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Abstract. We construct minimal m-dimensional immersions in Rm+1, equipped with a Cm−1,α metric,
α ∈ [0, 1), with a sequence of catenoidal necks or floating disks converging to an isolated, multiplicity 2,

singular flat point.

1. Introduction

After the celebrated work of Allard [1] on the interior singular set of stationary integral varifolds, the
question of its optimal dimension and structure has attracted a lot of attention in the last 50 years, see for
instance [2, 4, 6, 5, 8, 11, 12, 13, 14, 15, 17]. In particular, as an outcome of these works, it is clear that
the main obstruction to a proof of a bound on the size of the singular set for stationary integral varifolds
is the possible presence of topology on the smooth part of the varifold accumulating to flat singularities1.
The aim of this short note is to confirm that this scenario does indeed happen, by proving the following two
statements.

Theorem 1.1. Fore every α ∈ [0, 1), there exists a metric g ∈ Cm−1,α(Rm+1) and an m-dimensional integral
current T in Rm+1, stationary with respect to g, such that

(1) T = JΣK for a minimal immersed surface Σ in B1(0) \ {0};
(2) the varifold tangent cone to Σ at 0 is 2 JRm × {0}K;
(3) the genus of Σ ∩Br(0) \ {0} is infinite for every r > 0.

Theorem 1.2. For every α ∈ [0, 1), there exist:

(a) a metric g ∈ Cm−1,α(Rm+1);
(b) an m-dimensional integral varifold V in Rm+1, stationary with respect to g,
(c) a sequence of pairwise disjoint embeddings γk of Sm−1,
(d) and an immersed stable minimal surface Σ in B1(0) \ (

⋃
k γk ∪ {0}),

such that V = Σ and

(1) γk accumulates towards the origin and
∑

k Hm−1(γk) <∞;
(2) the tangent cone to V at 0 is 2 JRm × {0}K;
(3) for every k there is a neighborhood of γk in which Σ consists of three connected components meeting

at γk with equal angles.

Note that in both cases the metric is at least C2 when m ≥ 3, but it is instead just C1,α for m = 2:
indeed we are not able to control the Ricci curvature around the origin. This is likely only a limitation of
our method of proof and the metric in our specific example is however not too pathological: it is smooth
outside the origin, geodesically complete, and the geodesics spray is unique also at the origin.

Moreover, a famous open problem is whether there exists an example as in Theorem 1.1 in which Σ is an
embedded minimal surface. Our method can be adapted to prove embeddedness of Σ if the codimension of
the surface is at least 2.

The surface Σ of Theorem 1.2 satisfies the assumptions of the recent beautiful work [3] of Bellettini2 in the
open set B1(0)\(

⋃
k γk∪{0}). In [3] the author proves that, if Σ is a stable immersion outside a set with finite

Hn−2 measure3, then it is locally the union of finitely many minimal graphs: Theorem 1.2 shows therefore

Date: August 2025.
1The analogous issue for stationary varifolds which are stable on the regular part is the accumulation of classical, non

immersed, singularities to a singular flat point.
2Strictly speaking the work [3] assumes g to be the Euclidean metric, but it is clear that the “pure PDE” approach od the

work goes through with some appropriate amount of regularity for the metric g.
3The optimal assumption in [3] actually that the singular set has zero 2-capacity in Σ
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that Hn−1-finiteness would not be enough. The example in Theorem 1.2 is in fact a current mod 3 which
is locally area-minimizing outside of the origin, in the sense that for every point p ̸= 0 there is a an open
neighborhood Up such that T Up is area-minimizing mod 34. However it is certainly not area-minimizing
in any neighborhood of 0 given that the density at 0 is 2.

Besides the optimality of the results in [3], our interest in Theorem 1.1 comes from the famous long-
standing problem of improving Allard’s interior regularity theorem (cf. [1]) and the recent results [2, 13] in
that direction. In particular in the recent work [13], the second and third authors show that a stationary
hypercurrent with density everywhere < 3 is a classically embedded minimal surface outside of a set of
Hm-measure zero. In the proof, a crucial step is to show that around every point where the varifold tangent
and the current tangent are a double copy of a plane, the current is the union of two minimal graphs (with
possible intersections, hence an immersed minimal surface). One might wonder whether just requiring that
the varifold tangent is a double copy of a plane, the same conclusion would hold: Theorem 1.1 provides a
negative answer. The work [2] proves that, if the topology of the multiplicity 1 part of a stationary varifold
V around a multiplicity 2 point p is trivial in an appropriate sense, then the stationary varifold is the union
of two minimal graphs in a neighborhood of p: again Theorem 1.1 gives an example where the conclusion is
invalid without the topological assumption.

1.1. Strategy of the proof. The overall idea of the argument for Theorem 1.1 is that it is possible to
insert (through an appropriate “surgery”) an infinite sequence of catenoidal necks connecting two Euclidan
minimal graphs which are tangent to each other at the origin and then perturb suitably the metric to make
the example a stationary varifold: if the order of contact of the two surfaces is high enough and the necks
are scaled appropriately, the resulting metric is actually more regular than one would expect. The regularity
of the metric is better in higher dimensions because the “ends” of the catenoids become flatter at a faster
rate as the dimension increases, cf. Remark 2.1. The idea of the second theorem is similar, but rather than
inserting catenoidal necks we insert “floating disks”, see Section 2 for the precise description. The floating
disks are in fact the union of two catenoids and a disk meeting in a common round sphere at equal angles,
and their regular part is stable. Since the object has the same ends of the classical catenoid, the overall
qualitative behavior of this model is indeed the same and the argument for Theorem 1.2 is therefore rather
similar. In order to prove the stability of the regular part of Σ in Theorem 1.2, our construction will not
only produce a metric with respect to which Σ is stationary, but it will also produce a calibration form in a
horned tubular neighborhood of the regular part of Σ.

1.2. Notation. Throughout the paper we will use classical notion in geometric measure theory, see e.g. [16].
Moreover:

• Br(p) will denote the ball of radius r and center p in Rm+1;
• Br(p) will denote the m-dimensional disk Br(p) ∩ {xm+1 = 0}, where it is implicitly assumed that
p ∈ {xm+1 = 0};

• Cr(p) will denote the cylinder with base Br(p) and vertical axis {(0, ..., 0, λ) : λ ∈ R}; the point p
will be omitted if it is the origin;

• Gu will denote the current induced by the graph of a Lipschitz function u (in fact the function will
typically be regular).

1.3. Acknowledgments. “The research of the first author has been supported by the Simons Foundation
through the Simons Initiative on the Geometry of Flows (Grant Award ID BD-Targeted-00017375, UB). The
third author is grateful for the support of the NSF Career Grant DMS-2044954.

2. the models

In this section we describe, the three models: the “base model” consisting of the union of two suitable
minimal graphs, and the two “local models” for the surgeries. In all three cases we will first present the
two-dimensional models and then the higher-dimensional versions.

4This property follows from a simple modification of the argument given in [10, Proof of Proposition 1.8].
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2.1. The base in m = 2. Let N ∈ N large be fixed and consider the “Weierstrass” data

C ∋ z 7→ ϕ(z) =

(
NzN−1,

1

2
(1− h(z)),

i

2
(1 + h(z))

)
.

where the holomorphic function h is chosen such that ϕ2 = 0, i.e. 2h(z) = N2z2N−2. The associated minimal
surface ΣN is given by the image of

X(z) = ℜ
(ˆ z

ϕ(z) dz

)
= ℜ

((
zN ,

1

2

(
z − N2

4N − 2
z2N−1

)
,
i

2

(
z +

N2

4N − 2
z2N−1

)))
=

(
rN cos(Nθ), z + ψ(z)

)
for some smooth harmonic function ψ(z) satisfying |z||∇ψ|+ |ψ| ≲ |z|2N−1 . This implies that JΣN ∩C1K =
Gu for some (real analytic) function u satisfying

|u(z)−ℜ
(
zN

)
|+ r|∂zu− zN−1| ≲ |z|2N . (2.1)

Consider the reflection s through the hyperplane {ym+1 = 0}, i.e. s(y) = y − 2ym+1em+1. Our base model
will then be the current

ΓN := JGuK + s♯ JGuK .
in the case of Theorem 1 and

JGuK − s♯ JGuK
in the case of Theorem 1.2.

Notice that the support of ΓN is the union of the graphs of u and −u, in particular it is an immersed
surface. Moreover ΓN has a flat singular point at 0, where its varifold tangent cone is 2 Jπ0K, and has classical
singularities along 2N half-lines, that is on the set where u = 0. Note moreover that the map s reverses
orientation, in particular at the point 0 the two currents JGuK and s♯ JGuK have tangent planes with same
support and opposite orientation: the “current” tangent to ΓN is therefore the trivial current 0.

2.2. The base in m > 2. In the casem > 2 we have two possibilities. One is to just take the two dimensional
model and cross it with some Rm−2, more precisely we could consider them-dimensional current T = ΓN×JπK
for the oriented plane π = {x : x1 = x2 = xm+1 = 0}. We note that we still have that T is the immersion
of two graphs, i.e. T = JGuK + s♯ JGuK, where we have extended the function u constantly along Rm−2.
The difference to the two dimensional case is that the intersection of the two graphs is not transversal along
{0} × Rm−2 ⊂ Rm+1.

To obtain a model JGuK+ s♯ JGuK with only transversal intersections outside the origin, we would like to
find a solution u to the minimal surface equation that is modeled on a N -homogeneous harmonic polynomial
hN , with ∇hN (y) ̸= 0 for all y ̸= 0. To find such a polynomial in three dimensions we can make use of the
spherical harmonics and take for instance hN = |x|l(l+1)Y 0

l (
x
|x| ). Since Y

0
l (θ, φ) is φ invariant, i.e. ∂φY

0
l = 0,

we deduce that the nodal domains of Y 0
l are φ-invariant and so the connected components of {Y 0

l > 0} and
{Y 0

l < 0} alternate. Hence the Hopf-maximum principle implies that ∇Y 0
l ̸= 0 on the level sets {Y 0

l = 0}.
Hence JGhN

K + s♯ JGhN
K has only transversal intersections.

It remains to show that for any N -homogeneous harmonic polynomial there is a solution u to the minimal

surface equations such that limr↓0
u(ry)
rN

= hN (y). This can be achieved either following the arguments

of [7, Theorem 1.1, Corollary 1.2] or as follows. Let A(∇u) : D2u =
(
I − ∇u⊗∇u

1+|∇u|2

)
: D2u be the minimal

surface operator. Since p 7→ A(p) is analytic we can appeal to the Cauchy–Kovalevskaya theorem to find a
solution u to A(∇u) : D2u = 0 in a neighborhood of {xm+1 = 0} ∩ B1 with u = hN , ∂m+1u = ∂m+1hN on

{ym+1 = 0} ∩ B1. We claim that limr↓0
u(ry)
rN

= hN (y). Since u is analytic with ∇u(0) = 0 there is k > 1

such that limr↓0
u(ry)
rL

= k(y) for some non-trivial homogeneous harmonic function k. We must have L ≤ N

since on {ym+1 = 0} we have u(ry)
rL

= hN (ry)
rL

and the right hand side would blow up as r ↓ 0. If L < N then

we would deduce from u(ry)
rL

= hN (ry)
rL

, ∂m+1
u(ry)
rL

= ∂m+1
hN (ry)

rL
on {ym+1 = 0}, that k = 0 and ∂m+1k = 0

on {ym+1 = 0}. This implies that k ≡ 0, contradicting the non-triviality of k. We thus conclude that L = N ,
and so we obtain on {ym+1 = 0}

k(y) = lim
r↓0

u(ry)

rL
= hN (y), ∂m+1k(y) = lim

r↓0
∂m+1

u(ry)

rL
= ∂m+1hN (y) .
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Since hN and k are harmonic this implies hN = k.

2.3. The catenoid in m = 2. The upper half of the catenoid is given by the graph of c(z) = cosh−1(|z|)
over the annulus Bc

1 ⊂ R2. We will use the notation Cat for the current induced by it, assuming that the
orientation is fixed so that the oriented tangents of the upper part of the catenoid converge to the positive
orientation of the plane {xn+1 = 0} at infinity. We denote the scaled version by cρ(z) = ρ c(z/ρ) having a
neck of diameter ρ. Given a hight H < HR there are precisely two catenoids with height H at radius R: one
stable and one unstable. They are characterized by the two solutions to

cosh−1 (R/ρ) = H/ρ

They can be estimated as follows: we substitute H
ρ = x and set f(x) = cosh(x)

x , so that the above equation

reads f(x) = R/H. Hence, estimating the solutions for ρ reduces to estimating the “inverse” to f . Firstly,
we note that f ′(x) < 0 for x < xmin and f ′(x) > 0 for x > xmin ≈ 1.2, characterized by xmin sinh(xmin) =
cosh(xmin). Thus, f has a unique minimum in f(xmin) = sinh(xmin) and so f(x) = y has precisely two
solutions for y > sinh(xmin). Now we may define

g(y) = ln(2y) + ln(ln(2y)) ≤ ln(2y) + ln(2 ln(2y)) = h(y) .

Observe that for sufficient large y

f(g(y))

y
− 1 =

2y ln(2y) + (2y ln(2y))−1

2yg(y)
− 1 = −2y ln(ln(y))− (2y ln(2y))−1

2yg(y)
< 0

f(h(y))

y
− 1 =

4y ln(2y) + (4y ln(2y))−1

2yh(y)
− 1 =

2y ln(2y) + (4y ln(2y))−1 − ln(2 ln(2y))

2yh(y)
> 0 .

Hence f(g(y)) ≤ y ≤ f(h(y)). Since f ′(x) > 0 for x > xmin, we then get that

ln(2y) ≤ g(y) ≤ f−1(y) ≤ h(y) .

We can use the above to obtain an upper (and lower) bound for ρ: we have

ρ =
H

x
=

H

f−1(R/H)
≤ H

g(R/H)
≤ H

ln(2R/H)
≤ H , (2.2)

where the last estimate holds for R ≥ 1/2. For further reference let us observe that, since ∇cρ(z) = ρ (|z|2 −
ρ2)−1/2 z

|z| , we have

|∇cρ(z)| ≲ ρ ≲ H for|z| ≥ 1 . (2.3)

In summary we have that η0,ρ−1
♯
Cat =

q
Gcρ Bc

ρ

y
+s♯

q
Gcρ Bc

ρ

y
in the sense of currents and has height

H on ∂CR.

2.4. The “floating disk” in m = 2. The “floating disk” consists of two pieces of the catenoid and a flat
disk closing the “neck”. The pieces of the catenoid are chosen so that they meet with an angle of 2π/3 at
a common horizontal circle. More precisely, let r0 be be the unique solution to (cosh−1)′(r0) = tan(π/3),

i.e. r0 =
√
1 + 1/tan2(π/3) = 2/

√
3. Finally, let c̃(z) = cosh−1(|z|) − cosh−1(r0) and associated scaled version

c̃ρ̃(z) = ρ̃ c̃(z/ρ̃). The “floating disk” is now given by the surface Σ which induces the integral current

JΣK = JBr0 × {0}K +
q
Gc̃ Bc

r0

y
− s♯

q
Gc̃ Bc

r0

y
.

In particular Σ is the union of three minimal surfaces meeting at a common circle and note that JΣK induces
a cycle mod 3. As a consequence of [10, Proposition 1.8] the floating disk JΣK is the unique minimizer in Cr

for some r > r0 as a current mod 3.
The corresponding rescaled version is

JΣρ̃K = (ηρ̃−1)♯ JΣK .

As for the catenoid we can solve for ρ̃ in terms of R and H again picking the “small” solution. Since
c̃ deviates from c only by a constant we deduce that the upper bound (2.2) holds as well for ρ̃ which in
particular implies as well that

|∇c̃ρ̃(z)| ≲ ρ̃ ≲ H for|z| ≥ 1 . (2.4)
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2.5. The catenoid in m > 2. As in the two-dimensional case, we are looking for a surface with two ends.
One approach is to search for a minimal surface that is rotationally symmetric around the em+1-axis. This
translates into the search for a critical point of

A(s) =

ˆ b

a

G(s, ṡ) dt with G(s, ṡ) = |s|m−1
√

1 + |ṡ|2 .

Any stationary point of A must have a constant Hamiltonian H, i.e. for some c > 0

H(s) =
∂G

∂ṡ
ṡ−G = − |s|m−1√

1 + |ṡ|2
= −cm−1 .

Passing to s̃(t) = c s( tc ) we may assume c = 1. Hence we reduced the second order ODE to the following
first order one:

ṡ√
s2(m−1) − 1

= 1 .

Since for 0 ≤ s− 1 small we have s2(m−1) − 1 = 2(m− 1)(s− 1)+O((s− 1)2) or 1√
s2(m−1)−1

≤ 2√
2(m−1)(s−1)

and for large s we have 1√
s2(m−1)−1

≤ 1
2sm−1 we deduce that 1√

s2(m−1)−1
is integrable on (1,∞). Thus we

can define

c(r) =

ˆ r

1

1√
s2(m−1) − 1

ds with c∞ = lim
r→∞

c(r) <∞ .

As in the the two dimensional case, given H small we are interested in finding ρ ≤ R such that

h(ρ) := ρ c

(
R

ρ

)
= H . (2.5)

Since

h′(ρ) =

ˆ R
ρ

1

1√
s2(m−1) − 1

ds− R

ρ
√
(R/ρ)2(m−1) − 1

has precisely one zero ρ0 hence h(ρ) has a unique maximum H∞. Furthermore the equation (2.5) has two
solutions for H < H∞. As in the two dimensional situation we take the smaller one. Let R∞ > 0 be fixed
such that c∞

2 ≤ c(R∞) ≤ c∞ and ρ1 < R such that R
ρ1

= R∞. Now given H small we observe that

h(ρ) ≤ h

(
H

c∞

)
≤ H for ρ ≤ H

c∞

h(ρ) ≥ 2H

c∞

c∞
2

≥ H for
2H

c∞
≤ ρ ≤ R

R∞
.

Hence we deduce that the smaller solution to (2.5) satisfies ρ ≈ H. This implies that our rescaled catenoid
cρ(r) = ρ c(r/ρ)) satisfies for H ≪ R( ρ

R

)m−1

≤ ċρ(R) =
ρm−1√

R2(m−1) − ρ2(m−1)
≤ 2

( ρ
R

)m−1

.

In summary we found

ρ ≈ H and |∇cρ(R)| ≲ Hm−1 . (2.6)

2.6. The “floating disk” in m > 2. The construction follows the same lines as in the two dimensional
case. For us the only important facts are

ρ̃ ≈ H and |∇c̃ρ(R)| ≲ Hm−1 . (2.7)

Remark 2.1. We want to emphasize that the key reason why our arguments for Theorem 1.1 and Theorem
1.2 will not give a C2 metric in the two-dimensional case is that the bound in (2.3) is linear in H while in
the higher-dimensional case the corresponding bound in (2.6) is superlinear.
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3. The calibration form and the metric in the gluing region

The aim of this section is to give a way to transition smoothly, in an annulus, from one minimal graph
(e.g. the one given the base model) to another (e.g. one given by a local model) and hence perturb the
metric so that they remain stationary and stable. The transition from one graph to the other will be achieved
with a simple partition of unity. In order to change the metric so to keep stationarity and stability we will
construct a suitable “calibration”-form ω in a tubular neighborhood of the obtained graph Gv. The form
will then need to satisfy dω = 0 and ω|Gv

= d volv. Furthermore, we want to estimate the derivatives of ω.
The construction of the calibration is inspired by [9].

Let us introduce the following notation for an annulus Ωr,s = Bs \Br ⊂ Rm. Moreover we will often use
the gluing function θ : R → [0, 1], which is a smooth function identically equal to 0 for t < 1/3 and to 1 for
t > 1− 1/3, and its translated version θk(t) := θ(t− k).

We will work under the following assumptions:

Assumption 3.1. Let ui : Ω7,12 → R be two minimal graphs that satisfy

(A.1) there is x0 ∈ Ω7,12 with u1(x0) = u2(x0) = 0
(A.2) ∥∇u1∥L∞(Ω7,12)

+ ∥∇u2∥L∞(Ω7,12)
= δ < δ0.

Furthermore, we will denote with Nui
= 1√

1+|∇ui|2
(−∇ui, 1) the normals to the graphs of ui implicitly

considering each normal as a function on Ω7,12×R by Nui
(z, x3) = Nui

. With their help we obtain calibration
forms in the Euclidean metric for Gui

in Ω7,12 × R:

ωui
=

∑
α

Nα
ui
⋆ dxα = det(Nui

, ·, ·) . (3.1)

Next we glue u1 to u2 to define a smooth function v : Ω7,12 → R in the following way

v(x) = (1− θ9(|x|))u1(x) + θ9(|x|)u2(x) . (3.2)

It follows directly from Assumptions (A.1) that

∥u1 − u2∥L∞(Ω7,12)
≲ ∥∇(u1 − u2)∥L∞(Ω7,12)

≲ δ. (3.3)

Moreover, standard elliptic estimates imply that∥∥Dkui
∥∥
L∞(Ω8,11)

≲k ∥∇ui∥L∞(Ω7,12)
≲ δ for any k ≥ 1. (3.4)

Notice that, by (3.3) and (3.4), we also have

∥Dkv∥L∞(Ω8,11) ≲k δ for any k ≥ 1 . (3.5)

3.1. The calibration form. The goal of this section is to prove the following

Proposition 3.1 (Local gluing). Let u1, u2 be as in Assumptions 3.1 and let v be as in (3.2). Then there
exists a closed form ω defined in a neighborhood of the graph of v such that

(F.1) ω|Gv = d volv, that is ω is identically one on the tangent to Gv;
(F.2) ω = ωu1 on Ω7,8 × [−10, 10] and ω = ωu2 on Ω11,12 × [−10, 10];
(F.3) ∥ω∥ − 1 = dist(y,Gv)R with

∥∥DkR
∥∥
L∞(Ω7,12×[−10,10)

≲k δ for any k.

This form will eventually be “made” into a calibration form by choosing an appropriate perturbation of
the Euclidean metric. We nonetheless abuse the term somewhat by calling it a calibration already at this
stage. The proof is split in four steps.

Step 1: normal coordinates. Let ϕ = φ + τN be a parametrization of the normal neighborhood of the
graph of a smooth function v where φ(x) = x+ v(x)em+1, and denote with gij := ∂iφ∂jφ and with |g| the
determinant of this matrix. Moreover let dVolv be the volume form of Gv and ωv := det(Nv, ·, ·), as above.
Since ∂iϕ = ∂iφ − τhki ∂kφ = bki ∂kφ, where h

k
i = hki (∇v,D2v) is the second fundamental form of Gv, and

∂τϕ = N , the pullback metric is given by

ϕ♯δRm+1 =
(
gij − τ

(
gikh

k
j + gjkh

k
i

)
+ τ2hki gklh

l
j

)
dxi ⊗ dxj + dτ ⊗ dτ = kij dx

i ⊗ dxj + dτ ⊗ dτ
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Furthermore we can expand the above defined differential forms in these coordinates given by

ϕ♯d volv =
√
|g| dx with ∥Dk+1

√
|g|∥L∞(Ω8,11) ≲k δ (3.6)

ϕ♯ωv = (1 + τhkk)
√
|g| dx+ τ2σ1 + τσ2 with

∥∥Dkσ1
∥∥
L∞(Ω8,11×[−10,10])

≲ δ

and
∥∥Dkσ2

∥∥
L∞(Ω8,11×[−10,10])

≲ δ2. (3.7)

This can be seen as follows. Let p be the projection onto the support of the current Gv (namely the
set-theoretic graph of v). Then we have

ϕ♯ωv(∂1, . . . , ∂m) = det(Nv(p(ϕ)), b
k1
1 ∂φk1

, . . . , bkm
m ∂φkm

) = det(b)
(√

|g|+ τ2σ1

)
= (1 + τhkk + τ2b̃)

(√
|g|+ τ2 σ1

)
with |σ1| ≲ |D3v|, |b̃| ≲ |D2v|2

ϕ♯ωv(∂τ , ∂j1 , . . . , ∂jm−1
) = τσj1,...,jm1

with |σj1,...,jm1
| ≲ |Dv||D2v| ,

where we have used that N(p(ϕ)) = N(x) + τµ(τ, x) with N(x) · µ(0, x) = 0 and |µ(τ, x)| ≲ |Dv||D2v|.
Finally we observe that

∥dx∥2ϕ♯δRm+1
= det

(
⟨dxi, dxj⟩ϕ♯δ−1

Rk+1

)
= det(k−1) = det(k)−1 =

(
|g|(1 + τhkk + τ2a)

)−1
, (3.8)

where |a| ≲ |h|2 ≲ |D2v|2 ≲ δ2 and so
∥∥Dka

∥∥
L∞(Ω8,9×[−10,10])

≲k δ2.

Step 2: calibration in the region Ω8,9. In the the cylinder over Ω8,9 we want to pass from ωv = ωu1
to

d volv = d volu1
. Note that in this region Gv is a minimal surface with respect to the Euclidean metric. In

particular this implies that in the normal neighborhood coordinates all terms of type τhkk vanish.
Consider the closed form

σ = ϕ♯ (ωv − d volv) = τ2σ̃1 + τ σ̃2

with σ = 0 on {τ = 0}, and
∥∥Dkσ̃1

∥∥
L∞(Ω8,9×[−10,10])

≲k δ,
∥∥Dkσ̃2

∥∥
L∞(Ω8,9×[−10,10])

≲ δ2 by Step 1 (3.6)

and (3.7). Now we consider the vector field Y = ∂τ with associated flow ψt(x, τ) = (x, etτ). It exists for all
t ∈ (−∞, 0], hence we can apply Lemma A.1 and obtain the following

d(IY σ) = σ and IY σ = τ2µ1 + τµ2.

In particular IY σ satisfies

IY σ = τ2µ1 + τµ2 with
∥∥Dkµi

∥∥
L∞(Ω8,9×[−10,10])

≲k δi . (3.9)

For a fixed cut-off function θ = θ(|x|) with θ = 1 for |x| < 8 + 1
3 and θ = 0 for |x| > 8 + 2

3 we obtain the
desired closed form by

ϕ♯ω = θϕ♯ωv + (1− θ)ϕ♯d volv +dθ ∧ IY σ. (3.10)

Since ϕ♯ω − ϕ♯d volv = θ(ϕ♯ωv − ϕ♯d volv) + dθ ∧ IY σ we conclude from (3.6)-(3.7) and (3.9) that∥∥ϕ♯(ω − d volv)
∥∥
ϕ♯δRm+1

≲ τ2δ + τδ2,

where we have used in particular the fact that v is minimal in the region and so the linear term τhkk vanishes
in (3.7). By the previous expansion its clear that the same holds for the derivatives. Furthermore (3.8) and

again τhkk = 0 imply that
∣∣∣∥∥ϕ♯d volv∥∥ϕ♯δRm+1

− 1
∣∣∣ ≲ τ2δ2 hence we conclude for the norm∥∥ϕ♯ω∥∥

ϕ♯δRm+1
− 1 = τc1 + τ2c2 with

∥∥Dkci
∥∥
L∞(Ω8,9×[−10,10])

≲k δi . (3.11)

Step 3: calibration in the region Ω9,10. In this region, we just set ϕ♯ω = ϕ♯d volv. Unfortunately, its norm
due to (3.7) and (3.8) has the expansion∥∥ϕ♯ω∥∥

ϕ♯δRm+1
− 1 = τ c̃ with

∥∥Dk c̃
∥∥
L∞(Ω8,9×[−10,10])

≲k δ .

In this region we have lost the feature that v is minimal so τhkk does not vanish.

Step 4: calibration in the region Ω10,11. The construction is literally the same as in the region Ω8,9 with the
only differences that the cut-off θ this time is chosen so that θ = 0 for |x| < 10+ 1

3 and θ = 1 for |x| > 10+ 2
3

and u1 is replaced by u2. Hence ω has in this region the structure of (3.10) and its norm has an expansion
as in (3.11).
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3.2. The conformal change of the Euclidean metric. We will now change the metric suitably so that
the form of Proposition 3.1 becomes a calibration.

Lemma 3.2. Let ω be as in Proposition 3.1. There is a conformal change g = λ2 δRm+1 of the Euclidean
metric on Rm+1 such that

(M.1) λ(y) = 1 if dist(y, spt(Gv)) > 3;
(M.2) λ(y) = comassω(y) if dist(y, spt (Gv)) < 2;
(M.3) λ(y)− 1 = dist(y, spt (Gv))R, with

∥∥DkR
∥∥
L∞(Ω7,12×R) ≲k δ .

We notice that for a general k-form α we have

comassλ2g α = λ−k comassg α .

Lemma 3.2 gives a metric for which the closed form ω is a calibration of Gv in some tubular neighborhood
of its support, thanks to the choice λ = comassg ω. Observe that this choice is not in general a good one
because the comass norm is not differentiable. However, the comass norm is smooth for n-forms in Rn+1,
because the latter are all simple: for simple forms comassg ω coincides with the usual norm induced by the
Riemannian metric on the exterior product of the cotangent bundle.

Proof. For a smooth θ with θ(t) ≡ 1 for t < 2 and θ(t) = 0 for t > 3, the interpolation

λ(x) = 1 + θ(dist(y, spt (Gv))) (∥ω(y)∥ − 1)

has the desired properties, by Proposition 3.1. □

4. The construction of the example

4.1. A single gluing step. In this section we glue, at a fixed distance from the origin, one between the
floating disk and the catenoid to the base model. The key point is that the conformal factor for the new
metric obtained through Lemma 3.2 is invariant under reflection through {ym+1 = 0}. Let us note that the
estimate in (G.2) states that the derivatives of the conformal factor are bounded up to the order m+ 1.

Proposition 4.1 (Single gluing step). Let u, cρ and c̃ρ be as in Section 2. Let 0 < r ≪ r0 and let

u2 = u(r0+rx)
r and u1 be either cρ or c̃ρ, with ρ chosen as in Section 2, with parameter H = u2(10) so that

H ≈ rN0
r

and ρ, ρ̃ ≲ H .

Then there are a function v : B12 \BθH → R, two closed forms ω± defined on {dist(y,G±v) < 5}∩C12 \CθH

and a conformal factor λ2 : C12 → R such that the following properties are satisfied.

(G.1) v = u2 in B12 \ B11 and v = u1 in B8 \ BθH , and moreover
∥∥Dk(v − u2)

∥∥ ≲ Hm−1 in Ω7,12. We
will consider the surface

Γ̃r0,r =

{
JGv Bc

θHK + s♯ JGv Bc
θHK in case of the catenoid

JBθH × {0}K ∪ JGv Bc
θHK ∪ s♯ JGv Bc

θHK in case of the “floating disk”.

(G.2) λ2 = 1 inside of C8 and outside C11, λ2 = λ2 ◦ s and moreover for any α ∈ Nm
0 , k ∈ N0

|∂αx ∂kym+1
(λ2(y)− 1)| ≲k+|α| H

m−k

We will consider the conformal change of the euclidean metric given by g = λ22δR3 in C12.
(G.3) ω = ωu1

on C8\CθH
5 satisfying ω|Gv

= d volv in C12\Cc
θH and comassg(ω(y)) = 1 if y ∈ C12\Cc

θH

and dist(y,Gv) < 2

Proof. Recall that we would like to connect the two sheets of ΓN to one of our two local models, the
catenoid or the floating disc, inside the cylinder C12r(r0e1). To do so, we will rescale via ηr0e1,r to size 1
(and eventually rescale back).

Firstly, let us set u2(x) =
u(r0+rx)

r , i.e. Gu2
C12 = (ηr0e1,r)♯Gu C12r(r0e1). Observe that (2.1) implies

that with respect to the homogeneous harmonic polynomial h of order N we have∣∣∣∣u2(x)− h(r0 + rx)

r

∣∣∣∣+ r|∇u2(x)−∇h(r0 + rx)| ≲ r2N0 ∀x ∈ B12 . (4.1)

5Note that ωu1 is defined in the full cylinder Cc
θH .
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In particular this implies that u2 ≥ cH in B12. Now we want to pass from u2 to cρ or c̃ρ̃ in Ω8,11 to obtain a
new function v defined in B12 \BθH where θH ∈ {ρ, ρ̃} is the radius of the hole, or floating disk respectively.
To be more precise, let us fix ρ, ρ̃ according to section 2.3, 2.5, 2.4 and 2.6, with parameters H = u2(10) and
R = 10. In particular we have

H ≈ rN0
r

and ρ, ρ̃ ≲ H .

Moreover we have
cρ(r1)

cρ(r2)
+
c̃ρ(r1)

c̃ρ(r2)
≤ C ∀r1, r2 ∈ [7, 12]

In particular this implies that cρ(x), c̃ρ(x) ≥ cH for some c > 0 and 7 ≤ |x| ≤ 12. Finally we recall that

∥∇u2∥L∞ + ∥∇cρ∥L∞ + ∥∇c̃ρ̃∥L∞ ≲ Hm−1

Depending on our choice of connecting model, that is catenoid or floating disk, we choose u1 = cρ or
u1 = c̃ρ respectively. Now we may apply the construction of the previous section, Proposition 3.1 and
Lemma 3.2, to obtain that properties (G.1) and (G.3) are satisfied.

It remains to prove (G.2) by connecting the conformal factor λ of Lemma 3.2 in ym+1 > 0 to λ ◦ s in
{ym+1 < 0} inside C12 \C7, where we glued u1 to u2. To do this, we define the Lipschitz continuous

λ1(y) =

{
λ(y) if ym+1 > 0

λ ◦ s(y) if ym+1 < 0
.

Note that λ1 is smooth in all the directions except em+1, i.e. ∂
αλ1 exists for all α with αm+1 = 0 and its

Lipschitz constant is bounded by Hm−1 due to (G.2).
Let us fix a symmetric bump function ϵ0(t) supported in (−1, 1) with ϵ0(t) = 1 for |t| ≤ 1

2 . Now

we set ϵ(ym+1) = Hϵ0(
8ym+1

cH ) where c > 0 is the constant in ((G.1)) with v ≥ cH. Hence we have

|ϵ(k)(ym+1)| ≲k H
1−k with ϵ(ym+1) = H if |ym+1| ≤ c

2H. For a one-dimensional convolution kernel φ(t)
with spt(φ) ⊂ (−1, 1) we define the conformal factor in C12 \C7 to be

λ2(x, ym+1) =

ˆ
φ(s)λ1(x, ym+1 + ϵ(ym+1)s) ds . (4.2)

Now we can compute and estimate its derivatives. We distinguish three regions |ym+1| > cH, c
4H ≤ |ym+1| ≤

cH and |ym+1| ≤ c
4H. In the first region, we restrict ourself to ym+1, ϵ(ym+1) = 0 and so λ2 = λ hence

|Dkλ(y)| ≲k H
m−1.

In the second region, c
4H ≤ ym+1 ≤ cH, by our choice of ϵ we have that λ1 = λ in (4.2) and hence for

any α ∈ Nm
0 , k ∈ N0

∂αx ∂
k
ym+1

λ2(y) =

ˆ
φ(s) ∂kym+1 (∂

α
xλ(x, ym+1 + ϵ(ym+1)s)) ds

Using the Faà di Bruno, the “worst” term to estimate, given our bounds, is

|∂αx ∂ym+1
λ(x, ym+1 + ϵ(ym+1)s)ϵ

(k)(ym+1)| ≲k+|α| H
m−1H1−k ,

and hence we conclude the argument in the second region.
Finally in the third region, |ym+1| ≤ c

4H, where ϵ(ym+1) = H is constant, hence we can use the classical
convolution estimates to deduce that∣∣∂αx ∂kym+1

λ2(y)
∣∣ = ∣∣∣ˆ ∂k−1

ym+1
φH(ym+1 − s) ∂αx ∂ym+1

λ(x, s) ds
∣∣∣ ≲k+|α| H

1−kHm−1 .

□

4.2. The iterative gluing. To construct our example, let us fix a power 1 < p < N , e.g. p = 2, and fix the

choice r = rp0 , i.e. H ≈ rN−p
0 . Furthermore, fix a sequence r0,k ↓ 0 with associated heights Hk ≈ rN−p

0,k . The

chosen sequence should satisfy r0,k+1 − r0,k ≫ rp0,k and
∑

k r
m−1
0,k < ∞, e.g. r0,k = 2−k. We consider the

sequence of cylinders Bk × R = Ck = Crp0,k
(r0,ke1) and for each of them let Bk × R = Ck = CθkHk

(r0,ke1)

be the smaller cylinder where θkHk is the radius of the hole/ disk of the chosen model with height Hk. By
an abuse of notation we will denote with cB the ball with the same center but with radius c radius(B) and
the same in case of cylinders.
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Now in each, of the cylinders 12Ck we perform the single step gluing. In fact, we construct a sequence
of functions uk : Uk → R on perforated domains Uk ⊂ Rm, a sequence of associated varifolds Vk, a sequence
of forms ωk and a sequence of conformal factors λk. In the case of the catenoid as gluing model, Vk is the
varifold associated to a current Tk with ∂Tk = 0.

To be more precise, let u0 = u be the function of the base model, U0 = Rm, ω0 = ωu0
and λ0 = 1.

Furthermore, we set T0 = JGu0K + s♯ JGu0K in the case of Theorem 1.1 and T0 = JGu0K − s♯ JGu0K in the
case of Theorem 1.2, with associated varifold V0.

Now assume that the elements in the k− 1 step have been constructed. We set ηk = ηr0,ke1,rp0,k and apply

Proposition 4.1 with respect to the parameters r0 = r0,k, r = rp0,k to obtain function, form and conformal
factor, v, ω, λ. The kth objects are then obtained as follows

• The perforated domain is Uk = Uk−1 \Bk.
• The function uk : Uk → R is given by

uk =

{
uk−1 on Uk \ 12Bk

rv ◦ ηk on Uk ∩ 12Bk

.

Note that it satisfies uk|12Bc
k
= ul|12Bc

k
for every l > k and moreover

∥uk − uk−1∥C0(Uk)
≲ 2rHk ≲ rN0,k .

• The currents are

Tk =

{
JGuk

(Uk × R)K + s♯ JGuk
Uk × RK in the case of the catenoid model

JGuk
(Uk × R)K − s♯ JGuk

Uk × RK +
∑

l≤k JBk × {0}K in the case of floating disks,

having as boundaries ∂Tk = 0 in the case of catenoids and ∂Tk =
∑

l≤k J∂Bk × {0}K in the case of
“floating disks”. Hence we have the mass estimate

∥Tk∥ (CR) ≲ ∥Tk−1∥ (CR) + Crm0,k ,

and in case of the “floating” disk the mass estimate of the boundary

∥∂Tk∥ ≲ ∥∂Tk−1∥+ |∂B1| (θkHk)
m−1 ≲ c

∑
l≤k

rm−1
0,k .

• The calibration form, using the fact that dist(ηk(y),Gv) = 1
r dist(y, η

−1
k ♯

Gv) and for y ∈ Ck we

have r ≈ |x|p, is defined by

ωk =

{
ωk−1 in (Uk \ 12Bk) ∩ {dist(y, spt(Guk

)) ≤ δ|x|p}
η♯kω in η−1

k (B12 \BθkHk
) ∩ {dist(y, spt(Guk

)) ≤ δ|x|p} .

• The conformal factor is defined by

λk =

{
λk−1 in 12Cc

k

λ ◦ ηk in 12Ck ,

and it satisfies

∥λk − λk−1∥Cj = ∥1− λ ◦ ηk∥Cj(12Ck\7Ck)
≤ r−j ∥1− λ ◦ ηk∥Cj(C12\C7)

≲j r
j
0,kH

m−j
k .

It follows that the conformal factors λk converges to λ in Cj for all j < m such that r−pj
0,k H

m−j
k ↓ 0, which

is satisfied for m(N − p) ≥ jN . In fact by interpolation we have

∥λk − λ∥Cj,α ≲ ∥λk − λ∥1−α
Cj ∥λk − λ∥αCj+1 ≲ r

(1−α)(m(N−p)−jN)+α(m(N−p)−(j+1)N)
0,k ↓ 0

if m(N − p) > (j + α)N . Hence for any α < 1 we can find a sufficiently large N such that N(m− 1 + α) <
m(N − p). Moreover λ = λ ◦ s and we set g = λ δRm+1 .

Next we consider the perforated domain

U := Rm \
⋃
k

Bk = lim
k
Uk
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The functions uk : U → R converge uniformly in C1
loc(U \ {0}) ∩ C0

loc(U) to a C1 function u, since they
stabilize. Moreover, taking into account the previously established mass bounds, by the compactness of
integral currents, the currents Tk converge to a current T which is given by

T =

{
JGu (U × R)K + s♯ JGu U × RK in the case of the catenoid model

JGu (U × R)K − s♯ JGu U × RK +
∑

k JBk × {0}K in the case of floating disks

The forms ωk converge locally uniformly in C1 on (U ×R)∩{dist(y,Gu) < δ |x|p} to a close form ω, such
that comassg(ω) ≤ 1 where it is defined, and moreover ω = d volu on Gu. In the case of the floating disk
we can also consider the associated varifold

V = JGu (U × R)K + s♯ JGu U × RK +
∑
k

JBk × {0}K .

Finally we observe that, since λ = λ ◦ s, then both JGu (U × R)K and s♯ JGu (U × R)K are calibrated
by ω and s♯ω in the metric g = λ2δRm+1 .

4.3. Stationarity. Since stationarity is a local property, we can use a partition of unity of to check it:
Consider a open covering of Rm+1 by {Bk×(− 1

k ,
1
k )}k and V = Rm \

⋃
k

(
3
4Bk × [− 1

2k ,
1
2k ]

)
with subordinate

partition of unity {θk}k ∪ {θ0}.
Given a smooth vector field X compactly supported in Rm+1 \ {0} consider its finite sum decomposition

X = θ0X +
∑
k<N

θkX = X0 +
∑
k<N

Xk .

The minimality follows if we show that the first variation vanishes for each of these vector fields separately.
Firstly, since spt(X0) ∩

⋃
k

(
3
4Bk × [− 1

2k ,
1
2k ]

)
= ∅ there exists a t0 > 0 such that for all |t| < t0

spt(ϕt♯Gu) ⊂ {y : dist(y,Gu) < δ |x|p} and spt(ϕt♯s♯Gu) ⊂ {y : dist(y, s♯Gu) < δ |x|p}. Hence using

that spt(∂Gu) ∩ spt(X0) = ∅ and Gu, s♯Gu are calibrated by ω and s♯ω respectively we deduce∥∥ϕt♯Gu

∥∥− ∥Gu∥ ≥ (ϕt♯Gu −Gu)(ω) ≥ 0

and the same for s♯ Gu. This shows the stationarity on spt(X0).

Secondly, since for any k we have T Ck = η−1
k ρCat in case of the catenoid, we deduce that T is stationary

with respect to variations of Xk.
Thirdly, since for any k we have V Ck = η−1

k Σρk
in case of the floating disk we deduce that V is

stationary with respect to variations of Xk.
Thus in summary, we conclude the stationarity of the varifold in both theorems.

4.4. Stability in case of floating disks. Let K be any compact set in Rm+1\({0} ∪
⋃

k ∂Bk × {0}). Then

V K = ((Gu + s♯Gu) K)) +
∑
k≤N

(JBk × {0}K K) . (4.3)

Here with a slight abuse of notation we use Gu for the varifold induced by the graph6. The support of each
of the summands in (4.3) has a positive distance from the union of the supports of the other summands.
Furthermore, the first two summands is varifolds induced by graphs, and the others are induced by flat
embedded disks. Additionally, regarding each summand as a current, their boundaries all vanish on K

(∂Gu) K = −(∂s♯Gu) K = 0 and (∂ JBk × {0}K) K = 0 .

Arguing as above for the minimality we deduce that the summands Gu, s♯Gu are stable varifolds in K, and
since each disk is minimizing with respect to its boundary, they are stable in K as well. Hence V K is a
stable immersion in the sense of [3].

6Following [16] we consider an integer rectifiable varifold as a nonnegative Radon measure induced by the Hausdorff measure
restricted on a rectifiable set and weighted with an integer-valued Radon function. This explains the plus sign in front of s♯Gu

in the formula (4.3), rather than the minus sign in the previous formulae, when we were dealing with the currents.
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Appendix A. A variant of the Poincare lemma

In this section we present a variant of the classical Poincaré lemma for differential forms. This formula
allows us to get better estimates for the metrics in our constructions in a portion of the domain, compared
to the usual one. Since the final regularity of the metrics g in both theorems is driven by the worse estimates
in other regions, we could in fact dispense from this variant and use the more classical one. We however
believe that the idea has an independent interest. It exploits Cartan’s homotopy formula and the relation
between the Lie-derivative and the exterior differential, i.e.

LY ω = d (iY ω) + iY (dω) (A.1)

where iY : Λk(M) → Λk−1(M) is the contraction of the differential form ω with the vector field Y .

Lemma A.1. Given a smooth vector field Y , assume that the associated flow ϕt exists for all t ∈ (a, 0].
Then the linear operator IY : Λk(M) → Λk−1(M) given by

IY ω =

ˆ 0

a

ϕ♯t(iY ω) dt (A.2)

satisfies
dIY ω + IY dω = ω − ϕ♯aω . (A.3)

Proof. This is a direct computation:

dIY ω + IY dω =

ˆ 0

a

ϕ♯t (d (iY ω) + iY (dω)) dt =

ˆ 0

a

ϕ♯t (LY ω) dt =

ˆ 0

a

d

dt
ϕ♯tω dt = ω − ϕ♯aω .

□

Note that the classical Poincaré lemma on a starhaped domain U ⊂ Rn is in fact the particular case of
the above formula given when the vector field Y (x) is x (assuming that U is star-shaped with respect to the
origin). The flow is then given by ϕt(x) = etx, i.e. it exists for all t < 0, and we may choose a = −∞ in
(A.2) to conclude the classical statement.
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