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ABSTRACT

The aim of this thesis is to investigate certain rigidity theorems which relate equations be-
tween geometric tensors to the topology of a manifold, focusing in the case of hypersurfaces
of R™. What inspired us are two works: The first one is [9], in which the authors prove that
a 2-dimensional surface in IR with small traceless second fundamental form A — % trAld
is close to a round sphere in an integral sense: namely they find a smooth parametrization
P: $? — ¥ and a constant cg € R? that satisfy the following estimate:

b —co —Idlly2,22) < CHA— —-1d

L2(x)

The second one is [41], in which the author investigates conditions that allow the following
oscillation inequality for a closed hypersurface £ ¢ R™*1.

. trA

)
LP(5)

where p is a fixed exponent in (1, co). Motivated by such results, we dug into [9] and [41] in
order to combine them and obtain likewise-estimates.
The whole thesis is dedicated to analyse conditions that allow the following W?> P-estimate:

”'Ll) — IdHWZ,‘p(Z) < CHTHLT’(Z)’

where I is a given closed hypersurface in R™*! (typically a sphere), and T a tensor on £
that satisfies a rigidity condition. In order to reach this type of inequality we have developed
a successful linearisation scheme, that has revealed to be particularly robust.

In the first chapter we give a first n-dimensional version of the estimate in [9], which is
valid for every 1 < p < oo, albeit under the additional hypothesis of convexity of Z.

In the second chapter we consider how a small Ricci tensor affects a hypersurface,
and prove a version of the aforementioned estimates for closed, convex, almost Einstein
hypersurfaces.

In the third chapter we generalize the result exposed in the first one, considering the
appropriate "anisotropic curvatures". We thereby study the case of the anisotropic second
fundamental form, a tensor which has already been considered in the literature but which is
not yet fully explored, and generalize the result in the first chapter for hypersurfaces with
small LP-norm of such tensor.

In the fourth chapter we attempt to remove the hypothesis of convexity that we have been
always assumed. Such hypothesis is proven to be not entirely artificial by a counterexample,
and we manage to give a version of the previous estimates, under alternative conditions.

In the fifth chapter we include some scattered partial results that we found throughout
our investigation.

In the appendix we report some computational lemmas that are used often throughout
the work, but might burden the reader and obscure the main ideas.






ZUSAMMENFASSUNG

Ziel dieser These ist es, gewisse Starrheitstheoreme zu analysieren, die Gleichungen zwischen
geometrischen Tensoren mit Topologie einer Mannigfaltigkeit verbinden. Wir fokussieren
uns auf den Fall von Hyperflichen in R™. Unsere Inspiration bestehet insbesondere aus
zwei Arbeiten: Die Erste ist [9], wobei die Authoren beweisen, dass eine 2-dimensional
Oberflache in R® mit kleiner spurfreien zweiten Fundamentalform A — % tr AId nah an eine
runde Sphere ist. Tatsichlich finden sie eine glatte Parametrisierung 1: $* — £ und einen
Vektor cg € R3, so dass die folgende Abschétzung erfiillt wird:

||1l) —Co _IdHW2>2(SZ) < CHA— T Id

L2(x)

Die Zweite ist [41], wobei der Author Bedingungen analysiert, die die folgende oscillation
inequality fur abgeschlossene Hyperflachen erlauben:

. trA
&r&l{%”A —?\IdHLp(Z) < CHA - Id

)
LP(X)

wobei p eine feste Zahl in (1, co) ist. Diese Resultate haben uns motiviert, eine dnliche
Untersuchung von [9] und [41] durchzufiihren, um die Beiden zu kombinieren und dnliche
Abschitzungen zu bekommen.

In der These untersuchen wir Bedingungen, die die folgende W P-Abschitzung erlauben:

b =1Idflwzp(z) < ClITlLe(z),s

wobei I eine abgeschlossene Hyperfliache in R™*! (normalerweise eine Sphere) ist, und
T ein Tensor auf X, der eine gewisse Starrheitsbedingung erfiillt. Um diese Klasse von
Ungleichungen zu bekommen, haben wir eine Linearisierungsmethode entwickelt, die sich
als speziell robust erwiesen hat.

Im ersten Kapitel zeigen wir eine erste n-dimensionale Version der Abschitzung in [9],
die fiir jedes p € (1, oo) giiltig ist, obwohl wir benétigen, dass £ convex ist.

Im zweiten Kapitel betrachten wir, wie ein kleiner Ricci Tensor eine Hyperfldche beein-
flusst, und zeigen eine Version der vorigen Abschédtzungen, die fiir abgeschlossene, konvexe,
fast Einstein Hyperflache gilt.

Im dritten Kapitel verallgemeinen wir die, im ersten Kapitel vorgelegten, Resultate, indem
wir die geeignete anisotropische Fundamentalform betrachten. Dort untersuchen wir den
Fall der anisotropischen zweiten Fundamentalform. Dieser Tensor wurde bereits in anderen
Veroffentlichungen studiert, ist jedoch nicht komplett verstanden. Wir zeigen, dass die
Resultate im ersten Kapitel auch fiir Mannigfaltigkeiten gelten, deren anisotropische zweite
Fundamentalform LP-klein ist.

Im vierten Kapitel versuchen wir, die Konvexitatshypothese, die wir immer betrachtet
haben, abzuswichen. Diese Hypothese erweist sich als nicht vollig kiinstlich, da wir fiir



nicht konvexe Hyperflichen Gegenbeispiele konstruieren kénnen. Wir beweisen eine Version
unserer vorherigen Resultate, die unter alternativen Hypothesen gilt.

Kapitel 5 enthilt partielle Resultate, die wir entdeckt haben, wahrend wir die anderen
Beweise gepriift haben.

Im Anhang finden sich einige Berechnungen, die wir in der These benutzt haben, aber die
den Leser/die Leserin belasten konnten, und von der Hauptideen ablenken.
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PREFACE

INTRODUCTION

In the field of Differential Geometry there is an abundance of so called “rigidity theorems”.
These are remarkable propositions that establish a connection between the geometric proper-
ties of a manifold and its topology. To give a proper definition of what rigidity actually means
is not the scope of this thesis. We shall focus rather on a particular class of propositions
that connect tensorial relations to topological properties of a smooth manifold. By the very
nature of tensors, such equations admit a natural interpretation in the language of analysis.
In fact, they can be interpreted as zero sets of certain partial differential operators defined on
vector bundles. Rephrasing the rigidity theorems in this language, they state that manifolds
in which certain partial differential equations admit solutions are forced to satisfy certain
topological constraints. In this work we aim to prove appropriate quantitative versions. We
study the case in which the aforementioned operators are perturbed by a small error term,
and prove stability results: the smaller is the error term, the closer is the manifold to the
rigid configuration. We focus particularly on the quantitative aspects of our estimates, i.e.
on the relation occurring between the smallness of the error term and the closeness of our
manifold to satisfy the rigidity conditions.
Our research is mainly centered on the following problems.

The classical umbilical theorem

Given a smooth hypersurface £ C IR3, a point is called umbilical if its second fundamental
form evaluated at it is diagonal. The umbilical theorem or Nabelpunktsatz says that a smooth,
complete, connected surface of R3 whose points are all umbilical is either the plane or the
sphere (see [14, Chap. 3.2, Prop. 4] or [14, 3.5(2)]). This result is one of the first rigidity results
in Differential Geometry, with its first proofs dating back to 1776 or even before (we refer to
the splendid historical note in [41, Sec. 1.6] for a clarification of the paternity of the theorem).
While there have been innumerable and successful generalisations in the direction of rigidity,
with extensions of the Nabelpunktsatz in the cases of higher dimension ([49, Lemma 1, p.8]),
higher codimension ([49, Thm.26, p.75]), spaces of constant curvature ([49, Thm. 27, 29,
p-75-771, lesser smoothness ([40]), there are still open questions about the stability of the
problem. In this context, stability means understanding how much the closeness of the
second fundamental form to be diagonal affects the closeness of the hypersurface to a sphere,
where the concept of “closeness” will be clarified later.

The first studies in this direction were made by the Russian school in the 60’s, where
authors like A. V. Pogorelov (see [23] or [44]) considered the case of convex surfaces, and
proved how the ratio between eigenvalues of the second fundamental form controls the ratio
between the radius of the smallest outer sphere containing the surface and the radius of the
largest inner sphere contained in the surface. We refer again to [41, 1.2] for a better insight in
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this direction. In the new millennium, works on foliations of asymptotically flat 3-manifolds
like [32], [33] or [37] raised new questions about the stability of the umbilical theorem, more
precisely:

How much do integral norms of the tensor A := A — L tr A1d control the ratio between
the two aforementioned radii?

Motivated by this question, posed by G. Huisken in 2003, C. De Lellis and S. Miiller studied
the problem in the case of closed surfaces of R3. Using the 2-dimensional structure they
performed an extremely fine analysis of the considered quantities and found in a substantial
way the following remarkable oscillation estimate, valid for all embedded surfaces in R3:

min | A —Ald];2(x) < ClIA[l 25 (DLM1)

They discovered moreover that, when the right hand side of (DLMa1) is sufficiently small,
then the surface is homeomorphic to a sphere, and found a conformal parametrization
P: §? — ¥ that satisfies the following estimate:

e T (LM

Such inequality was complemented with a C°-one on the distance between the metric of
Z and the round metric of the sphere in [10]. Although such work represents a massive
improvement in the understanding of quantitative stability properties of nearly umbilical
surfaces, the methods do not seem to generalize to higher dimensions. In subsequent years
this problem was approached by D. Perez, former student of C. De Lellis. In his PhD thesis
[41] he focused on generalizing the inequality (DLM1) to closed hypersurfaces in R™ for
3 < n and general exponents p € (1, co). The approach followed by Perez is more direct and
reduces the problem to a fine study of an elliptic differential equation on the unit ball in
order to find a local version of (DLM1), and then via gluing charts globalizes the estimate.
This approach allows Perez to find sufficient conditions to generalize (DLM1) and gives a
comprehensive answer in the case of closed, convex hypersurfaces.

Einstein hypersurfaces

The study of rigidity and consequently stability properties for abstract manifolds presents
more difficulties than the previous one, for a variety of reasons.

Firstly, the absence of an ambient space makes it more difficult to give a proper definition
of ”“closeness”. Ideas about the distance between manifolds already appeared in [7], but
developments in the theory did not progress for two decades, until the groundbreaking
work of M. Gromov in [22]. There the author introduced the concept of Gromov-Hausdorff
distance, a way to measure the distance between abstract Riemannian manifolds. The
Gromov-Hausdorff distance is however an abstract definition.

Secondly, the intrinsic quantities usually considered in Riemannian Geometry, i.e. scalar or
sectional curvature, Ricci tensor. .. are invariant under diffeomorphism (see [2, Thm. 4.1] for
instance). The differential equations underlying identities which involve them are naturally
non-elliptic: indeed, for every single solution one can let the group of diffeomorphisms act
and find an infinite dimensional space of solutions, contradicting the typical compactness
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properties of elliptic differential operators (see [2, Sec. 5.1, 5.2] or [25, Sec. 4] for a deeper
insight in the subject).

A celebrated result in Differential Geometry characterizes all the complete manifolds with
constant sectional curvature (see [19, Thm. 3.82]), and prove them to be, up to isometries,
round spheres, Euclidean spaces or hyperbolic spaces. The collection [42] tries to solve
the first problem we have exposed. The author gives in [42] and later in the book [43,
Chap. 10] a more practical definition of distance between manifolds that represents the
analogous of the Holder distance for functions. This allows stronger compactness theorems
to hold. Using these new propositions the author succeeds in proving stability results for the
aforementioned rigidity theorem. These results require however a large number of restrictive
assumptions.

We bypass such difficulties by considering the case of hypersurfaces in R™*'. Albeit
being strongly restrictive, this gauge presents several advantages. Indeed, it fixes a clear
ambient space in which we can measure distances, and at the same time it eliminates the
problem of the diffeomorphism invariance we discussed before. In this case the classification
theorem admits a strong relaxation. As observed by many authors (see [16], [46] or [52] for
example) the rigidity assumption on the sectional curvature can be substituted by a rigidity
one on the Ricci tensor: the only closed, connected hypersurfaces in R™*! whose Ricci
tensor is diagonal are round spheres. Manifolds satisfying such condition on the Ricci tensor
are called Einstein manifolds. In this language, we can say that the only closed Einstein
hypersurfaces in the Euclidean space are round spheres. The stability properties of such
theorem, i.e. the properties of nearly Einstein hypersurfaces, are almost unknown, and only
in recent years some authors have studied them. (See [45] or [53] for instance).

The anisotropic umbilicality

Spheres admit many characterizations. As shown in the seminal paper [4], round spheres
S2 C R3 can be characterized as as the unique minimizers of the perimeter functional among
the (smooth) boundaries of set with fixed volume. This characterization leads to a clear
generalization: instead of considering the perimeter functional, one can also consider a
positive function F: 52 —; (0, o0) and study the associated variational problem, called often
anisotropic surface energy:

Minimize X —— / F(vg) dV
b

among the surfaces which are boundaries of sets with fixed volume. Here vy denotes the
outer normal of X. The generalization of the variational problem in higher dimension is
straightforward. This problem is not an artificial generalization. It was formulated by J. E.
Taylor and G. Wulff in [51] and [54], respectively, in the context of studying equilibrium
configurations of solid crystals with sufficiently small grains, and it has been used later
as a model for phase transitions in [24]. As conjectured in [54] under certain regularity
assumptions it can be proven that the minimizer exists and is unique up to translation. Such
minimizer is called Wulff shape and we will denote it by W. Notice that when F = 1 the
problem reduces to the isotropic one and the Wulff shape coincides with the round sphere.
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There has been recently a lot of interest in anisotropic problems, and many properties
enjoyed by the round spheres have been generalized to the Wulff shape, cf. [17], [18], [38]
and the bibliographies therein. A rather new quantity arising in this field is the anisotropic
second fundamental form. This tensor has proven to share the same rigidity properties of its
anisotropic counterpart, with an anisotropic umbilical theorem which ensures that surfaces
with a diagonal anisotropic second fundamental form are Wulff shapes.

PERSONAL CONTRIBUTIONS
The main scheme

In this work we focus mainly our attention on generalizing estimate (DLM2). Following a
suggestion of C. De Lellis we have developed a simple but robust solution scheme to achieve
the result. The scheme is rather flexible, and it is divided into 3 steps.

1) In the first step we establish a first preliminary qualitative C'-estimate. This is normally
achieved through a compactness argument. We consider sequences of hypersurfaces
where some relevant quantities converge to 0, and prove the existence of a limit
hypersurface. In this phase the rigidity statements play a crucial role, since they have
to ensure the uniqueness of the limit.

2) Here we use the newly obtained C'-estimate to give a proper parametrization of our
hypersurfaces. We see then the main geometric quantities as differential operators in the
derivatives of the chosen parametrization. Then we perform a first order approximation,
linearising such operators and deriving estimates via classical PDE methods.

3) Normally the estimates that we have found insofar are not optimal. As a last step we
optimize them. This step arises naturally, since the linearised operators we have derived
typically have a kernel, which is defined by the invariance group of transformations
that act on the problem. Such are for instance the translations, since our problems
are translation-invariant. In this context the optimized estimate comes after as an
appropriate centering of our hypersurface.

Summary of the thesis

The thesis is divided into six chapters and an appendix. Each of the chapters from 1 to 4
contains a different application of the method explained above. The results exhibited in
Chapters 2 and 3 have already been published in [21], [12] respectively.

CHAPTER 0 We begin the work with an introductory chapter, which introduces some
useful notation and collects important preliminary results, especially from reference [41].

CHAPTER 1 Here we establish the equivalent of (DLM2) in arbitrary dimension n and
Sobolev exponent p, under the assumption of convexity of the considered hypersurface. This
result should not be considered as a generalization of [41], but rather as a completion of it.
Indeed, the techniques we use are natural consequences of the ones introduced in [41].



CHAPTER 2 Here we apply our scheme to the case of closed, convex, almost Einstein
hypersurfaces. This case presents more difficulties than the previous one. The moral reason
behind them lies in the fact that the linearisation of the Ricci tensor is not an elliptic equation.
This has forced us to find a new way to tackle the problem and reduce it to the previous
case, under some additional auxiliary hypothesis.

CHAPTER 3 Here we generalize the result of Chapter 1 in the case of anisotropic hypersur-
faces. Many ideas in this chapter are not new and follow rather the previous ones. However,
since this field is unexplored, we had to derive first analogous results to those in [41] and
then conclude as in Chapter 1. The chapter includes an elegant characterization of the kernel
of the stability operator associated to the Wulff shape, that uses some techniques related to
the stability of the anisotropic isoperimetric inequality (cf. [18, Thm 1.1]).

CHAPTER 4 All the results of previous chapter are derived under the hypothesis of
convexity of the considered hypersurface. In this last chapter we attempt to remove this
hypothesis. As an easy counterexample shows, the convexity is not artificial and it is
necessary to avoid bubbling phenomena. Still, we can remove it in the supercritical case,
i.e. when n < p and substitute it with a LP-integral bound of the second fundamental form.
Under such hypothesis we are able to recover most results, although a rather surprising lack
of linearity in the non convex nearly Einstein estimate appears.

CHAPTER 5 The last chapter is a miscellanea of partial results obtained during the prepa-
ration of the other theorems.

APPENDIX Here we collect some computational and technical lemmas used throughout
the work.
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NOTATIONS

0.1 CONVENTIONS

We write below a list of symbols we are going to use in the rest of the thesis. Some quantities
that appear only sporadically or locally in a certain chapter will be defined when they will

be useful.

Vol
5
STI

o

div

ij

osc(f, A)
id

Id

Riem

n-dimensional Hausdorff measure.

flat metric on R* (or Kronecker delta, see below).
n-dimensional sphere in R™*7.

metric associated to the standard sphere.
restriction of the R™*'-flat metric to Z.

Waulff shape.

metric associated to the Wulff shape.

trace w.r.t. the metric g.

second fundamental form of X.

mean curvature of I, e.g. trg A.

anisotropic second fundamental form of Z.
anisotropic mean curvature of X, e.g. trg Ar.
traceless second fundamental form of X.
traceless anisotropic second fundamental form of X.
geodesic ball in S™ centered in q, of radius .
k-dimensional ball in R, centered in q, of radius r.
Levi-Civita connection (see below).

flat partial derivatives in R¥.

Laplace-Beltrami operator.

divergence operator.

Christoffel symbols.

oscillation of f, i.e. sup 4 f —infa f.

identity function from a set to itself.

the identity (1, T)-tensor from a bundle in itself.

Riemann tensor associated to a manifold.



NOTATIONS

Ric  Ricci tensor associated to a manifold.
Scal scalar curvature associated to a manifold.
Ric traceless Rlcci tensor.

@) Nomizu operator between two (2, 0)-tensors.

We will always work keeping R™*! as ambient space. In this framework, £ will always
denote a smooth, closed, connected n-dimensional submanifold in R™*'. For such a hy-
persurface, “convex” means that X is the boundary of a convex set. We will often need to
parametrize L, or a portion of it. When doing this, we will identify geometric quantities of *
with their respective pull-backs, whenever this does not lead to confusion.

We will also adopt the Einstein notation in order to omit the (possibly many) summation
symbols. In this flavour it is crucial to point out an abuse of notation we will make throughout
all the work. As said, we will make frequent use of parametrisations of X over spheres, balls
or other manifolds and often we will need the explicit expression of geometric quantities in
those parametrisations. In the formulae we will raise or lower the index in the left hand sides
w.r.t. the metric of Z, while the indices on the right hand side will be lowered or raised w.r.t.
the natural metric associated to the parametrization (which will be the metric of the sphere,
if we will parametrize the manifold over a sphere, and so on). When such convention cannot
be followed, we will write the quantities with a subscript denoting the relevant metric (e.g.
writing ¢35 instead of F-ll; to denote the Christoffel symbols of (X, g)).

We will need to work with many types of derivative and will obey the following derivative
conventions. The symbol V shall be used for every possible Levi-Civita connection consid-
ered. When more than one such connection is involved, we will write it with a subscript
that will express the relevant metric, e.g. we write 4V for the Levi-Civita connection w.r.t.
the metric g. The same rule will apply to all differential operators considered, like the
Laplace-Beltrami operator A. An exception is provided by the case of flat derivatives, for
which we will always use the symbol 9, and for 1-dimensional derivatives, for which we
will use the typical d/dt or other classical notations.

Let now M be a smooth manifold. Given a function f: M — IR, we will use the notation
Vf to denote both the differential of f (which is a 1-form) and the gradient of f (which is a
vector field), unless this abuse of notation leads to confusion. We also recall that at the first
order all the notions of derivative coincide, so we will use sometimes the notation V and
sometimes 0 depending on the context.

We shall use the letter & to denote the flat metric of R**! and at the same time the
Kronecker delta symbol. For every possible type of scalar product we shall use the symbol
(-, -). We will also denote by { e; }?:1 the standard basis of R¥. With the definition outlined
above, we have

(ei, €j) = i

Normally the metric that induces the scalar product is clear and we omit it. In all the other
cases we will write the metric inducing it as subscript, e.g. (-, - ) ;. The same notation will be

used for the norm ||x|| := \/(x, x).



0.1 CONVENTIONS

We will use the following sign conventions for curvature tensors. If X, Y and Z are vector
fields on X, we write:

R(X, Y)Z = VnyZ — VXVYZ — Vva,vaZ,
and define the Riemann tensor of X as
Riem(X, Y, Z, W) := (R(X, Y)Z, W).
Given a (local) orthonormal frame { E; }i-_;, we define the Ricci tensor as the contraction of
the Riemann tensor of the second and fourth index, i.e.
n
Ric(X, Y):= ) Riem(X, Ey, Y, Ey),
i=1

and set the scalar curvature as its trace, i.e. Scal := trg Ric. For the second fundamental form
given two vector fields, we set

A(X> Y) = <X) aYV>)

where v denotes the outer normal of the hypersurface, and dyv denotes the derivative of
v along the direction Y. Again, we will omit whenever possible the hypersurface whose v
is the normal, being that normally obvious. In the cases in which there may be confusion,
e.g. when linearising quantities, we will specify the relevant surface in a subscript, writing
for instance vs for the normal of X and so on. Such notations are chosen so that the round
sphere S™ C R™*! satisfies the following equalities:

H=mn, Scal=n(n-1).

When having a (2, 0)-tensor T and a vector field X, we will use the notation T(X) to denote
the vector field

T(X)i == g™ Ty Xe = TX;.

Thanks to Einstein notation, the meaning will be the same also when we deal with (1, 1)-
tensors, vector fields and differential forms respectively. In the same flavour, we will write

T(X,Y) :=g"Pg 9T X, Yq = TPIX, Yq.

Since we usually work with symmetric (2, 0)-tensors, the notation will not lead to abuse
of notation.

For every Lebesgue-measurable set A C R™, we denote by |A| its Lebesgue measure. The
same notation shall be used to denote the volume measure |A| := Volg(A) for subsets A C
when there is no confusion between the two. Given two sets A, B C R, the set

AAB := (A\B)U(B\ A)

is called symmetric difference of A and B.



NOTATIONS

A measurable set E C R™"! is said to be a set of finite perimeter if the distributional
gradient dx¢ of the characteristic function of E is an (n + 1)-valued Borel measure on R
with total variation [oxg|(R™) < oo.

Let F: S™ — (0, o0) be a smooth function defined on the n-sphere that we shall
call anisotropic integrand. For every closed smooth hypersurface £ in R™*!, we define
its anisotropic surface energy as

where v is the outer normal vector field associated to . Notice that when F = 1, than the
anisotropic surface energy J becomes the classical area of a hypersurface F(Z) = Vol (X).

For every anisotropic function F and every m > 0, it is natural to study the following
problem

inf{F(Z) : £=0U, | U =m}, (0.1)

which attains a minimum. Its solution is a dilation of a closed, convex hypersurface W called
Wulff shape, see [51, Theorem 1.1]. In the context of differential geometry, the Wulff shape
shares lots of similarities with the round sphere. For instance (see [51, Sec. 1]), it can be seen
as the “sphere” for an anisotropic norm on R™*!, namely

W={F =1}, (0.2)

where F* is the gauge function F* : R™*! — [0, +-00) defined by

F*(x) = sup {(x, v) @ [v|F <V> < 1} .
VE]R“+1 |V|

A useful property of the differential of the gauge function, that we will use later, is the
following;:

dFl, e = (v(z), ¢),  VzeW, (03)

where we denoted with v the outer normal vector field associated to 'W.
Denoting by UVZF}X the intrinsic Hessian of F on S™ at the point x, we define the following
map Sg: x € S™ — Sgl, taking values in the space of symmetric matrices:

Skl [2] := GVZF‘X [z] + F(x)z for every x € S™, z € T,S™. (0.4)

We say that F is an elliptic integrand if Sgl, is positive definite at every x € S5™. For any smooth
closed hypersurface Z, we can define the anisotropic second fundamental form Af as

A]:|X : sz — sz, AF|X = SF|V(X) ¢} d\/|x, (05)

where v denotes the outer normal vector field associated to X.
For integrable functions f: £ — IR we will set

f::][fdvg,
b



0.2 PRELIMINARY KNOWLEDGE

with dVy being the measure induced by g. The same notation will be used for all the
considered Riemannian manifolds, where the mean is always taken w.r.t. the associated
measure.

For a function u: A — R where A C R™, we define its graph in the following way

y( X ),XEA}C]RTL_H.
u(x)

Let M be a smooth manifold. We define the Sobolev space W‘g’ P(M) as the completion of
the space

Graph(u, A) := {y e R

k
f: C*(M) — R / [P dVyg +Z/ VI[P dVy
M oM
w.r.t. the obvious norm

k
f—h|P ::/ If —h/P dV, + / IVIf—VIh|P dV,.
|| Hng(‘P(M) M g ]; M g

The subscript in the definition is justified by the fact that this definition depends on the
chosen metric g, which determines the Levi-Civita connection associated to the tensors Vit
and the volume measure. We will omit the index whenever it is clear which metric we are
considering.

When making estimates, we will usually write inside brackets the main quantities upon
which a constant C depends, i.e. we will write C = C(x, y) to denote a constant depending
on the quantities x and y. Plus, in the computational parts of the thesis we will adopt
the convention, typical in the field of partial differential equations, of not relabelling the
bounding constants at every computation line unless needed.

The core geometric quantities that we studied in the thesis can be better understood in
the beautiful books [19], [35], [43] . For a better insight in the field of geometric analysis
other books, as [3], [27], or even articles like [36] are recommended. Finally, for concepts as
measures, perimeters and volumes we refer to the splendid books [1], [15], [31] or [48] for
further studies.

0.2 PRELIMINARY KNOWLEDGE

The main inspiration of this work is the thesis [41] of D. Perez, and we refer mainly to the
first two chapters. A portion of our thesis can be understood as a completion of this work,
taking the main ideas from it and introducing new ones in order to reach the results in [9]
and [10].

In [41, Ch. 1, 2], the author deals with the generalization of estimate (DLM1), namely
he proves the following estimate for hypersurfaces in R™*', albeit under some suitable
assumptions:

in||A —AId < CJA : 6
r}\nelﬂll lir(z) < ClIA[ e () (06)



NOTATIONS

As stated in the introduction, in [9] the authors deal with the 2-dimensional case, where
they take advantage of some special structural properties which are not available in higher
dimensions. In [41] Perez found a way to tackle this problem, by applying the following
scheme. Firstly he studied the inequality when the manifold X is a graph, and obtained local
estimates. Then he made them global. This second step requires however some assumptions
on the manifold, since one has to find an atlas of coordinate charts with some good controls.
More precisely, the author obtains the following theorem:

Theorem o.1 ( [41], Thm 1.1 + Thm. 2.1). Let 2 < n, 1 < p < +oo be given, and let L be a
smooth, closed hypersurface in R™*'. Assume X satisfies one of these two conditions:

a) n<p, HAHLP(Z) < ¢o and Vol (£) = Vol (8™).
b) X is convex.

Then estimate (0.6) holds, and the bounding constant C depends on n, p, co in case a), just on n
and p in case b).

Observe that the assumption Vol, (X) = Vol (S™) can be omitted if the assumption on
|AllL» is replaced with a suitable scaling-invariant one.
In case b), the author proves that one can reduce himself to condition

b’) X is convex, Vol,(Z) = Vol,,(5™) and [AllLr () < co-

A useful consequence of conditions a) and b’) is the following lemma, already proved in
[41].

Lemma o.2 ([41], Ch.1 + Ch.2). Let 2 < n be given, and let £ be a closed hypersurface in R™ !
satisfying condition a) or b’). Then there exist two numbers 0 < L, R depending only on n, p and
co with the following property. For every q € L there exists a parametrisation

¢q:Br — L, @q(x) = Gqlx, ug(x)) (0.7)
where w is a Lipschitz function satisfying
Lip(f) <L, uq(0)=0, 0ouq(0)=0,

and Gq: R — R, Gq = q+ ®q is an affine transformation obtained composing a
translation tq(x) = x + q and a rotation @ g so that ¢ 4(0) = q and d@qly [R™] = T4 Z.

The parametrisation ¢ satisfies an additional property. Indeed, it parametrises Z locally
as a graph, and the radius R associated to the parametrisation satisfies the maximality

property:

[ou(re)| 1
SUPp — e < 5
ecoBy \/ 1+ [0u(re)|

In [41, Section 2.1] it is proved that 0 < R < 0o, and we can assume w.l.0.g. that R depends
only on n and p. All our graph parametrisations will tacitly satisfy this property that
uniquely characterizes them.

Lemma o.2 gives the needed control over the hypersurface. Indeed, from it the author
infers the following covering lemma.

R:sup{0<r



0.2 PRELIMINARY KNOWLEDGE

Lemma 0.3 ([41], Lemma 1.7). Let 2 < n be given. Let £ be a closed hypersurface in R™*1.
Assume there exist 0 < L, R with the property described in Lemma 0.2. Then, for every 0 < p < R,
the geodesic ball B3 (q) satisfies the inclusion

9q (B™ ) ©B3(a) € 0q (By). (0.8)

1+L

In particular, for every q € L the geodesic ball B (q) is contained in the image of @, and L can be
covered with N such geodesic balls, where N is a natural number depending on n, L, R.

The combination of these two triggers an elementary covering argument that allows local
estimates to become global in a quite standardized procedure. Throughout the thesis we
shall make frequent use of this it.

We conclude the section by reporting the following useful proposition, that is the corner-
stone of Chapter 2 in [41] and will be used later in our work, too.

Proposition 0.4 ([41], Prop. 2.4 + Prop. 2.7). Let 2 <n, 1 < p < oo be given, and let ~ = 0U be
a closed, convex hypersurface in R™1. Assume that T satisfies the following condition:

Vol (X) = Vol (S™),

[AllLe(z) < coor [[AllLp () < co-
Then there exist a vector x € R™, two radii 0 < r < R depending on n, p, co such that

B;(x) c U C Bg(x).






THE CASE FOR ALMOST UMBILICAL HYPERSURFACES

The whole chapter is dedicated to the following theorem.

Theorem 1.1. Let 2 < nand 1 < p < oo be given, and let X be a smooth, closed and convex
hypersurface in R™+1. There exists 0 < 8o = 8o(n, p) with the following property. If L satisfies

Vol,, (X) = Vol (S8™), (1.1)
HAHLP(Z) < do, (1.2)

then there exist a vector ¢ = c¢(Z) € R™*! and a smooth parametrization \p: S™ — L — ¢ such
that the following estimate holds:

[ —idl| w25 (sny < Cy PIIA[Lp (5)- (1.3)

It is immediate to see the correlation between our Theorem 1.1 and Theorem DLM2. There
are differences in the formulation, though. The corresponding map ¥: $* — £ found by
the authors in [9] in the proof of Theorem DLM2 is indeed conformal. As stated in the
introduction, our strategy will be completely different. We define here the parametrization
with which we will work. Let U be the open, bounded set of which X is the boundary, and
assume 0 € U. Then we can write X as graph over the sphere and define

P: 8t — T P(x) =e M x (1.4)

The map 1 is clearly a smooth parametrization of X, and shall be called radial parametrization
of Z. We shall sometimes refer to such hypersurfaces as radially parametrized hypersurfaces
and to the function f as logarithmic radius associated to \p. What we will actually prove is the
following theorem:

Theorem 1.2. Let 2 < nand 1 < p < oo be given, and let ~ = 0U be a smooth, closed and convex
hypersurface in R™+1. There exists 0 < 8o = 8o(n, p) with the following property.

If ¥ satisfies conditions (1.1) and (1.2), then there exists a vector ¢ = c(Z) € R™"! such that
0 € U — c and the radial parametrization \p: S™ — L — c of (1.4) satisfies:

Ifllwapsn) < C, PIIAL L (5)- (1.5)

It is clear that Theorem 1.2 implies 1.1. An interesting consequence we draw from 1.2 is
the following corollary, which resembles the main result of [10]:

Corollary 1.3. Under the assumptions of Theorem 1.1 the following estimate holds:
[b*g —ollwipgn) < Cln, p)”AHLP(Z)' (1.6)

This case is the simplest case in which we apply our scheme. Indeed, the proof of Theorem
1.2 can be subdivided into the three following propositions.
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Proposition 1.4. Let 2 < n, 1 < p < oo be given, and let ¥ be a convex, closed hypersurface in
R™*1. For every 0 < e < 1 there exists a 0 < 89 = 8o(mn, p, €) with the following property.
If ¥ satisfies (1.1) and (1.2), then there exists a vector ¢ = c(X) such that its radial parametrization

P: S™ — ¥ — c satisfies

[fllcrgny < e (1.7)
Proposition 1.5. Let 2 <n, 1 < p < oo be given, and let < be a closed hypersurface in R™*1. Let
0<e<1,0<dpandc = c(X) be chosen such that f satisfies estimate (1.7). Then the following
estimate holds:

1= (v, Mwanism) < €0 P (Al (z) + €lflwamsn)), (1.8)

where we have set
Vi = (n+1)][ zf(z) dVs(z).

Proposition 1.6. Under the same hypothesis of Proposition 1.4 and the same notations of Proposition

1.5, we can find a vector € € R™1 such that 0 € U — &, and the associated radial parametrization
P: 8™ — X — ¢ satisfies the conditions

HfHCT(S“) < C(Tl, p)£) (19)

vel < Cny pellfllwargn)- (1.10)

Remark 1.7. The proof of Proposition 1.4 gives actually a more precise result. Namely, for
every 0 < € < 1 there exists 0 < 89 = do(n, p, €) such that the following estimates hold:

[Ifllcogn) < &  [IVFllcogny < 2Ve.

In any case we do not need such level of precision at this stage, because the compactness
strategy used in Proposition 1.4 cannot be further improved. In order not to burden the
notation, we shall omit the square root in this and in the future qualitative estimates: this
can be easily avoided by considering for every 0 < ¢ < 1 the threshold 6, associated to €2
and to use the simple inequality ¢? < ¢ in the C®-estimate.

Remark 1.8. Theorem 1.2 follows immediately from these results. Indeed, up to choosing
a smaller ¢, we can consider the radial parametrization granted by (1.4). Condition (1.9)
still triggers Proposition 1.5, granting us estimates (1.8) and (1.10), with a (possibly worsen)
constant C which still depends only on n and p. Hence we obtain the conclusion:

Illwe sy < C(IATL () + elflwangsn) + 1o Dllwarss))
< €Al iz + elflwar sy + tvrl)

< (Il (z) + elflwansm )-
Again, we notice that the bounding constant C depends only on n and p. If we choose
¢ =min{1/2C, 1/2}, then the b, that triggers the propositions depends only on n and p
and estimate (1.8) becomes
. 1
[fllwzregny < CllA[ (5 + §||f||w2,p(sn)-
This clearly completes the proof.



1.1 PROOF OF PROPOSITION 1.4

We see now how to prove the three theorems. Before starting the proofs we need to report
a computational lemma which gives suitable formulas for the main geometric quantities of
I in the radial parametrization 1. Again, we stress the fact that the indices in the left hand
side are lowered or raised with respect to the metric 1*g, while the indexes in the left hand
side are lowered or raised with respect to the metric 0. Moreover, the pull-back notation 1*
will not be used, since there is no confusion.

Lemma 1.9. Let \p be as in (1.4). Then we have the following expressions:

gij = er(O—ij + Vif V;jf). (1.11)
gl =e*f (Uij — m) (1.12)
v(x) = \/1+]|—Vf|2(x — Vi£(x)). (1.13)
Aij = \/]:_vﬂz(cij + Vif Vif — V). (1.14)
Aj = V1 i_|fo|z (6} EAAS T AR ) (1:15)

dVg = e™ (/14 |VF2dV,. (1.16)

1 2 k k k k

The proof of the lemma is postponed in Appendix A.1.

1.1 PROOF OF PROPOSITION 1.4

In the scheme described above Proposition 1.4 represents the first step, that is, the qualitative

C'-result. This follows from a typical compactness argument, which we take from [41, Chap.

2]. We state here Corollary 2.5 from [41] for the reader’s convenience.

Corollary 1.10. Let 2 <1, 1 < p < 0o be given, and let £ C R™ be a smooth, closed, convex
hypersurface in R, satisfying condition (1.1).
For every 0 < e there exist 0 < 8(n, p, ) and c(£) € R™, such that

1Al (z) <8 = dup(Z—¢, S™) <&, (1.18)
where dup denotes the Hausdorff distance between two sets, i.e.

dup(A, B) := max{sup d(x, B), sup d(y,A) }.
XEA yeB

Our formulation of 1.10 is slightly more general than the ones given in [41]. The original

version is stated with a different volume scaling and under the assumptions of 1 <p < n.

Anyway, since in a finite measure space the LP-norm controls the L9-norm for q < p the
corollary can be easily generalized to every exponent 1 < p. At this point we just need to
show how the convexity implies the C'-estimate. This is granted by the following lemma.

11
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THE CASE FOR ALMOST UMBILICAL HYPERSURFACES

Lemma 1.11. Let L be a convex, closed radially parametrized hypersurface in R™*1. The following
inequality holds:

[96l1Zosn) < 20se(f, 8™)(1+ [ VFZo(sn))-

In particular if osc(f, S™) < § we find the estimate:

osc(f, S™)
f ny < . .
||v HCO(S ) \/] —ZOSC('F, Sn) (1 19)

Proof. It is known (e.g. [41, Prop. 3.2]) that a closed, connected hypersurface is the boundary
of a convex, open set iff its second fundamental form satisfies the inequality 0 < A . By
Lemma 1.9 we obtain that X is convex iff f satisfies the inequality

V2f < 04 VI® VA, (1.20)
in the sense of quadratic forms. Consider a point xo € S™, and a unit vector & in T,S™ which
satisfies (Vf(xo), &) = —[|Vf| co. Setting xr = exp, (&) the lemma follows by the simple
equality

1 1
f(xe) — flxo) = ( VE(xo), T&) + /0 ¢ /O V21(y(st)) ¥ (st), 7(st)] ds dt,

where y: [0, 1] — S™ is the geodesic which connects xo and x. Applying (1.20) we find

Tz 2
Fxe) — flxo) < (VF(xo), 78) + o (1+VF120 )
2
T 2
= 1|Vl o+ 5 (1+ [ VFI0 ).

Finally we obtain the inequality

£, 8"
V]l co < "SC(T) + 5(1 + \|Vf||zco) for every 0 < .

Choosing T = /2 osc(f, S™) (1 + [[Vf] o) we obtain the result. O

From this result we easily infer Proposition 1.4.

1.2 PROOF OF PROPOSITION 1.5

In this section we prove Proposition 1.5. The result requires the following, preliminary
proposition.

Proposition 1.12. Let 2 < n,and 1 < p < oo be given, and let L be a convex, closed hypersurface
in R™*1. Assume that £ satisfies (1.1) and (1.2), with & chosen such that estimate (1.7) holds with
0 < € < 1. There exists a constant C = C(n, p) such that

IH=H|[1p(5) < CHA”LD(Z)' (1.21)



1.2 PROOF OF PROPOSITION 1.5

Proposition 1.12 is a slight generalization of Theorem 2.3 in [41]. The latter one presents
the same result, but assuming 1 < p < n. However, as the author points out in [41, Remark
2.6], an avid reader of his thesis could recover exactly our proposition 1.12 by generalizing
some of his arguments. We will prove it, following a similar approach. Proposition 1.12
follows trivially by the following two lemmas.

Lemma 1.13. Let X be a radially parametrized hypersurface. Consider the second fundamental form
as a (1, 1)-tensor A} = gikA]-k, and let H be its mean curvature H = ) ; A} Then we have the
equality

dive A + L A[VH] (1.22)

H:
v n—1 n—1

Lemma 1.14. Let 2 < nand p € (1, co) be given. Let also u € C*®(S™), f € T(T*S™ ® TS™),
h € I'(TS™) be given so that the following equation holds:

Vu = div § + f[h] (1.23)

There exists Ao € R such that the following estimate holds:

= RolLasm) < €y P)(T+ [Bllcogsm ) Illo(sm- (1.24)

Both lemmas have interest in their own, and will be used also in later passages of the
thesis. Their proofs consist mainly in technicalities and computations, and will therefore be
postponed in the appendix (see A.2).

From Lemmas 1.13 and 1.14 Proposition 1.12 follows immediately. Indeed, we find a
constant 0 < C = C(n, p) and a number Ay € R such that

IH=20llLy (sn) < COT+[VHllco) [AllLr () < ClIAIILp ),

where we have eliminated the dependence on || V||, simply by applying Proposition 1.4
and choosing 0 < ¢ < 1. In this case we have to stress again how the considered quantities of
H, and A are meant to be the pull-backs in the sphere S™. This justifies the use of the space
LP(S™) rather than LP(X). Indeed, we are taking the integrals in the estimate above w.r.t. the
measure dV,; of the sphere, and not w.r.t. the measure dV associated to Z. This is however
not a problem, since condition (1.7) and formula (1.16) show us how to get a control: since

dVy = ey /1 +|VFI2 dV,

we obtain
e M dV, < dVy < V2e™dVe.

This shows that the measures are equivalent and with equivalence constants depending only
on n. Thus we can substitute the measures without problem and obtain

IH=2olltr(z) < ClIA[Lr(x),

13
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Substituting Ao with H is straightforward. Indeed,

||H—ﬁ||Lv(Z) =[[H—="20 ‘|‘7\0—ﬁHLv(z) < HH—7\OHL1D +V01 ’H )\0‘

][H—?\odVg
z

_ 1
< H=Nolln(z) + VoI(Z) ”v/ZH—Aomvg

1
< [H=2ollr(g) + Vol(Z)»

< 2H=RollLr () < ClIAILr (5)
Now we have all the ingredients to perform our linearisation. Let us prove the following
proposition.

Proposition 1.15. Let £ be a smooth, closed hypersurface in R™*1. Assume that X satisfies inequality
(1.21) and admits a radial parametrization \p: S™ — L as in (1.4), with the logarithmic radius f
satisfying estimate (1.7) for some 0 < e < 1. Then the following estimate is true:

JAF 1t sy < COy P (IR + €llfllyan)- (1.25)

Proof. We start by writing the explicit formula of the mean curvature. By formula (1.15) we
obtain

H = — div Vf efpomet et (n_ Af+V2f[Vf, Vf]>
T\ VTHIVA2 VIHIVIZ  THIVIZ TV )

(1.26)

Now we notice two simple estimates: first, we write

1
S — V2 /
VITIVIZ /dt«ﬂ—i—tZIVflz V(1 +t2|Vf|2

This gives us the pointwise inequality:

— 1| < 2¢|VH] (1.27)

1
| V1 4+|VH)2

We use the same idea for simplifying the exponential: by standard calculus, we find

1 1
ef:1+/ de”dt:1+f/ etf dt
o dt 0

and for 0 < ¢ < 1 we obtain
]e —1 —f‘ 2¢|f]. (1.28)

We use inequalities (1.27) and (1.28) to obtain the following estimate for the mean curvature:

[H+Af +nfl 5 gny < C(n, ple|[fllwap(gn)- (1.29)
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We show now how to linearise the quantity H. More precisely, we show
[H—n| < Cn, ple|lfllwepsn)- (1.30)

In order to achieve (1.30), we notice that the density of the measure dV, w.r.t. the measure
dV, satisfies the estimate:

e\ 1+ |VF2 -1 —nf‘ < C(n)e (Jf] + |VH£]).

We patch this latter estimate and (1.29) together and obtain

’H—n—i—n(n—n][ fdVs

n

< Cm, plelfllwar gn)- (1.31)
We conclude by showing that the average of f is actually negligible, i.e. satisfies

[f] < Cn, e Ifllwz,p gn)-

Indeed, since X satisfies (1.1), then by the volume formula 1.16 we obtain the equality

][ e\ 1+ V2 avy =1.

With the previous approximations, we find

]l 14 o2 dvc—1—n][ FdV,| < Cln, p) e [Fllyyern sn)-
=0

This means

][ fdVs

All these estimates together give us the inequality

< Cm, P IFlwrogsn) < CO PIE Fllwas sn)-

JAF +fll o sy < Cny ) (IH=Fllio sy + ellflwansny )
and we conclude thanks to Proposition 1.12. O
In order to conclude the proof of Proposition 1.5, we just have to prove the estimate
If = (vey Dlwzr gy < C, PIIAF+nflp(5)-

This follows quite easily by the following characterization of the kernel of A +n (see [50,
Chap.4] for a proof).

kerA+n:={@: 5" — R | @,(x):= (v, x)}. (1.32)
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From this characterization and the concept of quotient norm (see [6, Prop. 11.8]), we obtain

vei]gL]Hf— (vy Mlwapgny < C, pIIAT+ 0[5 (1.33)

Now we can conclude. We write @, (-) := (v, -), and notice the integral equality:

1
][nxiz =i foreveryi=1,...n+1.

From this we deduce that the set

: 6" — R i = (€, x T1+1’é':: = ’
{o: [pi:= (&, x)};_;, & v/ (n+1) Vol,, (S™)

is a [2-orthonormal frame for the vector space ker A +n C L%(S™) (here {e; }?:11 is the
standard frame from R™"'). Now we write

n+1 n+1 n+1
Pv = Z Vi Qi = Z<V, ©i)r2sn) @i, and @y, = Z<f» <P1>L2(sn) @i
i=1

i=1 i=1

Then we find, for every ¢ € R™*1:

If— (Pvf”wzm(sn) < If= (PCHWZ‘P(STL) +lloc— (PfoWZﬂJ(S“)

n+1
< Hf— (pCHWZ,p(Sn) + Z H(f_ Pc, (pi>L2(S”)(pi
i=1

WZ,p(Sn)
n+1
<= ocllwargn) +IIf — @cllizsn Z loill2sm) l@illwapsn)
im1

< Hf_ (chWz,p(Sn) + C(n) p)”f_ (pC”LZ(Sn)
< Cn, plfIf — (PCHWZ»P(S“)'

By taking the inf over ¢ and applying (1.33) we conclude the proof of Proposition 1.5.

1.3 PROOF OF PROPOSITION 1.6

Insofar we have proved that for every 0 < & < 1 there exist a 0 < do(n, p, ¢) with the
following property. If L is a closed, convex hypersurface in R™H! satisfying (1.1) and (1.2)
with & < 89, then there exists a vector ¢ = ¢(X) such that the anisotropic radius associated to
the radial parametrization \: S™ — ¥ — c satisfies estimates (1.9) and (1.10), namely

N

[fllcr(gn) < &
[f—(ve, '>||W2»P(S“) < C(n, p)(HAHLP(Z) + 8||f||w2,p(5ﬂ))-
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We end the first chapter by finding the optimal vector. First of all, we assume ¢ = 0, so the
radial parametrization satisfying the estimates above is exactly {: S™ — L. Now we define
the barycenter of X: we set

b(X) := ]izdvg(z). (1.34)

The convexity of X grants that b(Z) belongs to the bounded, convex, open set U of which X
is boundary. We firstly consider the equality:

b(L) = ][ zeM ) 1 4 1VF(2) 2 dVg(2).
>

The symmetries of the sphere easily imply b(S™) = 0. This fact, combined with the expression
of b(X) and estimates (1.27), (1.28) gives us the estimate:

‘b(Z) —b(S™")—(n+1) ][ zf(z) dVq(z)

n

< Cel[fllwr1gny < Cn, plellfllyyz.pgn)- (1:35)

Estimate (1.35) clearly implies
[b(X)l < C(n, ple. (1.36)

Therefore, the radial parametrization {: S* — X — b(X) satisfies all the hypothesis of
Proposition 1.6. Indeed, inequality (1.36) still ensures that the logarithmic radius associated
to U is CO-close to 0 with a possibly worsen ¢. Then we obtain Lemma 1.11, and via domino
effect also Propositions 1.4, and 1.5. For the parametrization {: S™ — £ —b(X) we easily
have from (1.35):

][ zf(z) dVs(z)

< C(Tl, p)EHf”WZ‘P(SH)a

which is exactly (1.10), and therefore we complete the proof of Proposition 1.6.
Theorem 1.2 follows now as in Remark 1.8.
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THE CASE FOR ALMOST EINSTEIN HYPERSURFACES

In this chapter we prove the following two theorems.

Theorem 2.1. Let 3 <n, 1 <p < ooand 0 < A be given. There exists a 0 < do = do(n, p, A)
with the following property. If £ = dU is a closed, convex hypersurface in R satisfying

Voln (Z) = Voln (8™), (2.1)
0< A< Ag, (2.2)
IRicllp 5y < S0, (2.3)

then there exists a vector ¢ = c(Z) € R™"! such that 0 € U — c and the radial parametrization
P: S™ — X —c defined in (1.4) satisfies
[fllwzrgny < Cln, p, A)|Ric| 5 (2.4)

Theorem 2.2. Let 3 <n, 1 <p < ocoand 0 < A be given. There exists a 0 < &1 = d1(n, p, A)
with the following property. If £ = dU is a closed, convex hypersurface in R™ satisfying condition
(2.1) and

Ag

||RiCHLP(Z)

A, (2.5)

<
< 61 ) (26)

then there exists a vector ¢ = c(Z) € R™! such that 0 € U — c and the radial parametrization
P: S™ — X —c defined in (1.4) satisfies

Ifllwap(sn) < Cn, Py A)|IRic]| 5 (5)- (2.7)

Here we notice immediately differences with Theorem 1.1. First of all, we have a new
constraint. The reason why conditions (2.2) and (2.5) appear is related to the intrinsic non-
ellipticity of the Ricci tensor. As we shall see throughout the computations, the equation
concerning the approximated Ricci operator is fully non-linear. This has forced us to find
ways to bypass the problem and reduce ourselves to an application of Theorem 1.1. It is not
clear how much conditions (2.2) and (2.5) are artificial. In order to prepare the road for the
non-convex case in Chapter 4 and to let the reader understand that, we shall stress where
and when these conditions are assumed.

Another important difference concerns the dimension in which the theorems hold. The
results of this chapter are true only when the dimension of the hypersurface is strictly greater
than 2. This condition does not appear just as result of our strategy: it is rather related to
intrinsic geometric properties that are satisfied by the Ricci tensor. Indeed, in dimension 2
the tensor is a 1 x 1 matrix, i.e. a scalar quantity (which coincides with the scalar curvature),
and therefore all surfaces satisfy Ric = Scal —Scal = 0.

We also like to remark the following corollary.
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Corollary 2.3. Under the assumptions of Theorem 2.1 or 2.2 the following estimate holds:
[W*g = llwrpsn) < C, py A|Ricl| p5)- (2.8)

Corollary 2.3 is particularly interesting. Indeed, in the theory of convergence for Rieman-
nian manifolds there are many results about the W* P-closeness of a metric g to a constant
curvature one (cf.[8], [42], [43, Ch. 10]) . However, these results are all of qualitative nature.
Corollary 2.3 provides instead a quantitative estimate, and to our knowledge it is the first
result of this type.

The theorems are the quantitative version of the following rigidity theorem.

Theorem 2.4 ([16], [46], [52]). Let X be a closed, connected hypersurface in R™ such that
Ric =0
at every point. Then L is a round sphere.
Again, we use our scheme to prove Theorem 2.1 and divide it into four main steps.

Proposition 2.5. Let 2 < n be given, ad let ¥ be a closed hypersurface in R™ satisfying (2.1).
Assume ¥ satisfies one of two following hypothesis.

a) X is convex, and |[|A|l1» 5y < co for some 1 < p < oo.
b) [AllLe(x) < co for somen < p < oo and 0 < Scal.

Then the following inequality holds.

) Scal .
Rlem—mg Og < C(n, p, co)[Ric|[pp(5)- (2.9)

Lr(z)

Proposition 2.6. Let 3 <n, 1 < p < 0o, 0 < A be given, and let L = 0U be a closed, convex
hypersurface in R™*1. For every 0 < ¢ < 1 there exists a 0 < 8oy = 8¢o(m, p, A, €) with the
following property.

If ¥ satisfies condition (2.1), (2.2) and (2.6) then there exists a vector ¢ = c¢(X) € U such that the
radial parametrization \p: S™ — X — c satisfies

Ifllcrsmy <& [Ifllczeny < cln, A). (2.10)

Proposition 2.7. Let 3 <, 1 < p < oo be given, and let £ be a closed hypersurface in R™1. Let
0<e<1,0<d0and c=c(X) be chosen such that the logarithmic radius f satisfies estimate (2.10)
given by Proposition 2.6. Then the following estimate holds:

[f—(ve, '>||w2)p(sn) < C(n, p)(HROiC”LP(Z) + €||f”w2m(sn)) (2.11)

where we have set

Ve = (n—H)][ 2f(2) AV (2)
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Proposition 2.8. Under the same hypothesis of Proposition 2.6 and the same notations of Proposition
2.7, we can find a vector € € R™*' such that the associated radial parametrization \p: S™ — £ — ¢
satisfies the conditions

[l e sn) < C(n, p, Ade, (2.12)
C

<
<

vel < C(n, py Aellfllwrp(sn): (2.13)

Remark 2.9. Differently from Chapter 1 we have split the proof into four, rather than three
sections. This happens because in the context of Chapter 1 the proof of the "Step 0o” of our
scheme had been proved by Perez in [41]. In the present case we have to prove a different
version of it. Proposition 2.8 is identical to Proposition 1.6, with just the constant being
worsened by A, and thus we do not report it. In the last section we give instead a proof of
theorem 2.2, which shows how condition (2.5) allows us to reduce ourselves to Theorem 1.2.

Remark 2.10. Again, the combination of Propositions 2.6, 2.7 and 2.8 triggers Theorem 2.1.
The proof is analogous as the one done in Remark 1.8 for Theorem 1.2, and we do not report
it.

2.1 PROOF OF PROPOSITION 2.5

The proof of this Proposition 2.5 relies on a well known consequence of the second Bianchi
identity (see [19, Cor. 3.135]).

Lemma 2.11. Let M be a n-dimensional manifold, with 3 < n. Then the following equation holds.
|-
VR = 7 div Ric. (2.14)
From this equation one can derive the following oscillation lemma, whose L2-version has
been proved under weaker assumptions in [11].

Lemma 2.12. Let L be a closed, convex hypersurface in R™+1. Assume L satisfies condition a) or
condition b) as in Proposition (2.5). In the latter one, the positivity assumption of Scal is not required.
Then the following inequality holds.

HScal—ScalHLp(z) < Cn, p, co)Ric| i p(5)- (2.15)

We show the proof of Lemma 2.12 in Appendix A.2. From Lemma 2.12 we derive Proposi-
tion 2.5. In order to achieve such result, we recall the Gauss equation for hypersurfaces in a
Euclidean space (see [19, Thm 5.5]): Let £ be a hypersurface in R**1. Then the following
equation holds:

1
Riemi)-kl = E (A® A)i]’kl =Aix Ajl — A A]'k. (2.16)

Contracting the indices in (2.16) we obtain

RiCij = HAI] — A]fAk) (2.17)
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Since the second fundamental form is a symmetric tensor, we know by the spectral theorem
that it is diagonalizable. Let A7, ... A, be its eigenvalues. Our idea to use equation (2.16) in
order to interpret (2.9) as a polynomial inequality involving the eigenvalues of A. Let us
define indeed the polynomials

PN = TAM) O AR) k8 087 = Y (Ady — )7, (2.18)
i4
] 2
a) = [HOAN) — AN —(n=1Ds]* =Y (A Y A ] —n=1k| . (219)
i i#)

Here k € R, and in general we choose it so that n(n — 1)k = Scal. Using this notation we
can let Proposition 2.5 easily follow from the following lemma.

Lemma 2.13. Let O < « be given. Then there exist constants cy, ¢z, depending on n such that

p(A)
c1 < ——<cy, forany A € R. 2.20
From the lemma we easily conclude by integrating the inequality for the eigenvalues of A.
Indeed, if the mean of the scalar curvature Scal is positive, then from Lemmas 2.12 and 2.13

we obtain:

Scal

K
ey —— — ||IRiem —— < ic— (1 —
Riem Zn(n—1)g®g HRlem 7 g@ng < C(n, p)|[Ric—(n—1)kgl,,

P
< C(Tl, Py CO)HROiCHp'

The positivity of the quantity Scal is easily recovered: it is indeed, straightforward to
prove that closed, convex and smooth manifolds have positive mean of the scalar curvature.
This quantity is trivially non-negative since we have the formula

ScaI::zZ;AiAb
i#j

and all the A; are non-negative by convexity. Let us show that the quantity Scal is actually
positive. We consider the function

h:peXr— |‘p|2.

Let po be a maximum for h, and @o: By — X be a graph parametrisation around py, i.e.
@0(0) = po. Since py is the maximum of h, we notice that ¢ satisfies

0(0)|* = Ipol* = max|p(z)[.
zeB?

°0
Deriving twice, we obtain the following equalities holding in 0:

(3190, 90(0)) =0, 3%¢(0) <0 = (d@0, Po(0))+ (i o, o) <O,

=(po)"=Tp,Z =—|pol~T Ay =94
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from which we obtain the equality

1
Al > —aq.
Po Z ool ?

Thus the function Scal = } ; ,; AiA; is non-negative and positive in a neighbourhood of po,
hence Scal > 0.
Let us prove the lemma and conclude.

Proof of Lemma 2.13. We first show need to show that the polynomials p and q defined by
(2.18) and (2.19) have the same zeros. Let Z(p) :={p =0} and Z(q) :={ q = 0} be the zero
sets of p, q, respectively. We claim that:

Z(p) = Z(q) = { Vxe, —V/xe } , where e := Z e;. (2.21)
i=1

We split the proof of Lemma 2.13 into four main parts. In the first two parts we prove Claim
(2.21) for p and q respectively. In the third part we study the behaviour of the ratio p/q as
[\l approaches co. In the fourth part we study the behaviour of p/r as A — £+/ke. From this
analysis the lemma will easily follow.

Zeros of p Let A = (A1, ...Aq) be given so that p(A) = 0. Since p is a sum of squares, we
get:
AiA; = K, for every i # j. (2.22)

Since 0 < k we also know that A; # 0 for every i. Then, for every i # j # k we immediately
find:

)\1'_7\]' = )\j}\k = }\j = A =: t,
from which we deduce A = te for some t # 0. From (2.22) we immediately deduce t? = k

and the thesis.

Zeros of q Let A = (A1, ...Aq) be given so that q(A) = 0. Since q is a sum of squares, we
infer the following system:

HA; — 7\12 = (n—1)k, for every i, (2.23)

where we have set

n

Hi=) A=(Ae).

i=1

Notice that from (2.23) we have that A; # 0 Vi. Again, we claim that A\; = A; for every 1, j. If
the claim is true, system (2.23) for A = te is reduced to

m—1t? = (n—1)k,

23



24
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and this proves our claim. Let us assume by contradiction that there exist two indices 1, j
such that A; # A;. From (2.23) we infer

HAi = A7 = HAj = A7 = H(A{ = Aj) =A7 —Af = H=A; + ). (2.24)
Substituting (2.24) in (2.23), we obtain
Aidj = (n— 1)k, (2.25)
(AL +2A5) AR — Aﬁ = (n—1)k, for every h # 1, j. (2.26)
Assume there exists A # A;. From equalities (2.25) and (2.26) we obtain:
AN = (A +A)AR — AR = Aj (A —An) = A (A — An),

from which we easily infer A, = A;j. Therefore the coefficients Ay, ... Ay, of the point A can
take at most two different values. Call them a and b, and assume a appears k times and b
appears n — k times in the coordinates of A. From equality (2.24) we have

(k—Ta+(n—k—1)b=0.

If both k —1 and n — k — 1 are positive, then a and b must have different sign, and equation
(2.25) is violated. If one of them is 0, say k — 1 = 0, then we must have b = 0, but again
equation (2.25) would be violated. Hence all the values are equal, and we easily find the
thesis. Notice how the estimate fails when n = 2. In this case, equality (2.24) is not useful,
and the polynomials p and q degenerate to

p(A) = qA) = (MAz —x)?,
and therefore Z(p) = Z(q) = { (x, y) € R? | xy =« }.

Boundedness at infinity Now we show that the ratio p(A)/q(A) is bounded from above
and below when [A| attains large values. A simple computation shows:

A i NN p(A) i NN

1|17\r|n inf W = }\msf s lim sup W = su 5
00 esn n
—e YA (Zi;éj 7\1) oo AEST YA (Zi;ﬁj Ai)

Note that this case represents the study of the ratio p(A)/q(A) in the case k = 0. Let us do
the computation. Firstly, we claim that in this case the zero sets in the sphere of p and q are
finite and satisfy

Z(p) =Z(q) ={*es, ---Len}.

The claim is straightforward for p. For q, let us consider a point A € S™ so that q(A) = 0.
Keeping the notation used above, we have the equality:

)\iz(H — ?\1)2 =0, for every i. (2.27)

Since A € S™, then there must exist an index 1 such that A; # 0. Therefore H = A; must hold.
If A; = 0 for all indices j # 1, then necessarily A = Aje; and A; = %1, as claimed. If A; # 0 for
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some j, then the equality H = A; must hold and hence A; = A;. We immediately deduce that
the set { A1, ... A, } can take only the values 0 and t for some t # 0, and not all A; can be
0 because A € S™. Let us assume w.lo.g. that A\ = --- = Ay =tand Ay;1 = =Ap =0.
From this we can write the equation (2.27) as

k(k—1t* =0,

from which we infer k = 1, and thus the claim.

We show now how the ratio p/q is bounded near the zeros of p and q. By symmetry, it is
enough to consider the limit for A — e;. Now we write p ;= A — e, so that we can study the
limit as p — 0. Denoting p(u) :=p(e1 + ), () := q(e1 + n), we easily obtain

j=2 j=2

2
p(w) =2 uf+0(uP), q(u)Zuszr(Zuj) +0(luP),

where O(|u/*) is a quantity which satisfies |O(Ju/*)| < C(m, k)|u/*. Therefore we can rewrite
the ratio as

B 2+0(u)
a1+ R(w+O0(u)’

where R satisfies

2
(o)
Z]Tl:z sz

from which we easily deduce the upper and lower bounds.

0 < R(W) = (n),

Boundedness near the zeros We study now the behaviour of the ratio p(A)/q(A) when A
approaches the values ++/ke. Again, by symmetry it is enough to study the limit at /ke. We
write p:= A — /ke, and define again p(n) := p(v/ker + ), §(u) := q(v/ker + n). A straight
computation for p shows:

plu) = Z((uiJr\/E)(uj + k) — K)2 = Z(\/E(Hﬂr )+ Muj)z

A i
n n

=) (Li+w)?+0(uP) =k Y uf+2uip+p +0(u?)
1] i=1j=1
i

= 2k(n—2)[u* + O(Ju).

For g we have a similar expression:

i=1 jAL

Z( (11 + V&) ijwz)(nm)
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2

I
.M;

Vel (m=Dui+ > w5 | +0(Iu?)
j#AL

,ﬂ
I
=

n

(VR = 2) + H(w) + O(lu) =k 3 ((n— 2)uw; + H)? + O(u?)
1 i=1
n—2)%klul® + 3n—4)xH(W)?* + O(luP),

|
M=

— e

where again H(p) = ) ; u. From these computations we can easily deduce the lemma.
Indeed,

P _  2+0(lu)
4(w)  n—24+R(W+O0(lu)’
where
(3n —4)H(w)?
0<R(W) = —F——577— < Cn),
and the lemma is proved. O

Remark 2.14. Notice how from Lemma 2.13 we can infer our own proof of Theorem 2.4.
Indeed, let £ C R™*! be a closed hypersurface satisfying Ric = 0. By the Bianchi identity
(2.14) we immediately deduce

2n

V Scal = —

divRic = 0. (2.28)
Therefore every hypersurface with traceless Ricci tensor being null has constant scalar
curvature. Writing Scal = n(n — 1)k for some k € R, we know that Ric = (n — 1)kg. Again,
we need to show how k > 0. The strategy is the same we used in that we have used in the
proof of Proposition 2.5 : we define the distance function

q 6).‘.»—>|q|2,

and consider the point po of maximum. As shown in the proof of Proposition 2.5, in this
point po the second fundamental form must be positive definite, hence k > 0. This proves
by the way that X is convex and satisfies Ric = (n — 1)kg for some positive k. Then, from
Lemma 2.13, the eigenvalues of A satisfy system 2.19, and therefore we obtain that either
A1 = ...An = VK at every point or Ay = --- = A, = —/Kk at every point. Since Alpo is
positive definite, the first one must hold, and from the Nabelpunktsatz, the hypersurface must
be a sphere.

2.2 PROOF OF PROPOSITION 2.6

Here we prove Theorem 2.6. We remark that the C°-bound of the second fundamental form,
namely (2.2), can be weakened, but this does not help us to improve the main results. This
stronger version will be given in the appendix.
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Proof of Proposition 2.6. Let us consider a sequence (£"), en Of closed hypersurfaces satisfy-
ing the following assumptions:

(i) £" =09u", where U" is an open, bounded, convex set.
(i) Vol (Zh) = Vol (S™).
(iii) 0 < A™ < Agh, where A" is the second fundamental form associated to "

(iv) b(ZM) =0, where b(Z") denotes the barycenter of 1", defined as in (1.34).

. e h e h . .
(v) limy|[Ric ||{» =0, where Ric denotes the traceless Ricci tensor associated to ™.

We are firstly going to show that necessarily we must have
lim drp (zh, 8™ =o.

Firstly, we notice how from assumptions (i) — (iv) the hypersurfaces are all contained in a
ball IBE(;H for Ry sufficiently large. Indeed Proposition 0.4 we obtain two radii 0 < r < R and
a vector x € R™*! such that (3.20) holds, namely:

B (x) c U™ ¢ BRt' (x).
Since £ = UM we infer that diam £ < D(r, R) < oo, and from condition (iv) we get our

desired claim. Now we show that the Z" must converge to a sphere. We apply the Blaschke’s

selection theorem (see [47, Thm. 1.8.6]) and consider a (not relabeled) subsequence u - v
in the Hausdorff distance dyp. From the inclusions in (3.20) we infer that the volumes [U"|
do not converge to 0, hence V has positive measure and non-empty inner part. Necessarily it
has the form V = U for some bounded, open and convex set U. We claim that £ = 0V must
be the round sphere S™

The proof of the claim follows from the following lemma.

Lemma 2.15. Let k > 0, and let q = q(A) defined as in (2.19). Define r = r(A) as

1

r(A) == D(A) = V«8|*ID(A) + V/k8|* = (Z(m - ﬁ)2> (Z (N + ﬁ)2> (2.29)

i
Then, there exists two constants co(n, A) and c¢1(n, A) such that

co < % < ¢y in the ball BT},

Assuming Lemma 2.15, we show how it leads to the conclusion. We shall prove it at the
end of the of the section. From Lemma 2.12 we easily find a sequence (k") o Of constants
k" € R such that

. X h
||R1ch—(n—1)Kh9h||Lp < C(n, p, A)||Ric || »,
and thus

liﬁnHRich—(n— Dk"g™||» = 0.
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Thanks to the analysis made in Section 2.1, we know that 0 < k" < A for every h € IN, and
we can assume k" — k € [0, Al.
Firstly, we notice that the limit k cannot be 0. Indeed, if k = 0, then we would obtain a
sequence (£") en Of closed hypersurfaces satisfying assumptions (i) — (iii), (v) and
li}anHRichHLp(zh) = 0 for some p € (1, c0). (2.30)
Since assumption (iii) holds, we also know that 0 < Ric" < n(n—1)Ag", and therefore
from (2.30) we infer

li}rlnHRichHLp(zh) =0 for every p € (1, oo).
In particular, ||Ric"||; n,2 — 0. This however is not possible, since in [53, Th.3] it is proved

that for 3 < n any compact, connected manifold M™ admitting an isometric immersion into
R+ satisfies the lower bound?

/ IRic|Z > a(n).
M

Therefore, we must have that any limit  satisfies k > c¢(n) > 0. We show now how to prove
the proposition. Lemma 2.15 applied to the eigenvalues of the second fundamental forms
A" yields

li]gnl\l/\h —VihgM A"+ JKTQWHU:():M =0.
From condition (iii) we also know that
Vidhg™ < AT+ Vg < (A+ Vi) g = AT+ VikRgh < e(n, A),
from which we infer
liﬁnHAh— K"g"™|p(sn) =0 (2.31)

Equation 2.31 is the key of the proof, and allows us to conclude by applying techniques used
in the previous chapter. Indeed, from [41, Cor. 2.5] we are able to find a vector x € R™*!
such that

. h
}11161’% dup (Z , VKS™ + X) =0.

We show that k = 1, x = 0 necessarily. Let us define Fh— (Zh — x) /+/k. Then, by construction
we have

: sh gqny _
%E%dHD(Z ,S )—O,

and can consider the radial parametrisations

Pphs™ — M P(x) = e x

The result is actually much finer than the one we expressed here. The precise statement involves however
concepts taken from algebraic topology we do not need to introduce.
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associated to every L™ as in (1.4). Since the hypersurfaces converge to the sphere in the
Hausdorff distance, we get that necessarily

. “h .
Hm||f*[cogn) = 0.

Therefore, we can apply Lemma 1.11 and obtain that

- osc(f™, M)
vit ny < ) — 0,
| leosm \/1 —2osc(fl, S1)

and get that f* — 0 in C'. We can finally conclude: since the convergence is now C', we
obtain

—xb(EM) = ][ xe MDD /14 1 (x)]2 dVe — 0 = b(S™),
<% Vol,, (S™) = / e 050 /1 4 [Fr(x)2 AV —> Vol (S™).

Therefore x =0, k = 1, £" = " and our claim is proved.

We are now left to prove the C?-bound. This will follow from assumption (iii) and
expression (1.15) for the second fundamental form in the radial parametrisation. Let X be a
closed, convex hypersurface such that 0 < A < Ag and the logarithmic radius f given as in
(1.4) satisfies ||f||c1 < e for 0 < e < 1. Let us recall (1.15):

n

. e f . . 1 .
Af = ——— 5}—V1V'f+vlfvzf[Vﬂ'>.
= e (T e J

Since 0 < A < Ag, we get

—c(A)8} < VIV + Vi VAV < C(A)8,

1+ |Vf|?
hence
||V2ch0(Sn) < C(A) + €”V2ch0(sn)» (2.32)

and we find our desired conclusion. Notice that the smallness of the gradient Vf is actually
not required: if we have ||[Vf||, < co for some positive constant ¢y, we can perform the
estimate made in (2.32) as

Co
HvszCO(Sn) < C(A) + 7||V2fHCO(Sn)»
\/1+¢3
and thus conclude, since co/4/1+ c(z) is always smaller than 1. O

We prove Lemma 2.15 and conclude.
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Proof of Lemma 2.15. From Lemma 2.13 we know that the zero set Z(q) of the polynomial
q contains only the vectors ke, with e := ) _; e;. We study first the behaviour of the ratio
q/r near those points. Again, thanks to symmetry it is enough to consider just the case
of ke. As done in the proof of Lemma 2.13, we consider §(u) := q(v/ke + p), and define
T(u) == r(y/ke + p). Trivially,

lim inf ) = lim inf : -,
ey TS W SR Ry TP R

U)o 9 i g A8

From the computations made in Lemma 2.13, we obtain:
q(w) = (n—2)2klul? + (3n —4)kH? + O(|luP?),

where H = ) ; e; as usual. The computation of ¥ is straightforward:

1

(u) = |ul? <Z(2x/E+ m)2> = 4nklul® + O([uf).

Therefore, we obtain:

qlw) _ (n—2)2|ul? + (3n—4)H2 + O(Ju?)
() An|p2 + O(|pf3) ’

and we find easily two constants c¢(n), C(n), such that

q(p)
(n)

c(n) < liminf ) < limsup < C(n).

n—0 ?(H) n—0

=

Thus, we are able to find a radius 0 < 1 such that

<2C(n) in B (Vke) UBT (—v/ke),

o
—
3
=
= |a

and since q/r is continuous in B \ B}*(y/ke) UBT (—/ke), we also obtain constants c(n, A),
C(n, A) such that

c(n, A) < % < C(n, A) in BR \ B™(v/ke) UB™ (—v/Ke).

The lemma is therefore proved. O

2.3 PROOF OF PROPOSITION 2.7

Since we have to linearise the same quantities of Chapter 1, a big part of the proof can be
taken from Proposition 2.6. The main difference with it consists in the fact that we cannot
proceed exactly as in the previous chapter, since the Ricci operator is non-linear. A rough
computation can show

Scal = H2 — |A2 & (Af)? — [ V2] = 2(n — 1)(Af +nf)).
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The problem here is that we are able to obtain Ch *_closeness of f to 0, but in order to obtain
a proper linearisation, we would need a C2-one. This is not possible, not even with our
CO-control on the second fundamental form. Thus we need an alternative to proceed, and
here it is where condition (2.2) is used. In the same spirit of Proposition 2.5, we consider
again the problem in terms of the eigenvalues of A, and search for a better expression of the
quantities we are considering. In order to obtain it, however, the upper bound (2.2) will be
used crucially.

Proof of Proposition 2.7 . The starting point of our analysis is estimate (2.9):

|
Riem—SLg g

LP(x)

We let Proposition 2.6 follow from two lemmas:

Lemma 2.16. Under the hypothesis of Proposition 2.6, the mean of the scalar curvature can be
approximated as follows:

Scal =n(n—1) + R, where |R| < C(n, p, A)e|[fll\y2.pgn)- (2-33)

Lemma 2.17. Let p = p(A) be defined as in (2.18) with x = 1. We set r = () as in (2.29). There
exist c; = c2(n, A) and c3 = c3(n, A) such that

< c3 in the ball B)y.

The proof of Lemma 2.17 follows easily by combining Lemma 2.13 and Lemma 2.15 with
kK = 1. The proof of Lemma 2.16 is postponed at the end of the section.
Via (2.33) and we obtain the following estimate:

Now from (2.16) we find:

1
Riem—=g®g

5 < C(n, py A)JRic|[p(x) + el fllwa,p(gn)-

Lr(x)

1A~ 9)® (A+9)llnz) < C(IRiclin s + llflwensn ) (2:34)
Applying Lemma 2.13 to the polynomials associate to the eigenvalues of A, we find:
A—glIA+gl<cl(A—g)O(A+g)l
This allows us to improve (2.34) as follows:
[IA —gllA + 9|||LP(Z) < C(HROiCHLP(ZJ + €||f||wzwv(sn))-

Now we get rid of the term A + g as we did in the proof of Proposition 2.6 and obtain

1A= gllr(z) < C(IRiChL (5 + ellfllwansn )
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We end with the Cauchy-Schwartz inequality: indeed,
H—n[=[(g, A—g)l <nJA—g],

and integrating

M=l (z) < C(IRiclioz) + elfllwansn )

Now we can proceed applying a proper version of Proposition 1.15 and we obtain the desired
estimate. 0

We finish the section by proving Lemma 2.16.

Proof of Lemma 2.16. Firstly, we have to find a suitable expression for the scalar curvature
Scal. Again, we trace equation (2.16) twice and obtain

Scal = H? —|AJ.

Therefore we need to find an approximate expression for H? and |A|2. Firstly, we need to
deduce the following approximation:

H? = n? — 2nAf + (Af)* —2n%f + R, (2.35)
IA]? = n—2Af + V21?4 2nf + Ry, (2.36)

where both R; and R, satisfy
R1, 2] < C(n, A)e (fl + [V + [V2H]) (2.37)

The two expressions follows linearising expression (1.15) from Lemma 1.9 with the help
of Proposition 2.6. From 2.6 we know

Ifllcos IVFllco < & [Vl co < A,
and we can linearise (1.15) as follows:

Al =—(1=f)V'Vjf+ (1—1) 8] + R}, where |R| < C(n)e(|f| +|VFl+|Vf]).  (238)

From (2.38), we obtain:
H? = (—(1 = HAf+n(1 — ) + R1)? = n? — 2nAf + (Af) — 2n2f + R,

A? = (1= H2V2 +n(1— )2 =201 — ) Af+ Ry
= 1 — 2Af + [V — 2nf + Ry,

which are exactly expressions (2.35) and (2.36). Now we are able to find the following
expression for the curvature.

Scal =n(n—1)—2(n— 1)(Asf + nf) + (Af)? — V2|2 + R, (2.39)
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where R satisfies inequality (2.37). Now we integrate Scal. Since f is C'-close to the identity,
we can perform the same volume estimate we did in the proof of Proposition 1.15, and easily
notice

le™ /1 +|VF2 —1—nf] < C(n)e (If| +|V1]). (2.40)

Estimate (2.40) and the C%-bound on V?2f allow us to perform the following computation:

Scal = ][ Scal dV, = 1 Scale™ /14 |Vf2dV,
ba sn ’

— 4 Scal dVo—l—nz(n—U][ deg—i—n][ f(Scal —n(n — 1)) dVy + R,
Sn n n

where R satisfies (2.37). From (2.39) we infer:

][ f(Scal—n(n—1)) dVs

< fsnlfl‘Z(n — 1)(Aof +nf) — (AF)? + V22
< Cs]énlﬂ + VI + V2] dVe < Cn, py A llyz,p sn)-
Therefore, we can write

Scal = + Scal dV, + R, where |R| < C(n, p, MAfllw2p gn)- (2.41)

gn

From (2.41) we obtain

][ Scal dVy =n(n—1)+ ][ (AF)? — V2> dVy 4 2n(n—1) ][ fdVe + R. (2.42)
Z n

n

We simplify the second-order terms with the following Bochner formula. Indeed, by defini-
tion of Riemann tensor we know the commutation formula

V;Viay — ViVjoy = Riem{;, o
Using this formula and integrating by parts we achieve our goal.
/(Af)z av = /vivif VIVifdV = — / Vif- VIVIV;fdV
=— / Vif- VIVIVifaV + / Ric(Vf, Vf)dV
= / VIVif- VIVifdVv+ / Ric(Vf, Vf)dV
= /|v2f|2 dV—i—/RiC(Vf, Vf)av

In the case of the sphere, this computation gives us the equality

g/ (Adf)zdvg—/ IV2f]? dVy = (n—1)/ IV2dVe < Ce|VE 1,
n Sn Sn
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and we can improve (2.42) and obtain

Scal:n(n—U+2n(n—1)][ fdVs + R.

n

With the same consideration made in the proof of Proposition 1.15 we notice that the mean
of f is negligible, i.e.

’][ fdVg
gn

and this proves the lemma. O

< Ce [l s

Again, the proof of Theorem 2.1 follows as outlined in Remarks 1.8 and 2.10.

Remark 2.18. Looking carefully at the proofs, one can notice how Theorem 2.1 can be
simplified: it is indeed possible to obtain Proposition 2.7 without Proposition 2.5. One just
has to use Lemmas 2.12, 2.16 and improve Proposition 2.6 to obtain 2.7. The polynomial
study we made would be strongly simplified since we just need to study the zeros of the
polynomial q(A) given by (2.19) and the behaviour of the ratio q/r given by Lemma 2.15.
We have nevertheless chosen to proceed through this longer path because it highlights the
importance of the Ricci tensor for closed hypersurfaces, by showing how under certain
hypothesis it can control the Riemann tensor, and because Proposition 2.5 will be a necessary
step in Chapter 4 for the proof of Theorem 4.2.

2.4 PROOF OF THEOREM 2.2

We conclude the chapter proving Theorem 2.2. This will follow directly by the proof of
Theorem 1.1 in Chapter 1. Indeed, in this case the strictly convexity is translated into an
inequality between the traceless Ricci and the traceless second fundamental form, that we
would not normally have.

Proof of Theorem 2.2. Again, we consider the equation:
‘i gai_aiak
Rle = HA] — kA) .

Let then A7 < --- < A, be the eigenvalues of A. Then the Ricci tensor has eigenvalues
A1, ... Ay which satisfy the following equality:

A=A M, Yi=T1,...,m (2.43)
j#k
By assumption (2.5), we know that A; > A for every j = 1,...,mn, and this allows us to

perform the following estimate:

2

IRic)? = Z |/\i_/\j|2 = Z Z A || _}‘i‘z

i#j A \k#LJ



2.4 PROOF OF THEOREM 2.2
> (n—22A% Y [Ai—A = (m—2)2A%AP,
i#j
from which we deduce
[AllLr () < Cn, p, A)||Ric||rp (s (2.44)

This shows how in the strictly convex case, having small LP-norm of the traceless Ricci
tensor implies having small LP-norm of the traceless second fundamental form.

We choose 081 sufficiently small so that the hypothesis of 1.1 holds, and thus we find a
vector ¢ = c(X) such that the associated radial parametrization \: S™ — L — c satisfies

b —1d||\y2,p (sny < ClIA[Lr < CI[Ric||rp(s),

as desired. 0
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THE ANISOTROPIC CASE

In this chapter we obtain the anisotropic counterpart of Chapter 1. Let us state the main
theorem.

Theorem 3.1. Let 2 < n, 1 < p < oo be given, and let F be an elliptic integrand. There exists
0 < 80 = do(n,p, F) with the following property.
If £ is a closed, convex hypersurface in R™1 satisfying the conditions

Vol (£) = Vol (W), (3.1)
IAF[Lr () < 80y (3-2)

then there exist a vector ¢ = c(£) € R™"! and a smooth parametrization \p: W — £ — c satisfying
the following estimate:

||‘~l’—id||W2,v(w) < C(napaF)HAFHLP(Z)) (33)

where id: W —s W denotes the identity map of the Wulff shape into itself, and A is the tensor
s 1
AF = AF - *HF Id.
n

What allows Theorem 3.1 to be true is the following anisotropic version of the umbilical
theorem, which states that W can be characterized as the only hypersurface with the
anisotropic second fundamental form that is a constant multiple of the identity (see [26,
Thm. 1.2]).

Theorem 3.2. Let 2 < n be given, and let * be a closed, oriented hypersurface. If Axl, is equal to a
constant multiple of the identity at every point x € L, then L is the Wulff shape.

For the anisotropic case we introduce some change of notation, that will appear throughout
this and the next chapter. The classic radial parametrization we used before is not suitable
any more, and we shall need a version that reflects the fact that we are working in a non-
symmetric environment. Let B, (W) be the tubular neighbourhood associated to W, that is
the set

B:(W):={ze R"' [z=x+4pv(x), VxeW,0<p<el). (3.4)

All the details needed on the tubular neighbourhood can be found in [28, Ch. 5]. We
recall that for e sufficiently small, B-(W) is an open, bounded set with smooth boundary
diffeomorphic to W, for every r < e. Let £ be a closed, convex hypersurface in R™*!
satisfying the closeness condition

> C B:(W).
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Then, up to translation, we can give the following parametrization for Z:
P: W — 2, P(x) =x+u(x)v(x), for some u € C®°(W). (3-5)

Clearly 1 is a smooth diffeomorphism. We call \» anisotropic radial parametrization of £ and u
anisotropic radius associated to \p. By the very definition, if X is e-close to W in the Hausdorff
distance, then it is contained in the tubular neighbourhood B¢ (W). We are therefore going
to prove the following theorem.

Theorem 3.3. Let 2 <nand 1 < p < oo be given, and let £ = U be a smooth, closed and convex
hypersurface in R™+1. There exists 0 < 8o = 8o(n, p, F) with the following property.

If X satisfies conditions (3.1) and (3.2), then there exists a vector ¢ = c(Z) € R™"! such that
0 € U — c and the anisotropic radial parametrization \p: S™ — X — c as in (3.5) satisfies:

HU’HWLP(W) < C(n, P)HAFHLv(zy (3.6)

In order to avoid confusion when making the computations, we adopt the following
notations throughout this chapter, and more in general when we are dealing with anisotropic
quantities:

Af Anisotropic second fundamental form.

Ar  Anisotropic traceless second fundamental form.
Hf Anisotropic mean curvature, i.e. tr Af.

D  Levi-Civita derivative on the sphere.

St Anisotropy tensor, i.e. Sg := D?F +1d.

A "Classical” second fundamental form, i.e. Af with F =1.
As before, we apply our scheme and divide the proof into the following steps.

Proposition 3.4. Let 2 <n, 1 <p < oo and 0 < 8y be given. Let F be an elliptic integrand. There
exists a constant 0 < C = C(n, p, do, F) such that the following holds.

If £ is a closed and convex hypersurface in R™+" which satisfies (3.1) and (3.2) with a threshold
5 < do, then there exists ¢ € R™ such that

dup(Z—c, W) < e. (3.7)

In particular, this implies that the anisotropic radius \ given by (3.5) is C'-close to the identity,
namely

[wllcrwy < & (3-8)

Proposition 3.5. Let X be a closed, anisotropically radially parametrized hypersurface so that u
satisfies (3.8). The following inequality holds:

||L[u]”LP(W) < C(n, p, F)|[HF —}"TFHLP(Z) + s||u||wl,p(W)» (3-9)
where L is defined as

Llu] := div(S¢Vu) + Hu. (3.10)
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Proposition 3.6. Let L be as in (3.10). Then:
kerL:={@c.:yeWr— (c, v(y)) €R, Ve e R™"T 1. (3.11)

Proposition 3.7. Let ¥ be a closed, anisotropically radially parametrized hypersurface so that the
anisotropic radius w satisfies (3.8), and consequentially (3.9). Then there exists a vector c(L) € R™*7,
so that the anisotropic radius associated to the radial parametrization \p: L — W — c still satisfies
condition (3.8) with a possibly worsened bounding constant, and

(u, @ )2 =0 forevery @ € kerL. (3.12)

Remark 3.8. Via these propositions we are able to conclude as in Chapters 1 and 2. We notice
that in this case an additional step appears, i.e. we have to characterize the kernel of the
anisotropic stability operator L.

Again, before starting the proof, we give the anisotropic version of Lemma 1.9, and prove
the following expressions for the main geometric quantities in our new definition of radial
parametrization.

Lemma 3.9. Let \ be as in (3.5), and let us denote by A* the second fundamental form of £, and by
A the second fundamental form in W Then we have the following expressions.

gij = wyij +2uAy; +Viu Vju—I—uzA‘fAkj, (3.13)
I (w+uA) ' [Vu]
v —(w+uA) [Vl
Aij = VEu+uAg —u(Vi(Vu), Viv) + A[Vul Viu+ (ViR, Vi)

AL — .
g VT 10d uA) TVl > B

; (3-14)

where R is a combination of product of wand V. In particular, if L is convex and [[u[|co(5) < (W),
then we also have the following inequality:

VZ2u < C(W)(A + Vu® Vu). (3.16)
The proof of Lemma 3.9 is postponed in Appendix A.1
3.1 PROOF OF PROPOSITION 3.4

In this section we prove Proposition 3.4 and show a first qualitative, closeness result. As in

its isotropic counterpart, we need an oscillation estimate in order to let the scheme work.

This is given by the following proposition.

Proposition 3.10. Let 2 <n, 1 <p < oo and 0 < d¢ be given, and let L be a closed hypersurface
in R™1 with fixed volume V. Let F be an elliptic integrand. Assume ¥ satisfies one of two following
hypothesis.

a) X is convex, and ”’S‘FHLP(Z) < O for some T < p < oo.

b) [[AllLr(g) < 80 for somen <p < oo.
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Then the following estimate is satisfied:
T}\nei]{%”AF —Aldlp5) < C(ny py 60)HAFHLP(Z)' (3.17)

In the proof of Proposition 3.4 we shall also need the following proposition.

Proposition 3.11. Let 2 < n, 1 < p < n be given, let F be an elliptic integrand and let ¥ be a convex,
closed hypersurface in R™*1, satisfying Vol (£) = 1. Then, there exist two positive constants c;
and c;, depending only on n, p and F, such that

IAllocs) < etlArline) < e2(T+ ARl )- (3.18)
The first inequality requires neither the upper bound p < n nor the assumption of convexity.

Both the results are proved in the Appendix, see A.2 for 3.10 and A.3 for 3.11. Now we
can prove Proposition 3.4. We show firstly the following proposition that, although being
suboptimal, is the key point for our further study.

Proposition 3.12. Let 2 < n, 1 < p < oo be given, and let F be an elliptic integrand. For every
0 < & < 1 there exists 0 < & = 8(n, p, F) < 1 with the following property.

If £ is a closed, convex hypersurface satisfying (3.1) and (3.2), then there exists ¢ € R™*1 such
that

dup(Z, W+¢) < e (3.19)

Proof. We argue by contradiction and assume there exist ¢p > 0 and a sequence of closed,
convex hypersurfaces { £* }, . satisfying

(1)’ Voln(Z*) = Voln (W),

(it)" Hm|AF[|p (zx) =0,

(1)’ dup(ZX, W+c) > ¢ for every c € R ! and k € N.

We notice that conditions (i)’, (il)’, combined with Proposition 3.11 allow us to use Proposi-
tion 0.4. Thus, we are able to find two radii 0 < r < R, depending only on n, p and F, such
that, up to translating, the following inclusion holds:

B, c Uk c Bg, (3.20)

where U¥ is the convex bounded set enclosed by k. As done in the proof of Proposition 2.6,
we apply the Blaschke’s selection theorem (see [47, Thm. 1.8.6])and consider a (not relabeled)

subsequence U* = V in the Hausdorff distance dygp. From the inclusions in (3.20) we infer
that the volumes [U¥| do not converge to 0, hence V has positive measure and non-empty
inner part. Necessarily it has the form V = U for some bounded, open and convex set U.

Let £ be the boundary of U. From the discussion above, we easily notice that £* con-
verges to L in the Hausdorff distance. Plugging this information in (iii)’, we deduce that
dup(X, W+c) > ¢ for every c € R™*'. If we show that I is a Wulff shape, we obtain the
desired contradiction.
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By Proposition 3.10, there exists a sequence (A*)xen C R such that
IHE = A1 55y < CIAF Lo (£x) = O (3.21)

Moreover, by Proposition 3.11 we know that for k large enough

IHE[[Lp(zx) < €2 (1 + ||/O\F||Lv(z)> < 2¢;.
It follows that

N Le (£x)
A = ———"5 < C(HHFHLP(ZK) + HHE_)‘kHLP(Zk)) <€
Vol,, (Zk)»

We conclude that there exists A € R such that, up to subsequences, A¥ — A. Therefore, we
can assume we are given a sequence {<*} satisfying the following properties:

(1)” £* = duk, with U¥ being a convex, open, bounded set satisfying BM*+! ¢ Uk ¢ BR "',
(i1)” there exists £ = 9U, with U convex, open, bounded such that dyp (Z*, £) — 0,
P
(ii1)” ||Ak —AId||p(sx) — O for some p € (1, oo).

We show how these three conditions imply that I is the Wulff shape. Firstly, condition (i)”
allows us to give the “classic” radial parametrization {*: S™ — I for every k, i.e. as in
(1.4). Clearly, ¥ is a smooth parametrization for every k. By condition (1)” and convexity, it
is easy to see that every f* satisfies

log(r) < f* <log(R),  Lip(f*) <L =1(r, R). (3.22)

Moreover, by condition (ii)”, we find that f* converges in C° to a function f satisfying (3.22)
and such that the map

P: S™ — X given by P(x) = ef ) x,

is a Lipschitz parametrisation of £. We can improve the regularity of f. Indeed, by condition
(1i1)”, we can write

A = AId +Ry, where || Ryl p sy — O. (3.23)

We know that A'; = Sflyx 0 dv¥, where S is the smooth 2-covariant tensor defined on the
sphere as in (0.4) and recalled in the introduction in Chapter 3. Since 0 < Sf, we multiply
equality (3.23) by (S¢)' and taking the LP-norm, we obtain the estimate

JA iz < NSH) o (A+ [ Rillinesy ). (3-24)

We exploit the fact that we have ¥ as a global parametrisation. Indeed, by Lemma 1.9 and
the C'-control as in (3.22) we get

< 0. (3.25)

. Dfk
dive | ——
V/1+|Df¥k|?

sup
k LP(S")
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Since f* satisfies (3.22), standard elliptic regularity theory (see [20]) gives

Sl]ip”kaWz,p(Sn) < +00. (3.26)

So the limit f must be in W% P (S™) for some p € (1, co) and hence the limit £ is a rough
hypersurface with W2 P-regularity. We have to prove that f is smooth. Using the expression
(1.15) for the second fundamental form A of £ and taking the trace, we obtain that every f*
satisfies (3.22) and the differential equation

. Df¥ —1 ne ™ k myek
dive | ———= | = A tr(S¢l ) + ————= + Rk = h(f", Df) + Ry, (3.27)

V1 + DfX]2 1+ D%

where h is a smooth function. Equation (3.27) means that the limit f satisfies the equation

Df
dive | —=———= | = h(f, Df).
“( 1+|Df|2> b1

From elliptic regularity (see [20]), we obtain that f is smooth, and therefore the limit
hypersurface L is smooth. Moreover, from the bounds (3.22) and (3.26) we know that the
sequence (fk)keN converges to f weakly in W2 P(S™) and easily infer that the sequence
(ka)k en converges to Vf strongly in L9 for every 1 < q < oo. Since F is smooth, we obtain
the following convergences:

—_Vfk _
vk x— VI x— VI in L9, Vq € (1, c0),

BN AN e

dvy — dvy in LP,

SF|Vk — SF|V in Lq, Vq € (1, OO)

Summing the three convergences, it follows that A¢|,. — Agfl,. By condition (iii)”, we
obtain:

Ar=Ald. (3.28)
Hence, by Proposition 3.2 and the perimeter condition £ must be the Wulff shape. ]

Now the proof of Proposition 3.12 follows trivially

Proof of Proposition 3.12. Insofar we have obtained the C°-closeness of u to the Wulff shape.
Now we choose ¢ very small and consider inequality (3.16). Following the same argument
of Lemma 1.11 we can improve the C%-closeness to a C'-one. ]

3.2 PROOF OF PROPOSITION 3.5

As in Chapter 1, the proof of Proposition 3.5 follows by linearising the main geometric
quantities that are given by Lemma 3.9.
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Proof of Proposition 3.5 . The proof follows by linearising equalities (3.13), (3.14), (3.15). Again,
here v and A denote the outer normal and second fundamental form associated to the Wulff
shape W respectively, while v> A* denote the outer normal and the second fundamental
form associated to X respectively. For the metric, we have:

9ij — wij — 2uAy;] < Ce(ful + [Vul). (3-29)
As an easy consequence of (3.29) we find the linearisation of the inverse:
lg¥ — Y 4+ 2uAY| < Ce(u] + |Vu)), (3-30)
and its determinant
|det g — det w — 2Hu| < Ce([u] 4+ |Vul). (3.31)
The linearisation of v* follows easily:

—1
VE = v—(w+uA)_1[Vu] v Vu+R
[v—(w+uA)” ' [Vul|

where R is given by linear combinations of products of u and components of Vu. We obtain
IvE — v+ Vul < Ce(lul + |Vul). (3-32)
Now we linearise A*. We write
vE=v-Vu+R

where R is again given linear combinations of products of u and components of Vu. Thus,
we deduce

A5 = (Vid, V5vh) = (zi + Viuv +uVi, Vj(v+ Vu+R))
and we obtain
A — A+ V2 —Aul < Ce(jul+ [Vul + [V 2u)). (333)

We linearise now the quantity AZ. We use again the shorthand notation R for a quantity that
can be estimated by as

IR < C(hul+ [Vul + [VZul).
We obtain

AE = S¢l,x AT = (S¢l, — DS¢l,, [Vul) (A — V2u—A%u) + R
= S¢l, A — DSgl, [Vu — SgV2u— Sgl, — S¢l, AZu+R
~—— —

=AY=Id V(SFvu) =Au

and we obtain:

|AF —Id +Lu| < C(n, Fe(ful + [Vul + [V2ul), (3.34)
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where [ is defined as

L[u] := V(SFVu) + Au. (3-35)
Now we take the trace in (3.34) and find the estimate for the mean curvature:

IHF(Z) —n+ Liul| < C(hu] + [Vul + [V2ul), (3.36)

where L is defined as in (3.10). We complete the proof of Proposition 3.5 showing that we

can substitute n with Hr(X) in (3.36). Namely, we prove:

HE(Z) —n| < Cefluflywa,psn- (3.37)

Let us prove (3.37). Integrating (3.36), we easily obtain

e —nt f, Huav] < Cellulwas (:39)

We just have to prove that the integral quantity | Hu is negligible. This is again granted by
condition (3.1). Indeed, using (3.31) we obtain

Voln (£) = Voln (W) + / HudV + R, (3-39)
W

where R is again a quantity which can easily be approximated by &l[uw[|yy1,1(yy). Since the
volumes of £ and W are equal, we obtain

’][W HudV‘ < C(“»P»F)ﬁﬂuﬂwm(W) < C(n>p)F)£HuHW2»P(W)>

and this concludes the proof. O

3.3 PROOF OF PROPOSITION 3.6

In this section we prove Proposition 3.6. Our proof uses the quantitative anisotropic perimeter
inequality. Another proof of 3.6 has been done in [38, Prop. 1.9].

Proof of proposition 3.6. Firstly we show that every u € ker L has mean u equal to 0. Assume
by contradiction we are given a smooth function u satisfying

Liul =0
U#0

(3-40)

Let v be the outer normal associated to W, and h € C*®°(W) be a positive function with [ h =
1. Using a construction shown in [4], we are able to find a smooth function s: [0, ¢) — R
such that the deformation

Pe: W — R Py (x) = x + (t(u(x) — 1) + s(t)h(x))v(x)



3.3 PROOF OF PROPOSITION 3.6

is volume preserving for 0 < t < ¢. By the computations made in [30, Prop. 2.1], for every
deformation 1\ with infinitesimal vector field

d
Xi= — =
dtlbt —o wvy,

the following equalities hold:

d
w0l =n /W wav, (3.41)
t=
dZ
E?(Wt) =— /W Liwlw dV, (3-42)
t=0

where L is as in (3.10). We apply (3.41) and (3.42) to our deformation and obtain via Taylor
approximation

tZ

TP (W) = T(W) -5

/W Llu—T(u—u) dV+ O(t3). (3-43)

However it easy to notice that

/ Liu—t(u—10) :uz/ HdV =:¢co > 0.
w w
We plug this equality into (3.43) and obtain

Fpe (W) = F(W) = 2+ 0(+), (3-44)
which is a contradiction, since W is the absolute minimizer among the closed hypersurfaces
with constrained volume.

Therefore we can assume that every solution u has null mean. Again, we consider a
positive function h € C®(W) with [ h =1 and use the construction shown in [4] to find a
function s: [0, ¢) — R such that the deformation

s W — R e (x) = x+ (tu(x) + s(t)h(x))v(x)

is volume preserving for every t. Moreover, the construction satisfies also s(0) = $(0) = 0.

For every ¢ € R""!, we define the translation
YW — R™ T Pi(x) =x+te:=x+tec(x) v(x) +t&(x),

where we have set &. :=c— @ V.
By the very definition of the L'-norm, we find

[WE =Yl = Uw, AUywiecly (3.45)

where Uy, and Uy, denote the open sets enclosed respectively by Wy := (W) and
W + tc. Moreover, we can also write

[ =il = [tloe —w)v —s(t)hv + t& || s (3-46)
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From (3.45) and (3.46) we obtain the inequality

t(@e —w)v+Ecllpr < s(t) + [Uw, AUy el (3-47)
However, since v and &, are pointwise orthogonal, we find

[u—@cllpr < (@ —wv+E&cr.
Hence we obtain

thu—@cllpr < s(t) +[Uw, AUw el (3.48)
We take the infimum in ¢ in (3.48) and obtain the expression

toinf [Ju—@cllpr <s(t) 4+ inf [Uyw, AUyycl. (3-49)
CGRT\+] ce]RTL+]

We need to estimate the right hand side in (3.49). For this purpose we introduce a new
concept.
Let E be a set of finite perimeter in R™*!. We define the anisotropic asymmetry index as

[Uw A (x +TE)|
|E|

A(E) ;= min
Xe]Rn+1

D rUw| = IE},

where U,y is the open set enclosed by W, and the anisotropic isoperimetric deficit as

§(E) := F(oE) 1.

(1 1) Uy | w7 [E[w5T

The relation among A(E) and 8(E) is well studied in the framework of isoperimetric problems.
In particular, the following anisotropic deficit estimate proved in [18, Thm 1.1] holds:

Theorem 3.13. Every set E of finite perimeter in R™+' satisfies the following inequality:
A(E) < C(n)4/3(E). (3-50)
If [E| = [Uyy|, then the inequality 3.50 can be written as
A(E) < C(n)y/F(0E) — F(W). (3.51)
Since Uy, and Uy, share the same volume, we can apply Theorem 3.13 to deduce that

tcginf u—@cllpr < s(t) + Cn)/F(We) = F(W). (3.52)

Rn+1
We plug (3.41) and (3.42) in (3.52) to get

. 3
tinf u— el < s(t)+0(tF). (53)

Dividing by t and letting t — 0, we obtain

C€l££+1 Hu_ (pCHI—] =0

and since the infimum is attained, the thesis is proven. O
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3.4 PROOF OF PROPOSITION 3.7

In this section we conclude the proof of Proposition 3.7. To this aim we give the following
definition:

Definition 3.14. Let u € C*(W) be given. We define

n+1
h(u) =) (u, @i)2wi, (3.54)

i=1
where { w; }{f]] C R™*71 are chosen such that the associated functions @; := @, (defined as
in (3.11)) are an orthonormal frame in L2 for the vector space { @, teern+1 = ker L. We will

denote @y = Qp(y).
We will need the following proposition, whose proof is postponed in Appendix, see A.3:

Proposition 3.15. There exists C = C(n, p, F) > 0 such that, for every uw € C*(W), the following
holds:

[u— (Pu|’w2,v(w) <C cgin?fﬁ [[u— (pCHWZ»P(W)' (3-55)

Proof of Proposition 3.7. Let ¢ > 0 to be fixed small enough at the end of the argument. Let
do be so small, that Propositions 3.4, 3.5 apply, and assume, up to translations, that the
parametrisation {p: W — X defined as in (3.5) satisfies the estimates (3.8) and (3.9).

We notice that, for sufficiently small ¢ € U, we can define

Ve:W—Z—c, Wex):=x+uclx)v(x). (3-56)
For such ¢ the mapping 1. is an alternative radial parametrization for , and it is a well
defined diffeomorphism. We also define:

n+1
O:U—R™, Oc)i= > (uc, @i)r2wi,

i=1

where {w; }?:1] are as in Definition 3.14. Our idea is to prove the existence of cp € U

such that @ (cp) = 0. This is enough to conclude the proof, because ®(cy) = 0 implies that
@u., = (@(co),v) = 0, which, together with Proposition 3.15, implies

||Uco||w2m(W) < C(HAFHLP(Z) te HucOHWZm(WJ>~ (3-57)

Therefore, if we set ¢g = min{ Z]—C, % }, then the second term in the right hand side of (3.57)
can be absorbed in the left hand side, obtaining

o —idllwa.p () = ltico lwa.p (w) < CIAF Lo (5). (3:58)

In this case, with ¢ = co we would easily conclude.

47



48

THE ANISOTROPIC CASE
We are just left to find co € U such that ®(co) = 0. First of all, it is easy to notice that there
exist £ and ¥ depending only on n and ‘W, such that, for every 0 < e < g, if L = 0U satisfies
dup (U, Uw) <,

then the ball B; is contained in U. Hence we consider 0 < ¢ < & so small that the ball B4, is
contained in U for some @, depending only on n and W, that we will choose later. We study
® inside B4 .. We will show that ® admits the following linearisation:

|@(c) — @(0) +c| < C(n, W)e? for every c € BIT. (3.59)
First of all, for every c such that |c| < d & we find

dup(Z—¢, W) < dup(Z —c, L)+ dup(X, W) < (a@+ 1)e.
Therefore, it is easy to see that also the function . satisfies the estimates

[uclcrwy < Cn, Fle, (3.60)

We start the linearisation with the following simple consideration: for every z € W and
¢ € R such that |c| < de there exists x. = xc(z) € W so that

Pe(z) = (xc(z)) —c.
We expand this equality and find

z+uc(z) v(z) = xe(z) +ulxc(2))v(xe(2)) —c. (3.61)
Using the CO-smallness of u and u., we can easily see that x.(z) satisfies the relation

[xc(2) —z| < C(n, W)e. (3.62)
This approximation, combined with (3.60), gives an estimate of u close to z:

[u(xc(2)) —u(z)l < C(n, W)e?, (3.63)

Now we recall that W ={ F* = 1}, with F* defined in (0.2) as

F*(x) == sup {<x, V) [vIF <V> < 1} .
Ve]Rn+] |V|
We recall property (0.3) the differential dF* enjoys, i.e.
dF*l, [c] = (v(z), c), VzeW,

Using (0.2), we evaluate F* in the point in (3.61) and find:

Fz+uc(z)v(z)) = F*(xc +u(xc) vixe) —¢) y

=l+uc(z) dFF [v(2)][+R  =T+u(xc) APl [v(xc)]— dF*], [c]+R
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where R satisfies
Rl < Cn, Wye?.
Plugging (0.3) and (3.63) in the previous equality, we obtain

[uc(z) —u(z) + (¢, v(2))| < C(n, W)e?. (3.64)
=pc(z)

Integrating over W and using (3.64), we finally obtain (3.59). In order to obtain the thesis,
we prove the following claim:

Claim Let G be a continuous map G: B?H — R™*! which satisfies the estimate

|IG(x) —a—x| < ¢ with |a| < 11—0 (3.65)

Then G must have 0 in its image if ¢ is sufficiently small.

This claim gives us the thesis since we can always reduce to this case by choosing an a big
enough (depending only on n and W) and via a proper rescaling. Indeed, we define

ola
@: B — R o(c) i=— (~asc).
dae
The rescaled map satisfies
@(0 1 Cn, W
(c) + ~( ) _ = —|D(aec) — D(0) + dec| < (n,~ Je
ae ae a

@), _ Cn, W) _ 1
de a 10

if we choose the proper d(n, W). Therefore, by the claim, we can find ¢ € B} such that
@(¢) =0, 1ie. ®©(dec) =0, and we have finished. Let us prove the claim.

We argue by contradiction, and assume that 0 is not in the image of G. Therefore, the
rescaled map

G
9= g’ B! — g

is well defined. Now, we know that G satisfies (3.65). Thus, we obtain:
IGX)P? =la+x?+IG(x)—a—x*+2(a+x, G(x) —a—x)
=1+a®+2(a, x)+R, (3.66)
where |R| < C(n, W)e. From (3.66) we have:

12
7 2 < 121 + C(n, W)e. (3.67)

\
0
32
=
™M
N
[2)
2
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We use inequalities (3.65) (3.66) and (3.67) to infer the following estimate:

| Gx) 1 _
90 =1 = | S x| = (160~ 60l
1 1
— 7|G(X)||G(X) —a—x+a+x(1T—]Gx)| < |G(X)|(|a|+C€+|] —1G6()IN
10 1 V21 1+v21 V2
<m<m+1o+cﬁ) S e (1 HCVe) < 5 +Cve

where the constant C depends only on n and W. Therefore, for every 0 < ¢ < 1 sufficiently
small, we obtain

lg(x) — x| < 2 for every x € S™. (3.68)

Therefore the map g := glg. defined as the restriction of g to the sphere is well defined. The
thesis follows by a simple application of topological degree theory, which can be found in
[28, Ch.5]: since g is the restriction of a map on the sphere, it must have degree equal to
0, but (3.68) easily implies that g is homotopic to the identity, and therefore it must have
degree equal to 1, giving the desired contradiction. ]



THE GENERALISATION IN THE NON CONVEX CASE

In this section we remove the convexity hypothesis used in the previous chapters. As stated
in the introduction and as a counterexample in Chapter 5 shows, this hypothesis is not
artificial, so we shall find conditions that substitute it. The theorems we are presenting are
the following.

Theorem 4.1. Let 2 < n < p be given, and let T be a closed hypersurface in R™+1. We assume that
X satisfies the conditions

Vol (£) = Vol (S™), (4.1)
HA”LP(Z] < Co- (4.2)

There exists positive constants 8¢, C depending on n, p, co such that, if
HA”LP(Z] < o, (4-3)

then there exist a vector ¢ = c(X) such that the radial parametrization p: W — X —c as in (1.4) is
well defined and satisfies

Ifllw2psny < CIAlL (5)- (4-4)

Theorem 4.2. Let 3 < n < p be given, L be a closed hypersurface in R™*' We assume that ¥
satisfies the conditions (4.1) and (4.2). Then for every q € (n, p) there exists 8o, C > 0 depending
only onn, p, q, co with the following property: if

HROiCHI_P(Z) < do, (4.5)

then there exists a ¢ = c(X) such that the radial parametrization \p: S™ — L —c as in (1.4) is well
defined and satisfies

[fllw2asn) < C0||R§C||%p(z), (4.6)
where o is given by:
1, fn<q<p/
“(pa q) = { f 5P
p/q—1, fp/2<q<p.

Theorem 4.3. Let 2 < n < p be given, and let < be a closed hypersurface in R™*1. Let also
F: S™ — (0, oo) be an elliptic integrand, and W be the associated Wulff shape as in Chapter 3. We
assume that L satisfies the conditions:

Vol (Z) = Vol (W), (4.7)
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[AF][Lr(x) < Co (4.8)

There exist positive constants 8¢y, C depending on n, p, co and W such that, if

HAFHLP(Z) < do, (4-9)

then there exists a vector ¢ = c(X) such that the anisotropic parametrization p: W — X —c as in
(3.5) is well defined and satisfies

”u”wz’v(W) < CHAFHLv(zy (4.10)

Remark 4.4. In all the three theorems the convexity hypothesis is substituted by a LP-control
on the second fundamental form. We remark how in Theorems 4.1 and 4.3 the final estimate
is the same as in their convex counterparts 1.2 and 3.1, while Theorem 4.2 provides instead
a weaker conclusion compared to Theorem 2.1

It has to be noted that Theorem 4.3 implies 4.1, which is just the version with trivial
anisotropy F = 1; nevertheless, we have decided to keep them separate because the proof of
the latter can be simplified using the natural symmetries of the problem. Theorem 4.2 is also
heavily based on 4.1.

4.1 PROOF OF THEOREM 4.1

The main ingredient for Theorem 4.1 is the following proposition.

Proposition 4.5. For every 0 < ¢ there exists 0 < 8o = do(n, P, co, €) with the following property.
Let X be a closed hypersurface in R™ satisfying (4.1) and (4.2). If

Al 5y < oy

then up to translation the radial parametrization \p: S™ — X as in (1.4) is well defined, and the
logarithmic radius f satisfy

[fllcr(gn) < e (4.11)

Proposition 4.5 is the cornerstone of the section, because it builds the radial parametrization
and gives a qualitative estimate of it. The rest of the proof will indeed follow by an adaptation
of Propositions 1.5 and 1.6 in the non-convex case.

Proof of Proposition 4.5

We split the proposition in two parts. In the first part we achieve a C°-closeness in a
certain sense, in the second part we show how to use this preliminary result to build the
parametrization. Before proving the first results, we state the main tool of this chapter, i.e.
the graph parametrisations.

Let X be a closed hypersurface in R*"', and q € £ a given point. We say that @4 is a
graph parametrisation around q with width R if @ 4 has the following form:

©q: B — L, 9q4(z) =q+ Dy (u Z(z)) , (4.12)
q



4.1 PROOF OF THEOREM 4.1

where @ 4: R™*! — R™! is a matrix in the orthogonal group O(n + 1) chosen so that
Oy4[R™ x{0}] =TqL, ®qleny1] = vz(q). Graph parametrisations have great importance in
the non-convex case. Indeed, since X satisfies (4.1) and (4.2), by Lemma 0.2 we have the
existence of two numbers 0 < Ry and 0 < Ly < % depending on n, p and co with the
following, useful property: for every ¢ there exists a graph parametrisation ¢4 has width
R > Rp, and every function uq is Lo-Lipschitz. Throughout all the chapter, we shall use
only the parametrisations provided by Lemma 0.2 and will denote them by ¢ 4. We will use
the @4 to obtain local estimates and Lemma 0.3 to make them global. Since we will now
work with graph parametrisations, we need an equivalent of Lemma 1.9. This exists and it is
stated in [41, Lemma 1.3].

Lemma 4.6. Let @ q be a graph parametrisation. Then the following formulas hold.:

gij = dij + 0iuqdjug, (4.13)
i _gij _ 9 Uaq0lq

1 ou
ve— @ q (4.15)
T+ g (4) o
. du
At =0 —=9___ .16
) l( 1+|6uq|2> (4.16)

The proof of Lemma 4.6 is actually made in [41] with the “standard” graph parametrisation
o(x) = (x, u(x)), i.e. with ¢ =0, &4 = Id . However, it can be noted that the action of the
isometries does not change the obtained expressions, because the translations disappear
with derivatives and the rotations satisfy (®[v], ®[w]) = (v, w).

Graph parametrisations are strongly used in [41], and the author explores much of their
properties. Our proofs with them are basically slight improvements of the strategy developed
there.

Lemma 4.7. For every 0 < ¢ there exists 0 < 6o = do(n, p, co, &) with the following property.

Let X be a closed hypersurface in R™1 satisfying (4.1) and (4.2). If ||A —Aog|l» < 8o for some
Ao # O, then for every q € X, for every graph parametrisation ¢ q around q, we have the following
estimate:

’uq —7\5] <\/1 —A%le2—1>

Remark 4.8. Notice how in Lemma 4.7 we do not claim that Ay has to be equal to 1. The
problem of finding the “right” Ag will be solved in the second part, when we will build the
parametrization. The requirement of being not 0 is instead necessary, but as shown in [41,
Remark 1.9] a closed hypersurface £ must satisfy the lower bound

< e (4.17)

Cl

HA”LP(Z) > C(Tl, P, Vol (2)). (418)

Since in our case Vol (X) = Vol,,(S™), we avoid such degenerate cases.
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Proof. By contradiction, let (£¥), o Pe a sequence of closed hypersurfaces satisfying (4.1),
(4.2), limy||A — Ao ngLE =0, and let (q*), ., be a sequence of points q* € I* such that the
associated graph parametrisations satisfy

’uk—x(ﬂ (,/1—7\g|-|2—1>

We show how this is not possible, using an idea of [41, Cor. 1.2]. Firstly, we can assume
w.lo.g. that every q* is equal to 7\51 en+1 and @ g« = Id. Thus, since every I satisfies (4.1)
and (4.2), we consider the graph parametrisations ¢* associated to q*. The properties ¢*
satisfies combined with (4.2) grant us:

Z£o>o.

Cl

SliPHuk”wzm(]Bg) < c(n, p, co) < +oo.

ouk

Let us set V8 := ——2X_ Then, from (4.16) and the contradiction hypothesis, we obtain
V/1+[ouk|2 ’ ,

h{nuavk —Aold| gy = liinﬂa(vk —AoX) [l p () = O-

Setting c* = £ vk, we get from Sobolev inequalities

. kK k

h]r<nHv —c —7\OXHW1,p(BE) =0.
Now, since c* is clearly bounded and vk(0) =0, Yk and n < p, we also obtain the conver-
gence

llll;l’lek — )\OXHWLP(]BE) =0.

Let us define the function

X
V1=

The function h is smooth and has bounded derivatives in the ball B} with p < % Moreover
it satisfies the equality

h: B} — R", h(x) =

" 1 ouk "
h(v©) = =0u
V1 uk2 /T —[auk(Z/(T + [ouk|?)
We obtain:
h{n”h(v —h(Aox) [l P(BY) = ouk — Aox

\/1—A3IxI?
Wp (BR)
— 1i]£nHa <u‘< —Ag /1 —Ag|x|2>

With the same argument as before, we observe that u* is converging in W2 P to Ay 'y /1 — A3[x[2,
and this is the desired contradiction. O

=0.

‘W‘»P(]B{g)
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Next we show how Lemma 4.7 leads to a C°-closeness to the sphere.

Corollary 4.9. Under the hypothesis of Lemma 4.7, for every 0 < e there exists 0 < 8¢ =
do(mn, p, co, €) such that

dr (%, 831 )-

Proof. Let £, 0 < € and 0 < 8o be given as in Lemma 4.7. We choose a point qo € Z, then

rotate and translate * so that qp = —?\51 ent1, TqoZ = R™ x {0}. Hence the parametrisation
has the simpler form @o(x) = —)\5] en+1 + (X, up(x)) and parametrize a portion of the
sphere S&O|_1. Now take q1 € @o(By). Writing q1 = ¢@(z1), then the following inequalities

easily hold:

s
qr — <z1, Ag /1 —7\%|21|2)‘ <, Tq]Z—<<z, AT/ —Ag|z|2>>

Now we apply Lemma 0.3: For every parametrisation ¢ 4 we can find a geodesic ball BJ(q)
with p = p(n, p, cp) and satisfying condition (0.8), namely

<e€

(Pq<IB:%p> C B(q) C @q(By).

Via this lemma we can easily obtain a covering of N geodesic balls B9(q1), ... B9(qn),
where N < No(n, p, co) such that Lemma 4.7 holds for @4, ... @4y Iterating the process,
by a simple induction we easily find a constant c(n, p, co) such that

’q—l?\ol_13|‘ < ce, ‘TqZ—<q>L < ce. (4.19)

This proves the C%-closeness. O

We finish the proof by proving that X can be parametrized as a sphere parametrisation
given by (1.4) and that Ag = 1. Indeed, the proof of Corollary 4.9 does not only show a
qualitative CO-closeness, but also a C'. Thus, we define the projection

p:X— SIT;\ol”’ p(q) == |7\o|_1|;]|-

We start by proving that p is a local diffeomorphism. The map is clearly differentiable, and a
straight computation proves that the differential of p at q € L is given by

Aply s TuE — Ty 5™, dpl bl = 2oL (v= (2 &) (420)
a q 4l lql/ Iql

It is easy to see that ker dp|, ={tq |t € R}. We want to prove that the differential dp|, has
maximal rank at every ¢, and this will prove that p is a local diffeomorphism. In order to
achieve this goal, we just need to show that for every q € Z, q does not belong to T X, and
this is exactly what (4.19) implies. Hence p is a local diffeomorphism. Let us show that it is
a global one. Indeed, we consider the multiplicity function

n:S™ — N, n(x) := Z 1.
plq)=x
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The function 1 is well-defined, and since p is a local diffeomorphism, it is continuous, thus
necessarily constant, say 1 = Q. Then it is a Q-covering, but since 5™ is simply connected, we
must have Q = 1, and hence p is a diffeomorphism. Let us define 1 := p~'. By construction,
we find that P(x) = ef™)x as in (1.4), and (4.19) tells us that f has small C'-norm. This
concludes the construction.

Finally we can conclude the proof of the proposition. Let us argue by compactness and
consider a sequence of closed hypersurfaces (Z*) satisfying (4.1), (4.2), and limy||A|| =

so that

kelN

0. By Theorem 0.1 we get the existence of a sequence (A¥), N

HA—AkaHLE < C(n, P, CO)HAHLE 1 0.

The sequence (A*), cn 18 clearly bounded. Up to extraction of a subsequence we can assume
A* — Ao which has to be non-zero because of (4.18). We show the equality [Ao| = 1. This is
then given by the area formula. Indeed, patching Lemma 4.7 and Corollary 4.9 we obtain
that, up to translating, the hypersurfaces £* are radially parametrized by a map

k
lpk: 830\4 — L, P(x) = ef (X)X) HfHO S E
Then, we have:
Vol,, (X _ _
1= Voln(ES“)) = ol ‘][ e 1492 dVe = Mol ™" (14 O[] c1)).
n mn
Aol—1

For k — oo we obtain that [A¢| = 1. The conclusion of the proposition follows by showing
that Ag = 1, thus implying that every subsequence of (A¥), en converges to 1 and hence the
whole sequence. Firstly, we notice that every nA* must be very close to the average of the
mean curvature HX. Indeed,

E — K] < ][ZJH“—M"? = ][ZJW‘—A“Q]‘» g“)| < Cn, p, co)Allp L0

Now we show that H* must be close to n and conclude. This follows by a simple estimate.

P k
Hk = ][ ne(n-1r* —][ div (1 VTka|2> e 1 4 vk
n n \/ I+

K2 2ekroek ek
:n][ ne(“])fk+][ e(ﬂ1)fk<(n_1)|Vf | +V fe[Vf<, VF ])
n Sn

V1 + VK2 1+ [Vfk}2

Since every I satisfies (4.2), we easily obtain that the sequence (f¥)
W2 P-bounded, and thus

xen 1s uniformly

HE—n| < Cln, py o) [f<ca L 0.

This shows that Ap must be equal to 1, and all the computations we have made do not
actually depend on the chosen subsequence.
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Conclusion

Insofar we have found a qualitative convergence. We will next make it quantitative. This
part is rather simple, because it follows from the arguments in Chapter 1. Indeed, although
most propositions are stated under the convexity assumptions, one can easily notice that
the computational proposition do not actually require convexity: what is needed are the
C'-closeness of f to 0 and the oscillation proposition stated in 0.1. From the latter one we
can infer inequality (1.21) and apply Proposition 1.15 which was on purpose proved without
convexity assumption, and obtain estimate (1.25). Then, the same arguments made below
give us the linearised estimate

1= @vellwansny < C(IAIIL (z) + elfliwnsn )

with the constant C depending this time on n, p and co. What is left is to prove that ¢, is
actually negligible, and this can be done by proving that we can center the hypersurface so
that b(X) = 0.

Since X is not convex this time, it can be a priori impossible to translate it and keep a
radial parametrization. However, this is not a problem, and it is done by looking carefully at
the proof of Corollary 4.9, where we build the parametrization. In the proof of it, we chose
a random point qy € Iy and fix it to be —Age, 11, then we perform our analysis. In order
to center X better, we just improve to proof in 4.9 by choosing qx more cleverly. Indeed, let
again (Zy ) oy be a sequence of hypersurfaces satisfying (4.1), (4.2) and hmkHAHLE =0. We
apply a translation so that (b(Zy))y < = O for every k, and choose qy so that

2 2
lqk|© = max|q|“.
qex

It is easy to see that for such choice we have the equality T, Zx = (qx )*. The study we
made above also grants us the limit:

lim|[A —Id] p =o.

We follow again the same argument of Lemma 4.7, choosing this time qy as first point for
the covering argument, and obtain that the sequence (Zy), oy is converging to a sphere
S™(c) with center c. Since the barycenter condition b(Xy) = 0 passes to the limit, we also
obtain that this sphere must satisfy b(5™(c)) = 0, therefore implying ¢ = 0. Now we repeat
the same argument, and obtain the following proposition:

Proposition 4.10. For every 0 < ¢ there exists 0 < 8o = do(n, p, co, &) with the following

property.
If L is a closed hypersurface satisfying (4.1), (4.2) and ||A ||, () < 8o, then there exists a vector
c € R such that b(Z —¢) = 0 and the radial parametrization

P: 8™ — T —c, P(x) =e™x
is well defined. Moreover, |[f|[c1(s) < €.

Via this proposition and the previous discussion, we can obtain Theorem 4.1.
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4.2 PROOF OF THEOREM 4.2

Theorem 4.2 requires a preliminary study. The strategy we would like to use is basically the
same as the one used for the previous theorem, that is:
Let us consider a sequence of hypersurfaces (Zy), ¢ satisfying (4.1), (4.2), and

li{nHRiCHLE =0.

Firstly, we estimate the diameter of Zy and consider a (not relabeled) subsequence Zy that
converges in the Hausdorff distance to a subset £y C R™+T, If £y were a smooth manifold,
and if the the decay of the traceless Ricci tensor passed to the limit, than ~ would be a
smooth, closed Einstein manifold in R™*', which is necessarily the round sphere. Then,
performing a fine analysis of the ¢4, we would obtain than every graph parametrisation of
2 must converge to the graph parametrisation of the sphere, and thus we could build the
same proof made for 4.1.

The problem here are the two ifs, which have to be motivated. First of all, the set £y we
will find is a priori only a compact subset in R™*!; moreover, as we pointed out many
times, the Ricci operator is not elliptic when viewed as a differential operator acting on
the function which describes X as a graph parametrisation. Also if we consider the Gauss
equation Riem = A ® A and consider the associated polynomial equation for the eigenvalues
{x1, ...xn } of A, then the equality

Ric(x) = (n—T1)A

implies A = Ald only when A > 0, as shown in Chapter 2. Thus, we also need to prove the
positivity of A in order to achieve our result. Lastly, even if we are able to fix these problems,
the lack of a C%-bound on the second fundamental form does not allow us to apply the
strategies we have seen in Chapter 2. Thus, we must follow an alternative strategy. We split
the proof of the qualitative closeness into two main propositions.

Proposition 4.11. Let @i: BY — R™"! be a sequence of graph parametrizations, and let then
Graph(uy, BY) be their image. Assume that every uy satisfies the following:

b uk(O) =0, auk(O) =0.
° Hu'kHWZﬂj < Co.
* uy — up weakly in WP,

* The sequence (Graph(uy, BR)) seen as sequence of hypersurfaces, satisfies

kelN’

lillénHRiC —(Tl — ]))\ongLE =0.

Then there exists a radius 0 < po = po(n, p, co) such that the function ug is smooth (actually
analytic) in By, and the hypersurface Graph(uo, By ) is Einstein.
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Proposition 4.12. For every 0 < ¢ there exists 0 < & = d(n, p, co, &) with the following property.
Let £ be a closed hypersurface in R™ satisfying (4.1) and (4.2). If |[Ric —(n — 1)Aog|l1» < 8,
then Ao > 0, and for every q € L, the graph parametrisation ¢ q satisfies:

‘uq—uo1<\/1—uél-|2—1>

where wo = vAo.

Combining these two propositions, we obtain the C'-closeness, and then we show how to
conclude.

< g, (4.21)

Cl

4.2.1  Proof of the C'-closeness

We start by proving the first proposition.

Proof of Proposition 4.11. The proof uses the concept of harmonic coordinates. We recall the
definition: given a manifold (M, g) and an open set U C M a mapping y: U — R™*! is
said to be a harmonic chart if it is a diffeomorphism and if it satisfies the equation

Agy =0.

The functions y', ... y™ are called harmonic coordinates. A detailed study on the topic can be
found in [29, Sec. 8.10, p.523] or [43, Ch. 10, Sec. 2.3]. Harmonic coordinates have several
properties which make them very suitable for our problem. Indeed, the following expression
holds:
—%Aggi]’ + Qij(g, 9g) = Ric% for every indices i, j, (4.22)

0 90
dyt’ Yy
derivatives dg. The computations can be found in [43, Ch. 10, Sec. 2.3].

In the aforementioned references however, the authors work under stronger regularity
assumptions on the metric. In our case we ought to perform a finer study. We prove the
following result.

where gy = g< ), Qi; is a universal polynomial depending on g and its first

Lemma 4.13. Let u: By — R be given so that u(0) = 0, ou(0) = 0, ||u||Wz,pUBE) < c¢p. Set
Gp := Graph(u, By) for 0 < p < R. Then there exist 0 < po = po(n, p, o) and a diffeomorphism
n: Gp, — R™ such that

Agn =0, Hﬂ”wz‘p(gpo) < Co,
with Ag being the Laplace-Beltrami operator associate to the manifold G, .
Proof. By pull-back we work on the sequence (BR, gi), ene With g = 8+ duy ® duy. We are

going to show the existence of a 0 < po = (n, p, co) < R such that the map n: Bj, — R™
defined by

Agn =0 in BZ,

Tl|a]]330 =X
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is a diffeomorphism and satisfies |n||; , < co. In order to simplify the proof, we will
consider a rescaled version the problem. Firstly, let us recall the expression in chart of the
Laplace-Beltrami operator:

1
\/detg

Letn: By — R™ be a map satisfying Agn = 0. We say that the map

Ag = ai( det ggijaj>. (4-23)

n(pz)
P

Nt BY — R™, 1,(2) =

satisfies Ag np = 0, where Ay is the Laplace-Beltrami operator associated to the metric
9p(2) == g(pz), defined on the ball B}. Indeed, if we set a¥ := y/detgg” and ay :=

Vdetgogy , then
3 (afdymp) (2) = diay (2)9jmp(2) + ) (2)0Fmp(2)
= p(3:aY(pz)djm(pz) + aV (pz)d5n(pz)) = pdi(adjm)(pz) = 0.

Moreover, since g = & + 0u ® du and u satisfies u(0) = [0u(0)| = 0 and |[u[[, ,, < co, then
we also have

gig})HQp - 6HW‘»P(]B‘11] =0.

We have reduced the problem to the following formulation:

There exists 0 < £9 = €o(n, p) with the following property. If g is a metric on B} such
that ||g — 8||\y1.» < €0, then there exists a diffeomorphism 1n: B} — R™ such that

AgT] =0, ”n _id”WZ,‘p < €o.
As stated before, we prove that the only solution 1 of the problem
AgT] = O)

n|a1]31 =X

is a diffeomorphism, provided that ¢ is sufficiently small. The solution n exists and it is
smooth, since the coefficients are smooth. We prove that 1 satisfies the aforementioned a
priori W?2>P_estimate and is a diffeomorphism in B1. From (4.23) we get that our equation is
of the divergence form:

di(aYd;m) =0, where [|a¥ —8Y\y1.» < €o.

Since n < p, we have that the Sobolev closeness is also a C% *-one, thus we obtain that for
g0 sufficiently small the matrix a = aV satisfies the bound

S0 <a<2b
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in the sense of quadratic forms. This bound will be useful when we will deal with sequences
of metrics converging weakly, because it passes to the limit and triggers the classical elliptic
theory for weak solutions (see [20]). Now we conclude:

Im —X||w2,p(]Bgt) < C(n, p)[[Ag(n —X)HLP(]Bgt) = CHAQXHLP(IB?))

and therefore

gt = o (Vastgg o) = o(vastgg™)

V/detg V/detg

=0ig"™ +tr(gP9digpq) g .

From this computation we obtain
M —xllwzp@r) < €, PIIg—3llwiemr) < Ceo,
and for ¢¢ sufficiently small we obtain the thesis. O

We use the lemma to prove 4.11. Indeed, let ¢y, ux and Graph(uy, By) be as in the
hypothesis of 4.11. Using the pull-back, we work in (BR, gk). Since ui — uo weakly in
WhHPandn < p by hypothesis, we know that ux — up strongly in ChH*, then duy ® duyx —
oup ® 0ug strongly in Ch*, and

02U ® duy + duy ® d%2uk — 92Uy ® dug + dup ® d%ug in LP. (4.24)
0 (0w ®ouy) 9(dup®ouyp)

From (4.24) we deduce g, — go = 6+ dup ® dup in W P. We consider then harmonic
coordinates My : B, — R™ built as in Lemma 4.13. From the discussion made above, one
can easily infer that 1, converges weakly in W2 P to the vector valued function 1y which is
of class W2 P and weakly solves the system

AgoT]O = O)
n0|511330 =X,

Let us now call

0 0 0 0

k

€= . . wh -=d -
I = Ik (aﬂi) an{(>) e on' " [axl]

Then every g‘i‘). solves system (4.22), namely

1 .
—5041935 + Qij(9", 9g") = Ricyj,

with Riclfj := Ric® ( a?ﬂc ) E)ii)' Then, this equation passes to the limit in 9%— =49o <a0 a)) ,

which solves the distributional equation

1
7§Ag°9% + Qij (gO, agO) = )\09%- (425)

61



62

THE GENERALISATION IN THE NON CONVEX CASE

Following the computations leading to equation (4.22) as made in [43, Sec. 2.3], we can
easily notice that the polynomial Qi;(g°, 9g°) is of class LP/2. Therefore we can apply the
bootstrap technique to deduce regularity. Indeed, every g% is a W P-weak solution of the
equation

where f is a LP/2-function. By the Morrey estimates, we know that every g% is actually in
W2 P/2 and in particular

«_ np/2) _ mp

n—(p/2) 2n—p

dg° € L(p/z)*, where (p/2)

A straight computation shows

np
n—vp

(p/2)" >p & >pep>n,

and therefore every Qij(g°, 9g°) € LP1/2 for some py = (p/2) > p. We proceed inductively
until we find Qy; (g% 0g°) € LPN/2 for some py > 2n. In this case, we obtain that every
g% € C >, At this point, we notice that Qij(g°, 9g°) € C% *. From the Schauder estimates
we infer that every g% € C>*, thus rendering a'/, Q;; € C"*. Inductively we obtain that
g is in C* &, therefore it is smooth. It can be also proved, that in this context, the metric
is actually analytic, and hence we obtain our desired regularity. We refer to [20] for an
overall synthesis on all the aforementioned estimates and elliptic regularity results. Since
g° is regular and satisfies (4.25), then the hypersurface Graph(uy, Bp,) is Einstein and

Ric® = Aog°. O
Now we deal with Proposition 4.12

Proof of Proposition 4.12. Again we need a useful lemma.
Lemma 4.14. If X satisfies (4.1) and (4.2), then there exists 0 < Do = Do(n, p, co) such that
diamg & < Do.

Proof. As often argued throughout the work, a smooth, closed hypersurface satisfying (4.1)
and (4.2) with n < p allows us to apply Lemmas 0.2 and 0.3. Now we consider two points py,
q € L, such that dg(po, q) = diamgy(Z). Such points clearly exist by compactness. By virtue
of Lemma 0.3 we are able to find Q geodesic balls B, ... lBgQ, with the following properties:
po € BY, q e By, BYNBY ; # @ and Q < N, where N = N(n, co, p) is the natural number
given by 0.3. Then, for every i = 1,...,Q — 1 we choose a point p; € By NB{, ;, and set

it+1/
Po = q. Naturally, since p;, pi11 € BY, the following inequality holds:

dg(pi,qi) < 2R

Then by triangle inequality, we find our desired bound.

Q-1
diamg(Z) = dg(po, q) = dg(po, PQ) < D_ dg(pi, Pit1) <2QR=D(n, p, co).
i=0
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We now come to the proof of Proposition 4.12. Let us argue by compactness, and let
(Zk)en be a sequence of closed hypersurfaces satisfying (4.1), (4.2) and satisfying

li{nHRicgk —(n— 1)7\ogk\|]_i =0.
Up to translations, we can assume b(XZy) = 0 for every k € IN, where

b(X) = ][Zxdvg(x)

denotes again the barycentre of X. Then the sequence (Zy), o is a sequence of compact sets,
all enclosed in a ball, and thus we can use the classical compactness theorem of Hausdorff
to extract a subsequence converging in the Hausdorff distance to a compact set £y € R™*1.
Let qo € Lo be a point that attains the maximum distance from 0, i.e.

2 2
lqol” = max|q|”.
qeXy

Let then (qy ), be a sequence of points qi € Zy converging to qo, and @y be the associated
graph parametrisations with center qyx and width R. Then, up to subsequences, @} converges
weakly in W2 P to a function @o: B} — R™"'. Since

z
ox(z) = qr + Ok <uk(2)> ,

it is obvious that @y — @ and u* — ug weakly in W2 P Hence @ is a graph parametrisa-
tion, and @o(0) = qo, o(BBR) C Zo. Moreover, since the isometries @y clearly alter neither
the final result nor the proof, we are therefore in the hypothesis of Proposition 4.11, and
obtain that vy is actually smooth and @ (Bf),) = Graph(ue, Bg) C L is a smooth, Einstein
manifold. The map @ has another remarkable property: it satisfies

2 2 2
le(0)“ =Iqol —nglggilcp(Z)I .

Deriving twice, we obtain the following equalities holding in 0:

(9190, ©0(0)) =0, *9(0) < 0= (3P0, Po(0))+(dipo, o) <O,

=(qo)"=Tq,Z =—lqol7T Ay =9y

from which we obtain the equality

1
Algy = %ol 9l - (4.26)

Equality (4.26) holds just in one point, but it is enough: indeed, @o(Bf,) is smooth and
Einstein, thus at qo we also have the estimate:

—1 —1 1
(n 2)92(112)9:)\272)
|q0‘ DO Do

(n—1)Aog = Ric >
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and hence Ay > 0. Since @( parametrizes an Einstein hypersurface, the equality holds in
the whole ball BJ . Thanks to Theorem 2.4 we obtain that A = ppg, where po = VAo.
This tells us that ¢ parametrizes a portion of a round sphere with radius pgl. Since @y
converges weakly to @0 in W2 P, we obtain that also the associated function u* converge to
! (1 /T —udlx2 — 1) weakly in W2 P. Since n < p the convergence is also strong in C'> .
The study we made insofar works not only for ¢o but for every possible parametrization:
let us go back to our sequence (Zy )y oy of closed hypersurface. Now we know that Ao > 0,

and thus for every sequence qi € Xy, for every @y graph parametrisation with center qi
and width py, we obtain that every weak limit must parametrize a portion of a sphere with

radius SE,1 with ug(x) = “0_1 (1 /11— p(z)|x|2 — 1) as parametrization, and the convergence is
0

strong in C'. This proves the proposition. O

Now we repeat the very same passages made in the proof of Theorem 4.1, and we easily
obtain the corollary:

Corollary 4.15. For every 0 < ¢ there exists 0 < & = d(n, p, co, €) with the following property.
Let ¥ be a closed hypersurface in R™1 satisfying (4.1) and (4.2). If ||R°icHLp( sy =0, then there
exists a vector ¢ € R™1 such that b(L —c¢) = 0, and the radial parametrization

P: 8™ T P(x) = ef¥x
is well defined. Moreover |/f||~1 < e.

This concludes the study of the qualitative C'-closeness.

4.2.2  Conclusion

As in Chapter 2, Corollary 4.15 is not enough to conclude the estimate, because the Ricci
operator seen as differential operator on f is not elliptic. We shall conclude the proof of
Theorem 4.2 with an idea, that reduces it to an application of Theorem 4.1. First of all, let us
show an easy corollary of 4.15.

Corollary 4.16. Under the hypothesis of 4.15, we have the inequality:
Scal —m(n—1)| < C(n, p, co)e.

Proof. The proof has basically already been given in Chapter 2, see Lemma 2.16. Indeed,
from the C'-closeness we are still able to obtain expression (2.39)

Scal =n(n—1)—2(n—1)(Asf + f) + (AF)? — V22 + R, (4.27)
where R satisfies
IR < Ce (If| + V| + [V*f]).

Since

/ R‘ < C(Tl, P, CO)‘E)

we integrate (4.27) and obtain the corollary. O
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Now we can complete the proof of Theorem 4.2. Let us write Scal = n(n — 1)k, and assume

1

—1< 5.
k=11< 5
Again, we denote with A7 < --- < Ay, the eigenvalues of A and again we consider
K= ﬁSCal. As proved in Corollary 4.16, we can choose 6 < 8 so that k is between 1/2
and 2. Then, given Proposition 2.5, we rewrite inequality (2.9) in terms of the eigenvalues of

A and obtain

IMA; — k]| < C|IRic||rr, Vi #]. (4.28)
From (4.28), we easily infer for every k =1,...,n
Ak =23l < ClIRic|ir (4-20)

Now, for every 0 < AZ < k, we define

Eax={qel:[Alq)l>A}. (4.30)

We use the set E5 and its complement in order to perform an estimate on the difference
‘7\1 — A ] Indeed, since A} < --- < Ay < A for every q € ES, we get the bounds

k= A2 ESIP < A = K|y s ) < ClIRiC] 0,

which hold for every i # j and 0 < A% < k. Thus we have found

T=

C o
[EAIP < mHRlCHLP- (4.31)

On the other hand, for any i, j =1, ...n—1,1 #j we find:

(4 29) C
A — JHLP (EA) HA“ }\j)HLP(E,\) S ||R1CHL">
which gives us
HAi )HLP (Ep) HRICHLP (4-32)
Combining (4.31) and (4.32) we obtain
1 1 .
=l <€ (5 + e ) IRl 439

This estimate holds for every i #j,1,j = 1,...n—1 and for every 0 < A? < k. Equation
(4.33) is not sufficient to conclude, because it does not give an estimate on the quantity

|An — Aj|. This is the only quantity that prevents this proof to give a linear estimate in (4.6),

forcing us to introduce the exponent o. Indeed, to deal with }7\“ i|, we define

Er:={q€Z|An_1(q)l>A}.
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With the very same considerations used to deduce (4.31), we obtain

o=

<

3 C .
[EAl" < —z[IRic]lur- (4.34)

Now we fix q € (n, p). Then, via Holder inequality we get
H)\n_)\jHLq(ES\) < C(TL, P) CO)HROiCHIo_(P) (435)

where « is defined as in Theorem 4.2. Combining (4.34) with (4.35), we obtain

1 °
n = Aile < € (e g +1) IRl 439)
Choosing A = /5 and plugging together (4.33) and (4.36), we deduce

. C e :
AL < WIIRICH% < V2C|Ric| {5

We are thus under the assumptions of Theorem 1.2, which provide a radial parametrization

P:S™ — 5, = e’ Id, and a vector ¢ = ¢(Z) such that 4.6 holds.

4.3 PROOF OF THEOREM 4.3

We finish the chapter proving the anisotropic generalization of Theorem 4.1. As stated before,
in the latter case we have to adopt a different strategy, since we lack the symmetry property
of the sphere. The cornerstone of the proof is following proposition:

Proposition 4.17. Let n € IN, n < p, 0 < A, V, R positive constants. Let §§ be the set of all couples
(M, f) with the following properties:

* M is an n-dimensional, compact manifold (without boundary).

e f e WAHP(M, R"™) is an immersion with

IAMD[Lr () < A,
Vol (M) <V,
f(M) C Bg.

Then for every sequence fi: My — IR™ in § there exist a subsequence f; , a mapping f: M — R™
in §, and a sequence of diffeomorphisms @: M — M;, such that f; o @5 converges weakly in
W2 P (M, R") to f.

The proposition is part of a series of compactness theorems on immersions, started in [34]
where the author proves the result for immersed surfaces in R3 and then continued in [13]
for immersed hypersurfaces, and in [5] for the general case. The proposition we want to
prove is the following:
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Proposition 4.18. Let £ be a closed hypersurface in R™ satisfying (4.7) and (4.8). For every
0 < ¢ sufficiently small there exists a 0 < & = d(¢, n, p, co, W) with the following property. If ©
satisfies (4.9), then it admits an anisotropic radial parametrization as in (3.5). Moreover the radius u
satisfies the estimate

uller < e (4.37)
As usual, we will see in the conclusion how the qualitative C'-closeness will bring the
desired quantitative one.

Proof of Proposition 4.18

The proof of Proposition 4.18 uses strongly the compactness result of Proposition 4.17. Firstly,
we prove the following two lemmas.

Lemma 4.19. Let @i.: M — R™ be a sequence of immersions of a closed manifold. Assume @y
satisfies (4.7) and (4.8), and @y converges to an immersion @, weakly in W* P . Then we have the
inequality

||AF((pO)HI_P(M) < hn}janAF((Pk)”Lv(M)- (4-38)

Lemma 4.20. Let Xy be a sequence of hypersurfaces satisfying (4.7), (4.8), and such that we
have also limkH/o\FHLp(Zk) = 0. Then there exist a subsequence (Lyn)ycn and parametrizations
Mn: W — Iy, such that ny, converges weakly in WP to the identity map id: W — W

Let us prove the lemmas and then show how they bring the result.

Proof of Lemma 4.19. We introduce the map
W S™ — R™T W(x) := grad F(x) + F(x)x. (4.39)

From [39] we know that the map ¥ parametrizes the Wulff shape. It is immediate to show
the inequality

Ap:=Srodv=dWov). (4.40)
Indeed, the differential of ¥ has the following form:

d
FEIk

0 0 0
av [681} (grad F) + 0;F Id +F

~ 09t 3ot = (5P

=D;(DF)

where we have denoted by D the Levi-Civita connection compatible with the canonical
metric on the round sphere. Taking the composition we obtain (4.40). Let now (vi ), be
the sequence of outer normals associated to ¢y, i.e. the sequence of mappings vi: M — S™
such that

(vi(q), doxlq V) =0, Vv e TgM,
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and with orientation fixed so every vy is the outer normal for @y (M) = Z.. We claim that
the sequence (Vi) ¢ is bounded in whp(M, R, Firstly, since A = S o A, we obtain

[Allr gy = H(SF)_1AFHU(Z) < ¢(F) co = C(F, co), (4.41)

and thus (4.8) implies inequality (4.2). Now we show how the LP-boundedness of the second
fundamental forms gives us the LP-boundedness of the differential of the normals. The key
is the following proposition, proved in [13, Thm. 6.3].
Proposition 4.21. Let 2 < p,and {: By — R™ T (x) = (x, h(x)) bea graph parametrisation,
with h smooth function. Then the following estimate holds:

3p-1
||azh||Lp(]Bg) < (T+ohf[p) P [|A[f s (4-42)

Estimate (4.42) allows us to conclude. Since our hypersurfaces satisfy the volume condition
(4.7) and the LP-bound (4.8), then they also satisfy the assumptions of Lemma o.2. Plugging
(4.42) we can easily find a radius R depending on n, p, co such that the estimate

HdVHLP(]Bg(q)] < C(n, py co)[|AflL» < Cn, py o, F)IAF]1r
holds for every point q. Then we make this estimate global via Lemma 0.3, and obtain:
[V < Cn, py co, W AElLp-

Therefore our sequence (vi ) is bounded in W' P. Since n < p, every weak W' P-limit
point vy is also a strong C® *-limit point, and satisfies

volq)l=1Vq, ({v(q), dpoly V) =0.

This shows that v( is the outer normal associated to the immersion ¢y, and moreover
dvy — dvo. In order to complete the proof, we simply consider equality (4.40): since the
map V¥ is smooth, we obtain that ¥ o v converges to ¥ o vy weakly in WP, and the result
follows from classical Sobolev theory. O

With the help of Lemma 4.19 we prove 4.20.

Proof of Lemma 4.20. Let us argue by contradiction, and assume there exists a sequence of
closed hypersurfaces (Zy)y.cp satisfying (4.7), (4.8), limy||Af||;» = 0, all enclosed in a ball
BR "', and such that the conclusion of the proposition does not hold.

We apply Proposition 4.17, and find a subsequence X}, a closed manifold M, parametriza-
tions @n: M — Ly, converging weakly in W2 P to an immersion ¢@o. From Proposition 3.10
we find the existence of a bounded sequence (A1, )}, oy such that

IAF = An1d|p < Cl[AF|p L 0.

As usual, up to subsequences we assume Ay, = A¢ for every h. As in the isotropic case, Ag
must be different from 0 because of the estimate

HAFHLP 2 C(Tl, P, F)HAHLP 2 C(“) P, F) VOln(Z)) = C(TL, Py F)~
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Since Ar = d(¥ o vy ), we apply Lemma 4.19 to the sequence ¥ o v, — Agx, and obtain that
the limit immersion ¢ satisfies the equality

Ar =N 1d
weakly. From it we easily infer

Al@o) =No(SF) ™. (4-43)

Now we take the trace in (4.43), and obtain that in every graph parametrisation around
every point ¢, the function uq4 that parametrizes the immersion is Lipschitz and satisfies an
equality of the following type:

Oougq
IWV| —— =f(u ou
( 1+|aLLq|2> ( b q))

for a certain smooth function f. This tells us that the function uq is smooth. Since then
(4.43) holds classically, uq is also convex, and we obtain that ¢¢ is a smooth immersion
and Iy := @o(M) is a smooth, convex hypersurface of R**'. Since Z, is diffeomorphic
to a round sphere, the same argument used to build the parametrization in the proof of
4.5 tells us that @g is actually an embedding. From [39] and the volume condition (4.7) we
conclude that Ag = 1 and @o(M) must be a Wulff shape W + ¢ for some vector c € R™T,
Up to translation, we assume ¢ = 0. Now we easily define n,: W — I, M = @n o (pgl
and obtain that ny, converges to the identity map id: W — ‘W weakly in W2 P. O

The results obtained give us a priori only a qualitative C°-closeness. We show how to
build the radial parametrization and conclude.
Insofar we have proved the following result.

Corollary 4.22. Let © C R™* be a closed hypersurface satisfying conditions (4.7) and (4.8), namely
Vol (£) = Voln (W), [|AF|lLp(5) < Co-

Then for every 0 < € there exist 0 < do(n, p, W, co) with the following property. If ¥ satisfies (4.9)
with & < 8¢, then there exists a map n: W — L such that

||n_id||c1,a(w) SE (4.44)

We show how (4.44) yields the desired graph parametrisation. Let £ be a closed hypersur-
face that satisfies the assumptions of Corollary 4.22. Let B (W) be the tubular neighbourhood
associated to W. We denote by P the natural projection over the Wulff shape, that is

P: B (W) — W, P:q=x+pvw(x) —x.

The map P is Lipschitz and smooth. Moreover, it can be proved that for every q € B¢W, the
differential dP| : R — Tp(q)W is surjective and satisfies the property

dPl, [zl =0 & z=Avw(P(q)), A€ R (4-45)
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See [28, Ch. 5] for the details. Since X satisfies Corollary 4.22 and hence estimate (4.44), then
L C B¢(W) and we can set p := P|s. Therefore, p is a smooth, Lipschitz map from Z to W
and satisfies

sup |[q —plq)l <e. (4.46)
qexr

We claim that p also satisfies:

sup [vs(q) —vw(p(g))l < C(n, W)e. (4-47)
qex

If the claim is true, then p is a local diffeomorphism: indeed, since vw(p(q)) ¢ TqZ for
every q € L, by (4.45) dplq has maximal rank at every point q € X. Hence p is a local
diffeomorphism, and since the Wulff shape is diffeomorphic to the sphere, the same ar-
gument made in the isotropic case proves it is a global diffeomorphism. Then the inverse
P(x) = x+u(x)vw(x) is the desired radial parametrization and from inequalities (4.46) and
(4.47) we obtain that u is small in the C'-norm.

Now we prove the claim. Let q € I be fixed, and let z € W be given so that ¢ =n(z). From
(4.46) we know that

la—plq)l < ¢
and from (4.44) we know that

lq—zl, vz(q) —vw(z)l < e. (4-48)
Patching the inequalities together, we get

Ip(q) —zl < 2e.

Since the Wulff shape is convex, necessarily z must belong to a graph parametrisation
©p(q): Bg — W centered in p(q), provided that 0 < ¢ is sufficiently small. By convexity,
we easily notice that

vw(p(q)) —vw(z)l < c(n, W)e.

Patching this inequality with (4.48) we obtain the claim, and therefore the thesis.

Conclusion

Since also in this case the computations do not depend on the convexity property of the
hypersurface I (see Section 3.2), we also reach:

Proposition 4.23. Under the hypothesis of Proposition 4.18, we have the additional estimate:

= @ullwar(w) < C(H;\F(Z)HLP(Z) + €”|uHW2»P(W)>‘ (4-49)

where C = C(n, p, W) and @+, is defined as in Definition 3.14.
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We end the section by getting rid of the function ¢, in estimate (4.49), that is, proving the
following;:

Proposition 4.24. Let T be a closed hypersurface in R™+! satisfying (4.1), (4.8) and (4.9), so that
the estimates of Propositions 4.18 and 4.23 hold for a radial anisotropic parametrization \p. There
exist eg > 0, Co > 0 depending only on 'W with the following property. If (4.37) holds with € < €,
then there exists ¢ = c(X) € R™*" such that & — c still admits a radial parametrization

Pe:W-—Z—c, Pelx)=x+ucx)vw(x),

and u. satisfies:

[ucller < Coe,
(Uc, @w)r2 =0  for every @, defined as in (3.11).

Proof. The proof of 4.24 is similar to the one made for proposition 3.7 in the convex case,
with some correction to remove the convexity assumption. We divide the proof into three
main steps.

STEP 1  For any positive constant Cy there exist positive numbers €, C, depending only on W, C
with the following property. For every ¢ € Bc, ., the hypersurface L. := X — c is still a graph over
W, and its radius u. satisfies

Iuellcrow) < Cae.

We consider ¢ so small that X is still in the 2e-tubular neighborhood of W. Again, we argue
by proving that the projection map

Pe:Ze — W, peiq=x+ucvw(x) —x

is a diffeomorphism. Following the same strategy of the proof of proposition 4.18, we just
need to show that vy (pc(q)) ¢ TqZc for every q € Z.. Let then q € Z. be given. By the
very definition of X., we have that § := q —c € L. Moreover, since X is a graph over W with
radius u, there exists x € W such that § = x + u(x)vyy(x). By the computation made in [12,
App. B], we deduce

ve (@) —vw(x)| < C(W)e. (4.50)

Since L. = X + ¢, we know that vz () = vz (§+c) = vz, (q). On the other hand,

Vi (pe(q)) —vw(x)] < e. (4.51)

Combining (4.50) with (4.51), we deduce that

Ve (q) =vw(pc(a)) = vz(q) —vw(pc(q))l

- (4-50),(4.51)
< vz (@) —vw)I+vw(x) =vw(pc(q))l < Ce

This shows that for ¢ sufficiently small, vy (pc(q)) € TqZ¢, and thus we can conclude as
in the proof of Theorem 4.18.
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STEP 2 We consider the map

n

®:Bc,e — R, Dfc) =) (ue, @i)r2w (4.52)

i=1

where @i, wy are defined as in (3.11). Then there exists a constant C3 depending on Cy such that the
following estimate holds:

| (c) = (0) — ¢l < Cae?. (4-53)
Indeed, for every c such that |c| < C; ¢ we find
dap(Z —¢, W) < dup(Z —c¢, &) +dup(Z, W) < (C1 +1)e.
Arguing as in the Step 1 it is easy to see that also the function u. satisfies the estimates
[ucllcr < Cn, Wie, (4-54)

We start the linearisation with the following simple consideration: for every z € W there
exists x; = x¢(z) € W so that

Pelz) =P (xc(z)) —c.
We expand this equality and find

z+uc(z) v (z) = xc(2) + ulxe (z))vw(xc(z)) —c. (4.55)
Using the CO-smallness of u and u., we can easily see that x. = x.(z) satisfies the relation

Ixc(z) —z| < C(n, W)e. (4.56)
This approximation, combined with (4.54), gives an estimate of u close to z:

u(xe(z)) —u(z)] < C(n, W)e?. (4.57)
We evaluate F* in the point in (4.55):

Flz+ucz)vw(z)) = Fixelz) +ulxc(z)) vw(xe(z)) —¢)

=THuc(z) dF [ [viw(2)[+R  =T+ulxc(z)) dF*ly, ;) [V (xe(2))]— dF*, (o) [c]+R
where

IR| < C(n, W)e?.
Plugging in the previous equality the gauge property (0.3), we obtain

[ue (2) (Vi (2), v (2)) = wlxe(2)) (Vv (xe ), vw(xe)) + (¢, vw(xe))l < Cln, W)e?,
which by (4.57) reads

e (2) — ulz) + (¢, vaw(2)}] < Cln, W)e?. (4.58)

=@c(z)

Integrating over W and using (4.58), we conclude the proof of Step 2.



4.3 PROOF OF THEOREM 4.3

sTEP 3  Conclusion. We argue by contradiction, and choose C; so that the map

®(Cqec)

&:B; — R, d(c) = c
1€

satisfies

B(0)] < 75, [Ble)—B(0) —c| <c.

Since inequality (4.53) holds, such C; exists thanks to the very same computations given in
Proposition 3.7. If 0 does not belong to the image of @, then we are allowed to define the
map @ := %. Then, with the very same computations done in the proof of Proposition 3.7

we restrict @ to S™ = dB™*! and find a map with the following property:
@: 8" — 5" fo(x) —x| < 2. (4-59)

The thesis follows as in 3.7. O
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In this chapter we include here some result obtained throughout the development of other
theorems. We think that there may still be some interest about, and report them.

5.1 THE NON CONVEX CASE FOR SPHERE PARAMETRISATIONS

One of the main problems for the non-convex generalisation of theorem 1.1 concern the
existence of a radial parametrisations. In order to find it, we had to assume a control on
the the LP-norm of the second fundamental form, and perform a fine analysis. One may
ask whether assuming that the hypersurface is already radially parametrized can relax the
hypothesis. This is actually the case, and we see it in the following proposition.

Proposition 5.1. Let 2 <n, 1 < p < oo be given, and let = =p(S™) be a closed hypersurface in
R™1, where \p is defined as in (1.4). Assume that ¥ satisfies the following conditions:

Vol () = Vol (S™), (5.1)
v —id||co(gn) < A, where 0 < A < V2, (5.2)

where v denotes the outer normal of L. Then there is a number 0 < do(n, p, A) with the following
property. If

HAHLP(Z) < o, (5-3)

then there exists a vector ¢ = c(Z) € R™*' such that £ — c still admits a radial parametrisation
Ve = efeid and

Ifellwapsny < Cn, Py AJ|A] L (5)- (5-4)

Proof. Most of the work has already been made in Chapters 1 and 4. We show how the
proposition follows from the following lemma, that we shall prove at the end.

Lemma 5.2. Let & = \(S™) satisfy (5.1) and (5.2). Then there exists a constant C = C(n, p, A)
such that

[fllcrgny < C. (5.5)

Let us show how Lemma 5.2 allows us to conclude. Firstly, it grants us the oscillation
proposition 1.12. Indeed, as clarified in Lemma 1.14 we can easily refine Proposition 1.12
and obtain a constant C(n, p, A) such that

IH—Hllp» < CIA] - (5.6)
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Then, expanding (5.6) with Lemma 1.9 we obtain that f satisfies the following equation:

—f
H(f) = —dive (w) e _Hygm (5.7)

S+ V2 JILIVE

where R is a quantity whose LP-norm is controlled by ||A||;,. See Proposition 1.15 and
Appendix A.1 for the relevant computations. Integrating (5.7) w.r.t. the measure dV,; and
using the divergence theorem we obtain

IH < C(n, p, A) +||A]|» < Cn, p, A). (5.8)

Now we prove the C'-closeness, and this will conclude the proof. Indeed, the computations
leading to inequality (1.8) do not require convexity, and the non convex version of the
centering proposition has been given in Chapter 4.

The C'-closeness follows by a compactness argument: as previously used, let (Zx)ycp be
a sequence of closed hypersurfaces Xy =1y (S™) satisfying (5.1), (5.3) and the decay

lim Al = 0.
Then from the (5.6), (5.7) and (5.8) we obtain the functions fy satisfy

Ificllwa.r(sny < €y py AWk, lim|[H(f) — Hi|| = 0. (5.9)

Plus, we can assume that Hy converges to a number A. Thus, we can choose a (not relabelled)
subsequence y(x) = ef(¥)x such that f, — f in W2P(S") and strongly in CO for the
Ascoli-Arzela theorem (see [6] for a precise formulation). The limit hypersurface X = (S™),
with P(x) = ef¥)x, is a W2 P, Lipschitz hypersurface. Since the radii fy satisfy (5.9), then
the limit f that gives the parametrisation satisfies

\Yi e '
H(f) = —dive [ ———— e T+ ———— =2 10
" “( T+ |Vf|2> 1+[Vii2 (510

From (5.10) and classical elliptic regularity theory (see [20]) we can easily infer that f is
smooth, thus I is a smooth hypersurface with constant mean curvature and diagonal second
fundamental form. This shows that X is the round sphere and f = 0, and since the chosen
subsequence is arbitrary, all the sequence (fy), o converges to 0. One can also notice with
a bit of work that this convergence is actually strong in W2 P, but we do not need this
additional convergence for the subsequent arguments.

Now that we have obtained the C'-closeness of f to 0, we proceed as in Chapter 4 and
obtain the main result.

It remains to prove Lemma 5.5 and conclude. The lemma follows from combining inequal-
ity (5.2) with formula (1.13). Indeed,

2
x — Vf '

\/1+\Vf|2_X

v(x) —x* < ‘



5.2 A WEAKER CONVERGENCE PROPOSITION

=(1- ] + \all Y EU N PP
VIFIVIE ) T+IV2 N2

This latter estimate easily implies

— A

We show how (5.11), combined with the volume control leads to the conclusion. Indeed, (5.1)
united with formula (1.16) for the volume dVy gives us

][ e\ 1+ |VI2dVe =1=c(n, A) < / e dVs < C(n, A).

This latter estimate allows us to conclude. Indeed, assume there exists a sequence of
hypersurfaces Xy =1y (S™) satisfying (5.1), (5.11) and such that 1y := fi.(xx) 1 oo. Since the
round sphere is a complete measure space one easily obtains

fly) = foad) + (fly) — fxi) = f(xx) — L(A).
Thus,

][ enf(y) dVU(y) > e—nTtL(/\)—Hk 1 +00.

As shown above, this integral is however bounded, thus there cannot be convergence of the
maximum to oo. The same idea holds with the minimum. O

5.2 A WEAKER CONVERGENCE PROPOSITION

In Chapter 2 we proved the qualitative closeness under the strong assumption of a C°-
control of the second fundamental form. As already remarked, this hypothesis is somewhat
innatural, because morally speaking we are assuming a W2 ®°-control in order to achieve a
W2 P-quantitative closeness proposition. Here we try to levy the hypothesis.

Proposition 5.3. Let 3 < n, 2 < p < oo be given, (Zy) N be a sequence of closed, convex
hypersurfaces satisfying (5.1) and the following the conditions:
[AllLe (s) < co, (5.12)
lim|[Ricl| » =0. (5.13)
Then up to translating Ty, = Py (S™) for Yy = e« radial parametrisation as usual, and the functions
f. converge to O weakly in WP and strongly in C'.

This proposition is still far from being optimal because it requires a W2 P-control in order
to achieve a weak W P-decay, but it may still be useful. After having reached the qualitative
result, we cannot however proceed to make it quantitative because without the C- control
on A we would have to linearise the equation Ric —Ag, and obtain

V212 — (Af)? —2(n—1)(Af +n(f —T)) = R, where||R[|;» < C|[Ric]|;,.

Insofar we do not know any useful estimate that can be conclusive in this case.
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Proof. The proposition follows by applying the same technique of Chapter 4. We consider a
sequence of closed, convex hypersurfaces (), satisfying (5.12) and (5.13). The integral
control of the second fundamental form and the convexity grant us as usual the oscillation
proposition

|Ric —(n — ”Kkg”l_p(zk) < Cn, p, CO)HROiC”Lp(zk))

where as usual n(n — 1)k = Scal. Now we notice that (Kk)ken is bounded. Indeed,
n(n—1)|k| = [Scal < ][IScall dVyg < ][ [H? —|AI?| dV4 < C(n, p, co).
b3 bx

Then ki — k. Notice that the sets Uy bounded by X are uniformly bounded and contain
a ball with non decaying radius, thus Blaschke selection theorem applies: we obtain that
a (not relabelled) subsequence Uy converges to U in the Hausdorff distance, and U is a
bounded, convex open set in R™*!. Therefore we obtain that the radii fx — f in C°, and
are equilipschitz, thus f is also a Lipschitz function. Since (5.12) holds, we obtain that the
functions (fy )y are uniformly bounded in W27 and thus converge weakly to f. Then we
notice that the limit hypersurface £ is of class W% P, and its weak Ricci tensor satisfies

Ric = (n — 1)kg,

for a certain k € R. The study of harmonic coordinates already made in Section 4.2 shows
that X is the round sphere as in the proof of 5.1, and we conclude. O

5.3 A COUNTEREXAMPLE IN THE NON CONVEX CASE

Here we show how for 3 < n the convexity assumption on the hypersurface X is not an
artificial hypothesis. The counterexample is given in the isotropic case, showing how, even
for the simplest surface energy, the convexity plays a crucial role. Our counterexample is not
new. A precise construction of it has been given in [11, Prop 4.1], and other counterexamples
can be found in [41, Chapter 4]. In this short section we limit ourselves just to show the main
idea of it.

Proposition 5.4. For every 3 < nand every 1 < p < n —1 there exists a sequence { Ly } o of
smooth hypersurfaces in R™+" satisfying the following conditions:

2Vol,, (S™) < Vol(Zy) < 2Vol(8™) + Cp, (5.14)
h]inHAkHLP(Zk) =0, (5.15)
dup (X, S™+c¢) = g9 > 0 for every c € R™. (5.16)

Proof. Our counterexample is given by the union of two disjoint hyperspheres smoothly
connected by a j-cylinder Cyl =S}, x [0, 1]™J. We recall that in the j-cylinder the second
fundamental form Ay has the expression

1
T o
Ax = | Tk ) (517)
0 0
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therefore we easily obtain the expression for the traceless second fundamental form Ay,
which is given by

. 1 n- 1d; 0
Agk=— | T j . (5.18)
Tk 0 —=Idn—j
n

It is easy to see that we can choose Iy so that Ay is 0 in the two hyperspheres, it is given by
(5.18) in the j-cylinder and it is LP arbitrarily small near the region where the hyperspheres
and the j-cylinder are connected. Hence, in order to prove condition (5.15) we just have
to show how Ay — 0 in LP-norm on the j-cylinder, but this is trivial since, choosing
1 <p<j<n,then

||Ak”]ip (Cyl) = r{;p — 0.

Conditions (5.14) and (5.16) are obviously satisfied by construction, getting the conclusion
of the proof. O
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The appendix is devoted to proving technical and computational propositions used through-
out all the thesis.

A.1 COMPUTATIONAL LEMMAS
Proof of Lemma 1.9

Firstly, we compute the differential of :

AWl TeS™ — Ty L, dbl, 2 = ef™(z+ Vv, fx). (A.1)
In order to compute the expression for g in 5™, we fix x in 5™ and use the usual polar
coordinates { % .. aa% } for the sphere. We find
— gydd' ad) = 47 8l (2o, 2 )aot ad)
9= 9 V70l G50 597

0 0 o
— p2f . i39j
e <asi+vlfx, 557 T Vi fx>d19 dd

= GZf(O'ij + Vif V]‘f) d191 dﬁj.

The expression for g~ follows from a direct computation.

Now we compute the normal v = vs. Fix x € S™ and consider the system { a?w .. %, }
which is orthogonal in R**1. By the definition of v we have the relation (v(x), dyl,)[z] =0
for every z €< x >1. Now we write v = v/ W +v*x and obtain

2

v; + V;fv* =0 for every j.

o
Normalizing we have

1

V14 |VH)2

which is exactly (1.13).
The expression for A is more complex to compute. Firstly, we easily compute the differential
of v:

v(x) = (x = VTf(x)),

0 1 1 0
|| =¥ (m) =100+t (w070,
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and now we can make our computation

0 0 ef 0 0
o= oo o o] ) - e (o w0 aw - 9)

ef Q)
= m (O‘i]' —Vif<V]'Vf, ?)i_/> - <V]‘Vf, EW>> .
gn
We compute V;Vf in the orthogonal system { a—g] e aa% k.

0
<V)'Vf, X) = V)' (Vf, X) —<Vf, Vj\/sn) = —Agn <Vf ) = —V]'f

N—— ) @
0 0 0 2 K 2
|
—0.f
We finally write
ef
Ay = 7(0‘15 + VifVjf — Vizj,f)

Vo T VER

which is exactly (1.14), and we are done. Equality (1.15) follows from a direct computation
after writing A)? = guAlj and we do not report it.
Formula (1.16) follows from the area formula (see [1]):

/Zh(y) dVy(y) = /sn h((x))Jay(x) dVs for any h € C(X),

where
Jaw(x)? = det d* P, o dwl,,

and d*1 is the adjoint differential, whose representative matrix is simply the transpose of
the di representative matrix. Taking { % e %, x } as frame for R™*! we easily find the
expression

det d* |, o dyl, = ™ (1+|VH]?),

and the result follows simply by taking the square root.
Lastly we deal with the Christoffel symbols. We recall the formula

1
o5 = Egks(aigjs +059is — 059ij)s
and now we expand it:

1 <aks VEFVST

rk — — -
9 14 VA2

> >(ai(¥j5+aj0}s—as(ﬁj)+
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1 (cks AL

*32 T+ Vi

! ) (04(05 70, ) + 35370, F) — 0, (2505)) +

:

+ zgks (Vif gjs + Vif gis — Vsf gij)

(ks VKFVS T

-2 1+ |VTf|2
:

> (aiO'js + ajO'is . aSGij +Zaizjf asf)+

+ (Vif 5}< + ij&lf —g Vi f gij)

\%ik 1 ols
Wa%fakf— A*F 3 —— (91055 + 95015 — 05045 )+

_rk 2 k

+ (Vif5}<+ij5]i< —g kagij)
k

1
1+ |Vf|2

1 1
k 2 k k k

1
(04 —05F T )ORF + = (Vif 85 + Vj 6¥ —¢ Vief gi5)

Proof of Lemma 1.13

We firstly recall the Codazzi equation for the second fundamental form (see [19, p. 250] for a
proof):

o ViA} =4 VAL (A.2)

Equation (A.2) however holds for the Levi-Civita connection 4V taken with respect to the
metric g, while we need to find a formula for the o connection V. So we firstly expand 4V A:

g ViA} = DiAS +4 THA] —g T AL

Now we plug this expression into (A.2), and use the expression (1.17) for the Christoffel
symbols obtaining

Vif (
1+|Vf]?
— (ka 6{ + V1 f 5{2 —g Vif gk]_)A}.

VA = VjAL + VAfAL — VR FAL) + (Vi 80 + Vi8] —g V' gj1) AL+

We now notice that V)-ZlfA]l< = VﬁlfA}. Expanding the term in fact we have
—f 2
e Vif

KT T VR
—f

L v v
RN iThY f>

V2 [Vl

(5]1 —V'Vif+

€ 2 22 2
= ——— (Vi f— (V*f e
T+ VT2 (v’kf VIV st e v ﬂvﬂk)
e’ 2 202 V2Vl )
_1+|Vf|2<vjkf_(v fv f)kj+wv f[Vﬂj>
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= Vi fA]
This allows us to simplify the equation, obtaining
VA = VjAL + (V581 + Vi8] AL — (Vif 81 + Vif 81 ) A}
We contract the indices i and j:

VAL = ViAL + (Vif 8] + Vi 81 Ak — (Vif 8} + Vif ) )AL
= ViAL £ nAL Vif — ALV, f

Finally we complete the proof. Indeed we write
. o s 1 1 <i o . .
A} :A}—FEALB} :A}—i-H(S}
ith this expression we obtain
(n—1)ViH = VAL +nAL Vi f

The thesis follows dividing by n — 1.

Anisotropic computations

Proof of Lemma 3.9. Let x bein L, and let {z1, ... z,, } be a frame for T, W. We compute the
differential di in these coordinates, obtaining

Vib =z + Viuv+uViv. (A.3)
We use A.3 to compute the metric g.

gij = <Vill), V]ﬂ)> = <Zi + viu\/ +UV1V, Z; + V]’LLV =+ LLV]'V>
= wyij +2uAi; + Viu Vju+u2 (Viv, Vjv).
H_/

Ak
=AL AL

Now we search for a vector V = v + a'z; which satisfies the condition (V, Vji) = 0 for every
j=1,...,n and we will recover v* = % We compute

0= (v%, Vi) = (v+a'zi, zj + Vjuv+uV;v) = Viu+ (w + uA)ja;.
Normalising, we obtain the expression for vZ, as desired.

L v (w+uA) [V

V= (w+Ah) [Vl

Now we compute the approximated formula (3.15). Notice that, using the C°® smallness of u
we obtain

5 v—Vu
V1 +1(Id +uh)—T[Vul]2

+ R, (A.4)
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where R is a combination of product of u and V.. We use this expression to compute A*.
A5 = (Vivh, Vi)
ViV 4 ViV, zj + uVjv 4+ Viuy) + (ViR, Vi)
a V1 +1Id+uA) - T[Vul?
Ay — vizju+ uAiz)' —w(Vi(Vu), Vjv) +A[Vul; Viju+ (ViR, Vi)
N V1 +10d +uA) T [Vul)?

, (A.5)

where in (A.5) every element in VR must be either a product of Vu and Vu or a product of
u and V2u, and every element is controlled by constants depending only on W. Therefore,
since u is small in the C°-norm we can absorb the products of u and V?u into V?u. Since £
is convex, we know that 0 < AT, we easily obtain (3.16). O

A.2 OSCILLATION PROPOSITIONS
Proof of Lemmas 1.14, 2.12, 3.10

We recall the equations we are going to study.

Vu = div § + §[b], (A.6)
2n . o

V Scal = — div Ric, (A7)

VH]: = div AF. (AS)

The first equation takes place in the round sphere S™, the other two are studied in a closed
hypersurface that satisfies condition a) or b’) as in Proposition o0.1. These equations present
clear similarities, since they are all variations of the equation

Vu =divf

in a closed manifold. In all the three cases an immediate but naive covering argument may
show the existence of a number A such that

||u_7\||Lp(M) < C(M)”fHLp(M)- (A.9)

The problem in such argument is that we do not only have to obtain an estimate, but also to
keep an eye on the constant C, which in our case has to depend only on general parameters.
We are going to show an improved estimate which is basically (A.9), but gives a better control
on the bounding constant. The technique we are going to use has been used and developed
in [41], where the author deals with the isotropic version of equation (A.8). Considered the
massive use we are making of this type of estimates and ideas throughout the thesis, we
have decided to report the proof. We split it into the following steps.

* We show by direct computation in graph parametrisation how the three equations can
be written as particular cases of a more general proposition.

* We obtain a local estimate of our desired inequality, with the bounding constant
depending on determined parameters.
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* We show how to make the local estimate global without losing the information on the
bounding constant.

Let us start the proof.

Unifying the equations.
We recall Lemma 4.6:

Lemma A.1. Let M = Graph(u, B™) be a smooth graph. Then the following formulas hold.

gij = 0i5 + 0iudju (A.10)
gy wou A

J T+ [oul? (A-11)

dVg = /14 [0ul? dx (A.12)

ou
V1+[u)Z

We compute the divergence term of equations (A.6), (A.7), (A.8) in graph parametrisation,
and notice how this does not depend on Christoffel symbols.

oI = VFAy;, where v = (A.13)

(A.6) Let fbe a (1, 1)-tensor, f} = 0'*fyj, where fij is a symmetric tensor. By formula (A.13)
and equality Ai; = oy; for the sphere we obtain

div fi. = Vify = 0ifk — T fk — T Fi = 3ifk — Vi ot fl —viourfi
= 0fL — v (fue — fr) = 04k,

(A.7) We compute the divergence term in equation (A.7). Firstly we compute the divergence
of the Ricci tensor.

Vi Ricy, = 9 Ricy, +T, Ricf —TH Ric}, = 9; Ricy, +v' Ajp Ricf, —vP Ay Ric;,
= 9; Ricy, +v'Ayp (HRY — ARAJ) —vP Ay (Hh) —ALAY)
= 0 Ricg +H (VA AL —VPARAL) + (VPARAG R —viA L, ATA])

=VIA AL —VIAL AT =0 =P (A AL AL AL ATh)=0
= 9; Ric}
k .

. o i .3 : . . .
Now we write Rle = Rlc} —%6}, and notice that § is a symmetric tensor. The
computation of it is identical to the previous one, and we are done.

(A.8) Firstly, we need to prove that equation (A.8) holds. This follows from the computation
below. Here we denote (AF)} = A} for the anisotropic second fundamental form and
A = hy; for the isotropic one, with a little abuse of notation.

divg A = ViAL = Vi(Sh], hE) = Vi(Sh], )b + Sh|, Vinp
= DgSp|, hinE + S5| Vih} = D,SL| hihD + Sp|, VPhi
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= Vi (S5, hP) = ViHe.

Now we notice how also the last divergence term can be written as a flat divergence.
We find

divg Ax = ViAL = AL +THAL —THAL = 0iAL +vihip AR —vPhiA
= %A +V'hipSPh —vPhy STl = 9;AL +vISP9 (hiphqi — hpihqgi)
= 0;AL + Vv'hiphqk(SP9 — S9P) = 3;SL.
Lastly we write in graph chart Vf = 0f, since at the first order the Levi-Civita coincides with

the classical derivations. These computations show how we have reduced the three problems
to the following lemma:

Lemma : Let M C R™*! be a closed hypersurface. Assume £ has fixed volume V and satisfies
the conclusions of Lemma 0.2, i.e. admits two numbers L and R such that around every
q € ~ we can find a chart defined on the ball By, which is the graph of a smooth,
L-Lipschitz function 4. Assume there are u: M — R, § € I(T*M ® T*M) that satisfy
a differential relation which in every graph parametrisation at every point admits the
following form:

dru = 0ifL + TIfly, in Bg. (A.14)

Here T is a linear operator satisfying |T[f]| < Clfl and C a universal constant. Then
there exists a A € IR, such that the following estimate holds.

HU_AHLP(M) < Cn, p, V, R, L)Hﬂ|LP(M)'

Notice that in all the cases the manifold M satisfies condition a) or b’) as in Proposition 0.1,
and thus it allows Lemma 0.2 and Lemma 0.3 to hold. These will be crucial in the proof. We
now prove the lemma..

Obtaining local estimates.

We begin by working in the graph, and write u = v +w, with v and tv satisfying the
conditions:

Asb = 950 ft

olom, = Ulopg >
and

Asto = OFT[flx

wlop, = 0,

where Aj is the flat laplacian. The estimate for the first systems follows by applying the
classic Calderon-Zygmund theorem (See [41, Prop. 1.11] for a detailed proof in this particular
case). We find a number A such that

o= Allte (Bg,0) < CO PIFllLr (By)
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The second system is well known. In [20] the following inequality is shown:

||m||LP(IBR/2) < C(n, p)HT[ﬂHLP(BR) < CO”fHLp(}BR)

The last constant Cy depends on n, p and the control constant associated to the operator T.
This does not appear in equations (A.7) and (A.8), it appears only in (A.6) and depends on
n, p and [|h]| co. We patch together the two estimates, and obtain

[t =AllLe Bg,,) < Collfllir my)- (A.15)

Estimate (A.15) is almost what we want. It is indeed a local estimate, but it concerns all
Euclidean quantities. We show how to swap Euclidean measures with manifold metrics, and
how to substitute Euclidean balls with geodesic balls.

The first follows easily from equation (A.12) and Lemma (0.2). Since Lip(u) < L, we obtain
indeed

dx < /T4 Pu® dx = dVy < V1 + 12 dx.

Thus the measures are equivalent, and the control constants depend only on L. The same
constant L control the switch from the Euclidean metric 6 to the metric g.

Now Lemma 0.3 allows us to pass from Euclidean to geodesic balls and grants our
privileged covering of balls. In particular, we obtain the existence of radius R such that

I)\Ilei]{él”u—)\”]_p(]lgg(q)) < C(Tl, P, V) L) R)Hf”LP(M))

for every 0 < r < R.

Making the estimate global.

Now we make the estimate global. We follow the technique used in [41, p. 6-7] and prove
the following lemma.

Lemma A.2. Let M be a closed manifold, with fixed volume Vol (M) = V. Suppose u € C*(M)
has the following property. There is a radius p such that for every x € M the following local estimate
is satisfied:

[u—A) Lo (B, (x)) < B> (A.16)

where A(x) is a real number depending on x, v < 2p and 3 does not depend on x. Then there exists
A € R such that

||u_)\||LP(M) < C(TL, Py V)B

Proof. We choose a finite covering of balls { (IBj, A;) };\]:1 which satisfies the following prop-

erties. Every ball B; has radius 2p, estimate (A.16) holds with A;, and for every j, k there
exists a ball of radius p contained in B; N By.
Therefore, given two balls B; and By whose intersection is non empty, we have:

:
Vol,, (B; N By)?

Aj — Al = 1) = Mcllee (B;nBy)
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:
- VOln(lB) N Bk)%
1

(1
Vol,, (B; N By)?
23
Vol,, (B; N By )

A —u+u— )\kHLP(IB]-ﬂIBk)

<

4= AicllLe ;) T 14— Al e s, ﬂ]Bk))

<

Using the properties of the covering we obtain
1
IA; — Akl <2 Vol (Bp) 7.

Define Amin := minj¢j<n Aj and Apax = maxjgjgn Aj. Consider a path joining the ball in
the cover with Apin to the one with Apax. Since this path can cross at most N different balls,
we obtain

_1
|7\max )\mm‘ < 2N VOI ( ) P B = C(Tl., P, p) B

For every Amin < A < Apax We have

z

N

e =Allpsn) < D lu=Alligem,) < D _llu=2+A =Ml
j=1 j=1

z

_1
<D lu=Ajllin s, + A — Al Vol (1B;) >
j=1

z

_1
E Hu A HLP )+|}\max_}\min‘V01n(IBj) P < CZ(n) Py P)B
j=1

and the proof of Lemma A.2 is completed. O

A.3 SPARSE RESULTS

Proof of Proposition 3.15. Let ¢ € R™! be given. We easily obtain

u—@ullwar < [u=@cllwzp + l0c = @ullwzy

n+1
<u—@cllwar +{| D (w—@u, oi)r201
i=1 wW2,p
n+1
<lu—cllwzr + Y Ilu—@c, 0i)12@illwzr
i=1
n+1
< Ju—oclwar +lu—oclir > llolileillwer
i=1

< C(“>P> F)”'LL— (puHWZ»P

and since c is arbitrary, we obtain the thesis. O
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Proof of Proposition 3.11. As already noticed in the proof, the first inequality in (3.18) is an
easy consequence of the fact that A is obtained multiplying A by the positive definite matrix
S¢. Then we obtain

AL< (557" |Arl < Cn, PIAE

Thus, we focus on the second inequality. Firstly, we notice that a closed, convex hypersurface
has non-negative anisotropic principal curvatures. Although this result seems to be known,
we did not find its proof in the literature and we report it for the reader’s convenience.

Lemma A.3. Let ¥ be a closed hypersurface, and let {1, ...«kn } be the spectrum of Af. If X is
convex, then ki > 0 for everyi=1,...,n.

Proof. We recall that (AF)} = (SF)}{A}‘, where St is positive definite by hypothesis and A is
non-negative definite by convexity (see [41, Prop. 3.2]).

Let (SF)% be the square root of S¢. By standard linear algebra, (SF)% exists and it is the
unique symmetric matrix M with positive eigenvalues such that M? = S¢. Then we find

SrA = (513 ((Sr)2A(SH) (5r) 2.

By this simple decomposition, we deduce that SpA has the same eigenvalues of (SF)%A(SF) I,
This completes the proof: indeed, for every vector v € R™, since A is non-negative definite,
we can compute

1 1

W, v) = (ASHEM, (SHEDB) >0,

N—=

((sp2A(sp)
which is the thesis. O

If we look carefully at the proof of Lemma A.3, we can also notice that we have found the
existence of a constant ¢c; = ¢ (n, p, F) such that

[AllLr 5y < crllAFIlLe (5)-

In order to conclude the proof of (3.11), we just have to focus on showing the remaining
inequality

ARl (z) < c2(1+ ARz ). (A17)

This follows by generalizing the isotropic result shown in [41]. Firstly, we notice that, for
every couple of indices (i,j), we have:

1 1 1
P P P °
/|Ki_|<j|p < /Ki_HFp + /|Kj—HF|p < c(n, p)f|AF(,-
s s s
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Consequently, we can estimate:

n\3\ 7 N
AL (s) < (/z (; Kf) ) < (/Z (i_] Ki) >
n P % %
= (/z (mq +iZz(Ki_ K1)> > < c(n, p) <</z K1]D> + ||'5\F”p> (A.18)
e <</>: i) "AF"‘D> e <</>: aata) "+ IIAF\IP).

We observe furthermore that the integral of the determinant of Af does not depend on X
but only on n, p and F. Indeed, by convexity of £ (see [47, eq. (2.5.29), p.112]) we find

/ detAr :/ det S|, detdv = detS¢ =c(n, p, F).
b b gn

Plugging the previous equality in (A.18), we deduce (A.17) and conclude the proof. O
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