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Abstract

In this note we revisit Almgren’s theory of Q-valued functions, that are func-
tions taking values in the space Ag(R™) of unordered Q-tuples of points in R™. In
particular:

e we give shorter versions of Almgren’s proofs of the existence of Dir-
minimizing @-valued functions, of their Holder regularity and of the di-
mension estimate of their singular set;

e we propose an alternative, intrinsic approach to these results, not relying
on Almgren’s biLipschitz embedding ¢ : Ag(R™) — RN(@n);

e we improve upon the estimate of the singular set of planar D-minimizing
functions by showing that it consists of isolated points.
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Introduction

The aim of this paper is to provide a simple, complete and self-contained refer-
ence for Almgren’s theory of Dir-minimizing Q-valued functions, so to make it an
easy step for the understanding of the remaining parts of the Big regularity paper
[AImO00]. We propose simpler and shorter proofs of the central results on Q-valued
functions contained there, suggesting new points of view on many of them. In ad-
dition, parallel to Almgren’s theory, we elaborate an intrinsic one which reaches
his main results avoiding the extrinsic mappings € and p (see Section 2] and
compare with 1.2 of [AIm00]). This “metric” point of view is clearly an original
contribution of this paper. The second new contribution is Theorem [I.12] where we
improve Almgren’s estimate of the singular set in the planar case, relying heavily
on computations of White [Whi83] and Chang [Cha88].

Simplified and intrinsic proofs of parts of Almgren’s big regularity paper have
already been established in [Gob06a] and [Gob06b]. In fact our proof of the
Lipschitz extension property for Q-valued functions is essentially the one given in
[Gob06a] (see Section[.2)). Just to compare this simplified approach to Almgren’s,
note that the existence of the retraction p is actually an easy corollary of the ex-
istence of € and of the Lipschitz extension theorem. In Almgren’s paper, instead,
the Lipschitz extension theorem is a corollary of the existence of p, which is con-
structed explicitly (see 1.3 in [AImO00]) . However, even where our proofs differ
most from his, we have been clearly influenced by his ideas and we cannot exclude
the existence of hints to our strategies in [AIm0O| or in his other papers [Alm83]
and [AIm86]: the amount of material is very large and we have not explored it in
all the details.

Almgren asserts that some of the proofs in the first chapters of [AIm0O0] are
more involved than apparently needed because of applications contained in the
other chapters, where he proves his celebrated partial regularity theorem for area-
minimizing currents. We instead avoid any complication which looked unnecessary
for the theory of Dir-minimizing Q-functions. For instance, we do not show the
existence of Almgren’s improved Lipschitz retraction p* (see 1.3 of [AIm00]), since
it is not needed in the theory of Dir-minimizing Q-valued functions. This retraction
is instead used in the approximation of area-minimizing currents (see Chapter 3 of
[AImO00]) and will be addressed in the forthcoming paper [DLS].

In our opinion the portion of Almgren’s Big regularity paper regarding the the-
ory of @Q-valued functions is simply a combination of clean ideas from the theory of
elliptic partial differential equations with elementary observations of combinatorial
nature, the latter being much less complicated than what they look at a first sight.
In addition our new “metric” point of view reduces further the combinatorial part,
at the expense of introducing other arguments of more analytic flavor.
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2 INTRODUCTION

The metric space Ao (R™). Roughly speaking, our intuition of Q-valued func-
tions is that of mappings taking their values in the unordered sets of ) points of
R™, with the understanding that multiplicity can occur. We formalize this idea by
identifying the space of @) unordered points in R™ with the set of positive atomic
measures of mass (.

DEFINITION 0.1 (Unordered @-tuples). We denote by [P;] the Dirac mass in
P; € R" and we define the space of @-points as

Q
Ag(R") = {Z [P] : P; € R" for every i = 1, .. .,Q} .
i=1

In order to simplify the notation, we use Ag in place of Ag(R™) and we write
>, [P;] when n and @ are clear from the context. Clearly, the points P; do not have
to be distinct: for instance @ [P] is an element of Ag(R™). We endow Ag(R™) with
a metric which makes it a complete metric space (the completeness is an elementary
exercise left to the reader).

DEFINITION 0.2. For every T1,T5 € Aqg(R™), with T} = . [P] and T =

>, [Si], we define
G(T1, To) = min /Z|P So

where & denotes the group of permutations of {1,...,Q}.

REMARK 0.3. (Ag(R"),G) is a closed subset of a “convex” complete metric
space. Indeed, G coincides with the L2-Wasserstein distance on the space of positive
measures with finite second moment (see for instance [AGS05] and [Vil03]). In
Section[@Tlwe will also use the fact that (Ag(R"), G) can be embedded isometrically
in a separable Banach space.

The metric theory of Q-valued functions starts from this remark. It avoids the
Euclidean embedding and retraction theorems of Almgren but is anyway powerful
enough to prove the main results on @-valued functions addressed in this note. We
develop it fully in Chapter 4 after presenting (in Chapters 1, 2 and 3) Almgren’s
theory with easier proofs. However, since the metric point of view allows a quick,
intrinsic definition of Sobolev mappings and of the Dirichlet energy, we use it already
here to state immediately the main theorems.

Q-valued functions and the Dirichlet energy. For the rest of the paper )
will be a bounded open subset of the Euclidean space R™. If not specified, we will
assume that the regularity of 0f2 is Lipschitz. Continuous, Lipschitz, Holder and
(Lebesgue) measurable functions from  into Ag are defined in the usual way. As
for the spaces LP(§, Ag), they consist of those measurable maps u : Q — Ag such
that ||G(u, @ [0])] L+ is finite. Observe that, since € is bounded, this is equivalent
to ask that ||G(u,T)||z» is finite for every T € Ag.

It is a general fact (and we show it in Section[[T]) that any measurable Q-valued
function can be written as the “sum” of () measurable functions.

PROPOSITION 0.4 (Measurable selection). Let B C R™ be a measurable set and
let f: B — Ag be a measurable function. Then, there exist f1,..., fo measurable
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INTRODUCTION 3

R™-valued functions such that

(0.1) z:[[fz )] for a.e. x € B.

Obviously, such a choice is far from being unique, but, in using notation (Q.),
we will always think of a measurable Q-valued function as coming together with
such a selection.

We now introduce the Sobolev spaces of functions taking values in the metric
space of Q-points, as defined independently by Ambrosio in [Amb90] and Reshet-

nyak in [Res04].
DEFINITION 0.5 (Sobolev @-valued functions). A measurable function f: Q —
Ag is in the Sobolev class WP (1 < p < oo) if there exist m functions ¢; €
LP(2,RT) such that
(i) z+— G(f(x), T) e WhP(Q) for all T € Ag;
(ii) |0, G(f,T)| < ¢; almost everywhere in Q for all T € Ag and for all
je{l,...,m}.
Definition [05] can be easily generalized when the domain is a Riemannian man-
ifold M. In this case we simply ask that f o xz~! is a Sobolev Q-function for every

open set U C M and every chart z : U — R". It is not difficult to show the
existence of minimal functions ¢; fulfilling (ii), i.e. such that

@; < gj a.e. for any other ¢; satisfying (ii),

(see Proposition I.2)). We denote them by |0, f|. We will later characterize |0; f| by
the following property (cp. with Proposition [.2)): for every countable dense subset
{T}}ien of Ag and for every j =1,...,m,

(0.2) |0;f| =sup|0; G(f,T;)| almost everywhere in Q.
ieN

In the same way, given a vector field X, we can define intrinsically |0x f| and prove
the formula corresponding to ([@2). For functions f € W%(Q, Ag), we set

(0.3) IDfI> = "0 fI.
j=1

For functions on a general Riemannian manifold M, we choose an orthonormal
frame X1,...X,, and set |[Df|? =3 |0x, f|>. This definition is independent of the
choice of coordinates (resp. of frames), as it can be seen from Proposition 217

DEFINITION 0.6. The Dirichlet energy of f € W 2(U Ag), where U is an open
subset of a Riemannian manifold, is given by Dir(f,U) := [, [Df|?.

It is not difficult to see that, when f can be decomposed into finitely many reg-
ular single-valued functions, i.e. f(z) =), [fi(z)] for some differentiable functions

fi, then
Dir(f,U Z/ |sz‘2 ZDH‘ fi,U

The usual notion of trace at the boundary can be easily generalized to this
setting.
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4 INTRODUCTION

DEFINITION 0.7 (Trace of Sobolev @-functions). Let € C R™ be a Lipschitz
bounded open set and f € W1P(Q, Ag). A function g belonging to LP (99, Ag) is
said to be the trace of f at 9Q (and we denote it by f|sq) if, for every T € Ag,
the trace of the real-valued Sobolev function G(f,T) coincides with G(g,T).

It is straightforward to check that this notion of trace coincides with the re-
striction of f to the boundary when f is a continuous function which extends con-
tinuously to €. In Section B2l we show the existence and uniqueness of the trace
for every f € WP, Hence, we can formulate a Dirichlet problem for Q-valued
functions: f € W12(Q, Ag) is said to be Dir-minimizing if

Dir(f,) < Dir(g,Q2) for all g € Wh2(Q, Ag) with flaq = glaq-

The main results proved in this paper. We are now ready to state the
main theorems of Almgren reproved in this note: an existence theorem and two
regularity results.

THEOREM 0.8 (Existence for the Dirichlet Problem). Let g € W12(Q, Ag).
Then, there exists a Dir-minimizing function f € W12(Q, Ag) such that f|aq =
gloa-

THEOREM 0.9 (Holder regularity). There exists a positive constant a = a(m, Q)
> 0 with the following property. If f € W12(Q, Aq) is Dir-minimizing, then
f € CO Q) for every Q' CC Q C R™. For two-dimensional domains, we have the
explicit constant a(2,Q) =1/Q.

For the second regularity theorem we need the definition of singular set of f.

DEFINITION 0.10 (Regular and singular points). A @-valued function f is reg-
ular at a point & € Q if there exists a neighborhood B of x and @) analytic functions
fi + B — R"™ such that

fly) = Z [fi(y)] for almost every y € B

and either f;(z) # f;(x) for every x € B or f; = f;. The singular set X of f is the
complement of the set of regular points.

THEOREM 0.11 (Estimate of the singular set). Let f be a Dir-minimizing func-
tion. Then, the singular set Xy of f is relatively closed in Q. Moreover, if m = 2,
then X is al most countable, and if m > 3, then the Hausdorff dimension of X is
at most m — 2.

Following in part ideas of [Cha88]|, we improve this last theorem in the following
way.

THEOREM 0.12 (Improved estimate of the singular set). Let f be Dir-minimizing
and m = 2. Then, the singular set ¥y of f consists of isolated points.

This note is divided into five parts. Chapter 1 gives the “elementary theory”
of ()-valued functions, while Chapter 2 focuses on the “combinatorial results” of
Almgren’s theory. In particular we give there very simple proofs of the existence
of Almgren’s biLipschitz embedding & : Ag(R") — RN(@7) and of a Lipschitz
retraction p of RNV(@™) onto £(RN(Q’”)). Following Almgren’s approach, & and p
are then used to generalize the classical Sobolev theory to @-valued functions. In
Chapter 4 we develop the intrinsic theory and show how the results of Chapter 2 can
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INTRODUCTION 5

be recovered independently of the maps & and p. Chapter 3 gives simplified proofs
of Almgren’s regularity theorems for @-valued functions and Chapter 5 contains
the improved estimate of Theorem [ILT2l Therefore, to get a proof of the four main
Theorems listed above, the reader can choose to follow Chapters 1, 2, 3 and 5, or
to follow Chapters 1, 4, 3 and 5.

Acknowledgements. The first author is indebted with Bernd Kirchheim for
many enlightening discussions on some topics of this paper. Both authors acknowl-
edge the support of the Swiss National Foundation. The second author acknowl-
edges the Forschungskredit of the University of Ziirich. Both authors are grateful
to Bill Allard, Luigi Ambrosio, Matteo Focardi, Jonas Hirsch and Bernd Kirchheim
who read carefully a preliminary version of the manuscript and suggested several
corrections.
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CHAPTER 1

The elementary theory of ()-valued functions

This chapter consists of three sections. The first one introduces a recurrent
theme: decomposing Q-valued functions in simpler pieces. We will often build on
this and prove our statements inductively on @, relying ultimately on well-known
properties of single-valued functions. Section contains an elementary proof of
the following fact: any Lipschitz map from a subset of R™ into Ag can be ex-
tended to a Lipschitz map on the whole Euclidean space. This extension theorem,
combined with suitable truncation techniques, is the basic tool of various approx-
imation results. Section introduces a notion of differentiability for @Q-valued
maps and contains some chain—rule formulas and a generalization of the classical
theorem of Rademacher. These are the main ingredients of several computations
in later sections.

1.1. Decomposition and selection for ()-valued functions

Given two elements T' € Ag, (R™) and S € Ag,(R™), the sum T+ S of the
two measures belongs to Ag(R™) = Ag,+q,(R™). This observation leads directly
to the following definition.

DEFINITION 1.1. Given finitely many @;-valued functions f;, the map fi+ fo+
...+ fn defines a Q-valued function f, where Q = Q1 + Q2+ ...+ Qn. This will
be called a decomposition of [ into N simpler functions. We speak of Lebesgue
measurable (Lipschitz, Holder, etc.) decompositions, when the f;’s are measurable
(Lipschitz, Holder, etc.). In order to avoid confusions with the summation of vectors
in R™, we will write, with a slight abuse of notation,

f=1AT+- - +1/~]-

If Qi =...=Qn =1, the decomposition is called a selection.

Proposition ensures the existence of a measurable selection for any mea-
surable @-valued function. The only role of this proposition is to simplify our
notation.

1.1.1. Proof of Proposition We prove the proposition by induction on
Q. The case @ = 1 is of course trivial. For the general case, we will make use of
the following elementary observation:

(D) if U;en Bi is a covering of B by measurable sets, then it suffices to find a

measurable selection of f|g,~p for every i.

Let first Ay C Ag be the closed set of points of type Q [P] and set By =
f71(Ap). Then, By is measurable and f|p, has trivially a measurable selection.

Next we fix a point 7' € Ag \ Ao, T' = >, [P;]. We can subdivide the set of
indexes {1,...,Q} = I, U Ik into two nonempty sets of cardinality L and K, with

7
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8 1. THE ELEMENTARY THEORY OF Q-VALUED FUNCTIONS

the property that
(1.1) |P, — P >0 foreveryl eI and k € Ik.
For every S = )", [Q], let mg € P be a permutation such that

G(S.T)* = P = Quoi) >
If U is a sufficiently small neighborhood of T" in Ag, by (L)), the maps
T: U8+ Z I]:Qﬂ's(l)ﬂ ceAr, o:U>8+— Z [[Qws(k)]] e Ak

lelr, kelk

are continuous. Therefore, C' = f~1(U) is measurable and [o o f|c] + [7 o f|c]
is a measurable decomposition of f|c. Then, by inductive hypothesis, f|c has a
measurable selection.

According to this argument, it is possible to cover Ag \ A¢ with open sets U’s
such that, if B = f~!(U), then f|p has a measurable selection. Since Ag \ A is an
open subset of a separable metric space, we can find a countable covering {U, };en
of this type. Since {Bo} U {f~1(U;)}$, is a measurable covering of B, from (D)
we conclude the proof.

1.1.2. One dimensional W!?-decomposition. A more serious problem is
to find selections which are as regular as f itself. Essentially, this is always possible
when the domain of f is 1-dimensional. For our purposes we just need the Sobolev
case of this principle, which we prove in the next two propositions.

In this subsection I = [a,b] is a closed bounded interval of R and the space of
absolutely continuous functions AC(I, Ag) is defined as the space of those contin-
uous f: I — Ag such that, for every € > 0, there exists 6 > 0 with the following
property: for every a <t; <ty < ... <<toy <b,

Z(tzi — tgi_l) <9 implies Z g(f(tgi), f(tgi_l)) < €.

(3

PROPOSITION 1.2. Let f € WYP(I, Ag). Then,

(a) f e AC(I, Ag) and, moreover, f € Oo’l_%(I,AQ) forp>1;
(b) there exists a selection fi,...,fo € WYP(I,R™) of f such that |Df;| <
|Df| almost everywhere.

REMARK 1.3. A similar selection theorem holds for continuous @Q-functions.
This result needs a subtler combinatorial argument and is proved in Almgren’s Big
regularity paper [Alm00|] (Proposition 1.10, p. 85). The proof of Almgren uses
the Euclidean structure, whereas a more general argument has been proposed in
DLGTO04].

Proposition cannot be extended to maps f € W1P(S!, Ag). For example,
we identify R? with the complex plane C and S! with the set {z € C : |z| = 1}
and we consider the map f : S' — Ag(R?) given by f(z) = >oc2—, [€]. Then,
f is Lipschitz (and hence belongs to WP for every p) but it does not have a
continuous selection. Nonetheless, we can use Proposition to decompose any
f e WHP(S! Ag) into “irreducible pieces”.

DEFINITION 1.4. f € WUP(S!, Ag) is called irreducible if there is no decompo-
sition of f into 2 simpler WP functions.

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



1.1. DECOMPOSITION AND SELECTION FOR Q-VALUED FUNCTIONS 9

PROPOSITION 1.5. For every Q-function g € WYP(S, Ag(R™)), there exists a
decomposition g = ijl lg;1, where each g; is an irreducible WP map. A function
g 1s irreducible if and only if

(i) card(supp (g(2))) = Q for every z € S* and
(i) there exists a WYP map h : S' — R™ with the property that f(z) =

> ca=: [MO]-

Moreover, for every irreducible g, there are exactly Q maps h fulfilling (i7).

The existence of an irreducible decomposition in the sense above is an obvi-
ous consequence of the definition of irreducible maps. The interesting part of the
proposition is the characterization of the irreducible pieces, a direct corollary of
Proposition

PROOF OF PROPOSITION [[L21 We start with (a). Fix a dense set {T;}ien C
Ag. Then, for every i € N, there is a negligible set E; C I such that, for every

x<y€I\EZ,
Yy Yy
/ (1, Ty | < / Dy,

Fix z <y € I\ U;E; and choose a sequence {T},} converging to f(x). Then,
(12 GUW).f) = lm [6((). ) - 64 w). T < [ 1Df].

Clearly, ([L2]) gives the absolute continuity of f outside U;E;. Moreover, f can
be redefined in a unique way on the exceptional set so that the estimate (L2
holds for every pair z,y. In the case p > 1, we improve [L2) to G(f(x), f(y)) <
I IDf! || Le |z — y|®~1/P, thus concluding the Hélder continuity.

For (b), the strategy is to find fi,..., fo as limit of approximating piecewise
linear functions. To this aim, fix £k € N and set

b—
Ap = ka and t;:=a+lAy,, with [=0,...,k

By (a), without loss of generality, we assume that f is continuous and we consider
the points f(t;) =), [[Pﬂ]. Moreover, after possibly reordering each {Pil}ie{lwa},
we can assume that

(1.3) G(f(ti). f(1))? = S|P = Pl

Hence, we define the functions ff as the linear interpolations between the points
(t;, P), that is, for every | = 1,... k and every t € [t;_1,1;], we set

tp—t t—1t
k l pl-1 =1 pl
it_ [ + —— i
£0) Ay Ay

It is immediate to see that the fF’s are W' functions; moreover, for every t €
(ti—1,1;), thanks to ([I3]), the following estimate holds,

Pt - P! _ f
Al et DA () dr = 110,

t—

(14)  [DfE)|

Since the functions h* converge in LP to |Df| for k — +oco, we conclude that the
fik’s are equi-continuous and equi-bounded. Hence, up to passing to a subsequence,
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10 1. THE ELEMENTARY THEORY OF Q-VALUED FUNCTIONS

which we do not relabel, there exist functions fi,..., fo such that fF — f; uni-
formly. Passing to the limit, (I4)) implies that |Df;| < |Df] and it is a very simple
task to verify that Y. [f;] = f. O

Proor ofF ProOPOSITION [[LEl The decomposition of ¢ into irreducible maps is
a trivial corollary of the definition of irreducibility. Moreover, it is easily seen that
a map satisfying (i) and (i7) is necessarily irreducible.

Let now ¢ be an irreducible WP Q-function. Consider ¢ as a function on
[0, 27] with the property that g(0) = g(27) and let hq, ..., hg in WP([0,27],R"™)
be a selection as in Proposition Since we have g(0) = g(27), there exists a
permutation o such that h;(27) = hy(;)(0). We claim that any such o is necessarily
a Q-cycle. If not, there is a partition of {1,...,Q} into two disjoint nonempty
subsets I, and Iy, with cardinality L and K respectively, such that o(I;) = Iy,
and o(Ix) = Ix. Then, the functions

gL = Z [hi] and gk = Z [hi]
= il
would provide a decomposition of f into two simpler WP functions.

The claim concludes the proof. Indeed, for what concerns (i), we note that, if
the support of ¢g(0) does not consist of @ distinct points, there is always a permu-
tation o such that h;(27) = hy(;)(0) and which is not a Q-cycle. For (ii), without
loss of generality, we can order the h; in such a way that o(Q) =1 and o(i) =i+1
for i < @ — 1. Then, the map h : [0,27] — R™ defined by

h(0) = h;i(QO — 2(: — 1)), for 0 € [2(i — 1)7/Q,2im/Q)],
fulfils (i7). Finally, if a map h € WHP(S', R") satisfies

(1.5) g(0) = Z [[B((Q + 2i7r)/Q)]] for every 6,
K3

then there is j € {1,...,Q} such that h(0) = h(2j7/Q). By (i) and the continuity
of h and h, the identity h() = h(# + 2j7/Q) holds for # in a neighborhood of
0. Therefore, since S! is connected, a simple continuation argument shows that
h(6) = h(h + 2j7/Q) for every . On the other hand, all the h of this form are
different (due to (i)) and enjoy (LH): hence, there are exactly @ distinct W1?
functions with this property. O

1.1.3. Lipschitz decomposition. For general domains of dimension m > 2,
there are well-known obstructions to the existence of regular selections. However,
it is clear that, when f is continuous and the support of f(z) does not consist
of a single point, in a neighborhood U of z, there is a decomposition of f into
two continuous simpler functions. When f is Lipschitz, this decomposition holds
in a sufficiently large ball, whose radius can be estimated from below with a sim-
ple combinatorial argument. This fact will play a key role in many subsequent
arguments.

PROPOSITION 1.6. Let f : B C R™ — Ag be a Lipschitz function, [ =
Zinl [fi]- Suppose that there exist xo € B and i,j € {1,...,Q} such that

(1.6) |[fi(zo) = fi(xo)| > 3(Q — 1) Lip(f) diam(B).

Then, there is a decomposition of f into two simpler Lipschitz functions fx and fr,
with Lip(fx), Lip(fr) < Lip(f) and supp (fx (x)) Nsupp (fr(z)) =0 for every .
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1.2. EXTENSION OF LIPSCHITZ Q-VALUED FUNCTIONS 11

ProoF. Call a “squad” any subset of indices I C {1,...,Q} such that
| fi1(zo) — fr(xo)| <3(JI| — 1) Lip(f)diam(B) forall I,r € I,

where |I| denotes the cardinality of I. Let I, be a maximal squad containing 1,
where L stands for its cardinality. By (L), L < Q. Set Ix = {1,...,Q}\Ir. Note
that, whenever [ € I, and k € I,

(1.7) [fi(zo) = fr(xo)| > 3Lip(f) diam(B),

otherwise I;, would not be maximal. For every z, y € B, we let m,, 7,y € P be
permutations such that

G(f(x0), f())?> =Y |fi0) = fr,1)()

%

2

)

G(f (@), () = S |Fi@) = Far i )]

We define the functions fr and fx as
fo@) = [frw@] and fx(z) = [fr.o)(@)]-
i€l i€li

Observe that f = [f.] + [fk]: it remains to show the Lipschitz estimate. For this
aim, we claim that 7, , (7, (I1)) = m, () for every « and y. Assuming the claim,
we conclude that, for every =,y € B,

G(f(@), f(y))? = G(fr(x), fr())? + G(fx (@), fx (y)),

and hence Lip(f2), Lip(fx) < Lip(f).

To prove the claim, we argue by contradiction: if it is false, choose z, y € B,
I € Iy and k € Ix with mpy(m2(1)) = my(k). Then, |fr, )(@) = fr, ) ()] <
G(f(x), f(y)), which in turn implies

3Lip(f) diam(B) "< |f(wo) — fulzo)|
< | filwo) = fro (@) + [froy (@) = fr, 00y @)] + | fry 00 (W) = fr(20)]
< G(f(wo), f(2)) +G(f(z), f(y) + G(f(y), f(x0))
< Lip(f) (Jzo — 2| + |2 — y| + |y — @0l)
< 3Lip(f) diam(B).

This is a contradiction and, hence, the proof is complete. O

1.2. Extension of Lipschitz -valued functions
This section is devoted to prove the following extension theorem.

THEOREM 1.7 (Lipschitz Extension). Let B C R™ and f : B — Aq(R") be
Lipschitz. Then, there exists an extension f : R™ — Ag(R™) of f, with Lip(f) <
C(m, Q) Lip(f). Moreover, if f is bounded, then, for every T € Q[P],

(1.8) sup G(f(x),T) < C(m,Q) sup G(f(x),T).

rER™

Note that, in his Big regularity paper, Almgren deduces Theorem [[L7] from the
existence of the maps &€ and p of Section BI] We instead follow a sort of reverse
path and conclude the existence of p from that of € invoking Theorem [ 7
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12 1. THE ELEMENTARY THEORY OF Q-VALUED FUNCTIONS

It has already been observed by Goblet in [Gob06a] that the Homotopy Lemma
below can be combined with a Whitney-type argument to yield an easy direct
proof of the Lipschitz extension Theorem, avoiding Almgren’s maps £ and p. In
the author refers to the general theory built in [LS97] to conclude The-
orem [[.7] from Lemma[[.8 For the sake of completeness, we give here the complete
argument.

1.2.1. Homotopy Lemma. Let C be a cube with sides parallel to the coor-
dinate axes. As a first step, we show the existence of extensions to C' of Lipschitz
@-valued functions defined on 9C. This will be the key point in the Whitney type
argument used in the proof of Theorem [ 7]

LEMMA 1.8 (Homotopy lemma). There is a constant ¢(Q) with the following
property. For any closed cube with sides parallel to the coordinate azxes and any
Lipschitz Q-function h : 0C — Ag(R™), there exists an extension f : C — Ag(R™)
of h which is Lipschitz with Lip(f) < ¢(Q)Lip(h). Moreover, for every T = Q [P],

(1.9) max G(f(x),T)<2Q max G(h(x),T).

PRrROOF. By rescaling and translating, it suffices to prove the lemma when C' =
[0, 1]™. Since C is biLipschitz equivalent to the closed unit ball By centered at 0,
it suffices to prove the lemma with B; in place of C. In order to prove this case,
we proceed by induction on Q. For Q = 1, the statement is a well-known fact
(it is very easy to find an extension f with Lip (f) < /n Lip(f); the existence of
an extension with the same Lipschitz constant is a classical, but subtle, result of
Kirszbraun, see 2.10.43 in [Fed69]). We now assume that the lemma is true for
every (Q < @Q*, and prove it for Q*.

Fix any o € 9B;. We distinguish two cases: either (L) of Proposition
is satisfied with B = 9By, or it is not. In the first case we can decompose h as
[hr] + [hk], where hy and hg are Lipschitz functions taking values in Aj, and
Ak, and K and L are positive integers. By the induction hypothesis, we can find
extensions of Ay, and hy satisfying the requirements of the lemma, and it is not
difficult to verify that f = [fr] + [fx] is the desired extension of h to Bj.

In the second case, for any pair of indices 4, j we have that

|hi(zo) = hj(xo)| < 6 Q" Lip(h).
We use the following cone-like construction: set P := hj(x¢) and define

(1.10) @)= % el () + 1 =1e) ]

K2

Clearly f is an extension of h. For the Lipschitz regularity, note first that
Lip(flos,) = Lip(h), for every 0 < r < 1.
Next, for any x € B, on the segment o, = [0, x] we have

Lipfls, < Q" max|h;(z) — P| < 6(Q")* Lip(h).

So, we infer that Lip(f) < 12(Q*)?Lip(h). Moreover, ([[A) follows easily from
(CIO). O
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1.2. EXTENSION OF LIPSCHITZ Q-VALUED FUNCTIONS 13

1.2.2. Proof of Theorem [I.7l Without loss of generality, we can assume
that B is closed. Consider a Whitney decomposition {Cy}, .y of R™ \ B (see
Figure[Tl). More precisely (cp. with Theorem 3, page 16 of :

(W1) each C}, is a closed dyadic cube, i.e. the length I; of the side is 2 for
some k € Z and the coordinates of the vertices are integer multiples of [x;
(W2) distinct cubes have disjoint interiors and

(1.11) c(m) " tdist(Cy, B) < I, < ¢(m)dist(Cy, B).

As usual, we call j-skeleton the union of the j-dimensional faces of C. We now
construct the extension f by defining it recursively on the skeletons.

a segment of
> the 1-skeleton

e B

elements of the
0 skeleton

FIGURE 1. The Whitney decomposition of R? \ B.

Consider the 0-skeleton, i.e. the set of the vertices of the cubes. For each vertex
x, we choose T € B such that |z — Z| = dist(z, B) and set f(x) = f(Z). If z and y
are two adjacent vertices of the same cube CY, then
max { [z — 2|,y — g } < dist(Cy, B) < clp =c |z —y].

Hence, we have

G (f(2), f(y)) =G (f(@), f(5) < Lin(f)|& - gl < Lip(f) (17 — x| + |z =yl + [y — 7])
< cLip(f) [z —yl.

Using the Homotopy Lemmal[l 8, we extend f to f on each side of the 1-skeleton. On
the boundary of any 2-face, f has Lipschitz constant smaller than
9C(m,Q)Lip(f). Applying Lemma recursively we find an extension of f to
all R™ such that (L) holds and which is Lipschitz in each cube of the decomposi-
tion, with constant smaller than C'(m, Q) Lip(f).

It remains to show that f is Lipschitz on the whole R™. Consider z, y € R™,
not lying in the same cube of the decomposition. Our aim is to show the inequality

(1.12) G (f(x), f(y)) < CLip(f) |z —yl,
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14 1. THE ELEMENTARY THEORY OF Q-VALUED FUNCTIONS

with some C depending only on m and Q). Without loss of generality, we can assume
that x ¢ B. We distinguish then two possibilities:

(a) [z,y] N B #0;

(b) [z,y]N B =1.
In order to deal with (a), assume first that y € B. Let Cj be a cube of the
decomposition containing x and let v be one of the nearest vertices of Cj to x.
Recall, moreover, that f(v) = f(©) for some © with |& — v| = dist(v, B). We have
then

G (f(2), f(y) <G (f(2), f(0) + G (f(v), f(y) = G (f(x), [(v)) + G (f(D), f(y))
< CLip(f) |z —v[+Lip(f) [0 =yl
< CLip(f)(lo — vl + [0 —v[+]v— 2]+ ]z —y])
< CLip(f)(l + dist(Cy, B) + diam (Cy) + |z — y| )

m
< CLip(f) lz —yl.

If (a) holds but y € B, then let z €]a,b[NB. From the previous argument we know
G(f(x), f(z)) < Clz — 2| and G (f(y), f(2)) < Cly — z|, from which [I2) follows
easily.

If (b) holds, then [z,y] = [z, P\] U [Py, P2] U ... U [Ps,y] where each interval
belongs to a cube of the decomposition. Therefore (LI2)) follows trivially from the
Lipschitz estimate for f in each cube of the decomposition.

1.3. Differentiability and Rademacher’s Theorem

In this section we introduce the notion of differentiability for Q-valued functions
and prove two related theorems. The first one gives chain-rule formulas for Q-valued
functions and the second is the extension to the Q-valued setting of the classical
result of Rademacher.

DEFINITION 1.9. Let f: R™ D B — Ag(R") and zy € B. We say that f is
differentiable at xq if there exist Q matrices L; satisfying:

(i) G(f(x),Txof) = 0(|x — xp]), where
(113) Twof Z [[L I — :EO + fz(;zjo)]]

The Q-valued map T, f will be called the first-order approximation of f at xy. The
point Y. [L;] € Ag(R™*™) will be called the differential of f at ¢ and is denoted

by Df(xo).

REMARK 1.10. What we call “differentiable” is called “strongly affine approx-
imable” by Almgren.

REMARK 1.11. The differential D f(z() of a @-function f does not determine
univocally its first-order approximation 7,,f. To overcome this ambiguity, we
write Df; for L; in Definition [L9 thus making evident which matrix has to be
associated to f;(zo) in (i). Note that (ii) implies that this notation is consistent:
namely, if ¢1,...,9¢ is a different selection for f, xp a point of differentiability
and 7 a permutation such that g;(xo) = fr@;)(zo) for all i € {1,...,Q}, then
Dgi(x0) = D fru)(xo). Even though the f;’s are not, in general, differentiable,
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1.3. DIFFERENTIABILITY AND RADEMACHER’S THEOREM 15

observe that, when they are differentiable and f is differentiable, the D f;’s coincide
with the classical differentials.

If D is the set of points of differentiability of f, the map « — Df(z) is a
measurable Q-valued map, which we denote by Df. In a similar fashion, we define
the directional derivatives 0, f(xz) = >, [Dfi(z)-v] and establish the notation

O f =22 10 1i]-

1.3.1. Chain rules. In what follows, we will deal with several natural oper-
ations defined on @-valued functions. Consider a function f : Q — Ag(R"). For
every ® : Q — . the right composition f o ® defines a Q-valued function on Q.
On the other hand, given a map ¥ : Q x R® — R¥, we can consider the left com-
position, z — Y. [¥(x, fi(x))], which defines a Q-valued function denoted, with a
slight abuse of notation, by ¥(z, f).

The third operation involves maps F : (R™)? — R* such that, for every Q
points (y1,...,yQ) € (R”)Q and ™ € P,

(1.14) F(yh...,yQ) :F(yﬂ(1)7...,yﬂ.(Q)).

Then, z — F(f1(x),..., fo(z)) is a well defined map, denoted by F o f.

PROPOSITION 1.12 (Chain rules). Let f: Q2 — Ag(R™) be differentiable at xg.

(i) Consider ® : Q — Q such that ®(y) = xo and assume that ® is differen-
tiable at yo. Then, f o @ is differentiable at yy and

(1.15) D(f 0 @)(yo) = D [Dfi(wo) - D®(yo)] -
(ii) Consider ¥ : 0, x R? — RF such that U is differentiable at (xo, fi(xo))

for every i. Then, W (x, f) fulfills (i) of Definition [L. Moreover, if (ii)
holds, then

(1.16)  DU(x, f)(zo) = Z_ [Du¥(x0, fi(20)) - D fi(20) + Da¥(wo, fi(o))].

(iii) Consider F : (R")? — R* as in (LI4) and differentiable at (fi(xo), ...,
fo(xo)). Then, Fo f is differentiable at xoy and

(1.17) D(F o f)(x0) = ZDyiF(fl(on), - fa(w0)) - Dfixo)-

PrOOF. All the formulas are just routine modifications of the classical chain-
rule. The proof of (i) follows easily from Definition Since f is differentiable at
xg, we have

g (f o q’(?/)vz [Dfi(wo) - (2(y) — P(yo)) + fi(q’(yo))]]> = o(|2(y) — 2(yo)l)

(1.18) = o (ly — wol),

where the last equality follows from the differentiability of ® at yy. Moreover, again
due to the differentiability of ®, we infer that

(1.19)  Dfi(wo) - (2(y) — ®(y0)) = Dfi(xo) - D(yo) - (¥ — yo) + o(ly — o).
Therefore, (LI8)) and (CI9) imply (CI3).
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16 1. THE ELEMENTARY THEORY OF Q-VALUED FUNCTIONS

For what concerns (i7), we note that we can reduce to the case of card(f(z¢)) =
1, i.e.

(1.20) f(zo) = Qug] and Df(zo) =Q[L].
Indeed, since f is differentiable (hence, continuous) in z, in a neighborhood of
xo we can decompose f as the sum of differentiable multi-valued functions gy,

f = >k [gx], such that card(gi(zo)) = 1. Then, ¥(z, f) = >, [¥(z,9x)] in a
neighborhood of ¢, and the differentiability of ¥(x, f) follows from the differentia-

bility of the ¥(x, gx)’s. So, assuming (L20), without loss of generality, we have to
show that

h(z) = Q[Dy ¥(xg,ug) - L-(x —x0)+ Dy ¥(xo,u0) - (x — o) + (20, up)]
is the first-order approximation of ¥(z, f) in xg. Set

Ai(z) = Dy Y (w0, u0) - (fi(z) — uo) + Dy ¥(wo,u0) - (z — x0) + ¥(20,u0).
From the differentiability of ¥, we deduce that

(1.21) ( (@, f), Z[[A ) = o(lz — @0l + G(f (@), f(x0))) = o (J& — o),

where we used the dlfferentlablhty of f in the last step. Hence, we can conclude

([CI9), i.e.
G (U(z, f),h(z) <G (\II(%f), Z [[Am)ﬂ) +g (Z [Ai(2)] ,h@))

< o(|lz = ol) + [ Du ¥(x0, uo) ||Q<Z[[fz ), QL (37—$O)+“0ﬂ>

= o(|x — o).

where || Dy (20, up)]|| denotes the Hilbert—Schmidt norm of the matrix D,, U (zg, ug).
Finally, to prove (i), fix  and let m be such that

G(f(x) Z|fﬂ< ~ filo) .
By the continuity of f and (ii) of Deﬁmtlonm for |x — xp| small enough we have
(1.22) G(f(2), Toy F(2))* = Y | iy (2) = Dfilwo) - (x — 20) — &[*.

Set fi(zo) =z and z = (21,...,20) € (R™)?. The differentiability of F implies

oy [P )= S DuFG) - (o #) = )| = (@7 (0), S wo)
— (| — o).
Therefore, for |x — x| small enough, we conclude
(1.24) ZD%F (fa( (#) = 2 = Dfi(wo) - (x = w0)) | <
< O3 Ifrto(a) = Diiao) - (@ =a0) = 5= oflo — )
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1.3. DIFFERENTIABILITY AND RADEMACHER’S THEOREM 17

with C' = sup, || Dy, F'(2)||. Therefore, using (I.23)) and (L24), we conclude (LI7).
O

1.3.2. Rademacher’s Theorem. In this subsection we extend the classical
theorem of Rademacher on the differentiability of Lipschitz functions to the Q-
valued setting. Our proof is direct and elementary, whereas in Almgren’s work the
theorem is a corollary of the existence of the biLipschitz embedding &€ (see Section
2I). An intrinsic proof has been already proposed in [Gob06b]. However our
approach is considerably simpler.

THEOREM 1.13 (Rademacher). Let f: Q — Ag be a Lipschitz function. Then,
f is differentiable almost everywhere in 2.

PROOF. We proceed by induction on the number of values (). The case Q = 1
is the classical Rademacher’s theorem (see, for instance, 3.1.2 of [EG92]). We next
assume that the theorem is true for every Q < Q* and we show its validity for Q*.

We write f = 2?:1 [f:], where the f;’s are a measurable selection. We let €2
be the set of points where f takes a single value with multiplicity Q:

Q= {zeQ: fi(z) = fi(z) Vi}.

Note that Q is closed. In Q \ Q, f is differentiable almost everywhere by inductive
hypothesis. Indeed, by Proposition [8} in a neighborhood of any point z € Q\ €,
we can decompose f in the sum of two Lipschitz simpler multi-valued functions,
f = 1fc] + [fx], with the property that supp (fr(x)) N supp (fx(z)) = 0. By
inductive hypothesis, f;, and fx are differentiable, hence, also f is.

It remains to prove that f is differentiable a.e. in Q. Note that filg is a
Lipschitz vector valued function and consider a Lipschitz extension of it to all €2,
denoted by g. We claim that f is differentiable in all the points = where

(a) Q has density 1;
(b) g is differentiable.

Our claim would conclude the proof. In order to show it, let zy € Q be any given
point fulfilling (a) and (b) and let T, g(y) = L - (y — zo) + f1(x0) be the first order
Taylor expansion of g at xg, that is

(1.25) l9(y) — L - (y — w0) — fi(wo)| = o(|y — zol).

We will show that Ty, f(y) := Q[L - (y — zo) + f1(xo)] is the first order expansion
of f at xg. Indeed, for every y € R™, let r = |y — 2| and choose y* € QN By, ()
such that

ly —y*| = dist (y,QOM)~

Being f, g and T'g Lipschitz with constant at most Lip(f), using (C25]), we infer
that

G(fW): Tuo f(v) < G(F(W), F(y") + G(Tuo f(y"), Tuo f(y) + G(f ("), Tuo f(y7))
< Lip(f) ly —y"| + QLip(f) |y — y*[ +
+6(QIew,QIL - (y* —w0) + flxo)])
(1.26) < (Q+ 1) Lip(f) [y —y*| + o ly* — zol ).
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18 1. THE ELEMENTARY THEORY OF Q-VALUED FUNCTIONS

Since |y* — xo| < 2r = 2|y — xo|, it remains to estimate p := |y — y*|. Note that
the ball B,(y) is contained in B, (x() and does not intersect 2. Therefore

~|1/m Bo, (2 Q m
120) -y =p<C [Bala\ Q" < Clmyr (P2l A R
|B2r(x0)‘
Since z( is a point of density 1, we can conclude from ([27) that |y — y*|
ly—xo| o(1). Inserting this inequality in (L26]), we conclude that G(f(y), Ty f(y))
o(Jy — xo|), which shows that T, f is the first order expansion of f at xg.

Ol
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CHAPTER 2

Almgren’s extrinsic theory

Two “extrinsic maps” play a pivotal role in the theory of Q-functions developed
in [AImO00]. The first one is a biLipschitz embedding & of Ag(R") into RN(@m)
where N(Q,n) is a sufficiently large integer. Almgren uses this map to define
Sobolev Q-functions as classical RY-valued Sobolev maps taking values in Q :=
&(Ag(R™)). Using &, many standard facts of Sobolev maps can be extended to the
@-valued setting with little effort. The second map p is a Lipschitz retraction of
RN (@) onto Q, which is used in various approximation arguments.

The existence of the maps & and p is proved in Section 21l In Section 2] we
show that Sobolev Q-valued functions in the sense of Almgren coincide with those
of Definition and we use £ to derive their basic properties. Finally, Section
shows that our definition of Dirichlet’s energy coincides with Almgren’s one and
proves the Existence Theorem Except for Section 2.2] no other portion of this
paper makes direct use of £ or of p: the regularity theory of Chapters 3 and 5 needs
only the propositions stated in Section 2] which we are going to prove again in
Chapter 4 within the frame of an “intrinsic” approach, that is independent of &
and p.

2.1. The biLipschitz embedding £ and the retraction p

THEOREM 2.1. There exist N = N(Q,n) and an injective map & : Ag(R™) —
RN such that:
(1) Lip(§) < 1;
(i) if Q =&(Aq), then Lip(§~ o) < C(n, Q).
Moreover, there exists a Lipschitz map p : RN — Q which is the identity on Q.

The existence of p is a trivial consequence of the Lipschitz regularity of £=1|g
and of the Extension Theorem [[7]

PROOF OF THE EXISTENCE OF p GIVEN . Consider €' : @ — Ag. Since
this map is Lipschitz, by Theorem [T there exists a Lipschitz extension f of £~!
to the entire space. Therefore, p = £ o f is the desired retraction. |

For the proof of the first part of Theorem B1], we follow instead the ideas of
Almgren. A slight modification of these ideas, moreover, leads to the construction
of a special biLipschitz embedding: this observation, due to B. White, was noticed

in [Chag&8].

COROLLARY 2.2. There exist M = M(Q,n) and an injective map Epw :
Ag(R™) — RM with the following properties: &pw satisfies (i) and (ii) of The-
orem 211 and, for every T € Ag(R™), there exists 6 > 0 such that

(2.1) |€sw(T) — &€sw (S)| = G(T,5) VS e B;5(T) C Ag(R").

19
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20 2. ALMGREN’S EXTRINSIC THEORY

We point out that we will not make any use in the following of such special
embedding &pw, since all the properties of @-valued functions are independent of
the embedding we choose. Nevertheless, we give a proof of Corollary because
it provides a better intuition on Q-valued functions (see Proposition 2Z220]) and can
be used to give shorter proofs of several technical lemmas (see [DLS]).

2.1.1. A combinatorial Lemma. The key to the proof of Theorem 2] is
the following combinatorial statement.

LEMMA 2.3 (Almgren’s combinatorial Lemma). There exist o = o(Q,n) > 0
and a set of h = h(Q,n) unit vectors A = {eq,...ep} C S*~1 with the following

property: given any set of Q? vectors, {vl, e sz} C R"™, there exists e; € A such
that
(2.2) lug - el > afog|  forallk € {1,...,Q%}.

PRrROOF. Choose a unit vector e; and let a(Q, n) be small enough in order to
ensure that the set E := {x eSSl < a} has sufficiently small measure,
that is

anl(Snfl)

2.3 H Y By < =/
23 )< X5
Note that E is just the a-neighborhood of an equatorial (n — 2)-sphere of S"~ .
Next, we use Vitali’s covering Lemma (see 1.5.1 of [EG92]) to find a finite set
A ={ey,...,en} €S ! and a finite number of radii 0 < r; < « such that

(a) the balls B, (e;) are disjoint;

(b) the balls Bs.,(e;) cover the whole sphere.
We claim that A satisfies the requirements of the lemma. Let, indeed, V =
{vl, e ,sz} be a set of vectors. We want to show the existence of ¢; € A which
satisfies (Z2). Without loss of generality, we assume that each v; is nonzero. More-
over, we consider the sets Cj, = {z € S"7! : [z - v;,| < a|vg| } and we let Cy be the
union of the Cj’s. Each C} is the a-neighborhood of the equatorial sphere given
by the intersection of S*~! with the hyperplane orthogonal to v;. Thus, by 23],

B anl(Snfl)
n—1
(2.4) H" T (Cy) < T

Note that, due to the bound r; < «,

H"Y(B,,(e;) NS"L)
5 .
By our choices, there must be one ¢; which does not belong to Cy/, otherwise

Hn—l Sn—l (a) & (b) e . Z3) e
72.5(”,1) < Y HH(B(e)nS"TY) < 227{ Y (Cy N B, (e:))

i

(2.5) e, €Cy = H'" ' (CvNB,le)) >

(a) D Hr-1(sn)

< 2HVH(Cy) € ————2

>~ H ( V) = 4. 577,71 9
which is a contradiction (here we used the fact that, though the sphere is curved,
for a sufficiently small the (n — 1)-volume of B, (e;) N S"~! is at least 2715 "+1
times the volume of Bs . (e;) NS"~1). Having chosen ¢; & Cy, we have ¢; & C}, for
every k, which in turn implies (Z2]). O
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2.1. THE BILIPSCHITZ EMBEDDING ¢ AND THE RETRACTION p 21

2.1.2. Proof of the existence of &. Let A = {e1,...¢e,} be a set satisfying
the conclusion of Lemma@23land set N = Q h. Fix T € Ag(R"), T =", [F;]. For
any e; € A, we consider the Q projections of the points P; on the ¢; direction, that
is P;-e;. This gives an array of () numbers, which we rearrange in increasing order,
getting a @-dimensional vector m,(T). The map & : Ag — RY is, then, defined by

&(T) = h '\ 2(mi(T), ..., (D).
The Lipschitz regularity of £ is a trivial corollary of the following rearrangement
inequality:

(Re) ifay <...<a, and by < ... <b,, then, for every permutation o of the
indices,

(al - b1)2 +--- 4+ ((ln - bn)2 < (al - bcr(l))2 +oe Tt (an - bd(n))2'

Indeed, fix two points 7' = )", [P;] and S = >, [R;] and assume, without loss of
generality, that

(2.6) G(T,5)* =Y |Pi— Ril*.

Fix an . Then, by (Re), |7(T) — m(S)]> < S2((P; — R;) - ¢;)2. Hence, we get

h Q h Q
HARHOIEED 9 (T <F D IR-AF

N

Il

—

-.

—
D‘I*—‘

h
eml
=5 2 9(T. S = G(T,5)*.
Next, we conclude the proof by showing, for ' = Y. [P;] and S = ", [R;], the
inequality

@) o(r,%) < 2 () &(5).

where « is the constant in Lemma Consider, indeed, the Q2 vectors P; — R;,
fori,5 € {1,...,Q}. By Lemma 23 we can select a unit vector e¢; € A such that

(2.8) |(P;— Rj)-e| >a|P,—R;|, forall i,j€{l,...,Q}.
Let 7 and A be permutations such that
m(T) = (Prqy e, Pry-er) and  m(S) = (Raqy - €1, .- Baq) - €1)-
Then, we conclude (2.7,
Q Q
o @B 2
G(T,8)2 <D Py = Rap]” < a7 2D " ((Pryy = Ray) - 1)
i=1 i=1
= a2 |m(T) = m(S)?
< a2 h[E(T) ~ E(9)P.
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2.1.3. Proof of Corollary Let A = {eq,...epn} be the set of unit vectors
in the proof of Theorem Il We consider the enlarged set I" of n h vectors containing
an orthonormal frame for each ¢; € A,

. 1 n 1 n
I‘f{61,...,el,...,eh,...,eh},

where, for every a € {1,...,h}, e} = e, and {el,...,e"} is an orthonormal basis of
R™. Note that, in principle, the vectors €2 may not be all distinct: this can happen,
for example, if there exist two vectors e; and e; which are orthogonal. Nevertheless,
we can assume, without loss of generality, that I is made of n h distinct vectors (in
passing, this is can always be reached by perturbing slightly A).

Then, we define the map &gy in the same way as &, with I" replacing A: for

71::§:¢ﬂfﬁl
Epw (T) = h= V2 (nl(T), ..., 7(T),...,mh(T) ..., 7} (T)),

where 72 (T) is the array of Q scalar products P;-e” rearranged in increasing order.

Clearly, &gy satisfies the conclusion of Theorem 21 We need only to show
D).

To this aim, we start noticing that, given 7' = . [P;] € Ag, there exists
0 > 0 with the following property: for every S = 3 .[R;] € B;(T) and every
78, assuming that G(T,9)% = Y, |P; — R;|?, there exists a permutation o € P
such that the arrays (P; - €2) and (R; - ) are ordered increasingly by the same
permutation o

(o2l

(T = (PU£(1)~ s .. Py eg) and 72(S)= (RU£(1)~ e ... R0y eg).

It is enough to choose 48 = ming, g {|P; - e — P -el| : P;-el # P;- el }. Indeed,
let us assume that R; -e2 < R; -e. Then, two cases occur:

(a) Rj e —R;-ef > 26,

(b) Rjeg—Rzeg < 26.
In case (a), since S € Bs(T'), we deduce that P;-ef < R;-ef+85 < Rj-el—5 < Pj-€b.
In case (b), instead, we infer that |P;-ef — P;-ef| < Rj-ef + 05— R;-efl — 6 < 40,
which, in turn, by the choice of §, leads to P; - eg =PF- eg. Hence, in both cases
we have P; - e < P;-ef, which means that P, -e? can be ordered in increasing way
by the same permutation .

Therefore, exploiting the fact that the vectors 72(T) and 72(S) are ordered by

the same permutation og, we have that, for T and S as above, it holds

i.e.

h n
€pw (T) = Epw (S)P =h~" YN |wl(T) — 5(9))?
a=1p3=1
h n Q
—p1 Z Z Z |P05(1) en Rgg(z) ea|2
a=1p=1i=1
Q
S ILE T
a=11=1
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This concludes the proof of the corollary.

2.2. Properties of ()-valued Sobolev functions

In this section we prove some of the basic properties of Sobolev Q-functions
which will be used in the proofs of the regularity theorems. It is clear that, using
&, one can identify measurable, Lipschitz and Holder @)-valued functions f with the
corresponding maps € o f into RY, which are, respectively, measurable, Lipschitz,
Holder functions taking values in Q a.e. We now show that the same holds for the
Sobolev classes of Definition

THEOREM 2.4. Let & be the map of Theorem 21l Then, a Q-valued function f
belongs to the Sobolev space WP(Q, Ag) according to Definition if and only if
€ o f belongs to WHP(Q,RYN). Moreover, there exists a constant C = C(n, Q) such
that

(Do )l <|Df < C|D(Eo f)l-

PROOF. Let f be a @Q-valued function such that g = €0 f € WHP(Q, RY). Note
that the map Y7 : Q > y — G(¢ Y(y),T) is Lipschitz, with a Lipschitz constant
C that can be bounded independently of T' € Ag. Therefore, G(f,T) = Trog
is a Sobolev function and [9; (Y7 o g)| < C|0,g| for every T € Ag. So, f fulfills
the requirements (i) and (ii) of Definition [I.3] with ¢; = C |0,¢|, from which, in
particular, |Df| < C|D(€o f)].

Vice versa, assume that f is in W'?(Q, Ag) and let ¢; be as in Definition
Choose a countable dense subset {7} }ien of Ag, and recall that any Lipschitz
real-valued function ® on Ag can be written as

P() = ?lelg{q)(Ti) —Lip(®) G(-,T3)}.

This implies that 0; (® o f) € LP with [9; (Do f)| < Lip(®)¢;. Therefore, since
Q) is bounded, ® o f € W1P(Q). Being & a Lipschitz map with Lip(¢) < 1, we
conclude that € o f € WLP(Q,RY) with |[D(& o f)| < |Df|. O

We now use the theorem above to transfer in a straightforward way several
classical properties of Sobolev spaces to the framework of @-valued mappings. In
particular, in the subsequent subsections we deal with Lusin type approximations,
trace theorems, Sobolev and Poincaré inequalities, and Campanato—Morrey esti-
mates. Finally Subsection contains a useful technical lemma estimating the
energy of interpolating functions on spherical shells.

2.2.1. Lipschitz approximation and approximate differentiability. We
start with the Lipschitz approximation property for Q-valued Sobolev functions.

PROPOSITION 2.5 (Lipschitz approximation). Let f be in W'P(Q, Ag). For
every A\ > 0, there exists a Lipschitz Q-function fx such that Lip (fx) < X\ and

29 Hee®: f@ A @} <5 [ (D57 +6(r.Q0).

where the constant C' depends only on Q, m and €.

Proor. Consider &€ o f: by the Lusin-type approximation theorem for clas-
sical Sobolev functions (see, for instance, [AF88] or 6.6.3 of [EG92]), there ex-
ists a Lipschitz function hy : @ — RY such that [{z € Q : €0 f(z) # ha(z)}| <
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(C/AP)[|€ o fI¥1.,- Clearly, the function fy = &€ ' o po hy has the desired prop-
erty. (Il

A direct corollary of the Lipschitz approximation and of Theorem [[.13]is that
any Sobolev @QQ-valued map is approximately differentiable almost everywhere.

DEFINITION 2.6 (Approximate Differentiability). A Q-valued function f is ap-
proximately differentiable in z if there exists a measurable subset 2 C ) containing
xo such that Q has density 1 at 2o and f|g is differentiable at .

COROLLARY 2.7. Any f € WYP(Q, Ag) is approzimately differentiable a.e.

The approximate differential of f at o can then be defined as D(f|g) because
it is independent of the set . With a slight abuse of notation, we will denote it by
Df, as the classical differential. Similarly, we can define the approximate directional
derivatives. Moreover, for these quantities we use the notation of Section [[3] that
is

Df = Z [Df;] and 8,f= Z [0, £i],

with the same convention as in Remark [[LT1] i.e. the first-order approximation is
given by Ty, f = >, [fi(zo) + D fi(xo) - (x — x0)].

PROOF OF COROLLARY 271 For every k € N, choose a Lipschitz function fj
such that Q\ Q; := {f # fr} has measure smaller than k~7. By Rademacher’s
Theorem [I3] f is differentiable a.e. on Q. Thus, f is approximately differentiable
at a.e. point of Q. Since |Q\ UrQy| = 0, this completes the proof. O

Finally, observe that the chain-rule formulas of Proposition[[.T21have an obvious
extension to approximate differentiable functions.

PROPOSITION 2.8. Let f: Q — Ag(R™) be approzimate differentiable at zo. If
U and F are as in Proposition [[12], then (LI0) and [CIT7) holds. Moreover, (I3
holds when ® is a diffeomorphism.

PRrROOF. The proof follows trivially from Proposition [[L12] and Definition
O

2.2.2. Trace properties. Next, we show that the trace of a Sobolev Q-
function as defined in Definition corresponds to the classical trace for £ o f.
First we introduce the definition of weak convergence for Q-valued functions.

DEFINITION 2.9 (Weak convergence). Let fi, f € WhP(Q, Ag). We say that
[x converges weakly to f for k — oo, (and we write fr — f) in WP(Q, Ag), if
(i) [ G(fr, )P — 0, for k — oc;
(ii) there exists a constant C such that [|Df|? < C < oo for every k.

PROPOSITION 2.10 (Trace of Sobolev Q-functions). Let f € WhP(Q, Ag).
Then, there is a unique function g € LP(02, Aq) such that flog = g in the sense
of Definition 071 Moreover, flaq = g if and only if € o flag = &€ o g in the usual
sense, and the set of mappings

(2.10) W29, Ag) = {f e W (Q, AQ) : floa =g}

is sequentially weakly closed in WP,
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PROOF. For what concerns the existence, let g = £ 1 (€0 f|sa). Since &o floq =
& o g, for every Lipschitz real-valued map ® on Q, we clearly have ® o £ o f|pq =
Poog. Since Yr(-):=G(1(-),T) is a Lipschitz map on Q for every T € Ag,
we conclude that f|sq = ¢ in the sense of Definition [0.7]

The uniqueness is an easy consequence of the following observation: if h and ¢
are maps in L?(99, Ag) such that G(h(z),T) = G(g(x),T) for H" '-a.e. x and for
every T' € Ag, then h = g. Indeed, fixed a countable dense subset {T;};en of Ag,
we have

G(h(z),g(x)) = sgp ’g(h(x),Ti) — g(g(x),Ti)‘ =0 H" lae.

The last statement of the proposition follows easily and the proof is left to the
reader. |

2.2.3. Sobolev and Poincaré inequalities. As usual, for p < m we set
1 _1_ 1

p* p m’
PROPOSITION 2.11 (Sobolev Embeddings). The following embeddings hold:
(i) if p < m, then WP(Q, Aq) C LI, Ag) for every q € [1,p*], and the
inclusion is compact when q < p*;
(ii) if p = m, then W'P(Q, Ag) C LI(Q, Aq), for every q € [1,+00), with
compact inclusion;
(i) if p > m, then WhP(Q, Ag) C CY*(Q, Ag), fora=1-— =, with compact

inclusion if « < 1 — %.

PROOF. Since f is a L? (resp. Hélder) Q-function if and only if € o f is L?
(resp. Holder), the proposition follows trivially from Theorem [Z4] and the Sobolev

embeddings for £ o f (see, for example, [Ada75| or [Zie89]). O

PROPOSITION 2.12 (Poincaré inequality). Let M be a connected bounded Lip-
schitz open set of an m-dimensional Riemannian manifold and let p < m. There
exists a constant C = C(p,m,n,Q, M) with the following property: for every
f e WHP(M, Ag), there exists a point f € Ag such that

(2.11) (/Mg(fj)”*># gC(/M|Df|p>”_

REMARK 2.13. Note that the point f in the Poincaré inequality is not uniquely

determined. Nevertheless, in analogy with the classical setting, we call it a mean
for f.

PROOF. Set h:=€o f: M — Q C RY. By Theorem 24, h € W'P(M,RN).
Recalling the classical Poincaré inequality (see, for instance, [Ada75] or [Zie89]),
there exists a constant C' = C(p, m, M) such that, if h = JCM h, then

1

(2.12) (/M |n(x) — A" dx) e </M th)% .

Let now v € Q be such that |E — v| = dist (E, Q) (v exists because Q is closed).
Then, since h takes values in Q almost everywhere, by (Z12]) we infer

1 1 1

(2.13) (/M = vy”* dac) " < (/M |h — h(a:)|”* dx) " <C (/M |Dh|p> : .
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Therefore, using ([2.12) and (ZI3]), we end up with
||h - /UHLP* < Hh - EHLP* + HE_ /UHLP* <20 HDh”LP :

Hence, it is immediate to verify, using the biLipschitz continuity of &, that (ZII])
is satisfied with f = €~1(v) and a constant C(p, m,n,Q, M). O

2.2.4. Campanato—Morrey estimates. We prove next the Campanato—
Morrey estimates for Q-functions, a crucial tool in the proof of Theorem

PROPOSITION 2.14. Let f € WY2(By, Ag) and o € (0,1] be such that

/ IDf|? < Ar™=2T2%  for every y € By and a.e. v €]0,1 — |y|[.
B (y)

Then, for every 0 < 6 < 1, there is a constant C' = C(m,n,Q, ) with
G(f (), f(y))

(2.14) sup &
|z —yl

m,yGB_g

=: [flco.«m;) < CVA.

ProoF. Consider € o f: as shown in Theorem 2.4] there exists a constant C'
depending on Lip(¢) and Lip(€~1) such that

/ ‘D(S © f)(x)Pde' S CATm_2+2Oc
Br(y)

Hence, the usual Campanato-Morrey estimates (see, for example, 3.2 in [HL97])
provide the existence of a constant C' = C'(m, a, §) such that

€0 f(z) —€o f(y)| SCVA |z —y|* forevery z,y € Bs.
Thus, composing with €1, we conclude the desired estimate (ZI4). a

2.2.5. A technical Lemma. This last subsection contains a technical lemma
which estimates the Dirichlet energy of an interpolation between two functions de-
fined on concentric spheres. The lemma is particularly useful to construct competi-
tors for Dir-minimizing maps.

LEMMA 2.15 (Interpolation Lemma). There is a constant C = C(m,n, Q) with
the following property. Letr >0, g € Wh2(9B,, Ag) and f € W'2(9B,1_c), Ag).
Then, there exists h € WY2(B, \ Br(1-¢), Aq) such that hlop, = g, hlop,,_., = f
and

(2.15) Dir(h, B, \ By1-¢)) < Cer [Dir(g,0B,) + Dir(f,0B,(1-c)) |+

c
+— [ Glg@),f((1-2)a)da.
€T JoB,
PROOF. By a scaling argument, it is enough to prove the lemma for » = 1. As
usual, we consider ) = £og and ¢ = £o f. For z € 9By and t € [1 —¢, 1], we define
(t=1+8)Y(@)+ (1=t ((1=e)a)

D(tz) = . ,

and ® = po®. It is straightforward to verify that ® belongs to W'2(B;\ B;_., Q).
Moreover, the Lipschitz continuity of p and an easy computation yield the following
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estimate,

/ D3| <C D@
BI\BI—E Bl\Bl—s

! 2 2 |¥() —p(d—e)r)
<c[ | Bl(awn 09 @)+ .

= Ce{Dir(¢,dB;) + Dir(p, 0B _.)} +
yCe ! / () — ¢ (1 - €)z)|* da,
0B,

2
>dz dt

where 0, denotes the tangential derivative. Consider, finally, h = €' o ®: (ZI5)
follows easily from the biLipschitz continuity of &. O

The following is a straightforward corollary.

COROLLARY 2.16. There exists a constant C = C(m,n, Q) with the following
property. For every g € WY2(0B1, Aq), there is h € WY2(By, Ag) with hlag, =g
and

Dir(h, B;) < CDir(g,0B;) + C G(g,Q[0])%
0B,

2.3. Existence of Dir-minimizing @)-valued functions

In this section we prove Theorem[I.8 We first remark that Almgren’s definition
of Dirichlet energy differs from ours. More precisely, using our notations, Almgren’s
definition of the Dirichlet energy is simply

(2.16) | ¥ sk

i=1,...,Q
=1,....m

where 0 f; are the approximate partial derivatives of Definition [2:6] which exist
almost everywhere thanks to Corollary 2771 Moreover, (2I6]) makes sense because
the integrand does not depend upon the particular selection chosen for f. Be-
fore proving Theorem we will show that our Dirichlet energy coincides with
Almgren’s.

PROPOSITION 2.17 (Equivalence of the definitions). For every f € W12(Q, Ag)
and every j =1,...,m, we have

(2.17) 0,017 =3 10,4 ae.

2

Therefore the Dirichlet energy Dir(f, Q) of Definition coincides with (Z10).

REMARK 2.18. Fix a point xq of approximate differentiability for f and con-
sider Ty, () = > [fi(zo) + Dfi(xo) - (x — x0)] its first order approximation at .
Note that the integrand in (ZI0G) coincides with >, |Df;(z)|* (where |L| denotes
the Hilbert-Schmidt norm of the matrix L) and it is independent of the orthonor-
mal coordinate system chosen for R™. Thus, Proposition 217 (and its obvious
counterpart when the domain is a Riemannian manifold) implies that Dir(f, ) is
as well independent of this choice.
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REMARK 2.19. In the sequel, we will often use the following notation: given a
Q-point T' € Ag(R™), T'= 3", [P;], we set

IT1? :=G(T,Qo])* = Y|P,

K2

In the same fashion, for f: Q — Ag, we define the function |f]: & — R by setting
|f1(z) = |f(z)|. Then, Proposition 217 asserts that, since we understand D f and
0, f as maps into, respectively, Ag(R"*™) and Ag(R™), this notation is consistent
with the definitions of |Df| and |0, f| given in ([03]) and (0:2).

The Dirichlet energy of a function f € W2 can be recovered, moreover, as
the energy of the composition gy o f, where &gy is the biLipschitz embedding
in Corollary (compare with Theorem 2.7]).

PROPOSITION 2.20. For every f € W12(Q, Aq), it holds |Df| = |D(€pw o f)]
a.e. In particular, Dir(f,Q) = [, |D(€sw o f)|*.

Although this proposition gives a great intuition about the energy of Q-valued
functions, as already pointed out, we will not use it in the rest of the paper, the
reason being that, the theory is in fact independent of the biLipschitz embedding.

2.3.1. Proof the equivalence of the definitions.

PROOF OF PROPOSITION [ZI7l We recall the definition of |9; f| and |D f| given
in (02) and ([@3): chosen a countable dense set {T;},eny C Ag, we define

9,11 = sup |0,(f,T)|  and IDfI? =" 0;f1.
j=1

By Proposition 5 we can consider a sequence g* = 252:1 [[gf]] of Lipschitz func-
tions with the property that [{gF # f}| < 1/k. Note that |9;f| = |9;¢*| and
> 1059512 = 37,105 f:1* almost everywhere on {g* = f}. Thus, it suffices to prove
the proposition for each Lipschitz function ¢*.

Therefore, we assume from now on that f is Lipschitz. Note next that on the
set B} = {z € Q: f(z) = T;} both |9;f| and >, |9;fi|* vanish a.e. Hence, it
suffices to show (ZIT) on any point 2o where f and all G(f,T;) are differentiable
and f(zo) & {Tihien-

Fix such a point, which, without loss of generality, we can assume to be the
origin, zo = 0. Let Ty f be the first oder approximation of f at 0. Since G(-,T})
is a Lipschitz function, we have G(f(y),T;) = G(Tof(y),T;) + o(|y|). Therefore,
g(y) == G(Tof(y), T1) is differentiable at 0 and 9;¢(0) = 9,G(f,T1)(0).

We assume, without loss of generality, that G(f(0),77)* = Y, [/f:(0) — P2,
where T; = ), [P;]. Next, we consider the function

hly) = ﬁjm«» +DF(0)y - PP

Then, g < h. Since h(0) = ¢(0), we conclude that h — g has a minimum at 0.
Recall that both h and g are differentiable at 0 and h(0) = ¢(0). Thus, we conclude
Vh(0) = Vg(0), which in turn yields the identity

(2.18) 9;6(f,11)(0) = 9;9(0) = 9;h(0) = Z (fi(;): }_|f],3(i3). i)jﬁfg)'
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Using the Cauchy-Schwarz inequality and ([2.I8]), we deduce that

(2.19) 9;£1(0)? = sup|9,G(/, T1)(0 < Z 10 £:(0

If the right hand side of (2I9) vanishes, then we clearly have equality. Other-
wise, let Q; = f;(0) + A 9; fi(0), where X is a small constant to be chosen later, and
consider T'= 3. [Q;]. Since {T;} is a dense subset of Ag, for every € > 0 we can
find a point T; = ), [P;] such that

P, = fi(0) + X0, fi(0) + AR;, with |R;| < ¢ for every i.
Now we choose A and ¢ small enough to ensure that G(f(0),77)* = >, |f:(0) — P;|?

(indeed, recall that, if f;(0) = fx(0), then 0;f;(0) = 9;f%(0)). So, we can repeat
the computation above and deduce that

_ (fi(0) — P;) - 0 f:(0) _ (0;£i(0) + R;) - 0; f;(0)
IO =2 > 1fi(0) = PiJ? 2 V10, 1i0) + Ri[?
Hence,
(0;£i(0))? +¢£19; £:(0)]
0j .
= 2 S o+ o
Letting € — 0, we obtain the inequality [9; f[(0) > 3_; (0 £:(0))2. O

PROOF OF PROPOSITION As for Proposition 217 it is enough to show
the proposition for a Lipschitz function f. We prove that the functions |D f| and
|D(&pw o f)| coincide on each point of differentiability of f.

Let g be such a point and let T, f(x) = >, [fi(zo) + D fi(zo) - (x — x0)] be
the first order expansion of f in zq. Since G(f(z), Ty, f(x)) = o(Jz — x0|) and
Lip(épw) = 1, it is enough to prove that |Df|(xo) = |D(Epw © Ty, f)(z0)]-

Using the fact that D f;(zo) = Df;(xo) when f;(zo) = fj(z0), it follows easily
that, for every x with |z — x| small enough,

( a:of( Z‘sz xO x—xo)\ .

Hence, since &gy is an isometry in a neighborhood of each point, for |z — x| small
enough, we infer that

(2:20) [€w (Tey f () — EBw (f Z D fi(xo) - (x — xo)[*.

For  =te; +z in (220), where the e;’s are the canonical basis in R, taking the
limit as t goes to zero, we obtain that

10;(Esw © Tin f) (o)) Z|3fz o).

Summing in j and using Proposition [ZT7 we conclude that |D f|(xo) = |D(€pw ©
T f)(20)], which concludes the proof. O
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2.3.2. Proof of Theorem Let g € Wh2(Q, Ag) be given. Thanks to
Propositions and [2.17], it suffices to verify the sequential weak lower semicon-
tinuity of the Dirichlet energy. To this aim, let fr — f in Wh2(Q, Ag): we want
to show that

(2.21) Dir(f,Q) < likm inf Dir(fg, Q).
—00

Let {T;}ien be a dense subset of Ag and recall that |9;f|> = sup, (8jg(f,ﬂ))2.
Thus, if we set

2
hjn = le{q}éi(N} (0,G6(f,T1))",

we conclude that h;n 1 |0;f|?. Next, for every N, denote by Py the collections
P ={E;}}¥, of N disjoint measurable subsets of 2. Clearly, it holds

2
hin =sup Y _ (9;6(f.T) 1g,.
PEP 1 Tp
By the Monotone Convergence Theorem, we conclude

Dir(f,Q Zsup/h]N —Zsup sup Z (8jg(f7Tl))2.

N PG'PNE cp’El

Jj=1
Fix now a partition {Fi,..., Fx} such that, for a given € > 0,
S [ @otrn)*= sp 3 [ @60.m)" -
R PN Eep

Then, we can find compact sets {K1,..., Ky} with K; C F; and

;/Kl(ajg(f,Tz > sup Z/ 3gf,Tl

NEeP

Since the K;’s are disjoint compact sets, we can find disjoint open sets U; D K. So,
denote by Op the collections of N pairwise disjoint open sets of 2. We conclude

(2.22) Dir(f,Q) = ngp/hJN—Zsup sup Z /U(ﬁjg(f,Tl))z.

j=1 j=1 N PeONypep

Note that, since G(fx,T1) — G(f,T;) strongly in L?(2), then 8;G(fy,T)) —
9;G(f,Ty) in L?(U) for every open U C Q. Hence, for every N and every P € Oy,
we have

Z/ 3gf,Tl <hm1nf Z/ 8g fk,Tl Sliminf/ |6jfk|2-
k—oo  Jq
U,epP “vep

Taking the supremum in Oy and in N, and then summing in j, in view of (222]),

we achieve ([227]).
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CHAPTER 3

Regularity theory

This chapter is devoted to the proofs of the two Regularity Theorems and
In Section B.I] we derive some Euler-Lagrange conditions for Dir-minimizers,
whereas in Section 3.2l we prove a maximum principle for Q-valued functions. Using
these two results, we prove Theorem in Section Then, in Section 3.4] we
introduce Almgren’s frequency function and prove his fundamental estimate. The
frequency function is the main tool for the blow-up analysis of Section B35 which
gives useful information on the rescalings of Dir-minimizing Q-functions. Finally, in
Section 3.6l we combine this analysis with a version of Federer’s reduction argument
to prove Theorem [Tl

3.1. First variations

There are two natural types of variations that can be used to perturb Dir-
minimizing @-valued functions. The first ones, which we call inner variations, are
generated by right compositions with diffeomorphisms of the domain. The second,
which we call outer variations, correspond to “left compositions” as defined in
Subsection [L30l More precisely, let f be a Dir-minimizing Q-valued map.

(IV) Given ¢ € C*(92,R™), for € sufficiently small, x — ®.(z) = = + ep(z) is

a diffeomorphism of €2 which leaves 0f) fixed. Therefore,

d

(3.1) - =

|D(f o ®c)|*.
e=0JQ

(OV) Given ¢ € C®(Q x R™",R™) such that supp () C ' x R™ for some
O ccQ, weset Ue(x) =, [fi(x)+e(x, fi(x))] and derive

d
(3.2) 0 /|D\If€|2.
e=0/Q

T de
The identities [BJ) and ([B2) lead to the following proposition.

PRrROPOSITION 3.1 (First variations). For every ¢ € C°(2,R™), we have
(3.3) 2/Z<Dfi:Dfi-Dga>—/|Df|2div<p:0.
i

For every ¢ € C*°(Q, x R?,R™) such that
supp (¢) C ' x R™  for some Q' CC Q,
and
(3-4) Dyl < C < oo and |9 +[Dap] < C (1 +Jul)

31
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32 3. REGULARITY THEORY

we have
(3.5)

[ S (04ta): Davta e dx+/Z<sz : Dob(a, fi(x))-Dfi(x)) d = 0.

i

Testing ([B3) and B3H) with suitable ¢ and 1, we get two key identities. In
what follows, v will always denote the outer unit normal on the boundary 9B of a
given ball.

PROPOSITION 3.2. Let x € Q. Then, for a.e. 0 < r < dist(x,0), we have

m — 2:T 2—7’ l/i27
(36)  (m-2) /BT(m)IDfI /aB DA =2 /SBT(I)ZZ_:WH

r

2 _ . .
(3.7) /B N /8 gy SOl

REMARK 3.3. The identities (38) and [B7) are classical facts for R"-valued
harmonic maps f, which can be derived from the Laplace equation Af = 0.

3.1.1. Proof of Proposition B3l We apply formula (LI of Proposition
2.8 to compute

(3.8)  D(fod.) Z [Dfi(z + ep(x)) + e[Dfi(z + ep(x))] - Dp(2)] -

For e sufficiently small, ®. is a diffeomorphism. We denote by ®_! its inverse.
Then, inserting B8) in ([33)), changing variables in the integral (x = ®-*(y)) and
differentiating in e, we get

0= —
de ce=0JQ
—2 [ Y (DA D) Do)y~ [ 3D Pdiv o) dy.

This shows B3). As for [B3]), using (ILI6) and then differentiating in &, the proof
is straightforward (the hypotheses in (B4) ensure the summability of the various
integrands involved in the computation).

| 32 ID5w) + <D Dpl®: () det (D2 w) dy

3.1.2. Proof of Proposition Without loss of generality, we assume z =
0. We test (33) with a function ¢ of the form p(z) = ¢(|x|) z, where ¢ is a function
in C*°([0,00)), with ¢ = 0 on [r,00), r < dist(0,09), and ¢ = 1 in a neighborhood
of 0. Then,

(3.9) Dop(z) = ¢(|2)1d + ¢/ (|2]) 2 @ and  divp(z) = mé(|z|) + || ¢'(|x]),

x
Ed
where Id denotes the m x m identity matrix. Note that
T

=]

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



3.2. A MAXIMUM PRINCIPLE FOR Q-VALUED FUNCTIONS 33

Then, inserting (39)) into (B3]), we get
Q
0=2 / IDF(2)[? é(Jz]) de + 2 / 10, £ ()] @' (1)) ] de
1=1

—m [IDF@P $(ialdo ~ [ IDF@) & (fa]) o] da.
By a standard approximation procedure, it is easy to see that we can test with

(3.10) o(t) = Pn(t) == { 711(7, —b) fﬁi if@;lﬁg r

With this choice we get

Q
0=2-m) [IDf@Fonllahde =2 [ S felde

BA\Br_1/n j—1

1
+1 / IDf(x)[? |2 do.
B\B,_1/n

n

Let n 1 co. Then, the first integral converges towards (2 —m) va |Df|?. As for the

second and third integral, for a.e. r, they converge, respectively, to

Q
—r d,f;* and 7‘/ Df2.
/83 S (0] [ 1o

=1
Thus, we conclude (B:6).
Similarly, test [B35) with (2, u) = ¢(|z|) u. Then,

(3.11) Dy(z,u) = ¢(|z))Id  and  Dyp(z,u) = ¢/ (|Jz]) u® % :

Inserting (3IT]) into (33 and differentiating in e, we get

Q
0= [1Ds@)F el do+ [ 3 w),0u i) (ol dn

Therefore, choosing ¢ as in ([BI0), we can argue as above and, for n 1 oo, we
conclude (B.7]).
3.2. A maximum principle for @-valued functions

The two propositions of this section play a key role in the proof of the Holder
regularity for Dir-minimizing Q-functions when the domain has dimension strictly
larger than two. Before stating them, we introduce two important functions on

Ag(R™).

DEFINITION 3.4 (Diameter and separation). Let T' = Y. [P] € Aqg. The
diameter and the separation of T' are defined, respectively, as

d(T) :=max |P; — P;| and s(T):=min{|P;, — P;| : P; # P;},
0.
with the convention that s(T') = 400 if T = Q [P].

The following proposition is an elementary extension of the usual maximum
principle for harmonic functions.

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



34 3. REGULARITY THEORY

PROPOSITION 3.5 (Maximum Principle). Let f : Q — Ag be Dir-minimizing,
T e Ag andr < s(T)/4. Then, G(f(x),T) <1 for H™ t-a.e. x € 0N implies that
G(f,T) <r almost everywhere on §).

The next proposition allows to decompose Dir-minimizing functions and, hence,
to argue inductively on the number of values. Its proof is based on Proposition
and a simple combinatorial lemma.

PROPOSITION 3.6 (Decomposition for Dir-minimizers). There exists a positive
constant a(Q) > 0 with the following property. If f : Q — Ag is Dir-minimizing
and there ezists T € Ag such that G(f(x),T) < a(Q)d(T) for H™ '-a.e. x € 99,
then there exists a decomposition of f = [g] + [h] into two simpler Dir-minimizing
functions.

3.2.1. Proof of Proposition The proposition follows from the next
lemma.

LEMMA 3.7. Let T and r be as in Proposition BBl Then, there exists a retrac-
tion ¥ : Ag — B, (T') such that

(i) G(I9(S1),0(S2)) < G (S, S2) if S1 ¢ B (T),
(#3) 9(S) =S for every S € B.(T).

We assume the lemma for the moment and argue by contradiction for Propo-
sition We assume, therefore, the existence of a Dir-minimizing f with the
following properties:

(a) f(x) € B.(T) for a.e. x € 99,
(b) f(x) & B.(T) for every x € E C €2, where E is a set of positive measure.

Therefore, there exist ¢ > 0 and a set E’ with positive measure such that f(z) ¢
B, +:(T) for every x € E'. By (ii) of Lemma 37 and (a), ¥ o f has the same trace
as f. Moreover, by (i) of Lemma BT |D(d o f)| < |Df] a.e. and, by (i) and (b),
|ID(9 o f)] < |Df| a.e. on E’. This implies Dir(d o f, Q) < Dir(f, ), contradicting
the minimizing property of f.

ProoF orF LEMMA B First of all, we write

J
T=> kQ,
j=1

where |Q; — Q;| > 4r for every i # j.
If G(S,T) < 2r, then S = Y7, [S;] with S; € Ba,(k; [Q;]) C Ay, If, in
addition, G(S,T) > r, then we set

kj

Si=Y_[511,

=1
and we define

kj

ZZH TS)(Sl,j—Qj)Jerﬂ-

Jj=11=1
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We then extend ¢ to Ag by setting

T it S ¢ Bo(T),
9S) = {S if Se B.(T).

It is immediate to verify that ¢ is continuous and has all the required properties. [

3.2.2. Proof of Proposition The key idea is simple. If the separation of
T were not too small, we could apply directly Proposition3.5l When the separation
of T is small, we can find a point S which is not too far from 7" and whose separation
is sufficiently large. Roughly speaking, it suffices to “collapse” the points of the
support of T" which are too close.

LEMMA 3.8. For every 0 < £ < 1, we set 3(z,Q) = (¢/3)3°. Then, for every
T € Ag with s(T') < oo, there exists a point S € Ag such that

(3.12) Ble, Q) d(T) < 5(S) < o0,
(3.13) G(S,T) <es(9).

Assuming Lemma 3.8 we conclude the proof of Proposition Set e = 1/8

and a(Q) = 8(s,Q) = 243 /8. From Lemma B8 we deduce the existence of an
S satisfying (B12)) and [BI3]). Then, there exists § > 0 such that, for almost every
x € 01,

s(8) _sEPs(8)
2=,

67 (x).9) < G1(@). 1)+ 6(1.5) = a(@d@) + ) 5"

So, we may apply Proposition and infer that G(f(x),S) < @ — ¢ for almost
every x in ). The decomposition of f in simpler Dir-minimizing functions is now a
simple consequence of the definitions. More precisely, if S = E;]:l k; [Q,] € Ag,
with the @;’s all different, then f(z) = E;.le [fi(x)], where the f;’s are Dir-
minimizing k;-valued functions with values in the balls B ) _ sk [Qs])-

PrOOF OF LEMMA B8 For Q < 2, we have d(T) < s(T) and it suffices to
choose S = T. We now prove the general case by induction. Let Q > 3 and assume
the lemma holds for @ — 1. Let T'= )", [P;] € Ag. Two cases can occur:

(a) either s(T) > (5/3)3Q d(T);
(b) or s(T) < (¢/3)3 d(T).
In case (a), since the separation of T is sufficiently large, the point T itself, i.e.

S =T, fulfills 3I3) and BI2). In the other case, since the points P; are not all
equal (s(T) < c0), we can take P; and P, realizing the separation of T, i.e.
3@

(3.14) Py — Py| = s(T) < (%) d(T).

Moreover, since ) > 3, we may also assume that, suppressing P;, we do not reduce
the diameter, i.e. that

Q
(3.15) d(T) =d(T), where T =Y [P].
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For T, we are now in the position to use the inductive hypothesis (with £/3 in place
of €). Hence, there exists S = Z?;ll [Q;] such that

(3.16) (g) d (T) <s (5) and G (5 T) < g (5)
Without loss of generality, we can assume that
(3.17) Q1 — P2 < G(S,7).

Therefore, S = [Q1] + [S] € Ag satisfies BI2) and BI3). Indeed, since s(S) =
s(5), we infer

3@t

e\ 3% BID ¢ ,e\3°" (BEI) € [~ €
(3.18) (5) an <= 5(G)  4(T) = 55(8) =559,
and
G(S,T) <G(S,T)+1Q1 — P| <G(S.T) +|Q1 — Po| + |[P> — P4
CIm, E1Im . . 39 (IBZEI) GI8) 2¢ €

< 2g(S,T)+(§) dT) < s(8) + 2 s(8) = e 5(8).

3 3

3.3. Holder regularity

Now we pass to prove the Holder continuity of Dir-minimizing @-valued func-
tions. Theorem is indeed a simple consequence of the following theorem.

THEOREM 3.9. There exist constants o = a(m, Q) €0, 1] (with a = % when
m = 2) and C = C(m,n,Q,d) with the following property. If f : By — Ag is
Dir-minimizing, then

[f]cg,a(B—s) = sup M < O Dir(f, Q)% for every 0 < 6 < 1.

z,y€Bs

The proof of Theorem consists of two parts: the first is stated in the follow-
ing proposition which gives the crucial estimate; the second is a standard application
of the Campanato—Morrey estimates (see Section [Z2] Proposition [Z14)).

PROPOSITION 3.10. Let f € W12(B,., Ag) be Dir-minimizing and suppose that
g = flop, € W'2(0B,, Ag).
Then, we have that
(3.19) Dir(f, B,) < C(m)rDir(g,0B,),

where C(2) = Q and C(m) < (m —2)~1

The minimizing property of f enters heavily in the proof of this last proposition,
where the estimate is achieved by exhibiting a suitable competitor. This is easier
in dimension 2 because we can use Proposition for g. In higher dimension the
argument is more complicated and relies on Proposition to argue by induction
on (. Now, assuming Proposition B.10, we proceed with the proof of Theorem 3.9l
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3.3.1. Proof of Theorem [3.9. Set

(m) 1= 207! for m = 2,
) = Cm)™t —m+2 form>2,

where C'(m) is the constant in (3I9). We want to prove that
(3.20) / |IDf|? < T”HH/ |IDf|?  for every 0 <7 < 1.
B

T

Define () = [, |Df|?. Note that h is absolutely continuous and that
(3.21) B (r)= / |Df|? > Dir(f,0B,) for ae. r,

9B,
where, according to Definitions and [0 Dir(f,0B,) is given by

Dir(f.05,) = [ [o.1P

0B,

with |0, f|? = |Df|* — 2?:1 |0, fi|?. Here 9, and 9, denote, respectively, the tan-
gential and the normal derivatives. We remark further that (3:2I]) can be improved

for m = 2. Indeed, in this case the outer variation formula [B6]), gives an equipar-
tition of the Dirichlet energy in the radial and tangential parts, yielding

, Dir(f,0B,.)

. h = o
(322) m=[ s ;
Therefore, B21) (resp. [B22) when m = 2) and (BI9) imply
(3.23) (m—2+7~)h(r) <rh'(r).

Integrating this differential inequality, we obtain ([B20):

/ IDFI2 = h(r) < P27 h(1) = P27 / DfP.
. B,

7

Now we can use the Campanato—Morrey estimates for (Q-valued functions given

in Proposition 2.14] in order to conclude the Holder continuity of f with exponent

't
o= 5.

3.3.2. Proof of Proposition B.10 the planar case. It is enough to prove
@BI9) for r = 1, because the general case follows from an easy scaling argument.
We first prove the following simple lemma.

REMARK 3.11. In this subsection we introduce a complex notation which will
be also useful later. We identify the plane R? with C and therefore we regard the
unit disk as

D={zeC: |z <1}={re? :0<r<1,0eR}
and the unit circle as
St=0D={z€C: |z| =1} = {" : 9 € R}.
LEMMA 3.12. Let ¢ € W12(D, R") and consider the Q-valued function f defined
by
fla)="Y K&

2Q=zx
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Then, the function f belongs to W%(D, Aq) and
(3.24) Dir(f,D /IDCI

Moreover, if (|si € WH2(SYR™), then flso € WH2(SY Ag) and

1
(3.25) Dir(fls1,8) = 5 [ 10:¢P"
Q Jst
PRrROOF. Define the following subsets of the unit disk,
Dj={re:0<r<1,(j—1)27/Q <0 <j2r/Q}
and
C':{rei‘g:O<7"<1,9;1f50}7
and let ¢; : C — D; be determinations of the Q""-root, i.e.
p;j (re’) = ro (G601 %),

It is easily recognized that flc =3 ; [ o ¢;]. So, by the invariance of the Dirichlet
energy under conformal mappings, one deduces that f € W2?(C, Ag) and

(3.26) Dir(f,C) = ZDII" Cop;,C 7/D|DC|2.

From the above argument and from (B20]), it is straightforward to infer that f
belongs to W12(D, Ag) and ([B24) holds. Finally, (3.25)) is a simple computation
left to the reader. |

We now prove Proposition IOl Let g = Z;-Izl [g;] be a decomposition into
irreducible kj-functions as in Proposition Consider, moreover, the W2 func-
tions 7; : S' — R™ “unrolling” the g; as in Proposition (i4):

Z [[’7]

zJ—;E

We take the harmonic extension (; of 'yl in D, and consider the kj-valued func-
tions f; obtained “rolling” back the (;: fi(xz) = > & _, [¢(2)]. The @Q-function

f= lel [f:] is an admissible competitor for f, since flsg1 = fls1. By a simple
computation on planar harmonic functions, it is easy to see that

(3.27) / DG / R

Hence, from 3.24), (B25) and B27), we easily conclude B.I9):
J J
Dir(f.D) < Dir (£,D) = >~ Dir(7.D) == > / DG
D

ez
< Z/Sl |0 Zkl Dir(g;, ') < @ Dir(g,S").
=1
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3.3.3. Proof of Proposition 3.10: the case m > 3. To understand the
strategy of the proof, fix a Dir-minimizing f and consider the “radial” competitor
h(z) = f(z/]z|). An easy computation shows the inequality Dir(h, By)

< (m — 2)7'Dir(f,0B;). In order to find a better competitor, set f(x) =
> L)) fi(z/]z|)]. With a slight abuse of notation, we will denote this func-
tion by ¢(|z|) f(z/]x|). We consider moreover functions ¢ which are 1 for ¢ = 1 and
smaller than 1 for ¢ < 1. These competitors are, however, good only if f|gp, is not
too far from @ [0].

Of course, we can use competitors of the form

(3.29 S [o+eta (5 (5)-0)]-

which are still suitable if, roughly speaking,
(C) on 9By, f(x) is not too far from Q [v], i.e. from a point of multiplicity Q.

A rough strategy of the proof could then be the following. We approximate f|sz,
with a f = [fi] 4+ ... + [fs] decomposed into simpler W12 functions f; each of
which satisfies (C). We interpolate on a corona By \ By_; between f and f, and we
then use the competitors of the form ([B.28) to extend f to Bi_s. In fact, we shall
use a variant of this idea, arguing by induction on Q.

Without loss of generality, we assume that
(3.29) Dir(g,0B1) = 1.

Moreover, we recall the notation |T'| and | f| introduced in Remark [[TT] and fix the
following one for the translations:

if v € R™, then 7,(T') := Z [T; —v], for every T = Z [T3] € Ag.

Step 1. Radial competitors. Let g = >, [P;] € Ag be a mean for g, so that
the Poincaré inequality in Proposition 2.12] holds, and assume that the diameter of
g (see Definition B4)) is smaller than a constant M > 0,

(3.30) d(g) < M.

Let P=Q7! Z?:1 P; be the center of mass of g and consider f = 7p o f and
h = 1pog. It is clear that h = f|sp, and that h = 7p(g) is a mean for h. Moreover,

by 3.30),
5" =3 |P — P2 < QM2

So, using the Poincaré inequality, we get
_ _ (Ew4s))
(3.31) / hf? < 2/ G (h, h)2+2/ A|” < CDir(g,0B1)+C M> < Cus,
OB1 OBy OBy
where C) is a constant depending on M.

We consider the Q-function f(x) := ¢(|z|)h (\i_l)’ where ¢ is a W12([0,1])
function with ¢(1) = 1. From (B3I) and the chain-rule in Proposition [[T2] one
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can infer the following estimate:

/Bl Df‘z - (/BB W) /Olw’(r)zrmldm (/aB |Dh|2) /01<p(r)21"m3d7‘

< / (ap(r)2 P g CMap'(T)Qrm_l)dr =: I(yp).
0

Since 7_ p( f) is a suitable competitor for f, one deduces that

Dir(f,Br) < inf  I(p).
pewl:2([0,1])
e(1)=1

We notice that I(1) = ﬁ, as pointed out at the beginning of the section. On
the other hand, ¢ = 1 cannot be a minimum for I because it does not satisfy the
corresponding Fuler-Lagrange equation. So, there exists a constant vy, > 0 such

that

1
3.32 Dir(f, By) < inf  I(p)=—— — 2.
(332 (FBOS _inf  I(p) = —— 27
e(1)=1
In passing, we note that, when @Q = 1, d(T') = 0 and hence this argument proves
the first induction step of the proposition (which, however, can be proved in several
other ways).

Step 2. Splitting procedure: the inductive step. Let @ be fixed and assume that
the proposition holds for every Q* < Q. Assume, moreover, that the diameter of g
is bigger than a constant M > 0, which will be chosen later:

d(g) > M

Under these hypotheses, we want to construct a suitable competitor for f. As
pointed out at the beginning of the proof, the strategy is to decompose f in suitable
pieces in order to apply the inductive hypothesis. To this aim:

(a) let S = Z}]=1 k; [Q;] € Ag be given by Lemma B8 applied to & = {5 and
T =73, ie. S such that

(3.3 5M < (g) < o(5) = min|Q — @y,
(3.39) 6(s,3) < *12,

where 8 = 3(1/16, Q) is the constant of Lemma 3.8
(b) let ¥ : Ag — Bs(s)/s(S) be given by Lemma B.7 applied to 7' = S and
_ ),
We define h € WH2(0B;_,) by h((1 —n)z) =9 (g(x)), where > 0 is a parameter
to be fixed later, and take h a Dir-minimizing Q-function on B;_, with trace h.
Then, we consider the following competitor,

2 ]A'L on Bl—'q
] interpolation between h and g as in Lemma [Z.15]

and we pass to estimate its Dirichlet energy.
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By Proposition 3] since  has values in Bys)/s(95), h can be decomposed into
two Dir-minimizing K and L-valued functions, with K, L < . So, by inductive
hypothesis, there exists a positive constant ¢ such that
(3.35)

Dir <E,Bl,n) < (ﬁ - C) (1 —n)Dir(h,0B1—y) < <ﬁ - C> Dir(g,0B1),

where the last inequality follows from Lip(d) = 1.
Therefore, combining ([B35]) with Lemma ZT5] we can estimate

(3.36)  Dir (f, Bl) < (ﬁ . Cn> Dir(g, 0By ) + %/ G(9,9(9))°,

0B,
with C' = C'(n,m, Q). Note that

G(9.9(g(x))) <G (g(x),g) for every z € 0By,
because, by [B.34), ¥(g) = g. Hence, if we define
E = {z € 0By : g(x) # ¥(g(x))} = {w € 9By : g(x) ¢ Bus)s(S) }

the last term in (B236) can be estimated as follows:

| ewv)’ = [ de0w)* <2 [ [0(0:9)" + 9@ 0(0))"

<4 / G(9,9)"dw < 4(G(9,9)" 1o [ |~ D/1
E
(3.37) < C'Dit(g,0B,) |E|TV/1 = ¢ |E|(a=V/a,

where the exponent ¢ can be chosen to be (m —1)/(m —3) if m > 3, otherwise any
q<ooifm=3.
We are left only with the estimate of |E|. Note that, for every x € E,
B3D 5(S)  s(S)  s(9)

G9(2).9) > Glg(x).5) = 6(5.5) > —¢= -~ =5

So, we deduce that

s(S) - C

16 J| = s(5)2 Jom,
Hence, collecting the bounds ([B30]), (B37) and [B38), we conclude that

B3 ¢

T 1 C
(3.39) Dir(f,B;) < (m —C+Cn+ nMU) :

where C' = C(n,m, Q) and v = v(m).

Step 3. Conclusion. We are now ready to conclude. First of all, note that ¢
is a fixed positive constant given by the inductive assumption that the proposition
holds for Q* < Q. We then choose 7 so that Cn < (/2 and M so large that
C/(nM") < (/4, where C is the constant in ([B.39). Therefore, the constants M,
vp and 1 depend only on n,m and (. With this choice, Step 2 shows that
Dir(f, By) < Dir(f, Bl) (ngb (ﬁ — %) Dir(g,0By), if d(g) > M;
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whereas Step 1 implies

E32)
Dir(f.B1) = (g — 29w ) Dirg. 0B, if d(g) < M.

This concludes the proof.

3.4. Frequency function

We next introduce Almgren’s frequency function and prove his celebrated esti-
mate.

DEFINITION 3.13 (The frequency function). Let f be a Dir-minimizing function,
z € Qand 0 <r < dist(x,92). We define the functions

(3.40) Dy (r) = / DFP. Haog(r) = /8 P L) =

B, (x)
I ¢ is called the frequency function.

Dy ¢(1)
Hx,f(r) '

When z and f are clear from the context, we will often use the shorthand
notation D(r), H(r) and I(r).
REMARK 3.14. Note that, by Theorem[B3.9 | f|? is a continuous function. There-

fore, H, ¢(r) is a well-defined quantity for every r. Moreover, if H, ¢(r) = 0, then,
by minimality, f|g, () = 0. So, except for this case, I, f(r) is always well defined.

THEOREM 3.15. Let f be Dir-minimizing and x € ). Fither there exists g
such that f|BQ(z) =0 or I, s(r) is an absolutely continuous nondecreasing positive
function on )0, dist(xz, ).

A simple corollary of Theorem is the existence of the limit
Izyf(()) = ll_}r% Imﬂf(r),

when the frequency function is defined for every r. The same computations as those
in Theorem [B.15] yield the following two corollaries.

COROLLARY 3.16. Let f be Dir-minimizing in B,. Then, Iy ;(r) = « if and
only if f is a-homogeneous, i.e.

(3.41) ) = lol*s (%9) .

REMARK 3.17. In B4I]), with a slight abuse of notation, we use the following
convention (already adopted in Subsection B33]). If 8 is a scalar function and
f=>_;1fi] a Q-valued function, we denote by 8 f the function >, [ fi].

COROLLARY 3.18. Let f be Dir-minimizing in B,. Let 0 < r <t < g and
suppose that Iy ;(r) = I(r) is defined for every r (i.e. H(r) # 0 for every r).
Then, the following estimates hold:

(7) for almost every r < s <t,

(3.42) % N [ln ( flm(fz)] _ 21T(r)
and
(3.43) (g)?l(t) 5”(_1? < 5”(2 < (%)zm) gﬁz
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(#) if I(t) > 0, then

I(r) /r\2L(®) D(t)
(3.44) W<?> o

D(r) < (g)Ql(T) D(t)

rm—2 tm72'

3.4.1. Proof of Theorem [3.15] We assume, without loss of generality, that
x = 0. D is an absolutely continuous function and

(3.45) D'(r) = /83 |IDfI*  for a.e. r.

As for H(r), note that |f] is the composition of f with a Lipschitz function, and
therefore belongs to W2, Tt follows that |f|? € W' and hence that H € W1,

In order to compute H’, note that the distributional derivative of |f|? coincides
with the approximate differential a.e. Therefore, Proposition justifies (for a.e.
r) the following computation:

ww =g [ tisen Py

m— m— 9
= (m—1)r 2/331 If(ry)IQder/aBlr 18T\f(7“y)l2dy
_m- 1 9 Z o f F
r /83T |f‘ +2ABT i < Vf’“f2>'

Using ([3.6]), we then conclude

(3.46) H'(r) = mr_ 1H(r) +2D(r).

Note, in passing, that, since H and D are continuous, H € C' and (346) holds
pointwise.

If H(r) = 0 for some 7, then, as already remarked, f
case, we conclude that I € C'N WL To show that I is nondecreasing, it suffices

loc*
to compute its derivative a.e. and prove that it is nonnegative. Using (3.45]) and

B44), we infer that

B, = 0. In the opposite

() H(r) H(r) B D(T)H(r)2
D(r) , rD'(r) (m — 1) D(r) 2rD(r)2
H(r) ~ H(r) H(r) H(r)?
—m)D(r)+rD'(r r)?
(3.47) = (2 )ng(l)—’— Dir) _ 2r I‘DIET;Q for a.e. r.

Recalling B.6]) and (B.1) and using the Cauchy—-Schwartz inequality, from 3.47) we
conclude that, for almost every r,
(3.48)

/T:L 81/ 2,
I = Fepe /aw' fl /aB

T

2
2 Ou fi, fi > 0.
N (/@Br(z)? F f>>
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44 3. REGULARITY THEORY

3.4.2. Proof of Corollary [3.16l Let f be a Dir-minimizing @Q-valued func-
tion. Then, I(r) = « if and only if equality occurs in ([B48)]) for almost every r, i.e.
if and only if there exist constants A, such that

(3.49) fily) = N0, fi(y), for almost every r and a.e. y with |y| =r.
Recalling (87) and using (3:49), we infer that, for such r,
T‘D(’f‘) . rfaBT Zl<ayfzufz> @ 7’)\7’ faBT 21 ‘fz|2 —
H(T) faBr Zz|f’b‘2 faBT Zl|fz‘2 "
So, summarizing, I(r) = « if and only if
«
(3.50) fily) = —
lyl
Let us assume that ([B.41) holds. Then, [B.50) is clearly satisfied and, hence,
I(r) = a. On the other hand, assuming that the frequency is constant, we now
prove [BAI). To this aim, let o0, = {ry : 0 < r < p} be the radius passing
through y € 0B;. Note that, for almost every y, fl,, € Wlif ; so, for those vy,
recalling the W'2-selection in Proposition [[2, we can write f lo, = D [[ fi ,,y]],
where fils, : [0, 0] — R™ are VVIIOC2 functions. By ([B.50), we infer that fi|,, solves
the ordinary differential equation

(Filo, ) (1) = = il (r). for aue. 1.

o, (1) =1 f (y), thus concluding

a=1I(r)=

0, fi(y) for almost every y.

Hence, for a.e. y € 9By and for every r € (0, o], f;
B.41).

3.4.3. Proof of Corollary [3.I8l The proof is a straightforward consequence
of equation ([B40]). Indeed, (B:46) implies, for almost every s,

d H(t)\ H'(s) (m—1)H(s) @m 2D(s)
4 (89)- e
which, in turn, gives (342). Integrating ([B:42]) and using the monotonicity of I, one
obtains ([B43)). Finally, (844 follows from (B43), using the identity I(r) = %ﬁg).

m—1 gm—1 gm gm—1 ’

3.5. Blow-up of Dir-minimizing Q-valued functions

Let f be a Q-function and assume f(y) = @ [0] and Dir(f, B,(y)) > 0 for every
0. We define the blow-ups of f at y in the following way,

m—2

o= flerty)
(3.51) Tu.e(@) Dir(f, Bo(y))

The main result of this section is the convergence of blow-ups of Dir-minimizing
functions to homogeneous Dir-minimizing functions, which we call tangent func-
tions.

To simplify the notation, we will not display the subscript y in f, , when y is
the origin.

THEOREM 3.19. Let f € W'2(By, Ag) be Dir-minimizing. Assume f(0) =
Q0] and Dir(f,B,) > 0 for every o < 1. Then, for any sequence {f,.} with
pr 4 0, a subsequence, not relabeled, converges locally uniformly to a function g :
R™ — Ag(R™) with the following properties:

(a) Dir(g, B1) =1 and g|q is Dir-minimizing for any bounded €);
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3.5. BLOW-UP OF Dir-MINIMIZING Q-VALUED FUNCTIONS 45

() gz) =|z|%g (li—‘), where o = Iy (0) > 0 is the frequency of f at 0.

Theorem [3.19]is a direct consequence of the estimate on the frequency function
and of the following convergence result for Dir-minimizing functions.

PROPOSITION 3.20. Let fi, € W12(Q, Ag) be Dir-minimizing Q-functions
weakly converging to f. Then, for every open Q' CC Q, f|q is Dir-minimizing
and it holds moreover that Dir(f, Q) = limy Dir(fx, ).

REMARK 3.21. In fact, a suitable modification of our proof shows that the
property of being Dir-minimizing holds on 2. However, we never need this stronger
property in the sequel.

Assuming Proposition 3.:20] we prove Theorem [3.19

ProOOF OF THEOREM B.I9. We show later Iy ;(0) > 0. We consider any ball
By of radius N centered at 0. It follows from estimate ([44) and Io ;(0) > 0
that Dir(f,, By) is uniformly bounded in p. Hence, the functions f, are all Dir-
minimizing and Theorem implies that the f,,’s are locally equi-Hélder contin-
uous. Since f,(0) = Q[0], the f,’s are also locally uniformly bounded and the
Ascoli-Arzela theorem yields a subsequence (not relabeled) converging uniformly
on compact subsets of R™ to a continuous @-valued function g. This implies easily
the weak convergence (as defined in Definition 2.9)), so we can apply Proposition
and conclude (a) (note that Dir(f,, B1) = 1 for every p). Observe next that,
for every r > 0,

Dir(g, B Di B Dir(f, B
(352) I, (r) = "ox9:Br) _yp rDIe Br) 07 DI Byy)

Jop, 191?20 Jop 1ol 020 [op, |12
So, (b) follows from Corollary B.16] once we have shown that Iy ¢(0) > 0. Since
f(0) = Q0], H(r) < CrD(r), for some constant C. Indeed, assume w.l.o.g.
P =1 12| = 1, then [£(@)[* < 26(f(x/2), £(0))* + 2G(f(x), f(2/2))? < CD(1) +
2f11/2 |Df(rz)|?dr (the last step follows from Theorem 3.9). Integrating the in-
equality in o € 9By we conclude H(1) < CD(1). O

= Ip,7(0).

PROOF OF PROPOSITION We consider the case of 2 = Bj: the general
case is a routine modification of the arguments (and, besides, we never need it
in the sequel). Since the f;’s are Dir-minimizing and, hence, locally Holder equi-
continuous, and since the f;’s converge strongly in L? to f, they actually converge
to f uniformly on compact sets. Set D, = liminfy Dir(f, B,) and assume by
contradiction that f|p, is not Dir-minimizing or Dir(f, B,) < D, for some r < 1.
Under this assumption, we can find rg > 0 such that, for every r > rq, there exist
a g€ Wh%(B,, Ag) with

(3.53) glos, = flos, and =, := D, —Dir(g,B,) > 0.

Fatou’s Lemma implies that lim infy, Dir(fx, dB,) is finite for almost every r,

k—4o00 ——+o0

1 1
/ lim inf Dir(fy, 0B,) dr < lkim inf/ Dir(fx,0B,) dr < C < +o0.
0 0

Passing, if necessary, to a subsequence, we can fix a radius r > rg such that

(3.54) Dir(f,0B,) < klirf Dir(fx,0B,;) < M < +o0.
— 400
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46 3. REGULARITY THEORY

We now show that (B53]) contradicts the minimality of fj in B, for large n. Let,
indeed, 0 < 0 < r/2 to be fixed later and consider the functions f; on B, defined
by

~ oL for x € B,_y,
Fol) =7 (M) g
hi(z) for x € B, \ By_s,

where the hi’s are the interpolations provided by Lemma between fi, €
WL2(dB,, Ag) and g (Tﬂg) € W2(B,_s, Ag). We claim that, for large k, the

functions fk have smaller Dirichlet energy than fj, thus contrasting the minimizing
property of fi, and concluding the proof. Indeed, recalling the estimate in Lemma

215 we have

Dir(fi By) < Dit(fi, Br-s) +C6 | Dix(fi, 0B, —5) +Dir (f, 0B, +% G fe)”

< Dir(g, B,) + C § Dir(g, 0B,.) + C § Dir(f, 9B,) + % / G(fr,9)*
B,
Choose now ¢ such that 4C'6 (M + 1) < ~,, where M and ~, are the constants in

B54) and F53). Using the uniform convergence of fi to f, we conclude, for k
large enough,

. BB 2
Dlr(fkaBr S Dr_7r+06M+Cé(M+1)+g g(fkuf) )
9B,
<D, -2+ 8 g pan -2
=~ Ly 2 5 98, k> T 4 .
This gives the contradiction. O

3.6. Estimate of the singular set

In this section we estimate the Hausdorff dimension of the singular set of Dir-
minimizing @Q-valued functions as in Theorem The main point of the proof is
contained in Proposition B.22] estimating the size of the set of singular points with
multiplicity @Q. Theorem follows then by an easy induction argument on Q.

PROPOSITION 3.22. Let Q be connected and f € Wh?(Q, Ag(R™)) be Dir-
minimizing. Then, either f = Q[(] with ¢ : Q@ — R™ harmonic in Q, or the
set

Yo r={zeQ: flx) =Q[y], for somey cR"}

(which is relatively closed in Q) has Hausdorff dimension at most m — 2 and it is
locally finite for m = 2.

We will make a frequent use of the function o : Q@ — N given by the formula
(3.55) o(x) = card(supp f(z)).

Note that o is lower semicontinuous because f is continuous. This implies, in turn,
that Xg s is closed.
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3.6.1. Preparatory Lemmas. We first state and prove two lemmas which
will be used in the proof of Proposition The first reduces Proposition to
the case where all points of multiplicity @ are of the form @ [0]. In order to state
it, we introduce the map 1 : Ag(R™) — R™ which takes each measure T'= )", [F;]
to its center of mass,

Zi b
n(T) 0

LEMMA 3.23. Let f: Q — Ag(R™) be Dir-minimizing. Then,

(a) the function no f:Q — R"™ is harmonic;
(b) for every ( : Q@ — R™ harmonic, g := ), [fi + (] is as well Dir-minimizing.

PRrROOF. The proof of (a) follows from plugging ¢ (z,u) = ((z) € C*(Q,R™)
in the variations formula (B3] of Proposition Bl Indeed, from the chain-rule
(LID), one infers easily that Q@ D(no f) = >, Df; and hence, from BI) we get
J{D(no f): D) =0. The arbitrariness of ¢ € C2°(Q,R") gives (a).

To show (b), let h be any @Q-valued function with hlsq = floq: we need to
verify that, if h := > [hi 4+ ¢], then Dir(g,9) < Dir(ﬁ, Q). From Almgren’s form
of the Dirichlet energy (see (2I6)), we get

Dir(g, ) = / S 100 = / S{10 52 + [05¢ + 20, £ 0,¢}
0] ,J

min. of

Y .12 12 ° .
= Lg{layhzl +10;¢] }+2Q/QD(n f)-D¢
(3.56) ZDil"(i%Q)-i—?Q/Q{D(nof)—D(noh)}-D(.

Since mo f and noh have the same trace on 92 and ¢ is harmonic, the last integral
in (B56) vanishes. O

The second lemma characterizes the blow-ups of homogeneous functions and is
the starting point of the reduction argument used in the proof of Proposition .22

LEMMA 3.24 (Cylindrical blow-up). Let g : B — Ag(R™) be an a-homogeneous
and Dir-minimizing function with Dir(g, B1) > 0 and set § = I.4(0). Suppose,
moreover, that g(z) = Q [0] for z = e1/2. Then, the tangent functions h to g at z
are $-homogeneous with Dir(h, By) = 1 and satisfy:

(a) h(ser) =Q[O0] for every s € R;
(b) h(x1,22,...,Tm) = h(za,...,Tm), where h : R™™1 — Ag(R™) is Dir-
minimizing on any bounded open subset of R™~1.

PROOF. The first part of the proof follows from Theorem BI9l while (a) is
straightforward. We need only to verify (b). To simplify notations, we pose z’ =
(0,22, ...,%m): we show that h(xz') = h(sey + 2’) for every s and 2’. This is an
easy consequence of the homogeneity of both ¢ and h. Recall that h is the local
uniform limit of g, ,, for some py, | 0 and set Cy, := Dir(g, B,, (2))~Y/2, 8= I, 4(0)
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and Ay := #@ks, where z = €1 /2. Hence, we have
om. O . z )\ )\ ! . A A !
h(3€1+xl)h .:fhthkg7gk (S keﬁl—i_ kx) :thkg( kz_'_ﬁkgkx)
ktoo )\k koo Ak

hom_of yyy, ¢ M7 I () _ )
0—0 )\k
where we used A,z + A\, 0 @' = 2 + S\, o €1 + A\ 0k " and limppoe Ay = 1.
The minimizing property of h is a consequence of the Dir-minimality of h. It
suffices to show it on every ball B C R™~! for which hlpp € W2, To fix ideas,

assume B to be centered at 0 and to have radiusAR. Assume the existgnce of a
competitor h € W12(B) such that Dir(h, B) < D(h, B) — v and h|sp = h|op. We

now construct a competitor h’ for h on a cylinder Cp, = [-L, L] x Bg. First of all
we define

W (21,2, ... 20) = h(xa,...,x,) for |zy| < L—1.
It remains to “fill in” the two cylinders C} =|L — 1, L[xBg and C? =] — L, —(L —

1)[xBg. Let us consider the first cylinder. We need to define A’ in C} in such
a way that o/ = h on the lateral surface |L — 1, L[x90Bpr and on the upper face
{L} x Bg and I’/ = h on the lower face {L — 1} x Bg. Now, since the cylinder C}
is biLipschitz to a unit ball, recalling Corollary 16, this can be done with a W12
map.

Denote by u and v the upper and lower “filling” maps in the case L = 1 By
the x1-invariance of our construction, the maps

ur (1, &) i=u(zr —L,...,x,) and vr (21, ) =u(zy + L, ... )
can be taken as filling maps for any L > 1. Therefore, we can estimate
Dir(h/,C) — D(h,Cyr) < (Dir (v',C} UC}) — Dir (h,CLUC})) —2(L — 1) v

=A-2(L—-1)n,
where A is a constant independent of L. Therefore, for a sufficiently large L, we
have D(h/,CL) < D(h,CL) contradicting the minimality of h in CJ. O

3.6.2. Proof of Proposition With the help of these two lemmas we
conclude the proof of Proposition First of all we notice that, by Lemma [3:23]
it suffices to consider Dir-minimizing function f such that n o f = 0. Under this
assumption, it follows that £¢g = {x : f(z) = Q[0]}. Now we divide the proof
into two parts, being the case m = 2 slightly different from the others.

The planar case m = 2. We prove that, except for the case where all sheets
collapse, ¥, r consists of isolated points. Without loss of generality, let 0 € ¥¢ ¢
and assume the existence of rg > 0 such that Dir(f, B,) > 0 for every r < rg
(note that, when we are not in this case, then f = @ [0] in a neighborhood of 0).
Suppose by contradiction that 0 is not an isolated point in ¥q f, i.e. there exist
ry, — 0 such that f(zx) = Q[0]. By Theorem BI9 the blow-ups f,,| converge
uniformly, up to a subsequence, to some homogeneous Dir-minimizing function g,
with Dir(g, B1) = 1 and o g = 0. Moreover, since f(z}) are Q-multiplicity points,
we deduce that there exists w € S' such that g(w) = Q[0]. Up to rotations, we
can assume that w = e;. Considering the blowup of ¢ in the point e;/2, by Lemma
B24, we find a new tangent function h with the property that (0, z2) = h(xy) for
some function i : R — Ag which is Dir-minimizing on every interval. Moreover,
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since Dir(h, By) = 1, clearly Dir(ﬁ,]) > 0, where I = [—1,1]. Note also that
noh =0 and h(0) = Q[0]. From the 1-d selection criterion in Proposition 5]
this is clearly a contradiction. Indeed, by a simple comparison argument, it is
easily seen that every Dir-minimizing 1-d function h is an affine function of the
form h(z) = > [Li(x)] with the property that either L;(x) # L;(x) for every = or
Li(z) = L;(x) for every z. Since h(0) = Q [0], we would conclude that h = Q [L]
for some linear L. On the other hand, by 1 o h = 0 we would conclude L = 0,
contradicting Dir(h, I) > 0.

We conclude that, if x € g f, either x is isolated, or U C Xg s for some
neighborhood of z. Since € is connected, we conclude that, either ¥¢ ¢ consists of
isolated points, or Xg 5 = ).

The case m > 3. In this case we use the so-called Federer’s reduction argument
(following closely the exposition in Appendix A of [Sim83]). We denote by H! the
Hausdorff t-dimensional measure and by H%_ the Hausdorff pre-measure defined by

(3.57) HE (A) = inf {Z diam(Ey)" : A C UkeNEk} )

keN

We use this simple property of the Hausdorff pre-measures H'_: if K; are compact
sets converging to K in the sense of Hausdorff, then

(3.58) limsup H. (K;) < H. (K).

l—+o0

To prove ([B358), note first that the infimum on BXE1) can be taken over open
coverings. Next, given an open covering of K, use its compactness to find a finite

subcovering and the convergence of K; to conclude that it covers K; for [ large
enough (see the proof of Theorem A.4 in [Sim83] for more details).

Step 1. Let t > 0. If H! (0Xq,r NQ) > 0, then there exists a function g €
Wh2(By, Ag) with the following properties:
(a1) g is a homogeneous Dir-minimizing function with Dir(g, B1) = 1;

(b1) mog=0;
(Cl) Hgo (ZQ,Q) > 0.

We note that H’_-almost every point x € ¢ s is a point of positive ¢ density

(see Theorem 3.6 in [SIm83]), i.e.
HE (0% ONB,(x
lim s ) ( Q.f 7"( ))

r—0 rt

> 0.

So, since H., (0¥, f N Q) > 0, from Theorem BI9 we conclude the existence of
a point x € Yg s and a sequence of radii g, — 0 such that the blow-ups f; 2.,
converge uniformly to a function g satisfying (a1) and (b1), and

H (X, N By, (7))
t

(3.59) lim sup
k——+oo Ok

> 0.
From the uniform convergence of f, 2,, to g, we deduce easily that, up to subse-

quence, the compact sets K = B_% N XQ, fu.z,, CORVErge in the sense of Hausdorff
to a compact set K C X¢ 4. So, from the semicontinuity property [B.58), we infer
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(Cl)v
t t . t . ¢
Heo(3q.9) = Hoo(K) 2 limsup Ho (K) > limsup Ho (By N Xq.f, 2, )

k—+o00 k—+o00
— limsup oo (P N Bo(2)) EXD
k—+4o0 th

Step 2. Let t > 0 and g satisfying (a1)-(c1) of Step 1. Suppose, moreover, that
there exists 1 <1 <m — 2, withl —1 < t, such that

(3.60) g(x) =gz, ..., xm).
Then, there ezists a function h € W42(By, Ag) with the following properties:
(a2) h is a homogeneous Dir-minimizing function with Dir(h, By) = 1;

(b )noh—O
(c2) H (EQh)>0
(d2) ( ) =i, o).

We notice that H., (R'™! x {0}) = 0, being ¢t > I—1. So, since HL, (S¢,4) > 0,
we can find a point 0 # = = (0,...,0,2,...,2,) € Xg4 of positive density for
HL LYo, By the same argument of Step 1, we can blow-up at z obtaining a
function h with properties (az), (b2) and (cz). Moreover, using Lemma [B.24] one
immediately infers (ds).

Step 3. Conclusion: Federer’s reduction argument.

Let now ¢ > m — 2 and suppose H' (03¢, r N ) > 0. Then, up to rotations, we
may apply Step 1 once and Step 2 repeatedly until we end up with a Dir-minimizing
function h with properties (as)-(¢2) and depending only on two variables, h(x) =
h(z1,2z2). This implies that h is a planar -valued Dir-minimizing function such
that o h = 0, Dir(h, By) = 1 and H!=™+2 (EQ ﬁ) > 0. As shown in the proof
of the planar case, this is impossible, since ¢ — m 4+ 2 > 0 and the singularities
are at most countable. So, we deduce that H' (0Xq N Q) = 0 and hence either
Yq,p =00, rNQor Xg 5=, thus concluding the proof.

3.6.3. Proof of Theorem Let o be as in (B355). It is then clear that,
if x is a regular point, then ¢ is continuous at x.

On the other hand, let z be a point of continuity of o and write f(z) =
23'121 k; [P;], where P; # P; for i # j. Since the target of o is discrete, it turns
out that ¢ = J in a neighborhood U of x. Hence, by the continuity of f, in a
neighborhood V' C U of z, there is a continuous decomposition f = Z;-]:l{ fi}
in kj;-valued functions, with the property that f;(y) # fi(y) for every y € V and
fj = kj [g;] for each j. Moreover, it is easy to check that each g; must necessarily
be a harmonic function, so that = is a regular point for f. Therefore, we conclude

(3.61) Y; = {xz : o is discontinuous at z}.

The continuity of f implies easily the lower semicontinuity of o, which in turn
shows, through ([B.61]), that 3 is relatively closed.

In order to estimate the Hausdorff dimension of ¥ ¢, we argue by induction on
the number of values. For @ = 1 there is nothing to prove, since Dir-minimizing
R"™-valued functions are classical harmonic functions. Next, we assume that the
theorem holds for every @Q*-valued functions, with Q* < @, and prove it for Q-
valued functions. If f = @ [¢] with ¢ harmonic, then ¥ = () and the proposition is
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proved. If this is not the case, we consider first ¥  the set of points of multiplicity
Q: it is a subset of ¥y and we know from Proposition B22] that it is a closed subset
of  with Hausdorff dimension at most m — 2 and at most countable if m = 2.
Then, we consider the open set ' = Q\ Xq ;. Thanks to the continuity of f, we
can find countable open balls By, such that Q' = Uy By, and f|p, can be decomposed
as the sum of two multiple-valued Dir-minimizing functions:

flB = [fr@:] + [fr.], with@Q <@, Q2<Q,
and
supp (fx,q. (€)) Nsupp (fr,Q,(x)) =0 for every x € By.
Clearly, it follows from this last condition that
Ef N B = ka=Q1 U Efk,QQ'

Moreover, fi.g, and fi g, are both Dir-minimizing and, by inductive hypothesis,
Y o, and Xy, - are closed subsets of By, with Hausdorff dimension at most m —2.
We conclude that
Sy =2 U U (e, USsia,)
keN
has Hausdorff dimension at most m — 2 and it is at most countable if m = 2.
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CHAPTER 4

Intrinsic theory

In this chapter we develop more systematically the metric theory of @-valued
Sobolev functions. The aim is to provide a second proof of all the propositions and
lemmas in Section 2:2] independent of Almgren’s embedding and retraction & and
p. Some of the properties proved in this section are actually true for Sobolev spaces
taking values in fairly general metric targets, whereas some others do depend on
the specific structure of Ag(R™).

4.1. Metric Sobolev spaces

To our knowledge, metric space-valued Sobolev-type spaces were considered for
the first time by Ambrosio in (in the particular case of BV mappings).
The same issue was then considered later by several other authors in connection
with different problems in geometry and analysis (see for instance [GS92], [KS93],
[Ser94], [Jos97], [JZ00], [CL0O1] and [HKSTO01a]). The definition adopted here
differs slightly from that of Ambrosio (see Definition[(.5]) and was proposed later, for
general exponents, by Reshetnyak (see and [Res04]). In fact, it turns out
that the two points of view are equivalent, as witnessed by the following proposition.

PROPOSITION 4.1. Let Q@ C R™ be open and bounded. A Q-valued function f
belongs to WhP(Q, Ag) if and only if there exists a function ¢ € LP(Q,RT) such
that, for every Lipschitz function ¢ : Ag — R, the following two conclusions hold:

(a) ¢ofeWP(Q);
(0) D (¢po f)(x)] < Lip(¢) y(x) for almost every x € Q.

This fact was already remarked by Reshetnyak. The proof relies on the obser-
vation that Lipschitz maps with constant less than 1 can be written as suprema of
translated distances. This idea, already used in [Amb90], underlies in a certain
sense the embedding of separable metric spaces in £, a fact exploited first in the

pioneering work [Gro83| by Gromov (see also the works [AKO00Oal], [AKO0Ob] and
[HKSTO01b], where this idea has been used in various situations).

PROOF. Since the distance function from a point is a Lipschitz map, with
Lipschitz constant 1, one implication is trivial. To prove the opposite, consider a

Sobolev @-valued function f: we claim that (a) and (b) hold with ¢ = (Z] @?)1/2,
where the ¢;’s are the functions in Definition [0.5l Indeed, take a Lipschitz function
¢ € Lip(Ag). By treating separately the positive and the negative part of the
function, we can assume, without loss of generality, that ¢ > 0. If {T;},eny C Ag is
a dense subset and L = Lip(y), it is a well known fact that ¢(T') = inf; {¢(T;) +

LG(T;,T)}. Therefore,
(4.1) ¢of=inf{¢(T;) + LG(T;, f)} =:infg;.

53
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Since f € WP(Q, Ag), each g; € WP(Q) and the inequality | D(¢o f)| < sup, |Dg;
holds a.e. On the other hand, |Dg;| = L|DG(f,T;)| < Ly/>, <p§ a.e. This com-
pletes the proof. O

In the remaining sections of this chapter, we first prove the existence of |9; f]
(as defined in the Introduction) and prove the explicit formula ([2)). Then, we
introduce a metric on WP (Q, Ag), making it a complete metric space. This part
of the theory is in fact valid under fairly general assumptions on the target space:
the interested reader will find suitable analogs in the aforementioned papers.

4.1.1. Representation formulas for |0; f|.

PROPOSITION 4.2. For every Sobolev Q-valued function f € WHP(Q, Aq), there
exist g; € LP, for j =1,...,m, with the following two properties:
(2) 10,G(f,T)| < g; a.e. forevery T € Ag;
(13) if pj € LP is such that |0;G(f,T)| < ¢; for all T € Ag, then g; < ¢; a.e.
These functions are unique and will be denoted by |0; f|. Moreover, chosen a count-
able dense subset {T;}icn of Ag, they satisfy the equality ([0.2).

Proor. The uniqueness of the functions g; is an obvious corollary of their
property (it). It is enough to prove that g; = |0;f| as defined in (0.2) satisfies
(i), because it obviously satisfies (i7). Let T' € Ag and {7}, } C {T;} be such that
T;, — T. Then, G(f,T;,) — G(f,T) in LP and, hence, for every 1) € C°(Q),

(4.2)

[ostrme|= | [6t1 00| = i | 0607 0] < [0l

Since ([2]) holds for every v, we conclude |0,G(f,T)| < g, a.e. O

4.1.2. A metric on WhP(Q, Ag). Given f and g € WhP(Q, Ag), define

sup 0;6(f.T;) — 9;G(g,T5)|

(43) dWLP(fmg) = ||g(f7g)HLp + Z

Lp
PROPOSITION 4.3. (WP(Q, Ag),dw1.») is a complete metric space and

(4.4) dwio(fi, /) =0 = |[Dfu| 5 |DJI.

PROOF. The proof that dy 1.» is a metric is a simple computation left to the
reader; we prove its completeness. Let {fx}ren be a Cauchy sequence for dyy1.».
Then, it is a Cauchy sequence in LP(f2, Ag). There exists, therefore, a function
[ € LP(Q, Ag) such that fr — f in LP. We claim that f belongs to W*(Q, Ag)
and dy 1o (fr, f) — 0. Since f € WHP(Q, Ag) if and only if dy1.»(f,0) < oo, it is
clear that we need only to prove that dy1.»(fx, f) — 0. This is a consequence of
the following simple observation:

P
WP 0,60 T) = 0,6 U T| = sup 3 1560/, T2) = 0,6k Tl
i Lp PGPESEP
(45) < lilinoo dwl,p(fl,fk)pa
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where P is the family of finite measurable partitions of . Indeed, by (L5,

k——+o00

(28]
lim dye(fi,f) < lim [Hg(f, Tl e +m  lim dWl,p(fl,fk;):l =0.
k—+o00 =400
We now come to ([£4)). Assume dy1.0(fi, f) — 0 and observe that
103521 10,5 = |sup 10,64, T)| - sup 31, T |
< sup 9;G(fi, Ti) — 9;G(fw, Ti)| -

Hence, one can infer H|6jfk| —10; fil HLP < dw1.s(fr, fi).- This implies that |D fi| is
a Cauchy sequence, from which the conclusion follows easily. (]

4.2. Metric proofs of the main theorems I

We start now with the metric proofs of the results in Section

4.2.1. Lipschitz approximation. In this subsection we prove a strengthened
version of Proposition The proof uses, in the metric framework, a standard
truncation technique and the Lipschitz extension Theorem [[7] (see, for instance,
6.6.3 in [EG92]). This last ingredient is a feature of Ag(R™) and, in general,
the problem of whether or not general Sobolev mappings can be approximated
with Lipschitz ones is a very subtle issue already when the target is a smooth

Riemannian manifold (see for instance [SU82|, [Bet91], [HLO03] and [HRO7]).

The truncation technique is, instead, valid in a much more general setting, see for

instance [HKSTO1b].

PRrROPOSITION 4.4 (Lipschitz approximation). There exists a constant C' =
C(m,Q, Q) with the following property. For every f € WYP(Q, Ag) and every
A > 0, there exists a Q-function fy such that Lip (fy) < C' A,

ClIDfILe
(4.6) B = {r e fa) # )| < DD
and dwl,p(f, f)\) S del,p (f7Q [[OH) MOT’BO’UET’, dWLP (fv f)x) - 0(1) and |E)\| =
o(A7P).
PROOF. We consider the case 1 < p < oo (p = co is immediate) and we set
O ={zeQ: M(IDf]) <A},
where M is the Maximal Function Operator (see [Ste93] for the definition). By
rescaling, we can assume ||Df||L» = 1. As a consequence, we can also assume
A > C(m,Q,Q), where C'(m,Q, Q) will be chosen later.
Notice that, for every T' € Ag and every j € {1,...,m},
M(18,6(£.T)]) < M(Df)) <A in Q.
By standard calculation (see, for example, 6.6.3 in [EG92]), we deduce that, for
every T, G(f,T) is (C' A)-Lipschitz in Qy, with C' = C(m). Therefore,
(4.7) G(f(2),T) = G(f(y),T)| <CAlz—y| Va,yeQandVT € Ag.
From (1), we get a Lipschitz estimate for f|q, by setting T = f(z). We can

therefore use Theorem [[7] to extend f|q, to a Lipschitz function fy with Lip(fy) <
CA.
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The standard weak (p — p) estimate for maximal functions (see [Ste93]) yields

C C
4.8 0\ Q g—/ DfP < o(1),
(43) LIRS LS

which implies [@0]) and |Ey\| = o(A"P). Observe also that, from ], it follows
that

(49) [ bnpsc[ ipse
Q\Qx O\Qy /2

It remains to prove dyi.x(f, fr) < Cdy1e(f,Q[0]) and dy1.»(fa, f) — 0. By
[#9), it suffices to show

1G(/x, QIODNzr < Cdwrr(f,Q0]) and  [[G(fx, f)llLr — 0.

We first choose the constant C'(m, 2, Q) < X so to guarantee that 2|25| > |€|. Set

g:=G(£,Q[0]), g := G(f»,Q[0]) and h = g — gx. Let h be the average of h over
Q and use the Poincaré inequality and the fact that h vanishes on ) to conclude

that

Ql - _ _
Eliage <joaiir < [ —nr < cionly,

scl%mquw+unxﬂsc(L DfPP.

\Qx /2

Therefore,
Iz, <c [ iy,
Q\Qy /2

So, using the triangle inequality, we conclude that

1G(fx, QIOD I » < NG(f, QIOD e + CNIDflILe < Cdwrn(f,Q[0])

and
GG ) ze = 197 QIO @y + Illes
(4.10) < |1G(f, QIODIzr\ax) + ClIDflllLe @0y 2)-
Since |\ Q] 4 0, the right hand side of (£I0) converges to 0 as A | 0. O

4.2.2. Trace theory. Next, we show the existence of the trace of a Q-valued
Sobolev function as defined in Definition Moreover, we prove that the space
of functions with given trace W;?(Q, Aq) defined in (ZI0) is closed under weak
convergence. A suitable trace theory can be build in a much more general setting
(see the aforementioned papers). Here, instead, we prefer to take advantage of
Proposition [£4] to give a fairly short proof.

PROPOSITION 4.5. Let f € WYP(Q, Ag). Then, there exists an unique g €
LP (0, Ag) such that

(4.11) (poflloan=woyg for all ¢ € Lip (Ag).

We denote g by flaq. Moreover, the following set is closed under weak convergence:

W2, Ag) == {f € WH(Q, Ag) : floa = g}
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Proor. Consider a sequence of Lipschitz functions fr with dy 1. (fk, f) — 0
(whose existence is ensured from Proposition [£4]). We claim that fx|sq is a Cauchy
sequence in LP (092, Ag). To see this, notice that, if {T;};en is a dense subset of
Ag.

G(fr: fr) = sap|G(fe, Ti) — G(f1, T3)] -

Moreover, recalling the classical estimate for the trace of a real-valued Sobolev
functions, || flaall» < C || fllyy 1.0, Wwe conclude that

1G (fis SN0 (002) <C/ G(fw, )P +Z/ 10;G(frs f)IP

< C’/Q G(fr, f)P + zj:/ﬂ sgp 10:G(fr, Ty) — 9;G(f1, Th)|"

(4.12) < Cdwio(fr, f1),

(where we used the identity |0; (sup; g;)| < sup,|9;gi|, which holds true if there
exists an h € LP(Q) with |g;|, |Dg;| < h € LP(Q)).

Let, therefore, g be the LP-limit of fj. For every ¢ € Lip(Ag), we clearly have
that (po fy)|laa — wog in LP. But, since p o f — po f in WHP(Q), the limit of
(po fr)|oq is exactly (po f)|sq. This shows [@II)). We now come to the uniqueness.
Assume that g and ¢ satisfy (@II). Then, G(g,T;) = G (§,T;) almost everywhere
on J2 and for every i. This implies

G(g9,9) =sup|G(9,T;) =G (3, Ti)| =0 ae. on €,

ie. g =g a.e.

Finally, as for the last assertion of the proposition, note that fy— f in the sense
of Definition 29]if and only if po fy— ¢o f for any Lipschitz function . Therefore,
the proof that the set ng’z is closed is a direct consequence of the corresponding
fact for classical Sobolev spaces of real-valued functions. O

4.2.3. Sobolev embeddings. The following proposition is an obvious conse-
quence of the definition and holds under much more general assumptions.

PROPOSITION 4.6 (Sobolev Embeddings). The following embeddings hold:

(1) ifp < m, then WhP(Q, Ag) C L1(Q, Aq) for every q € [1,p*], where
p* = 7;"”1), and the inclusion is compact when q < p*;
(ii) if p = m, then WhP(Q, Ag) C L1(Q, Ag), for every q € [1,+00), with

compact inclusion.
REMARK 4.7. In Proposition 211l we have also shown that

(iit) if p > m, then W1P(Q, Ag) C C¥*(Q, Ag), fora=1— ', with compact

inclusion for oo < 1 — %.

It is not difficult to give an intrinsic proof of it. However, in the regularity theory
of Chapters 3 and 5, (iii) is used only in the case m = 1, which has already been
shown in Proposition

PrROOF. Recall that f € LP(Q, Ag) if and only if G(f,T) € LP(2) for some
(and, hence, any) T. So, the inclusions in (i) and (ii) are a trivial corollary of
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the usual Sobolev embeddings for real-valued functions, which in fact yields the
inequality

(413) ||g(fa Q [[O]])HL‘?(Q) < C(”v Qa Q)dwl‘p(fa Q [[O]D .

As for the compactness of the embeddings when ¢ < p*, consider a sequence
{fr}ren of Q-valued Sobolev functions with equibounded dyy1.,-distance from a
point:

dywio (fi, Q[0]) = 1G(f, QIODN 2o + > 185fxlll 1 < C < o0
j

For every | € N, let fi; be the function given by Proposition 4] choosing A = .

From the Ascoli-Arzela Theorem and a diagonal argument, we find a subse-
quence (not relabeled) f such that, for any fixed I, {fx;}x is a Cauchy sequence
in C°. We now use this to show that f; is a Cauchy sequence in L9. Indeed,

(4.14) NG (fes Sl Lo S NG (o Frd) g +1GFrts For )l pa + NG S s fio)l o -

We claim that the first and third terms are bounded by C1'/4=1/?" Tt suffices
to show it for the first term. By Proposition L4l there is a constant C' such that
dwi.o(fri, Q[0]) < C for every k and [. Therefore, we infer

1G(fres Fe) | Ta < C/ [G(fi, QIO + G(fir, Q [0])7]
{fe#fr1}
< (190 [ODI%, + 16 0D, )i # S5/
< Olq/za*fl7

where in the last line we have used ([I3) (in the critical case p*) and the Holder
inequality.

Let € be a given positive number. Then we can choose [ such that the first and
third term in (4] are both less than /3, independently of k. On the other hand,
since { fx1}x is a Cauchy sequence in C?, there is an N such that ||G(fi.1, frr1)||ze <
g/3 for every k, k' > N. Clearly, for k, k' > N, we then have ||G(fi, fxr)|| < e. This
shows that {fr} is a Cauchy sequence in L9 and hence completes the proof of (i).
The compact inclusion in (i7) is analogous. O

4.2.4. Campanato—Morrey estimate. We conclude this section by giving
another proof of the Campanato—Morrey estimate in Proposition 2141

PROPOSITION 4.8. Let f € W12(By, Ag) and o € (0,1] be such that Vs € (0,1),
/ IDfI? < Asr™ 222 for every x € Bs and a.e. r €]0,1 — |z]].
Br(z)

Then, for every 0 < 6 < 1, there is a constant C = C(m,n,Q,d) such that

(4.15) Sup w = [flco. wmy) SC VAs.

z,yEBs |J) - y‘

Proor. Let T' € Ag be given. Then,

/ |DG(f,T)” < / |IDf|? < Ar™ 22 for ae. r €]0,1].
B,

"
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By the classical estimate (see 3.2 in [HL97]), G(f,T) is a-Holder with
T)— T
wpy 9U@D -G _ (o
x,yE€Bs |I - y|

where C' is independent of 7. This implies easily ([EIH]). O

4.3. Metric proofs of the main theorems II

We give in this section metric proofs of the two remaining results of Section
the Poincaré inequality in Proposition 2.12] and the interpolation Lemma 2.15]

4.3.1. Poincaré inequality.

PROPOSITION 4.9 (Poincaré inequality). Let M be a connected bounded Lips-
chitz open set of a Riemannian manifold. Then, for every 1 < p < m, there ezists
a constant C = C(p,m,n,Q, M) with the following property: for every function
f e WHP(M, Ag), there exists a point f € Ag such that

(4.16) ( /Mg<f,7)p*> e ( / Df|p> g

where p* = m—f;.

A proof of (a variant of) this Poincaré-type inequality appears already, for the
case p = 1 and a compact target, in the work of Ambrosio [Amb90]. Here we use,
however, a different approach, based on the existence of an isometric embedding
of Ag(R™) into a separable Banach space. We then exploit the linear structure
of this larger space to take averages. This idea, which to our knowledge appeared
first in [HKSTO1b], works in a much more general framework, but, to keep our
presentation easy, we will use all the structural advantages of dealing with the
metric space Ag(R™).

The key ingredients of the proof are the lemmas stated below. The first one
is an elementary fact, exploited first by Gromov in the context of metric geometry
(see [Gro83]) and used later to tackle many problems in analysis and geometry
on metric spaces (see [AKO0Oa|, [AKO00D| and [HKSTO01b]). The second is an
extension of a standard estimate in the theory of Sobolev spaces. Both lemmas will
be proved at the end of the subsection.

LEMMA 4.10. Let (X,d) be a complete separable metric space. Then, there is
an isometric embedding © : X — B into a separable Banach space.

LEMMA 4.11. For every 1 < p < m and r > 0, there exists a constant C =
C(p,m,n,Q) such that, for every f € W'?(B,, Ag) NLip (B,, Aq) and every z €
B,

win) [ U@ st [ b e - 2o

PROOF OF PROPOSITION [£9. Step 1. We first assume M = B, C R™ and f
Lipschitz. We regard f as a map taking values in the Banach space B of Lemma
Since B is a Banach space, we can integrate B-valued functions on Riemannian
manifolds using the Bochner integral. Indeed, being f Lipschitz and B a separable
Banach space, in our case it is straightforward to check that f is integrable in the
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sense of Bochner (see [DUT7]; in fact the theory of the Bochner integral can be
applied in much more general situations).

Consider therefore the average of f on M, which we denote by Sy. We will
show that

(4.18) /B If = Syl < O /B DfPP.

First note that, by the usual convexity of the Bochner integral,

1£@) = 8l < { 17) - f@)ladz = { 6(7(2)

Hence, ([{I8) is a direct consequence of Lemma FTTt

/BTHf() S dx</ ][ G(f(x), f(2))" d= dx

< Cpptmel ][ / |w — z|* ™D f|(w)? dw dz
B. /B,

<cr [ pfl(wy du.
B
Step 2. Assuming M = B, C R™ and f Lipschitz, we find a point f such that

(4.19) / G(1.7)" < Cr”/ IDfIP.

r By

Consider, indeed, f € Ao a point such that
4.2 — fllp = mi - —T|B.
(4.20) ISy — fllz Aoin 155 = Tlls

Note that f exists because Ag is locally compact. Then, we have

-\ P P . F|P
/B,,.g (17" < C/&. TEr +/B 1S; = 7%

ETS), @20 EIS)
<o [ e [ si-pg s oo [ i
B, B, B,

Step 3. Now we consider the case of a generic f € WP(B,, Ag). From the
Lipschitz approximation Theorem [£4] we find a sequence of Lipschitz functions fj
converging to f, dy.»(fr, f) — 0. Fix, now, an index k such that

(4.21) /B Gfi [P <1 /B DS and /B IDfilP <2 /B DfP,

and set f = fi, with the f, found in the previous step. With this choice, we
conclude
(4.22)

/Brg(f’f)” sc/Brg<f,fk>p+/Brg(fk,7k)p m’g“mm/ DfP.

™

Step 4. Using classical Sobolev embeddings, we prove (@I4) in the case of
M = B,. Indeed, since G(f, f) € WYP(B,), we conclude

@22 v
190D < 10U Dl = € (f, 10117)
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Step 5. Finally, we drop the hypothesis of M being a ball. Using the compact-
ness and connectedness of M, we cover M by finitely many domains A, ..., Ay
biLipschitz to a ball such that Ay N U;<,A; # (. This reduces the proof of the
general statement to that in the case M = AU B, where A and B are two domains
such that AN B # () and the Poincaré inequality is valid for both. Under these
assumptions, denoting by fa and fp two means for f over A and B, we estimate

G(far fo) = G(fa fB) < C][ G(fa 1) + C][ G(f, fa)"
A B

ANB
C I ANE
< (/Ml f|>

Therefore,

GUf, fa)? < /A G(f. fa) + /B G(f fa)?

AUB

< / G(f. fa)" +C / G(f. f5)” +CG(fa f5)" B
A B

o(f, )"

O

PROOF OF LEMMA We choose a point x € X and consider the Banach
space A := {f € Lip(X,R) : f(x) = 0} with the norm ||f||4 = Lip(f). Consider
the dual A" and let i : X — A’ be the mapping that to each y € X associates the
element [y] € A’ given by the linear functional [y](f) = f(y). First of all we claim
that 4 is an isometry, which amounts to prove the following identity:

(4.23)  d(zy) =|lly] - [Zllla = sup  [f(y) = f(2)| Va,yeX.
F(2)=0, Lip(f)<1

The inequality |f(y) — f(z)| < d(y, z) follows from the fact that Lip(f) = 1. On
the other hand, consider the function f(w) := d(w,y) — d(y,x). Then f(x) = 0,
Lip(f) = 1 and |£(y) — £(2)] = d(y, ).

Next, let C' be the subspace generated by finite linear combinations of elements
of i(X). Note that C' is separable and contains ¢(X): its closure in A’ is the desired
separable Banach space B. O

ProOF oF LEMMA [LT1l Fix 2z € B,. Clearly the restriction of f to any seg-
ment [z, z] is Lipschitz. Using Rademacher, it is easy to justify the following in-
equality for a.e. x:

(4.24) G(f(x), f(2)) < |a — 2] / IDf|(z + 1z — =) dt.
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Hence, one has

@ 1
/ G(f(x), f(2))? dz < / / & — 2P Df|(z + t(z — 2))? dt da
B,NdB,(z) B,NdBs(z) JO

1
§sp/ / 77| D f|(w)? dw dt
0 JB.noB..(2)

1
= sp+m1/0 /B I |w — z|*=™|D f|(w)? dw dt
rNOB¢s(z

(4.95) < 5P+m—2/ lw — 2| D f|(w)? duw.

I3

Integrating in s the inequality ([£28), we conclude ([@I7),

/ G(f (@), (2))? d < CrPHm=1 / fw — 2" D f| (w)? duo.
B,

B’V‘

O

4.3.2. Interpolation Lemma. We prove in this section Lemma (the
statement below is, in fact, slightly simpler: Lemma follows however from
elementary scaling arguments). In this case, the proof relies in an essential way
on the properties of Ag(R™) and we believe that generalizations are possible only
under some structural assumptions on the metric target.

LEMMA 4.12 (Interpolation Lemma). There exists a constant C' = C(m,n, Q)
with the following property. For any g, g € W42(0B1, Ag), there is h € Wh2(By \
Bi_., Ag) such that

h(x) = g(x), h((l—e)x)=g(x), forax e dBy,

and

Dir(h,B1 \ B1—.) < C {5 Dir(g,0B;) + e Dir(§,0B1) + ¢! G (g, g)z} .
PROOF. For the sake of clarity, we divide the proof into two steps: in the first
one we prove the lemma in a simplified geometry (two parallel hyperplanes instead
of two concentric spheres); then, we adapt the construction to the case of interest.
Step 1. Interpolation between parallel planes. We let A = [-1,1]™"} B =
A x [0,¢] and consider two functions g, § € W'2(A, Ag). We then want to find a
function h : B — Ag such that

(4.26) h(z,0) =g(z) and h(x,e)=g(x);

0B,

(4.27) Dir(h,B) < C <E Dir(g, A) 4 e Dir(g, A) + ! /A Q(g,§)2> ,

where the constant C' depends only on m, n and Q.

For every k € N, set Ay, = [-1 —k~!, 1+ k=)™~ and decompose Ay, in the
union of (k + 1)~ cubes {C’C’l}l:17...,(k+1)m—1 with disjoint interiors, side length
equal to 2/k and faces parallel to the coordinate hyperplanes. We denote by zy

their centers. Therefore, Cy; = x5 + [—%, %]mfl. Finally, we subdivide A into
the cubes {Dy}i—1, . pm—1 of side 2/k and having the points z; as vertices, (so

{Dy1} is the decomposition “dual” to {Cj ;}; see Figure [2I).

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



4.3. METRIC PROOFS OF THE MAIN THEOREMS II 63

__?E;i__

FIGURE 2. The cubes Cj; and Dy, ;.

On each Cj; take a mean gy ; of g on Cx; N A. On Ay we define the piecewise
constant functions g which takes the constant value Jj 1 On each Cy

_ . . _ C
gk =Gy, in Cyy, with / G(9,900)* < k_g/ |Dg|*.
Ck’lﬁA Ck,LﬂA

In an analogous way, we define §; from g and denote by gi; the corresponding
averages. Note that g — g and gx — g in L*(4, Ag).

We next define a Lipschitz function fi, : B — Ag. We set fi(x,,0) = gi,; and
Ji(xk,1,€) = gy We then use Theorem [[7] to extend fi on the 1-skeleton of the
cubical decomposition given by Dy ; x [0,¢]. We apply inductively Theorem [[7] to
extend fj to the j-skeletons.

If Vi, and Zj; denote, respectively, the set of vertices of Dy, ; x {0} and Dy, ; x
{e}, we then conclude that

(4.28) Lip(fk|p, x{ey) < CLip(filz,,) and Lip(frlp,,xf0y) < CLip(frlvy,)-

Let (2,,0) and (zx ;,0) be two adjacent vertices in Vj ;. Then,

G(fr(2h,0), fr(zr,0))* = g(gk(xk,i)agk(l'k,j»Q:]Z G(gr(@h), g (zh,5))?
Ck,iﬂck,jﬂA
<C g(gk,ivg)z +C g(g7§k:7j)2
Ck,inA Ck,JﬁA
(4.29) < L/ Dyl
' - km/"rl C;‘,JUC)CJ‘ g

In the same way, if (xy;,€) and (xy j,€) are two adjacent vertices in Z, ;, then

C ~
G(fr(zhire), fu(n.€))® < kmﬂ/ |Dg|*.
Ck,iUCk,;

Finally, for (zy4,0) and (z,¢€), we have

g(fk(xk,iao),fk(xk,i,s))z = G(ghi» i)’ SJ[ G gk, Gr)°-

CkyiﬁA
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Hence, if {Cy o }a=1,. 2m-1 are all the cubes intersecting Dy ;, we conclude that the
Lipschitz constant of fi in Dy ; x [0,¢] is bounded in the following way:

. C _ _ _
Liv(fulpusioa)* < oy | (Dol + 1D +720(a150)°).
UaCk,a

Observe that each C} , intersects at most N cubes Dy ;, for some dimensional
constant N. Thus, summing over [, we conclude

(4.30) Dir(fk,Ax[ae])sc(e [ 1pak < [ 103+t | g(gk,gkf).

Next, having fixed Dy, ;, consider one of its vertices, say «’. By [@28) and ([@29),
we conclude

C
max G(/i(w.0), (a0 < s [ IDglP
Uoch,a

yEDgk 1

For any € Dy, gix(z) is equal to fi(z’,0) for some vertex 2’ € Dy ;. Thus, we
can estimate

(4.31) /A G, 0), 04 (2)* do < /A Dgl?.

Recalling that g, — ¢ in L2, we conclude, therefore, that fi(-,0) converges to g. A
similar conclusion can be inferred for fi(,€).

Finally, from ([30) and @.31), we conclude a uniform bound on ||| fx|||z2(p)-
Using the compactness of the embedding W12 C L?, we conclude the existence of
a subsequence converging strongly in L? to a function h € W12(B). Obviously, h
satisfies ([@27)). We now want to show that (£26]) holds.

Let § €]0,¢[ and assume that fx(-,d) — f(-,6) in L? (which in fact holds for
a.e. 0). Then, a standard argument shows that

[ 6t @.5).9t) da = Jim [ G5u(o.8). 0100 d

< timsup 31D il ) < 5.

Clearly, this implies that f(-,0) = ¢g. An analogous computation shows f(-,¢) = g.

Step 2. Interpolation between two spherical shells. In what follows, we denote
by D the closed (m — 1)-dimensional ball and assume that ¢ : D — 9By N{x,, >
0} is a diffeomorphism. Define ¢_ : D — 9By N {z,, < 0} by simply setting
¢_(x) = —¢4(x). Next, let ¢ : A — D be a biLipschitz homeomorphism, where A
is the set in Step 1, and set

pr=0¢r0¢, grr=gops+ and gr+ =gops.

Consider the Lipschitz approximating functions constructed in Step 1, fr 4+ @ A X
[0,e] — Ag interpolating between gy + and gy, —.

Next, to construct fi,_, we use again the cell decomposition of Step 1. We fol-
low the same procedure to attribute the values fi —(z%,,0) and fi — (2, €) on the
vertices x; & 0A. We instead set fi,—(251,0) = fi+(2k1,0) and fi (2 ,€) =
Jie+ (g1, €) when x; € OA. Finally, when using Theorem [[.7] as in Step 1, we take
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care to set fi 4 = fr,— on the skeletons lying in A and we define

fulw) = Fra (@i (@/lz]), 1= |2]) if 2 >0
fro— (=" (@/|z]),1 = |z|) if 2 0.

Then, f is a Lipschitz map. We want to use the estimates of Step 1 in order
to conclude the existence of a sequence converging to a function i which satisfies
the requirements of the proposition. This is straightforward on {z,, > 0}. On
{zm < 0} we just have to control the estimates of Step 1 for vertices lying on 0A.
Fix a vertex xy,; € 0A.

In the procedure of Step 1, f —(zx,,0) and fi —(zk,¢) are defined by taking
the averages hj; and iLkJ for goy_ and goy_ on the cell C ;N A. In the procedure
specified above the values of fi, _(z1,,0) and fi, — (2, €) are given by the averages
of go w4 and go ¢, which we denote by g;; and gi;. However, we can estimate
the difference in the following way

C
|9k — hia] < —/ |Dgl?,
km+2 Ek,l

where Ej,; is a suitable cell in 9B containing ¢4 (Cy ;) and ¢_(Cy,). Since these
two cells have a face in common and ¢4 are biLipschitz homeomorphisms, we can
estimate the diameter of Ej; with C/k (see Figure [B). Therefore the estimates

(#30) and (@31 proved in Step 1 hold with (possibly) worse constants. O
P+ A
o

FIGURE 3. The maps ¢+ and the cells Ey ;.
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CHAPTER 5

The improved estimate of the singular set
in 2 dimensions

In this final part of the paper we prove Theorem The first section gives
a more stringent description of 2-d tangent functions to Dir-minimizing functions.
The second section uses a comparison argument to show a certain rate of con-
vergence for the frequency function of f. This rate implies the uniqueness of the
tangent function. In Section [5.3] we use this uniqueness to get a better description
of a Dir-minimizing functions around a singular point: an induction argument on
Q yields finally Theorem

Throughout the rest of the paper we use the notation introduced in Remark
[B.I1 and sometimes use (r,6) in place of re®.

5.1. Characterization of 2-d tangent ()-valued functions
In this section we analyze further Dir-minimizing functions f : D — Ag(R")
which are homogeneous, that is
(5.1) f(r,0) =r*g(f) for some a > 0.
Recall that, for T =", [T;] we denote by n(T') the center of mass Q= >, T;.
PROPOSITION 5.1. Let f: D — Ag(R™) be a nontrivial, a-homogeneous func-
tion which is Dir-minimizing. Assume in addition that no f = 0. Then,

(a) a= g—i € Q, with MCD (n*,Q*) = 1;
(b) there exist (R-)linear maps L; : C — R™ and k; € N such that

(52 f@)=klo]+> ks > [ ] = ko lo] + PRAGIOIE

2@ =z
J>1andk; > 1 forallj > 1. If Q* > 1 or kg > 0, each L; is injective.

If Q" =1, either J > 2 or ko > 0.
(¢) For anyi# j and any x # 0, the supports of fi(x) and f;(x) are disjoint.

ProOOF. Let f be a homogeneous Dir-minimizing @-valued function. We de-
compose g = f|s into irreducible W12 pieces as described in Proposition
Hence, we can write g(z) = ko [0] + ijl k;j [g;(z)], where

(i) ko might vanish, while k; > 0 for every j > 0,
(ii) the g;’s are all distinct, Q;-valued irreducible W' maps such that g;(z) #
Q; [0] for some z € S*.

67
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By the characterization of irreducible pieces, there are W2 maps v St — R®
such that

(5.3) gi(@) = > [y

2Qi=¢
Recalling (5], we extend ; to a function §; on the disk by setting §;(r,6) =
r®Qi~y; () and we conclude that

J J
fl@)=ko[0]+> D [8(] = ko [0] + Y k; [fi(@)].
J=1,Q5 _, Jj=1
It follows that each f; is an a-homogeneous, Dir-minimizing function which
assumes values different from @ [0] somewhere. By Lemma BI2] §; is neces-
sarily a Dir-minimizing R"-valued function. Since §; is (a@Q;)-homogeneous, its
coordinates must be homogeneous harmonic polynomials. Moreover, 3; does not
vanish identically. Therefore, we conclude that n; = «a@Q); is a positive integer.
Thus, the components of each 3; are linear combinations of the harmonic functions
(r,0) — r™ cos(n;0) and (r,0) — 7" sin(n;0). It follows that there are (nonzero)
R-linear maps L; : C — R" such that §;(z) = L; - 2™,
Next, let n* and Q* be the two positive integers determined by o = n*/Q* and
MCD (n*,Q*) = 1. Since n;/Q; = o = n*/Q*, we necessarily have Q; = m;Q* for
some integer m; = :—’ > 1. Hence,

@)= > L]

2R =
However, if m; > 1, then supp (g;) = Q* # @Q;, so that g; would not be irreducible.
Therefore, Q; = Q* for every j.

Next, since Dir(f,D) > 0, J > 1. f @* = 1, J = 1 and kg = 0, then
f=Q][f1] and f; is an R™-valued function. But then f; = no f = 0, contradicting
Dir(f,D) > 0. Moreover, again using the irreducibility of g;, for all z € S', the
points

L; 2" with 29 =2

are all distinct. This implies that L; is injective if Q* > 1. Indeed, assume by
contradiction that L; - v = 0 for some v # 0. Without loss of generality, we can
assume that v = e;. Let z = /" € S| with §/Q* = 7/2 — 7/Q*, and let us
consider the set

R:={z" eS': 29 =g} = {!0F270)/Q7}
Therefore wy = /9" and wy = H0T2M)/Q" — (im=i10/Q" 4re two distinct elements
of R. However, it is easy to see that wi — wg = 2cos(6/Q*)eq. Therefore, Ljw; =
L ;wo, which is a contradiction. This shows that L; is injective.

Finally, we argue by contradiction for (c¢). If (c) were false, up to rotation of
the plane and relabeling of the g;’s, we assume that supp (¢1(0)) and supp (g2(0))
have a point P in common. We can, then, choose the functions v; and 2 of (53)
so that

71(0) = 71(2m) = 72(0) = 12(27) = P.
We then define £ : D — R” in the following way:

[ e ) 007
&(r,0) _{ r2eQ7 ~y(20) if 0 € [r, 2.
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Then, it is immediate to verify that

(5-4) [A@]+ @)= > G-

22Q% =g

Therefore, f can be decomposed as

f@)= Y KM kol0] + (k= 1) [fi(@)] + (k2 = 1) [fa(@)] + Y ks [fi(@)]

22Q% =g jzJ

It turns out that the map in (54)) is a Dir-minimizing function, and, hence, that ¢ is
a (2 aQ*)-homogeneous Dir-minimizing function. Since 2 Q* = 2n* we conclude
the existence of a linear L : C — R"™ such that

h@l+ @l = Y [r2]=2 % [p=].
22Q% =g 2Q% =¢
Hence, for any z € S!, the cardinality of the support of [g1(z)] + [g2(z)] is at
most Q*. Since each g; is irreducible, the cardinality of the support of [g;(z)] is
everywhere exactly Q*. We conclude thus that g1 (z) = g2(x) for every x, which is
a contradiction to assumption (ii) in our decomposition. Arguing analogously we
conclude that each Lj is injective when Q* = 1 and ko > 0. (]

5.2. Uniqueness of 2-d tangent functions

The key point of this section is the rate of convergence for the frequency func-
tion, as stated in Proposition We use here the functions Hy ¢, D, 5 and I ¢
introduced in Definition and drop the subscripts when f is clear from the
context and = = 0.

PROPOSITION 5.2. Let f € W2(D, Ag) be Dir-minimizing, with Dir(f,D) > 0
and set a = Iy y(0) = I(0). Then, there exist constants v > 0, C > 0, Hy > 0 and
Do > 0 such that, for every 0 <r <1,

(5.5) 0<I(r)—a<Cr?,

(5.6) 0< % = l: gz)

Hy<Cr” and 0<

- D() < Cr7.
The proof of this result follows computations similar to those of [Cha88|. A
simple corollary of (5H) and (56) is the uniqueness of tangent functions.

THEOREM 5.3. Let f: D — Ag(R™) be a Dir-minimizing Q-valued functions,
with Dir(f,D) > 0 and f(0) = Q [0]. Then, there exists a unique tangent map g to
[ at 0 (i.e. the maps fo,, defined in BLI) converge locally uniformly to g).

In the first subsection we prove Theorem assuming Proposition [(£.2] which
will be then proved in the second subsection.
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5.2.1. Proof of Theorem [5.3l Set a = I ¢(0) and note that, by Theorem
and Proposition B2l o« = Do/Hy > 0, where Dy and Hy are as in (B.0]).

dtde.

(5.8) (r—

0

Without loss of generality, we might assume Dy = 1. So, by (&.0]), recalling the
(5.7) folr,0) = 0 f(ro,0) (1+ 0(a"/?)).
Our goal is to show the existence of a limit function (in the uniform topology) for
for the functions h,(r,0) = 0 fo(r 0,0). Since h,(r,8) = r*h, ,(1,6), it suffices to
prove the existence of a uniform limit for h,y|s:. On the other hand, the family of
[B2). Therefore, the existence of an uniform limit is equivalent to the existence of
an L? limit.
27 27 27 2
0 f(s,0)
0 s 0 s |dt ta
2w 2
Ja (% )
a.e. . Using the chain rule in Proposition and the variation formulas (B.0]),
B20) in Proposition B2 we estimate (B.8]) in the following way:
H(t D'(t D(t
mm(_s)/{a2 ) D _, ()}dt
"1 /Dpw)Y . H() D(t)
= (T_S)/S {% ( 12a ) T o es ~ Y mara (U
"1 /D) H(t)
=(r— s)/9 {ﬂ ( 20 ) +a 5 3t (v —Top(t)) pdt
where the last inequality follows from the monotonicity of the frequency function,
which implies, in particular, that o < I ;(t) for every t. Integrating by parts the
2m
1 [/ D(r) 1 ([ D(s)
By hs)® < (1 —s) | — — Do) — — -D
0 G Jsr=s) {27‘(7‘2‘JK 0) 25(520‘ o)
"1 [(D(t)
+(7’—s)/S BYe) < 20 —D0>.

definition of blow-up f,, it follows that
the blow-up f,. From (5.7), it is enough to show the existence of a uniform limit
functions {h,},>0 is equi-Holder (cp. with Theorem B19 and (5.6]) in Proposition
So, we counsider r/2 < s < r and estimate
This computation can be easﬂy Justlﬁed because 7+ f(r,0) is a W2 function for
2m 2 2 2
2 |fil |aufi| (Oufi, fi)
g(hr,h 7“—8/ / Z{ t20‘+2 t20¢ —QQW
t2a+3 2 t2a+1 a t2a+2
"1 /D)’ "1 (D(t) !
(59) S(T—S)/S §< 12a ) dt:(T—S)/S E 12a —DO dt
last integral of (B.9]), we get
Recalling that 0 < D(r)/r?® — Dy < Cr? and s = r/2 we estimate

Y
22— s ot

2m T
(5.10) G he)? < C™ 4 - 5) [

0
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Let now s < r and choose L € N such that r/2L71 < s < r/2L. Tterating (E10),
we reach

1G (P, )l 2 < ZIIG vyt hegores) || g2 4 (1G (Brjoes hs) | 2

2
r/ 7 < Cr/?.

Mh\

e 27/2

This shows that h,|s: is a Cauchy sequence in L? and, hence, concludes the proof.

5.2.2. Proof of Proposition The key of the proof is the following esti-
mate:

(5.11) I'(r)Z%(a—i—’y—I(T))(I—a).

We will prove (5I1) in a second step. First we show how to conclude the various
statements of the proposition.

Step 1. ([EII)= Proposition B2 Since I is monotone nondecreasing (as
proved in Theorem [B.15]), there exists 79 > 0 such that .+~ —I(r) > /2 for every
r < rg. Therefore,

(5.12) r'(r) > % (I(r)—a) Vr<mr.

Integrating the differential inequality (B12]), we get the desired conclusion:
r\7
I(r)—a< <—> (I(ro) —a)=0Cr".
To
From the computation of H' in ([B:46), we deduce easily that

(5.13) @@y_@@.

r r
This implies the following identity:

H(r)\' H(r !
<log 7‘2‘5*)1) = (log —i ) — logrza)

- H7(ar) (Hi"))l _ 276“ = %(I(r) —a) >0,

(5.14)

So, in particular, we infer the monotonicity of log % and, hence, of % We

can, therefore, integrate (5I4) and use (5) in order to achieve that, for 0 < s <
r <1 and for a suitable constant C, the function

70"{ ’I’"Y
log —H(T) —Cyr7 =log <7H(T) ¢ >

r2a+l r2a+1

is decreasing. So, we conclude the existence of the following limits:

. H(r)e % al . H(r)
P et = gy = Ho >0,
with the bounds, for r small enough,
H{(r)

,r.20¢+1

H(r)e &’

T2a+1

1-Cr) < < Hp <
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This easily concludes the first half of (56). The rest of (5.6) follows from the
following identity:

[:gz) — Dy = (I(r) — Io) 5(52 + 1o <g§2 - Ho> .

Indeed, both addendum are positive and bounded by C'r7.

Step 2. Proof of (BI0]). Recalling the computation in (347), (I1) is equiva-
lent to ,
rD'(r)  2I(r) 2
_ > = — I(r)) (I(r) —
H(r) s = (ot =1I(r) (I(r) —a),

which, in turn, reduces to

=

rD'(r)  ala+~v)H(r
(5.15) (20 +7) D(r) < 2( ) 4 o :) (r)
To prove (B13]), we exploit once again the harmonic competitor constructed in the
proof of the Holder regularity for the planar case in Proposition BI0l Let r > 0 be
a fixed radius and f(re?) = g(0) = ijl [g;(8)] be an irreducible decomposition

as in Proposition For each irreducible g;, we find v; € WH2(S!,R") and Q;

such that o
w-$h (4]
J

i=1
We write now the different quantities in (510 in terms of the Fourier coefficients
of the v;’s. To this aim, consider the Fourier expansions of the «;’s,

+oo
v;(0) = a;—’o + ZTl{aj,l cos(10) + bj;sin(16)},
1=1

and their harmonic extensions

+oo
a; .
Gilo,0) = %0 + Z gl{ajyl cos(16) + bj;sin(16)}.

1=1
Recalling Lemma we infer the following equalities:
(5.16)
. 2 Dir(y;,rSth) r2l=172
D'(r) :2ZD1r(gj,rSl) :ZTJJ =27TZZ a (ail—i-b?’l)a
J J j o1
(5.17)

2
2 2 rajo
#o =Y [ 1o =30 [ == :Qj{—; F3 M (a, +b?7z)}-
i rSt i rSt F; 1
Finally, using the minimality of f,

(5.18) D(r) < Dir(¢, B,) =7y Y r*i(a?, +52,).
j il

We deduce from (5I6), (517) and (GI8) that, to prove (BI5), it is enough to find
a -y such that

l2
2a+7v) 1< 0 +a(a+7v)Q,, foreveryl e N and every @,
J
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which, in turn, is equivalent to

(5.19) 7Q; (1 —aQ)) < (I-a@y)*

Note that the @;’s depend on r, the radius we fixed. However, they are always
natural numbers less or equal than @Q. It is, hence, easy to verify that the following

~y satisfies (B19):
. lak]+1—ak
(5.20) y= Din, {# .

5.3. The singularities of 2-d Dir-minimizing functions are isolated

We are finally ready to prove Theorem [0.12

PrOOF OF THEOREM [0.I2l Our aim is to prove that, if f : Q — Ag is Dir-
minimizing, then the singular points of f are isolated. The proof is by induction
on the number of values Q. The basic step of the induction procedure, Q = 1, is
clearly trivial, since ¥ = (). Now, we assume that the claim is true for any Q' < Q
and we will show that it holds for @ as well.

So, we fix f:R? D Q — Ag Dir-minimizing. Since the function f — Q[no f]
is still Dir-minimizing and has the same singular set as f (notations as in Lemma
[B23)), it is not restrictive to assume no f = 0.

Next, let X f = {z : f(z) = Q[0]} and recall that, by the proof of Theorem
[CTT] either Xy = Q or Xq s consists of isolated points. Assuming to be in the
latter case, on Q \ g r, we can locally decompose f as the sum of a Qq-valued
and a @o-valued Dir-minimizing function with @1, Q2 < Q). We can therefore use
the inductive hypothesis to conclude that the points of £; \ ¢ ; are isolated. It
remains to show that no « € X¢ 5 is the limit of a sequence of points in X\ Xg ;.

Fix o € Yg,r. Without loss of generality, we may assume xo = 0. Note that
0 € Xq,5 implies D(r) > 0 for every r such that B, C Q. Let g be the tangent
function to f in 0 . By the characterization in Proposition Bl we have

J
g=Fko[0] +> kilgs] = k;[g;] .0
Jj=1 J
where the g;’s are Q*-valued functions satisfying (a)-(c) of Proposition Bl (in
particular o« = n*/Q* is the frequency in 0). So, we are necessarily in one of the
following cases:

(i) max{ko,J —1} > 0;
(ii)) J =1, ko =0and k1 < Q.
If case (i) holds, we define

d. .
(5.21) d; = QIJIéISI} dist (supp (gi(x)),supp (gj(z))) and &= 121;1? ZJ.

By Proposition [51(c), we have € > 0. From the uniform convergence of the blow-
ups to g, there exists ro > 0 such that

(5.22) G(f(x),g(x)) <elz|* forevery |z| < ro.

1Here we use the convention that the index j runs from 0 to J only if ko > 0. Otherwise the
index runs from 1 to J.
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The choice of ¢ in (52I)) and (5.22]) easily implies the existence of f;, with j €
{0,...,J}, such that fo is a W'? kp-valued function, each f; is a W2 (k; Q*)-
valued function for j > 0, and

J
(5.23) fl., =Y 5]
j=0

It follows that each f; is a Dir-minimizing function. The sum (G.23) contains at

least two terms: so each f; take less than () values and we can use our inductive

hypothesis to conclude that Xy N B,, = r ¥s, N By, consists of isolated points.
If case (ii) holds, then kQ* = @, with k < @, and g is of the form

g(x) = Z k [[Lw"*]],

2Q" =z
where L is injective. In this case, set

. .
d(r) := min |L-21 —L-z25 |
. on
20" =287 s za, 2| =rt/Q”
1 2

Note that

d(r)=cr® and max dist(supp (f(x)),supp (g(:b))) = o(r?).

jo|=r

This implies the existence of r > 0 and ¢ € C(B,, Ax(R™)) such that

fl)y= Y K& for|z| <.

2@ =z

Set p = r?". If 2 # B, \ 0 and 0 < min{|z|,p — |2|}, then obviously ¢ €
Wh2(B,(z)). Thus, ¢ € Wh2?(B,\ B,) for every o > 0. On the other hand, after
the same computations as in Lemma 312 it is easy to show that Dir((, B, \ B,) is
bounded independently of 0. We conclude that ¢ € W12(B, \ {0}). This implies
that ¢ € W172(Bp) (see below) and hence we can apply the same arguments of
Lemma to show that ¢ is Dir-minimizing. Therefore, by inductive hypothe-
sis, ¢ consists of isolated points. So, ( is necessarily regular in a punctured disk
B,(0) \ {0}, which implies the regularity of f in the punctured disk Bji/q+ \ {0}.

For the reader’s convenience, we give a short proof of the claim ¢ € WLQ(BP).
This is in fact a consequence of the identity W?(B,\{0}) = W'2(B,) for classical
Sobolev spaces, a byproduct of the fact that 2-capacity of a single point in the plain
is finite.

Indeed, we claim that, for every T € Ai(R"™), the function hy := G(¢,T)
belongs to W12(B,). Fix a test function ¢ € C°(B,) and denote by A’ the
distributional derivative 0, hr in B, \ {0}. For every o € (0, p) let ¢, € C°(B,)
be a cutoff function with the properties:

(1) 0< ¢y <15
(ii) [|Dy]|co < Co~t, where C is a geometric constant independent of o.
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5.3. THE SINGULARITIES OF 2-D Dir-MINIMIZING FUNCTIONS ARE ISOLATED 75
Then,
/hTam,;so - /hTam,;«owa) +/hTam,;<<1 ) )

_ /B hTamwg)—/Ai((l—wg)so).

N———
(I) (I1)

Letting o | 0, (II) converges to [ A’p. As for (I), we estimate it as follows:

(D] <10z, (@ ¥o)llL2(B,) IhTl L2(8B,)-
By the absolute continuity of the integral, ||hr|/z2(5,) — 0 as o | 0. On the
other hand, we have the pointwise inequality 9., (¢ 1¥,)| < C(1 + o~ 1). Therefore,
102, (¢ %o)llz2(B,) is bounded independently of o. This shows that (I) | 0 and
hence we conclude the identity [ hz 9, = — [ Alp. Thus, A is the distributional
derivative of hp in B,,. O

REMARK 5.4. Theorem is optimal. There are Dir-minimizing functions
for which the singular set is not empty. Any holomorphic varieties which can be
written as graph of a multi-valued function is Dir-minimizing. For example, the
function

D>z~ [[z%]l + [[—z%]] € Ay(RY),
whose graph is the complex variety ¥ = {(z,w) € C? : |z| < 1, w? = 2}, is an
example of a Dir-minimizing function with a singular point in the origin. A proof of
this result is contained in [AIm0O0]. The question will be addressed also in [Spa09].
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