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Abstract. Given a multiple-valued function f, we deal with the problem of selecting its
single-valued branches. This problem can be stated in a rather abstract setting considering
a metric space E and a finite group G of isometries of E. Given a function f, which takes
values in the equivalence classes of E/G, the problem consists of finding a map g with the
same domain as f and taking values in E, such that at every point ¢ the equivalence class of
g(?) coincides with f(7).

If the domain of f is an interval, we show the existence of a function g with these
properties which, moreover, has the same modulus of continuity of f. In the particular case
where E is the product of Q copies of R” and G is the group of permutations of Q elements,
it is possible to introduce a notion of differentiability for multiple-valued functions. In
this case, we prove that the function g can be constructed in such a way to preserve C5®
regularity.

Some related problems are also discussed.

Mathematics Subject Classification (2000). 54C60

1. Introduction

The theory of multiple-valued functions in the sense of Almgren (see [2]) has sev-
eral applications in the framework of geometric measure theory. Indeed, multiple-
valued functions represent a very effective tool to approximate more abstract objects
arising in geometric measure theory. For example, Almgren (see [2]) shows that
some rectifiable currents are approximated by the graph of Lipschitz multiple-
valued functions. A special class of varifolds with second fundamental form in L?,
introduced by Hutchinson (see [12]), can be locally represented by the graph of
a multiple-valued function. There are also other objects similar to these functions,
like the union of Sobolev’s functions graphs introduced by Ambrosio, Gobbino &
Pallara (see [6]), or the weak limits of the union of graphs of C* functions proposed
by De Giorgi (see [8,9]). The relations between these objects and Hutchinson’s
varifolds are investigated in [6].
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A general abstract setting to deal with multiple-valued functions is the following
(see Section 2 for details). Given a metric space (E, d) and a finite group G of
isometries of E, the quotient space E/G can be endowed with the quotient metric d
in a natural way. Moreover, for every x € E we denote by [x] € E/G the orbit of
x under G, i.e. the set {tx} C E as t ranges through G.

Givenamap f : A — E/G, where A is some set, the selection problem for f
is the following: to find f : A +— E such that [f(t)] = f(¢) holds foreveryt € A. It
is clear that this problem can always be solved by virtue of the Zorn lemma: in the
following, however, we shall be concerned with the existence of a selection which
preserves some properties of f such as continuity, but also differentiability and
higher regularity (provided, of course, that the structure of E allows some notion
of smoothness).

In the case where the set A is an interval, we can prove that every continuous
path admits a selection which inherits the modulus of continuity:

Theorem 1.1. Let (E, d) be a metric space and let G be a finite group of isometries
of E. Suppose f : [0,1] — E/G is a continuous curve, and let wy denote the
modulus of continuity of f, i.e.

w7 (8) = sup {d(f(1), f(5)) : 1,5 € [0, 1and |t — 5| < 5}

Then there exists a selection g : [0,1] — E of f (i.e. [g(®)] = f(t) for every
t € [0, 1]) such that

(D wy < Cgwy,

where w, denotes the modulus of continuity of g and Cg is a constant which
depends only on the order of G.

The connection with multiple-valued functions becomes apparent if £ = X ¢
is the product of Q copies of a metric space X and G is the symmetric group of
order Q, acting on X2 in the natural way,le.ife = (x1,... ,xg) € X%andt € G
is a permutation, then

e = (Xgy, ... ,xTQ).

In this case, the quotient space E/G is just the set of all unordered Q-tuples of
elements of X, repetitions being allowed. A function f with values in E/G is then
multiple-valued in the usual sense, and solving the selection problem for f means
isolating Q single-valued branches of f.

Particularly relevant in the applications is the case where X = R”, hence
E = (R")? and E/G is the space of all unordered Q-tuples of vectors of R”,
repetitions being allowed. Keeping the notation of Hutchinson [12], we denote this
space of Q-tuples by Q,(R").

In this case, due to the linear structure of R”, there is a natural notion of
a multiple-valued function of class C*%, which reduces to the usual one when
QO =1 (see Sections 3 and 4 for details). It turns out that the selection problem for
a Ck% multiple-valued function can be solved preserving C** regularity. Indeed,
in Section 4 we will prove the following result:
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Theorem 1.2. Let f : [a, b] — Qo(R") bea Ck® Q-valued function. Then there
exist functions g; : [a,b] —> R" such that g; € Cc**([a, b)) fori =1,...,0,
and the Q-tuple f(x) coincides with {g; (x)}l.Q:1 forevery x € [a, b].

The proof of this theorem consists of two steps. First we prove that a multivalued
continuous function can be split into single branches which inherit the modulus of
continuity. Then we are able to recover differentiability thanks to the last theorem
of Section 3. The first step, of course, relies on Theorem 1.1 above.

Some classical statement and definitions about multivalued functions in R” are
recalled in Section 3, whereas in the last section of the paper we will give a partial
result when the domain of f is R™ and it takes values in the Q-tuples of real
numbers. In this case we prove that if f is continuous, then it is a finite union of
continuous branches, but we are not able to extend this result to regularity higher
than mere continuity.

2. Lifting of paths

This section is entirely devoted to the proof of Theorem 1.1.
Let (E, d) be a metric space, and let G be a finite group of isometries of E.
Given x € E, we define the orbit of x as

) [x] := | J{zx).

teG

It is clear that the relation
x~y & [x]=1[y]

is an equivalence relation, and x ~ y holds true if and only if x = ty for some
7 € G. Moreover, the quotient space E/~ of the equivalence classes (denoted also
by E/G) can be given a natural metric in the following way:

A3) d([x], [y]) := min d(x, o).

Given a set A and a function f : A — E/G, a function g : A — E is said to
be a selection (or also a lifting) of f if

[g(O] = f(r) VreA.
The proof of Theorem 1.1 can be divided into three steps:

(a) first we consider the case where E is a vector space: the general case will later
be recovered by an embedding argument;

(b) we construct a sequence of equicontinuous and piecewise affine functions (g,),
which sort of interpolate f on a mesh of points;

(c) we use a variant of the classical Ascoli—-Arzela theorem to show that the se-
quence of functions has a cluster point and we show that this limiting function
is a selection for f.
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On estimating the modulus of continuity of g, in step (b), we rely on the follow-
ing combinatorial lemma about finite groups which, to the best of our knowledge,
cannot be found in the literature:

Lemma 2.1. Let G be a finite group of order o(G) and let m > 0 be a natural
number. Suppose that {0; ;}, with 0 <i < j < m, are elements of G, with the only
assumption that

(4) ai,i-&-l:le i=0,...,m—1.

Then there exist a natural number k with k < 20(G) — 1, and natural numbers
{i;}, j=0,...,ksuchthat

(5) 0=i0<i1<~-~<ik,1<ik=m
and
(6) Oi,i1Oiyia """ Oip_yip = 1G-

Before proceeding to the proof, we introduce some terminology. Under the
assumption of Lemma 2.1, we say that T € G is h-reachable in (at most) s steps if
there exist {i;}, j =0,... ,r suchthatr <s,

O=ipg<iy<---<i,=h
and
Oig,i1 Oiy iy """ Oip_y iy = T-

If E € G, we say that E is h-reachable in s steps if each of its elements is. We
note that if E is i-reachable in s steps, then Eo; ; (where Eo denotes the set {70}
as t runs through E) is j-reachable in s + 1 steps, wheneveri < j < m.

With this terminology, Lemma 2.1 states that 15 is m-reachable in at most
20(G) — 1 steps (note that, due to (4), 1¢ is trivially m-reachable in m steps: there-
fore, the non-trivial part of the lemma is an upper bound to k£ which is independent
of m).

Proof. If G = {lg} or m = 1, then the lemma is trivial, so we suppose that
|G| > 1 and m > 1. Let & be the family of all pairs (i, E) such that | <i < m,
lc e ECG,|E|>2and

@) E is i-reachable in at most 2(| E| — 1) steps.
Let us partially order & by monotonicity, i.e.
(Ey=(,F)eoi<jand ECF.
Step 1. If P = {J, then the lemma holds true.
To see this, define

I:'={j: 1< j<mandoy; # lg}.
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If I = @, then 0y, = 1¢ and the claim follows. Otherwise, we set i := min / and
E = {1g, 00;}. But then (E, i) € £, since oy; is trivially i-reachable in one step,
and 0y ;—10i_1; = 00i—1 = lg (we have used the definition of i and (4)), hence
1 is i-reachable in two steps.

Step 2. If P # 0, let (i, E) € & be maximal (with respect to the above par-
tial order). If i = m, then 15 € E is m-reachable in 2|E| — 2 < 20(G) — 1
steps and the claim follows. If i < m and E = G, then aifnl € E is i-reachable
in 20(G) — 2 steps, hence 15 is m-reachable in 20(G) — 1 steps and the claim
follows.

It remains to consider the case where i < m and E C G with strict inclusion.

In this case, let
I:={j:i<j<mandEo;; # E}.

If I = ¢, then Eo;,, = E; in particular, eo;,, = 1 for some e¢ € E. Since e is
i-reachable in 2| E| — 2 steps, 15 is m-reachable in 2| E| — 1 steps and the claim
follows.

If I # ¥, wedefine j := min/ and F := EUEo; ;.If we show that (j, F) € P,
then we get a contradiction (since this would violate the maximality of (i, £)) and
the lemma is completely proved. It suffices to show that the whole F is j-reachable
in 2| F| — 2 steps. Not that (4) implies that j > i 4 1, hence the choice of j implies
Eo; j_1 = E, and therefore Eo; j_j0;_1; = E. Using (7), we obtain that E is
Jj-reachable in 2| E| steps. Similarly, Eo; ; is j-reachable in 2|E| steps, and the
proof is completed observing that 2|E| < 2|F| — 2 (note the |F| > |E]|, since
EO’i’j # E). O

Now we are in a position to prove Theorem 1.1 in full details.

Proof of Theorem 1.1. We first suppose that E is a normed vector space (and hence
that d(x, y) = [lx — yID.
Choose a natural number n > 1, and let

tl = 1= 09 , n
n
We claim that there exist x; € E,i =0, ... , n, satisfying
3 [xi]=f), i=0,...,n
and
©9) d(xi, xip1) = d(f@), ftic)), i=0,....n—1

Indeed, we can choose an arbitrary xo € f(0) (i.e., we can pick xg € E such
that [xo] = f(0)). Arguing inductively, suppose that we have already found x;,
i=1,...,], for some j > 0, satisfying (8) fori = 1,...,j and (9) fori =
0,...,j — I (note that this condition is empty for j = 0). If j = n then we are
done, otherwise, we let

Ajeri=1{x € E ¢ [x] = f(j41) and d((x;], [x]) = d(x;, )}
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(the fact that A, is non-empty easily follows from the definition of d). If we
define x ;1 to be an (arbitrarily chosen) element of A;_, it is clear that (8) and
(9) are satisfied, respectively, fori = j + 1 and i = j, and our claim is proved by
induction.

Now we define

() i=x;, 1=0,...,n.

Let [, m be natural numbers such that 0 < [/ < [ +m < n. We want to estimate
the distance d(x;, X+, ) by the modulus of continuity of f. For every pair i, j with
0 <i < j < m, there exists 0; ; € G such that

(10) d(xpsi, 01 x4 ) = d([xi41, Do 1)

By virtue of (8) and (9), we can choose o0;;+; = lg, hence we can invoke
Lemma 2.1. Let iy, ... , iy (withk <20(G) — 1) be as in (5), (6), and set

Ty .= lG’ T = UiO»ilail,iz"'o-ij—l»ij’ ]: 1, ,k,

and note that 7y = 1 according to (6). We have then, from the triangle inequality,

k—1
d(xly xl+m) = d(t0x1+i07 ‘Ck-xl-‘rik) < Z d(fj-xl+ij ) Tj+lxl+ij+|)
j=0
k—1
= Z d(fj-xl+ij ’ tjaij,ij+|xl+ij+] )
Jj=0
Using (10) we obtain
k—1 k—1
d(-xlv xl+m) S Z d([-xl-‘rij]v [-xl+ij+] ]) = Zd(f(tl-‘rij)v f(tl+ij+] ))
j=0 j=0

k—1 k—1
<Y ol — i) < Y op(tym — 1)
j=0 j=0

< (20o(G) — Dws(lim — 1).
From the arbitrariness of /, m we may write the last inequality as
A d(g(t), gn(1))) = (20(G) = Ve (It —til), i, j=0.....n.
Then we extend g, to be piecewise affine and continuous, i.e.
gn() = gu(t;) + n(t — 1;)(gn(tix1) — gn(t)) if t € (8, tiy1)

(here we exploit the linear structure of E). A standard argument then reveals
that (up to a multiplicative factor on the right-hand side), the estimate (11) holds
everywhere on [0, 1], i.e.

(12) d(gn(0), gn(9)) < Co (|t —s)), s, €[0,1],
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for some constant C depending only on the order of G. Now let
C:={xeE: [x]e f(I0,1]D}.

We claim that C is compact. Indeed, let {x,} C C be a sequence. Since f([0, 1])
is compact in E/G, passing to a subsequence (not relabelled) we may assume that
[x,] converge to [x] for some x € E. Let 0, € G be such that

d(xn, 0,x) = d([x,], [x]).

Since G is finite, there exists 0 € G such that ¢ = o,,, for a suitable sub-
sequence {ny}. Then we have

d(xny, 0%) = d(Xny, 07, %) = d([2n, ], [X]).

Since the last term vanishes as k — oo, we obtain that x,, — ox € C, therefore C
is sequentially compact, hence compact.

From Theorem 2.3 below, we obtain that, up to a subsequence, {g,} converges
uniformly to g : [0, 1] — C, and it is easy to check that g satisfies [g()] = f() for
every ¢t € [0, 1]. Moreover, the estimate (12) is maintained on passing to the limit.

Finally, the case where (E, d) is a generic metric space can be reduced to the
linear case by an isometric embedding argument, as follows. Let E’ be the linear
space of all real bounded functions on E, endowed with the sup norm, choose
xo € Eanddefine T : E — E’ as

(Tx)(y) :=d(x0,y) —d(x,y), Vx,y€E.

It is easy to check (using the triangle inequality) that 7" is an isometric embedding
of E into E’: then one can repeat the above construction working in E’. In passing,
note that it may well happen that an interpolating g, cannot be pulled back to E:

however, this is certainly true of the limit function g, and this concludes the proof.
O

Remark 2.2. We point out that (9) implies that

d(gn(ti-&-l)vgn(ti)) <wf(l/n), i=0,...,n—1

In principle, this estimate concerning two adjacent points of the mesh could be
used to estimate the modulus of continuity of g, on the whole mesh. Namely, using
the triangle inequality one would immediately obtain

d(gl’l(tj)v gl’l(ti)) < |] - l|a)f(l/n)9 Vl?] € {07 e 9”}'

However, this estimate does not allow one to replace the right-hand side by a quan-
tity of the kind

wr(lj —il/n) = ws(t; = 4],

unless w ¢ has linear growth (i.e., unless f is Lipschitz continuous).
From this it appears that Lemma 2.1 is fundamental in order to obtain (11),
since the constant Cg on the right-hand side does not depend on 7.
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The following theorem is a variant of the classical Ascoli—Arzela theorem. The
proof is omitted, since it can be carried out as usual, with only minor changes

(see [7]).

Theorem 2.3 (Ascoli-Arzela revisited). Let I, E be two metric spaces with 1
compact, and let {g,} be a sequence of continuous functions from I into E such
that:

— {gn} is equicontinuous;

— there exists a compact set C C E such that, for every
8-neighbourhood Cy of C, there holds g, (I) € Cs provided n is large enough
(depending on §).

Under the above assumptions, there exists g : I — C and a subsequence {n;} such
that {g,,} converges to g, uniformly on I.

3. Continuous selections for Q-valued functions

In this section we deal with multiple-valued functions in R”. This is a special case
of the general problem stated in the previous section, as long as we are concerned
about continuity. We shall be interested, actually, in differentiability too, and this
is a concept which could not be treated in the general case, due to the lack of
vectorial structure in a generic metric space E. First of all we shall state the basic
definitions for the continuity and the differentiability the way they were expressed
by Almgren (see [2], [4], [S]).
Let Q € N.

Definition 3.1. We define by Qo (R") the set of the unordered (and generally not
distinct) Q-tuples of points of R".

To be more precise, given a point x € R” let [[x]] be the Dirac delta concen-
trated on x. Then, an element S € Qo (R") can be seen simply as a measure of the
form

0
S=>lxll.  xmeR.i=1....0.
i=l

Let X be the set of the permutations of {1, ..., Q}. Then we can define a metric
on Qo (R") by setting

Y Y Y
F (Z[[x,-]], Z[[yd]) = min {Z X — Yyl i T E o .

i=1 i=1 i=1

Remark 3.2. Let E = (R”)Q. Given x,y € E (with x = (x1,...,x9) y =
01, ---Y0), Xi, yi € R"), we set

0
d(x,y) =Y |xi = yil.
i=1



Regular selections for multiple-valued functions 87

Let G be the set of applications on E defined this way: given a permutation t € Xg
weset®, : E — F

D ((x1,...,%x0)) = (Xe(1), - - - X(0))-

It is clear that d(®,(x), ®,(y)) = d(x, y), hence G = {®, : T € Xy} is a group
of isometries of E. We can identify the quotient space £/G and Qo (R") with the
natural isomorphism [x] <— Zigzl[[xi]], where [x] is the orbit of x (see (2)).
The metric d coincides with ¥ . This somewhat redundant notation is motivated by
the effort to keep the same notations of some previous works on multiple-valued
functions in the Euclidean case (see for example [2] and [12]).

IfACR"and f: A — Qp(R") we say that f is a Q-valued function
on A; the continuity of f has to be intended with respect to the metric ¥ on
Qo (R™). Given a Q-valued function f : A —> Qo (R") we can find Q functions

fi + A —> R such that f(x) = 2, [[£;(0)]].

Definition 3.3. Let A CR" and f : A — Qo (R") be a Q-valued function. We
say that f is Lipschitz if there exists ¢ > O such that

F(f(x), f(y) <clx—yl, Vx,yeA.

We say that f is Holder continuous if there exist A > 0, 0 < « < 1 such that

F(f(x), f(y) < Alx =yl Vx,yeA.

Definition 3.4. Let A C R"™ be an open set and f : A — Qo(R") a Q-valued
function. Given x € A we say that f can be affinely approximated at x if there exist
linear functions L;(x) : R" — R", i =1, ..., O such that, if we set

0
A =Y LA + L) (y = 0)]]

i=1

it results in

lim 2O ASOG)
1m =

y=x ly — x|

0.

If f can be affinely approximated at each point x € A we say that f can be affinely
approximated in A. We call the Q-valued function L = Zinl[[L,-]] the derivative

of f.

Remark 3.5. Let A C R™ be an open set and f : A — Qo(R") be affinely
approximatable in A with derivative L. Then f is continuous in A.

Definition 3.6. We say that a Q-valued function f : A — Qo(R"), A C R",
is C'(A) if f is affinely approximatable with derivative L and the multiple-valued
Sunction G : A — Qo(R" x R™™") given by

Q
x = Gx) =Y _[1(fi, L)1,

i=1
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is continuous. Moreover we say that f is C*(A) if there exists a constant ¢ > 0
such that, for each x, y € A it results in

min i'ﬁ“)—fw@)l L) — Lo O
i=1

.HEEQ <c,
[x — ¥l lx — yl*

where ||L;(x)|| is the norm of the linear functional L;(x) : R" — R".

In the same way we can define the class CK%(A). The question is if for
a Q-valued function f it is possible to choose the functions f; in such a way
that each f; is regular in an ordinary sense. The answer is, in general, negative
(see [12]). We will show that this is possible in some special cases.

Definition 3.7. Let A C R" and f : A — Qo (R") be a continuous Q-valued
Sfunction. If there exist continuous functions g; : A — R", i = 1,..., Q such
that f(x) = Zigzl[[gi(x)]], Vx € A then we say that the vector (g1, ..., §9) IS
a continuous selection for f. To simplify notation we will refer to g = Z?:l[[gi]]
as the Q-valued function that is a continuous selection of f. (Of course g and f
are the same multivalued function: by misuse of notation we are distinguishing two
different selections.)

Definition 3.8. If f is Holder (Lipschitz) continuous and g; is Holder (Lipschitz)
continuous for every i, we say that g is an Holder (Lipschitz) selection for f.
Moreover; if f is also affinely approximatable with derivative L, we define M; (x) =
Ly i) (x), where t,, € X is any permutation such that g;(x) = fz, ) (x). Of course
if we set

Q

Ag)() =Y _[1&i(x) + M;(x)(y = )11,

i=1
then Ag(x)(y) = Af(x)(y). Again by misuse of notation, even if M(x) =
Zinl[[M,- (x)]1] is the same multivalued function of L, we call M the derivative

of g.

Remark 3.9. The choice of the permutation 7, is clearly not unique but, for our
purpose, we do not have to care about this. Nevertheless, it is possible to fix any
rule for the choice of 7., for example,

me(1) = min{; : f;(x) = g1(x)}
ek + 1) =min{j: fj(x) = g1 (1), jF D Vi=1,... Kk}
fork=1,...0—1.

As we will see in Section 4, using the result of the previous section, when
f is a Q-valued differentiable function with derivative L we are able to make
a continuous selection g of f and a continuous selection M of L. But a priori this
does not mean that the M; are the derivatives of the g;. However the statement is
true and we will prove it after several lemmas.
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Theorem 3.10. Let A C R" and f : A — QoR") be a Q-valued function
affinely approximatable with continuous derivative L. If there exists a Q-valued
Sfunction g, affinely approximatable with derivative M, such that g is a contin-
uous selection for f and M is a continuous selection for L, then the functions
g : A —> R" are of class C' and dg;(x) = M;(x), for every x € A and for every
i=1,...,0.

Lemma 3.11. Let A C R" and f : A — Qo[R") be a continuous Q-valued
Jfunction and let g be a continuous selection for f. Fixx € A, i € {1,..., Q}and
set Ii(x) ={je{l,...,0}:g;(x) =gx)} Fory # x let Ty € Yo be any
permutation which attains the following minimum:

0
HrreliEnQ ]z; 18 () + M) (y = %) = gz (W] := F (Ag(x) (), g(»)-
Then, if g is affinely approximatable at x, there exists § > 0 such that
(L) = @) LX) =Li(x) VyeA:|lx—y <4

Moreover, there exists 8 > 0 such that for every z € By (x) N A it results in

Lo = J 1.

JEILi (%)

Proof. Let us choose an arbitrary k € [;(x). By contradiction, let (y,) C A be
a sequence converging to x such that 73" (k) & I;(x), ¥ n € N. Using the continuity
of every g; we have that there exists ¢ > 0 such that, for n large enough,

|8k (X) = & oy )| = [ (X) = & oy )| > &
Hence,

|8k (xX) + My () (3 — %) — gom oy ()|
[Yn — x|

F(Ag(x)(yn), g(yn)) =

> — My (x)|| — oo whenn — o0,

| n |

which gives the contradiction because g is affinely approximatable at x. Then, there
exists 8; > 0 such that 7} (k) € I;(x) if |y — x| < &.If weset§ = min{d; : j €
1;(x)} then 73 (I;(x)) C I;(x) for every y € A such that |y — x| < 8. The opposite
inclusion and the equality (7))~ (I;(x)) = I;(x) follow from the invertibility of 7y .

By the continuity of every g; we know that there exists & > 0 such that if
|z — x| < & then gi(z) # g;(z) forevery j € I;(x) and for every k ¢ I;(x). Let us
choose arbitrary j € [;(x),z € By(x) N Aand k € I;(z). If it was k ¢ I;(x) then
gk(z) # g;(2), which contradicts the fact that k € 1;(z). Hence I;(z) C I;(x). On
the other side j € I;(z) for every j € I;(x), hence I;(x) C Uje[,—(x) 1;(2). |
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Corollary 3.12. Let A C R" and f : A — Qo (R") be continuous and affinely
approximatable and let g be any continuous selection affinely approximatable
for f, with derivative M. If x € Aandi € {1, ..., Q} are such that g;(x) # g;(x)
for every j # i, then g; is differentiable at x and dg;(x) = M;(x).

Corollary 3.13. Let A C R™, f: A — Qo(R") be a continuous and affinely
approximatable Q-valued function and g : A — Qo(R") be a continuous
affinely approximatable selection for f as in Definition 3.8. Let us fix x € A and
ief{l,...,0}. Fork € {1,...,m} we shall use the notation M]]‘ for the k-th

column of the matrix M ;. Then U‘M’;(x) = Mf(x)for every j € {1,..., Q} such
that g j(x) = gi(x), then there exists g%i(x) = M;‘(x).

Proof. Let I;(x) and m} be as in Lemma 3.11. It follows that there exists § > 0
such that if |y — x| < & then g,.v; (x) = gi(x), hence Mér%')fl(i) (x) = M¥(x). If we
call {eq, ..., e,} the canonical base of R™, it follows easily that

g0 + ME)R — gi(x + hey)|
lim —0.
h—0 |h| O

Proof of Theorem 3.10. We will prove the theorem by induction on Q.

We are reminded that the functions g and M}, are continuous, hence, we need
to prove only that every g is differentiable and dgy = M;. If Q = 1 there is
nothing to prove. Now we suppose that the thesis is true for O < K and we will
proveitfor Q = K + 1. Let f : A —> Qg (R") be a C' function, and let g and
M be as in the hypothesis of the theorem.

Let us fix x € A. We will distinguish two cases:

a) thereexisti, j € {1,..., K+ 1} such that g;(x) # g;(x);
b) g1(x) = = gxr1(x).

In case a) let 77y be as in Lemma 3.11. It follows that there exists § > 0 such
that, if y € A and |y — x| < & then 7} (I;(x)) = (n;f)il(ll-(x)) = [;(x). If we set
Ji(x) = {1, ..., K+1}\ I;(x), then we have 7} (J;(x)) = (n;’)‘1 (J;(x)) = J; (x).
We can split the functions g; into two groups in order to create the following
multiple-valued functions:

hy) = Y el o= > eIl

kel; (x) keJ;(x)

defined in the neighbourhood of x, Bs(x) N A. We will prove that & and ¢ are C!
multiple-valued functions.

The first thing we prove is that / is affinely approximatable in a neighbourhood
of x. From Lemma 3.11 there exists 8 < § such that [;(x) = Uje,l_(x) 1;(z) for
every z € By (x) N A. Then, for every y in a neighbourhood of z, it results in

L) = | U= | Lk =L.

JELi (%) JEli(x)
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Hence, if we define o7,y as the set of all the permutations over /;(x), we have

lim 2 (ARD ). ~ ()
1m

Y=z ly —zl
_min [Cichio 1860 + M@0 =2 = gry W] : 7 € 00
= 11m
Y=z ly —z
. z7) + My (z —2)— &y
< lim Zkel,(x) |gr(z) () (y ) g;@(/@()’)' -0
Y=z ly —zl

because g is affinely approximatable at z. Hence 4 is affinely approximatable at z
for every z € By N A. Of course, from the continuity of g; and M; it follows that
the map

h(y) = > (1), M)

ke[,— (x)

is continuous. Hence we have proved that /1 is a C' Q-valued function with Q < K
and the induction hypothesis tells us that the g, with k € I;(x) are of class C!
in By (x). The same result holds true for ¢. Hence we have obtained that gj is
differentiable at x foreveryk =1, ..., K + 1 and dgi(x) = My (x).

Now examine case b). Let us fix k € {1, ..., m}. There are two possibilities:

bl) there exists § > 0 such that for every 4 € R with 0 < || < § there exist i, j
such that g;(x + hey) # g;j(x + hey);

b2) there exists a sequence of real numbers /#,, —> 0 such that
gi(x+hyer) =+ = grr1(x + hyer).

In case b1) we can apply the result in a) to the points x + hey, obtaining that every
gi has a partial derivative with respect to x; on the open segments joining x to
X + Sey and x to x — Seg. Then there exists n depending on &, with |n| < |h], such
that:

gi
axk

gilx +hey) —gilx) . 08
DR e

=1i
0= i
=}llin2)Mf(x+nek)=Mf(x) i=1,...K+1.

In case b2) we set y, = x + hyex. Then,

F (Ag(x)(Yn), 8(yn))

0= lim
n—00 [
K+1
Z 8i(x) + M;(x)h, e, — 87 (i) (Yn)
= lim =
ot ]

K+1 | k
. g1(x) + M) hy, — g1 ()|
= Jim Zil :

7n
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Hence M’l‘ x) = .= M’,‘( 4+1(x) and Corollary 3.13 gives us the existence of
%(x)fori: l,...,K+1.
In both cases there exist the derivatives gxii(x) = Mf(x), for every k =

1,...,m. Then the continuity of Mf gives us the differentiability of each g;
in x. This concludes the proof. O

4. Vectorial Q-valued curves

In this section we examine what happens when m = 1. We shall prove that, in
this case and under suitable regularity hypothesis, the graph of a multiple-valued
function is actually the finite union of curves in R"*!,

Theorem 4.1. Let [a,b] C Rand f : [a, b] — Qo(R"), f(x) = Z LAl
be a C* Q-valued function. Then there exists a C* selection for f.

Proof. For simplicity let [a, b] = [0, 1]. We are going to apply Theorem 1.1. We
define E, G and d as in Remark 3.2 and we set f : [0, 1] — E/G as

fO =[(fi,.... fo®].

Then we have that:

d(fm), f9)) = (Z[[ﬁ(t)]] Z[[ﬁ(sm) <clt—s|.

i=1 i=l

Hence f is Holder continuous and f(8) < ¢6%. Then, by Theorem 1.1 there exists
a lifting g : [0, 1] — E such that g is Holder continuous with exponent «. This
completes the proof. O

Theorem 4.2. Let f : [a, b] — Qo(R") bea C L O-valued function. Then there
exist functions g; : [a, b] —> R" such that g; € ch(la, b)) fori=1,...,0and
fe) = Y2, 1gi @]l

Proof. Once again we suppose that [a, b] = [0, 1].
Let us join together f and its derivative to obtain a vectorial function with 2n
components:

Q
F:la,b] — Qo®™),  Fx) =Y [[fi(x), Li)]l.
i=1

We observe that F' is a C* multiple-valued function, indeed,

0
F (F(x), F(y)) = min {Z |Fi(x) — Fay(D)| s 7w € EQ}

i=1

2 0 = oW 1W = Lo g |
|x —y| lx — y|*

<|x —yl"mini

i=1
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Then we can apply Theorem 4.1 to obtain a Holder selection G for F. Let G(x) =
32 [[(gi(x), M;(x))]]. Observing that F (g(x)., g()) < F(G(x), G(»)) we have
that g is a Holder selection for f. The same result holds for M which is a Holder
selection for L. It is easy to prove that g is affinely approximatable with deriva-
tive M. Hence we can apply Theorem 3.10 to obtain that g; € C!([a, b]), for every
i=1,...,0Q.Since g;(x) = M;(x) is Holder continuous, then g; € ch([a, b)),
foreveryi=1,..., Q. O

In the same way we can prove that a C** Q-valued function of real variable
admits a CH“ selection.

5. Scalar Q-valued functions

In this last section we examine the case n = 1. In this situation we obtain a dif-
ferent result with respect to vectorial curves. In fact we are not able to prove the
differentiability.

Theorem 5.1. Let A C R™. If f : A — Qg(R) is continuous then there
exist continuous functions g; - A — R, i = 1,...,Q, such that f(x) =
Y2 l& ], Yx € A

Proof. We shall prove the thesis by induction. If Q = 1 there is nothing to prove.
Let O > 2. We can write f(x) = Zinl[[fi(x)]], Vx € A. We are going to show
that it is possible to sort the functions f; to obtain the continuity. Let us define

gx)=max{fix):i=1,..., 0}
I(x) =max{i € {1,...0}: fi(x) = gx)}.

We want to show that g is continuous. Let us fix x, y € A; then g(x) = fi (%),
g = fipn (). If g(x) = g(y) then

18(x) =g = frn @) = frn(V) = fiw®) = fily)  Vke{l,..., 0}

Hence, for every m € X we have:

[
1200) = 8| = fin @) = Faan ) = Y| i) = fry )]

i=1

and, taking the minimum on Xy:

lg(x) — g = F (f(0), f(v).

The same results hold true if g(x) < g(y), and therefore g is continuous.

The next step is to show that the (Q — 1)-valued function obtained ‘““subtracting”
g from f is continuous (with the metric on Qg—(R)). Let f(x) = Z#,(x) [[fi GO
Given x, y € A we fix a permutation 7 € Xg.

If 7 (I1(x)) = I(y) then we define a one-to-one function

a{itl<i<Qi#FIW)} —{j:1=j=0.j#Iy}
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by a(i) = 7 (7). Then
0
DA = froWI = Y 100 = fany O] = F(FC0), F(3))-
i=1 i#1(x)
If w(1(x)) # I(y) then we claim that

(13) | f10 (%) = Fraacoy D+ =100y () = Fron D]

> | fe1 ey ) = Fraewy DI

Indeed, if f;-1 () (X) < frix) () then
(14) | 1010 @) = Sty D = Frtw) ) = Fr1 09 )

= [150) = Fa=1000) ) = 113103 ) = frn D1

With the same argument, if fr(icx) (¥) < f7-1(5y)) (%) then

15) | f=1 1y ) — Sy D= 1100 () — ey DI
From (14) and (15), (13) follows, hence, we can define

alk) = (k) fork # I(x), 7' (I(y))
a(@ = (1(y) = n(I(x)).

o is well defined, one-to-one and

0
DA = froWI = Y 100 = funy O] = F(F0), F(3))-
i=1 i#1(x)

Taking the minimum on 7 € X, we have

F(f(x), () = F(F@), FO),

hence f is a continuous (Q — 1)-valued function. This completes the proof. O
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