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Abstract. These are informal notes to accompany the first week of
graduate lectures at the IAS Women and Mathematics Program. There
are a number of topics covered in these notes that will not be cov-
ered in the lectures. These notes also contain some exercises which will
hopefully start some good discussions at our afternoon problem ses-
sions. We encourage you to read over all the notes and exercises. Sheila
(Margherita) Sandon and I look forward to this symplectic and contact
journey with you.
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1.

Basic Objects and Important Questions

In this first lecture, we will define the basic objects in symplectic and
contact topology and introduce some major motivating questions for the
field. We will also briefly discuss the plans for the remainder of the week.

1.1. Basic Objects. Let us begin by defining symplectic and contact man-
ifolds.

Definition 1.1.
(1) A symplectic manifold is a pair (X,ω) where X is a smooth 2n-

dimensional manifold and ω is a differential 2-form that is closed
(meaning dw = 0) and non-degenerate in the sense that ∀x ∈ X,
∀v ∈ TxX, if v 6= 0 then ∃w ∈ TxX so that ω(v, w) 6= 0.

(2) A contact manifold is a pair (Y, ξ) where Y is a smooth (2n + 1)-
dimensional manifold and ξ is a field of tangent hyperplanes (planes
of dimension 2n) that are maximally non-integrable: if ξ is locally
given as kerα, then α ∧ (dα)n 6= 0.

Remark 1.2.
(1) There are many equivalent ways to formulate non-degneracy of a

symplectic form. Another common way is to say that ωn = ω∧· · ·∧ω
is a volume form.
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Figure 1. The standard contact structure on R3.

(2) The non-degeneracy of the symplectic form gives rise to an isomor-
phism θ : TX → T ∗X given by θ(v) = ω(v, ·). This will be useful
later when we discuss Hamiltonian diffeomorphisms.

(3) The Frobenius integrability theorem asserts that a hyperplane field
ξ is integrable if and only if the sections of ξ are closed under the
Lie bracket. When ξ = kerα, this means α([v, w]) = 0 whenever
α(v) = α(w) = 0, which is equivalent to α ∧ dα = 0. The contact
condition is as far away from this as possible. For more information,
see, for example, [26].

(4) Given a contact manifold, the maximally non-integrability condition
says that it is not possible to find any 2n-dimensional surface whose
tangent planes coincide with the planes given by ξ. The Legendrian
submanifolds we will study below are integral submanifolds of the
largest possible dimension.

Example 1.3.
(1) (Euclidean Space)

(a)
(
R2n = {(x1, y1, . . . , xn, yn)}

)
has a canonical symplectic struc-

ture given by ω0 = dx1 ∧ dy1 + · · ·+ dxn ∧ dyn.
(b)

(
R2n+1 = {(x1, y1, . . . , xn, yn, z)}

)
has a canonical contact struc-

ture given by ξ0 = ker(dz −
∑
yidxi).

(2) (Cotangent bundles and 1-Jet Bundles) For any smooth man-
ifold M ,
(a) T ∗M has a canonical symplectic structure given by ω = −d(

∑
yidxi),

where (x1, . . . , xn) are local coordinates on M and y1, . . . , yn are
local coordinates for T ∗qM .

(b) J1M = T ∗M×R has a canonical contact structure given by ξ =
ker(dz−

∑
yidxi), where again (x1, . . . , xn) are local coordinates

on M and y1, . . . , yn are local coordinates for T ∗qM .

Exercises 1.4.
(1) Verify that ω0 on R2n is closed and non-degenerate.
(2) Verify that ξ0 is a contact structure on R2n+1.
(3) Show that any orientable surface is a symplectic manifold.
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(4) For a symplectic manifold (X,ω), [ω] ∈ H2(X). Show that by Stokes’
theorem, the non-degeneracy condition implies that when X is closed
(compact and no boundary), [ω] 6= 0. Can S4 or S6 have a symplectic
structure?

(5) The following is a coordinate free definition of the canoni-
cal symplectic form on T ∗M . Let M be a smooth manifold, and
consider the cotangent bundle

π : T ∗M →M.

Recall that, for every q ∈M , T ∗qM is the vector space dual to TqM ,
i.e. the vector space of all linear maps TqM → R. In other words,
sections of π : T ∗M → M are the 1-forms on M . Recall also that
the smooth structure on the total space T ∗M is given as follows. Let
x : U → Rn be a local coordinate chart for M . Thus x = (x1, · · · , xn)
where the xi are functions xi : U → R. For any q ∈ U , the differen-
tials dxi(q) : TqM → R form a basis for T ∗qM . Any element αq of
T ∗qM can be written as αq = Σn

i=1yi dxi. Thus we get local coordi-
nates T ∗U → Rn × Rn, (q, αq) 7→

(
x(q), y(q, αq)

)
, which defines the

smooth structure on T ∗M .

The Liouville 1-form (or tautological 1-form, or canonical 1-
form) λcan on T ∗M is defined by

λcan(X) := αq
(
π∗(X)

)
for X ∈ T(q,αq)(T ∗M).
• Show the tautological property of λcan, i.e. that for any 1-form
σ on M , seen as a section σ : M → T ∗M , we have σ∗λcan = σ.
• Show that in local coordinate λcan = Σn

i=1yi dxi.
The 2-form ωcan := −dλcan is the canonical symplectic form on
T ∗M . In local coordinates it is given by ωcan = Σn

i=1dxi ∧ dyi.

We will be interested in transformations of the space that preserve the
symplectic/contact structure.

Definition 1.5.
(1) A symplectic diffeomorphism of (X,ω) (or symplectomorphism)

is a diffeomorphism ψ : X → X so that ψ∗ω = ω. A symplectic
isotopy consists of a 1-parameter family of symplectic diffeomor-
phisms ψt, t ∈ [0, 1], where ψ0 is the identity.

(2) A contact diffeomorphism (or contactomorphism) of (Y, ξ) is
a diffeomorphism κ : Y → Y so that κ∗(ξp) = ξκ(p). A contact
isotopy consists of a 1-parameter family of contact diffeomorphisms
κt, t ∈ [0, 1], where κ0 is the identity.
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Exercises 1.6.
(1) Show that a symplectic diffeomorphism preserves volume.
(2) Find some explicit symplectic diffeomorphisms of (R4, ω0).
(3) Show that if ξ is globally given as the kernel a 1-form α, then κ is

a contact diffeomorphism if and only if κ∗α = fα, for some non-
vanishing function f .

(4) Find some explicit contact diffeomorphisms of (R3, ξ0).

In fact, functions on the manifold give rise to symplectic and contact
isotopies known as Hamiltonian isotopies and Reeb flows.

Example 1.7.
(1) Let (X,ω) be a symplectic manifold. Given a time-dependent func-

tion Ht : X → R, by the non-degeneracy condition, there exists
a time-dependent vector field, vt, called the Hamiltonian vector
field, defined by

ω(vt, ·) = dHt.

This time-dependent Hamiltonian vector field vt defines a symplectic
isotopy φt, called the Hamiltonian isotopy of X: d

dtφt = vt ◦ φt.
A symplectomorphism φ is called Hamiltonian if there exists a
Hamiltonain isotopy φt with φ1 = φ. In fact, if H1(X) = 0 (which
is guaranteed when X is simply connected), then every symplectic
isotopy is Hamiltonian.

(2) All contact forms for a contact structure ξ on Y differ by a non-
vanishing function. There is a canonically defined flow associated to
any contact form. Namely, given a contact form α, there exists a
unique vector field v = vα : Y → TY such that

dα(vα, ·) = 0, α(vα) = 1.

This vector field is called the Reeb vector field determined by α.
One can think of vα as a choice of a “perpendicular” to the contact
planes. The flow of vα preserves the contact form α and thus defines
a contact isotopy. Notice that if one chooses a different contact form
fα, the corresponding Reeb vector field vfα may be quite different
from vα, and so its flow may have very different dynamical properties.

Exercises 1.8.
(1) Consider H : R4 → R given by H(x1, y1, x2, y2) = x1. What is

the corresponding Hamiltonian vector field vt and the corresponding
Hamiltonian isotopy φt? Repeat for when H(x1, y1, x2, y2) = y1.

(2) What is the Reeb vector field for the standard contact form α0 =
dz −

∑
yidxi on R2n+1?

Projective space CPn, and more generally, Kähler manifolds with their
Kähler form are other important sources of symplectic manifolds. However,
during this first week, we will focus on the standard symplectic and contact
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manifolds, T ∗M and J1M . In fact, when M = Rn, these standards are the
local model for all:

Theorem 1.9 (Darboux). (1) Every symplectic manifold is locally sym-
plectomorphic to (R2n, ω0): if (X2n, ω) is a symplectic manifold and
p ∈ X, then there exists local coordinates (x1, y1, . . . , xn, yn) on a
neighborhood U ⊂ X of p where

ω|U =
∑
i

dxi ∧ dyi.

(2) Every contact manifold is locally contactomorphic to (R2n+1, ξ0): if
α is a contact form on Y 2n+1 and p ∈ Y , then there are coordinates
(x1, . . . , xn, y1, . . . , yn, z) on a neighborhood U ⊂ Y of p so that

α|U = dz −
n∑
i=1

yidxi.

For proofs, see, for example, [26], [22].
Because of Darboux’s theorem, there are no local invariants in symplec-

tic or contact geometry. (This is in contrast to Riemannian geometry where
there are a number of local curvature invariants.) Symplectic/Contact Topol-
ogy is the study of global phenomena in symplectic/contact manifolds.

Special submanifolds of a symplectic/contact submanifold are examples
of global phenomena to study.

Definition 1.10.
(1) An n-dimensional submanifold L of the symplectic manifold (X2n, ω)

is Lagrangian if ω(v, w) = 0, for all v, w ∈ TpL, for all p ∈ L;
(2) An n-dimensional submanifold Λ of the contact manifold (Y 2n+1, ξ)

is Legendrian if TpΛ ⊂ ξp, for all p ∈ Λ.

Example 1.11.
(1) (Lagrangians in Cotangent Bundles) For any smooth function

f : M → R, Γdf is a Lagrangian submanifold of T ∗M .
(2) (Legendrians in 1-Jet Bundles) For any smooth function f :

M → R, j1f is a Legendrian submanifold of J1M .

In fact, Legendrians in J1M = T ∗M × R will project to immersed La-
grangians in T ∗M . The 0-section, L0, is an important Lagrangian sub-
manifold of T ∗M .

Example 1.12. In fact, symplectomorphisms can be viewed as Lagrangian
submanifolds. If (X,ω) is a symplectic manifold, X × X is the symplectic
manifold with symplectic structure −π∗1ω + π∗2ω, where πi : X ×X → X is
the projection to the ith factor. Given ψ : X → X, then the graph of ψ,
Γψ = {(p, ψ(p)} is a Lagrangian submanifold of X ×X.
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z 

x 

Figure 2. These curves in the xz-plane have lifts to Legen-
drian knots in R3.

Exercises 1.13.
(1) Is the x1y1-plane a Lagrangian submanifold of (R4, ω0)? Is the x1x2-

plane a Lagrangian submanifold of (R4, ω0)?
(2) Show that any embedded curve in an orientable surface is Lagrangian.
(3) Verify that Γdf ⊂ T ∗M is a Lagrangian submanifold and j1f is a

Legendrian submanifold.
(4) Verify that the graph of a symplectomorphism Γψ ⊂ X × X is a

Lagrangian submanifold.
(5) Show that for any p ∈ M , the fiber T ∗pM is a Lagrangian submani-

fold.
(6) Show that curves in Figure 2 can be lifted to Legendrians in R3 by

setting the missing y coordinate equal to dz
dx .

(7) The Legendrians Λ ⊂ R3 = J1R = T ∗R × R you constructed in the
previous exercise will project to immersed Lagrangians LΛ ⊂ R2 =
T ∗R. Find these immersed Lagrangians.

Just as there are no local invariants of symplectic/contact manifolds, there
are no local invariants for Lagrangian/Legendrian submanifolds.

Theorem 1.14 (Weinstein).
(1) Let (X,ω) be a symplectic manifold and L ⊂ X a compact La-

grangian submanifold. Then there exists a tubular neighborhood U of
L in X that is contactomorphic to a tubular neighborhood V of the
0-section of T ∗L.

(2) Let (Y, ξ) be a contact manifold and Λ ⊂ Y a compact Legendrian
submanifold. Then there exists a tubular neighborhood U of Λ in Y
that is contactomorphic to a tubular neighborhood V of j1(0) in J1Λ.

Proofs of these can be found, for example, in [26].
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Figure 3. The symplectic camel.

1.2. Important Questions.

Question 1.15. How flexible or rigid are symplectic/contact diffeomor-
phisms? How flexible or rigid are Lagrangian/Legendrian submanifolds?

We know that symplectic diffeomorphisms must preserve volume. The
“symplectic camel” illustrates that symplectic diffeomorphisms have prop-
erties that distinguish them from volume preserving diffeomorphisms.

Theorem 1.16. (Symplectic Camel) ([16], [38] [27]) Consider the 4-
dimensional space E consisting of two half space and an open ball in the
plane separating these two half spaces:

E = {x1 < 0} ∪ {x1 > 0} ∪ {(0, y1, x2, y2) : y2
1 + x2

2 + y2
2 < 1}.

For R > 1, let B(R) denote a 4-dimensional ball of radius R in the half
space {x1 > 0}. Then there does not exist a symplectic isotopy ψt so that
ψ1(B(R)) is completely contained in the other half space, {x1 < 0}.

See Figure 3. In fact, it is possible to get an arbitrarily large percentage
of the volume of the camel through that hole/eye of the needle! ([34]). In
some sense, there are “ribs” that prevent the camel from completely passing
through the hole.

Another important phenomena that illustrates the difference between
symplectic and volume preserving diffeomorphisms is the “Non-Squeezing”
Theorem; see Figure 4:

Theorem 1.17. (Symplectic Non-Squeezing) Let B2n(r) denote the
closed ball in R2n of radius r, and let Z2n(r) denote the symplectic cylinder:

Z2n(r) = B2(r)× R2n−2 = {(x1, y1, . . . , xn, yn) : x2
1 + y2

1 ≤ 1}.
Then, when n ≥ 2 and R > r, there does not exist a symplectic embedding
ψ : B2n(R)→ Z2n(r).

The Non-Squeezing Theorem is a foundational theorem in symplectic
topology. It can be proved by numerous techniques: variational methods,
generating families, J-holomorphic curves. In the second week of the gradu-
ate course, you will see a proof using holomorphic curves. More recently, a
contact version of non-squeezing has been discovered by both holomorphic
and generating family techniques, [15], [32].
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Figure 4. The symplectic non-squeezing theorem.

A great deal of research in symplectic and contact topology has been
motivated by the Arnold conjectures, stated in [3]:

Conjecture 1.18 (Arnold Conjectures).
(1) Let X be a compact symplectic manifold, and let Crit(X) denote the

minimum number of critical points of a smooth, real-valued function
on X. Then any Hamiltonian diffeomorphism φ of X has at least
Crit(X) distinct fixed points.

(2) If L is a Lagrangian submanifold of (X,ω) and φ is a Hamiltonian
diffeomorphism of X, then the number of intersection points in L ∩
φ(L) is at least Crit(L).

Much progress has been made on this conjecture. There are many different
Arnold conjectures in the spirit of this original. Often one replaces Crit(X)
with other measurements of X. For example, one can use CritMorse(X),
which is defined as the minimum number of critical points of a smooth,
real-valued, Morse functions on X. From Morse theory, we know that
CritMorse(X) is bounded below by the sum of the Betti numbers of X.
Arnold conjectures have been proved that use the sum of the Betti num-
bers as a lower bound for the number of fixed points. These results gen-
erally imply the existence of more fixed points than are guaranteed by the
Lefschetz fixed point theorem, which says that the number of fixed points
of a diffeomorphism is bounded below by the alternating sum of the Betti
numbers.

In the second lecture, we will prove an Arnold conjecture where X is
a cotangent bundle and Crit(L) is replaced by Critstab(L), the minimum
number of critical points of “stabilized” functions.

There are also Arnold conjectures regarding Reeb chords of a Legendrian:

Conjecture 1.19 (Arnold Chord Conjecture). Every closed Legendrian
curve in S3 with the standard contact structure has for any choice of 1-
form a Reeb chord (namely a trajectory of the Reeb flow that intersects the
Legendrian at two different points).

A weaker version of this conjecture in a more general setting has been
proved by Mohnke, [28]. Recently, there have been investigations into the
number of Reeb chords that must exist. In the third lecture, we will prove an
Arnold conjecture that says that the number of Reeb chords for a compact
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Legendrian in R2n+1 (using the standard contact form) is bounded below by
half the sum of the Betti numbers of the Legendrian.

1.3. Techniques to Address Questions. As the Arnold conjectures high-
light, there is a “rigidity” to the number of fixed points of a Hamiltonian
diffeomorphism and the number of Reeb chords of a Legendrian. There are
a number of major techniques in symplectic and contact topology to try to
measure this rigidity. In the first week of this lecture course, we will focus
on the technique of generating families; in the second week, the focus will
be on the technique of J-holomorphic curves. In both of these techniques,
one typically sets up a function where the critical points are the “geomet-
rically significant objects” (fixed points of the Hamiltonian diffeomorphism
or Reeb chords). In the generating family technique, this function is defined
on a finite dimensional space, while in the holomorphic curve setting, this
function is defined on an infinite dimensional space (often a space of loops).
The generating family technique has the advantage that it is analytically
simpler; the holomorphic technique has the advantage that it can apply to
a wider class of symplectic and contact manifolds.

The development and achievements of generating family and pseudo-
holomorphic curve techniques have often occurred in parallel. For exam-
ple, the non-squeezing result can be proved using the technique of either
pseudo-holomorphic curves or generating families. The Symplectic Camel
was proved at approximately the same time using both holomorphic and
generating family techniques. Another parallel is that symplectic homology
for open subsets of R2n can be defined via both holomorphic and generat-
ing family theories. On the contact side, almost simultaneously, polynomial
invariants for Legendrian links were developed from both the generating
family and holomorphic curve theories. Non-squeezing phenomena in con-
tact topology can be detected from both holomorphic and generating family
techniques.

In the remaining lectures this week, we will discuss things that can be
done with generating families. In particular, in Lecture 2, we will discuss
how the mere existence of a generating family implies an Arnold conjecture.
In Lecture 3, we will discuss how generating families can be used to construct
“generating family” homology groups for a Legendrian submanifold; these
groups satisfy a duality that implies an Arnold conjecture. In Lecture 4, we
will combine the topics of Legendrian and Lagrangian by studying obstruc-
tions to and constructions of Lagrangian cobordisms between Legendrian
submanifolds.



10 L. TRAYNOR

2.

Lagrangian Submanifolds

In this second lecture, we will focus on proving versions of the symplectic
Arnold conjectures. We will begin by proving an Arnold conjecture for
C1-small Hamiltonian diffeomorphisms. We will then show that an Arnold
conjecture can be proved for other Hamiltonian diffeomorphisms through
the technique of generating families.

2.1. Arnold Conjecture for C1-small Hamiltonian Diffeomorphisms.
We begin by proving a simple case of the Arnold conjecture. Other C1-small
versions of Arnold’s conjecture can be found in Weinstein’s book, [39]. Re-
call that the 0-section, L0, of T ∗M is diffeomorhic to M .

Theorem 2.1 (C1-small Arnold conjecture). Let M be compact, let L0 ⊂
T ∗M denote the 0-section, and let φ denote a Hamiltonian diffeomorphism
of T ∗M that is C1-close to the identity. Then

#(φ(L0) ∩ L0) ≥ Crit(M).

Proof. If φ is C1-close to the identity, then φ(L0) is a section of the bundle
T ∗M →M . Thus φ(L0) corresponds to a 1-form. Since φ(L0) is Lagrangian,
this 1-form is closed. Moreover, since φ is Hamiltonian, this 1-form is exact.
Thus there exists f : M → R so that φ(L0) = Γdf . It follows that (φ(L0) ∩
L0) corresponds to the critical points of f , and the stated lower bound
follows. �

The idea of this proof can be extended to more general Hamiltonian dif-
feomorphisms through the technique of generating families.

2.2. Definition of Generating Families. We’ve seen that given a func-
tion f : M → R, the graph of df in T ∗M is a Lagrangian submanifold and
the 1-jet of f in J1M is a Legendrian submanifold. Generating families ex-
tend this construction to “non-graphical” Lagrangians and Legendrians by
expanding the domain to, for example, a trivial vector bundles M ×RN , for
some potentially large N .

To get an idea of generating families, we will first show how one can
explicitly construct a generating family for a Legendrian curve in R3 which
is not the 1-jet of a function. Consider Λ which is obtained as the Legendrian
lift of the graph of the “multi-valued” function shown in Figure 5. Λ is not
the 1-jet of f : R→ R, but Λ can be viewed as the “reduced 1-jet” of

F : R× R = {(x, e)} → R.

The idea is to construct a 1-parameter family of functions Fx : R = {e} → R
so that plotting the critical values of Fx, as x varies, gives you back the
picture in Figure 5. Figure 6 shows a schematic construction of a desired F .
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y=3

Figure 5. A Legendrian Λ with non-graphical front projection.
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Figure 6. The construction of a 1-parameter family of func-
tions (here with domain R) whose critical values trace out the
front projection of the Legendrian Λ of Figure 5.

So for this Λ, there exists F : R×R→ R so that Λ is the “1-jet of F along
the fiber critical submanifold”:

Λ =
{(

x,
∂F

∂x
(x, e), F (x, e)

)
:
∂F

∂e
(x, e) = 0

}
.

Recall that under the projection map J1R→ T ∗R, the Legendrian Λ will
be sent to a Lagrangian L. For the non-graphical Legendrian Λ in Figure 5,
the associated Lagrangian will be non-graphical; see Figure 7. Notice that
the F that generates Λ will also generate L:

L =
{(

x,
∂F

∂x
(x, e)

)
:
∂F

∂e
(x, e) = 0

}
.

Exercises 2.2. This aims to get you familiar with the flexibility in the
construction of generating families.

(1) In Figure 6, we constructed a generating family F : R × R → R
that generated the Legendrian curve in Figure 5 and the Lagrangian
curve in Figure 7.
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(a) What Legendrian/Lagrangian is generated by

F̃ (x, η) = F (x, η − 1)?

What Legendrian is generated by F̂ (x, η) = F (x, 2η)? More
generally, what Legendrian/Lagrangian will you generate if you
precompose F with a “fiber-preserving diffeomorphism”, a dif-
feomorphism Φ of R× R of the form Φ(x, η) = (x, φx(η))?

(b) What Legendrian/Lagrangian is generated by F̃ : R × R2 → R
given by F̃ (x, η, η̃) = F (x, η) + (η̃)2?

(c) What Legendrian/Lagrangian is generated by F̃ : R × R → R
given by F̃ (x, η) = F (x, η) + 3?

(2) Convince yourself that the Legendrian “eye” and “flying saucer” in
Figure 17 have generating families.

More precisely, here is a formal definition of a generating family. (A more
general definition of a generating family is given in an Appendix.)

Definition 2.3. Suppose F is a smooth function F : Mn×RN → R so that
0 is a regular value of ∂F

∂η : M ×RN → RN . Then the fiber critical set CF
of F is the n-dimensional submanifold

CF =
{

(x, η) :
∂F

∂η
(x, η) = 0.

}
Define immersions tF : CF → T ∗M and jF : CF → J1M in local coordinates
by:

tF (x, η) = (x, ∂xF (x, η)),

jF (x, η) = (x, ∂xF (x, η), F (x, η)).

The image L of tF is an immersed Lagrangian submanifold, while the image
Λ of jF is an immersed Legendrian submanifold. We say that F generates
L and Λ, or that F is a generating family (of functions) for L and Λ.

Often we will start with an embedded Lagrangian or Legendrian and show
that it has a generating family. Usually we will not do this explicitly but
rather appeal to some general theorems.

x

y

y=3

Figure 7. The Lagangian projection of the non-graphical Λ
from Figure 5.
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Critical points of a generating family detect interesting geometrical infor-
mation about the Lagrangian generated:

Proposition 2.4. Let L0 denote the 0-section of T ∗M . If F : M×RN → R
generates L ⊂ T ∗M , then critical points of F are in one-to-one correspon-
dence with L ∩ L0.

Proof. Notice

L =
{(

x,
∂F

∂x
(x, η)

)
:
∂F

∂η
(x, η) = 0

}
.

Thus
(x, η) is a critical point of F ⇐⇒ (x, η) ∈ CF and ∂xF (x, η) = 0

⇐⇒ tF (x, η) ∈ L ∩ L0.

�

Exercises 2.5. Let ΛR
0 denote the 0-wall of J1M :

ΛR
0 = L0 × R ⊂ T ∗M × R = J1M.

Prove that if F : M ×RN → R generates Λ ⊂ J1M , then the critical points
of F are in one-to-one correspondence with Λ ∩ ΛR

0

Since the domain of F is not compact, we usually want to put some
“taming condition” on the behavior of the function outside a compact set.
This will guarantee that a number of standard Morse theoretic arguments
will apply in this non-compact setting. In particular, to guarantee that the
gradient vector field of F has a well-defined flow for all time, we want the
generating family to be at worst “quadratic” outside a compact set. The
condition at infinity will be dictated by the type of Legendrians/Lagrangians
under consideration. When one wants to study Lagrangians in T ∗M that
are Hamiltonian isotopic to the 0-section or Legendrians in J1(M) that are
Legendrian isotopic to the 1-jet of a function, we use quadratic-at-infinity
generating families. Notice that the Lagrangian/Legendrian in T ∗M or J1M
generated by a quadratic-at-infinity generating families will necessarily have
a surjective project to M . Thus, for example, when one wants to study
compact Legendrians in J1(Rn) = R2n+1, one wants to use linear-at-infinity
generating families.

The conditions of linear-at-infinity or quadratic-at-infinity are defined pre-
cisely as follows.

Definition 2.6.

(1) A function F : M × RN → R is linear-at-infinity if F can be
written as

F (x, η) = F c(x, η) +A(η),

where F c has compact support and A is a non-zero linear function.
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(2) A function F : M × RN → R is quadratic-at-infinity if F can be
written as

F (x, η) = F c(x, η) +Q(η),

where F c has compact support and Q is a non-degenerate quadratic
form, Q(η) = Q(η1, . . . , ηn) =

∑n
i=1±η2

i .

In the following, we will use the term tame to mean linear-at-infinity or
quadratic-at-infinity.

2.3. Existence of Generating Families. As mentioned earlier, usually
we do not explicitly construct generating families. Rather, we appeal to the
following existence theorem.

Theorem 2.7 (Existence of Generating Families). Let M be a compact
manifold.

(1) For t ∈ [0, 1], let Lt ⊂ T ∗M be the image of the zero section, L0,
under a compactly supported Hamiltonian isotopy φt of T ∗M . Then
there exists a quadratic-at-infinity generating family for Lt: if F is
any quadratic-at-infinity generating family for L0 then there exists
a path of generating families Ft : M × R2N → R for Lt = φt(L0)
that agree with a quadratic of index N at infinity so that F0 is a
stabilization of F and Ft = F0 outside a compact set.

(2) Let Λ0 ⊂ J1M denote the 1-jet of the 0-function. If κt, t ∈ [0, 1],
is a compactly supported contact isotopy of J1(M), then there ex-
ists a smooth 1-parameter family of quadratic-at-infinity generating
families Ft : M × RN → R for κt(Λ0).

A stabilization of a generating family F : M × RN → R is a gen-
erating family of the form F̃ : M × RN × RM → R, where F̃ (x, η, η̃) =
F (x, η) +Q(η̃), for a quadratic form Q.

Statement (1) for Lagrangians was shown by Laudenbach and Sikorav,
[25]. There is also an alternative proof by Chekanov, [8]; his construction is
sometimes referred to as Chekanov’s formula. There also exists a Chekanov
formula to prove (2); alternately Chaperon has a different construction, [7],
[6]. An outline of Laudenbach and Sikorav’s construction can be found in
an Appendix and can be discussed at the problem sessions.

As a corollary of Theorem 2.7 (1), we can prove an Arnold conjecture. Re-
call, that Crit(M) denotes the minimal number of critical points of a smooth
function on M . Define Critstab(M) to be a stabilized version: Critstab(M)
is the minimal number of critical points of a function defined on M ×B2N ,
where the function agrees with a quadratic form of index N near the bound-
ary of the ball. Notice that

Crit(M) ≥ Critstab(M).

As a corollary to the existence of a generating family and Proposition 2.4,
we have:
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Corollary 2.8 (Arnold conjecture, [25]). Let L0 ⊂ T ∗M denote the 0-
section and let φ denote a Hamiltonian diffeomorphism of T ∗M . Then

#(φ(L0) ∩ L0) ≥ Critstab(M).

Exercises 2.9. Formulate and prove an Arnold conjecture for Λ ∩ ΛR
0 .

2.4. Uniqueness of Generating Families. There are some natural equiv-
alences to apply to generating families.

Definition 2.10.

(1) Given a generating family F : M × RN → R, let Q : RK → R be a
non-degenerate quadratic form: Q(e1, . . . , eK) =

∑K
j=1±e2

j . Define
F ⊕ Q : M × RN × RK → R by F ⊕ Q(x, η, η′) = F (x, η) + Q(η′).
Then F ⊕Q is a stabilization of F .

(2) Given a generating family F : M × RN → R and a constant C ∈ R,
F ′ = F + C is said to be obtained from F by addition of a
constant.

(3) Given a generating family F : M × RN → R, suppose Φ : M ×
RN → M × RN is a fiber-preserving diffeomorphism, i.e., Φ(x, η) =
(x, φx(η)) for diffeomorphisms φx . Then F ′ = F ◦ Φ is said to be
obtained from F by a fiber-preserving diffeomorphism.

Notice that two generating families that differ by fiber-preserving diffeo-
morphism and stabilization will generate the same Legendrian Λ ⊂ J1M .
Two generating families that differ by fiber-preserving diffeomorphism, sta-
bilization, or the addition of a constant will generate the same Lagrangian
L ⊂ T ∗M .

Definition 2.11. Two generating families Fi : M × RNi → R, i = 1, 2
for a Lagrangian submanifold of T ∗M are equivalent if they can be made
equal after the operations of addition of a constant, fiber-preserving diffeo-
morphism, and stabilization. Two generating families Fi : M × RNi → R,
i = 1, 2 for a Legendrian submanifold of J1M are equivalent if they can
be made equal after the operations fiber-preserving diffeomorphism, and
stabilization.

There are some situations where the generating family is “unique” up to
this notion of equivalence.

Theorem 2.12 (Uniqueness of Generating Families, [38], [33]). Suppose M
is compact.

(1) For t ∈ [0, 1], let Lt ⊂ T ∗M be the image of the zero section, L0,
under a compactly supported Hamiltonian isotopy φt of T ∗M . Then
any two quadratic-at-infinity generating families for Lt are equiva-
lent.
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(2) For t ∈ [0, 1], let Λt ⊂ J1M be Legendrian isotopic to the 1-jet
of a function of the 0-function. Then any two quadratic-at-infinity
generating families for Λt are equivalent.

Given this uniqueness, one can do a number of things. For example:
• For a Lagrangian L ⊂ T ∗M that is the image of L0 under a Hamil-

tonian diffeomorphism, it is possible to define “capacities”. These
capacities are critical values of the generating family. One gets a
capacity associated to each cohomology class u ∈ Hk(M); [38].
• Since every compactly supported symplectic diffeomorphism (nec-

essarily Hamiltonian) ψ of R2n can be realized as a Lagrangian
L ⊂ T ∗(S2n) which is the image of L0 under a Hamiltonian diffeo-
morphism, one can define two “canonical capacities” c±(ψ). These
capacities can be used, in particular, to define a bi-invariant metric
on the space of symplectic diffeomorphisms of R2n; [38]. (Recently,
Sandon has proved that there is an interger valued bi-invariant met-
ric on the identity component of the group of compactly supported
contact diffeomorphisms of R2n × S1, [31].)
• For an open set U ⊂ R2n, one can define its capacity c(U) to be

the supremum of c+(ψ), where ψ is a symplectic diffeomorphism
supported in U ; [38]. (In the contact world, Sandon has shown that
it is possible to define capacities for U × S1 ⊂ R2n × S1, [32].)
• For a symplectic diffeomorphism ψ, in addition to assigned real num-

bers c±(ψ), one can assign homology groups, GH(a,b]
∗ (ψ), for every

interval (a, b] of real numbers. Namely, GH(a,b](ψ) is defined to be
the relative homology groups H∗(F b, F a), where F is the unique gen-
erating family of the Lagrangian associated to ψ. Then for an open
set U ⊂ R2n, by a limit over symplectomorphisms supported on U ,
one can then define symplectic homology groups GH(a,b](U); [35].
(As a parallel result in the contact world, Sandon has shown that it
is possible to assign symplectic homology groups, GH(a,b](U × S1),
to the set U × S1 ⊂ R2n × S1, [32])

Appendices to these notes outline some of these constructions.
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3.

Legendrian Submanifolds

In this third lecture, we will briefly discuss some classical Legendrian
invariants. Then we show how one can use generating families to construct
non-classical invariants in the form of (co)homology groups and associated
polynomials. We then show that a fundamental duality in these groups leads
to a proof of an Arnold conjecture for Legendrians.

3.1. Legendrian Equivalence and Classical Invariants. Given two Leg-
endrian submanifolds, Λ0, Λ1, it is natural to ask if they are “equivalent”.
A natural notion of equivalence is to say Λ0 and Λ1 are equivalent if there
exists a smooth 1-parameter family of Legendrians Λt between Λ0 and Λ1.
Another natural notion of equivalence is to say Λ0 and Λ1 are equivalent if
there exists a contact isotopy κt so that κ1(Λ0) = Λ1. In fact, these two
notions of equivalence are the same. See, for example, [22].

For 1-dimensional Legendrians Λ0,Λ1 ⊂ R3, Λ0 and Λ1 are equivalent if
and only if their front projections are equivalent by planar isotopies that do
not introduce vertical tangents and the Legendrian Reidemeister moves
as shown in Figure 8. Every Legendrian knot and link has a Legendrian rep-
resentative. In fact, every Legendrian knot and link has an infinite number
of different Legendrian representatives. For example, Figure 2 includes two
different Legendrians that are topologically the unknot. In fact all Legen-
drian unknots can be obtained from the Legendrian unknot in the shape
of an “eye” in Figure 17 by adding up or down zig-zags (also known as
∓ stabilizations). These unknots are classified by classical Legendrian
invariants, the Thurston-Bennequin, tb, and rotation, r, numbers. These
invariants can easily be computed from a front projection of the Legendrian

1

3

2

Figure 8. The three Legendrian Reidemeister moves: there
is another type 1 move obtained by flipping the planar figure
about a horizontal line, and there are three additional type 2
moves obtained by flipping the planar figure about a vertical,
a horizontal, and both a vertical and horizontal line.
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( a ) ( b )

Figure 9. (a) Negative crossings; (b) Positive crossings.

( a ) ( b )

Figure 10. (a) Right and left down cusps; (b) Right and
left up cusps.

tb = -1

-2

-3

r = 0 1-1

Figure 11. The tree of all Legendrian unknots.

link:

(3.1) tb(Λ) = P −N −R, r(Λ) =
1
2

(D − U),

where P is the number of positive crossings, N is the number of negative
crossings, R is the number of right cusps, D is the number of down cusps,
and U is the number of up cusps in a generic front projection of Λ. (See
Figures 9, 10.) Given that two front projections of equivalent Legendrian
links differ by the Legendrian Reidemeister moves described in Figure 8, it
is easy to verify that tb(Λ) and r(Λ) are Legendrian link invariants. (For
more general definitions of these classical invariants, see, for example, [17].)

In general, it is an important question to understand the “geography”
of other knot types. By work of Etnyre and Honda, [18] and Etnyre, Ng,
and Vértesi, [19], we understand the trees/mountain ranges for all torus and
twist knots. The Legendrian knot atlas of Chongchitmate and Ng, [9], gives
the known and conjectured mountain ranges for all Legendrian knots with
arc index at most 9; this includes all knot types with crossing number at
most 7 and all non-alternating knots with crossing number at most 9.
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Exercises 3.1.
(1) Calculate the Thurston-Bennequin and rotation numbers for all the

Legendrian knots in Figure 2.
(2) Check out the Legendrian knot atlas in [9]. Are there trees/mountain

ranges that have different ancestors with the same tb and r values?
(3) Look up the general definition (non-combinatorial) of the Thurston-

Bennequin and rotation numbers in [17].
(4) Look up the definition of the Thurston-Bennequin and rotation num-

ber invariants for higher dimensional Legendrians in [12].

3.2. Difference Function for Legendrian Submanifolds. As mentioned
earlier, the Reeb chords are an important rigid phenomena and appear in
Arnold conjectures. We want to measure these Reeb chords with a gener-
ating family. As we saw in Exercise 2.5, the critical points of a generating
family of a Legendrian knot Λ do not correspond to the Reeb chords of the
knot; they do correspond to Reeb chords between Λ and Λ0, the 1-jet of the
0 function. More generally, to measure the Reeb chords between disjoint
Legendrian submanifolds or Reeb chords of a single Legendrian, we use a
“difference” of generating families.

Definition 3.2. ([37], [24])
(1) Suppose Λ1,Λ2 ⊂ J1M are disjoint Legendrian submanifolds. If

fi : M × RNi → R is a tame generating family for Λi, then the
difference function of f1, f2 is δf1,f2 : M×RN1×RN2 → R, defined
by

δf1,f2(x, η1, η2) = f2(x, η2)− f1(x, η1).

(2) Suppose Λ ⊂ J1M is a Legendrian submanifold. If f : M ×RN → R
is a tame generating family for Λ, then the difference function of
f is δf : M × RN × RN → R, defined by

δf (x, η1, η2) = f(x, η2)− f(x, η1).

Let `(γ) > 0 be the length of the Reeb chord γ (either between Λ1

and Λ2 or between Λ and itself), and let ` (resp. `) denote the maximum
(resp. minimum) length of all Reeb chords of Λ.

Proposition 3.3 ([37], [20], [30], [24]).
(1) For tame generating families f1, f2 of disjoint Legendrian submani-

folds Λ1,Λ2 ⊂ J1M ,
(a) the critical points of the difference function δf1,f2 : M × RN1 ×

RN2 → R are in one-to-one correspondence with Reeb chords γ
between Λ1 and Λ2; the associated critical value is either `(γ)
or −`(γ);

(b) positive critical values of δf1,f2 correspond to Reeb chords that
begin on Λ1 and end on Λ2, while negative critical values corre-
spond to Reeb chords that begin on Λ2 and end on Λ1;
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(c) 0 is never a critical value of δf1,f2.
(2) For a tame generating family f that generates a Legendrian sub-

manifold Λ ⊂ J1M , the critical points of the difference function
δf : M × RN × RN → R are of two types:
(a) For each Reeb chord γ of Λ, there are two critical points (x, η1, η2)

and (x, η2, η1) of δf with nonzero critical values ±`(γ).
(b) The set

{(x, η, η) : (x, η) ∈ Cf}
is a critical submanifold of δf with critical value 0.

For generic f1, f2, f , these critical points and submanifolds are non-degenerate,
and the critical submanifold has index N .

Given this proposition, we want a way to detect the existence of critical
points/values of δ. Morse theory is a natural tool to use to do this. Classical
Morse theory is defined for real valued functions on compact manifolds.
Given f : M → R, where M is a compact manifold, one examines the
sublevel sets of f :

fa := {x ∈M : f(x) ≤ a}.
Then the presence of a critical value of f in [a, b] (and thus of a critical point
of f) is detected by a change in the homology groups of f b and fa.

In a similar way, we will detect the presence of Reeb chords by mea-
suring the relative homology (or cohomology groups) of sublevel sets of δ.
The construction will vary slightly between looking at a disjoint union of
Legendrians and a single Legendrian.

3.3. GF Homology Groups for a disjoint union of Legendrian Sub-
manifolds. Assume that Λ1,Λ2 ⊂ J1M are disjoint Legendrian submani-
folds with tame generating families f1, f2. Let δf1,f2 : M × RN1 × RN2 → R
be the associated difference function. For a ∈ R, let

δaf1,f2 := {(x, η1, η2) : δf1,f2(x, η1, η2) ≤ a}.

Since the generating families are tame, there exists some constant ω > 0 so
that all critical values of δf1,f2 lie in the interval (−ω, ω). Since 0 can never
be a critical value of δf1,f2 ; it is natural to examine the following relative
homology groups. The total generating family homology groups of
δf1,f2 are defined as:

GHk(f1, f2) = Hk

(
δωf1,f2 , δ

−ω
f1,f2

)
;

the positive homology groups of δf1,f2 are defined as:

GH+
k (f1, f2) = Hk

(
δωf1,f2 , δ

0
f1,f2

)
;

and the negative homology groups of δ are defined as:

GH−k (f1, f2) = Hk

(
δ0
f1,f2 , δ

−ω
f1,f2

)
.
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A classic algebraic topology argument (“critical non-crossings”) shows that
if one has a smooth 1-parameter family of generating families f1(t), f2(t)
that generate a Legendrian isotopy Λ1(t),Λ2(t) with Λ1(t) ∩ Λ2(t) = ∅,
these groups GHk(f1(t), f2(t)), GH+

k (f2(t), f2(t)), GH−k (f1(t), f2(t)) will not
change.

In fact, the total generating family homology groups are “not interesting”,
in the sense that they will not depend on the Legendrians. For example,
when M is compact and f1, f2 are quadratic at infinity, GHk(f1, f2) records
the homology groups of M ; when M = R2n+1 and f1, f2 are linear-at-infinity,
GHk(f1, f2) vanish for all k. This predicability can be useful: a long exact
sequence associated to the triple (δ−ω, δ0, δω) then shows that GH+

k (f1, f2)
can be recovered from GH−k (f1, f2).

A convenient way to record the negative (or positive) homology groups is
through a Poincaré polynomial:

Γ−δ (t) =
∞∑
k=0

akt
k,

where ak is the dimension of GH−k (f1, f2). Then one can get a set of poly-
nomials as an invariant for a disjoint union of Legendrian submanifolds.

P−(Λ1,Λ2) = {Γ−δ (t) : δ is a difference function of

tame generating families f1, f2 for Λ1,Λ2}.

When dealing with disjoint Legendrians, stabilizing one of the generating
families will cause a shift of the index of all the homology groups. Thus
for computational purposes, it is useful to “normalize” these polynomials
(by multiplying by tm, for some m ∈ Z) so that, for example, there are no
positive degree terms.

Exercises 3.4. Consider the link of two components in J1S1 shown in Fig-
ure 12. Assume that each component has a unique generating family (up to
fiber-preserving diffeomorphism and stabilization).

(1) Suppose that f2 generates the upper component and f1 generates the
lower component. What is P−(Λ1,Λ2)?

(2) Now suppose that f1 generates the upper component and f2 generates
the lower component. What is P−(Λ1,Λ2)?

What do these calculations tell you? (Capacities for this link are defined
and examined in [36]. Generalizations of these calculations appear in [37].)

In the next subsection, we show how to modify this procedure when one
only has a single Legendrian.

3.4. Invariants for a Legendrian Submanifold. Assume that Λ ⊂ J1M
is a Legendrian submanifold with a linear-at-infinity generating family f .
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Figure 12. A link of 2 components in J1S1.

Let δf : M × RN × RN → R be the associated difference function. For
a ∈ R, let

δaf := {(x, η1, η2) : δf (x, η1, η2) ≤ a}.
In contrast to the case of disjoint Legendrians, now 0 is always a critical
value of δf . So now it is natural to choose ε and ω so that

(3.2) 0 < ε < ` ≤ ` < ω,

and define the total generating family cohomology to be

G̃Hk(f) = Hk+N+1(δωf , δ
−ε
f ),

and the relative generating family cohomology to be

GHk(f) = Hk+N+1(δωf , δ
ε
f ).

There are also analogous definitions of the total generating family ho-
mology, G̃Hk(f), and relative generating family homology, GHk(f),
using the same degree shift as above.

A classic algebraic topology argument (“critical non-crossings”) shows
that if one has a smooth 1-parameter family of generating families f(t) that
generate a Legendrian isotopy Λ(t), these groups G̃Hk(f(t)), GHk(f(t)) will
not change. Stabilizing the generating family will not shift the index of the
cohomology groups.

A convenient way to record the homology groups is through a Poincaré
polynomial. For example,

Γf (t) =
∞∑

k=−∞
akt

k,

where ak is the dimension of GHk(f).
The full and relative generating family cohomology groups are related.

By examing the long exact sequence of the triple (δω, δε, δ−ε), we obtain:

Proposition 3.5 ([30]). Let Λn be an orientable, Legendrian submanifold
of J1M with linear-at-infinity generating family f . There is a long exact
sequence:

· · · → Hk(Λ)→ GHk(f)→ G̃H
k
(f)→ Hk+1(Λ)→ . . . .

If the groups are calculated with Z2 coefficients, the result holds without the
orientability condition on the Legendrian.
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=

 P =    t + t + t
-2 2}{
   

P =  {2+ t}

Figure 13. The Chekanov m(52) knots can be distinguised
by their generating family polynomials.

For a Legendrian, there may be non-equivalent linear-at-infinity gener-
ating families, so the generating family (co)homology of a linear-at-infinity
generating family f , is not itself an invariant of the generated Legendrian
Λ. However, we do have:

Proposition 3.6. For a compact Legendrian submanifold Λ ⊂ J1M , the
sets

GHk(Λ) = {GHk(f) : f is a linear-at-infinity generating family for Λ},
P(Λ) = {Γf (t) : f is a linear-at-infinity generating family for Λ},

are invariant under Legendrian isotopy.

Example 3.7. The Legendrian knots shown in Figure 13 have an underlying
knot type of m(52). These can be distinguished by the set of generating
family polynomials which are shown in this figure. In fact, by a result of
Fuchs and Rutherford, [20], whenever the set of linearized contact homol-
ogy polynomials (defined through holomorphic curve theory) has a single
element, this single element set must agree with the set of generating family
polynomials. The set of linearized contact homology polynomials can be
found, for example, in the Legendrian knot atlas, [9]. For example, there is
a unique Legendrian knot that is topologically m(31): it has a unique lin-
earized contact homology polynomial of 2 + t, so it has a unique generating
family polynomial of 2 + t. Table 3.7 lists some polynomials that can be
realized as generating family polynomials (or linearized contact homology
polynomials) of some Legendrian knots.

Exercises 3.8. In the above table, all the Legendrians listed have a unique
polynomial. Can you find an example of a Legendrian in the Legendrian
knot atlas, [9], where there are at least two different (linearized homology)
polynomials?

All of the polynomials that can arise as generating family polynomials in
Table 3.7 for a Legendrian knot have a certain symmetry: they indicate that
when k 6= 1, GHk(f) ' GH−k(f). This will hold for any generating family



24 L. TRAYNOR

Table 1. Generating Family Polynomials

Legendrian Knot Type tb |r| GF Polynomial
Λ1 m(31) 1 0 2 + t = t−0 + t+ t0

Λ2 41 -3 0 t−1 + 2t = t−1 + t+ t1

Λ3 m(51) 3 0 4 + t = 2t−0 + t+ 2t0

Λ4 m(52) 1 0 t−2 + t+ t2

Λ5 m(52) 1 0 2 + t = t−0 + t+ t0

Λ6 61 -5 0 2t−1 + 3t = 2t−1 + t+ 2t
Λ7 m(61) -3 0 t−3 + t+ t3

Λ8 m(61) -3 0 t−1 + 2t = t−1 + t+ t1

polynomial of a Legendrian knot and follows from a form of Alexander du-
ality for generating family homology. For Legendrians of higher dimension,
duality takes the form of a long exact sequence.

Theorem 3.9 (Duality,[30]). If Λ is an Legendrian submanifold of J1M
with linear-at-infinity generating family f , then there is a long exact se-
quence:

· · · // GHk−1(f)
φ // GHn−k(f) // Hk(Λ) // · · ·

This result parallels the theory of duality for the holomorphic curved
based linearized contact homology of a horizontally-displaceable Legendrian
submanifold in dimensions three [29] and higher [11].

From this duality, we can show that the topology of the Legendrian sub-
manifold forces the existence of Reeb chords:

Corollary 3.10 (Arnold Conjecture, [30]). Let Λ be a generic, n-dimensional
Legendrian submanifold of J1M with linear-at-infinity generating family f .
Then

#{Reeb chords of Λ} ≥ 1
2

n∑
i=0

bi(Λ,F),

where bi(Λ; F) is the ith Betti number of Λ over a field F

Proof of Corollary 3.10. We label the maps in the long exact sequence of
Theorem 3.9 as follows:

· · · → GHn−k(f)
ρk−→ Hk(Λ) σk−→ GHk(f)→ · · · .

Let mk denote the number of critical points of index k + N + 1 of the
difference function δf with positive critical value. We work over a field and
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denote the kth Betti number by bk: bk = dimHk(Λ). Finally, we compute:

bk = dim kerσk + dim imageσk
= dim image ρk + dim imageσk

≤ dimGHn−k(f) + dimGHk(f)
≤ mn−k +mk.

Since there is a one-to-one correspondence between Reeb chords and critical
points of δf with positive critical values, we then get

#{ Reeb chords of Λ} =
∞∑

j=−∞
mj ≥

n∑
j=0

mj

=
1
2

n∑
k=0

mn−k +mk

≥ 1
2

n∑
k=0

bk,

as desired.
�

An analogous result to Corollary 3.10 has been proved using holomorphic
techniques; see [13], [11].
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4.

Lagrangian Cobordisms
between Legendrian Submanifolds

We now shift our attention from individual Lagrangian and Legendrian
submanifolds to Lagrangian cobordisms between Legendrian submanifolds.
We will show that Legendrian invariants, both the classical ones and the
generating family polynomials, give obstructions to the existence of a La-
grangian cobordism. We then show some explicit constructions of Lagrangian
cobordisms.

4.1. The Cobordism Question. Given the contact manifold J1M with
its standard contact structure ξ = kerα, where α = dz −

∑
yidxi, the

symplectization of J1M is the symplectic manifold (R × J1M,d(esα)).
Because the symplectic structure “grows” as s increases, it is common to
draw this cylinder in a cone shape.

If Λ is a Legendrian submanifold of J1M , then the cylinder over Λ,
R × Λ ⊂ R × J1M , is a Lagrangian submanifold. For us, a Lagrangian
cobordism will be a Lagrangian that is cylindrical over Legendrians at its
ends.

Question 4.1. Given two Legendrian submanifolds Λ+,Λ− ⊂ J1M , does
there exist a Lagrangian cobordism between them? Namely, does there exist
a Lagrangian submanifold L ⊂ R × J1M so that at +∞, L agrees with the
cylinder over Λ+ and at −∞, L agrees with the cylinder over Λ−? See
Figure 14.

Given a Lagrangian cobordism L between Λ− and Λ+, we will use the
notation L to refer to a compact portion of L: ∂L = Λ+ ∪ Λ−. We will use

?

Figure 14. A Lagrangian cobordism L ⊂ R×J1M is cylin-
drical over Legendrians at ±∞.
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?

Figure 15. There is no Lagrangian cobordism between the
Legendrian 31 with max tb and the unknot with maximal tb.

the notation Λ− ≺L Λ+ to indicate that there exists a Lagrangian cobordism
L between Λ− and Λ+. When Λ− = ∅, we call L a Lagrangian filling of
Λ+.

We will also look at a generating family version of this question: we
require that the Legendrians Λ± have generating families f± and that the
Lagrangian cobordism L has a “compatible” generating family F . This
notion of (Λ−, f−) ≺(L,F ) (Λ+, f+) will be explained more below.

4.2. Obstructions to the Existence of a Cobordism. The first obstruc-
tion to the existence of a Lagrangian cobordism was found by Chantraine:
for 1-dimensional Legendrian knots, he showed that classical invariants of
Legendrian knots provide obstructions to the existence of cobordisms.

Theorem 4.2 ([5]). Suppose Λ−,Λ+ ⊂ R3 are Legendrian knots in R3 and
Λ− ≺L Λ+. Then:

(1) r(Λ−) = r(Λ+), and
(2) tb(Λ+)− tb(Λ−) = 2g(L).

In particular, there does not exist a Lagrangian cobordism between the
Legendrian 31 and the unknot shown in Figure 15; as mentioned in [5], since
the rotation numbers of these two Legendrians are different, it is not even
possible to construct an immersed Lagrangian cobordism between them.
Theorem 4.2 does not rule out the possibility of a Lagrangian cobordism
between m(31) and the unknot with maximal tb; notice that IF such a
cobordism were to exist, the genus of this Lagrangian cobordism MUST be 2.
This is in contrast to the smooth situation, where one can increase the genus
by merely adding handles to a cobordism. This indicates a rigidity/efficiency
of Lagrangian cobordisms.

Exercises 4.3. For the Legendrians Λ1, . . . ,Λ8 in Table 3.7,
(1) Which are forbidden from being Lagrangian cobordant?
(2) For those that are potentially Lagrangian cobordant, what must be

the genus of any potential cobordism?

As described more precisely below, we will show that when the Legendri-
ans Λ± have generating families, the generating family cohomology groups
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of a Legendrian (in any dimension) provide obstructions to the existence
of a Lagrangian cobordism with a compatible generating family. For some
of the statements in the results below, we assume that the Lagrangian is
orientable; the hypothesis of orientability may be dropped if Z2 coefficients
are used.

To apply the techniques of generating families, we need to be working
in a cotangent bundle. We identify R × J1M with T ∗(R+ × M) by the
symplectomorphism

θ : R× J1M → T ∗(R+ ×M)

(s, x, y, z) 7→ (es, x, z, esy).

Given a Lagrangian cobordism of R× J1M , by an abuse of notation, we
will use L to refer to its image in T ∗(R+ ×M).

For a Lagrangian cobordism L ⊂ T ∗(R+ ×M), we will be interested in
the situation where L ⊂ T ∗(R+ ×M) and Λ± ⊂ J1M have “compatible”
generating families.

Definition 4.4. Suppose f± : M ×RN → R are generating families for Λ±.
If F : (R+ ×M) × RN → R generates L ⊂ T ∗(R+ ×M) and there exist
t− < t+ so that

F (t, x, η) =

{
tf−(x, η), t ≤ t−
tf+(x, η), t ≥ t+,

we say that F is compatible with f±. Such a compatible cobordism
will be denoted

(Λ−, f−) ≺(L,F ) (Λ+, f+).

In addition, there are some “tameness” conditions on the generating fam-
ilies; for details, see [30].

We have the following obstruction to the existence of a Lagrangian filling.
Recall, L denotes the compact portion of the cobordism.

Theorem 4.5 ([30]). If (∅, f−) ≺(L,F ) (Λ+, f+), then:

GHk(f+) ' Hk+1(L,Λ+) and G̃Hk(f+) ' Hk+1(L).

When we are considering 1-dimensional Legendrians, this means:

Corollary 4.6 ([30]). If (∅, f−) ≺(L,F ) (Λ+, f+), then Γf+(t) = 2g+t, where
g ≥ 0 is the genus of L.

Exercises 4.7. Which of the Legendrian knots from Table 3.7 cannot be
filled with a Lagrangian (with a compatible generating family).

Obstructions to more general Lagrangian cobordisms come in the form of
a long exact sequence:
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Theorem 4.8 ([30]). Given (Λ−, f−) ≺(L,F ) (Λ+, f+), there exists a homo-
morphism ΨF : GHk(f−)→ GHk(f+) that fits into the following long exact
sequence:

· · · //GHk(f−)
ΨF //GHk(f+) //Hk+1(L,Λ+) // · · · .

The cobordism map ΨF satisfies some of the typical properties of a TQFT
such as non-triviality, naturality, and functoriality. There are parallel result
coming from the technique of holomorphic curves: [10, 14, 23]

Taking Euler characteristics of the long exact sequence (4.8) yields a gen-
eralization of Chantraine’s 3-dimensional result about the relationships be-
tween the Thurston-Bennequin invariants of the Legendrian knots at the
ends of a Lagrangian cobordism.

Corollary 4.9 ([30]). Given (Λ−, f−) ≺(L,F ) (Λ+, f+),

tb(Λ+)− tb(Λ−) = (−1)
1
2

(n2−3n)χ(L,Λ+).

The asymmetry of the Lagrangian cobordism relation is evident from this
corollary. If we only consider cobordisms that are actually concordances
(i.e., genus 0), then we get:

Corollary 4.10 ([30]). If (Λ−, f−) ≺(L,F ) (Λ+, f+) and L is diffeomorphic
to R× Λ, for some Λ, then ΨF is an isomorphism.

Example 4.11. If K1 and K2 are the Legendrian m(52) knots pictured in Fig-
ure 13, then there is no generating family compatible Lagrangian cobordism
between them in either order. Since their Thurston-Bennequin invariants
agree, Theorem 4.2 implies that a gf-compatible cobordism between them
would necessarily have genus 0, but since their gf-polynomials are different,
Corollary 4.10 forbids this.

Exercises 4.12. Consider the Legendrians in Table 3.7. Could there be a
generating family compatible Lagrangian cobordism between:

(1) Λ1 and Λ4?
(2) Λ1 and Λ5?
(3) Λ7 and Λ8?

4.3. Wrapped Generating Family Cohomology. Theorems 4.5 and 4.8
arise from a notion of generating family cohomology for a Lagrangian cobor-
dism, which we call Wrapped Generating Family Cohomology. (Wrapped
Floer Homology, which is defined through holomorhic curves was introduced
by by Abbondondolo and Schwarz [1] and developed further by Fukaya,
Seidel and Smith [21] and by Abouzaid and Seidel [2].) For a Lagrangian
cobordism L, we would like to use generating families to define (co)homology
groups that measures the intersections of the compact portion L and itself
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Figure 16. A schematic picture of H and H ′(t) for H ∈ H(L).

under a Hamiltonian diffeomorphism AND the Reeb chords of the Legen-
drians at the ends. This can be accomplished by looking at intersections of
L under an appropriately defined Hamiltonian diffeomorphism.

We begin by specifying the Hamiltonian functions that will be used to
convert Reeb chords of Legendrian submanifolds at the boundary to intersec-
tions of Lagrangians. Suppose a Lagrangian cobordism L ⊂ T ∗(R+ ×M) is
cylindrical over Λ− when t ≤ t− and cylindrical over Λ+ when t ≥ t+. Then
a Hamiltonian shearing function H consists of a decreasing smooth
function H : R+ → R that is 0 when t ∈ [t−, t+] and is quadratic on (0, u−)
and (u+,∞) for u− < t− < t+ < u+. A schematic figure for such an H is
shown in Figure 16. The quadratics are chosen “sharp enough” so that all
the Reeb chords will be detected as intersection points. A precise definition
of the Hamiltonian shearing functions can be found in [30].

For H ∈ H
(
L
)
, the quadratic growth condition guarantees that the as-

sociated Hamiltonian vector field XH will be integrable. If φ1
H denotes the

time-1 flow of this vector field and F generates L, then it is easy to verify
that F (t, x, η) +H(t) generates φ1

H(L).
In parallel to the definitions of the difference function δ, a shearing func-

tion H may be used to define the sheared difference function ∆F,H :
R+ ×M × RN × RN ′ → R as:

∆F,H(t, x, η, η̃) = F (t, x, η̃) +H(t)− F (t, x, η).

In parallel to Propositions 2.4 and 3.3, the critical points of ∆F,H detect
information about the intersection points of L and φ1

H(L):

Proposition 4.13. Suppose (Λ−, f−) ≺(L,F ) (Λ+, f+), and H is a Hamil-
tonian shearing function. Then there is a one-to-one correspondence between
intersection points in L∩φ1

H

(
L
)

and critical points of ∆F,H . Moreover, there
is a one-to-one correspondence between Reeb chords γ± of Λ± and points in
L ∩ φ1

H

(
L
)
∩ {t ∈ (0, u−) ∪ (u+,∞)}. All other critical points lie in the

critical submanifold

C = {(t, x, η, η) : (t, x, η) ∈ CF with t ∈ [t−, t+]} .
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The critical submanifold is diffeomorphic to L = L ∩ {t ∈ [t−, t+]} and has
value 0; for generic F , the submanifold C is non-degenerate of index N .

We are now ready to define generating family cohomology groups for
Lagrangian cobordisms. Suppose (Λ−, f−) ≺(L,F ) (Λ+, f+), and H is a
Hamiltonian shearing function. For appropriate 0 < µ � Ω, we define the
total wrapped generating family cohomology of F to be:

W̃GHk(F ) = Hk+N
(

∆Ω
F,H ,∆

−µ
F,H

)
and the relative wrapped generating family cohomology of F to be:

WGHk(F ) = Hk+N
(

∆Ω
F,H ,∆

µ
F,H

)
.

The constants µ,Ω are chose so that all critical values of ∆F,H lie in [−µ,Ω],
and all critical values of ∆F,H arising from the Reeb chords of the ends lie
in [µ,Ω]; there are other technical restrictions on Ω and µ that can be found
in [30].

In fact, the total wrapped generating family is “not interesting” (compare
subsection 3.3); while the relative wrapped generating family detects the
topology of L:

Proposition 4.14. If (Λ−, f−) ≺(L,F ) (Λ+, f+), then:

W̃GHk(F ) = 0, ∀k, and WGHk+1(F ) ' Hk(L, ∂L+).

The key idea behind the proof of Theorem 4.8 (or 4.5) or is to view the
relative pair (∆Ω,∆µ) which is used in the definition of relative wrapped
generating family homology as a “relative” mapping cone. Recall that the
cone of a space X, C(X), is defined to be X × I/X × {1}, where I = [0, 1].
Given a map f : X → Y , the mapping cone C(f) is defined to be C(X)∪f Y ,
where ∪f indicates an identification of (x, 0) with f(x).

Definition 4.15. Given a pair (X,A), define the relative cone C(X,A)
to be the pair (X × I, A× I ∪X × {1}). For a map g : (X,A)→ (Y,B), let
the relative mapping cone C(g) be the pair C(X,A) ∪g (Y,B).

It is well-known that the classical mapping cone on f : X → Y induces a
long exact sequence:

· · · → Hk(Y )
f∗→ Hk(X)→ Hk+1(C(f))→ Hk+1(Y )

f∗→ . . . .

A similar sequence exists for a relative mapping cone:

Lemma 4.16. Given a map g : (X,A) → (Y,B), there is a long exact
sequence in cohomology:

· · · → Hk(Y,B)
g∗→ Hk(X,A)→ Hk+1(C(g))→ Hk+1(Y,B)

g∗→ · · · .

The long exact sequence in Theorem 4.8 is constructed by realizing the
pair

(
∆Ω,∆µ

)
as a relative mapping cone (where the associated (X,A) can

be identified with (δωf+ , δ
ε
f+

) and (Y,B) can be identified with (δωf− , δ
ε
f−

)) by
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( a ) ( b )

Figure 17. (a) S1 is the Legendrian knot with tb = −1;
(b)S2 is the “flying saucer”.

examining the regions of R+×M×R2N over (0, t+] and [t+,∞). This results
in the following long exact sequence:

Proposition 4.17. There exists a long exact sequence:

· · · //GHk(f−)
Ψ∗F //GHk(f+) //WGHk+2(F ) // · · · .

As mentioned earlier, WGHk+2(F ) ' Hk+1(L,Λ+), and Theorem 4.8
follows.

4.4. Constructing Lagrangian Cobordisms. Above, the focus was on
the “rigidity” of Lagrangian cobordisms. Now we show some ways of con-
structing Lagrangian cobordisms. First, isotopic Legendrian submanifolds
are Lagrangian cobordant:

Proposition 4.18 ([4]). Suppose that Λ− is a Legendrian submanifold of
J1M with a generating family f− and that Λ+ is Legendrian isotopic to Λ−.
Then there exist generating families f+, F so that (Λ−, f−) ≺(L,F ) (Λ+, f+).

In addition, some basic Legendrians can be filled with Lagrangian disks/balls.
Define S1 ⊂ J1(R) = R3 to be the Legendrian unknot with maximal
Thurston-Bennequin invariant; then for n ≥ 2, Sn ⊂ J1(Rn) is the n-
dimensional Legendrian obtained by “spinning” Sn−1. Figure 17 shows S1

and S2. Each of these Lagrangian spheres can be filled by a Lagrangian ball:

Proposition 4.19 ([4]). For all n ≥ 1, there exists f−, f+, F so that

(∅, f−) ≺(L,F ) (Sn, f+).

The above proposition can be viewed as constructing a Lagrangian cobor-
dism by attaching a 0-handle (to ∅). More generally, if one has a La-
grangian cobordism in {s ∈ R : s ≤ 0} × J1M with Legendrian boundary
Λ− ⊂ {0} × J1M , we can extend this cobordism over [0, 1] × J1M by at-
taching a q-handle; the resulting Legendrian Λ+ ⊂ {1} × J1M is obtained
from Λ− by a (q − 1)-surgery. For this construction,the (q − 1)-surgery to
the Legendrian Λ− ⊂ J1M is guided by a q-disk attached to the cusps of
the front diagram of Λ−.

We begin by specifying properties that the disk along which we perform
surgery must satisfy. Let πxz : J1M → J0M be the usual front projection
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(a) (b)

Figure 18. (a) A core disk for a 0-surgery of a 1-dimensional
Legendrian in R3 = J1R, and (b)the result of embedded
surgery along the core disk.

Figure 19. (a) A core disk for a 0-surgery of a 2-dimensional
Legendrian in R5 = J1R2, and (b) the result of embedded
surgery along the core disk.

map, and let πx : J0M → M denote the projection to the base. The cusps
of πxz(Λ) are denoted Λ�, and if Λ has a generating family, let the cusps
that represent births/deaths between critical points of indices j and j + 1
be denoted by Λ�j . In a neighborhood of a cusp point, the front of an n-
dimensional Legendrian Λ has the form C ×Rn−1, where C is the standard
semi-cubical cusp in the plane. Thus, with respect to these coordinates,
there is an open half-space H+ that does not intersect the front of Λ.

We are now ready to define the disks along which we may perform surgery.

Definition 4.20 ([4]). An embedded q-disk D ⊂ J0M is a gf-core disk
for a (q − 1)-surgery on Λ if:

(1) D is disjoint from πxz(Λ) except that ∂D ⊂ Λ�j , for some fixed
j ≥ 0,

(2) D ⊂ H+ near its boundary, and
(3) TpD never contains the vertical direction.

We refer to ∂D as the attaching sphere.

See Figures 18, 19, and 20 for examples of a core disks. We are now ready
to formally state the surgery construction.

Theorem 4.21 ([4]). Let Λ− be a Legendrian submanifold of J1M with tame
generating family f−. If there exists a q-dimensional gf-core disk D for Λ−,
then there exists Λ+ with generating family f+ and an F that generates a
Lagrangian cobordism L so that (Λ,f−)− ≺(L,F ) (Λ+, f+), where
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( a ) ( b )

Figure 20. (a) A core disk for a 1-surgery of a 2-dimensional
Legendrian in R5 = J1R2, and (b)the result of embedded
surgery along the core disk,

(1) The cobordism L has the homotopy type of a cylinder over Λ− with
a q-cell attached, and

(2) The Legendrian Λ+ is obtained from Λ− by an embedded (q − 1)-
surgery along the attaching sphere of the gf-core disk.

Example 4.22. From these constructions, we see that there does exist a
Lagrangian cobordism between the Legendrian unknot and m(31) illustrated
in Figure 14. Namely, Figure 21 illustrated how it it possible to move
between the Legendrian unknot with maximal tb and the Legendrian m(31)
with maximal tb using Legendrian isotopy and two 1 surgeries. The resulting
cobordism has genus 1.

Figure 21. A schematic representation of a Lagrangian
cobordism of genus 1 between the Legendrian unknot and
Legendrian mirror trefoil.
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Exercises 4.23. In exercise 4.12, you found some Legendrians that were
potentially Lagrangian cobordant. Can you find a Lagrangian cobordism us-
ing isotopies and surgeries?

These construction techniques can also be applied to address some fun-
damental geography and botany questions for Legendrian submanifolds, see
[4].

References

[1] A. Abbondandolo and M. Schwarz. On the Floer homology of cotangent bundles.
Comm. Pure Appl. Math., 59(2):254–316, 2006.

[2] M. Abouzaid and P. Seidel. An open string analogue of Viterbo functoriality. Geom.
Topol., 14(2):627–718, 2010.

[3] V. I. Arnold. The first steps of symplectic topology. Uspekhi Mat. Nauk, 41(6(252)):3–
18, 229, 1986.

[4] F. Bourgeois, J. Sabloff, and L. Traynor. Constructions of Lagrangian cobordisms
between Legendrian submanifolds. In Preparation.

[5] B. Chantraine. On Lagrangian concordance of Legendrian knots. Algebr. Geom.
Topol., 10:63–85, 2010.
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