-topology. In particular a 
notation DM(S)  is used for a category DMjqh(S).

Let us recall some notations. Fos a scheme X  and its closed subscheme Z  
we denote by X z  a blow up of X  with a center in Z  and by pz ■ X z  — * X  
a corresponding projection.

By P N z  we denote a projectivization of a normal cone to Z  in X  and by 
p : P N z  — * Z  a natural morphism, which is a. restriction of pz- Let Ox(Z)  
be a kernel of the corresponding morphism of qfh-sheaves

z gfh(p) : Zgfh(PNz) — > Zqfh(Z).

By the proposition ?? it is naturally isomorphic to the kernel of the morphism 
Z qjhipz)-

Theorem 4.28 Let Z  C X  be a smooth pair over S, then a sequence of 
sheaves

Ox (Z) — > ZqJh{Xz ) — > Zgfk(X)
defines an exact triangle in DM(S) o f the form

Ox (Z) — > M { X Z) — * M ( X )  — + Ox (Z)[ 1].

In other words a cokemel o f the morphism Zqfh(pz) represents zero object in 
DM(S).

Proof: Let us prove first the following lemma..
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Lem m a 4.29 Let X  U Ui be an open covering of X  and X z  =  U Vi be a cor
responding covering of X z- Consider long exact sequences of sheaves which
are defined by this coverings and a natural morphism between them

0 —»• Z qfh(CiVi) —» ... —> ® Z q fh fY i)  —*■ Z g f h ( X z )  —* 0
I  I  I

0 —»• ZqfhipUi)  —» ... —* ®Z qfh(Ui) —> Z qfh(X) —» 0

Then a complex which is a cokemel of this morphism is exact.

Proof: An exactness of the cokernel of this morphism is equivalent to the 
exactness of the kernel of this morphism. By the proposition ?? this kernel 
is isomorphic to the kernel of the morphism of complexes

0 -► Zqfk(nV{ n P N z )  ® Z qfh(VinPNz)  ->  Zqfh{PNz ) ->  o

i  i  i
o —* Zgfh(r\U{ n Z) @Zqjh,(Ui n z) —» Zqfh{Z) —* o

This two complexes are obviously exact, since they correspond to the covering 
of P N z  and Z  respectively which are induced by {Ui}. From the other hand 
in our case normal cone to Z  is a vector bundle and, therefore, a morphism 
P N z  — * Z  is flat. In particular it admits a splitting over some qfh-covering 
which implies that the vertical arrows in the diagram above axe surjections.
It is well known, that a kernel of a surjection of exact complexes is exact 
which proves our lemma.

It follows from this lemma, that it is sufficient to prove our proposition locally. 
More precisely, it is sufficient to construct an open covering X  =  U?7,- of X  
such that all the cokernels of the maps Zqfh.{pznUi) represent zero object in 
DM(S).

Since Z  C X  is a smooth pair there exists a covering X  = CUi such that 
for any i there is an etale morphism /,• : Ui — > A N such that Z  fl I/,- =  
f ~ 1(Ak), where N  = d im sX  and k = dim sZ  (see [?, 2.4.9]). Let U be one 
of these open subschemes. We are going to prove that coker(Zqfh(pznu)) 
represents zero object in DM(S). Denote U fl Z  by Y . Consider a diagram

0 -  Zqfk( U - Y )  ->  Zqfh(UY ) - *  Z qfh(UY ) /Zqfh(U ~ Y )  -  0 
II l a  l b

o -*  Z , / U U - Y )  -  Z , f i (V)  -  Z , sh( U ) I Z „ h( U - Y )  0
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It is easy to see that a natural morphism coker{a) — » coker(b) is an iso
morphism. It is sufficient, therefore, to prove, that coker(b) represents zero 
in DM(S).  We shall need a following lemma..

Lem m a 4.30 Let Z  — > X  be a closed embedding and f  : U — ► X  be an 
etale surjective morphism such that U Xx Z  — » Z  is an isomorphism. Then 
one has a natural isomorphism of sheaves Z(U)/Z(U—f-1(Z)) =  Z(X)/Z(X— 
Z).

Proof: Consider the diagram of sheaves:

o — ^ z c u - f - ^ z ) )  - U z ( u ) - »  z t u y z t u - f - ^ z ) )  — >o

0 — ► Z(X -  Z) — » Z(X) — *• Z(X)/Z(X -  Z) —* 0

We are to prove that the right vertical arrow is an isomorphism. It is ob
viously epimorphism, so, it is sufficient to prove that fcerZ(f) lies in Im(i).  
Note that we may prove it not for the morphisms of sheaves by for the mor
phisms of the presheaves of the form Z0(X)(Y)  = ©Z(Hom(Yi,X)), where 
Y{ are the connected components of the scheme Y.  Let Y  be a connected 
scheme. Then fcer(Z0(/))  is a  group of expressions of the form 
where <?,• : Y  — *• U such that there exists a decomposition I  =  U h  such 
that f o g i  = f o  gj for i , j  G h  and 12ieik ni =  0 for any k. Therefore, we are 
to prove only that if fo g  =  f o  h for some g ,h  : Y  — > U then either g =  h or 
g and h can be factorized through U — f ~ 1(Z).  Let g, h be such morphisms. 
Then there exists a morphism g x  h : Y  — *■ U Xx  U, which projections axe 
g and h resp. To finish the proof one should notice that under the assump
tions of our lemma there is the decomposition U X x  U = A(U)  U U0 where 
A is the diagonal embedding and the projections pr\ , pr2 : t/0 — > U can be 
factorized through U — f ~ x(Z).

Let W  =  A N~k x  (Afc H /(F ) ) .  We may replace U by / -1(W) and suppose, 
that f (U)  C W.  Denote by V  a product A N~k x  Y . There is an etale 
morphism of the form

Idj^N-k x  f\Y : V  — > W.

Consider a  fiber product V  Xw U and let U' =  (V Xw U) — (p r /1(Z) — 
A (Z)),  where A (Z) — > V  Xw U is a diagonal. One can easily see that both
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projections : U' — > V  and pr2 : U' — > W  satisfy the conditions of the 
lemma above.

Note now, that since our construction is based on the etale morphisms it 
is natural with respect to blow up. It implies that coker(b) is isomorphic to 
a cokemel of th  morphism

Zqfh(Y  x (Af0J* /(A "-fc -  {0 }))) — > Zgfh(Y  x (AN~k/ ( A N~k -  {0})).

We reduced our problem, therefore to the case of a blow up of the point on 
the affine space.

It is sufficient to show, therefore that a  cokernel of the morphism Z9/a(A ”0j) 
Zgfh(An) represents zero in DM(S),  or, equivalentely, that a kernel of this 
morphism is isomorphic to its cone in DM(S) .  It follows from the proposi
tion ?? and a remark that A^0j is a total space of the vector bundle 0[—1 ] on 
P n _ 1  and, therefore, M(A^0y) is isomorphic to M (Pn_1). Theorem is proven.

T heorem  4.31 Let Z  C X  is a smooth pair over S. Then one has a natural 
isomorphism in DM{S):

M ( X Z) =  M( X)  © {®ĉ mZ~1Z{i)[2i}).

Proof: By the theorem ?? we have an exact triangle

Ox (Z) — » M ( X Z) —  M ( X )  — * Ox (Z)[ 1].

By the definition Ox(Z)[ 1] is a cone of the natural morphism M(PNz)  — > 
M(Z).  Since P N ( Z ) is a projectivization of a normal bundle to Z  in X  it 
follows from the theorem ??, that

Ox (Z)  S  Z{i)[2l\.

To prove our theorem it is sufficient to construct a splitting of the exact 
triangle above. Let z'o : X  — > X  x  A1 be an embedding of the form Zo =  
Id x  x {0}. Consider a diagram

Ox(Z)  — > OxxA' i Z  x {0})
I i

M ( X Z) -*+ M ( I x A > x{0}) (1)
i  i

M{X)  M ( X  x A 1)
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There is a canonical splitting of the morphism M(pz*{o}) by the morphism 
M (X  x A1) =  M( X)  — > M ( X  x A ^x{0j) where the last map is induced by 
an obvious lifting of the embedding Idx  x {1} : X  — > X  x A1. To define a 
splitting of the projection M{Xz)  — > M (X )  (or, equivalently, of an embed
ding Ox(Z)  — > M(.X’z)) it is sufficient to define a splitting of the morphism 
Ox(Z)  — > OxxA1 (Z  x {0}). It existence (and, moreover a canonical choice) 
follows from the theorem ??. Theorem is proven.

4.6 G ysin exact triangle.
The goal of this section is to prove the following theorem. Similarly to the 
previous section I denote by DM  a category DMqfk-

T heorem  4.32 Let Z  C X  be a smooth pair over S  and U — X  — Z. Then 
there is defined a natural exact triangle in DM(S)  of the form

M(U) — * M ( X )  — » M{Z)(d)[2d\ M(U)[ 1]

where d is a codimension of Z . In other words we have a natural isomorphism 
M(X/U)  “  M{Z)(d)[2d\ in DM(S).

Proof: Let us first construct a morphism M ( X / U ) — > M(Z)(d)[2d] in 
DM(S).  Consider once more a diagram ??. A morphism Id  x 1 : X  — > 
I x  A 1 has a naturallifting to X  x A ^x 0̂j, which in the composition with 
M(pz ) : M ( X Z) — > M ( X )  defines a morphism ix : M ( X Z) — > M ( X  x 
A ^x{0}). One obviously has

M(pzx{  o})*i =  M{pz)io,

which implies that there exists a lifting of io — ix to a morphism M(Xz)  — >
OxxA1{Z x {0}). It follows from the theorem ??, that this lifting is well
defined. It composition with a natural morphism

i \ ___ ,  n . .  . . / 7 U  t n i \ M  / 7 \
v a x ^  i v j ;  y ^ x a 1^  ^  \ ' j s n yyx-\*J )

can be descended to the morphism M( X)  — > 0XxAl ( Z x {0}) /Ox (Z) which 
is also well defined by the theorem ??. We have by ??

Ox(Z)  = ®?~}M(Z)(i)[2i]
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O xxA ^Z  x {0}) S ®i=ldM{Z){i)[2i]
and, therefore

OxxA>(Z X {0})10X(Z) s  M{Z){d)[2d\.

This construction provides us with a morphism M(X)  — ► M(Z){d)[2 d]. 
Considering it more carefully one can easily see, that this morphism can, in 
fact, be factorized through M(X/U).  Denote this last morphism M(X/U)  — ► 
M(Z){d)\2d\ by G(x,Z)- To finish the proof of our theorem it is sufficient to 
show that it is an isomorphism in DM.

Consider first a special case X  =  P n, Z  =  {2 } where x  is an S-point of 
P ^ . In this special case our diagram 1 has a following form

M{ P n-*) — ► lif(P»)
i  i

M(P?I}) M((P" x A*)W xW )
I i

M (Pn) Af(î (il) M{P n x A 1)

By the theorem 4.31 we have

Af(P",>) S  (®L„Z(i)[2i])® (®°=jZ(i)[2iI) (2)

M ((P“ x 2  C®r=oZ(i)[2i]) ® (®f=1Z(j)[2j]) (3)

Let us describe these isomorphisms explicitly. Denote by a, b 6  £f1 ((Pn x 
A 1){r}X{o>, Gm) classes which correspond to the divisor p ^ x 0̂}(Pn - 1  x A1) 
and a special divisor respectively. It is easy to see that the isomorphism (3)
has a form ffiLpq* © ©*_!&». Similarly, if we denote by ao, 6 0  € ff 1(P”r}, Gm)
elements which correspond to p ^ ( P n_1) and a special divisor respectively
an isomorphism (2) can be written as ©jLoaJ, ©

One obviously has
z'oa =  i\a =  °o 

i\b =  0, iob =  bo.

which implies that the morphism has with respect to the isomor
phisms above a form &p»,{x} =  bg. To prove that it is an isomorphism it is

sr------------------------   - -
fk ■
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sufficient to show, that =  aj. since Go 60 =  0  it is equivalent to the equality 
(ao — bo)n = 0.

Consider a projection q : P ”xj. — ► P n_1 which corresponds to the rational 
map P n — ► p » - i  which is defined as a projection from the point x  to P n_1. 
Let c € i f 1(Pn_1, Gm) be a class of the hyperplane. One can easily se, that

q"(c) =  ao — 60

which implies our result, since c” is obviously zero.
To prove our theorem in general case one should use exactly the same 

localization technique as in the proof of the theorem 4.28.
Theorem is proven.
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5 Categories DM over a field of characteris
tic zero.

5.1 One comparison result for the categories DMqfh 
and DM h over a field of characteristic zero.

Let k be a field of characteristic zero. Denote by <j> : Sch/Spec(k)fl — ►
Sch/Spec{k)qfh a natural morphism of sites. The goal of this section is to 
prove the following theorem.

Theorem  5.1 Let k be afield of characteristic zero andX be a smooth vari
ety over k. Then for any object F  o f DMq/h{Speck{k)) a natural morphism

DMqf h(M(X),  F) ® Q — ► DMh(M(X),  H{4>)(F)) ® Q 

is bijective.

To prove this theorem we need one technical generalization of the theorem
4.28. More precisely we are going to define a class of successive blowups 
( X i J i  : X i+1 —  Xi) such, that cokemel of the composition /o—/n rep
resents zero object in DMqjh. Note, that it is not true in general, that a 
cokemel of the composition of two morphisms Z,/*(/), Z,/*(<7) such, that 
coker(Zqjh.(f))i coker{Zqfh{g)) represent zero in DMqfh represents zero.

Let {Xi, A)o<*<n be a  sequence of smooth pairs such that X,-+x is a blow 
up of Xi with center in A - Denote by / ; :  Xj+i — ► X ,• corresponding bira- 
tional morphisms. Let W, be a closed subspace in X, which is the image of the 
exceptional divisor of the composition fi...fn- 1* We say, that {Xi, A)o<»<n 
satisfyies a condition (*) if for any i < n  — l a  morphism

f r ' m  -  f r ' w  n w l+l —. d ,

is suijective.
Let Z  C X  be a smooth subscheme in Xo. We say that Z  is transver

sal to the sequence (X,-, A)o<i<» if Z h Dq is smooth and subvarieties f ^ i Z D  
Do),ZznD0, ZznDon fo 1(Zn Do) of Xi are transversal to the sequence (X,-, A)o<.<n-i- 
We say that our sequence (X,-, A)o<»<n satisfies a condition (**) if Xo is 
transversal to it in this sense.
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Proposition 5.2 Let (Xi, A)o<»<n he a sequence of blovmps satisfying (*) 
and Z  C Xo is a smooth subscheme transversal to (X{, Di)o<i<n- Then cok
emel of the natural morphism

Zqfh(Z XXo X„) ---► Zqfh(Z)

represents zero in DMqfh.

Proof: We use an induction by n. Let n =  1. We have

X i X x 0 Z  =  f $ x( Z)  =  Z o 0n z  U  f o l ( Z  f l  Do).

Restriction of the morphism pznDo '• ZznDo — ► Z  to Z  n  DQ~1(D0) is flat 
and suijective over Do which implies that it induces a suijection of the cor
responding qfh-sheaves. Therefore a  cokemel of the morphism Zqfh(Xi  x 
X qZ)  — > Zqfh(Z) is naturally isomorphic to the cokemel of the morphism 
Zqfh(ZznD0) — *• Zqfh(Z) which represents zero in DMqJh by the theorem
4.28.

Suppose now, that n  >  1. denote by g a  composition f n- i—fi- Consider 
a  following diagram:

z  Xx0 Xn — > Xn
1 9

Z x x 0 X i —  Xx
I f o i f o
Z —  Xo

One can easily see, that there is a following exact sequence of sheaves of 
abelien groups

0 -¥ ker(Zqfh(g')) -* ker(Zqfh( fa ' ) )  -> ker(Zqj h(f0)) 4 . coker (Zqfh(g'))

-*■ coker(Zqfh(f'o9')) -*■ coker(Zqfh(fo)) -*• 0
It is sufficient to prove, that coker(Zqfh(g')) and Im(d) represent zero objects 
in DMqf h.

Since
Xx x Xo Z  =  t f ( Z )  =  ZDonZU f o \ Z n Do)

is a qfh-coveringit is sufficient (by the proposition 2.5) to show that coker(Zqfh(g/)) 
represents zero in DMqfh to show that the following sheaves represent zero:

coker(Zqfh((Zd0cz C fo l (Z  fl Do)) Xxx X n) — ► ’Zqfh(Zi)ar\zn fo 1(Z  n  Do)))
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coker(Zqjk{ZD0r\Z xXt Xn) — >• Zqfh(ZD0nz))

coke r{Zqfh{fQl { Z n D 0) x Xl X n) — ► Z q{h(fo)~l ( Z n£»0))
It follows from the transversality of Z  to our sequence of blowups and induc
tive assumption.

Let us consider now a sheaf /m(d). It is a cokemel of the morphism 
ker{Zqfh{f'Qg')) —* ker[Zqfh{fo))' Let me show, that it is naturally isomor
phic to the cokemel of the morphism

Z i f h V o H Z  n Do) x Xl X n) —  Z qfh( f c l ( Z  n Do)).

which represents zero object by the inductive assumption.
One has a natural isomorphism (by theorem 3.28)

k e r ( Z qJh( f 0)) =  k er {Z qM \ D o ) )  —  Z qfh( D 0))

It implies (by proposition 2.7) that one has a natural isomorphism

*er(Z,A (/')) =  k e r ( Z qf h { f o l { Z  n D 0)) —+ Z qJh( Z  n Do)).

Let B  =  k e r ( Z qfh { f o l { Z  n D 0) x Xl X n) — *■ Z q}h(Z  D Do)) .  There is a 
natural morphism B  — ► k er ( Z qjh(fo)) and one can easily see from the 
proposition 2.7 that its image coincide with the image of k e r ( Z qfh(g'fo))- 
An isomorphism between two cokemels we want to prove follows now easily 
from the suijectivity of the morphism

Z q f h i f ^ i Z  fl Do) x Xl J£n) — ► Zq/h(Z n Do)

which is a corollary of our condition (*) on the sequence (Xi, D{). Proposition 
is proven.

The proof of our theorem is based on the following proposition, which is 
a corollary of the Hironaka’s theorem on the simplification of the coherent 
sheaf of ideals ([7, ]).

Proposition 5.3 Let  X  be a  smooth variety over a field k  o f  character
is tic  zero  and f  : Y  — * X  be a proper sw je c tiv e  m orphism  such, that 
f . ( O y )  =  O x . then there exists a sequence (X , , D i ) o f  blowups which sa tis
fies  a condition  (**) such, tha t X o =  X  and com position  /<>.../ n : X n — ► Xo 
can be fa c to rized  through f .
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Proof: Note first of all, that our condition on the morphism /  implies, that 
there exists a coherent sHeaf of ideals J  on X  such, that if p j  : X j  — ► X  
is a blowup of J ,  then p j  can be factorized through / .

Let me recall some notations from [7]. Let J  be a coherent sheaf of ideals 
on X .  For any point i £ l w e  denote by vx ( J )  maximal n such that a fiber 
J s  of J" in x lies in the n-th power of the maximal ideal of the local ring 
Ox^c of x on X .  Let p z  - X z  — ► X  be a blowup with center in smooth 
connected subvariety Z  of X  and z  6  Z  be a general point of Z .  Let I z  
be an invertible sheaf which corresponds to the exceptional divisor of X z -  
A weak transform of J  with respect to Z  is defined as a coherent sheaf of 
ideals of the form p ^ (J ) I ^ I/X̂ -  Let (X i ,  D{) be a sequence of blowups with 
smooth centers Di  C X i  and Xo =  X .  Let Jo  — J  and J n+ i be a weak 
transform of J i  with respect to Di- Let Ei C X i  be an exceptional divisor 
of the composition f o - f i - i  '• X i  — ► Xo- By the theorem [7, ] there exists a 
sequence (AT,-, A)o<»<n of blowups with smooth connected centers such, that

1 . For any i >  0  a divisor Ei has only normal crossings with Di-

2. For any i < n  one has vz{Ji) =  con st >  0  for z  £ Di and J n =  Ox„-

Obviously, the second condition implies, that the composition f o —fn - X n — * 
Xo  can be factorized through pz -  To finish the proof of our proposition it is 
sufficient to show, that this sequence (X i ,  Di)  satisfies our condition (**). Let 
us show first that it satisfies the condition (*). it is sufficient to show, that 
a morphism f o 1 — /o’1 Fl f i —f n- i ( E n) — ► Do is surjective. It means, that 
for any z  € Do a general point z  of the fiber of fo  over z  is not contained in 
f i - f n - i ( E n ) -  Condition 2  above implies, that for any x £ f i —f n- i ( E n) one 
has Vx(Ji)  >  0 . From the other hand v z ( J i )  =  0  by the definition of weak 
transform and the part of condition 2, which states that vz ( J q )  is constant 
for z  £ Do-

To finish the proof it is sufficient to notice, that condition 1 above obvi
ously implies a transversality of Xo  to this sequence of blowups in our sense.

Now we are ready to prove theorem 5.1.

Proof of the theorem 5.1: Denote by DM° (resp. by DM%jh) category 
obtained by means of the same construction as DMh (resp. DMqfh) but 
using usual localization instead of strong one. By 3.35,3.30,?? and 2.18 we

F-------------------------------------------------   — ..................
f t - ’
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have natural Injections

D M gJh( M ( X ) ,  F) ® Q =  DM°q}h{ M { X ) ,  F) <g> Q

D M h( M ( X ) ,  F )  <g> Q = DM°h( M ( X ) ,  F )  <g> Q.

It is sufficient (by proposition 2.20) to show, therefore, that for any qfh-sheaf 
F  of Q-vector spaces such, that associated with F  h-sheaf is isomorphic to 

. zero one has
D M qJh( M ( X ) , F [ n ] )  =  0

for any n g  Z. It follows easily from proposition 2.14 that it is sufficient to 
show that for any such F  and any n > 0, k > 0 image of the natural map

H kqJh{ X  x 8A n, F )  —♦ D M ( M ( X ) ,  F [k  +  1 -  n])

is zero.

Lemm a 5.4 Let  X  be a schem e and U  — ► X  be an etale m orphism , then  
fo r  any closed subschem e Z  in  U  there exists a closed subschem e Z ' in X  such  
that projection  Xz> U  — ► U  can be fac torized  through natural m orphism  
Uz — ► U.

Proof: Obviously.

Lemma 5.5 L et X  be a sm ooth  va rie ty  and F  be a  qfh-sheaf o f Q-vector  
spaces such, th a t associated with F  h-sheaf is isom orphic to  zero. Then fo r  
any a 6  H qj h( X ,  F )  there exists a  closed subscheme Z  o f X  such, that a  as a 
m orphism  Zq/ h ( X )  — ► F[fc] in derived category can be fa c to rized  through the 
natural m orphism  Z q/fi( X )  — ► coker ( Z qfh(pz) : Zqf h ( X z ) — ► Z qfh( X ) ) .

Proof: By the theorem 3.30 we have a natural isomorphism

It is well known (see [8 , ]) that in etale topology usual cohomologies co
incide with Cech cohomologies. There exists therefore an etale covering 
U  = {Ui — ► X }  of X  and a section a 6  F(U£+1) of F over Z4 +1 which

r -  ..........
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represents our cohomology class a. since h-sheaf associated with F  is iso
morphic to zero,, it follows from theorem 3.9 that there exists a blow up 
p : Y  — ► W£+1 of such, that a restriction of a to Y  is equal to zero. It 
follows from the lemma 5.4 that there exists a blowup Y '  — ► X  such, that 
a projection Y '  x* i (£+1 — *■ U-jf1 can be factorized through Y .  Consider 
complexes of sheaves of abelien groups

K  =  (... Z„»(&£») —.  ... — . Z„ k(U))

and

k' = (... —  z ,/A( r  xx z4 +1) — ... —► z ,A( r  xx u)).
There are resolvents of Zq/ h ( X )  and Z q/h(Y ')  respectively (by proposition 
2.4). It follows from our construction, that the morphism K  — *• /'’[£] which 
corresponds to a can be factorized through the cokemel of the natural pro
jection K  — ► K'. By the proposition 2.5 this cokemel is a resolvent of the 
cokemel of the morphism Zqf h ( Y r) — ► Z q/ h ( X )  which finish the prove of 
our lemma.

let now a be a class in H ^ h( X  x d A n, F ). Consider a covering

jJ X x  An_1 — ► X  x d A71’ 1.
1=0

It follows from lemma 5.5 that there exists a closed subscheme Z  in TT?_n X  x 
An -1  such that a can be factorized through the natural morphism

Z qfh( X  x d A n) —  co k er(Z qJh{ ( \ \ X  x A~ - ' ) z ) — * Z qfh{ X  x dAn)).
t=0

it is sufficient to prove our theorem to show that this morphism is zero in 
D M qfk.

Consider a semi-simplicial scheme of the form

11* : I I *  x A1 : . . . U X x A n~2 U X  x A” " 1

y.
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A normalization of the corresponding freely generated semi-simplicial 
sheaf of abelien groups is a resolvent for Zq/ h ( X  x d A n). Denote (U ^, X  x 
A71-1 )z by Y  and this semi-simplidal scheme by S . To prove our theo
rem it is sufficient to construct a semi-simplicial scheme S' and a morphism 
F  : S' — ► S  such, that F0 : S q — ► So can be factorized through Y  — ► 50 

and all the cokemels coke r (Z qfh(Fi)) represent zero object in D M qjh- The 
existence of such morphism follows from propositions 5.3 and 5.2 by succes
sive application of the following technical result.

Lemma 5.6 Let  C be a  category with fiber products and X  =  ( X i ,  : 
X i + 1 — ► X i )  be a sem i-sim plic ia l object in C. Then fo r  an y k  > 0 and  
any m orphism  f  : Y  — ► X k there exists a sem i-sim plicia l object y  and a 
m orphism  F  : y  — ► c a lX  such, that

1. y k =  Y  and Fk coincide with / .

2. A ll the m orphism s Fi are com positions o f  the m orphism s obtained by 
som e base change o f  f .

Proof: Let gxf  : X i — * X j ,  k  = 1 ,..., C.j  be different compositions of face 
maps of X .  We define terms oiy — (Y i,3f) as follows

Yi =  X i f o r i  <  k

Yh =  Y

Yi =  ( X i  Y )  *Xi  ••• *Xi  (X i  x Xk<f ,£  Y ) f o r i  >  k.

The definition of morphisms d- : Yi — * Yj is obvious.

Theorem is proven.

Theorem 5.7 L et X  be a  sm ooth varie ty  over a fie ld  o f characteristic zero, 
then one has natural isom orphism s

ZP(X,Z(l)) =  H“- 1(X,Gm).

In particu lar H 2( X ,  Z(l)) =  Pic(X) and H n( X ,  Z(l)) ® Q = 0 f o r  all  n >  2.
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Proof: Denote by p an inductive limit of sheaves of roots of unit. It follows 
from the proposition ??, that the family of natural morphisms Gm) — ►

Z(l)) can be included in the following diagram with exact strings:

. . . -  H'et( X , G m) -  H U X , Gm) ® Q  -  H Z \ X , f i )
i  I  i

Where morphisms H ^ x{X,n)  — ► Hlfx(X,fi) are identities. To prove our 
proposition it is sufficient, therefore to show, that the morphisms

*rrt(X, Gm) ® Q — ► W - \ X ,  Z(l)) ® Q

axe isomorphisms. Our theorem follows from the theorems 5.1,??, proposition 
2.17 and the following lemma.

Lem m a 5.8 L et X  he a  regular schem e, then f o r  a n y  n >  2 one kas

H 2 ( X ,  Gm) ® Q  =  0

and f o r  an y n  <  1 a natural m orphism

H%(X, Gm) ® Q — ► H2t(X x A1, Gm) ® Q 

is  an  isom orphism .

Proof: We may suppose, that X  is connected. Let i : Spec(K) — ► X  be 
a general point of X . There is defined a following exact sequence of sheaves 
(see [8, 2.3.9]):

0 — ► G m — ► i,G m — > D — *• 0

where
©  (i.).(Z)

codim(x)=l

is a  direct sum of the direct images of constant sheaves on points of codi
mension 1 on X .  One can easily see (using Leray spectral sequence) that

H £ { X ,  i .  Gm) ® Q =  H $ ( X ,  D) ® Q =  0

for n  > 0. It implies the first part of our lemma. The second part follows 
now from the well known homotopy invariance of Picard group over regular
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schemes.

Our theorem is proven.

5.2 Categories DM/*.
Let k be afield of characteristic zero. Denote by DMft(k)  a full tensor triangle 
subcategory in DM(Spec(k)) generated by motives of the schemes of finite 
type over Spec(fc). In this section I shall prove some elementary properties 
of these categories.

P roposition 5.9 Let X , X '  be a pair of birationally equivalent schemes of 
finite type over k. Denote by C (resp. C‘) a full tensor triangle subcategory 
of DM  ft which is generated by the objects M(Y)  fo r Y  such, that dim(Y) < 
dim(X) and M ( X )  (resp. M (X’)). Then one has C = C'.

Proof: It is direct corollary of the theorem of Hironaka about resolution of 
singularities and our theorems 4.28 and 4.32.

Theorem  5.10 Category DMft[k) is generated as tensor triangle category 
by the motives of smooth projective varieties.

Proof: It is a direct corollary of the proposition 5.9 and resolution of singu
larities.

P roposition 5.11 Let X  be an object of DMjt(k),  then for any n > 0 an 
object X  x Z/nZ is isomorphic in DMjtik) to an object which corresponds 
to a finite complex of locally free (in etale topology) sheaves of finite groups 
over k.

Proof:

------------------------ to be continued------------------------------
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A Tensor triangle categories.

I want to give here severed definitions and examples concerning tensor triangle 
categories, because as I know there are no any paper where such structures 
would be considering.

Tensor triangle category is by the definition the category equipped by 
both tensor and triangle structure together with some additional data de
scribing there concordance.

Definition A .l The ten sor triangle category is  ike  collection o f  ike fo llow 
ing data:

1. Triangle category C .
2. Tensor structure on C in  ike sense o f  //. W e shall denote by ® the  

ten so r product on C, by ax,Y ,z '■ X  ® (Y  ® Z )  — > (X  ® Y )  ® Z  - the  
isom orphism s o f  the associa tivity and by <tx,y : X  ® Y  — ► Y  ® X  - the  
isom orphism s o f  the com m utativity in  C. We assum e th a t C is equipped with  
the s tr ic t unit object Z and that ( e x j e ) 2 =  1.

3. For any tw o objects X , Y  o f C -  the isom orphism s:

a x y . { X ® Y ) [ l ] ^ X ® < y [ l ] )

Px ,y : ( X ® Y ) [ 1 ] ^ ( X [ 1 ] ) ® Y

This se t o f  data should sa tisfy  the follow ing conditions:
1. The fu n ctors ? ® X  : C  — *• C  and  X®? : C  — ► C  are exact f o r  any  

X  € obC.
2. For any X ,  Y  € obC the follow ing diagram  is  com m utative:
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3. For any X , Y  6 obC the following diagram is commutative:

& H IL  —  8y)W{X  ®Y)[2]- J » (X[l

a x ,r[l

( x  ® y[i])[i] » x [i] ® r [ i]

The morphism c c x , y , 0 x , y  in this definition axe nothing but the compo
nents of the natural isomorphisms of functors (? ® X)[?] — ► [?](? ® X )  and 
(X®?)[?] — ► [?](-X®?) the existence of which is the part of the definition of 
the exact functor.

Note that we should not include in our definition any concordance con
ditions for a x , Y  or f i x , Y  and the isomorphisms of the associativity, because 
they can be obtained from the standard diagrams for the tensor categories 
using the isomorphisms olxz '■ - [̂1] — ► X®Z[1]. In fact, the only nontrivial 
point in this definition is the negative sign in the condition 3.

P roposition  A.2 Let Abe a tensor abelien category of the finite T  or-dimension,
then the derived category D(A) of A  equipped with the L is the tensor triangle 
category in the sense of the above definition.

Proof: Direct computation.

D efinition A .3 The tensor exact functor from the tensor triangle category 
D to the tensor triangle category U  is the functor F  : D — ► D' which is 
tensor functor with respect to the tensor structures on D, U  and the exact 
functor with respect to the corresponding triangle structures together with the 
fixed isomorphism <j>F o [?] — ► [?] o F such that the following diagrams are 
commutative for any X , Y  6 obD:

F~   ' ------------------- ------------------------------------------
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F((X ® r)[i])----------* F(X  ® r[i]) F((X ® r)[i])-------------f (  x  i] ® y )

i l l  i
F (x ® r )[i] F (X )® F (r)[i] F(A:®y)(i] f (jc)[i]® f (K)

Now I want to prove one result which shows what kind of effects one can 
expect working with the tensor triangle categories.

For the pair of objects X , Y  €  obD  denote by 7 x ,y  •' ( X  0  Y)[2] — ► 
X[l] 0  K[l] the composition

i x y  =  0 0 x ,y [l]

I shall need the following lemma:

Lemma A.4 L e t X , Y  6  obD then one has y y ,x 0 a x y [2] =  —̂<^x[i],y\i]01 x ,y  •

Proof: Consider the diagram:

( X  0  Y )[2]-------  ( X  0  r [l])[l]:-------» X [ l ]  ® Y [  1]

1 I I
{ Y  0  X)[2]----- - ( Y [  1] 0  X ) [ l ] -------» Y [ l ]  ® *[1]

It is commutative according to the condition 2 of the definition A.I. The 
upper string represents by the definition 7 x ,y  and according to the condition 
3 of A.l the lower string represents —7 yj c  which proves the lemma.

Proposition A.5 L et A  be a ten so r k -lin ear abelien category such th a t ch ark  ^ 
2 , D  be a ten sor triangle category and F  : A  — ► D  be a ten so r exact functor.
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Suppose that X , Y  £  obA are f la t  objects such, that there exists an isom or
phism. <j>: F ( A )  — ► F(B)[l] then one has:

Z  respectively.

Proof: To avoid a waste of paper I shall assume that F ( Z \  ® Z 2 ) =  F ( Z \ )  ® 
F ( Z 2). Consider the decompositions X 9 2  =  S 2X  @ f l2 X  and Y 92 =  S 2Y  © 
A2 Y  (we can do it because ch ark  ^ 2 ). Any morphism F ( X 92) — ► 
F ( Y 92)[2] can be represented by 2 x 2 matrix, which “elements” axe the 
morphisms of the form F ( S 2X )  — > F(S2y)[2 ], F ( S 2X )  —  F(A2 Y ) [ 2 ] etc. 
It is sufficient to prove that the diagonal ones are zero, then the other two will 
give us the isomorphisms we need. Let us prove, say, that the composition

F ( S 2X )  — > F ( X ) ® F { X )  — ► F (r)[l]0 F(y)[l] — > F(y®2)[2 ] — ► F(52F)[2]

2

F { S 2X )  *  F (/\ Y)[2]

2

F ( / \ X )  2  F ( S 2Y )

where S 2Z  and  A2 Z  denote the sim m etric  and exterior squares o f  an object

is equial to zero.
Considering the commutative diagrams

F(S2X )--------— F(y)[l] ® F(r)[l]

^F(y),F(:

F(52y)[2]

we see that to prove it is sufficient to show that the diagram

% '  •
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F(y)[l] ® F(y)[l] —  F ( Y  ® 2)[2 ]

*F(Y)F(Y)[2]

F(r®2)[2]

is commutative up to the multiplication by —1 , which is nothing but the 
statment of the lemma A.4.
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B Strong localization of derived categories

This appendix is devoted to the construction which we call strong localization 
for the derived categories of abelien categories. It is a modification of the 
construction of the localization for triangle categories due to Verdier ([12]), 
which seems to be more convenient than the original one in the case of 
possibly infinite Ext-dimension of the abelien category.

Let me briefly recall first an original construction by Verdier.

Definition B .l L et D  be a triangle category. A  fu ll subcategory C  o f  D  is  
called thick i f  i t  sa tisfies the follow ing three conditions.

1. I f  X  6 ob(C) ,  then fo r  any n  one has X[n] £ ob(C) .

2. L et
X  — ► Y — ► Z — ► X[l] 

be an exact triangle in D  such th a t X , Y  £ ob(C) ,  then Z  € ob(C).

3. Let
X  - U  Y  — ► Z  — ► x[l ]

be an exact triangle in D  such, th a t Z  € ob(C) and f  can be factorized  
through an object from  C , then X , Y  6  ob(C) .

For any class P  of objects of D  there is a smallest thick subcategory of D  
which contains all the objects from P .  We denote it by < P  > .

The main result of the Verdier’s theory of the localizations of triangle 
categories can be formulated as follows.

Theorem B . 2  L et D  be a triangle category and P  be a  class o f  objects o f  
D . Then a  localization D /A  o f  D  w ith  respect to  the class o f  m orphism s such  
that th e ir  cones lies in  <  P  >  has a natural structure o f  triangle category  
and a fu n c to r  D  — ► D / P  is  universal w ith respect to  exact fu n cto rs which 
take objects o f  P  to  zero object.

Proof: See [12].

One can easily see that if D  is a derived category of an abelien category A
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constructed by means of bounded complexes, then any object of A  which has 
a finite resolvent consisting of the objects from P  is contained in < P  > ,  
and, therefore, represents zero in the localization D j P .  If A  has a finite Ext- 
dimension, then one can easily see, that this remark admit a generalization. 
N am ely, if an object X  of A  has an infinite to the left resolvent consisting of 
the objects from P ,  then it also represents zero in the localized category. In 
the case of infinite Ext-dimension it is not in general true, i.e. there might 
exist objects which have an infinite to the left resolvent consisting of objects 
of P  which do not represent zero object in the localized category.

The following definition of the strong localization let us to eliminate such 
effects. Denote by D -  a full subcategory of D  consisting of complexes which 
are acyclic in positive dimension.

Definition B.3 a. A n object X  € ob{D) is  called unbounded w ith  respect to  
P  i f  there exists N  such that f o r  any n >  N  there exist an  object Yn 6  o b ( D - )  
and a m orphism  X  — * Ŷ [n] in D , which represents isom orphism  in the 
localized category D / P .

b. A  strong localization D / P  o f  D  with respect to  P  is  defined as a 
localization o f  D / P  with respect to  thick subcategory generated by unbounded 
objects.

Proposition B.4 L et X  be an object o f  A  such, that there exists a resolvent

••• i An > Atj-i > ••• * -A-l

o f X  consisting o f  the objects fro m  <  P  > ,  then X  represents zero in D / P . 

Proof: Consider an exact sequence

ker(dn) X n ^  . . . - £ + X t X

It defines a morphism X  — *• fcer(dn)[n] in D.  It follows immediately from 
the condition X k  6  ob(< P  >), that this morphism represents isomorphism 
in the localized category. Therefore X  is unbounded, i.e. represents zero in 
D / P .

fc- •
R ep ro d u ced  with p erm issio n  o f  th e  copyrigh t ow n er. Further reproduction  prohibited w ithout p erm issio n .



Appendix B: Strong localization of derived categories 76

Proposition B.5 L et X  be an object o f  D  such, th a t f o r  any Y  € P  and 
any n one has

H o m D( Y , X )  =  0,

then
H o m .£ ) /p (Z ,X ) = H o m n ( Z , X )

f o r  any Z  6  ob(D).

Proof: Obviously.
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