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GENUS BOUNDS FOR MINIMAL SURFACES ARISING FROM
MIN-MAX CONSTRUCTIONS

CAMILLO DE LELLIS AND FILIPPO PELLANDINI

ABSTRACT. In this paper we prove genus bounds for closed embedded minimal surfaces in a
closed 3-dimensional manifold constructed via min-max arguments. A stronger estimate was
announced by Pitts and Rubistein but to our knowledge its proof has never been published.
Our proof follows ideas of Simon and uses an extension of a famous result of Meeks, Simon
and Yau on the convergence of minimizing sequences of isotopic surfaces. This result is
proved in the second part of the paper.
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0.1. Min-max surfaces. In [8] Tobias H. Colding and the second author started a survey

on constructing closed embedded minimal surfaces in a closed 3-dimensional manifold via
min—max arguments, including results of F. Smith, L. Simon, J. Pitts and H. Rubinstein.
This paper completes the survey by giving genus bounds for the final minmax surface.

The basic idea of min—max arguments over sweep-outs goes back to Birkhoff, who used
such a method to find simple closed geodesics on spheres. In particular when M? is the

2-dimensional sphere we can find a 1-parameter family of curves starting and ending at a

point curve in such a way that the induced map F : S* — S? has nonzero degree. Birkhoff’s
argument (or the min-max argument) allows us to conclude that M has a nontrivial closed
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2 CAMILLO DE LELLIS AND FILIPPO PELLANDINI

geodesic of length less than or equal to the length of the longest curve in the 1-parameter
family. A curve shortening argument gives that the geodesic obtained in this way is simple.

Following [8] we introduce a suitable generalized setting for sweepouts of 3-manifolds by
two—dimensional surfaces. From now on, M, Diffy and Js will denote, respectively, a closed
3—dimensional Riemannian manifold, the identity component of the diffeomorphism group of
M, and the set of smooth isotopies. Thus Js consists of those maps ¢ € C*°([0,1] x M, M)
such that (0, -) is the identity and v (¢, -) € Diff, for every ¢.

Definition 0.1. A family {3 }ic0,1) of surfaces of M is said to be continuous if
(c1) H3(X;) is a continuous function of t;
(c2) ¥y — %y, in the Hausdorff topology whenever t — t,.
A family {E;}iepo) of subsets of M is said to be a generalized family of surfaces if there
are a finite subset T of [0,1] and a finite set of points P in M such that
1. (¢1) and (c2) hold;
2. % is a surface for everyt & T';
3. ForteT, %, is a surface in M\ P.

With a small abuse of notation, we shall use the word “surface” even for the sets >; with
t € T. To avoid confusion, families of surfaces will always be denoted by {¥;}. Thus, when
referring to a surface a subscript will denote a real parameter, whereas a superscript will
denote an integer as in a sequence.

Given a generalized family {X;} we can generate new generalized families via the following
procedure. Take an arbitrary map ¢ € C*°([0, 1] x M, M) such that ¥ (t, -) € Diff, for each ¢
and define {¥}} by X} = ¢(t,3;). We will say that a set A of generalized families is saturated
if it is closed under this operation.

Remark 0.2. For technical reasons we require an additional property for any saturated set A
considered in this paper: the existence of some N = N(A) < oo such that for any {3} C A,
the set P in Definition 0.1 consists of at most N points.

Given a family {¥3;} € A we denote by F({X:}) the area of its maximal slice and by mg(A)
the infimum of F taken over all families of A; that is,

F({2}) = max H*(%,) and (0.1)
te[0,1]
_ _ 2
mo(A) = 1Rf.7: = {zlgfe/\ Lren[g}lc] H (Et)] . (0.2)

If lim, F({3:}") = mo(A), then we say that the sequence of generalized families of surfaces
{{Z}"} C A is a minimizing sequence. Assume {{X;}"} is a minimizing sequence and let
{t.} be a sequence of parameters. If the areas of the slices {3} } converge to my, i.e. if
H?(X}) — mo(A), then we say that {3} } is a min-maz sequence.

An important point in the min—max construction is to find a saturated A with mg(A) > 0.
For instance, this can be done by using the following elementary proposition proven in the
Appendix of [8].

Proposition 0.3. Let M be a closed 3-manifold with a Riemannian metric and let {3,} be
the level sets of a Morse function. The smallest saturated set A containing the family {3}
has mo(A) > 0.



GENUS BOUNDS FOR MINIMAL SURFACES ARISING FROM MIN-MAX CONSTRUCTION 3

The paper [8] reports a proof of the following regularity result.

Theorem 0.4. [Simon—Smith] Let M be a closed 3-manifold with a Riemannian metric. For
any saturated A, there is a min-max sequence X converging in the sense of varifolds to a
smooth embedded minimal surface 3 with area mo(A) (multiplicity is allowed).

0.2. Genus bounds. In this note we bound the topology of ¥ under the assumption that
the t-dependence of {¥,} is smoother than just the continuity required in Definition 0.1.
This is the content of the next definition.

Definition 0.5. A generalized family {3,} as in Definition 0.1 is said to be smooth if:

(s1) X; varies smoothly int on [0,1]\ T';
(s2) ForteT, ¥, — ¥; smoothly in M \ P.

Here P and T are the sets of requirements 2. and 3. of Definition 0.1. We assume further
that 3, is orientable for anyt & T.

Note that, if a set A consists of smooth generalized families, then the elements of its
saturation are still smooth generalized families. Therefore the saturated set considered in
Proposition 0.3 is smooth.

We next introduce some notation which will be consistently used during the proofs. We
decompose the surface ¥ of Theorem 0.4 as Zfil n; T, where the T'"’s are the connected
components of 3, counted without multiplicity, and n; € N\ {0} for every i. We further
divide the components {I'"} into two sets: the orientable ones, denoted by O, and the non-—
orientable ones, denoted by N'. We are now ready to state the main theorem of this paper.

Theorem 0.6. Let A be a saturated set of smooth generalized families and ¥ and X} the
surfaces produced in the proof of Theorem 0.4 given in [8]. Then

Z g(ri)+% Z(g(Fi) —1) < gy = li%infliminfg(Zi). (0.3)

- - o] Tt
e TeN

Remark 0.7. According to our definition, E{j 15 not necessarily a smooth submanifold,
as t; could be one of the exceptional parameters of point 3. in Definition 0.1. However,
for each fized j there is an n > 0 such that E{ 1s a smooth submanifold for every t €
t; — n,t;[U)t;,t; +n]. Hence the right hand side of (0.3) makes sense.

In fact the inequality (0.3) holds with gy = liminf; g(X%7) for every limit ¥ of a sequence
of surfaces ¥7’s that enjoy certain requirements of variational nature, i.e. that are almost
mainimizing in sufficiently small annuli. The precise statement will be given in Theorem 1.6,
after introducing the suitable concepts.

As usual, when I' is an orientable 2-dimensional connected surface, its genus g(I") is
defined as the number of handles that one has to attach to a sphere in order to get a surface
homeomorphic to I'. When I is non-orientable and connected, g(I') is defined as the number
of cross caps that one has to attach to a sphere in order to get a surface homeomorphic to
[ (therefore, if x is the Euler characteristic of the surface, then

1 .
[ s2-x) iHTeN
g(r)—{i—x if I €0
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see [12]). For surfaces with more than one connected component, the genus is simply the
sum of the genus of each connected component.

Our genus estimate (0.3) is weaker than the one announced by Pitts and Rubinstein in
[15], which reads as follows (cp. wih Theorem 1 and Theorem 2 in [15]):

TieO TieN

In Section 10 a very elementary example shows that (0.4) is false for sequences of almost
minimizing surfaces (in fact even for sequences which are locally strictly minimizing). In
this case the correct estimate should be

S na) + 5 3 (el 1) < & (05)

rieoO rieN

Therefore, the improved estimate (0.4) can be proved only by exploiting an argument of
more global nature, using a more detailed analysis of the min—max construction.

The estimate (0.5) respects the rough intuition that the approximating surfaces Y’ are,
after appropriate surgeries, isotopic to coverings of the surfaces I'". For instance I can consist
of a single component that is a real projective space, and ¥’/ might be the boundary of a
tubular neighborhood of T of size €; | 0, i.e. a sphere. In this case >/ is a double cover of T

Our proof uses the ideas of an unpublished argument of Simon, reported by Smith in [19]
to show the existence of an embedded minimal 2—sphere when M is a 3—sphere. These ideas
do not seem enough to show (0.4): its proof probably requires a much more careful analysis.
In Section 10 we discuss this issue.

Remark 0.8. The unpublished argument of Simon has been used also by Griter and Jost
in [10]. The core of Simon’s argument is reported here with a technical simplification. We
then give a detailed proof of an auziliary proposition which plays a fundamental role in the
argument. This part is, to our knowledge, new: neither Smith, nor Gruter and Jost provide
a proof of it. Smith suggests that the proposition can be proved by suitably modifying the
arguments of [13] and [4]. Though this is indeed the case, the strategy suggested by Smith
leads to a difficulty which we overcome with a different approach: see the discussion in Section
7. Moreover, [19] does not discuss the “convez—hull property” of Section 5, which is a basic
prerequisite to apply the boundary regularity theory of Allard in [3] (in fact we do not know
of any boundary reqularity result in the minimal surface theory which does not pass through
some kind of convex hull property).

0.3. An example. We end this introduction with a brief discussion of how a sequence of
closed surface Y7 could converge, in the sense of varifolds, to a smooth surface with higher
genus. This example is a model situation which must be ruled out by any proof of a genus
bound. First take a sphere in R? and squeeze it in one direction towards a double copy of
a disk (recall that the convergence in the sense of varifolds does not take into account the
orientation). Next take the disk and wrap it to form a torus in the standard way. With a
standard diagonal argument we find a sequence of smooth embedded spheres in R? which,
in the sense of varifolds, converges to a double copy of an embedded torus. See Figure 1
below.
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FIGURE 1. Failure of genus bounds under varifold convergence. A sequence
of embedded spheres converges to a double copy of a torus.

This example does not occur in min—max sequences for variational reasons. In particular,
it follows from the arguments of this paper that such a sequence does not have the almost
minimizing property in (sufficiently small) annuli discussed in Section 1.

0.4. Plan of the paper. Section 1 contains: some preliminaries on notational conventions,
a summary of the material of [8] used in this note and the most precise statement of the
genus bounds (Theorem 1.6). Section 2 gives an overview of the proof of Theorem 1.6. In
particular it reduces it to a statement on lifting of paths, which we call Simon’s Lifting
Lemma (see Proposition 2.1). Sections 3 and 4 contain a proof of Simon’s Lifting Lemma.
In Section 3 we state a suitable modification of a celebrated result of Meeks, Simon and Yau
(see [13]) in which we handle minimizing sequences of isotopic surfaces with boundaries (see
Proposition 3.2).

Sections 5, 6, 7, 8 and 9 show how to modify the theory of [13] and [4] in order to prove
Proposition 3.2. Section 5 discusses the convex—hull properties needed for the boundary
regularity. In Section 6 we introduce and prove the “squeezing lemmas” which allow to
pass from almost—minimizing sequences to minimizing sequences. Section 7 discusses the
~v-reduction and how one applies it to get the interior regularity. We also point out why the
~v-reduction cannot be applied directly to the surfaces of Proposition 3.2. Section 8 proves
the boundary regularity. Finally, section 9 handles the part of Proposition 3.2 involving
limits of connected components.

Section 10 discusses the subtleties of the stronger estimates (0.4) and (0.5).
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1. PRELIMINARIES AND STATEMENT OF THE RESULT

1.1. Notation. Throughout this paper our notation will be consistent with the one of [§],
explained in Section 2 of that paper. For the reader’s convenience we recall some of these
conventions in the following table.

T.M the tangent space of M at x
TM the tangent bundle of M.
Inj (M) the injectivity radius of M.
H? the 2-d Hausdorff measure in the metric space (M, d).
H? the 2-d Hausdorff measure in the euclidean space R?.
B,(x) open ball
B,() closed ball
0B,(z) distance sphere of radius p in M.
diam(G) diameter of a subset G C M.
d(Gy,Gs) the Hausdorff distance between the subsets
G and G5 of M.
D, D, the unit disk and the disk of radius p in R2.
B, B, the unit ball and the ball of radius p in R?.
exp,, the exponential map in M at z € M.
Js(U) smooth isotopies which leave M \ U fixed.
G*(U), G(U)  grassmannian of (unoriented) 2-planes on U C M.
An(z,7,t) the open annulus B;(z) \ B, ().
AN, () the set {An(z,7,¢) where 0 < 7 <t <r}.
C>(X,Y) smooth maps from X to Y.
C*(X,)Y) smooth maps with compact support from X

to the vector space Y.

1.2. Varifolds. We will need to recall some basic facts from the theory of varifolds; see for
instance chapter 4 and chapter 8 of [18] for further information. Varifolds are a convenient
way of generalizing surfaces to a category that has good compactness properties. An ad-
vantage of varifolds, over other generalizations (like currents), is that they do not allow for
cancellation of mass. This last property is fundamental for the min—max construction.

If U is an open subset of M, any finite nonnegative measure on the Grassmannian of
unoriented 2—planes on U is said to be a 2—varifold in U. The Grassmannian of 2—planes will
be denoted by G?(U) and the vector space of 2-varifolds is denoted by V?(U). Throughout
we will consider only 2-varifolds; thus we drop the 2.

We endow V(U) with the topology of the weak convergence in the sense of measures,

thus we say that a sequence V¥ of varifolds converge to a varifold V if for every function
p € Ce(G(U))

k—o0
Here 7 denotes a 2-plane of T, M. If U C U and V € V(U), then we denote by VLU’
the restriction of the measure V' to G(U’). Moreover, ||V|| will be the unique measure on U
satisfying

lim | o(z,7)dV*(z,7) = /cp(x,w) dV(z,m).

/U (@) d|V||(z) = / L et )
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The support of ||V||, denoted by supp (||V||), is the smallest closed set outside which ||V|
vanishes identically. The number [|[V||(U) will be called the mass of V in U. When U is
clear from the context, we say briefly the mass of V.

Recall also that a 2-dimensional rectifiable set is a countable union of closed subsets of
C! surfaces (modulo sets of H?-measure 0). Thus, if R C U is a 2-dimensional rectifiable
set and h: R — R is a Borel function, then we can define a varifold V' by

/ o(z,m)dV(z, ) = / h(z)p(x, T,R) dH*(z) VYo € C(G(U)). (1.1)
G(U) R

Here T, R denotes the tangent plane to R in x. If h is integer—valued, then we say that V is
an integer rectifiable varifold. 1f ¥ = (Jn;%;, then by slight abuse of notation we use 3 for
the varifold induced by ¥ via (1.1).

1.3. Pushforward, first variation, monotonicity formula. If V' is a varifold induced
by a surface ¥ C U and ¢ : U — U’ a diffeomorphism, then we let ¢4V € V(U’) be the
varifold induced by the surface 1(3). The definition of 14V can be naturally extended to
any V € V(U) by

/ (5, 0) d(WV)(y, ) = / (@, m) (), dip(m)) dV (&, ) ;

where Ji(z, ) denotes the Jacobian determinant (i.e. the area element) of the differential
dip, restricted to the plane 7; cf. equation (39.1) of [18].

Given a smooth vector field y, let ) be the isotopy generated by Y, i.e. with %—f = x(v).
The first variation of V' with respect to x is defined as

V) = () V)

cf. sections 16 and 39 of [18]. When ¥ is a smooth surface we recover the classical definition
of first variation of a surface:

oRI00 = [ divsxar? = S0 E)|

If 0V](x) = 0 for every x € C*(U,TU), then V is said to be stationary in U. Thus
stationary varifolds are natural generalizations of minimal surfaces.

Stationary varifolds in Euclidean spaces satisfy the monotonicity formula (see sections 17
and 40 of [18]):

I

t=0

_ VB, ()

5 is non-decreasing. (1.2)
T

For every z the function f(p)

When V' is a stationary varifold in a Riemannian manifold a similar formula with an error
term holds. Namely, there exists a constant C'(r) > 1 such that

f(s) < C(r)f(p) whenever 0 < s < p <. (1.3)

Moreover, the constant C(r) approaches 1 as r | 0. This property allows us to define the
density of a stationary varifold V' at x, by

oz, V) = tim WB-D)

rl0 mTr2
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Thus 6(z, V) corresponds to the upper density 6** of the measure ||V as defined in section
3 of [18].

1.4. Curvature estimates for stable minimal surfaces. In many of the proofs we will
use Schoen’s curvature estimate (see [17]) for stable minimal surfaces. Recall that this
estimate asserts that, if U CC M, then there exists a universal constant, C(U), such that
for every stable minimal surface ¥ C U with 9% C OU and second fundamental form A

()
= P o)

In fact, what we will use is not the actual curvature estimate, rather it is the following
consequence of it:

|A]*(z) Vz eX. (1.4)

If {£"} is a sequence of stable minimal surfaces in U, then a

subsequence converges to a stable minimal surface »°°. (1.5)

1.5. Almost minimizing min—max sequences. Next, we assume that A is a fixed satu-
rated set and we begin by recalling the building blocks of the proof of Theorem 0.4. First
of all, in [8], following ideas of Pitts and Almgren (see [14] and [5]), the authors reported a
proof of the following proposition (cp. with Proposition 3.1 in [8]).

Proposition 1.1. There exists a minimizing sequence {{3;}"} C A such that every min—
max sequence {X} } clusters to stationary varifolds.

It is well-known that stationary varifolds are not, in general, smooth minimal surfaces.
The regularity theory of Theorem 0.4 relies on the definition of almost minimizing sequence,
a concept introduced by Pitts in [14] and based on ideas of Almgren (see [5]). Roughly
speaking a surface X is almost minimizing if any path of surfaces {X;},c(0,1) starting at 3
and such that ¥; has small area (compared to ¥) must necessarily pass through a surface
with large area. Our actual definition, following Smith and Simon, is in fact more restrictive:
we will require the property above only for families {¥;} given by smooth isotopies.

Definition 1.2. Given e > 0, an open set U C M3, and a surface 22, we say that ¥ is e—a.m.
in U if there DOES NOT exist any isotopy v supported in U such that

H2((t, %)) < HAX) + /8 for all t; (1.6)
H2(¥(1,%)) < HA(X) —e. (1.7)

Using a combinatorial argument due to Almgren and exploited by Pitts in [14], the second
step of [8] was to show Proposition 1.4 below.

Remark 1.3. In fact, the statement of Proposition 1.4 does not coincide exactly with the
corresponding Proposition 5.1 of [8]. However, it is easy to see that Proposition 5.3 of [§]
yields the slightly small precise statement given below.

Proposition 1.4. There exists a function r : M — R* and a min-maz sequence X’ = E{j
such that:

e in every annulus An centered at x and with outer radius at most r(x), X7 is 1/j-a.m.
provided j is large enough;
e In any such annulus, 37 is smooth when j is sufficiently large;
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e X converges to a stationary varifold V in M, as j T co.
The following Theorem completed the proof of Theorem 0.4 (cp. with Theorem 7.1 in [8]).

Theorem 1.5. Let {37} be a sequence of surfaces in M and assume the existence of a
function r : M — R such that the conclusions of Proposition 1.4 hold. ThenV is a smooth
minimal surface.

The proof of this Theorem draws heavily on a fundamental result of Meeks, Simon and
Yau ([13]). A suitable version of it plays a fundamental role also in this paper and since the
modifications of the ideas of [13] needed in our case are complicated, we will discuss them
later in detail. From now on, in order to simplify our notation, a sequence {7} satisfying
the conclusions of Proposition 1.4 will be simply called almost minimizing in sufficiently
small annuli.

1.6. Statement of the result. Our genus estimate is valid, in general, for limits of se-
quences of surfaces which are almost minimizing in sufficiently small annuli.

Theorem 1.6. Let ¥/ = Z{j be a sequence which is a.m. in sufficiently small annuli. Let
V =3, nI" be the varifold limit of {¥7}, where I'* are as in Theorem 0.6. Then

> g +% d (g -1) < lirjy%gonfliminfg(ZZ). (1.8)

, , Tt
IieO IieN

2. OVERVIEW OF THE PROOF

In this section we give an overview of the proof of Theorem 1.6. Therefore we fix a min—
max sequence Y = ¥ as in Theorem 1.6 and we let >, n;I" be its varifold limit. Consider
the smooth surface I' = U;I" and let £y > 0 be so small that there exists a smooth retraction
of the tubular neighborhood 75, I" onto I'. This means that, for every § < 2¢q,

e 75" are smooth open sets with pairwise disjoint closures;
e if " is orientable, then T;I" is diffeomorphic to I'"x| — 1,1[;
e if ' is non-orientable, then the boundary of T;I" is an orientable double cover of I'.

2.1. Simon’s Lifting Lemma. The following Proposition is the core of the genus bounds.
Similar statements have been already used in the literature (see for instance [10] and [9]).
We recall that the surface ¥/ might not be everywhere regular, and we denote by P; its set
of singular points (possibly empty).

Proposition 2.1 (Simon’s Lifting Lemma). Let v be a closed simple curve on T and let
e < &g be positive. Then, for j large enough, there is a positive n < n; and a closed curve 3’
on X NT.I"\ P; which is homotopic to ny in T.T".

Simon’s lifting Lemma implies directly the genus bounds if we use the characterization of
homology groups through integer rectifiable currents and some more geometric measure the-
ory. However, we choose to conclude the proof in a more elementary way, using Proposition
2.3 below.
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2.2. Surgery. The idea is that, for j large enough, one can modify any {Ei } sufficiently
close to ¥/ = Eij through surgery to a new surface %] such that

e the new surface lies in a tubular neighborhood of T’;
e it coincides with the old surface in a yet smaller tubular neighborhood.

The surjeries that we will use in this paper are of two kind: we are allowed to

e remove a small cylinder and replace it by two disks (as in Fig. 2);
e discard a connected component.

We give below the precise definition.

removing a
cylinder

- -
- -

adding two
disks

F1GURE 2. Cutting away a neck

Definition 2.2. Let ¥ and ¥ be two closed smooth embedded surfaces. We say that ¥ is
obtained from ¥ by cutting away a neck if:

X\ 52 is homeomorphic to S*x]0,1][;

o X \ X is homeomorphic to the disjoint union of two open disks;

e YAY is a contractible sphere.
We say that S is obtained from 3 through surgery if there is a finite number of surfaces
Yo =2,%1,...,0y = 2% such that each Xy, is

e cither isotopic to the union of some connected components of Xp_1;

e or obtained from Xy_1 by cutting away a neck.

Clearly, if ¥ is obtained from ¥ through surgery, then g(X) < g(X). We are now ready to
state our next Proposition.

Proposition 2.3. Let € < gy be positive. For each j sufficiently large and for t sufficiently
close to t;, we can find a surface 3} obtained from % through surgery and satisfying the
following properties:

) gg 18 contaz’ned wn Th I

e X NT.T =% NT.T.
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2.3. Proof of Theorem 1.6. Proposition 2.3 and Proposition 2.1 allow us to conclude
the proof of Theorem 1.6. We only need the following standard fact for the first integral
homology group of a smooth closed connected surface (see Sections 4.2 and 4.5 of [12]).

Lemma 2.4. Let I' be a connected closed 2—dimensional surface with genus g. If T' is
orientable, then HY(T') = Z*8. If T is non—orientable, then H'(T') = Z&™! X Z,.

The proof of Proposition 2.3 is given below, at the end of this section. The rest of the
paper is then dedicated to prove Simon’s Lifting Lemma. We now come to the proof of
Theorem 1.6.

Proof of Theorem 1.6. Define m; = g(T"%) if i is orientable and (g(I'*) —1)/2 if not. Our aim
is to show that

> “m; < liminfliminf g() . (2.1)
i oo t—t;
By Lemma 2.4, for each I'* there are 2m; curves ~>!, ... ~%?™ with the following property:

(Hom) If ky, ..., ko, are integers such that kiy"! + ... + kop,7>*™ is homologically trivial
in I'*, then k; = 0 for every .

Since € < g¢/2, Ty.I'" can be retracted smoothly on I'?. Hence:

(Hom’) If ki, ..., ko, are integers such that k1! + ... + ky,,,7%*™ is homologically trivial
in 5.1, then k; = 0 for every [.

Next, fix € < ¢ and let N be sufficiently large so that, for each j > N, Simon’s Lifting
Lemma applies to each curve 7*!. We require, moreover, that N is large enough so that
Proposition 2.3 applies to every 7 > N.

Choose next any j > N and consider the curves 4% lying in T.I' N 37 given by Simon’s
Lifting Lemma. Such surfaces are therefore homotopic to ni,l'yi’l in 7.1, where each n;; is
a positive integer. Moreover, for each ¢ sufficiently close to t; consider the surface f]{ given
by Proposition 2.3. The surface f]{ decomposes into the finite number of components (not
necessarily connected) %7 N T5.I". Each such surface is orientable and

D gBINTI) = g(T) < g(X). (2.2)
We claim that N
m; < lign %nfg(Zi NThI"), (2.3)

which clearly would conclude the proof.

Since Eg converges smoothly to X7 outside P;, we conclude that i{ N T.I"" converges
smoothly to 37 N T.I"" outside P;. Since each 7' does not intersect P;, it follows that, for ¢
large enough, there exist curves 4% contained in X7 N 7.I" and homotopic to 4" in T.T".

Summarizing:
(i) Each 4% is homotopic to m,l’yi’l in Ty I for some positive integer n;;
(ii) Each 4" is contained in X3 N T5.I'";
(iii) X7 N T5.I" is a closed surface; .
(iv) If ;7™ + ... + copm,y"*™ is homologically trivial in T5.I"* and the ¢;’s are integers,
then they are all 0.
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These statements imply that:

(Hom”) If ;3" +. . .+ com,7%2™ is homologically trivial in 3] N7T5.I'" and the ¢,’s are integers,
then they are all 0.

From Lemma 2.4, we conclude again that g(%7 N Ty I N> m. O
2.4. Proof of Proposition 2.3. Consider the set 2 = T5.T \ﬁ Since Y7 converges, in
the sense of varifolds, to I', we have

lim limsup H3(X] N Q) = 0. (2.4)

VA S
Let n > 0 be a positive number to be fixed later and consider N such that

limsup H*(2 N Q) < n/2 for each j > N. (2.5)

t—t;
Fix 7 > N and let 6; > 0 be such that
HAZINQ) < ifft;—t] <4 (2.6)

For each o €le, 2¢[ consider A, := 9 (T,I'), i.e. the boundary of the tubular neighborhood
T,I'. The surfaces A, are a smooth foliation of 2 \ T and therefore, by the coarea formula

2e ) )
/1ﬂmmmm&mag0W@wm)<on (2.7)
where C'is a constant independent of ¢t and j. Therefore,
» 2C
Iﬂ@mmmAg<7¥ (2.8)

holds for a set of o’s with measure at least /2. '
By Sard’s Lemma we can fix a o such that (2.7) holds and %] intersects A; transversally.
For positive constants A and C, independent of j and ¢, the following holds:

(B) For any s €]0, 2¢[, any simple closed curve v lying on Ay with Length(v) < A bounds
an embedded disk D C A, with diam(D) < CLength(7).

Assume that 2Cn/e < A. By construction, >/ N A, is a finite collection of simple curves.
Consider Q := visl \ T,_sI'. For ¢ sufficiently small, Qn Z{ is a finite collection of
cylinders, with upper bases lying on A,.s and lower bases lying on A,_5. We “cut away”
this finite number of necks by removing QN Z{ and replacing them with the two disks lying
on A, sUA, s and enjoying the bound (B). For a suitable choice of n, the union of each neck
and of the corresponding two disks has sufficiently small diameter. This surface is therefore
a compressible sphere, which implies that the new surface f]{ is obtained from E{ through
surgery.

We can smooth it a little: the smoothed surface will still be obtained from ¥ through
surgery and will not intersect A,. Therefore ¥/ := f]i N T,I" is a closed surface and is
obtained from ig by dropping a finite number of connected components. U
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3. PROOF OF PROPOSITION 2.1. PART I: MINIMIZING SEQUENCES OF ISOTOPIC
SURFACES

A key point in the proof of Simon’s Lifting Lemma is Proposition 3.2 below. Its proof,
postponed to later sections, relies on the techniques introduced by Almgren and Simon in
[4] and Meeks, Simon and Yau in [13]. Before stating the proposition we need to introduce
some notation.

3.1. Minimizing sequences of isotopic surfaces.

Definition 3.1. Let Z be a class of isotopies of M and > C M a smooth embedded surface.
If {o*} C T and

Jim HHPH(LE)) = inf H((1,2)).

then we say that ©*(1,Y) is a minimizing sequence for Problem (X, 7).
If U is an open set of M, ¥ a surface with 02 C OU and j € N an integer, then we define

J5;(U, %) == {¢ € Ts(U)| H*(¥(7,%)) < H*(X) +1/(8j) vre[0,1]}. (3.1)

Proposition 3.2. Let U C M be an open ball with sufficiently small radius and consider
a smooth embedded surface X such that 0% C OU is also smooth. Let A* := ¢"(1,%) be
a minimizing sequence for Problem (X,3s;(U, X)), converging to a stationary varifold V.
Then, V' is a smooth minimal surface A with smooth boundary OA = 0%.

Moreover, if we form a new sequence AF by taking an arbitrary union of connected com-

ponents of A¥, it converges, up to subsequences, to the union of some connected components
of A.

In fact, we believe that the proof of Proposition 3.2 could be modified to include any open
set U with smooth, uniformly convex boundary. However, such a statement would imply
several technical complications in Section 5 and hence goes beyond our scopes. Instead, the
following simpler statement can be proved directly with our arguments, though we do not
give the details.

Proposition 3.3. Let U C M be a uniformly convex open set with smooth boundary and
consider a smooth embedded surface 3 such that 0% C U is also smooth. Let AF := pF(1, )
be a minimizing sequence for Problem (X,7s(U)), converging to a stationary varifold V.
Then, V' is a smooth minimal surface A with smooth boundary OA = OX..

Moreover, if we form a new sequence A* by taking an arbitrary union of connected com-
ponents of A¥, it converges, up to subsequences, to the union of some connected components

of A.

3.2. Elementary remarks on minimizing surfaces. We end this section by collecting
some properties of minimizing sequences of isotopic surfaces which will be used often through-
out this paper. We start with two very elementary remarks.

Remark 3.4. Ile is 1/j—a.m. in an open set U and U is an open set contained in U, then
Yisl/j—a.m. inU.

Remark 3.5. If ¥ is 1/j-a.m. in U and ¢ € Ts5;(3,U) is such that H*(¢(1, %)) < HA(Z),
then ¥ (1,%) is 1/j-a.m. in U.
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Next we collect two lemmas. Their proofs are short and we include them below for the
reader’s convenience.

Lemma 3.6. Let 3; be 1/j—a.m. in annuli and r : M — R* be the function of Theorem 1.5.
Assume U is an open set with closure contained in An(z,T,0), where o < r(x). Let ¢; €
J5;(3;,U) be such that H*(¢;(1,%;)) < HA(X). Then ¢;(1,%;) is 1/j-a.m. in sufficiently

small annuli.

Proof. Recall the definition of 1/j—a.m. in sufficiently small annuli. This means that there
is a function r : M — R™ such that ¥ is 1/j—a.m. on every annulus centered at y and with
outer radius smaller than r(y). Let An(x,7,0) be an annulus on which ¥ is 1/j-a.m. and
U cC An(x,1,0). If y & B,(x), then dist(y,U) > 0. Set r1(y) := min{r(y), dist(y,U)}.
Then ¢ (1, ¥) = X on every annulus with center y and radius smaller than r(y), and therefore
it is 1/j-a.m. in it. If y = 2, then the statement is obvious because of Remark 3.5. If
y € B,(z) \ {x}, then there exists p(y),7(y) such that U U B, (y) C An(z,7(y),0). By
Remarks 3.5 and 3.4, ¢(1,%) is 1/j—a.m. on every annulus centered at y and outer radius
smaller than p(y). O

Lemma 3.7. Let {37} be a sequence as in Theorem 1.5 and U and v; be as in Lemma 3.6.
Assume moreover that U is contained in a convex set W. If X7 converges to a varifold V,
then ;(1,%7) converges as well to V.

Proof of Lemma 3.7. By Theorem 1.5 V' is a smooth minimal surface (multiplicity allowed).
By Lemma 3.6, 1;(1,%7) is also 1/j-a.m. and again by Theorem 1.5 a subsequence (not
relabeled) converges to a varifold V' which is a smooth minimal surface. Since ¥/ = v;(1,37)
outside W, V = V'’ outside W. Being W convex, it cannot contain any closed minimal
surface, and hence by standard unique continuation, V' =V’ in W as well. 0

4. PROOF OF PROPOSITION 2.1. PART II: LEAVES

4.1. Step 1. Preliminaries. Let {3’} be a sequence as in Theorem 1.6. We keep the
convention that I' denotes the union of disjoint closed connected embedded minimal surfaces
I (with multiplicity 1) and that 37 converges, in the sense of varifolds, to V' = 3, n,I".
Finally, we fix a curve v contained in I'.

Let r : I' — R™ be such that the three conclusions of Proposition 1.4 hold. Consider a
finite covering {B,,(x;)} of M with p; < r(x;) and denote by C' the set of the centers {x;}.
Next, up to extraction of subsequences, we assume that the set of singular points P; C ¥’
converges in the sense of Hausdorff to a finite set P (recall Remark 0.2) and we denote by
E the union of C' and P. Recalling Remark 3.4, for each z € M \ E there exists a ball B
centered at x such that:

e Y N B is a smooth surface for j large enough;
e Y/ is 1/j—a.m. in B for j large enough.

Deform ~ to a smooth curve contained in I' \ £ and homotopic to v in T'. It suffices to
prove the claim of the Proposition for the new curve. By abuse of notation we continue to
denote it by . In what follows, we let py be any given positive number so small that:

e 7, (I') can be retracted on I’;

e Forevery x € I', B, (x) NI is a disk with diameter smaller than the injectivity radius
of I'.
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For any positive p < 2p, sufficiently small, we can find a finite set of points zy,...,xy on
v with the following properties (to avoid cumbersome notation we will use the convention
IN+1 = $1)i

(C1) If we let [xk, zg11] be the geodesic segment on I' connecting z;, and xy1, then v is
homotopic to > el $k+1]
(C2) By(t11) N B, o) =

(C3) Bp(xk) UB (xk+1) is contained in a ball B¥¥*1 of radius 3p;

(C4) In any ball Bk’k“, 37 is 1/j—a.m. and smooth provided j is large enough;

see Figure 3. From now on we will consider j so large that (C4) holds for every k. The
constant p will be chosen (very small, but independent of j) only at the end of the proof.
The existence of the points x; is guaranteed by a simple compactness argument if py is a
sufficiently small number.

gl T4
Bl,2
€3

FIGURE 3. The points z; of (C1)-(C4).

4.2. Step 2. Leaves. In every B,(z;) consider a minimizing sequence 37! := ¢;(1, ) for
Problem (¥, Js;(B,(x),%7)). Using Proposition 3.2, extract a subsequence converging (in
B,(z)) to a smooth minimal surface IV"* with boundary OI'"* = Y9 N B,(x;). This is a
stable minimal surface, and we claim that, as j T oo, I'V* converges smoothly on every ball
Ba—g)p(zy) (with 6 < 1) to V. Indeed, this is a consequence of Schoen’s curvature estimates,
see Subsection 1.4.

By a diagonal argument, if {/;} grows sufficiently fast, 3% N B,(x;) has the same limit as
[k On the other hand, for {l;} growing sufficiently fast, Lemmas 3.6 and 3.7 apply, giving
that X7 converges to V.

Therefore, ['V"F converges smoothly to n;I" N Ba_g),(xx) in Bi_g),(xx) for every positive
6 < 1. Therefore any connected component of I'"* N B(_g),(x) is eventually (for large j’s)
a disk (multiplicity allowed). The area of such a disk is, by the monotonicty formula for
minimal surfaces, at least ¢(1 — 0)?p?, where c is a constant depending only on M. From
now on we consider 6 fixed, though its choice will be specified later.



16 CAMILLO DE LELLIS AND FILIPPO PELLANDINI

Up to extraction of subsequences, we can assume that for each connected component i
of 37, 4y(1,%7) converges to a finite union of connected components of T%*. However, in
B(I—G)p(xk)a

e cither their limit is zero;
e or the area of 4;(1,%7) in By_g),(x) is larger than ¢(1 — 26)?p? for [ large enough.

We repeat this argument for every k. Therefore, for any j sufficiently large, we define
the set £(j, k) whose elements are those connected components 37 of £ N B, () such that
Pn(1,%7) intersected with B(_g), (%) has area at least (1 — 26)%p?.

Recall that 37 is converging to n;I'* N B,(xx) in B,(zy) in the sense of varifolds. There-
fore, the area of ¥/ is very close to n/H*(I'" N B,(xx)). On the other hand, by definition
H2 (i (1,%7) N By(xy)) is not larger. This gives a bound to the cardinality of £(j, k), inde-
pendent of j and k. Moreover, if p and 6 are sufficiently small. the constants ¢ and ¢ get so
close, respectively, to 1 and 0 that the cardinality of £(j, k) can be at most n;.

4.3. Step 3. Continuation of the leaves. We claim the following

Lemma 4.1 (Continuation of the leaves). If p is sufficiently small, then for every j suffi-
ciently large and for every element A of L(j, k) there is an element A of L(j, k+1) such that
A and A are contained in the same connected component of ¥ N BFF+1,

The lemma is sufficient to conclude the proof of the Theorem. Indeed let {A, Ao, ..., Ay}
be the elements of £(j,1). Choose a point y; on Ay and then a point y lying on an element
A of £(3,2) such that A; UA is contained in a connected component of %/ N BY2. We proceed
by induction and after N steps we get a point yy,1 in some Aj. After repeating at most
n; + 1 times this procedure, we find two points y;y41 and y,.n+1 belonging to the same Aj.
Without loss of generality we discard the first [N points and renumber the remaining ones
so that we start with y; and end with y,y11 = y1. Note that n < n;. Each pair yx, yr11 can
be joined with a path 7 ;41 lying on 37 and contained in a ball of radius 3p, and the same
can be done with a path «,n111 joining y,ny+1 and y;. Thus, if we let

vy = Z Vb1 T VnN41,1
k

we get a closed curve contained in 7.

It is easy to show that the curve 7 is homotopic to ny in U, B*¥*1. Indeed, for each sN 47
fix a path n*¥*" : [0,1] — B,(z,) with n*¥77(0) = ysn4r and 7*N¥7(1) = z,. Next fix an
homotopy ¢*¥*7:[0,1] x [0, 1] — B¥**! with

L <5N+T(O> ) = VsN+r,sN+r+1,
o ng—FT(L )= [x}“va Tri1),
o (NH(,0) = nNr()

° and CSN+T('a 1) _ nsN—f—r-i—l(‘)'

Joyning the (*’s we easily achieve an homotopy between v and 7. See Figure 4. If p is chosen
sufficiently small, then U, B¥**1 is contained in a retractible tubular neighborhood of I' and
does not intersect F.
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FIGURE 4. The homotopies (V7.

4.4. Step 4. Proof of the Continuation of the Leaves. Let us fix a p for which
Lemma 4.1 does not hold. Our goal is to show that for p sufficiently small, this leads to
a contradiction. Clearly, there is an integer k£ and a subsequence j; T oo such that the
statement of the Lemma fails. Without loss of generality we can assume k£ = 1 and we set
x = x,, y =z and BY? = B. Moreover, by a slight abuse of notation we keep labeling >/
as 7.

Consider the minimizing sequence of isotopies {1} for Problem (%7, Js;(B,(x),%’)) and
{1} for Problem (X7, Js;(B,(y),%7)) fixed in Step 3. Since B,(z) N B,(y) = 0 and 1, and
¢ leave, respectively, M \ B,(y) and M \ B,(z) fixed, we can combine the two isotopies in

W (2t, 2 for t € |0,1/2
it 2) = { ¢l((2t —)1, z) forte {1/2,/1}.
If we consider 37 = ®;(1,%7), then X' N B,(z) = ¢(1,%7) N B,(z) and ¥ N B,(y) =
¢1(1,%7) N B,(y). Moreover for a sufficiently large [, the surface ¥ by Lemma 3.6 is 1/j-
a.m. in B and in sufficiently small annuli.

Arguing as in Step 2 (i.e. applying Theorem 1.5, Lemma 3.6 and Lemma 3.7), without
loss of generality we can assume that:

(i) 7! converges, as [ T oo, to smooth minimal surfaces A7 and A7 respectively in B,(x)
and B, (y);
(ii) A7 and A? converge, respectively, to n,I" N B,(x) and n; I N B,(y);

(iii) For l; growing sufficiently fast, 3% converges to the varifold V =", n,I".

Let 37 be the connected component, of 37 N B,(x) which contradicts Lemma 4.1. Denote by
3 the connected component of B N XY containing 3.

Now, by Proposition 3.2, ®;(1,%7) N B,(z) converges to a stable minimal surface A7 C A/
and ®;(1,37) converges to a stable minimal surface A7 ¢ AJ. Because of (i) and of curvature
estimates (see Subsection 1.4), AJ converges necessarily to rT*NB,(z) for some integer r > 0.
Since 37 € £(j,1), it follows that » > 1. Similarly, ®;(1,%7) N B,(y) converges to a smooth
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minimal surface A/ and A7 converges to sI'" N B, (y) for some integer s > 0. Since ¥/ does
not contain any element of £(7,2), it follows necessarily s = 0.

Consider now the varifold W which is the limit in B of Y%l = Dy, (1, 7). Arguing again
as in Step 2 we choose {/;} growing so fast that W, which is the limit of S| coincides
with the limit of A7 in B,(x) and with the limit of A; in B,(y). According to the discussion
above, V' coincides then with 7" N B,(z) in B,(x) and vanishes in B,(y). Moreover

W < |IVIILB = nH*LT"N B (4.1)
in the sense of varifolds. We recall here that ||| and ||V||L B are nonnegative measures
defined in the following way:

[e@dwie) =t [ (42)
jToo L]
and

Je@avia = tm [ o (1.3

for every ¢ € Cc(B). Therefore (4.1) must be understood as a standard inequality between
measures, which is an effect of (4.2), (4.3) and the inclusion ¥%% C 374 N B. An important
consequence of (4.1) is that

IW[(0B,(w)) = 0 for every ball B.(w) C B. (4.4)

Next, consider the geodesic segment [z, y] joining « and y in I''. For z € [z, y|, B,/2(z) C B.
Moreover,
the map z — ||W|/(B,/2(2)) 1is continuous in z, (4.5)
because of (4.1) and (4.4).
Since [|W||(B,/2(x)) > H*(I'" N B,j2(x)) and ||[W||(B,2(y)) = 0, by the continuity of the
map in (4.5), there exists z € [z, y] such that

1 .
IWII(Byj2(2)) = SHAT' 0 Bypa(2)) -
Since |W||(0B,/2(2)) = 0, we conclude (see Proposition 1.62(b) of [6]) that
. - 1,
lim H2(S 11 Byo(2)) = SHA(T N By(2) (46)
(see Figure 5).

On the other hand, since ¥ converges to V' in the sense of varifolds and V' = n;,["NB,5(2)
in B,/5(z), we conclude that

}i& HA((S95\ S99) N B, s (2)) = (n — %) H*(T' N B,a(2)) . (4.7)
If p is sufficiently small, I N B,»(z) is close to a flat disk and B,2(z) is close to a flat ball.
Using the coarea formula and Sard’s lemma, we can find a o €]0, p/2[ and a subsequence
of {37} (not relabeled) with the following properties:
(a) X7 intersects OB, (z) transversally;
(b) Length(X5 N OB, (2)) < 2(1/2 + &)wor;
(¢) Length((X95 \ X94) N OB, (2)) < 2((ng — 1/2) + €)7o
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IW|| = 0 here

W] > T* here

Pi

the segment [x, y]
W1 < ||V = niT" everywhere

FiGurkg 5. The varifold W.

(d) H2(I" N B, (2)) > (1 — )mo.

Note that the geometric constant € can be made as close to 0 as we want by choosing p
sufficiently small.

In order to simplify the notation, set € = %% . Consider a minimizing sequence (»* =
©s(1,Q7) for Problem (€, Js;(B,(z),§)). By Proposition 3.2, 7* N B,(z) converges, up to
subsequences, to a minimal surface Z/ with boundary ¥ N 9B, (z). Moreover, using Lemma
3.7 and arguing as in the previous steps, we conclude that =7 converges to n;I'" N B, ().

Next, set:

o O = Yilin B,(z), Qis = cps(l,Qj);
o (U = (00l \ 20 N By(z), W = o, (1,99).

By Proposition 3.2, since 7 and €7 are unions of connected components of Q7 N B,(z), we

can assume that €/° and 7° converge respectively to stable minimal surfaces =/ and =7
with

0= = YW NOB,(z) 0= = (X6 \ X)) NAB,(2).
Hence, by (b) and (c), we have

- 1 A 1
Length(0=7) < 2 <§ + 6) o Length(0=7) < 2 (nl ~ 3 + 6) o . (4.8)

On the other hand, using the standard monotonicity estimate of Lemma 4.2 below, we
conclude that

HA(Z) < (n — % + 77) To? (4.9)

HA(Z7) < (% +n) To?. (4.10)
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As the constant € in (d), n as well can be made arbitrarily small by choosing p suitably
small. We therefore choose p so small that

HA(Z) < (n - g) To? (4.11)
22j 5
H(E) < P (4.12)
and )
H*(I'"' N B,(2)) > <1 — ) o’ (4.13)
U

Now, by curvature estimates (see Subsection 1.4), we can assume that the stable minimal
surfaces =/ and =4, are converging smoothly (on compact subsets of B,(z)) to stable minimal
surfaces Z and Z. Since = =7 + 27 converges to n,I* N B,(z), we conclude that = =
Al N By(z) and = = Al N B,(z), where 7 and 7 are nonnegative integers with 7 4+ 71 = n,.
On the other hand, by (4.11), (4.12) and (4.13), we conclude

1 . .5
nll-— o? = H*(Z) < liminf H*(Z) < —mo® (4.14)
8774 J 8
A~ 1 2 2 /= . . Q=g 3 2
nll-— mo® = HY(Z) < liminf H*(Z) < (n;— = | mo*. (4.15)
8774 J 8

From (4.14) and (4.15) we conclude, respectively, n = 0 and » < n; — 1, which contradicts

4.5. A simple estimate. The following lemma is a standard fact in the theory of minimal
surfaces.

Lemma 4.2. There exist constants C' and ro > 0 (depending only on M) such that

H(Y) < (% + Ca) o Length (0%) (4.16)

for any o < ro and for any smooth minimal surface 3 with boundary 0% C 0B,(z).

Indeed, (4.16) follows from the usual computations leading to the monotonicty formula.
However, since we have not found a reference for (4.16) in the literature, we will sketch a
proof in Appendix A.

5. PROOF OF PROPOSITION 3.2. PART I: CONVEX HULL PROPERTY

5.1. Preliminary definitions. Consider an open geodesic ball U = B, () with sufficiently
small radius p and a subset v C QU consisting of finitely many disjoint smooth Jordan
curves.

Definition 5.1. We say that an open subset A C U meets OU in ~ transversally if there
exists a positive angle 0y such that:
(a) 0ANOU C ~.
(b) For everyp € 0OANOU we choose coordinates (x,y, z) in such a way that the tangent
plane T, of OU at p is the xy-plane and +'(p) = (1,0,0). Then in this setting every
point ¢ = (q1, g2, q3) € A salisfies Z—z > tan(% —bp).
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Remark 5.2. Condition (b) of the above definition can be stated in the following geometric
way: there exizt two halfplanes m and m meeting at the line through p in direction ' (p)
such that

e they form an angle 0y with T),;

e the set A is all contained in the wedge formed by m and ma;

see Figure 0.

FIGURE 6. For any p € AN9OU, A is contained in a wedge delimited by two
halfplanes meeting at p transversally to the plane 7),.

In this section we will show the following lemma.

Lemma 5.3 (Convex hull property). Let V and ¥ be as in Proposition 3.2. Then, there exists
a convex open set A C U which intersects U in 0% transversally and such that supp (|V]|) C
A.

Our starting point is the following elementary fact about convex hulls of smooth curves
lying in the euclidean two-sphere.

Proposition 5.4. If 3 C 0B, C R? is the union of finitely many C*—Jordan curves, then
its convex hull meets By transversally in (3.

The proof of this proposition follows from the regularity and the compactness of 5 and
from the fact that § is not self-intersecting. We leave its details to the reader.

5.2. Proof of Lemma 5.3. From now on, we consider v = 9%: this is the union of finitely
many disjoint smooth Jordan curves contained in OU. Recall that U is a geodesic ball B,(¢).
Without loss of generality we assume that p is smaller than the injectivity radius.

Step 1 Consider the rescaled exponential coordinates induced by the chart f : B,(§) — B,
given by f(z) = (expgl(z))/p. These coordinates will be denoted by (1, xa, z3). We apply
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Proposition 5.4 and consider the convex hull B of § = f(0X) in B;. According to our
definition, f~'(B) meets U transversally in +.

We now let 6y be a positive angle such that condition (b) in Definition 5.1 is fulfilled for
B. Next we fix a point # € f() and consider consider the halfplanes 7; and 7y delimiting
the wedge of condition (b). Without loss of generality, we can assume that the coordinates
are chosen so that m is given by

= {(21, 22, 23) 1 23 < a}

for some positive constant a. Condition (b) ensures that a < ag < 1 for some constant ag
inpendent of the point x € f(7).
For t €]0, 00[ denote by C; the points C; := {(0,0,—¢)} and by r(¢) the positive real

numbers
r(t) == V14+t2+ 2at
We finally denote by R; the closed balls

Rt = Br(t)(ct)

The centers C; and the radii r(¢) are chosen in such a way that the intersection of the sphere
OR; and 0B is always the circle 7 N 0B;.

the foliation <3

FIGURE 7. A planar cross-section of the foliation {S; : ¢ €]0, co[}.
Note, moreover, that for ¢ coverging to 400, the ball R, converges towards the region
{z3 < a}. Therefore, the region {z3 > a} N By is foliated with the caps
Sy == OR, N By for ¢ €0, ool.

In Figure 7, we see a section of this foliation with the plane z923.
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We claim that, for some constant ¢y > 0 independent of the choice of the point = € f(7),
the varifold V' is supported in f~'(Ry,). A symmetric procedure can be followed starting
from the plane my. In this way we find two off-centered balls and hence a corresponding
wedge W, satisfying condition (b) of Definition 5.1 and containing the support of V; see
Picture 8. Our claim that the constant ¢y can be chosen independently of x and the bound
a < ag < 1 imply that the the planes delimiting the wedge W, form an angle larger than
some fixed constant with the plane T, tangent to dB; at x. Therefore, the intersections of
all the wedges W, for = varying among the points of v, yield the desired set A.

FIGURE 8. A planar cross-section of the wedge W,.

Step 2 We next want to show that the varifold V' is supported in the closed ball f~!(Ry,).
For any t € [0,t[, denote by 7, : U — f~'(R;) the nearest point projection. If the radius
po of U and the parameter ¢, are both sufficiently small, then 7; is a well defined Lipschitz
map (because there exists a unique nearest point). Moreover, the Lipschitz constant of m; is
equal to 1 and, for t > 0, [Vm| <1 on U\ f~*(R:). In fact the following lemma holds.

Lemma 5.5. Consider in the euclidean ball By a set U that is uniformly convex, with con-
stant co. Then there is a p(co) > 0 such that, if pg < p(co), then the nearest point projec-

tion m on f(U) is a Lipschitz map with constant 1. Moreover, at every point P & f(U),
|\Vr(P)| < 1.

The proof is elementary and we give it in Appendix B for the reader’s convenience. Next,
it is obvious that my is the identity map and that the map (¢, z) — m(x) is smooth.

Assume now for a contradiction that V' is not supported in f~*(R;,). By Lemma 5.5, the
varifold (m;,)»V has, therefore, strictly less mass than the varifold V.

Next, consider a minimizing sequence AF as in the statement of proposition 3.2. Since
OA* = 93, the intersection of A* with OU is given by 9. On the other hand, by construction
0% C f~Y(R;) and therefore, if we consider AF := (m;),AF we obtain a (continuous) one-
parameter family of currents with the properties that
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it is strictly smaller than the mass of V.

Therefore, if we fix a sufficiently large number k, we can assume that (iv) holds with a
gain in mass of a positive amount ¢ = 1/j5. We can, moreover, assume that H?(A*) <
H2(3) + 1/(87). By an approximation procedure, it is possible to replace the family of
projections {7}y, With a smooth isotopy {t}:cjo,1) with the following properties:

(V) 1 is the identity map and 1;|sy is the identity map for every ¢ € [0, 1];

(vi) H2(AF) < H2(4(X)) + 1/(85);

(vii) H*(¥1(A%)) < M((m) V) — 1/

This contradicts the 1/j-almost minimizing property of 3.

In showing the existence of the family of isotopies 14, a detail must be taken into account:
the map m, is smooth everywhere on U but on the circle f~'(R,)NOU (which is the same circle
for every t!). We briefly indicate here a procedure to construct 1, skipping the cumbersome
details.

We replace the sets {R;} with a new family R, which have the following properties:

® Roy= Bl;

® Ry = Ryy;

e For t € [0, 1] the boundaries OR; are uniformly convex;

L] @Rt N 861 = Rt N 661,

e The boundaries of OR; are smooth for ¢t € [0,t] and form a smooth foliation of

Bl(o) \ RtO'

The properties of the new sets are illustrated in Figure 9

IR,

m

OR,,

FIGURE 9. A planar cross-section of the new foliation.
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Since AF touches OU in 0% transversally and 0% C f~'(R;) for every t, we conclude
the existence of a small § such that A* C f~'(Rys). Moreover, for § sufficiently small, the
nearest point projection 7,_s on f ’1(72,50,5) is so close to 7, that

M((7ey-5)#A%) < M((m, )4 A%) + /4.

We then construct 1, in the following way. We fix a smooth increasing bijective function

7:[0,1] — [0,t0 — 4],

e ¢y is the identity on U \ Rs and on R,();

e On Rs \ R it is very close to the projection 7.y on R q).
In particular, for this last step, we fix for a smoooth function o : [0, 1] x [0, 1] such that, for
each t, o(t,) is a smooth bijection between [0, 1] and [d, 7(¢)] very close to the function which
is identically 7(¢) on [0,1]. Then, for s € [0, 1], we define ¢, on the surface OR1—s)51sr)
to be the nearest point projection on the surface OR, ). So, ¥y fixes the leave OR; but
moves most of the leaves between OR; and OR ) towards OR ). This completes the proof
of Lemma 5.3.

6. PROOF OF PROPOSITION 3.2. PART II: SQUEEZING LEMMA
In this section we prove the following Lemma.

Lemma 6.1 (Squeezing Lemma). Let {A*} be as in Proposition 3.2, x € U and 3 > 0 be
given. Then there exists an €9 > 0 and a K € N with the following property. If k > K
and ¢ € TIs5(B.,(z) N U) is such that H*(p(1,A%)) < H2(AF), then there exists a ® €
Js(B.,(x) N U) such that

q)(lv ) = 90(17') (61)
H2(®(t, AF)) < HAH(AR) + 3 for every t € [0, 1]. (6.2)

If x is an interior point of U, this lemma reduces to Lemma 7.6 of [8]. When x is on the
boundary of U, one can argue in a similar way (cp. with Section 7.4 of [8]). Indeed, the
proof of Lemma 7.6 of [8] relies on the fact that, when e is sufficiently small, the varifold V'
is close to a cone. For interior points, this follows from the stationarity of the varifold V.
For points at the boundary this, thanks to a result of Allard (see [3]), is a consequence of
the stationarity of V' and of the convex hull property of Lemma 5.3.

6.1. Tangent cones. Consider the varifold V of Proposition 3.2. Given a point € U and
a radius p > 0, consider the chart f, , : B,(x) — By given by f. ,(y) = exp, ' (y)/p. We then
consider the varifolds V. , := (f,)4#V. Moreover, if A > 0, we will denote by O, : R* — R?
the rescaling Oy(z) = z/\.

If x € U, the monotonicity formula and a compactness result (see Theorem 19.3 of [18])
imply that, for any p; | 0, there exists a subsequence, not relabeled, such that V,, ,. converges
to an integer rectifiable varifold W supported in B, with the property that (O,)xW L B;(0) =
W for any A < 1. The varifolds W which are limit of subsequences V; ,. are called tangent
cones to V at x. The monotonicity formula implies that the mass of each W is a positive
constant ¢(z, V') independent of W (see again Theorem 19.3 of [18]).

If € OU, we fix coordinates y1, y2, y3 in R? in such a way that f, ,(U N B,(z)) converges
to the half-ball B = B; N {y; > 0}.
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Recalling Lemma 5.3, we can infer with the monotonicity formula of Allard for points at
the boundary (see 3.4 of [3]) that V, , = (fs;,)#V have equibounded mass. Therefore, if
pj | 0, a subsequence of V, ,., not relabeled, converges to a varifold W.

By Lemma 5.3, there is a positive angle 6, such that, after a suitable change of coordinates,
W is supported in the set

{lvel < yrtanbo}.
Therefore supp (W) N {y; = 0} = {(0,0,¢) : t € [-1,1]} =: £. Applying the monotonocity
formula of 3.4 of [3], we conclude that

Wii(e) =0 (6.3)

and
W1[(B,(0)) = 70(|V[|,2)p*, (6.4)
where
IV 2) — 1y V1B
10 Uy
is independent of W. Being W the limit of a sequence V, ,. with p; | 0, we conclude that
W is a stationary varifold.

Now, define the reflection map r : R®* — R3 given by r(21, 22, 23) = (=21, —2», 23). By
(6.3), using the reflection principle of 3.2 of [3], the varifold W’ := W +r,W is a stationary
varifold. By (6.4) and Corollary 2 of 5.1 in [2], we conclude that (O,)zW'LBf = W’ for
every A < 1. On the other hand, this implies (Oy)xW LB} = W. Therefore W is a cone
and we will call it tangent cone to V' at x.

6.2. A squeezing homotopy. Since for points in the interior the proof is already given
in [8], we assume that = € 9U. Moreover, the proof given here in this case can easily be
modified for z € U. Therefore we next fix a small radius € > 0 and consider an isotopy ¢ of
U N B.(z) keeping the boundary fixed.

We start by fixing a small parameter 6 > 0 which will be chosen at the end of the proof.
Next, we consider a diffeomorphism G, between BF = B.N{y; > 0} and B.(z)NU. Consider
on B the standard Euclidean metric and denote the corresponding 2-dimensional Hausdorff
measure with H2. If ¢ is sufficiently small, then G. can be chosen so that the Lipschitz
constants of G. and G_! are both smaller than 1+ . Then, for any surface A C B.(z)NU,

(1-COH*(A) < HIG:(A)) < (L+COHH*(A), (6.5)

where C' is a universal constant.
We want to construct an isotopy A € Js(BF) such that A(1,) = G. o ¢(1,GZY(-)) and
(for k large enough)

H2(A(t, G.(AF))) < HAG(AM)(1+C8)+C§  for every t € [0,1]. (6.6)
After finding A, ®(¢,-) = G-' o A(t, G-(-)) will be the desired map. Indeed @ is an isotopy

£

of B.(x) N U which keeps a neighborhood of B.(z) N U fixed. It is easily checked that
®(1,-) = ¢(1,-). Moreover, by (6.5) and (6.6), for k sufficiently large we have

H2(O(t, AF)) < (1+COHHA(A®) +C5  Vteo,1], (6.7)

for some constant C' inpendent of § and k. Since H?(AF) is bounded by a constant indepen-
dent of § and k, by choosing § sufficiently small, we reach the claim of the Lemma.
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Next, we consider on BX a one-parameter family of diffeomorphisms. First of all we
consider the continuous piecewise linear map « : [0, 1[— [0, 1] defined in the following way:
o ot,s)=sfor (t+1)/2<s<1;
o ot,s) =(1—t)sfor 0 <s <t
e «(t,s)is linear on t < s < (t+1)/2.
So, each «(t,-) is a biLipschitz homeomorphism of [0, 1| keeping a neighborhood of 1 fixed,
shrinking a portion of [0, 1] and uniformly stretching the rest. For ¢ very close to 1, a large
portion of [0,1] is shrinked into a very small neighborhood of 0, whereas a small portion
lying close to 1 is stretched to almost the whole interval.
Next, for any given t € [0, 1], let y; := ((1 —t)ne, 0,0) where 7 is a small parameter which
will be fixed later. For any z € B we consider the point m;(z) € 0B such that the segment
[ys, T (2)] containing z. We then define ¥(, ) to be the point on the segment [y, 7;(2)] such

that
Z|

=09 = (6 Y o),

It turns out that W(0,-) is the identity map and, for fixed ¢, W(¢,-) is a biLipschitz home-
omorphism of B keeping a neighborhood of 0B fixed. Moreover, for ¢ close to 1, ¥(t,-)
shrinks a large portion of B in a neighborhood of y; and stretches uniformly a layer close
to 0B.. See Figure 10.

We next consider the isotopy Z(t,-) := G- o U(t,G.(+)). Tt is easy to check that, if we
fix a A% and we let ¢ 1 1, then the surfaces ¥(1, G.(AF)) converge to the cone with center 0
and base G.(A*) N 9B..

--- boundary of V'

— boundary of U(t,V)

FIGURE 10. For t close to 1 the map W(t,-) shrinks homotethically a large
portion of BZ.

6.3. Fixing a tangent cone. By Subsection 6.1, we can find a sequence p; | 0 such that
Ve converges to a tangent cone W. Our choice of the diffeomorphism G, implies that
(O,, © G,,)4V has the same varifold limit as V.

Since A* converges to V in the sense of varifolds, by a standard diagonal argument, we
can find an increasing sequence of integers K; such that:

(C) (0,,(G,,(A*)) converges in the varifold sense to W, whenever k; > Kj.
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(C), the conical property of W and the coarea formula imply the following fact. For p,
sufficiently small, and for k sufficiently large, there is an € €]p;/2, p;[ such that:

HZ(U(t, G-(A")NL)) < HZ(G-(A")NL)+6  Vtandall open L C B, (6.8)

where U is the map constructed in the previous subsection. This estimate holds indepen-
dently of the small parameter 1. Moreover, it fixes the choice of ¢y and K as in the statement
of the Lemma. K depends only on the parameter §, which will be fixed later. ¢ might de-
pend on k£ > K, but it is always larger than some fixed p;, which will then be the ¢ of the
statement of the Lemma.

6.4. Construction of A. Consider next the isotopy 1 = G. o p o G_!. By definition, there
exists a compact set K such that (¢, z) = z for z € BS \ K and every t. We now choose 7
so small that K C {z : 21 > ne}. Finally, consider T' €]0, 1] with 7" sufficiently close to 1.
We build the isotopy A in the following way:

e fort € [0,1/3] we set A(t,-) = U(3tT,-);

e fort € [1/3,2/3] we set A(t, ) = W (3tT, (3t —1,-));

o fort € [2/3,1] we set A(t,-) =W (3(1 —¢)T,¢(1,-)).
If T is sufficiently large, then A satisfies (6.6). Indeed, for t € [0,1/3], (6.6) follows from
(6.8). Next, consider t € [1/3,2/3]. Since (t,-) moves only points of K, A(t,z) coincides
with W(T, ) except for x in U(T', K'). However, V(T z) is homotethic to K with a very small
shrinking factor. Therefore, if T is chosen sufficiently large, H2(A(t, G.(AF))) is arbitrarily
close to H2(A(1/3,G.(A*))). Finally, for t € [2/3,1], A(t,z) = V(3(1 — t)T,x) for = &
U(3(1 — )T, K) and it is U(3(1 — ¢)T, (1, 2)) otherwise. Therefore, A(t,G.(AF)) differs
from W(3(1 — )T, G.(AF)) for a portion which is a rescaled version of G.(¢(1, AF)\ G.(AF).
Since by hypothesis H?(p(1, AF)) < H2(AF), we actually get

H2(GL(p(1, AM) \ GL(A)) < (1 -+ COHA(Go(AM)\ Ga(p(1, AM)
and by the scaling properties of the euclidean Hausdorff measure we conclude (6.6) for
t €12/3,1] as well.
Though A is only a path of biLipschitz homeomorphisms, it is easy to approximate it with

a smooth isotopy: it suffices indeed to smooth ol 1«01}, for instance mollifying it with a
standard kernel.

7. PROOF OF PROPOSITION 3.2. PART III: y~REDUCTION
In this section we prove the following

Lemma 7.1 (Interior regularity). Let V' be as in Proposition 3.2. Then ||V| = H*LA
where A is a smooth stable minimal surface in U (multiplicity is allowed).

In fact the lemma follows from the interior version of the squeezing lemma and the following
proposition, applying the regularity theory of replacements as described in [8] (cp. with
Section 7 therein).

Proposition 7.2. Let U be an open ball with sufficiently small radius. If A is an embedded
surface with smooth boundary OA C OU and {A*} is a minimizing sequence for Problem
(A,TJs(U)) converging to a varifold W, then there exists a stable minimal surface T' with
T\ COA and W =T in U.
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This Proposition has been claimed in [8] (cp. with Theorem 7.3 therein) and since nothing
on the behavior of W at the boundary is claimed, it follows from a straightforward modifica-
tion of the theory of y-reduction of [13] (as asserted in [8]). This simple modification of the
~v—reduction is, as the original y-reduction, a procedure to reduce through simple surgeries
the minimizing sequence A* into a more suitable sequence.

In this section we also wish to explain why this argument cannot be directly applied neither
to the surfaces A* of Proposition 3.2 on the whole domain U (see Remark 7.6), nor to their
intersections with a smaller set U’ (see Remark 7.7). In the first case, the obstruction comes
from the 1/j-a.m. property, which is not powerful enough to perform certain surgeries. In
the second case this obstruction could be removed by using the squeezing lemma, but an
extra difficulty pops out: the intersection A* N AU’ is, this time, not fixed and the topology
of A*¥ N U’ is not controlled. These technical problems are responsible for most of the
complications in our proof.

7.1. Definition of the y—reduction. In what follows, we assume that an open set U C M
and a surface A in M with OA C OU are fixed. Moreover, we let C denote the collection of
all compact smooth 2-dimensional surfaces embedded in U with boundary equal to OA.

We next fix a positive number ¢ such that the conclusion of Lemma 1 in [13] holds and
consider v < §2/9. Following [13] we define the y-reduction and the strong y-reduction.

Definition 7.3. For X, Y5 € C we write

(v.U)
Yo K X4

and we say that o is a (v, U)—reduction of 3, if the following conditions are satisfied:

(v1) X5 is obtained from ¥y through a surgery as described in Definition 2.2. Therefore:
— 31\ X9 = A C U is diffeomorphic to the standard closed annulus An(x,1/2,1);
— 35\ X1 = D1 UDy CU with each D; diffeomorphic to D;
— There exists a set'Y embedded in U, homeomorphic to By with Y = AUD;UD,

and (Y \0Y)N (X, UXs) =@. (See Picture 2).
(v2) H*(A) +H*(D1) + H*(Ds) < 2v;
(v3) IfT is the connected component of ¥, UU containing A, then for each component of
'\ A we have one of the following possibilities:

— either it is a disc of area > 6%/2;
— or it 1s not simply connected.

Remark 7.4. The previous definition has another interesting consequence that the reader
could easily check: ¥ € C is (v, U)—irreducible if and only if whenever A is a disc with
OA = AN and H*(A) < v, then there is a disc D C % with 0D = 0A and H*(D) < 6%/2.

(v0)
A slightly weaker relation than 7<< can be defined as follows. We consider >, € C

(v.U)
and we say that Y, is a strong (v, U)—reduction of ¥, written Xy < Y, if there exists an
isotopy ¢ € 35 (U ) such that

(s1) 22 << P(Xy);
(s2) XN (M\U)

= (M\U)
(s3) H (( 1)A 1)
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(

- - (W)
We say that ¥ € C is strongly (v, U)—irreducible if there is no ¥ € C such that 3 Uy

Remark 7.5. Arquing as in [13] one can prove that, for every A’ € C, there exist a constant
¢ > 1 (depending on &, g(N') and H*(N')) and a sequence of surfaces ¥;, j = 1,...,k, such
that

k <c; (7.1)
$,€C j=1,..k (7.2)
U U U
v, Py, D (7.3)
H*(SLAN) < 3ey; (7.4)
Yy is strongly (v, U)—irreducible. (7.5)

Compare with Section 3 of [13] and in particular with (3.3), (3.4), (3.8) and (3.9) therein.

7.2. Proof of Proposition 7.2. Applying Lemma 5.3, we conclude that a susbsequence, not
relabeled, of A* converges to a stationary varifold V in U such that UNsupp (V) C 9A. Next,
arguing as in Section 6.1, we conclude that ||[V|[(OA) = 0, and hence that ||[V[|(0U) = 0.
Arguing as in pages 364-365 of [13] (see (3.22)—(3.26) therein), we find a 79 > 0 and a
sequence of ~y-strongly irreducible surfaces ¥ with the following properties:

e Y¥ is obtained from A* through a number of surgeries which can be bounded inde-
pendently of k;
e ¥* converges, in the sense of varifolds, to V.

This allows to apply Theorem 2 and Section 5 of [13] to the surfaces ¥* to conclude that
supp (V') \ OU is a smooth embedded stable minimal surface.

Remark 7.6. This procedure cannot be applied if the minimality of the sequence A* in Js(U)
were replaced by the minimality in Js;(U). In fact, the proof of Theorem 2 in [13] uses heavily
the minimality in Js(U) and we do not know how to overcome this issue.

7.3. Proof of Lemma 7.1. Let A* and V be as in Proposition 3.2 and in Lemma 7.1. Let
x € U and consider a U’ = B.(x) C U as in Lemma 6.1. Applying Lemma 6.1 we can modify
A¥ in B.(z) getting a minimizing sequence {A*7}; for Js(B.(x)). Applying Proposition 7.2,
we can assume that A*J converges, as j T oo to a varifold V} which in B.(x) is a stable
minimal surface X*. By the curvature estimates for minimal surfaces (cp. also with the
Choi-Schoen compactness Theorem), we can assume that ¥* converges to a stable smooth
minimal surface . Extracting a diagonal subsequence A* := AFJ(%) we can assume that
A" is still minimizing for problem Js,;(U) and hence that it converges to a varifold V'. V’
coincides with ¥ in B.(x) and with V outside B.(x) and hence it is a replacement according
to Definition 6.2 in [8] (see Section 7 therein). By Proposition 6.3 of [8], V' coincides with a
smooth embedded minimal surface in U.

Remark 7.7. Note that the arguments of Section 3 of [13] cannot be applied directly to the
sequence AF. It is indeed possible to modify A* in B.(x) =: U’ to a strongly y-irreducible AF.
However, the number of surgeries needed is controlled by H*(AF N B.(z)) and g(A* NU").
Though the first quantity can be bounded independently of k, on the second quantity (i.e.
g(A* N U")) we do not have any a priori uniform bound.
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8. PROOF OF PROPOSITION 3.2. PART IV: BOUNDARY REGULARITY.

In this section we conclude the proof of the first part of Propositions 3.2 and 3.3. More
precisely, we show that the surface A of Lemma 7.1 is regular up to the boundary and its
boundary coincides with 93.

Lemma 8.1 (Boundary regularity). Let A be as in Lemma 7.1. Then A has a smooth
boundary and OA = 9.

As a corollary, we conclude that the multiplicity of A is everywhere 1.

Corollary 8.2. There exist finitely many stable embedded connected disjoint minimal sur-
faces 'y, ..., I'n C U with disjoint smooth boundaries and with multiplicity 1 such that

A=TU...Ul'y and  OA = 0IMU...Udly. (8.1)

Proof. Lemmas 7.1 and 8.1 imply that A is the union of finitely many disjoint connected
components I'1 U ... U I'y contained in U and that either OI'; = 0 or OI'; is the union of
some connected components of 9%. In this last case, the multiplicity of I'; is necessarily
1. On the other hand, OI'; = 0 cannot occur, otherwise I'; would be a smooth embedded
minimal surface without boundary contained in a convex ball of a Riemannian manifold,
contradicting the classical maximum principle. O

8.1. Tangent cones at the boundary. Consider now = € supp||V| N oU. We follow
Subsection 6.1 and consider the chart f,, : B,(x) — By given by f.,(y) = exp,'(y)/p.
We then denote by V, , the varifolds (f;,)#V. Moreover, if A > 0, we will denote by
Oy : R? — R3 the rescaling O, (z) = z/\.

Let next W be the limit of a subsequence V, ,.. Again following the discussion of Subsec-
tion 6.1, we can choose a system of coordinates (yi, y2, y3) such that:

e IV is integer rectifiable and supp (V) is contained in the wedge

Wed = {(y1,42,43) : 2| < witanby} N B1(0).

e supp (W) containes the line ¢ = {(0,0,¢) : t € [—1,1]}, (which is the limit of the
curves f; ,(0X N B,(x))).

e If we denote by 7 : R* — R? the reflection given by r(z1, 29, 23) = (—21, —29, 23),
then r,W 4 W is a stationary cone.

By the Boundary regularity Theorem of Allard (see Section 4 of [3]), in order to show
regularity it suffices to prove that

(TC) Any W as above (i.e. any varifold limit of a subsequence (f?")xV with p, | 0) is a
half-disk of the form

Py = {(y1,y2,y3) : 1 > 0,3 = y1 tan 6} N B, (0) (8.2)
for some angle 6 €] — w/2,7/2].

In the rest of this section we aim, therefore, at proving (TC). As a first step we now show
that

N
W= kD, (8.3)
=1
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where k; > 1 are integers and 6; are angles in [—6y, 6y]. There are two possible ways of seeing
this. One way is to use the Classification of stationary integral varifolds proved by Allard
and Almgren in [1].

The second, which is perhaps simpler, is to observe that, on Bt the varifold W is actually
smooth. Indeed, by the interior regularity, V' is a smooth minimal surface in B,(x) NV
and it is stable, therefore, by Schoen’s curvature estimates, a subsequence of V, , converges
smoothly in compact subsets of B*. It follows that W”" := W + ruW coincides with a
smooth minimal surface outside on B;(0) \ . On the other hand W is a cone and therefore
we conclude that 9B /2 (0)NW"\{(0,0,1/2), (0,0, —=1/2)} is a smooth 1-d manifold consisting
of arcs of great circles. Since supp (W) C Wed, we conclude that in fact 0B;/2(0) N W™\
{(0,0,1/2),(0,0,—1/2)} consists of finitely many planes (mupltiplicity is allowed) passing
through ¢. This proves (8.3).

8.2. Diagonal sequence. We are now left with the task of showing that N =1 and k; = 1.
We will, indeed, assume the contrary and derive a contradiction. In order to do so, we
consider a suitable diagonal sequence f, , (AF") converging, in the sense of varifolds, to W.
We can select AF in such a way that the following minimality property holds:

(F) If A is any surface isotopic to A* with an isotopy fixing d(UNB,, (), then H*(A) >
H (AR = oy
Indeed, we appply the Squeezing Lemma 6.1 with 3 = 1/(167) and let n be so large that p,

is smaller than the constant &y given by the Lemma. Since A* is 1/j-a.m. in U, we conclude
therefore that, if we set

My, = if{®(1,A*): ® € Is(U N B,, (x))},

then

lim H*(A*N B, (z)) — My, = 0.
kToo
Therefore, having fixed p,, < ¢y, we can choose k,, so large that M, ; > H2(Akn) — o3
Next, it is convenient to introduce a slightly perturbed chart ¢g#* which maps OU N B, (z)
onto By N{y; = 0} and 0¥ N B, () onto £. This can be done in such a way that f, ,, o g;})n
and g, © [, ;n converge smoothly to the identity map as p,, | 0.
Having set T, = g.,,(AF"), we have that I, converges to W in the sense of varifolds.

Moreover, our discussion implies that H*(A* N B, (z)) = p2H2(T,) + O(p2). Therefore
we conclude from (F) that

(F’) Let m, be the minimum of H?(A) over all surfaces A isotopic to I, with an isotopy
which fixes (U N By). Then H(T,,) —m, | 0.

We next claim that
N
liml%nf HUT,NOB,) > 7o Z k; for every o €]0, 1. (8.4)
" i=1

Indeed, using the squeezing homotopies of Section 6.2 it is easy to see that

HZ(T,) —m, > H2(TwNB,) — oML, N OB,)
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Letting n T 0 and using (8.3) with the convergence of T',, to the varifold W we conclude
liminf(H2(T,) — my,) > k; — liminf H (T, N OB,) | .
1{301011( () —my) > J<O”/Tzi: im in ol ))

Therefore, from (F’) we conclude (8.4).

We next claim the existence of a o € [1/2, 1] and a subsequence n(j) such that I',;) N OB,
is a smooth 1-dimensional manifold with boundary (0,0,0) — (0,0, —0) and, at the same
time,

N
. 1 .
lim H(T\j NOB,) = 7o Zl k; (8.5)
and
hTm HYT,;yNOB, \ K) = 0 for every compact K C By \ |, F,- (8.6)
jToo

In fact, let {K;}; be an exhaustion of B; \ |, P, by compact sets. Observe that, by the
convergence of I, to W, we get

7111& (Hg(rn NBi\ Bij2) + Z 27 HA(T, \ KN (By 81/2))> = g Z k. (8.7)

=0

Using the coarea formula, we conclude

1 1
/ or Y kido > lim <H;(rn NoB,) + > 27"HI(T, N B, \ Kz)) do .
1 l

/2 , nfoo Jy/9

1

Therefore, by Fatou’s Lemma, for a.e. o € [1/2,1] there is a subsequence n(j) such that

lim (H; (T, NOB,) + Y 27"H(T, N OB, \ KZ)> =m0y ki (8.8)
l 7

Jloo

Clearly, (8.4) and (8.8) imply (8.5) and (8.6). On the other hand, by Sard’s Theorem, for a.e.
o € [1/2,1] every surface 0B, N T, is a smooth 1-dimensional submanifold with boundary
(0,0,0) — (0,0, —0).

8.3. Disks. From now on we fix the radius ¢ found above and we use I',, in place of I',,;) (i.e.
we do not relabel the subsequence). Consider now the Jordan curves 77, . .. s VM (n) forming

'™ N OB (by Bf we understand the half ball B, N {y; > 0}).

Since OI"™ N {y; = 0} is given by the segment ¢, there is one curve, say 7', which contains
the segment ¢. All the others, i.e. the curves 7" with i > 2 lie in 9B, N {y; > 0}.

Next, for every 7;* consider the number

k" = inf{H?(D) : D is an embedded smooth disk bounding 77"} . (8.9)

We will split our proof into several steps.

(a) In the first step, we combine a simple desingularization procedure with the funda-
mental result of Almgren and Simon (see [4]), to show that

there are disjoint embedded smooth disks DY, ... Dy, s.t.
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v wth ¢ > 2

FIGURE 11. The curves 7.

2(pm < n 8.10
>oHDn < Yoy (8.10)

A simple topological observation (see Lemma C.1 in the Appendix C) shows that,
for each fixed n, there exist isotopies ®; keeping B/ fixed and such that ®,(T',, N B,)
converges, in the sense of varifolds, to the union of the disks D}. Combining (F’),
(8.10) and the convergence of I';, to the varifold W we then conclude

M(n)
lim sup Z K" = mo? ij. (8.11)
- j
(b) In the second step we will show the existence of a § > 0 (independent of n) such that
1
kK < o (5 - 6) HL(y) for every i > 2 and every n. (8.12)
A simple cone construction shows that

n 9 n

W< TG, (813)

So, (8.5), (8.12) and (8.13) imply
M(n)
li HI() = 0 d lim Hl(y]) = k;, 8.14
lim > H:(9]) and - lim H(7]) = 03 Ky (8.14)

1=2 J

which in turn give

nfoo

2
lim k7 = % Sk (8.15)
J

(c) We next fix a parameterization 3" : S' — 9B} of 47 with a multiple of the arc-length
and extract a further subsequence, not relabeled such that 37" converges to a 3. By



GENUS BOUNDS FOR MINIMAL SURFACES ARISING FROM MIN-MAX CONSTRUCTION 35

8.6), the image of 3 is then contained in the union of the curves Py N oB. We
(8.6), g : ”

will then show that

7'('0'2

limsupk] = —. (8.16)
nloo 2
(8.15) and (8.16) finally show that W consists of a single half-disk P, N B, counted

once. This will therefore complete the proof.

8.4. Proof of (8.10). In this step we fix n and prove the claim (8.10). First of all, note that
each 7" with ¢ > 2 is a smooth Jordan curve lying in 0B, N {y; > 0}.
We recall the following result of Almgren and Simon (see [4]).

Theorem 8.3. For every curve ' with i > 2 consider a sequence of smooth disks D’ with
H2(D7) converging to k7. Then a subsequence, not relabeled, converges, in the sense of
varifolds, to an embedded smooth disk DY C B} bounding v' and such that HZ(D}) = k.
(The disk is smooth also at the boundary).

For each +;* select therefore a disk D} as in Theorem 8.3. We next claim that these disks
are all pairwise disjoint. Fix in fact two such disks. To simplify the notation we call them
D' and D? and assume they bound, respectively, the curves v, and 7,. Clearly, D! divides
B} into two connected components A and B and 7, lies in one of them, say A. We will show
that D? lies in A.

Assume by contradiction that D? intersects D!. By perturbing D? a little we modify it
to a new disk E7 such that H?(E7) < HZ(D?)+ 1/j and EY intersects D' transversally in
finitely many smooth Jordan curves a,.

Each a,, bounds a disk '™ in E/. We call o, maximal if it is not contained in any
F'. Each maximal «,, bounds also a disk G™ in D!. By the minimality of D!, clearly
H2(G™) < H?(F™). We therefore consider the new disk H’ given by

D2\< U Fm)u U o

@y maximal oy, maximal

Clearly HZ(H7) < H2?(E’) + 1/j. With a small perturbation we find a nearby smooth
embedded disk K7 which lies in A and has HZ(K7) < H?(E’) + 1/(2j). By letting j T oo
and applying Theorem 8.3, a subsequence of K7 converges to a smooth embedded minimal
disk D? in the sense of varifolds. On the other hand, by choosing K7 sufficiently close to
HJ, we conclude that H? converges as well to the same varifold. But then,

D*\ < U Fm) c D?
am maximal

and hence DN D3 # (). Since D3 lies on one side of D? (i.e. in A) this violates the maximum

principle for minimal surfaces.

Having chosen D7, .. .DR/[(H) as above, we now choose a smooth disk £ bounding +{" and

with ]
HA(E?Y) < K"+ —.
e( 1) — 1 In
In fact we cannot apply directly Theorem 8.3 since in this case the curve ~f is not smooth

but has, in fact, two corners at the points (0,0, ) and (0,0, —0o).
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4 lies in one connected component A of BF. We now find a new smooth embedded disk
D} with

1
HADY) < 4

and lying in the interior of A This suffices to prove (8.10).

Consider the disks Dy, ... Dj which, among the D? with j > 2, bound A. We first perturb
ET to a smooth embedded F}" which intersects all the Dj. We then inductively modify E}
to a new disk which does not intersect D} and looses at most 1/(3In) in area. This is done
exactly with the procedure outlined above and since the distance between different D’’s is
always positive, it is clear that while removing the intersections with D} we can do it in such
a way that we do not add intersections with D} for i < j.

8.5. Proof of (8.12). In this step we show the existence of a positive 9, independent of n
and j, such that

K < o (5 — (5) Ho(V)) Vi >2Vn. (8.17)
Observe that for each 7' we can construct the cone with vertex the origin, which is topolog-
ically a disk and achieves area equal to §H/(7}"). On the other hand, this cone is clearly not
stationary, because 77" is not a circle, and therefore there is a disk diffeomorphic to the cone
with area strictly smaller than $H!(7}). A small perturbation of this disk yields a smooth
embedded disk D bounding 7" such that

HAD) < SHI). (8.18)

Therefore, it is clear that it suffices to prove (8.17) when n is large enough.
Next, by the isoperimetric inequality, there is a constant C' such that, any curve v in 0B,
bounds, in B,, a disk D such that

Ho(D) < C(He(7))

Therefore, (8.17) is clear for every v} with H}(7}) < 0/4C.
We conclude that the only way of violating (8.17) is to have a subsequence, not relabeled,

of curves y" := Z(ny such that

e H!(y") converges to some constant cq > 0;
® K" = K}, converges to co /2.

2

(8.19)

Consider next the wedge Wed = {|ya| < y1 tan by} containing the support of the varifold V.
If we enlarge this wedge slightly to

Wed’ := {|yo] < y1(tanby + 1)},

we conclude, by (8.6), that
liTm H(y"\ Wed’) = 0. (8.20)

Perturbing ~" slightly we find a nearby smooth Jordan curve " contained in 0B, N Wed'.
Consider next

p" = min{HZ(D) : smooth embedded disk D bounding 5"} . (8.21)
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Given a D bounding (", it is possible to construct a D’ bounding " with
HZ(D') < H(D) + o(1).
Therefore, we conclude that

e H!(™) converges to ¢y > 0;
e /" converges to ocy/2;
e (" is contained in Wed’.

Consider next the projection of the curve a = Wed’ N B, on the plane m = y;y3. This
projection is an ellypse bounding a domain €2 in 7. Clearly « is the graph of a function over
this ellypse. The function is Lipschitz (actually it is analytic except for the two points (0, o)
and (0, —o)) and we can therefore find a function f : @ — R which minimizes the area of its
graph. This function is smooth up to the boundary except in the points (0,0) and (0, —0o)
where, however, it is continuous. Therefore, the graph of f is an embedded disk.

We denote by A the graph of f. A is in fact the unique area-minimizing current spanning
a, by a well-known property of area—minimizing graphs. By the classical maximum principle,
A is contained in the wedge Wed’ and does not contain the origin. Consider next the cone
C™ having vertex in 0 and 3" as base. Clearly, this cone intersects A in a smooth Jordan
curve 3" and hence there is a disk D" in A bounding this curve. Moreover, we call E™ the
cone constructed on 5" with vertex 0 (see Figure 12).

FIGURE 12. The minimal surface A, the cones C™ and E" and the domain D™.

Clearly,
lirr% inf H (B") > 0. (8.22)

Consider next the current given by D™ U (C™ \ E™). These coverge, up to subsequences, to
some integer rectifiable current. Therefore, the disks D™ converge, in the sense of currents,
to a 2-dimensional current D supported in A. It is easy to check that D must be the current
represented by a domain of A, counted with multiplicity 1. Therefore

liTm HZ(D™) = HZ(D). (8.23)
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Similarly, E™ converges, up to subsequences, to a current E. By the minimizing property of
A, HZ(D) < M(FE), unless H?(D) = M(E) = 0, where M(E) denotes the mass of E.
So, if M(E) > 0, we then have

lirr%iang(E”) > M(E) > H2(D) = liTm H2(D™) .

If M(E) =0, by (8.22), we conclude
liminf H*(E™) > 0 = lim H*(D").

nfoo nloo
In both cases we conclude that the embedded disk H™ = (C™\ E™) U D™ bounds " and
satisfies
liTm HZ(H") < liTm H2(O™) = - = lmp”. (8.24)
Therefore, there exists an n such that p™ > HZ(H"). A small perturbation of H™ gives a

smooth embedded disk bounding (" with area strictly smaller than ™. This contradicts the
minimality of u" (see (8.21)) and hence proves our claim.

8.6. Proof of (8.16). In this final step we show (8.16). Our arguments are inspired by those
of Section 7 in [4].

Consider the curve 77". Again applying (8.6) we conclude that, for every compact set
KcB\|JP,

we have
liTm HI(P\K) = 0. (8.25)

Consider next the solid sector S := Wed’NB,. Clearly HZ(dS) = (37 —n)o?, where 7 is a
positive constant. Clearly a curve contained in S bounds always a disk with area at most
’/T(% — $o?. For large 4" we can modify it to a new curve 3" contained in 95, and hence
find a smooth embedded disk bounding 5" with area at most 7(3 — 2)o?. This and (8.15)
implies that

no? o 3T
72]{;2 = }Znglil < 50 -
Therefore we conclude that ) k; < 2.

Extracting a subsequence, not relabeled, we can assume that 4" converges to an integer
rectifiable current . The intersection of the support of v with 95, \ {(0,0,0), (0,0, —0c)
is then contained in the arcs «; := Py, N 0B,. Therefore if we denote by [[a;]] the current
induced by «; then we have

IL0B, = 3 hifli]

where the h; are integers.
On the other hand, 7{'L 3, is given by the segment ¢. Therefore we conclude that

YLB, = [[{]].
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It turns out that

v = H@HZMH%H

and of course ). |h;| <>, k.
Since 9y = 0, we conclude that

0 = O[]+ _ hiolles]] = dp—bn+ > hi(dy — dp)

where N = (0,0,0), P = (—0,0,0) and dx denotes the Dirac measure in the point X. Hence

we conclude

and therefore ). h; = 1. This implies that >, |h;| is odd. Since >, |h;| < > ki < 2, we
conclude >, |h;| = 1.

Therefore, v consists of the segment ¢ and an arc, say, a;y. Clearly, v bounds Fp,, which
has area mo?/2. Consider next the closed curve " made by joining 77 N 9B, and —a;.
These curves might have self-intersections, but they are close. Moreover, they have bounded
length and they converge, in the sense of currents, to the tivial current oy — oy = 0.

There are therefore domains D™ C B} such that 9D" = (" and H?(D") | 0. It is
not difficult to see that the union of the domains D™ and of Py, gives embedded disks E"
bounding 77" and with area converging to wo?/2 (see Figure 13). Approximating these disks
E™ with smooth embedded ones, we conclude that

lim < z02

nloo Hn = 2 '

This shows that ZZ k; < 1. Hence the varifold W is either trivial or it consists of at most
one half-disk. Since it cannot be trivial by the considerations of Subsections 6.1 and 8.1, we

conclude that W consists in fact of exactly one half-disk.

FIGURE 13. The curves 7{ and ;.
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9. PROOF OF PROPOSITION 3.2. PART V: CONVERGENCE OF CONNECTED
COMPONENTS

In this section we complete the proofs of Proposition 3.2 and Proposition 3.3. In particular,
building on Corollary 8.2, we show the following.

Lemma 9.1. Let ¥ and A* be as in Proposition 3.2 (or as in Proposition 3.3) and consider
their varifold limit V. According to Lemma 7.1, Lemma 8.1 and Corollary 8.2, V' is a smooth
stable minimal surface with boundary OA = 0% and with multiplicity 1. Let T'y,...,T'n be
the connected components of A.

If A* is an arbitrary union of connected components of A¥ which converges, in the sense
of varifolds, to a W, then W is given by I';, U... UL, for somel <13 <ig<...<9y <N.

Proof. This lemma is indeed a simple consequence of some known facts in geometric measure
theory. Fix a sequence A* and a W as in the statement of the lemma. Note that dA* C
OAF = 9%,

We can therefore apply the compactness of integer rectifiable currents and, after a further
extraction of subsequence, assume that the AF are converging, as currents, to an integer
rectifiable current T with boundary 9T which is the limit of the boundaries AF. Since
these boundaries are all contained in U, we conclude that 0T is also contained in QU. It is
a known fact in geometric measure theory that

I < (W] (9.1)
On the other hand,
Wl < IV < Y HLT. (9.2)

So T'is actually supported in the current given by the union of the currents induced by the
I[';’s, which we denote by [[I';]]. Since 07" and OI'; lie both on OU, a second standard fact in
geometric measure theory imply the existence of integers hy, ..., hy such that

T = th[[rz”

Therefore,
7] = > [hlHLT. (9.3)

Hence, (9.1), (9.2) and (9.3) give h; € {—1,0,1}. On the other hand, since each OAF is
the union of connected components of 9% (with positive orientation), it turns out that T
is the union of the currents induced by some connected components of 0%, with positive
orientation. Moreover, since U is a sufficiently small ball, by the maximum principle each
surface I'; must have nontrivial boundary. Hence, we conclude that h; € {0, 1}.

Arguing in the same way, we conclude that A*\ AF converge, as currents, to a current 7,
and, as varifolds, to a varifold W' with the properties that

T = ) BT (9.4)

177 < (w7 (9.5)
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and h; € {0,1}. Since W + W’ =V, (and hence |W|| + [|[W]" = ||V||), we conclude that
h! = h + h; € {0,1}. On the other hand, A* converges, in the sense of currents, to T + T,
which is given by

T+T =) (h+h)[L]]]. (9.6)

2

Moreover, since OAF = 9%,

[0%]] = T +T) = Z(hﬂrhé)[[afi]]- (9.7)

Since the OI'; are all nonzero, disjoint and contained in 9%, we conclude that h; + h} = 1 for
every 1.

Summarizing, we conclude that |V|| = |[W|| + [|W'|| > ||T|| + [|T"|| = ||+ T"|| = ||V
This implies that [|[W]| + ||W’| = ||T|| + ||T”"|| and hence that ||W|| = ||T||. Therefore

W] = > hHLT;
and since h; € {0, 1}, this last claim concludes the proof. O

10. CONSIDERATIONS ON (0.5) AND (0.4)

10.1. Coverings. In this subsection we discuss why (0.5) seems ultimately the correct es-
timate. Fix a sequence {37 } which is 1/j-a.m. in suffciently small annuli and assume for
simplicity that each element is a smooth embedded surface and that the varifold limit is

given by
rieo reN
Then, one expects that, after appropriate surgeries (which can only bring the genus down)
E{j split into three groups.
e The first group consists of

surfaces, each isotopic to a I'" € O;
e The second group consists of

surfaces, each isotopic to the boundary of a regular tubular neighborhood of I € N,
(which is a double cover of T');
e The sum of the areas of the the third group vahishes as j T oco.

As a consequence one would conclude that n; is even whenever I' € A/ and that (0.5) holds.

The type of convergence described above is exactly the one proved by Meeks, Simon and
Yau in [13] for sequences of surfaces which are minimizing in a given isotopy class. The key
ingredients of their proof is the v—reduction and the techniques set forth by Almgren and
Simon in [4] to discuss sequences of minimizing disks. However, in their situation there is a
fundamental advantage: when the sequence {37} is minimizing in a given isotopy class, one
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can perform the y—reduction “globally”, and conclude that, after a finite number of surgeries
which do not increase the genus, there is a constant ¢ > 0 with the following property:

e For any ball B with radius o, each curve in 9B N Y’ bounds a small disk in 7.

In the case of min—max sequences, their weak 1/j—almost minimizing property on sub-
sets of the ambient manifold allows to perform the y—reduction only to surfaces which are
appropriate local modifications of the ¥7’s, see the Squeezing Lemma of Section 6 and the
modified y-reduction of Section 6. Unfortunately, the size of the open sets where this can
be done depends on j. In order to show that the picture above holds, it seems necessary to
work directly in open sets of a fixed size.

10.2. An example. In this section we show that (0.4) cannot hold for sequences which are
1/j—a.m.. Consider in particular the manifold M =] — 1, 1[xS? with the standard product
metric. We parameterize S* with {|w| = 1 : w € R3}. Consider on M the orientation—
preserving diffeomorphism ¢ : (t,w) — (—t, —w) and the equivalence relation z ~ y if z =y
or x = p(y). Let N = M/. be the quotient manifold, which is an oriented Riemannian
manifold, and consider the projection 7 : M — N, which is a local isometry. Clearly,
[ :=m({1} x S?) is an embedded 2-dimensional (real) projective plane. Consider a sequence
t; | 1. Then, each A7 := {¢,;} xS? is a totally geodesic surface in M and, therefore, 37 = 7(A;)
is totally geodesic as well. Let r be the injectivity radius of N and consider a smooth open
set U C N with diameter smaller than r such that OU intersects ¥/ transversally. Then
Y7 N U is the unique area—minimizing surface spanning OU N Y7,

Hence, the sequence of surfaces {37} is 1/j—a.m. in sufficiently small annuli of N. Each
> is a smooth embedded minimal sphere and ¥’ converges, in the sense of varifolds, to 2I.
Since g(37) = 0 and g(T') = 1, the inequality

g(l') < liminfg(X),
jToo
which corresponds to (0.4), fails in this case.

APPENDIX A. PROOF oF LEMMA 4.2

Proof. Let ¥ be a smooth minimal surface with 0% C 9B, (z), where 0 < 19 and r¢ is a
positive constant to be chosen later. We recall that, for every vector field X € C!(B,(x)),
we have

/ diveX = 0. (A1)
Bo ()

We assume ro < Inj (M) (the injectivity radius of M) and we use geodesic coordinates
centered at z. For every y € B,(x) we denote by r(y) the geodesic distance between y and
x. Recall that r is Lipschitz on B,(z) and C* in B,(z) \ {z}, and that |Vr| = 1, where

|Vr| =+/g(Vr,Vr).

We let v € C1(]0,1]) be a cut-off function, i.e. 7 = 0 in a neighborhood of 1 and v = 1

in a neighborhood of 0. We set X = ~(r)rVr = v(r)V%. Thus, X € C*(B,(z)) and from
(A.1) we compute

0 = /E'y(r) divy (TVT)—G—/ZT’)/(T)ZaeiTg(VT, ei), (A.2)
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where {e1, e2} is an orthonormal frame on T'%. Clearly

Z@eirg(Vr, €;) = Z(@eir)Q = |Vyr|? = |Vr]? = V)2 =1 — |V, (A.3)

2

where V17 denotes the projection of Vr on the normal bundle to Y. Moreover, let V¢ be

the euclidean connection in the geodesic coordinates and consider a 2-d plane 7 in T, M, for
y € By(z). Then

divr (r(y) Vr(y)) — divz (ly[ Vy]) = O(ly[) = O(a) .
Since dive (Jy| V€|y|) = 2, we conclude the existence of a constant C' such that
/ y(r)divs(rvVr) — 2/ y(r)
> >
Inserting (A.3) and (A.4) in (A.2), we conclude

/27(7“) —l—/?”’}/(T) = /r”y’(r) V472 4 Err (A.5)
> > >
where, if we test with functions v taking values in [0, 1], we have

|Err| < CoH* (SN B,(x)). (A.6)

We test now (A.5) with functions taking values in [0, 1] and approximating the characteristic
functions of the interval [0, o]. Following the computations of pages 83-84 of [18], we conclude

< ClylloHA (X N By (2)) . (A.4)

i d Vir -3
— (p "H (XN B,(x = — / + o °Err. AT
dp ( ( P( ))) o dp ( EﬂBp($) 7“2 p—o ( )

Straightforward computations lead to
o d od d [VEr?
H (SN By(x) = 5 — (HA(EN B,(x 2 dp / o
( ( )) 2 dp< ( p( ))) p=c 2 dp( XNBy() r? p=0
—(4)

(A8)

Moreover, by the coarea formula, we have

(A) — 0'/ 1 03/ Virr 0/ 1—|Vir?
2 Jop, s [Vsr| 2 Jop, (w)ns 0% Vsr| 2 Jos  |Vsr|

= 2| |Vsr| < ZLength (9%). (A.9)
2 Jos 2
Inserting (A.9) into (A.8), we conclude that
HA(EN B, (x)) < %Length (0%) + |Err], (A.10)

which, taking into account (A.6), becomes
(1 - CoYH2(E N B,(z)) < %Length (0%). (A.11)
So, for ro < min{Inj (M), (2C)~'} we get (4.16). O
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APPENDIX B. PROOF OF LEMMA 5.5

Proof. Let d,(y) be the euclidean distance of y to U and d(y) the geodesic distance of y to

f(U). The function d, is C* and uniformly convex on the closure of B; \ U. Therefore, if &,
is sufficiently small, the function d is uniformly convex on the closure of B.(x) \ f(U). Let
now yo € B.(x) \ f(U). In order to find 7(z) it suffices to follow the flow line of the ODE
y = —Vd(y)/|Vd(y)|?, with initial condition y(0) = yo, until the line hits f(U). Thus, the
inequality |V (x)| < 1 follows from Lemma 1 of [7]. On the other hand, 7(z) = = on f(U),

and therefore the map is Lipschitz with constant 1. U

ApPPENDIX C. A SIMPLE TOPOLOGICAL FACT
We summarize the topological fact used in (a) of Section 8.3 in the following lemma.

Lemma C.1. Condider a smooth 2—dimensional surface ¥ C By with smooth boundary
0% C 0By. Let ' C By is a smooth surface with OU' = 0% consisting of disjoint embedded
disks. Then there exists a smooth map ® : [0,1[xBy — By such that
(i) ®(0,-) is the identity and ®(t,-) is a diffeomorphism for every t;
(ii) For every t there exists a neighborhood U, of OBy such that ®(t,xz) = x for every
T € Ut,'
(iii) ®(t,3) converges to I' in the sense of varifolds ast — 1.

Proof. The proof consists of two steps. In the first one we show the existence of a surface I/
and of a map ¥ : [0, 1[xB; — By such that

e OI" = 0%,

e [ consists of disjoint embedded disks,

e U satisfies (i) and (ii),

o U(t,Y) —1"ast — 1.
In the second we show the existence of a W : [0,1[xB; — By such that (i) and (ii) hold and
U(t,T") - Tast — 1.

In order to complete the proof from these two steps, consider the map Q:)(s,t, x) =
U(t,¥(s,z)). Then, for every smooth g : [0,1[— [0,1[ with g(0) = 0, the map ®(t,z) =
®(g(t),t, ) satisfies (i) and (ii) of the Lemma. Next, for any fixed ¢, if s is sufficiently close
to 1, then ®(s,t,%) is close, in the sense of varifolds, to W(¢,I’). This allows to find a
piecewise constant function h : [0, 1[— [0, 1] such that

PH% d(g(t),t,%) =T (in the sense of varifolds)

whenever g > h in a neighborhood of 1. If we choose, therefore, a smooth g : [0,1]—
0,1 with g(0) = 0 and g > h on [1/2,1[, the map ®(t,z) = ®(g(t),t,z) satisfies all the
requirements of the lemma.

We now come to the existence of the maps ¥ and .

Existence of ¥. Let G be the set of all surfaces I'" which can be obtained as lim;_; U(¢, %)
for maps W satisfying (i) and (ii). It is easy to see that any I” which is obtained from 3
through surgery as in Definition 2.2 is contained in G. Let gy be the smallest genus of a
surface contained in G. It is then a standard fact that g(I'") = gy if and only if the surface
is incompressible. However, if this holds, then the first homotopy group of I is mapped
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injectively in the homotopy group of B; (see for instance [11]). Therefore there is a I' € G
which consists of disjoint embedded disks and spheres. The embedded spheres can be further
removed, yielding a IV € G consisting only of disjoint embedded disks.

Existence of ¥. Note that each connected component of By \ I" (and of By \ T') is a,
piecewise smooth, embedded sphere. Therefore the claim can be easily proved by induction
from the case in which I and I consist both of a single embedded disk. This is, however, a
standard fact (see once again [11]). O
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