
Van Kampen Diagrams and Dehn Function

Olga Kharlampovich

IAS, 2017, Lecture 2



Van Kampen diagram

Let G = 〈S |R〉 be a f.p. group. Suppose that relations are
cyclically reduced. Let RC be a cyclic closure of R.
Let ∆ be a finite, connected, oriented, based, labelled, planar
graph where each oriented edge is labelled by an element of S .
The base point lies on the boundary of the unbounded region of
R2 −∆. For each bounded region (face) the boundary dF (of the
closure of F ) is labelled by a word in RC . Each label of the edge
traversed is given a ±1 exponent according to whether the
direction of traversal coinsides with, or is opposite to, the
orientation of the edge. The boundary word of the diagram ∆ is
the word w read on the boundary of the unbounded region of
R2 −∆, starting from the base vertex. Then we say that ∆ is a
van Kampen diagram for w over the presentation 〈S |R〉.



The diagram can be also viewed as a 2-complex, with a 2-cell
attached to the graph for each bounded region. This constructs a
combinatorial 2-complex. (Figures are from T. Riley’s lectures)





Presentation Complex

P = 〈a1, . . . , am|r1, . . . , rn〉 a finite presentation of G . The
presentation 2-complex of P:

K=

π1(K ) = G . The universal cover K̃ is the Cayley 2-complex of P.
Its 1-skeleton K̃ (1) = Cay(G ,A).
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Dehn Functions and the Word Problem

For a finitely presented group, t.f.a.e.:

I the word problem is solvable,

I the Dehn function is recursive,

I the Dehn function is bounded from above by a recursive
function.

But groups with large Dehn function may have efficient solutions
to their word problem.


