REGULARITY OF AREA MINIMIZING CURRENTS III:
BLOW-UP

CAMILLO DE LELLIS AND EMANUELE SPADARO

ABSTRACT. This is the last of a series of three papers in which we give a new, shorter proof
of a slightly improved version of Almgren’s partial regularity of area minimizing currents
in Riemannian manifolds. Here we perform a blow-up analysis deducing the regularity of
area minimizing currents from that of Dir-minimizing multiple valued functions.

0. INTRODUCTION

In this paper we complete the proof of a slightly improved version of the celebrated
Almgren’s partial regularity result for area minimizing currents in a Riemannian manifold
(see [1]), namely Theorem 0.3 below.

Assumption 0.1. Let ¢4 €]0,1[, m,n € N\ {0} and [ € N. We denote by
(M) ¥ C R™ = R™* an embedded (m + 71)-dimensional submanifold of class C3<;
(C) T an integral current of dimension m with compact support spt(7)) C X, area
minimizing in X.
In this paper we follow the notation of [6] concerning balls, cylinders and disks. In
particular B,.(z) C R™"" will denote the Euclidean ball of radius r and center .

Definition 0.2. For 7" and ¥ as in Assumption 0.1 we define
Reg(T) := {x € spt(T) : spt(T") N B,(x) is a C*% submanifold for some r >0}, (0.1)
Sing(T") := spt(T) \ (spt(0T) U Reg(T)). (0.2)
The partial regularity result proven first by Almgren [1] under the more restrictive
hypothesis 3 € C? gives an estimate on the Hausdorff dimension dim g (Sing(T')) of Sing(T').
Theorem 0.3. dimy(Sing(7")) < m — 2 for any m,n,l,T and ¥ as in Assumption 0.1.

In this note we complete the proof of Theorem 0.3, based on our previous works [3, 5, 4, 6],
thus providing a new, and much shorter, account of one of the most fundamental regularity
result in geometric measure theory; we refer to [4] for an extended general introduction to
all these works. The proof is carried by contradiction: in the sequel we will always assume
the following.

Assumption 0.4 (Contradiction). There exist m > 2, 7,1, ¥ and T as in Assumption 0.1
such that H™ **(Sing(T')) > 0 for some o > 0.
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The hypothesis m > 2 in Assumption 0.4 is justified by the well-known fact that
Sing(T) = () when m = 1 (in this case spt(T') \ spt(97T) is locally the union of finitely
many non-intersecting geodesic segments). Starting from Assumption 0.4, we make a care-
ful blow-up analysis, split in the following steps.

0.1. Flat tangent planes. We first reduce to flat blow-ups around a given point, which
in the sequel is assumed to be the origin. These blow-ups will also be chosen so that the
size of the singular set satisfies a uniform estimate from below (cf. Section 1).

0.2. Intervals of flattening. For appropriate rescalings of the current around the origin
we take advantage of the center manifold constructed in [6], which gives a good approxi-
mation of the average of the sheets of the current at some given scale. However, since it
might fail to do so at different scales, in Section 2 we introduce a stopping condition for
the center manifolds and define appropriate intervals of flattening I; = [s;,t;]. For each j
we construct a different center manifold M; and approximate the (rescaled) current with
a suitable multi-valued map on the normal bundle of M.

0.3. Finite order of contact. A major difficulty in the analysis is to prove that the mini-
mizing current has finite order of contact with the center manifold. To this aim, in analogy
with the case of harmonic multiple valued functions (cf. [3, Section 3.4]), we introduce
a variant of the frequency function and prove its almost monotonicity and boundedness.
This analysis, carried in Sections 3, 4 and 5, relies on the variational formulas for images of
multiple valued maps as computed in [5] and on the careful estimates of [6]. Our frequency
function differs from that of Almgren and allows for simpler estimates.

0.4. Convergence to Dir-minimizer and contradiction. Based on the previous steps,
we can blow-up the Lipschitz approximations from the center manifold M; in order to get
a limiting Dir-minimizing function on a flat m-dimensional domain. We then show that the
singularities of the rescaled currents converge to singularities of that limiting Dir-minimizer,
contradicting the partial regularity of [3, Section 3.6] and, hence, proving Theorem 0.3.

Acknowledgments. The research of Camillo De Lellis has been supported by the
ERC grant agreement RAM (Regularity for Area Minimizing currents), ERC 306247. The
authors are warmly thankful to Bill Allard for several enlightening conversations and his
constant support.

1. FLAT TANGENT CONES

Definition 1.1 (@Q-points). For @ € N, we denote by Dg(7") the points of density @ of
the current 7', and set

Reg(T) := Reg(T) N Dq(T) and Singg(T) := Sing(T) N D(T).

Definition 1.2 (Tangent cones). For any » > 0 and z € R™™", ¢, : R — R™*"
is the map y — % and T,, := (ts,)47. The classical monotonicity formula (see [10]
and [4, Lemma A.1]) implies that, for every r; | 0 and x € spt(T) \ spt(9T), there is a
subsequence (not relabeled) for which T, ,, converges to an integral cycle S which is a cone
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(i.e., Sp, = S for all > 0 and S = 0) and is (locally) area-minimizing in R”*". Such a
cone will be called, as usual, a tangent cone toT" at x.

Fix a > 0. By Almgren’s stratification theorem (see [10, Theorem 35.3]), for H™ 2t
a.e. © € spt(T) \spt(0T), there exists a subsequence of radii 7 | 0 such that 7} ,, converge
to an integer multiplicity flat plane. Similarly, for measure-theoretic reasons, if 7' is as in
Assumption 0.4, then for H™ 2*-a.e. x € spt(T) \ spt(0T) there is a subsequence s | 0
such that lim infy H”2t*(Dg(T}.s,)NB1) > 0 (see again [10]). Obviously there would then
be @ € N and = € Singg(T') where both subsequences exist. The two subsequences might,
however, differ: in the next proposition we show the existence of one point and a single
subsequence along which both conclusions hold. For the relevant notation (concerning, for
instance, excess and height of currents) we refer to [4, 6].

Proposition 1.3 (Contradiction sequence). Under Assumption 0.4, there are m,n,Q > 2,
Y and T as in Assumption 0.1, reals a,n > 0, and a sequence i, | 0 such that 0 € Dg(T)
and the following holds:

kEEI_lOOE(TO,TM BG\/E) =0, (11)
lim H? (Do (o, ) NBy) > 1, (1.2)

k—4o00
H™((By Nspt(Tor,)) \ Do(Tor,)) >0 VEkeN. (1.3)

The proof is based on the following lemma.

Lemma 1.4. Let S be an m-dimensional area minimizing integral cone in R™" such that
95 =0, Q = 0(5,0) € N, H™"(Dg(S)) > 0 and H™(Sing(S)) = 0. Then, S is an
m-dimensional plane with multiplicity Q).

Proof. For each » € Regy(S), let r, be such that S1By,, (v) = Q[I'] for some regular
submanifold I' and set
U:= U B, (z).

r€Regq(S)
Obviously, Regg(S) C U; hence, by assumption, it is not empty. Fix z € spt(S) N oU.
Let next (z)ren C Regg(S) be such that dist (z,B,, (zx)) — 0. We necessarily have
that r,, — 0: otherwise we would have x € Ba,, (xy) for some k, which would imply
r € Regg(S) C U, ie. a contradiction. Therefore, z;, — 2 and, by [10, Theorem 35.1],
Q = limsup O(S, zx) < O(S,z) = lim O(S, \x) < O(S,0) = Q.

k=00 A0
This implies z € Dg(S). Since x € OU, we must then have x € Singg(S5). Thus, we
conclude that H™ ! (spt(S) N OU) = 0. Tt follows from the standard theory of rectifiable
currents (cf. Lemma A.2) that S’ := SL U has 0 boundary in R™"". Moreover, since S is
an area minimizing cone, S’ is also an area-minimizing cone. By definition of U we have
O(5',z) = Q for ||5’|-a.e.  and, by semicontinuity,

Q < ®<S/70> < @<Sa O) = Q
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We apply Allard’s theorem and deduce that S’ is regular, i.e. S’ is an m-plane with mul-
tiplicity @. Finally, from ©(5’,0) = ©(S5,0), we infer M(SLB;) = M(S’L B;) and then
S'=8S. O

Proof of Proposition 1.3. Let m > 1 be the smallest integer for which Theorem 0.3 fails.
By Theorem A.3 there must be an integer rectifiable area minimizing current R of dimen-
sion m and a positive integer @ such that the Hausdorff dimension of Sing,(R) is larger
than m — 2 (note that Theorem A.3 is just a corollary of a well known stratification theo-
rem by Almgren, cf. [1, 10, 11]). We fix the smallest @) for which such a current R exists.
Recall that, by the upper semicontinuity of the density and a straightforward application
of Allard’s regularity theorem (see Theorem A.1), Sing,(R) =0, i.e. Q > 1.

Let o €]0,1] be such that H™ ***(Sing,(R)) > 0. By [10, Theorem 3.6] there exists a
point = € Sing,(R) such that Sing,(R) has positive HZL~***-upper density: i.e., assuming
without loss of generality x = 0 and ORL By = 0, there exists 7, | 0 such that

m—2+a (Q;

HE (Sing,(R) N B,,) -

. m—2+a« : — 1
Jm (Singg(Ror,) NB1) = Jm pr2ta

Up to a subsequence (not relabeled) we can assume that Ry,, — S, with S a tangent cone.
If S is a multiplicity @ flat plane, then we set 7' := R and we are done: indeed, (1.3) is
satisfied by Theorem A.1, because 0 € Sing(R) and || R|| > H™ L spt(R).

Assume therefore that S is not an m-dimensional plane with multiplicity ). Taking into
account the convergence of the total variations for minimizing currents [10, Theorem 34.5]
and the upper semicontinuity of H™ 27 under the Hausdorff convergence of compact sets,
we get

HI 2+ (Dg(S) NBy) > liminf H > (Dg(Ro,,.) N B1) > 0. (1.4)

k—+o00
We claim that (1.4) implies
HIL 2+ (Sing(9)) > 0. (1.5)

Indeed, if all points of Dg(S) are singular, then this follows from (1.4) directly. Otherwise,
Regg(S) is not empty and, hence, H™(Dgq(S) N By) > 0. In this case we can apply
Lemma 1.4 and infer that, since S is not regular, then H™ '(Sing,(S)) > 0 and (1.5)
holds.

We can, hence, find 2 € Sing(S) \ {0} and 7, | 0 such that

H-2e(Sing, (S) N B, ()
: m—2+a : — 1 e Q "
kgrfoo Hm2E (SmgQ(Smk) N Bl) = kgflloo p-a :

> 0.

Up to a subsequence (not relabeled), we can assume that S, ,, converges to S;. Since S;
is a tangent cone to the cone S at x # 0, S; splits off a line, i.e. S = Sox [Ro], for
some area minimizing cone Sy in R™™ 1" and some v € R™™ (cf. the arguments in [10,
Lemma 35.5]). Since m is, by assumption, the smallest integer for which Theorem 0.3 fails,
H™ 3 (Sing(S2)) = 0 and, hence, H™*T*(Sing,(S1)) = 0. On the other hand, arguing
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as we did for (1.4), we have

HT 2 (Dg(S1) NBy) > limsup HZ > (Dg (S, ) N By) > 0.
k—+o00
Thus Regq(S1) # 0 and, hence, H™(Dg(S1)) > 0. We can apply Lemma 1.4 again and
conclude that Sy is an m-dimensional plane with multiplicity ). Therefore, the proposition
follows taking T' := 73S, with 7 the translation map y — y — z, and ¥ the tangent plane
at 0 to the original Riemannian manifold. O

2. INTERVALS OF FLATTENING

ﬁm and notice that 27 < ¢,, where Ny

is the parameter introduced in [6, Assumption 1.8]. It is always understood that the
parameters [, 02, Y2, K, Ce, Cp, My, Ny in [6] are fixed in such a way that all the theorems
and propositions therein are applicable, cf. [6, Section 1.2]. In particular, all constants
which will depend upon these parameters will be called geometric and denoted by Cj.
On the contrary, we will highlight the dependence of the constants upon the parameters
introduced in this paper p1, ps, ... by writing C = C(py, po, - . ).

We recall also the notation introduced in [6, Assumption 1.3]. If ¥ N By 4 has no
boundary in B7 s and for any p € ¥ N By 4 there is a map ¥, : T, D Q — (T,2)*
parametrizing it, then ¢(X N By /) := SUDperB, - | DW,||c2.20. Obviously these assump-

For the sequel we fix the constant ¢, :=

tions might fail for a general ¥ (in fact ¢(X N B; /) need not be well-defined). However,
having fixed a point ¢ € X, given its C*<° regularity, (4, (X)NBy /) is well-defined when-
ever r is sufficiently small and converges to 0 as r | 0. In particular, by Proposition 1.3
and simple rescaling arguments, we assume in the sequel the following.

Assumption 2.1. Let 3 €]0, £5][. Under Assumption 0.4, there exist m,n,Q > 2, a,n > 0,
T and ¥ for which:

(a) there is a sequence of radii 7 | 0 as in Proposition 1.3;
(b) the following holds:

ToX = R™" % {0}, spt(dT) N Bgym =0, 0 Do(T), 2.1)

IT]|(Bg /i) < 7™ (Quim(6y/m)™ +¢3)  for all r € (0,1),
c(XNB7m) <es.

/N N /N
oY
w N

2.1. Defining procedure. We set
R :={r €)0,1] : E(T,Bg ) < &3} . (2.4)

Observe that, if {s;} C R and s;, 1 s, then s € R. We cover R with a collection F = {I;},;
of intervals I; =]s;, t;] defined as follows. ¢, := max{t : t € R}. Next assume, by induction,
to have defined ¢; (and hence also ¢y > sg > t; > 51 > ... > s;_1 > t;) and consider the
following objects:
- T = ((to4,)sT) L Bgm, Lj = oy, (X) N By, m; moreover, consider for each j an
orthonormal system of coordinates so that, if we denote by my the m-plane R™ x
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{0}, then E(T}, B /m, m0) = E(T}, Bs /) (alternatively we can keep the system of
coordinates fixed and rotate the currents 7).

- Let M; be the corresponding center manifold constructed in [6, Theorem 1.17]
applied to T and ¥; with respect to the m-plane my; the manifold M, is then the
graph of a map ¢; : 1o D [—4,4]™ — 75, and we set ®;(z) 1= (z, p;(x)) € T X 77

Then, we consider the Whitney decomposition #') of [—4,4]™ C m, as in [6, Definition
1.10 & Proposition 1.11] (applied to T;) and we define

sj=t; max ({c;U(L): L € #U) and ¢;H0(L) > dist(0, L)} U {0}) . (2.5)

We will prove below that s;/t; < 27°. In particular this ensures that [s;, ;] is a (nontrivial)
interval. Next, if s; = 0 we stop the induction. Otherwise we let ¢,,1 be the largest element
in RNJ0, s;] and proceed as above. Note moreover the following simple consequence of (2.5):

Stop) If s; > 0 and 7 := s,/t;, then there is L € # ) with
j i/t
(L) =csT and LN Br0,7) #0 (2.6)

(in what follows B,(p, ) and B, (p, 7) will denote the open and closed disks B, (p) N
(p+ ), B(p) N (p +7));
(Go) If p > 7 :=s;/t;, then
UL) <cyp  forall L€ #9® with LN B,(0,m) # 0. (2.7)

In particular the latter inequality is true for every p €]0, 3] if s; = 0.

2.2. First consequences. The following is a list of easy consequences of the definition.
Given two sets A and B, we define their separation as the number sep(A, B) := inf{|z—y| :
x € Ay € B}.

Proposition 2.2. Assuming €3 sufficiently small, then the following holds:

(i) 55 < ;—% and the family F is either countable and t; | 0, or finite and I; =]0,t;] for
the largest j;

(ii) the union of the intervals of F cover R, and for k large enough the radii ry in
Assumption 2.1 belong to R;

(iil) of r 6]?—5,3[ and J € W7 intersects B = Pro (B, (pj)), with p; == ®;(0), then J
is in the domain of influence %j)(H) (see |6, Definition 3.3]) of a cube H € W)
with

((H) <3csr and max{sep(H,B),sep(H,J)} <3vml(H) < —;

23

(iv) E(T;,B,) < Coe2 %22 for every r €li.3
(v) sup{dist(z, M;) : z € spt(Tj)ﬂpj’l(BT( N} < Co (mé)ﬁr“rﬁ? for every r E]i—j7 3],

p
where m} == max{c(%;)% E(T}, B m)}-



REGULARITY OF AREA MINIMIZING CURRENTS IIIl: BLOW-UP 7

Proof. We start by noticing that s; < ;—”5 follows from the inequality 270 < ¢, (cf. [6,
Assumption 1.8]) because all cubes in the Whitney decomposition have side-length at most
27No=6 (cf. [6, Proposition 1.11]). In particular, this implies that the inductive procedure
either never stops, leading to t; | 0, or it stops because s; = 0 and |0, ¢;] C R, thus proving
(). The first part of (ii) follows straightforwardly from the choice of ¢4, and the last
assertion holds from E(T, Bs /) — 0.

Regarding (iii), let H € #.Y) be as in 6, Definition 3.3] and choose k € N\ {0} such that
((H) = 2F¢(J). Observe that || De;l|c2 < Coes by [6, Theorem 1.17]. If &3 is sufficiently
small, we can assume

BT/Q(O,WQ) C BC BT(O,WQ) . (28)

Now, by [6, Corollary 3.2], sep(H, J) < 2y/ml(H) and
sep (B, H) < sep (H,J) + 2v/ml(J) < 3v/m{(H).

Both the inequalities claimed in (iii) are then trivial when r > 1, because ((H) < 27076 <
27%c, < 279/y/m. Assume therefore r < }1 and note that H intersects By, 3, /mem)- Let
p:=2r + 3y/ml(H). Observe that 2r < p < 1. By the definition of s;, we have that

((H) < ¢, (2r+3vml(H)) =2csr+ %é{)

Therefore, we conclude that ¢(H) < 3c¢,r and sep(H, B) < 9y/mcsr < 3r/16.
We now turn to (iv). If r > 270  then obviously

E(T], Br) S (4\/7_11 QNO)m+2_2527“2_262E(T‘j, B4\/ﬁ) S (4\/T_I’L 2N0)m+2—2527,,2—252€§ .

Otherwise, let k& > Np be the smallest natural number such that 27t > = and let
L € wW* g 20k be a cube so that 0 € L (cf. [6, Definition 1.10], {(H) = 27F).
By [6, Proposition 4.2(v)], [pz| < (v/m + Co(m})*/*™) < 2¢/ml(H) and so it follows easily
that B, C By. From condition (Go) we have L ¢ #'). Thus, by [6, Proposition 1.11], we
get
E(T},B,) < CoE(T},By) < Coejr* .

Finally, (v) follows from [6, Corollary 2.2 (ii)], because by (Go), for every r €], 3[, every
cube L € #U) which intersects B, (0, my) satisfies /(L) < c,r. O

3. FREQUENCY FUNCTION AND FIRST VARIATIONS

Consider the following Lipschitz (piecewise linear) function ¢ : [0 + co[— [0, 1] given by

1 for r € [0, 3],
¢(r) =< 2—2r for rel; 1],
0 for r € ]1, +ool.

For every interval of flattening I; =|s;,t;], let N; be the normal approximation of 7; on
M; in [6, Theorem 2.4].
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Definition 3.1 (Frequency functions). For every r €]0, 3] we define:

D)= [ o) pNPeiay ana B - - [ o (B2) D,

P,
M r d(p)
where d;(p) is the geodesic distance on M, between p and ®;(0). If H;(r) > 0, we define
- () — rDi(r)
the frequency function I;(r) := TR

The following is the main analytical estimate of the paper, which allows us to exclude
infinite order of contact among the different sheets of a minimizing current.

Theorem 3.2 (Main frequency estimate). If e3 is sufficiently small, then there exists a
geometric constant Cy such that, for every [a,b] C [, 3] with Hj|y > 0, we have
J

Li(a) < Co(1 +L;(b)). (3.1)

To simplify the notation, in this section we drop the index j and omit the measure H™ in
the integrals over regions of M. The proof exploits four identities collected in Proposition
3.5, which will be proved in the next sections.

Definition 3.3. We let 0; denote the derivative with respect to arclength along geodesics
starting at ®(0). We set

B = - [ o (42) S (N0, 6o (32)

i=1
o (“2) INF(p)dp. (33)
Remark 3.4. Observe that all these functions of r are absolutely continuous and, therefore,

classically differentiable at almost every r. Moreover, the following rough estimate easily
follows from [6, Theorem 2.4] and the condition (Go):

G(r) := —/M ¢ (@) d(p) |afN(p>|2 dp and X(r):= /

M

D(r) < / IDN|? < Cymyor™™2722  for every r € H, 3[. (3.4)
B (®(0))

Indeed, since N vanishes identically on the set K of [6, Theorem 2.4], it suffices to sum
the estimate of [6, Theorem 2.4, (2.3)] over all the different cubes L (of the corresponding
Whitney decomposition) for which ®(L) intersects the geodesic ball B,..

Proposition 3.5 (First variation estimates). For every 73 sufficiently small there is a
constant C' = C(v3) > 0 such that, if e is sufficiently small, [a,b] C [$,3] and I > 1 on
[a,b], then the following inequalities hold for a.e. r € [a,b]:

[H(r) — ==L H(r) — 2E(r)| < CH(r), 3

[D(r) —rB(r)] < D)+ + O B(r), 3

}D,(T) - mT_Q D(r) — 7% G(T)‘ < CD(r) + CD(r)2D'(r) + Cr'D(r) 475, (3
B(r)+r¥(r) < Cr?D(r) < Cr*te. 3
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We assume for the moment the proposition and prove the theorem.

Proof of Theorem 3.2. Set §(r) := log (max{I(r),1}). Fix a 73 > 0 and an &3 sufficiently
small so that the conclusion of Proposition 3.5. We can thus treat the corresponding con-
stants in the inequalities as geometric ones, but to simplify the notation we keep denoting
them by C.

To prove (3.1) it is enough to show Q(a) < C'+Q(b). If ©2(a) = 0, then there is nothing
to prove. If Q(a) > 0, let O’ €]a,b] be the supremum of ¢ such that & > 0 on |a,t[. If
b < b, then Q(b') = 0 < Q(b). Therefore, by possibly substituting |a, b with |a, V[, we can
assume that Q > 0, i.e. I > 1, on ]a, b[. By Proposition 3.5, if 3 is sufficiently small, then

3.6) & (3.8 3.6) & (3.8
@ ( )S( ) @ ( )S( )QD(T), (3.9)
from which we conclude that E > 0 over the interval Ja,b'[. Set for simplicity F(r) :=
D(r)~' — rE(r)"!, and compute

o HG) D) e H() D) i
0 =w{y TDe ¢ my  EBr) PUWFO-L
Again by Proposition 3.5:
H'(r) 35 m—1 2 E(r)
Hr) S O Tr N (3.10)
P 2 ¢ T<D(Q (:; ;E)E(”) L oppy 4 5((:; | (3.11)
rD’(r) G.7) m—2\ rD(r) 2 G(r) rD(r)sD'(r) + D(r)*s
B = () B rEn B(r)
<o-"22 1 Cp@yme) -2 ](;((:)) + D)D) + ¢
BEEEEY e 2_ % (é‘((g L ODEY D () + Ol (3.12)

By Cauchy-Schwartz, we have

E(r) _ G()
rH(r) = rE(r) (3.13)
Thus, by (3.4), (3.10), (3.12) and (3.13), we conclude
—Q(r) < C+Cr™ 4+ CrD(r)*'D'(r) — D'(r)F(r)
2 ot L op(rpe D) + ¢ Z0PT) (3.14)

D(r)?
Integrating (3.14) we conclude:
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The rest of the section is devoted to the proof of Proposition 3.5.

3.1. Estimates on H': proof of (3.5). Set ¢ := ®(0). Let exp : B3 C T,M — M be
the exponential map and Jexp its Jacobian. Note that d(exp(y), q) = |y| for every y € Bs.
By the area formula, setting y = rz, we can write H in the following way:

__.m—1 ¢’ (|21) 2
H(r)=—r —— | N|*(exp(rz)) Jexp(rz) dz .
T,M |2|
Therefore, differentiating under the integral sign, we easily get (3.5):
?'(lz])

vl El

— 9 pm= 1/ ¢ | | < (exp(rz)%@ﬂ\/}(exp(rz)» JeXp(TZ) dz

Lo [ 20D

e

IN|?(exp(rz)) J exp(rz) dz

IN|?(exp(r2)) dirJ exp(rz) dz

m

=" H(r) + 2 B() + O(1) H(r),

where we used that £Jexp(r z) = O(1), because M is a C** submanifold and hence exp
is a C?* map (see Proposition A.4). O

3.2. ¥ and Y': proof of (3.8). We show the following more precise estimates.

Lemma 3.6. There exists a dimensional constant Co > 0 such that

(r) < Cor*D(r) + CorH(r) and X'(r) < CoH(r), (3.15)
/ N2 < Co S(r) + Cor H(r), (3.16)

Br(q)
/ IDNJ2 < CoD(r) + CorD/(r). (3.17)

B:(q)

In particular, if I > 1, then (3.8) holds and
/ IN|? < Cyr*D(r). (3.18)
Br(q)

Proof. To simplify the notation we drop the subscript ; from the geometric constants.
Observe that ¥(p) := (d p) JIN|(p) is a Lipschitz function with compact support in B,.(¢).

We therefore use the Poincaré inequality: 2(r) = [ MY < Cr 1) m | DY (the constant C
depends on the smoothness of M). We compute
) < c/ & ()N (p —i—C'?“/ o(r~1d(p))|N|| DN

< CrH(r) + CX(r)"? (r? D(r)) < CrH(r) + +3(r) + Cr*D(r),
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which gives the first part of (3.15). The remaining inequality is straightforward:

=)= - [ W (1) ) < omo.

r2 r

Since ¢/ = 0 on |0, %[ and ¢’ = —2 on ]%, 1[, we easily deduce

[P <eEe)
Br(a)\By/2(q)

T’DI(T) _ _/d<p>¢/ (d(p7 Q)) ’DN’Z > / ‘DN‘Q
r r B (9)\B;/2(q)

On the other hand, since ¢ =1 on [0, 5], (3.16) and (3.17) readily follow. Therefore, in the
hypothesis I > 1, i.e. H < rD, we conclude (3.8) from (3.15). O

3.3. First variations. To prove the remaining estimates in Proposition 3.5 we exploit the
first variation of T" along some vector fields X. The variations are denoted by 67'(X). We
fix a neighborhood U of M and the normal projection p : U — M as in [6, Assumption
2.1]. Observe that p € C** and [5, Assumption 3.1] holds. We will consider:

e the outer variations, where X (p) = X,(p) := ¢ <M> (p —p(p)).

s

e the inner variations, where X (p) = X;(p) := Y (p(p)) with
y(p) = 42 <@) 2 ypeM

T r or

(£ is the unit vector field tangent to the geodesics emanating from ®(0) and

pointing outwards).
Note that X; is the infinitesimal generator of a one parameter family of bilipschitz home-
omorphisms ®. defined as ®.(p) := V.(p(p)) + p — p(p), where ¥, is the one-parameter
family of bilipschitz homeomorphisms of M generated by Y.

Consider now the map F(p) := > .[p+ N;(p)] and the current Tp associated to its
image (cf. [5] for the notation). Observe that X; and X, are supported in p~'(B,(q))
but none of them is compactly supported. However, recalling Proposition 2.2 (v) and the
minimizing property of 7' in ¥, we deduce that 67(X) = 6T(XT) + 6T(X+) = 6T (X1),
where X = X7 + X' is the decomposition of X in the tangent and normal components to
T%. Then, we have

6T p(X)| < [0Tp(X) — 0T (X)] + [6T(X )

g/ |divsX| d||T|| +/ |divg, X| d|]TF|]+‘/divaL dHTH‘. (3.19)
spt(T)\Im(F) Im(F)\spt(T) . .

N

~~ g
Erry Errs
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Set now for simplicity ¢, (p) := gb(@). We wish to apply [5, Theorem 4.2] to conclude
Q 3
STr(X,) :/ (o0 IDNP + 3N, @ Vi, : DN + 3 B, (3.20)
M i=1 =1
where the errors Err} correspond to the terms Err; of [5, Theorem 4.2]. This would imply
Err = —Q/ o (Hpm,mo N), (3.21)
M
Eusg| < Co [ [onllAPINF, (3.22)
M
|[Errg| < Co /M (INIIAl+ [DN*) (l¢:[| DN* + | D, || DN|INT) (3.23)

where Hq is the mean curvature vector of M. Note that [5, Theorem 4.2] requires the
C! regularity of ¢,. We overcome this technical obstruction applying [5, Theorem 4.2] to
a standard smoothing of ¢ and then passing into the limit (the obvious details are left to
the reader). Plugging (3.20) into (3.19), we then conclude

ID(r) = r'B(r)] <> |Exg| (3.24)

j=1

where Err] and Errg correspond respectively to Erry and Errs of (3.19) when X = X,.
With the same argument, but applying this time [5, Theorem 4.3] to X = X, we get

Q 3
1 )
6TF(XZ») :5 /M (|DN|2divMY -2 g (DNi : (DNZ» . DMY))) + g Err;-, (3.25)
i=1 j=1

where this time the errors Err} correspond to the error terms Err; of [5, Theorem 4.3], i.e.

Erri:—Q/M((HM,noN>diVMY—|—<DyHM,noN>), (3.26)

e < Gy [ AR (DYIINF+ V1] D). (3.27)

[Erry| < Co /M (IVIIAIDNE(INT + [DNJ) + |DY|(JA| N [DN| + |DNT)) . (3.28)
Straightforward computations (again appealing to Proposition A.4) lead to

DmY (p) = ¢ (@> @ gf ® 0 + ¢ <@) (E + O(l)> , (3.29)

r or r

divp Y (p) = &' (@) @ +¢ (@) (% +o(1) . (3.30)

r
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Plugging (3.29) and (3.30) into (3.25) and using (3.19) we then conclude
5 .
ID'(r) — (m — 2)r'D(r) — 2r*G(r)| < CoD(r) + Y |Errf] . (3.31)
j=1
Proposition 3.5 is then proved by the estimates of the errors terms done in the next section.

4. ERROR ESTIMATES

We start with some preliminary considerations, keeping the notation and convention of
the previous section (and dropping the subscript when dealing with the maps of Theorem
3.2 and Proposition 3.5).

4.1. Families of subregions. Set ¢ := ®(0). We select a family of subregions of B,(p) C
M. Denote by B and 0B respectively p.(B,.(¢)) and p,(9B,(q)), where 7 is the reference
m-dimensional plane of the construction of the center manifold M. Since [|¢]|csr < C’E:l))/ "
(cf. [6, Theorem 1.17]), by Proposition A.4 we can assume that B is a C? convex set which

at any boundary point p contains an interior sphere of radius /2 passing through p. Thus:
Vz € OB there is a ball B, ;(y,7) C B whose closure touches 0B at z. (4.1)

Definition 4.1 (Family of cubes). We first define a family 7 of cubes in the Whitney
decomposition # as follows:

(i) T includes all L € #}, U #. which intersect B:;
(ii) if L' € #,, intersects B and belongs to the domain of influence %#,,(L) of the cube
L € #, as in [6, Corollary 3.2|, then L € T.

Definition 4.2 (Associated balls BE). By Proposition 2.2 (iii), /(L) < 3c,r < 7 and
sep(L, B) < 3y/m{(L) for each L € T. Let x, be the center of L and:

(a) if x;, € B, we then set s(L) := ¢(L) and BY := By(z, 7);

(b) otherwise we consider the ball B,(z)(xr,7) C 7 whose closure touches B at exactly
one point p(L), we set s(L) := r(L) + ¢(L) and define B* := By, (xp, 7).

Observe that, when L € T N #}, then s(L) is at most (y/m + 1)¢(L). We proceed to
select a countable family 7 of pairwise disjoint balls {B*}. We let S := sup, . s(L) and
start selecting a maximal subcollection 7] of pairwise disjoint balls with radii larger than
S/2. Clearly, 7] is finite. In general, at the stage k, we select a maximal subcollection
T, of pairwise disjoint balls which do not intersect any of the previously selected balls in

4 U...UJ,_1 and which have radii r €]27%5,2'7%5]. Finally, we set .7 :=J, .

Definition 4.3 (Family of cube-ball pairs (L, B(L)) € ). Recalling (4.1) and ¢(L) <,
it easy to see that there exist balls By, /4(qL, ) C BY N B which lie at distance at least
¢(L)/4 from OB. We denote by B(L) one such ball and by 2 the collection of pairs
(L, B(L)) with B € 7.
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Next, we partition the cubes of # which intersect B into disjoint families # (L) labeled
by (L,B(L)) € Z in the following way (observe that # (L) and #,(L) are different
families and should not be confused!). Let H € # have nonempty intersection with B.
If H is itself in T, we then select L € 7 with BL' N B #£ () and assign H € #/(L).
Otherwise H is in the domain of influence of some J € #.. By Proposition 2.2, the
separation between J and H is at most 3\/mf(J) and, hence, H C By sm(zs). By

construction there is a B € 7 with B/NBL # () and radius s(L) > %‘]) We then prescribe
H € #(L). Observe that s(L) < 4y/ml(L) and s(J) > £(J). Therefore, £(J) < 8/ml(L)

and |z, — x| < 5s(L) < 20y/mf(L). This implies that

H C By e (71) C Baymusy+20ymer)(Tr) C Baoymery (1) -

The inclusion H C Bsg /mer)(22) holds also in case H € T, as can be easily seen simply
setting J = H and using the same computations. For later reference, we collect the main
properties of the above construction.

Lemma 4.4. The following holds.
(i) If (L,B(L)) € &, then L € W, U W}, the radius of B(L) is E(4—L), B(L) c B*nB
and sep (B(L),0B) > @.
(i) If the pairs (L, B(L)), (L', B(L")) € & are distinct, then L and L' are distinct and
B(L)N B(L') = 0.
(iii) The cubes # which intersect B are partitioned into disjoint families # (L) labeled
by (L, B(L)) € & such that, if H € W (L), then H C Bsg smor)(2L).

4.2. Basic estimates in the subregions. For notational convenience, we order the fam-
ily 2 = {(Li, B(L;)) }ien, and set

B':=®(B(L;)) Ui =Upeyw,)®(H)NB,(q)

(recall that ¢ = ®(0)). Observe that the separation between B! and 9B, (q) is larger than

that between B(L;) and 0B = p.(9B,(q)). Thus, by Lemma 4.4 (i), ¢.(p) = (b(@)
satisfies

inf (pr(p) > (4T)_1€ia (42)

peB?
where ¢; := ¢(L;). From this and Lemma 4.4 (iii), we also obtain
: : c 2
sup ¢, (p) — inf ¢, (p) < CLip(¢,)l; < —4; < Cinf ¢.(p),
pEU; peU; T pEB;

which translates into

sup ¢,(p) < C inf ¢,(p). (4.3)
PEU; pEB?

Moreover, set V; = U; N (((spt(Trg) \ spt(7T)) U (spt(T) \ spt(Tr))) and observe that
V; C U;\ K, where K is the coincidence set of [6, Theorem 2.4]. From [6, Theorem 2.4], we
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derive the following estimates:

y [n o N| < Comg ffﬂnﬂz/{z +Co ” [N, (4.4)
/ IDN|* < Comg 02722, (4.5)
U;
INllcogy + sup |p—p(p)] < Comyg™ "0}, (4.6)
pespt(T)Np~1 (U;)
Lip(N|y,) < Com{* ()2, (4.7)
M(TLp (V) + M(TpLp~ (V) < Comy T2t 4.8
0 i

To prove these estimates, observe first that ZHGW(L” ((H)™ < Coll™, because all H €

W (L;) are disjoint and contained in a ball of radius comparable to ¢;. This in turn implies
that 35 cy ) C(H)™ < Coli™*¢, because ((H) < ¢; for any H € #/(L). Thus:

- (4.4) follows summing the estimate of [6, Theorem 2.4 (2.4)] applied with a = 1 to
&(H) with H € ¥ (L,);

- (4.5) follows from summing the estimate of [6, Theorem 2.4 (2.3)] applied to ®(H)
with H € #(L);

- (4.6) follows from [6, Theorem 2.4 (2.1)] and [6, Corollary 2.2 (ii)];

- (4.7) follows from [6, Theorem 2.4 (2.1)];

- (4.8) follows summing [6, Theorem 2.4 (2.2)] applied to ®(H) with H € #(L;).

The last ingredient for the completion of the proof of Proposition 3.5 are the following
three key estimates which are derived from the analysis of the construction of the center
manifold in [6].

Lemma 4.5. Under the assumptions of Proposition 3.5, it holds
> (igf or) mo €T < oD (r), (4.9)

> " mg 6T < Oy (D(r) + 1D/ (7)) (4.10)

for some geometric constant Cy. Moreover, for every t > 0 there exists Coy > 0 and a > 0
such that, for C(t) = C" and v(t) = at we have

sup m) [&t - <ilg1if %>t/2€;/2] < C(t)D(r)"®. (4.11)

Proof. Recall that, from [6, Propositions 3.1 and 3.4] and (4.2) we have, for some geometric
positive constant cg

1/(2a)

/ or|[N|2 > ¢ m(l)/m iélf ¢r€?+2+262 > com(l)/a [ﬁ? + (igf apr>€,~] if L; € #p,, (4.12)
Bl 7 7

} 1/(2a)

/ | DN|* > ¢y my inf gpré?”%% > com(l)/“ [Ef + (in_f ng> ; if L e W, (4.13)
Bi B B
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where we just need a < min{1/(2(m+2+2p)), 1/(2(m+2—202))} (note that (4.12) follows
from [6, Proposition 3.1 (S3)] because s(L;) < (v/m + 1){(L;) for L; € #}). Therefore, by
Lemma 3.6, (4.2), (4.12) and (4.13), it follows easily that,

t/2t2 at at
ottt [+ (sator) "] < ([ edong) o+ ([ )
B Bi Bi
. ) ) at (3.18) & I>1 . o
< ([ wtonpvy) TS cpi
Bz

Taking the supremum over ¢ we achieve (4.11). Next, (4.9) follows similarly because the
B! are disjoint and 8 8, < 7o:
(3.18) & I>1
> (inf g )ymo (7 < CZ/ o (|IDN?P+|N[>) < CD(r).
. B i /B
Finally, arguing as above we conclude that

m+2+72/4 9 9 (3.17) & (3.18) )
> mof, SC/B()ODN! +INP) < (D) +rD'(r). (4.14)
rq

i

and, hence, (4.10) follows from Lemma 3.6. d

4.3. Proof of Proposition 3.5: (3.6) and (3.7). We can now pass to estimate the errors
terms in (3.6) and (3.7) in order to conclude the proof of Proposition 3.5. Unless otherwise
specified, the constants denoted by C' will be assumed to be geometric (i.e. to depend only
upon the parameters introduced in [6]).

Errors of type 1. By [6, Theorem 1.12], the map ¢ defining the center manifold satisfies
| Depl|c2r < C’m(l)/2, which in turn implies ||H ||z~ + [|[DHpl~ < Cmy” (recall that
Hu denotes the mean curvature of M). Therefore, by (4.3), (4.4), (4.9) and (4.11), we
get

e < Co [ o Hullno N

< Cym Z( supier) ma £ 4 Cy /

SDT‘|N|2+72>
U,

<CD() 7+ C P mif (0 [ NP < D,
j U

provided 73 > 0 is sufficiently small depending only upon m, 55, d2 and 2. Analogously

[Brri | < €' /M ([Ha| + | Dy Hal) 10 N|

<Crmi 3 (ma (27 w0 [ NP < Cloa) D (D) + D))
j Y
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Errors of type 2. From ||Aljco < C||Depllcz < C"m(l)/2 < (e, it follows that Err§ <
Ce23(r). Moreover, since |DX;| < Cr~!, Lemma 3.6 gives

‘Erré| < Cr_l/

INP+C / 2 [N|IDN| < CD(r).
Br(po)

Errors of type 3. Clearly, we have

|Errg)| S/(pr (|IDN’IN|+ |DN|Y) +Cr—1/ |DN|3|N|+CT‘1/ |IDN||N|? .
J BT(q) BT(Q)

~~ J/ (. J/

.[1 12 13

We estimate separately the three terms (recall that 7o > 402):

J

I s/ or(INPIDN|+|DNP) < Iy + C Y " suppmg ™24 47
By (po N

(4.9) & (4.11) .
< I3+ C(p)Dr) ",

(4.3)
12 < C«Tfl Z m(1]+1/2m+’*/2€;n+3+62+72/2 < C Z m[1)+1/2m+72€;n+2+52+72/2 1;31; o
J J
(4.9) & (4.11) .
< C(y)D(r) ",

- ) , (411) ) , (318) )
Loty mper [ RS Crp Doy [ VP TS ClaD
J U; Br(q)
provided 73 > 0 is sufficiently small. For what concerns the inner variations, we have
|Erry| < C/ (r '|IDN|* 4+ r|[DNJ*|N| + r~'|DN||INJ?) .
Br(q)
The last integrand corresponds to I3, while the remaining part can be estimated as follows:

/ r~Y|DNJ* + |DN?|N|) gczr—l(mg%f+mg/2mel.+ﬁ2)/ |IDN|?
Br(q) . u;

J
J

(4.11) . , )
<'Clw)r D@ [ |DN|
B(q)
< C(y3)D(r)* (D'(r) +r'D(r)) .
Errors of type 4. We compute explicitly

WM +e:(p) [ID(p —p(p)| < C (w + SOT(p)) ‘

r

|DXo(p)] < 2[p = p(p)|
It follows readily from (3.19), (4.6) and (4.8) that

|Errg] < 5 C’(r‘lmé/mﬁfr& + sup gor)méﬂQﬁ;”Hm
, U
2
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g O3 [mi e |t rmo 72 Y CeDEy. (1)
Similarly, since |DX;| < Cr~!, we get
By < Cr 'Y (mi ) 62 U 0D (D) + D)
Errors of type J5 Integrating by part Errs, we get

Er, ' [t nw d||T||\s\ ST

-~

Ip)

T / XU () d|T] + / X IA(T ()| Ta
spt(T)\Im(F') Im(F)\spt(T)

-~

I

where h(X) is the trace of Ay on the m-vector X, ie. h(X) := Yo As(vg, vy) with
V1, ..., U, orthonormal vectors such that vy A ... Av,, = A
Since |X| < C, I; can be easily estimated as Erry:

I, < CZ(SEP SOr) 1+72 €m+2+v2 < C( )DH_%(T’).
J i

For what concerns I, we argue differently for the outer and the inner variations. For Errg,
observe that | X°(p)| = ¢,(p(p))|Pr,5:(p — P(p))|. On the other hand, we also have

prs: (p — p(p))| < Ce(D)p — p()]* < Cmy’lp —p@)* Vpex.

Therefore, we can estimate

5 < C’mo/gor|]\/|2 < Oesx(r).

For the inner variations, denote by Vi, ..., an orthonormal frame for T),¥+ of class C*%0
(cf. [5, Appendix A]) and set hJ( \) = — Zk (Dy,.vj(p), vg) whenever vy A... Avy, = Ais
an m-vector of 7,3 (with vy, ..., v,, orthonormal). For the sake of simplicity, we write

l
B = h(Tp(p)) and h, =Y hiv(p)

l
Py = iy (MP(P) and hpy =D I 5(p(p))

Consider the exponential map expp) : Tpp)2 — X and its inverse ex;(lp). Recall that:

e the geodesic distance dx(p, q) is comparable to [p — ¢| up to a constant factor;
e v; is C*% and || Dyj||c1e0 < Cm(l]/Q;
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® exp(p, and ex (1 are both C*%° and [|d exp)[lcteo + [|dex ||01 w0 < mo/ ;
o [hi] < Cl|As]loo < Oy
where all the constants involved are just geometric. We then conclude that
hy = ho) = Y vi(p)(h) — B )+ Z vi(p) — vi(p(p)
J
=>_vip)(h = hl) +2va p(p)) - ex, () iy + Op = P(R)FF).  (4.16)
J J

On the other hand, X;(p) = Y (p(p)) is tangent to M in p(p) and hence orthogonal to
hp(p). Thus

(Xi(p), hy) = (X' (D), (hp — hp(r))) = Z(Xi(p(p)), Dr;(p(p)) - eXpiy) () g
£ 300, X)) (1, = 1) +O (I = p(0))
= D _(Xi(p(@)), Drs(p(p) - exp, (),

+0 (ITr(p) = MpE)Ip - o) + p ~ PE)) (4.17)

where we used elementary calculus to infer that [(X*(p),v;(p))| < Clp — p(p)| and

1= Byl < € (ITs(p) = MPE)] + lp = pE))

We only need that the constants C' appearing in the above inequahtles are bounded by a
geometric factor: in fact they enjoy explicit bounds in terms of m02 which are at least
linear, but such degree of precision is not needed. Finally recalling that p € spt(Tp), we

can bound [p — p(p)| < [N(p)] and [Tr(p) — M(p(p))| < CIDN(p(p))]. We therefore
conclude the estimate

(Xi(p), hy) = Y (Xi(p(p)), Drs(p(p)) - ex,) (D)1 + O(INP(p(p)) + DN (p(p))) -
J
We combine it with the expansion of the area functional in [5, Theorem 3.2] to conclude
the estimate on Ii. Recalling that p(Fj(x)) = = we get

1= fecnareel| =3 [ wnmyan

L Q

303w Do) - e (B

=1 i=1

e / o (IN2 + |DNP)
M
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Using the Taylor expansion for ex; ! at z (and recalling that F;(z)—z = N;(x)) we conclude
Q
> ex; (Fi@)| < [dex; (o N(x))| + O(IN?) < Cln o N(@)| + CINP.
i=1

Next consider that [(Y, Dv; - v)| < Cy,||As|lcolv] < Cop, m(l]/2|v\ for every tangent vector
vand |hl| < O As|lco < mé/z. We thus conclude with the estimate

I < Cmo/ SOranNHC/ ¢r(INP + [DN|*) =: Jy + Js.
M M
Clearly J; can be estimated as Errf and J, as Erry, thus concluding the proof.

5. BOUNDEDNESS OF THE FREQUENCY

In this section we prove that the frequency function I; remains bounded along the
different center manifolds corresponding to the intervals of flattening. To simplify the
notation, we set p; := ®;(0) and write simply B, in place of B,(p;) .

Theorem 5.1 (Boundedness of the frequency functions). Let T' be as in Assumption 2.1.
If the intervals of flattening are jo < oo, then there is p > 0 such that
H;, >00n]0,p[ and limsuplj (r) < oco. (5.1)

r—0
If the intervals of flattening are infinitely many, then there is a number jo € N and a
geometric constant 71 € N such that
H; >0 on ]%,2‘j13[ for all j > jo, sup  sup ILj(r) < oo, (5.2)

J=Jo Te]?’Q_jlg[
J

7”2f ‘DNP S: 3
sup {min{Ij(r),W 2 J > jo and max{t—;,zj} <r<3;<oo (5.3)

(in the latter inequality we understand I;(r) = oo when H;(r) =0)

Proof. Consider the first alternative. We claim that for every r > 0 there is a radius
0 < p < r such that H(p) = H;,(p) > 0. Otherwise NN,, vanishes identically on some B,.
By [6, Propositions 3.1 and 3.4] and Proposition 2.2(iii) this is possible only if no cube
of the Whitney decomposition % (0 intersects the projection of B, onto the plane 7 (the
reference plane for the construction of the center manifold). But then T}, would coincide
with @ [M] in Bs, 4 and 0 would be a regular point of T}, and, therefore, of 7.

Next we claim that H(r) > 0 for every r < p. If not, let 7y be the largest zero of H which
is smaller than p. By Theorem 3.2, there is a constant C' such that I(r) < C(1+1(p)) for
every r €|rg, p[. By letting r | 9, we then conclude

roD(ro) < C(1 4 1(p))H(ro) = 0,

that is, Nj|s,, = 0 which we have already excluded. Therefore, since H > 0 on |0, p[, we
can now apply Theorem 3.2 to conclude (5.1).
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In the second case, we partition the extrema ¢; of the intervals of flattening into two
different classes: the class (A) when t; = s;_; and the class (B) when ¢; < s;_1. If t; belongs
to (A), set r := 2—:1 Let L € #U=Y be a cube of the Whitney decomposition such that

csm < U(L) and LN B,.(0,7) # (). We are in the position to apply [6, Proposition 3.7] for
the comparison of two center manifolds: there exists a constant ¢, > 0 such that

/B y IN;* > e;mi == ¢, max {E(T}, Bg ), ¢(;)* },
2NM;

which obviously gives f83 |N;|2 > emi). By [6, (2.7)] (or alternatively by (3.4)), we then
conclude
IN;[*>¢ [ |DN;J*, (5-4)
83 BS

where ¢ is a positive geometric constant By the Holder inequality and Sobolev embedding
(cf. [3, Proposition 2.11]), there are geometric constants Cy and a@ = m(1 — %) > 0 such
that

2/q
=2/ i i
/ |N;|? < (Hm (Bi» / IN; |19 < G277 [ INj)P+ COQ_JQ/ |DN;[?
B 2/ 3 Bs Bs

s 3
37 2/

<Co277%¢t [ |IN;? for any J € N (5.5)

B3
(in the above we can set ¢ = 2* when m > 3 and choose any ¢ < oo larger than 2 for m = 2;
note also that since the curvature of the manifold M; is bounded by my, we can assume
that H™(B,) is comparable to the m-dimensional volume of the corresponding euclidean
ball for every p < 3). If we choose J = j; for a large enough j; (depending only upon ¢, «

and Cy) we achieve
2o 1 2 C 2
[oompzg [ mp=g [ b, (56)
Bs\B 5 2 /b 2 /b

271

In turn we conclude the existence one annulus A(k(j)) 1= By o0 \ Bsj(are)+1) with

[Pz [ DN and kG <. (5.7
AGR()) 2j1 Jiy

Hy, (k(j)) is bounded from below by the integral on the left hand side of (5.7), whereas
the right hand side bounds Dy, (27*)3) from above. Thus Iy,(27%%)3) is smaller than a
constant which depends upon ¢ and j;. Arguing as in the first alternative, we can apply
Theorem 3.2 to conclude the positivity of Hy, and to gain a uniform upper bound for Iy,

on the interval |3, 27*0)3[: since the latter contains ]3,2/13[, we conclude the validity of
J J
(5.2) (if one or both the intervals are trivial, namely i—j is larger than the right endpoint,
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then there is nothing to prove). On the other hand for every r € [27%7)3, 3], by (5.7) we
certainly have

[l = [ o
B, J1 JBs
from which (5.3) readily follows.

In the case t; belongs to the class (B), then, by construction there is n; €]0,1[ such
that E((c0.,)s7, Beymm(i4n,)) > €3- Up to extraction of a subsequence, we can assume that
(to,;)¢T converges to a cone S: the convergence is strong enough to conclude that the
excess of the cone is the limit of the excesses of the sequence. Moreover (since S is a cone),
the excess E(S, B,) is independent of . We then conclude

2 ..
4, B0, B
Thus, by Lemma 5.2 below, we conclude liminf; . jes) Hn,;(3) > 0. Since Dy, (3) <
Cmj) < Ce?, we achieve that lim SUD; 00 je(n) In; (3) < +00, and conclude as before. [

Lemma 5.2. Assume the intervals of flattening are infinitely many and r; E]%,?)[ 1S a

J
subsequence (not relabeled) with lim, HNj”LZ(BTj\B
E(T;,B,;,) = 0.

y = 0. If e3 is sufficiently small, then,

7‘j/2

Proof. Note that, if r; — 0, then necessarily E(T}, B,;) — 0 by Proposition 2.2(iv). There-
fore, up to a subsequence, we can assume the existence of ¢ > 0 such that

r; >c and E(Tj,Bgm) > c (5.8)

After the extraction of a further subsequence, we can assume the existence of r such that

[ e (5.9)
BT\B%TT

and the existence of an area-minimizing cone S such that (io4,)s7" — S. Note that,
by (5.8), S is not a multiplicity @) flat m-plane. Consider the orthogonal projection q; :
R™"™ — 7;, where 7; is the m-dimensional plane of the construction of the center manifold
M. Assuming 3 is sufficiently small, we have U; := B%T(W) \ B%T(ﬂ') C q;(B \ Bs,).
Consider the Whitney decomposition # ') leading to the construction of M;: if no cube
of the decomposition iintersects U7, then N; vanishes identically on it. Otherwise, set

dj :==max {((J):J e #Y and JNU;#0}.

Let J; € #/9) be such that U; N J; # 0 and d; = ¢(J;). If the stopping condition for J; is
either (HT) or (EX), recalling that £(J;) < cer, we choose a ball B C U; of radius % and
at distance at most \/md; from J;. If the stopping condition for J; is (NN), J; is in the
domain of influence of K; € WD, By Proposition 2.2 we can then choose a ball B/ C U;

of radius @ at distance at most 3y/ml(K;) from K;. If the stopping condition is (HT),
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we then have by [6, Proposition 3.1]
1
/ |Nj|2 > / |Nj|2 > ¢ (m%)m d;n+2+252 '
Br\Bsy ®;(B7)

If the stopping condition is either (NN) or (EX), by [6, Proposition 3.1] and [6, Proposition
3.4] we have

[oompz [ mpza |
BT\B%« P;(BY) ®;(B

J

: IDN;? > emid 2%, (5.10)

In both cases we conclude that d; — 0.

By [6, Corollary 2.2], spt(7};) N ®,(U;) is contained in a d;-tubular neighborhood of M,
which we denote by ﬂj. Moreover, again assuming that e3 is sufficiently small, we can
assume B, \ B, N M; C ®;(U;) for some appropriate choice of s < ¢, independent of
j. Finally, by [6, Theorem 1.17] we can assume that (up to subsequences) M, converges
to M in C3. We thus conclude that SL (B, \ B,) is supported in M N (B, \ B;) and,
hence, by the constancy theorem, SL(B, \ B,) = Qo [M N (B;\ B,)] for some integer
Qo. Observe also that, if p; : ij — M is the least distance projection onto M, by
[6, Theorem 2.4] we also have (p;)s(T;L(B; \ By)) = Q [M; N (B;\ B,)]. We therefore
conclude that @y = Q. Since S is a cone without boundary, d(SLB;) = Q [M N 9IB,],
ie. SLB; = Q0] x [MnNoB,]. By Allard’s regularity theorem (which can be applied
because O(S,0) = lim; ©(73,0) = Q), S is regular in a neighborhood of 0 and, therefore,
it is an m-plane with multiplicity @), which gives the desired contradiction. U

A corollary of Theorem 5.1 is the following.

Corollary 5.3 (Reverse Sobolev). Let T be as in Assumption 2.1. Then, there exists a
constant C' > 0 which depends on T but not on j such that, for every j and for every
r E]i—j, 1], there is s €]3r,3r] such that

C
LA (5.11)
Bs(®;(0)) T JB(@;(0)

J

Proof. If the second alternative in Theorem 5.1 holds, if » > 27713 and if I;(3r) is larger

than the ratio
(3r)? f53r(<1>j(0)) |DN;|?
f33r(‘1>]‘(0)) [N

then the claim follows from (5.3). Therefore, without loss of generality, we can assume
that I,(3r) is bounded by a constant C*, which depends on 7" but not on j.
We start observing that, by the Coarea Formula,

N. 2 3r 1
H;(3r) = 2@ =2 - |N; |2 dt,
J d( ) t J
B (@5(0)\Bsy/(®;(0)) AP sr/2 U JoB(®,(0))
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whereas, using Fubini,

3r 3
[ | pwa- / IDN(a) [ Lpoct) dtaH™ (z) = 5rD,(3r).
3r JB(®,(0) 3r/2 2

Since we are assuming that I-(Sr) <C*

3r 3r
3
/dt/ yDNy2 rD(37~)<O* (3r) /dt/ |Ny2
Bt(‘} 36,5(@

Therefore, there must be s € [3r, 3r] such that

C*
/ |IDN;|* < —/ |N;|?. (5.12)
B:(2;(0)) § JoB.(®;(0)

Fix now any o €]s/2, s[ and any point = € 9Bs(®;(0)). Consider the geodesic line y passing
through = and ®;(0) and let 4 be the arc on v having one endpoint z in 9B,(®,(0)) and
one endpoint equal to z. Using [3, Proposition 2.1(b)] and the fundamental theorem of
calculus, we easily conclude

Ny < IN@P +2 [ 1DV
Y
Integrating this inequality in x and recalling that o > s/2 we then easily conclude

/ N2 < o/ |Nj|2+o/ IN,|IDN;|
0Bs(®;(0)) 0B (®;(0)) Bs(®;(0))\B/2(®;(0))

where the constant C' depends only on the curvature of M;, which is bounded indepen-
dently of j. We further integrate in o between s/2 and s to achieve

s
o N (NG + 5 INGIIDA )
9B (®;(0)) Bs(®;(0))\Bs/2(®;(0))
2
<’ */ IDN;? +0/ N2, (5.13)
40 Js.(2;0) ((0)
where C* is the constant in (5.12) and the constant C' depends on the curvature of M;
and on C*. Combining (5.13) with (5.12) we easily conclude (5.11). O

6. FINAL BLOW-UP SEQUENCE AND CAPACITARY ARGUMENT

6.1. Blow-up maps. Let T be a current as in the Assumption 2.1. By Proposition 2.2
we can assume that for each radius 7 there is an interval of flattening 7y =|s;), tju)]
containing r,. We define next the sequence of “blow-up maps” which will lead to the proof
of Almgren’s partial regularity result Theorem 0.3. To this aim, for k large enough, we

define 5; so that the radius ti’;) € }%f(’z) 3;(’;)[ is the radius provided in Corollary 5.3
VA J

applied to r = r’“) We then set 7, := Sffg(’z : and rescale and translate currents and maps
J J

accordingly:
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(BUL) Tk = (o)t Tice) = (0,745 8T) L Beyimjmes Sk = to,r, (Zja))

and My, := 10,7, (Mjr)); )
(BU2) Ny, : Mj, — R™™ are the rescaled My-normal approximations given by

Ni(p) = %Nj(k) (Tep). (6.1)

Since by assumption TpY = R™*" x {0}, the ambient manifolds 3 converge to R™*" x {0}

locally in C®% (more precisely to a “large portion” of R™*" x {0}, because Bg /m C

B¢,/ /7, ). Moreover, since % < sz’?(k) < 1, it follows from Proposition 1.3 that
J

E(T;,B,) < CE(T,B,,) — 0.

By the standard regularity theory of area minimizing currents and Assumption 2.1, this
implies that T} locally converge (and supports converge locally in the Hausdorff sense)
to (a large portion of) a minimizing tangent cone which is an m-plane with multiplicity
Q contained in R™*" x {0}. Without loss of generality, we can assume that T} locally
converge to @ [mo]. Moreover, from Proposition 1.3 it follows that

Hgi2+a<DQ<Tk) N Bl) > CO,T,I;(m72+a)vaonon+a(DQ(T) N Brk) >n>0, (62)

where Cj is a geometric constant.

In the next lemma, we show that the rescaled center manifolds M, converge locally to
the flat m-plane 7y, thus leading to the following natural definition for the blow-up maps
N} By CR™ — Ag(R™™):

Ni(2) = by Ny(en()) (63)
where h; = HNkHH(Bg) and e : B3 C R™ ~ T; M;, — M, denotes the exponential

2
map at pr, = ®;x)(0)/7), ((here and in what follows we assume, w.l.o.g., to have applied a
suitable rotation to each T} so that the tangent plane T, M) coincides with R™ x {0}).

Lemma 6.1 (Vanishing lemma). Under the Assumption 2.1, the following hold:
(i) we can assume, without loss of generality, fkmé(k) — 05
(ii) the rescaled center manifolds My, converge (up to subsequences) to R™ x {0} in
C3%/2(By) and the maps e, converge in C**? to the identity map id : Bs — Bs;
(iii) there ezists a constant C > 0, depending only T', such that, for every k,

/ IDN22 < C. (6.4)
B3

2
Proof. To show (i), note that, if liminf; 7, > 0, we can extract a further subsequence and
assume that limy 7, > 0. Observe that then 7 := limsup, tif—:) < 00. Since 1, | 0, we
necessarily conclude that ¢;) | 0 and hence c(X;x)) — 0. Moreover E(T', B /mt ) <

C(7)E(Ty, BG\/F”—“k—l) — 0 because T} converges to Q [m]. We conclude fkmé(k) — 0. On

the other hand if limy, 7 = 0 then (i) follows trivially from the fact that mj is a bounded
sequence.
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Next, using kaé(k) — 0 and the estimate of [6, Theorem 1.17], it follows easily that
My, — Py, converge (up to subsequences) to a plane in C*%/2(B,). By Proposition 2.2 (v)
we deduce easily that such plane is in fact 7. Since 0 belongs to the support of Tj) we
conclude for the same reason that M, is converging to 7o as well. Therefore, by Proposi-
tion A.4 the maps e converge to the identity in C?*/2 (indeed, by standard arguments they
must converge to the exponential map on the — totally geodesic! — submanifold R™ x {0}).
Finally, (iii) is a simple consequence of Corollary 5.3. U

The main result about the blow-up maps N? is the following.

Theorem 6.2 (Final blow-up). Up to subsequences, the maps N} converge strongly in
LZ(B%) to a function N2 : Bs — Ag({0} x R™ x {0}) which is Dir-minimizing in By for

every t €]2,3[ and satisfies | N2, ||12(5,) = 1 and no NE, = 0.
2

We postpone the proof of Theorem 6.2 to the next section and show next Theorem 0.3.

6.2. Proof of Theorem 0.3: capacitary argument. Let N° be as in Theorem 6.2 and
T := {x € By : N (2) = Q[[O]]}

Since 1o N2, = 0 and ||[N2 [|12(s,,) = 1, from the regularity of Dir-minimizing Q-valued
functions (cf. [3, Proposition 3.22]), we know that H™~**(T) = (0. We show in the next
three steps that this contradicts Assumption 0.4.

Step 1. We cover T by balls {B,,(z;)} in such a way that Y, wm—21a(do;)™ 2T < 2
where 7 is the constant in (6.2). By the compactness of T, such a covering can be chosen
finite. We can therefore choose a @ > 0 so that the 5a-neighborhood of T is covered by
{B,,(z;)}. Denote by A, the set of multiplicity Q points of T} far away from the singular
set T:

Ay = {p € DQ(Tk) NB;: diSt(p, T) > 45‘}
Clearly, HZ:*"*(Aj) > 2. Let V denote the neighborhood of T of size 2. By the Holder
continuity of Dir-minimizing functions (cf. [3, Theorem 2.9]) there is a positive constant
1 > > 0 such that |[N% (z)|* > 20 for every x ¢ V. We next introduce a parameter o > 0
whose choice will be specified only at the very end: throughout the rest of the proof it will
only required to be sufficiently small. In particular, o < & will surely imply that

][ INLE>20  Vae By with dist(e, T) > 4.
Bas ()
Therefore, from Theorem 6.2 we infer that, for sufficiently large k’s,

Bogs ()

Step 2. For every p € Ay, consider Zy(p) = pa,(p) (where 7 is the reference plane
for the center manifold related to Tjx)) and Zx(p) = (Z(p), 77 i) (Przr(p))). Observe
that Zx(p) € M. We next claim the existence of a suitably chosen geometric constant
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1 > ¢p > 0 (in particular, independent of o) such that, when £ is large enough, for each
p € Ay there is a radius g, < 20 with the following properties:
9 1 —
“Thi<otn [ pmp (6.6)
g % By, (% (p))

By, (71(p)) C Bay, (p) - (6.7)

In order to show this claim, fix such a point p, consider the point qx := 7p, 2k = Tt 2Zx(p)
and x = 7Tk (p) = (2, @jk)(2)). Observe that ¢, € Do(Tx)). By [6, Proposition 3.1],

2z, cannot belong to some L € V/h(j ) (otherwise By, (pr) would contain a multiplicity @
point of Ty, contradicting statement (S1) in [6, Proposition 3.1]). We thus distinguish
two possibilities:

(Exc) either z; belongs to some L € # I G kD,

(Con) or it belongs to the set I';.

Case (Exc). Observe that if Ly € #. 0™ by Proposition 2.2 (iil), there exists a cube
H, € #.9®) such that Ly, belongs to the domain of influence of Hj, and sep(By,, Hy) <
37, /16. Thus Hj, intersects Bioz, /16(0, 7).

We wish now to apply [6, Proposition 3.5] with s in there equal to 7, and T in there
equal to Tj): the aim is to infer

Op =7 sup {(L) : L € #U™) and L N Bigr, 16(0,7) # 0} = o(1). (6.8)

Observe first that, taking into account the inequality 1 < 7itj) /7% < 2, a simple scaling
argument gives
m—2+a«
H 2 (Do(Ty) Br) = (#5) H" 5 (Do(Tor,) N Buynn,)
(1.2)

. m—2+a M2t 7\ m—2+a
> ()" H e (Do(Ty,) NBY) 2 (3)"

ZI0)

which verifies [6, (3.4)]. We next need to verify [6, (3.3)] and consider therefore L € % ()
which intersects B, (0, 7). Since 7, > sju)/tjk), by (Go) we have ((L) < 3¢, < T
Now, for any fixed & > 0 we can apply [6, Proposition 3.5] provided min{7y, mg(k)} is small
enough, which is the case for k large enough by Lemma 6.1(i). Thus [6, Proposition 3.5]
implies lim sup,, /; < & and the arbitrariness of the latter parameter implies (6.8).

For k large enough, we can then apply [6, Proposition 3.6] with 7y = % (in particular
this condition on how large k& must be is independent of the point p) . The Proposition will
be applied to Ly, if Ly € %(j(k)), or to Hy, above, if L, € #,95)  We thus set

Hy if L, € 9™,
Je = - (k)
L, if L, e ¥.

and conclude the existence of a constant 5§ < 1 such that
v

G(Nj), Q [m o Njw])? < —m_/ |DNjw|? -
]{335(Jk)($k) 4wm€<‘]k) 2 Be(yy) (@k)
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By (6.8) have, provided k is large enough, t(p) := % < {0, < 0. Therefore, rescaling to
My, there exists t(p) < £, such that

_ _ 9 _
G(Ni,Q [moNi]))* < —m_/ | DN |? . (6.9)
]ist(p) (@x(p)) 4Wmt(p) 2 By (py (Zx(p))

Moreover, from Proposition 2.2 (v) and Lemma 6.1, for k large enough, we get

1

p— Z(p)| < C(m™) 22 t(p) < 5t(p). (6.10)

Case (Con). In case g belongs to the contact set ®;q(I'ju)), then p = x,(p) and
Ny (zr(p)) = Q [0]. Therefore

lim Q(Nk,Q [[nONk]])Q =0
B0 J By (21 (p))

and we choose t(p) < o such that

][ G(Nw @ [mo Ni])? < n2. (6.11)
Bst(p) (Zr(p))

Observe also that (6.10) holds trivially.

Having chosen ¢(p) in both cases, we next show the existence of g, €|5t(p), 20| such that
(6.6) holds. Observe that (6.7) will be an obvious consequence of (6.10). Notice that if

1

— |DNi|* > by, (6.12)
wmt(p) 2 /Bt(p)(xk P))

then (6.6) follows with g, = ¢(p). If (6.12) does not hold, then
v 12— Ui
][ G(Ne,Q [moNi]))* < th. (6.13)
Bst(p) (Zr(p))

Indeed we can use (6.9) in the case (Exc) (in the case (Con) we have already shown it: see
(6.11)).

We now argue by contradiction to infer the existence of g, €]5t(p),20] such that (6.6)
holds. Indeed, if this were not the case, we set for simplicity f := G(N, @ [[77 o Nk]]),
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and, letting j be the smallest integer such that 277 < 5t(p), we can estimate as follows:

1/2 1/2
(][ f2) < (][ (f f20’ ) + Z |f21 ic T f2 la| + |f21 —Jo T fst(p |
Bao (Zr(p)) Bao (Zk(p))

1/2 1/2
+ (f If = fewl® | + ][ f
Bst(p) (Tx(p)) Bst(p) (Zx(p))

. 1/2
(6.13) J% 1 _ ",
ZO ((21 )™ Ji e o) 2

1=

In the previous lines we have used repeatedly |Df| < |DNg|, the classical Poincaré in-
equality and the following simple Morrey-type estimate (which is also a consequence of the
Poincaré inequality)

(= < D
1 b))
Note that such constant Cj (and the constant for the Poincaré inequality) depends only
upon the regularity of the underlying manifold M, and, hence, can be assumed indepen-
dent of k. Summarizing, if (6.6) were to fail for every radius in the interval |st(p), 20],
from (6.14) we would conclude

. 2
1 1 = 1 2
f2 < h219 — + Ce ok (217j0')a/2 < h219 (— + ¢ Cla )
]{sQU(fk(p)) C\v2 e g v (@)

0

Since C'(«) depends on «, m and @, but does not depend on k, for ¢y chosen sufficiently
small the latter inequality would contradict (6.5). Note that (6.7) follows by a simple
triangular inequality.

Step 3. Finally, we show that (6.6) and (6.7) lead to a contradiction. Consider a covering
of Aj, with balls B? := Bao,,, (pi) with the property that the corresponding balls By, (p:)
are disjoint. We then can estimate

< § m-2ta § / DN, J?
— 0 Q — CO ’19h2 Qp ’ k"

Co o = o 64 g@
< DN.|? < O—
—coﬁm/lgg’ W= O

where Cjy > 0 is a dimensional constant. In the last line we have used that, thanks to (6.7),
the balls By, (P, (pi)) are pairwise disjoint and that, provided o is smaller than 35 and k
large enough, they are all contained in B 5. Since ¥ and ¢y are independent of o, the above
inequality reaches the desired contradiction as soon as o is fixed sufficiently small. This
will only require a sufficiently small ¢, which by (6.8) is ensured for k sufficiently large.

N3
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7. HARMONICITY OF THE LIMIT

In this section we prove Theorem 6.2 and conclude our argument. We continue to follow
the notation of the previous section, in particular recall the maps defined in (BU1) and
(BU2) of Section 6.1

7.1. First estimates. Without loss of generality we might translate the manifolds M,
so that the rescaled points pp = 77,;1<I>j(k)(0) coincide all with the origin. Let F}, : Ba C

My, = Ag(R™™) be the multiple valued map given by Fy(z) := >, [z + (Ny)i(z)] and
to simplify the notation, set py := pyy,. We start by showing the existence of a suitable
exponent v > 0 such that

Lip(Nils,,) < Ch] and || Nillcogs,,) < C(mdr)7, (7.1)
M((Ty, — T4)L(p; (By)) < Ch2*™, (72)
/ g o N < Ch?. (7.3)
B
Indeed, set pjy = ®jx)(0). Using the domain decomposition of Section 4.1 (note that

3 G] 5 ('“) ,3)) and arguing in an analogous way we infer that

j(k 1 .
||Nj<k>||co<sgm<pj<kms0<mé< e and - Lip(Njlsy, ) < Clmy ) max (2

pj(k)

B o
M((Tr,) = Tio) L P By (i) < Z(mo( Nyt +2+”,

j(k) — m-+7r2 C
/ o Nyl < Cmd7, > 6m =k 4 _—/ | Njw*
Bs_ (P i Tk JBy_ (0

where this time, for the latter inequality we have used [6, Theorem 2.4 (2.4)] with a = 7,.
On the other hand, again by the arguments of Section 4.1 (see for instance (4.12), (4.13)
and (4.14)) and Corollary 5.3, we see that

i m—+2+22 __
S mPe < CO/B (IDNjw | + |Njw *) < Crkz2/ [Niwl?,  (7.4)
3. (D)

i Bs, (Pjk))

from which (7.1)-(7.3) follow by a simple rescaling (the constant C' on the right hand side
of (7.4) depends on T but not on k).

It is then clear that the strong L? convergence of N} is a consequence of these bounds
and of the Sobolev embedding (cf. [3, Proposition 2.11]); whereas, by (7.3),

/83|noNoo| kglfm/83|ﬂoNk|_CkEIfmhk 0
2

Finally, note that N2, must take its values in {0} x R™ x {0}. Indeed, considering the
tangential part of Ny given by N/ (z) := 3, [[pngk(Nk(x))i]], it is simple to verify that
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G(Ng, NI) < Cy|Ni|?, which leads to

_ _ (7.1) i
G(N, b ' N o ep)? < coh,f/ ING* < CmiPR)? 50 ask — 4oo,
83/2 83/2

and, by the convergence of ¥ to R™*" x {0}, gives the claim.

7.2. A suitable trivialization of the normal bundle. By Lemma 6.1, we can consider

for every M}, an orthonormal frame of (T M)+, vE, ... vE @r, .. @l with the property

’ o

that vf(x) € T,5, wh(z) L T, and (cf. [5, Lemma A.1])
l/j — €mt; and wj — Cmint; 1D C?42(My) as k 1 oo

(for every j: here ey, ..., eniny is the standard basis of R™+7H — R™+7) - We next claim
the existence of maps ¢y, : My, x R — R! converging to 0 in C%*/ 2_(uniformly bounded in
C**) and of § > 0 (independent of k) such that, for every v € T, M, with |v] <4,
p+v e, vt =1po"),
with o7 = ((v,vF),..., (v,vF)) € R™ and vt = ((v,@%),..., (v,=F)) € R.. To see this,
consider the map
Op: M xR" xR 3 (p, z,w) |—>p+zjl/§C +ij§“ € R™™,

where we use the Einstein convention of summation over repeated indices. It is simple to
show that the frame can be chosen so that D®;(0,0) = Id and, hence, ®; (%) can be
written locally as a graph of a function v satisfying the claim above.

Note that, by construction we also have that ¥y(p,0) = |Dy¥r(p,0)] = 0 for every
p € My, which in turn implies

| Dot (x,w)| < Clw*™,  |Dytp(z,w)| < Clw| and |¢(z, w)| < Clw|?. (7.5)
Given now any @Q-valued map u =Y, [u;] : My = Ag({0} x R™ x {0}) with |lul|z~ <,

we can consider the map uy := ¥ (x,u) defined by

T Z [[ u;) JI/ —Hﬁk(a: w;(z)) f(x)]] ,

where we set (u;)? 1= (ui(2), emrs), Vi(x,ui(2)) = (WVp(2, (7)), emins;) (again we use
Einstein’s summation convention). Then, the differential map Duy := ), [D(uy),] is
given by

D(wy); = D(u;)’vf + (Do) (2, w;) + Dytf(z,u;) Du;| oo
+ (ui)jDujllC + wi(:v, ui)DwéC )
Taking into account that || Dvf||co + || Dwf|lco — 0 as k — 400, by (7.5) we deduce that

’/ (IDug[* — [Dul?)

< [ (DuPlul + (Dl + ) + o(1) [ (ju + Duf?)
(7.6)
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Now we clearly have Ni(z) = ty(z, @) for some Lipschitz @ : M), — Ag(R") with
||l = o(1) by (7.1). Setting u} := 1, o ey, we conclude from (5.11), (7.1) and (7.6)
that

lim (IDNY)? = ;| Dy |*) = 0, (7.7)

k—+o00 Bs
2
and N?_ is the limit of hy 'u?.

7.3. Competitor function. We now show the Dir-minimizing property of N° . Clearly,
there is nothing to prove if its Dirichlet energy vanishes. We can therefore assume that
there exists ¢y > 0 such that

coh < / IDNL[2. (7.8)
B

3
2
Assume there is a radius t € |2, 2 and a function f : B3 — Ag(R™) such that
fles\B, = No|po\s, and  Dir(f, B;) < Dir(NY, B;) — 29,
2 2
for some § > 0. We can apply [4, Proposition 3.5] to the functions h,'u? and find r €]t,2]
and competitors v? such that, for k large enough,
vilos, = wilop,. Lip(v}) < Chi, |v}] < C(mg)",
| medi<cwi and [ pip < [ |patf - 5nt,
where C' > 0 is a constant independent of k and ~ the exponent of (7.1)-(7.3). Clearly, by
Lemma 6.1 and (7.5), the maps Ny = ¢ (z,0% o e, ') satisfy

Nk = Nk in B% \Bt, Llp(Nk) S Chz, |N]€| S C’(mlgfk)y,

/|noNk|§Ch§ and /|DNk|2§/ |DN,|? — 6ha.
B% BQ B§

2 2

7.4. Competitor current. Consider finally the map Fi(z) = 3_,[2+ N;(x)]. The current
T}, coincides with Tp on plzl(B% \ B;). Define the function ¢y (p) = dist v, (0, px(p)) and

consider for each s € J¢, 3] the slices (T — T, ¢x, s). By (7.2) we have

3
/2 M((Tj, — Ti, o 8)) < Ch27.
¢
Thus we can find for each k a radius oy, € |t, 2] on which M((T s — Ty, ¢x, 03)) < Ch;*.
By the isoperimetric inequality (see [4, Remark 4.3]) there is a current Sy such that
9Sk = (Ts, — T, or,0k),  M(Sk) < C’h,(fﬂ)m/(m_l) and  spt(Sy) C .
Our competitor current is, then, given by
Zy = Tel(py, (M \ Boy)) + S+ T, L(py ' (Boy)).
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Note that Zj, is supported in 3, and has the same boundary as Tj,. On the other hand, by
(7.2) and the bound on M(S}), we have

M(T},) — M(T},) < M(Tp,) — M(T5) + Chy™7 (7.9)

Denote by Ay and by Hy respectively the second fundamental forms and mean curvatures
of the manifolds My. Using the Taylor expansion of [5, Theorem 3.2|, we achieve

. _ 1 . _ _ .
M(T) - MT) < 5 [ (IDRf = D) + Cllilo [ (1mo Nl + o i)
BP

_ . 5
+|1Ak|\%o/(|Nk|2+|Nk|2) +o(hi) < —ghi +o(hf),  (7.10)

where in the last inequality we have taken into account Lemma 6.1. Clearly, (7.10) and
(7.9) contradict the minimizing property of T} for k large enough and concludes the proof.

APPENDIX A. SOME TECHNICAL LEMMAS
The following is a special case of Allard’s e-regularity theory (see [10, Chapter 5]).

Theorem A.1. Assume T is area minimizing, v € Dg(T) and || T||((spt(T)NU)\ Dg) = 0
in some neighborhood U of x. Then, x € Reg(T'). In particular, D,(T) C Reg(T).

Proof. By simple considerations on the density, the tangent cones at x must necessarily be
all m-dimensional planes with multiplicity ). This allows to apply Allard’s theorem and
conclude that, in a neighborhood of z, spt(T) is necessarily the graph of a C1*° function
for some ko > 0. Let u : R™ — R™* be the corresponding function and ¥ : R™*" — R! a
O30 function whose graph describes 3. Let @ consist of the first 71 coordinates functions of
u. We then have that 4 minimizes an elliptic functional of the form [ ®(z, u(x), Du(z)) dx
where (z,v,p) — ®(z,v,p) and (x,v,p) — D,®(z,v,p) are of class C***. We can then
apply the classical regularity theory to conclude that @ € C*% (see, for instance, [9,
Theorem 9.2]), thereby concluding that x belongs to Reg(T") according to Definition 0.2.
Fix next any x € Dy(T). By the upper semicontinuity of the density © (cf. [10]), © < 2
in a neighborhood U of x, which implies ||T||((spt(T)) N U) \ D;) = 0. O

Next, we prove the following technical lemma.

Lemma A.2. Let T be an integer rectifiable current of dimension m in R™™ with locally
finite mass and U an open set such that H™ 1(0U Nspt(T)) = 0 and (OT) .U = 0. Then
A(TLU)=0.

Proof. Consider V-.CC R™*". By the slicing Theorem [7, 4.2.1] applied to dist(-,0U) we
conclude that S, := TL(V NU N {dist (z,0U) > r}) is a normal current in N,,(V') for
a.e. r. Since M(TL(V NU) —S,) — 0 as r | 0, we conclude that TL(U NV) is in the
M closure of N,, (V). Thus, by [7, 4.1.17], TL U is a flat chain in R™™™. By [7, 4.1.12],
J(TLU) is also a flat chain. Tt is easy to check that spt(O(T'LU)) C oU Nspt(T). Thus
we can apply [7, Theorem 4.1.20] to conclude that (T'LU) = 0. O

Recall the following theorem (for the proof see [10, Theorem 35.3]).



34 CAMILLO DE LELLIS AND EMANUELE SPADARO

Theorem A.3. If T is an integer rectifiable area minimizing current in 3, then

pm3+a (spt(T) \ (spt(aT) ny DQ(T)>> —0 Ya>0.
QEeN

We finally prove the following result (first proved by Allard in an unpublished note and
hence reported in [1]).

Proposition A.4. Set 7 :=R™ x {0} C R™™ and let M be the graph of a C>* function
@7 D B3(0) = R™, with ¢(0) = 0. Then the exponential map exp : B3(0) — M belongs
to the class C**. Moreover, if |@||cs~ is sufficiently small, then the set p,(exp(B,(0))) C 7
is (for all v < 3) a convex set and the mazximal curvature of its boundary is less than %

Proof. Consider any C®* chart x : M — Q, for instance the one induced by the graphical
structure. It is then obvious that the components g;; of the Riemannian metric (induced
by the Euclidean ambient space on the submanifold M) are C?*. We let V be the Levi-
Civita connection on M for which g is parallel and consider the corresponding Christoffel
symbols F;k (in the fixed coordinate patch). Using the standard formula which expresses
the Christoffel symbols I', in terms of the metric g, (see for instance [8, Proposition 2.54]),
it is easy to see that the former are C''*. The careful reader will notice that these objects
are usually defined in standard textbooks assuming that the metric is C'*°, but in order
to have a unique Levi-Civita connection it is enough that the metric is C', see the proof
of [8, Theorem 2.51] (in fact the Levi-Civita connection on M can also be recovered by
differentiating in the Euclidean ambient space and projecting the result onto the tangent
space to M). Similarly, for C? metrics we can use the intrinsic definition of the Riemann
curvature tensor as in [8, Definition 3.3]. From the standard formula in [8, 3.16] we easily
conclude that the components of this tensor are C%*. However, by [3, Lemma A.1] we can
choose a C?* orthonormal frame vy, ...,v, : Q — R™™ for the normal bundle of M and
the curvature tensor can be computed via the Gauss’ equations as in [8, 5.8b)]: we thus
conclude that the components of the Riemann tensor are in fact C1*. Again, although the
references above carry on all computations in the C*° setting, it can be easily checked that
these work in a straightforward way under our regularity assumptions.

Let next ®(t,v) := exp(vt) (the fact that the exponential map is well defined will be
justified in few lines). Fix a C®* coordinate patch on M where 0 is the origin, using the
graphical structure of M over ToM. Set t + 7(t) = ®(¢,v) and use the notation v} for

the components of 7" in the fixed chart z : @ — M (so, 7/(t) = >_;7; (t)52). v satisfies
J
the system of differential equations

W) + D TROONIO(E) =0,

with the initial conditions v(0) = 0 and 7/(0) = v, cf. [8, Definition 2.77]. It follows thus
that the maps ® and 9,® are C'*; incidentally, this shows that the exponential map is
well-defined (in fact, standard textbooks on ODEs only provide C! regularity; however the
usual proof of C'* regularity via Gronwall Lemma on the linearized ODEs for the derivative
0,® can be easily modified to prove 9,® € C%; cf. [2, Section 9]).
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Fix now a tangent vector e at 0, a point p = exp(v) € M and perform a parallel
transport of e along the (“radial”) geodesic segment [0,1] 5 ¢ — exp(tv) to define e(p).
We claim that the corresponding vector field is C'V*. Indeed, fix any orthonormal tangent
frame fi,... f,, which is C%*. Let

eXp tU Z Ay, z fz Z Ay, z Z szk aik

where the functions i are C**. Recall that the a vector field X (t) = 3=, X;(t ) - along
a O curve ¢ with tangent ¢ (t) = Y, ci(t)-2 is parallel if and only if

DRV COIOAON

cf. [8, Theorem 2.68 and equation (2.69)]. We therefore conclude that the coefficients
@, ;(t) must satisfy a system of ODEs of the form

Z&Uj )at ( ))

where (t,v) — F;;(®(t,v),0,P(t,v)) are C** maps. Thus the existence of e and the claimed
regularity of (¢,v) — v, ;(t) follow from the standard theory of ODEs.

Recall also that the parallel transport keeps the angle between vectors constant, cf. [8,
Proposition 2.74]. We conclude that there exists an orthonormal frame ey, ..., e,, of class
CY* which is parallel along geodesic rays emanating from the origin. Next, consider the
map (w,v,t) — 0,P(t,v) where w varies in R™. Fix w and v and consider again the curve
7(t) above and the vector 1, ., (t) = 0,P(¢,v). We claim that 7 satisfies the Jacobi equation
along the geodesic v, with initial data 7,,(0) = 0 and 7, ,(0) = w. More precisely, if we
write the vector field in the frame e; as n(t) = >, n;(t)e (7 t)), the Jacobi equation is

Mowi(t) = — Z Ry (e;(7(1)), 7' (£), 7' (1), € (v (£)) 1o, 5 (1) (A1)

where R depends on the Riemann tensor (cf. [8, Theorem 3.43]). Note that we do not have
the usual smoothness assumptions under which (A.1) is derived in standard textbooks. We
can however proceed by regularizing our manifold M via convolution of the function of
which the manifold is a graph. We fix the corresponding graphical charts for the regularized
manifolds and observe that the exponential maps in these coordinates have uniform C'*
bounds from the corresponding ODEs and thus will converge to ® in C*. Similarly one
concludes the obvious convergence statements for the Riemann tensor and thus the right
hand side of (A.1) for the corresponding objects converge uniformly. This justifies, in the
limit, that 7, . is twice differentiable (in time) and that (A.1) holds.

Taking into account that ( ) = ®(t,v) and +/(t) = 0;P(t,v) we conclude that 7, .,
satisfies an ODE of the type 7], ;(t) = A(t,v,7vw,i(t)) where the function A is C** in all
its entries. We thus conclude that the map (v, w,t) = 7,.,(t) = 9, P(t,v) is a C* map.
Since d exp(v)(w) = 9,P(v, 1), this implies that the exponential map is C?*.



36

CAMILLO DE LELLIS AND EMANUELE SPADARO

As for the last assertion, for ||¢]|cs. sufficiently small we conclude from the discussion
above that p, o exp is C? close to the identity, which implies the desired statement. O
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