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ABSTRACT. Recently the second and third author developed an itera-
tive scheme for obtaining rough solutions of the 3D incompressible Eu-
ler equations in Hoélder spaces (arXiv:1202.1751 and arXiv:1205.3626
(2012)). The motivation comes from Onsager’s conjecture. The con-
struction involves a superposition of weakly interacting perturbed Bel-
trami flows on infinitely many scales. An obstruction to better regularity
arises from the errors in the linear transport of a fast periodic flow by a
slow velocity field.

In a recent paper P. Isett (arXiv:1211.4065) has improved upon our
methods, introducing some novel ideas on how to deal with this obstruc-
tion, thereby reaching a better Holder exponent — albeit below the one
conjectured by Onsager. In this paper we give a shorter proof of Isett’s
final result, adhering more to the original scheme and introducing some
new devices. More precisely we show that for any positive € there ex-
ist periodic solutions of the 3D incompressible Euler equations which
dissipate the total kinetic energy and belong to the Holder class cee,

0. INTRODUCTION

In what follows T? denotes the 3-dimensional torus, i.e. T3 = S! xS! xS!.
In this note we give a proof of the following theorem.

Theorem 0.1. Assume e : [0,1] — R is a positive smooth function and e
a positive number. Then there is a continuous vector field v € C5~5(T3 x
[0,1],R3) and a continuous scalar field p € C*5~25(T3 x [0,1]) which solve
the incompressible Euler equations

O +div(v®@v)+Vp=0

(1)
dive =0

in the sense of distributions and such that

e(t) = / lv?(z,t) dx vt e [0,1]. (2)

Results of this type are associated with the famous conjecture of Onsager.
In a nutshell, the question is about whether or not weak solutions in a given
regularity class satisfy the law of energy conservation or not. For classical
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solutions (say, v € C') we can multiply by v itself, integrate by parts
and obtain the energy balance

/ lv(z,t)]* do = / lv(z,0)|>dz for all t > 0. (3)
T3 T3

On the other hand, for weak solutions (say, merely v € L?) might be
violated, and this possibility has been considered for a rather long time
in the context of 3 dimensional turbulence. In his famous note [I7] about
statistical hydrodynamics, Onsager considered weak solutions satisfying the
Holder condition

lv(z,t) —v(z',t)] < Clz — 2|, (4)
where the constant C' is independent of z,2’ € T® and t. He conjectured
that

(a) Any weak solution v satisfying with 6 > % conserves the energy;

(b) For any 6 < % there exist weak solutions v satisfying which do
not conserve the energy.

This conjecture is also very closely related to Kolmogorov’s famous K41
theory [16] for homogeneous isotropic turbulence in 3 dimensions. We refer
the interested reader to [14}[I8,[13]. Part (a) of the conjecture is by now fully
resolved: it has first been considered by Eyink in [12] following Onsager’s
original calculations and proved by Constantin, E and Titi in [2]. Slightly
weaker assumptions on v (in Besov spaces) were subsequently shown to be
sufficient for energy conservation in [11], [1].

In this paper we are concerned with part (b) of the conjecture. Weak
solutions violating the energy equality have been constructed for a long time,
starting with the seminal work of Scheffer and Shnirelman [19, 20]. In [6, [7]
a new point of view was introduced, relating the issue of energy conservation
to Gromov’s h-principle, see also [9]. In [I0] and [8] the first constructions
of continuous and Holder-continuous weak solutions violating the energy
equality appeared. In particular in [8] the authors proved Theorem [0.1] with
Holder exponent 1/10 — e replacing 1/5 — e.

The threshold exponent % has been recently reached by P. Isett in [15]
(although strictly speaking he proves a variant of Theorem since he
shows the existence of nontrivial solutions which are compactly supported
in time, rather than prescribing the total kinetic energy). Our aim in this
note is to give a shorter proof of Isett’s improvement in the Hélder exponent
and isolate the main new ideas of [I5] compared to [10} [8]. We observe in
passing that the arguments given here can be easily modified to produce
nontrivial solutions with compact support in time, but losing control on the
exact shape of the energy. The question of producing a solution matching
an energy profile e which might vanish is subtler. A similar issue has been
recently treated in the paper [5].

0.1. Euler-Reynolds system and the convex integration scheme.
Let us recall the main ideas, on which the constructions in [10} [§] are based.
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The proof is achieved through an iteration scheme. At each step ¢ € N

o

we construct a triple (vg, pg, Ry) solving the Euler-Reynolds system (see [10),
Definition 2.1]):

Byvg + div (v, ® vy) + Vpg = div R,
(5)

diveg =0.
The size of the perturbation
Wy = Vg — VUg—1

will be measured by two parameters: (5;/ * is the amplitude and Ag the fre-
quency. More precisely, denoting the (spatial) Holder norms by || - || (see
Section [A| for precise definitions),

lwgllo < M§,/?, (6)
lwglly < M6, (7)
and similarly,
||pq - pq71||0 < M25qa (8)
||pq - pq71||1 < M25f1)‘q’ (9)

where M is a constant depending only on the function e = e(t) in the
Theorem.

In constructing the iteration, the new perturbation, wq41 will be chosen so
as to balance the previous Reynolds error }?q, in the sense that (cf. equation
(5)) we have ||wg4+1 ® wgt1llo ~ H]Q%qu. This is formalized as

IRqllo < m6q41 + (10)
HRqu < M5q+1)‘q7 (11)

where 1 will be a small constant, again only depending on e = e(t) in
the Theorem. Estimates of type - appear already in the paper [§]:
although the bound claimed for ||R;]|; in the main proposition of [§] is the

weaker one | R,[; < M 5;/ *)\, (cf. [8, Proposition 2.2]): A, here corresponds

to (D6&/6%)1*¢ there), this was just done for the ease of notation and the

actual bound achieved in the proof does in fact correspond to (cf. Step

4 in Section 9). In the language of [I5] the estimates (6)-(1I) correspond to

the frequency energy levels of order 0 and 1 (cf. Definition 9.1 therein).
Along the iteration we will have

0g -0 and A; = o0

at a rate that is at least exponential. On the one hand @, and will
imply the convergence of the sequence v, to a continuous weak solution of
the Euler equations. On the other hand the precise dependence of A\, on d,
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will determine the critical Holder regularity. Finally, the equation will
be ensured by

< i(sqﬂe(t). (12)

()1 = 6y) = [ oy (o, 0)ds

Note that, being an expression quadratic in v, this estimate is consistent
with .

As for the perturbation, it will consist essentially of a finite sum of mod-
ulated Beltrami modes (see Section [1| below), so that

wf](xa t) = Z ak(l‘, t) ¢k‘(xa t) Bkei)\qk.ac 5
k

where a is the amplitude, ¢ is a phase function (i.e. |¢x] = 1) and
By ¥ ® i a complex Beltrami mode at frequency ¢ Having a perturba-
tion of this form ensures that the “oscillation part of the error”

div (wy ® wy + Ry_1)

in the equation (b)) vanishes, see [10] (Isett in [I5] calls this term “high-high
interaction”). The main analytical part of the argument goes in to choosing
ar, and ¢y correctly in order to deal with the so-called transport part of the
error

Oywg + vg—1 - Vg .

In [I0, 8] a second large parameter p(= jq) was introduced to deal with this
term. In some sense the role of i is to interpolate between errors of order 1
in the transport term and errors of order )\q_l in the oscillation term.

The technique used in [§] for the transport term leads to the Holder
exponent %. In our opinion the key new idea introduced by Isett is to
recognize that the transport error can be reduced by defining a; and ¢y
in such a way that adheres more closely to the transport structure of the
equation. This requires two new ingredients. First, the phase functions ¢y
are defined using the flow map of the vector field vy, whereas in [8] they were
functions of v, itself. With the latter choice, although some improvement
of the exponent 1/10 is possible, the threshold 1/5 seems beyond reach.
Secondly, Isett introduces a new set of estimates to complement @-
with the purpose of controlling the free transport evolution of the Reynolds
error:

||atéq +vg- vRqHO < 5q+15c11/2)‘q : (13)

These two ingredients play a key role also in the proof of Theorem given
here; however, compared to [15], we improve upon the simplicity of their
implementation. In order to compare our proof to Isett’s proof, it is worth
to notice that the parameter p corresponds to the inverse of the life-span
parameter 7 used in [15].
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0.2. Improvements. Although the construction of Isett in [I5] is essen-
tially based on this same scheme outlined here, there are a number of fur-
ther points of departure. For instance, Isett considers perturbations with a
nonlinear phase rather than the simple stationary flows used here, and con-
sequently, he uses a “microlocal” version of the Beltrami flows. This also
leads to the necessity of appealing to nonlinear stationary phase lemmas.
Our purpose here is to show that, although the other ideas exploited in
[15] are of independent interest and might also, in principle, lead to better
bounds in the future, with the additional control in , a scheme much
more similar to the one introduced in [I0] provides a substantially shorter
proof of Theorem [0.1] To this end, however, we introduce some new devices
which greatly simplifies the relevant estimates:
(a) We regularize the maps v, and }O%q in space only and then solve locally
in time the free-transport equation in order to approximate ]O%q.
(b) Our maps ay, are then elementary algebraic functions of the approx-
imation of }ofq.
(c) The estimates for the Reynolds stress are still carried on based on
simple stationary “linear” phase arguments.
(d) The proof of is simplified by one commutator estimate which, in
spite of having a classical flavor, deals efficiently with one important
error term.

0.3. The main iteration proposition and the proof of Theorem [0.1
Having outlined the general idea above, we proceed with the iteration, start-
ing with the trivial solution (vo,po, Ro) = (0,0,0). We will construct new
triples (vq, pqs }O%q) inductively, assuming the estimates @—.

Proposition 0.2. There are positive constants M and n depending only on
e such that the following holds. For every ¢ > % and b > 1, if a is suf-

o

ciently large, then there is a sequence of triples (vy, pg, Ry) starting with
9> Pg> g

(vo, po, Ro) = (0,0,0), solving and satisfying the estimates (6])-(13)),

where 6, = a™"", \, € [aquH,QaquH] for q = 0,1,2,.... In addition

we claim the estimates

100(vg = vg-1)llo < C8/*Ag  and  9u(pg — pg-1)llo < COAy  (14)

Proof of Theorem[0.1} Choose any ¢ > % and b > 1 and let (vq, pq, }o%q) be a
sequence as in Proposition[0.2} It follows then easily that {(vg, pq)} converge
uniformly to a pair of continuous functions (v, p) such that and hold.
We introduce the notation || - ||-s for Holder norms in space and time. From

@—@, and interpolation we conclude

lvg+1 = vglloo < MOJEAD,, < Cab™ RebI=1)/2 (15)
IPgs1 — pallozs < M20,41227, < Cat™ (2eb0=1), (16)

Thus, for every 9 < ﬁ, vg converges in C? and Dg in c?9, O
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0.4. Plan of the paper. In the rest of the paper we will use D and V
for differentiation in the space variables and 0; for differentiation in the
time variable. After recalling in Section [I] some preliminary notation from
the paper [10], in Section [2| we give the precise definition of the maps
(vq+1,pq+1,]§q+1) assuming the triple (vq,pq,é ) to be known. The Sec-
tions [3] I 4] and [f] will focus on estimating, respectively, wqi1 = vgq1 ,
[ |vg+1*(2,t) do and Rq+1 These estimates are then collected in SectlonE
where Proposition [0.2] will be finally proved. The appendix collects several
technical (and, for the most part, well-known) estimates on the different
classical PDEs involved in our construction, i.e. the transport equation, the
Poisson equation and the biLaplace equation.

0.5. Acknowledgements. We wish to thank Phil Isett for several very

interesting discussions and suggestions for improvements on this manuscript.
T.B. and L.Sz. acknowledge the support of the ERC Grant Agreement

No. 277993, C.dL. acknowledges the support of the SNF Grant 129812.

1. PRELIMINARIES

1.1. Geometric preliminaries. In this paper we denote by R™*", as usual,
the space of n xn matrices, whereas S™*™ and ;™" denote, respectively, the
corresponding subspaces of symmetric matrices and of trace-free symmetric
matrices. The 3 x 3 identity matrix will be denoted with Id. For definitive-
ness we will use the matrix operator norm |R| := maxj,|—; |Rv|. Since we will
deal with symmetric matrices, we have the identity |R| = max,—; |Rv - v|.

Proposition 1.1 (Beltrami flows). Let A > 1 and let Ay € R? be such that
Ap- k=0, |Ak|_ 5, Aok = Ay

for k € Z? with |k| = X\. Furthermore, let

k
Bk:Ak—i-Z'WXAkE(CS.

For any choice of a, € C with ax = a_y, the vector field
= Z akBkeik'g (17)
k=X

is real-valued, divergence-free and satisfies

2
div (W @ W) :v'V? | (18)
Furthermore
k
WeW)=4 WeWd=_ Z\akP(Id—W@W) (19)
TS

\k\
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The proof of (18), which is quite elementary and can be found in [10],
is based on the following algebraic identity, which we state separately for
future reference:

Lemma 1.2. Let k, k' € Z3 with |k| = |k'| = X\ and let By, By € C? be the
associated vectors from Proposition|1.1. Then we have

(Br ® By + B @ Bi)(k+ k') = (By, - Bi)(k + k).

Proof. The proof is a straight-forward calculation. Indeed, since By - k =
By - k' =0, we have

(By @ Bp+By @ By)(k+ k') = (By - k)Bg + (By - k') By
= —Bg x (K' X Byr) — By X (k x By) + (Bg - Bir)(k + k')
= iA(By, X By + By x By) + (B, - By)(k + k'),
where the last equality follows from
k x By, = —iABy, and k' x By = —i\Byy .
[l

Another important ingredient is the following geometric lemma, also taken
from [10].

Lemma 1.3 (Geometric Lemma). For every N € N we can choose 79 > 0
and A > 1 with the following property. There exist pairwise disjoint subsets

ANjc{keZ: |kl=Xy je{l,...,N}
and smooth positive functions
VD e c® (B, (1))  je{l,...,N}keA,
such that
(4) ().

(a) k€ Aj implies —k € Aj and ~;' = v",;
(b) For each R € By, (Id) we have the identity

_1 D) (1q_ F o F
R_zkgj (’yk (R)) (m |k|®|k’> VRe B, (Id).  (20)

1.2. The operator R. Following [10], we introduce the following operator
in order to deal with the Reynolds stresses.

Definition 1.4. Let v € C®(T3 R3) be a smooth vector field. We then
define Rv to be the matriz-valued periodic function

Ru = i (VPu+ (VPu)) + Z (Vu+ (Vu)") — %(div u)ld,

where u € C*°(T3,R3) is the solution of

Au:v—][ v in T3
']1‘3



8 TRISTAN BUCKMASTER, CAMILLO DE LELLIS, AND LASZLO SZEKELYHIDI JR.

with ng, u =0 and P is the Leray projection onto divergence-free fields with
zero average.

Lemma 1.5 (R = div"!). For any v € C>®(T3,R3) we have

(a) Ru(z) is a symmetric trace-free matriz for each x € T3;
(b) divRv =v — frs 0.

2. THE INDUCTIVE STEP

In this section we specify the inductive procedure which allows to con-
struct (Vg41, Pg+1, Rgt+1) from (vg, pg, Rq). Note that the choice of the se-
quences {dg}qen and {A;}qen specified in Propositionimplies that, for a

sufficiently large a > 1, depending only on b > 1 and ¢ > 5/2, we have:

ST <200, 1> 80N <25, Y6 <> 8 <2 (21)
J

Ji<q J<q J

Since we are concerned with a single step in the iteration, with a slight
abuse of notation we will write (v, p, R) for (vq, pq, Rq) and (vi,p1, R1) for

o

(Vg+1,Pg+1, Rg+1). Our inductive hypothesis implies then the following set
of estimates:

lollo <2M, vl < 2MaN, (22)
1Rl <noprt, IRl < Mgeihg, (23)
Ipllo < 2M7, Iplly < 2M?6), (24)
and
10+ v+ ) Rllo < Mye1012A, . (25)

The new velocity v; will be defined as a sum
V1 = U+ W + We,

where w, is the principal perturbation and w, is a corrector. The “principal
part” of the perturbation w will be a sum of Beltrami flows

Wo(t, z) := Z apgp Byt
[E[=Xo

where Bie™ 1% is a single Beltrami mode at frequency Ag+1, with phase
shift ¢p = ¢r(t,x) (i.e. |pr| = 1) and amplitude ap = ag(t,z). In the
following subsections we will define a; and ¢.
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2.1. Space regularization of v and R. We fix a symmetric non-negative
convolution kernel 1 € C°(R3) and a small parameter ¢ (whose choice
will be specified later). Define v, := v x ¢y and ]:?g = R x 1y, where the
convolution is in the x variable only. Standard estimates on regularizations
by convolution lead to the following:

[ —vello < C 8,/2 2t (26)
IR = Rello < C 6gq. (27)
and for any N > 1 there exists a constant C' = C(N) so that
lvellv < C 8220, (28)
HREHN < C(Sq-I—l/\qgliN- (29)

2.2. Time discretization and transport for the Reynolds stress.
Next, we fix a smooth cut-off function y € C°((—3, 2) such that

47 4
Y X@-1)=1,
IEZ

and a large parameter u € N\ {0}, whose choice will be specified later.
For any [ € [0, u] we define

1 -1 2 -1
32y <e(lu ) (1 —dg+42) /T?» |v|*(x, lp )d:v) .
Note that implies

1 1

-1

pL =

e(ln™) (041 — Sg42)-
We will henceforth assume
1
Og+2 < 50q+1,
so that we obtain
Cy H(mine)dy11 < pr < Co(max e)dyp1, (30)

where C is an absolute constant.
Finally, define Ry; to be the unique solution to the transport equation

{ 8tfoig,l + vy - Véz,l =0 (31)

égJ(I’, ﬁ) = ég(ﬂ?, ﬁ) :

and set
Ryy(x,t) := pdd — Ryy(x,t). (32)
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2.3. The maps v, w,w, and w.. We next consider v, as a 2w-periodic
function on R3 x [0, 1] and, for every I € [0, u, we let ®; : R3 x [0,1] — R3
be the solution of

0P +vp- VP, =0
(33)
(I)l(x7 l/fl) =z

Observe that ®;(-,t) is the inverse of the flow of the periodic vector-field vy,
starting at time ¢ = [y ~! as the identity. Thus, if y € (277Z)3, then ®;(z,t) —
®)(z+y,t) € (2nZ)3: ®(-,t) can hence be thought as a diffeomorphism of T3
onto itself and, for every k € Z3, the map T3 x [0,1] > (z,t) — eiha+1k-®i(z.)
is well-defined.

We next apply Lemma [I.3] with N = 2, denoting by A® and A° the
corresponding families of frequencies in Z3, and set A := A° + A°. For each
k€ A and each | € ZN [0, u] we then set

wa(t) = x(ut - 1), (34)

Ry (x,t
a(z.1) = /o <“;Z)) , (35)
wii (2, 1) = a(w, t) Bye ok, (36)

The “principal part” of the perturbation w consists of the map

wo('xa t) = Z Xl(t)wkl(xv t) + Z Xl(t)wkl(ma t) . (37)

l odd,keA° l even,keA®

From now on, in order to make our notation simpler, we agree that the pairs
of indices (k,l) € A x [0, ] which enter in our summations satisfy always
the following condition: k € A® when [ is even and k € A° when [ is odd.

It will be useful to introduce the “phase”

¢kl (Jj7 t) — ei)\q+1k~[<1>l(m,t)—x]’ (38)
with which we obviously have

(bkl . 6’L‘)\q+1k~$ — ei)\q+lk'q>l‘

Since Ry; and ®; are defined as solutions of the transport equations
and , we have

(B +v-Vag =0  and (8 +vp- V)ePartk®@t) — g (39)

hence also

(O + vp - V)wy, = 0. (40)
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The corrector w, is then defined in such a way that w := w,+w, is divergence

free:
X1
W, 1=

:%:XZ(A

Remark 1. To see that w = w, + w, is divergence-free, just note that, since

. kx B ) ]
curl <zakl¢klk eirat1k-z

K2

; kx By
" Vay — am(DP, —Id)k) « WX B ivgerker gy
q+1

k- By =0, we have k x (k x By,) = —|k|>?By and hence w can be written as
B
<Zakl Pk b 3 E Mq“k'x) (42)
A1 £ ||
For future reference it is useful to introduce the notation
j kx B
Ly := ap By + ( Vag — akl(DCI)l — Id)k) X X72k‘, (43)
Agt1 ||

so that the perturbation w can be written as

w=""x1 Ly ek (44)

kl

Moreover, we will frequently deal with the transport derivative with respect
to the regularized flow vy of various expressions, and will henceforth use the
notation

Dy =0y +wvp- V.

2.4. Determination of the constants n and M. In order to determine
n, first of all recall from Lemma that the functions ay; are well-defined
provided

R
U_Id‘ STD)
P

where 7 is the constant of Lemma [I.3] Recalling the definition of R,; we
easily deduce from the maximum prln(:lple for transport equatlons (cf. -

in Proposition that ”RNHO < ||R|lo. Hence, from and (30) we

obtain

R
il ‘ < Q)
%) mine’
and thus we will require that
r
Co T
mine 4

The constant M in turn is determined by comparing the estimate @ for
q + 1 with the definition of the principal perturbation w, in . Indeed,
using ([34)-(37) and we have [|w,||o < Cp|A|(max e)ééfl. We therefore
set
M = 2Cp|A|(maxe),
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so that
lually < % 007 (15)
2.5. The pressure p; and the Reynolds stress Ry. We set
Ri=R+R'+R>+ R+ R+ R,

where

R® = R (0w + vg - Vw +w - V) (46)

R' = Rdiv (wo ©wo— > X Rey — |w§‘21d) (47)

l

R? = w, @ We + W, ® W + w, @ w, — e F2otie) 1 (
2((v—vyp),w

R3:w®(v—w)—|—(v—w)®w—%ld (

R'=R-R, (50

R’ = ZX?(Rz—él,z)- (

1

Observe that Ry is indeed a traceless symmetric tensor. The corresponding
form of the new pressure will then be

1 2 2
- g’wC‘Q - §<w07w0> - §<U —vg,w) . (52)

_ |wol”

2

p1=Dp

Recalling we see that ), Xlztr Ry, is a function of time only. Since
also ), X? =1, it is then straightforward to check that

div Ry - Vpr :8tw+div(v®w+w®v—|—w®w)+div}02—Vp
=0w+divir@w+w®v+ww)+ dw + div (v ® v)
= 01 +divy; Q@ vy .

The following lemma will play a key role.

Lemma 2.1. The following identity holds:

Wo ® Wo = Z XiRes + Z XIX1 WL @ Wiy (53)
l (kyl)v(klvl/)rk¢7k/

Proof. Recall that the pairs (k,l), (k’,1) are chosen so that k # —k" if [ is
even and [’ is odd. Moreover x;xy = 0 if [ and !’ are distinct and have the
same parity. Hence the claim follows immediately from our choice of ax; in
(35) and Proposition [1.1) and Lemma (cf. [10, Proposition 6.1(ii)]). O
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2.6. Conditions on the parameters - hierarchy of length-scales. In
the next couple of sections we will need to estimate various expressions
involving vy and w. To simplify the formulas that we arrive at, we will from
now on assume the following conditions on p, Ag+1 > 1 and ¢ < 1:

1/2

YW 5PN, 1 s 1 o/h
<1, + <A and < = 54
51/2 © 6)\(14-1 atl )\q—i-l 2 ( )

q+1
These conditions imply the following orderings of length scales, which will
be used to simplify the estimates in Section [3}

1 1 1 1
< -< and

KPR E I O Ag+1

1
<< —.
<tsy 69

One can think of these chains of inequalities as an ordering of various length
scales involved in the definition of v.
1/2

Remark 2. The most relevant and restrictive condition s % < )\iq Indeed,
this condition can be thought of as a kind of CFL condition (cf. [4]), restrict-
ing the coarse-grained flow to times of the order of ||Vv]|51, cf. Lemma
and in particular below. Assuming only this condition on the param-
eters, essentially all the arguments for estimating the various terms would
still follow through. The remaining inequalities are only used to simplify the
many estimates needed in the rest of the paper, which otherwise would have
a much more complicated dependence upon the various parameters.

3. ESTIMATES ON THE PERTURBATION

Lemma 3.1. Assume holds. For t in the range |ut — | < 1 we have

D]y < C (56)
|D®; —1d]|, < 05‘1’/2Aq (57)
5%\
[1D®y]|y < Cﬁ, N>1 (58)
Moreover,
laxillo + I Zwally < Co,%, (59)
lakilly < C8 AN, N>1  (60)
|Lally < OO/, N>1 (61)
1 1 N
léwlly < quﬂjﬁﬁ e (‘”ﬂ“l)
<o G? N>1. (62)
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Consequently, for any N >0

1/2 5;/2 )\q

lwelly < €O =L 20N, (63)
M 1 1 _
lwolly < 50 has + O8N (64)
1
lwoll v < C8.2 AN, N>2 (65)

where the constants in - depend only on M, the constant in
depends on M and N, the constants in and depend on M and e
and the remaining constants depend on M, e and N.

Proof. The estimates and (b7)) are direct consequences of (115)) in
Proposition together with (55)), whereas (116)) in Proposition com-

bined with the convolution estimate (28)) implies .
Next, together with ((112]),(113)) and (114) in Proposition and
leads to

[Relly < Cdgta, (66)
HRZ,ZHN < C(5q+1/\q£17N, N > 1. (67)

The estimate is now a consequence of , and , whereas by
(109) we obtain

lallv < CO P Reglln < CO2 NN < Ca2 e (68)

Similarly we deduce from
I Liallv <Cllagilly + CA okl v+
+ C (llam N |1D®; — Idl|o + lagllol| D[ ¥)
and once again using (55|).
In order to prove (62)) we apply (110) with m = N to conclude
N N
orlly < CAgi1ll DPylIn—1 4 A1 | DO — 1d]|g',
from which follows using , and .
Using the formula together with , , and we conclude

54"\

[wello < X laxll1 + Cllalol[ D®; — 1d[jo < C

q+1
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and, for N > 1,

1
cllnv <C
el < sz(m

+ Cllwello Z Xt (At D@0 + Age1[ D®1[| v 1)

547N\ 5N n
T n

laxellyen + laralol D&l + larelly | D®; — Iduo)

_l’_

05
q+1 Q+1 Agi1 L

Q+1

1/2 ( Aq

This proves . The estimates for w, follow analogously, using in addition
the choice of M and . (]

Lemma 3.2. Recall that Dy = 0y +wvp-V. Under the assumptions of Lemma
[3.1 we have

| Dyvel|y < Co N, (69)

IDeLitl|nv < CO/2165 22t~ (70)

1D Liallv < C6.)F10,7 z—N 1 (71)

1Dewelly < C8./21012AAY L (72)

| Dewolly < C8/ AN (73)

Proof. Estimate on D;uvy. Note that v, satisfies the inhomogeneous

transport equation
Ovg +vg - Vog = —Vp g + div (R — (v ® v) # g + v @ vy) .

By hypothesis ||[Vp * ||y < C|pllit™ < C3, ¢~ and analogously

[div R * o] < Cég+12¢¢~N. On the other hand, by Proposition
[div (v @ v) * ¥y — v @vp) | v < CONw||} < C@lfNéq)\g.
Thus follows from .

Estimates on L;;. Recall that Ly, is defined as

kx B
Lkl = CLlek; + ( Vakl — akl(D(I)l — Id)k:) X 5 k
Ag+1 |k|
Using that
Diayy =0, Dy®; =0,
T (74)
DtVakl = —DUZ Vakl, DtD(I)l = —DCI)[DUg,
we obtain
kx B
DLy = (— ! DngVakl + ale<I>legk:> X a 3 k.
)\q+1 |k‘|
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Consequently, for times |t —I| < p~! and N > 0 we have

A 6%\
DLyl < C82 61200 N | 22 g2
| DLyl v < €3,/ 164 Ny p

< OS2 0P A LN

where we have used (107]), Lemma and . Taking one more derivative
and using again, we obtain

Dl Dvl'Vay+

i
D?Lkl :<_ (DtDvg)TVakl + h\

)\q+1 q+1
k x Bk

~ auD® DvyDugk + a D@Dy Dugk) e
Note that D;Dvy = DDsvy — DvyDuy, so that

1D Dvel| v < | Devell 1 + [ Dvel[ v ][ Dogllo
< C6qu€*N*1 (L4 N\gl) < Co AN

It then follows from the product rule (107)) and (55 . ) that

A A2¢ Si2y
|D7 Lia || v < C5;f15 DV R R A N O W i s S iy |
)‘(14‘1 )‘q+1 7!

< O8/2 0 AN

Estimates on w.. Observe that w. = 3 x;(Lg; — ap Bi)ea+1F Pt (see
and ) Differentiating this identity we then conclude

Dywe = Z Xt (DeLig) €45 P 4 (9yx) (L — agy Bg) ear 1+
K

- Z Xt(DiLyg) e a1+ 7+

iVa kx B i -
+ Z 8,:)(; < kL _ ag] (D(I)l — Id) k> X ’k|2 k¢kl€ Agt+1k )

Hence we obtain as a consequence of Lemma and .

Estimates on w,. Using we have

/ i\ k-
Dyw, = E Xkl Qe T
ol

Therefore follows immediately from Lemma (]
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4. ESTIMATES ON THE ENERGY

Lemma 4.1 (Estimate on the energy).

1/2 1/2
R RY. o) VI AP AP\
e(t)(l—éq_s_g)—/, orfP do < = + OO0 g gZet N T ()
T3 M q+1
Proof. Define
=302m)* Y _xi(t)p
I
Using Lemma we then have
wol> = x{tr Rey + > XIX1 Wi * W,
I CORCRN
= (2m) e+ 2. XiXk Ak fry G e R (76)
(kal)z(klzll)ak7é7kl

Observe that € is a function of ¢ only and that, since (k+ k") # 0 in the sum
above, we can apply Proposition (1) with m = 1. From Lemma we
then deduce

1
/ |wo? da: — é(t)‘ < 06q+15q/2/\q MGy
T3 N H )\q—I—l

Next we recall , integrate by parts and use and to reach

(77)

5264
/ v-owde| < 0L T (78)
T3 )\q—i-l
Note also that by we have
Syr10q A
/ we? + |wew,| do < ¢ 20 (79)
T3

Summarizing, so far we have achieved

/Tg o2 da — <é(t) +/Tg \v[2d:v>

J
/\w[de—e )’ +o-tr

Agt1
) 5.2 542\ /2
B / ]wo\2dx—é(t)‘ L% 20 00l g
: Aq—i—l 1%

1/2 1/2 1
. 5q+1 Ag + C5q+15q/2)‘q '
Agt1
Next, recall that

e(t) =3(2m)* > xip
.
(1 — dg+42) ZXze ZX:/ oz, I~ ") da.
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1

Since ‘t - i’ < p~" on the support of x; and since ), X12 =1, we have

<pt.

l
()~ (1)
] H
Moreover, using the Euler-Reynolds equation, we can compute
) t
/ (\v(x,t)|2 — ‘U (a:,l/fl)‘ ) dx :/ / 8t|v|2
T3 L J1s
m
t t i t i
:_//div(v(|v|2—|—2p))+2//v.divR:—2/ Dv:R.
L Jrs3 L Jrs3 L Jr3
I w I

Thus, for ‘t — ﬁ‘ < p~! we conclude

Sg1647A
lv(z,t)]? — ‘v(m,lﬂ_l)}2 do| < =20 20
T K
Using again ) Xl2 =1, we then conclude
1 6418 A
e(t)(1 — bg42) — <e(t) + / lv(z, t)|? d:c> ‘ < - 4o-etlte 2 (81)
T K H
The desired conclusion (75| follows from and (81)). O

5. ESTIMATES ON THE REYNOLDS STRESS

In this section we bound the new Reynolds Stress Ry. The general pattern
in estimating derivatives of the Reynolds stress is that:

e the space derivative gets an extra factor of Ag1 (when the derivative
falls on the exponential factor),

e the transport derivative gets an extra factor p (when the derivative
falls on the time cut-off).

In fact the transport derivative is slightly more subtle, because in R a
second transport derivative of the perturbation w appears, which leads to
an additional term (see (92))). Nevertheless, we organize the estimates in
the following proposition according to the above pattern.

Proposition 5.1. For any choice of small positive numbers € and (3, there
is a constant C' (depending only upon these parameters and on e and M)
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such that, if p, Ag41 and £ satisfy the conditions , then we have
572 1 51/2 Sg)g

1 +1 q+179
||R°||o+ HR°||1+*HD1:R°||0 <Cc-L 4 (82)
a At Agrind
1 B0 162 AN
IR I+ S 1De! o < o 17t (83)
1 600102
IR0 + 5— HR2||1 + ;HDtRQHO < C“T (84)
1
170 I+ 2D o < O3 5182t (85)
1 6,0 10° 2
IR i+ S IDeR o < CEEESE 4 Cogagt - (86)
1 600102
IR0 + —— [ B[l + ~ | DR < ¢ 20t100 20 (87)
Ag+1 Iz Iz
Thus
o 1 o 1 o
| Rillo + ilHRlﬂl + ;HDtRlHo <
q
1/2 12y ye 12 (88)
<C (5(715 + Oa4109 Aadgin + OGN+ L{If Ul )
Agt1 H Agriid

and, moreover,

|0: Ry + v1 - VRylo <

(51/2 S 51/2)\ A\E (51/2 OgA
< COf Mg ( oo L AL A N 0 0 W N s L ) Y

1
A p " Ayyind

Proof. Estimates on R’. We start by calculating

ow + vy - Vw +w - Vup = Z (XELICZ + X[Dthl + XlLkl . V’Ug) eik"bl )
Kl
Define Qp := (xjLxt + Xt DLt + xiLii - Vvg) ¢y and write (recalling the

. . Ngp1kw _ idgs1k-®
identity ¢ge'tatii® = eltat1h @)

Ow + vy - Vw +w - Vg = Z leei)\q+1k'$ . (90)
Using Lemmas and and
12 5"\ 12
[Qkillo < Co - p | 1+ o < Colam

and similarly, for N > 1
_ 1-
190llv < CofEn (N + lomllv) < Co AR,
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Moreover, observe that although this estimate has been derived for N inte-
ger, by the interpolation inequality (108]) it can be easily extended to any
real N > 1 (besides, this fact will be used frequently in the rest of the proof).

Applying Proposition (ii) we obtain
IRollo < D7 (X1 llo + A 19mln + A Qv+ )
kl
- N
<Co /i (A0 00T) (91)
It suffices to choose NV so that NG > 1 in order to achieve
Rllo < C8.7 Xt
H ”0 — q+1 q+1-

As for ||R°||1, we differentiate (90). We therefore conclude

R =R (Z(Mqﬂkﬁkl + 3j9kl)e“q+1’“"”> :
Kl

Applying Proposition (11) as before we conclude ||R%||; < C(Sqil HAG11-

Estimates on D;R°. We start by calculating

Dy (81510 + v - Vw~+w - V’U@) = Z (aEXlLkl + 2atXlDthl + XngLkl—{—
kl

+ 00l - Ve + XiDeLg - Voo +xiLt - VDgve = XiLg - Vg - Vv ) e

kl
As before, we have

Sghg | s Sy 1o 5
1 7 - 1 < _t 7
0 + 0,/ Ag + p Coiam | p+ P

|Qallo < C8,/2ym (u +
and, for any N > 1

1/2 N 0gAq 1/2 0 A?I
1%l < Coglypul™ +W+5q Aot = + 1% lloll Pl v

[P -
< caftun (252 (€ + louly)
1/ dgA N(1-8)
< C(qul,u (u + Z;) A1
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Next, observe that we can write
DR = ([Dy, R)+RD, ) (9w + v Vo + w - V)
:([W, RV + RDt> (Byw + vg - Vaw + w - Vo)
= [, RI(VQue?v57) 4 ixgia[vg - k, R (Quue? 1 F7) 4 R(Qerarth )

(where, as it is customary, [A, B] denotes the commutator AB — BA of two

operators A and B).
Using the estimates for €}, derived above, and applying Proposition

E.1(ii), we obtain

gy < [llo | [Quly [l
[R(e et o < FHE 4 SR 4 SN
q+1 q+1 q+1
502 .\
< q+1 qN\g ( )\1 N,B)
CA,;% <H+ M) ot

Furthermore, applying Proposition we obtain

, . C
| ve, RIT e sbn)|| < o el |l

q+1
N-1 1/2 1/2
C 0g Agd 11t 14+2e—N
vz O Illiselloellv—ie < O=TTE0 (A 4 AHF)
g+l =0 q+1
and similarly
A SN0
: +1 142e—N
Agt1 H[W &, R)(Qpgeratih ) )= C}\liqa (1 + A0 ﬂ) .
g+1

By choosing N € N sufficiently large so that NG > 1 + 2¢ we deduce

52
| DRl < 02512 (M + 842 + M)
A ¢

Taking into account that 5;/ 2/\,1 < p this concludes the proof of .

Estimates on R!. Using Lemma we have

i)

> xoxediv (wkl ® Wy — WId) — T4+ 1IT
(k,0),(K'17)
kK #£0

div (wo ® Wy —
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where, setting frp = XiXvariarr Ok s

I= Z (Br ® By — 3(By - Bp)Id) V fygppe et (FHF)-2
(L), (k717
k+k'£0
1T =iy Z fuwr (Be ® By — 5(By - By)1d) (k + k)erari(ktkD)-
(K1), (K1)
k+k/£0

Concerning I1, recall that the summation is over all [ € Z N [0,u] and
all k € A° if [ is even and all £k € A° if [ is odd. Furthermore, both
A¢,A° C AS? N Z3 satisfy the conditions of Lemma Therefore we may
symmetrize the summand in I7 in k and k’. On the other hand, recall from
Lemma [L.2] that

(Bk ® B + B ® Bk)(k' + kil) = (Bk . Bk/)(k‘ + k‘l)

From this we deduce that IT = 0.
Concerning I, we first note, using the product rule, and , that

[frwr]n < Cogr (Mgl + ||| y)  for N > 1.
By Lemma and (cf. (5F))) we then conclude

5q°\ 54"\

1 <cs 1 A\g+1 ,
) et

[fravlt < Cdgia ()\q + Agt1

N(1—
[frer]v < C’f5q+1>\qﬁ A N > 2.
Applying Proposition (ii) to I we obtain

IR'Mo< > (Aili rarr ]t + A e v + A0 [fklk/l/]N+1+e>

(k) (k1)
ket-k' £0

5;/2)‘11 1—NpB+e
SIS SRSV (93)

By choosing N sufficiently large we deduce
1
5q+15q/2)‘q)‘2+1
7

as required. Moreover, differentiating we conclude Gle = R(0;I) where

0;1 = Z (Bk ® By — %(Bk . Bk/)Id) .
(k,0),(K',17)
k+k! 40

IRYo < C

(iMgr1(k + KV frapr + 05V frapp)eRar1 )2 (gq)

Therefore we apply again Proposition (ii) to conclude the desired esti-
mate for ||RY|;.
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Estimates on D;R!. As in the estimate for D;R°, we again make use of
the identity D;R = [vg, R]V + R D in order to write

DR = Z ([W’R] <VUklk’l/€i>\q+1(k+k/)'w)

(1), (K1)
k+k'#0

tidgaalve - (k4 k), R] (Ve 265992 4 R (Ufeiars 5802 )
where we have set Uy = (Bk ® B — %(Bk : Bk/)Id) V frgy and

2
Dydiv (’U}O ® wy — Z X?Ré,l — Mld) = Z Ullclk/llez)\q+1(k+k/).:c.
l

2
(k,0), (K1)
k-+k'£0

In order to further compute U}/, we write

. . 1 . /.
V fraprr €21 TR — v (ag Vagy + apy Vag) erort etk

+ i)\q+1xlxl/aklak/l/ ((D(I)l - Id)k‘ + (D<I>l/ — Id)k‘/) €i)\q+1(k'¢l+k/'¢l/)
and hence, using ,

D, <kalk’l’ ei/\q+1(k+k')-:v) = () (anVagy + apyVag) et Btk @)
+idg1 (uxe) amapy (D — 1d)k + (DDy — Id)k') ePatr (- Prek’2u)
- Xixv (aleWTVak/l/ + ak’l’DU;?FVakl) JROVIRYCE TROEE )
— XIXU R Qg (D@leéTk + D(I)l/DvZTk’) it 1 (k@R D)
= (Shiwr + St + Shw + Shy) et R0

= Eklk/z/qu“(k'¢l+k,'¢l’) .

Ignoring the subscripts we can use (107), Lemma and Lemma to

estimate

IZ]n < C5q+1>‘q€_N(M + )‘q+15;/2 + 5;/2)‘11 + 5;/2) = C5q+1>‘q+15;/2)‘q£_N :

We thus conclude
Uk In < CllSkur v + Cll Sk ol Gradnr ||
< C5q+1)‘q+15;/2)“1 (E_N T )\é\ﬁr(}_ﬁ)> < 05q+15;/2)\q)\;ﬂ\7(1—6)

The estimate on ||D;R!|o now follows exactly as above for D; R applying
Proposition to the commutator terms. This concludes the verification

of .
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Estimates on R? and D;R?. Using Lemmawe have

52\
IR?]lo < C(lwellg + llwollollwello) < Cdgsa qu 1

5%\
I1R?[l1 < C(llwell1llwello + llwoll1llwello + [[wsllo]lwell1) < CEqr =2

Agt1-

Similarly, with the Lemmas [3.1] and [3.2] we achieve
|DeR?| < ClIDewellg (lwollg + llwellg) + Cll Dewsllolwello < Cdar164/*Aq -
Estimates on R? and D;R3. The estimates on ||R3||o and ||R3||; are

a direct consequence of the mollification estimates and as well as
Lemma [3:1] Moreover,

IDeR?lo < [lv = velloll Dewllo + (| Devllo + | Devel)|wllo
= [[v = vello (I Dewello + [ Drwoll) + ([ Devllo + [|1Dsvel)[[wllo (95)
Concerning D;v, note that, by our inductive hypothesis
[Dwllo < 1970 + v - Voo + [lv = velfo][v]lx
< pgll + 1 Rylly + CoA5E < CooA,
Thus the required estimate on D;R? follows from Lemma
Estimates on R* and D;R*. From the mollification estimates and
we deduce
IR0 < CIIR|[1£ < CogiiAgt
IR |1 < 2[Ry < Cogiag -
As for D;R*, observe first that, using our inductive hypothesis,
IDeRllo < |0:R +v - VR||o + [lve — v]lol|Rll1 < Cdgi16,*Ag + Cogy16,2N24
Moreover,
DyRy = (DyR) # o +ve - VR — (vg - VR) # 1)y
—(DyR) % v+ div (ve® Be = (0@ R) % ) +[(v = ve) - VR e, (96)
where we have used that divv = 0. Using Proposition we deduce
[ve @ éf -(v® R) * el < C"SquI(S;/Q)‘q)‘qe' (97)
Gathering all the estimates we then achieve
I DR o < [1DeR]lo + | Deello < Coyadgdy”.
The estimate follows now using .
Estimates on R°. Recall that Dt]izu = 0. Therefore, using the argu-

ments from
IDy(Re — Reg)llo = | DeRello < Cqi16,/*Aq -
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On the other hand, using again the identity and Proposition

ID:(Re = Reg)ll = | DeRelly < COHDeRljo + [l @ Re — (v ® R) * b2
+ Ol v — vllo|| Rll1 < Cogs18/2 Al .
Since ée7l($,tu_1) = ]%g(az,tu_l), the difference Ry, — ]32471 vanishes at t =
lp~'. From Proposition we deduce that, for times ¢ in the support of y;
(e |t —=lp~t < ph),
| Ry — Rey
| Ry — Rey

lo < Cu Y [De(Re — Reg)llo < Cu™ 10,4182 N
[t < Cu™Y[Dy(Re — Reg) i < On='0,1182 207"

The desired estimates on || R?[|o and ||R%||; follow then easily using (55).

Estimate on D;R®. In this case we compute

DiR® =" 20a(Re — Reg) + > XiDily.
z z

The second summand has been estimate above and, since [|0;x;llo < Cu,

the first summand can be estimated by C’uéqﬂ&y 2)\q;f1

to the arguments above).

(again appealing

Proof of . To achieve this last inequality, observe that
10 Ry + v1 - VRillo < [[DiRallo + (v = vello + [|wllo) | Rallr

On the other hand, by (26), [[v — v¢|lo < 053/2)\[15. Moreover, by (45)),
and lw|| < [Jwollo + lJwello < Cé;fl. Thus, by we conclude

|0cfr +v1 - VRillo < C (1 + 81 A1)

1 1 1
<5q61# n 5q+15q/2)‘q)‘2+1 i 51/2 52 5qfl5q)‘q>

Al +
)\é;i 1 q+1%q ‘4 )\l_EILLE

Since by w < 5;f1Aq+1, follows easily. O

6. CONCLUSION OF THE PROOF

In Seg:tions we showed the construction for a single step, referring to
(vg, Pg, Ry) as (v,p, R) and to (vg41,Pg+1, Rg+1) as (v1,p1, R1). From now
on we will consider the full iteration again, hence using again the indices ¢
and ¢q + 1.

In order to proceed, recall that the sequences {d,}sen and {A;}sen are

chosen to satisfy

_pa q+1 a+1
5q:ab, a® §)\q§2ad’
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for some given constants ¢ > 5/2 and b > 1 and for a > 1. Note that this
has the consequence that if a is chosen sufficiently large (depending only on
b > 1) then

_2
Og41 < g, and Ay < AJTY (98)

1/941 12 \1/5
82N/ < 8/ Ry

q+17q¢+1>

6.1. Choice of the parameters p and /. We start by specifying the
parameters p = g and ¢ = {;: we determine them optimizing the right
hand side of . More precisely, we set

1 1
pi= 5q615;/4)‘¢11/2)‘q{i2-1 (99)
so that the first two expressions in (88)) are equal, and then, having deter-
mined u, set
e l8cl/gy —1/4 —3/4
=018, N A (100)

so that the last two expressions in are equal (up to a factor A7 ;).
In turn, these choices lead to

> 1 > e— e—
ol + 5~ 1Rosls < COL 0 NN + OO 0NN

q+1%q 7q q g g+l
NG
3 —1 5 )\
~cstaa (1 (20
6q+1)‘q+1
3/a <1 1 —1/
< ColL0 N (101)

Observe also that by , we have
10 Rg1 + vgg1 - VRgralo < 05;4%1/\%1 (5;¢15;/4)\;/2)\211/2) - (102)

Let us check that the conditions are satisfied for some 5 > 0 (re-
member that § should be independent of ¢). To this end we calculate

5 1
YW ( YV ) " 0N, < 5y, ) ~
1/ - 1/ 3/ ’ - 1/ ’
6q—i1 6q—i1)\q—i5-1 K 5q—i1)\q+1
1 1/4 1/2
1 _ ( 5qfl>‘q > H _ ( 5;/2)‘9( )
g1 5 * N1 XY 01 At

Hence the conditions follow from choosing 5 = %.
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6.2. Proof of Proposition Fix the constants ¢ > % and b > 1 and
also an € > 0 whose choice, like that of a > 1, will be specified later.
The proposition is proved inductively. The initial triple is defined to be
(vo,po,}?o) = (0,0,0). Given now (vq,pq,éq) satisfying the estimates (0)-
, we claim that the triple (vg41, Pg+1, ]-Em’q+1) constructed above satisfies
again all the corresponding estimates.

Estimates on éq.'.l- Note first of all that, using the form of the estimates

n and , the estimates and follow from . On the other
hand, in light of (101]), follows from the recursion relation

3/a 1 1/aye—1/2
COl 0 NN < ndgpa.
Using our choice of ¢, and A\, from Proposition we see that this inequality

is equivalent to
C< a—b‘l(1+3b 2cb+(2c—4— 4ac)b2)

which, since b > 1, is satisfied for all ¢ > 1 for a sufficiently large fixed
constant a > 1, provided

(1+43b—2cb+ (2c — 4 — 4ec)b?) > 0.

Factorizing, we obtain the inequality (b — 1)((2¢ — 4)b — 1) — 4ecb?® > 0. It
is then easy to see that for any b > 1 and ¢ > 5/2 there exists £ > 0 so that
this inequality is satisfied. In this way we can choose ¢ > 0 (and § above)
depending solely on b and c¢. Consequently, this choice will determine all
the constants in the estlmates in Sections [2 We can then pick a > 1
sufficiently large so that (| , and hence also and (| . ) hold for Rq+1

Estimates on vy 1 — v4. By , Lemma and ( . we conclude

1 M
gt — vallo < lawollo + lwello < 672, ( n AqH) (103)

1 M
loger — vall < lwolls + el < 672, ( n Aq+1> S (o

Since A\g11 > A1 > ad’z, for a sufficiently large we conclude @ and .

Estimate on the energy. Recall Lemma and observe that, by ,
5;f15;/2>‘q ‘iflﬂ
Ag+1 = Agtl

5q+15q/2)\q g b/ 2T b (e 1)b-1/2) 5 g >

Moreover,

1/2

1/2
So the right hand side of ( is smaller than C q“i Y 4O q*jf, ie.

smaller (up to a constant factor) than the right hand side of . Thus,
the argument used above to prove gives also (|12)).

Estimates on p,y1 — p1. From the deﬁnition of pg+1 in we deduce

1
IPg+1 = allo < 5 (lwollo + [lwello)* + Celvglls [w]lo
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As already argued in the estimate for (6)), ||woll + ||we| < M (5;/ ?. Moreover

Celllvi |1 ][wllo < CM8,/216/*Ag¢, which is smaller than the right hand side
of . Having already argued that such quantity is smaller than 76,42 we

can obviously bound C/||vg||1||w||o with MTzéqH. This shows (). Moreover,
differentiating we achieve the bound

1
a1 = Palls < (lwolls + llwell)([[wollo + lewello) + €851 A Aq 116

and arguing as above we conclude @

Estimates (14). Here we can use the obvious identity dyw, = Dywg —
(vg)e - Vwy together with Lemmas and (3.2 to obtain ||0vg+1 — Orvgllo <

Cé;fl)\qﬂ Then, using (21)), we conclude [|0v o < 05;/2)\(1.
To handle 0;pg+1 — O¢pq observe first that, by our construction,
10:(pg+1 = Pg)llo < (lwello + [lwollo) ([[rwello + |9wollo)

+ 2[wlloll@rvgllo + £[vgl[1[|Owllo -

As above, we can derive the estimates ||Opw,||o + ||Orwello < C&;{il)\q+1 from
Lemmas [3.1] and B2l Hence

10:(Pas1 = Po)llo < Coyadgrs + CO,F 52N + COLNLO ) Agsr - (105)

Since £ < ;! and 5;/ A < 5;&1)\(#1, the desired inequality follows. This
concludes the proof.

APPENDIX A. HOLDER SPACES

In the following m = 0,1,2,..., a € (0,1), and S is a multi-index. We
introduce the usual (spatial) Holder norms as follows. First of all, the supre-
mum norm is denoted by |[[f[lo := suprsypo ) |f]- We define the Hélder
seminorms as

[l = max | D7 fo,

|Bl=m
[f] +ao — Imax Sup ‘Dﬂf(x7t) _D6f<y7t)‘
m4a —
|Bl=m TF#y,t ‘J} - y‘a

i

where D? are space derivatives only. The Hélder norms are then given by

1l = DL
7=0
[ fllmsa = 1flm + [flmta-

Moreover, we will write [f(t)]o and || f(t)|lo when the time ¢ is fixed and the
norms are computed for the restriction of f to the ¢-time slice.
Recall the following elementary inequalities:

[fls < C (e [f]r + "I fllo) (106)
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forr >s>0,e>0, and
[fg]r < C([f]THgHO + HfHO[g]T) (107)

11
for any 1 > 7 > 0. From (106) with € = ||f||;[f]» © we obtain the standard
interpolation inequalities

[fls < CIFlls " [1E - (108)

Next we collect two classical estimates on the Holder norms of compo-
sitions. These are also standard, for instance in applications of the Nash-
Moser iteration technique.

Proposition A.1. Let ¥ : Q) — R and u : R™ — Q be two smooth functions,
with @ C RN, Then, for every m € N\ {0} there is a constant C (depending
only on m, N and n) such that
[ o ul,,, < C([¥]i[ulm + | DY |lm—1llull§ ™ [ulm) (109)
[Woul, < C([Whlum + [|DY[lmfu]i") . (110)

APPENDIX B. ESTIMATES FOR TRANSPORT EQUATIONS

In this section we recall some well known results regarding smooth solu-
tions of the transport equation:

of+v-Vf=yg
’ 111

{ f|to = fOu ( )
where v = v(t,x) is a given smooth vector field. We denote the material
derivative 0y + v - V by D;. We will consider solutions on the entire space
R3 and treat solutions on the torus simply as periodic solution in R3.

Proposition B.1. Any solution f of (L11)) satisfies

170l < Il + | Notlodr. (112)
00 < Dol + [ I dr,  (113)

and, more generally, for any N > 2 there exists a constant C = Cn so that

[f®)lv < ([fo]N +C(t - tg)[v]N[f()h)eC(t—to)[vh+

N / O ([g(n)]x + vl ) T, (114)

to
Define ®(t,-) to be the inverse of the flur X of v starting at time to as the
identity (i.e. %X =v(X,t) and X (z,t0) = = ). Under the same assumptions
as above:

ID®(t) —1d||, < eltollh — 1, (115)
N = — 0 > 2.
[®(t)]n < C(t — to)[v]yeC I yN > 2 (116)
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Proof. We start with the following elementary observation for transport
equations: if f solves (L11]), then %f(X(t,x),t) = g(X(t,z),t) and con-
sequently
t
(t.) = fo(@(a, ) + [ g(X(B(t,0),7),7) dr

to
The maximum principle (112]) follows immediately. Next, differentiate (111
in x to obtain the identity

D.Df = (8 +v-V)Df = Dg— DfDw.
Applying (112)) to Df yields

t
)] < [folr +/ (lg(m)h + [ohlf (7)) dr.

to

An application of Gronwall’s inequality then yields (113]).
More generally, differentiating (111)) N times yields

N-1
DN f+ (v-V)DVf=DNg+ Y ¢, DT f: DNy (117)
j=0
(where : is a shorthand notation for sums of products of entries of the cor-

responding tensors).
Also, using (112)) and the interpolation inequality (108)) we can estimate

[f(®)]n < [folv +/ ([g(M)]n + C(In[f (D)1 + Whlf(7)lN)) dr.

to

Plugging now the estimate (113, Gronwall’s inequality leads — after some
elementary calculations — to ([114]).

The estimate follows easily from observing that ® solves
with ¢ = 0 and D“®(-,t9) = 0. Consider next ¥(z,t) = ®(z,t) — z and
observe first that O,V + v - V¥ = —v. Since DV (-,ty) = 0, we apply
to conclude

t
[W(0)): < / e o] dr = et 1.

to
Since DY (z,t) = D®(z,t) — Id, (115]) follows. O
APPENDIX C. CONSTANTIN-E-TITI COMMUTATOR ESTIMATE

Finally, we recall the quadratic commutator estimate from [2] (cf. also
with [3 Lemma 1]):

Proposition C.1. Let f,g € C®(T3 x T) and ¢ the mollifier of Section @
For any r > 0 we have the estimate

|7 vaaxve) = (£9) xve| < LIS Ilgly

where the constant C depends only on r.
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APPENDIX D. SCHAUDER ESTIMATES

We recall here the following consequences of the classical Schauder esti-
mates (cf. [10, Proposition 5.1]).

Proposition D.1. For any o € (0,1) and any m € N there exists a constant
C(a,m) with the following properties. If ¢,v : T2 — R are the unique
solutions of

Ap=f Ay =div F

f¢=0 f=0
then
[¢llm+2+a < C(m, )| fllma and  [[¢llmt14a < C(m, Q)| F([ma. (118)

Moreover we have the estimates

[RV|lmt14a < C(m, a)||v]lmta (119)

IR(div A)[m+a < C(m, @)|[Allmta (120)

APPENDIX E. STATIONARY PHASE LEMMA
We recall here the following simple facts (for a proof we refer to [10])

Proposition E.1. (i) Let k € Z3\ {0} and A\ > 1 be fized. For any a €
C>®(T3) and m € N we have
< lalm (121)

iAk-z
d
/]1'3 a(x)e x G

(ii) Let k € Z3\ {0} be fized. For a smooth vector field a € C*(T3;R3)
let F(z) := a(x)e™*. Then we have

C C C
[R(F)la < /\TQHGHO + W[a]m + W[a]m+aa

where C' = C(a,m).

APPENDIX F. ONE FURTHER COMMUTATOR ESTIMATE

Proposition F.1. Let k € Z3\ {0} be fized. For any smooth vector field
a € C®(T3;R3) and any smooth function b, if we set F(x) := a(x)e*®, we
then have

m—1

10, RIE) o < X2~ bllllallo + CX*~™ Y llalivalblm-ita  (122)
i=0
where C'= C(a,m).

Proof. Step 1 First of all, given a vector field v define the operator

S(v) = Vv + (Vo) — %(div )Id.
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First observe that
divS(v) =0 = v = const. (123)

One implication is obvious. Next, assume divS(v) = 0. This is equivalent
to the equations

1
Av; + §8jdivv =0 (124)
Differentiating and summing in j we then conclude
4
gAle v=20.

Thus div v must be constant and, since any divergence has average zero, we
conclude that dive = 0. Thus implies that Av; = 0 for every i, which
in turn gives the desired conclusion.

From this observation we conclude the identity

S(v) = R(divS(v)) for all v € C°°(T3,R3). (125)
Indeed, observe first that R(z) = S(w), where w = 1P(u) + 3u for the
solution u of Au = z — f z with [w = 0. Thus, applying the argument
above, since both sides of (125]) have zero averages, it suffices to show that

they have the same divergence. But since div R(z) = z— f 2, the divergences
of the two sides of ((125]) obviously coincide.

Step 2 Next, for a € C*(T3,R3), k € Z3\ {0} and X € N\ {0}, consider
.- 3 a 1 (a-k)E\ &
iAkxy . e IAk-x . IAk-x
Fae™) =8 (4 2[R AN2|k[? (a |Fe[2 >6 > '

Observe that

. . A(b)

y(baez)\k-z) . by(aez/\k-x) — a )\g )ez/\k-:r ’ (126)
where A is an homogeneous differential operator of order one with constant
coefficients (all depending only on k). Moreover,

aeNkT _ divy(aeikk-m) _ Bl)fa) v Bi(;) LS
where B; and By are homogeneous differential operators of order 1 and 2
(respectively) with constant coefficients (again all depending only on k).
We use then the identity (125 to write

— [0, R|(F) = R(bF) — bR(F) = . (bae**®) — b.7 (aeF®)
+ R (bF - div 7 (bae™7) ) — bR (F = div 7 ()

_afj\gb) ROV (Bl(ab) gk By (ab) ei,\k.z>

A A?

_ Bi(a) ko , B2(@) ixpa
bR< N € + 2 ¢ . (127)
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Using the Leibniz rule we can write By (ab) = Bi(a)b+aBi(b) and By(ab) =
Bs(a)b+aBs(b)+C1(a)C1(b), where C is an homogeneous operator of order
1. We can then reorder all terms to write

aA(b)

_[b7 R] (F) — v ei)\k~ar
LR (aB)l\(b) 6i)\k.m> IR (aBz(b) +)\021(a)01(b) ez')\km)
_ %[b, R] (Bi(a)e™+) - %[b,R] (Bata)e™) . (128)

In the first two summands appear only derivatives of b, but there are no
zero order terms in b. We can then estimate the two terms in the second
line applying Proposition with m = N — 1 to the first summand and
with m = N —2 to the second summand. Applying in addition interpolation
identities, we conclude

lallollblls |, ~llallv—14allblli+a + [lal N —2+allbll2+a
||[b,R](F)||a <C )’\’20[‘ +C ’ + ‘ H +)\NO’[ H + +

lalli+allblln-14a + llallalbllv+a
+C =

+ % |, R] (Bi(@)e)

17

) +% H b, R] (Ba(a)e™) (129)

«

(Indeed the above estimate is slightly sub-optimal up to fractional deriva-
tives of order @ and multiplying factors of order A%.)

Step 3 We can now apply the same idea to the term I7 in , which is
of the form ||[b, R](E")||a, where F'(z) = Bi(a)(z)e*** and Bj(a) are linear
combinations of first order derivatives of a. However this time we apply it
with N — 1 in place of N and we estimate

116, RIF) o < CX*2[[b]11 (llallo + A7 [lall1)

lallv-1rallbllisa + lallv—2rallbllsa
+C e

lall2+allblln—2+a + llali+allbllv-14a + llallallb] N +a
+C N

1 Ak-x
ol (s

+ % H[b, R] (Bé(a)e”‘k'z)

, (130)

«

where B = Bj + Bj o By is a second order operator and By = By o By
a third order operator (both with constant coefficients). Proceeding now
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inductively, we end up with

N-2 N-1

0 RIE) o < X2l S Al + O 3 s bll-svo
a - (131)

R (B @) |+ R (e
(132)

where B\_; and By are two linear constant coefficients operators of order
N — 1 and N respectively.
Finally, we apply Proposition and Proposition to the final two

terms and interpolate to reach the desired estimate. O
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