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ABSTRACT

In this thesis we collect problems that arise in different contexts: PDEs, Calculus of Variations
and Fluid Dynamics. We have sorted them in three groups, corresponding to three different parts:

(a) Parti: Differential Inclusions related to Geometric Problems. This chapter contains some partial
results towards the proof of Allard’s celebrated regularity theorem [1] for varifolds that are
stationary for more general functionals than the area functional. We focus in particular on
stationary varifolds that are given by graphs. The point of view we adopt here is the one
of differential inclusions, that has been successfully exploited in the last twenty years to
produce counterexamples using the so-called convex integration methods. The results we
present seem to exclude the possibility to construct counterexample to regularity through
convex integration, at least with the methods available at present;

(b) Part ii:  Divergence-Free Matrix Fields in Sym™ (n). Here we study some properties of
divergence-free matrix fields from the n dimensional torus with values in the non-negative
symmetric matrices, thus continuing the study started in [76];

(c) Part iii: Sharp Energy Regularity for Euler Equations. Using convex integration methods
introduced in the last years by De Lellis and Székelyhidi, we prove that if § < %, % is the
optimal Holder regularity for the energy of C? solutions to the incompressible Euler equations
on T?3;

The first similarity these problems share is that they are essentially vectorial, in the sense that
either their one dimensional counterpart would lose meaning, as in (b)-(c), or the one-dimensional
version of the problem has already been solved, as in (a). Other than this immediate similarity,
we give a deeper explanation of the connection among the aforementioned problems through the
study of the associated Tartar’s wave-cone.






ZUSAMMENFASSUNG

In dieser Arbeit fithren wir Probleme aus verschiedenen Bereichen zusammen: PDGs, Varia-
tionsrechnung und Fluiddynamik. Wir unterteilen sie in drei Gruppen, welche jeweils ein Kapitel
der Arbeit ausmachen:

(a) Part iz Differential Inklusionen mit Bezug zu geometrischen Problemen. Dieses Kapitel enthalt
einige Teilresultate fiir die Anpassung des Beweis von Allards berithmtem Regularitétssatz
[1] fiir Varifolds, welche nicht nur fiir das Flichenfunktional stationir sind, sondern auch
fur allgemeinere Funktionale. Wir legen den Schwerpunkt insbesondere auf stationdre
Varifolds, die durch Graphen beschrieben werden. Wir betrachten das Problem aus der
Sicht der Differential Inklusionen. Diese wurden in den letzten zwanzig Jahren erfolgreich
benutzt, um Gegenbeispiele zu konstruieren, indem man die sogenannte emphkonvexe
Integrationsmethode verwendet hat. Unsere Resultate schliessen die Moglichkeit aus, solche
Gegenbeispiele mit den heute verfiigbaren Methoden durch konvexe Integration analog zu
Allards Beweis zu konstruieren.

(b) Part ii: Divergenzfreie Matrixfelder in Sym™ (n). Hier untersuchen wir einige Eigenschaften
von divergenzfreien Matrixfelder vom n-dimensionalen Torus mit Werten im Raum der postiv
semi-definiten symmetrischen Matrizen. Wir fithren also die Untersuchung von [76] fort.

(c) Partiii: Optimale Energie Reqularitit fiir Euler Gleichungen. Indem wir die konvexen Integra-
tionsmethoden verwenden, welche De Lellis und Székelyhidi in den letzten Jahren eingefiihrt
haben, beweisen wir, dass, falls 8, dann ist 6 die optimale Holder Regularitidt der Energie von
C9-Losungen der inkompressiblen Euler Gleichungen auf T°.

Die erste Gemeinsamkeit dieser Probleme ist, dass sie alle im Grunde vektoriell sind. Entweder
wiirde ihr eindimensionales Gegensttick jegliche Bedeutung verlieren (wie in (b)-(c)), oder die
eindimensionale Version des Problems wurde bereits gelost (wie in (a)). Zusatzlich zu dieser
unmittelbaren Gemeinsamkeit erklaren wir spéter die Verbindung zwischen den vorher genannten
Problemen durch eine Untersuchung der zugehorigen Wellenkegeln von Tartar.
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INTRODUCTION

This thesis is divided into three parts:

(a) Differential Inclusions related to Geometric Problems;
(b) Divergence-Free Matrix Fields in Sym™ (n);
(c) Sharp Energy Regularity for Euler Equations.

We introduce separately the three problems in the next sections, and we conclude the introduc-
tion with a section where we give some heuristic explanations on why these results are connected.
We have tried to keep technicalities at the minimum, but anyway even the non-technical de-
scription of the results of the thesis contained in the next sections require some notation and
terminology. In order to help the reader who is not familiar with all of them, these have been
collected in Chapter A of the Appendix.

1.1 DIFFERENTIAL INCLUSIONS RELATED TO GEOMETRIC PROBLEMS

Let QO C R™ be open and f € C!(R"*"™,R) be a (strictly) polyconvex function, i.e. such that
there is a (strictly) convex ¢ € C! for which f(X) = g(®(X)), where ®(X) denotes the vector of
subdeterminants of X of all orders. We then consider the following energy I : Lip(Q, R") — R:

E(u) i/Qf(Du)dx. (1.1)

For a map i € Lip(Q),R"), the one-parameter family of functions & + ev will be called outer
variations and it will be called critical for It if

% E(ii+ev) =0, Yo e CZ°(Q,R").

e=0

Given a vector field ® € C!(Q,R™) we let X, be its flow". The one-parameter family of functions
ue = it o X will be called an inner variation. A critical point i € Lip(Q), R") is stationary for I if

d

| B(u) =0, V& € CH(O,R™).

e=0

Simple computations show that the conditions above are equivalent to, respectively,
/ (Df (D), Dv) dx = 0, Yo e CHO,R"). (1.2)
Q

and
/ (Df(Dit), DiD®)dx —/ F£(Dit) div ®dx = 0, Vo € CHOR™).  (13)
(@) (@)

The graphs of Lipschitz functions can be naturally given the structure of integer rectifiable currents
(without boundary in () x R™) and of integral varifold, cf. [33, 78, 38]. For the definition of
rectifiable varifold, see Section A 4. In particular, the graph of any stationary point # € Lip(Q,R")
for a polyconvex energy IE can be thought as a stationary point for a corresponding elliptic energy,
in the space of integer rectifiable currents and in that of integral varifolds, respectively, see [39,

1 Namely X;(x) = 7« (), where 7 is the solution of the ODE 7/ (t) = ®(-y(t)) subject to the initial condition y(0) = x.
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Chapter 1, Section 2]. Note that a particular example of polyconvex energy is given by the area
integrand

A(X) = \/det(id]Rmxm + XTX) . (14)

The latter is strongly polyconvex when restricted to any ball Bx C IR"*™, namely there is a positive
constant &(R) such that X — A(X) — &(R)|X|? is still polyconvex on Bg.

When n = 1 strong polyconvexity reduces to locally uniform convexity and any Lipschitz
critical point is therefore C'* by the De Giorgi-Nash theorem, see [15] and [68] respectively. The
same regularity statement holds in the much simpler dual case m = 1, where criticality implies
that the vector valued map i satisfies an appropriate system of ODEs. L. Székelyhidi in [82]
proved the existence of smooth strongly polyconvex integrands f : R*?*?2 — R for which the
corresponding energy has Lipschitz critical points which are nowhere C!. The paper [82] is
indeed an extension of a previous groundbreaking result of S. Miiller and V. Sverék [62], where
the authors constructed a Lipschitz critical point to a smooth strongly quasiconvex energy (cf.
[62] for the relevant definition) which is nowhere C!. A precursor of such examples can be found
in the pioneering PhD thesis of V. Scheffer, [74]. On the other hand, minimizers of strongly
quasiconvex functions have been proved to be regular almost everywhere, see [28, 52, 74]. Note
that the geometric counterpart of the latter statement is Almgren’s celebrated regularity theorem
for integral currents minimizing strongly elliptic integrands [4]. Let us remark that stationary
points need not to be local minimizers for the energy. This is proved, for instance, in the case
f(X) = A(X) for n = m = 2, by H. Lawson and R. Osserman in [54, Theorem 5.3]. Standard
computations show, on the other hand, that every minimizer for an energy is a stationary point.
Moreover, combining the uniqueness result in [84] and [62, Theorem 4.1], it is easy to see that
there exist critical points that are not stationary.

Other than the result in [84], not much is known about the properties of stationary points, in
particular it is not known whether they must be C! on a set of full measure. Observe that Allard’s
e-regularity theorem applies when f is the area integrand and allows to answer positively to the
latter question for f as in (1.4). The validity of an Allard-type e-regularity theorem for general
elliptic energies is however widely open, even though in the last years there have been important
contributions. Indeed, in [21], G. De Philippis, A. De Rosa and F. Ghiraldin characterize in terms
of an appropriate condition on the integrand (called atomic condition, cf. [21, Definition 1.1]) those
energies for which rectifiability of stationary points hold. For this reason, integrands satisfying
the atomic condition have good ellipticity properties, and seem to be the most likely to allow for
an e-regularity Theorem.

A first interesting question is whether one could extend the examples of Miiller and Sverak
and Székelyhidi to provide counterexamples. Both in [62] and [82], the starting point of the
construction of irregular solutions is rewriting the condition (1.2) as a differential inclusion, and
then finding a so-called Ty-configuration (N = 4 in the first case, N = 5 in the latter) in the set
defining the differential inclusion. In [17], it is shown that such a strategy fails in the case of
stationary points. More precisely:

(a) We show that 7 solves (1.2), (1.3) if and only if there exists an L* matrix field A that solves
a certain system of linear, constant coefficients, PDEs and takes almost everywhere values in a
fixed set of matrices, which we denote by K £ and call inclusion set, cf. Lemma 2.3. The latter
system of PDEs will be called a div-curl differential inclusion, in order to distinguish them from
classical differential inclusions, which are PDE of type Du € K a.e., and from divergence differential
inclusions as for instance considered in [18].

(b) We give the appropriate generalization of T configurations for div-curl differential inclusions,
which we will call TI’\, configurations, cf. Definition 2.7. As in the classical case, the latter are
subsets of cardinality N of the set K; which satisfy a particular set of conditions.

(c) We then prove the following nonexistence result, contained in [17]:



1.1 DIFFERENTIAL INCLUSIONS RELATED TO GEOMETRIC PROBLEMS

Theorem 1.1. If f € C}(R"*™) is strictly polyconvex, then K does not contain any set {Ay, ..., AN}
which induces a T} configuration.

Instead of giving the proof of Theorem 1.1, we will deduce it as a corollary of a stronger result,
that we explain now. The Constancy Theorem (see, for instance, [78, Theorem 8.4.1]), asserts that
if an m-dimensional integer rectifiable varifold V = (T, 0) is stationary with respect to the area
functional and is contained in a C2, m-dimensional submanifold M of R"t", then V must be
the varifold given by the integration over M and § must be constant. This has to be interpreted
as a regularizing effect of the area functional. It has been proved in [27] that the smoothness
assumption can be dropped, and the manifold can be taken to be only Lipschitz. Moreover, in
[22], the authors show that for codimension 1 varifolds the same assertion is true for more general
functionals than the area. The same question can be asked for higher codimension varifolds, and
some results on this problem will appear in [41]. In [41], we use again differential inclusions
to study stationary varifolds given by graphs with (real) multiplicity, and we therefore study a
suitable inclusion set C; C R(Z"+m) %M Tn Chapter 2 we present the following result, that will be
part of [41]:

Theorem 1.2. If f € CY(R"*™) is a strictly polyconvex function, then C £ does not contain any set
{A1,..., An} C R MM which induces a Ty, configuration, provided that f(X1) >0,..., f(Xy) >
0, if

AiI Yl , X,‘,Y,‘ e]R”X’”,Zl- E]Rmxm,ViG {1,...,N}.

We will also show how Theorem 1.1 follows from this last result. Preliminarily to this result,
we will show that positivity of f also allows us to discard another class of matrices in Cy that
could be used to build counterexamples. For m = 2, these are equivalent to the well-known
rank-one connections, while for m > 2 one needs to introduce the A-cone of a certain differential
operator to define them, as described in the final section of this introduction. In the case of graphs
with multiplicity one the polyconvexity of f is sufficient to avoid them. This is what leads the
aforementioned authors to consider in [62, 82] more complicated sets of matrices such as Ty
configurations. In the case of variable multiplicity, the result is to the best of our knowledge not
known and a proof will be given in Proposition 2.22. These results are the content of Chapter 2.
In Chapter 3, we will provide the aforementioned link between stationary points for polyconvex
energies and stationary varifolds for anisotropic integrands.

Theorem 1.1 serves as an indication of the fact that partial regularity is possible, but it is far
from clear if this information can be used to give a proof of regularity of stationary objects.
In Chapter 4 we have collected the results of [87], where we have anyway proved a regularity
theorem for two-dimensional stationary points for functionals sufficiently close to the area, namely
the following?:

Theorem 1.3. For every R > 0, there exists « = a(R) > 0 such that, if f is a Ck(]R”XZ)function, k>2,
with the property that

1f = Allc2Byr(0)) < % (1.5)
and u : Q) — R" is a Lipschitz stationary point of f with

[Dulle <R,

then u € Ck=1°(Q)), for some positive p > 0.

Notice that we have chosen to state this result in a slightly different language with respect to Theorem 4.20, but the
result is completely equivalent. We chose to simplify the statement to avoid the technical discussion on how to pass from
div-curl to purely curl differential inclusion. This is postponed to Section 4.1.

vii
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This result is obtained thanks to the analysis of the regularity of differential inclusions carried out
by V. Sverék in [88]. In particular, we prove that the differential inclusion associated to the two
dimensional area functional

DU (x ) € Ky,

is elliptic in the sense of Sverdk, meaning that there exist constants cij € R,e > 0 such that

Y cijdet;; (X —Y) > e| X — Y| VX, Y € Ky,

i<j

where det;; : R@"+2)x2 _; R is the function

X1 X
det;;(X) = det it )
(%) ( Xj1 Xp2

This new ellipticity result on K 4 is sufficient to ensure that stationary points to the area functional
are smooth and allows us to prove Theorem 1.3.

From a merely analytical point of view, it is still unclear how stationarity with respect to the
inner variations can help in the proof of a partial regularity theorem. An interesting viewpoint is
to interpret the system of PDEs arising from the inner variations as an additional conservation law,
as it happens for instance in the context of Euler’s equations with the energy, see Section 1.3. As
in the case of C! solutions to the Euler’s equations, one can see that if one assumes u € C2(Q, R")
and satisfying (1.2), then (1.3) follows automatically and does not give additional information.
Hence they can be useful only if one assumes to start with a solution with low regularity, for
instance u € W1?. In very specific cases, the additional information inner variations carry is a
monotonicity formula for the solutions. This happens for the area functional and for harmonic
maps, see [16, 29]. For general problems no monotonicity formula is available, and at present is
quite unclear which form it should have (on the topic, see [2]).

Classical proofs of regularity, as the one of Evans of [28], are based on showing that an estimate of
the form

F. IDuly) = (Du)er Py < 72 f
Brr(x) B

holds at every x of Q, for some 7 € (0,1). In (1.6), (Du),, denotes the average of Du on B,(x).
From (1.6) partial regularity follows, and the key point in every regularity proof is to use the
properties of the problem to show that (1.6) holds. For instance, in [28], (1.6) is deduced from a
Caccioppoli inequality, i.e., an inequality of the form

/ \Du—Da|z,§/ |u—a|2 (1.7)
By (x) By (x)

for all affine functions a(x) = b + Ax, see [28, Lemma 3.1]. In [28], minimality is used in an
essential way to deduce the last inequality, therefore the same proof cannot be used in our
case. Nonetheless, even without (1.7), one can try to prove (1.6). This is usually achieved by
contradiction, i.e. supposing that there exists a sequence of maps u; : B;(0) — R" equibounded

: IDu(y) — (Di)as||* dy, (1.6)

(X

in W2, solving (1.2) and (1.3) for the functional induced by

A+ A X) — f(A;) —Ai(Df(4;), X
i) = FAEAXI =) —3(DF A,
]

where A; is a convergent sequence of matrices and A; — 0 such that (1.6) fails for u;. These
solutions u; converge weakly in W12(B1(0),R") to a solution i of the linearized problem, i.e. that
solves (1.2) and (1.3) for the functional D?f(A)[X, X], A being the limit of (A;);. The crucial point
is to turn this weak convergence into strong convergence. We learned from J. Hirsch that the
fact that (u;); is a solution merely of the outer variations equations is sufficient to guarantee that



1.2 DIVERGENCE-FREE MATRIX FIELDS IN Sym™ (n)

(Du;); converges pointwise a.e., or, equivalently, eliminates oscillations in the sequence of the
gradients. In order to ensure strong convergence, one also needs to show that the sequence of
measures jij := || Du;||? dx does not concentrate in By (0), i.e. one would like to prove that for every
¢ > 0, there exists § > 0 such that if |E| < §, then

sup pi(E) <e.

jEN
It is tempting to conjecture that the inner variations should be sufficient to avoid this phenomenon,
but there is no proof for this at the moment.

Inner variations appear also in similar, yet different, problems arising from elasticity. Consider
the functional f : R>*? — R
2

f(X):= @ + g(det(X)), (1.8)
where g(t) is a convex function on (—oo, +00) with ¢(t) = +oo for t < 0 and lim;_,o g(t) = +oo.
The question one asks in this case is, as usual, the one of regularity: for any ¢ € C®(9B;,R?),
are minimizers in the class D, := {u € W'2(By,R?) : det(Du) > 0,uls5, = ¢|op,} for the
corresponding energy (1.1) smooth? In this problem outer variations cannot be used, since
variations of the form i + ¢v do not respect the the determinant constraint in D,. Nonetheless, it
can be shown that they satisfy the inner variation equations (1.3). Thus, one might ask whether
(1.3) and the positivity of the determinant are sufficient to prove regularity for minimizers. This
is a long-standing open problem in the field, see for instance [8] and references therein. In this
direction, in [47], the authors prove for a certain class of energies that critical points for inner
variations with non-negative Jacobian are Lipschitz regular but not necessarily C'. In [79], the
authors construct for a large class of functionals solutions to the inner variations singular solution
lying in WP for1 < p < n. At the end of Chapter 4, we will show how a result of [51] allows to
construct a nowhere C! solution to (1.3) in the case in which f is the Dirichlet energy or the area
functional, at least if the hypothesis on the non-negativity of the Jacobian is dropped.

1.2 DIVERGENCE-FREE MATRIX FIELDS IN Sym™ (1)

In this part of the thesis and its appendix we collect some results of [24, 23]. D. Serre proved in
[76, Theorem 2.1] the following;:

Theorem. Let the divergence-free, non-negative definite matrix field x — A(x) be I'-periodic, with
A € LY(R"/T). Then
det(A) € L1 (R"/T)

and there holds

]ﬁz"/r det(A(x))%dx < det <7§2ﬂ/r A(x)dx) a . (1.9)

Here I' is a lattice of R” (one can imagine I' = Z", i.e. R"/I' = T"). This theorem shows an
improvement in the integrability of the function x — det(A) = (x), with respect to the straight-
forward one det(A) € La (R"/T). In [76, Open Question 2.1], it was asked:

Open Question 2.1: Let x — A(x) be T-periodic, taking values in Sym™ (1). Let A and div(A)

belong to LP(R"/T) with 1 < p < n. Defining % = % — 1 is it true that

det(A)n € LP' (R"/T)?

The answer to the question is negative, and is the content of the first chapter of Part ii. The proof
involves the construction of a family of approximate counterexamples in Lemma 5.3, and then an
application of Baire’s Theorem A.4 in Theorem 5.1 to find actual counterexamples that are also

iX



INTRODUCTION

topologically typical. See Section A.6 for the terminology we adopt concerning Baire Theorem.
Even though in our case the situation is quite simple since our family of starting approximate
counterexample is explicit, notice that these two steps are common to all the so-called convex
integration schemes. One can compare, for instance, [51, Proposition 4.17]. To state the result in
more precise terms, let () be an open subset of R” and define
Y,k = {A € LP(Q,Sym™ (n)) : div(A) € LP(Q,R"),
A = A outside K, for some fixed A € Sym™ (n)},

for any compact K C Q with clos(int(K)) = K # @. We consider the following distance on Y), ,
that turns it into a complete metric space:

d(A,B) = ||A =Bl + || div(A — B)|| -
The main theorem is:

Theorem 1.4. Let p* = max {O, % } The set

1 _1
Dpx = {A €Y, :det(A)iT € LT (Q)\ L7 "(Q), Ve > 0}

is residual in Y k.

The idea behind this improvement of integrability, that can be read in [76, Proposition 1.2]
and the discussion before and after the proposition, is that if one couples a PDE constraint, such
as div(A) = 0, with some other constraint, as A € Sym™ (n), it is possible to show some elliptic
reqularizations of the solutions, i.e. some improvement in properties of the solutions. In the
particular case when the operator is the divergence, one can show that, on matrices with maximal
rank, A — det(A) is elliptic, see for instance [76, Proposition 1.2]. We will discuss more on this
point in the last section of the introduction. What sparked our interest in this problem is the
fact that for some functional arising in the Calculus of Variations and Fluid Dynamics, the inner
variation tensor is symmetric and non-negative definite. This happens for instance for the area
functional. Some conclusions in this directions are made by Serre in [76, Section 1].

Serre’s result has another consequence. Inequality (1.9) is a generalized Jensen inequality for
non-concave functions, and can be viewed as a div-quasiconcavity property. Let us explain the
link between quasiconcavity and upper semi-continuity of the related functional by considering
the dual of these objects, namely quasiconvexity and lower-semicontinuity, that have received
much more attention in the literature. We will use as a domain the n-dimensional torus T" simply
because it is the domain we will use throughout the paper, but more generally one could consider
any Q) C R" with |0Q)| = 0. The general question one poses is the following: given a continuous
integrand f : RN — R with growth

f(@)] <+ z]17), (1.10)

under which conditions is the functional
BG) = [ fex)x

defined, for instance, for z € L1(T",RY), g < p, sequentially weakly lower semi-continuous? In
the case we are interested in, the functional is given by

D)= [ det(A(x))71dx,

and one is interested in its upper-semicontinuity with respect to its weak topology in

X, = {A € L/(T",Sym* (n) : div A € M(T",R")} .
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1.3 CONVEX INTEGRATION AND ENERGY REGULARITY FOR EULER EQUATIONS

The first example of these lower-semicontinuity problems was studied by C.B. Morrey in the case
in which N = m x n, z(x) = Du(x), where u : T" — R™ is a W' function. In [58], he introduced
the notion of quasiconvexity, that is:

f(A) < [ f(A+ D¢(x))dx, V¢ € C(T",R™),VA € R™™". (1.11)
"]I"H

It can be proved that (1.10) and (1.11) imply the weak lower semi-continuity of the functional
E(-), when g < p, see for instance [48] for more information and results. It is easy to see using
Jensen’s inequality that every polyconvex function, introduced above, is also quasiconvex. In
other problems, one is interested in maps z : T" — RN satisfying more general constraints than
z(x) = Du(x). The general framework, considered for instance in [36, 35], consists in taking a
differential operator of order k with smooth coefficients, usually denoted by .27, of the form

g =Y Awds,  Ag € CO(T",RV).
o[ <k

In [36] it is proved that f is weakly lower-semicontinuous on L1(T",RN) Nker(<7), ¢ < p,
provided that <7 satisfies Murat’s constant rank condition (see [36] or [63] for the definition), f
satisfies (1.10) and is «/-quasiconvex, in the sense that

f(A) < Tnf(A +z(x))dx, VA€ RN, Vz e C®(T",R") with &z = 0.

From the proof of [36], that exploits linearity of certain operators on the Fourier coefficients of
the maps, it is unclear that one can add the non-linear constraint z(x) € Sym™ (n), thus it is not
straightforward3 to see that it can be used to prove upper-semicontinuity of ID on Xj,. In Chapter
6 we show, using a different proof than the one in [36] the following:

Theorem 1.5. Let p > -2 and { Ay} C X, be such that Ay — A in X;,. Then
limsupID(Ax) < ID(A).
k

Moreover we show its failure for p < -%5. We also briefly discuss some applications to the
multi-dimensional Burgers equation.

1.3 CONVEX INTEGRATION AND ENERGY REGULARITY FOR EULER EQUATIONS

This part and its appendix contain results appeared in [25]. In the spatial periodic setting
T® = R3/Z3, we consider the incompressible Euler equations

{ v +div(v®v)+ Dp =0,

.3
divo = 0, in T° x [0, T], (1.12)

where v : T® x [0, T] — IR? represents the velocity of an incompressible fluid, p : T3 x [0, T] — R
is the hydrodynamic pressure, with the constraint [; pdx = 0 which guarantees its uniqueness.

A weak solution of the system (1.12) is a vector field v € L?(T? x [0, T]; R®) such that

T
//(U-atq)—i-U@v:Dq))dxdt:O,
0o J13

for all ¢ € C®(T® x (0, T); R3) such that div ¢ = 0. The pressure does not appear in the weak
formulation because it can be recovered as the unique 0-average solution of

—Ap =divdiv(v ® v).

Nonetheless, in a very recent work, [80], J. Skipper and E. Wiedemann have managed to modify the proof of [36] to obtain
this result.

xi
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Multiplying by v the first equation in (1.12) and integrating by parts on T3, one gets that, at least
for smooth solutions,

%ey(t) - jt/w oP(x,)dx =0,  Vte[oT]

For weak solutions v € L®((0, T); C?(T?)) it is known, and was previously conjectured by Lars
Onsager, that the threshold for the energy conservation is 8 = 1/3. The first proof of the
conservation in the range 6 > 1/3 was given in [13], while in [44] P. Isett proved the existence of
dissipative solutions for any 6 < 1/3 using the convex integration techniques introduced by C.
De Lellis and L. Székelyhidi in [18, 19, 20, 10].

As proved in [43], given any solution v € L®((0, T); C?(T?)), it can be shown that the associated
kinetic energy e, satisfies

leo(t) —eo(s)| < Clt—s|T7,  Viselo,T), (1.13)

which in particular implies the conservation if 8 > 1/3, but also shows a peculiar Holder
regularity of the energy (see also [12] for an alternative proof). It is a natural question to ask
whether this regularity is optimal. In [46, Conjecture 1], Isett and S. Oh formulated the following:

Conjecture. Forany 6 < %, there exists a solution to (1.12) in the class v € C?(R x T™) whose energy

profile e(t) fails to have any regularity above the exponent 2%, in the sense that e, (t) & W%JFW(I ), for
every p > 0, p > 1 and every open time interval I C IR. Furthermore, the set of all such solutions v with
the above property is residual (in the sense of category) within the space of all weak solutions to (1.12) in
the class e, € C%(R x T") when the latter space is endowed with the topology from the C® norm.

The result we present here answers to the first part of the conjecture. In particular, we start by
proving, in the spirit of [11]:

Theorem 1.6. Fix v > 0 and 6 € (0,1/3) such that % + v < 1. For every strictly positive

260 . . . . . .
e € CT-017([0,T]), there exists a vector field v € CO(T3 x [0, T]) that solves (1.12) in the distributional
sense and such that

e(t) = /Ts 0P(x, ) dx,  Vteo,T].

This result shows how it is possible to construct approximate counterexamples to the fact that the

energy is more regular than CT%. This type of result already appeared in [45] for any 6 € (0,1/5).
Once again, Baire category argument, Theorem A.4, allows us to construct exact counterexamples.
We define

H‘Hcg

Xt

Xg = {v e |J C¥(T® x [0,T]) : v weakly solves (1.12)} , (1.14)
0'>6

endowed with the distance
d(u,v) = ||ju— vHC?t.

It is clear that (X, d) is a complete metric space. We also define
Yo=qveEXg:e € C%([O, ™\ U W%Jr%l(l),for any interval I C [0,T] p .
>0
Finally we prove our main Theorem:

Theorem 1.7. Forany 0 € (0,1/3), the set Yy is residual in X,.
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The previous Theorem yields some immediate corollaries. First, it implies that the typical
solution in Xj is not of bounded variation, thus not monotonic, in any open subset of [0, T].
Therefore, Theorem 1.7 shows a very irregular behaviour of the energy of solutions, in sharp
contrast with the conservation of the energy in the case 8 > 1/3. We refer the reader to [46, 45] for
further discussions. A second immediate corollary of Theorem 1.7 is that, for every 6 € (0,1/3),
there exists a weak solution v of (1.12) such that e, € C? ([0, T]) but e, ¢ C? *7([0, T]), for any
9 > 0. Let us note in passing that this also yields a weak C?(T3 x [0, T]) solution of (1.12) that is
not in C®+7(T® x [0, T]), for any 7. Indeed, from (1.13) it is clear that Yy can not contain solutions
v that are more Holder regular than C?(T? x [0, T]). While the residuality property implies that
the kinetic energy of many C?(T® x [0, T]) solutions enjoys the sharp regularity (1.13), it must be
noted that Xy might not contain all the C?(T? x [0, T]) solutions of Euler, since in general not all
the C%(T® x [0, T]) functions can be obtained as limit of more regular ones. The argument used
to prove Theorem 1.7 does not work with the choice

Xg = {u € C%([0,T]) : u solve (1.12)},
or4
Xg = {u € ([0, T]) : u solve (1.12)},

hence it does not answer to the second part of the above conjecture. In Section 7.5, we comment
more on the technical reasons why this is the case.

1.4 CONNECTIONS AMONG THE PROBLEMS

In this section we give a heuristic explanation on why many of the results of the previous
sections can be thought as consequence of a quite general principle. These ideas have their root
in the classical theory of compensated compactness of F. Murat and L. Tartar, see [64, 65, 85, 86]. Let
us first give the following:

Definition 1.8. Let &/ be a given constant coefficient differential operator of order 1 acting on
maps from a domain () C R to R"*". Namely

m
o =Y Ayda,
a=1

where A, € R™ (™M) 1+ = N. The wave cone of < is defined as

Ay = |J kerA(Z), where A(E) = i EaAy.
lgl=1 a=1

This is not the most general definition, as one could allow for differential operators of order k
with continuous coefficients, but for our presentation this is completely sufficient. An equivalent
definition of the wave cone can be given in terms of plane wave solutions, i.e. maps of the form

2(x) = h(x - E)a, (1.15)

solving
oz=0, (1.16)

where 1 : R — R. The wave cone A is exactly given by the states a € R"*"™ for which there is a
vector ¢ # 0 such that for any choice of the profile & the function (1.15) solves (1.16), that is,

Ay = {a eR™™: 3¢ e R\ {0} with i CnAga = 0} . (1.17)

a=1

4 For the definition of the function space c? (or C?), see Section A.3.
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As explained in [71], A,/ essentially captures the directions in which a sequence of maps z,
equibounded in L! and solving (1.16) can develop oscillations. This is justified by the definition
of the wave-cone through plane-wave solutions, (1.17). Indeed, consider a segment [A, B, for two
matrices A, B such that A — B = C € A. Then, the family of maps

ze(x) = # + sin ((x,e)) %’

gives a highly oscillatory sequence of plane-wave solutions of the differential inclusion
ze(x) € [A,B], fora.e.x€ Q.

The fact that C € A, implies moreover that &7z, = 0, for every ¢ > 0. This family fails to
converge strongly as ¢ — 0, due to the oscillations in direction C. Let us make another important
example. Let &7 = curl, so that z € L! solving &’z = 0 on the square Q; C R equals to say
z = Du for some u € W1 (Qq,R"). In this case, one has

Acunl = {M € R rank(M) < 1}.

Given A, B € R"™", if A — B € Ay, then one can construct a so-called simple laminate, i.e. for
every A € [0,1], ¢ > 0, one can find a map z ) : Q1 — R” such that

Hre Qrizea(x) =A} =A, [{x€Qr:z.0(x) =B} =1-A4,

and that moreover still solves (1.16). These oscillatory solutions can be constructed in such a way
that they jump between A and B arbitrarily fast, i.e. in strips of size ¢. It is easy to see that the
family (z; ) )e>0 converges weakly but not strongly in L?.

Qi —=—=
s1ze &

Figure 1: An example of simple laminate in R? with & = ¢; and A = %

The examples above explain why, when looking at differential inclusions of the form
u € Lip(Q1,R"), Du(x) € KC R"™ ae,, (1.18)

strong compactness is doomed by the existence of rank-one connections in K, i.e. matrices
A, B € K such that A — B € A.y. This holds more generally when considering inclusions of the
form

W e L*(Q,R"), W(x) e KCR"™™ ae., dW =0,

and K contains matrices A, B such that A — B € A .

A deep recent result by G. De Philippis and F. Rindler, [71, Theorem 1.1], asserts that if
1 € M(Q1,RN) solves
du =0,
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then the singular part of u with respect to the Lebesgue measure, "8, has the property that

dysing

_ sing _
d|[psing | (x) € Ay, [I]] a.e.,

that proves formally the idea that A, encodes the directions of the oscillations of an equibounded
L! sequence of «7-free maps. This result, together with its extension [6], allows to prove as
a corollary many celebrated results, such as Alberti’s Rank One Theorem, see [40], and the
aforementioned recent extension of Allard’s rectifiability result, [21].

Most of the results contained in the literature study the case of differential inclusion of the
form (1.18). In [88], it is proved that the absence of rank-one connections and connectedness
of K in the case n = m = 2 yields compactness of the differential inclusion, i.e. a sequence
uy € Lip(Qq,R") with equibounded Lipschitz norm solving Du,, € K, Vn, admits a subsequence
converging strongly in L?. If one drops the hypothesis of connectedness of K, this is false.
Indeed Tartar discovered a special set of 4 matrices in R?2*2 nowadays called Tartar’s square,
& ={Ay, Ay, A3, A4}, such that there exists a sequence of equibounded Lipschitz maps u, with

d(Duy(x),E) — 0 pointwise a.e.,

but such that no subsequence of Du, converges strongly in LF. This set £ is called a Tj-
configurations, and we will describe it in detail in Part i. In R?*?, a deep result of Faraco
and Székelyhidi, [32], states that if K C R%2%2 does not contain rank-one connections and T
configurations, then K has such compactness properties.

The interest in these properties for the set defining a differential inclusion stems from the fact
that usually a lack of compactness for the differential inclusion allows for the construction of
irregular solutions. This procedure is nowadays called convex integration, and it was introduced by
Gromov extending the groundbreaking result of Nash on the existence of isometric embeddings,
see [67]. As said, the presence of Ty (resp. Ts) configurations in the differential inclusion
considered in [62] (resp. [82]) yields the existence of very irregular solutions. The first part of this
thesis, Part i, is devoted to results in this direction concerning the differential inclusion in K £

Similarly, in [18], Euler equations are rewritten as a differential inclusion of the form
z(x) € K, div(z) =0, onT",
for a suitable set K C R"*". For the divergence operator we have
Agiy = {M € R"™" : rank(M) < n —1}.

In [18], the authors exploit the richness of rank- (1 - 1) segments in the differential inclusion
defining Euler equations to find weak solutions to Euler equations with the required properties,
see [18, Section 2]. Refining these methods, De Lellis and Székelyhidi made the progresses in
the solution of Onsager conjecture that finally led to its solution, ultimately inventing the convex
integration scheme that is used in Part iii.

On the other hand, if a matrix-field z satisfying <z = 0 is in some sense far from A/, one
expects some elliptic estimates. Examples are given by the improvement in the integrability of the
determinant for Hessians of convex functions, see Appendix C, or the regularizing properties
of mappings of bounded distorsion, see [72, I.1.2]. The result by Serre that was mentioned in
Section 1.2 follows this line, indeed to a divergence-free matrix field z with values in Sym™ (n),
one can always add ¢id to have

d(z(x) +eidy, Agy) > ¢, forae. x € T".

As discussed in Part ii, one gets an elliptic improvement in the integrability of the function

x — deti (), and these are stable when letting ¢ — 0. Nonetheless, the result presented in the
first chapter of Part ii shows how these L! estimates cannot be turned into L estimates, and
ultimately that we are still far from a complete understanding of the relation between the wave
cone and elliptic estimates in the form of functional inequalities.

XV
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ABSENCE OF T, CONFIGURATIONS

This chapter is devoted to the proof of the following:

Theorem 2.1. If f € CY(R™*™) is a strictly polyconvex function, then C ¢ does not contain any set
{A1,..., An} C R MM which induces a Ty, configuration, provided that f(X1) >0,..., f(Xy) >
0, if
()
A; = Y; , XY E]R”X’”,Zi ERmxm,ViG {1,,N}
Zi

This result is part of the forthcoming paper [41]. As a consequence of this, we obtain as a
corollary the following main result of [17]

Theorem 2.2. If f € C'(R"*™) is strictly polyconvex, then Ky does not contain any set {Ay,..., AN}
which induces a T} configuration.

The chapter is organized as follows: in Section 2.1 we rewrite the Euler Lagrange defining
stationary points as a div-curl differential inclusion and we determine its wave cone. We then
introduce the inclusion sets C; and Ky appearing in the statements of the previous theorems and,
after recalling the definition of Ty configurations for classical differential inclusions, we define
corresponding Tj; configurations for div-curl differential inclusions. In Section 2.2 we give a
small extension of a key result of [83] on classical Ty configurations. In Section 2.3 we consider
arbitrary sets of N matrices and give an algebraic characterization of those sets which belong to
an inclusion set Ky for some strictly polyconvex f. In Section 2.4 we then prove the Theorem 2.1
and deduce Theorem 2.2.

2.1 DIV-CURL DIFFERENTIAL INCLUSIONS, WAVE CONES AND INCLUSION SETS

As written in Section 1.1, the Euler-Lagrange conditions for energies IE of the form

E— /Q F(Du(x))dx (2.1)

are given by:
/Q<Df(Du),Dv> dx =0 Yo € CH{(Q,R") -
/Q(Df(Du),DuDd>>dx - /Qf(Du) div®dx =0 V& € CH(Q,R™), '

Here we rewrite the system (2.2) as a differential inclusion. To do so, it is sufficient to notice that
the left hand side of the second equation can be rewritten as

/(Df(Du),DuDd>>dx—/ f(Du)divcbdx:/(DuTDf(Du),Dd>>—(f(Du)id,Dg)dx
Q Q @)
= / (DuTDf(Du) — f(Du)id, D®)dx
(@)

Hence, the inner variation equation is the weak formulation of

div(Du' Df(Du) — f(Du)id) = 0.
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Since also the outer variation is the weak formulation of a PDE in divergence form, namely
div(Df(Du)) =0,

we consider the following div-curl differential inclusion for a triple of maps X,Y € L®(Q, R"*™)
and Z € L®(Q, R™*™M);

curl X =0, divY =0, divZ =0, (2.3)

X X
W= ( Y ) €Kp= {AeIR(Z”*’”)X’”:A: ( Df(X) )} (2.4)
Z XTDF(X) — f(X)id

where f € C!(R"*™) is a fixed function.

Moreover, we also consider the following more general system of PDEs, for u € Lip(Q),R")
and a Borel map B € L®(Q, (0, +00)):

/ (Df(Du), Dv)Bdx =0 Yo € CH(Q,R")
Q

(25)
/ (Df(Du),DuDdJ)[de—/Qf(Du)diquﬁdx =0 V& e CHQ,R™).
QO

This system is equivalent to the stationarity in the sense of varifolds of the varifold V = (T, ),
where T, is the graph of u. This will be discussed in detail in Chapter 3. The div-curl differential
inclusion associated to this system is, again for a triple of maps X,Y € L®(Q,R"™) and
Z € L=®(Q,R™*™):

curl X =0, divY =0, divZ =0, (2.6)

X
w;<Y)ecf (2.7)
Z

X
Cr= {CE]R@"J””)X’":C— ( BDf(X) ), forsomeﬁ>o},
BXTDF(X) — Bf(X)id

The following lemma is then an obvious consequence of the above discussion

where

Lemma 2.3. Let f € C'(R™*™). A map u € Lip(Q, R") is a stationary point of the energy (2.1) if and
only there are matrix fields Y € L®(Q,R"*™) and Z € L®(Q,R™ ™) such that W = (Du,Y,Z)
solves the div-curl differential inclusion (2.3)-(2.4). Moreover, the couple (u,B) € Lip(Q,R") x
L*®(Q, (0, +00)) solves (2.5) if and only there are matrix fields Y € L®(Q, R"*™) and Z € L= (Q, R™*™)
such that W = (Du, Y, Z) solves the div-curl differential inclusion (2.6)-(2.7).

Motivated by the arguments of Section 1.4, we introduce here the A-cone, recall Definition 1.8,
of the mixed div-curl operator we are considering in this chapter.

Lemma 2.4. The wave cone of the system curl X = 0 is given by rank one matrices, whereas the wave
cone for the system (2.3) is given by triple of matrices (X,Y, Z) for which there is a unit vector & € "™~
and a vector u € R" such that X =u®¢, Y¢ = 0and Z¢ = 0.

Motivated by the above lemma we then define

Definition 2.5. The cone A4, C R@n+m)xm consists of the matrices in block form

(2)

with the property that there is a direction ¢ € "~ ! and a vector u € R” such that X = u ®¢,
Y¢ =0and Z§ = 0.
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2.1.1 Ty configurations

We start definining Ty configurations for classical curl-type differential inclusions.

Definition 2.6. An ordered set of N > 2 matrices {X;}N, C R"*™ of distinct matrices is said to
induce a Ty configuration if there exist matrices P, C; € R"*™ and real numbers k; > 1 such that:

(a) Each C; belongs to the wave cone of curl X = 0, namely rank(C;) < 1 for each i;
(b) X Ci =0;
() Xy,...,XN, Pand Cy,...,Cy satisfy the following N linear conditions

X1 =P+ Kk,
X =P+ Ci+ kG,
(2.8)

Xy =P+Ci+---+knCy.

In the rest of the chapter we will use the word Ty configuration for the data
P,Cl,...,CN,kl,...kN.
We will moreover say that the configuration is nondegenerate if rank(C;) = 1 for every i.

Note that our definition is more general that the one usually given in the literature (cf. [62, 82,
83]) because we drop the requirement that there are no rank one connections between distinct X;
and X;. Moreover, rather than calling {Xy,..., Xy} a Ty configuration, we prefer to say that it
induces a Ty configuration, namely we regard the whole data Xj,..., XN, Cy,...,CN, k1, ..., kN
since it is not at all clear that given an ordered set {X3,..., Xx} of distinct matrices there can be
more than one choice of the matrices Cy,...,Cy and of the coefficients ky, ..., ky satisfying the
conditions above (if we drop the condition that the set is ordered, then it is known that there is
more than one choice, see [37]). We observe that the definition of Ty configuration could be split
into two parts. A geometric part’, namely the points (b) and (c), can be considered as characterizing
a certain arrangement of 2N points in the space of matrices, consisting of:

¢ A closed piecewise linear loop, loosely speaking a polygon (not necessarily planar) with
vertices P, =P+ C;,b =P+ C1+Cy,...,PN=P+Ci+...+4CNy =P

* N additional “arms” which extend the sides of the polygon, ending in the points Xj, ..., Xj.

See Figure 2 for a graphical illustration of these facts in the case N = 4.

The closing condition in Definition 2.6(b) is a necessary and sufficient condition for the polygonal
line to “close”. Condition (c) determines that each X; is a point on the line containing the segment
P;_1P;. Note that the inequality k; > 1 ensures that X; is external to the segment, “on the side of
P;”. The “nondegeneracy” condition is equivalent to the vertices of the polygon being all distinct.
Note moreover that, in view of our definition, we include the possibility N = 2. In the latter
case the T, configuration consists of a single rank one line and of 4 points X1, X», C1, C; lying on
it. We have decided to follow this convention, even though this is an unusual choice compared
to the literature. The second part of the Definition, namely condition (a), is of algebraic nature
and related to the fact that Ty configurations are used to study “classical differential inclusions”,
namely PDEs of the form curl X = 0. The condition prescribes simply that each vector X; — P;
belongs to the wave cone of curl X = 0.

7
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P+Ci+C+Cs

X3

Figure 2: The geometric arrangement of a Ty configuration.

/ . )
2.1.2 Ty configurations

In this section we generalize the notion of Ty configuration to div-curl differential inclusions.
The geometric arrangement remains the same, while the wave cone condition is replaced by the
one dictated by the new PDE (2.3).

Definition 2.7. A family {Ay,..., Ay} C R of N > 2 distinct

induces a TZ’V configuration if there are matrices P, Q,C;, D; € R™*™, R, E; € R™*™ and coefficients
k; > 1 such that

Xz’ P C] Ci_l Ci
Y, |=| Q |+| D1 |+--+| Dicx | +ki| D; (2.9)
Z R Eq Ei1 E;

and the following properties hold:
(a) each element (C;, D;, E;) belongs to the wave cone A . of (2.3);
(b) £, C; =0, ¥, Dy = 0and ¥, E; = 0.
We say that the T}, configuration is nondegenerate if rank(C;) = 1 for every i.

We collect here some simple consequences of the definition above and of the discussion on Ty
configurations.

Proposition 2.8. Assume Ay, ..., Ay induce a Ty configuration with P,Q,R,C;, D;, E; and k; as in
Definition 2.7. Then:

(i) {Xa,..., XN} induce a Ty configuration of the form (2.8), if they are distinct; moreover the Ty
configuration is nondegenerate if and only if the Ty configuration induced by {Xy,..., XN} is
nondegenerate;

(i) For each i there is an n; € 8™ and a u; € R" such that C; = u; ® n;, Din; = 0 and E;n; = 0;

(iii) tr CI'D; = (C;, D;) = 0 for every i.
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Proof. (i) and (ii) are an obvious consequence of Definition 2.7 and of Definition 2.5. After
extending 7; to an orthonormal basis {n;,v},...v},} of R" we can explicitely compute

m . .
<Ci/ Di> = (Dﬂ’ll’, Cini) + Z(D,‘U;, C,’Uﬁ) =0,
=2

where (-, -) denotes the Euclidean scalar product. O

2.1.3 Strategy

Before starting with the proof of the main result of this chapter, it is convenient to explain
the strategy we intend to follow. In order to do so, let us consider the simplest case n = m = 2,
N = 5. Suppose by contradiction that there exists a strictly polyconvex function f : R>*? — R,
f(X) = g(X,det(X)) and a T, configuration A1, Az, A3, Ay, As,

X;
A; = Yi , ViE{l,...,5},
Z

where X;,Y;, Z; fulfill the relations of (2.9), i.e.

Xi P G Ci1 Ci
Y; = Q + Dy + -+ D;_4 + k; D;
Z R Ey Ei 4 E;

For convenience, let us consider P = 0. We will prove in Lemma 2.23 that this can be done
without loss of generality. It is convenient to think of the relations A; € Cy, Vi as two separate
pieces of information:

(3 erm{aentnn (ol Jamoxews) e

and
Z; = XIY; — Bif(X;)id. (2.11)

Let us denote with ¢; = f(X;). Similarly to the procedure of [82], we exploit the poly-
convexity of f to rewrite (2.10) in terms of inequalities involving X;,Yj,c;, d;, where d; =
dys8 (Y1, Y2, Y3, Y4, ¥5) | (x, det(x,)), Of the form

1
Bi

This is the content of Proposition 2.19. The final goal is to prove that these inequalities can not be
fulfilled at the same time. The previous expression can be considerably simplified by the structure
result on Ty configurations in IR?*? of [83, Proposition 1]. This asserts, in the specific case of the
ongoing example, the existence of 5 vectors (#,...,t),i € {1,...,5} with positive components,
such that

Ci—Cj+ <Yi/ X] — Xi> —d; det(Xi — X]) < 0. (2.12)

5 .
L t; det(X; — X;) = 0. (2.13)

]

If we use this result in (2.12), we can eliminate from the expression the variable d;, thus obtaining
2, 1
v = Z t;(ci —Cj + E<Yl‘, X] — Xi> —d; det(Xi — X]))
j=1 '
I 1
:Zt}(Ci—Cj+E<Yi,Xj—Xi>)<O, ViG{l,...,S},
j=1 !
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compare Corollary 2.20. Section 2.2 is devoted to extending relations (2.13) to general Ty
configurations in R"*™. Despite being very useful, this simplification can not conclude the
proof. Indeed, up to now we have exploited (2.10) and the fact that {Xj,..., X5} induce a Ts
configuration, but, if f; = 1, Vi, this is the exact same situation of [82]. Since from that paper we
know the existence of T5 configurations in K/, clearly we can not reach a contradiction at this

point of the strategy. This is where the inner variations come into play. In the proof of Theorem
2.1, we rewrite (2.11) using the definition of Té configuration and, after some manipulations, we
find that the numbers

5 .
i =) (X — Xi, Yi) — Bici + Bjcy)
=1

must all be o. For the index I such that f; = min; B;, and essentially using the positivity of c;, we
find that

0=p= Z% t((Xj — Xi, Yi) — Bici + Bjcj) < X% t((X; — X3, Yi) — Bici + Bicj) = vi,
= =
which is in contradiction with the negativity of v;.

2.2 PRELIMINARIES ON CLASSICAL TN CONFIGURATIONS

This section is devoted to a generalization of a powerful machinery introduced in [83] to study
Tn configurations.

2.2.1  Székelyhidi’s characterization of Ty configurations in R?*?

We start with the following elegant characterization.

Proposition 2.9. ([83, Proposition 1]) Given a set {Xq,..., XN} C R?*2 and u € R, we let A* be the
following N x N matrix:

0 det(X; — X) det(Xl — Xg,) oo det(Xy — XN)
e u det(Xl — Xz) 0 det(Xz - X3) . det(X2 — XN)
udet(X; — Xn) wudet(Xp — Xn) pdet(Xz —Xy) ... 0

Then, {Xy,...,Xn} induces a Ty configuration if and only if there exists a vector A € RN with positive
components and p > 1 such that
AFA = 0.

Even though not explicitely stated in [83], the following Corollary is part of the proof of
Proposition 2.9 and it is worth stating it here again, since we will make extensive use of it in the
sequel.

Corollary 2.10. Let {Xy,..., Xy} C R**2? and let y > 1and A € RN be a vector with positive entries
such that A¥A = 0. Define the vectors

| )
= E(‘u)\l" c A1, AN), forie {1,...,N} (2.14)
1

where & > 0 is a normalizing constant so that ||t'||; = X \t;| = 1,Vi. Define the matrices C; with
j€{1,...,N —1} and P by solving recursively

N .
Z i’;X] =P+Ci+---+Ci1 (2.15)
=
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and set Cy = —Cy — ... — Cn—1. Finally, define

_ Mt pAi A A AN
(n=DAi '

Then P,Cy,...,Cn and ky, ...ky give a Ty configuration induced by {X, ..., XN} (i.e. (2.8) holds).
Moreover, the following relation holds for every i:

ki

(2.16)

det (Z t;-Xj> =) t;- det(X;). (2.17)
j=1 j=1
Remark 2.11. Observe that the relations (2.16) can be inverted in order to compute ¢ and A (the
latter up to scalar multiples) in terms of k1, ..., ky. In fact, let us impose
A=A+ +Av=1.

Then, regarding p as a parameter, the equations (2.16) give a linear system in triangular form
which can be explicitely solved recursively, giving the formula

A= kika - ki (2.18)
TG - DD (1) |
The following identity can easily be proved by induction:
+ 1 R ! -1 = ! ] —-1.
k=1 (ki =1)(k2—1) (ki =1)---(kj=1) (ks =1) -~ (kj = 1)

Hence, summing (2.18) and imposing }; A; = 1 we find the equation

(),

p=1\(ky=1)---(kn—1)
which determines uniquely y as
ky---kn
= . 2.1
P =1y — D) (219

A second corollary of the computations in [83] is that
Corollary 2.12. Assume {Xy,..., Xy} € R?*? induce the Ty configuration of form (2.8) and let y and
A be as in (2.18) and (2.19). Then A*¥A = 0.

2.2.2 A characterization of Ty configurations in R"*™

We start with a straightforward consequence of the results above. Let us first introduce some
notation concerning multi-indexes. We will use I for multi-indexes referring to ordered sets of
rows of matrices and | for multi-indexes referring to ordered sets of columns. In our specific case,
where we deal with matrices in R"*" we will thus have

I:(il,...,ir), 1§i1<~~~<i,§n,
and ]:(jlr---/js)/ 1§]1<<]S§m

and we will use the notation |I| = r and |J| = s. In the sequel we will always have r = s.
Definition 2.13. We denote by A, the set

Ay ={(L]):|I| = |]| =1}, 2 <r < min(n,m).

11



12

ABSENCE OF T}; CONFIGURATIONS

For a matrix M € R"*™ and for Z € A, of the form Z = (I, ]), we denote by MZ the squared
r X r matrix obtained by A considering just the elements a;; with i € I, j € | (using the order
induced by I and J).

Given a set {Xy,..., XN} C R™™, u € R and Z € A,, we introduce the matrix

0 det(X¥ — X?)  det(X¥ —X?) ... det(X§ —X?%)

A pdet(X? — X%) 0 det(X{ — X%) ... det(X§ —X5)
z— : : : " :
pdet(X? — X§) wudet(XF — X%4) pdet(Xf2 —X%) ... 0

Proposition 2.14. A set {Xq,..., XNy} C R"™ "™ induces a Ty configuration if and only if there is a real
> 1and a vector A € RN with positive components such that

AbA=0 VZeuA,.

Moreover, if we define the vectors tas in (2.14), the coefficients k; through (2.16) and the matrices P and
C; through (2.15), then P,Cy,...,Cy and ky, ..., ky give a Ty configuration induced by {Xy,..., Xy}

For this reason and in view of Remark 2.11, we can introduce the following terminology:

Definition 2.15. Given a Ty-configuration P,Cy,...,Cyn and ky, ..., ky we let 4 and A be given
by (2.18) and (2.19) and we call (A, i) € RN the defining vector of the Ty configuration.

Proof of Proposition 2.14. Direction <=. Fix a set {Xy,..., Xy} of matrices with the property that
there is a common y > 1 and a common A with positive entries such that AL\ = 0 for every
Z € Aj. For each Z we consider the corresponding set {Xlz, e, ZI%]} and we use formulas (2.14),
(2.16) and (2.15) to find kq, ..., ky, P(Z) and C;(Z) such that
X? = P(Z) 4+ C1(Z) +...Ci_1(Z2) + k;Ci(Z).

Since the coefficients k; are independent of Z, the formulas give that the matrices C;(Z) (and P(Z))
are compactible, in the sense that, if j¢ is an entry common to Z and Z’, then (C;(Z));e = (Ci(Z'));e-
In particular there are matrics C;’s and P such that C;(Z) = C# and P(Z) = PZ and thus (2.8)
holds. Moreover, we also know from Proposition 2.9 that rank(C#) < 1 for every Z and thus
rank(C;) < 1. We also know that C{ + ...+ C% = 0 for every Z and thus C; + ...+ Cy = 0.

Direction =>. Assume Xj, ..., Xy induce a Ty configuration as in (2.8). Then X%, .. .,XI%,
induce a Ty configuration with corresponding PZ, Clz,. ., CI%] and ki, ..., ky, where the latter
coefficients are independent of Z. Thus, by Corollary 2.12, ALA = 0. O

2.2.3  Computing minors

We end this section with a further generalization, this time of (2.17): we want to extend the
validity of it to any minor.

Proposition 2.16. Let {Xy,..., Xy} C R""™ induce a Ty configuration as in (2.8) with defining vector
(A, ). Define the vectors t1, ..., tN as in (2.14) and for every Z € A, of order r < min{n, m} define the
minor S : R™™M 3 X + S(X) = det(X?) € R. Then

N N
Zlf;S(X]) =S (Zlf;X]> =S(P+Ci+---+Ciq). (2.20)
j= j=

and ALA = 0.

We will need the following elementary linear algebra fact, which in the literature is sometimes
called Matrix Determinant Lemma:
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Lemma 2.17. Let A, B be matrices in R™*™, and let rank(B) < 1. Then,
det(A + B) = det(A) + (cof(A)T, B)

Moreover, we need another elementary computation, which is essentially contained in [83] and
for which we report the proof at the end of the section for the reader’s convenience.

Lemma 2.18. Assume the real numbers y > 1, Ay,...,An > 0and ky,..., ky > 1 are linked by the
formulas (2.16). Assume v,v1,...,0N, W1, ..., WN are elements of a vector space satisfying the relations

wi=v+0v1+...+v_1+kjv; (2.21)
O=0v1+...4+oN- (2.22)
If we define the vectors t! as in (2.14), then
Zt;'-wj =v+ov+...+o_q. (2.23)
]
Proof of Proposition 2.16. Fix the Z of the statement of the proposition. X%,..., X% induces Ty
with the same coefficients kq, . ..ky. This reduces therefore the statement to the case in which
m=mn,Z=1((1,...n),(1,...,n)) and the minor S is the usual determinant.

We first prove (2.20). In order to do this we specialize (2.23) to wy = det(X;), v = det(P),
vy = (cof (P + Cy + -+ Cy_1),Cy). To simplify the notation set

PV =p,and PY) =P+ Ci+---+Cy  Vle{l,...,N+1}.
We want to show that
V+01 4+ 40iq =det(PY)and v + - + oy =0,

and this would conclude the proof of (2.20) because of Lemma 2.18. A repeated application of
Lemma 2.17 yields:

0401 + - +v;_1 = det(P) + (cof T (P), C1) +(cof T (P?)), C,) +

det(P(2))

det(P(®))
+ -+ (cof [(PD),C;_1) = det(PD) = det(P+Cy + - - - +Ci_1).
As a consequence of Lemma 2.17, we also have v, = det(P(+1)) — det(P(*)). Therefore:
N
v+ toN =), (det(P(Hl)) — det(P(f))> = det(PN+D)) — det(PM).
=1
Since Y, C; = 0 and det(P(N*1)) = det(P + ¥, C;), we have

det(PIN+D) — det(PW)) = det(P + ) C;) — det(P) = det(P) — det(P) =0,
l

and the conclusion is thus reached.
To prove the second part of the statement notice that A;)\ = 0 is equivalent to the following N
equations:

]

Fixi € {1,..., N} and define matrices Y; = X; — X;, Vj. {Y1,...,Yn} is still a Tyy configuration of
the form

N .
1t;det(X]‘—Xi):0 VZE{l,...,N}.

i—1
Y; = P+ Z Cy +k,C;,
(=1
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and P’ = —X; (recall that P = 0). Apply now (2.20) to find that

Zt; det(X; — X;) = Zt; det(Y;)
) ]

i-1 i-1
= det (P’ +) Q) = det (X,- +) Cg) = det(—kiC;) =0

/=1 (=1

and conclude the proof. O

2.2.4 Proof of Lemma 2.18

It is sufficient to compute separately Z o t]lw] Z]’Z\i1 Ajw;j and E};% Ajwj. In fact,

N . 1| XN i-1
) tjwj = 3 YA+ (n=1) ) Ay - (2.24)
] =1 j=1
We can write
ZAjwj =v+av; + - +aNon,

being, V¢ € {1,...,N},a; = kyAy+ - - - + AN. Recalling that the defining vector and the numbers
k; are related through (2.16), we compute

}4)\14- cFurp A+ AN

agp =keAp+---+An 1

+ A1+ -+ AN

2.2
_ A AN) o (229

p—1 p—1

Hence

(v1+---+oN).

N
Z)\jw]':U—F i
= Bl

On the other hand,
i—1
Z )t]w] =bov+ bzm + -4+ bvi_q,

=1
and

b1:A1+...+/\i71::C,

PO+ A0+ BN Ay (= ) B
by =kAp+---+ A1 = = ]Hl -
u—1
(A + 2N A
_F j=1""1 1= ]:;b,WG{Z,.--/i}-
u—1

Also,

Si=l(uAr, o pric, Ay AN = (=DM + -+ Ai) + 1= (p—1)b =1+ (p—1)c.
We can now compute (2.24):
N i—1
Z/\]w] + (,’l/l - 1) ZA]w] =
j=1 =1

1
z [v+ao1+- - +anoy + (n — 1) (o +booy + - + bjviq)] =
1
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é[(H*l)b(UJrvl+"'+vi71)+ﬂ(v1+“'+vN)} =

vt vt 0 (014 +oN)

(n—1)b

We use the just obtained identity

N .
Y twj=v+ov+- o+ (v14---+oN) (2.26)
j=1

a
(n—1)b
Using that v; 4 ... + vy = 0 we conclude the desired identity.
2.3 INCLUSIONS SETS RELATIVE TO POLYCONVEX FUNCTIONS

In this section we consider the following question. Given a set of distinct matrices A; € R(2%)*

A= ( ¥ ) , (2.27)

do they belong to a set of the form

K} = {( Df)((X) ) X e ]R"X”‘} (2.28)

for some strictly polyconvex function f : R**™ — R? In order to answer, we first need to
introduce the following notation. Let f : R"*™ — R be a strictly polyconvex function of the
form f(X) = g(®(X)), where g € C!(RF) is strictly convex and @ is the vector of all the
subdeterminants of X, i.e.

O(X) = (X,01(X), - Uppin() (X)),

and
vs(X) = (det(le),...,det(XZ#AS))

for some fixed (but arbitrary) ordering of all the elements Z € A;. Variables of R¥, and hence
partial derivatives in R¥, are labeled using the ordering induced by ®. The first nm partial

derivatives, corresponding in ®(X) to X, are collected in a n x m matrix denoted with Dxg.

The j-th partial derivative, mn 4+ 1 < j < k, is instead denoted by dzg, where Z is the element
of A corresponding to the j-th position of ®. Let us make an example in low dimension: if
n = 3,m = 2, then k = 9, and we choose the ordering of ® to be

Q(X) = (X, det(X(12,12)), det(X(13,12) ), det(X(2312)))-
In this case, y € R has coordinates

y= (yn,ylz,yn,yzz,y31,y32,y(lz,u),y(13,1z),y(23,12))-

The partial derivatives with respect to the first 6 variables are collected in the 3 x 2 matrix:

0118 9128
Dxg= | 0218 9»g
9318 938

The partial derivatives with respect to the remaining variables are denoted as d(1512)8, 9(1312)8
and 9(3 128, i.e. following the ordering induced by ®. We are ready to state the following

15
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Proposition 2.19. Let f : R"*™ — R be a strictly polyconvex function of the form f(X) = g(®(X)),
where g € Cl is strictly convex and ® is the vector of all the subdeterminants of X, i.e.

O(X) = (X, v1(X), .. 'rvmin(n,m)(x))f
and
0s(X) = (det(Xz,), ..., det(Xz,, )

for some fixed (but arbitrary) ordering of all the elements Z € As. If A; € K} and A; # Aj for i # j, then

X;, Y; = Df(X;) and ¢; = f(X;) fulfill the following inequalities for every i # j:

Ci —Cj + <Yi/ Xj - Xi>

min(m,n) ]
- Y Y 4 ((cof(XiZ)T,XjZ 2y — det(X )—l—det(XZ)) <0, (2.29)
r=2 ZcA,

where di, = 378(P(X;)).

We now introduce the set

Cp= {C’ € R . ! = ( [BD]}E(X) ), for some B > o}.

Notice that C} is the projection of Cy on the first 2n x m coordinates. We immediately obtain
from the previous proposition and the definition of C} that

A; € C}, vie{1,...,N}

if and only if there exist numbers §; > 0, Vi, such that

Ci — /3 <Y1/ X X; >
min(m,n) ]
- 22 Zg dy ((COf(XiZ)T, X]Z — X%) — det(X]-Z) + det(XZ-Z)) < 0. (230)
r= cA,

The expressions in (2.30) can be considerably simplied when the matrices Xy, ..., Xy induce a
Tn configuration:

Corollary 2.20. Let f be a strictly polyconvex function and let Ay, ..., AN be distinct elements of K}

with the additional property that {X, ..., XN} induces a Ty configuration of the form (2.8) with defining
vector (p,A). Then,

Zt Yl,C )y <0, (2.31)

where the t''s are given by (2.14).

To prove the previous corollary, we will use the following lemma, that is an easy consequence
of the results of Section 2.2

Lemma 2.21. Assume Xy, ..., Xy induces a Ty configuration of the form (2.8) and associated vectors t,
ie{l,...,N}. Then, Vi€ {1,...,N},Vr € {2,...,min(m,n)}, VZ € A,,

Ztl ( (cof(XH)T X XZ) — det(X )—i—det(XZ)) =0. (2.32)
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2.3.1  Proof of Proposition 2.19

The strict convexity of g yields, for i # j,
(D(@(X,)), B(X;) — B(X))) < g(P(X;)) — g(P(X))- (2:33)
A simple computation shows that for the function det(-) : R™*" — R:
D(det(X))|x—y = cof(Y)T.

In the following equation, we will write, for an n x m matrix M and for Z € A,, cof(M?%)T to
denote the n x m matrix with 0 in every entry, except for the rows and columns corresponding to
the multiindex Z = (I, ]), which will be filled with the entries of the matrix cof(M%)T € R™”,
namely, if i ¢ [ or j & J, then (cof(M?#)T);; = 0 and, if we eliminate all such coefficients, the
remaining r X r matrix equals cof(M?)T. Moreover, we will identify the differential of a map
from R™™ to R with the obvious associated matrix. We thus have the formula, recalling the

notation introduced in at the beginning of Section 2.3,

min(m,n)
Df(X) = D(g(®(X))) = Dxg(®(X)) + ; Z% 978(P(X))cof(X%)T
When evaluated at X = X;,
min(m,n)
Y; = Dxg(P(Xi)) + ; ZZA 928(®(X;))cof (XZ)

In order to simplify the notation set now d’, = 97¢(®(X;)). The previous expression yields:

(Dg(@(X;)),@(X;) — ®(X;))

min(m,n) )
(D@ X=X)+ Y L 4 (det(X7) — det(X7))

min(m,n) ] min(m,n) )
—<y1-— YO lZcof(XiZ)T,X]-—XZ->+ Y Y d(det(XF) — det(X7)).

r=2 ZeA, r=2 ZeA,

Since
g(P(X))) — g(@(Xi)) = f(X)) — f(Xi) = ¢j—c;,

(2.33) becomes:

min(m,n) )
<Yl', X] - Xz> - Z Z:zl dlZ (<COf(XZ.Z)T, X] — Xl> - det(X]Z) + det(XlZ)) < C]' — (.
r=2 ZeA,

Finally, summing ¢; — ¢; on both sides:

min(m,n) ] -
-+ X-X)— Y Y 4 ((cof(XiZ)T, Xj — X;) — det(X?) — det(XiZ)) <0 (234)
r=2 ZeA,

Using the fact that (cof(X?)7, X; — X;) = (cof(X#)T, X]Z — X#), we see that the previous inequal-
ity implies the conclusion
Vi ],
min(m,n)

o+ (X = X) = Y Y dy ({cof(XP)T, X = XF) — det(XF) + det(X7) ) < 0.
r=2 ZcA,
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2.3.2  Proof of Lemma 2.21

The result is a direct consequence of Lemma 2.17 and Proposition 2.16. First of all, by
Proposition 2.16 we have

Yt det(X7) = det (Zt;isz> — det (Plz 4. CE 1) (2.35)
] ]

Moreover, by (2.15), we get
Y tcof(X)T, X7 = XF) = (cof (X7)T, P +Cf + -+ CFy = XF) = —ki(cof (XF)T, CF).
J

(2:36)
Finally, apply Lemma 2.17 to A = X and B = —k;C? to get

det (PZ +- Cl-{l) = det(X?) — k;(cof(X#)T,C%). (237)
These three equalities together give (2.32).

2.3.3 Proof of Corollary 2.20

Multiply (2.30) by t; and sum over j. Using Lemma 2.21 and taking into account }; t;'- =1we
get

, 1 ,
Ci—zt;C]‘—i- E <Yi/Zt;Xj_Xi> <0.
] ]

Since '
Zt;X] :P+C1+...+CZ‘_1
]

and
X, =P+Cy+...+Ci_1 +kC;,

we conclude that (2.31) holds.

2.4 PROOF OF THE MAIN RESULTS

As explained in Section 1.4, before checking whether the inclusion set contains Ty or T}
configurations, we need to exclude more basic building block for bad solutions, such as rank-one
connections or, as in this case, A .-connections in C £ It is rather easy to see, compare for instance
[82], that if f is strictly polyconvex, then for A, B € Ky it is not possible to have

A—B € Ay

Indeed the same result holds even considering K} To prove this, it is sufficient to observe that if

X, Y € R"™™ are rank-one connected, i.e. for some u € §"1

(X=Y)v=0, Vo Lu, (2.38)
and

(Df(X) —Df(Y))u =0, (2:39)
then

m

(Df(X) = Df(Y), X =Y) =} ((Df(X) = DF(Y))uy, (X = Y)u;)

i=1
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C2 (DF(X) = DFY))u, (X = Y)u) “2 0,

where {uy,...,uy} is an orthonormal basis of R” with #; = u. On the other hand, since f is
strictly polyconvex, it is easy to see that

(Df(X) =Df(Y),X=Y) >0

if rank(X —Y) = 1. The first result of this section shows that this result holds also for Cy,
provided f is positive.

Proposition 2.22. Let f be strictly polyconvex. If

X X/
A=Y |,B=| Y |ec,
z z

A—B ¢ Ay

and f(X) >0, f(X") > 0, then

Proof. Suppose by contradiction that there exist

X X/ X+C
A= Y ECf,BZ Y’ = Y+ D ECf,
Z Z' Z+E

with ¢ = f(X) > 0,/ = f(X’) > 0, and there is a vector ¢ € R™ with ||¢|| = 1 such that for every
v l¢,
Cv =0, D& =0, E¢ = 0.

Using the expressions found in (2.30) with

(X [ X+C
Al_(Y)’AZ_(Y+D)’
it is easy to see using the Matrix Determinant Lemma 2.17 that we have the two simple inequalities

c—c — ;(X - X,Y) <0, (2.40)

d—c— (X' -X,Y) <0. (2.41)

Moreover by assumption (Z' — Z)& = 0, i.e.
(Z'=2)g=0=(X)"Y"¢ = X"YE — ('B — cB)E.
Thus, using (Y' — Y)& =0,
0= (X"=X)TY'§ — (B = cB)s = (CY)E — ('B' — cB),

that yields, since ||| =1,
(C,Y) = c'B — cB. (2.42)

In the previous lines we have used the fact that
(X' =x)"Y'g=Cc'(y+D)g =CYg,
and, since C is of rank one with Cv = 0,Vv L ¢,

CTye = (CY)E

19
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Exploiting (2.42), we rewrite (2.40) as

c—c — ;(X—XCY) = c—c/—b—‘[13<C,Y> =c—c + ;(C'ﬁ’—cﬁ) <0, (2.43)
and (2.41) as
c/—c—;,<C,Y> :c’—c—gl(c’ﬁ’—cﬁ) <0 (2.44)

From (2.43), we infer

pc—Bd + (B —cp) <0< (B —p)<0
and from (2.44)

p'd—plc— (B —cB)<0=c(B—P)<0.

Since ¢ > 0 and ¢’ > 0, we get a contradiction. O

Now that we have excluded A, - connections, we can ask ourselves the same question
concerning T}, configurations. In particular we want to prove the main Theorem of the chapter,
Theorem 2.1, that we recall here for the reader’s convenience

Theorem. If f € CY(R™ ™) is a strictly polyconvex function, then Cy does not contain any set
{A1,..., AN} C RC™m)XM which induces a Ty configuration, provided that f(Xq) > 0,..., f(Xn) >
0, if
Xi
Ai = Yl , Xl‘,Y,' e]R”X’”,Zi E]Rmxm,Vl'E {1,...,N}.
Z;

Let us fix the notation. We will always consider T}, configurations of the following form:

Xi
A= Y; , X, Y€ R™™, Z; € R™>™, (2.45)
Z
with:
i1 i1 i1
X, =P+ ZC]—i-lel, Y, =0+ ZD]—Flel, Z;i =R+ ZE]—FI(IEZ,
=1 j=1 =1

and we denote with 1; € S~ the vectors such that

Dini:O,Eil’li:O,CiU:O, VZ)J_I’ll', VlSZSN

2.4.1 Idea of the Proof

Before proving the Theorem, let us give an idea of the key steps of the proof. First of all, in
Lemma 2.23, we will see that without loss of generality we can choose P = 0. As already seen in
Subsection 2.1.3, we want to prove that the system of inequalities

vi = Bici — ) Bitte; — ki(Y;, Ci) < 0,Vi, (2.46)
j
cannot be fulfilled at the same time. This gives a contradiction with Corollary 2.20. In particular,
we show that for the index ¢ such that f; = min; §;,
Ve > 0.

To do so, we prove that the quantities

Ui - ﬁici — Eﬁ]t;cj — ki<Yi/ Cl>
j
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equal to 0 for every i. Then, choosing ¢ as above and exploiting the positivity of ¢;, Vj, we estimate

0= Ho = ﬁaca Zﬁ] YU/ Ca < ﬁaca Zﬁa Ym Ca> = Vg.

This will then yield the required contradiction. In order to show p; = 0,V1 <i < N, we consider
N matrices M; defined as

Mi=p ), «C D+2aCTD

j<i—1

where u > 1 is part of the defining vector of the Ty configuration {Xj,..., Xy}, compare
Definition 2.15, and «; are real numbers. We prove that for numbers §; > 0, a subset Z; C
{&u1,...,Cnpn} is made of generalized eigenvalues of M;, see (2.57). This is achieved thanks to
Lemma 2.24. Since M; is trace-free, as can be seen by the structure of C; and D;, we will find N
relations of the form

Y G =0,

Cini€L;

This can be read as the equations for the kernel for a specific matrix N x N matrix, W. Proving
that W has trivial kernel will yield ¢;u; = 0,V], and thus p; = 0 since ¢; > 0. The proof of the
invertibility of W is the content of the last Lemma 2.25.

2.4.2  Proof of Theorem 2.1

Lemma 2.23. If f is a strictly polyconvex function such that A; € C¢, V1 <i < Nand f(X;) > 0,V1 <
i < N, then there exists another strictly polyconvex function F such that the T}, configuration B; defined

as
X;—P
Bi = Yi
Z; — PTy;

satisfies B; € Cg, for every 1 < i < N and moreover F(X; — P) > 0, Vi.

Proof. Simply define F(X) by F(X) = f(X + P). Clearly the newly defined family {Bs,...By}
still induces a Ty, configuration, and it is straightforward that B; € Cr. Moreover, this does not
affect positivity, in the sense that F(X; — P) = f(X; — P+ P) = f(X;) > 0. O

Lemma 2.24. Suppose A; € Cy, Vi, and P = 0. Then, for every i € {1,...,N}:
N N
Y ki(kj — DECI Dy =  ki(Ci, Vi) — Bici + Y Bjticj | mi, Vi=1,...,N,
j=1 =1

where t are the vectors defined in (2.14).

Proof. We need to compute the following sums:
ZPZ = Zt;X]TY] - thcjﬁj id. (2.47)
]
Let us start computing the sum fori =1, }; )\]-X]-TYj. First, notice that
ZA XY = ZA (Y; - Q) +2AJ X[Q =Y A/ (Y-
J

since

Zx\ijTQ =PIQ=0.
j
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We rewrite it in the following way:
T T
YAX Y =) AX (Y - Q)
] ]

N
:ZA]( Y. CiDy+ki Y CiDj+k Y CjTDb+k]2C]TDj> (2.48)

1<a,b<j—1 1<a<j—1 1<b<j—1

= Zgl]CTD
ij

where we collected in the coefficients g;; the following quantities:

Ak A i A
We have:

. p
Qij = gji = Aiki+ ) A = 1
r=i+1 K

On the other hand,

N
gi = KA+ 1 A =kilk— 1A+
r=i+1 -

Using the equalities )y Cy = 0 = )_y Dy, then also Y CiTD]' =0, and so Yizj CiTDj =—-Y; CiTDi.
Hence, (2.48) becomes

Zgl]CTD e ZCTD +Z< (ki — DA + y") cl'p; = Y kilk ~1)ACTD;.
We just proved that
Y XY = Zk 1)A;CI D; (2.49)
i
We also have:
ZAZ _ZA XY - Z/\C],B]1d2>2k 1)A,ClD; —R+ZA cjBjid.
Recall the definition of #, namely

— g(y)\l,...,yAi,l,A,»,...,AN).
1

By the previous computation (i = 1), it is convenient to rewrite (2.47) as
i1 1 ; i1 '
— 1 :
R+) Ej= z Y kj(kj = 1)A,Ci Dy + (= 1) Z%ijj Yj | = Y ticipyid. (2.50)
] ] = ]
Once again, let us express the sum up to i — 1 in the following way:
T v To L T
ZA X/ Y; = X%ijj Q+ stijkD]
]

A combinatorial argument analogous to the one in the previous case gives

s =k +- -+ i
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= (kK —ke)Ap +keAp + -+ + A,
Sap =kyAg + -+ A_q,

a> B
S/;,XZk/;/\‘B—F"'-F)\I;l, x < B.
Now - N
p(lima Ay) + LA
kr)\r+"'+)\i71: j=1""] j=i""]
u—1
and so -
(ﬂ—l)(Z’;l Aj) +1 i
kr/\r+"'+)\i71: “l/lil _Vg_ll_:bil
Hence
i-1 i-1 i-1 i-1
Y AXTY =Y AXTQ+ Y syCiDj = Y AXTQ+ b 1chD +Zk 1)A;Cl D;.
=1 =1 kj j=1 kj =
We rewrite (2.50) as
i—1 1 T i—1 T i—1 T T
R+ Z% Ej = : ij(kj ~1AC/ D+ kz CiDj+ (p—1) Z%(kj(kj —1)ACi Dj+ A X; Q)
= J /] =
— Zﬂjt;c] id
j
(2.51)
E; is readily computed using (2.51) and the definition of Z

1) Y (ki(k; — )A,CI D+ A, XT Q)
j=1

i—1
kiEi + — <Zk A,C/ D; +CZZCkD + (- )

— Z‘B] ]-led = XZ-TYZ' — .Bici id
j

Multiply by n; the previous expression

1 i—1 i—1
a <Zk](k] — 1)AjC]TDjni +¢; kz CkTDji’li + (}/l — 1) Zi(k](k] — 1)AjC]TDjni + )\]'X]TQi’li)>
] /] 7=
— Z‘B]'t;Cjni = XI-TYZ'VIZ' — ,Bic‘ni
j

(2.52)
Now notice that

X Yn,—XTQn1+ZCan1+k Zc Djn; + k; Zc Djn; + k*CIDin;
Jk =
= XIQn; + 2 CiDjn; +k; Z C/ Djn;.
ik

j=1
Thus (2.52) becomes

<Zk /\C Din; + (u — 1)

i1 (2.53)
— Y Bjtien; = XTQui+k; Y CT Djni — Biein;
j .

j=1

(k](kj -1

\‘ .
N ygll
— [

)/\]‘C]«TD]'TIZ' + /\]XJTQTIZ)

23



24

ABSENCE OF T}; CONFIGURATIONS

Now we need to compute

and :
y]:k])\]++)\1,1:y7_ll, V]E {1,,1—1}

With this, (2.53) becomes

i—1 i—1 )
(Zk )\ C D; 1’11 (y — 1) Z k](k] — 1))\]‘C]'TD]'7’11'> + Z C]TQVLZ' - Zﬁ]’t;Cﬂli =
j=1 j=1 j
B (2.54)
XiTQVli + k; Z CiTDjni — ,Bicini.
j=1

Exploiting the definition of t;, we see that we can rewrite

1 T = T i ~T
a (]Zk](k] — 1)/\](:] D]‘Tli + (,‘I/l — 1) Zlk](k] — 1)/\jC] D]‘Tll' = Zk](k] — 1)t;Cj D]'nl',

]

and
T i—1 T i—1 T
j=1 j=1
i—1 i—1 i—1
= Z C]-TQl’li + kiCl-TQi’li + ki Z CZ-TD]'TIZ' — Z C]-TQl’li = kiCl-TYii’li.
j=1 =1 =1

Thus (2.54) can be rewritten as
i—1
Zk](k] — TD nl Z‘B] C]'TZ,' = kl' Z CiTYi}’ll' — ,Bicii/l,‘.
j j=1

We finally obtain the statement of the Lemma:

N

Y kj(kj —1)tCTDn,—< H{Ci, Y ﬁ,cl+2,3] )ni,Vi:L...,N.

=1

We are finally in position to prove the main Theorem.

Proof of Theorem 2.1. Assume by contradiction the existence of a T}, configuration induced by
matrices {A1,..., An} of the form (2.45) which belong to the inclusion set C ¥ of some stictly

polyconvex functlon f € CHR™™) and f(X;) > 0 for every i. We can assume, without loss of
generality by Lemma 2.23, that
P=0.

Using the previous Lemma, we find
N

N .
2 kj(kj — 1)t1CTD n; = <ki<Ci, Y;) — Bici + Z ﬁjt}cj> n;, Vi. (2.55)
j=1

=1



2.4 PROOF OF THE MAIN RESULTS

Define a; = k;(kj — 1)A; > 0, and

. T T
j>i

j<i—1
fori e {1,...,N}. Define moreover for convenience
M; =uM; n,Vie {N+1,...,2N}.
Then, (2.55) can be rewritten as
Min; = &un;, Vi€ {1,...,N}. (2.56)

We define n; = ns_y, fors € {N+1,...,N}. As explained in Subsection 2.4.1, the idea is to
show that a subset of the vectors n; are generalized eigenvectors and ¢n; are generalized eigenvalues of
M;. In particular, we want to show the following equalities:

{ani+a = CitaMi+1Mita + Vig, ifi<ita<N (2.57)

Minjyq = UCivafis1iMiva +0ig, HN+1<i+a<N+i-1,

where v;, € span{n;,...,1;;,_1}. From now on, we fix i € {1,...,N}. To prove (2.57), first we
rewrite
Miniyg = (Mj — Mitg)niva + Mitaltiyae, (2.58)

and then we use (2.56) to obtain

(M; — My )10+ Misati 1 = Citalivaliva + (Mi — Mijq)niyq, if’i + a<N,
UCitativaiva + (M; — Mia)ni,, ifi+a > N.
To conclude the proof of (2.57), we only need to show that
(Mi — Mi+a)ni+a S span{nl-, ceey TZiJra,l}. (2.59)

To do so, we compute M; — M;,. Let us start from the case i +a < N:

_ T T T T
M= Mipo=p) 0,CiDj+) a;CiDj—p ) a;CiDj— } a;C;D;

j<i j>i j<ita j>ita
_ CTp; — CTD;
= ) «CDj—u ), «C/D;

i+a>j>i i<j<i+a

On the other hand, if N+ 1 <i+a <i+ N —1, then

M; — Miys = M; — pMi 4 N

j<i i>i j<ita—N j>ita—N
= CcIp. — CTD; cTp. — 42 CTp.
=n Z ;C; D; yZa]C] D;+ Za]C/ D;—nu Z a;C; D;.

j<i+a—N j>i j>i j<i+a—N

Now the crucial observation is that, due to the structure of C]-, the image of C]-TDj is contained

in the line span(n;), for every j € {1,..., N}. Therefore, the previous computations prove (2.59)
and hence (2.57). Now we introduce

Vi =A{ni,nis1,nigo, o AN NG, - N1 )
We can extract a basis for span(V;) in the following way. First, choose indexes

Si={k:k=iori<k<N+i—1n¢span(n;,...,nx_1)}. (2.60)
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Then, consider the basis B; = {n; : k € S;} for span(V;). Since
span(B;) = span({ny,...,nn}), Vi,

then #5; = C < min{m, N}. Indexes in S; lie in the set {1,...,2N}. For technical reasons, we also
need to consider the modulo N counterpart of S;, that is

S;={ke{l,...,N}:keS;ork+ N € S;}. (2.61)

In S;, consider furthermore S} = S;N {i,...,N}, S = S;N{1,...,i — 1}. If necessary, complete
B; to a basis of R" made with elements <; orthogonal to the ones of B;. Note that, since
Im(CI'D;) C {n;}, then Im(M;) C {ny,...,ny}. Then, the associated matrix to M; with respect
to B; is

a;  x % ... %
0 ay; .. *
Mi=| @ oo T . (2.62)
0 0 0 ... ag
0m—c,c | 0p—cm—c

We denoted with 0. 4 the zero matrix with ¢ rows and d columns, with T the C x (m — C) matrix
of the coefficients of M;~y; with respect to {n; : s € S;}, and with * numbers we are not interested
in computing explicitely. Finally, we have chosen an enumeration s; < sp < --- <sp < --- < 5¢
of the elements of S;, and we have defined

P CS@VS@/ if sy € S;,
7 o ps,, ifsp—NeS,

The triangular form of the matrix representing M; is exactly due to (2.57). Now, tr (M;) = 0, Vi,
since C/ D; is trace-free for every i. This implies that the matrix in (2.62) must be trace-free, hence:

C
0=tr (M;) = E Api = Z Gapla + 1 2 CorNHbN- (2.63)
/=1

acs! bes!

We have thus reduced the problem to the following Linear Algebra simple statement: we wish to
show that, if W is the N x N matrix defined as

1, ifjes,
W,'j =K lf] S Sz{/'
0, ifjé&s,,

then, Wx = 0 = x = 0. By (2.63), the vector x € RN defined as Xj = (j]-y]-,Vl <j < N, is such
that Wx = 0, thus if the statement is true we get Sinj =0, V1 < j < N, and since gi>1 also
#j =0,¥1 < j < N. As discussed at the beginning of the proof, this is sufficient to conclude.
Therefore, we only need to show that Wx = 0 = x = 0. This proof will be given in Lemma
2.25. ]

Before giving the proof of the final Lemma, let us make some examples of possible matrices W
arising from the previous construction. For the sake of illustration, let us take N to be as small as
possible, i.e. N = 4.

E.g. 2.1. Consider the case in which C = 2. This corresponds, for instance, to the case m = 2.
Then, by Proposition 2.22, the only possible form of W is

1 100 X1+ x2
10110 _ X2 + X3 _
"=1loo11 '™ mix |T°
u 0 01 Ux1 + x4
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Let W; be the i-th row of W. We notice that for i = 1,2,3, W;;, differs from W; by exactly two

elements, while W, does not differ with W by only two elements. It does, though, with uW;.

Hence we rewrite equivalently the system Wx = 0 as W; — W1, Wy — uWy:
X1 — X3
- 1, ifh(i) > 1,
=| 2T e = BiXp(i) A = ) (l.) l
X3 — PXx1 u, ifh(i) <i,
X4 — px2

For a function i : {1,...,4} — {1,...,4}. Since u > 1, this immediately implies x; = 0, Vi.

E.g. 2.2. Consider the case in which C = 4, corresponding to ny, 13, 13, 14 linearly independent.

Then,
1 1 1 1 X1+ X2+ X3+ X4
1 1 1 ux1+x2 +x3+ x4
w=| " , Wx = -0
pou 11 v UX1 + Uxy + X3 4 X4
pop opol pxy + pxy + pxz + xg

As in the previous example, for i = 1,2,3, W, differs from W; by exactly one element, while
Wy does the same with yW;. Thus as before we rewrite equivalently the system Wx = 0 as
Wl' — Wi+l, W4 — “quZ

(n—1)x - .

o | (- i)xz e, x; = a1 = {1, %fh(ll) >
EP‘ - 1§x3 u, ifh(i) <i,
H—1)x4

In this case, h(i) =i,Vi € {1,...,4}. Clearly also in this case y > 1, implies x; = 0, Vi.
Finally, let us show a less symmetric example:

E.g. 2.3. Consider the case in which C = 3. Then, a possible matrix is:

X1+ X2+ x4

X2 + X3 + X4

UX1 + X3+ X4
UX1 + UXp + X4

First, let us comment on the fact that this is a possible matrix appearing in the proof of the
previous Theorem. Indeed, let’s consider the first two lines:

1101
011 1)

The fact that Wy3 = 0 means that n3 € span(ny, ny), since 3 ¢ S;. On the other hand, Proposition
2.22 ensures that n3 is not a multiple of 1y, hence n3 € Sy, and Wy3 =1 # 0. For this reason, the
matrix

1 01 1
01 1 1
W= u 0 11
u u 01

would for instance have been non-admissible. Now, in order to prove Wx = 0 = x = 0, we work
as in the previous examples, by noticing that for i = 1, 2,3, W;;; differs from W; by at most two
elements, while W; must be compared with yW;. Thus we write W; — W1, Wy — uWi:

X1 — X3
0= | 2TFU e = amg e =g )
X3 — px2 u, ifh(i) <i.
(h—=1)xq

It is an elementary computation to show that x; = 0, Vi.
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Even though the examples we have given are too simple to appreciate the usefulness of the
function h such that x; = a;x,(;), this will be crucial in the proof of the Lemma.

Lemma 2.25. Let W be the matrix defined in the proof of Theorem 2.1. Then, Ker(W) = {0}.

Proof. Throughout the proof, we always consider a given vector x € RN such that Wx = 0. The
strategy of the proof, partially suggested by the previous examples, consists in the following steps.
First, we show that the rows of W, W; and W;; (if i = N, we compare Wy with yW;) differ for
at most two elements, and one of them is always x;. This immediately yields the existence of a
function i: {1,...,N} — {1,..., N} such that x; = a;x;,(;. We will then use this and the crucial
fact that # > 1 to conclude that x; = 0, Vi. Let us make the following claims, and see from them
how to conclude the proof of the present Lemma. We will use freely the notation introduced at
the end of the proof of Theorem 2.1.

Leti € {1,...,N}. Then §; differs from S; | (if i = N, S;4; = S;) of at most
two elements, in the sense that
SiASit1 =5\ Siy1USis1\ S

contains at most 2 elements. Moreover, if $;AS; ;1 # @, theni € 5;AS; 1, and if S;AS; 1 = {i, I(i)}
with I(i) # i, then I(i) € S;11 \ 5.

Leti € {1,...,N —1}. The couple of rows W;,W;,1 and uW;, Wy differ at most by
two elements, in the sense that if W; = (Wj1,..., Win) and Wiy = (W(i1y1,-- -, Wiigr)n), then
there are at most two indexes jy, jo such that Wi, — W(;q);, # 0 and Wij, — W(;14);, # 0 (and
analogously for yW; and Wyy).

Finally, with this claim at hand, we are going to prove

There exists a function i : {1,...,N} — {1,...,N} and numbers 4;,i € {1,...,N},
such that
X = a;Xy(j) (2.64)
with the property
o {1, if (i) > i,
Y \w, ifR() <i
Let us show how the proof of the Lemma follows from Claim 3, and postpone the proofs of the
claims. Fixi € {1,..., N} and use (2.64) recursively to find

X; = ﬂi”h(i) e ah(n—l)(j)xh(n)(i)’

where h(") denotes the function obtained by applying  to itself # times. We will also use the
notation (?) to denote the identity function: WOy =1i,vie {1,...,N}. By the properties of a;,
we have, Vr € {0,...,n—1},

L RO @) > R,
KOO\, i RO () < h0-D ().

Fixk € N,and letr € {k+1,...,k+ N +1}. Then, 1(") (i) > h"=1 (i) can occur at most N times
in this range, since otherwise we would find

1 <h0@) < B () < W+ () < oo < pEHNFD () < N,

and this is impossible since we would have N + 1 distinct elements in the set {1,..., N}. Now
clearly this observation implies that for every fixed I € N, there exists s € IN such that

X; = P‘txh(5>(i)' for some t > I.
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This can only happen if x; = 0. Since i is arbitrary, the conclusion follows.

Let us now turn to the proof of the claims.

Proof of claim 1: ‘To prove the claim, we need to use the definition of S;. Let us recall the defini-
tion of S;, given in (2.60). To build S; what we do is consider the ordered set {n;,1;,1,..., i 1N}
and select from it a basis of span{nj,...,ny} starting from n; and then at thestepi+1 <k < N
deciding whether to insert the vector n; in our collection based on the fact that it is linear
dependent or not from the previous ones. Recall also that S; is the modulo N version of S;, see
(2.61), and that we define n; = n; y, for j € {N+1,...,2N}. Hence now fixi € {1,...,N} and
consider S;. If S; = {1,...,N}, then #5; = N, thus S; = {1,...,N},¥1 < j < N and the claim
holds. Otherwise, leti +1 < I = I(i) < i+ N — 1 be the first element in (S;)°. There are two
cases:

1. ny € span(n;,...,ni—1) \ span(njyq,...,01-1);
2. ny e span(niH,. . .,111_1).

At the same time, consider what happens in S, 1: the span in the (i + 1)-th case starts with one
vector less than the one of the i-th case, simply because the collection of indexes in S;,  starts
from n;;1. Hence, since I is the first missing index in S;, I is also the first possible missing index
for S;,1. Therefore, consider the first case

ny € span(n;, ..., ni_1) \ span(n;q,...,n7_1).

This implies that I € S;, 1. Moreover, we are now adding ] to the set of vectors n;1,...,1n_1,
and nj € span(n;,...,ny_1) \ span(n;y1,...,n;-1), hence n; adds to the previous vectors the
component relative to 7;, in the sense that

span(njiq,...,ny) = span(n;, ..., ny_1).

This moreover implies that j € S; < j € S;1, VI < j < N +i— 1. Since n; € span(njyy,...,n1),
i & Sii1. Ihus S and S;; differ by at most two elements, and we have i € §;\ S;;1 and
I =1(i) € S;j4+1\ S;. This concludes the case

ny € span(n;, ..., ny_1) \ span(n;yq,...,n7-1).

If instead n; € span(n;1,...,1n7_1), then we see that I ¢ Siy1, and we can iterate this reasoning
from there, in the sense that we look for the next index I’ such that I’ ¢ S; and divide again into
the two cases above. Clearly, for the indexes i +1 < j < I{, we have j € ;1 and j € ;. Either
this iteration enters in case 1 of the previous subdivision for some element [ ¢ §i, or we conclude

S; = S;+1. This concludes the proof of the claim.

Proof of claim 2: ‘

Note that nonzero elements of W; are found in positions corresponding to elements of S;. Hence
now fixi € {1,...,N — 1} and consider W; and W; ;. If S; = S; 1, then W;; = 0 < Wiiy1); = 0.
Moreover, we introduce the modulo N counterpart of the number I (i) found in Claim 2, i.e.
I'(i) = 1(i) if I(i) € {1,...,N}, and I'(i) = I(i) — N if I(i) € {N +1,...,2N}. Thus using the
definition of W, we can deduce

Wit =W =0, ifj &S
Wiiv)j = Wij = 1, ifjes;,j<i
Wi = Wij =1, ifjesS;,j>i
Wiit1)i = #, Wi =1, otherwise,

(2.65)
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and the claim holds in this case. Finally, if S;AS; 1 = {i, I'(i)}, then:

Wit =Wi; =0, ifj¢S;,j#1'(i)
W( ) Il,WijZO, iszll(i)>i+1
W(i+1)j:y,wij: , ifj:I/(i) <i—1 (266)
W( )IWZ']':}{, iijSi,j<i
W( ):Wl']'::l, iijSi,j>i
Wi+

;=0,W; =1, otherwise.

This concludes the proof of the claim if i € {1,...,N —1}. If i = N, then we need to compare
Wy with uWj, and we obtain two cases, in analogy with the previous situation:

uWij = Wy; =0, if j ¢ Sn
if SNAS] = @, then : lej = WN] =}, lf] S SN,j <N (267)
uWin = 1, Wyn =1, otherwise,
and
le]» = WNj =0, lf] ¢ SN,j # I’(N)
Wi =0,Wyi =4, if j ¢ Sn,j=1'(N
if SNA51 = {xN/xI’(N)}/ then : # b Nj # 1 ]% N ] ( ) (2.68)
lej:WN]-:‘u, lf]ESN,]<N

uWiny = 0,Wyy =1, otherwise.

Proof of Claim 3: ‘ Fixi e {1,...,N}. We want to consider the equations given by

(Wi+1 — Wi)x =0, ifi e {1, ..,N— 1}, and (WN — le)x =0.
If we consider i € {1,...,N — 1}, we see from (2.65) and (4.6) that

(1—w)x;, fSAS; 1 =0
(Wij*W(iJrl)]')Xj = Xi —xl/(i), if Sz‘ASifl = {i, I/(i)}, I/(i) > i—l—l
Xi — WXp (i), if S;AS;_1 = {Z',I/(Z')},I/(l') <i—1

0= (Wi = Wiza)x =]

]

L=

and from (2.67) and (2.68) we infer

(1 - y)xN, if SNA51 =Q

0= (Wy — uWy)x =
(W = i)z {xNxI/(N), if SNAS; = {N, T'(N)}.

From these equations we see that (2.64) holds with the choice h(i) = I'(i), when i is such that
S;AS; 1 # @, and h(i) = i otherwise.
O

We end this section by showing that Theorem 2.1 implies Theorem 2.2.
Proof of Theorem 2.2. Assume by contradiction that there exists a family of matrices
{A1,.. .,AN} - Kf

inducing a T}, configuration of the form (2.45). We show that then there exists another T}
configuration {By, ..., By} such that B; € Kp C Cf,V1 <i < N for some strictly polyconvex F
with

F(X!) >0, V1<i<N,
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X;
Bi=| Y |, Vi<i<N.
Z;

This is a contradiction with Theorem 2.1. To accomplish this, it is is sufficient to define F(X) =
f(X) — min; f(X;). This function is clearly strictly polyconvex, since f is. Moreover, we define
XZ, = Xi/ Yi, = Yi and Zl/ = Zi - mmf(Xl) id.
1

In this way, B; is still a Tzl\] configuration. Moreover, B; € Kr, V1 < i < N. To see this, it is
sufficient to notice that, since A; € K r

Y! = Y; = Df(X;) = DF(X}), V1 <i <N,

and
Z! = Z;+min f(X;)id = X]'Y; — f(X;)id + min f(X;)id = (X))TY! — F(X;)id.
1 1

This finishes the proof. O

Remark 2.26. It is a natural question to ask whether the hypothesis of positivity is actually
necessary in the hypothesis of Theorem 2.1. In [41], we will give an answer to this question, in
the sense that we will construct a polyconvex function such that Cy contains a family of matrices
inducing a T configuration, and from that we will deduce that the constancy Lemma is false for
geometric functionals that are allowed to change sign. We also remark that it is rather easy already
to violate Proposition 2.22 without the hypothesis of positivity of f.
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STATIONARY GRAPHS AND STATIONARY VARIFOLDS

The aim of this chapter is to provide the link between stationary points for energies defined on
graphs with multiplicity, that we recall being equivalent to the following system

/ (Df(Du), Do)pdx = 0 Vo € C1(Q,R")
O

(3.1)
/()(Df(Du),DuDCD),de—/Qf(Du)diVCDﬁdx =0 V®eClO,RM),

and stationary varifolds for geometric energies. In Section 3.1 we will give the definitions we will
need, and then in Section 3.2 we will prove, after having shown several technical lemmas, the
main result of this chapter:

Proposition. Assume that f € C'(R"*™) admits an extension ¥ € C1(G(m, m + n)), in the sense that
(6.4) holds for every X € R™™. Fixany m < p < +o00, 1 < g < 400 and a Lipschitz, bounded, open
set O C R™. If a map u € WYP(Q,R") and a Borel function B € L*(Q, (0, +oc0)) satisfy, for every
v € CH{Q,R") and ® € C1(Q,R™),

| (D(Du), Do) ax| < ClloAi (Du)pi
0 ) 1 (3-2)
/ (Df(Du), DuD®(x))B dx —/ F(Du) div(®)pdx| < C|®AT(Du)pi |,
O Q
for some C > 0, then the rectifiable varifold of R™" 0[G,], where 6(x,y) = B(x), satisfies
5y CIGD($)] < Cllgh7 g, Vg € CHOX R R™™), 6:3)

for some number C' = C'(C,m, p,q) > 0. Conversely, if (3.3) holds for some C', then (3.2) holds for some
C = C(C',m,p,q). Moreover, C" = 0 if and only C = 0, namely u is satisfies (3.1) if and only if 0]Gy] is
stationary for the energy X.

3.1 NOTATION AND PRELIMINARY DEFINITIONS

Recall that general m-dimensional varifolds in R”*" (introduced by L.C. Young in [89] and
pioneered in geometric measure theory by Almgren [3] and Allard [1]) are nonnegative Radon
measures on the Grassmaniann of G(m, m + n) of (unoriented) m-dimensional planes of R"*".
In our specific case we are interested on a subclass, namely rectifiable varifolds, for which we can
take the simpler Definition 3.1 below. A quick reference for the terminology used in this section
is [16], whereas comprehensive introductions can be found in the foundational paper [1] and in
the book [78].

Definition 3.1. A rectifiable varifold V of dimension m is a couple (I,60), where I C R"™*" is a
m-rectifiable set in RN, and 6 : T — (0, +o0) is a Borel map. If § has values in IN'\ {0}, then the
varifold is called integer rectifiable.

It is customary to denote (T, 6) as O[I'] and to call 6 the multiplicity of the varifold.

Definition 3.2. Let U be an open set of R"*", and let ® : R"™" — U be a diffeomorphism. The
pushforward of a rectifiable varifold V = 0[] through ® is defined as ®4V = 6 o ®~1[®(I)].

For a rectifiable varifold 6[I'], it is customary to introduce a notion of approximate tangent
plane, which exists for H"-a.e. point of I', we refer to [78, Theorem 3.1.8] for the relevant details.
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Provided it exists, the tangent plane at the point y € T' will be denoted with T, and it is an
element of G(m, m + n). In the following, we will identify the Grassmanian manifold with a
suitable subset of orthogonal projections, i.e. for every L € G(m, m + n) we consider the linear
map P : R"™" — R™™" which is the orthogonal projection onto L. With this identification we
have

G(m,m+n) ~ {P e Rm+m)x(mtn) . p — pT p2 — p rank(P) = tr (P) = m} .

We are interested in graphs of maps u : 3 C R" — R”", and we always consider R" =
span{ey, ..., em}, where {eq,...,entm} is the canonical basis of R"*". In other words, we are
interested in sets of the form ', = {z € R"™" : z = (x,u(x)),x € Q}. For this reason, we need
to characterize the space of orthogonal projections on tangent planes to graphs (on the plane
span{ey, ..., en}). Since at the differentiability point xy, we have

D((x,u(x)))|x=x, = < D;d(rzo) ) € R(m+m)xm

it is convenient to introduce the following notation:

M(X) = ( o )

Therefore, every tangent plane to a graph I'; is of the form

7(X) = span{M(X)Ter,..., M(X)Tenim}. (3-4)
With the notation above, the tangent plane of T, at x is T(Du(x()). The orthogonal projection on
T(X) is given by the formula

where

or, more explicitely,

o m(X) [ B(X) )\ [ S(X) | s(x)xT
Hx) = ( h;(X) hZ(X) ) B ( XS(X) | Xs(xX)xT ) (3.5)

In particular, using the notation above, we remark that Ty [, = h(Du(xp)). This discussion
motivates the following

Definition 3.3. We denote by Go(m,m + n) = h(R"*™) C G(m,m + n) the set of orthogonal
projections of tangent planes to graphs of maps defined on span{ey, ..., e, } C R,

(m+n)x(m+n)

We will use for any matrix M € R the same splitting as in (3.5):

_ | M| M
M= [ My | My ] )
with M; € R™*™, My € R"*". Using this notation, it is not difficult to verify that
h=H(P) = PPy (5:7)

The map / is therefore a smooth diffeomorphism between R"*™ and the open subset Go.
In this section, we will use freely the following fact. Recall that, by (1.4), for every X € R"*"™

the area element is given by
A(X) = y/det(idy +XTX).
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By the Cauchy-Binet formula, [5, Proposition 2.69],

min{m,n}
AX) = |1+ IXIP+ ), ) det(X?)?,
r=2 ZecA

where we used the notation introduced in Definition 2.13.
Finally, throughout the chapter, we use the following notation:

e if z € R" x R", then we will write z = (x,y),x € R",y € R";

e 71:R"™ x R" — R™ denotes the projection on the first factor, i.e. 77(z) = 7((x,y)) = x.

3.1.1  Graphs and varifolds

If u e WWP(Q,R"), Q C R" and p > m, Morrey’s embedding theorem shows the existence
of a precise representative of u which is Holder continuous. In what follows we will always
assume that the map u is given pointwise by such (Holder) continuous precise representative. As
done above, we use the notation I';, for the (set-theoretic) graph {(x, u(x)) : x € O}, which is a
relatively closed subset of () x R". The classical area formula (see for instance [38, Cor. 2, Ch. 3])
implies that I';, is m-rectifiable and its H" measure is given by

/Q A(Du).

We can thus consider the corresponding varifold [I';].

If u € WV(Q,IR"), then u has a precise representative which is however defined only up
to a set of m-capacity 0 (but not everywhere). Moreover, if for maps u € wlmn (O, R"), for
which the set-theoretic graph I';, could be defined classically, it can be proven that I';, does not
necessarily have locally finite H"-measure, in spite of the fact that .A(Du) belongs to L . In
particular the area formula fails. For this reason, following the notation and terminology of [38,
Sec. 1.5, 2.1], we introduce the rectifiable part of the graph of u, which will be denoted by G, (the
notation in [38] is in fact G, : we will omit the domain () since in our case it is always clear from
the context).
First we denote the set of Lebesgue points of u by £, and we introduce the set

Ap(u) = {x € O : u is approximately differentiable at x}.
For the definition of approximate differentiability, see [38, Sec. 1.4, Def. 3]. We also set
R, = AD(M) NL,.

Notice that, since u € W (Q),R"), then |Q \ R,| = 0. From now on, we always assume that u so
that u(x) is the Lebesgue value at every point x € R,. The rectifiable part of the graph of u is then

Gy ={(x,u(x)):x e Ry}.

By [38, Sec. 1.5, Th. 4], G, is m-rectifiable and

H"(Gy) = /Q A(Du(x))dx. (3.8)

Since A(Du) € L!, this allows us to introduce the integer rectifiable varifold * [G,]. When
u € WP for p > m, the Lusin property (namely the fact that v(x) = (x,u(x)) maps sets of

1 In fact the G, can be oriented to give an integer rectifiable current of multiplicity 1 and without boundary in () x R", see
[38, Pr. 1, Sec 2.1]. The varifold that we consider is then the one induced by the current in the usual sense.
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Lebesgue measure zero in sets of H"-measure zero, cf. again [38]) and Morrey’s embedding
imply G, C T, and H" (T, \ Gu) = 0. In particular [G,] = [Tu].

By [38, Sec. 1.5, Th. 5], the approximate tangent plane T,G, coincides for H™-a.e. zy =
(x0,u(xp)) € Gy with the orthogonal projection on t(Du(xp)), introduced in (3.4). Recall that
this orthogonal projection is denoted with /1(Du(x)). The following proposition allows then to
pass from functionals defined on varifolds to classical functionals in the vectorial calculus of the
variations (and viceversa). The proof of this result will be given in Appendix B.

Proposition 3.4. Let u € WY (Q,R"), and define v(x) = (x,u(x)). Let B € L®(Q, (0, +c0)) and
define 6(x,y) = B(x),V(x,y) € R™". The following holds

01G.] (¢ /rpszgu 2)dH" (2 / 9 (0(x), h(Du(x))) A(Du(x)p(x) dx  (3.9)

for every @ € Cp(Q) x R" x Go).

Consider therefore a functional
E(p) = [ f(Dux)pix,
for some f : R™™ — R with

Define moreover F,G : Gg — R as

Finally consider the map ¥ on the open subset Gy of the Grassmanian G(m, m + n) as

We can apply (3.9) to write:
/f (Du(x dx—/ F(h(Du(x)))B(x) dx
Q
_ [ E(h(Du(x))) _ m
= /Q WA(DM(X))’B(X) dx = .. "F(ngu)e(Z)dH (Z)
We are thus ready to introduce the following functional

Definition 3.5. Let V = 0[I'] be an m-dimensional rectifiable varifold in R"*" with the property
that the approximate tangent T,I" belongs to Go for H™-a.e. z € I'. Then

/ ¥(T.T)6(2)dH" (2)
The above discussion then proves the following
Proposition 3.6. If O C R™, u € WV (Q,R") and 6(x,u(x)) = B(x) € L®(Q, (0, +c0)), then

2(0[Gu]) = E(u, B). Moreover, if u € WYP(Q,R") with p > m, then Z(0[T,]) = E(u, B).

3.1.2  First variations

We do not address here the issue of extending the functional X to general varifolds (namely
of extending ¥ to all of G(m, m + n)). Rather, assuming that such an extension exists, we wish
to show that the usual stationarity of varifolds with respect to the functional X is equivalent to
stationarity with respect to two particular classes of deformations, which reduce to inner and
outer variations in the case of graphs. We start recalling the usual stationarity condition.
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Definition 3.7. Let ¥ : G(m,m +n) — [0,00] be a continuous function. Fix a vector field
¢ € CH(R™*";R™*") and define X; as the flow generated by g, namely X.(x) = vy(e), if 7y is
the solution of the following system

We define the variation of V with respect to the vector field ¢ € C!(R"*"; R"*") as

E((Xe)sV) ~ (V)
€

[6¢V](g) = lim

V is said to be stationary if [6¢V](g) = 0,Vg € CL(R™+";, R"™+").

Before continuing, let us give a rough explanation of why the equivalence of stationarity for
graphs and stationarity for varifolds should hold. Suppose for the moment g = 1. Recall that the
first equation of (3.1) is given differentiating in ¢ the variation u(x) 4 ev(x). The latter corresponds,
at the infinitesimal level, to the one-parameter family of deformations of the graph induced by
the vector field g(x,y) = (0,v(x)). Similarly, the second equation of (3.1) is given differentiating
the variation u o X; where X,(x) = x 4+ e®(x), which corresponds to the one-parameter family of
deformations of the graph induced by the vector field (—®(x),0). These remarks can be used
in order to show rigorously that, if [G,] is stationary in the sense of varifolds (for the energy
corresponding to E), then u satisfies (3.1). The converse is less obvious: even though any vector
field g(x,y) can be decomposed into a horizontal and vertical part (g1(x,y),0) + (0, g2(x,y)),
there is still the issue that the g;’s depend on the variable y as well. When the graph u is smooth,
we can simply argue that variations of the graph along the vector field g(x,y) are equal to
variations along §(x) = g(x, u(x)). This however creates several technical difficulties if we only
assume Sobolev regularity for u. Nonetheless the conclusion is still correct. We conclude this
section with a rather general equivalence statement between stationarity of graphs and stationarity
of varifolds, for which we need first some suitable terminology and notation. The (somewhat
lengthy) proof is postponed to the next section.

Given an orthogonal projection P € G(m, m + n), we denote P+ = id,,, —P. The notation
P+ is due to the fact that, if P represents the orthogonal projection onto the m-plane T C R"*™,
idy4m —P is the element in G(n, m + n) representing the orthogonal projection onto the n-plane
T+ C R"™"™, From [21, Lemma A.2], we know that, for V = 6[I7],

0¥ (V)I(8) = /F<B‘P(Txf)rDg(X)>9(x)de(X)IV8 € Co(R"*", R™H") (3.11)

where By (-) : G(m, m 4 n) — R"T1)x(m+1) js defined through the relation
(By(P),L) =¥(P)(P,L) + (d¥(P), P*LP + (P-LP)"),

VP € G(m,m+n),VL € R () x (me+n) (3.12)

We are now ready to state our desired equivalence between stationarity of the map u for the
energy IE and stationarity of the varifold [G,] for the corresponding functional ¥. In what follows,
given a function g on G, we will use the shorthand notation ||g||5,g, for the norm [|g{|zs(gm g, )-

Proposition 3.8. Assume that f € C'(R"*™) admits an extension ¥ € C'(G(m, m + n)), in the sense
that (6.4) holds for every X € R™™. Fixany m < p < 400, 1 < g < 400 and a Lipschitz, bounded,
open set O C R™. If a map u € WP (Q,R") and a Borel function p € L*(Q, (0,+00)) satisfy, for
every v € CH(Q,R") and ® € CL(Q,R™),

< ClloAt (Du)gi |,

/ (Df(Du), Do)Bdx
Q

(3-.13)

/()(Df(Du),DuD(D(x))ﬁdx—/Qf(Du)div(CD)ﬁdx < C||[®AT (Du)Bi |,
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or some C > 0, then the rectifiable varifold of R ull, where 8(x,y) = B(x), satisfies
C hen th ifiabl ifold mn g here 6(x,y iSfi

1
6% (01Gu]) ()] < C'llgb7llgg, Vg € Co(Qx R",R™™™), (3.14)

for some number C' = C'(C,m, p,q) > 0. Conversely, if (3.14) holds for some C', then (3.13) holds for
some C = C(C',m,p,q). Moreover, C' = 0 if and only C = 0, namely u is satisfies (3.1) if and only if
0[G.] is stationary for the energy 2.

Remark 3.9. As already noticed, when p > m we can replace [G,] with [I',]. Moreover, under

1
such stronger assumption, the proposition holds also for g = co, provided we set A(Du)7 =1 in
that case. Finally, if p = oo, then we can drop the request that f admits a C! extension ¥, and the
same proof would work if we extended ¥ as in (6.4) as ¥(T) = 400, if T ¢ Go(m, m + n).

The proof of the previous proposition is a consequence of a few technical lemmas and will be
given in the next section.

3.2 PROOF OF PROPOSITION 3.8

Let f € C}(R™™) be of the form f(X) = ¥(h(X))A(X). In the next lemma we study the
growth of the matrix-fields associated to the inner and the outer variations, i.e.

A(X) = Df(X) (3-15)
B(X) = f(X)idw —X"Df(X). (3.16)

Define also the matrix-field V¢ : R"*" — R(m+m)x(m+n) 4 pe

B(X)xT
AX) [ AX)XT )

(3-17)

In Lemma 3.11, we will prove that

By (h(X)) = V¢(X), VX € R"*"™.
Combining Lemma 3.10 and 3.11 with the area formula we obtain Lemma 3.12, from which we
will infer Proposition 3.8.

Lemma 3.10. Let ¥ € CYH(G(m, m +n)) and let f(X) = ¥(h(X)).A(X), where h is the map defined in
(3-5). Then, , .
TAGI S T+ [ X[ =1 BX) || S 14+ | X mintrm =1, (3.18)

In the statement of the Lemma and in the proof, the symbol A < E means that there exist a
non-negative constant C depending only on 7, m and on [[¥||c1 (G (y,m+n) Such that

A<CE.

The lemma above is needed to get reach enough summability in order to justify the integral
formulas in (the statement and the proof of) Lemma 3.12. In some sense it is thus less crucial than
the next lemma, which contains instead the core computations. For these reasons, the argument
of Lemma 3.10, which contains several lengthy computations is given in Appendix B.

Lemma 3.11. For every X € R™™,
By (h(X)) = V¢(X).

Lemma 3.12. Let f(X) = ¥ (h(X)).A(X) be a function of class C' (R"*™). Let moreover 6(x,u(x)) =
B(x) € L®(Q, (0,+00)). Then, for every ¢ = (g',...,¢"") € CH(Q x R"), the following equality
holds:

=/Q<B(Du(X)),D(gl(x,u(X))Dﬁ(X)dx+/ {(A(Du(x)), D(g2(x, u(x)))) p(x)dx,

Q

(3-19)
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where g1(x,y) = (8" (x,y),...,8"(x,y)), g2(xy) = (" (xy),..., 8" (x,y)) and A(X) and
B(X) are as in (3.15) and (3.16).

We next prove Lemma 3.11 and Lemma 3.12 and hence end the section showing how to use
Lemma 3.12 to conclude the desired Proposition 3.8.

3.2.1  Proof of Lemma 3.11

Foramap g: G(m+n,m) — RY, ¢ > 1, of class C1, we denote the differential at the point
P € G(m+ n, m) with the symbol dpg. For H € TpG(m +n,m), and for vy : (—1,1) - G(m+n,m)
with (0) = P, 7/(0) = H, we denote

dpg(P)[H) = lim SN Z8E),

If ¢ = 1, we identify dpg(P) with the R("+1)* (m+1) associated matrix representing the differential,
and we denote dpg(P)[H| with (dpg(P), H). Moreover, we recall the splitting introduced in (3.6),
namely for any matrix M € R("+7)x(m+1) we denote

_( M; | M3
M<M2 M4)

with M; € R™*™, My € R"*". In this proof, we will use the following facts:
* The tangent plane of G(m, m + n) at the point P is given by
TpG(m, m+n) = {M € RUm+m)x(mtn) . pr— pLlppy (PLLP)T, for some L € R+ x(mtn)y

as proved in [21, Appendix A].

e Let h : R™"™ — Gy be the map defined in (3.5). Recall that its inverse is given by
h=1(P) = P,P[!. For every H € TpG(m, m + n), one has:

dp(h™1)(P)[H] = (Hy — PyP; 'Hy)P ! € R™™. (3.20)

¢ Recall that the area functional is defined as

A(X) = 1/det(M(X)TM(X))  where M(X) = ( i‘;l(m >

Hence, for every X,Y € R"™™, we have
(DAX), Y) = 3 AX)tr [(M(X)TM(X))~ (XX + XTY)]. (3.21)

Recall the definition of By (P) given in (3.12). Since

(h—1(P))

N
¥ = A1p)y

for every H € TpG(m, m + n) we have

{dp¥(P), H)
1

05 F0 B an )Pl = P (D A (P, P )
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When evaluated at P = h(X), the previous expression reads

(dp¥ (h(X)), H)

— 5y (D0, o (HOO)H]) = L (DA, (™) (081,

By (3.12), we know that, for every L € R(m+n)x(m+n)

(By(h(X)), L) =¥ (h(X)){(h(X), L) + (dp¥ (h(X)), h(X)"Lh(X) + (h(X) " Lh(X))T).

Therefore, we want to compute (3.22) when

(3.22)

H = h(X)*Lh(X) + (h(X)*Lh(X))T = Lh(X) — h(X)Lh(X) + h(X)LT — h(X)LTh(X).

We wish to find an expression for
dp(™) (h(X))[R(X)Lh(X) + h(X)LTh(X)"].

Using the decomposition introduced in (3.6) of L in 4 submatrices, we compute

rh(x) = (Ll ks S | SXT \ _ ( LiS+LsXS | LiSXT + [3XSXT
Ly ‘ Ly XS ‘ XSXT LyS + Ly XS ‘ LzSXT+L4XSXT

and

h(X)Lh(X) =

S(L1+ L3X + X"Ly + XTLyX)S | S(Li+ L3X + XLy + XTLyX)SXT
XS(Ly + LsX + XTLy + XTLyX)S | XS(Ly + LaX + XTL, + XTLyX)SXT

Combining (3.20) with (3.24), we get

dp(h™1) (h(X))[Lh(X)] = (L2S + L4yXS — XSS™111S — XSS 113XS)s !
=Ly + L4X — XL — XL3X,

dp(h~ 1) (h(X)) [h(X)Lh(X)]
= XS(Ly + L3X + X Ly + XLy X — S71SL; — S71SL3X
—51sXTL, — 57 1sXTL,X)s57 !
= XS(L1+ LaX 4+ XTLy + XTLyX — Ly — L3X — XTLy — XTLyX) =0
and
dp(h™ 1) (h(X)) [(X)LT] = dp(h™") (h(X))[(L o h(X))T]
= (XSLT + xsxTL] — xsL.T — xsxTrl)s~! =o.
Combining (3.25), (3.26) and (3.27), we get that
dp(h™) (h(X))[A(X) " Lh(X) + B(X)LTh(X) "] = dp(h~") (h(X)) (Lh(X))
=1Ip+ L[4 X — XL — XL3X.

Now define the matrix:
C=Ly+ L4X— XL — XL3X.

To expand (3.22), we now need to rewrite

(DA(X), dp(h™") (h(X)) [H]).

(3-23)

(3-24)

(3-25)

(3.26)

(3-27)



3.2 PROOF OF PROPOSITION 3.8

First, we must compute the trace part coming from (3.21):

tr [S(CTX + XTO)] =tr [S(LIX + XTL{X — LI XTX — XTLIXTX)]
+tr [S(XTLy + XTLyX — XTXLy — XTXL3X)]
=2tr (SXTLy) 4 2tr (SXTLyX) — 2tr (SXTXLy) — 2tr (SXTXL3X).

Hence, if H = h(X)Lh(X) + h(X)LTh(X)", we have just proved that:

(dp¥ (h(X)), H) = A(1X)<D F(X), Ly + LaX — XL; — XL3X) -
— i((% (tr (SXTLy) +tr (SXTLyX) —tr (SXTXLy) — tr (SXTXL3X)).
To conclude, we also need to compute
FOCONHC0,L) = LEL(10,8) + (12, X5) + (L, SXT) + (Lo, X5XT)
(3-29)
= 51(())?) (tr (SLy) +tr (SXTLy) + tr (XSL3) +tr (XSXTLy)).

Now we sum (3.28) and (3.29) to get (By(h(X)),L). Using that S™}(X) = XTX +id,, and the
invariance of the trace under cyclic permutations, we rewrite

tr (SL1) +tr (SXTLy) +tr (XSL3) +tr (XSXTLy)
—tr (SXTLy) — tr (SXTLyX) +tr (SXTXLy) +tr (SXTXL3X) = tr (L) + tr (L3X).

Combining our previous computations, we find

~

(X) 1

(By(h(X)),L) = A (tr (L) + tr (L3X)) + m<Df(x>,L2 + LyX — XLy — XL3X)
= ﬁHXTDf(X) + f(X)idm, L) + (Df(X), L2)

+(fOXT = XTDf(X)XT, L3) + (Df(X)XT, L)].

Since L was arbitrary, we conclude that

3.2.2  Proof of Lemma 3.12

Fix g as in the statement of the Lemma. By (3.11), we know that

B4(010.1)(®) = | (Br(T.6.), Dg(z)) 6(z)aH"(2).

u

Now define F(z,T) = (By(T),Dg(z)) and F(x,u(x)) = (By(h(Du(x))), Dg(x,u(x))). We have
F € Cc(Gy x Gp) and we apply Proposition 3.4 to find the equality

|| (Be(T:T), Dg@)e@)an" () = [ ADu()E(ru(x)p(x)dr.  (30)

By Lemma 3.11,
F(x,u(x)) = (V¢(Du(x)), Dg(x, u(x)))

41



42

STATIONARY GRAPHS AND STATIONARY VARIFOLDS

a.e. in (). Moreover, since

A(Du(x))V;(Du(x)) = ( ﬁ(Du(x)) |

we have

A(Du(x))F(x,u(x)) = (Dxg' (x,u(x)), B(Du(x))) + (B
+(Dxg*(x,u(x)), A(Du(x))) + (A
= (B(Du(x)), D(g" (x,u(x)))) + (A(Du(x)), D(g*(x, u(x)))).

The previous equality and (3.30) yield the conclusion.
3.2.3 Proof of Proposition 3.8

First, assume (3.13), and fix any ¢ € C1(Q x R", R"*"), ¢ = (¢!,...,¢"*"). Define

P(x) = (g (x,u(x)), ..., " (x,u(x))
o(x) = (§" (v, u(x)), ..., g" " (x,u(x)).
We have & € L*® N W,™(Q, R™) and 5 € L* N W, (Q, R"). Notice that we require (3.13) to hold

only for C! maps with compact support, but Lemma 3.10 implies through an approximation
argument that

1 1
< CllvA7(Du)Billq, Yo € L® N W™ (Q, R")

/()(A(Du),Dv)[S(x)dx
/ (B(Du), D®)(x)dx
QO

(3:31)
1
< C|[®AT(Du)B1 |5, ¥ € L® N W™ (O, R™).

Indeed, to prove, for instance, that the first inequality holds for any v € L* N W&’m, pick a sequence
vr € C2(Q,R") such that ||vi|| .~ is equibounded and vy — v in W, L1 and pointwise a.e.. The
fact that

/(A(Du),ka>,B(x)dx—>/<A(Du),Dv>ﬁ(x) dx
Q Q
is an easy consequence of the W™ convergence of vy to v and the fact that A(Du)B(x) €

m
-1

Wm

(O, R"™*™) by Lemma 3.10. Moreover, the quantity

1 1 1 1
[0k AT (Du)pillg — [loA7(Du)B7 |

by the dominated convergence theorem. Indeed, we required the pointwise convergence of vy to
v and moreover we can bound for every k and almost every x € ():

ok AT (Du) B (x) < sup o[ ADU())B(x) € L1(0).

Hence (3.31) with vy instead of v implies the same inequality for v by taking the limit as k — co.
The proof of the second inequality of (3.31) is analogous. We combine (3.31) with (3.19) to write

169 (016.1) (g)] < 1 [ aow), Do)p | + \ | (80w, D)tz

< C([|6AT (Du)B1 |4 + [BAT (Du)B1 ).

Notice that, since (-, u(-))B(-) € L®(Q,R") and ®(-, u(-))B(:) € L*(Q),R"), we have
15(, () ITADu(-)B() + 1D(, u(-))[1TADu(-)B(-) € LY(Q).



3.2 PROOF OF PROPOSITION 3.8

Now we use the trivial estimate ||5(x,y)| < ||g(x,y)| for all x € Q,y € R", and area formula
(3.9) to conclude

\ZJA‘? Du)B| / |5(x, u(x))||TA(Du(x))B(x)dx </ llg(x, u(x))||TA(Du(x))B(x)dx

/ 81920 dH" (2) = 180 1%y g, -

With analogous estimates, we also find
I Loy 1og
[PAT(Du)pillg < 1867 [[14g

Therefore, (3.14) holds with constant C' = 2C. Now assume (3.14). Choose the following sequence
gx € CH{Q x R™):
8k(x,y) = Gx)xi(y),

where G € C1(Q,R"™), and x; € CP(R") with 0 < xi(y) < 1,Vy € R?, xx = 1 on Bi(0),
Xr =0on B, (0) and || Dx(y)|| < %, for all y € R". Using again area formula (3.9), we write

Igk67 117, (Ga) /QHgk(x,u(X))HqA(Du(x))ﬁ%(X)dx-

Monotone convergence theorem implies
hmIngW oG, = = |GA (Du)p7 ]

Now we want to use (3.19). Using the same notation as in the statement of Lemma 3.12, i.e.
splitting G into G = (G,...,G™) and G, = (G"*1,...,G"*"™), we have

/Q<B(Du(X))/D((gk)l(xlu(x))»ﬁ(X)dx:/()(B(Du(x))/D(Xk(u(x))Gl(X)»ﬁ(X)dx
:/ka(u(X)NB(DM(X)),DG1(X)>B(x) dx+/ (B(Du(x)), G1(x) @ (Dxi(u(x))Du(x)))p(x) dx

Q
By Lemma 3.10 and the regularity of G;, we have that
IDG1[[[|B(Du)||p € L' (€2) and |Gy [[[|B(Du)|| || Dul|p € L' (€2). (332)

Since
X (1(x))(B(Du(x)), DGi(x))B(x) = (B(Du(x)), DG1(x))pB(x)

pointwise a.e. as k — oo, (3.32) tells us that we can apply dominated convergence theorem to infer

lim Xk(u(x))<B(Du(X))fDGl(X)>5(X)dx=/<B(DM(X)),DG1(x)>ﬁ(x)dX-

k—o0 JO o)

Moreover using the pointwise bound || Dy (u(x))|| < 1,

/Q<B(DH(X)), Gi1(x) @ (Dxx(x)Du(x)))B(x) dx

< ¢ [ IBOuE) G @D px)as

Again through (3.32), we infer that the last term converges to 0. This implies that

/(B(Du(x)),D((gk)l(x,u(x)))>dx—> / (B(Du(x)), DGy (x)) dx as k — oo,
QO O

In a completely analogous way,

[ (ADu(), Di(a(x, w0 dxr = [ (ADU()), DG (x))Blx) dx as k= o
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Now (3.19) and the previous computations yield
| (A(Du(x)), DG (x))p(x) d -+ [ (B(Du(x)), DG (x))B(x) d
(@) QO
= Jim | [ (ADu(), Dga()px) -+ [ (BDU(), Dlgn () dp(x)

1 1 1
= lim 6 (B[G.])(g) < C'lim 18667 [11(q,) = C'|GAT (Dw)B1 |,

and it is immediate to see that this implies (3.13) with constant C' = C'.
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TOWARDS REGULARITY IN TWO DIMENSIONS

In this chapter we study the differential inclusion associated to the area function A(X) in two
dimensions. The main result of this chapter is Theorem 4.20:

Theorem. For every R > 0, there exists « = a(R) > 0 such that, if f is a C*(R?*"*2*2) function, k > 2,
with the property that

If = Allc2(Byr 0y = (4.1)
and U : QO — R?"*2 s q Lipschitz solution of
DU(x) € Cy, forae x € Q (4.2)
with
IDUJ[eo < R,

then U € Ck=10(Q), for some positive p > 0.

This is obtained as a consequence of several preliminary results, in particular it relies on classical
regularity results for solutions of the Monge-Ampére equations, Proposition 4.4, the estimate
of algebraic nature of Theorem 4.6 and a slight generalization of the result of [88], Proposition
4.15. As a consequence of the aforementioned results, we will also prove a compactness result,
Theorem 4.10. In the final section, Section 4.6, we use an example of [51] to show that there
exist irregular points for the inner variation equations for the area functional, namely we show
Theorem 4.21.

4.1 TWO-DIMENSIONAL DIFFERENTIAL INCLUSIONS AND THE AREA FUNCTIONAL

In this section we rewrite the partial differential system defining a stationary graph for the area
functional as a differential inclusion. This is done in an analogous way to what we have done in
Section 2.1. The only technical difference is that, instead considering a mixed div-curl system, we
use the rotation given by the symplectic matrix

(50

to translate the problem into a classical differential inclusion. This simply amounts to realizing
that, if v = (v1,v2) € C*°(R?,R?), then

div(v) = curl(v]). (4-3)
For this reason, we will study the following modification of (2.4) for any polyconvex f € C?(R"*?):

X
DU(x) € Cr=| Af(X) |, forae x€Q (4-4)
B¢ (X)

where U : O — R?'*2 is a function in a Sobolev space (its regularity will be discussed at the end
of this section) and*

Af(X) =Df(X)], Bs(X)=X"Df(X)] - f(X)].

Notice that A and By already appeared in the previous chapter to denote the same matrices, up to the multiplication by
J. Here we want to remark the dependence on f in order to distinguish them from the fields A and B associated to the
area, so the notation differs slightly for the introduction of the subscript f.
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46 TOWARDS REGULARITY IN TWO DIMENSIONS

We will always use the following notation for a map ¢/ with the property (4.4):

u
U= ( v ),u,v:Q—)]R”,w:Q—)]RZ,
w

so that U satisfies (4.4) if and only if Dv(x) = A(Du(x)) and Dw(x) = Bf(Du(x)) for a.e. x € Q.
Through (4.3), it is immediate to see that u solves (2.2) if and only if there exists U/ as above such
that DU(x) € Cy for a.e. x € Q. If f = A, then we drop the f in A and By and we simply write

X

DU(x) € Cy = ( A(X) ) , forae. x € Q. (4-5)
B(X)

We need to compute explicitely A(X) and B(X). Recall that the area on 2-dimensional graphs is
given by A : R"2 — R:

1<a<b<n

A(X)_\/1+||X||2+ Y det(X7)2,

where X is the 2 x 2 submatrix obtained from X considering just the a-th and the b-th rows. We
compute
o X+ Zlgugbgn det(Xub)Cab(X) 6

where? C,;(X) denotes the n x 2 matrix defined as

DA(X)

0,ifi#aori#b

(cof (X™)T);;

ij, otherwise.

(Can(X))ij = {

From (4.6), it also follows that

 XTX + Y,cpdet(X?)2id —A%(X)id  XTX — (14| X|]?)id
- A(X) B A(X) '

Let us make some preliminary computations that we will need in the chapter. Namely:

XTDA(X) — A(X)id

Lemma 4.1. The following hold
A < 2[1x];

2
2 TRE <11BO <20+ |1X]).

Proof. In this proof, we will make use of the Cauchy-Binet Theorem (see [5, Proposition 2.69]),
that asserts the identity Y1 ,<j<, det(X?)? = det(XTX). To prove 1, we write

X + L1<acpen det(X?)CL (X2
(1+ [|X]|% + det(XTX)
<> X% 4+ Y1 <acpen det(X)2|CL (X)]?
- 1+ || X]|? + det(XTX)
X112+ C1<a<h<n det(X)2|| x7||2
1+ ||X]|2 + det(XTX)
21+ Licacpen det(X7)?
1+ ||X]|2 + det(XTX)

IA)]1? =

<2

<2|x]|

2 The notation introduced here for C,, differs from the one introduced in the proof of Proposition 2.19, but we prefer to
denote the matrix Cyp, in this way in this chapter since we deal with an explicit number of dimensions of the domain and
this allows for a simplified notation.



4.2 PROPERTIES OF B(+)

1+ det(XTX)
1+ [|X[2 + det(XTX)

=2| x| <2|x]

To prove 2, we again write

[XTX — (1+ ][ X]1?) ida ||?
1+ [|X]]? + det(XTX)
_IXTXIP 4200+ [1X12)% — 2] X2 — 2 X|I*
1+ || X2 + det(XTX)
_ IXTX|P+2+2|X]2
1+ | X2+ det(XTX)”

B2 =

It is easy to see that

1
ZIXIH < IXTX)? < 4 x|,

Therefore, we get the estimates

471||XH4+2+2”X||2 < ||B(X)||2 < 4||X||4+2+2HX”2
1+ [X|2 + det(XTX) = = 1+ [X|2 + det(XTX)’

and we deduce that

1 X]* +1+2]X]?
41+ || X[ + det(XTX)

X% +1+2] X2

< [[B(X)|* < 4 '
< 1B = 4 X+ det(xTx)

Using the fact that det(XTX) > 0, rewriting || X||* + 1+ 2||X||?> = (1 + || X||?)?, and taking the
square root of the terms of the inequalities, we get

1+ X 1+ X1 /
“ L2 < B(X)|| < VA—EE . =20 /1 4+ || X2

Hence also the second estimate is proven. O

With the previous lemma, we immediately get

Corollary 4.2. Forany p > 1, if u € W'P(Q), and U satisfies (4.5), then U € WP(Q).

4.2 PROPERTIES OF B(-)

In this section, we prove some properties of the matrix field B(X). In Proposition 4.4 we show
how these imply the smoothness of the function w in (4.5). We recall that

_ XTX] - (A +[IX]?))

Lemma 4.3. The following properties hold:
(i) tr (B(X)) =0,VX;
(i) B(X)12 < 0,B(X)21 > 0,VX;

(iii) det(B(X)) = 1.
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Proof. Let us write B(X) explicitely. Denote with X!, X? the column vectors of R" representing
the columns of the matrix X. First,

KR L)Y, (LK) xR
XIX] ‘((xl,x2> Bk )f ‘( Pl <x1,x2>)‘

Therefore,

_ Xl,Xz Xl 2 0 1+ ||X 2
A0 =x7 - X = (e e )= (e 0T )
and

(4-8)

AX)B(X) = XTX] — (1+ | X|})] = ( (XX 11X )

T+|XY? (x1,X?)

Since A(X) is always positive, we can divide the previous expressions by A(X) to infer (i) and
(ii). In order to prove the third property, we compute:

A(X) det(B(X)) = 1+ || X2 + [ XM PIX]? — (X1, X*)% = 1+ || X]]* + det(XT X) = A*(X).
Again the positivity of A(X) implies the conclusion of (6.20). O
We now consider properties of the differential inclusion
Dw(x) = B(Du(x)), for a.e. x € Q) (4.9)

for w € W2(Q). By (i) of Lemma 4.3 we have div(w) = 0. Therefore, w = (w;,w;) can be
rewritten as
w = (—022,012)

for some z € W22(Q)). Consequently, (4.9) is rewritten as

—8122 —azzz .
( oz 91y = B(Du).

Using properties (ii) and (6.20) of Lemma 4.3, we find that z enjoys the following properties

det(D?z) =1 ae.,
Az >0a.e., (4.10)
z € W¥2(Q)).

In the next Proposition, we will exploit some fundamental results concerning solutions to the
Monge-Ampere equation. We refer the reader to [34] for the definitions and the results we will
use. In particular, we refer the reader to [34, Definition 2.1] for the definition of Monge-Ampere
measure.

Proposition 4.4. Suppose z solves (4.10). Then, z is smooth.

Proof. We just need to prove that z is an Alexandrov solution of the Monge-Ampere equation,
and then apply the classical regularity results for the Monge-Ampere equation. It is not restrictive
to prove the result on balls B,(x) C Q such that B,(X) C Br(%) C Q. Consider a standard
mollification kernel pe, i.e. p. € CP(IR?), spt(pe) C Be(0), pe > 0, [g2 pe(x) dx = 1 for every & > 0.
Finally, define z¢(x) = (z % p¢)(x), for ¢ < 25X, We exploit the embedding

C'(Q)NLYE.(Q) € W (Q) (4.11)

to argue that z is continuous in B,(%). We also prove that it is convex on B,(X). For every
x € B,(%) and for every v € R?, we compute

(D2:(x)0,0) = [ pely+x)(D2(y)o,0)dy > 0.



4.3 BOUNDS ON THE SUBDETERMINANTS AND REGULARITY

Therefore, z is a sequence of convex functions converging in the C%(B,(%)) topology to z. Thus,
z must be convex too. Denote with y, and y,, the Monge-Ampere measures associated to z and
z¢ respectively. We need to show that

p, = det(D?z) L2LB, (%).

To do so, first we notice that the W?? convergence of z, to z imply that det(D?z;) — det(D?z) in
the L'- norm. Moreover we use [34, Proposition 2.6] to infer that the Monge-Ampere measures
associated to z; converge weakly in the sense of measures to the Monge-Ampére measure
associated to z. From the regularity of z., we infer yu,, = det(D?z.)L£?_B, (%), hence for every
g € Cc(By(x)) we have:

/ gdpe = / g(x) det(D?z)(x) dx — gdet(D?z) dx
B (%) B (%) By (%)

and

/ gdpe — gdpu.
B, () B, ()

We infer y = det(D?z) L2LB, (%) = L?LB,(%). Hence, z is an Alexandrov solution to det(D?z) = 1.
It follows that z is strictly convex by [34, Theorem 2.19] and smooth by [34, Theorem 3.10]. O

Let us conclude this section with another important property of B(X), that follows a direct
computation:

Proposition 4.5. For all R > 0, there exists y = p(R) > 0 such that if | X||, || Y| < R, then

det(B(X) — B(Y)) < —u[|B(X) = B(Y)|* (4.12)
4.3 BOUNDS ON THE SUBDETERMINANTS AND REGULARITY

Theorem 4.6. For every number k > 0 there exists positive numbers C(k),é(k) > 0 such that for every
couple (X,Y) € R™2 x R" 2 the following holds:

—((A(X) = A(Y))], X = Y) + C|IB(X) = BOY) || min{|[Y[|, [ X}IX = Y|| = 6 X = Y[?,  (4.13)
provided that
max{|[B(X)|, [B(Y)[[} <k.

Remark 4.7. Let us use the following notation: a(X) = —B1»(X), B(X) = By (X), 7(X) = —B11(X).
These functions were explicitly written in Lemma 4.3. Notice that, as it was proved in (6.20) of
Lemma 4.3:

a(X)B(X) — 7*(X) = det(B(X)) = 1, VX € R"? (4.14)

Proof. For a matrix M € R"*2 we use the notation

mip Mip
m m

M = 21 22 )
My My2

and we write M!, M? for the first and second column of M, respectively, i.e.

miq mip
Ml —_ mo1 and MZ — Mo

My My
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First of all, we compute

j—1
A(X>D‘A( )]1 = Xj1 2x12 Xi1Xj2 — x12x]1 + ZXZZ Xj1Xi2 — ]inl)
i=1 i=j
j—1
= Xj1 — Z x12 Xi1Xj2 — x12x]l + ZXZZ Xj1Xi2 — x]lel)
i=1 i=j

= x (14| X2)%) = (X', X)xp

and

j—1

A(X)DA(X)jp = xjp + Y xi1 (xinxjp — XipXj1) szl Xj1Xi2 — XjpXi1)
i=1 i=j

= xp(1+ [IX1?) = (XF, X?)x;1.
Using the notation of Remark 4.7
DA(X)j1 = B(X)xj1 — v(X)xjp and DA(X)jp = a(X)xjp — 7(X)xj1-

Assume, without loss of generality, that || X|| > ||Y||. We can write

(DA(X)j1 — DA(Y)j1)(xj1 —yj)
= (B(X)xj1 — B(Y)yj1) (xj1 —yj1) — (Y(X)x2 — y(V)yje) (xj1 — yj1)
B(X)(xj1 —yj)* + (B(X) = By (xp1 — yj1) — (v(X)xpa — v(V)y2) (xj1 — yjn)
B(X)(xj1 —yjn) + (B(X) = By (xj1 — yjn) — v(X) (22 — yjo) (xj1 — yj1)
+ (r(Y) = v(X)yi2(x1 — yj1)

and
(DA(X)j2 = DA(Y)j2)(xj2 — yj2)
= (a(X)xp —a(Y)yp)(xp —yi2) — (v(X)xj1 —vy(V)yj1) (x2 — yj2)
= a(X)(xjp — yp)* + (&(X) —a(Y))yp(xp — y2) — (Y(X)xj — v(Y)yj1) (xp2 — yj2)
= a(X)(xpp — ypp)? + (a(X) — a(YV))yp(xp2 — y2) — 7(X) (x1 — yj1) (x2 — yj2)
+ (r(Y) = v(X))yjn (xj2 — yj2)-
Therefore
—((A(X) = A(Y))], X =Y) = (DA(X) = DA(Y), X = Y)
= Z; —DA(Y)j1)(xj1 —yj) + Zi (DA(X)j2 — DA(Y)p2)(xj2 — Yj2)
j= j
= Y BX) (xpn —yjn)* = 27(X) (2 — yp) (xj1 — yn) + &(X) (x;2 — yp)? (4-15)
j

+ (r(Y) = v(X)ypa(xj — yjn) + ((X) — a(Y))yp(xj2 = yj2)
+ (r(YV) = v(X)yj (x2 —yj2) + (BX) = BY))yjn (¥ — yjn)-

First, we claim that there exists a constant 6 = é(k) independent of X such that, for every X for
which ||B(X)|| < k and for every a,b € R

—2|y(X)|ab + B(X)a® + a(X)b* > 8(a* + b?). (4.16)



4.3 BOUNDS ON THE SUBDETERMINANTS AND REGULARITY

Fix X. Since a(X) + B(X) > 2, either B(X) > 1 or a(X) > 1. Without loss of generality, we
can suppose B(X) > 1. Therefore, if b = 0, we can choose any § < 1. If b # 0, we divide the
expression by b? and claim (4.16) becomes equivalent to

(B(X) = 8)x* = 2]7(X)|x + (a(X) — 6) > 0,Vx € R.
Taking into account (4.14), i.e. 7> = af — 1, the discriminant of the previous equation becomes
A(X)s = 47* — 4(a(X) = 8)(B(X) — 6) = —4 — 46 + 45(w(X) + B(X)).

Since B(X) and «(X) are both uniformly bounded, we can choose some small § < 1 depending
only on k (so, in particular, independent of X) for which A(X)s; < 0 for every X such that
|B(X)|| < k. This implies that the polynomial x — (B(X) — &)x? — 2(X)x + (#(X) — ) has no
real root. Since f(X) > 1 > ¢ by assumption, then the polynomial is positive for large values
of x, therefore it is positive everywhere, as we wanted. Having shown the claim, we can apply

inequality (4.16) with a = /Y ;(xj1 — yj1)? and b = | /Y ;(xj2 — y2)? to deduce that
]Z(,B(X)(le —yj)* —2v(X)(x2 —y2) (x1 — yjn) + a(X) (x2 — y2)?)
> BUX) ot =)+ Tl —y)* =21 (0] \/2 ~ ) ¢2 ~52?) (417)
>‘5Z xjii —yp)? + (xp —yp)?) = 01X — Y|~

We also estimate:

(r(Y) = (X)) (xjt —yj1) = =[v(Y) =y YNIX =Y,
(@(X) —a(Y))yp(xp —yp) = —|a(Y) = aX)[[[Y[[| X = Y], 018)
(r(Y) = v(X))yjn(x2 = y2) = = [r(Y) =y (O[IYII[X =Y,
(B(X) = BY))yj(xj1 —yjn) > —|BOY) = B YIIX =Y.

By the definition of &, f and 7, 2|y (Y) — y(X)| + |a(Y) —a(X)| + |B(Y) — B(X)| < C1||B(X) —
B(Y)||, where C; > 0 is an universal constant. Combining (4.17) and (4.18), we finally estimate in
(4.15):

Z (ﬁ(X) (xpn = yp)? = 27(X) (xj2 — yjo) (xj1 — yjn) + a(X) (xjp — yj2)2>
j

+Z X))y (xi1 —yj) +Z —a(Y))yp(xp —yp)
+Z X)yi (xj2 — yj2) +Z —BY)yj(xj1 —yjn)
> 5IIX = Y| = nCy[|B(X) — B(Y )||||YH||X =Y.
This estimate completes the proof of (4.13). O

4.3.1 Regularity of the Differential Inclusion

The regularity of W12 solutions of (4.5) is surely a well-known result to the experts of the field.
Since we could not find a reference of this fact in the literature and the argument is very short,
we give a proof here.

Proposition 4.8. Every W2 solution U of (4.5) is smooth.
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Proof. From the proof of the previous theorem, we know that
DA(X)j = B(X)xj1 — 7(X)xj2 and DA(X)j2 = a(X)xjp — 7(X)xj1.
The equation
div(DA(Du)) =0
reads, for every j € {1,...,n},
91 (B(Du)dyu/ — y(Du)dyul) + da(a(Du)dpu/ — y(Du)dyul) =0, (4.19)

where u = (u',...,u"). The previous equation has to be intended in the weak sense. In (4.4) it is

showed that a(Du), B(Du), v(Du) are smooth functions. Moreover, the matrix

M(Du) = (B])"(Du) = ( _ﬁi?gl){) }?1(3%) )

is locally bounded in the sense of quadratic forms above and below by
c1id < M(Du(x)) < cpid (4.20)

for two positive constants ¢; < c¢y. The argument to prove (4.20) is exactly the same as the one
used to prove (4.16). Therefore, every 1/ is the weak solution to a second order elliptic equation
with smooth coefficients, (6.12). It is well known that solutions to this class of equations are
smooth. ]

Remark 4.9. This is not the first time that regularity results for the Monge-Ampere equation
have been exploited to obtain regularity for the minimal surface equation. In [69], this connec-
tion is used to prove Bernstein’s theorem (i.e., that the only solution to the minimal surface
equation/system in the whole IR? are affine functions) for 2-dimensional minimal graphs in R3.
We remark that, in view of the well-known Bernstein property for solutions of Monge-Ampere
equation (see [69]), Proposition 4.4 and Proposition 4.8 immediately give Bernstein’s property for
W1* 2-dimensional minimal graphs in R"*2.

4.4 COMPACTNESS OF THE DIFFERENTIAL INCLUSION IN Wl’p, p > 2

The main result of this section is Theorem 4.10, where we prove the compactness of the
differential inclusion (4.5). We will make use of the following identity, that can be easily checked
by direct computation

(X,Y]) = — Zdet( };f' ) (4.21)
i=1 !

for every X,Y € R™*2, where X;, Y; are the i-th rows of the matrices X and Y.

Theorem 4.10 (Compactness of the differential inclusion). Suppose U, : Q — R***2 is an equi-
bounded sequence in WP (Q; R¥"*2) for p > 2. If

/Q d(DUy (x), Ca)(x) = 0, ¥y € C2(0Y), (4.22)

then, up to a (non-relabeled) subsequence, Uy, converges strongly in WP to a function U : Q — R?>"+2,
for every 1 < p < p. Moreover, DU(x) € C4 fora.e. x € Q).

Proof. Throughout the proof, we will use the splitting

Aq
A= ( Ay ) , A1, Ay € R™2, A3 € R¥*? (4.23)
Az
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for every A € R(2"+2)%X2 We can assume that Uy, converges weakly in WP to U, and that DU,
converges in the sense of Young measures to {vy},. We claim that, for almost every x € (), we
have

(i) spt(vy) C Cyu;
(i) fionso det(A™)dux (A) = det ((fyara Advx)™ ), V1 < a < b < 2n+2.

To prove the previous claim, it just suffices to apply the definition of Young measure generated
by U,. Indeed to show (i) consider the function f € C(R(2*+2)%2) defined as f(A) = d(A,C4).
The proof of (ii) is analogous to the one given in [88, Theorem 1]. Moreover, using the equality

det(M; + My) = det(M;) + det(My) + (My, cof (My)), (4.24)

valid for every matrices My, M € R?*2, and (ii) of the previous claim, it is easy to see that

_ ab —
/R ooy QA = T))((A) D 12(T)) = 0 for ae. x € O

where v, ® vy denotes the standard product measure constructed with vy. Clearly this implies
that for any collection of numbers t;, € R,

fap / det((A — T)®)d(ve(A) @ vy (T)) = 0. (4.25)
1<a<b<2n+2 R(21+2) %2 R (2n42) x2

First, we choose t,, = 0forevery 1 <a <b <2nandt,, =1ifa =2n+1,b =2n+2. Using (i)
of the claim and (4.12), we infer that vy ® vy is supported in the set of matrices

Cu x CaN{(A,A") e RBHH2)x2  Rn+2)x2 . AL — AY.

Thus, we obtain the existence of a 2 x 2 matrix By such that B(A;) = By for a.e. x € Q and for
vy-a.e. A € R?"™*2. Let us remark that the matrix B, possibly depends on x € Q but not on
A € R@"42)%2 To finish the proof, apply (4.21) to find coefficients t,;, such that

tap det((A —T)™) = ((A(A1) — A(T1))], Ap — 1), VA, T € R2+2)%2,
1<a<b<2n+2

Now we can use (4.13) to infer that for a.e. x € (), there exists a number §(x) > 0

o- | (A(A1) = A(T))], A = T)d(x(A) @ (D))
R(@1+2)x2  R(21+2)x2

> —T4? .
- A(Z»1+Z)XZXR(2n+2)x2 5(95) HA] Fl || d(Vx(A) ® Va (F))

This yields vy = dpy(y) for a.e. x € Q. Corollary A.3 implies that DUy, converges in measure to
DU and therefore strongly for every 1 < p < p.
O

4.5 PERTURBATIVE RESULT

We will prove that solutions with fixed Lipschitz constant of the differential inclusion (4.4)
for functionals sufficiently near to the area functional are actually as smooth as the functional
under consideration. The strategy is the following. In Lemma 4.11, we prove inequality (4.26),
through which we bound the norm of the difference of two matrices with a linear combination
of subdeterminants of C 4. Next, in Lemma 4.13, we show that, if we fix R > 0, there exists a
number ¢(R) > 0 such that, if f : R"*? — R is a C? functional with ||f — Allc2(g,q) < €(R), then

Bor
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for f the same kind of inequality holds (see (4.27)). In Theorem 4.14 and Proposition 4.15, we
show how inequality (4.27) implies Holder continuity of gradients of functions U satisfying

DU(x) € Cy, forae. x € Q.

Finally, in Subsection 4.5.1, we will improve the Holder continuity of the gradient of the solution
to higher regularity.

Lemma 4.11. For every R > 0, there exist constants A(R),5(R) > 0 such that, VX,Y € B% (0), we
have

—((A(X) — A(Y))], X = Y) — Adet(B(X) — B(Y)) = 8| X — Y|1%, (426
Proof. We note that for (X,Y) € B 3R (0) x B 3® (0) the assumptions of Theorem 4.6 are fulfilled.
Therefore, we find constants C = C(R) and ¢ = ¢(R) such that

—({(A(X) = A(Y))], X = Y) + C|IB(X) = B(Y) || min{|[Y [, [ X[} X = Y[| = c[|X — Y]]

Using the hypothesis, we estimate min{||Y]|, || X||} < max{||Y|, | X||} < k. Moreover Young
inequality yields

3CRT
4

3CR

—((AX) =AY X =Y) + IX = Y2+ == B(X) = BY|* > cl| X - Y|

Clearly, we can choose T = T(R) such that c — @ > 5. Therefore, define 6 = 5. Finally by
(4.12) we find a constant y = u(R) > 0 such that

1
|B(X) —B(Y)|?* < “ det(B(X) — B(Y)),VX,Y € B%(O).
This finally concludes the proof of the present Lemma, with A(R) = %. O

Remark 4.12. Notice that inequality (4.26) can be interpreted as some sort of generalized convexity
of the area functional. Indeed, for a function f € C?(R"*?), the inequality

(DF(X) = Df(Y), X =Y) = —((Af(X) = Af(Y)), X = Y) > 6| X~ Y|

is equivalent to convexity. It can be checked that when n > 1, the area functional is not convex,
hence the previous inequality cannot hold. The previous Lemma shows that adding the term
—Adet(B(X) — B(Y)) we can nonetheless bound from above the quantity || X — Y||?. The key
point here is that the determinant is a null Lagrangian and therefore it still allows to prove a
regularity result as Proposition 4.15.

Lemma 4.13. Fix R > 0. Recall that A¢(X) = Df(X)] and Bf(X) = XTDF(X)] — f(X)]. There
exists € = €(R) and ¢ = c(f,R) > 0 such that if

If = Allc2(s,e) < &
then, for the same constant A of formula (4.26),
—((Ap(X) = Af(Y))], X = Y) — Adet(Bf(X) — Bf(Y)) > c||X — Y||? for every X, Y € B%(O).
(4-27)

Proof. The proof is by contradiction. Assume we can find a sequence of functions f,, a sequence
of numbers ¢, and sequences of matrices X, and Y}, such that

@ [fu = Allc(py) < 3w

(i) ¢y — 0;
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(i) Xn = X, Yo =Y, 2=y = Z;
(iv) —((Ap,(Xn) = Ay, (Ya))], Xn — Yn) — Adet(By, (Xn) — By, (Yn)) < cul| Xn — Va2
First, suppose X # Y. Then, in the limit we find a contradiction with (4.26)
S[X = Y|* < =((A(X) = A(Y))], X = Y) — Adet(B(X) — B(Y)) <0.
Now suppose X =Y. Define

- Afn(Xn> B Afn (Y”)

T N Bfn(Xn)_Bfn(Yn)
T X =Yl

and B, =

1 X = Y|
Then, for every n, (iv) yields:
XTI - Y?’l >
—AT,], t=——— ) — Adet(B,) <0. .28
< ?l] ||Xn_Yn|| ( 7’!) — (4 )
We have
A (Xn) = Ap,(Ya)  Jo DAg, (EXn + (1= £)Y)[Xn — Yy )dt
T, = —" = = - DA(X)|Z
N P XVl 7 Palz
and, analogously,
B, — DB(X)[Z].

The convergence of T, and B, are a direct consequence of (i). Consequently, in the limit (4.28)
becomes
—(DA(X)[Z]], Z) — Adet(DB(X)(Z]) < 0. (4.29)

Now, by (4.26) and for every n,
~((A(Xn) = A(Yn))], X = Yu) — Adet(B(Xu) — B(Yn)) = 6] X — Yul/®,
so that, if we divide by || X,, — Y ||?> and pass to the limit, we obtain a contradiction with (4.29). [

Theorem 4.14. Let k > 2. For every R > 0, there exists ¢ = ¢(R) > 0 for which, if f : R"™? — Risa
function of class C with

If = Allea sy <
then, for every U € WV (Q; R?"+2), |DU||r~ < R, such that

DU(x) € Cy fora.e. x € Q,
it holds U € WP (Q)), for some positive p.

The proof of the previous Theorem is a consequence of the following result, that in turn is a
simple generalization of [88, Theorem 3].

Proposition 4.15. Consider differential inclusions of the following form, for V & WE®(Q; R7 ™),

loc

DV(x) €C = {Y cRTM2 .y = < F(};) )}, forae x €, (4.30)
where F € Ck(]Rrxz;lRmxz), k > 1. Consider moreover the splitting V = ( Z >, withu : QO — R" and
v : Q) — R™. Suppose there exist constants c,, € R such that

IX=Y[*< Y cpdet(M® —N), (4.31)
1<a<b<m+r

for every couple of M, N € K of the form

() = (odn)

Then, u € W2’2+p(Q; R"), for some p > 0.

loc
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Proof. From now on, we fix open sets O’ C ()" C ), each with compact closure in the other.

Va
Vb
ao 2Q)

For any couple a,b with 1 < a < b < m +r, denote w,, = ( ) Take any nonnegative

5 € C(Q), gu € R? constant vectors, and h € R? with ||| < ¢
for any function ¢ : )/ — R"™,

, and moreover denote,

b gtk — ()
e T —

Since the determinant is a null Lagrangian and # has compact support

Lea | det(DOy (0wl (x) = gua)) i = .
Equation (4.24) yields
= C X wh X)— X =
0=Ten | det(Dyyaty(x) = gu))
= Lew [ 70 det(Duy ) e+ Eea [ 1) (cof (Gl () = ) D)), Dy 1))
Hence, by (4.31) and our previous computation, we can write
[ GlDu o) P e = H,}|2 [ @D+ ) = ) 2 d
< g D 700 de(Dwan(x + 1) i (x) dx
=~ Tear | (0){eof (wiy(x) — qus) © Di(x)), Duly (x) d
b

< X leu / o) el () = | D ()] | Dy )
a,b

Since F is C!, it is locally Lipschitz. In particular, if ||u| 1~ < R, this implies that, for some
constant ¢ > 0 depending on R,

IDw, (x)| < | Du"(2)]], ae. .

From now on, we will not keep track of the constants, and we will simply denote them by C.
Continuing our computation, we readily obtain through Holder’s inequality that

/0772(36)||Duh(x)||2dx <C) A @, (x) = qap 171 Dy (2) |2 . (4-32)
a,b
Choose g, = 0 for every a,b and 7 = 1 on (). Using the fact that V is Lipschitz, we get

/ | Du(x)[|2dx < C(R,QY), for every sufficiently small /.
Q/

By standard results about Sobolev spaces (see [9, Proposition 9.3]), this implies that u € leof(())
To conclude the proof, we show higher integrability of the Hessian of u, namely D?u € L?*, for
some p > 0. To do so, consider again (4.32). This time, consider any square Q C () such that
2Q C ), where 2Q is the square of side s centered at the center of Q but with twice the side. We
take 7 € C®°(+/2Q) with # =1 on Q, and

7 =1onQand Dy (x) < < on v20Q,
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for some C > 0 independent on x and s. Then, (4.32) becomes

[Iod@ipa < X [ 1) - aulPionPar < GX [ ) gl
(4-33)

Now, using [50, Theorem 3.6], we can estimate the last term with a Sobolev-type inequality, using
p =2 and p* = 1, once we have chosen suitably q,:

2
n 2 h

wh(x) — dx < C / Dw dx) .
;/ﬁQn () — a| %(2Q| A

Once again, ||[Dw!, || < C | Du"|| pointwise a.e., where C depends only on the Lipschitz constant
of F (that in turn depends only on the Lipschitz constant of «). In this way, (4.33) can be rewritten

as c by
/ ||Duh‘|2dx <= (/ |Duh||dx) .
Q § 2Q

Passing to the limit as & — 0, we finally get

1
2
(][ |D2u||2dx> gc][ 1D dx.
Q 2Q

We can apply Gehring’s Lemma as stated, for instance, in [49, Theorem 1.5], to deduce the higher
integrability of the Hessian of our function. O

4.5.1 Higher reqularity
By Theorem 4.14, we know that for every R, there exists ¢(R) > 0 such that
DU € Cy = DU € Wy (Q)

provided that || f — Al|c2(p,,) < & In this subsection, we show that, possibly taking a smaller

g if f € Ck, for k > 2, then U € Ck=1. The procedure here is quite stardard (see, for instance,

[88, Corollary]) and we describe it for the reader’s convenience. To show the improvement of
regularity, we exploit the results of [57, 58]. Suppose that

fecqR™2,R), k>2

satisfies the following Legendre-Hadamard condition (briefly, LH), i.e. there exists a constant
u > 0 such that
D2 F(X)[Y, Y] = pllY[%, ¥X,Y € R"™2 rank(Y) =1, (4.34)

where 2
DEF(X)[Y, Y] = L5 lmof (X + 1Y),

Then, applying [58, Theorem 6.2.5], we infer that the W*2*¢ solutions of
div(Df(Du)) =0

belong to C{‘O_cl’“, for some a depending on p. In order to apply [58, Theorem 6.2.5], we need to
prove that functionals close to the area satisfies the LH condition. In Lemma 4.16 we prove that
the area satisfy a local LH condition, and in Lemma 4.17 we extend this to functions close to the
area. To apply Morrey’s [58, Theorem 6.2.5], we need to prove a global LH condition for these
functionals. Nevertheless, since we are just interested in Lipschitz solution of constant R > 0, it
will be sufficient to prove that there exists an extension of the function f under consideration to
the whole R"*? that satisfies the LH condition. This extension is the content of Lemma 4.19.

57



58

TOWARDS REGULARITY IN TWO DIMENSIONS

Lemma 4.16. For every R > 0, there exists a constant T(R) > 0 such that

D?A(X)[Y,Y] > 7||Y|? VX, Y € R"%, X € Bax (0), rank(Y) = 1.

Proof. Fix X € R™?, | X|| < R, and Y € R"*? with ||Y|| = 1 and rank(Y) = 1. Define the
function
g(t) = A(X +tY).

The thesis is equivalent to
§"(0) > 7(R).

Since rank(Y) =1

2(t) = \/1 X 4 £ )2 4+ Y (det(Xab) 4+ £{X7, cof T (Yab)) )2,

a,b
Therefore, .
= S0

g (t) = ROk

where
s(t) = (X +tY,Y) + Z(det(X”b) + t<Xab/ COfT(Y‘”’)))(X“h,COfT(yab»'
ab
This implies
g”(t) _ s/(t) B s(t g/(t) _ s’(t) B sz(t) _ S'(t)gz(t) —Sz(t)
RO 2O O =0

Finally:

§"(0) =

We will now show that s'(0)g%(0) — s?(0) > 1, and this concludes the proof. To simplify the
notation, define

A=Y (XU, cof (Y))?,
a,b

B =Y det(X") (X, cof " (Y?)).
a,b

Recall that we are assuming || Y| = 1, and that ¥, ; (det(X""))? = det(X?X). Therefore:
s'(0)8%(0) — s*(0) = 1+ || X||* + det(X"X) + A + A||X||> + Adet(X"X) — ((X,Y) + B)?, (4.35)
and

1X]|2 4 det(XTX) + A||X||> + Adet(XTX) — ({(X,Y) + B)?
= (IX|]> = (X, Y)?) + (Adet(XTX) — B?) + (det(XTX) + A||X]|*> — 2(X, Y)B).

We claim that the terms in brackets of the previous expression are all nonnegative. This would
conclude the proof, since then, considering (4.35)

s'(0)g%(0) —s*(0) > 1+ A
and A > 0. Let us prove the claim. First, we need to show that
IX]? — (X, Y)? > 0.
Cauchy-Schwartz inequality and the fact that ||Y|| = 1 imply
X112 = (X, )% 2 11X = XY = X2 — 1)1 = 0.
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The second inequality we need is
B? < Adet(XTX).

By the definition of B and applying again Cauchy-Schwartz inequality:

2
B? = (Z det(X“b)<X”b,cofT(Y”b)>> < Y det(X™)2 Y (X, cof " (Y))? = Adet(XTX).
a,b a,b a,b

Finally, we prove that
2(X,Y)B < A||X|> + det(XTX).

By Cauchy-Schwartz and Young inequality:

2(X,Y)B =2(X,Y) Y (det(X") (X", cof (Y*)))
a,b

<21(X,Y)| [Y_ det(X)2 [¥" (X, cof (Yab))2
ab a,b

=2|(X,Y)|det(XTX)2 A2
< ANX,Y) P+ det(XTX) < A||X]|? + det(XTX).

Lemma 4.17. For every R > 0, there exists ¢ (R) > 0 such that, if f € C?(R"*?) and
||f7AHC2(BQR) S sl(R)’

then there exists a constant T/ = T/ (R) such that
2 / 2 nx2 3R
D f(X)[Y,Y] > T'||Y|I5, VX, Y € R", || X]| < T,rank(Y) =1

Proof. Suppose by contradiction that the thesis is false. Then, we can find a sequence of functions
fn, a sequence of positive numbers ¢, and sequences of matrices X, Y, such that:

@ fn = All () < %
(i) ¢, — 0;
(i) X, — X;
@(iv) || Y| =1, rank(Y,) =1, and Y, — Y € R™2,||[Y|| = 1,rank(Y) = 1
(V) D2f(Xn) [Yor, Y] < e
Passing to the limit in (v), we immediately get a contradiction with Lemma 4.16. O
In order to prove the next lemma we need to introduce a new:

Definition 4.18. Let u > 0. The function & : R"*? — R is p-rank-one convex if and only if for
every X, Y € R"*2, rank(Y) =1,
$(t) = h(X +1tY)

is a uniformly convex function with constant y, i.e.
(P(lltl + btz) < t14>(a) + t2¢(b) — tltz‘u‘ll — b|2, Va,b,t1,th e R, t1 +tr) =1,t1,tp > 0.

If 4 = 0, the function / is simply called rank-one convex.
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It is not difficult to see that if h € C?(R"*?), then h is p-rank-one convex if and only if it
satisfies the LH condition with constant u (i.e., (4.34) holds). Therefore we will say that a C?
function # is p- rank-one convex in B,(0) for some r > 0 if and only if (4.34) holds for every
X € B,(0) C R"*2 and for every Y € R"*? with rank(Y) = 1.

Lemma 4.19. Let f € Ck(BzR), k > 2, be a y-rank-one convex function on Byr. Then, there exists a
function F such that

'F:fonB%;

* F e CHR™2);

e Fis % rank-one convex.

Proof. Choose any R; € (%,ZR). Moreover, define f'(X) = f(X) — 3”H47XH2. Notice that, by our

hypothesis, f’ is still rank-one convex on Byr(0). Apply [62, Lemma 2.3] to find a rank one
convex function F’ : R"*? — R such that F’ coincides with f’ on Bg,. The function

1" o 3VHX||2
F (X)—F(X)+74

is %‘— rank-one convex on the whole R”*? and on Bg, it coincides with f(X). We take any family

of mollifiers p, on R"*2 with spt(p:) C B¢(0) and p¢(X) > 0 for every X € R"*?, and define
F(X) = (F" % pe)(X),VX € R"™2,

The convolution is well defined since rank-one convexity implies that F” is locally Lipschitz.
Through a direct computation, it is easy to see that F; is still 3%—rank one convex. Consider any
R; € (%,RO and take a function 7 € CX(R"*?) such that 0 < 5(X) < 1,VX, 7 = 1 on Bg, s

and # =0 on B%ﬁé’ with 0 < 6 = Rli)R2. Next, define

Ge(X) = n(X)F"(X) + (1= 1(X)) F(X).

We claim that there exists ¢ > 0 such that G¢(X) has the desired properties. Indeed, for every
e >0, G is a CF(R"*2) function that coincides with F” and therefore f on B 3R Moreover, by the

properties of the support of 7 and the 3%-ramk one convexity of F” and F, it holds
3
D2Ge(X)[Y, Y] = = [[Y?

for every e > 0, Y € R"*? with rank(Y) = land X € B = BRZJF% UB,
1

the proof, we need to show that for e > 0 sufficiently small,

s- Therefore, to conclude
-2

D2G¢(X)[Y,Y] > %||Y||2, for X € B,

Take e < Rll&%?z' In this case, we see that for every X € B¢

DF.(X) = (DF" % p¢)(X) and D*F.(X) = (D*F" x p¢)(X), (4.36)
since F” coincides with the C¥ (k > 2) function f on Bg,. We obtain
D?G, = F'D?y + (Dy ® DF" + DF" ® Dyj) + nD?*F"
— E.D?*; — (Dy ® DF. + DF. ® Dyj) + (1 — 1) D*F..
Define

V. = F'D*;+ (D ® DF” + DF” ® Dr)
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— ED*y — (Dyy ® DF: + DF. @ Dy).
For every tensor W = (W,peq),a,¢ € {1,...1n},b,d € {1,2}, denote with

WIY, Y] = Y WapeaVapYea, VY = (yij) € R™2
a,b,c,d

Exploiting (4.36) and the regularity of F”, we see that there exists a constant C > 0 independent
of X such that
Ve(X)Y, Y] < Cel|Y|I%,

for every X € B° and every Y € R"*? (non necessarily with rank(Y) = 1). We can choose any
number 0 < ¢ < /- Let it be ¢, and call F(X) = Gg,(X). F has the three properties listed in the
statement of the Lemma. O

We can summarize the result of this section in the following

Theorem 4.20. For every R > 0, there exists « = a(R) > 0 such that, if f is a CX(R*"+2%2) function,
k > 2, with the property that
If = Al (0)) < (4-37)

and U : QO — R?"*2 s q Lipschitz solution of
DU(x) € Cy, fora.e. x € Q (4-38)
with
IDU[[ < R,
then U € Ck=10(Q), for some positive p > 0.

Proof. Fix R > 0. Choose «(R) = min{e(R),¢'(R)}, where ¢ and ¢ are defined in Lemma 4.13

and Lemma 4.17 respectively. Take any f satisfying (4.37) and a R-Lipschitz U/ satisfying (4.38).

By our choice of a, U belongs to W120’§+p (Q)) by Theorem 4.14. Again, by the choice of «, by

Lemma 4.17 we have that f satisfies the LH condition in Byg. Using Lemma 4.19, we can consider
F € CK(IR"*?) that extends f outside B% and that satisfies the LH condition on the whole R"*2.

Since | DU||c < R,
div(DF(Du)) = div(Df(Du)) = 0,a.e. in Q.

U has the desired regularity by [58, Theorem 6.2.5], as described at the beginning of this
subsection. 0

46 IRREGULAR CRITICAL POINTS FOR INNER VARIATIONS

The purpose of this section is to show the following

Theorem 4.21. Let Q be an open and bounded subset of R?. There exists a map ¢ € WP (Q,R?) for
some p > 2 that solves
curl(B(Dy)) =0,

and such that for every open V C Q, ¢ is not in C1(V).

The proof of this Theorem is achieved by combining a simple Linear Algebra lemma, Lemma
4.22, with the counterexample constructed in [51, Example 4.41]. First, let us define

- 2x2 _ a b
Hl_{Xe]R .X_(b _a>}
- 2x2 _ a —b
Hz—{XG]R .X—(b p )}

and
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Lemma 4.22. For every X € Hy U Hp, we have

and

Proof. Let us consider the matrix
a ab
x= (4 b )
with @ = £1, af = —1, a,b € R. Clearly, every matrix in H; U Hj is of this form. We have

X[ = 2(a® + b?), det(X)? = (a® + 12)?,

hence
A(X) =1+ a> + 1%
Moreover,
cof(X)T = ( —ﬁ::b _ab ),
thus
X + det(X) cof(X)T = ( : gz >+([3a2—ab2) ( pa b ) — A(X) ( ; 22 ) — A(X)X.

Therefore, A(X) = XJ. We now prove that B(X) = —J. To do so, we compute

Tv_ [ a b a ab\ _ o o X2,
XX_(sz ,Ba)(b ﬁa>_(a+b)ld_ 5 id.

Hence

A(X)B(X) = — (1 + ”}22) = —AX)].

This concludes the lemma. O

Remark 4.23. Similar computations show that the previous Theorem holds true also in the case
f(X) = ||X||?, i.e. when considering the Dirichlet energy.

In [51, Example 4.41] it is shown that there exists a Sobolev map € W'7(Q,R?),p > 2, such
that Dy belongs, at almost every point of (), to H; U Hp, and moreover

{xe Q:Dy(x) =0} >0
but ¢ is non-constant. By Lemma 4.22, we immediately deduce that this function i solves
curl(B(Dy(x))) = curl(—]) =0,

hence it is a solution to the inner variations equations for the area function. We want to construct
such a i by using the same methods of [51, Example 4.41], but we moreover want to construct it
in such a way that for every open subset V C ()

{y € V:Dy(y) =0} >0

but ¢ is non-constant in V. In this way, we would deduce that ¢ cannot be C! on any open set. In
fact, suppose by contradiction that there exists a connected open set V' such that ¥ € C' (V). Let
W C V be an open, compactly contained subset of V. Since Hy, H; are closed, we obtain that

Ai={y e W:Dy(y) € H;}
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are closed sets, contained in W, for i = 1,2, and that moreover
W= A1 U A».

There are two cases: A; does not contain any ball or there exists B,(y) C A;p. If int(A1) = @, then
Aj is dense in W. Since it is also closed, then YW = A,. In particular, on the open set W, one has
Dy € Hj. This implies that ¢ is harmonic and smooth. It is well-known, see for instance [66],
that for a non-constant harmonic function ¢

{y e W:Dy(y) =0} =0,

which is a contradiction with [{y € W : Dy(y) = 0}| > 0. Therefore, we are left with the case
B,(y) C Aj. But then, exactly the same reasoning applied with B,(y) instead of W yields the
same contradiction.

This discussion motivates the fact that, in order to conclude that we can find a solution that is not
C! in any open set of Q), we need the following

Lemma 4.24. There exists an open set Q and a W%, p > 2, map ¢ : Q — R? with the property for
every open set V C (),

* 1 is non-constant on V;
e Vn{yeQ:Dy(y) =0} >0.
To prove Lemma 4.24, it is sufficient to show the following Lemma:
Lemma 4.25. There exists a Lipschitz map f : B1(0) C R? — R? with the following properties:

* Df(x) € {Ay,...,As} for five 2 x 2 matrices Ay, ..., As (explicitely written in [51, Example
4.41]), for a.e. x € B1(0);

o If A; = {x € B1(0) : Du(x) = A;}, then for every open subset of B1(0), B, it holds

IBNAj| #0,Vi=1,...,5.

If Lemma 4.24 holds, then the previous discussion constitutes the proof of Theorem 4.21. Let
us now explain how Lemma 4.25 implies Lemma 4.24.

Proof of Lemma 4.24. This proof is exactly the same described in [51, Example 4.41], and we report
it here for the reader’s convenience. Suppose a map f as the one of Lemma 4.25 exists. We
can define the mapping ¢ as in [51, Example 4.41], i.e. ¥(x) = f(F~!(x)), where F : R> — R?
is a suitable W7, p > 2 quasiregular homeomorphism. Since we do not need to explicitely
introduce quasiregular maps or Beltrami equations, we will not enter in the details of this theory.
We refer the interested reader to the references given in [51, Example 4.41]. The open set () is
Q = F(B1(0)). The map F satisfies a suitable Beltrami equation, introduced in such a way that
for a.e. y € F(A; UAp), we have Di(y) € Hy, while for a.e. y € F(A; U A3 U Ay U As), we have
Dy(y) € Hy. Moreover, by the computations of [51, Example 4.41] (in particular, by the equation
following (4.10)), we find that

y € F(A1) = Dy(y) #0. (4-39)
Now V C () open. We want to show that 1 is non-constant on V and
{x € V:Dy(x) =0}| > 0.
We claim
[VNF(A;)| >0, Vie{l,...5} (4-40)

Indeed, if for some i we had
‘V N F(.Al)| =0,
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then, making repeated use of the fact that F is bijective,
0= [F(F~'(V)) NF(A)| = [F(FT' (V)N A;)|. (4-41)
From [7, Corollary 3.7.6] we have that F has the N~! property, i.e. for every Borel set A,
Al =0= |[F71(A)] =0.
With this, we can infer from (4.41) that there exists i such that
[FY(V)nA =o.

Since F~! is an open mapping, then F~!()) is an open set, hence the previous equality is
in contradiction with the properties of the map f. Using (4.40), we immediately see that on
V ¢ cannot be constant since, as noted in (4.39), Dy # 0 on F(Aj). On the other hand,
y € F(Ay) = DF(y) = 0. This implies, again by (4.40), that DF(y) = 0 on a set of positive
measure inside V, but F is not constant on V. O

In the next and final subsection we will show Lemma 4.25.

4.6.1  Convex integration: proof of Lemma 4.25

To prove Lemma 4.25, we use the Baire Cathegory arguments of [51]. First, we need to recall
the following:

Definition 4.26. Let i/ C R"*" be bounded and K C R"*" be closed. We say that gradients in
U are stable only near K if for every ¢ > 0, one can find § = d(¢) > 0 such that, if A € U and
d(A,K) > &, then there exists a piecewise affine map ¢ € Lip(R”, R™) with bounded support
such that

e Dp(x)+ A €U forae x € R

+ [ 1Dl dx > élspt(e)].

The reason why this definition is useful is given by the following result, see [51, Proposition
3.17, Corollary 3.18]. Let

P = {u € Lip(Q),R") : u piecewise affine, Du(x) € U a.e. in O}

and define the complete metric space

Proposition 4.27. Let the gradients of U be stable only near a closed set K. Then the typical map u € X
has the property
Du € Kaee.

We now show Lemma 4.25, but first we need to explain how to obtain the matrices {A, ..., As}
in the statement of the Lemma. These matrices are obtained from another set of five symmetric
matrices K = {Py,, Pg,, Pr,, P1,, Pn, } simply by considering M(K — P,) = {A1,..., A5}, where
M is a suitable 2 x 2 matrix. The importance of the set K, found by Kirchheim and D. Preiss in
[51, Construction 4.38], is due to the fact that it is the first example in the literature of a set of five
non-rigid matrices, i.e. such that there exists a non-affine map u € Lip(B;(0), R?) that fulfills

Du(x) € K

for a.e. x € B1(0). The strategy they use is to find an open subset U of Sym(2) such that gradients
of U are stable only near K, see [51, Construction 4.38]. We can now start the:
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Proof of Lemma 4.25. Following the previous notation we consider K = {Pr,, Pg,, Pr,, Pr,, PH, }
and U be the open subset of Sym(2) found by Kirchheim and D. Preiss in [51, Construction 4.38].
We consider X defined as in (4.42). Now enumerate the points with rational coordinates in By (0),
{qi}ien, and define the sets

Xgirj = {u € X 2 u is affine in By(q;)}.

for rational 0 < r < d(q;,9B1(0)) and 1 < j < 5. We aim to show Y = U, ; X;, ,j is meager. If this

irls]

is the case, then Z = Y° N {u € X : Du(x) € K, for a.e. x € O} is residual in X. Baire Theorem
A4 tells us that the latter set is non-empty, and obviously for any u € Z, one has

Du(x) € K = {Px,, Pg,, Pr,, P1,, Pn, }, for a.e. x € Q.

Considering f(x) = M(u(x) — Pg,x), where M was introduced before the proof of the present
Lemma, we get
Df(x) € {A1,Az, A3, Ay, As}, ae..

Moreover, for every 1 < j < 5, g € Q%> N, rational radius 0 < r < d(x,9Q),

|A; N By(q)] > 0. (4-43)

Indeed, if [A; N B,(q)| = 0, by the rigidity for the four gradients problem, see [51, Theorem 4.33],
we get that f is necessarily affine on B,(g), against the definition of Z. Since (4.43) is clearly
equivalent to

|.A]‘ NnY|>0

for every open subset V C (Y and 1 < j <5, we would then conclude the proof. In order to show
that Y is meager, we prove that X, , ; are closed sets with empty interior. The closedness inside
the complete metric space X is straighforward, since a sequence of affine functions converging
in L* need to converge to an affine function. Now suppose by contradiction that for some 7,7, j,
Xg,,r,j has non-empty interior. In particular, we suppose we have that for some & > 0 and u € X,

{veX:|u-—9leo<a} C Xy

Since u € X, we can pick a function # € P such that || — u|| < § and D7 € U. We also know, by
assumption, that i is affine on B,(qg;), say i = Ax + b on B,(g;) with A € U. Since A € U, that
is an open subset of Sym(2), as follows by the construction of [51], then we can easily find two
matrices B and C in U/ such that rank(B — C) =1 and % = A. For instance, one can take

B£A+/\E11/ CiA—/\Ell,

where A > 0 is a sufficiently small parameter and

.(10
EH_(O O)'

By [51, Proposition 3.4], recalled below, for every ¢ > 0 we can find a Lipschitz and piecewise
affine map w : By (q;) — R? with

e Dw(x) €U ae.;
e w(x) = Ax on 0B, ,2(q;);
¢ flw—Allo <e
Of course, if we traslate w with @ = w + b, we have
e Dw(x) €U ae,;

e @(x) =i(x) on 9B, ,2(q:);
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o @ =l ,@) <&

Moreover, the same proposition yields the following property

[{x € Byyaar) : D) = BY| > 1B, (00

and

[ € Balg) : Dolx) = €} > LoD ig, o)

In particular, this implies that @ cannot be affine on B, /,(g;). We finally get a contradiction,
because the map

oo [ak), ifx e Q\B ()
z(x) {u—,(x), if x € B, /2(q:)

is piecewise affine, Lipschitz, ||z — i|[;~(q < € and Dz(x) € U, for a.e. x € Q. If e < g, then
we would obtain that z is affine on B, 5(g;), against the construction of @. This concludes the
proof. O

We recall here [51, Proposition 3.4],

Proposition 4.28. Let A,B,C € Sym(n), with rank(B—C) =1, and A = tB+ (1 —t)C, for some
t € [0,1]. Let also QO C R" be a fixed open domain. Then, for every € > 0, one can find a Lipschitz
piecewise affine map f : (3 — R" such that

* f(x)=AxondQand ||f — Al < &
* Df(x) € Sym(n) N Be([B,C));
e {xeQ:Df(x) =B} >(1—e)t|Q)and |{x € Q:Df(x) =C} > (1—¢)(1—1)|Q).

Remark 4.29. Notice that Proposition (4.28) asserts the construction of the simple laminates (with
the simmetry constraint on the gradient matrix) that we have already mentioned in Section 1.4.

Remark 4.30. To the best of our knowledge, there are various open problems related to the one of
this proof. For instance, one might ask whether a solution u € Lip(Q,R?) to

curl(A(Du)) =0

needs to be regular or not. Moreover, in our example we have essentially used that {Dy = 0} is a
set of positive Lebesgue measure. It is unclear to us if one can find a counterexample satisfying
|IDy|| > 6 > 0 at a.e. point, or det(Dy) > 0 a.e..
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In this chapter we give negative answer to [76, Open Question 2.1], that we recall here:

Open Question 2.1: Let x — A(x) be I-periodic, taking values in Sym™ (1). Let A and div(A)

belong to LY (R"/T') with 1 < p < n. Defining % =1 1 4sit true that

p

det(A)7 € LV (R"/T)?

The answer is the content of the main theorem of this chapter, Theorem 5.1. Let us first introduce
some notation that we will need in the next two chapters.

NOTATIONS

For symmetric matrices A, B € Sym™ (1), we use the standard partial order relation
A>B < (Av,v) > (By,v), YveRM
Recall the basic monotonicity property of the determinant
A > B = det(A) > det(B).
For a matrix A, we denote with P4 (A) its characteristic polynomial, i.e.
Py(A) =det(Aid —A).
Let us define, for a matrix A € Sym+(n) with eigenvalues Aq,..., Ay,

Mi(A)= Y A A, Vie{l...n}, Mp(A) =1L

1<j;<—<ji<n
It is a basic Linear Algebra fact that, if 0 < i < n the i-th coefficient of P4(A) is given by
(=1)"""M,,_;(A). Notice in particular that M, (A) = det(A).

5.1 MAIN RESULT

Let Q) be an open subset of R". Let
Y,k = {A € LP(Q,Sym" (n)) : div(A) € LP(Q,R"),
A = A outside K, for some fixed A € Sym™ (n)},

for any compact K C Q with clos(int(K)) = K # @. We consider the following distance on Y), k,
that turns it into a complete metric space:

d(A,B) = [|A = B[y + || div(A = B)|| .
We prove the following

Theorem 5.1. Let p* = max {0, % } The set

1 1
Dpk = {A € Yy : det(A)™1 € LT (Q) \ LT7 (Q0), Ve > 0}

is residual in Y k.
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Remark 5.2. The same result (without modifying the proof) would have held if we had required
div(A) = 0 in the definition of Y, g, or if we had chosen instead of Y ,

X, ={A € LP(Q,Sym™ (n)) : div(A) € L?,
Av = Av on 9Q), for some fixed A € Sym™ (n)},

or, as in Serre’s original question
Sp = {A € LP(R"/T,Sym™ (R")) : div(A) € LP(R"/T,Sym™ (R"))}.

Let us explain how this result gives negative answer to [76, Open Question 2.1]. If p < -5, we
obtain the existence of one (in fact, many) divergence free, non-negative definite tensor flelds A
such that :

det(A)™1 € L1\ L1*¢, Ve >0,

thus proving the optimality of Serre’s results. The existence of this tensor field is guaranteed by

Baire Theorem, Theorem A.4. Moreover, also in the supercritical case, i.e. p > Theorem 5 1
(n— 1
tells us that for many divergence free, non-negative definite A, detT (A) € \ L5

thus proving that there can be no general gain in the integrability of the determmant with respect

nl’

to the general estimate det(A) € Li.

In order to prove Theorem 5.1, we make use of the classical fact that div(cof’ (Du)) = 0, for
u € C*(Q,R"). This is proved in [30, Ch. 8, Th. 2]. By approximation, it is easy to see that
this holds also for maps u € W'"~1(Q,R"). We exploit this result when building approximate
counterexamples to Open Question 2.1, in Lemma 5.3. In that Lemma, we consider a suitable
family of convex functions of class W2?("~1) denoted by ®B,6,6x,- The matrix-field obtained by
taking x — cof(H@g ¢ x,) (x) will then be non-negative definite, by convexity, and divergence-free,
by the aforementioned result. With this family we are also able to show the optimal integrability
of x — det(H¢)(x), where ¢ is a convex function in the Sobolev class. Since this Chapter is
devoted to the study of divergence-free tensor fields, we have moved this discussion in Appendix
C.

Lemma 5.3. Fix p > 1. For every B > 0,0 > 0,e > 0,x9 € Q there exists a convex function

Pp5e0 € Wi, 2p(n= 1)( Q) and a matrix Sg s v, € Sym™ (n) such that

loc
Q) Ppsexy = xTSﬁr,g,g,xOx outside Bg(xo);
(ii) || cof (H@ps,x0)llLr () < 6

(iii) detr™T (cof(Hepgex)) & LT7 (By(x0)), Vr > 0.

Proof. We divide the proof in four steps:

‘ Step 1: Definition and properties of the starting function. ‘

For « > 0, define the function

) = {||x||1+“+b, if [lx]| < 1,
L(x) =

allx||?, if [lx] > 1,

where 4,b € R are chosen in such a way that the function f, is in C!(R" \ {0}), i.e. we need to
solve
1+b=aand 1+a =2a.

Therefore
falw) = {IIXII”"‘+ o<,

1l if [|x[[ > 1.
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It is easy to see that f, defined in this way is convex. We compute its pointwise Hessian (except
for the points x € R"” such that ||x| =0 or ||x|| = 1):

@) (Ix]*tidy (e =D x|*Pr@x), i 0<[x] <1,
(o 2 [0 (1 id @ = Dl Sx @), i£0 < x| -
(1+wa)idy,, if ||x|| > 1.
Step 2: L” estimates on Hf,.
We can estimate, for some constant Cy , > 0,
Canllxl|*1, if0< x| <1,
Il x) < § ol 30 < ] 63)
(1+a)y/n, if |x]| > 1.
The Matrix Determinant Lemma, Lemma 2.17, tells us that:
det(A + B) = det(A) + (B,cof (A)), VA,B e R"™", rank(B) = 1.
We can use it to compute explicitely the pointwise determinant of the Hessian of f,:
w(1+a)" x|, if0 < |jx]| <1,
det(Hfn)(x) = .
(Hfa)(x) {(1 Fa)n, if |lx|| > 1. (5.4)

From (5.3), we find that Hf, € LIPOC(]R") for every &« > 0 if p < n and for a > % if p > n. For

these values of «, we also get f, € lec;f(]R”), as proved in Lemma 5.4, and that H f, is not only
the pointwise Hessian of f, but also its distributional Hessian.

‘ Step 3: Integrability of the determinant and the cofactors of Hf,.

Define
An(x) = cof (Hfy)(x). (5.5)
In view of the equality deti1 (Ay) = det(Hfy) and (5.4),
1
et (Ag) € LEF°(R"), Ve>0, (5.6)
but y 1
deti-T1(A,) ¢ LT (B,(0)) for any r > 0. (5.7)

Moreover, by (5.3),

(5:3)
[ Aull(x) = || cof (H i) [|(x) < cul | Hfol|" ™ (x) < Cf, max{]|x[| D113,

for some constant C;, ,, > 0. Hence, if (n —1)(1 —a)p < n, ie. if « > p*, then A, € L’

loc

(R™). The

same computation shows, in particular, that for « > p* one has f, € leo’f (1) (R™).

‘ Step 4: Construction of @g s -

Fix p, B,9, ¢, xo as in the statement of the Lemma. Choose &« = «(¢) > 0 such that

1 1
1—a 1-p*

that in particular implies « > p*. Finally define, for a constant cg 5. > 0 to be fixed later,

Ppsenn(0) = cpe | (50r=10)) =2 (1557 ) (Il ~ 205, 30))]. 58)




72

1
INTEGRABILITY OF detw1 ()

By the definition of f,, we get (i). Moreover, (iii) is a consequence of our choice of « and (5.7).
Finally, since « > p*, A, belongs to Lﬁ) .(R"), as proved in the previous step. Therefore, we can
choose cg 5. small enough so that (ii) is fulfilled. O

Lemma 5.4. The function f, defined in (5.1) is in leo’f(]R")for every &« > 0if p < n and for a > p—;n
if p > n. Moreover, its pointwise Hessian, computed in (5.2), coincides with its distributional Hessian.

Proof. To see this write, for any 7 € C°(R") and i,j € {1,...,n},

2y = 1i / 2|,
/IR" fadij ngbl n\(BR(o)USR)f“ 1]171

where Sg = B{_(0) N By4r(0). Integrating by parts we get

/anf i RHO[ asRuaBR(o)f ! R\ (Br (0)USR) i’ ]7]

and since f, € C°(R") the first term vanishes. Thus we are left with the second one, which again
integrating by parts can be written as

lim — 9 fxd;n = lim —/ 0 fu v"+/ 0% ful .
R=0  JRon\(Bg (0)US) ifadi RHO[ 35 UABR(0) e B OUSE) | ”f]

Note that for every a > 0, 9;fy € Li5 (R") and 9;f, is continuous in R" \ {0}. Thus we have

loc

lim 9:fun vt = lim / 9 vi+/ d:f | =0.
R0 Jas,UaBx (0) ful R%O[ 35 o 3B (0) o ]

Finally by Step 2 of Lemma 5.3, we know that 812]- faisin LFOC (R") for every & > 0 if p < n and for

x> p;pn if p > n. Thus, for the ranges of & and p we are considering, we have Hf, € Lf oc(R™),

and by dominated convergence we conclude

/l;ﬂ faalz]n - llm ) 17 alzjflx - /]R’l 17 alz]fa ’

R=0 /R (Bg (0)USk

We can finally prove our main result.
Proof of Theorem 5.1. First observe that
1
Dok ={A€Yyk: det(A)% € L7 for some ¢ > 0},

which is true for p < ;75 because of Serre’s result [76, Theorem 2.4], while for p > -5 it is just a

p(n—1)
VA € YP/K

consequence of the definition of p* and the fact that det(A) el

We want to write D; x as a countable union of closed sets with empty interior. To do so, consider

1
Ck,]‘ = {A S YP/K : || det(A)”*l ” 1

1-p

<j}.

++

e

For every k, j, Cy ; is closed in (Y}, ,d), as can be easily seen through Fatou’s Lemma. Moreover,

— c
U Ck,] - DP/K
k,j
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Finally, suppose that for some k, j, Cy; has non-empty interior. This means that we can find
A € Cj and a ball (in the d-topology on Y), k) of radius p, N,(A), such that N(A) C Cy ;. In
particular this implies that

141
det(B)1 € L7 75 (Q),VB € Nj(A). (59)
Fix xp € int( ) C Qand let r > 0 be such that B,(xo) C int(K). Consider @g  c , of Lemma 5.3,
with e = k B =% and § = §. Define also

Mg 564, (x) = cof (Hppsex,),

and finally take o
B=A-+ M/S,é,e,x0~

Observe that Mgy, is a divergence-free non-negative definite tensor field, that is constant
outside K. The fact that Mﬁ 5,6,x, 18 divergence-free is because it is the cofactor matrix of the Hessian

of amap ¢ € W, 2p(n=1) (R"). Therefore, our choice of B, § and (5.9) imply det(B )nll e Lv I

loc
Since the determinant is monotone on the cone of non-negative symmetric matrices, we have

det(B) = det(A + Mg sex,) > det(Mgs ) >0,

1

_ 41
that would imply det(Mgs ¢, x, ) 1 e LTF T (Bg(x0)) but this contradicts (iii) of Lemma 5.3 by
our choice of €. O

Remark 5.5. The situation for diagonal matrices is less rigid. If A = diag(f1,...,fs), fi € LF(R"),
compactly supported, and div(A) € LP(IR"), then | det| = (A) € LP(R"), and
1 .
| (det A1 |15 < Cldiv(A) 57,

for some constant C > 0 which depends on the size of the support of A. Note that one does not
even need the non-negativity of A to be satisfied. The proof of the inequality is as follows. We
have that 9;f; € LP(R"). Therefore

Xi
|ﬁ|(x1,...,xn) = ‘/ aifl-(xl,...,xi_1,t,xi+1,...,xn)dt
—o0

and

o0
[filP(x1, .., x0) < C/ 0 filP (x1, ..., Xi—1, b, Xig1, ..., X )dt,
—o00

where C = C(p, diam(spt(A))). Define
8i(%;) i/ 19ifilP (x1, -, Xim1, £, Xi, ., X ).

We have g; € L'(IR"1), hence g/ ™1 ¢ 71 Therefore
1

/|det(A)\n%( )dx < C Hg I(
IRM P

IR)’I
. o
< CTTIili s, < Clldiv(A);
1

The second inequality can be found in [9, Lemma 9.4]. Since this inequality is sharp, it is easy to
find counterexamples to the statement det(A) € quoc(]R”) for exponents g > 5.






UPPER-SEMICONTINUITY OF D(-)

In this chapter we show weak upper-semicontinuity of the functional
D(A) = [ det(A(x))™T dx
']rl‘l

in the space
X, = {A € LP(T",Sym™ (n)) : divA € M(T",R")},
with respect to its weak topology, when p > 7. This is the content of Theorem 6.1. In

n
Proposition 6.6, we show its failure for p < ﬁ, and at the end we discuss some applications to
the multi-dimensional Burgers equation.

n
6.1 THE CASE p > ;7

In this section we prove weak upper semi-continuity of the functional ID(-). Fix p € [1, c0].
Consider the space

Xp = {A € LP(T",Sym* (n)) : div A € M(T",R")}.

We say that Ay — Ain X, if Ay — AinLP (A = Aif p = o) and div Ay — div A in M(T",R").
We prove the following

Theorem 6.1. Let p > ;5 and { A}y C X, be such that Ay — A in X,,. Then

limsupID(Ag) < ID(A).
k

To prove Theorem 6.1 we follow the argument of [36], indeed we will prove that the Young
measure v = (Vy)yen generated by the sequence { Ay}, satisfies

(vy, det(-) 1) < det(A(x))iT, (6.1)
for almost every x € T". Indeed, by the Fundamental Theorem of Young Measures, Theorem A.1,
and (6.1), we would conclude
) . 1 (6.1)
lim sup D(4g) = limD(4,) = / (ve,det(-)7T) dx < D(A),
k n

i.e. the weak upper semi-continuity of ID(-) on X, where in the first equality we used the fact that
up to a subsequence we can further suppose that limsup, ID(Aj) = lim; ID(A). The argument
to obtain (6.1) is different to the one given in [36] and heavily relies on the ideas of [76, Proof of
Theorem 2.2]. First we make the following remarks of technical nature.

Remark 6.2. lit is sufficient to prove the theorem in the case in which Ay, A > ¢id,, for some ¢ > 0.
Indeed, in the general case one can consider A} = Ay + ¢idy, for which one proved weak upper
semi-continuity of ID, meaning that

limsupD(A}) < ID(A).
k

By monotonicity of the determinant on the cone of positive definite matrices, we also have

limsup D(Ag) < limsupID(A}) < ID(A?),
k k
thus the theorem in the general case follows by letting ¢ — 0.

75
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Remark 6.3. We can also suppose that the sequence { Ay} is smooth. Indeed for any A, € X,
there exists a smooth matrix field A € X such that

@ A = Akllp e < &5
(i) fyn || div(Ag) | (x) dx < || div(Ag) | Am(n mny for every k;
(iii) Ay — Ain X,.

To construct it, consider a standard family of mollifiers p¢(x) = Lp (

X
en €

), where
p € CZ(B1(0)), p(x)dx =1, p(x) >0, VxecR"

and consequently A (x) = Aj * pe(x). Clearly Ay € Xp and is smooth Vk,e. As e — 0, we have
that Ay, — Ay for fixed k in LP(T",Sym™ (n)). Hence, for every k we can choose ¢ such that (i)
is fulfilled. Define Ay = Ay .- We need to show (ii) and (iii). Since mollification does not increase
the total mass, we have

1Al < I Akllee, 11 div(AQ) | agernrey < N div(AR] pgern g,k € N,

The second inequality is exactly (ii). Moreover, by the weak convergence in X, both || Ag|[r» and
| div Ag | p(17 Ry are equibounded sequences, hence Ay is precompact in X, in the sense that
for every subsequence there exists a further subsequence converging in X, to some tensor field
B € X,. By (i), any limit point of this sequence with respect to the topology of X, must be the
same as the one of Ay, namely A, hence (iii) follows. Thus, if Theorem 6.1 is true for a smooth
sequence, we have

limsup ID(Ay) = limsup (ID(Ay) — D(A4;) + D(4y))

‘ . N . (6.2
< limsup (D(Ay) — ID(Ay)) +limsup D(A;) < D(A).
k k

Let us justify the last inequality. We can estimate, using the Holder property of ¢ tnlj,

D(A) - D(Ay)| < /T [det(Ax(x)) 1 — det(A(x)) 71| dv < /1r Jdet(Ax(x)) — det(A¢(x) |71 dx.

Moreover, a simple estimate valid for every couple of matrices X,Y € R"*" gives, for some
dimensional constant ¢ > 0,

| det(X) — det(¥)| < e(IIX|"" + Y |" X = Y.
Therefore, using this inequality and the subadditivity of t — pir1
|, 1det(A() — det(A ()| 1 d
<ot [ (1Al 4 1AI) ™ 140 - A7 da
<t [ (1A + 1AL 1Ak = Al ds

1

<t ([ Al 1A a) " ([ 1A - Aol P

the last inequality being Holder inequality with exponents - and n. The previous inequality
and (i) justify the last estimate of (6.2).
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Proof of Theorem 6.1. First notice that up to (non-relabeled) subsequences we can suppose

limsupID(Ag) = liin]D(Ak)
k

and that { Ay}, generates the Young measure v = (vx)yen. From Remark 6.2 and Remark 6.3,
we can further suppose that both Ay, A > €id; for some &€ > 0 and Ay are smooth.

‘ Step 1: definition of the main objects

Let pp € M (T") be the finite Radon measures defined by i (E) = [¢ || div(A)||(x) dx and call
u its weak-* limit (that we can always suppose to exist up to further subsequences). Notice that,
for every i € {1,...,n}, the map

1
=

x o M (Ay(x))

is equibounded in LM (T"). Since p > -5 and i < n, these sequences fulfill the hypotheses of

Theorem A.1, hence

M (A(x)) = (ve, M1 () in LY(T"),

i
Consider T C T" to be the set of points a € T" such that
* [A@)] < oo

1
o (Vg M1 (1)) < +oo,Vie {0,...,n};

* gis a Lebesgue point for x — A(x);

1
* ais a Lebesgue point for x — (vy, M"7'(+)), fori € {1,...,n}.

Since these are L!(T") functions, we get |T" \ T’| = 0. Let y = gdx+u° be the Lebesgue
decomposition of the weak-* limit of i, and define T” C T" to be the set of points that are both
Lebesgue points for g and density 0 points for y°. By [31, Theorem 1.31], |[T" \ T”| = 0. Finally,
define T = T'NT"N(0,1)". As explained before the proof of the theorem, we want to prove

(6.1), namely
1

(Va, det(-)™1) < det(A(a))™1, VacT.

Therefore, from now on we fix a € T. Consider a cut-off function ¢ € C*((0,1)"),0 < ¢ < 1. For
k € N and R > 0, we define By  over (0,1)" by

Bir(x) = @(x) Ag(a + Rx) + (1 - ¢(x)) A(a).

Remark that By g = A(a) over the boundary of [0,1]", therefore By g can be extended smoothly by
periodicity to IR”. This defines By r over T”. Notice moreover that By  takes values in Sym™ (n).

Step 2: Monge-Ampeére and the main inequality ‘

The argument of this step is the same as the one of [76, Theorem 2.2]. Let ¢y : T" — R
be the solution of

1.
det(Heyr + Sk,r) = det(Bir) ™1 = fir, (6:3)
where H¢y r(x) + Sgr(x) € Sym™ (n), Vx € T", with the constraint

det(Si) = [ fin() dx. (64)

From [55, Theorem 2.2], it is known that the latter is a necessary and sufficient condition to solve
the Monge Ampére type equation (6.3). Note that (6.3) is equivalent to

det(Hyyr) = fir/ (65)
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where Hyy g (x) is positive definite Vx € T" and ¢y g (x) = %xTSk,Rx + ¢ r(x). We can, and will,
assume that
¥r(a) = ¢pr(a) =0, VKR, (6.6)

since the solution of (6.5) is determined up to constants (see again [55, Theorem 2.2]). We have

S|
:\H

fr,r = (fr,rdet(Bxr))" = (det(HyyrByr))" -

Since, for every x € T", k € IN, R > 0, H r(x)By r(x) is the product of two symmetric and
positive definite matrices, their product is diagonalizable with positive eigenvalues (see [75,
Proposition 6.1]). Dropping the dependence of k, R, x, if we call these eigenvalues Ay,...,A; we
can write

S
-

n .
= (A ... Ap)7 gi/\l,

frr = (det(Hyy rByr))’ .

where in the last inequality we use the arithmetic-geometric mean inequality. Hence,

tr (Hr rBir)
n

fr <

Using the definition of iy g and rewriting

tr (Hoy rBr,r) = div(Bi,rD,r) — (div(By,r), Dx r),

we finally get

fir < (tr (Bi,rSk,r) + div(Bg gDy r) — (div(Bir), Ddrr))- (6.7)

SkrR = Ak R cof </ By r(x) dx> .
Tfl

We consider Sy g of the form

By (6.4)

==

AR = UT" det(Bex) " ) (6.8)

(det an BkR )dx)) n
Observing that [, div(Bx g D¢y r) dx = 0, we integrate (6.7), getting

| detBopm v < o [ (B de— [ (@iv(Bo), Do)dr. 69)
T n n Jrn
We rewrite
/ tr (Bx rSkr)dx = tr ((/ By r dx) Sk,R> = Agrtr <(/ By r dx) cof </ By r(x) dx))
Tﬂ 'I['n jl“n n
= nAy g det (/ BkrR(x) dx)
TVI

©® ( - det(Bk,R)nlfl(x) dx)}‘ (det (/n By r(x) dx)> .

Finally, define also v, g = ( Jn det(By g) = (x) dx) % By the monotonicity of the determinant
and the fact that Ay(x) > eid,, Vx € T",Vk € N, and A(a) > eid,, we have By g > eidy, Vk, R,
that implies

Ter > €77, VKR (6.10)



n
6.1 THE CASE p > ;5

We divide by 7y r in (6.9), to obtain:

n—1

(/11”" de’f(Bk,R)”ll(x)dx) "t < (det (/Tn Bk,R(x)dx)>zl - n'ylk,R /Tn<diV(Bk,R)/D¢k,R))dx
(6.11)

By monotonicity of the determinant we have

(%) 7T det(Ay(a + Rx)) 7T dx < / det(By )1 (x) dx,
']I'Vl

n

so that (6.11) becomes

n

( (p(x)% det(Ag(a + Rx))ﬁ dx)
']I')’l

1
g(det ( / Bk,R(x)dx» - / (div(By r), Dy g)) dx
n n'yk,R T
thus by denoting

(6.12)

Ikr = / (p(x)ﬁ det(Ax(a+ Rx))ﬁ dx,
']I‘Vl

Iy g = det (/ Bk,R(x)dx> ,
T}’l

g = /T" (div(Bgr), D¢y.r)) dx,

we can put (6.12) in a more compact form:

n—1

1 1
We will first let k — 4-c0 and then R — 0. To this aim, we study separately the three terms.

Denoting Qg = a + [0, R]" we have

o (Yy—a 1 dy
tow= [ o1 (Y27 detlant) 7 3.
Ox R R"

Since the sequence Aj generates the Young measure v, by letting k — oo, we get

. n_ —a 1. d n_ 1
lim Ik,R = 4 (p"*] (y1{> <Vy1 det(')”’l>% - - (P”71 (X) <Va+Rx/ det() -1 > dx.
R

k—o0

Finally, since a € (0,1)" was a Lebesgue point for the function x — (vy, det(-)ﬁ ), letting R — 0
we achieve

R—0k—o0

lim lim I g = (v, det(-) 1) / 07T (x) dx.

Step 4: I r

Since Ay — A in LP(T™), we have

klirn I g = det < ¢(x)A(a+ Rx)dx —I—A(a)/ 1—¢(x) dx) , (6.14)
—00 ™

n

79
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and since

¢(x)A(a + Rx) dx = /QR 0 <y1—{a) A(y)%

T11
and |@(x)| < 1Vx € T", we also get that

The last expression tends to 0 as R — 07, since a is a Lebesgue point for x — A(x). Thus, by
letting R — 0 in (6.14), we conclude that

¢(x)A(a+ Rx)dx —A(a) /11”" ¢(x)dx

']I‘n

dy
< | 1A - A@IE:

lim lim I g = det(A(a)).

R—0k—o0

Step 5: Il r

To prove (6.1), we are just left to show that limg_,olimy_,, [IIyg = 0. To do this, we first

compute
div(Bgr) = ¢(x)Rdiv(Ag)(a + Rx) + (Ag(a + Rx) — A(a))Dg(x).

Therefore:
g = R /1r () (div(Ay) (a + Rx), D) dx
+ / ((Ag(a+ Rx) — A(a)) Do, Dy g) dx .
We can use the divergence theorem to rewrite more conveniently the second term:
/n ((Ag(a+ Rx) — A(a))Dg, Dy r) dx =

Z] /T ((An)ij(a+ Rx) — Ajj(a))9gDigy r dx =
- Z/T 9i((Ax)ij(a+ Rx) — A;j(a))0;pdy r dx
ij
- ZZJ;/T" ((Ag)ij(a + Rx) — Ai(a))d;j ¢y g dx =
—R;/Tn (9iAk)ij(a + Rx)0; ¢y g dx
- g/?l"” ((Ak>ij(a + Rx) — Ai]‘(a))aij(p()bk,R dx =
“R [ (div A)(a+ Rv), Do) r dx

B /n(Ak(” + Rx) — A(a)), Hp) ¢y, g dx.

Summarizing, we have
IItg =R | ¢(x)(div(Ak)(a + Rx), D¢y g ) dx
']I‘Il

R / ((div Ay) (@ + Rx), Do)y g dx

- /H(Ak(” + Rx) — A(a)), Hp) ¢y g dx .



n
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We will denote with:
I = R / ¢(x)(div(Ay)(a + Rx), Dy z) dx,
T”
M2, =R / ((div Ay)(a + Rx), Do) g dx,
, »

g = [ (Aula+Rx) = AG), Ho)pi .

Step 6: estimates on ¢y r ‘

As remarked in [76, Section 5.2], g is convex, for every k, R, and moreover the estimate
| DR[| ooy < ClISk Rl (6.15)
holds for every k € IN and R > 0. We will now show that

lim sup limsup [|Sy g || < +oo. (6.16)
R—0T  k—+o0

If we do this, we find, through a diagonal argument, a subsequence k; such that ¢kj, 1 converges

uniformly to a function ¢; as j — co. Moreover we find a constant A > 0 such that
||(P%HC0(W) <A, VmeN. (6.17)

Let us first show how (6.16) implies this last claim. By (6.6) we have P 1 (a) = 0,Vk, m, and the

estimate (6.15) combined with (6.16) tells us that for every fixed m, {¢, 1 }en is a precompact

subset of C(T"), hence there exists a diagonal subsequence ¢, 1 that converges uniformly to
J’m

¢ for every m as j — co. Moreover, estimate (6.15) implies that
m

94,2 lcorny < ClISy 1 Il Vim.
Therefore, in the limit as j — oo, we also infer

194 llcoqany < Climsup 1S, 1 |, v

k—o0
and finally
. . . (6.16)
limsup [|¢1 [[co(rny < Climsuplimsup [[S; 1| < +oo,
m—00 " m—oo k—o00 rm

which finally implies (6.17). Let us prove (6.16). By its definition, we have

SkR = Ak R cof </ By r(x) dx) .
T}’l

Therefore it suffices to prove separately that
cof </ By r(x) dx>
"

limsup limsup Ag g < +00. (6.19)
R—0 k—o0

lim sup lim sup
R—0 k—oc0

‘ < 400 (6.18)

and

We start with (6.18). The weak convergence of Ay implies, as in (6.14) and the subsequent
computations, that

1131311)0 kl;n;o - By r(x)dx = A(a),
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since a € T'. Hence

cof (/ By r(x dx) cof </1r" Bk,R(x)dx)

where the last inequality is again justified by a € T’. Finally, we compute (6.19). By definition

lim sup lim sup
R—0 k—0c0

‘ = lim hm
R—0k—00

= llof(A(a))] < +oo

1

(o det(Byg) 77 (x) dx) "
(det( [y Bg(x) dx)) '™

Analogously to the estimate of g of (6.10), we have

AkR

n—1

(det (/n By r(x) dx) ) N > el

Therefore, to conclude the proof, we just need to show that
limsuplimsup [ det(Byr) = (x)dx < 4o0.
R—0 k—co JT"

First note that
A(a) < [|A(a) || idn,

and consequently estimate
det(Byr) < det(g(x)Ax(a + Rx) + (1 - ¢(x))[|A(a) ]| id)
= P_p(x) a(atre) (1 = @(x)) [|A(@) ),
where P_ (1), (a4 Rx) 18 the characteristic polynomial of —¢(x)Ay(a + Rx). By the structure of

1
the characteristic polynomial and the subadditivity of the function t > t7-T, we can bound

det(Ber) 71 (x) < P14 oo (L= 9()) [ A@)])

<Y (1= o)A@ My i(p(x)Ax(a + Rx))| ™

Mm

i=0

Since M,,_; is n — i homogeneous, M,,_;(¢(x)Ax(a + Rx)) = ¢"~(x)M,_;(Ax(a + Rx)). Hence
d i - i n—i =
et(Bor) 7T () < 1 [(1= o) A9 (x) Mami(Arta+ R 7
Now observe that, for every i € {0,1,...,n},

1 1

[ @ oo M i(aa+ )| Taeo [ 0= 0V (asre MET ()

']I‘Vl

as k — oo, by the Fundamental Theorem of Young measures. Letting R — 0%, since a is a
1

Lebesgue point for x — (v, M~ (-)), we find that

1

o Mai ) /T (1= @)l (@) [@"~(x)] " dx

IN
™=

Il
<}

lim sup lim sup det(Bk,R)ﬁ (x)dx
R—0t  k—oo JTN

A

1=
S
=
:
,—:
v
=
>
S
-

i
o

the last inequality being true since 0 < ¢(x) < 1,Vx € T". Clearly the last term is equibounded
by our choice a € T'. We are now going to prove that the three terms of I1I, 1 converge to 0 as

] m
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j— c0oand m — oo.

Step 7: III;. 1 and III; 1
]’ m

Jrm

By (6.15), we know that HD%].,A [ zeo () < C||Sk]_’l ||. Hence

1 . X
1 =| o [ etaivag) (a+ ), 0g, )

IDg, 1 |
< fpmlx—a) | div(ay)] (x)dx
Q%(a)
Cls, |
< div(Ag) (s,
moJQ, () ’

Recall that we use the notation i, (E) = [; || div(A)| (x) dx, for every Borel set E C T" and for
every k € IN. By weak-* convergence of measures, since Q1 (a) is a compact set, we have (see [31,

Theorem 1.40])

Qi(a Qifa ' 141(B
hmsupgyk]( 1'}1( ) < gw < QM
j—o0 )" m (L) m (B 3, (a)]
! 7 1S B
O s CFCuam@)
M JB f3/m(@)) m B ,,a)l

for some positive constant C’. Since we chose a € T”, we get that the previous expression
converges to o as m — co. Finally, by (6.16), we also know that

lim sup lim sup ||Sg, r|| < 400,
R0t jseo !

hence limsup,,_,  lim SUp; o0 I1 I;‘ 1 = 0. The term I1 113 , is completely analogous.
]’ m

]’m

Step 8: III? |

]’ m

We finally prove that limy,—e0 lim; e I1 I}j 1 = 0. We have

]’m
1 | = / (A, (a+ %) A(a)), Ho) 9,1 dx

= /T (Akj (a+ i) - A(ﬂ),pr) A

The first term can be estimated as

/n (4 (a+2) = Aa), Ho) (4,1 — ¢

1
=9 leorn [Hllcopmn [ [y (a+2) = 4@ s

|H4’||c0(1r")mn/
Q1 (a)

m

) dx

< llgy

1
’m

= li¢,1 = 92 llcogan) Ak, (x) = Ala) | dx.

Since hj(x) = ||Ak], (x) — A(a)|| is equibounded in L”(Q1 (a)) and by the uniform convergence of
¢, 1 to ¢1, we infer that the last term converges to 0 as j — c0. On the other hand, by weak L¥
convergence,

/n (Ak’. (a—l— %) —A(a),Hq)) 4% dx — (A (11+%) —A(a),Hq)) gb% dx

']r)l

33
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as j — co. Now, since a is a Lebesgue point for A, and we can estimate for some constant y > 0

/n (A (a+%) —A(a),H(p) gb%dx

By definition of Lebesgue point, the last term converges to 0 as m — 0. This concludes the proof
that limy; 0 lim]-_>oo I, 1 =0.
I7m

<7
']rn

A (11+ %) —A(a)de.

‘ Step 9: conclusion ‘

Taking the limits in (6.13), we achieve
(va det()71) | @1 (x)dx < det(A(a))71.
T

By letting the cut-off function ¢ converge to the characteristic function of the torus, we conclude
the validity of (6.1) almost everywhere. O

Remark 6.4. By analyzing the proof, it is moreover clear that one could slightly relax the as-
sumptions of the Theorem. Indeed it would suffice to take a sequence Ay — A in Lt (T") and
div(Ag) = div(A) such that the sequence of Radon measures defined by

Vie(E) = /E det(Ag(x))™T dx, V Borel E C T

weakly-* converges in the sense of measures to a measure v that is absolutely continuous with
respect to the Lebesgue measure. In this case, calling f the density of v with respect to the
Lebesgue measure on T"”, one would prove that

f(x) < det(A(x))™1 forae. x € T",
and conclude as in the proof of Theorem (6.1). In particular the sequence { Ay }; does not need to

be equibounded in L? for some p > 2.

As a simple consequence of the proof of Theorem 6.1, we obtain the following

Corollary 6.5. Let p > 5 and {Ay}r C X, be such that Ay — A in X,. Suppose further that

n—1

det(Ak)ﬁ — gin LY(T™"). Then we have
8(x) < det(A(x)) 7T,
for almost every x € T".

Proof. Fix ¢ € C*(T") with ¢ > 0 and note that the sequence A; = @Ay is in Xy for every k,

and Ay — @A in X,. Using the hypothesis deti1 (Ax) — g and applying Theorem 6.1 to the
sequence Ay, we get

g(x)<p% (x)dx = liin det(Ak)%—l(p% (x)dx = liin]D((pAk)
o ™

= liinlD(Ak) < limsup D(A;) < D(pA)
k

= de’r(A(x))nlflfpﬁ (x)dx.
Tn

Since ¢ was arbitrary, we conclude the proof. O
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n
6.2 THE CASE p < ;75

In this section we prove the optimality of the assumptions of Theorem 6.1 and Remark 6.4, by
providing an explicit counterexample. In particular, we prove the following

Proposition 6.6. For every € > 0 and for every xo € IR", there exists a sequence of matrix fields Ay such
that

(i) Ay is compactly supported in Be(xq), Yk € IN;
(i) Ay — 0in Lﬁ(IR”,Sme“(n)) and strongly in LP(R",Sym™ (n)), Vp < -4;
(iii) div(Ay) € M(T",R"), Vk and supyp || div(Ap) | prn mry < 1
(iv) D(Ag) = wy, Yk, so that in particular D(0) = 0 < limsup, ID(Ag) = wy.
Proof. Fix a point xg € R" and consider
fr(x) = 2k(”71)7€32,k(x0)~
Define Ay(x) = fi(x)id,. First we note that spt(Ay) C B, «(xo), Vk, so that once € > 0 is fixed,

we can pick ko such that if k > ko, then (i) is fulfilled by choosing as a sequence { Ay, }ren-
Now note that the Holder conjugate exponent of -5 is n. Hence, to see (ii), we compute for any

¢ € L"(R")
< ( /

_ 2k(n71)2*k%

1
n

— ok(n-1) lp|™ (x) dx) — 0, ask — o (6.20)

fe(x)g(x) dx

Rll

/B . ¢(x)dx

27%(p)

27k (p)
and, if 1 <p < 1,

ka”’zp(]Rn) =g K=t (6.21)

n

The last expression converges to 0 as k — coif p < 25,

observe that

thus proving (ii). We turn to (ii7). We

diV(Ak) = ka/

where Dfy is the BV derivative of f;. To compute it, we use the definition. For every ® €
C*®(T",R") and for every k € IN,

/ Fiu(x) div(®(x)) dx = 250) / div(®(x)) dx
R” B

2—k (XO)
=2k (®(2), vk(2))do(z),
9B, k(xo)
where v (z) = Hg:ig\l is the normal to 9B, «(xp). The previous expression can be bounded with
[ ) div(@() ] < @]l

hence also (iii) is fulfilled. Finally, we prove (iv):

det(Ap(x)) T dx = [ f71(x)dx = / (241) " dx = con, VK.
RR" B,y

n
R -

This concludes the proof. O
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63 APPLICATION: SCALAR CONSERVATION LAW WHOSE DATUM IS A BOUNDED MEASURE

In a recent work [77], Serre and L. Silvestre considered the Cauchy problem for the multi-
dimensional Burgers equation

) o u? 9 uitl

P . .. — p— d
atu 31 2 +aydd+1 0, t>0,y e R (6.22)

Recall that when the initial datum u(0, -) is bounded and measurable, then the Cauchy problem
admits a unique bounded entropy solution, see Kruzkhov [53]. The semi-group (S¢);>0 enjoys
several properties, among which a comparison principle:

(ﬂ < b) — (Stﬂ < Stb)
Above all, we have the contraction in L!-distance:

Sib— Sia € L! (]Rd)

b—aecLY(RY)) =
( ) I5ib— Srallys < b a1

The latter property, plus the fact that L! N L* is dense in L!, allows us to extend by continuity the
semigroup to the whole space L!(R?). At this stage, it is however unclear if ¢ + u(t) = S;u(0) is
an entropy, or even a distributional solution of (6.22); the problem is whether the fluxes ”Tk are
locally integrable or not.

This question was solved in [77], where the authors proved even more. For every p € [1,00),
the Kruzkhov’s semi-group S; extends continuously from L? N L*(R?) to L (IRY). Instead of
using the contraction property in the L!-norm, their result was based upon dispersive estimates

()l < cpoat PPDNu(@)SFY,  vg>p, (6.23)

for some exponents &, § > 0. In particular, u(f) is a genuine solution of the Cauchy problem in

the distributional sense, since every flux ‘- is locally integrable. In addition, this solution satisfies
the entropy inequalities associated with Kruzkhov’s entropies.

Going a step further, we may ask whether the Cauchy problem for (6.22) is still well-posed
when the initial data are bounded measures, u(0) € M(R?). This is a delicate question. For
instance, it is known (see [56]) that in one space dimension, d = 1, the solution for u(0) = J,
the Dirac mass at the origin, is not unique. Instead, it is parametrized by a pair (m_, m) with
my —m_ = 1and m+ > 0 ; each solution is a so-called N-wave, with mass m travelling to
the right, and mass —m_ to the left (see [56, Remark 1.2] and references therein). However
uniqueness can be recovered whenever u(0) is a non-negative measure, by making the natural
requirement that the solution be non-negative too (see [56, Theorem 1.1]).

6.3.1 Non-uniqueness in several space dimensions

When d > 2, the uniqueness faces another obstacle. Equation (6.22) admits a scale invariance:
if u is a solution of (6.22), and A > 0 is a parameter, then

uM(ty) = (AT AN Py A )
is another one, with the same mass provided that
(d+1)(d+2)
2d ’

In particular the semi-group is equivariant with respect to this scaling. If it admitted an extension,
say by weak-star continuity (for the vague topology) to M(R?), then the unique solution
associated with the datum u(0) = 6 would be self-similar,

a—d—1

u(t,y) = tra U(ti=ayy, ... T ).
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Because of (6.23), the profile U = u(1) would belong to L' N L®(R%). Unfortunately, this
description is not compatible with an initial data such as #(0) = ¢. For a given test function
¢ € D(R?), we have

[ ey = [ u@etEn,. 15 2y .
R4 R4

Let us make t — 0". When d = 2, the quantity above tends to

/ U(2)p(0, 22) dz
]RZ

and one finds u(0) = g(z2)d;,—0, where

+o0
g(z2) = U(z1,22) dz1.

—00

If instead d > 3, then the exponent 2—4-1

is negative and one has

a—=2 a—d—1
P(taTzy,... b T z5) -0

almost everywhere as t — 0T. Therefore the integral tends to 0. This means that the mass of the
solution escapes at infinity, instead of concentrating at the origin. We have thus proved

Proposition 6.7. If d > 2, the multi-D Burgers equation with initial datum u(0) = 6, does not admit
a self-similar solution.

Corollary 6.8. If an entropy solution exists for the initial datum 0, then it is not unique, unless d = 1.
Proof. Just apply the scaling transformations u — u” to such a solution. O

Corollary 6.9. If d > 2, the semi-group (St)¢~q does not admit a weak-star continuous extension to
M(RY).

In other words, the operators S; are not continuous over L' (R?) equipped with the vague
topology.

6.3.2 Towards existence

Although uniqueness fails, there remains the question of whether a solution exists when the
datum u(0) is a bounded measure (not necessarily positive). Moreover we will assume that

G
[ 2wl o) <o, 620
]Rd]':1

for some g € (1,354 + %) This is due to some technical issues regarding Proposition 6.10. A
natural strategy is to consider a sequence of approximate initial data u,,(0) € L' N L®(R?), such
that u,,(0) = u(0) in the vague topology, namely the weak-* topology in the space of measures,
and to try to show that solutions u;,(t) also converge in some topology to a solution of the
equation with initial datum u(0). We may assume that the approximating sequence u,,(0) has
compact support and that the mass is preserved in the limit process, namely

lim ) um (0,y) dy = u(0)(R?) (6.25)

m—o0 R

Moreover, by (6.24), we may also assume that

d = a1
sup [ Y1l lun0,)| dy < o (6:26)
m ]Rdj:1
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Such a sequence is also bounded in L', and the dispersion inequalities (6.23) guarantee that the
associated solutions u,, form a bounded sequence in the spaces Lfoc(]RJr x RY) and p € [1,00].
Moreover, since for every t > 0, u,,(t) has compact support, by integrating the Burgers equation
all over RY, we get

/ um(t,y)dy :/ un(0,y)dy YVt >0. (6.27)
R? Rd

Up to the extraction of a subsequence, we may assume that for every continuous function
f:R — R, the sequence f o u,, converges to some f in the weak-* topology of L{°.. Its limit f is
given by a Young measure (Vi) cRd,

fty) = (vy, f)

almost everywhere.
The following proposition will imply that the sequence (i) men is tight, where we stress that

the exponents «; = %l are positive. We also define n = d + 1.

Proposition 6.10. Let a € L' N L*(R?) be a function with compact support. Then for q € (1, 3*2'—"1 + %),
the functional

/Dy,w\z )l dy

satisfies
I;(Sea) < et (I[a] + caqt’), Vi >0, (6.28)
where a( )
2d(q —1

Hereabove c;,, < oo is a universal constant.

Proof. Let us denote u(t) = Sia. We start from the entropy inequality

d|u| d ulul o ullul
ot ayy 2 dyg d+1

<0,

which we multiply by the weight function w(y) = Z;-izl lyj|"I. Integrating by parts, we obtain

d e
ar () Z]+1 il el dy

Using Holder and Young Inequalities, we infer

d

d
7l < Y7

w(t)] I (O < cag(Tylu(e)] + u()],).

We now apply the dispersion inequality (6.23) with p = 1, where we have

_ 2q+dn ~2d(qg—1)
=550 PUD= e rm)
We obtain
d . 2d(g—1)

At Iq[ ( )} < Cd,q(lq[u(t)] + fir), r = m

We conclude by remarking that 0 < r < 1, so that t " is integrable over (0, T) for every finite T,
thus the estimate (6.28) is just a consequence of the Gronwall’s inequality. O
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We use the previous Proposition to show that the mass does not escape at infinity in R? in the
limit process, and therefore to deduce the following;:

Corollary 6.11. Let u(0) be a finite measure of R? satisfying (6.24). Let 1,,(0) € L' N L*(IRY) be a
sequence of functions with compact support, for which (6.25), (6.26) and (6.27) hold. If u,(t,y) is the
solution of (6.22) and ii(t,y) is its vague limit, then we have

/d i(t,y)g(y)dy = lim um(t,y)g(y) dy, Vg € CONL®(RY),Vt > 0. (6.29)
R

m—»—00 R4
Moreover

[ at ) dy = u©) ), (6:30)

Proof. Note that, by (6.26), we get that I;[u;] is uniformly bounded, which implies that the
sequence uy,(t) is tight, i.e. fixed t > 0, Ve > 0, there exists a number r = r(¢) > 0 such that, if
R > r, then

0 (8)| (R By (0)) = / (£, )| dy < &,¥m € N,
R4\Bg (0)

To see this, simply use (6.28) to see that, choosing r > 1,
a1 LH—
o't [ Ny < [ YT () dy
]Rd\Br(O) IRd\Br(O) j=1
< Tt (t,7)) = (et (0)) < %4 (Iy[um(0)] + cg°),

where ¢ > 0 is a universal constant. Thanks to (6.26), we see that the right hand side of
the previous inequality stays uniformly bounded in m, hence we deduce the tightness of the
sequence. Now (6.29) is rather easy to check. For any R > 0 and any ¢ € CZ®(Byr(0)) with
0 < ¢(y) <1,Vy € R? and ¢ =1 on Br(0). Fix moreover g € CO N L®(R?) and t > 0. We have

‘/]Rd a(t,y)g(y)e(y)dy — /Rd um (t,1)8(y) () dy’ =0,

by definition of vague limit, and

[, 7008600 = o) dy ~ [ unlt, )01 = )
R R

< /d a(t,y)g(y)(1 - ¢y))| dy+/d |um (£, ) (W) (1 = ¢(y)) | dy
R R

< lgles ( [ty + [ |um<t,y>|dy>
Br(0)¢ Br(0)°

can be made arbitrarily small by choosing R suitably and by applying the definition of tightness.

Therefore, also

’/]Rd a(t,y)g(y)dy — /le um(t,y)8(y) dy‘ — 0, as m — oo.

By choosing ¢ = 1 in (6.29) and by using (6.25) together with (6.27), we finally achieve

— _ . _ . _ d
[ atdy = tim [y = lim [ (0, dy = u©) (R

which concludes the proof. O
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Applying Corollary 6.5

Of course, the tightness is too weak a property to imply a pointwise convergence of the
sequence (U )meN- Thus passing to the limit in (6.22) tells us only that v = (Vt,y)t>0’y€]Rd is a
so-called measure-valued solution, but it does not tell us whether the vague limit i is a true
entropy solution of (6.22), or not. To go further, we need to establish a compactness property.
This is where Corollary 6.5 might be useful, in the spirit of Tartar’s strategy by Compensated
Compactness [85].

We begin by defining a family of symmetric tensors of size (d + 1) x (d +1). For every
continuous function g : R — R, we form the map

s Tg(5> = (fif(s>)0§i,j§d € Sym(n)r fij(s) = /Os ri+jg(,,) dr.

Our tensors are Ag = Ty o uy. Each row of Ag  is an entropy-entropy flux pair of the Burgers
equation, and it is proved in [77] that the sequence div;, Ag, is bounded in M(Ry x Ry).
Because of the L*-bound in (6.23), Ag is also bounded in LS (R4 x RY). The tensors are
positive semi-definite whenever g has the property that the quadratic forms

P e Ry[X] —> /OS P(r)2g(r)dr

is positive semi-definite, for every s € R. Hereabove, R;[X] denotes the space of polynomials of
degree < d. The set of such functions g is denoted by Z .

Applying Corollary 6.5 to the sequence (Ag m)men in R4 x RY (in particular, we have n = 1+d),
we find that the Young measure satisfies

1

(Viy, (det Tg)%> < (det(vt/y,fij)ogl-’jgd) ¢ forae. t> 0,y € R (6.31)

Remembering that (vt,,1) = 1 (11, is a probability measure), the inequality above can be rewritten
in terms of the tensor product v® - - - ® v of n copies of v, which acts on functions of the variable
(so,.--,84) € R". To illustrate this claim, we consider the case d = 1 (hence n = 2) ; then the
inequality above rewrites as

(vo, [follfu] = fo]?) <0, (6.32)
where the brackets mean [f](sg,s1) = f(s1) — f(s0). We point out that

51 ..
filsors1) = [ #¥iglr) .
50

As observed by several authors, including L. Tartar or G.Q. Chen & Y.-G. Lu, (6.32) can
be exploited as follows: if ¢ does not vanish on any interval, then the function (sg,s1)
[fool[f11] — [fo1)? is positive away from the diagonal A. Thus the support of v ® v is contained in
A, and this implies that v is a Dirac mass. Hence the sequence (u;),eN converges strongly in
every space Lﬁ) . for 1 < p < co. We notice that in this case, it is sufficient to work with a single
function g.

When the space dimension d is larger, we still have an inequality of the form
(v®", Fg) <0, VgeZT, (6.33)

where F; is a symmetric function, defined in terms of ¢. The map ¢ — F; is homogeneous of
degree n. By construction, Fy vanishes along the diagonal A. Because of the symmetry, we infer
that DFy = 0 along A, and that

DZFg(s, cos)=ua(s), + B(s)M,
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where M;; = 1,V1 <1i,j < n, and for some «a, B that satisfy a(s) +npB(s) = 0. The latter matrix
is positive or negative semi-definite, depending on the sign of «(s). For d > 2, a(s) turns out
to be negative, thus F; is negative in a neighborhood of A. Therefore we cannot argue as in the
one-dimensional case.

The situation described above resembles that encountered in the analysis of hyperbolic 2 x 2
systems of conservation laws, where compensated compactness implies a family of identity,
parametrized by the entropy-flux pairs. A single identity does not imply that the Young measure
is a Dirac mass, but the whole family does, under a hypothesis of genuine nonlinearity, see [26].
Here a single inequality cannot imply that the Young measure is a Dirac mass, but there is some
hope that the whole family (6.33) does.
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SHARP ENERGY REGULARITY FOR EULER EQUATIONS






CONVEX INTEGRATION AND ENERGY REGULARITY FOR EULER
EQUATIONS

This chapter is devoted to the study of the sharp energy regularity for solutions of the
incompressible Euler Equations in the spatial periodic setting T3:

in T3 x [0, T], (7.1)

v +div(v ®v) +Dp =0,
divo =0,

where v : T® x [0, T] — RR? represents the velocity of an incompressible fluid, p : T3 x [0, T] — R
is the hydrodynamic pressure, with the constraint [5 pdx = 0 which guarantees its uniqueness.
The kinetic energy of a weak solution v € L?(T3 x [0, T]; R®) to (7.1) is defined as

eolt) = [ o).

Isett proved in [43] that, given any solution v € L*((0, T); C?(T?)), the associated kinetic energy
e, satisfies

eo(t) ~eo(s)| < Cle—s|™0, Vs €[0T (72)
Isett and Oh conjectured in [46, Conjecture 1] that this exponent is optimal:

Conjecture. For any 0 < %, there exists a solution to (7.1) in the class v € C?(R x T") whose energy

profile e(t) fails to have any reqularity above the exponent %, in the sense that e, (t) ¢ Wis P P(I), for
every p > 0, p > 1 and every open time interval I C R. Furthermore, the set of all such solutions v with
the above property is residual (in the sense of category) within the space of all weak solutions to (7.1) in the
class e, € CY(R x T") when the latter space is endowed with the topology from the C® norm.

The main result of this part is Theorem 7.5, where Baire Theorem A.4 is applied similarly to
Theorem 5.1 to construct the desired counterexample. To construct approximate counterexamples
to the statement in Theorem 7.4, we use a convex integration scheme very close to the one
introduced in [11]. We will first give the statement of the main inductive Proposition 7.3, and
use it to prove the aforementioned theorems in Section 7.2. After this, we prove the inductive
proposition. Finally, in Section 7.5, we explain why the results presented are not sufficient to
prove the second part of the above Conjecture, i.e. the residuality in C?.

7.1 PRELIMINARIES

We start by introducing the notation and some basic properties of the incompressible Euler
equations.

7.1.1 Notation

In the following N € IN, a € (0,1) and « is a multi-index. We introduce the usual (spatial)
Holder norms as follows. First of all, the supremum norm is denoted by || f|jo = supqs.,, 0,7] |f].
We define the Holder seminorms as

[fIn = max [[D"fllo,

|k|=N
[D*f(x,t) = D*f(y,1)|
= max su ’
e = o, 5o, [x —yJ?
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where D* are space derivatives only. The Holder norms are then given by

N
Ifin = Y.[fl;
=0
IflINte = IflIN+ [Nt

Moreover, we will write [f(f)], and || f(¢)||» when the time ¢ is fixed and the norms are computed
for the restriction of f to the t-time slice. On the other hand we will explicitly write || f|c:, when
the Holder norm is computed in both the space and time variables.

Let ¢ € C®(B1(0)) be a standard non negative kernel such that fB1 ) ¢(x)dx = 1. For any
§ > 0 we define p; = 6 3¢ (5) and we denote the mollifications of a function f as usual as

fo = f* @s.

We recall the following standard estimates on the mollification of both Holder continuous
functions and vector fields.

Proposition 7.1. For any 6 € (0,1) we have

[ fs = fllo < &°[£le- 7:3)

Moreover, for any N > 0, there exists a constant C > 0 depending on N, such that
1fs * f5 = (f * fslln < C82 N1, (7.4)
[ follnsn < COON1 . 7:5)

In the proof of Theorem 7.5, we will make use of the following technical result that show
an improvement of the Holder time regularity of weak solutions of (7.1). We defer its proof to
Appendix D.

Proposition 7.2. Let u,v : T® x [0,T] — R® be two weak solutions of (7.1) such that u,v €
Co(([0, T]; C®(T3)) for some & € (0,1). Then there exists a constant C > 0, depending only on 6,
lie||lg and ||v||g, such that

lu=vllcs, < Cllu—ollo.

Finally, we also recall that equations (7.1) are invariant under the following transformation
o(x,t) — vr(x,t) =To(x,Tt) and p(x,t) — pr(x,t) = T2p(x,Tt), (7.6)
for any I' > 0, meaning that if (v,p) solves (7.1) in T® x [0, T] then (vr, pr) solves (7.1) in
T3 x [0, T/T].

7.1.2  Inductive proposition

As said, the proof of the main results are based on a modification of the convex integration
scheme of [11], that we are now going to explain.

Let g > 0 be a natural number. At a given step g we assume to have a smooth triple (v4, pg, 102,7)
solving the Euler-Reynolds system, namely such that

10y + div(v, ® vg) + Vpg = div Ry
(7.7)

divvq =0,
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to which we add the constraints

Ry =0, 78)
/ pq(x, t)dx=0. (7.9)
T3

To measure the size of the approximate solution v; and the error Ioiq, we use a frequency Ay
and an amplitude J;, defined through these relations:

Ag = 27[a®),] (7.10)
5=7"", (7.11)

where [x] denotes the smallest integer n > x, a > 1 is a large parameter, b > 1 is close to 1 and
0 < B < 1/3. The parameters a and b will depend on  and on other quantities. We proceed by
induction, assuming the estimates

IRgllo < 844145 (7.12)
[ogll1 < M&y A, (7.13)
vgllo < 106" (7.14)
iy < e(t) = [ oyl dx < g (7.15)

where 0 < & < 1 is a small parameter to be chosen suitably, in dependence of § and other
quantities, and M is a universal constant.

For any real number 0 < 8 < 1/3 we will denote

1-p
Note that * is an increasing function of § and it satisfies 0 < §* < 1. We now state the main
inductive proposition

Proposition 7.3. There exists a universal constant M with the following property. Let 0 < B <15 < 1/3,

E >0, and
1<b<1/%. (7.16)

Then there exists an ag depending on B, 17 and b, such that for any 0 < « < & there exists an aqg depending
on B, b, «, n, E and M, such that for any a > ag the following holds: given a triple (vg, pg, Ioiq) solving
(7.7)-(7.9) and satisfying the estimates (7.12)~(7.15) for some strictly positive e € C'" ([0, T]) with

lelly- < E,

there exists a solution (v,y1, pgi1, lo{qﬂ) to (7.7)-(7.9) satisfying (7.12)—(7.15) for the same function e

with q replaced by q + 1. Moreover, we have
logs1 — vgllo + 5 l[ogs1 — 2glh < ML/3. (717)

q+1

The reader may notice that there are four main differences with respect to [11, Proposition
2.1]. First of all the statement is fomulated in a slightly different way than in [11, Proposition
2.1], in order to highlight the fact that the parameter g is uniform once one has chosen the
C" ([0, T]) norm of e. Moreover, we drop the smoothness hypothesis on the function e, we allow
the parameter a¢ to depend on E and finally we suppose in (7.16) a different relation between the
parameters b and B. Notice that our relation (7.16) is more restrictive than the one used in [11],

indeed we have
1<b<\/§<\/;—1/12_ﬁﬁ<12_ﬁﬁ. (7.18)
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7.1.3 Main results

The first Theorem we state shows how it is possible to construct approximate counterexamples to

20
the fact that the energy is more regular than C7-9. This is, in Gromov’s terminology, an h-principle.

Theorem 7.4. Fix v > 0 and 6 € (0,1/3) such that % + v < 1. For every strictly positive

ec C%J”([O, T]), there exists a vector field v € C%(T3 x [0, T]) that solves (7.1) in the distributional
sense and such that

e(t) = /"IF3 lo|?(x,t)dx,  Vteo,T].

This type of result already appeared in [45] for any 6 € (0,1/5). Once again, Baire Theorem A.4
allows us to construct exact counterexamples. We define

oo

x,t

Xy = {v e |J Co(T3 x [0,T]) : v weakly solves (7.1)} , (7.19)
0'>6

endowed with the distance
d(u,v) = ||u— UHCJ‘L'

It is clear that (X, d) is a complete metric space. We also define

Yy=<SveXy:ee€ C%([O, ™\ U W%Jr%l(l),for any interval I C [0,T] » . (7.20)
>0

The main result is:
Theorem 7.5. Forany 6 € (0,1/3), the set Yy is residual in Xg.

An immediate corollary of Theorem 7.5 is that, for every 6 € (0,1/3), there exists a weak
solution v of (7.1) such that e, € C? ([0, T]) is the sharp regularity of e,, or more precisely

ep & WOTVP(T),

for any v > 0,p > 1, subinterval I C [0, T], where we identify W**(I) = C*(I). This can be
deduced from Theorem 7.5 by exploiting the simple embeddings

WP (I) ¢ W E(T), Va € (0,1), p> 1,7 >0, I CR.

This result answers to the first part of [46, Conjecture 1].

7.2 PROOF OF THE MAIN THEOREMS

In this section we prove our two main theorems. As in [11], the proof of Theorem 7.4 is a
direct consequence of Proposition 7.3 and we are going to prove it for the reader’s convenience.
Theorem 7.5 will still be an application of the iterative proposition. indeed, through a h-principle
comparable to [11, Theorem 1.3], we will be able to write the set Y as a countable union of closed
set with empty interior.

7.2.1  Proof of Theorem 7.4

First of all, fix 7,6 and e as in the statement of the theorem. In order to apply Proposition
7.3 we choose 17 € (0,1/3) to be the only solution of #* = 6* 4+ ¢ and p such that § < B < 7.
Consequently we also fix the parameters b and a appearing in the statement of Proposition 7.3,
the first satisfying (7.16) and the second lower than the threeshold «(. As done in [11, Proof of
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Theorem 1.1], by using the invariance of the Euler equations under the rescaling (7.6) we can
further assume that the energy profile satisfies

iyt < i?fe(t) <supe(t) < é.
t

Then we can apply inductively Proposition 7.3 starting with the triple (vg, po, Rg) = (0,0,0).

indeed vy and Ry trivially satisfy estimates (7.12)-(7.14) and by the rescaling on the energy we
also get (7.15) for g = 0. By (7.17) we have

[ee) [ee) o0 [ee]

_ 1 9—
ZE) ||vq+1 - Uq”f) = Z(,) ||Uq+1 - vq”é 9||vq+1 - Uq”? s Z(L)%/ﬁlftgﬂ S Z(,))‘,Hf < oo (7.21)
q= q= q= q=

and hence v, converges in C°([0, T]; C?(T®)) to a function v. Moreover, by [12, Theorem 1.1], we
have that v € C?(T? x [0, T]). By taking the divergence of the first equation in (7.7), we get that
pq is the unique 0O-average solution of

—Apg = divdiv(vy; ® v5 — Rq)

and since v; ® vy — lqu — v ® v uniformly, p, is also converging to some function p in L"(T® x
[0,T]), for any r < co. Hence it is clear that the limit couple (v, p) solves (7.1) in the distributional
sense. Finally, by (7.15), as § — oo, we also get

e(t) = / 0P (x,t) dx V€ [0,T],
T3
which concludes the proof of the theorem.

7.2.2  Proof of Theorem 7.5

We want to show that Yy is meager in Xj. First, enumerate the intervals with rational endpoints
inside [0, T], (I;);en- By (7.20) we can write

Yec = U Cm,n,rr
mnelN

where
Comnpnr = {U € Xp : ||€vHW9*+%,1(L) < ”} .

It is easily seen that Cy,,,, are closed subsets of Xy. Suppose, by contradiction, that there exist
m, n,7 such that Cz; 577 has a nonempty interior. Thus there exists ¢ > 0 and 1y € Cg 77 such that

Be(ug) = {v € Xq: [v—uollco, <€} C Cap (7.22)

By the definition of Xy, we can find a solution of (7.1), u € C",(T?’ x [0,T]), 8’ > 6, such that
||u — uOHCQt < £. Moreover, (7.22) implies that

(u) C G- (7.23)

From now on, we assume that
1
0" < (0) <6+ —. :
<(0) <0+ o= (7-24)
This can be done simply by choosing a possibly smaller 6’ and exploiting the embedding
C*(T3 x [0,T]) € CP(T? x [0,T]), for any B < a. Now fix parameters 0", 8,57 > 0 such that
0 <60 < 0" < B <y and for which n* < 6* + 5. This can be done in view of (7.24). Fix
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moreover a function (of time only) f € C7" ([0, T]) \ U,=o W” *71(I;), such that 1/2 < f < 1 and
set

e(t) = [ | uft dx+E (e, (7.25)
T3
for some small parameter p > 0. These choices imply that the energy e = e(t) satisfies

e g WHal(L,). (7.26)

Now we claim that, if p is chosen sufficiently small, depending on 6, 6’,6”, B, 7 and 1, then there
exists a solution of (7.1) v € C?" (T3 x [0, T]) such that

Ju=olles, < 5 7:27)
ex(t) =e(t), Vtelo,T]. (7.28)

It is clear that the claim implies a contradiction with (7.23). indeed, since 6" > 6, we have v € Xj.
Therefore, by (7.23) and (7.27), we get ¢, € WGMF%J(I,), but this is in contradiction with (7.28)
and (7.26). This would conclude the proof of the present theorem, hence we are only left with the
proof of the claim.

To prove the claim, we want to apply Proposition 7.3. First, as in the proof of Theorem
7.4, we use the rescaling (7.6) on u with T = min{(2||ulp)~!,1} to obtain a new solution
i e C (T x [0, T/T)). If ||uflo = 0, we work with the convention that I = 1. For every map
w € C? (T3 x [0, T]), we denote with @ map obtained through the rescaling (7.6) with T defined
above. Notice that there exist constants ¢1 (||u||o), c2(]|u]lo) > 0 such that

/
crl|@y — @l oo < llwr —wal o < coll@r — @l e, Vawr,wp € CP(T? % [0,T]),  (7.29)
x,t x,t x,t

and that
ea(t) = I2e,(Tt), Vte[0,T/T],VYw e ¥ (T3 x [0, T]). (7.30)

Therefore, we also define
&(t) = I%e(Tt), Vte[0,T/T). (7.31)

Moreover, Proposition 7.3 requires a smooth starting triple. For this reason we consider a
space-time mollification of 7, 1y = (il * @) * 5, where @5 and p; are standard mollifiers in space
and time respectively and 6 > 0 is a parameter that will be fixed later on. Of course, u; is smooth
and solves the following Euler-Reynolds system

Oruts + div(us ® us) + Vps = div Rs,

where Rs = us&us — (i®ii)s and the trace part of the commutator us ® us — (i @ if); is inside
the pressure p;.

We now want to take (ug, ps, Rs) as a starting point for the iterative scheme given by Proposition
7.3. In order to do so, we need to guarantee estimates (7.12), (7.13), (7.14) and to find p > 0 for
which also (7.15) is satisfied with g = 0. Recall the definition of A; and é; of (7.11) and (7.10). We
make the following choice of the parameters

1
T o
. —4x '\ 260 - 71
5= (51?\0 ) and p = 3.
Notice that with this choice, obviously both J and p depend on the parameters appearing in
Proposition 7.3. In particular the energy profile depends on a, but this will not be a problem since
we will bound |le||,,+ independently of a, see also Remark 7.6 for a more thorough explanation.
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Finally, we will use another parameter ¢ > 0 to measure the (small) distance between us and the
solution given by Proposition 7.3. We start with (7.14). Using (7.3) and the rescaling, we get

~ - ’ 1 _ 1
lusllo < lus = allo + allo < C& + 5 < CAG26/2 + 5,

where C = C(|[uf| o ) > 0.It is clear that we can find a sufficiently large a such that
x,t

1
CA 22 + 5 <1-62 (7.32)
Therefore, (7.14) is fulfilled. Let us now show (7.12) and (7.13). First, by (7.4), we have
1Rs]lo S 6% = a1a5",

so that again if « > 0 is fixed, then (7.12) holds for g = 0 if a is large enough. Moreover, through
(73), ,
luslh €071 = (125 *)'%",

and using the definition of §; and A,, one verifies that (7.13) holds if a is large enough and b > 1
is chosen in such a way that
0" 2«
T (7:33)
p p

But since B < ¢, if « is sufficiently small (depending on b, B and 6’) there exists b > 1 sufficiently
close to 1 such that (7.33) holds. We are left with the estimate on the energy (7.15). By using (7.4),
we estimate

o)~ [ P v = [ jaP axeShren - [ ax= [ ((19R) - lusl) av+ 3 pre

< s + 52—1 < CoAS* + %

b <

where the second equality is true in view of the fact that the mollification preserves the mean of
every periodic function. If a is large enough,

CotAg ™ + %1 < 4,

hence the upper bound of (7.15) holds. Similarly we have

) 5 ;6 O _
/T3 ((|u|2)5 - |u5|2) dx+ S f(T1) > —Co% 4+ T = —Carg™ + 5 2 014",

where, to guarantee the last inequality, we took again the parameter a large enough. Now we
observe that, since J; < 1 for any choice of the parameters,

181l S llewllys +1LF 1l
hence independently of a, there exists a constant E > 0 such that

lel,- <E, Vae (0,+o).

Therefore we are in place to apply Proposition 7.3 to get a solution & € C® (T3 x [0, T/T]) of
(7.1), for any 6 < 6" < B. Moreover

eolt) = | 1o dx = (o) (739
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and, as already done in (7.21), we have the estimate

3 o—
15— usllg S Y Aq P <o, (7.35)
q>1

provided a is chosen sufficiently large. Of course the choice of a depends on ¢, that will be fixed
at the end of the proof. By the triangular inequality we also get

16 —dtllo < |0 —usllo + [[us —illo < o, (7.36)

having once again estimated through (7.3)

o' -0
us — il S 670 = (1A% ¥ <o,

~

the last estimate again being true if a is chosen large enough, depending on ¢. Notice that this is
possible since 8’ > 6. By Proposition 7.2, we also get

10—l <o (7:37)

In order to finish the proof of the claim, we scale back the map @ and the energy ¢é through the
rescaling (7.6), with 1/T instead of I'. We define v(x,t) = I'~13(x,T~!t). Now (7.37) and (7.29)
yield
— <
[lv ””Cﬁ,t .

We fix ¢ > 0 in such a way that
€
= gl
and this gives us (7.27). Moreover, as 7 € ct” (T® x [0, T/T]) was a solution of (7.1), then also

v e C (T3 x [0, T]) is a weak solution of (7.1). The last thing to check for the proof of the claim
is (7.28). By (7.34), we have

o~ ulle, <

es(t) = é(t).
Using (7.30) and (7.31), we can write

I2e,(Tt) = e5(t) = &(t) = I%e(Tt), Vte[0,T/T],

so that
ep(t) =e(t), Vte[0,T],

thus proving (7.28) and hence concluding the proof of the claim.

Remark 77.6. Since the choice in the previous proof of the energy profile depends on a, we wish
to clarify in this remark the dependences of the parameters appearing in the proof of the claim.
First, we fixed parameters 0 < B < ' < 1/3, and we chose b > 1 in such a way that at the same

time (7.33) and
b 9/*
< R
IB*

hold. By choosing a € (0,«1), where a; is small enough, this can be guaranteed. Note that in
this way «; only depends on B,60" and b, as stated in Proposition 7.3. Therefore, we can always
consider &1 < ag, where & is the number appearing in Proposition 7.3. Next, we have proved
that there exists a; large enough such that for a > a;, we can guarantee estimates (7.12), (7.13),
(7.14) and (7.15) for ¢ = 0, for any function e of the form (7.25). This a; only depends on B, b, «, 6/
and u. Moreover, in the last steps it is required to take a large enough so that inequality (7.35)
holds. This yields therefore a number a, > a; that depends on ¢, E = ||e, ||+ + || f]|;+ and the
universal constant C of Proposition 7.2. Therefore a4, now depends only on B, b,«, 6’ and E, since
u,e and C are fixed from the start of the proof of the claim. We can therefore take any a; > a,
where 49 is the parameter appearing in Proposition 7.3. Hence we take & = 2, a = 2a,. These
choices define uniquely ¢ as in (7.25) and allows us to prove the claim.
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7.3 PRELIMINARIES TO THE PROOF OF PROPOSITION 7.3

The proof of the main iterative proposition given in [11] is subdivided in three steps

1. mollification: (v, Ry) — (04, Ry);
2. gluing : (vy, Ry) (Eq,ﬁq);
3. perturbation: (%,ﬁq) — (vq+1,f{q+1).

In the proof of [11, Proposition 2.1], the energy function e only appears in the perturbation step
and both the mollification and the gluing steps are independent on its choice. Thus, also in
our case, given the triple (v, py, Rq) there will exists a new triple (Eq,?q,ﬁq) solving the Euler

Reynolds system such that the temporal support of ﬁq is contained in pairwise disjoint intervals
I; of length comparable to

f2u
Tq - T
5@ Z)W
More precisely, for any n € Z let
1 2 1 1
t}’l = an, I}’l = t}’l =+ gTq, tVl + gTq N [0, T], ]}’l = t}’l — gTq, t}’l + gTq N [O, T]
We have .
suppR, C | J I, x T°.
nez
Moreover the following estimates hold
llog —Bgllo S 8,720 (7.38)
g llen S & Aqt ™™ (7:39)
o, <o o
Hatﬁq + (9, - V)KqHNM < 6,167 At N (7.41)
[ 1P = ol x| S 81067 (7.42)

for any N > 0, where the small parameter ¢ is defined as
1/2
_ 5q+1
T /24 143x/2
6’1 /\‘7

and it comes from the mollification step. We observe that by choosing « sufficiently small and a
sufficiently large we can assume

A< <A (7.43)

We also state another inequality we will need in the following, that is a consequence of (7.4),(7.15),
and (7.42) :

1)
q+1 =2
STRLOR | 1ol < 25,00 (7.44)

Thus we can pass to the perturbation step. The aim is to find a triple (v,11, pg+1, ﬁq) which solves
(7.7) with the estimates

_ _ _ M .
1
241 = Pgllo + A, 5 [1og41 =Tl < 75q/+21 (7.45)
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1/2 ¢1/2
s g+1%9 7\q
Ry, B =T (7.46)
g-+1

1/2 ¢1/2
5@ 5q+l

/\1+le 5
q +2
= (7.47)

1)
2 q+2
e(t) — /T3 [0g41]° dx — 5

A

Note that estimates (7.45) and (7.46) are the same stated in [11], while (7.47) is slightly different
due to the term J,,,/4. This does not affect the iteration and Proposition 7.3 is still a direct
consequence of estimates (7.45)-(7.47). However, since estimate (7.47) is different than the one
used in [11], we give a complete proof of Proposition 7.3.

7.3.1  Proof of Proposition 7.3

By using (7.38) and (7.45) we estimate

— — M 1 1 —
9941 = gllo < [log+1 —Tgllo + |75 — vgllo < 75qf1 +Co/ A",

where the constant C depends only on «, f and M. Thus if a is chosen sufficiently large we can
guarantee

[og41 = vgllo < M&/E;. (7.48)

Similarly, by using (7.13), (7.39) and (7.45), we have

M o2 i1 + (C+ M) 8,

10541 = vgll1 < [log41 = Bgll1 + 1%l + lloglh < =674

Again, if a is chosen sufficiently large, we can ensure

1
||vq+1 - Uqu < M5q/+21)\q+1/

which, together with (7.48), gives (7.17). By (7.13), (7.14) and (7.17) we get

M 1 1
log+1llo < l[og+1 = vgllo + logllo < 587y +1 -6 <167,

M . 1 1
[g+1ll1 < [log+1 — vgll1 + [logll1 < 75#1/\#1 + Mo, < M5q/+21)\q+1

where we also chose the parameter a sufficiently large to guarantee the last inequalities of the
previous estimates. In particular this shows that v, 1 obeys (7.13) and (7.14) in which g is replaced

by g + 1. Estimate (7.12) for ﬁq_ﬁrl is a direct consequence of (7.46) and the parameters inequality

1/2 ¢1/2

091199 Aq _ 6442
3 < e (7-49)
q+1 g+1

indeed, by taking the logarithms, the last inequality holds by choosing a sufficiently large if
—B—Bb+1—b+2b*B + 8ba < 0,

but this is true since b < % (see (7.18)) and « is chosen sufficiently small. We are only left with

estimate (7.15) for v;,1. By (7.47) and (7.49) we have

1/261/2 41424
Og+2 9 01y o942 _ 3 Og+2
o) = [ ol ar< “H2 4C N iy NPk e
Tt 2 Ags1 4 471 Al

thus, for a sufficiently large a, we get

o) = [ ogual? dx <60 (7.50
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Finally, again by (7.47) we have

1/2¢1/2 41420
0g+2 07 0g11/q 0g+2 1 C
et—/ v, |*dx > L2 —C 1 R i 6.1,
( ) - | l/]+1| 2 )\q—l—l 4 4 /\gﬁ] q+

and, since for a sufficiently large a we can ensure that

1 C 1
1 e T aE
q+1 g+1

we end up with
2 —
o(t) —/TS o1 dx > 042078,

which together with (7.50) gives (7.15) and concludes the proof of the proposition.

7.4 PERTURBATION
We will now outline the construction of the perturbation W1, where
Uq+l = ZUq+] + Eq .

The perturbation w, 1 is highly oscillatory and will be based on the Mikado flows introduced in
[14]. We recall the construction in the following lemma

Lemma 7.7. For any compact subset N' CC Si” there exists a smooth vector field
W:N xT? - R,

such that, for every R € N'

(7:51)

dive W(R,¢) =0,

and
W(R,§)dg = 0, (7.52)
I
FVROEWREAE = R (753)
Using the fact that W(R, £) is T3-periodic and has zero mean in &, we write

WR,E = ), Ry (7.54)

keZ3\ {0}

for some smooth functions R — a;(R) € C3, satisfying a;(R) - k = 0. From the smoothness of W,
we further infer

C(N,N,m
sup [DYay(R)] < ENNom)

sup [ (7-55)

for some constant C, which depends, as highlighted in the statement, on A/, N and m.

Remark 7.8. Later in the proof the estimates (7.55) will be used with a specific choice of the
compact set A/ and of the integers N and m: this specific choice will then determine the universal
constant M appearing in Proposition 7.3.
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Using the Fourier representation we see that from (7.53)

W(R,§) @ W(R,) = R+ ) Cu(R)e'™ (7.56)
k0
where CN N, m)
4 /m
Ctk=0 and  sup [DRCr(R)| < T (7:57)
ReN
for any m, N € IN. It will also be useful to write the Mikado flows in terms of a potential. We note
ik X ag\ i (k< ay it kx (kxag) i i
1 kG — kléz_izéz ik-& ]
curlg (( 2 > e > i < Ik X ke PE e axe (7.58)

We define the smooth non-negative cut-off functions #; = #;(x, t) with the following properties
(i) 7; € C®(T° x [0, T]) with 0 < ;(x,t) <1 forall (x,1);

(ii) supp; Nsupp = @ for i # j;

(iii) T2 x I; € {(x,t) : yi(x, £) = 1};

(iv) supp ;i C T° x LU J;U Jit1;

(v) There exists a positive geometric constant ¢y > 0 such that for any ¢ € [0, T]

Z 771 x,t) dx > cq. (7.59)

The next lemma is taken from [11].

Lemma 7.9. There exists cut-off functions {n;}; with the properties (i)-(v) above and such that for any i
and n,m > 0

19 7illm < C(n,m)7 ™"
where C(n, m) are geometric constants depending only upon m and n.

Analogously to [11], we will now define the perturbations that are necessary to show (7.45)-
(7.47). Since the energy profile is not smooth, we will need to mollify it. To do so we will
henceforth consider e to be extended on the whole R as ¢(t) = ¢(0) for all + < 0 and e(t) = e(T)
forall t > T, in such a way that the extension is still in C"" (R). With this convention we define

eq(t) = (ex e, ) (t),

where ¢, is a standard mollifier and

gg = (‘2?) v »
Define also
and 2
pqi(x,t) = 17 (x,1) ”

p
Y Jus 13y, 1) dy

Define the backward flows ®; for the velocity field 7, as the solution of the transport equation

(0¢ + 7, V)®; =0

(Di (x, ti) =X



7.4 PERTURBATION

Define .
Ryi = pg,iid —77R,
and .
. V&R, ;(VD;
Ry = M (7.61)
Pq,i
We note that, because of properties (ii)-(iv) of #;,
* supp Rq,i C supp¥;;
* on supp 122‘1 we have Y ;72 = 1;
* suppR,; C T? x ;U J; U Jijq;
e suppR,;Nsupp R, ; = @ for all i # j.
Lemma 7.10. For a > 1 sufficiently large we have
) 1
(IV®; —id ||p < 5 for t € supp(1;). (7.62)
Furthermore, for any N > 0
Og+1
;M <log(t)] < 6q41  forallt, (7.63)
q
51
o < 1= :
Hpq,z”O =0’ (7.64)
logilIN < 0g+1, (7.65)
1e0gllo < 8718 Aq, (7.66)
19t0g,iIN < Sgi17y (7.67)
q

Moreover, for all (x,t)
R,i(x,t) € Bip(id) € ST,

where B, ,(id) denotes the metric ball of radius 1/2 around the identity id in the space S3*3.

Proof. We write

palt) = % (eq(t) a /Ts %, dxd‘72+2> = % (eq(t) —e(t) +e(t) — /qrs AR dx(»"z“) ,

thus by (7.44) we get

1(¢ 0 1 J,
5 (;;q} - L2 —Jeg(t) - e<t>|> < log(M)l < 3 (|eq<t> —e(t)] + 2871 + g”) 769

By using (7.3) and the fact that [e],+ < E, we also get
leg(t) — e(®)] < lelyeel < 5pu2
and, by plugging it into (7.68), we achieve

5q+l _ 5q+2
6Ag 2

Og+2

2
<lpq(t)| < §5q+1 + 5

It is easy to show that by choosing a sufficiently large we can guarantee (7.63). Note that by
definition of the cut-off function #;

co < Z/TS n?2(x,t) dx <2 (7.69)
1
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and hence we obtain (7.64). Since |[VNy;:| < 1, the bound (7.65) also follows. For the bound (7.62)
17] ~

and the fact that R, ;(x,t) € By,(id) C 83*3 we refer to [11, Lemma 5.4]. To prove (7.66), we first
q, / + p
use (7.39), (7.40) to estimate

d =12
$/1r3|vq\ dx

Moreover, by (7.5), we have

1
< 0g110 " Aq-

—2‘/ Vo, - Ry dx
T3

-1 1—-1/y
|Oreq| < [e]yreg < Copia s

where the constant C depends on 77 and E. Thus (7.66) is implied by the following parameters
inequality
C(s;;;/*f* < 851107 (7.70)

Using the definition of the parameters §; and A, it can be checked that the last inequality holds if
one chose a big enough (depending on b, B, and E) provided that

(1*—1>b2+b—1*<0.
U p

Since b satisfies (7.16) we have

1 1 1 ot 1
— =1 +b— < (—1)+—_0,
(77* > B UN g B B
thus (7.70) holds. Finally, since ||9:7;]|n < 7, I and T > (5,1/ *Aq, using (7.69), also the estimate
(7.67) follows. O

7.4.1  The constant M

The principal term of the perturbation can be written as

1

wo =) (qui<x't))1/2 (V@) TIW(Ry i, Ag1®;) = ) 0o, (7.71)
i

where Lemma 7.7 is applied with A" = By ,(id), namely the closed ball (in the space of symmetric
3 x 3 matrices) of radius 1/2 centered at the identity matrix.

From Lemma 7.10 it follows that W(Rg;, A;4+1P;) is well defined. Using the Fourier series
representation of the Mikado flows (7.54) we can write

wo; = Y (V@) b e a1k @i,
k=0
where ,
. 1 ~
bik(x,8) = (0qi(x, 1)) 7" ar(Ryi(x,1)).

By the definition of w, ; and (7.53) we compute

Wy @ W, = pq/diDfl (W& W)(Rg i, Ag19:) VD; T
=04,V 'R, Vo T+ Y pq,ivq>;1ck(Rq,i)vq>;Tqu+lk'@f
k0
=R+ Z pq/iVClelCk(Rq/i)VCD;TeMW“k‘q)i. (7.72)
k0

The following is a crucial point of the construction, which ensures that the constant M of Proposi-
tion 7.3 is geometric and in particular independent of all the parameters of the construction.



7.4 PERTURBATION

Lemma 7.11. There is a geometric constant M such that

M
l|bikllo < W(S‘l#l : (7.73)

We are finally ready to define the constant M of Proposition 7.3: from Lemma 7.11 it follows
trivially that the constant is indeed geometric and hence independent of all the parameters of the
statement of Proposition 7.3.

We can now define the geometric constant M as

- 1
M = 64M Z W , (7.74)
keZA\ {0}

where M is the constant of Lemma 7.11.
We also define

—i VI (k x ap(R,; . .
we = 3 ! Z lcurl ((pq,i)l/z i ( . 2k( ‘il))>] gk ®i . 2 Ci,kel/\q-%—lk-q)i‘
q+1  k£0 k| ik£0

Then by direct computations one can check that

ik x bk,i

-1 A ke,
Wo1 = Wo + we = —— curl ( Y (vey)” ( BE ) etk q>‘> / (7.75)

Agi1 ik#0

thus the perturbation w, 1 is divergence frE.

7.4.2  The final Reynolds stress and conclusions

In order to define the new Reynolds tensor, we recall the operator R from [11], which can be
thought of as an inverse divergence operator for symmetric tracefrE 2-tensors. The operator is
defined as

(Rf) = R fH
” (7.76)
R = *%A‘Zaiajak - %A_lakéij + A0 + AT 90

when acting on vectors f with zero mean on T2, and has the property that R f is symmetric and
div(Rf) = f. Upon letting

R, = ZRW,
i
we define the new Reynolds stress as follows
Ro1 =R (w1 - VO + 01wy i1 + Ty - Vg1 + div (—Ry + woi1 @ wgy1)) (7.77)
With this definition one may verify that
10441 + div(vg11 @ vg41) + Vi1 = div(Rg11),
div vg+1 =0,

where the new pressure is defined by
Pg+1 (x,t) = Pq (x,t) — qu,i(x/ t)+ Pq(t)~ (7.78)
1

The following proposition is taken from [11].
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Proposition 7.12. Fort € I; U J; U Jiy1 and any N > 0

(Vo) N+ VRilln S 7Y, (7.79)
HRq,iHN SN, (7.80)
Ibilln < 6,2 k=07, (7:81)
leiklln < 85 A L K ~0e N (7:82)

Moreover assuming a is sufficiently large, the perturbations w,, w. and wy satisfy the following estimates

1 M
l[wollo + 7/\q+l [[woll1 < Z%ﬁl (7.83)
1 V2 y1ao
lwoclo-+ 57— llwell S L (7.84)
1 M,
lwg+1llo + 7\174-1 |wgr1ll1 < 7517/4%1 (7.85)

where the constant M depends solely on the constant cg in (7.59). In particular, we obtain (7.45).

We are now ready to complete the proof of Proposition 7.3 by proving the remaining estimates
(7.47) and (7.46). We start with the energy increment

Proposition 7.13. The energy of v, satisfies the following estimate
51/251/2

q “q+1 5q+2

142
5q+2 Aq

() = [ loga? dx =4

In particular, (7.47) holds.

<C

Proof. By definition we have Ug+1 = Ugq + Wy1 = Ug + Wo + W, thus we have

Og+2 _
< ‘e(t) _ /w o ? dx "2 /Ts 5|2 dx

+ ‘/ |wC|2 dx+2/ Wo - We dx+2/ Wyy1 - Dg dx
T3 T3 T3

The estimate on the second term in the right hand side of (7.86) is just a a consequence of (7.39)
and Proposition 7.12 and for a complete we refer to [11, Proposition 6.2], in which it is proved
that

)
2 q+2
e(t) - /T loga P dx—=1=

. (7.86)

1/2¢1/2 41420
< 5’1 (Sq-l-l/\‘i

q+1

’/T3|wc|2 dx+2/jrswo~wc dx+2/qrswq+1~5q dx

Now recall that from (7.72) and the definition of R,; we have

/1"3 |w0|2 dx = 2/1-3 tr Rq,i dx+/11~3 Z Pq,ivq>;ltr Ck(Rq,i)Vq);Tei)\H]k-q)i dx
1

i,k#0
= 32/qu Pq,i dx+/jrs 'gopq,l‘vq)lfltr Ck(Rq,i>vq);Tei/\q+1k~d>i dx
1 i
-1 P —T idgi1k-@;
:3Pq(t)+/jrs Y 04, VO Cp(Ry ;) VO, e a1 dx

ik#£0

5 ~ .
= ey(t) = =% - / [q[? dx + / Y 0, V; Mr Cr(Ry ) V; Tetharik®i gy,
2 L T2 i k20



7.5 FINAL COMMENTS

As a consequence of (7.57), Lemma 7.10 and Proposition 7.12 we have

) ' 51/251/2 AL+2a
/ Z Pq,iVQi_ltr Ck(qui)vcpi—Tel/\qulk'@j dx S q “q+177q
T | k20 Ag+1

For a detailed proof of the previous estimate we again refer to [11, Proposition 6.2]. Thus we are
only left with estimating [e(t) — e;(t)|, but from (7.3), the definition of ¢, in (7.60) and the fact
that [e] ,» < E, we get
*_ Ogy2
et) = eq()] < [elye] < 12,
which concludes the proof of the proposition. O
For the inductive estimate on IOQQH we refer to [11, Proposition 6.1]
Proposition 7.14. The Reynolds stress error Rqﬂ defined in (7.77) satisfies the estimate

1/2 1/2/\

3 g+179 ™19

Ryvllo S Tk (7-87)
g+1

In particular, (7.46) holds.

7.5 FINAL COMMENTS

In this section, we wish to comment on why we need to introduce the space Xy (see (7.19)), since
clearly the most natural choice for X4 would have simply been the space of all C?(T3 x [0, T])
or ¢ (T3 x [0, T]) solutions of Euler equation. We believe that such a discussion highlights some
interesting features of the convex integration scheme.

The introduction of Xy is related to the proof of Theorem 7.5 and to intrinsic properties of
the iterative scheme of [11]. The proof of Theorem 7.5 uses the following strategy, that is quite
standard in arguments involving Baire Theorem. As a first step, we rewrite Yj as union of
closed sets Cy; ,r. The parameters m,n quantify an improvement in the regularity of elements
of Cy;,n,r, while r only indicates its localization in space, hence it is not useful to the purpose
of this discussion. Secondly, one needs to prove that Cy, ,» has empty interior. Equivalently,
every element uy € Cy,,, must be approximated in the C?(T® x [0, T]) norm with elements
u € Xg\ Cupny. This is where the convex integration scheme comes into play. The iterative
procedure of [11] tells us, roughly speaking, that given a smooth subsolution # and a positive
and smooth (or C?"+7([0, T]), as proved in the present work) energy profile e, one can find an
arbitrarily close solution u such that e = e,, provided some initial estimates are verified. In order
to obtain the desired "less regular" approximating sequence, it seems therefore rather natural to
try to apply this result to the subsolution obtained by mollifying 1y, and choose an energy profile
e € CTHI/2n ([0, T]) \ WL/ (o, T).

Since one wishes to approximate a C?(T® x [0, T]) solution with a sequence of smooth func-
tions in the C%(T® x [0, T]) topology, the first natural restriction is to take the complete metric
space in which to apply the Baire argument to be a closed subset of ¢ (T3 x [0, T]). Once one can
guarantee the fact that the mollifications of ug are close in the right topology to ug, the next step
is to use the convex integration scheme on a close enough space-time mollification of u, let us
call it us, 6 > 0 being the parameter of mollification. Let us moreover denote with R; the Reynold
stress tensor of u, i.e.
Rs = us @ us — (o @ uo)s-

In order to apply the scheme, one needs to guarantee step 0 of the inductive estimates, i.e.
(7.12),(7.13), (7.14), (7.15). We will now show that, by choosing any 8 < B in order to have the
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CH(T® x [0, T]) closeness of the resulting solution to us (and therefore to ug), (7.12) and (7.13)
become impossible to guarantee using the estimates of Proposition 7.1. Through these estimates,
one wishes to find 6 > 0 and a > 0 for which

1Rsllo < 6% < 6145 and [|ug|ly S 6%1 < M5y Ao
These relations are anyway incompatible for any J,a > 0 if
-2 _
R (7.88)
fora > 0,b > 1. To see this, notice that a solution J would need to satisfy also
520 <5 =P (7.89)

Moreover, the estimate on the C! norm can be rewritten as

-1 1

5, A, TP S (7.90)

Combining (7.88), (7.89) and (7.90), one obtains

1- g

T 1=0 7b7
a 19511 0

hence that the function a — abgf% is bounded. Since for every b > 1, one has bg — % >0
because of the inequality 8 < B, we find that 2 can not be taken freely in an open unbounded in-
terval (ag, +o0), hence Proposition 7.3 can not possibly be true in this setting. Nonetheless, as it is
clearly stated in [11], we could have found many CP(T3 x [0, T]) solutions of (7.1) CP(T? x [0, T])
close to us, for B < 0. This is obviously not sufficient for Theorem 7.5. This feature of the "0 —
gap" was noticed also in the work [42], to which we refer the reader for interesting discussions.
On the other hand, if the starting point 1 can be approximated in the C?(T? x [0, T]) topology
by more regular solutions, for instance in C? (8 x [0,T]), 8 < @', then by the previous discussion
it becomes clear that we can now start the scheme from these more regular points obtaining the
desired estimates in C?(T x [0, T]). This is exactly the reason for introducing the space Xg.

We conclude this discussion by noting that, even though it could not contain all the C?(T? x [0, T])
solutions of (7.1), Xy contains many elements. indeed, by [11], for every smooth and positive
energy profile ¢ and for every 6 < 6’ < 1/3, we find a weak solution u € C? (T3 x [0, T]) of (7.1)
with e = ¢,. Since 8’ > 0, u € X,.



MAIN NOTATION AND PRELIMINARIES

We collect here some of the known results and notations we use in this thesis. This list is
sufficient to read the introduction, but some objects will be defined in the next chapters when
needed.

A.1 DOMAINS

We always denote with () an open subset of an Euclidean space of finite dimension, for which
we use the symbols R™,R? and R”. T" is the n-dimensional torus identified with [0,1)" C R",
and we work with the convention that every function f : T" — R is actually a 1-periodic function
on R", and we do not denote differently this extension. In X = R" or X = T", the ball of radius
r > 0 centered at x € X is denoted with B,(x). If the ball is centered at 0, we use the shorter
notation B;. The same conventions are adopted for squares, denoted with Q instead of B. If X is
a more general metric space, we will use the notation N,(x) to denote the ball of radius r > 0
around x € X.

A.2 LINEAR ALGEBRA

For any matrix A € R"*", we denote with cof(A) the matrix defined as
cof(A);; = (—1)"*7 det(ATH),

where A/ is the (n — 1) x (n — 1) matrix obtained from A by eliminating the j-th row and the
i-th column. In particular

Acof(A) = det(A)id,, VA e R™",

where id,, is the identity matrix of size n. If A € R"*"™, then AT € R"*" denotes its transpose.
Sym(n) is the space of symmetric matrices of size n x n and Sym™ (n) is the space of non-negative
definite symmetric matrices;

A.3 DIFFERENTIALS AND FUNCTIONAL SPACES

For functions f : O — R", we denote with Df the distributional gradient, and with Hf or
D?f its distributional Hessian, i.e. the matrix of the second derivatives of f. The Lebesgue and
Sobolev spaces are as usual denoted with L? and WX?, respectively, and their local version by L/

loc”
WIIZ f . Only in Part ii we will need to distinguish between the pointwise and the distributional

derivatives of f. We will always clarify which one of the two we are using, hence we do not
denote them differently. The fractional Sobolev space on an interval I C R is

Wer(1) = f e LP(I) - M eLP(Ix1)
x —ylr ™"

The set C?(Q) is the space of #-Holder functions in ), while the so-called little Holder space
?(Q) is the closure in the C?(Q)-norm of the space of smooth functions on Q). The space of
continuous functions is denoted by C°(Q)), the Lipschitz continuous functions by Lip(Q). C2(Q)
and CJ(Q)) are the spaces of continuous functions with compact support and the one of bounded
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continuous functions respectively. We use the classical notation C?(Q, Y) to denote the space of
Holder spaces with values in Y, and analogously for the other function spaces.

We will denote by H{ (Q) the local Hardy space. We only need to consider non-negative
functions f in this space that are constant outside of a compact set K C Q2. A function f : 3 — R
with these properties belongs to [ _(Q) if and only if (see [59, Lemma 3], that is a consequence
of [81])

1 fll210) = /Qf(x) log(14 f(x))dx < +oo.

A.4 MEASURES AND VARIFOLDS

Let X be a subset of R” or T". M(X,R™) is the space of bounded signed Radon measures
with values in R”™. When m = 1, we denote this space by M (X), and the space of positive
Radon measures by M (X). Recall that an element y € M(X,R™) is given by u = T||y||, where
]| € M4 (X) and T is a || || measurable vector field on X with values in R” and || T|| = 1. In
particular, we denote

u(®) = /X<T",d>>d||y\|,vq> € C.(X,R™).
M(X,R™) is a normed space, with norm

il ax gy = sup{p(®) : @ € CU(X,R"), [ @]l <1},

The weak-* convergence of j € M(X,R™) to u € M(X,R™) is given by
e = 1 p(®) = p(®), ¥ € COUX,R™).

If X is compact, M (X, R™) is sequentially weak-* compact, (see [31, Section 1.9]).

For a set E C R" or E C X, we denote with |E| its n-dimensional Lebesgue measure, and with
H* the k-dimensional Hausdorff measure, so that 1" (E) = |E|. We let

spt(p) := ﬂ{C C R": Cis closed and |[u||[(R"\ C) =0}
the support of u. For a Borel set E C X we use the symbol uLE to denote the measure

u,E(A) =u(ENA), VA Borel subset of X.

The terms absolutely continuous and singular part of a measure need to be intended with respect
to the Lebesgue measure. Analogously, when not specified, almost everywhere, abbreviated with
a.e., is intended with respect to the Lebesgue measure. For every u € M(X,R™), we consider its
Lebesgue decomposition
p=gdx 4y,
where ¢ € L'(X,R") and p° € M(X,R™) denotes a singular measure with respect to the
Lebesgue measure, i.e. there exists a Borel set A C X such that |A| = 0 and
W(E)=u*’(ANE), forevery Borelset E C X.

We recall that a Lebesgue point for a function ¢ € L!(X,R™) is a point x such that

. 18) —gx)ldy 0 asr— 07,
By(x)

where

1
]{5 fwdy = o /E )y,



A.5 YOUNG MEASURES

for every f € L'(X), E Borel subset of X with |E| > 0. It is well known that the set of Lebesgue
points of such a function g is of full measure in X (see [31, Theorem 1.33]). More generally, if
i e M(X,R™), we call its (upper) density the function

H(B: ()

Dyu(x) = limsup onr

r—0t

where w, = |B1(0)|. If u is singular with respect to the Lebesgue measure, then Dy(x) = 0 for
a.e. point of X (see [31, Theorem 1.31]).

We will use the concept of Monge-Ampeére measure associated to a convex function. For
every convex function ¢ : ) — R, () C R" open and convex, this is defined as the locally finite
measure:

U 9e(x)

x€E

Ho(E) =

7

where d¢(x) denotes the subdifferential at x of ¢. We refer the reader to [34, Section 2] for the
basic properties of p,.

Finally, we recall that an rectifiable varifold V of dimension m is a couple (I',6), where T C R"*"
is a m-rectifiable set in R"*™, and 6 : I — Ry \ {0} is a Borel map. It is customary to denote
(T,0) as O[I'] and to call  the multiplicity of the varifold. If 6 has values in IN \ {0}, we call the
varifold integer rectifiable.

A.5 YOUNG MEASURES

For a comprehensive introduction to Young Measures, we refer the reader to [61, Section 3].

The results we report here are taken from this reference.

Theorem A.1 (Fundamental Theorem on Young measure). Let E C R" be a Lebesgue measurable
set w.it'h finite measure. Consider a sequence z; : E C RY — RN of measurable functions satisfying the
condition

sup [ [|zj|I° < +oo,

jENJE

for some s > 0. Then there exists a subsequence zj, and a weak-* measurable map v : E — M(RN) such
that for a.e. x € E, vy € M(RN) and in addition vy(RN) = 1. Moreover, for every A C E, and for every
f € C(RY), if

f(z;,) is relatively weakly compact in L' (A),

then,
Flai) = Fin L(A), where (x) = (e, ) = [ F@)vaw).
In this case, we say that z;,_generates the Young measure v.

Corollary A.2. Let p > 1and E C R? be a Lebesgue measurable set with finite measure. If z; is weakly
convergent in LP(E) to a function z € LF(E) and if it generates the Young measure v, then, for every
f € C(RN) such that

fWI <+l forqg <p,
the following holds
f(zj) = f,weakly in LS(E).
In particular, the choice f such that f(y) =y, Yy € RN yields
z2(x) = (vx, f).

Another result, fundamental to establish compactness, is the following [61, Corollary 3.2]:
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Corollary A.3. Suppose that a sequence z; of measurable functions from E to RN generates the Young
measure v. Then

zj — z in measure if and only if vy = 0,y for a.e x.
In particular, if z; € LF(E), for p > 1, and the following hold
(i) zj is weakly convergent in LF(E) to a function z € L¥(E),
(ii) zj generates the Young measure v,
(iii) vx = 0,y for a.e. x.
Then,

zj — zin L1(E), for every 1 < q < p.

A.6 BAIRE CATEGORY THEOREM

Let (X,d) be a complete metric space. We say that Y C X is meager if it is contained in the
union of countably many closed sets with empty interior. A set Z C X is residual if it contains
the intersection of countably many open and dense sets, or, equivalently, if X \ Z is meager. We
say that an element in the residual set Z is a typical element of X. The version of Baire Category
Theorem we will extensively use in the thesis is the following:

Theorem A.4 (Baire Theorem). A complete metric space X is not meager.



APPENDIX TO "DIFFERENTIAL INCLUSIONS RELATED TO GEOMETRIC
PROBLEMS"

In this appendix we give the proof of some results stated in the first part of this thesis, namely
Proposition 3.4 and Lemma 3.10.

B.1 PROOF OF PROPOSITION 3.4

First, by [38, Sec. 1.5,Th. 1], one has that if w € W' (Q), R"*"), then for every measurable set
A C O and every measurable function g : R"*"” — R for which

g@(DIul) € L1(A) (5.1
it holds
[ st = [ gNw A5H" @),
A Rm+n

where

Jw(x) = \/det(Dw(x)TDw(x)) and N(w, A,z) =#{x:x € AN Ap(w), w(x) = z}.
We want to apply this result with
A=L, wx)=0(x), ¢(x,y) = q)(v(x),Tv(x)Qu)G(x,y), Vx € Q,y € R

With 6 appearing in the last equation we mean any representative of this Borel, L function, so
that ¢ is a well defined measurable function in Q) x IR”. We note that the fact that 6(x, u(x)) = B(x)
for a.e. x € Q does not depend on the choice of the representative. Indeed, if ' and B’ are any
representatives of 6 and f respectively, then

{xeQ:0(x,u(x)) =p'(x)} 2 {x € Q: xis a Lebesgue point for 3}.

This justifies the choice of any representative of 8 in the definition of g, and our notation 6 both
for the initial L* function and the representative. We will now proceed with the proof. It is
straightforward by the fact that R, = £, N Ap(u) and the definition of v(x) that N(v, £,,z) =1
for H™_Gy-a.e. z € R"" and N(v, L,,z) = 0if z ¢ G,. Hence:

/}Rmm ¢(z)N(w, A, z)dH" (z) = ; ¢(z, T.G,)0(z)dH™ (2).
Moreover, since |Q\ £,| =0, J»(x) = A(Du(x)) and 6(x, u(x)) = B(x), we also find
g(w(x)) Juw(x) dx = / ¢(0(x), To(x)Gu) A(Du(x)) B(x) dx .
Ly Q

Since u € WL (Q,R"), ¢ € C,(Q x R" x Gg) and 6 € L®(Q x R"), (B.1) is fulfilled and we can
apply the aforementioned result [38, Sec. 1.5,Th. 1] to obtain the desired equality (3.9).

B.2 PROOF OF LEMMA 3.10

First of all we compute D.A(X). Recall the notation on multi-indices introduced in Definition
2.13 and the definition of the matrix cof(X%)T in the proof of Proposition 2.19. Then, since

A(X):\/1+||X|2+ Y Y det(Xz)?,

2<r<min{mmn} ZEA;
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we have
X : det(X f(XZ)T
DA(X) = +229Smm{mm}§f§f)‘r et(Xz)cof (X*) , VX € RM™, (B.2)
Next, we observe that by the chain rule
D(¥(h(X))ij= Y, (0a8F)(h(X))0jjhap(X),
1<a,f<m+n
hence
DY (h(X)) = ).  (9up"¥)(h(X))Dhyp(X). (B.3)
1<a,p<m+n

We can therefore write

A(X) = ¥(r(X))DA(X) + A(X)D(¥ (h(X))
=¥(h(X))DAX)+AX) Y}, (9ap¥)(h(X))Dhep(X)

1<a,<m+n

B(X) = ¥(h(X))(—X"DA(X) + A(X)idw) + A(X) Y. (3:F)(n(X)) X" Dhyp(X).

1<a,p<m+n

Since G(m, m + n) is compact, we have that both ¥ (h(X)) and (DY) (h(X)) are bounded in
L*®(R™*™) by a constant ¢ > 0 and using (B.2), we can bound

F(h(X)) [DAX)| S X[,
Moreover, for every X € R"™, 2 < r < min{m, n} and Z € Ay, we have
XTcof(X2)T = det(Xz)Iz,

where, if §,, denotes Kronecker’s delta and Z has the form Z = (iy,...,ir, j1,...,jr), Iz is the
m X m matrix defined as

0, ifi #i,orj+#jpVa,b,
(Iz)ij = L
Oap,  ifi=1ig,j=jp.
Therefore

XTX 4 Yo reminfmn det?(Xz)Iz — A%(X) idy
~XTDA(X) + A(X) idp = — Lar<min '}Zafé’{)e (X2)Iz = A(X) idn (B.4)

If n < m — 1, then the best way to estimate the previous expression is simply
IXTDAX) = A(X) id || S 1+ 1 X]".
On the other hand, if n > m, then for Z € A, we have I; = id,,, hence (B.4) becomes
XTX + Yocremingmn) Lzea, det’(Xz) I, — AX(X) idy,
A(X)

_ XX — (1 + ||X||2) idy + Z2§r§m—1 ZZeAy detz(XZ)(IZ - idm)
AX) ‘

~XTDA(X) + A(X)idyy = —

In this case
|XTDA(X) — A(X) i | S 1+ X",

To conclude the proof of the Lemma, we still need to prove that for every 1 <i,j <m +mn,

AX)IDhyg(X)[| S 1+ | X[ =1, A | XTDhyg(X)]| S 1+ | Xm0t (B.s)



B.2 PROOF OF LEMMA 3.10
To perform the computation, we need to divide it into cases corresponding to the four blocks of
the matrix /(X) as written in (3.5). To this end, recall the notation
S(X) = (idy +XTX) 71,

and moreover notice that #(X) is symmetric, therefore we just need to prove (B.5) in the case i < ;.
Another useful fact is the following. First notice that for every matrices N € O(n), M € O(m
(O(k) is the group of orthogonal matrices of order k), one has

S(NXM) = MTS(X)M.

From an easy computation we then conclude that, for every 1 < i,j < m 4 n and for every
XeR"™" NeO(n),MeO(m),

IDhyy(X)| S ). |IDhap(NXM)]| (B.6)
1<ab<m+n

IXTDh (OIS Y I(NXM) Dl (NXM)]. (B)
1<a,b<m+n

Since also A(X) = A(NXM), VX € R"", M € O(m),N € O(n), (B.6)-(B.7) tell us that we can
check estimates (B.5) just on matrices Y = NXM with two additional hypotheses. Fix X € R"*",
define Z = XM and denote the j-th column of a matrix A € R"*" with A/. First, by a suitable
choice of M, we can make sure that Y'Y = ZTZ = MTXTXM is diagonal. Once this choice is
made, if n > m, then we choose N = id,,. Otherwise, if n < m, then we observe that at most n
of the columns of Z are non-zero, let these be Z/1, ..., Z/» and let us define | = {j1,---,jn} with
1<) <jop <+ <ju <m. If for some jix we have Zik = 0, then we set N = id,,. Otherwise, the
n x n matrix V formed using Z/,. .., Z/" has columns that are pairwise orthogonal and nonzero,
hence there exists O € O(n) such that
V =0D,

with D diagonal. In this case, we choose N = O7, so that the resulting Y has the property that

yi = Jyeee 8] =joje € i nds
0 otherwise,

where y; € R and ¢/ are the vectors of the canonical basis of IR". Notice that this choice of M and
N also implies that

AY) = ]m—[l(l +[Y7[2) and S(Y) = diag((1+ [Y'I) 7L, ..., (1+ Y™ 7).

We call (HP) these assumptions on the matrix Y € R"*"™.

‘First case, 1 <i<j<m: ‘ In this case, hi]- = Sij. We have

-1
Z Sic Skj = dijs

1<k<m

hence, taking a derivative,

Z aﬂbsi_klsijr Z Si_klaaijkIO.
1<k<m 1<k<m

We can invert the previous relation to get

ObSk = — Y. SkcS1a%abS.;- (B.8)

1<c,d<m
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Finally, since Slfkl = ik + Y1<i<m X1iX1x, we have

aahsj;l: Z 5?z'bxck+ Z (5kxc1/

1<c<m 1<c<m

where the symbol 54 wp =0 if & # c or B # d, otherwise 6% = 5"F = 1. We can therefore use (B.8)

afp T Tap T
to write
b b
dapSij = — SuSip | Y OHxa+ Y, O X
1<k,I<m 1<c<m 1<c<m (B.9)
b b
= - Z Sik5j15?kxcl - ) o¥xaSuSp=— ), (Sihsjlxal + xalsilsjb)

1<k,l,c 1<kl,c<m 1<I<m
Moreover,

T

(X'DSij)ea = Y, Xac0aaSij = — Y. (Sidsjlxalxud + xudxalsilsjd) :
1<a<n 1<i<mi1<a<n

Now we use our previous observation (B.6)-(B.7) to consider Y satisfying (HP), so that in particular
YTY is diagonal. In this case, we have

0aSii(YV)| < ), (|Sib5jlyul|+|yalsilsjb|)-

1<I<m

Forevery 1 <i,b,j,l <m,1<a<m,

A(Y)|S:4.S,; < i 1 yil2 ‘yﬂl| )
( )| ib ]lyal| = g( +|| ” )(1+||Yb|\2)(1+||Yl||2)

Let us explain in detail how to get the desired estimate (B.5) in this case. Notice that either Y!is
0, and in this case there is nothing to prove, or Y/ # 0. Thanks to (HP), in Y there are at most
min{m,n} non-zero columns. First let m < n, then:

m

T |
yal| 1
A+ ¥R < JTTa+ v <
I arepasym Syl NS

If n < m and ] is the set on indices corresponding to non-zero columns, we are in the hypothesis
in which I € J. Therefore we have

- |y l‘ 1 -1
1+ e : < MIO+TVP— 1+
F v s <yl N

This proves that

1+ (Y™

IDh;(Y)|| S 1+ ||Y|mintmm =1 for 1 < i, j < m. (B.10)

We also have

AMNIOTDSPaaI < AY) Y (1SuSjaadl + YaayaSuSial ) -

1<i<m,1<a<n

Analogously to the previous case, we estimate for every 1 <1i,d,j,l <m,1 <a <mn,

m Y| [Vad]
AY)[SuSiyaryadl < | TTA+ [Y<]2) Jal | Yo ,
ojdatda E 1+ YT (1 + [YT]?)

and the desired estimate is obtained with a reasoning completely analogous to the one of (B.10).
This concludes the proof of this case.
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Second case, 1 <i<m<m+1<j< m—i—n:‘ From now on we use m + j rather than j for

the corresponding index. We thus have
T m
hij—i—m(X) = (S(X)X )1] = 2 Sikx]‘k.
k=1
We compute the derivative using (B.9):

m m m
Aaphijm(X) =Y 5}7;5’5% + ) xjkdapSik = ), 5f;f51k - Y (Sibsklxalxjk + xalxjksilskb) ,
k=1 k=1 k=1 1<lk<m

and also

(X™Dhijim(X))ap = Y, Xeadahij= Y,  XeadFSik

1<c<n 1<k<m,1<c<n

- ) (xcasibsklxclxjk + xcaxclxjksilskb)

1<Lk<m1<c<n

= XjaSip — )y (xcasibskzxczxjk + xcaxclxjksilskb>
1<Lk<m1<c<n

Since S~1(X) = id,, +XTX,

Sij= Y. Suld+ Y, XekXej) = Sij+ Y. Suxax (B.11)

1<k<m 1<c<n 1<k<m,1<c<n

hence we can rewrite

(X" Dhij (X)) ab = %jaSip — Y. (xcasihsklxclxjk + xcaxclxjksilskb)

ARSI I S0

m
= XjaSip— ) <Sibxjk ) XcaSk1%Xcl + XjkSkb ) xcaxclsil>

k=1 1<I<m1<c<n 1<I<m1<c<n

m m
= XiaSip — Y, SivXjk(Oka — Ska) — Y_ Xk Skp (8ai — Sai)
k=1 k=1

m m m
=Y SipXjkSka + Y XjkSkp0ai + Y XjkSkvSai-
k=1 k=1 k=1
(B.12)

Now we evaluate the previous expressions at Y satisfying (HP). Using the fact that YTY is
diagonal, we simplify:

m
daphijem(Y) = Y 0Su— Y, (Sibsklyazyjk + yazyjksizskb)
k=1 1<lk<m (B.13)
= 0iabSii — Y, OwSiiSkkYak¥jk — YailljbSiiSeb
1<k<m

First, let m < n. Then, using that for every 1 < 4,j,k < n we have

|SkkYakyjel <1,

we estimate

A Baphtijim (V)] < AY)[Siil + AY) Y 1SSkl + AY)Yaiip SiiSew

1<k<m
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AtY) A(Y)
1Y I YRV YR

+ ("

If n < m,let] = {ji,...,ju} be the set of indices defined in (HP). If there exists ¢ such that

Zlt =0, then
[Ta+i» = | TT a+yiPR) st+y| !
te] teN\{j}
and
9ahijem (V)] < Sii+ Y SitSkklyak¥jk| + |Vailjp|SiiSew S 1,
1<k<m
therefore

AY)0aphi (V)| S 1+ Y"1

Hence we are just left with the case n < m and Yit # 0 for every 1 < ¢ < n. If this is the case,
(HP) implies that yij, = dkeyej,, for 1 <k <mn,and yy; = 0if j ¢ J and 1 < k < n. Therefore,
recalling (B.13),

Sii = SiiSj.jYa;, — YaiVjpSiiSep  ifj=a,i=b,

ablijm(Y) {—]/ui]/jbsiisbb otherwise.

In the first case, if j = 4,1 = b, we have

1 1

S. . = i — ,
SRR R S e

hence )
ya' 1 ].
1-8; ;9% =1-—2 = = :
fia Yo Tty L4y, 1+YE|?
that implies
1 YaiYjb

Aaphijrm(Y)

SRR A YR YER)

and it is now easy to see that
A Daphijm (V)] S T+ Y]

Since if j # a or b # i, dpphijm(Y) = —Yai¥pSiiSpy, the same estimate follows. To finish the
second case, we still need to show that

A (YT Dhip(Y))ap| S 1+ [[Y [t =1,

To do so, we recall (B.12) to estimate
T m m m
|(Y" Dhijym(Y))anl < Y SivlYjklSka + Y Wik|Skeai + Y, 1Ykl SkpSai-
k=1 k=1 k=1

With similar computations to the one to prove (B.10), we estimate for 1 <i,b,a,k <m,1 <j<mn,

0 if Y =0ork # a,
\/Hz;gk(l + ||Y!]|2)  otherwise,

AY)Sip|yjk|Ska < {

that implies

~

A(Y)Siplyjel Ska S 1+ Y [rintmm 1,
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Finally, since also for every 1 <j<n,1<kb<m

0 if YY=0o0rk#b,
\/szék(l +||Y!|2)  otherwise,

AY)|yjx|Sk <

we find .
A |yl S T+ Y™™ w1 < kb <m1<j<n

This completes the proof of the second case.

Thirdcase,m+1Si§j§m+n:‘Asaboveweusem+iandm+jinplaceofiandj. The

indices i and j will then satisfy 1 <i < j < n and we have

him,jrm(X) = (XS(X)XT) = Y xiSpxj.
1<Lk<m

We compute the derivative using (B.9):

dahismjrm(X) = Y. 6P Spxp+ Y 5?1551kx1‘1+ Y XSk

1<Lk<m 1<Lk<m 1<lLk<m
= Y biSwXp+ ), SjaSwXi
1<k<m 1<I<m
— ) SwSkeXacXuXjk— Y, XacSicSkpXiXjk-
1<lk,c<m 1<Lk,c<m
Moreover,
T
(X' Dhiymjiom(X))ap = Y, XaaOaphij = ) 0idXaaSprXjk + ) 8iaSipXirXda
1<d<n 1<d<n,1<k<m 1<d<n,1<I<m
- )y SibSkeXdcXi1XjkXda
1<c,Lk<m,1<d<n
- Y XdaXdcS1cSkbXil Xjk-
1<c,Lk<m,1<d<n
(B.14)
By (B.11), we have, for every 1 <i,j <m
Y. SikXgkXgj = 0ij — Sij.
1<k<m1<d<n
Hence we can rewrite in (B.14):
T
(X" Dhismjrm(X))ap = Y, XaaOaphij = Y. biaXaaSwXi+ Y. 0iaSwXiXda
1<d<n 1<d<n,1<k<m 1<d<n,1<I<m
— Y SwXuxjk(Oka — Ska) — Y. SkuXitXjk(81a — Sia)
1<Lk<m 1<lLk<n
= ) 0idXdaSprXjk + ) 0iaSipXi1Xda
1<d<n,1<k<m 1<d<n,1<I<m
— Y SwXaXidka— Y, SwXuXidla
1<Lk<m 1<Lk<m
+ ). SwXaXjuSka+ ). SwXiXkSi
1<Lk<m 1<lk<m
= ) XiSwxjp+ Y. SwXu¥j
1<k<m 1<I<m

— Y SwxaXja— Y. Sw¥XiaXjk

1<I<m 1<k<m
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+ )Y SuwxiaxpSw+ Y. SwXiXjkSi

1<Lk<m 1<lk<m
= Y SpxuxiSka+ Y, SkXiXjkSia-
1<Lk<m 1<Lk<m

Consider once again Y fulfilling (HP). Then:

Oabhtivmjrm(Y) = Y SiaSwk¥jx+ Y, SiaSwyil

1<k<m 1<I<m
— Y SwSkcYacYiaVik — Y,  XacSicSwYiYjk-
1<lk,c<m 1<Lk,c<m

Since YTY is diagonal, this expression simplifies as:

Aavhiym,jrm(Y) = iaSpv¥jp + 6jaSrvYiv
— Y SwSccYacYivYic — Y. YacSceSpbYicYip-

1<c<m 1<c<m

Forevery1<b<m,1<j<mn,

0 if Yl =0,
AY)Splyjp| < {\/% otherwise. (B.15)
This yields
AY)Spplyjol S 1+ [y |mintrmt =1,
To prove that
AY) Paphi e (V] S 1+ [y |mintrnd =, (B.16)

we still need to estimate terms of the form
A(Y)SppSeelyacyinyijel,
forl1 <b,c <m,1<a,i,j<n. Anyway, observe that
Scc|yacl|yjc| <1Vi<c<m1<aj<n,

hence
AY)SppSece|yacyinyjcl < AY)Spp|yin

and we can therefore apply again estimate (B.15) to deduce (B.16). To finish the proof of this case
and of the present Lemma, we still need to show that

|(YT Dl (Y))ap| S 1+ [ |mintmmi=1, (B.17)
To do so, recall that

(Y Dhismjrm v = Y. SwvavixSa+ Y., Sw¥it¥jxSia
1<lk<m 1<lk<m

= SppSaaliv¥ja + SvvSaaYialjb,

but now, for every 1 <a,b <m,1<i,j<mn,

ifY=0o0rY"=0,

otherwise.

0
A(Y)SppSaalyivjal < { A(Y)
VY [24/1+] Y2

The proof of (B.17) is now analogous to the one of (B.16).



APPENDIX TO "DIVERGENCE-FREE MATRIX FIELDS IN Sym™ (n)"

In this appendix to Chapter ii, we use the family of functions of Lemma 5.3 to deduce optimal
integrability of the pointwise determinant of the Hessian of convex functions.

Instead of divergence-free tensor fields A, here we consider curl-free tensor fields A : 3 —
Sym™ (n), where Q) C R" is convex. The system curl(A) = 0 and the convexity of Q, together
with the symmetry of A, defines the class of Hessians of functions. Once we also add the
non-negativity of the eigenvalues, we are led to consider exactly Hessians of convex functions. We

ask the following question: given () C IR", an open and convex set, let ¢ € leof (Q), p e[l +0),
be a convex function. What can be said about the integrability of det(H¢)? For a Sobolev convex
function the distributional Hessian H¢ can also be computed with the classical definition of
the second derivatives almost everywhere, as proved in [31, Theorem 6.9]. On the other hand
there are various definitions of determinant of the Hessian. The one we are interested in is
the pointwise determinant of the Hessian matrix, and the results we are proving concern its
integrability. Another notion of determinant of the Hessian we will be using is the Monge-Ampere
measure associated to ¢, defined in the introduction. The two notions are related by the fact
that det(Hg) is the density of the absolutely continuous part of the Monge-Ampére measure .,
associated to ¢ (see for instance [70, Lemma 1.18]). In particular by the Radon-Nikodym Theorem
we have

det(Hg) € L}, .(Q) Y ¢ convex. (C.1)

Let us start with the analysis of the optimal integrability of x — det(Hg)(x). The case p = n has
been covered (in a more general setting) by S. Miiller in [59, 60] (see also [73] for the same result
for mappings with determinants of arbitrary sign). More precisely, it is proved in [59, Theorem 1]
that

det(Hg) € Hy, (),
where Hllo .(Q) is the local Hardy space, see Section A.3, and moreover that this is optimal in the

following sense. In [60, Counterexample 7.2], Miiller finds a sequence of maps u; € Wllo’?(]R”)
such that for every function v : Rt — R™ such that

7(z)

s 9, as z oo,
zlog(1l+2z) oo, asz o

one has
|y (det(Vu))l 11, (0y) = +o0, as j — oo.
It is immediate to see that this sequence u; is actually u; = V¢;, for some convex function

¢j € WIZO'E’(IR”), hence Miiller’s results close the question in the case p = n. Theorem C.1 answers

the question in the case p € [1,00) \ {n}. Let us first introduce the following space: for any
compact set K C Q), with clos(int(K)) = K # @,

Hyx = {9 € W*P(Q) : ¢ is convex, Hp = A outside K,
for some fixed A € Sym™ (n)}.

This is a complete metric space when endowed with the distance

d(p1, 92) = |91 — @2llwzp (-
Theorem C.1. The following hold
(i) If p € [1,n), then Vo € W*P(Q) convex, det(Hg) € L] _
@ € WP (Q) such that det(H@) € LL (Q)\ HL (Q);

loc loc

(Q)), but there exists a convex function
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(i) If p € (n,+00), then Yo € W?P(Q) convex det(Hgo) €Lr

loc
function ¢ € W>P(Q) such that det(H@p) € LI’Z)C( ) \L10C (Q), Ve > 0;

Proof. The positive part of the statements of the Theorem are clear: if p < n, then it was written in

(C.1), while if p > n, det(Hg) € Ll’(’)c( ) by Holder inequality. Let us now show the optimality of

these results. The optimality for the case (i) is the content of Proposition C.2. To find a convex

(Q), but there exists a convex

function ¢ € leo' (Q)), p > n, such that det(H@) € Lloc( )\ Lloc “(Q) for every ¢ > 0, consider
again the family of functions f, defined in (5.1). As proved in Step 2 of Lemma 5.3 and Lemma

5.4, we find that if & > p;pn, then f, € leof (R") and for every ¢ > 0, we find « = a(e) > 0 such
that f, € W7 (R") but

det(Hfy) ¢ L%“(B,(O)), for any r > 0.

With a construction analogous to the one of Lemma 5.3 and the same proof as in Theorem 5.1, it
is possible to prove that the set

{9 € Hyx : det(Ho) € L1 (Q)\ | LT(Q)
>0
is residual in Hy, x. By Baire’s Theorem A.4, we then deduce the existence of such a function
P- O
We will now prove the optimality of (i) of Theorem C.1, namely
Proposition C.2. Let p € [1,n). The set
Uy = {¢ € Hyx : det(Hg) € L'(Q) \ H'(Q)}
is residual in Hy k.
To prove Proposition C.2, we first need the following result.

Lemma C.3. Let ¢ : QO — R be a convex function such that its Monge-Ampere measure pp has a
non-trivial singular part with respect to the Lebesque measure. Then, for every sequence of smooth and
convex functions @; converging locally uniformly to ¢ and for every zq € spt(yy,), we have

| det(Hep) 31 (5, (z)) — 09, a5 — o0,

for every B, (zq) compactly contained in Q).

Proof. By contradiction, suppose there exists a sequence (¢;);, a point zg € spt(y;,) and r > 0 as
in the statement such that
sup | det(He;) [l 71 (p,(zg)) < +o°-
]
Equi-boundedness in ! tells us that we can also assume, up to a non-relabeled subsequence,
that det(Hg;) converges weakly in L' to a function F € L'(B,(zg)) (see [60, Theorem 4.1] for
a proof). By definition of the Monge-Ampere measure and the regularity of ¢;, we can write,

Vf e Cg(Br(Zo»/
[ Fdng, () = | 7 det(ipy) )

Q

Now, the uniform convergence ¢; — ¢ implies that y,, A e (see [34, Proposition 2.9]), and
the weak convergence of det(H¢;) to F combined with the previous equality implies that, in the
limit,

[ f@ng(e) = [ Ff(rydr, VF € CBA(z0)).
QO (@)

The last equality implies pg B;(z0) = Fxp,(z,) 4, contradicting the fact that zg € spt(u,). O
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Proof of Proposition C.2. Fix p € [1,n). We consider the function fj constructed in the Steps 1 and
2 of Lemma 5.3. By Lemma 5.4, fo € Wb (R") Analogously to Step 4 of the same lemma, for

loc
every B,6,& > 0 and xj € int(K), we consider ®p,6,c,x, defined as in (5.8). We choose x arbitrarily

and B such that Byg(xg) C K. For this proof we will not need ¢, that we consider fixed. Therefore,
we will write ¢; instead of ¢g 5 x, for the sake of readability. To prove the Proposition, we write
U;,K as the countable union of closed sets:

Uy x = U {(P € Hpx : | det(Ho)|[31(0) < m}

melN

Each set C,,, = {go € Hyx : [ det(Ho)l[31(q) < m} is closed. To prove that it has empty interior

we reason by contradiction. Therefore, we find m, p > 0 and ¢ such that the ball N,(¢) C Cp.
Now choose 6 > 0 in such a way that || ¢;]|y2p () < £. This can be done in view of (5.3) (in the
case a = 0). If we now mollify ¢s5, we get a sequence of smooth convex functions ¢;; € Hy, x such
that || @ [l w2 ) < £,Vj € IN. This sequence is also converging locally uniformly to ¢, since
real-valued convex functions are locally Lipschitz. By the definition of ¢s in (5.8) and the fact (see
[34, Example 2.2(2)]) that

“Llfol_Bl(O) = wnéo,

we find that xo € spt(y;,) and, by Lemma C.3, that
| det(Hes j)[121(q) = +o0, as j — +oo. (C.2)
Now, by our choice of J, for every j € IN, we have that
¢+ 55 € No(o),
hence

| det(Hp + Hoy,j) ||H1(Q) = /Q det(Hp + Hg;,j) log(1 +det(Hp + Hes,j)) < m,¥j € N. (C.3)

By the monotonicity of the determinant on the cone of non-negative definite symmetric matrices,
we have
det(Hq),;/j) < det(H(P + HQ)t;//'),

and since the function x — x log(l + x) is increasing for x > 0, then

cy»
| det(Hes )12y < || det(HQ + Hesj) 31y < m, Vj € N.

The last inequality is in contradiction with (C.2). O
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In this appendix to Part iii, we prove Proposition 7.2, a technical result concerning the improve-
ment in the regularity in time for solutions of the Euler Equations (7.1) that is necessary for the
proof of Theorem 7.5.

D.1 TIME ESTIMATES OF EULER EQUATIONS

Using the same technique introduced in [12] to prove the time regularity for Holder solutions
of Euler, we show Proposition 7.2:

Proposition D.1. Let u,v : T3 x [0,T] — R3 be two weak solutions of (7.1) such that u,v €
CO(([0, T]; C%(T3)) for some 6 € (0,1). Then there exists a constant C > 0, depending only on 6,
||u||lg and ||v||g, such that

e —ollcs, < Cllu oo

Proof. We define w = u — v. We start by noticing that the Holder norm, in the space-time variables,
decouples as follows

wlx,s) —wly, ] _ Jwlx,s) —wly,s)|  |wly,s) —wlyb)
[(x,5) = (v, ) x —yl° |t — |

Thus it is enough to show that there exists a constant C > 0, independent of y, t, 5, such that

w(y,s) —w(y,6)]

< fplly + T

[(y,5) — w(y, )
“imp = Clell. (D.1)

If p and q are the corresponding pressures associated to u and v respectively, one has that w
solves
dw+diviw@u+vew)+V(p—q)=0. (D.2)

By taking the divergence of (D.2), we get
—A(p—9q) =divdiviw@u+v®@w),
from which, by Schauder estimates, we get
lp = 4qlle < llwllo ([[lle + lvlle) < Cllw]lo- (D.3)

Let now ws; = w * @4 the space mollification of w, for some ¢ > 0 that will be fixed at the end of
the proof. Since w € C°([0, T]; C®(T3)) we have

w(y, t) —ws(y, t)| < Cllwlles” vt e[0,T],
from which, by adding and subtracting w;(y,s) and w;(y, t), we can estimate
|w(y,s) —w(y, t)| < Cllwl||ed® + [ws(y,s) — ws(y,)]- (D.4)
Moreover, since w solves (D.2), we get
|ws(y,s) = ws(y, )] < [t = s[19wsllco, < [t =s[([(w@u+v@W)s|1+[I(p—q)sl1).  (O:5)
By estimate (D.3) and (7.5), we have

I(p = q)sll1 < Cllwl|ps®t, V& >0,
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and also
[(w@u+v@w)s| <COHwou+vew|s < Cllw|es, Vvé>o0.
Thus, by plugging these two last inequalities in (D.5), we get
|ws(y,s) = ws(y, £)| < Clt = |6 Hwlle, ¥6 >0,
from which, by (D.4), we conclude
[0(y,s) — w(y, )] < C(&" + [t — 5|6 ) [wwlly, V6 > 0.

By choosing § = |t — s| we finally achieve (D.1), and this concludes the proof.
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