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ABSTRACT. Recently the second and fourth author developed an itera-
tive scheme for obtaining rough solutions of the 3D incompressible Euler
equations in Holder spaces. The motivation comes from Onsager’s con-
jecture. The construction involves a superposition of weakly interacting
perturbed Beltrami flows on infinitely many scales. An obstruction to
better regularity arises from the errors in the linear transport of a fast
periodic flow by a slow velocity field.

In a recent paper the third author has improved upon the meth-
ods, introducing some novel ideas on how to deal with this obstruction,
thereby reaching a better Holder exponent — albeit below the one con-
jectured by Onsager. In this paper we give a shorter proof of this final
result, adhering more to the original scheme of the second and fourth
author and introducing some new devices. More precisely we show that
for any positive € there exist periodic solutions of the 3D incompressible
Euler equations which dissipate the total kinetic energy and belong to
the Holder class C/37¢.

0. INTRODUCTION

In what follows T3 denotes the 3-dimensional torus, i.e. T3 = S! xS! x S!.
In this note we give a proof of the following theorem.

Theorem 0.1. Assume e : [0,1] — R is a positive smooth function and e
a positive number. Then there is a continuous vector field v € C'/5=¢(T? x
[0,1],R3) and a continuous scalar field p € C*5~25(T3 x [0, 1], R) which solve
the incompressible Fuler equations

ov+div(v®@v)+Vp=0

(1)
divy =0

in the sense of distributions and such that

e(t):/\v\Q(x,t)dx vt e [0,1]. @)

Results of this type are associated with the famous conjecture of Onsager.
In a nutshell, the question is about whether or not weak solutions in a given
regularity class satisfy the law of kinetic energy conservation or not. For
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classical solutions (say, v € C!) we can multiply by v itself, integrate by
parts and obtain the energy balance

/ lv(z,t)]* do = / lv(z,0)|>dz for all t > 0. (3)
T3 T3

On the other hand, for weak solutions (say, merely v € L?) might be
violated, and this possibility has been considered for a rather long time
in the context of 3 dimensional turbulence. In his famous note [21I] about
statistical hydrodynamics, Onsager considered weak solutions satisfying the
Holder condition

lv(z,t) —v(z',t)] < Clz — 2|, (4)
where the constant C is independent of z,2’ € T® and t. He conjectured
that

(a) Any weak solution v satisfying with 6 > % conserves the energy;

(b) For any 6 < % there exist weak solutions v satisfying which do
not conserve the energy.

This conjecture is also very closely related to Kolmogorov’s famous K41
theory [19] for homogeneous isotropic turbulence in 3 dimensions. We refer
the interested reader to [15], 22] [14]. Part (a) of the conjecture is by now fully
resolved: it has first been considered by Eyink in [I3] following Onsager’s
original calculations and proved by Constantin, E and Titi in [3]. Slightly
weaker assumptions on v (in Besov spaces) were subsequently shown to be
sufficient for energy conservation in [12| 2].

In this paper we are concerned with part (b) of the conjecture. Weak
solutions violating the energy equality have been constructed for a long time,
starting with the seminal work of Scheffer [23], and Shnirelman [24]. In [7,[8]
a new point of view was introduced, relating the issue of energy conservation
to Gromov’s h-principle, see also [I0]. In [II] and [9] the first constructions
of continuous and Holder-continuous weak solutions violating the energy
equality appeared. In particular in [9] the authors proved Theorem [0.1| with
Holder exponent 1/10 — e (replacing the exponent 1/5 — ¢ in this paper).

The threshold exponent % has been recently reached by the third author
in [I§] (although strictly speaking the result of [I§] is a variant of Theorem
since it shows the existence of nontrivial solutions which are compactly
supported in time, rather than prescribing the total kinetic energy). Our
aim in this note is to give a shorter proof of this improvement in the Holder
exponent and isolate the main new ideas of [I8] compared to [II], 9]. We
observe in passing that the arguments given here can be easily modified
to produce nontrivial solutions with compact support in time, but losing
control on the exact shape of the energy. The question of producing a
solution matching an energy profile e which might vanish is subtler. A
similar issue has been recently treated in the paper [6].

0.1. Euler-Reynolds system and the convex integration scheme.
Let us now outline the principal ideas of the present scheme. The scheme
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will be based on the constructions given in [I1], 9]. We will also make use of
some of the novel ideas introduced in [1§].
The proof is achieved throough an iteration scheme. At each step ¢ € N

we construct a triple (vg, pg, Ry) solving the Euler-Reynolds system (see [11,
Definition 2.1]):

Orvg + div (v ® vg) + Vpg = div ]O%q
()

diveg =0.

The 3 x 3 symmetric traceless tensor Io%q is related to the so-called Reynolds
stress, a quantity which arises naturally when considering highly oscillatory
solutions of the Euler equations or, equivalently, when taking weak limits of
solutions of (we refer the reader to [10] for a thorough discussion).

The size of the perturbation

Wy 1= Vg — Vg—1

will be measured by two parameters: 5;/ * is the amplitude and Aq the fre-

quency. More precisely, denoting the (spatial) Holder norms by || - ||x (see
Section |C| for precise definitions),
lwgllo < M6/, (6)
lwglly < M*Aq, (7)
and similarly,
”pq _pq—IHO < Mz(sq: (8)
”pq - pq—IHI < Mz‘sq/\m (9)

where M is a constant depending only on the function e = e(t) in the
Theorem.

In constructing the iteration, the new perturbation w, will be chosen so as
to balance the previous Reynolds error éq_l in the sense that (cf. equation
(5)) we have [|[wy, ® wqyllo ~ ||]Q%q,1H0. To make this possible, we then claim
inductively the estimates

IRgllo < 1dq11 (10)
”Rqu < M5q+1)‘qa (11)

where 1 will be a small constant, again only depending on e = e(t) in the
Theorem.
Along the iteration we will have

0g =0 and A; — 00

at a rate that is at least exponential. On the one hand @, and will
imply the convergence of the sequence v, to a continuous weak solution of
the Euler equations. On the other hand the precise dependence of A\, on d,
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will determine the critical Holder regularity. Finally, the equation will
be ensured by

()1 = 5y1) = [ o (at)da| < Jopae(t), (12)

Note that, being an expression quadratic in vg, this estimate is consistent
with .

Estimates of type — appear already in the paper [9]: although the
bound claimed for ||R,|; in the main proposition of [9] is the weaker one
IR,|l1 < M5;/2)\q (cf. [9, Proposition 2.2]: A, here corresponds to (D4 /5%)1+¢
there), this was just done for the ease of notation and the actual bound
achieved in the proof does in fact correspond to (cf. Step 4 in Section
9). Using (@— one can obtain some improvement on the exponent %0
from the same construction. However this improvement is of fairly limited
interest, in particular because the frequencies are still required to grow at a
much greater than exponential rate, which is a basic obstruction to higher
regularity that was only overcome in [18] using new ideas which we will
describe below.

As for the explicit form of the perturbation, it will consist essentially of
a finite sum of modulated Beltrami modes (see Section [1| below), so that

wg(x,t) = Zak(x,t) br(x,t) Break® (13)
k
where a is the amplitude, ¢ is a phase function (i.e. |¢px] = 1) and

Bie?aF ® is a complex Beltrami mode at frequency Ag- In fact, a lower
order correction is needed to this Ansatz in order to ensure that w, is di-
vergence free.

Next, the Reynolds stress ]%q and the pressure p, are chosen so that
holds. In particular, since is linear in the Reynolds stress, this can be
achieved by solving separately the three equations

div R — Vp, = div (wy ® wy + Ry_1) — Vpg_1
div R = Qqwg + vg—1 - Vg
div R = wg - Vvg_1

(although the actual decomposition used in the proof is more complicated).
The most involved part of the scheme is then to show that such equations
can be solved while maintaining the estimates —.

Having a perturbation of the form ensures that the “oscillation part
of the error”

div (wg ® wq + ]o%q_l) (14)

can be absorbed into the pressure, see [11] (in [I8] this term is called “high-
high interference term”).
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The main analytical part of the argument goes in to choosing a; and ¢y
correctly in order to deal with the so-called transport part of the error

Orwg + vg—1 - Vg .

In [I1, 9] a second large parameter p(= jq) was introduced to deal with this
term. In some sense the role of i is to interpolate between errors of order 1
in the transport term and errors of order )\;1 in the oscillation term.

The approach of [18] begins in parallel with an ansatz for the correction
that allows for nonlinear phase functions &;(¢, x)

’u)q($7 t) = Z ei)\qgl(t’m)vl(l" t)7
I

where here vy plays a similar role to the vector fields ax By given in H
Substituting this ansatz into the equation leads to a transport equation for
the phase functions £;(¢, ) in a way similar to the appearance of Hamilton-
Jacobi equations in geometric optics. However, in order to control the high-
frequency terms which occur in , it is necessary to introduce sharp time
cutoffs which restrict the lifespan of the oscillatory waves to time intervals
where the phase functions £; remain linear and the correction remains close
to the form of (the application of time cutoffs is comparable to the
use of CFL conditions (cf. [5]) employed in numerical analysis to study
evolutionary equations, see Remark )

The construction in [I§] can therefore be viewed as well in terms of the
Ansatz , but with two more ingredients compared to [I1},9], which adhere
more closely to the transport structure of the equation. First, the phase
functions ¢, are defined using the flow map of the vector field vy, whereas in
[11), 9] they were functions of v, itself. With the latter choice, the threshold
1/5 seems beyond reach. Secondly, a new set of estimates, complementing,
@—, are introduced. Their purpose is to control the advective derivative
of the Reynolds error:

Hat}o%q t+ g - VZ'E{qHO < 5q+15;/2)‘q : (15)

This bound implies that the advective derivative of ]O%q must satisfy a better
estimate compared to the bounds which hold for either pure spatial or pure
temporal derivatives. Maintaining this additional control becomes more in-
volved, as it is important to construct the amplitudes a; in a way which is
compatible with the transport structure, and also to take advantage of the
bounds for the pressure and transport estimates from the Euler-Reynolds
system to close the argument. These ingredients play a key role also in the
proof of Theorem given here; however, compared to [I8], we improve
upon the simplicity of their implementation. For instance, since the pertur-
bations in [18] use a nonlinear phase rather than the simple stationary flows
used here, a “microlocal” version of the Beltrami flows is needed. This also

INote however that unlike the vector field ak By, the direction of v; is allowed to vary
in spacetime
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leads to the necessity of appealing to nonlinear stationary phase lemmas —
whereas in the present work linear stationary phase lemmas suffice.

Our purpose here is to show that, although the other ideas exploited in
[18] are of independent interest and might also, in principle, lead to better
bounds in the future, with the additional control in , a scheme much
more similar to the one introduced in [I1] provides a substantially shorter
proof of Theorem To this end, we introduce some new devices which
greatly simplify the relevant estimates:

(a) We regularize the maps v, and }?q in space only and then solve locally
in time the free-transport equation in order to approximate ]Q%q.

(b) Our maps ay, are then elementary algebraic functions of the approx-
imation of ]o%q.

(c) The estimates for the Reynolds stress are still carried on based on
simple stationary “linear” phase arguments.

(d) The proof of is simplified by one commutator estimate which, in
spite of having a classical flavor, deals efficiently with one important
error term.

Analogously to the scheme presented in [I8], we also employ time cutoffs
in order to restrict the lifespan of the oscillatory waves. For comparison,
it is worth noting that there is a rough correspondence between the family
of parameters (g, 0q, 0g+1, Ag+1, ) and the parameters (Z, e,,eg, N, 771)
employed in [I§]. As we go along, we will also make further references and
comparisons to parallel aspects of the proof in [1§].

0.2. The main iteration proposition and the proof of Theorem [0.1
Having outlined the general idea above, we proceed with the iteration, start-
ing with the trivial solution (vo,po, Ro) = (0,0,0). We will construct new
triples (vq, Pqs }O?q) inductively, assuming the estimates @—.

Proposition 0.2. There are positive constants M and n depending only on

e such that the following holds. For every ¢ > % and b > 1, if a is suf-

ficiently large, then there is a sequence of triples (vq,pq,}o?q) starting with
(vo,po,lo%o) = (0,0,0), solving and satisfying the estimates @—,
where §, == a™¥, A\, € [aqu+l,2aqu+l] for ¢ = 0,1,2,.... In addition
we claim the estimates

1000 = vg-1)llo < C8/*Ag  and  9i(pg — pg-1)llo < COA;  (16)

Proof of Theorem[0.1] Choose any ¢ > g and b > 1 and let (vq, pg, }Q%q) be a
sequence as in Proposition It follows then easily that {(v,, p,)} converge
uniformly to a pair of continuous functions (v, p) such that and hold.
We introduce the notation || - ||ov for Holder norms in space and time. From
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@—@, and interpolation we conclude

ba+1(2ch9—
lvg+1 = vglloo < MOJEAD,, < Ca™ @912 (17)
+1 _
Ipg+1 — pgll2o < M? 5Q+1)‘q+1 < Qg b, (18)
Thus, for every ¥ < ﬁ, vg converges in C? and Dg in Cc?9, O

0.3. Plan of the paper. In the rest of the paper we will use 0; for dif-
ferentiation in the time variable. For the spatial gradient of scalars we will
use the notation V, whereas for the full spatial derivative of vectors and
tensors we will instead use D. The notation V Will also be employed for di-
rectional derivatives of the form v-V = Zz_ Vin— a , for scalars, vectors and

tensor fields alike. Finally, by considering maps from T3 to T3 as periodic
R3-valued maps, we will use the notation just described for their derivatives.
After recalling in Section some preliminary notation from the paper [11],
in Section [2| we give the precise definition of the maps (vg+1, Pg+1, q+1) as-
suming the triple (vg, pq, R ) to be known. The Sectlons I and I will focus
on estimating, respectively, wgi1 = vgr1 — vy, [ [Vg+1/3(2,t) dz and Rq+1
These estimates are then collected in Section [l where Proposition [0.2] will be
finally proved. In the last section we discuss a recent result [I] which adapts
the present work in order to prove a weak version of Onsager’s conjecture.
The appendix collects several technical (and, for the most part, well-known)
estimates on the different classical PDEs involved in our construction, i.e.
the transport equation, the Poisson equation and the biLaplace equation.

0.4. Acknowledgements. T.B. and L.Sz. acknowledge the support of the
ERC Grant Agreement No. 277993, C.dL. acknowledges the support of the
SNF Grant 129812 and P. I. acknoweledges the support of the NSF Graduate
Research Fellowship Grant DGE-1128900.

1. PRELIMINARIES

1.1. Geometric preliminaries. In this paper we denote by R™*™, as usual,
the space of nxn matrices, whereas S"*™ and S ™" denote, respectively, the
corresponding subspaces of symmetric matrices and of trace-free symmetric
matrices. The 3 x 3 identity matrix will be denoted with Id. For definitive-
ness we will use the matrix operator norm |R| := maxj,|—; |Rv|. Since we will
deal with symmetric matrices, we have the identity |R| = max,—; |Rv - v|.

Proposition 1.1 (Beltrami flows). Let A > 1 and let Ay € R? be such that
A k=0, |Ax| = o5, Ap = Ag

for k € Z*® with |k| = X\. Furthermore, let

Bk:AkJriﬁXAkECg.

I
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For any choice of ai € C with ax = a_j the vector field
= ) apBe*t (19)
k=X
is real-valued, divergence-free and satisfies
W2

div (W & W) = V=

(20)
Furthermore

k
_ _ a 2
W W) = W e Wds = k§ x| (Id T Ik!> (21)

The proof of , which is quite elementary and is included in Appendix
(see also [11]), is based on the following algebraic identity, which we state
separately for future reference:

Lemma 1.2. Let k, k' € Z3 with |k| = |K'| = X\ and let By, By € C? be the
associated vectors from Proposition |1.1. Then we have

(Br ® By + B @ Bi)(k+ k') = (By, - Bi)(k + k). (22)

Proof. The proof is a straight-forward calculation. Indeed, since By - k =
By - k' =0, we have

(Br ® By +By @ By)(k + k') = (B - k)By, + (B - k') By
= —By, x (K' x Byr) — By % (k x Bg) + (Bg - Bp)(k + k')
= i\(By, X By + By x By) + (B, - By)(k + k'),
where the last equality follows from
k x By, = —iABy, and k' X By = —i\Byy .
O

Another important ingredient is the following geometric lemma, also taken
from [II]. For the reader’s convenience we give here a different proof in the
Appendix [B] following [18].

Lemma 1.3 (Geometric Lemma). For every N € N we can choose 79 > 0
and A > 1 with the following property. There exist pairwise disjoint subsets

ANjc{keZ®: |kl=Xy je{l,...,N}
and smooth positive functions
VD e c® (B, (1))  je{l,...,N}keA,
such that

(a) k€ Aj implies —k € Aj and 7(3) _ 7(]}1}
(b) For each R € By, (Id) we have the identity

R— ;kg]\: ('Vl(cj)(R)> ( Id — |:| ® |:’> VR € By, (1d). (23)
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1.2. The operator R. Following [11], we introduce the following operator
in order to deal with the Reynolds stresses.

Definition 1.4. Let v € C™(T3,R3) be a smooth vector field. We then
define Ruv to be the matriz-valued periodic function

Rou = i (DPU + (DPU)T) + Z (Du + (DU)T) — %(div u)1d,

where u € C(T3,R3) is the solution of

Au:v—][ v in T3
’]TS

with ng u =0 and P is the Leray projection onto divergence-free fields with
zero average.
Lemma 1.5 (R = div!). For any v € C®(T?,R3) we have

(a) Ru(z) is a symmetric trace-free matriz for each x € T3;

(b) divRv =v — frs 0.

The proof is elementary and we include it for the reader’s convenience.

Proof. It is obvious by inspection that Rv is symmetric. Since divPv = 0,
we obtain for the trace

tr(Rv) = %(Qdiv u) — ;divu =0.
Similarly, we have
. 1 3 ... 1 ..
div (Rv) = ZA(PU) + Z(levu + Au) — 5Vd1v u. (24)

On the other hand recall that Pu = u — V¢ — f u = u — V¢, where Ag =
div u. Therefore A(Pu) = Au— Vdivu. Plugging this identity into , we
obtain

div (Rv) = Au

and since u solves Au = v — { v, (b) follows readily. O

2. THE INDUCTIVE STEP

In this section we specify the inductive procedure which allows to con-
struct (vg4+1, Pg+1, Rg+1) from (vg, pq, Rq). Note that the choice of the se-
quences {dg}qen and {Ag}qen specified in Propositionimplies that, for a

sufficiently large a > 1, depending only on b > 1 and ¢ > 5/2, we have:
STaN <200, 1> 8 <202, Y 6,<) 6 <2, (25)
J<q J<q J J

Since we are concerned with a single step in the iteration, with a slight
abuse of notation we will write (v, p, R) for (vq,pq, Rq) and (vi,p1, R1) for
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o

(Vg+1, Pg+1, Rg+1). Our inductive hypothesis implies then the following set
of estimates:

lvllo < 2M, ol < 2M5/”),, (26)
IRllo < ndgr1,  [[Rll < Mdgpadg, (27)
Ipllo < 2M2, |lplly < 2M35,), (28)
and
(3 +v - V)Rllo < M8g118% A - (29)

The new velocity v; will be defined as a sum
V1 1= U+ Wy + We,

where w, is the principal perturbation and w, is a corrector. The “principal
part” of the perturbation w will be a sum of Beltrami flows

wolty ) i= 3 ap(t,@)gp(t, ) Bre ik
|k[=Xo

where Byea+1%% i5 a single Beltrami mode at frequency A,11, with phase
shift ¢r = op(t,z) (i.e. |px] = 1) and amplitude ar = ax(t,z). In the
following subsections we will define ax and ¢p.

2.1. Space regularization of v and R. We fix a symmetric non-negative
convolution kernel ¢ € C°(R3) and a small parameter ¢ (whose choice
will be specified later). Define vy := v * 1, and ]32@ = R x 1p, where the
convolution is in the x variable only. Standard estimates on regularizations
by convolution lead to the following;:

v —vello < CM 822, (30)

IR = Rello < CM S41 7, (31)
and for any N > 1 there exists a constant C' = C(N) so that

velly < CM 6/20,00 7N, (32)

|Relly < CM 5100 (33)

2.2. Time discretization and transport for the Reynolds stress.
Next, we fix a smooth cut-off function y € C°((—32,2)) such that

Y X@-0)=1,
IEZ

and a large parameter u € N\ {0}, whose choice will be specified later.
For any [ € [0, u] we define

1

= s (e =)= [ PGt ).
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Note that implies

1 _ 1 _
3(27T)36(llu’ 1)(%5q+1 - 5q+2) Sp s (271_)36@” 1)(25q+1 - 5q+2)-

-3
Recalling that b and c are fixed, whereas a is chosen large, since J, = a "

we will assume 0442 < %5(1“ so that we obtain
C'O_l(min e)0g+1 < pr < Cp(maxe)dgi1, (34)

where C is an absolute constant.
Finally, define Ry; to be the unique solution to the transport equation

Qtﬁie,z + vy - Vﬁz,l =0 (35)
Ryi(x, ﬁ) = Ry(z, ﬁ) :
and set )
Ryy(2,t) == pld — Ryy(z,t). (36)

2.3. The maps v, w,w, and w.. We next consider v, as a 2m-periodic
function on R3 x [0, 1] and, for every [ € [0, u, we let ®; : R3 x [0,1] — R3
be the solution of
0P +vp- VP, =0
(37)
Oz, lp~ ) =,
Observe that ®;(-,t) is the inverse of the flow of the periodic vector-field vy,
starting at time ¢ = [y ~! as the identity. Thus, if y € (277Z)3, then ®;(x,t) —
®)(z+y,t) € (2nZ)3: ®(-,t) can hence be thought as a diffeomorphism of T3
onto itself and, for every k € Z3, the map T3 x [0,1] > (z,t) — etha+1k-i(x,)
is well-defined.
We next apply Lemma [1.3] with N = 2, denoting by A and A° the
corresponding families of frequencies in Z3, and set A := A° + A°. For each
k€ A and each | € ZN [0, u] we then set

wat) = x(ult - 1), (38)
akl(x,t) = \/E’}/k <Re7l;lx’t)) y (39)
wi(z,t) = ag(x,t) Bkei)‘qﬂk'q)l(x’t). (40)

The “principal part” of the perturbation w consists of the map
wo(z,t) = Y xiuwult)+ Y xwulz,t). (41)
1 odd,keA° l even,keAe

From now on, in order to make our notation simpler, we agree that the pairs
of indices (k,l) € A x [0, u] which enter in our summations satisfy always
the following condition: k € A® when [ is even and k € A° when [ is odd.

It will be useful to introduce the “phase”

(;Skl(l')t) _ ei)\q+1k.[<1>l(x,t)—x]’ (42)
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with which we obviously have

¢k‘l X 6i)\q+1k~l‘ — 6i>\q+1k'¢l.

Since Ry; and ®; are defined as solutions of the transport equations
and , we have
(Or+ve-V)ag =0 and (8 + vy - V)erartk i@t — (43)
hence also
(8t + vg - V)wkl = 0. (44)
The corrector w, is then defined in such a way that w := w,+w, is divergence
free:

1 . k x By ; .
We 1= Z Xl <zakl¢k1 ) grarike
kl

Ag+1 |2

; k x By

- ZXl( ' Vay — ag(DP, — Id)k) x Eeiderik® (45
Ag+1 |k [?
kl a
Remark 1. To see that w = w, 4w, is divergence-free, just note that, since
k- By =0, we have k x (k x By,) = —|k|>?By and hence w can be written as
w = e le curl (zakl Onl T et ) (46)
(k1)
For future reference it is useful to introduce the notation
i kx B
Ly = ap B + ( Vag — akl(DCI)l — Id)k) X 72k, (47)
Agt1 ||
so that the perturbation w can be written as

w = Z X1 Lk eParik®r (48)

kl
Moreover, we will frequently deal with the transport derivative with respect
to the regularized flow vy of various expressions, and will henceforth use the
notation
Dy =0y +wv,- V. (49)

2.4. Determination of the constants n and M. In order to determine

7, first of all recall from Lemma that the functions ay; are well-defined

provided

'Rw
2

where rg is the constant of Lemma Recalling the definition of Ry

we easily deduce from the maximum principle for transport equations (cf.

(132) in Proposition [D.1)) that ||ég7l||0 < ||R|lo. Hence, from and

we obtain
‘ Ry,

Pl

_Id‘ STU7

n
mine

9

-1 <G



ANOMALOUS DISSIPATION FOR 1/5—HOLDER EULER FLOWS 13

and thus we will require that

Co 77 < o
min e 4

The constant M in turn is determined by comparing the estimate @ for
q + 1 with the definition of the principal perturbation w, in . Indeed,

using ([38)-(41) and we have ||w,l|lo < Co|A|(max 6)5;4%1. We therefore
set

M = 2Cp|A|(maxe),

so that v
1
lwollg < 58,71 (50)
2.5. The pressure p; and the Reynolds stress Ry. We set
Ri=R'+R'+R’+ R+ R'+ R,
where
R® = R (0w + vy - Vw +w - Vy) (51)
wol?
RY = Raiv (w, © wo — 3 xFRey — 15L10) (52)
!
R? = w, ® we + we ® wo + we ® w, — Ll Aol 1 (53)
2((v—vyp),w
R3:w®(v—v5)—|—(v—v@)®w—%ld (54)
R'*=R-R, (55)
(56)

R* = "xi(Re— Ruiy).
1

Observe that Ry is indeed a traceless symmetric tensor. The corresponding
form of the new pressure will then be
lwo|> 1 2 2

— —|we|* - g(wo,wc> - §<v — Vg, W) . (57)

Recalling we see that ), X%tr Ry, is a function of time only. Since
also ), Xl2 =1, it is then straightforward to check that

p1=p—

div Ry —Vpy :8tw—|—div(v®w+w®v—l—w®w)—|—div}O%—Vp
=0w+divir@u+w®v+ww)+ o+ div (v ® v)
= Oy +div (v ® v1) .

The following lemma will play a key role.

Lemma 2.1. The following identity holds:

Wo @ Wy = Z XiRey + Z XIXv Wit @ Wiy - (58)
l (kzl)v(klvl/)zk7é7k/
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Proof. Recall that the pairs (k,1), (k’,I') are chosen so that k # —k" if [ is
even and I’ is odd. Moreover x;xy = 0 if [ and I’ are distinct and have the
same parity. Hence the claim follows immediately from our choice of ay; in

and Proposition and Lemma (cf. [I1], Proposition 6.1(ii)]). O

2.6. Conditions on the parameters - hierarchy of length-scales. In
the next couple of sections we will need to estimate various expressions
involving vy and w. To simplify the formulas that we arrive at, we will from
now on assume the following conditions on p, Ag+1 > 1 and ¢ < 1:

1/2

W 5PN, 1 s 18/
<1 <A d < AT 59
5;&1 o H " g1~ ot M Ag+1 — M (59)

These conditions imply the following orderings of length scales, which will
be used to simplify the estimates in Section

1 1 1

and

5;/2 Ag Ag+1

<-=

IN

1 1
- < —. (60)
1 —_—
6q{il)‘q4—1 H Ag
One can think of these chains of inequalities as an ordering of various length
scales involved in the definition of v;.

Remark 2. The most relevant and restrictive condition s (5;/2)\(1 < u. In-
deed, this condition can be thought of as a kind of CFL condition (cf. [5]), re-
stricting the coarse-grained flow to times of the order of |[Vv||gt, ¢f. Lemma
and in particular below. Assuming only this condition on the param-
eters, essentially all the arguments for estimating the various terms would
still follow through. The remaining inequalities are only used to simplify the
many estimates needed in the rest of the paper, which otherwise would have
a much more complicated dependence upon the various parameters.

3. ESTIMATES ON THE PERTURBATION

Lemma 3.1. Assume holds. For t in the range |ut — 1| < 1 we have

[D®ifly < C, (61)
5%\
|D@, ~1dfj, < C=2¢, (62)
5%\
| Dy < C-L1 N>1. (63)

N’
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Moreover,
1
lasally + | Lially < €87 (64)
lawlly < COJE ALY, N>1 (65
|Lully < COLE e, N>1 (66
N
5.2\ 52 A A
9wl < CAgir G +C | =2
<o N>1. (67)
Consequently, for any N >0
1/2
1o 0d Ag
lwelly < €8,/ =401, (68)
M _
lwolly < G0/ 1 2041 + O8N, (69)
1
lwolly < Oéq/fmh N >2 (70)

where the constants in —. depend only on M, the constant in
depends on M and N, the constants in and depend on M and e
and the remaining constants depend on M, e and N.

Proof. The estimates and (62)) are dlrect consequences of - in
Proposition together with (60]), whereas in Proposmon com-

bined with the convolution estimate |.| implies
Next, . together with ( - 133) and ( in ProposMon and

. ) leads to
[Reilly < Cdgta,s (71)
|Really < Coginrgt™ Y, N1 (72)

The estimate is now a consequence of , and , whereas by
(129) we obtain

laglly < C6, 2| Rl < O3 AN < Calz eV (73)
Similarly we deduce ( . ) from

ILkllv <Cllag|n + CA L llarl| v+
+ C (llap|IN[[D®; — Id|o + [laglol| D] )

and once again usin

g (60).
In order to prove (67)) we apply (130) with m = N to conclude
H%IlN < CA +1||D‘I’IHN 1+ A [ D — 1d]

from which follows using (62 , and .
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Using the formula together with , , and we conclude

¢ 54\
a1 + Cllak|lo| D®; — Id]jo < C2

Jwello <
‘ Ag+1

and, for N > 1,

1
ey <C ) xa (A ) lakil| N1+ llarllol DPil|v + [lar|| N[ DD — IdHo>
kl q+

+ Cllwello > xit AN 1D + Mg D[ w-1)
l

o Ay 807 54\
< C5 2N 4 4 1 4 < oL TINN
R L S DV % - po et

This proves . The estimates for w, follow analogously, using in addition

the choice of M and . O
Lemma 3.2. Recall that Dy = 0y +vy-V. Under the assumptions of Lemma
[3.1] we have
|Drelln < CAEN (74)
IDeLitl|v < CO/21652 007N (75)
|D? Lually < C8,218,2¢7 N, (76)
| Dewelly < COJ2 02NN (77)
1
| Dewolly < COJF 1A (78)
Proof. Estimate on D;uvy,. Note that v, satisfies the inhomogeneous

transport equation
Oy + vy - Vuy = —Vp*wg+div(1:2g— (V@) * 1y + vy @ vy) .

By hypothesis ||[Vp x ¢||ln < C|lpl1l™ < C8AL™N and analogously

[div R ]| < CSgp1A¢~N. On the other hand, by Proposition
[|div ((v @ v) * ¥y —ve @ vg) || v < CEN |2 < Cél_Néq)\g )
Thus follows from .

Estimates on L;;. Recall that Ly, is defined as

7

kXBk

Ly := ap By + ( ’kP

Vakl — akl(DCDl — Id)/{) X
Agt1

Using that
Diagy =0, D@ =0,

_ T _ (79)
DtVakl = —DUZ Vakl, DtD(I)l = —D(I)ZD’Ug,
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we obtain

1
DLy = (—)\ )
q

k % Bk
LIE

DWTV@M + ale<I>legk> X

Consequently, for times |t — ] < y~! and N > 0 we have

A 6.2\
DiLy|ln < C8./2, 61200 N [ 24 9 74
| Dt Lii||v < C3,/ 164 Mot p

< 05;/j151/2A N,

where we have used ({127 , Lemma and . Taking one more derivative
and using again, we obtain

1
thLkl:<— (DeDv)" Vay + 5—Dof Dof Vay +

)‘q+1 q+1
k x Bk

— ap DO Dvy Dok + CLMDCI)[D,:DUZIC) X |]€|2
Note that D;Dvy = DDsvy — DvyDuy, so that
[ DeDvg||n < || Dyvel| w41 + [ Doel| v [| Dvello
< Co NN (1 + Agl) < Co NN
It then follows from the product rule and ( . ) that

A /\gf
+
Agt1 Agl

ID? Lyl < €8,/ 10,20V (

5
+ Al + (Ag0)? + % + 1)

< 082 0N

Estimates on w.. Observe that w. = 3 x;(Lg; — ap Bi)ea+1F Pt (see
and ) Differentiating this identity we then conclude

Diyw,. = Z X1 (Dthl) etrat+1k- @y + (atXl) (Lkl _ alek) a1k
kl

= Z Xi(DiLyg) e 1H o+

tVa kx B i .
+ Z 8txl < kL _ ag] (D(I)l — Id) k> X ’k‘|2 kﬁbkl@ Ag+1k )

Hence we obtain . as a consequence of Lemma and .
Estimates on w,. Using we have

/ iAg+1k-
Diw, =Y xjagidre .
ol

Therefore follows immediately from Lemma (]
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4. ESTIMATES ON THE ENERGY

Lemma 4.1 (Estimate on the energy).

1/2 1/2
1604100 N | Ogr10d A
e(t)(1 = 5y12) —/, ol do| < = + OO0 g oZeH T ()
T3 M q+1
Proof. Define
=302m)* Y _xi(t)p
!
Using Lemma we then have
wol> = x{tr Rey + > XIX1 Wi * W,
! (L), (k! 11) k=R
= (2m)Pe + Z XOXk Gty Sradpp e TR (81)
(kal)z(klzll)ak7é7kl

Observe that € is a function of ¢ only and that, since (k+ k") # 0 in the sum
above, we can apply Proposition (1) with m = 1. From Lemma we
then deduce

1
/ |wo? da — é(t)‘ < 06q+15q/2/\q MGy
T3 N H )\q—I—l

Next we recall , integrate by parts and use and to reach

(82)

5264
/ v-wde| < 0L T (83)
T3 )\q—i-l
Note also that by we have
Syr10q A
/ lwel? + |wew,| do < 0204101 A (84)
T3

Summarizing, so far we have achieved

/Tg o2 da — <é(t) +/Tg \v[2d:v>

567N 6,18\
< / ]wo\zdx—é(t)‘—i-C ot ¥ 79 ot 2
T3 Ag+1 K

1 1
" C(Sq/jl(sqh/\q n C5q+15;/2)‘q '

J
/\w[de—e )’ +o-tr

Agt1
Next, recall that

e(t) =3(2m)* > xip
.
(1 — dg+42) ZXze ZX:/ oz, I~ ") da.
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1

Since ‘t - i) < p~" on the support of x; and since ), X12 =1, we have

<pt.

l
()~ (1)
] H
Moreover, using the Euler-Reynolds equation, we can compute
) t
/ (\v(x,t)|2 — ‘U (a:,l/fl)‘ ) dx :/ / 8t|v|2
T3 L J1s
m
t t i t i
:_//div(v(|v|2—|—2p))+2//v.divR:—2/ Dv:R.
L Jrs3 L Jrs3 L Jr3
I w I

Thus, for ‘t — ﬁ‘ < p~! we conclude

Syr10d A
lv(z,t)]? — ‘v(:c,lﬂ_l)}2 do| < =20 20
T3 7
Using again ) Xl2 =1, we then conclude
1 6162
e(t)(1 — dg42) — <e(t) + / lv(z, )| d:c> ‘ < - yoiatlld 2 (86)
T K H
The desired conclusion follows from (§85]) and . O

5. ESTIMATES ON THE REYNOLDS STRESS

In this section we bound the new Reynolds Stress Ry. The general pattern
in estimating derivatives of the Reynolds stress is that:

e the space derivative gets an extra factor of Ag1 (when the derivative
falls on the exponential factor),

e the transport derivative gets an extra factor p (when the derivative
falls on the time cut-off).

In fact the transport derivative is slightly more subtle, because in R a
second transport derivative of the perturbation w appears, which leads to
an additional term (see (97))). Nevertheless, we organize the estimates in
the following proposition according to the above pattern.

Proposition 5.1. For any choice of small positive numbers € and (3, there
is a constant C' (depending only upon these parameters and on e and M)
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such that, if p, Ag41 and £ satisfy the conditions , then we have
572 51/2 Sg)g

1 +1 q+1%

Hmm+ Wﬂw+wmmm<cﬂ SR LR (87)
H )‘q+1 )‘q+1 pt

1/2

IR i+ LIDR o < C(MLL“* (s8)
1 o162\

B2l + — Hﬁh+jW£ﬂwd%ﬁ%Lﬂ, (89)
1

IR0 ny+;uDd#nosch;fﬂAe (90)
1 o162\

IR I+ S IDeR o < CEEESE £ Cogagt s (91)
1 o162\
Hﬁm+——Wﬂh+ﬂmWMSCiiii- (92)

Ag+1 I Iz
Thus
o 1 o 1 o
| Rillo + ilHRlﬂl + ;HDtRlHo <
q
/2 /2y e 12 (93)
<C 5q11-15 n 0g+10g " AgAgi1 +5;{il51/2)\ i 5(]1—15 Mg
Agt1 H Agriid

and, moreover,

|0: Ry + v1 - VRylo <

52 8,100 AAE 572 5.\
<C§;/j1)‘q+1< q+1M+ q+19q AqAg41 +51/2 51/2)\ L+ q+1% g . (94)

1
A p " Ayyind

Proof. Estimates on R’. We start by calculating

ow + vy - Vw +w - Vup = Z (XELICZ + X[Dthl + XlLkl . V’Ug) eik"bl )
kl

Define Qp; = (X;Lkzl + xiD¢ Ly + xi Lyt - Vug) g and write (recalling the

. . Ngp1kw _ idgs1k-®
identity ¢ge'tatii® = eltat1h @)

Ow + vy - Vw +w - Vg = Z leei)\q+1k'$ . (95)
Using Lemmas and and
1o 5"\ 12
[Qillo < Co/ | 1+ o < Com

and similarly, for N > 1
_ 1
190lly < CofEn (N + lomllv) < CoJ2 A,
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Moreover, observe that although this estimate has been derived for N inte-
ger, by the interpolation inequality (128]) it can be easily extended to any
real N > 1 (besides, this fact will be used frequently in the rest of the proof).

Applying Proposition (ii) we obtain
1Rollo <3 (A l9ullo + A ¥ 0uln + A [l
kl

! - -N
<C8l2 ()\q Ide +/\q+15+€> . (96)
It suffices to choose NV so that NG > 1 in order to achieve
1 _
IR llo < CO,/¢ 1A
As for ||R°||1, we differentiate (95). We therefore conclude

OR" =R <Z(i)\q+1kj9kz + 8]‘le)€i)\q+lk'x> ,
Kl

3
q+1-

Applying Proposition |G.1(ii) as before we conclude ||R%||; < C(ﬁjﬂﬁx

Estimates on D;R°. We start by calculating
Dy (Oyw + ve - Vw +w - Vy) = Z (33X1Lkz +20pxu D¢ Liy + x1DF L+

kl
+ OoxiLug - Dve + XiDeLit - Dve + XiLia - DDyve = xiLpa - Dvg - D )
= ZQ;czei/\quw-
kl
As before, we have

54\ Sy N2 ] S

Q! <C51/2 gy sz q7\q <05/2 q\q

[llo < Coyqp | 1+ ul 1T0/ A+ u )= gH1H | 1t il
(97)

and, for any N > 1

- dgA SN2
|l < €8, pe ™ (u T HA At qﬂ") + 1% lloll &l v

OgA _
< cafrye (st 50) (0 + houly)

ul
1/ OgAg | \N(1-5)
< iy (e 250 ) 7.

Next, observe that we can write
DiR® = ([Dt, R] + RDt) (Opw + vg - Vw + w - V)

=<[w', RID + RDt> (Opw + vp - Vw + w - Vug) ;
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as it is customary, [A, B] denotes the commutator AB— BA of two operators
A and Bj; the operator [v;-, R] is applied to derivatives DA of tensors A and
it gives

3
OA oA
e RIDA =3 R () - R (wige )] o9
Using this convention we then compute

DtRO = Z ([Ug-, R] (DleeiAqu'z) + i)\q+1[vg -k, R] (lee’i)“”lk'w)
kl
+ R(Q%leMHlk'“)) :

Using the estimates for ), derived above, and applying Proposition
G.1{(ii), we obtain

g1k 1Qallo | [y | [Dln
I R(Qpe e T) |y < Al’i: Ajy_g ;@V :

a+1 a+1 g+1
512 o\
q+1 q\q 1-Ng
SCAZ§<M+/M>(1+%“ )
q

Furthermore, applying Proposition we obtain

| ve RIDQue15) | < <o el |l

g+1
N—-1 1/2 1/2
C Og AqOgiiht [\ 142e—N
v 2 I ulhsiellvellv—ie < OFTTE (A 4 A1)
q+1 =0 q+1

and similarly

5;/2>\q5;/j1# 14+2e—N
—-NpB
O—C?(l—i_)‘q—kl )

Ag+1 H (v - ki, R) Qe+ 14)
g+1

By choosing N € N sufficiently large so that N3 > 1 + 2¢ we deduce

e S\
DRl < C qf_la (M + 5;/2)\q + ‘1‘1> ‘
Ag+1 wl

Taking into account that 5;/ 2>\q < p this concludes the proof of .

Remark 3. The estimate on D;RY could be improved by keeping track, along
the iteration, of ||pgl|l2 and ||RqH2 such quantities can indeed be used to get
a better control of |Dyv||1. This observation, which is used already in [18],
plays an important role in [1] (cf. Section[7 below).
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Estimates on R!. Using Lemma we have

2
. . w
div <w0®w°_ZXl2Ré,l— | §| Id) -

l

Wkl - Wiy

Id) — T4 1]
5 T

= > xdiv (wkl @ wyry —
(), (K07
k4K #£0
where, setting fruwr 1= Xixvakiawy Pridwr,

I= Z (Br ® By — $(By - Bp)Id) V fygpperett (FHF)-
(k,0),(k",17)
k+k'#0
II :i)\q+1 Z Sruern (Bk ® By — %(Bk . Bk/)Id) (k + k/)ei)‘q'*'l(kij/)'x .
(k,0), (K17
k+k'£0

Concerning II, recall that the summation is over all I € Z N [0, u] and
all Kk € A®if [ is even and all £ € A° if | is odd. Furthermore, both
A¢, A° C \S? N Z3 satisfy the conditions of Lemma Therefore we may
symmetrize the summand in I7 in k£ and k’. On the other hand, recall from
Lemma [1.2] that

(Br ® By + By ® Bg)(k + k') = (By, - By)(k + k).

From this we deduce that IT = 0.
Concerning I, we first note, using the product rule, and , that

[frer]N < Coga ()\qelfN + |prdrr||n)  for N >1.
By Lemma and (cf. (60)) we then conclude

5%\ 54\

1 <cs 1 A\g+1 ,
) cctont

[frarvt < Cdgia ()\q + Agt1

N(1—
vy < Copnrni ™, N>2.
Applying Proposition (ii) to I we obtain
IRo< > (XZH i)t + A e vl nes + A [fklk:’l’]N—i—l—i—a)

(k1) (K1)
k+k/£0

5%\ N
1—
< Odgi1 (A; +1 qu T4+ 00 5+5) . (99)

By choosing N sufficiently large we deduce

S0 162N
IR o < ¢20H10% Ralart
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as required. Moreover, differentiating we conclude Gle = R(0;I) where

;1 = Z (B, ® By — 3(By, - By)Id) -
(k,0),(K'17)
k+k'#0

(iAgi1(k + K3V fraprr + 03V frapr )Pt FHRDw 0 (100)

Therefore we apply again Proposition (ii) to conclude the desired esti-
mate for |RY|;.

Estimates on D;R'. As in the estimate for D;R", we again make use of
the identity DyR = [vg-, R]D 4+ RD; in order to write

DiR' = ) ([W'yR] (D Uklk'weﬂq“(ﬁkl)'ﬂ
(K1), (K1)
k+k/£0

+ /l:)\q+1[v€ X (k + ]C/), R] <Uklklllei>\q+1(k+k/)-x) + R (U]/dk/l/ei)\qul(k-'rk/)&E)) ,
Where we have set Uklk’l’ = (Bk X Bk’ — %(Bk . Bk/)ld) vfklk’l’ and

2 ) ,
DtdiV (wo X wy — Z X%Rf’l - ‘u};’Id) = Z Ul/clk/l/elAq+1(k+k} )$
l

(k1) (k' \17)
ket-k' 0

In order to further compute U}, we write
V frawrr €20 YT = 3 (g Vagr + apy Vagy) e PRy
+idgrxixramapy (D@ — 1)k + (DB — Id)k') ePart k- @ik'2y)
and hence, using ,
Dy (vfklk:’l’ BM"“(Hk/)'x) = Oaxe) (amVagy + apy Vag) e (kP e
+idgr1Oxxe) agapy (D@ — 1)k + (DBy — Id)E') otttk 0y)
— XX (aleWTVakfzf + ak'Z/DWTVakz) eig1 (k@i +k Dy
— IAGH1IXIX Ol Ok 1 (D@le{k + D@l/Dngk') g1 (k- @ik )
= (Shur + St + St + Shyop) et R e0)
o Ny a1 R RER Ry

Ignoring the subscripts we can use (127]), Lemma and Lemma to
estimate

)
”EHN < C‘SqH)‘qg_N(,u + >‘q+15;/2 + 521/2)‘(1 + )‘q+15c11/2) < 05q+1)‘q+15;/2)‘q£_N :

We thus conclude
1Tk | v < CllZrarw || v + CllZrarw ol @ridm | v

< COgiadg1d*Aq <€_N * A(]J\fﬁ_ﬁ)) < C5q+15;/2)\q/\;iiv(l_ﬁ) :
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The estimate on ||D;R!|o now follows exactly as above for D;R° applying
Proposition to the commutator terms. This concludes the verification

of (88).
Estimates on R? and D;R?. Using Lemma [3.1] we have

5.2\
I1R?(lo < C(Jlwell§ + llwollollwello) < Cdqsa qu 1,

5%\

IR?|l1 < C(llwellylwello + 1wl lwello + llwollof|well1) < Cdy1 Ag+ -

Similarly, with the Lemmas [3.1] and [3.2] we achieve
1Dy < ClIDaselly (wnllo + lellg) + ClDwsllollwello < Coyardlf2A,.
Estimates on R? and D;R3. The estimates on ||[R3||o and ||R?||; are a

direct consequence of the mollification estimates and as well as
Lemma [3:1] Moreover,

IDR?|o < [lv = vello| Dewllo + (| Devllo + [ Devellllwllo

= [lv = vello ([[Dswello + [| Dewol[) + (| Dzvlo + HDtveH)HWH? o)
101

Concerning D;v, note that, by our inductive hypothesis
[Devllo < (|00 + v - Vollo + [lv — vellol|v]ly
< Ipglls + 1 Rglly + COAZE < TN,
Thus the required estimate on D;R? follows from Lemma
Estimates on R* and D;R*. From the mollification estimates and
we deduce
IR lo < CIR[1€ < Cdgrirgt
IRl < 2 Rll1 < Cdga)g-
As for D;R*, observe first that, using our inductive hypothesis,
ID:Rlo < ||8:R +v - VRo + [Jve — vllo]| Rlli < COy118y* Mg + Cgsr6/°N20.
Moreover,
DRy = (DyR) % b + v - VRy — (v - VR) 4y
=(DyR) * ¥y + div (ve ® Ry — (v R) * W) +[(v —vg) - VR] % 1bg, (102)
where we have used that divev = 0. Using Proposition we deduce
[ve ® R — (v ® R) % yll1 < C8gi18* Mgl - (103)
Gathering all the estimates we then achieve
IDiR o < IDeRllo + I DeRello < Oy A6
The estimate follows now using .
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Estimates on R°. Recall that th%g,l = 0. Therefore, using the arguments

from
IDy(Re — Reg)llo = |1 DeRello < Cgi16,/*Aq -
On the other hand, using again the identity and Proposition
1De(Re = Rep)lly = |DeRelly < CCHDeRljo + [lve @ Ry — (v @ R) * el
+ Ol v — villo||Rll1 < Cogs18/* Al ™"

Since f?,g’l(l‘,tu_l) = ]%g(az,t;fl), the difference Ry, — ]32471 vanishes at t =
lp~'. From Proposition We deduce that, for times ¢ in the support of x;
(e |t —=lp~t < p™h),

oo = Regllo < Cp 1Du(Re = Re)llo < Cu™"dq418/A,
Hﬁfz - ée,l I < CM_1HDt(IO%g - }OQZ)Hl < Cu_ldqﬂaé/?)\qg—l )
The desired estimates on || R?||op and ||R?||; follow then easily using .

Estimate on D;R°. In this case we compute

DiR® =" 2xi0ia(Re — Reg) + Y xi DiRy .
! !

The second summand has been estimate above and, since [|0;x;llo < Cu,

the first summand can be estimated by Cu6q+15;/ 2)\q/f1
to the arguments above).

Proof of . To achieve this last inequality, observe that

0.1 + v1 - VR1llo < [[DiRallo + (v = vello + [|wllo) | Rallr
On the other hand, by and (B9), [[v—vello < 062/2/\(1@ < (5;/;. Moreover,
by (50), and lwll < Jwollo + lwello < €67, Thus, by ([©93) we

conclude
10cfer +vr - VRillo < C (1 -+ 81 A1)
1/2 /2 5 1/2
<5q+1ﬂ+ 0q+10q >‘q/\q+1 +51/2 e 5q+15q/\q>

Al +
A Z T g

(again appealing

Since by p< 5;/JflAq+1, follows easily. O

5.1. A remark on the bounds for R® and D;R". By approximating the
error with the solution to a transport equation, we have saved a lot of work
in obtaining the estimate for ||D;R%| in compared to the approach of
[18]. The price we have paid here is introducing the additional error term R,
which represents a new degree of freedom in the construction that had not
previously been exploited. The estimate for R® is among the maximal
bounds in the argument and it is thus one of the obstructions to going
beyond % It should be noticed that it is not clear which error terms must
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be improved in order to reach the conjectural exponent % For instance, in
the paper [I] (cf. Section[7) the error estimate is not an obstruction to
get the Holder regularity in space on the set of “good times”. On the other
hand, in the approach of [I8] such an error term does not appear and it is
of interest to review it here.

The difficulty in bounding D;R° is that the transport term R° by itself
involves the advective derivative of the amplitudes aj, which in turn depend
on the input stress R by (39 . Consequently, D; R essentially involves the
second advective derivative DtR whereas we have only assumed control
over the first advective derivative DyR. This difficulty is tackled in [I8] by
introducing a “mollification along the flow” for the definition of Ry which
is then used to form the amplitudes a; as in , . This procedure
consists of first averaging in space to construct égm = Rx Yy, and then using
the one parameter group Z¢(x,t) generated by the space-time vector field
0 + v - V to average in time

Ry 1) = / Ry, (Bala, 1) ibg, (5) ds (104)

That is, Zs(z,t) = (X¢(z, t +5),t +s) where X¢(z,t + s) denotes the flux of
vy starting as the identity at time ¢, as in Appendix @ The tensor }?g(l', t)is
thus an average of R over an ¢z-neighborhood of the time |s| < ¢; trajectory
which passes through (z,t) along the flow of v,.

The mollification behaves like a standard mollification in that, be-
cause D; commutes with pullback by =g, the derivative D; commutes with
the average along the flow

DeRi(ayt) = [ 1DiRe,)(Ex(a, )0 (5) ds
-/ e, (Bl 1) (5) ds. (105)

Integrating by parts in , each additional advective derivative incurs a
cost £, 1 which provides the estimate on D?]O%g that is applied to the trans-
port term D;R?. The error R— ]Sbg can also be bounded in terms of ¢; and
{, using the control we have assumed on ||R||; and ||(8; + v - V)}O%Ho But
unlike a standard mollification, bounding the derivatives H]DDMHN is more in-
volved, and requires control over the geometry of the flow =; which obeys a
nonlinear ODE. The bounds for [Z,]x are then similar to those in Appendix
@7 having factors which grow exponentially after time || Vv|/;' from Gron-
wall’s inequality. After all these estimates are established, it turns out that
the bounds for D? Ry and R — Ry all appear to be (just barely) compatible
with a scheme aimed at proving the conjectured 1/3 exponent. Overall,

2For the present results one can essentially take £; proportional to the time scale p~!

above, while obtaining a better exponent would require this parameter to be smaller (e.g.

the choice made in [I8] where £; ~ éq_&lmx\q_&l would correspond to a 1/3 scheme).
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though, it appears that 1/5 is the limit of our current method, and that any
improvement on this exponent would require further new ideas.

6. CONCLUSION OF THE PROOF

In Sections [2{5| we showed the construction for a single step, referring to
(Uq)p(bR ) (U b, R) and to (Uq+1apq+1aRq+1) as (prlaRl) From now
on we will consider the full iteration again, hence using again the indices ¢
and g + 1.

In order to proceed, recall that the sequences {d4}qen and {Ag}qen are
chosen to satisfy

_ +1 +1
b4 acbq S >\q S 2acbq

for some given constants ¢ > 5/2 and b > 1 and for a > 1. Note that this
has the consequence that if a is chosen sufficiently large (depending only on
b > 1) then

1 1 2
SN < OLIAITL Ser1 <04 and Ay < ATFY. (106)

6.1. Choice of the parameters p and /. We start by specifying the
parameters p = g and ¢ = {;: we determine them optimizing the right
hand side of . More precisely, we set

= 000NN (107)
so that the first two expressions in are equal, and then, having deter-
mined p, set

0= 6, FsEA A 108
T Ygt+lTg g q+1 ( )

so that the last two expressions in (93)) are equal (up to a factor A7 ;).
In turn, these choices lead to

o ]_ o £— E—
sl + 51 Rosals < COL 0 NG + O80T

g+1 g+1
1/2 1/3 3/4
. 3/4 <1 1 —1/2 (5 )\
= COJS/ AN | 1+ (1/21/3)
q+1)‘q+1
5 1
< C8l o NENL (109)

Observe also that by , we have

10 Ry1 + vgr1 - VRgpalo < Caq{FlAQ+1 (52/;115;/4)‘1/2)‘2;1/2) - (110)
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Let us check that the conditions (59)) are satisfied for some 5 > 0 (re-
member that 8 should be independent of ¢). To this end we calculate

5 1
5;/2 W, _ ( 5;/2 )\3/5 ) /4 5;/2 A, _ < 5(11/2 Ay ) /2
’ 5

1/2 /2 43/5 1/2
Og+1 Og1Ag11 a g1t
1 1/4 1/2
) 1 .
a1 5 Mg P 01 At
Hence the conditions (59) follow from (106]) choosing 8 = Ef)b_T15'

6.2. Proof of Proposition Fix the constants ¢ > % and b > 1 and
also an € > 0 whose choice, like that of a > 1, will be specified later.
The proposition is proved inductively. The initial triple is defined to be
(vo, po, Ro) = (0,0,0). Given now (vg, py, Ry) satisfying the estimates (6)-
, we claim that the triple (vg41, Pgt1, ]Sl,q+1) constructed above satisfies
again all the corresponding estimates.

Estimates on _éq_l,_]_. Note first of all that, using the form of the estimates

in and , the estimates and follow from . On the other
hand, in light of (109)), follows from the recursion relation

O30 NN < iy

Using our choice of ¢, and A\, from Proposition we see that this inequality
is equivalent to
O < aibq(1+3b—20b+(2c—4—4ac)b2)

)

which, since b > 1, is satisfied for all ¢ > 1 for a sufficiently large fixed
constant a > 1, provided

(1+43b—2cb+ (2¢ — 4 — 4ec)b?) > 0.

Factorizing, we obtain the inequality (b — 1)((2c — 4)b — 1) — 4ecb® > 0. It
is then easy to see that for any b > 1 and ¢ > 5/2 there exists € > 0 so that
this inequality is satisfied. In this way we can choose ¢ > 0 (and 8 above)
depending solely on b and ¢. Consequently, this choice will determine all
the constants in the estimates in Sections We can then pick ¢ > 1

sufficiently large so that, by (109) and (110)), the inequalities (10]), and
hold for Ryy1.
Estimates on v,11 —vg. By , Lemma and we conclude

1 M _

fevsn = vl < ol + oo <% (5 +2:21) 1)
1 M _

fovsn = vl < ol + ol <6 (5 +20) - a12)

Since Ag41 > A1 > a‘3b2, for a sufficiently large we conclude @ and .
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Estimate on the energy. Recall Lemma and observe that, by ,

1/2 1/2 1/2
01104 g < Og1h

AgHl T Agtl

Moreover,
6q+15;/2)\q = g V2T b (e 1)b-1/2) > >

1/2 61/2
So the right hand side of is smaller than C’é‘”li‘l Y 4 C )‘f;lf, ie.

smaller (up to a constant factor) than the right hand side of . Thus,
the argument used above to prove gives also .

Estimates on p,;1 — p1. From the definition of p,41 in we deduce

1
IPg+1 = Pgllo < 5 (llwollo + lwello)? + Cellvgl1lwllo -

As already argued in the estimate for (6)), ||woll + ||we| < M (5;/ ?. Moreover
Clllvr|1]lwllo < CM8,/? 164> A€, which is smaller than the right hand side
of . Having already argued that such quantity is smaller than 76,42 we

can obviously bound C/||vg||1||wllo with MT25,1+1. This shows (§). Moreover,
differentiating we achieve the bound

1 1
IPg+1 = Pallr < (lwolly + llwell ) (lwollo + lwello) + €818/ Ag11£
and arguing as above we conclude @D

Estimates . Here we can use the obvious identity dyw, = Dywg —
(vg)e - Vwg together with Lemmas and (3.2 to obtain ||0yvg+1 — Orvgllo <

05;61)\(1“ Then, using (25]), we conclude [|0v o < 05;/2)\(1.
To handle 0;py4+1 — O¢py observe first that, by our construction,
10¢(Pg+1 = pg)llo < ([[wello + llwollo) ([|9rwello + [[Grwollo)

+ 2[lwllol[Ocvgllo + llvgl[110sw]lo -

As above, we can derive the estimates ||Oyw,||o + ||Orwe|lo < C(S;/jl)\qﬂ from
Lemmas 3.7l and Hence

101 (o — po)llo < Oy dges + CO2 80200 + C8Y2A 8 Ny . (113)

Since /¢ < A;l and 5;/ 2/\q < 5;/JilAq+1, the desired inequality follows. This
concludes the proof.

7. ONSAGER’S CONJECTURE ALMOST EVERYWHERE IN TIME

In recent work [I] by the first author, a variant of the present scheme
was presented in order to prove the existence of non-trivial Euler flows with
compact temporal support which belong to the Holder class C'/37¢ almost
everywhere in time. Specifically, the following theorem was proved:

Theorem 7.1. There exists a non-trivial vector field v € C/57¢(T3 x
(—1,1),R3) with compact support in time and a scalar field p € C*/5~2(T3 x
(=1,1)) with the following properties:
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(i) The pair (v,p) solves the incompressible Euler equations in the
sense of distributions.

(ii) There exists a set Q C (—1,1) of Hausdorff dimension strictly less
than 1 such that if t ¢ Q then v(-,t) is Holder CY/*~¢ continuous
and p is Holder C?/3-2% continuau.

The construction of the convex interation scheme in [I] follows very closely
the scheme presented here with two main deviations:

(1) Unlike in the present work, the solutions constructed will not obey
any prescribed energy profile, but rather simply satisfy the property
of having compact support in timd

(2) The time cutoff functions {XqJ}H are modified in such a way that the
Hausdorff dimension of the set

= ﬂ U Usupport(x'q/J) (114)

q=1lq¢'=q I
is strictly less than 1.

The proof then of the above theorem relies heavily on the estimates given
in the present work with the addition of sharper, time localized estimates.
The set  is taken to be a slight enlargement of ’ with identical Hausdorff
dimension. With the help of these additional estimates, it is shown that for
any time ¢ € (—1,1) outside the set 2, there exists an N = N(¢) such that,
supressing dependence on t, we obtain the following estimates

1 1 _
lwgllo + - ll0wqllo + = llwglls < Ag fateo(115)
q q

1 1 _2
1Pg — Pg—1llg + X 10:(pq = Pa-1)llg + 13 IPg = Pa-1lly < Aq /320 (116)
q

- 1 - —2/34-2¢
], 5; ], < 27 )
for every ¢ > N and some 0 < gg < €. The ability to obtain such estimates
is intimately related to the property Q' C Q.

A minor detail to note is that unlike in the present scheme, in [I] one
must keep track of second order estimates on the pressure (as it was already
observed in [I8], cf. Remark [3). This is done in order to eliminate the
second term appearing in , whose appearence is related to the sub-
optimal estimates (74]) and . While this term poses no problems in the
present work, it seems to provide unduly restrictions on the molification

parameter £ which in turn provides an obstruction to proving Theorem

3More precisely, the Hausdorff dimension d is such that 1 — d > Ce? for some positive
constant C.

4This approach is also taken in [I8].

5Here we include the subscript ¢ to indicate the iteration in which the cutoff is defined.
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APPENDIX A. PROOF OF PROPOSITION [I.1]

Proof. First of all observe that a_pB_; = aiBi. Thus the vector field
defined in is real valued. Next notice that

divW(¢) = > ik- Brage™* =0,
[k|=Xo

because k - By, = 0 for every k.
In turn we directly compute

div(W @ W)(€) = > i(By, ® By) - (k + k)e'FTH)¢

kK
=2 %(Bk: ® By + By @ By) - (k + k' )e'(FTH) <
kK’
Z(Bk B (k + k/)ei(k-‘rk’).f _ V% ZBk ) B;Cei(k—i-k’){
k! ke k!
1 1 1 )
= VW W) = V(W - W) = VW (118)

Averaging this identity in £ we infer

(WeW)= Y |ul*Br® By

|k[=Xo
However, since B, = B_},, we get
(WeW) = Z |ak|2Re (Bk ®§k)
[k[=Xo
9 k k
= Z|ak| AL QAL+ | — X A | ® | — x A .
= i W
A0
On the other hand, observe that the triple v/2A4y, ﬂ% x Ap, % forms an

orthonormal basis of R3. Thus,

k k k k
2Ak®Ak+2< ><Ak> ® < ><Ak> 4+ — — =1d.
|| || k| |k

This shows and hence completes the proof. O

ApPPENDIX B. PROOF OF LEMMA [L.3]

The lemma was first proved in [I1], where the argument is very close to
the classical decomposition of a Riemannian metric into “primitive ones”, a
fundamental point of Nash’s existence theorem for C'-isometric embeddings,
see [20] and also [I7]. The proof reported here is instead closer in spirit to
[18] and gives more explicit formulas for the families of vectors A;.

In this paper the Lemma is applied with N = 2 (cp. with [11] and [9]
where it is applied with N = 8). However the general form might be useful
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in different contexts. For instance, in order to handle a general torus R3/T’,
a larger N and a suitable variant of the Lemma seem necessary: see [18] for
the details.

Proof. The case N = 1. Let ey, es, e3 be the standard basis vectors of R?
and define the sets

AM={E(e;te) | 1<i<j<3}CZn{k|l=V2}

and
AT ={(e;+ej) | 1<i<j<3}

which are integral analogues of the dodecahedron and projective dodeca-
hedron used in [I§]. Note that A; is invariant under the finite reflection
group G generated by the permutations of the basis vectors (e, e, e3) to-
gether with the reflections about coordinate planes and coordinate axes,
which negate one or two basis vectors respectively. We have the following
properties.

(1) Linear Independence. The tensors
ke k
B—{Id— ;jQ keAf} (119)

are linearly independent and hence form a basis for the space of
symmetric matrices, here viewed as bilinear forms.
(2) Symmetry. We have the identity

- Z <Id kﬁf) —4.1d. (120)

k:EA

To establish (119)), consider a linear dependence relation

e (Id kﬁf) —0. (121)

keAT

The space of linear relations gives a linear representation of the group
G as G permutes the elements of B transitively. By symmetry, it therefore
suffices to show that C¢, ., = 0, which we now prove.

After averaging over the subgroup permuting the set {£(e; £ e2)}
(which acts transitively on A; \ {£(e1 = e2)}) we can arrange that all the
coefficients C(¢;4e,) = C are equal for i = 1,2, and from (} we obtain

(e1 £ e2)’ - ke k
+ keAf\{e1+ea}

Comparing the equations obtained from taking traces versus applying (122)
to e3®es, we conclude that C' = 0. Then applying (122) to (e;tes)®(e1+es),
we conclude that Cg,+e, = 0 as desired.
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The identity (120)) follows from the linear independence of B, which im-
plies that there are unique coefficients C}, solving

pe” <Id— kﬁf) =1d. (123)

keAf

By uniqueness, the coefficients C} must all be equal upon averaging over G.
Equation @D then follows by comparing traces.

Lemma for N = 1 is now an immediate corollary of the properties
and . Namely, as long as € varies among symmetric matrices in
some ball By, (0), the equation

% 3 (fy,(j))z (Id— ﬁﬁf) —Id+e¢ (124)

keA

has unique, positive solutions 'y,(gl) for which 7(71,2 = ’y,(gl) and

1
7 (1 +e) = 5 = O(lel).

The smooth dependence of 'y,(gl) on ¢ in the ball B,,(0) is also clear.
Remark 4. One can also see equation @ from the fact that 1d is, up to
a constant, the unique, symmetric bilinear form invariant under the action
of GH This approach is closer to the proof in [18], which uses the identity
@ for the dodecahedron to prove the linear independence through
a symmetry argument.

The case N > 1. Now assume N > 1 and let A* be the family of integer
vectors constructed from the case N = 1. It suffices to obtain families of
integer vectors Aj;, 7 =1,2,..., N which all lie on the same sphere and have
the properties and . This can be done as follows. By rotating
the family A*, we can easily produce arbitrarily many families of vectors
Agg CR3*N{|k| =2}, 5 =1,...N which are disjoint from each other and
for which the properties of linear independence and symmetry
also hold. For example, we can use families of the form

AF = {e% "k | ke A*},
obtained from the one parameter group of rotations
1 0 0

k=10 cosf —sinb |k (125)
0 sinf cos6

which rotate A* about the e; axis without leaving any member of A* fixed.
For generic choices of §; € R/(27Z), j = 1,..., N the families AIJR will be

60ne calculates the dimension of the space of G-invariant symmetric bilinear forms
by taking the trace of the projection operator ﬁ > Sym?g and using the identity

tr Sym?g = (tr ¢* + (tr g)?)/2.

geqG
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pairwise disjoint, but will not contain vectors in Z3. However, for a dense
subset of 6;, the values (cos#;,sinf;) will be rational numbers, which can
be seen for instance by mapping Q C R into a dense subset of the circle by
the inverse of the stereographic projection

2 x2-1
r | ———, —— ) .
1422714 22

Restricting to these choices of ¢;, we obtain arbitrarily many families
AP = {1k | ke Ay C QPN {lkl=v2} j=1,...,N

which are pairwise disjoint and have rational entries. Having chosen N such
A;Q, we obtain the desired Aq,...,An by scaling A; = MA;Q by an integer
M chosen to ensure A; C 73 N {lk] = \/§M} As properties and
are not disturbed by rotation and scaling, this proves Lemma, with
A = v/2M and rg independent of N. O

APPENDIX C. HOLDER SPACES

In the following m = 0,1,2,..., a € (0,1), and S is a multi-index. We
introduce the usual (spatial) Holder norms as follows. First of all, the supre-
mum norm is denoted by | f[lo := supgsyjoq1) |f]- We define the Holder
seminorms as

[f]m = max HDﬁfHO’

|B]=m
DPf(xz,t) — DB f(y,t
e = max sup 120 = DA, 0)
|Bl=m TH#y,t |l’ - y‘

)

where D? are space derivatives only. The Holder norms are then given by

£l = D [
j=0
[ fllmsa = [1flm + [flmta-

Moreover, we will write [f(t)]o and || f(t)|lo when the time ¢ is fixed and the
norms are computed for the restriction of f to the ¢-time slice.
Recall the following elementary inequalities:

[fls < C("*[f1r +7°(I fllo) (126)
forr >s>0,e>0, and
[fglr < C([f]rlgllo + I fllolg)r) (127)

1

11
for any 1 > 7 > 0. From (126) with € = ||f||;[f]» ~ we obtain the standard
interpolation inequalities

[fls < Cllflle " LF)E- (128)



36 BUCKMASTER, DE LELLIS, ISETT, AND SZEKELYHIDI

Next we collect two classical estimates on the Holder norms of compo-
sitions. These are also standard, for instance in applications of the Nash-
Moser iteration technique.

Proposition C.1. Let ¥ : Q — R and u : R® — Q be two smooth functions,
with  C RN, Then, for every m € N\ {0} there is a constant C (depending
only on m, N, n) such that
(@ oul,, < C([]i[ulm + [|D]m1[lullg [uln) (129)
(W oul, < C([Y]ifulm + [[DY|m-1[u]i"). (130)

APPENDIX D. ESTIMATES FOR TRANSPORT EQUATIONS

In this section we recall some well known results regarding smooth solu-
tions of the transport equation:

of+v-Vf=yg
’ 131
s 13y
where v = v(t,x) is a given smooth vector field. We denote the advective

derivative 0y + v - V by D;. We will consider solutions on the entire space
R3 and treat solutions on the torus simply as periodic solution in R3.

Proposition D.1. Assume t > ty. Any solution f of (131]) satisfies

1£ B0 < Ifollo + / lg(r)llo dr (132)
[f(®))1 < [folret 1)k +-/{te<t-7””h[g<f>h.df, (133)

and, more generally, for any N > 2 there exists a constant C = Cn so that

f)lv < ([fo]N +C(t— to)[U]N[fo]l)eC(tfto)[v]l_’_

. /t Oty ([g(T)]N + Ot — T)[U]N[g(T)h) dr. (134)

to
Define ®(t,-) to be the inverse of the flur X of v starting at time to as the
identity (i.e. %X =v(X,t) and X (z,t0) = z). Under the same assumptions
as above:
|D(#) — 1d]|, < el — 1, (135)
[@(8)]n < C(t — to)[v]yeC 0 YN > 2, (136)
Proof. We start with the following elementary observation for transport

equations: if f solves (I3I)), then & f(X(t,2),t) = g(X(t x),t) and con-
sequently

(t.) = (@) + [ g(X(B(t,2),7),7) dr.

to
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The maximum principle ((132)) follows immediately. Next, differentiate (131])
in x to obtain the identity

D\Df=(0+v-V)Df =Dg— DfDv.

Applying (132)) to Df yields

F(Oh < [folt + / (901 + I [F(]L) dr

to

An application of Gronwall’s inequality then yields ((133]).
More generally, differentiating (131]) N times yields

N-1
ODNf+ (- V)DNf=DNg+ > ¢;nD7Tf: DN o (137)

j=0
(where : is a shorthand notation for sums of products of entries of the cor-

responding tensors).
Also, using ((132]) and the interpolation inequality (128)) we can estimate

[F®)]n < [folv +/t ([g(M)n + C(In[f (D)1 + Whlf(7)lN)) dr.

Plugging now the estimate (133]), Gronwall’s inequality leads — after some
elementary calculations — to ([134)).

The estimate follows easily from observing that ® solves
with ¢ = 0 and D*®(-,t9) = 0. Consider next ¥(z,t) = ®(z,t) — z and
observe first that O, ¥ + v - V¥ = —v. Since DV (-,ty) = 0, we apply
to conclude

t
Bl < [ e o = O 1

to

Since DV (z,t) = D®(x,t) — 1d, (135]) follows. O

APPENDIX E. CONSTANTIN-E-TITI COMMUTATOR ESTIMATE

Finally, we recall the quadratic commutator estimate from [3] (cf. also
with [4, Lemma 1]):

Proposition E.1. Let f,g € C*®(T3 x T) and ¢ the mollifier of Section @
For any r > 0 we have the estimate

|7 < v g w0 = (79 x| < CEIfINgl

where the constant C depends only on r.
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APPENDIX F. SCHAUDER ESTIMATES

We recall here the following consequences of the classical Schauder esti-
mates (cf. [I1, Proposition 5.1]).

Proposition F.1. For any a € (0,1) and any m € N there exists a constant
C(a,m) with the following properties. If ¢,v : T2 — R are the unique
solutions of

Ap = f Ay =div F

fo=0 fv=0
then
[Pllm+2+a < C(m,a)”f”m@ and  ||Y]lmt1+a < C(maa)HFHm,a- (138)

Moreover we have the estimates
[R[m+1+a < C(m, @) ||v]lmta (139)

IRV A)[lmto < C(m, @) | Allmta (140)

Proof. The estimates (139)) and (140 are easy consequences of ([138) and
the definition of the R operator. The estimates ((138]) are the usual Schauder

estimates, see for instance [16, Chapter 4]. The meticulous reader will notice
that the estimates in [16] are stated in R" for the potential-theoretic solution

of the Laplace operator. The periodic case is however an easy corollary (see
[11] for the details). O

APPENDIX G. STATIONARY PHASE LEMMA

We recall here the following simple facts. For completeness we include
the proof given in [I1].

Proposition G.1. (i) Let k € Z*\ {0} and A\ > 1 be fized. For any
a € C®(T3) and m € N we have
< [alm (141)

iNk-x
d .
/11‘3 a(x)e T < S

(ii) Let k € Z3\ {0} be fized. For a smooth vector field a € C™(T3;R3)
let F(z) := a(x)e™ . Then we have

C c c
IR(E)la < 3=z llallo + [alm + i lalmea, (142)

where C' = C(a,m).
Proof. For 7 =0,1,... define

Aj(y,§) = —i [":'2 <l|kk|2 : v) a(y)] ehE

Fy(y,€) = [(1“52 : V>J a(y)] e

Am—oa
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Direct calculation shows that
1 . 1
Fj(xz,\x) = Xle [Aj(z, \z)] + XF]-H(:U, AT).

In particular for any m € N

. 1
a(x)e? T = Fy(x, \x) (z, Az)] + )\—mFm(:c,)\x).

y‘H

Integrating this over T® and using that |k| > 1 we obtain (T41)).

> \

Consider next the solution ¢y € C*°(T?) of
A(ﬁ)\ = f)\ in Tg
with ng ¢ = 0, where

fialx) = a(:c)ei’\k'x — ]{1‘3 a(y)ei/\k'y dy.

Then for any a € (0,1) and m € N we claim the estimate

C C C
[Vorlla < - aHaHO + = a[a]m + )\Tn[a]m-i-aa (143)

where C' = C(a, m).
Indeed, using (126 and (127) with the F}’s and A;’s introduced above,
we have for any j < m —1
[4; (s A)lla < C(A*[al; + [a]j+a)
< ONF* (A [aln + [lallo)

and similarly
[Fm (A )l < € (A¥[a]m + [almta) -
Moreover, according to the standard estimate ((138]),

m—1

1 1 1
< hl (N i DY
IVolla < C(/\ > 3 145G A+ S 11 (s A o + ‘]frs Fo(w, Ar) da

J=0

)

hence, using (141]) for the last term,

C C C
19600 < 51z lollo + Sgahn + 3z [Amba

as required.

Taking into account the definition of R, the estimate follows now
applying and Proposition above (recall also that, if v is a vector
field, its Leray projection P(v) is given by v — fv — V¢, where A¢ =
divo). O
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APPENDIX H. ONE FURTHER COMMUTATOR ESTIMATE

Proposition H.1. Let k € Z3\ {0} be fized. For any smooth vector field
a € C™(T3;R3) and any smooth function b, if we set F(x) := a(x)e*®, we
then have

116, RICE) o < A* 2 lallol[bll + CA*™™ (allm-15allbll14a + llallal[blma)
(144)
where C' = C(a, m).
Proof. Step 1 First of all, given a vector field v define the operator
S() == Vv + (Vo) — %(div V)Id.
First observe that
divS(v) =0 = v = const. (145)

One implication is obvious. Next, assume divS(v) = 0. This is equivalent
to the equations

1
A’Uj + gajdiV’U =0 (146)
Differentiating and summing in 57 we then conclude
4
—Adive =0.
gAdivy

Thus div v must be constant and, since any divergence has average zero, we
conclude that dive = 0. Thus implies that Av; = 0 for every 4, which
in turn gives the desired conclusion.

From this observation we conclude the identity

S(v) = R(divS(v)) for all v € C°°(T3,R3). (147)
Indeed, observe first that R(z) = S(w), where w = $P(u) + 3u for the
solution u of Au = z — f z with [u = 0. Thus, applying the argument
above, since both sides of have zero averages, it suffices to show that

they have the same divergence. But since div R(z) = z— f 2, the divergences
of the two sides of (147)) obviously coincide.

Step 2 Next, for a € C*°(T3,R3), k € Z3\ {0} and A € N\ {0}, consider

- 3 a 1 (a-k)E\ %
iAk-xy e iAk-x _ iAk-x
P lae™E) = =5 <4A2k|26 T Dep ( Ik ) ) |

Observe that

y(baez)\km) _ by(aez)\k:m) — a )\gb) ez)\kzm ’ (148)

where A is an homogeneous differential operator of order one with constant
coefficients (all depending only on k). Moreover,
Bl (CL) Bg(a)

iAk-x : Ak _ iAk-x iAk-x
ae —div (a7 = — ¢ + —z ¢ ,
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where B; and Bs are homogeneous differential operators of order 1 and 2
(respectively) with constant coefficients (again all depending only on k).
We use then the identity (147]) to write

— [0, R](F) = R(bF) — bR(F) = . (bae™*) — b.7 (ae***)
+ R (VF — div. 7 (bae™7) ) — bR (F = div 7 ()

aA(d) izpa Bi(ab) jzpr | B2(ab) ;s
= AR e

Bi(a) gz | B2(a) g

Using the Leibniz rule we can write Bi(ab) = Bi(a)b+aBj(b) and By (ab) =
By(a)b+aBa(b)+C1(a)C1(b), where C is an homogeneous operator of order
1. We can then reorder all terms to write

—[b,R|(F) = afigb) VRS
R (aB;\(b) e“"*f”) TR (aBz(b) +/\Cg’1(a)01(b) ei)\k~a:>
- %[b, R] (Bi(a)e™+) - %[b,R] (Ba(a)e™+) . (150)

In the first two summands appear only derivatives of b, but there are no
zero order terms in b. We can then estimate the two terms in the second
line applying Proposition with m = N — 1 to the first summand and
with m = N —2 to the second summand. Applying in addition interpolation
identities, we conclude

laloliths , o Jally-vsalblia + lollv-2iallblzsa
(b RIF) o < CHEGI - oAl T N2

lalli+allbllN-1+a + llaflalbl N+a
+C -
1 Nz
+ 5 R (Bu@ye)

~~

11

o ()

(151)

«

(Indeed the above estimate is slightly sub-optimal up to fractional deriva-
tives of order o and multiplying factors of order A®.)

Step 3 We can now apply the same idea to the term /7 in (151}, which is
of the form ||[b, R](F")||a, where F'(z) = Bi(a)(z)e**** and Bj(a) are linear
combinations of first order derivatives of a. However this time we apply it
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with N — 1 in place of N and we estimate
116, RIE) o < CA*2[[0]l1 (llallo + 2" all1)

lalln—1+allblhi+a + [lal N —2+allbll2+a
+C e

4+ ollallzalbli—2ra + llalhirollblly-1+a + [laflallbll v+a
)\Nfoc

H[b, R] (Bé(a)eiAk'I) o+ % H b, R] (Bg,(a)e”’”)

where Bé = By + By o By is a second order operator and Bé = Byo B;
a third order operator (both with constant coefficients). Proceeding now
inductively, we end up with

1

+ 32 ;o (152)

«a

N-2 N-1
IR0 < X0l Y- A lalli+ O Y sty o
a - (153)
+ % H[b,R] (Bgv_l(a)eikk“) Ha + )\LN H[b’R] (va(a)euk-x) Ha ’
(154)

where B\_; and By are two linear constant coefficients operators of order
N — 1 and N respectively.

Finally, we apply Proposition and Proposition to the final two
terms and interpolate to reach the desired estimate. O

To compare with the proof in [I8], estimates analogous to Propositions
[F"1], [G.1] and [H.1] are established through a different approach in Sections 6
and 26 of [18], but there is also an additional section (Section 27) devoted
to special solutions of div R = U obtained by solving a transport equation.
This section corresponds roughly speaking to an improved estimate for the
final term in . A similar improvement can be reached by observing
that, since [b,R] = 0 when b is a constant, we can assume, w.lo.g., that
b has average 0, from which we conclude the control ||b]|, < C(r)||Vb||,—1
for all » > 1. Thus we could replace all terms ||b||, with ||Vb|,_1 in (144)]).
Since Proposition is applied to b = v} (i.e. components of vg), the
corresponding error estimates display a dependence upon Vv rather than
upon v itself, which is natural in view of the Galilean invariance of the
Euler equations (cf. [18]). We do not keep track of this because it does not
improve the main results of the paper.
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