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ABSTRACT

This thesis is dedicated to the study of a dichotomy concerning isometric embeddings
of Riemannian manifolds into Euclidean space.

The classical question about the existence of such embeddings was answered af-
tirmatively by J. Nash in the famous Nash—Kuiper theorem, revolutionary not only
because of the mathematics invented for its proof but also due to its countertintuitive
nature. It demonstrates a type of flexibility of the space of solutions to a formally
overdetermined system of nonlinear partial differential equations. In particular, iso-
metric embeddings are highly non-unique, even in low co-dimension. Contrasting
this flexibility is the rigidity of closed convex surfaces. Classical results in differential
geometry show that sufficiently regular isometric embeddings of positively curved
surfaces are often uniquely determined. A particularly striking illustration of these
dramatically different behaviours is the case of the standard 2-dimensional sphere S2:
by a result due to Cohn-Vossen in 1927, the only isometric embbedding of S? into IR? is
(upto a translation and rotation) the standard inclusion. Yet, as a consequence of the
Nash-Kuiper theorem, there exist isometric embeddings of S? into arbitrarily small
balls.

This apparent paradox is explained by a closer look at the regularity properties of
the embeddings constructed in the Nash-Kuiper theorem. They are only C!, whereas
the surfaces considered in Cohn-Vossen's rigidity theorem are assumed to be at least
C2. Naturally, this leads to the question of whether there is a regularity threshold in
between C! and C? which distinguishes these behaviours.

The first results in this direction were obtained by Yu. F. Borisov, who in the late
fifties proved a rigidity theorem for C1*/°*¢ isometric embeddings. He also announced
a version of the Nash-Kuiper theorem in C1* for & < 1/(1 + n(n + 1)) which was then
rigorously proved fifty years later by S. Conti, C. De Lellis and L. Székelyhidi Jr. In
a recent note, M. Gromov conjectures C'"/2 to be a possible threshold distinguishing
flexible isometric embeddings from rigid ones. It is the aim of this thesis to make
progress on this question, which we will refer to as the Borisov—Gromov problem.

In Chapter 3 we present an improvement of Borisov’s flexibility exponent in the
special case of 2-dimensional disks. We show that in this case it can be raised from 1/7 to
1/5. We then turn to rigidity and describe how a short proof of Borisov’s rigidity result
given by Conti, De Lellis and Székelyhidi leads to questions about the integrability
properties and the sign of the Brouwer degree, which we adress in Chapters 4 and 5
respectively. Inspired by a striking formal analogy to the famous Onsager conjecture in
fluid dynamics, we then propose a relaxed version of the problem, and show in Chapter
6 that the Holder space C1"/? is critical in a suitable sense. We prove in particular
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that for « > J, the Levi-Civita connection of any isometric embedding is induced
by the Euclidean connection. On the other hand, for any a < 1/2, we construct Cla
isometric embeddings of portions of the standard 2-dimensional sphere for which this
property fails. Lastly, in the final Chapter 7 we introduce the notion of extrinsic parallel
translation, and show that it coincides with the usual intrinsic parallel translation
whenever « > 1(v/5 —1).

Except for the contents of Chapter 7, all results in this thesis are either published or
submitted for publication.

ZUSAMMENFASSUNG

In der vorliegenden Dissertation untersuchen wir eine Dichotomie, welche isometrische
Einbettungen von Riemannschen Mannigfaltigkeiten in den Euklidschen Raum betrifft.
Die klassische Frage nach der Existenz solcher Einbettungen wurde im wohlbekann-
ten Nash—-Kuiper Theorem von J. Nash bejahend beantwortet. Dieses Theorem war
nicht nur aufgrund der mathematischen Methoden revolutionar, welche fiir den Beweis
entwickelt wurden, sondern ebenso wegen seiner kontraintuitiven Natur: Es garantiert
eine Art Flexibilitit des Losungsraumes eines formell {iberdeterminierten Systems von
nichtlinearen partiellen Differentialgleichungen. Insbesondere sind isometrische Ein-
bettungen nicht eindeutig bestimmt, sogar in niedriger Kodimension. Im Kontrast zu
dieser Flexibilitat steht die Starrheit von geschlossenen konvexen Flachen. Klassische
Resultate aus der Differentialgeometrie zeigen, dass gentigend reguldre isometrische
Einbettungen von positiv gekriimmten Flachen oftmals eindeutig bestimmt sind. Eine
besonders bemerkenswerte Illustration dieses Verhaltens liefert die 2-dimensionale
Einheitssphére S?: Ein Resultat von Cohn-Vossen aus 1927 impliziert, dass die Inklu-
sion bis auf eine Translation oder Rotation die einzige isometrische Einbettung von
8% in IR? ist. Andererseits folgt aus dem Nash-Kuiper Theorem, dass es isometrische
Einbettungen von S? in beliebig kleine Kugeln des Euklischen Raums gibt.

Dieses scheinbare Paradoxon 16st sich auf, wenn man die Regularitatseigenschaften
betrachtet. Die Einbettungen, welche im Nash-Kuiper Theorem konstruiert werden,
sind bloss einmal stetig differenzierbar (also C'), wohingegen der Starrheitssatz von
Cohn-Vossen die zweifach stetige Differenzierbarkeit (d.h. C?) der Flichen voraussetzt.
Dies wirft die Frage auf, ob es eine Regularitdtsgrenze zwischen C! und C? gibt, welche
diese verschiedenen Verhaltensweisen trennt.

Die ersten Ergebnisse in diese Richtung gehen auf Yu. F. Borisov zuriick, welcher in
den spiten Fiinfzigerjahren einen Starrheitssatz fiir C1/°*¢ isometrische Einbettungen
bewies und eine Version des Nash-Kuiper Theorems in C# fiir « < 1/(1+n(n +
1)) ankiindigte. Fiinfzig Jahre spater wurde diese von S. Conti, C. De Lellis und
L. Székelyhidi Jr. rigoros bewiesen. In einem kiirzlich erschienen Artikel vermutet
M. Gromoyv, dass C!"/? eine mogliche Regularitiatsgrenze im Problem darstellt. Ziel
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der vorliegenden Arbeit ist es, beziiglich dieser Fragestellung Fortschritte zu machen,
welche wir als Borisov-Gromov Problem bezeichnen werden.

Kapitel 3 beinhaltet eine Verbesserung von Borisovs Flexibilitdtsexponenten: Wir
zeigen, dass man den Exponenten im Spezialfall der 2-dimensionalen Kreisscheibe auf
1/5 erhdhen kann. Danach wenden wir uns der Starrheit zu und beschreiben, wie ein
kurzer Beweis von Borisovs Starrheitssatz von Conti, De Lellis und Székelyhidi Jr. zu
Fragen iiber die Integrabilitdtseigenschaften und das Vorzeichen des Brouwerschen
Abbildungsgrades fiihrt, welche wir dann in den Kapiteln 4 respektive 5 behandeln.
Von einer bemerkenswerten formellen Analogie des Problems zur wohlbekannten
Onsager Vermutung in der Fluiddynamik inspiriert, schlagen wir eine abgeschwéchte
Problemstellung vor und zeigen in Kapitel 6, dass der Holderraum C"/? in folgendem
Sinne kritisch ist: Wir beweisen insbesondere, dass der Levi-Civita Zusammenhang
einer isometrischen Einbettung u € C'* fiir & > % vom Euklidschen Zusammenhang
induziert wird, wohingegen wir fiir alle « < } isometrische C* Einbettungen von
Teilen der 2-dimensionalen Einheitssphdre konstruieren, welche dieser Eigenschaft
nicht gentigen. Schlussendlich fiihren wir im letzten Kapitel 7 einen extrinsischen par-
allelen Transport ein, und zeigen, dass er mit dem klassischen (intrinsischen) parallelen
Transport {ibereinstimmt, sofern a« > %(\/5 —1).

Alle Resultate dieser Dissertation sind, mit Ausnahme des Kapitels 7, entweder
bereits publiziert, oder fiir eine Verdffentlichung eingereicht.
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INTRODUCTION

In his habilitation lecture, Uber die Hypothesen, welche der Geometrie zu Grunde liegen,
in 1854, B. Riemann introduced the concept of a Riemannian manifold, an abstract
manifold with an intrinsic metric structure. This contrasted the extrinsic approach of the
Gaussian theory of surfaces, which studied curves and surfaces in 3-dimensional space
or submanifolds of Euclidean space of higher dimension with their metrics induced
from the ambient space, and led to a question of great conceptual importance: are
Riemannian manifolds and submanifolds of Euclidean space the same? In other words,
can every Riemannian manifold (M, g) be realized as a submanifold of some Euclidean
space R™ of appropriate dimension m?

To answer this question affirmatively one has to find an isometric embedding of
(M, g) into R™, i.e., a diffeomorphism u : M — u(M) C R™ satisfying

g= uje, (1.1)

where ue denotes the pullback of the Euclidean metric e on R™ through u. From (1.1),
one obtains, introducing local coordinates, the system

= =:0;u-0dju (1.2)

of n(n + 1)/2 partial differential equations in the unknowns u = (u!,...,u™). Here, g;;
are the components of the (symmetric) metric tensor g in local coordinates.

Already in 1873, L. Schléfli conjectured the existence of local isometric embeddings
(and hence the local solvability of the system (1.2)) if m = n(n + 1)/2. The conjec-
ture was proved in the analytic setting by Janet [40], Cartan [14] and Burstin [12]."
Remarkably, in the smooth setting (i.e., C*) it is still open?, even for n = 2.

The global problem seems even more difficult, and historically the first to tackle it
was H. Weyl, who in 1916 stated what has become known as the Weyl problem.

Weyl’s problem [57]: Every metric on the unit sphere with positive Gaussian curvature
can be uniquely (modulo rigid motions) realized as a convex3 surface in IR®.

1 Janet only outlined a proof, which was then rigorously carried out by Burstin. Cartan, on the other hand,
gave a completely different, independent proof.

2 Gromov and Rohklin [33] and (independently) Greene [30] proved the local solvability in the smooth
category if m = n(n +1)/2 + n. In the special case n = 2, there are partial results (see [34] for a good
survey), but the general case is still open.

3 A 2-dimensional submanifold of IR? is called convex if it lies on one side of each of its tangent planes.
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In a more modern language, he wanted to show the existence and uniqueness of
sufficiently smooth global solutions to the system (1.2) in the special case of (M, g)
being an "ovaloid".#

Weyl proposed a strategy to tackle the problem and realized it in the case where the
metric is close enough to the standard metric on the sphere. Finally, the following two
theorems gave a complete solution to the problem.>

Theorem 1.1 (Weyl’s Problem: Existence). For any metric ¢ € C? on the sphere S? with
positive Gaussian curvature, there exists an isometric embedding u such that u(S?) is a convex
surface in R3.

Theorem 1.2 (Weyl's Problem: Rigidity). Assume ¢ € C? is a metric on the sphere with positive
Gaussian curvature and u € C? is an isometric embedding. Then u is uniquely determined up
to a rigid motion.

Theorem 1.1 provides a solution of the system (1.2) in the formally determined case
m =3 =mn(n+1)/2. In the general case, in particular if the system is overdetermined,
ie., m < n(n+1)/2, there is seemingly little hope to solve the system. Yet, surprisingly,
in 1954, J. Nash showed that plenty of global solutions exist, and that obstructions to
the existence are of purely topological nature. To state his theorem we recall that a short
embedding u : M — R™ is an embedding such that

gij - aiu : 8]-u >0 (13)
in the sense of quadratic forms. The famous Nash—-Kuiper theorem is then the following.

Theorem 1.3 (Nash [45], Kuiper [42]°). Let (M, g) be a compact’ n-dimensional Riemannian
manifold with continuous metric g and let m > n + 1. Then any short embedding u : M — R™
can be uniformly approximated by isometric embeddings of class C.

4 Weyl’s interest in this special case stemmed from the uniqueness part of the problem: by an (already then)
classical result of A. L. Cauchy from 1813, isometric closed convex polyhedra in IR® are congruent, but at
the time, little was known for more general surfaces.

5 Theorem 1.1 was proved for analytic metrics by Lewy [43] and a few years later for g € C¥ for k > 4 by
Nirenberg [47] and for k = 3,2 by Heinz [35] (the resulting maps u are C-~1* for any a < 1). The proofs
followed Weyl's original approach. On the other hand, Alexandrov [1] investigated so-called arbitrary
convex sutfaces and showed that any metric on the sphere with positive Gaussian curvature can be realized
by such a convex surface, although it was unclear if the resulting surface had the right regularity to be
a solution of the problem. This was remedied by Pogorelov, who in [50] proved a suitable regularity
theorem, thus giving an alternative proof of Theorem 1.1. A version of Pogorelov’s regularity theorem in
Holder spaces was obtained by Sabitov [52]. From it one can conclude Theorem 1.1 with the mapping
properties g € C** = u € CF* fork >2,0 < a < 1.

Theorem 1.2 is due to Herglotz [36], although an analytic version was already proved by Cohn-Vossen
[15]. Moreover, it can also be deduced from a more general result by Porgorelov [51] stating that isometric
closed convex surfaces are congruent.

6 Nash proved Theorem 1.3 for m > n + 2, and indicated that, with "[...] a less easily controlled perturbation
process”, one could also show the case m = n + 1. This was then carried out by Kuiper.

7 Nash’s theorem is not limited to compact manifolds, but we will restrict our attention to this case.



1.1 THE BORISOV-GROMOV PROBLEM

By Whitney’s embedding theorem, an n-dimensional manifold M can always be
embedded in R?", and if M is compact one can simply "shrink" this embedding by
multiplying it with a small number to find a short embedding. Thus, Theorem 1.3 is
not only an existence theorem; it also shows that the set of solutions is huge.

Strikingly, for n > 3 and m = n + 1 the system (1.2) is formally heavily overdeter-
mined, and hence the flexibility of the solutions is very counter-intuitive. In fact, it took
several years until it was realized that this behaviour is caused by the low regularity of
the solutions constructed: building upon the new ideas introduced by Nash in the proof
of Theorem 1.3, M. Gromov in [31] formulated the framework of convex integration and
the so-called h-principle, linking the flexibility of isometric embeddings obtained above
to a number of other counter-intuitive phenomena in geometry (cf. also Section 1.2).

In the case of isometric embeddings, the flexibility becomes ever so striking when
directly contrasted with the aforementioned rigidity of the Weyl problem, leading to a
dichotomy which lies at the heart of this thesis.

1.1 THE BORISOV-GROMOV PROBLEM

To illustrate this dichotomy, consider the unit sphere S? of R® with the standard metric
induced by the inclusion ¢ : §? — R3. Since S? is compact, any small enough multiple
of 1 is a short map. Therefore, by the Nash—Kuiper theorem, there exist C! isometric
embeddings of (82, zﬁe) into arbitrarily small balls B, C R3. Yet, by the rigidity theorem
of the Weyl problem, in the C? category there is (modulo rigid motions) just one
isometric embedding: the standard inclusion. Naturally, one is interested to know? if
there is a regularity threshold, for example in the Holder scale, dividing these two
drastically different types of behaviours. More precisely,

(B-G): Does there exist ag € |0, 1] such that

(i) if « > wp and u € C'* is an isometric embedding of a 2-dimensional closed
Riemannian manifold with positive Gaussian curvature into IR?, then u is uniquely
determined up to a rigid motion;

(ii) if @ < wp, then the Nash—Kuiper theorem holds with C! replaced by C'#?
p p y

It is the aim of this thesis to make progress on this question, which we will refer to as
the Borisov—Gromouv problem.

The first to investigate isometric embeddings of class C'* was Yu. F. Borisov, and
in the late fifties, building upon works of Pogorelov, he proved in the series of short
geometric articles [2]-[5] that the assumption u € C? in the rigidity Theorem 1.2 can
be replaced by u € C* for a > Z. Moreover, in [6] he claimed the validity of the

Nash-Kuiper theorem for analytic metrics in C# for « < 1/(1 + n(n + 1)), yet a proof

8 See, for example, question 27 in [58].
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only appeared in [7] for the case of 2-dimensional disks and a < % In [17], S. Contj,
C. De Lellis and L. Székelyhidi Jr. gave a proof of Borisov’s claims for C? metrics.
They showed in particular® that if ¢ € C? is a metric on a compact n-dimensional
manifold M and u : M — R""! is a short embedding, then it can be uniformly
approximated by isometric embeddings of class C'*, where &« < 1/(1+n(n+1)) in
case the manifold is diffeomorphic to an n-ball and & < 1/(1+ n(n +1)?) in the general
case (this decrepancy has been removed recently in a forthcoming work by W. Cao and
Székelyhidi Jr.). In addition, they give a very short proof of Borisov’s rigidity result,
which we will briefly comment on in Chapter 5. Hence, if it exists, 1/7 < ag < 2/3.7°

An improvement of Boriosov’s exponent was found in the author’s master’s thesis:
in the case where M is a 2-dimensional disk, we were able to raise the exponent from
1/7 to 1/5.

1.2 ONSAGER’S CONJECTURE: CONNECTION TO THE THEORY OF TURBULENT
FLUIDS

Recently, De Lellis and Székelyhidi Jr. discovered a surprising connection of the Borisov—
Gromov problem to the theory of turbulent fluids. Consider the incompressible Euler
equations, which describe the motion of a perfect incompressible fluid,
0iv+(v-V)o+Vp=0

diveo =0,

where v = v(x, t) is the velocity and p = p(x, ) is the pressure. We will take the spatial
domain to be the flat 3-dimensional torus T3 = R3/ (271 Z)3.

For classical periodic solutions (i.e., if v € C!(T® x I)) the total kinetic energy,

E(t) = ;/TB lo(x, £)[2 dx,

is conserved by the flow induced by (1.4), so that E(f) = E(0). However, for weak
solutions this may not be true. Indeed, one of the cornerstones of 3-dimensional
turbulence is so-called anomalous dissipation: it is an experimentally observed fact
that the rate of energy dissipation in the vanishing viscosity limit (more precisely the
infinite Reynolds number limit) stays above a certain non-zero constant.

Assuming that a turbulent fluid is represented by a solution of the incompressible
Navier-Stokes equations, in the vanishing viscosity limit one obtains the system (1.4).
Since classical solutions conserve the energy, in this (vaguely defined) limiting process
one expects to find weak solutions of the Euler equations. It was L. Onsager in 1949
[49] who first formulated the corresponding mathematical problem: is there a threshold

9 The results are in fact more general, and include the case of rough metrics g € CO.

10 In [32], Gromov conjectures ay = %



1.3 THE RELAXED PROBLEM

between C° and C! regularity for energy conservation? Based on calculations in Fourier
space, he stated the following conjecture.

Conjecture 1.4. Consider periodic 3-dimensional weak solutions of the incompressible Euler
equations, where the velocity v satisfies the uniform Holder condition

[o(x,£) — o(x, £)] < Clx—x'[, (1.5)
for constants C and 6 independent of x, x" and t.
(a) If 0 > 3, then the total kinetic energy of v is constant;
(b) For any 6 < § there are v for which it is not constant.

Part (a) of the conjecture was fully resolved in [16] (see also the work [27]). On the
other hand, part (b) was settled only very recently in the work [39] by P. Isett. The latter
work concluded a series of partial results (cf. [8-11, 25, 38]), all started off by the work
[24]. In that work De Lellis and Székelyhidi Jr., inspired by the methods pioneered by
Nash in [45] in the isometric embedding problem, were able to introduce a new set of
techniques to produce irregular continuous solutions of the Euler equations.

1.3 THE RELAXED PROBLEM

Both from the rigidity and from the flexibility side, the current state of the art is still
far from reaching the conjectured threshold ay = 1 in the Borisov-Gromov problem,
and despite the formal analogy between the two problems (and the similarities of
the respective techniques involved), the current approaches which led to the solution
of the Onsager conjecture do not seem to give new insight. That said, the Borisov—
Gromov problem is a bit more stringent than its counter-part in fluid dynamics: the
Euler equations come with an additional conservation law (the energy identity) which
is valid for all solutions above a certain regularity threshold and involves only as
many derivatives as there are in the equation. The rigidity of isometric embeddings,
however, is a stronger property in the sense that a closer analogue in the case of weak
solutions to the Euler equations would be their uniqueness. Moreover, it uses the Gauss
identity, where second derivatives of u are involved (whereas in the equation only first
derivatives appear).

It therefore seems sensible to consider a relaxed version of the Borisov—-Gromov
problem aimed at finding suitable geometric identities (analogous to the energy identity)
which relate the intrinsic and extrinsic geometry of submanifolds, and showing that
they are satisfied by isometric embeddings above a certain regularity threshold while
producing convex integration solutions which violate them.

A geometric object well suited for this endeavor is the Levi-Civita connection. In-
trinsically defined, it can be related to the extrinsic world via the Gauss formula: for
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(smooth) submanifolds of Euclidean space it coincides with the tangential connection
(i.e., the one induced by the Euclidean connection). The equality of these two objects
can be thought of as a weaker form of rigidity, and it can be made sense of in C* for
a > 3, thus making a good candidate for defining the relaxed problem.

Closely connected with the Levi-Civita connection is the notion of parallel translation,
which provides another tool of measuring the intrinsic predictability of isometric
embeddings. It is possible to define an extrinsic notion of parallel translation by taking
a suitable limit of a discrete process consisting of a combination of parallel translation
with respect to the ambient connection and projections onto the tangent bundle. For
smooth embeddings these two notions agree, and, again, one hopes that this property
remains true for isometric embeddings in C** for a > ap.

1.4 RESULTS AND OUTLINE OF THE THESIS

The first part of this thesis is dedicated to the Borisov—-Gromov problem. In Chapter 3
we include a slightly improved version of the author’s master’s thesis, namely the joint
work [22], where we prove the following thereom.

Theorem 1.5. Let ¢ € C? be a metric on the closed unit disk D1 C R* and 6 > 0 arbirarily
small. Then any short embedding u : D1 — R3 can be uniformly approximated by isometric
embeddings of class C1'/>=°.

Hence, in the case of 2-dimensional disks, we are able to raise Borisov’s exponent
from 1/7 to 1/5.

We then turn to the rigidity part of the problem. The proof of Borisov’s rigidity result
given in [17] yields a different, much simpler approach to the problem and reveals an
interesting connection with the Brouwer degree, an object whose meaning for maps
in various regularity classes has been extensively studied. The key observation used
in this approach is that the C'*/**? regularity is enough for the following change of
variables formula to hold:

], FONG) g () dArea(x) = [ fly)deg(N, V. y)dy. (1.6)

Here, N is the normal map of the embedding, deg(N, V, ) is its Brouwer degree with
respect the compactly contained open set V. CC M, f € C®(S?\ N(dV)) is a test
function and x, and dArea are the respective Gaussian curvature and volume element
of the manifold (M, g). Observe that (1.6) relates the Gaussian curvature of the manifold
and the normal map of the embedding. Therefore, it can be thought of as a surrogate,
or weak version, of Gauss’ theorem. As it turns out, this weak version is enough to
guarantee the rigidity of the embedding.

In particular, if one could show the validity of (1.6) for embeddings of class C'/'/>*9,
then one would resolve the rigidity part of the Borisov—-Gromov problem with the



1.4 RESULTS AND OUTLINE OF THE THESIS

conjectured exponent ag = 3. This leads us to study the integrability properties of
the Brouwer degree of Holder continuous functions. Based on the work [48], we show
in [20] that if a is big enough, the Brouwer degree of a function N € C%* has some
fractional Sobolev regularity. We present this result in Chapter 4. We do not know
whether this higher integrability property can be used as an advantage in the Borisov—-
Gromov problem. However, as a first step towards the fractional Sobolev regularity
we give a short, elementary proof of the fact that for large enough «, the degree of
N € C% is an L! function (see Theorem 4.5).

The latter result is needed on the way towards a rigidity theorem in C'/>¥°. Indeed,
as a consequence of Theorem 4.5, if the embedding is in C"/*?, both sides of (1.6)
make sense also for the constant function f = 1, and it is not difficult to show that the
equality remains true if V is a Lipschitz set. Ideally one would like to show that this
(weaker) change of variables formula is enough to conclude the rigidity, which leads to
the following conjecture about the sign of the Brouwer degree.

Conjecture 1.6. Let Q C IR? be a smooth, bounded open set and let N : Q — R? be C%* with
a > 1 and have the property that for all Lipschitz open sets A C Q,

/]RZ deg(N,A,y)dy > 0.

Then deg(N, A,y) > 0 for all such A and all y € R*\ N(9A).

If this conjecture were true, one could use the arguments of [17] to conclude a rigidity
theorem in C""/2*9_ In Chapter 5 we show that the conclusion of Conjecture 1.6 is
correct when o > 2.

In the second part of this thesis we consider the relaxed problem. Chapter 6 represents
the work [21], where we show that the Holder exponent oy = % is indeed critical in
the weak sense explained above: if « > 3, the equality between the Levi-Civita and the
tangential connection remains true for isometric embeddings u € C'*, whereas for any
& < } we construct isometric embeddings u € C* of portions of the 2-sphere which
violate it (see Theorem 6.2).

Lastly, in Chapter 7 we define an extrinsic parallel translation and show that it
preserves the lengths of vectors for a > 3 and, moreover, that it coincides with the
usual (intrinsic) parallel translation whenever u € C1* for a > 1(v/5—1).






PRELIMINARIES

In this chapter, we fix the most important notation and gather some preliminary results
which are needed across all chapters.

2.1 NOTATION

We will denote the Euclidean norm on R” by | - | and the Euclidean scalarproduct
between two vectors X,Y € R" by (X,Y) or X -Y. For a set A C R" we write A, A,
dA for its topological interior, closure and boundary respectively, except for Chapter 5,
where we will use int(A) instead of A due to notational convenience. The open ball of
radius r > 0 and center xy € R" is denoted by B,(x¢) and the corresponding sphere
by S"1(x9) = 9B,(x¢). If the center x( corresponds to the origin we will often simply
write B, and S,”_l, and in the case of the sphere we will omit the radius r if r = 1. The
space of symmetric 7 x n matrices with real entries will be denoted by Sym, and the
subset of positive definite, symmetric matrices by Sym,". We write AT for the transpose
of a matrix A, and it will be convenient to use the notation sym(A) = 3 (A + AT).

For an open set (2 C R”, CO(Q, R™) stands for the space of continuous functions
u:Q — R", and for m = 1, we simply write C°(Q)). We use C°(Q), R™) to denote
the subset of functions u € C°(Q, R™) which are uniformly continuous. For a positive
integer k, we introduce the usual spaces

CK(Q,R™) = {u: QO — R : u is k-times continuously differentiable},
CK(Q,R™) = {u € CF(Q, R™) : DPu is uniformly continuous for every || < k},

where B = (B1,...,Bn) is a multi-index and || = }_; Bi, and where, again, we omit the
target space from the notation in case m = 1.

2.2 HOLDER SPACES AND INTERPOLATION INEQUALITIES

In the following k € IN, « €]0,1][, and B is a multi-index. The maps f can be real-valued,
vector-valued, matrix-valued or generally tensor-valued. In all these cases we endow
the targets with the standard Euclidean norms | - |. We introduce the usual Holder
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norms as follows. First of all, the supremum norm is denoted by || f||o := sup |f|. We
define the Holder seminorms as

[flk = max | DPf|lo,

IBl=k
o IDRF ()~ DPA ()
[f]k+a = 1Bl =k X#I; |x_y|0é .

The Holder norms are then given by

k
Ifllk = X_[f];
j=0
1f e = If Nl + [flksa-
Sometimes we also use the notation || - [|x,. If we want to put emphasis on the set Q)
where the norm is intended, we write [ - [|44,0 or also || - ||cke(q)- For an open set

() C R" the usual Holder spaces are given by
Ck*(Q,R™) = {u € C* (Q,R™) : ||ully, < oo} .
We then recall the standard “Leibniz rule” to estimate norms of products

[fglr < C([fI-lIgllo + [Ifllolg]r) ~ forany 1>r >0 (2.1)

and the interpolation inequalities (see, for example, [29])

[fls <ClIflIflf  forallr>s>0. (2.2)

We also collect two classical estimates on the Holder norms of compositions. These
are also standard, for instance in applications of the Nash-Moser iteration technique.

Proposition 2.1. Let 0 < a < 1, ¥: Q — Rand u : R" D U — Q be two C** functions,
with Q) C R™. Then there is a constant C (depending only on «, k, Q) and U) such that

k+a
k

(¥ 0l < Cltliga ()1 + Null§7 1¥06) + Cl¥lesa (Il 1) © 0 @3)

(¥ o)y, < C ([ulira ¥+ [ [¥ira ) - (24)

Let f,g:R" D U — R two C* functions. Then there is a constant C (depending only on w,
k, n and U) such that

[f8lksa < CUIfllo[glkra + Igllolf Ikra) - (2.5)



2.3 MOLLIFICATION

Proof. The chain rule can be written as

k i 1 k jk
“(¥ou) =Y (D¥ou) Y Cyj(Du)"----- (D), (2.6)
i=1 j
where C; ; are constants and j = (ji, ..., j) is a multi-index with

Zjlzi, lelzk.

The claim then follows by the Leibniz rule (2.1) and a repeated application of the
interpolation inequalities (2.2) to (2.6). Statement (2.5) is a straightforward consequence
of the usual Leibniz rule, interpolation and the Young inequality. 0

Remark 2.2. Observe that if « = 0 we have the estimates

[¥ o ule < Clulic ([¥): + ull§ %)), (27)
[¥ o uls < C ([l ¥y + [uli[¥]y) (28)

2.3 MOLLIFICATION

In the following chapters, except otherwise stated, ¢ will represent a non-negative,

smooth function with compact support in the unit ball of R”, which is rotationally
symmetric and has unit integral; in other words, a standard mollification kernel. We

will then often use regularizations of maps f by convolution with ¢,(y) := ¢~ "¢(%).
For functions f which do not have their support compactly contained in the domain,

say (), we fix the convention that the mollified function f,, defined through

filx) = frgux) = [ fx=v)geln)dy,

is defined in )y := {x € Q : dist(x,0Q)) > ¢}. The following mollification estimates
are crucial throughout the thesis.

Lemma 2.3. Foranyr,s > 0and 0 < a < 1 we have

[f * @elr+s < CL°[ Sy, (2.9)
[f = f*qulr < C52[f]2+r, (2.10)
If = fx@ells <CEPT[fla, if0<r<2 (2.11)
1(£8) * @ — (f * o) (g * o) [l < CE| fllallglla, (2.12)

where the constants C depend only upon s, r, x and ¢.

11
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Proof. For proof of estimates (2.9), (2.10) and (2.12) see, for example, [17, Lemma 1].
The additional estimate (2.11) can be seen as follows. Recall the estimate

If = f*o@cllo < CLlIf,

which can be derived using the mean value theorem and an integration. In particular
also

[f = f* @1 < CLlf]a.

We combine this estimate with (2.2) and (2.10) to get

[f = F* e SCIf = frpells " I[f — f* @ell
< C(ID*fllo) " (LID?fll0)" < CE7[fa,

whenever 0 < r < 1. If however 1 < r < 2, we invoke the trivial inequality

[f = f*@ila < C[f]2

to deduce

[f = f* @iy <CIDf = Df # @57 [Df = Df x peli ™ < CL7[f2,

from which the claim follows. O



Part1

THE BORISOV-GROMOV PROBLEM






A NASH-KUIPER THEOREM FOR C"'/*~9 EMBEDDINGS OF
SURFACES IN 3 DIMENSIONS

In this chapter we consider isometric immersions of 2-dimensional disks in R3. With
D, and D, we denote, respectively, the open and closed disks in IR> with center at the
origin and radius r. If ¢ is a C° Riemannian metric on D,, an isometric immersion
u: D, — R"is a C! immersion such that u’e = g, where e denotes the Euclidean metric
on R". In other words this means that

aiu . 8]u = g1] . (31)

We recall that if d;u - dju < g;; in the sense of quadratic forms then u is called a short
immersion. If moreover d;u - dju < g, then it is called stricly short. The main theorem of
this chapter is the following approximation result which, using a popular terminology,
is an “h-principle” statement, cf. [23, 31, 54].

Theorem 3.1. Let g be a C? metric on Dy and i € Cl(ﬁz, ]R3) a short immersion. For
every 6 > 0 and e > 0 there is a CV'/°~% isometric immersion u of (D, g) in R® such that
|t — ul|co < e. If in addition i is an embedding, then u can be chosen to be an embedding.

Theorem 3.1 could be improved in several directions. In particular, with little addi-
tional technicalities, which we believe to be of secondary importance, we will also show
the following

Theorem 3.2. Let ¢ be a C? metric on Dy and @ € C'(D1,RR®) a short immersion. For
every 6 > 0 and e > 0 there is a CV'/°~% isometric immersion u of (D1, g) in R® such that
|t — ul|co < e. If in addition i is an embedding, then u can be chosen to be an embedding.

Note that here, in contrast to Theorem 3.1, the domain of the isometric embedding
u is the same as the domain of the original short embedding #i. As mentioned in the
introduction, in the case of 2-dimensional disks, this theorem improves the exponent
claimed by Borisov for analytic metrics (and subsequently verified for C> metrics in
[17]) from 1/7 to 1/5.

3.1 MAIN ITERATION

Theorem 3.1 is achieved via an iteration, which depends upon several parameters. We
start introducing the main ones. The first parameter « > 0 is an exponent, which is
assumed to be rather small, in fact smaller than a geometric constant:

0<a<i. (3-2)

15
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Two further exponents will be called c and b, both assumed to be larger than 1, and a
basis a, assumed to be very large. We then define the parameters

— 1
Spi=at Ay =a?, (3:3)

where g is an arbitrary natural number. b can in fact be chosen rather close to 1: how

much it is allowed to be close to 1 depends on how close is « to 0. ¢ will be larger but

rather close to 5/2, depending on how close are b — 1 and a to 0. More precisely, we

summarize the conditions which b and c need to satisfy in the following two inequalities
3 2

27 oo (-4)

22 —a)b? — (3—2a)b—1

b((2—a)(1—2a)b—2)

(4—20)b+1)(b—1)
(2—5a+2a2)b—2)°

= l() (3-5)

Observe that when « | 0, the right hand sides approach 1 respectively 5/2 from above.
It is convenient to introduce the notation

87 = 8§ — g11€, (3.6)
which simplifies several formulas.

Proposition 3.3. Fix a metric g as in Theorem 3.1. There is a positive constant & such that
for every w as in (3.2) we can choose positive numbers op(a) < 1 and Cy with the following
property. Assume b and c satisfy (3.4) and (3.5), fix any C > Cy and assume that A, and 5, are
defined as in (3.3), where a is sufficiently large depending on «, b, c, g, C, namely

a>ap(a,b,cgC). (3.7)

Ifg € Nand ug: Dy 1 — R is an immersion such that

g5 — hella < 008411 (3.8)
ID?ugllo < C8,Aq, (3.9)

then there is an immersion ug 1 : Dy -2 — R such that

0o

18441 — ”E;HeHO <3 Sqvadyfy (3.10)
1D (g1 = 110 lo < T04222154 (3.11)
[ug — ugiallo < 5;/+21/\,;r1 (3.12)
1D (g = g11) llo < Cody/3, (3.13)
ID?ug 1[0 < C_(Sz]{il/\q—&-l , (3.14)

where v = y(a,b,c) > 0.



3.1 MAIN ITERATION

As already mentioned, Proposition 3.3 will be used in an iteration scheme to show
Theorem 3.1. The reader will notice that the conclusions (3.10)-(3.11) do not exactly
match the starting assumption (3.8). On the other hand, a simple interpolation shows
that (3.10) and (3.11) together imply the estimate

||gq+1 - M2+1€Ha S 005q+2/

which corresponds to (3.8) at the next step of the iteration. In particular, the conclusions
are stronger and so they still allow to iterate the proposition. It is possible to state a
version of Proposition 3.3 where the assumptions and conclusions look more homo-
geneous, but there would be no real simplification neither in the statement nor in the
proof.

Observe that, by our condition upon the parameters, 1, is obviously a strictly short
map, because we have

uge < g+ 0005416 =g — (1 —00)d5416 < g,
where all the inequalities are understood in the sense of quadratic forms. Thus, as a
simple corollary we know that

[|[Dugllco < C (3.15)

for some constant C which only depends upon g.

As in the classical Nash-Kuiper theorem, the map u,, is obtained from the map
ug by adding a certain number of perturbations, each consisting of highly oscillatory
functions. As it is clear from the arguments in [17], the threshold Holder exponent that
can be reached by a Nash-Kuiper type iteration is ﬁ, where 7, is the number of such
perturbations. Each perturbation adds, modulo small error terms, a smooth symmetric

rank-1 tensor, called “primitive metric”, to uge. n, is then the smallest number of

summands needed to write the metric error ¢ — uge as a (positive) linear combination

of such “primitive metrics”.
We know by the inductive assumption that (g — uge) /g — ugeHo is close to ¢, which
implies that 7, can be chosen to be the dimension of the space of symmetric matrices.

Thus, if n is the dimension of the manifold, n, = %: this explains the threshold
1 +12n* = 3 +n1 o reached in [17] and claimed originally by Borisov. In particular in

dimension 2 the number 7, equals 3 and Borisov’s threshold is 1.

The starting point of this chapter is the simple observation that in 2 dimensions we
can use a conformal change of coordinates to diagonalize ¢ — u*e and hence reduce the
number 1, from 3 to 2: this justifies the new threshold % However, the regularity of the
change of coordinates needed to implement this idea deteriorates with g and thus it is
not at all clear that the method really improves the regularity of the final map. In fact
at first it is not even clear that the new iteration scheme yields any C'* regularity at all.

17
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In order to overcome this difficulty we obviously need to estimate quite carefully
several norms of the conformal change of coordinates, at each step: for this reason we
need to keep track of some Holder norm of g — uge. However, to ensure convergence
of the scheme, it does not seem enough to just combine the computations of [17]
with the classical estimates on conformal mappings. In particular in order to close
the argument we impose a much faster rate of convergence for g — uge: in [17] it was
sufficient to choose exponentially decaying J; (and exponentially growing A,), whereas
in this chapter we take advantage of a double exponential Ansatz. This idea is in fact
borrowed from [25], where a scheme with a double exponential decay was used to

produce Holder solutions to the Euler equations.

The rest of this chapter is organized as follows.

Section 3.2 collects the technical preliminary lemmas and propositions which will be
used in the proofs of Proposition 3.3 and Theorem 3.1.

The proof of Proposition 3.3 is split into the Sections 3.3, 3.4, 3.5 and 3.6. Section 3.3
describes how to reach u,1 from u, and in particular it gives the precise formulas for
the two oscillatory perturbations which we need to add. We will then collect in Section
3.4 the estimates concerning the first perturbation and in Section 3.5 the ones concerning
the second perturbation. Section 3.6 will finally conclude the proof of Proposition 3.3.

Section 3.7 will prove Theorem 3.1 using Proposition 3.3. In fact the proof is not
completely straightforward since we have to show the existence of a map 1y which is
C? close to the map # of Theorem 3.1 and at the same time satisfies the requirements of
Proposition 3.3 (with g = 0), in order to be able to start the iterative procedure. Finally,
in Section 3.8 we give briefly the necessary technical modifications to prove Theorem

3.2.
3.2 PRELIMINARIES
3.2.1  Conformal coordinates

The following proposition is a key technical point in the proof. It addresses rather
well-known regularity properties of conformal changes of coordinates. However, it is
crucial for us to have an explicit (linear) dependence of certain Holder norms of the
change of coordinates in terms of corresponding norms of the metric. Since we have
not been able to find a precise reference in the literature, we include a proof in the
appendix (see Appendix A.1).

Proposition 3.4. For any N,a, B with N € IN,N > 1,0 < B < a < 1 there exist constants
C(N,a,B),01(N,a, ) > 0 and C(«) such that the following holds. If 1 < r < 2 and gisa
CN& metric on D, with

1§ —ella < e (3.16)
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then there exists a CNTUP coordinate change ® : D, — R? and a CNP function p : D, — R*
satisfying

g =p0* (VO @ VO + VP, ® Vd,) (3.17)
and the following estimates:

lo =1l + [[DP —1d||o < Cllg —ella (3.18)
ID plls + ID*"'®[lg < Clg —ellrp  VI<Kk<N. (3.19)

3.2.2  Oscillatory functions

The construction of 1,41 is based on adding to the map u, suitable “wrinkles”, namely
suitable perturbations. The basic model for this perturbation takes advantage of a pair
of real-valued functions with very specific properties, which we will detail here.

Proposition 3.5. There exists 6, > 0 and a function T = (I'*,T") € C®([0, 5] x R, R?) with
the following properties

(a) T(s,&) =T(s, ¢+ 2m) for every s, ¢;
(D) (14 9¢T")? + (9:I")? = 1+ 5%

(c) The following estimates hold:

19£T" (s, -)[lo <C(k)s (3.20)
19§T" (s, -) lo <C(k)s* (3.21)
||858’éil“t(s, Il <C(k)s. (3.22)

Proof. Except for (3.21) the remaining claims are contained in [17, Lemma 2]. The idea
is to let I' have the form

¢
T(s,¢) = / (\/1 + 82 (cos(f(s) sin(t)), sin(f(s) sin(7))) — (1,0)) dr,
0

for an appropriately chosen function f such that (a), (3.20) and (3.22) are fulfilled. (b)
is satisfied by construction. The additional statement (3.21) follows from integrating
(3.22) in s. O

19
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3.3 PROOF OF PROPOSITION 3.3, PART I
3.3.1 Hierarchy of parameters

A first ingredient in the construction of 1,1 is to smooth u, suitably via a standard
mollification. For this we introduce the mollification parameter ¢, which is rather small:
indeed it is defined by the relation

19
2—x . © g+1

where C is a constant larger than 1 which depends only upon g, g, 0y and C and which
will be specified in Section 3.3.3 below.

The map u,,1 will be obtained from (a suitable regularization of) the map u, in two
steps. First we will add an oscillatory perturbation whose frequency is

Ogr1AY
A 0017411
i=C—m——, .24

where the constant C, larger than 1, depends only upon «, g, and o (we specify its
choice in Section 3.6). We will then choose a second perturbation whose frequency is
Agit

We next record a few inequalities among the parameters which will be rather useful
in simplifying some of our estimates in the remaining sections. Except for the very
first inequality in (3.26), which requires a choice of a sufficiently large compared to the
constant C, all the others are immediate from the restrictions imposed so far on all the
various parameters.

SAe > 1, (325)
A2 p > 07122, (3-26)
8P Ag < 8 AT <8 <8 <6 Mg, (3.27)

The first inequality (3.25) follows from 5q/\§ — P > g1 (where we have used

¢,b > 1). Observe that this easily implies ¢ < 1 (recall that é;;, and C~! are both
smaller than 1), which in turn gives the first inequality in (3.27). Note also that the last
inequality in (3.26) is weaker than the second inequality in (3.27):

5"
Ut > ) > A
g+1

Coming to the second inequality in (3.27), observe that, by the definition of /, this is just
the requirement that C > 1. As for the last two inequalities in (3.27), they are equivalent
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to the first two in (3.26), which will be shown below. Moreover, since C > 1, Agr1 >1
and J,41 > d542, the second inequality in (3.26) is obvious.

We are therefore left with showing the first inequality in (3.26) which, as already
mentioned, needs a sufficiently large a. As it can be readily checked from the definition
of u, such inequality is in fact equivalent to 5q+2A;;‘f > (:’(SqHK*l. But we record in
fact a much stronger inequality, which turns out to be the key relation to conclude the
estimates in Proposition 3.3, as it will become apparent in Section 3.6. More precisely,
given any constant C which depends upon g, g, 0y and C, the following inequality holds
provided a is chosen large enough:

Og oAy 1t = Cop gl (3.28)

In fact such inequality is equivalent to

(5§+2A;;%¥ > QC’l/(Z—rx)53;}/(2—&)(5;/(2—@/\5/(z_a) ‘

Taking the logarithm in base a this is equivalent to

1 ~

14 2c
-2 2_lxlogaC.

—

(c(1—2a) —2)b7172 > ( ) bt — ﬁbq +log, C +

The latter follows for a sufficiently large a (depending upon b, ¢, C and C) provided

(c(1—2a) — 2)b? > (12+2C —2) I

- 2—ua’

which is equivalent to
ch((2—a)(1—2a)b—2) >2(2—a)b*+(1-2(2—a))b—1.

The latter inequality is however obviously implied by (3.4) and (3.5).

3.3.2 Constants

In the rest of the chapter we will deal with several estimates where we bound norms
of various functions using the parameters introduced so far, namely é;, A4, £, 4 and
Ag11. In front of the expressions involving such parameters there will always be some
constants, independent of 4, b and c. However it is important to distinguish between
two types of such constants: the ones which depend only upon «, ¢ and oy will be
denoted by C, whereas the ones which depend also upon the C of Proposition 3.3 will
be denoted by C*. Note also that the parameter oy will in fact be chosen as a function
of « in Section 3.3.4. Therefore the constants denoted by C will depend only upon a
and g, whereas those denoted by C* will depend, additionally, also upon C. Moreover,
the values of C and C* may change from line to line.

21
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3.3.3 Regularization

Having fixed a standard mollifier ¢, we then define

ho.— 8FPT (g * @o)e Oy
g = — e
Og+1 Og+1

Observe that

(g * Pe)e + Sgi1hg = g% @p — Sg0e = g1 + (§* 90 — 8) -

So the strategy of the proof will be to perturb u, * ¢, to a map 1,1 such that

“2+1e: (uq*(pg)ﬁe+5q+1hq+E =g tE+(g*xpr—38),

(3-29)

(cf. (3.48)) where the error term E is suitably small. Before coming to the construction
of the map 1,1 we deal in this section with the smallness conditions to be imposed on

l.

First of all, by choosing C larger than a geometric constant and a sufficiently large
(depending upon b and c), we can assume that ¢ < 27772, so that h, is in fact defined

on Dq,,4-2. Next, using Lemma 2.3 we can estimate

Ogi2 1
th —efls < ;7 + r”g * Q@ — (“q * W)ﬁe - 5q+1eHa
q+1 q+1
o 1
<a (b-1) + ﬁ(”(“ge) *Qr— (“q * W)ﬁthx + ”(gc/ - “ge) * Qlla
q
+lg—g* ella)
Zfocé )\2
<oy + C*# + 0o+ LHngHOgZ—IX
(5q+1 (5q+1
(3-25) 52_“(2,/\3
< 209+ C*———— < 30y,
Og41

where the latter inequality specifies the condition needed on C in (3.23).
Similarly, for 1 < k < 4, we can bound

1
1Dy llo <5— (11D* (g — ufe) * gl
g+1
+ | DX ((e) % g1 — (g * pr)¥e) o)

5472
< Cehoy O < c
q+1

(3-30)



3.3 PROOF OF PROPOSITION 3.3, PART I

where we have used (3.23) and Lemma 2.3. Interpolating, for any 0 < k < 3 we then
get

g — ellisa < CEF. (3-31)
We summarize the conclusions of the previous paragraphs in the following lemma.
Lemma 3.6. If we choose C sufficiently large, depending upon «, g and C, we then have

1hg — ella < 300 (3:32)

Ihg = ellira < CLT*F for1 <k <3, (3.33)

where the constant C depends only upon « and g.

3.3.4 Conformal diffeomorphism

We now wish to apply Proposition 3.4 with B = & > 0 and N = 3. This requires to
choose oy such that 30y < o, where o7 is the constant appearing in (3.16). We thus find
maps @ and p such that

hy = p* (V& @ V1 + V&, @ VD) .

Furthermore, if op(«) is small enough we can assume in addition

1 1
S<p<2  [De-Idfp <7, (3.34)

thanks to (3.18) and the estimate (3.32). This exhausts the condition on 0p: note that it
depends only upon «, since N and f in Proposition 3.4 are fixed to be 3 and «.
Moreover, for any 1 < k < 3 we apply (3.19) and (3.33) to estimate

ID*ola + |ID**' @l < CEF. (3.35)
3.3.5 Adding the first primitive metric

We next set w := u, * ¢, and we define the following two three-dimensional vectors:
7 := Dw(Dw! Dw) 'Vd, (3.36)

and

Ox, W X Oy, W

vy = [0, X O, w| (3-37)

Observe that 11 is in the kernel of Dw” (or, in other words, v1(x) is a unit normal to

the tangent plane T, (Im (w))). Hence it follows easily that 71 and v; are orthogonal.
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We next normalize these vectors suitably, defining

T

t1 = W ’ (3.38)
v

ny = ﬁ (3:39)

Finally, we define the first perturbation of w, namely the map v given by the formula
1 1
v=w+ T GRLTAZ T (/51 Imlo, por) m, (3-40)
whereas we define
Eq := o'e — (wﬁe + 5q+1p2VCI>1 QR V). (3.41)
3.3.6 Adding the second primitive metric

The map 1,1 is then obtained by adding a similar second perturbation to the map v.
More precisely we define this time

T = DU(DUTDU)’1V®2, (3.42)
0x, U X 0x,0
Vg i= 2 — 2 .
2 oo X 9] (3-43)
T
ty 1= 2 .
2 |T2|2 (3 44)
V2
My 1= ——. .
2 |T2| (3 45)

The map u,41 is then given by the following formula (analogous to (3.40)):

_ 1 e (an [y
Ugp1 =T+ mr <5q+1’T2|P, )\q+1®z> tr + mr <5q+1|T2|P/ /\q+1q’2) 1. (3.46)

Similarly we define

Ep =} qe — (ve +8,110* VD @ V). (3-47)

Observe that we have the following identity:
E:=E1+E = u2+1€ - (wﬁe + (5q+1p2(Vd>1 QVP1 + VI, ® Vq)z))
= u3+1e — we — Og+1hg = ug+1e + Og10e — & * @y

=uf o= g1+ (8§ —8* 0. (3-48)
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Hence
Igq1 — 1 qello < IIEllo + llg — 8 * 9elo, (3.49)
ID (8441 — 1l 1€)llo < IDE[Jo+ [D(g — g * ) lo- (3.50)

For « sufficiently small and a sufficiently big one can achieve

O _
I§ = 8% gello < CID%gllof® < Pgrad,fy, (3.51)
O _
ID(g — g * ¢e)llo < C[D?glof < go5q+27\3,+’f~ (3.52)

To see this, note that (3.51) is implied by the condition

)
« Yq+1 _
C W S (5q+2)\qf1 ’

which for a(C) big enough is guaranteed if
b —b+1< (2—ab)ch,
or equivalently

C>b2—b+1 (3.53)
b(2—ab) 3-53

Similarly (3.52) follows if

52

x_q+1 1—a
C % < 5q+2)\q+1 ’

which (for a(C) big enough) is satisfied whenever

= 22 —b+1 (3.50)
26(1+ (1—a)b) 3-54

Now for any a > 0, b > 1 which satisfy the bounds of Proposition 3.3 we have

—b+1 - 20> —b+1
b(2—ab) = 2b(1+ (1 —a)b) "’

Indeed, since b < % and a < &, provided & is small enough both denominators in the
fractions above are positive. Hence the inequality is equivalent to

20+ (a —4)b+(2—a)=(b—1)(a+2b—2) >0,

which for b > 1 and a > 0 is always true. Hence (3.53) implies (3.54).
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Next, observe that the left hand side of (3.5) is larger than g.(b) = %, SO
(3.5) implies ¢ > g4(b). The bound (3.53) is instead ¢ > h,(b) = Zzgfﬁl) On the other

hand on the interval [1, %], g« and h, converge uniformly, as « | 0, to the functions
go(b) =2+ 5 and ho(b) = bz}% Since on [1, 3] gy is strictly larger than h, we infer
that for « small (3.5) guarantees (3.53). In particular we conclude that for a big enough
(3.5) guarantees (3.51) and (3.52).

Thus, the goal of most of the remaining sections is to prove that the desired bounds
hold for [[Ello, [ DE]l, [l1g1 — tgllo, D(sg 1 — )0 and [ D3y 1o

3.4 ESTIMATES ON U AND [

Our goal in this subsection is to estimate the C% norms of v — Ug, D¥v, E; and DE;. To
this aim we introduce the functions

Al = 9T (5;/j1|r1|p,y<1>1) , (3-55)
AL = o (&)%) [ ulp, 1) (3.56)
B! .= 9,I'" (5;/+21|T1|P/ pt@l) , (3-57)
Bl := o,I™ ((S;Cilmlp, y<I>1> , (3.58)
Chi=T" (672 |milo, u1 ) , (3-59)
Cp =1 (82 1lo, n1 ), (3.60)

and we decompose the derivative of v as

Dv=Dw+ Al t; @ V&1 + Al n1 @ Vd,

=:Aq

1/2
1
+ %1(35 H+ Bl'ny) ® (oV || + |1 |Vp) + . (C! Dty + C{Dny) . (3.61)

=:B =:C;
3.4.1 First technical lemma

In the next lemma we collect the estimates of the C° norm of the derivatives of the
various quantities introduced above.

Lemma 3.7. Let C be fixed so that Lemma 3.6 holds and C > 1. If a > ag(«,g,b,c,C) for
some ag sufficiently large, then there are constants C (depending upon « and ¢ but not on C)
such that

cl<igl<c (3.62)
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and
lew — uglo < C8/31 0, (3.63)
ID(w —ug)[lo < C8/%4, (3.64)
|[Dwllo < C, (3.65)
ID*wlo < €82, 01 for2 <k<4, (3.66)
1D v [l < €82y 07 for1<k<3, (3.67)
| DXty [lo + || D*1i]jo + || Dy |0 < C7F for0 <k <3, (3.68)
ID*Af[lo + [D*Cillo < Cogsaps* for0 <k <3, (3.69)
IDAY o + [ D*BY]|o + D*CY[lo < C&,/F, 1" for0<k<3, (3.70)
| D¥BY o < Cuk for0 <k <3. (3.71)

Proof. Estimates on |1i]. Since ||[D® — Id||o < 3, we obviously have 3 < |[V®;| < 2.0n
the other hand the estimate (3.32) on &, of the previous section implies

g +55;11€ = whe > g —56;11€.
If we assume a sufficiently large (depending only upon g, b and c), we conclude
2¢ > whe > 1o Since w'e = Dw! Dw, this implies that

C|V®y| > 1| > C LV,

for a constant C which depends only upon g, hence (3.62) follows.

Estimates on w. Observe that

| — ugllo < CL||D?ugllo < C*ﬁzé,l/z)\q (3.72)
ID (o — 1) lo < COIDRulo < CE52A,. (.73

If we choose a > ag(,b,c,C) big enough such that C < (=2, then (3.63) and (3.64)
follow with the help of (3.27). Moreover, (3.64) implies (3.65) by (3.15). Finally, (3.66) is
a consequence of (2.9), i.e. | D*wljo < C27¥||D?u,]jo, and C < ¢/,
Next, observe that C > |9,,w x dy,w| > C~! (again due to 2¢ > Dw! Dw > %g). Hence
(2.7) implies, for k > 1,
ID*v: [l < C[Dwi||Dwllo < C[Dwli < 82 ¢7".

Estimates on 7;,t; and 7. The C” estimates in (3.68) are a trivial consequence of

(3.62). Again by Proposition 2.1 we get

ID*1[lo <CIDw ol D' @]lo + C[[ DL o (| D" wllo + || D*wl[5)

<cetycalt<cet.
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A second application of Proposition 2.1 (combined with (3.62)) gives the estimates
ID*|zillo + |1 DX | ~Hlo < CLF. (3.74)
Combining (3.74) and (3.67), from (2.5) we infer

ID*nalo < Co/2 0K+ cek < ce™.

We argue similarly to conclude || D¥t]|o < C£7F.

Remaining estimates. The cases k = 0 of (3.69), (3.70) and (3.71) are all simple
consequences of Proposition 3.5 and |||7i||p||lo < C. For the higher derivatives we
consider first C{. We introduce the function

¥(s,8) =0, 4T (0,715, €)

and observe that | D'Y |y < C(i) by the estimates in Proposition 3.5(c). If we introduce
the map U = (|71|p, py®P1) we can then write

ID*Cillo = 03411 D(¥ o U)lo.-

On the other hand observe that

(3-26)
DUl < Ce7F + Cuet~* "< cutk.
Hence, using (2.8) we infer
ID¥CLlo < Coyaa (101 + 1) < Copiapt.

In case of A, A}, B!, C and B} we apply the same argument, keeping the map U as
defined above, but changing ¥ respectively to

5,¢
s,¢) = ;_128 r”( 1/2 C)

(s,€) =0,
(5,€) :

¥(s,8) : g%aﬁ<”ﬁa>
(5,€) :
(s,€)

q+1

€

aért( Z]éils ¢)

€

5q—+]{2rn( ]/215 ¢)

=0, (8,/715,€). O

s,¢

Y(s,

3.4.2  Estimates on ||o — ug|o, | D(v — ug)||o and | D*vl|o.

Taking into account Proposition 3.5 we obviously have

lo—wllo < &7,
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whereas by (3.63)

, 0
lug — wllo < C6./2,¢ < Co./2, 00~ < c 5T

q+1 q+1 1/ :
5‘7 ZA‘i
We therefore conclude
_ 041
||uq —lo < Cé;éiﬂl T+ C51‘}2/\ . (3.75)
q "9
By Lemma 3.7 we easily see that
1D (ug —0)[lo < C3/3, (3.76)
and
ID*olp < Ca)/7, k! for k € {2,3}. (3-77)
Observe also that, by (3.15),
[Dollo < C. (3-78)

3.4.3 Estimates on ||Eq||p and || DEq|o.

Observe first that due to Proposition 3.5 (b) we have
(Dw+ AT (Dw + A;) = whe + 67:10° VP ® V1,

where we recall that A (and also B and C) are defined in (3.61). Using the notation
sym P for the matrix %(P + PT) we can then write

E; = 2sym (Dw’ (By 4+ C1)) + 2sym (A] (B; + C1)) + (B1 + C1)T(B1 + Cy) .

We notice that, from Lemma 3.7 and the estimates (3.34) and (3.35) on p and ¢, we
conclude

1A4llo + # DA lo < C8%,, (3-79)
5
_ 1
IB1lo+ [|C1llo + " (|[DB1]|o + | DC1llo) < C% - (3.80)

It is therefore obvious that, since ¢y > 1,

Og+1
|E1]lo < || Dw"By | + | Dw" Cyjo + C%, (3.81)

IDEilo < [ID(Dw"B1)lo + | D(Dw’ C1)lo + Cogrr ™" (3.82)



30

A NASH-KUIPER THEOREM FOR C1,1/5—(5 EMBEDDINGS OF SURFACES IN 3 DIMENSIONS

We next compute

52
Dw'B; = qTHB{(DwT 1)@ (oV|n| + |1 |Vp).

Therefore we conclude from Lemma 3.7 that

1)
T < q+1 .
|Dw" By ||o _CTy , (3-83)
ID(Dw"B1)llo <Coysa1l " (3.84)

Recalling moreover (3.39) we have

o Dl/l V‘Tl‘

Dny = — —
YUl T T

and we also conclude that

Dw'Cy = CtiTDtl L SpyrPn
" z |7l
In particular
T Cdgt1 :lqéil 1,1 A0+

|Dw" Cqlp < A +C7(5q+1€ < CW.
Similarly we conclude

ID(Dw'Cy)llo < Cogyal ™"
Thus we infer

IExlo <clrt (3:85)

bu
IDEq[lo <C8yi107". (3.86)
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3.5 ESTIMATES ON Ug,1 AND Ej

Our goal in this section is to estimate the C° norms of Ugy1 — 9, Dugyq, D2uq+1, E> and
DE,. We proceed in the same way as in the previous section and begin by defining the
functions

A = 9T (51/21!T2’Pr )\q+1®2> , (3.87)
A = 0T (6721 mlp, Aga®2) (3.88)
By := 0,I" (0 ( Tl q+1q>2) (3-89)
By := 9o, ( ;{i1|TZ‘Pr q+1q>2) (3.90)
G = I’t( 5/ |l q+1q)2> , (3.91)
G =TI" (5q/+21|T2\P1 )\q+1q>2) (3.92)

and decomposing the derivative of u,,1 as

Duqﬂ = Do+ Aé b ® VCDZ -+ Ag Ny ® V(Dz

=:A,
52
1
+ /\L(Bﬁ ta+ Byn2) ® (oV|n2| + 2| Vp) + (Cj Dt, 4+ C3Dny) . (3-93)
q+1 g+1
=:B, =G

3.5.1 Second technical lemma

As before we collect the estimates of the C? norm of the derivatives of the various
quantities introduced above.

Lemma 3.8. Assume C is fixed so that Lemma 3.6 holds and C > 1. Ifa > ag(a,g,b,c,C,C)
for a sufficiently large ay, then there are constants C (depending on a and g but not on C) such
that

Cl<impl<cC (3.94)
ID v o < Coy/3 ik fork e {1,2} (3.95)

and, for k € {0,1,2},
ID"allo + | D*Tal[o + [[D¥nallo < CL7* + C8/2 ik (3.96)
ID*Ablo + [|D*Chllo < Cégi1A (3.97)
ID*A3]lo + [ D*Bylo + | D*Chllo < C&,/2, AL, (3.98)

ID*B3 [lo < CAf,s - (3.99)
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Proof. The arguments are entirely similar to the ones of Lemma 3.7, where we only
need to use the estimates (3.76) and (3.77) on D*v proved in the previous section and
the fact that A, 1 > p. ]

3.5.2  Estimates on ||ug1 — vllo, || D(ug41 — 0)|lo and || D?ug1]fo.

The following estimates are straightforward consequences of Lemma 3.8:

g1 —2llo <C§;ﬁ1)\qjl , (3.100)
| Dug41 — Dolfo <C(5;f1 , (3.101)
HD uq+l||0 <C5q+1)\q+l- (3.102)

3.5.3 Estimates on ||Ey||o and ||DEx||o.

Arguing as in Section 3.4.3 we easily see that

|Ezllo <Cépa 5, (3.103)
q+1
IDEz[lo <Cdgsapt- (3.104)
36 PROOF OF PROPOSITION 3.3, CONCLUSION
Recall that
L Og i1 AY
Y= oA Ex 1 (3.105)

5’5]+2€

for an appropriately large constant C, depending upon « and g (in particular not on a).
It then follows that

||E1||0+/\q+1”DE1||0 125q+2)\q+1

Hence, (recall (3.51) and (3.52)) to achieve the estimates (3.10) and (3.11) we need to
verify

H
C5q+1 /\q < 125q+2/\q+1 ,
which however is implied by (3.28), which is valid provided a is chosen sufficiently

large. The three remaining inequalities (3.12), (3.13) and (3.14) are implied by (3.75)—
(3.78) and (3.100)—(3.102).
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3.7 PROOF OF THEOREM 3.1
3.7.1 Step 1

By using the compactness of the domain D we may assume without loss of generality
that  is uniformly strictly short, that is, ¢ — @i*e > 26 in D for some § > 0. In a first step

we will apply the classical Nash-Kuiper argument to obtain a good first approximation.

To this end recall (for a short proof see for example Proposition 2.3.1. in [19]) that
there exist a finite number® of unit vectors ¢; € R? and corresponding amplitudes
¢; € C*°(D),i=1,...,N such that

N
g—ife—de=)Y ¢?e;®e; inD.
i=1
Define iteratively the smooth mappings iy := i, ily,..., iy =: @ by setting, for i =
1,...,N,

. _ I  Oxyfli_q X Oy, li_q
T = Dui,l(DuFlDui,l) e, V= 9 i T ’
| x Ui—1 X xzuifll

N N =]
and
1 1
ai(x) := ;1 (x) + Frt(q)i|”[i|rﬂiei - X)ti+ ;r"((Pi|Ti|lﬂiei - X)n;. (3.106)
1 1

Here the frequencies 1 < py < pp < --- < uy will be inductively defined as follows.

Let
Ei=iie—i,_je—ple®e

so that L't?\]e =g —de+ YN, E;. As in Section 3.4 we can estimate E; as

C(u
o < S5, i < cm)

where C(i1) is a constant depending on 7. By interpolation we also have

C(n)
1—a’
1

[Ela <

and moreover || — ii1|jp < Cu; '. Therefore we can choose y; so that

0l = €
Eq|la £ =6 7—1dlo < =—.
Although the number N in this decomposition depends on § > 0, there is a geometric constant N, such
that for any x € D at most N, of the functions ¢; are non-zero. Nevertheless, this information is not
required for our purposes.
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Continuing, analogously we obtain

C(1, _
sl < U, sl < (),

and hence choose y7 so that
0l = _ _ &
E < —9, fly — 1 < —.
1E2lle < 570, N2 =il < 55
In a similar manner we can inductively choose y;, i = 3,..., N so that eventually we
obtain

— "’ﬁ N 0'1 -
1§ —de —it*ella < ) ||Eilla < 59
i=1
and

|7 — o <

N ™

Remark 3.9. The construction above can be easily adapted to the case when i is an
embedding, and in this case also i will be an embedding. This is of course well-known
and has been proved by Nash and Kuiper. In order to this thesis self-contained, we
nevertheless include here a short proof.

Since the construction of i from i involves finite number of steps, it suffices to ensure
that at each step iI; remains an embedding, i.e. no self-intersections are introduced. To
show this, we proceed by induction and assume that i;_; is an embedding. By using
Proposition 3.5 and the choice of vectors t;, n; we can write (3.106) as

1
i(x) :=1d;_1(x) + ;wi(x,yix),
1
where w; = w;(x, {) satisfies
_ T
[Ditj_1(x)+0zwi(x, piz)] [Diti_1(x) + 0zw;(x, piz)| =
= Dit;_1(x)"Dit;_1(x) + ¢p?(x)e; @ e;.
for any x, z. In particular, since 7;_; is an immersion, there exists w; > 0 so that
(D11 (x) + 9¢wi(x, uiz) Je| > |Diti—1(x)e| > wile] (3.107)

for any vector e.
Next, let x,y € D. By Taylor’s theorem and the mean value theorem there exists z on
the line segment [x, y| such that

;(x) — #i(y) = Diti 1 (x) (x — y) + 9gwi(x, piz) (x —y) + E,

where .
£| sc(|x—y|2+y,|x—y\),
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and C is a constant depending on the functions i;_1(x) and w;(x, ) but not on y;. Let
w;

p = % and choose y; > p~!. From (3.107) we deduce that if |x — y| < p, then

_ _ w
i(x) = @i(y)| = S [x — yl.

On the other hand, since iI;_; is assumed to be globally injective and D is compact,

there exists wy, > 0 such that
-1 (x) — #i-1(y)| = wa|x —y| forall [x—y| > p.

Since obviously ||i1; — #;_1 o < Cp; !, it follows that for sufficiently large p; we will
also have
|i;(x) — i;(y)| > walx —y| forall |x —y| > p.

In summary, we have shown that, by choosing y; sufficiently large, we can ensure that
il; is also an embedding.

3.7.2 Step 2

In Step 1 we obtained a good approximation i in the sense that (3.8) from Proposition
3.3 is satisfied. However, although i is smooth, we have no information on the size of
the second derivatives D?#. Therefore in this step we obtain a further approximation uy,
where in addition second derivatives are controlled so that this second approximation
can then be used as the starting point of an iteration with Proposition 3.3.
In this step we assume in addition®

c> ﬁ + % (3.108)
We show that, no matter how large a is chosen, there is a map ug satisfying the
assumptions (3.8) and (3.9) of Proposition 3.3, where the constant C in the latter
estimate is however independent of a (because it depends only on g and if). We proceed
as in Section 3.3, except no regularization step is necessary this time. We set

g—ﬁﬁe_ﬁ

h:= 3 5@

and apply Proposition 3.4 to find (C?) ®;, ®, and p so that
h=p*(VO, @ VP + VP, @ VD).
We then define

7 := Dii(Di! D) "'V,

2 Indeed it could be checked directly that (3.5) implies (3.108) and hence (3.108) is superfluous: however,
proceeding as we do we can spare the reader a slightly tedious computation.
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Ox, 11 X Oy, il
V1 = po ~1 7
‘axlu axz
and
hom T g
YTl T
Hence we set
1 - 1 _
v =1+ ﬁrf (51/2|T1|p, ucbl) b+ ﬁf" (51/217119,@1) n. (3.109)

Then we define

T = Dv(DvTDv)_lvcbz,

0x,U X 0x,0
Vi= 13T 7
|04, X 0x,7|
and
t o n v
5= — 5= —
wl?’ |2

The map uy is finally given by

1 - 1 _
Uy =0+ Xl"t ((51/2]T2|p, Aq)2> b + XF” ((51/2|T2|p, ACDZ) ny. (3.110)

Again we assume A > u > 1. Analogous computations to the ones in Sections 3.4 and
3.5 lead to the estimates

g — (ube + 61€) || < CEp2* " + COUAY

||D21/l0H0 < Cgl/z/\,
where the constant C depends only on i and g. We thus set
= Cyo; U and A= Gt/ (s (07
For a sufficiently large choice of C; and C; we then achieve (3.8) (recall that § < 1).

Clearly

1D%ug]|o < Ca6, 172,

for a constant C3 which depends only upon 7, ¢ and «. In order to show that (3.9) is
satisfied with a constant C independent of 4, it suffices to show that

5172/(17200 < (5(1)/2)\0 .

Taking the logarithms in base a the latter inequality is implied by

1 2
> — .
cb_2+1_206b
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3.7.3 Step 3

Finally we are ready for the iteration based on Proposition 3.3. Fix any &, b and ¢ which
satisfies (3.4), (3.5) and (3.108). Then, for any sufficiently large a, we can construct a
map up as in the previous step which satisfies ||iZ — ug|lo < 5 and the assumptions
of Proposition 3.3, with a constant C which does not depend on a. We can apply
Proposition 3.3 to generate u;. Observe the following explicit interpolation inequality,

which follows easily from the definitions

flle < 11fllo + 201 flo™ 11 -
With this we conclude
g1 = ielle <llg1 — wiello +2lg1 = wielly D (g1 — el
<0p9; . (3.111)
Hence u; satisfies again the assumptions of Proposition 3.3. More generally, the proposi-

tion can be applied inductively to generate a sequence (u,),>0. Observe that (3.12)-(3.14)
imply that
. (uq)qZO converges uniformly to a map u which (assuming a sufficiently large)
satisfies ||up — u[[o < 5. By assumption on uo we therefore have || — ul[p < e.

1/2

g1 and

e Interpolating || D(ug1 — ug)|| < C§

1D (1tg11 — 14g) lo <[ID?ug11llo + [ D?ugllo < C&;F Aq 1 + Co;%A,
<2C5 Mg
shows

ID (g1 — 1g)l[p < C*(%Mfﬂ ,

for a constant C* which depends on &, g and C. Hence using the definitions (3.3)

of &, and A, we can see that if B < - then (u4)4>0 is a Cauchy sequence on C'#.

We next show that, if « is chosen arbitrarily small, bc can be chosen arbitrarily close to
2, which in turn implies that 8 can be made arbitrarily close to % Indeed if we let « | 0,
the conditions (3.4), (3.5) and (3.108) become, respectively

b>1 (3.112)
40 —3b -1 1
1
c>2+ o (3.114)

This completes the proof in the case of immersions. We give the argument for the case
of embeddings explicitly in the next section.
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3.8 PROOF OF THEOREM 3.2

First of all we notice that, by classical extension theorems, the first statement can be
reduced to Theorem 3.1: it suffices to extend both ¢ and 7 smoothly from D; to D,. The
extended map is not necessarily short for the extended metric, but we can ensure this if
we add to the extension of g a tensor of the form ¢(|x|)e, where ¢ is a rapidly growing
C® function which vanishes identically on [0, 1].

Next, observe that the arguments of the Steps 2 and 3 in Section 3.7, combined with
the extension trick outlined above give in fact the following corollary.

Corollary 3.10. Let g be a C? metric on Dy. Then there are positive constants Cy, ¢ and 7j with
the following properties. Assume that

(i) u:Dy — R3is C*®,
(ii) ||g — (uPe + 2ne)||o < &1 for some n €]0,7].

Then for any ¢ > 0 and 6 > 0 there is an isometric map u € CY/>=9(Dy) such that
|Du — Dul|o < Con'/? and ||u — uljo < .

With this corollary at hand we can prove Theorem 3.2 in two easy steps. In the proof
we will restrict to the case of embeddings, the case of immersions can be obtained by
easy modifications.

Proof of Theorem 3.2 and Theorem 3.1 for embeddings.

Let g be a C? metric on D; and @ € C!(D;,IR?) a short embedding. By a simple
rescaling and mollification we may assume without loss of generality that i is smooth
and strictly short. Next, fix w > 0 such that ¢ > 16w?e and choose 77 > 0 such that
7 < min{w?,7} and Con'’? < w.

As in Step 1 of the proof of Theorem 3.1 (including Remark 3.9) we first construct a
smooth embedding u with

€
lu —7illo < 5
and such that
g = (e +27e) o < .

Then the assumptions of Corollary 3.10 are satisfied and we obtain u € C1/5-9(Dy)
with u’e = ¢ and such that ||Du — Dullo < Con'/* and |ju — uljo < &/2.

To complete the proof, it remains to show that the map u is an embedding. We again
remark that this argument is well-known and is contained in the works of Nash and
Kuiper. First of all, since u is C!, there exists p > 0 such that |Du(z) — Du(y)| < w if
|z — y| < p. On the other hand, since u is an embedding, then there is { > 0 such that
u(z) —u(y)| = 3Cif [z —y| > p.

To show global injectivity, we now observe that

u(z) —u(y)| = [u(z) —u(y)| =26 230 —20 =  when|z—y| >p.
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On the other hand, if |z — y| < p we know that

|Du(z) — Du(y)| < [Du(z) — Du(y)| + 2w < 3w,
and hence, using Taylor’s formula

|u(2) —u(y) — Du(z2)(z —y)| < 3wlz—yl.
We therefore can estimate

|u(z) —u(y)| = [Du(2)(z —y)| = 3w|z —y|

But ufe = ¢ > 16w?e implies |Du(z)(z — y)|*> > 16w?|z — y|2, which in turn shows
u(z) — uy)] > wlz—y| > 0.
This completes the proof of Theorem 3.2 and Theorem 3.1.






FRACTIONAL SOBOLEV REGULARITY FOR THE BROUWER
DEGREE

In this chapter we want to investigate regularity and summability properties of the
Brouwer degree of a Holder continuous function v € COon (Q,R") defined on an open,
bounded set () C R" with

n—1<d:=dim,(0Q) < n, (4.1)

where dim, denotes the upper box-counting dimension. We recall that it is defined by

dim, (9Q)) = lim sup log Ny

2
r0  —logr 42

where N, can be chosen to be the number of closed cubes of a mesh of R” of width » > 0
which intersect dQ). In the recent note [48], H. Olbermann showed that the Brouwer
degree is an L function for every 1 < p < . A different proof of the L! summability
when () has a Lipschitz boundary has been given independently by R. Ziist in [59],
and although it does not yield the range of summability exponents of Olbermann’s
proof, it allows to conclude the L' estimate when each component v' has (possibly)
different Holder regularity C%% with —1- Y, a; > 1. Theorem 4.5 gives an extension
of the latter L! summability to domains with fractal boundary. Finally, a more recent
work by Ziist unifies the previous results: in [60] it is shown that the degree of a map
e CM x ... xCOisin LV for1 < p < ¥;a

In this chapter we show that Olbermann’s idea can be improved to show higher
(fractional) Sobolev regularity. In particular the following is our main theorem. As
usual [-]co« denotes the Holder and [-]yys, the Gagliardo seminorm when g > 0 and
the L norm for § = 0.

Theorem 4.1. Let QO C R" be open and bounded, d be as in (4.1) and v € C* (Q, R"), where
a €] %, 1]. Then the Brouwer degree deg(v, (), -) satisfies the estimate

» P
[deg (0, )lwsr < C(Q, 1,0, B, p)[0] o 4-3)
for any pair (B, p) with ~ p>1 and 0<B< Z - g. (4-4)
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Figure 1: Range of exponents in (4.4)

Observe that the endpoints of (4.4) form the segment o = { = % - g} (see Figure

1) and if we let (B1,p1) = (n — g, 1) be the left extremum of the segment, then WF11
embeds in WP? for every (B,p) € c. In particular our theorem has the following
obvious corollary.

Corollary 4.2. Let Q C R" be open and bounded, d be as in (4.1) and {v;} C C%* (Q,R") a
bounded sequence converging uniformly to v, where o €)%, 1]. Then, for every pair (B, p) as in
(4-4), the sequence deg (vy, Q, -) converges to deg (v, ), -) strongly in WP,

As already mentioned above, our proof is built upon the ideas of Olbermann in
[48]. However we report also a self-contained and more elementary argument for his
result: the key simplification can be found in the direct elementary proof of Theorem
4.5 below. A part of this theorem is shown in [48] using tools from interpolation
theory. We instead derive it directly and use our approach to extend Ziist's L' result
[59] in the sense mentioned above. For the reader’s convenience we then show how
to recover Olbermann’s higher integrability in few lines, although the argument is
already contained in [48]. From Theorem 4.5 we then derive Theorem 4.1 using heavier
machinery from harmonic analysis.

It has already been shown in [48] that, when B = 0 and d > n — 1, the range of
exponents in Theorem 4.1 cannot be extended beyond the endpoints: more precisely, [48,
Theorem 1.2] proves that, if p > %, then there is a fixed open set () with dim,(0Q) = d
and a bounded sequence {v;} C C%*(Q) for which ||deg(vg, Q, -)||1» 1 c0. Note however
that the proof in [48] does not yield a v € C®*(Q) for which deg(v,Q), ) € L, because
the sequence produced by the argument converges to 0, cf. [48, Section 4.2]. In this note
we discuss the optimality of the range in the case d = n — 1: our main conclusion is the
following theorem, which, by Sobolev embedding, has the immediate Corollary 4.4.

Theorem 4.3. Foranyn > 2,p > land a < PO theore is p € COR (B1,R") such that

n

deg (v, By, -) ¢ LP, where By C R" is the unit ball.

Corollary 4.4. Foranyn >2,p > 1, a > Oand > % - ”7_1 there is v € C%* (By, R")
with deg(v, By, ) ¢ WA,



4.1 FIRST ESTIMATE AND CHANGE OF VARIABLES

The case of the endpoints is certainly more subtle. Indeed, if v € C% and Q) is a
bounded Lipschitz domain, then the area formula and elementary considerations in
degree theory imply that degv € BV (the space of functions of bounded variation).
In fact, with a little help from the theory of BV functions and Caccioppoli sets, the
latter statement can be shown even under the more technical assumption that the
(n — 1)-dimensional Hausdorff measure of () is finite. Therefore:

e deg(v,Q),-) € L/ (n=1) by the Sobolev embedding of BV (IR"), which shows that
the endpoint (B, p) = (0, ;"5 ) could be included if we assume that o) has finite
(n — 1)-dimensional measure;

e since the degree takes integer values and vanishes on R" \ v(Q)), it belongs to W'!
only if it vanishes identically: hence, even assuming that 0Q) has finite (n — 1)-
dimensional measure, the endpoint (B, p) = (1,1) can be included only if we
replace W' with BV.

4.1 FIRST ESTIMATE AND CHANGE OF VARIABLES

The starting point of Olbermann’s proof is the classical change of variable formula

| 9v)deg(0,2y)dy = [ p(o(x) detDo(x) dx, @3)

which is valid if v is regular enough (compare e.g. [28]). By representing the integrand
¢(v(x))detDov(x) as a sum of weakly defined Jacobian determinants, using Stokes
theorem and tools from interpolation theory Olbermann manages to bound the right
hand side of (4.5) by a (suitable power of the) C% norm of v and the L¥ norm of
¢, where « is as above and p’ is conjugate to p. In fact, implicit in his proof is the
estimate (4.7) below, which will play a crucial role for us as well. On the other hand
our elementary argument yields immediately, as a byproduct, that the degree is an L!
function and thus we do not have to resort to any weak notion of Jacobian determinant.
Moreover, we also get a simple proof of Ziist's L! result, together with the generalization
to domains with fractal boundary.

Theorem 4.5. Let Q C R, n and d be as in Theorem 4.1. Assume that v = (v,...,0") isa

continuous map v : Q — R" for which v' € C%%. If ¥;a; > d, then deg (v, (), ) € L' and

n

|deg (v, )|l < C(Qn,aq,...,an) H[Ui]co,ai . (4.6)
i=1

If in addition & = min; a; > 4, then for any € C' (R",IR") we have

[ deg (0,0,y) div p(y) dy| < COma, Mol ] Wlcvnisy) 47)

where v € (0,1) is such that (n — 1+ y)a > d and R > 0 such that v (QQ) C Bg(0).
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4.1.1  Two technical lemmas

We record here two simple facts related to the dimension of dQ).

Lemma 4.6. Let QO C R" be a bounded open set with d := dim;, (dQ)) < n. Then for any
e > 0 the function dist (x,9Q)*+¢~" is integrable.

Proof. Fix 0 < ¢ < n —d and let W be the Whitney decomposition of () and let
Wi := {Q € W : Q cube of sidelength 27¥}. Then

1. dist(Q,9Q) > 27¥\/n for any Q € W; and

2. there exists C = C(e) > 0 such that #W, < C2K@+¢/2) for any k € IN (cf. Theorem
3.12 in [44]).

Since ON Q' = @ for any Q # Q' we have

/dist(x,aﬂ)d“’”dx: Y. ) /dist(x,BQ)d“’”dx
Q k>1Qew, /@

< C(Tl) Z Z L (Q) n—k(d+e—n)

k>1 QeW;

S C(T’I,S) Z 2k(d+€/2)27k(d+€) S C(n, E) < +oo. 0
k>1

Lemma 4.7. If v and Q) are as in Theorem 4.5 then v(0Q)) is a Lebesgue-null set.

Proof. Fix a positive 6 < }' ; a; —d. For any &€ > 0 there is a covering of 90} with
balls By,(x;) such that Y; 7/ < (H9+9(dQ))) + ¢ = e and r; < 1, where H“ denotes
the w-dimensional Hausdorff measure. Observe that v(B,,(x;)) is contained in a box
Q; = Il x ... x I, where each interval I]? has length at most (2r;)%[0/] .a;. Thus

n .
0(0Q)| <) Qi < Cn[v]]co,aj Y o pirtet < Co)e sup rf1+"'+“”_d_‘s < Ce.
i j=1 i

1

Letting ¢ — 0 we conclude the proof. ]

4.1.2  Proof of Theorem 4.5

First of all recall that the degree depends only upon the values of v at the boundary.
We wish therefore to find a suitable extension ¢ of v which is smooth in the interior
and satisfies suitable estimates on the derivatives. For k = 0,1, ... set

Ag = {x € Q : dist(x,0Q) > 2751 (4.8)
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and define Dy := Ay, Dy := Agy1 \ Ag_q fork = 1,2,.. .. Fix a partition of unity {xx }x>1
subordinate to the cover { Dy }>o, i.e.
+

0<xk<1, suppxi CDr, Y xc=1onQ.
k=0

Observe that each point x € () has an open neighbourhood U C () on which at most
three Xy are non zero. Next fix a standard symmetric mollifier ¢ with support contained
in the ball of radius 1 and define the functions v, : Dy — R" by the convolution
vk (x) ' = @,-+1) * v(x). Finally, set

“+o00
0= Z XKkOk -
k=0
We have 7 € C* (), R") and we claim that for every x € ()

|V (x)| < Cdist(x, BQ)"‘ifl[vi]Co,a,-(Q) forall i. (4-9)

By standard estimates
. —1 .
Vv, < C (27D T 0s;, Whenever y € Dy.
Y C Y

Moreover, since YV = 0 and |V ;| < C2F we get

. k3 . . k 1 Dél'fl .
Vo' (x)] < 3 [Valloh(x) = o) + € (276 ) " oo,
k=kq

<C (z—(km))“"’l (0] o,

Next, notice that |deg (v, ), y)| = |deg (7, O, y)| is bounded by the number of preimages
N(y) in Q) through @ whenever y ¢ v(9Q)). Since v(dQ2) is a null set, by the area formula,
(4.9) and Lemma 4.6 we have

n

/n N(y)dy = /Q |detDo(x)| dx < CT 0] con, /Qdist(x, o)X %" dx < CT[v"] con -
i=1 i=1

This estimate will be needed later on in Chapter 5 (compare (5.7)). Next, fix a C! test
tield ¢ as in the second part of the statement and let & = min; ;. Define the maps
Vi = (¢',..., 07, ¢/ o5,91,...,0") and the corresponding V; = (v',...,0/7!, ¢/ o
v, 0L, .., 0") forj=1,...,n. In particular it follows Z}Ll det DVj = (divy) oG det D.

45



46

FRACTIONAL SOBOLEV REGULARITY FOR THE BROUWER DEGREE

Let () be smooth domains compactly contained in () so that® )y 1T ). By the
smoothness of @ and ¢, we can apply the area formula and conclude

deg (5, Q) div (y) dy = / div (5(x)) det D3 (x) dx

IRPZ

= 2 detDV )dx = Z/ deg (Vj, ,y) dy .

Next, observe that the number N(y) bounds |deg (7, Q, y)| for every y and k and thus,
by the dominated convergence theorem,

lim ) deg (7, O, y)div ¢(y) dy = /]R” deg (7,Q), y)div ¢ (y) dy

k—o00 JR

The same argument can be applied to V}, since |det DV;| < [Dy||D%|" also belongs to
L'(Q). Hence, passing into the limit in k and using the fact that ¢ agrees with v on 9Q
we can conclude

/. deg (0,2 y)divp(v)dy = 1 [ deg (v, 02y)dy.
]

On the other hand for each V; we have [V]i]cw < [v]co« when i # j and [V ]Cm <

9] cor[0] .- Since by our choice of ¢ we have (1 — 14 v)a > d, we can apply (4.6) to
conclude

deg (V;, Q)11 < Cln, Q, a7, d) [0] g™ [$)con -
4.2 PROOFS OF THEOREM 4.1 AND OF COROLLARY 4.2
4.2.1  Direct proof of Theorem 4.1 for B = 0
This section follows essentially Olbermann’s argument and is only added for the

reader’s convenience in order to show that the harmonic analysis of the next section is
only needed for 8 > 0. The key is the following proposition.

Proposition 4.8. Let O C R", n, d, « and v be as in Theorem 4.1 with ||v||co < 1 and fix
1 < p < . Then, if we denote by p’ the dual exponent of p, we have the estimate

Vdeg (v, Q) e(y) dy| < C(Qn,da,p.p) 0]l lell,y Vo €CP(R"). (4.10)

Let Ay be the sets in (4.8) and 14, their indicator functions, consider the mollifications 77y := 14, * @p—k-1
and set QO = {5 > t;} for a suitably chosen 0 < f; < 1. The regularity of 9Q) follows from Sard’s
Lemma.
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The case § = 0 of Theorem 4.1 then follows easily when ||v||c0 < 1: just take the
supremum over ¢ € C®N {||¢[|,» < 1} in (4.10) and use the density of C® in LV
together with the usual duality (LP)* = L. To remove the assumption that ||o]|c < 1
it suffices, for a general nonzero v, to consider the normalization v/ ||v||co and compare
its degree to that of v with an obvious scaling argument (cf. Section 4.2.2 below where
this argument is repeated with more details). The extension to p = 1 follows because
deg(v, (), ) is supported in the bounded set v(()), whose diameter can be estimated
using the Holder norm of the function v. We are thus left to show (4.10). Fix ¢ and
consider the potential theoretic solution ¢ of

—Al=¢.

By classical Calderon-Zygmund estimates we have || HWZ,p/(Bz) < Cll¢ll,y- So, if we
set = —V(, we conclude divy = ¢ on B, and, from the Sobolev embedding,
[Ylcorp,) < Cllpllyy, wherey =1—5=1-n+5>1-n+ 2 Since deg(v, ), ") is
supported in By, we can apply Theorem 4.5 to conclude (4.10).

4.2.2  Bessel potential spaces when > 0

Rather than showing estimate (4.3) we will show, for the exponents in the ranges
I<p<iFand0<p< - 2 the slightly different estimate

P
[deg(v, Q)30 < Cllollon when [[vf|co <1, (4.11)

where HFP? (R") is the Bessel potential space (see below for the relevant definition).
Recall (see e.g. the classical textbook of Triebel [55]) that the spaces WF? and HF?
correspond, respectively, to the Triebel-Lizorkin spaces FE 7 and Pg’z. Since we have the

continuous embedding Flg’q C ng for every ¢,q’ and every € > 0, we get as a corollary
of (4.11) the estimate

v—P
|deg(v, 0, ) l[wsr < Cllvllcoe when [Jofp < 1. (4.12)
From (4.12) it follows by scaling that for any nonzero v as in Theorem 4.1 we have
ﬂ,‘B v n__
(e, Yuss = 011" [deg (i) | <ol 413
o]l co Wh»

Apply the latter estimate to ¥ := v — v(xp) for some xo € Q. Since deg (7,Q,y) =
deg (v, ),y +v(x0)) and [|F||co < C(Q, &)[v]coa We recover (4.3).

Recall that the Bessel potential of degree B > 0 is the L! function Jp such that
fﬁ(gf) = (1+47%2]%) b2 (where /i denotes the Fourier transform of /). The convolu-
tion with Jg defines a continuous linear map Jp : L¥ — L? and can be regarded as the
pseudodifferential operator (Id — A) /2. In particular

(Id-=A)TDp=9 VoeCZR"). (4-14)
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Concerning the Bessel potential space H#” we will need the following facts (cf. again
[5510):

(F1) f € HP7? if and only if there is ¢ € L” with f = J5(g); such g is unique and
£ e = NIl

(F2) (HPP,|| - |l30) is a separable reflexive Banach space for any p €]1, co[ and CZ°(IR")
is dense in it;

(F3) if Bp > n and p > 2 we have the continuous inclusion H#? C WF? and hence, by
Morrey’s embedding, HF* € C% with v = (Bp —n)/p.

The idea of the proof of Theorem 4.1 is to show that deg(v, (), -) is an element of the
dual of (HP?)* and to use the reflexivity property in (F2). As usual, (#f7)* denotes
the Banach space of bounded linear functionals L : Hf? — R endowed with the dual
norm || - [ 4s»)-. Moreover, since C°(IR") is dense in HPP, we clearly have

1Ll oy = sup {L(w) : u € CZ(R") and Julys < 1} . (4.15)

Of course (HFP )* is a subspace of the space of tempered distributions and we can
consider C as a subset of (HP?)" via the identification of any element ¢ € C® with
the linear functional u — [ @u. We then have the following standard consequence of
distribution theory

Lemma 4.9. C is strongly dense in (HPP)* if p €]1,00].

Proof. Let H be the closure of C in the norm || - || (Pr)" If H were a strict subset

HBP
of (Hﬁfp )*, then by Hahn-Banach there would be a nontrivial linear functional L’ :
(HPP)* — R wich vanishes on H. By reflexivity L’ is given by an element u € HF?,
which must therefore be nonzero. Since however L’ vanishes on H, we conclude

/ up=0 VepeCZ.
Since u € L?, the latter implies that u = 0, which is a contradiction. O

(4.11) is then a consequence of the following natural generalization of Proposition
4.8.

Proposition g4.10. Let O C R", n, d, « and v be as in Theorem 4.1 with the additional
assumption ||v]jo < landfix 1 < p <% and 0 < B < 5~ g. Then, for all ¢ € CZ®(R") we
have the estimate

1p
deg (v, O y) p(y) dy| < C(Q,n,d, 2, p.B)[0] 5. 1@l 3480)- - (4.16)

Ril



4.2 PROOFS OF THEOREM 4.1 AND OF COROLLARY 4.2

We will prove Proposition 4.10 in the next section. Assuming it, we now show (4.11).

Consider the linear functional L” : C2° — R given by

L"(p) := /}R deg(v, Q,y) ¢(y) dy.

By Lemma 4.9 and (4.16), L” extends to a unique bounded linear functional £ :

(#PP)* — R and moreover

s p
Ll 3480y < Clloll éon -

By reflexivity £ is represented by an element u € HPP such that ||u|,, = || L] (1P

This means
/ u(y)e(y)dy =L"(¢) = /m _deg(v,Q,y) 9(y) dy

for every ¢ € C°. Since however both deg(v, (), -) and u are L” functions, they must
coincide. Hence

Ideg (v, )lppr = ullzgpr = 1]l gsrye < Clloll o -

4.2.3  Proof of Proposition 4.10

In order to prove the estimate (4.16), we will invoke property (4.7) after representing
¢ as the divergence of a suitable vector field, which is the purpose of the following
lemma.

Lemma 4.11. Let ¢ € C° (R") and assume 1 < p < -5 and B €]0,1[ with (1 — B)p’ > n
(where p’ is the dual exponent of p). Then there exists p € C® (R",IR") such that

divyp =¢ on B
and, setting y =1—p—n/p/,

[llcor(pyy < COn v, B )@l 3480 -

Proof. First of all observe that the condition 1 < p < -5 implies p’ > n so that the
condition on B makes sense. Set { = J>¢. Then { € C*® (IR") satisfies

~AI+{=¢ onR" (4.17)
and we claim that

181wy < Cll@llaer- - (4.18)
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Indeed, set f = Jz¢ € LP (R") with |||, < Cll¢|l;y < 400, and Jo_sf = Jogp = .
Observe that for any g € C° (R") with ||g||z» < 1 we have

[ fedx= [ @Tp3ax < gl 11 Tp8lnsr < lgll ey

Taking the supremum over such functions g yields [|C]|,2-5, < [|@l[(3r). Claim (4.18)
then follows by the continuous embedding (F3).

Now fix a cutoff function 7 € C° (R") with # =1 on B, and spt# C Bz and denote
by ( the classical potential theoretic solution of —A{ = (7. By classical estimates (cf.
[29, Chapter 4]) we get

IVEllcon 8,y < CllZnlIcor () < ClIllcra@mn < Cl@ll gesry- - (4-19)
Finally we set ¢ := —V/({ + ). Then by (4.17)

divp=—-Al=¢ onB,,
and by (4.18) and (4.19)

||1/JHCOW(B2) < CHG"H(Hﬁ,p)*- o

The proof of (4.16) is now an immediate corollary of Theorem 4.5 and Lemma 4.11.

4.2.4 Proof of Corollary 4.2

Note that:
e deg (vg, Q, -) converges pointwise to deg (v, (), -) on R" \ v(9Q2);
e 9(dQ)) is a Lebesgue null set;

e For any pair (B/,p) as in (4.4) with B/ > B we have a uniform bound on
| deg (o, ) [l s

* Thereis R > 0 such that ||v||co, sup; ||vk||co < R and thus the functions deg (v, (), -)
and deg (v, (), ) all vanish outside Br(0).

Thus the strong convergence claimed in Corollary 4.2 follows from the compact embed-
ding of WF'?(Bg(0)) into WA (Bg(0)).

4.3 PROOF OF THEOREM 4.3

To prove Theorem 4.3 we construct, for p € [1, 5[ and & < @, amap v €

C% (By,R") with deg(v, By, ) ¢ LP (R") by explicitly defining it on the boundary 9B;.



4.3 PROOF OF THEOREM 4.3

Since the support of the degree is bounded, clearly our map cannot belong to L¥" for
any p* larger than such p. Any C%* extension of v to the whole B; then does the job,
since the degree only depends on the values on the boundary of the domain. The image
v(0By) will be the union of countably many spheres Sy with decreasing radii . Each
sphere S, will be circled a certain ¢, times in each direction. The goal is to choose the
radii 7, and the number of circlings ¢ in such a way that v is Holder continuous with
exponent & < @, but deg(v, By, -) ¢ L? (R").

Given p € [1, .25 [ we define a partition {Ij };>1 of the interval [—7, 7] as follows.

For k > 1 define the numbers

_(n=1 1
|| = c(n, p)k ( ! +”(”’1)) , (4.20)
where the constant c(1, p) is determined by the condition ) _ |Iy| = 27t. The sets I are
k>1
then defined by
_ [=Ihl |4
L = [ 5 | and (4.21)
vk | —yk-17T. k=171 vk .

Iy = Zl£1|ll|, Zl; il [U [Zl_;’m,z_éull [, fork > 2. (4.22)

Note that in this way the length of the set I; coincides with the number |I;|.
For brevity (and clarity) we introduce the following map ® : [, 7t[x [0, ]2 — RR"
which is the usual (almost) parametrization of the sphere:

D(0y,...,0,-1) = (cosby,sinby cosby,...,sinby -...-sinb, »cosb, 1,

sinfy -...-sinf,_,sinb,_1)
The sets I naturally give a decomposition of the sphere dB; into
Je := @ (I x [0, 7]"72).

In the rest of the proof by a slight abuse of notation we identify J; with I; x [0, 7r]"~2 and
define v over the latter domains: the map @ is a parametrization on [— 7, 7[x]0, 7T[* 72,
however v will be constant on the set [—7, T[x3([0, 71]"~2) and hence it will induce a
well-defined map over the sphere.

p(n—1)

For a given & < ==~ we then choose a number

ap(n—1)
n(p(n—1) —an)

and define the radii

(4.23)

q>

=k fork>1. (4-24)

51



52 FRACTIONAL SOBOLEV REGULARITY FOR THE BROUWER DEGREE

We then set the number of circlings to be

qn—1

Cr = kre=1) (425)
which with an appropriate choice of q in (4.23) is a natural number for all k. For

notational convenience we introduce the reparametrization

T+ whenfel
®(0) = i !

4m(cx+1)

e 0+ ¢r(6) wheno e I, k>2,

where ¢ are phases defined by

_ B iy |5
¢r(0) =+ m(2c+1) | 1 —sgn(f)="=— A , (4.26)

which will ensure the continuity of the map.
We then introduce the centerpoints of the spheres
(r,0,...,0) fork=1,

X =
(Vk—f—Z):l 17,0, ..,O) fork > 2.

Finally we define

Z)(@l, e ,Gn_1> = x; + 1P (@(91),Ck92, . ,Cken_l) when 601 € I;. (4-27)

The image v(dB;) decomposes into the union of countably many spheres S, = v(J)
of radius r; and centers xj. The intersection of any Sy with Sx;; only contains the
northpole of Sy (respectively the southpole of Sy 1), see Figure 2.

Sk

I

I

Figure 2: The map v for n = 2: it goes around S; once and traverses every Sj 2c, + 1 times
(ck + 1/2 times on each component of Ii)



4.3 PROOF OF THEOREM 4.3

We claim that v € C%* (9B, R"). First observe that the choice of g in (4.23) implies
I o
ns (E) 429
Ck
Indeed, this equation is equivalent to

n—1
n

k1< k*“(iJr%) ,

which is satisfied whenever
a(1- an >>zx(n—1)’
p(n—1) n

ap(n —1)?
n(p(n—1) —an)
But inequality (4.28) guarantees the desired Holder regularity. To see this, we first fix

the angles 65, ...,60,_1 and consider variations only in the first variable. To this end we
let

i.e.

q>

u(0) =0(0,0,,...,0, 1) for6e[—m, x|,

fix 0,0 € [—t, [ and consider the following cases.

1. 0,0 € I, for some k > 1. If |0 — é[ > 2(ck|4lf1|/2) = zliil' then

|u(6) — u(0)] ( | I >'X
L ST LA R <C,
oo~ \2g+1) =

by (4.28). If however |0 — 0] < ‘i’il, then

2c,

drri(ce + 3)
| I

04| < Artry(cx + 3) < | Ik |

1-a
0—0|" < Clo—0|.
| L] 20k+1> 0= < clo=d
2. 0 € It;1,0 € I for some k > 1. If |0 — 0] > |I;], then

u(e) —u@)| _ 4 _
T

If however |8 — 0| < |I;| then they lie in adjacent intervals and we can compare
; y J P
with the endpoint 0, = 75‘%“(9)221':1 1 to get

u(0) —u(@)] _ [u(®) —u(0.)]  [u(6) —u
661 —  [0—06.]° 0— 6.
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3. 0 € Iiy;,0 € I for some k > 1 and j > 2. Clearly |0 — 6] > %Z{;i |Ix1i| so

5 k+j
ORI vir Ty St E
|60 —6]* ( i:1|1k+l-\> [T ]® |Ik+z”"

<c|2
k

| "|a + Zc;”‘) < C(p,a),
i=1

if g is chosen large enough.

The proof of the Holder regularity is now complete in the case n = 2. In the more
general case some extra care is needed: a similar computation yields the Holder
regularity in the variable 0; for every i = 2,...,n — 1 but one must take into account
that the map @ is not really a parametrization of the sphere. We leave the details to the
reader.

To compute the degree we introduce the natural extension @ : [0,1] x [—7t, 7t[x [0, 7]~
— R" with

2

5(1’,91,...,9,1,1) =x+7r 1P (@(91),Ck92,...,ck9n,1) when 6; € I, (4.29)
Then ([0, 1] x J;) is a ball B¥ with boundary @B* = S. Fix a y € Im(5) \ (dB;). Then
there exists a unique k € IN such that y € B¥. We can therefore parametrize y by

y = Xk +7r- rk(D((Pl/ ce. /4)1171)/
for somer € [0,1], ¢; € [0, ] fori =1,...,n —2 and ¢,_1 € [0,27[. By definition the
degree is then given by

deg(d,B1,y) = sgn detD?(x) .

xei1(y)
By the chain rule and the usual expression for the spherical volume element we get for
a point x = (7,01,...,0,_1) withd(x) =y
n—l4n(ck + %) s N
| I

hence we have to investigate the sign of the sines. To this end we observe that
o(7,61,...,0,—1) = y if and only if

detDd(x) = ri (r - cx) “2(@,(6)) sin" 3 (ckb2) - ...-sin(ckby—2) ,

,

r =7
O(61) =¢1+2mmy form; € NN [% Zn,zck + 3 3 7]

kb =¢p+2mmy formy =1,...,¢c (4.30)

kb1 =¢py_1+2mm,_q form,_1 =1,...,¢c.



4.3 PROOF OF THEOREM 4.3

Since fori = 1,...,n —2 the angles ¢; satisfy 0 < ¢; < 7 this implies that sgn detDv(x) =
1 for any x € 0~ (y). Consequently, with the help of (4.30) we conclude

deg(d,By,y) = #v ' (y) > 2] 1.
From this in turn we deduce

/ |deg (3, B, y)|Pdy > C) el = ¢ Y k' = 4o,
R k>1 k>1

by the choice of r; and ¢ in (4.24) and (4.25) respectively. To conclude the proof
we extend v by keeping its C%* norm to the whole Bj, and are left with a map
v € C% (By,R") such that deg(v, By, -) = deg(d, By, ) ¢ L¥ (R").
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TOWARDS A RIGIDITY THEOREM IN Cl/'/2+¢

As mentioned in the introduction, Borisov managed to prove the validity of the rigidity
theorem of the Weyl problem (Theorem 1.2) for C*/**9 isometric embeddings. The key
point of his proof is in fact the following statement.

Theorem 5.1. Let (M?,g) be a surface with C? metric with positive Gaussian curvature and
let u € CY*(M,R®) be an isometric embedding with a > 5. Then u(M) is a surface with
bounded extrinsic curvature in the sense of Pogorelov.

Recall that, if u is regular enough, the Gaussian curvature of u(M) can be defined as
the area distortion of the Gauss map N. In a weak sense, this is a well-defined object
even if the immersion is merely a C! map, because in this case N is continuous. The
surface 1 (M) is then said to have bounded extrinsic curvature in the sense of Pogorelov
if this weak area distortion is bounded. More precisely (see p.590 in [50]):

Definition 5.2. Let QO C R? be open and u € C!(Q,R®) an immersion. The surface
u(Q)) has bounded extrinsic curvature in the sense of Pogorelov if there exists a constant
C > 0 such that

Z|N ) <C

for every finite collection {E;}M, of pairwise disjoint closed subsets of ).

Using geometric arguments, in the series of papers [2—5] Borisov proved Theorem
5.1, which thanks to the works of Pogorelov and Sabitov (see [50], [52]) leads to the
aforementioned extension of the rigidity theorem.

Note that if u € C? is an isometric immersion of a 2-dimensional surface in R? one
can compute the area distortion of the Gauss map from the Riemann-curvature tensor,
which in turn depends only on the metric. Even if the metric ¢ is smooth, this identity
is in general false if the isometry is not regular enough, as shown precisely by the
Nash-Kuiper theorem. As described in the introduction, in [17] the authors show that,
for C1*/*+¢ isometric embeddings, the Gauss theorem can be expressed in the integral
formula (1.6), which we recall here

/f x) dArea(x /f )deg(N,V,y)dy.

From this change of variables formula, Theorem 5.1 follows easily.
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As mentioned in Chapter 4, Olbermann and Ziist have recently (and independently)
proved in [48] and [59] that the degree of a planar C'/2te map (on a sufficiently regular
domain) is in fact an L! function, which for the moment only allows a weaker version
of (1.6), namely a version where V is assumed to be sufficiently regular and the test
function f is identically 1:

/Vx(x) dA(x) = /SZ deg(N,V,y)do(y) V Lipschitz open V C M. (5.1)

From here, to extend the validity of Theorem 5.1 to C'/?*? isometric embeddings, one
is faced with the problem considered in Conjecture 1.6:

Let QO C RR? be a smooth, bounded open set and let N € C% (Q,R?) be a Holder
continuous function such that

/2 deg(N,A,y)dy >0 for every open A C Q with H' (9A) < co. (5-2)
R

Show that, if « is big enough, property (5.2) implies that deg(N, A, y) > 0 for all open
A C Qandally € R\ N(dA). Here, H! denotes the 1-dimensional Hausdorff measure.
In this chapter, we show that the previous statement is true for a > %, i.e. we prove the
following theorem.

Theorem 5.3. Let a €]3, 1 and suppose N € CO%(Q, R?) satisfies (5.2). Then deg(N, A, y) >
0 for all open A C Qand ally € R?> \ N(9A).

We note here that in the setting where N is the Gauss map of an isometric embedding,
Theorem 5.3 is a direct consequence of [17]. However, the proof heavily exploits
this additional structure through the formula (1.6). Theorem 5.3 thus shows that the
additional structure is not necessary.

5.1 PROOF OF THEOREM 5.3

The proof of Theorem 5.3 is based on the observation that for « > % we can find a
change of variables formula analoguous to (1.6). Assume for a moment that N € C!
and consider the 1-form y = N;jdN,. The classical change of variables formula then
gives

[0 au= [ $NG)detaN(x)dx = | p(y)deg(N,U,y)dy. 53)

In the following proposition we show that for « > 1 there exists a Radon measure y
which (distributionally) acts in the same way as N1dN, (cf. also Lemma 5.14).
Proposition 5.4. If & > J and if N € C%*(Q), R?) satisfies (5.2) then there exists a unique
Radon measure y : B (Q) — [0, +oo[ such that

p(A) = [ deg(N,int(4),y)dy 54)



5.2 PRELIMINARY RESULTS

whenever A € B(Q) satisfies dim;(0A) < 1.

Here int(A) is the topological interior of the set A and we recall that the upper
box-counting dimension is defined as

Jimy(9A) = lim 208N
r—0 —logr

(5-5)

where N, can be chosen to be the number of closed cubes of a mesh of R? of width
r > 0 which intersect 0 A. Moreover, we understand deg(f,@,-) = 0.

The next proposition then shows that for a > % the change of variables formula (1.6)
holds with respect to the measure .

Proposition 5.5. Let & > 5 and U C Q open. Then, for any y € C® (IR*\ N(oU)), we have

/UIIJ(N)dﬂ=/ ¥(y)deg(N, U, y)dy. (5.6)

R2
Theorem 5.3 now follows easily: assume, by contradiction, that there exists U C Q)
open and yp € N(U) \ N(oU) with deg(N, U, yo) < 0. Let D be a disk centered at yg
such that DN N(9U) = @, and let € C (R?) be a bump function with ¢ = 0 on
IR?\ D. Since the degree is constant on connected components of R? \ N(aU) we have
deg(N,U,y) < 0 for all y € D. However, since ¢ € C® (R*\ N(9U)) we can apply
Proposition 5.5 to get the contradiction

0< [ N)du= [ p()deg(N,Uy)dy <0,

R2

finishing the proof of Theorem 5.3. The rest of this chapter is therefore dedicated to
proving Propositions 5.4 and 5.5.

5.2 PRELIMINARY RESULTS

In this section we gather some preliminary results needed in the proofs of Proposition
5.4 and 5.5.

For a continuous function v : QO — R? and a subset V C Q) the function deg(v,V, ") :
R?\ v(dV) — Z denotes the Brouwer degree of v|y. We recall that it is constant on
connected components of R? \ v(dV) and invariant under homotopy; as a consequence
deg(vg, V, -) converges pointwise to deg(v, V, -) whenever vy — v uniformly. We recall
the following estimates of the L! norm of the degree, which follow from the proof of
Theorem 4.5 and are needed in the proofs of both propositions.

Theorem 5.6. Let V C IR? be a bounded, open set and v € CO% (V,R?). Then

/]RZ\U(Z)V) |deg(v, V,y)|dy < C(“,)[U]éﬂ/«’(v,nv) /Vdist(x,aV)Z“/*z dx. (57)
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In particular, if dim, (V) < 2« then deg(v,V,-) € L' (R?) with

Ideg(@, V. )lsge) < &', V) [oow ) 58)

The following proposition is needed to make sense of integrals of functions against
the measure y = N;jdNj. Its proof is postponed to the appendix (see Section A.2).

Proposition 5.7. Let a €]0, 1[ and let U C R? be an open, bounded set with d := dim;, (dU) <
2 — &. Then the bilinear operator By : Co! (U) x C** (U) — R defined by

_ [ 9f
Bu(f/g)—/uaxigdx
satisfies the estimate

|Bu(f, &) < Cla, B, d)[f]cosa I8l coa(ay - (5.9)

for any B €11 — a, 1]. Hence, for any such B, it has a unique continuous extension to a bilinear
operator By : COF(U) x CO*(U) — R. If, in addition, U is a Lipschitz domain then also

/augdf‘ < Cla, B, U)[f]cosou I8l coxaur) - (5.10)

Lastly, we need the following technical estimate, which exploits the quadratic struc-
ture of the problem.

Lemma 5.8. Let U C R? be open and bounded, & > 3, & > 0and M > 1. Let f,g € C** (U)
and assume P € C® (U) is such that

[$lerrm) < Me* 7!

for every y € [0,a[. Then, for any 1 < B < a,

v oengds = [y ngxpudf + o < CloBIMEH N f e gl
(5.11)
where the first integral is understood in the sense of Proposition 5.7.

Also this lemma is proved in the appendix (see Section A.3). We are now ready for
the proof of Proposition 5.4.



5.3 PROOF OF PROPOSITION 5.4

5.3 PROOF OF PROPOSITION 5.4

Consider the family of subsets
R ={ACQ:dimy(dA) < 1}.

Since R is closed with respect to set differences and finite unions it is a ring. We now
define the set-function y : R — [0, +o0] by

p(A) = [ deg(N,int(4),y)dy. (5.12)

Observe that, since dimy,(B) < dim,(B) for all sets B for which the inequality makes
sense, property (5.2) implies that y > 0. We need the following result (a proof of which
is given in Lemma 4.7).

Lemma 5.9. If A C O has dim;,(dA) < 2a then N(dA) has Lebesgue measure zero.
With this result at hand we can prove the following

Lemma 5.10. For every A, B € R we have
p(A) = p(ANB) +u(A\B). (5.13)
In particular, y is monotone, finitely sub-additive and finitely additive on disjoint sets.

Proof. For any A,B € R, the sets int(A N B), int(A \ B) are open, disjoint subsets of
int(A). Since

A\ (int(ANB) Uint(A\B)) =0AUANJIB C 0AUIB
it follows from Lemma 5.9 that
IN(A\ (int(ANB) Uint(A\B)))| =0.
Therefore, by the excision property of the degree,
deg(N,int(A),y) = deg(N,int (AN B),y) +deg (N,int (A\ B),y),
almost everywhere, which gives (5.13). O

Proposition 5.4 readily follows from the following lemma and Carathéodory’s exten-
sion theorem (see for example Theorem 3 in Chapter 5 of [18]).

Lemma 5.11. If A; € R for i € N are pairwise disjoint and such that A := 21 Ai € R,
then

61



62

TOWARDS A RIGIDITY THEOREM IN Cl/!'/2+9

To prove the latter statement we need the following

Lemma 5.12. For every A € 'R and every e > 0 we can find an open set O € R and a compact
set C € R such that C C A C O and

pANC) +p(0\ A) <e. (5.14)

We give a proof of this lemma in the next subsection. With it we can now prove
Lemma 5.11.

Proof of Lemma 5.11. For i € IN, fix pairwise disjoint sets A; € R such that A :=
U2, Ai € R. By monotonicity and finite additivity it follows

M
u(A) > ;u(z‘li)

for every M € IN and hence also in the limit. We are therefore left to show the reverse
inequality. Fix e > 0. Since A € R we can find a compact set C € R, contained in A,
with u(A\ C) < e. Moreover, for every i € IN, we can choose an open set O; € R,
containing A; and satisfying u (O; \ A;) < e2'. Consequently, {O; };cn is an open cover
of the compact set C and therefore has a finite subcover Oy, ..., Opy. Using the finite
subadditivity and the monotonicity of y we can conclude

W(A) < H(C)+e < imoi) re< et 3o u(a).

Letting ¢ — 0 finishes the proof. ]

5.3.1 Proof of Lemma 5.12

We need the following observation.
Lemma 5.13. If Q, C Q) is a cube of sidelength r > 0 then

w(Qr) < C(Qm N>
Proof. This follows, by scaling, from estimate (5.8). Indeed, since () is open, we can find
a largest cube Q C Q). Let R > 0 and xg € ) be the sidelength and the center of Q
respectively. Let Q, be any other cube in () and let x; be its center. We define the map
N:Q — R?by

N(x) =N <rx—x0 +x1> .

R

It then follows that

Ideg(N, int(Qr), ) l|11(rz) = l|deg(N, int(Q), ) [l (re) < C(Q, &) [N]eoa (g

= C(Q,a, R)r™ [N]%:M( < C(Q,a, N1~ O

Qr)



5.4 PROOF OF PROPOSITION 5.5

We are now ready to prove Lemma 5.12. Fix any A € R. The case when int(A) = @ is
trivial, so assume int(A) # @. Since () is open and A C Q) we have dist (A N9dA,0Q) =
0 > 0. Fixany r < %(5 and consider a mesh of R? composed of closed cubes of
sidelength . Let Qy, ..., Qum, be the cubes intersecting A N dA. By the choice of » we

have Q; C Qforalli =1,..., M,. Moreover, since dim,(dA) = 1 it follows that M, < %

Now set
M,
O, = int (AUUQi> .
i=1

The set O, is clearly open and belongs to R. Moreover, it contains A. Indeed, every
x € ANJA is by construction contained in at least one of the cubes Q;. If x € 9Q; for
some i then x € dQ; for either one or three other cubes Q;. In each case x is contained
in the interior of the union of these cubes, hence A C O,.

Now, since O, \ A C int (Uf\i"l Qi), we get, with repeated use of (5.13),

M, M,
H(Or\A) <p (U Qi) = _Z%V(Qi)-
iz1 i=

Lemma 5.13 then gives
u(Or\ A) < C(Qq, N)Mﬂ,sz < Cr2e—1.

Since & > 1, O := O, for r suitably small satisfies the required properties.
The set compact set C is constructed entirely similar:

M;
Cr:A\UQi/
i=1

where now, however, Q1,...,Qy, are the closed cubes of an r—width mesh of R?
intersecting all of dA. C, is clearly compact, contained in A and, arguing as before, for
a given ¢ > 0 we find (A \ C;) < ¢ for r small enough. Setting C := C, finishes the
proof.

5.4 PROOF OF PROPOSITION 5.5

Now that the existence of the measure u is proved we want to show that it behaves
distributionally in the same way as N1dNj.

Lemma 5.14. Assume U is an open subset of Q and f € C(Q\ oU). Then, if & > 3,

/dey: —/udf/\Nlsz. (5.15)
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Proof. We first prove (5.15) for a standard, radially symmetric mollifier ¢ € C°(U). Let
N € C*(Q) be a sequence converging to N in C%f for some 1 < B < a.

By Proposition 5.7 (observe that we don’t need any restriction on dim,(dU) since
supp(¢) C U) it holds

= i A NKANE .
/qu)/\Nlsz klg?o/udq) kAN

Rewriting the latter integral and using the co-area formula (more specifically Theorem
3.11 in [26]) gives

max ¢
d AdeNk:/Nk VNE VL) d :/ </
/u ¢ 141N u 14 2 @) dx 0 .
dp J¢

where H! denotes the one-dimensional Hausdorff measure and V+¢ = <—— —) is

L
N{<<VNk, v §”> d?—t1> ds,
g=s} Vol

dx2” 9x1
the rotated gradient of ¢. Considering the set {¢ = s} as the boundary of {¢ > s} we
can see that v = %Z‘ is the interior unit normal to {¢ = s}. Consequently, T = —%
is the tangent field to {¢ = s} respecting orientation induced by {¢ > s}. Therefore

max ¢ VJ_(P
do A NEINE = / ( / NE(WNE, dHl) ds
/u ¢ 1 0 {p=s} 1< |V(P|>

max ¢
— —/ (/ N{‘dN§> ds.
0 {p=s}

Next observe that if V' C () is an open Lipschitz subset then, by Stokes” theorem and
because of the L!-convergence of the degree granted by Theorem 4.5,

li NFANE = 1i / ANK A dNE = 1i dee(N* V1) d
bm [ NydNy = lim | dNy AdN; = lim | - deg( y)dy

— /Rz deg(N,V,y)dy = u(V).

Since {¢ > s} are open Lipschitz sets (they are in fact open disks of some radius r;),
we would therefore like to use the dominated convergence theorem to conclude

max ¢ max ¢
/ de A N1dN, = — lim </ N{‘dNé‘) ds = —/ u{p >s})ds
u 0 {p=s} 0

k—oo

=— [ gdy.
/ufPP‘

To do this we apply estimate (5.7) to V = {¢ > s} for s €]0, max ¢[, v = N¥ and &/ =
to find

||deg(Nk, {9 > s}, ')HL](]Rz) < C[Nk]%o,ﬁ(grs) : dist(x, BBTS)Z(ﬁ_l) dx
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This uniform bound in s and k allows us to use dominated convergence to infer (5.15)
for radially symmetric mollifiers ¢ which are compactly supported in U.

Now let ¢, € C®(B;) be the standard radially symmetric mollifier and consider
f e Ce(Q\aoU). If € is small enough then also f * ¢, € CZ°(Q \ oU). Using Fubini we
find

[ reocan=[ ([ =)o) dz) duo
:/u </uf(y)¢e(x—y)dy) du(x)
Z/Uf(y) (/quvs(x—y)dﬂ(X)) dy .

If € is small enough then for every y € supp(f) N U we have ¢.(- —y) € C®(U), and
hence (5.15) holds. Therefore

/Llf*qvedu:—/uf(y) <'/ud¢e(-—y)AN1sz> dy.

Let again N*¥ € C*(Q) be a sequence converging to N in C%f for some 1 < B < « and
define, for y € supp(f) NU,

:/ dge(- —y) /\N{‘dNé‘.
u

Observe that we can replace the integration domain by a smooth, open set U with
supp(f) NU C U C U. Proposition 5.7 then implies

86| < Ca B)ldoe(- = y)Nillcosey NSl conqary < € (2B, &, [Nl con(ey ) -

Consequently, we can apply the dominated convergence theorem and find

/f*qudﬂ— /hmf dy:—lim/uf(y) (/udqu(-—y)ANdeé‘) dy.

k—oc0

Applying Fubini once again yields

/uf(y) (/ud%('—y)AN{‘dNé‘) dy=/d</f Y)pe(- —y)dy)/\Nlde
:/ (f * @) A NFdNE,
so that
/uf*%dﬂz—/ud(f*qog)/\Nlsz.

Finally, thanks to Proposition 5.7, taking the limit ¢ — 0 shows (5.15). O
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With the integration by parts formula (5.15) we can now prove Proposition 5.5. Let
U C R? open, p € C® (R*\ N(9U)) and set N = N * @,. If ¢ > 0 is small enough
then dist (supp (P(N¢) * @), 0U) > 0 so that ¢ (N°) x ¢, € CZ (Q)\ o0U) is a valid test
function in Lemma 5.14. Moreover, for every y € [0, [, we can compute

[ (N®)] ety < Me* 7!

for some constant M > 1 depending on &, ||| c2(g2) and || N||cox(g,r2). Because a > z
we can find 1 < B < a such that 3« — 28 — 1 > 0. Therefore, invoking also Lemma 5.8,
we have

. ¢ (5:15) . €
[0 du=tim [ (N gedp 2 —1im [ d(p (N%) % e A Ny N,

610 _ lim | d (4 (N)) A N+ gedNa * e

— lim / o (N¥) dNE A dNE.
u

e—0

Finally, the change of variables formula (cf Theorem 3.9. in [26]) and the local uniform
convergence of the degree imply

/ul/J(N) dp = lim | 9 (y)deg(N® U, y)dy = /Rzllﬁ(y)deg(N, Uy)dy.
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Cl'* ISOMETRIC EMBEDDINGS OF POLAR CAPS

In this chapter we investigate a relaxed version of the Borisov—Gromov problem based
on the classical equality of the Levi-Civita connection of a smooth submanifold of R™
and its tangential connection (i.e. the connection induced by the ambient Euclidean
space). The outcome of our investigations is that, when we consider C* isometric
embeddings, the Holder exponent ag = 5 is a threshold in the following sense. When
o > % and v is a CM* isometric immersion of a C? Riemannian manifold (X, g), the
Levi-Civita connection of (X, g) agrees with the tangential connection. Instead, for any
a < 1 we can produce isometric immersions for which the tangential connection differs
from the Levi-Civita connection. While we prove the first statement in full generality,
cf. Proposition 6.5, concerning the second statement we focus instead on a particular
case which, in our opinion, provides the cleanest illustration of the criticality of the
exponent & = % in Theorem 6.2 below.

Consider the standard 2-dimensional sphere as the subset S := {x : |x|> =1} C R®
and for a €] —1,1] denote by (X,,0) the Riemannian manifold (with boundary) given

by
Y, =8n{x>a)={xcR: 3 +x3+x3=1and x3 >a}, (6.1)
equipped with the standard metric o as submanifold of IR®.

Definition 6.1. We denote by .%(%Z,) the space of isometric immersions v : &, — R?t*
of class C1* with the property that v(x1, x2,a) = (x1,x2,0,...,0) for all (x1,x2,4) € 9%,.
Moreover we denote by 7y, the circle v(d%,).

We recall that (x, y) denotes the scalar product of vectors x,y € R™.

Theorem 6.2. Let X be the interior unit normal to 0%, in L, and Z : v, — R**K the unit
vector field Z(x1,%2,0,...,0) = —(1 —a?)~">(x1,x2,0,...,0). For any element v € T (Zq)
let Y : v, — R**K be the vector field v. X. Then the following holds

(a) If a > %, —-l1<a<l,k>1andv e FX(L;), then (Y,Z) = a.
(b) Foranya < 3,0 < a < 1and k > 12 there is v € F*(Z,) such that (Y, Z) > a.

The proof of part (b) follows a suitable modification of the Nash-Kuiper construction,
and hence (a) is an obstruction to the implementation of such methods, at least in
our context where a boundary condition is imposed. Note indeed that without such
restriction Kéllen in [41] is able to reach the threshold C''': our theorem implies thus
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that the Nash—Kuiper construction and Kallen's iteration differ in a rather nontrivial
way.

We do not expect the codimension 12 for part (b) in Theorem 6.2 to have any
geometric meaning, but we conjecture that the same holds in any codimension:

Conjecture 6.3. Forany o < 3 and any 0 < a < 1thereis v € S(%,) such that (Y, Z) > a.

It is possible to use the same ideas of this chapter to show that indeed conclusion
(b) of Theorem 6.2 holds for every a < ag(k), where ag(k) is an explicitely computable
number. For k = 1 such threshold is % and this can be shown quickly using some of the
results of Chapter 3. We also mention here that while we were completing our work we
learned that the authors in [13] were dealing with Nash-Kuiper constructions of C1**
isometric embeddings of Riemannian manifolds which are prescribed at the boundary,
although with a different purpose. The C! case was first settled in [37] and it was a
source of inspiration for this work.

Concerning part (a) of Theorem 6.2, recall that in the codimension one case a much
stronger conclusion holds if # > : in that case any v € .#*(%,) must be the standard
isometric embedding, namely v(%,) = X,, up to translations and rotations. This follows
from Borisov’s rigidity theorem (Theorem 5.1) and Pogorelov’s work (in particular
Theorem 8 on p. 650 of [50]).

6.1 RIGIDITY: PROOF OF THEOREM 6.2 (A)
6.1.1 Preliminaries

We start by recalling some well known facts in the theory of distributions. Given a
closed interval [a, b] we will denote by Cy*([a, b]) the Banach space which is the closure
of C¢*(]a,b[) in C*([a,b]). Thus Cy*([a,b]) is the subspace of C'* functions ¢ for
which ¢(a) = ¢'(a) = ¢(b) = ¢'(b) = 0.If h is a continuous function, we then regard
h as an element of the dual space (Cy*([a,b]))* after identifying it with the linear map

P — / he.
Lemma 6.4. Let & > % and [a,b] C R a closed interval. Then the bilinear map
B C*([a,b]) x C'([a,b])  (f,g) > fg' € C([a,b])
extends to a unique continuous bilinear map 4 : C*([a,b]) x C*([a,b]) — (Cy*([a, b]))*.

Proof. First of all, by translating and dilating we can assume that [a, b] = [0, 7r]. Secondly,
every C* function on [0, 7] can be extended to a C* periodic function on [—7, 77| by
reflection, whereas every C(l)'“ function on [0, 7] can be extended to a C* periodic
function on [—7, 7] by setting it equal to 0 on [—7,0]. The first extension maps C!
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functions into Lipschitz maps. If f € L*(S!) and g € Lip(S!), then fg’ is a well defined
L* function on [—7t, 7] by Rademacher’s theorem, which in turn we can identify with
an element of (C*(S!))* by integration. On the other hand for maps ¢ € C*(S!)
which vanish on [—7,0] the integral [ f¢'¢ takes place only on [0, r]. We have thus
reduced to prove that the bilinear map

C*(8') x Lip(8!) > (f,8) > fg' € (C*(81))"

extends to a unique continuous bilinear operator % : C*(S') x C*(8') — (C# (Sl))*.

The uniqueness part is a consequence of the fact that for every i € C*(S!) we can find
a sequence of Lipschitz maps {y } which converge to ¢ in CF for every f < a and such
that ||x|lce < [|¢]|cx. We thus just need to show the existence of a constant C such that
the estimate

'/fg’q)

holds for every triple f € C%, ¢ € Lip and ¢ € C*(S!). Taking the supremum over
@ € CY with ||@||c1. <1 the latter estimate gives indeed the bound

IB(f,8)ll(cray < Cllflleeliglles V(f,8) € Lip x C*. (6.3)

In turn this implies the local uniform continuity of the bilinear map B, since we can
simply use the bilinearity and the triangle inequality to estimate

1B(f,8) = B(h,Kk)ll(cray < Ifllcellg = Kllex + [1f = llcellkllce -

The existence and uniqueness of the continuous extension % is then an obvious fact.

< Cllfllcllglcsllpllcra (6-2)

We next observe that, by a standard approximation procedure, it suffices to prove the
estimate (6.2) for a triple of smooth periodic functions. Indeed we remind the reader
that, although C* is not dense in the strong topology of C* (nor in that of Lip), given a
triple (f, g, ¢) € C* x Lip x C* we can find a sequence ( f, gk, 9x) € C® x C® x C*
such that:

o limy || fi = fllco = 0 and || filles < [|flce;

* & =& in L and |[giflce < [gllce;
o limg [|gx — ¢llco = 0 and [[@rflcrs < [[@llcra-
The conditions above are enough to infer
lim / fegrr = / f&'e
k—oc0
and thus it suffices to show that

[ i < Wil gl el
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Fix therefore a triple f, g, ¢ € C®(S!) and let

fx) =Y fre*™ (6.4)
keZ

glx) =Y g™ (6.5)
keZ

p(x) = Y Pre™* (6.6)
keZ

be their Fourier expansions.
We then know that the Fourier coefficients are necessarily real and that

/fglfP = Y i(k—0)fegr—cfx- (6.7)
(kt)ez?

Recall next that, by Bernstein’s inequality, C* C HF for every B < a, where HP denotes
the fractional Sobolev space WF2. Thus

YA+ KPSl < Claplflea VB<a (6-8)

k

Y1+ KPP)|gl? < Clw, B)lgllEe VB <. (6.9)
k

We finally need the simple estimate
|9l < Cllgllcra (1 + k)~ (6.10)

We are now ready to conclude and we start observing

<[2K'F Y k= 00P|gk—dll il

Y i(k—0)fogr—s
4

—k<i<k
+V2 Y !k—ﬁ\\/m&k—d\fz\
<~k 0>k

1/2 1/2
< |2K['F (Z mzﬁlgvﬁ) (Z |fj|2>
: 1/2 ] 1/2
+v2 (Z ngvwz> (Z UHfD-F)
] J

< C+ KD PlIflleslgllcs - (6.11)
Combining (6.7), (6.10) and (6.11) we then conclude

[ 15| <Clslolglelelo. D+ k)

k
< Cllfllesliglcll@llcra (6.12)
where we have used that, since we are free to choose any f < « and & > 1, we can
impose « + B > 1, which ensures the convergence of the series Y (1 + |k|)~*~P. O
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6.1.2 Connection

Consider now a C? Riemannian manifold (X, ¢) with C? boundary, a C? curve 7 :

[a,b] — X and a C! vector field W along . In local coordinates we can write
Wi(t .
Z a o (6.13)

Z’Y axl (6.14)

We then know that V;W is given by the formula

dW! 9 ‘ J
Jwk =
T 8 —i—E T 7)YV W v, (6.15)

where the C! functions T;k are the Christoffel symbols of the metric g.

Let u : ¥ — R™ be a C'* isometric immersion. The vector fleld u W=y Wl - can

thus be seen as a C* map u,W : [a,b] — R™. In particular, if « > I we can use Lemma
6.4 to make sense of the scalar product
d ou
<dtu*W,ax€> . (6.16)

For smooth isometric immersions (6.16) and (6.15) are then related by the identity

(it *w<v>>,§;<v>>—2(i D+ D) 3/ W >)gim>. 6.17

The latter is just the classical relation between the Levi-Civita connection and the
tangential connection. Lemma 6.4 allows not only to make sense of the left hand side
of the identity for C** immersions when a > 1, but it also implies that, under the same
regularity assumption, the identity (6.17) remains valid.

Proposition 6.5. Let (X, ¢) be a C* Riemannian manifold with C? boundary, let y : [a,b] — %
be a C? curve, let W be a C' vector field along -y and let u : & — R™ be an isometric immersion
of class C'* for some a > 3. Then (6.17) holds.

The proof of the proposition is postponed to the end of the section. We now show
how Theorem 6.2(a) follows from it.

Proof of Theorem 6.2(a). The proposition implies part (a) of Theorem 6.2 right away.

Indeed, fix a point p € 9%, and choose local coordinates in a neighborhood U of p
so that X = 3‘372 on U and % is tangent to X,. Choose then W tangent to X, and

73



74

Cl* 1SOMETRIC EMBEDDINGS OF POLAR CAPS

parametrize the curve y = X, so that %U*W = Z. If we first use (6.17) for the standard
embedding, we easily see that

L <§t(wi(7)> + Zklf§k(7) o Wk) gn(y)=a.
]/

i
If we then use it for u = v we conclude

(1,2) = (50 0N ) ) =a. o

In order to prove the above proposition we recall the quadratic estimate in [17,
Proposition 1.6], which follows from estimate (2.12):

Lemma 6.6 (Quadratic estimate). Let QO C R" be an open set, v € CY*(Q,R™) with
vfe € C? and ¢ € C®(R") a standard symmetric convolution kernel. Then, for every compact
set K C Q)

1(v % pe) e —v'ellcix) = O(e* 7).

Proof of Proposition 6.5. First observe that without loss of generality we can assume that
W is defined on the whole manifold. Secondly, observe that it suffices to prove the
identity for curves oy which lie in the interior. Consider indeed a C? curve v which
touches the boundary of the manifold and approximate it in C?> with a sequence of
curves y; which are contained in the interior. Then the maps W(7;) converge in C! to
W(7). As such, the maps u.W(7;) are uniformly bounded in C* and converge in C*
to u,W(+y) for every & < a. Since we can choose & > 3, Lemma 6.4 implies that the
distributions

(GimWon), g o)

! BXg

converge to the distribution

(GWe), 3o (6:18)

Moreover, obviously

d Wi (s T (v )W (s
%( wﬂ”% ke (V) TiW (7))
converge uniformly to

LW () + T )7 W () (6.19)
k.t
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Fix now a curve 7 in the interior and a coordinate patch U compactly contained in
another coordinate patch V, both not intersecting the boundary of the manifold. We
can smooth u by convolution with a standard kernel by u * ¢;. For € small enough the
convolution is well defined on the coordinate patch U. Clearly the maps (u * ¢¢). W
and (u * @¢). a%i are uniformly bounded in C* and converge, as € | 0, to u,.W and u, a%
in CP for every B < a. Choosing a f > 1 we apply Lemma 6.4 to conclude that the
distributions

(5 (x g0.w) ), 2522 ) (6.20

converge (weakly in the sense of distributions) to (6.18). On the other hand, from
Lemma 6.6, if Fi/u denote the Christoffel symbols of the metric (u % @¢)*e, then we
conclude that they converge uniformly to 1";'%. Thus

d
d Zreké )T W () (6.21)

converge uniformly to (6.18) and [(u * @¢)*e];; converges uniformly to g;;. In particular,

Z (gt )+ erkﬂ kWﬁ(“Y)) [(u* @e) elie(7) (6.22)

converge uniformly to the right hand side of (6.17). However, since u; is smooth, (6.20)
and (6.22) are equal by classical differential geometry. Letting ¢ | 0 we then conclude
(6.17). O

6.2 FLEXIBILITY: PROOF OF THEOREM 6.2 (B)

The maps v violating the rigidity are produced by convex integration. Their construction
relies on the following more general theorem, the proof of which is the content of most
of the remaining sections. Recall that an immersion u is called strictly short if ¢ — ufe is
positive definite.

Theorem 6.7. Fix two integers n > 2, m > n(n + 2) and a metric § € C2% on B; C R™. There
exists 0p > 0 such that if u € C®(By,R™) and h € C*®(By) are such that
h=h(|]x|]) >00n By, h(1) =0 and /' (1) # 0 (6.23)
u is strictly short in By and (6.24)
(1 —do)he < g — ufe < (1 + &) he in a neighborhood of 9B, (6.25)

75



76

Cl* 1SOMETRIC EMBEDDINGS OF POLAR CAPS

then for every a < %, every constant x, € R™""*1) and every ¢ > 0 there exists a map
v € CY¥(By, R™("+1)) sych that

Hv - (u/ xO) ’|C0(31,R"'+n('z+l)) < g,
v = (u,x9) and Vo = (Vu0)T on 9B,
g = vbe.
In addition, if u is injective then v can be chosen to be injective as well.

If we manage to construct h and u satisfying (6.23)-(6.25) and, in addition, violating
the rigidity at the boundary then we are done since the derivatives of v and u agree at
the boundary:.

Fix R > 1 and consider the scaled spherical cap £x C R? given as the image of

® : By = R3 where ®(x1,x2) = (x1,x2,4/R2—x2 — x5 — V/RZ—1). We use polar
coordinates to define the map u : B; — R® by

u(r,0) = (¢(r)cosb, ¢(r)sinb,0,...,0), (6.26)

where ¢ € C°°([0,1]) is a suitable reparametrization such that ¢(0) = 0, ¢(1) =
1, ¢'(1) = \/R27 and, for every r €]0,1],

R2 / 2
o P07 >0, (627

2 —(r)? > 0. (6.28)
Observe that, once we produce such a ¢, the map u is strictly short in B; (except maybe
in the origin, where the polar coordinates are not suited to the problem) and isometric
on the boundary. Indeed, the metric induced by u is given in polar coordinates by

ute = ¢”dr? + ¢?de?,
whereas the metric on g which is induced by the inclusion into IR® reads

2

R 2, 2402
g:Rz_err + rod6-.

Hence, the shortness away from the origin is given by (6.27) and (6.28) whereas the
isometry on the boundary is apparent from the values ¢(1) and ¢’(1). In the following,
we construct a piecewise smooth function § satisfying the above assumptions; smooth-

ing out the corners will then provide ¢. We abbreviate 7 := \/% Because R > 1 we

can fix a positive 57 €]2 — «,1[. Since # + v > 2 we can then find ¢ > 0 small enough
such that

2

‘1(1 _ ’1Y + «)/3R*2) < (1-—2¢) (1 — (€R1)2> o ’ (6.29)

0<1l—e(p+7)+ >
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as one can see by expanding (1 + x2)~"/? around x = 0. Set

g L)+ S1-7"+7°R?)
’ 1—2¢ ’
and define the piecewise continous
7, forr € [0, ¢]
¢(r) =< B, forr e e, 1—¢]
Y—(1—914+93R2)(1—7), forre[l—egl].
The definition of B ensures that
1
| #r)ar =ne+ 1 —20)+e(y— (1 =1 +7°R2))
1
Py PR e2 o)
1 _ _
=e(n+ 1)+ (1 -2 -1 -7 '+ R =1,

Consequently, setting @(r) = [ ¢(s)ds yields a continuous, piecewise smooth function

with @(1) = 1 and ¢'(1) = v = —5—. We claim that ¢ satisfies (6.27) and (6.28).

VR2-1"
Indeed, on ]0, ¢] this is provided by the fact that 7 < 1. Moreover, if ¢ is small enough

then B < 1 which, together with (6.29), shows the inequalites on [¢, 1 — ¢]. If ¢ is small
enough, (6.27) holds on |1 — ¢, 1] since

d R2 iy 2R2 /
H(m_ﬂ—¢®ﬁ=u@4y—wm¢m

dr
=2(y'"R?—y(1-7""+9°R?)) <0,

and
R
RR—1 ¢
Finally, on [1 — ¢, 1] we have
g >y—e(l—7"+9°R7?),
In particular, for € small enough we have ¢’ > 1 on [1 — ¢, 1]. Since ¢(1) = 1, the latter
implies that ¢(r) < r on [1 — ¢, 1], thus concluding the proof of (6.28).
Consequently, if u is defined by (6.26) then it is isometric on dB; and strictly short

in By \ {0}. To show that it is also strictly short in the origin we switch to euclidean
coordinates and observe that u(x1, x2) = (17x1,7x2,0) if |x| < . Hence

4 2 X 2 2 X3 2
g—ue= <1—17 +R2_|x|2>dx1+<1—17 +R2—]x|2>dx2

X1X2
deldxz .

(1> =0.

+2
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The shortness around the origin then again follows from # < 1. Lastly, we define

h(r)=2(y=1)(1—71).

Obviously, (6.23) is satisfied and we claim that, sufficiently close to dB;, also (6.25)
holds. For this we again consider the terms in polar coordinates. Expanding around
r =1 gives

1_<§){:x7—1x1—@+m01—ﬂ%

and

R? 3 - -
W_(P/Z:'YZ_FZ’)AR 2(’,_1)_,)/2_2,)/(1_,)/ 1+’)’3R 2)(1,_1)

+o(lr—1))

= 29(r—D)(PR 2= (1— 97 + PR 2) +o(|r — 1)
=2(y=1)1—=r)+o(jr—1J).

This shows that

P S B 2 o (4 (P\ »
g —ue he-( h)dr +r <1 (r) h>d9

V—H)
hence (6.25) is satisfied. Now fix & < 3. Then Theorem 6.7 can be applied to find an
isometric immersion v = (v, w) € C* ( 8+6) such that on dB; we have Vv = Vu,
=0and Vw = 0.

We now consider the appropriate rescaling of the map v by R, namely ¢, which
induces an isometric embedding of ¥, for 4 = v/1 — R=2. Since the map is an isometry,
the vector Y = v, X has the same length as the vector X, namely |X| = 1. Observe,
moreover, that by construction such vector field is in fact parallel to the vector field Z
and it has positive scalar product with it. In particular we conclude that (Y, Z) = 1.

63 TOWARDS A PROOF OF THEOREM 67 MAIN ITERATION

The proof of Theorem 6.7 is based on the iteration scheme developed by J. Nash in [45]
to prove his counterintuitive result about the existence of C! isometric embeddings of
n-dimensional manifolds into Euclidean space with suprisingly low codimension n 4 1
(Theorem 1.3). We need to adapt the scheme in two ways. First of all, in its original
state it only produces maps which are C'. As mentioned above, the first improvement
is due to the work [17] (with which one is able to construct C1'/1+""+1)=?¢ jsometric
embeddings), while in Chapter 3 we showed how to improve the threshold further



6.4 PROOF OF PROPOSITION 6.8: PRELIMINARIES

in the case of two dimensional disks. As realised by A. Kéllén in [41], more regular
isometric embeddings can be produced at the expense of increasing the codimension.

Secondly, the iteration process needs to keep the boundary values fixed. This can be
achieved, as done in [37], by multiplying the perturbations by cutoff functions which
are suited to the iteration scheme (see Lemma 6.11). The following proposition is the
main building block of the iteration.

Proposition 6.8. Let n > 2, m > n(n+2), A > 0 and fix an embedding i € C*(B;, R™).
There exist constants oy €]0,1[, R(A) > 1, A(R) > 1 and Co(ii, A) > 1 such that the
following holds. Fix ¢ > b > 1 and

a>ay(b,c,o0,1,A R, N\, Cp),
and define

o = a b Ay = 2t
Assume § € C? is a metric on By with

Gl <Co(14+6{7%)  fork=0,1,2, (6.30)
and suppose vy € C°(B1, R™) and hy € C*(By) are such that

9
vg =1t on By \ Bi-gs,,,, [lvg —ll1 < Co Y. 52, [v4]2 < CO(S,I/ZAq , (6.31)
k=1
hg is linear on By \ By_gs,,, with hg(1) =0, hy(1) = —A
and A_15q+1 < hy < Aégyq on Bl—RquH , (6.32)
gk < CO(S;HC fork=0,1,2,3, and (6.33)
(1—00(1+14))hge < 3 — Uge < (14 00(1 +14))hge on By, (6.34)

where 11, € CZ(B1) is a radially symmetric cutoff function with 115 = 0 on By \ B1_gs,.,,
g =1on Blf(R+1)(5q+1 and taking values between 0 and 1 (cf. Lemma 6.11 for the definition of
the cutoffs). We can then find vgy1,hgy1, 1741 satisfying (6.31)—(6.34) with q replaced by q + 1

and, in addition, the following estimates hold:

52
1
||Uq+1 - UqHO < (:O/\qi+ ’ (6.35)
q+1
(0541 — Vg1 < Co5;f1 . (6.36)

6.4 PROOF OF PROPOSITION 6.8: PRELIMINARIES
6.4.1  Existence of normals

The following proposition claims the existence of an orthonormal family of normal
vectorfields to the embedded surface together with the appropriate estimates (6.39). It
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is already contained in [41], but our condition on the co-dimension is less restrictive
(d > 1 as opposed to d > n + 1). The reason for this is that in the proof we use Lemma
A.11 in the appendix instead of Lemma 2.5 of [41]. The rest of the proof is essentially
unchanged. For the reader’s convenience we provide the details in Section A.4.1 of the
appendix.

Proposition 6.9. Let n > 2, d > 1, B a set diffeomorphic to the closed unit ball of R"
and u € C*® (B, IR”J“"I) an immersion. There exists pg = po(d,n,u) > 0 and constants Cy
depending only on u such that the following holds. If v € C* (B, ]R”*d) is such that

lo = uller < po,

then there exist {1(v), ..., {4(v) € C* (B, R"*) such that for all 1 < i,j < d we have

(Ci(v),¢j(v)) =6;j onB (6.37)
Vo-Zi(v)=0 on B (6.38)

and
[2i(0)]k < Ce(1 + [|ofles1) - (6-39)

6.4.2 Decomposition of the metric error

We use the following decomposition of the metric error, in the spirit of Lemma 2.3 in
[41]. The proof is a simple application of the implicit function theorem and is provided
in the appendix. Recall that n, = n(n+1)/2.

Proposition 6.10. There exists rg > 0 and vy, ..., v,, € S"~! with the following property. If
T: By — Sym; and {M;}i—1,. n., {Gij}ij=1,..n, C C¥(B1, Sym,,) are such that
Ny Ny
I —Idllo + Y [IMillo + 3 IGsjllo < 7o,
i=1 ij=1

then there exist smooth functions c1,...,cu, : By — R with

T(x) = nz*clz(x)vi RV + nz*ci(x)Mi(x) + nz ci(x)cj(x)Gij(x) (6.40)
i=1 i=1 ij=1

and c;(x) > ro on By, and for any Q) C By

n

* n*
lcillka < Ck (1 + |tlea + Y IMillka + Y ||Gink,Q) : (6.41)
i=1 ij=1
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6.4.3 Cutoff functions

In order to keep the boundary values the same along the iteration we will multiply the
perturbations with a suitable cutoff function. The following lemma clarifies the type of
cutoff we will use and its most important properties.

Lemma 6.11. There exist universal constants ¢ > 0, C > 1 and a sequence of radially
symmetric cutoff functions (Uq)q en € C& (Bu) such that for any q € IN we have

g =1on Bl,(RH)(qu and 13 =00n By \ By_gs,.,, (6.42)
Mgl < CcSq_fl fork >0, (6.43)
Mg < &= [Vii Vi < Co 2. (6.44)

Proof. Define f € C/(R) by f =0o0n ] — oo, 1], f =1 on [3,+co[ and linear in between.

74
Smoothing out the corners by mollifying f with a standard mollifying kernel ¢, with
parameter ¢ < ; we find a function h = f x ¢, € C®(R) satisfying & = 0 on ] — o0, 0]
and h =1 on [1, 4+oo[. Also, since i’ (r) — 0 as r — 0, we can find ¢ > 0 such that

h<e= (W)*<h.

The sequence 77, is then easily constructed by setting, for x € By,
. -1
17 (x) ._h<5q+1 (1— Réys1 — yx|)) . 0

6.4.4 Parameters

To counteract the loss of derivatives appearing along the iteration we mollify the map
by convolution with a standard kernel so that we can control higher derivatives with
the mollification parameter ¢. However, we have to make sure that this parameter is
chosen small enough to keep the metric error (6.34) of the same size. It turns out that
the right choice is

16/

q+1
= = ’ (6 )
E5, 45

where C > 1 is a universal constant, depending additionally on 7, §, R, A and Cp, which
will be chosen in Lemma 6.12. In the course of the proof we will need the following
hierarchy of the parameters

R

1 S0 ST < Aga (6.46)
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The first inequality is true by definition, while the second follows from
< 1 1
log,(0g42¢"") = log, (C(Sqéqﬁzéﬁz)\q) > —qu + (C + 2) pitt — pit2

Y <;(b—1)+b(c—b)> > 0.
In particular, we also have

S < A (6.47)

The last inequality in (6.46) is a consequence of the following stronger estimate, which
will be needed in Section 6.7. Fix any constant C(b,c, 00,i,8,A, R, A, Cp). Then, if
a > ap(C) is chosen large enough, we have

C;j%lﬂ < bpia (6.48)
Indeed, inserting the definition of ¢ we see that the inequality is satisfied if
CC26, A 20120011 > 1.
Taking the logarithms gives
b1 (b2(2c —1) —2bc+1) —log, (CCZ) >0.
Rewriting the first term, we find

b1(b—1) (b(2c — 1) — 1) —log, (CC?) > 0.

This inequality is satisfied if a is chosen large enough, so that (6.48) holds.

6.5 PROOF OF PROPOSITION 6.8: SETUP
6.5.1  Mollification

Fix a standard, symmetric mollifier, i.e. a radially symmetric, nonnegative function
¢ € C®(B;) on R" with unit integral and set ¢,(x) = ¢ "¢(x/{). We define the
mollification parameter ¢ by (6.45) and set

Oy = (vg — 1) *x ¢ + 11, (6.49)
which mollifies the map v, while keeping the boundary value: since 5;/ Ag > 5;{2 we
have ¢/ < %Réqﬂ if C is chosen large enough, so that, thanks to (6.31), we have

0y = il on Bl\Bl_%R(qu.
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Lastly, we set

gt _dna
hq hq

T:= (6.50)

Observe that 7 is well defined and smooth on every open () which is compactly
contained in B;. We gather a few important estimates on 7, and 7 in the next

Lemma 6.12. If C(i1, A, Cy), ag(Co, A) and R(A) are chosen large enough and if oy > 0 is
chosen small enough, then, for k = 0,1, 2, we have

[Og)r1 < C(L+3)5,07F), (6.51)
[772@ - vge * @olk < Cﬁz’k[vq]% , (6.52)
IT—e| < %0 on Bi_re,., (6.53)
|D*r| < 7% on Bl,mw , (6.54)

for some constant C depending on i and A.

Proof. First observe that if ag(Cp) is large enough we get ||v,([; < C(#). Therefore, using
again (6.31) and the mollification estimates from Lemma 2.3,

[Vogle = [Vog % @l + [V (@ — @5 9ok < C(1)(1+ €1 ogl2) + CL a2
< C(a)(1+8/07),
if C(Cp) is large enough. For the second estimate we compute
VoV, = V(vg % @)V (0% @) + V(i — i % @p)TV (i — il % ¢p)
+2sym (V(0g % 9¢) TV (il — i 1)),

where we recall the notation sym(A) = (A + AT). This gives

[ﬁge — vge * @l < C(1) ([(vq * @g)fe — vge s« @oli + [0 — 1% @olis
(1= % il + [0g % @ilicn) [0~ % 9
< (@) (£ ¥ [og3 + 2~ [ + (1 + & ¥og) Rlals
< C(@)* ¥ v,)3.

We will prove the estimates (6.53) and (6.54) separately on By _ Réger \ Blf% Répin and on

B,_ 1RG0 Since on the former we have 0, = il = v,;, and consequently

g - Uge —hge &ﬁze

T hy hg

83
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it follows with (6.34) and h; > ARJ; 4> that

1 1’0
—e| <
|T — ¢ CU’Q"‘CAR >

if 0p is small and R(A) large enough. By (6.34) we have the pointwise estimate
1§ — vje| < Clhyl,

so that with the help of (6.30) and (6.33)

V(g — vhe)l L [Vl i
|Vt <C ( Ty Ty < C(u)CO(SqH,

and similarly

D2y 1Vl (19] 4 V(& —o0)l)  |p2(g —of
D2T<C( I ie)l) 1%~ vie)

Iy n2 Iy

< C(#)Co (0 + 0,5 + 0707 ) < C@)Cod %

Observe that, if C > Cy then Coéq 0 < 0% for k = 1,2, thanks to (6.46). This shows
(6.54) on Bl—Rqu \ Bl_%mq“. To show the estimates on Bl—%RéqH we write

012 1, . _
A—z(S » +h—q\(g—vge—hqe)*q)g%—(vge*q)g—vf]e)
q

+(hq*¢€—hq)e+(g_8~*§0€)‘
<704 C (qolhy * ool + (03 + [hgl2 + [812)

lt—el <C

8
< Z+Co0+—— " (c 872 + Codyly + Co(2+ 0)or )
Hence we have
C2
|T —e] <Dic. <D

4 CZA-1 7 2

if 0p is chosen small and C(A, Cy) as well as a(A) are large enough. This fixes the choice
of C. For (6.54) we estimate

[§ — Thelk < [(§— vhe) * @uli + [§ — § * el + [vhe * g — Thelx
< C(r) ( g — ohello + (g2 + [vq]ﬁ)) < C(11, Aoy 7"
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Hence, with the help of (2.7) we get the following estimate on B, 1RS 1

ID7| < C(AcS L3 — dhelx

q+1
+ [nglic (26,2 + (86y:0) (A7 641) ™) (113 — Bhello +0442) )
< c(,A) (€54 Cog k) < Cla Ayt 0

6.5.2 Decomposition

Our goal in constructing v, 1 is to add the (rescaled) metric error T by an ansatz of the

form
My
_ ax
Vg1 =0g+ ) ——

o (Sin(/\q+]1/k - x) g} + cos(Agiavk - x)ﬁ) , (6.55)
k=1"4

where 1, € 8”71, a; are smooth coefficients and where C,%,C,% are smooth, mutually
orthogonal unit vector fields which are normal to 7;,. We compute

1
V0q+1 = Vﬁq + Z aj (COS()\q_Hl/k . x)C,% & Vg — Sil‘l(/\q_HVk . x)C,% ® Vk>
k=1

:2Ak

1

a .
+) Vil (sm()\qﬂvk - x)Vj + cos(Agi1vg - x)V@,%)
k=1

=:By

(Sin()\q+]1/k X)L+ cos(Agy1vg - x)C%) Vay, (6.56)

=:Cy

My
+
k; Aq+1

so that (in coordinates) the induced metric is

My
71 Vg1 = VoV, + Y ave @ v+ 2 Z
k=1 Agi1

Vv sym(Vo] By)

1y

aa
+ 2”{_; AJrlsym(ATB) +2 Z
ij=1""1 ij=1 q+l

1
+2 Z sym(BIC;Va;) + Z 2V Vag. (6.57)
i,j=1 q+1 q+1

sym (B!Bj)

The usual practice is to decompose the metric error § — 526 into a sum of the form

Yo, a7vx @ vk and hence the ansatz (6.55) allows the addition of the metric error up to
remainders which are (if )"Hl is chosen large) very small. However, as realized in [41],
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a better convergence rate is achieved if only the last three terms of (6.57) are treated
as error terms. Consequently, one needs a slightly subtler decomposition, which is
provided by Proposition 6.10 once we know that the boxed terms are small enough.
This is the content of Lemma 6.13 once we have found suitable normal vectors C,%, C,%.
But this is an easy task thanks to Proposition 6.9, once we require a(i, Cp) to be so large
that Co Y/, (537/ ? < po(i1), where py is given by Proposition 6.9. Then, since

10 = atlly = [[(vg — @) * pellr < llvg — dllx < poliD),

Proposition 6.9 provides an orthonormal family {&;(3,)}/";" C C*(B;,R™) of vector
tields which are normal to 9; and enjoy the estimates

[DGif < C(#) on Biops,, \ By_1gs,, (6.58)

IDg| < C@)(1+6,7,07) on By 1z, (6.59)
for k = 0,1, 2, thanks to (6.51). We next define

=6, =C, fori=1,...,n,, (6.60)

which is possible in view of m —n > n(n+2) —n = 2n,.

Finally, we let vy, ..., v,, be the vectors given by Proposition 6.10, define Ay, By and
Ck as in (6.56), let 7 := 17,1 be one of the cutoff functions constructed in Lemma 6.11
and set

2 _
M; = Wsym (ValB;) (6.61)
q Ag+1
2 2
1sym (A]B;) + Sz sym (Bl (Bj+C;jVy))

q+ q+1

2 . dij 26; 1
+ ———sym (BIC;VL/?) + -V Vy + sym (VyTVh/?
i i &V g 2 1/ q

hy 2/\§+1 ( ) Afi+1 hy 2/\§+1 ( )

Gl']‘ =

(S.. . ;
+ o AZHV(hq/Z)Tth/z. (6.62)
q

We are now ready to estimate the various terms.

Lemma 6.13. For a(b,c,ii, A, R, Cy) large enough there exists a constant C > 0 (depending
only on il and A) such that for k =0,1,2

|DkAi’ + ‘chi’ < C/\Z+1 on B1,R5q+2 , (663)
k 2 p—14k ]
ID*B| < Co,1¢ "Asi1 on B _igg,,, and

|DkBl'| S C)\ZJrl on Bl*R5q+2 \ Bli%R(qu P (664)
ID*M;| + |D*G;j| < ce—lAgﬁ on By_gs,,, - (6.65)
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Proof. Since the vectors vy are constant, the estimate for A; and C; is (up to a constant)
the same:

DG < C (b + [2llk) < € (A +Cl@)e)/707F) < Calyy,

where we have used Agy1 > ¢! and a(i7) large enough. The estimate for B; follows
from

ID*By| < C(Af4 (g + [6lksn)
using (6.58) and (6.59) respectively. Since h; > RAdz42 > 6542 on Bl,mq ., and h; >
A715,41 on Elf%mw we get, using (2.7),

DRy < C(A)Cob, f

12 gk ik ~1/2-k
g+1 <(5 ATy ) < C(A)Cody iy

q+1 q+1

on Blf%mq“, and

\Dk+1h;/z, < C(A,R)C()éq* jfl (5;? + 5’5 ﬂ(s;ész) < C(A,R)Cy 5;?71{

on B;_ Réy 12 \ B, 1RS - Now, combining (6.64) and the previous two estimates,

C
kar.| < =1/ . —1/2 = . kg.
DM < 5= (U Bl + 11" ([osbnl|Billo + ID"Bi]) )
C(1,A) kgl g1 g1 12 pky o p-1yk
< W (CO(Squl 5q+1€ +07(1 +5q+1£ )+ ¢ )‘q+l)
C(a,A) Tk s2 gk Nk A1 yk-1
= Ayl (CU‘SqH +5q+1£ +)‘q+1) < C(i1,A)L A

onB, 1ROy where we used that Coéq_jfl < )\’; 1 for a(b, ¢, Co) big enough. On the other

hand, on Bi-rs,, \ Blf%mﬁl we have

C(7,8) 1ok | 51/ N S Lo
ID¥M;| < et (C(A,R)C05q+22 +5q+22A§+1> < C(“18>5q+22}\5+%/



88 Cl* 1SOMETRIC EMBEDDINGS OF POLAR CAPS

where again, a(b, ¢, A, R, Cp) is chosen so large that C(A, R)Coéquz < AZ 41- Similarly, on

fin
Blf%R(qu/ we find

ID*Gyj| < COJF AR + Copat2A8 3

CE@ A, Co) (—1pp-ksi/ 1 -1 [k =1/ —1/2—k
A (opr o+t (Ao i +007))
q+

C, A Co) (1ks—1 , s-1 s—1—k
Az, (5q+1 Og41 T 95419541 )

12 p1yk-1, COLACo) (k jo1 | c12,-1,k 2k

< Cal2 e Aq+1+A2+1(5q+1€ + O 6 )
q
< C(a,A)(s;/jle—lAgj,

where we used that Vy = 0 in this region and that C (Co)éq’jl < C(Co)l™t < Agyq for

a(b,c, Co) large enough. Lastly, we check the region By g, \ By iR

keq o Cla _ e
ID¥Gyj| < C(@)AS T + A§> (A’;,H(squ +o.5 1)
g+1

C()\/ R/ CO) —1—k —1/ —1/24k —1/—k
+ T (‘Sq+2 + (5q+22 <5q+22)‘q+1 + 5q+22 ))
q+

k24— C(AR,Co) (omippios —1/2 o—k—3
k=24 -2 By /2—k =3/ /2 c—k—3/
TGO A + Tz, <5q+22 Syia 0,120, 2)
g+
C(A,R,Co) (

2
Aq+1

< C(M)ALT] + C(A, R, Co)o, 55722, < Cim)e AT,

k151, 51 51k
g2 Ogp2 05420, 12 )

where we used C(A, R, Co)éq’j2 < C(AR,Co)t 1t < Ags1- O

Hence, if a is chosen large enough, we have

It = ello+ Y 1Millo + Y- [1Gijllo < ro,
i i,j

where the norms are intended on B;_ Rdy1a- Proposition 6.10 thus yields smooth functions
Cl,---,Cn, Bl_R(gM — R, such that

T= ZC%U{ RV + ZCiMi + ZCiCjGij , (6.66)
i i ij

c; > 1o on Bl_R(;W and for k =0,1,2

leille < C(a, A) (1 +ot +£’1/\’;j) < C(ii,A) (1 +£*1A’;j> . (6.67)
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6.6 PROOF OF PROPOSITION 6.8: PERTURBATION

Finally, we pick 77 := 17,41 from Lemma 6.11, set a; := nhi/ ’ck where the ¢;’s are the
functions found in the previous step, and define v, as in (6.55). Observe that, although
¢k is only defined in By_gg,,,, 4k can be continued smoothly to By by setting it equal to
zero. Also, v;11 = 0, = il on B1\ Bi_rs 42" Then, by (6.57) we find

Vol Vog = VgV, + in’h Z CkVk @ Vg + 217l Z 71/2 sym (V] By)
k= k=1 hg "Aga

2Py 5 0 (sym (A78;) + sy (85,
ij=1 q+1 q+1

2
+ 2n7hy E ——sym (BIC;Vy) + hy Z g—kVnTVn
ij=1 Aq—i—l k=1 Aq-ﬁ—l

+21%h, sym ( B]C;Vh,
z]Z:1 hl/ /\q—H Y ( >

2 c 12\ T 1,1/
+ 1%, ZMZ (Vi) v
97 q+1
2

Ci
TN 3/2
+ 211hy Z h;/2A2 ————sym (V;y Vh, ) +Eq,
q+1
where we have set

Ny

Eq :=2n%h, Z ——sym (BIC;V¢;) + 25h? Z
ij=1 Aq—i—l

A§+1 Sy (V <17h2’/z> T Vci)

+ 1°hg Z )\2 Vel V.
g+1
Hence we can write
VquVqu = Vo Vo, +n’hy (Z CrVk ® Vg + Z My + Z Cicj 1]>
k=1 k=1 i,j=1
+E; + Ey,

with

2
Ey:=y(1—1) chMk+2Z ok —sym (VyTVA?)
= h”/ Aq—i—l
2

Cy
+21(1—n)h, 2 /\2 —Lsym (BIC;Vy) + (1 — 7)h, ZAQ VTV .

i,j=1""g+1 g+1
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Recalling (6.66) and the definition of T in (6.50), we can see that

nge = ﬁge + 172 (g — 7726 — (Sq+2e) + Ei + Ey,

and consequently

g”—vB]He:g”—ﬁge—iyz(g—ﬁge—éﬁze) —E1—E

= (1=1")(g — vje) + 1°6g126 — E1 — o,
where we used that 7, = v, whenever 1 — %> > 0. We now define

1—03(1+47) i

— 0 1y 6,00 6.68
() LA e (e (069

hq+1 =

We have .1 = hg on By \ Bi_gy,., granting linearity and [ (1)| = A. Since 0p < :

we find that on B1_gs,,, \ Bi—(r11)s,,, We have

1 1
hg41 2 5(1 - 772)hq + 7725q+2 > E/\Réq-ﬂ(l —1%) + 772‘5014-2
1 1
= SARGy 2 + 726552(1 — SAR) = f(Ix]).

The function f is monotonically increasing since AR > 2. Hence hig .1 > f > f(0) = dg42.

This bound holds obviously also on By _ (g1 5,2~ Moreover, a rough estimate gives

hoy1 < (1—n?)hg + Sq+2 < (R+1)A6540 + 26540 < 2(R+1)Adp42

1— 403

< A5q+2

provided op is small enough and A(R) big enough, which settles (6.32). To show (6.33)
we define

2

1—03(1
cI)(x)—M = T2
— 03 x

1-d2(1+4x)? (1), ¥(x)

and write
g1 = ®()hg + ¥ (17)0442-

Since 0y < % one finds constants C; such that
(@] + [¥]k < Ck, ke N.

Then (6.33) is a consequence of Proposition 2.1 and estimates (6.43).



6.7 PROOF OF PROPOSITION 6.8: CONCLUSION 91

6.7 PROOF OF PROPOSITION 6.8: CONCLUSION
6.7.1  Error estimation

Lastly, we need to check if, once a is chosen large enough, (6.34) is satisfied with g
replaced by g + 1. First of all, we show that the upper bound is true by using (6.34) to
write

g— 0t 46 < (1= n?)(1+ 00)hge +n?0yi2e — E1 — Ez
= (14 00(141))hg+e
+ (1= 1) (1 + 00)hge + 1°65 126 — Ey — Ex — (1 + 00(1 4 1) ) gp1e.

=:E

Hence, the task is to show that E < 0. First of all, on By \ By_gs
hgy1 = hy resulting in E = 0. On Bi_ Ré,4, WE CcOmpute

,.» we have 7 = 0 and

E = (1—1*)(1+00)hge + 7°0g426 — E1 — En

1—0o5(1+7) 2 "
(1 e L D e R Ry
1—a2(1+7) 1
= (14002 ) (1 —#*)h <1—> %5
(100 gt ) 0Pt (1 gy ) e
“E-E
_ ooy oy, (1 +m)n? o
_1_0_0(1+17)(1 17)]’16 1_00(1+17)5q+2€ E1 Ez.

Since hq > /\R5q+2 whenever 1 — 172 > (0 we can conclude that

—oo(1—=7*) , ,  o(+my |
21 —0o(1+9) " 1-0o(1+7)

q+2€ < —C((T(), /\, R)(Sq+2€,

for some C(0p, A, R) > 0. Using the estimates of Lemma 6.13 and (6.67) we find the
pointwise estimate

g+1

|Ey| < C(A,A,R)Az -

For a large enough it therefore follows from (6.48) that

Og+ 2
E<y ( (LA, R))\2 g C(UO,A,R)(Squ) _ o) g,

2(1—oo(1+1))

0077(1—17)
< — h,e — E,.
= T 2(T—ap(1fy)) T
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To estimate this final term we recall from (6.44) that there exists ¢ > 0 such that
V3TV < C(qufzﬂ whenever 77 < e. Consequently, when 7 < € we can estimate

h
|E2| < C(A,R)n(1—mn)hy (ﬁ 1/\%31 +(5q+2/\q+1) < C(AR)(1 W)ngZ L
g+
so that
C(/\,R) Jp
<n(l— =, Ve <
E<n(1—n)h, < EZ)%H e—> e) <o,

if a(0p, A, R) is large enough. On the other hand, when 1 > ¢, then

C(/\, R) 0p
E<n(l—n)h <e — e)
e, 4

Ny 2
ooY
+ (1 —4Hh ViTVile — e
( 77)‘7<2A$+1| Ui 77| (1_00(1_}_17)))

o
< C(1 —772)h (5q+2)\q+1e Z e) <0,

if a(op, €) is large enough. Recall in particular that ¢ does not depend on g, hence we
can choose a depending on e. This proves the upper bound in (6.34). The lower bound
is proven analoguously.

6.7.2  Estimates on vg4q

First of all, on By \ By_gs,,, we have Ug41 = @ = v;. On the other hand, on Bi_rs

q+2
can estimate, for k = 0,1, 2,

q+2

(65— gk < CC ¥ [ogla + CEHalp < 5/, 0F,
if C in the definition (6.45) of ¢ is large enough. Moreover, combining the estimates of
Lemma 6.13 with estimates (6.43), (6.59) and (6.67) we can estimate

C ]
og — ok < 5 = (yhifeil+ C(, M)8) A%
C(i, A)sY?
7Tt k 1yk—=1
A (6 + Cooply + 0728 + k)

12 4y k-1 /2 yk—1
< C(, M)A < Coal/2 AR

This concludes the proof of the proposition.
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6.8 PROOF OF THEOREM 6.7
6.8.1  First approximation

Let 0p > 0 from Proposition 6.8 be given and assume that oy < 0. Suppose that
g, u satisfy (6.23) and (6.25) and fix an a < % and a constant xo € R"("*1)_ We choose
¢ > b > 1 such that « < 5. For any a big enough we now want to construct
maps v, hy satisfying the assumptions (6.31)-(6.34) for the metric § = ¢ — w'e, where
we C% <B1, ]R”(”H)) is a suitable map constructed below in (6.74). Then Proposition

6.8 can be applied iteratively to generate a sequence v, € C* (B;,R"™) converging in
C* to a map v inducing the metric §. Setting v = (v, w) will then yield the wanted
isometric map. First of all, we need to do a first approximation to get into the range of
assumption (6.34).

Lemma 6.14. Let m > n+2, 5y €|0, ;[ and assume u € C®(By,R™) and h € C*(B)
satisfy (6.23)—(6.25) with &y replaced by &. There exist & > 0 and A > 1 (depending only on
o and h) such that for any positive 5 < & there exist i € C®(By,R™), h € C®(By) with

(1=00(2+ 1))he < g —it*e < (14 0(2+ 1)) e, (6.69)
i =u onBy\ By, (6.70)
h(1) = 0 and h is linear on By \ By_;, (6.71)
A6 <h <As on By_s, (6.72)
ID*h|| cop,) < C8'F for k=10,1,2,3, (6.73)

where 1 is a suitable, radially symmetric, smooth cutoff function with 1 = 1 on By_»s and
7 = 0on By \ By_g and the constant C in (6.73) depends only on |h'(1)|. In addition, @i can be
chosen to be arbitrarily close to u in C°.

We postpone the proof of this lemma until the end of this section and now show
how to conclude the Theorem 6.7 from it. Firstly, choose & = & and fix some § < J to
find first approximations i, & satisfying (6.69)—(6.73). We then set A := |’(1)|, choose
some a > ag(b,c,1,00,A, R, A, ) big enough to satisfy (R + 1)d; < 6, where we recall
6; = a~"". To start the iterative process we now would like to find maps vy, h satistying
(6.31)—(6.34). In particular, vy will have to satisfy ||vg —ii|[1 < po(#) in order to find
the normal vectorfields with the help of Proposition 6.9. A perturbation like the one
used in the proof of Proposition 6.8 would produce a map vy satisfying most of the
needed conditions, however we could only control |[vg — ii||; < C§"2 Since C&'/?
might be bigger than py (i) such a perturbation is not sufficient. The solution, which
unfortunately comes at the expense of increasing the codimension, is to perturb the
metric instead: we set vy = i and find a metric § of the form § = ¢ — we such that
g— iife is very small. It is then not difficult to find hy such that vy, hg and ¢ satisfy
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(6.30)—(6.34). Note that this idea is used in Nash’s second work [46] on isometric
embeddings.
To construct the map w we define
g — iife A

T="—= e
h h

If R is big and 0y is small enough we can decompose T on B;_gg,, since

- C
|T —e] §C00+R—A <rp.

Here, we assumed that a(A) is taken large enough to guarantee A~16 > ARS;. We can
then also compute

|DkT| < C(g,ﬁ)él_k,

for k = 1,2,3. Hence, by Proposition 6.10 we find vy, ..., vy € S*landcy,...,cn, €
Cc*® (Bl—Rél) with

=Y v ®v;,
and, fork=0,1,2,3,
|Dfe;| < C|D*t| < C(g, )6, F
as well as the improved estimates, for k = 1,2,3,

|2Dke;| < C(g, w)6,* 7%
6.8.2  Perturbation
Fix a cutoff 77y given by Lemma 6.11, pick a constant xo € R""*1) and define
Ny 770~1/2Ck )
w=x0+ ) T (sin(px - vg)ex + cos(px - vi)ey, k) , (6.74)
k=1

where ¢; € R""*1) is the i—th standard basis vector and p > 1 will be chosen later. We
compute

Ny ~
Vw = Z 1ol ¢y (cos(px - vg)ex @ vg — sin(px - v ey, 4k © Vk)
k=1

13 .
+ﬁ IRY (nohl/zck) (sin(px - vg)ex + cos(px - v )eq, k) ,
k=1
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so that
N Ny
Vw ™V = n5h Y v @ v + iz A (q0ﬁ1/2ck>T \% (qofll/zck) .
k=1 H k=1

Now we define § = ¢ — w'e,

1=052+m0) ¢ 27 o
=m0+ =20 )

and we claim that §, vy and hy satisfy the assumptions of Proposition 6.8.

ho =
P 1- Q2+ 1)

501,

6.8.3 Final estimates to start the iteration

First of all, since vy = il the assumptions (6.31) are trivially satisfied once a(i, Cp) is
large enough. Now since |g — iife| < Cé; whenever V1o # 0 (thanks to (6.69)), we can
estimate fork =1,2,3

ID* (mof' e ) | < Cg, 1, )87,

so that fork=1,2
i, A
D (w'e) | < Clg mal ™+ okt < (gl

if u > 6, !. Consequently, (6.30) is satisfied. With the same reasoning as in the proof of
Proposition 6.8 we can conclude (6.32) and (6.33) and also (6.34) if

n=_Cor'
for a large enough constant C depending on g, #, ¢ and 0. Moreover, we can achieve
€
2 4
if C is large enough.

[w — xollo <

6.8.4 Conclusion

We can now apply Proposition 6.8 iteratively to generate the sequence v,. Because of
the estimate (6.36) the sequence converges in C! to a map v which satisfies, since we
can pass to the limit in (6.34), v'e = §. Lastly, we can estimate

12 ya Cafl/zbq(lf%cbc)

qu+1 - UqHLa < CHUqH - UqH%ia[qu - vq]g < C‘Sq+1 g+1

Since & < 21% the sequence converges in C* and consequently v € C“. Setting
v = (v, w) then concludes the proof of the main theorem. We are therefore left to
proving Lemma 6.14.
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6.8.5 Proof of Lemma 6.14

Let r > 0 be such that

(1= 200)1' (1) (x| = 1)e < (g — wPe)x < (1+200)1' (1)(|x] — 1)e (6.75)

for all x € By \ By—,. Since u is strictly short and B;_, is compact we can find p > 0
such that

g—ufe>pe onbB_,.
Fix p such that

20max{1, ((25p — 1)K’ (1)) "'} < min{r,5}.
With this choice we have

g —ufe > pe on By_,

where we set 6 = pmax{1, (269 — 1)h’(1))"1}. Since (g — u’e — fe)(By_s) is compact
there exist M nonnegative smooth functions ay,...,ay € C® (Bl,(;) and unit vectors
vi,...,vm € S" 1 such that

o M
—e = Z a?vi RV, (6.76)

i
g—u'e
2 =

on Bj_s (see for example Lemma 1 in [54]). Fix a radially symmetric cutoff 7 € C*(B;)
such that

7 =1 on By 5, (6.77)

7 =0 onBy\ B, (6.78)

178 o < Co™* fork >0, (6.79)
(7")* =o0(y) asy =0, (6.80)

Such a function can be constructed in the same way as in Lemma 6.11. We now use a
Nash twist to construct i, i.e. for k = 0,..., M we define iteratively u( := u and

a .
Up = Up_q1 + UA—:(sm(/\kx . vk)g,l + cos(Agx - vk)Ci) ,

where A > 1 are large frequencies to be chosen and ¢}, {? € C*(B;, R™) are orthogonal
unit vector fields which are normal to u;_; and are provided by Lemma A.11. Finally
we set i := uy. il is smooth and because of the properties of # we certainly have 7 = u
on By \ B;_s. To compute the induced metric we note that

Vur =Vur_1+ nak(cos()\kx . Vk)CI% ® Vg — sin(Agx - l/k)Q% ® k)
+0 (A7) (n+ V) (6.81)
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Consequently
VulVue = Vul Vi1 + ?a2v @ v+ 0 (Ak’l) (n+VnTVy) . (6.82)

Remembering (6.76), we therefore find

< P
g—ife=g—ule+ ) (uﬁfle - uie) = (1—-n%)(g—u'e)+ 172§e

k=1
M 1
—(17+V17TV17)ZO<)\; )
k=1 -
We now set

- 1-262(2+7) 1> o
h = 0= V-1 -1 —_—
=gt O D G e

Then /i € C®(B;) and (6.71) follows directly. Moreover , one can write

h(x) = @(m)K (1) (x| = 1) +¥(n)p,
for the two rational functions

1-253(2+x) x?

Y= g ) YOS e

Since &y €]0, 1|, one easily finds a constant C > 1 such that

[q)]ck([oll]) + [T]Ck([o,l]) S C,k = 0, 1,2,3 . (683)

everywhere and
B> (1= (O3 = D)+ 725 = s+ 2 E - I ))e) = £ > A%

on B;_; for a suitably chosen A depending only on & and &y. Hence (6.72) is satisfied

as well, while (6.73) follows with the help of Proposition 2.1 in view of (6.79) and (6.83).

It therefore remains to show (6.69). On By \ By_; it is implied by (6.75). If we choose A
so big that || E|lo < dop, then on By_5s one finds

~ 96 2 — 957 -
g — ite — he = Uiopqe —E< 7092(70@ < 20phe,
2(1-907) 2(1—-963)

97



98 Cl* ISOMETRIC EMBEDDINGS OF POLAR CAPS

and similarly
g— ite — he > —2(70fze.

We are left with the set B;_; \ B;_js5. Observe that
(1= 00(2+ 1))h—(1—200)(1 — )i (1)(|x| - 1)

a2
1 P
2

2
R Ew A

~ 2
— o] 2 U P
- q W) (-1 P

ey LU QU el sy s &

and similarly
(14 60(2 + 1))h—(1+25) (1 — )i (1) (Jx] = 1)

— o / 772 1Y
= 1_&(](2—2+77)(1 — )i (1)(|x| = 1) 1052

Remembering (6.75) we find
g—ife < (1+60(2+1))he — (1+60(2+17))he
+(14200) (1 = I Q) (3] = Ve + 725+ Clop + 17/ Ele
= (1+00(2+m))he + C(y + [1'|*)|Ele

do(1—12) do(2+m) p
-1 (e s = et 2 e

and also
g —iife > (1—0o(2+1))he — C(n + |n'|?)|Ele

o(l—n%) n2+n) p
i <1f&0(2+17)h (DIl =De+ 1+060(2+;7)’72€> ‘

Now, because of (6.80) we can find € such that
'[P <n  fory<e.

Then, on the region where 7 > ¢, we have

~ o 2 O
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and consequently, choosing A big enough, we find
(1—60(2+1y))he < g—itfe < (1+55(2+1))ke.

On the other hand, when 7 < ¢, it holds

5 (1 _ 2
g—ife < (1+69(2+1))he — n(%h’(l)(\x! —1)e

_w2+y) P
T=5002+7)"2
< (14 00(2+1))he — 1 (C(e)e — C|E[e) < (1+50(2+1))he

e—C|E\e>

if the Ay’s are chosen large enough. The lower bound follows in the same way, conclud-
ing the proof of the lemma.
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INTRINSIC VS. EXTRINSIC PARALLEL TRANSLATION

In this short chapter we investigate another notion which could be helpful for a relaxed
version of the Borisov—-Gromov problem: parallel translation. We define an extrinsic
version of parallel translation on n-dimensional submanifolds of R” (where m > n + 1)
and show that, if the submanifold is smooth enough, it coincides with the usual
(intrinsic) notion. In [2], Borisov introduces similar notions of parallel translation and
shows that, under certain geometric conditions, such process preserves the lengths of
vectors. In our case, it turns out that this is true whenever the submanifold is the image
of an embedding v € C* with a > %, see (7.1).

To simplify the presentation we work in coordinates. Hence, let (3 C R” be an
open, bounded set equipped with a smooth Riemannian metric g. Assume that v ¢
CH*(Q),R™) is an isometric embedding and let 7 : [0, T] — Q be a smooth curve. Fix
a vector X € T’y(O)ﬁ and call X : [0, T] — TQ the parallel translate of Xy along v, i.e.
X(0) = Xo, X(t) € Tv(t)ﬁ and D;X = 0, where Dy is the covariant derivative along the
curve v, i.e. D;X(t) = V«'y(t)X whenever X is an extension of X and V is the Levi-Civita
connection induced by g. We now define a notion of parallel translation on the image
v(Q) by discretisation. Fix k € N and a partition P, = (0 =ty <t; < ... <t; =T) of
[0, T]. For any point p € Q we call 71, : R™ — Ty, v(Q) the orthogonal (with respect
to the euclidean metric on IR™) projection.

Definition 7.1. The discrete parallel translate with respect to the partition Py of the vector

X along vy is the vectorfield Py X : [0, T] — To(Q)) defined for t €]t;, ;1] by
P Xo(t) := 1y Xi,
where X; is iteratively given by X; = 7t ;) X;-1, Xo = dv(Xo).
The main theorem of this chapter is then the following.

Theorem 7.2. Let a > 1 and suppose P, = (0 =ty < ... < ty = T) is a partition such that
A(Py) = max; |t; — ti_1| — 0as k — oco. Then, for any t € [0, T], we have

|du(Xo)| = lim [PeXo(#)] . (7.1)

If in addition & > $(v/5—1) and P, = (0,1T,..., 52T, T), then

HPkXO — dU(X)HCO([O,T]) —0ask — oo. (72)
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We will give a short proof of the first assertion in the next subsection; the rest of
the chapter is then devoted to proving the second claim. The difficulty in getting a
good estimate for (7.2) is that, since v is only C*, the normal to the surface v(Q)) is in
general not differentiable, which prevents us from differentiating the expression and
using the equation for the parallel translate X. Instead, we mollify the embedding v by
convolution with a standard kernel ¢, and derive the theorem on the approximated
surface v * ¢;(Q). Then we show that when the mollification parameter ¢ goes to zero,
the discrete parallel translate on the mollified surface (denoted by PfX) converges
to the corresponding P, Xp, and moreover, the parallel translates with respect to the
metrics gy := (v * ¢y)Pe converge to X.

7.0.1 Invariance of lengths: Proof of (7.1)

In this subsection we show (7.1). Fix therefore o > % and a partition P, with A(P;) — 0,
let Xy € T7(0)5 and fix a t €]0, T|. We first observe that, for any Y € R the projection
7pY is given by

Y =Y — g<y,gj|p>gj|,,, (7-3)
=

where ; = ;(v) : Q) — R™ are the normal vectorfields provided by Proposition 6.9.
We recall that they constitute an orthonormal family which is normal to v, and satisfy

[Gila < C(1+ [v]14) - (7.4)
Hence, for any i =1, ...,k we can write
m—n

Xi = e Xic1 = Xic1 = ) (Xim1, Gl Gl

j=1

and thus, as a consequence of the orthonormality,

m—n 2 m—n 2
X = 1% = ) (Xie1, Gili)| = X - » (Xie1, Gty = Gl
= =

By the properties of the projection we clearly have |X;| < |Xy| for any 7, and with the
help of (7.4) we can estimate

|1Xi1> = [ X[ < C(v) [Xol [t — tia[*.
Similarly, if we fix i such that t €]t;,t; 1] then

|1PeXo (1) 2 = | XiI?| < C(v)[Xollt — £:[**.
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From this we can infer

i
[1PeXo (1) [* = [Xo[*| < C(0)[Xol ) [tj+1 — > < C(0)|Xo| TA(P)™ 1,
j=0

which shows (7.1).

7.1 DISCRETE PARALLEL TRANSLATE

Fix a radially symmetric, nonnegative function ¢ € C°(B;) with unit integral and define
@e(x) := £7"¢(F). We extend the function v to 7 € C*(R", R™) with [|]|cagr) <
Cllollcre(q) and set v, : R” — R™ to be v, = 7 * ¢y. Since Q) is compact we have g > de

for some ¢ > 0 and we can choose ¢ so small that vge > %e on Q.

Analogously to Definition 7.1, given any partition P, = (0 =ty < ... <t =T) and
t G]fi, ti+1] we

% 0 st
PeXo(t) = 1,5 Xi

where now nf; :R™ = Ty, () 0r (Q) is the orthogonal projection, and X! are iteratively

given by Xf = nf;(ti)Xf_l, Xé = dvy(Xp). Moreover, we let X! : [0,T] — TQ be the
parallel translate of the vector X € Ty(o)ﬁ along the curve <y with respect to the

connection induced by the metric g, := vge| a- Set M := ||v]|c1a(qy). We then get the
following.

Lemma 7.3. For any « > 0 and any subdivision P, we have
1P¢Xo — dvg (X°) lleogo,m)) < C, 8 M) Xo| € A(P)*,
where, as above, A(P,) = max; |t; — t;_1].

Proof. Let £ > 0. We fix global coordinates (x!,...,x") on Q and write the parallel trans-
late X’ in these coordinates as X‘(t) = Xé(t)% () (using the summation convention).
The coefficients X} are the solutions of the system of ODE’s

(1) = =Y ()7 ()T (4(2)

with initial condition X}(0) = X. Here, Fff are the Christoffel symbols of the connection

induced by the metric g, = vge|0.
We now fix m — n normal vectorfields to the surface v,(Q), provided by Proposition
6.9, namely {; = (;(vy). Recall once again that they satisfy the estimates

[Cilk < Ce(1+ [logllxrr) - (7-5)
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In order to improve readibility, in the rest of this proof we identify the vectors X*(t)
with their images dv, (Xf(t)). Using an analogous decomposition as in (7.3) we can
write, fixing f € [0, T],

d ' m—n m—n
ﬁﬂ'ﬂy( ; €z|'y gz|’y Zl él”y €i|'y(t)

We use the fact that X’ is parallel along y and that X‘(t) is orthogonal to any ., to
write

i(xé(t)—nf;(t)x%)):nﬁ(t)ixf(t)+nin<;t XE(), Cily () Cily 1)
- ddt”imxg(f)
- ":1"<xf<f> X0, Ll
+C"<x’<f>—xf<t> il il
This implies the estimate
X0 -myxm| <2 T [ xm-xo| g _ah
Now
XD XOP = 35 X0 3 (5) — i) (51

This yields the estimate
|X!(#) = X'(s)| < Clg, 7, M)|Roll[F = s,

where we used the fact that the length of X" is invariant and that v is C'. With the help
of (7.5) and the mollification estimate (2.9) we also find

< C(y) Vol

d
‘ T ‘t:sgi"y(t)

Consequently

|X!() = 7 X (D] < Clv, 8, M) | Kol |t — o0
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Finally, fix a t €]t;, t;11]. Then

|X!(1) = B{Ro(1)| = [ x“ (1) — el X!

< |x“(t) = 7l X' (1)

/ 14 / 74
+ | X! (1) = i X1

< CIRol|t — i e \Xﬁ(ti) - nf/(ti)Xf_l‘

i
< C|Xo|e*1 (yt — Y - ti1|”"‘>

j=1
< C’X()w“flA(Pk)a(t — to) ,
proving the lemma. O

Now we show that the discrete parallel translate on the approximate surface con-
verges to the one on the original surface.

Lemma 7.4. It holds
1P Xo — PeXollcogom) < C(,8 M) Xolke™ .

Proof. Fix £ > 0,k € N, a partition P, = (0 =ty < ... < ty = T) and a vector Y € R™.
We claim the estimate

7Y = Y] < Cly g, MY

To see this, consider once again the normal vectorfields {;(vy) from the proof of the
last lemma and abbreviate {! := ;(v;). We then also need normal vectorfields to the
original surface v(Q)), which are also provided by Proposition 6.9. We denote them by
i := Ci(v). Now, in addition to the estimate (7.5), the normal vectorfields satisfy

)Cf —Gi

< Cllog —olls < Cllofl1af",

as can be seen in (A.32). Therefore, it follows

’rr,‘;(t)Y B ”v(f)Y‘ < bl

(Y, T — (Y, 20

[Sy

3
S

Y, 00 =7+ (Y, 2) (Cf - gi) ‘

—_

m—n ;
<2Y[} |G -G
i=1

< C|ye.
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Hence for t €]t;,t;11] we get
‘P;ff(o(t) - PkXOU)‘ < XE = 70y XE |+ 70,00 (XF = X))
< CIXFE 4 |78y Xioq = 700 X1
< CO(IXF ]+ X ]) + |70 (XEy = Xicn)

1

< Ce Y IXT |+ | Xg — Xol -

j=1
By construction, we have \Xf\ < |X{| for any j. Combining with

i : ang 90/ n

X0 = Xof? = 3 [Xo5H(1(0)) = X5 (1(0)F < CIVORE LG
j= i=
one gets the wanted estimate
|PeXo(t) = PXo(t)| < Cly,0)|Xolke*. O

Lastly, we observe that, if « > 1, the parallel translates X* with respect to g, converge
to the parallel translate X with respect to g.

Lemma 7.5. It holds
1X" = Xllcoo,r7) < Clv, 8 M)| Kol 2* .
For this we recall the quadratic estimate of Lemma 6.6 in Chapter 6.

Proposition 7.6 (quadratic estimate). Let Q) C R" be an open set, v € C*(Q,R™) with
vfe € C? and ¢ € C®(IR") a standard symmetric convolution kernel. Then, for every compact
set K C Q)

(0% @¢)*e — ve||crx) = O(L** ).

In particular, this estimate implies the uniform convergence of the Christoffel symbols
when a > %:

LL _
||rij - rgj”CO(K) <ceet (7.6)

Proof of Lemma 7.5. The estimate follows from a Gronwall argument. Fix real numbers
X3, ..., XUl The coefficients of X’ and X are the solutions of the system of ODE’s

Y = Y9Iy (7) and Y= -Y'§T}(y)

respectively, with the same initial condition Y'(0) = X}. If we define the n x n matrices
Mf} = 'j/ll“ﬁ'jé('y) and M;j := "yll“fj(’y), then

xXt=-M X', X=-M-X.
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Set (1) := [X(t) — X(1)]> = LiLy X} (t) — X'(t)|* Then

2 — X'(1), M(t) - X(t) — ME(t) - XE(1))
2 ), M(t) - (X (1) = X“(1))
+2(X(1) = X“(1), (M(t) — M (1)) - X'(8))

< 2B(1) | M(1) o + CIRol M’ () — M(D)lloy/B()
cw,g) (B) + Ko MY (1) - M(1)[[3

From this we see

~Clra)tg +/ <dt‘t C(r.e)t > ds
S

</0 Cr8)s| Xo 2| M (s) — M(s) || ds < C(, g, M)|Xo|222 ¢

thanks to (7.6). From here the estimate follows since

i) 22 () — X022 ()] < 1XEE) — X[Vl + X014

< C(7,8 M)[Xo| 271 + C|Xo|¢*
< C(y,8M)|Xo| 1. O

7.2 PROOF OF THEOREM 7.2

The proof of Theorem 7.2 now follows easily. For a > %(\@ — 1) we can choose

1 < B < 2 .Setl(k) =k P and fix the subdivision P, = (0, T, 2T,..., 522 T, T). Then
we find

1PeXo — do(X) ooy < 1PXo = Pe 9 Zolloo + 1PLH %o — doggey (X9) o
+ lldoy (X0 = X) llco + lldogge) (X) — do(X) leo

< C(1,8M) (kl*aﬁ + P —a | p—ap(2e—1) +k—aﬁ> /

which converges to zero as k — oo because of the choice of B.
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PROOFS OF TECHNICAL LEMMAS AND PROPOSITIONS

A.1 PROOF OF PROPOSITION 3.4
A.1.1  Beurling and Cauchy transforms

We will need the following two classical integral operators to construct the coordinate
transformation of Proposition 3.4. In this section we use the standard notation z =
x + iy for complex numbers. Moreover, we recall two standard differential operators
9; = 3 (9x —idy) and 9; = § (0y + idy).

Definition A.1. Suppose G C C is a bounded smooth open set and f : G — C a

function. For zg € C we define the Cauchy transform

¢clfl(zo0) = —% sz_(zz)odxdy

and the Beurling transform

elfllen) =~ [ L dway.

T zZ—2z0)

The latter integral must be understood as a Cauchy principal value, in case it exists, i.e.

So[f](z0) = lim —~ /G\DS(ZO) (f(z)z dx dy.

es0 7T z —2p)

As it is easy to check, the Holder continuity of f is enough to guarantee its existence at
every point. Note that such property uses the fact that

f(zo)
Jo) G

Remark A.2. In the literature the terms Cauchy and Beurling transforms are often used
only for the operators ¢ and “c.

In the book of I. N. Vekua [56] one can find the following important properties of the
operators 6; and .7 (cf. Theorem 1.32 in [56]).

Lemma A.3. Let N€ N, 0 < a <1, G C C bounded and f € CN*(G). Then we have
(i) 6c[f] € CNTY(G) and S5[f] € CN%(G);
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(i) £Cclf1(z) = f(2) and 5%5f)(z) = Zc[fl(z) ¥z € G;

(iii) There exists a constant Cy , such that
16N+ < 1€61fIlIN+14+a < CnallflINta -

Property (iii) will be key in order to prove Proposition 3.4. Observe that we can easily
find solutions of equations of the type fz = g by setting f = 6;[g]. Moreover, we have
9z.7G[f] = f, so /5 links the two operators dz and 9,. To prove regularity and get
good estimates we need one more thing, namely that under suitable circumstances the
transforms commute with differentiation. This will be the content of Corollary A.7, for
which we will first need the following lemma.

Lemma A.4. Let r > 0and f € C1(D,). Then for any zo € D, we have the identities

_ 1 f(z) 1 faz)
flao) = 27i Jop, z — zo 2= D, Z — 20 dxdy, (A1)

1 f(z) 17 f(2) 1 fz)

— ————dxd 2 dxdy + — = dz. A.

n/,(z—zo) Y= D, Z— 20 xy+27'ci aD, Z — 20 z (A-2)
Proof. Take a fixed zp € D, and consider the differential one-form w = ZfZZO. We can
see that

dwf) = S dz/\dz—Zz f dx/\dy,

zZ—20

hence by Stoke’s theorem we have

2z‘/ BECIIF NI (GNP B (COR (A3)

DA\De 2 — 20 aD, Z — Z aD, Z — 20

We can easily compute

lim f(2) dz = 2mif(zo),

e—0.JoD, Z — 20

and therefore passing to the limit e — 0 in (A.3) yields the first statement; the same
reasoning applied to the one-form @ = Zﬁzz O

Remark A.5. Observe that if we define ¥(zy) = 2m faD = Z) dz then the statements of
the previous lemma can be rewritten as

f(z0) = ¥(20) + ¥ [f](20),
Folfl(z0) =0, [f1(20) 5z [ Tz

r Z— 20
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Remark A.6. It follows from Lemma A.4 that if f € C}(D,), then
() ép,lfzl =f,
(ii) €D, [fz] = “p,[f].
Combining these two identities with Lemma A.3 we can derive
(¢b,[f])- = 7b,lf] = ép,[f:],
(@b, [f])z = f = ¢b,[f],
and
(“p,[f])z = (¢p,f]): = 7, [f2],
(b, [f])z = (€D, [f])z = b, [(f2)] = b, [(f2):] = D, [f2]-

This shows that for (sufficiently regular) functions with compact support in D,, the
operators ¢p, and .p, commute with any linear differential operator & with constant
coefficients. The regularity needed on the function is only linked to the order of the
operator 2.

We summarize the latter discussion in the following

Corollary A.7. Let r > 0 and let 9 be a linear differential operator with constant coefficients
of order k. Then we have the following identities on CK(D,):

(i) Zo6p, =%6p,oPand Do Ip, = Sp,0Y;
(ii) 9z 0 6p, = 6p, 00z = Id and 9, 0 6p, = €p, © 9, = Ip,;
(iii) azoyD, :yDyOazzaz.

A.1.2  Beltrami’s equation

Using the various properties established above, we take a fundamental step to the
proof of Proposition 3.4. As usual we denote by Cé\] *(D,) the closure of CN* (D,) in
the Holder space CN#(D,).

Lemma A8. Letr >1, NeEN,N>1,0<B<a<1puhc Cé\]’“(ﬁr). Then there exist
constants C(N,r,a, B), ¢(N,r,a, B) and C(a) such that if ||u|l« < c there exists a solution
® € CN*I2(D,) to

O; —ud, =h (A.4)

with
@]l < Cllll, (A5)
ID*® 15 < C (IDHlls + D Hllgllhlg ) (A6)

forany 1 <k < N.
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Proof. By a standard approximation argument, it suffices to prove the lemma under the
assumption that the supports of y and h are compactly contained in D,.

In order to simplify our notation we will use . and ¢ in place of .”p, and ép,. We
know (thanks to Lemma A.3) that .7 : C°*(D,) — C%*(D,) as well as ¥ : C**(D,) —
CY*(D,) and that there exist two constants C,, Cp (wlog Cy, Cg > 1) such that

1L flle < A€ hra < Callflla,
I lp < 1€ e < Cpll fllg-

Consider the operator
% : C¥(D;) = C™(Dy), f > h+ pZ[f]
We have

[Za(f1) = Za(f)lla < [pllaCallfr = folla-
So, if

<
Il < 5

then %, has a unique fixpoint f € C%*(D,). This means

f=h+pn7f],

from which we deduce

ke
a S < 2||h||4
1flla < 7= TG It
and
f=d—ps) h= T () h= T o
n>0 n>0

This shows in particular that f is compactly supported. Using Corollary A.7 one can
show by induction that forany 1 <k < Nand anyn > 1
ID*wn o < CCu(2CCkIplla)"™ (HVIIaHthIIa + IIDkVIIaIIhIIa) : (A7)

where C is the constant in (2.5). Therefore, if we require

. gy
Iulla < (4CCiCpl2r)*~F) (A8)
then the series

Z Dkwn

n>0
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converges uniformly in C%¥(D,) to D¥f, hence f € CN*(D;,). Moreover, by the same
argument

~ ~ n—1
ID*fllp < CCo(llpllg[ID*llg + IID*pll IRl 6) Y- (ZCC5(ZV)"‘"3HMIIDL)

n>1

+ 1Dl < C (ID*hlls + 1D llglinls) (A.9)

with the help of (A.8), where the constant C depends only on N, 7, « and . Now we
define

®(z) =€[f|(z), z€D,.
By property (iii) of Lemma A.3 we have
o: = f,®, = 7[f],
hence
Oz —p®, = f—pSfl = (ld—pS)f = h,
so the function @ solves (A.4) and satisfies
[Pll11a < Callflla < 2Ca|[Rla-

Since D¥® = %'[D¥f] by Corollary A.7 we get by recalling (A.9)
ID*®ll1.p < CllDfllg < C ([1D*hllg + 1D g llg) -
This shows the claim. O

We immediately get the following

Corollary Ag. Letr > 1, NeINN>1,0<B<a <1l uc Cé\]’“(ﬁr). Then there exist
constants C(N,r,a,B), c(N,r,a, B) and C(a) such that if ||u||» < c there exists a solution
® € CN*%(D,) to the Beltrami equation

Dz = ud, (A.10)

with
19(2) = zll14a < Cllplla, (A.11)
ID* (@(2) = 2) [l145 < ClID*ullg, (A.12)

forany 1 <k < N.
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Proof. In the Lemma A.8 choose I = y to recover a constant ¢ such that, if ||u|, < ¢,
then we find ¢ solving

¢z — - = p
Set ®(z) = z + ¢(z). Then obviously
Dz = ud,
and using Lemma A.8 we find
19(2) = zll14a = [1@l1+a < Cllple,
and
ID*(@(2) — 2)ll14 = [ID*¢ll1+p < CID g

for any 1 < k < N, which is what we wanted. O
A.1.3  Proof of Proposition 3.4

Given the estimates of the previous paragraphs, Proposition 3.4 can be proved following
the classical approach, see for instance [53, Addendum 1 to Chapter 9]. We report
however the argument for the reader’s convenience.

With a simple scaling argument we can assume r = 1. Let x, y be global coordinates
on Dj. Then g takes the form

g = &dx® + 20dxdy + wdy?,

for some functions ¢, {, w € CN4(Dy). We want to find a function ® : D; — R?, (x,y) —
(D1(x,y), P2(x,y)) =: (s,t) such that in these new coordinates we have

g =p*o® (s t) (ds* +dt?) ,
hence

g =07 (@} + @) d? +2 (D1 Dy, + Do) ddy + (03, + @3, ) dy?)
or

g=0" (VP @ VO, + VP, @ VD)) . (A.13)
A comparison yields

Ew — 2 = p* (D1, Doy — D1y Do) = p*]D?,
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with J® = det V®. Consequently

p* = ﬁ (A19)

where A = &7 — w?.

It is convenient to switch to complex notation. Consider z = x + iy, ®(z) = P1(x,y) +
i®y(x,y). A computation shows that (A.13) is equivalent to the Beltrami equation for
(OR

Pz (z) = u(z)®,(z), z€ Dy, (A.15)

with the coefficient

- wH2ig

= m . (A.16)

Now we extend g to a symmetric 2 x 2 tensor to IR? so that

1§ = ellore < C(a)llg —ellp, -
18 —ellirpre < C(N, &, B)lIg —ellipp, -
for 1 < k < N. In particular note that if oy is chosen sufficiently small, then g > 1¢
on the whole R?. Repeated applications of (2.3) and (2.5) to the expression (A.16) then
yield
[#llre < Cllg —ella;p, , (A.17)
Il gz < Cllg = elles i (A18)

where the constant in (A.17) is a universal one and the constant in (A.18) depends only
on a, p and N. Hence u € CN# (IR?). Next we choose a C* cutoff function 7 such that

1, ifZGﬁl
n(z) =
0, ifzeC\Dj.

With this define a new function

fl=np.
By definition we have ji € Cg\] “(D,), thus by Corollary A.g there exist constants C, ¢
and C such that, if ||fi||;p, < c then there exists ® € CNT1#*(D,) with

Pz (z) = ji(z)Ps(z), z € Dy,
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and
|@(2) = zll14w0, < Cllfillap, (A.19)
ID¥(@(2) = 2)[l1+g0, < Clltllespn,
for any 1 < k < N. Observe that in particular ® solves (A.15). Moreover,
17illp, < [[1llsp, 7 llp, < Cllpllap, < Cllg —ellap,
and similarly
17tllk+g:0, < Cllptlli+pp, < ClIg = ellirpp, »

by (A.17) and (A.18). This shows that if ||g — e||,,p, < 01 with 07 small enough, we
recover a coordinate change ® solving (A.15). The estimates for ® follow immediately.
For the estimates of p we use the fact that due to (A.19) we have

(1 - CHg - 8”06,51)2 <J® < (1 + CHg - eHa,ﬁl)zf
which together with the expression (A.14), the bounds on ®, (2.3) and (2.5) imply

||DkPHﬁ <Cllg- e||k+5;51
for 1 <k < N. This proves the claim.

A.2 PROOF OF PROPOSITION 5.7

The following lemma will imply Proposition 5.7 for cubes. We will then infer the general
case with the help of a Whitney decomposition.

Lemma A.10. Let a €]0,1[ and fix f € C*1([0, 7r]) and g € CO*([0, 7t]). Then

1| < €l B) flcosomylllrecomy (A.20)

forall B €]1 —ua,1].

Proof. Observe that it suffices to prove (A.20) under the additional assumption f(0) =
f(7r) = 0. Indeed, consider

f(8) = f(t) = £(0) —

and observe that £(0)
Moreover

/Onf’(t)g(t)dt’ _ ‘/ dt+f(n>n_f(0)/0ng(t)dt’

w{fleoslleo + | [ 7

~(f(m) — £(0))

f(m) = 0and [flcor(on) < 2[f]cor(on) for all v €]0,1].

| /\
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Therefore we assume from now on f(0) = f(rr) = 0. Extend f and g to [, 1] by
setting

. f(t) fort € [0, 7] ) g(t) fort € [0, 7]
ft) = g(t) =
—f(—t) fort € [—m,0] g(—t) fort € [—m,0].

Because of the assumption on f, f is continuous and in fact still Lipschitz (and hence
almost everywhere differentiable) with f'(t) = f’(—t) almost everywhere. Also, ob-
viously, §(—t) = g(t). In particular, we can understand f and § as functions on S!
with

[8lcon(sy < [8leow(on)) » [Flcorist)y < 2[f]con (o)) for every ¢ €]0,1].

We can expand f and g in Fourier series with real coeffiecients as

Fly =Y fie™, g(t) = Y g™

kez keZ

Fix now a B €]1 —a,1] and ¢ €]0,a + f — 1[. Using that § and f are even, we can
estimate

Y ikfidr

keZ

[Trwswa =3 | [ Fosw] =

1 1
1 N 2 e 2
< <Z\klz(ﬁ )|ka2> (Zlklz(1 (b ”ng!2>
keZ keZ

(B, &) flup-e(s1) 8] -5 (81) 7

I
O NI

where we recall that [-]y(s1) is the Gagliardo-seminorm of the fractional Sobolev space
HY(S8') = W72(8') and is given by

L |u(t) — u(s)|?
[”]Hv(sl) _/81 ./Sl T dtds.

The equivalence (up to a constant) of the Gagliardo seminorm and the Fourier-type
norm follows from Plancharel’s formula. Moreover one can infer immediately that, for
any0 <y <vy<1,

[”]Hv/(sl) < C(7, ’)’/)[”]COW(Sl)-

This implies

[ 7 @1500) 1] < €l B lcss o sleos o

which completes the proof. O
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By scaling it follows easily from (A.20) that

dt] < Cla B)Ib — alP [Fleos o IS llcos (sl

whenever one of the sides of the inequality makes sense. Therefore, with Fubini, we get
(5.9) for cubes Q with sidelength L > 0:

of
\/anigdx

Finally, for an open, bounded U C R? with d := dim,(aU) < 2 — a we consider its
Whitney decomposition W. Let Wy = {Q € W : Q has sidelength 27¥}. By Theorem
3.12 in [44] there exists C > 0 such that #W; < C2" for any k € IN. We can then
estimate with the help of (A.21)

~—gdx
kEN Qewk/ 0x;

= C(a, B) [flcora llgllconay Y, 240+

kelN
= C(a, B,d)[flcos 18l cow(ary

where the convergence of the sum follows from d < 2 —a < 14 B. This proves the
estimate (5.9). We then immediately get

Bu(f,8) — Bu(f,8)| < Cla, B, d) ([flcosllg — &llcos + [f = FleoslIgllcon) . (A22)

which shows local uniform continuity and also the existence of the unique extension: for
B €]l —a,1] wecan find 1 —a < B’ < B and, for any f € C*F(U), a smooth sequence
f¢ converging to f in C%'. Thanks to (A.22) the sequence By(fi,g) then converges and
the limit doesn’t depend on the approximating sequence. The estimate (5.10) follows at
once from (A.20) by writing dU as the finite union of Lipschitz curves. This concludes
the proof.

< Ce, BYLPf) cos ) 18Il con () - (A.21)

of
—Zod
u xS T

< C(a, B)[flcosm Igllcos iy Yo pkd (p—ky1+p
ke]N

A.3 PROOF OF LEMMA 5.8

First observe that it suffices to prove (5.11) for smooth f,g. Indeed, in the general
case approximate f, g by sequences fi, gx € C®(U) with || fx — f ||c0“ ) — 0 for every
o' < waand ||fillcox@y < I fllcoa(y (and analoguously for gg). Because of the uniform
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convergence fi, g — f, g and the boundedness of U we get by dominated convergence
and Proposition 5.7, assuming (5.11) for smooth functions,

‘/udtp*q)g/\gdf—/Udl/J/\g*(pgdf*q)g

Slimsup<‘/Udlp*qog/\gkdfk—/wa/\gk*(pgdfk*gog

k—o0

+ /wa(gk*svedfk*fpe—g*%df*fps) )
< C(a, BYME* 2P| £l con (I8 |l con

Therefore we can assume from now on that f and g are smooth. Since 1 has compact
support in U we have

/udllﬂ* e Ngdf = /udllﬂA (8df) * ge.
Now observe that, for any x € supp(¢), we have

(84f) * @e(x) — g * @e(x)df * pe(x) = ((§ — g(x))(df —df(x)) * pe(x)
— (g —g(x)) (df —df(x)) * @e(x),

so that
/udllm((gdf)*fpe—g*qoedf*q)e :/ dp(x) A ((g —8(x)) (df —df(x))) * pe(x)
— [ @) A (g = g(x) * 9ulx) (df = df (x)) * u(x)

=1 — 1II.

To estimate the integral I we observe that it consists (modulo sign) of terms
= [ ap(x) (g =8(x) (@f =9,f () * gs(x) d,

fori # j. Let V = supp(¢) and fix < B < a. Using Fubini and Proposition 5.7 we can
estimate

2w (80 =) =50 @ (= 9) =37 ) (1)

}Il]} < sup
YEB(0

< sup HailpAyg’|c0/ﬁ(v)[ vflcosvy s
YyE€B:(0)

where we used the notation A, f for the function A, f(x) = f(x —y) — f(x). We use the
interpolation inequalities (2.2) to estimate

[Ayflcosry < Cla BYIAF N o (13 1By 1) < Clas By P [Flcon(ary
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if ¢ < dist(supp(y),oU). On the other hand

10Dyl cosvy < C (W]cl(V) [Ay8lcos(vy + [Wlcrevy HAngCO(V))
< Clo, BYMlglcon(any (£ yI*F + &Py ) .

Combining the estimates and |y| < € leads to the wanted bound on I. The bound for II
is shown analogously.

A.4 PROOFS OF PROPOSITIONS 6.9 AND 6.10
A.4.1  Proof of Proposition 6.9

To prove Proposition 6.9 we need the following well known lemma, an elementary
proof of which is contained, for example, in [19].

Lemma A.11. Let n,d, B, u be as in the assumptions of Proposition 6.9. For every 1 < k <d
there exist (1,...,(; € C*® (B, ]R’”’d) such that for all 1 <1i,j < d we have

(Ci,Cj) =0 onB, (A.23)
Vu-; =0 onB. (A.24)

Proof of Proposition 6.9. In the proof all the constants appearing may depend on the
embedding u. Fix 0 < pg < 1 and let v € C®(B, R"*%) be such that ||[v — u|| < p. Since
B is compact and u is an embedding there exists a constant C > 0 such that

C'ld < Vu'Vu < CId
in the sense of quadratic forms. Hence if pg is small enough we have

(2C)7'1d < VoTVo < 2CId, (A.25)
and consequently also

(2C)™" < det(VoTVo) < (20)". (A.26)

Let(y,...,0m € C*°(B,R") be the maps from Lemma A.11 and define
n
vi(v) =g — Z rij(v)9;v, (A.27)
j=1

where 7;j(v) are such that (v;(v),0yv) = 0 for every k. We claim that the functions
rij(v) € C®(B,R"™) depend smoothly on Vv and satisfy the estimates

||r,-]-(v)|]k < Cllo —ullgy1 fork>0. (A.28)



A.4 PROOFS OF PROPOSITIONS 6.9 AND 6.10 123

To see this, denote by (v) = ({;, 0xv) and observe that
n
0 = (vi(v), %v) = bix(v) — Y_ 7ij(v) (djv,0¢v),
=1

ie.
R(v) - VoTVov = B(v),

where R(v) and B(v) are the m x n matrices with entries ;;(v) and b;;(v) respectively.
By (A.25), R(v) is uniquely determined. We write

(VUTVU)Z-;l = (det VUTVU)_lpi]'(VU) ,

where P;;(Vv) is a polynomial in the arguments 9;v'. Since by assumption [0]; <
[u]1 + 1, Proposition 2.1 yields

[P;j(Vo)lx < Ci[0]ky1 -
Moreover, (A.26) implies
[(det VoTVo) 1 < Ci[0]ksa,
so that
[(VUTVU)J]]k <G[0kt - (A.29)

For the other factor we observe that b;;(v) = ({;,djv — dju), since ; is orthogonal to
Tu(B) at any point. Whence, by the Leibnitz rule

[bij(0) ]k < C([v — uls + [v = ulks1) < Ciello — uflisa - (A.30)

Combining (A.29) and (A.30) leads to the estimate (A.28).

As a consequence, we can deduce

b= 5 < (i) )(0) < 85+ o (A31)
LY =7 2d '

for pp small enough. This implies that the family {v;(v)};—1 4 is linearly independent
at every point and thus (being in addition orthogonal to Tv(B)) constitutes a frame
for the normal bundle Nv(B). The wanted vectorfields {; are then produced by a
Gram-Schmidt normalization procedure. To get the estimates (6.37) we carry out the
procedure in details.

Therefore, we set

01(0) = v1(v)

BRZIOIE
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If pg is small enough, then |v;(v)| > ] for every i (thanks to (A.28)), and so 1(v) is a
smooth function with

[C1(0)]k < G (0)]k < Ce(1+ [lo = ullky1) < Ce(1+ [|9]lx11) -

Moreover

2Jvy(v) — Gi|

< Cllv—ul.

C1(v) =Gl <

We now assume that {1 (v),...,{;_1(v) are already constructed, satisfying (6.37)-(6.39)
and in addition

1Zi(v) = Cillo < Cllv —ul]y. (A.32)

We then set

-1
01(v) = v(v) = ) _(n(v),g;(v))g(v)

j

Il
A

. It remains to show that {;(v) satisfies (6.37)-(6.39) and (A.32).

and gl(v) = | ;
Observe that
(vi(v), gj(v)) = (vi(v) — 01, ¢j(0)) + (G1, §j(v) — )

so that ||(v;(v),;(v))llo < Cllv — u||; and

[(v1(0), i ()] < Ce(1 4 [rij(0)]x + 173 (©) llo[0lk1 + [0 — |1 (1 + [[0]|541)
+[gj(v) — Cilk)
< Ce(T+[[vllks1) -

In particular |0;(v)| > } for pp small enough and
[0:(0)]k < Ce(1+ [[0l[k+1) -

Therefore {;(v) satisfies (6.37)-(6.39). Since moreover

2|6,(v) — il
1C1(v) — &1l < W <C

< Cllo—ullx

(10:(v) —vi(0)| + [vi(v) — &)

the proposition is proved. a
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A.4.2  Proof of Proposition 6.10

For the proof of Proposition 6.10 we need the following lemma from [17].

Lemma A.12. Let gg € Symj. There exists r = r(go,n) > 0, v1,...,Vy, € S" 1 and linear
maps Ly, ..., Ly, : Sym, — R such that

8§ = Z Lr(g)vk @1,
k=1

for every g € Sym,,. Moreover, if g € Sym, is such that |§ — go| < r, then Li(g) > r for every
k.

Now the proposition is an easy consequence of the classical implicit function theorem.

Proof of Proposition 6.10. Let r > 0 be the radius and vy, ...,v,, € S"~! be the vectors
given by Lemma A.12 when go = Id,, and define the map

Y (Symn)"g‘ X (Sym, )" x R™ x R"™ — Sym,,

n* U My
({G,‘]‘}, {Ml‘},g, {Ci}) — ZC%UZ' R Vi + 2 ciM; + Z CiCjGij —g.
i i=1 i,j=1
Y is smooth and by Lemma A.12 there exist ¢y, ..., ¢y € R with ¢; > r for every j and

‘Y(O, 0, Idn, {C_]}) = 0, aCi‘Y’(O,O,Idn,{fj}) = 2C_l‘1/i X ;.

Since the family {v; ® v;} is linearly independent the differential of ¥ with respect to
the variable ¢ = (cy, ..., cn) has full rank at (0,0,1d,, ¢). Consequently, by the implicit
function theorem, there exist neighborhoods V of (0,0,1d,) and U of ¢ respectively and
a diffeomorphism @ : V — U such that

{¥=0}N(VxR™)
= {({Gij}, {Mi}, 8, ®({Gij}, {M;},8)) : {Gij}, {Mi}, ) € V}.

Therefore, if 7q is small enough ci(x) := ®({G;;(x)}, {M;(x)}, T(x))x will satisfy (6.40).

The estimates (6.41) are then a consequence of Proposition 2.1. O
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