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ABSTRACT. We prove that, given a C* Riemannian metric g on the 2-
dimensional disk Ds, any short C' immersion of (D2, g) into R? can be
uniformly approximated with C*'® isometric immersions for any a < %
This statement improves previous results by Yu.F. Borisov and of a joint
paper of the first and third author with S. Conti.

0. INTRODUCTION

In this paper we consider isometric immersions of 2-dimensional disks in
R3. With D, (z¢) and D,(x¢) we denote, respectively, the open and closed
disks in R? with center z and radius r. When z¢ = 0 we write simply D,,
resp. D,. If g is a C° Riemannian metric on D, (z¢), an isometric immersion
u: Dy(29) — R™ is a C'! immersion such that ue = g, where e denotes the
Euclidean metric on R”. In other words this means that

&'u . 8ju = gij . (1)

If 0 < Qju - Oju < g4 in the sense of quadratic forms, we then call u a short
immersion. Our main theorem is the following approximation result which,
using a popular terminology, is an “h-principle” statement, cf. [19, 29] [13].

Theorem 0.1. Let g be a C? metric on Dy and u € C* (D2, R?) a short im-
mersion. For every 6 > 0 and e > 0 there is a CY'5=9 sometric immersion
u of (D1,g) in R® such that ||u — ul|co < €.

The well-known ground-breaking result of Nash and Kuiper [23] 22] im-
plies that Theorem holds with C?! replacing C*1/>=%_ The first extension
to the C1 category was obtained by Yu.F. Borisov: in [3] a version of The-
orem [0.1] for C*/7=% immersions (and embeddings) of 2-dimensional disks
with real analytic metrics g was announced; in fact, more generally, the the-
orem in [3] applied to C%* isometric embeddings of n-dimensional balls in
R™ ™! under the assumption that o < m In [4] a detailed proof for the
case of 2-dimensional disks and with exponents a < % appeared. In the
paper [II] the first and third author jointly with S. Conti gave a detailed
and self-contained proof of all the statements contained in [3] for C? metrics
on n-dimensional balls (with the same Hoélder exponents) and analogous
generalizations to C# metrics on compact manifolds without topological
restrictions. For the optimal Holder exponents in the case of rough metrics,
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which depend on 3, the dimension and the topology of the manifold, we
refer to [11].

The main contribution of this paper is to be able to raise the optimal
Holder exponent for 2-dimensional disks from % to %, by taking advantage
of the theory of conformal maps. The question of the optimal exponent for
which an h-principle statement as in Theorem can hold is also relevant

for rigidity theory, as we will explain below.

It is known that Theorem [0.1] cannot hold for C%* immersions « when
o > % and g has positive Gauss curvature: under these assumptions it was
shown by Borisov that u(D1) must be (a portion of) a convex surface. This
was the outcome of a series of papers, cf. [I], 2], and an alternative shorter
proof has been given in [I1]. Borisov’s theorem extends the classical rigidity
result for the Weyl problem: if (S2,g) is a compact Riemannian surface
with positive Gauss curvature and v € C? is an isometric immersion into
R3, then u is uniquely determined up to a rigid motion ([9; 20], see also [25]
for a thorough discussion).

The technique used to prove approximation results as in Theorem
follows an iteration scheme called convex integration. The latter was de-
veloped by Gromov [I8] [19] into a very powerful tool to prove h-principle
statements in a wide variety of geometric problems (see also [16] 28]). In
general the regularity of solutions obtained via convex integration agrees
with the highest derivatives appearing in the equations (see [27]). Thus, an
interesting question raised in [19] p219 is how one could extend the methods
to produce more regular solutions. Essentially the same question, in the
case of isometric embeddings, is also mentioned in [31], see Problem 27. In
particular, it is tempting to imagine the existence of a threshold «g so that:

e the h-principle holds for isometric C® immersions of 2-dimensional
disks in R3 whenever o < ay;

e rigidity holds for ™ immersions of positively curved 2-dimensional
disks in R® whenever o > ay.

Hence a summary of our current knowledge is that, if such a threshold «q
exists, then it must lie in the interval [1, 2].

Starting with the work [12], the first and third author pointed out a sur-
prising similarity between the latter question and a long-standing conjecture
in the theory of turbulence: in [24] Onsager conjectured the existence of a
threshold Holder regularity discriminating the validity of the conservation
of kinetic energy for weak solutions of the incompressible Euler equations.
The “rigidity” part of Onsager’s conjecture was established by Eyink and
Constantin, E and Titi in the papers [I7] and [10]. The paper [14] gave the
first proof of the existence of continuous solutions that violate the conserva-
tion of total kinetic energy. A series of subsequent works [15] 21, [7, [5] 6] [§]
have made a quite substantial progress in settling Onsager’s conjecture.
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Theorem could be improved in several directions. In particular, with
little additional technicalities, which we believe to be of secondary impor-
tance, we will also show the following

Theorem 0.2. Let g be a C? metric on Dy and u € C*(D1,R?) a short im-
mersion. For every 6 > 0 and e > 0 there is a CV'/*=0 isometric immersion
u of (D1,g) in R? such that ||i—ul|co < e. If in addition u is an embedding,
then u can be chosen to be an embedding.

1. MAIN ITERATION

Theorem is achieved via an iteration, which depends upon several
parameters. We start introducing the main ones. The first parameter a > 0
is an exponent, which is assumed to be rather small, in fact smaller than a
geometric constant:

0<a<ag. (2)

Two further exponents will be called ¢ and b, both assumed to be larger than
1, and a basis a, assumed to be very large. We then define the parameters

oy :=a" Ag = a®" (3)

where ¢ is an arbitrary natural number. b can in fact be chosen rather close
to 1: how much it is allowed to be close to 1 depends on how close is « to 0.
¢ will be larger but rather close to %, depending on how close are b — 1 and
a to 0. More precisely, we summarize the conditions which b and ¢ need to
satisfy in the following two inequalities

3 2
27" 2wy 2a) W
2
oo 22— (@201 (=204 )1

b(2—a)(1—2a)b—2)  b((2—5a+ 2a2)b — 2)

It is moreover convenient to introduce the notation

9q =g — dgt1€, (6)

which simplifies several formulas.
Proposition 1.1. Fiz a metric g as in Theorem [0-1. There is a positive
constant o such that for every a as in we can choose positive numbers
oo(a) < 1 and Cy with the following property. Assume b and c satisfy
3),

and , fir any C > Cy and assume that Aq and bq are defined as in
where a is sufficiently large depending on «a, b, c,g,C, namely

a > ag(a,b,c,g,C). (7)
IfgeN and ug: Dyi9-q-1 — R3 is an immersion such that

lgq — uhella < 006441 (8)

||D2UQHO < 05;/2)‘% (9)
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then there is an immersion ug41 : Dijo-a—2 — R3 such that

g1 = whrello < Fr0raAgty (10)
1D(gge1 = v 0)ll0 < 5 dgs2hy s (1)
llag — ugrallo < 5700 (12)
1D (g — ugs1)llo < Cod)/2y (13)
1D?ugsllo < C8,/2 Mg (14)

where v = vy(a, b, c) > 0.

As already mentioned, Proposition will be used in an iteration scheme
to show Theorem [0.1] The reader will notice that the starting assumption
does not exactly match the conclusions —. On the other hand, a
simple interpolation shows that and ((11) together imply the estimate

lgg+1 — i rella < 000412,

which corresponds to at the next step of the iteration. It is possible to
state a version of Proposition where the assumptions and conclusions
look more homogeneous, but there would be no real simplification neither
in the statement nor in the proof.

Observe that, by our condition upon the parameters, u, is obviously a
short map, because we have

uge < gg+000g+16 =g — (1 —00)dg+1€ < g,

where all the inequalities are understood in the sense of quadratic forms.
Thus, as a simple corollary we know that

[Dugllco < C (15)
for some constant C' which only depends upon g.

As in the Nash-Kuiper classical theorem, the map u41 is obtained from
the map u, by adding a certain number of perturbations, each consisting
of highly oscillatory functions. As it is clear from the arguments in [I1],
the threshold Holder exponent that can be reached by a Nash-Kuiper type
iteration is ﬁ, where n, is the number of such perturbations. Each
perturbation adds, modulo small error terms, a smooth symmetric rank-1
tensor, called “primitive metric”, to uge. n, is then the smallest number of
summands needed to write the metric error g — uge as a (positive) linear
combination of such “primitive metrics”.

We know by the inductive assumption that (g — uge) /g — ugeHo is close
to e, which implies that n, can be chosen to be the dimension of the space
of symmetric matrices. Thus, if n is the dimension of the manifold, n, =

Ln; U. this explains the threshold 5 +12n* = 1+n1+n2 reached in [I1] and
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claimed originally by Borisov. In particular in dimension 2 the number n,
equals 3 and Borisov’s threshold is %

The starting point of this paper is the simple observation that in 2 dimen-
sions we can use a conformal change of coordinates to diagonalize g—ufe and
hence reduce the number n, from 3 to 2: this justifies the new threshold %
However, the regularity of the change of coordinates needed to implement
this idea deteriorates with ¢ and thus it is not at all clear that the method
really improves the regularity of the final map. In fact at first it is not even
clear that the new iteration scheme yields any C'%* regularity at all.

In order to overcome this difficulty we obviously need to estimate quite
carefully several norms of the conformal change of coordinates, at each step:
for this reason we need to keep track of some Holder norm of g — uge.
However, to ensure convergence of the scheme, it does not seem enough
to just combine the computations of [I1I] with the classical estimates on
conformal mappings. In particular in order to close the argument we impose
a much faster rate of convergence for g—uge: in [I1] it was sufficient to choose
exponentially decaying d, (and exponentially growing \,), whereas in this
note we take advantage of a double exponential Ansatz. This idea is in fact
borrowed from [I5], where a scheme with a double exponential decay was
used to produce Holder solutions to the Euler equations.

The rest of the paper is organized as follows.

Section 2] collects the technical preliminary lemmas and propositions which
will be used in the proofs of Proposition and Theorem

The proof of Proposition[I.1]is split into the Sections[3] @ fland[6] Section
describes how to reach ug41 from u4 and in particular it gives the precise
formulas for the two oscillatory perturbations which we need to add. We
will then collect in Section [4] the estimates concerning the first perturbation
and in Section [f] the ones concerning the second perturbation. Section [6] will
finally conclude the proof of Proposition

Section [7] will prove Theorem [0.1] using Proposition In fact the proof
is not completely straightforward since we have to show the existence of a
map ug which is C° close to the map @ of Theorem and at the same time
satisfies the requirements of Proposition (with ¢ = 0), in order to be able
to start the iterative procedure. In Section [8] we give briefly the necessary
technical modifications to prove Theorem

One key technical point is Proposition [2.3] which addresses rather well-
known regularity properties of conformal changes of coordinates. However,
it is crucial for us to have an explicit (linear) dependence of certain Holder
norms of the change of coordinates in terms of corresponding norms of the
metric. Since we have not been able to find the relevant statements in the
literature, we have included a proof of Proposition in the Appendix.

1.1. Acknowledgments. The research of Camillo De Lellis and Dominik
Inauen has been supported by the grant 200021_159403 of the Swiss National
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2. PRELIMINARIES

2.1. Holder spaces. In the following m € N, a € (0,1), and f is a multi-
index. Moreover we will always assume that the domain of definition of any
map is a disk D, C R? with radius » € [1,2]. The maps f can be real-valued,
vector-valued, matrix-valued or generally tensor-valued. In all these cases
we endow the targets with the standard Euclidean norms, for which we will
use the notation |f(x)|. We introduce the usual Hélder norms as follows.
First of all, the supremum norm is denoted by || f|lo := sup |f]. We define
the Holder seminorms as

[flm = max D" fllo.

|Bl=m
Flnsa = max sup 22L& = DI
[B]=m gty |z — y|o

The Holder norms are then given by

1l = >0
§=0
[fllm+a = [fllm + [flm+a-
We then recall the standard “Leibniz rule” to estimate norms of products
[fglr < C([flrllgllo + [ fllolglr) ~ forany 1>r>0 (16)

and the usual interpolation inequalities

s <Clfly "Il forallr >5>0. (17)

The following version of estimate , with explicit constant, will be useful
at a certain stage:

£l < Ifllo+ 20 flo™"IDFIG  forall0 <o <1. (18)

We also collect two classical estimates on the Holder norms of compo-
sitions. These are also standard, for instance in applications of the Nash-
Moser iteration technique.

Proposition 2.1. Let0<a<1,¥V:Q =R andu:R" DU — Q be two
C™ functions, with Q C RN. Then there is a constant C' (depending only
on a, m, Q and U) such that

[V 0y < Clulmia (W1 + [lullg ™ [¥]m)

+ Ol (l| 7 [u]n) (19)
Woul, < C ([uhmsal @) + (][ W]mia) - (20)
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Let f,g : R" D U — R two C™% functions. Then there is a constant C
(depending only on o, m, n and U) such that

[f9lm+a < CIfllolglmta + lgllo[flm+a) - (21)

Proof. The chain rule can be written as

D" (Fou) =Y (D'Wou) Y Cip (D) - (D™w)™ , (22)
i=1 k
where C; j, are constants and k = (ki, ..., ky,) is a multi-index with

ij:i, ijj:m.
The claim then follows by the Leibniz rule and a repeated application

of the interpolation inequalities (17)) to . Statement is a straight-
forward consequence of the usual Leibniz rule, interpolation and the Young

inequality. U
Remark 1. Observe that if a = 0 we have the estimates
(@ 0 ul < Clulm ([W]1 + [[ullg™ ) , (23)
[V o ufm < C ([um[¥]1 + [W]1*[¥]m) - (24)

2.2. Quadratic mollification estimate. We will often use regularizations
of maps f by convolution with a standard mollifier ¢,(y) := £~%¢(%), where
@ € C(Dy) is assumed to have integral 1 and to be non negative and
rotationally symmetric. Since however the domain of f will be D, (resp.
5,), we fix the convention that the convolution f % ¢, is defined in D, _,
(resp. D,_y).

Lemma 2.2. For anyr,s >0 and 0 < o < 1 we have
[f * elrrs < CL([flr, (25)
[f = f * @iy < CC[flagr, (26)
If = @llr < CLTT[f]2, if0<r<2 (27)
10£9) * w0 = (f % 00)(g * @)l < CE| fllallglla (28)
where the constants C' depend only upon s, r, a and .

Proof. Except for , the other estimates are contained in [11, Lemma 1].
The additional claim can be seen as follows. Recall the estimate

If = eello < CUSL,

which can be derived using the mean value theorem and an integration. We
combine this estimate with and to get

[f = Fxode <CIF = Foells " If = f * 0}
<C (PID*fllo) ™" (¢IID?fllo)" < CE"[f]:,
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whenever 0 < r < 1. If however 1 < r < 2, we invoke the trivial inequality

[f — f*@d2 < C[fl2

to deduce
[f = frede SCIVF = Vixalls [V =V xli™ < CCTfla,
from which the claim follows. O

2.3. Conformal coordinates. A crucial ingredient of our proof is the fol-
lowing proposition on the existence of conformal coordinates for CN:® met-
rics. Although such existence is a very classical fact, we need an explicit
dependence of the norms of the coordinates in terms of the regularity of
the metric. Since we have not been able to find a precise reference in the
literature, we include a proof in the appendix.

Proposition 2.3. For any N,a, B with N e NN > 1,0< < a <1 there
exist constants C(N, a, 5),01(N,a, 8) > 0 and C’( ) such that the following
holds. If 1 <r <2 and g is a C’N“ metric on D, with

lg —ella < o1 (29)

then there exists a coordinate change ® : D, — R? and a function p: D, —
R* satisfying

=2 (VP @ VI + VB, @ VIy) (30)

and the following estimates
lp = 1la +[|D® — Idlla < Cllg — ella (31)
ID*plls + |ID* 1 @)|s < Cllg —ellkys  VI<k<N. (32)

2.4. Oscillatory functions. The construction of 141 is based on adding
to the map u, suitable “wrinkles”, namely suitable perturbations. The basic
model for this perturbation takes advantage of a pair of real-valued functions
with very specific properties, which we will detail here.

Proposition 2.4. There exists 0, > 0 and a function I' = (I'',T") €
C>([0,6,] x R,R?) with the following properties

(2) T(s,€) =I5, € + 2m) for every 5,5;
(b) (1+ 0T + (0T)2 =1+ 2
(¢) The following estimates hold:
[9€T" (s, )llo <C(k)s (33)
1OET" (s, ) lo <C(k)s? (34)
0,05 (s, )lo <C(R)s 35)

Proof. Except for the remaining claims are contained in [11, Lemma 2].
The idea is to let I' have the form
3
[(s,¢&) = / (\/ 1+ s2 (cos(f(s)sin(7)),sin(f(s)sin(7))) — (1, 0)) dr,

0

=~
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for an appropriately chosen function f such that (a), and are
fulfilled. (b) is satisfied by construction. The additional statement (34))
follows from integrating in s. U

3. PROOF OF PROPOSITION [I.1], PART I

3.1. Hierarchy of parameters. A first ingredient in the construction of
Ug+1 is to smooth wu, suitably via a standard mollification. For this we
introduce the mollification parameter ¢, which is rather small: indeed it is
defined by the relation
T Goa2

where C is a constant larger than 1 which depends only upon «, g, oo and
C and which will be specified in Section below.

The map ug41 will be obtained from (a suitable regularization of) the
map ug in two steps. First we will add an oscillatory perturbation whose
frequency is

62—04 o 1 5q+1 (36)

«
A 5¢I+1)‘q+1

M= CW ) (37)

where the constant C’, larger than 1, depends only upon «, g, and oy (we
specify its choice in Section @ We will then choose a second perturbation
whose frequency is A\g41.

We next record a few inequalities among the parameters which will be
rather useful in simplifying some of our estimates in the remaining sections.
Except for the very first inequality in , which requires a choice of a
sufficiently large compared to the constant C, all the others are immediate
from the restrictions imposed so far on all the various parameters.

A1 = p > 071>, (39)
0 N S 8PN < S <00 < 8 Mgt s (40)

The first inequality follows from d,A2 = a®P* =t > g1 (where we
have used ¢,b > 1). Observe that this easily implies £ < 1 (recall that d412
and C~! are both smaller than 1), which in turn gives the first inequality
in . Note also that the last inequality in is weaker than the second
inequality in :

54"

S Ag > Ag-

q+1

Coming to the second inequality in , observe that, by the definition of
£, this is just the requirement that C > 1. As for the last two inequalities
in are equivalent to the first two in , which will be shown below.

Moreover, since C' > 1, Ag4+1 > 1 and 6441 > 0442, the second inequality in

is obvious.

E_l > £—1+a/2 >
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We are therefore left with showing the first inequality in which, as
already mentioned, needs a sufficiently large a. As it can be readily checked
from the definition of u, such inequality is in fact equivalent to 5q+2)\;;‘f‘ >

é5q+1€_1. But we record in fact a much stronger inequality, which turns
out to be the key relation to conclude the estimates in Proposition [1.1] as
it will become apparent in Section [6] More precisely, given any constant C
which depends upon «, g, ¢ and C, the following inequality holds provided
a is chosen large enough:

Soyodaii® = Coa 07t (41)

In fact such inequality is equivalent to
2 \1-2 A1/(2—a) §2-1/(2—a) ¢1/(2—a) y2/(2—
5q+2/\q+1a > CC /( a)5q+1 a 5q/( Oé))\q/( @)
Taking the logarithm in base a this is equivalent to

142
(¢(1— 2a) — 2)p9+2 > <2+ € _9

1 -
log, C.

1
) it 5 abq+logaQ+

—« 2 —«

The latter follows for a sufficiently large a (depending upon b, c, C and C)

provided
14+ 2¢ 1
1 —2a) —2)¥? —2)b—
(e @) =2 >(2—a ) 2—a’

which is equivalent to
eb((2—a)(1-2a)b—2)>22—-a)b> +(1—-2(2—-0a))b—1.
The latter inequality is however obviously implied by and .

3.2. Constants. In the rest of the paper we will deal with several estimates
where we bound norms of various functions using the parameters introduced
so far, namely dq4, Ag, £, it and Ag41. In front of the expressions involving such
parameters there will always be some constants, independent of a, b and c.
However it is important to distinguish between two types of such constants:
the ones which depend only upon «, g and o will be denoted by C', whereas
the ones which depend also upon the C' of Proposition will be denoted
by C*. Note also that the parameter og will in fact be chosen as a function
of a in Section Therefore the constants denoted by C' will depend only
upon « and g, whereas those denoted by C* will depend, additionally, also
upon C. Moreover, the values of C' and C* may change from line to line.

3.3. Regularization. Having fixed a standard mollifier ¢, we then define

_ 9*906—(%*@5)% _ 5q+2€‘ (42)
Og+1 Og+1

hg :
Observe that

(uq * po)fe + Oqp1hg = g % o — Ogr0e = ggr1 + (g % 00— g) -
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So the strategy of the proof will be to perturb u, * ¢y to a map ug41 such
that

uﬁqﬂe = (ug * @o)'e + dgp1hg + E = ggr1 + E+ (g% 00 — g)

(cf. where the error term FE is suitably small. Before coming to the
construction of the map wugy1 we deal in this section with the smallness
conditions to be imposed on /.

First of all, by choosing C' larger than a geometric constant and a suf-
ficiently large (depending upon b and c¢), we can assume that ¢ < 27972,
so that h, is in fact defined on Dy 5-¢-2. Next, using Lemma . we can
estimate

Og+2
hg —ella < 5q+ +57+1H9*W (ug * 0e)’e — Sgi16€]la
q q

<a 704 — (H( e) % pr — (ug * o) ella + [ (94 — ufe) * pella

+lg — g *vella)
22— 2

g )\ C
<ogp+ C*——19 4 50+ —||DQg|| Za
5q+1

B3) (25,22
< 200+ C*——21 < 30y,
Og+1

where the latter inequality specifies the condition needed on C' in .
Similarly, for 1 < k < 4, we can bound

1
1D hqllo <=— (I1D*(g = wie) « eell
q+1
+ D" ((ude) * o = (g * pe)e)lo)
a—k *6‘1>‘2 2—k a—k
< Ot oy Or R < o0t (43)

q+1

where we have used and Lemma Interpolating, for any 0 < k < 3
we then get

1hg = €lliya < CLF. (44)

We summarize the conclusions of the previous paragraphs in the following
lemma.

Lemma 3.1. If we choose C sufficiently large, depending upon o, g and C,
we then have

[hg — €lla < 300 (45)
|hg = €llbra <CCF for1 <k <3, (46)

where the constant C depends only upon o and g.
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3.4. Conformal diffeomorphism. We now wish to apply Proposition
with 8 = a > 0 and N = 3. This requires to choose o( such that 3o¢ < o1,
where o7 is the constant appearing in . We thus find maps ® and p such
that

hy = p* (VO @ VO; + VOy @ Vy) .

Furthermore, dividing p by max p, multiplying ® by max p and using ,
we can assume that

<p<2 DB -1d|o < (47)

DN | =

provided og is chosen sufficiently small. This exhausts the condition on oy:
note that they depend only upon «, since N and § in Proposition are
fixed to be 3 and «.

Moreover, for any 1 < k < 3 we apply and to estimate

|D*plla + [ D" @], < COF. (48)

3.5. Adding the first primitive metric. We next set w := uq * ¢y and
we define the following two three-dimensional vectors:

7 = Dw(Dw! Dw)™'V®, (49)

and
0w X Ogyw

0w X Ogyw)| (50)

14

Observe that v is in the kernel of Dw? (or, in other words, () is a unit
normal to the tangent plane T, (Im (w))). Hence it follows easily that 7
and vy are orthogonal.

We next normalize these vectors suitably, defining

1
t1 = 7|7‘1|2 , (51)
V1

Finally, we define the first perturbation of w, namely the map v given by
the formula

1 1
v=w ;Ft ((ifﬂﬁm M@1> t1 + ﬁrn (5;f1‘71\,0a M‘I’1> ni, (53)

whereas we define

By = vfe — (whe + 8,01p° VO, @ V). (54)
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3.6. Adding the second primitive metric. The map uy41 is then ob-
tained by adding a similar second perturbation to the map v. More precisely
we define this time

9 := Dv(Dv! Dv) "1V, (55)
ty = ‘:72‘2 , (57)
ng = I%\ . (58)

The map uq1 is then given by the following formula (analogous to (53)):

1
Ugp1 = v+ —T" ((51
1

1
Aot qfl\TﬂP, >\q+1‘1’2) to + THF” (52161\72@, )‘q+1‘I’2) ng .
q q

(59)
Similarly we define

E, = ugﬂe — (Ve + 044192V Dy @ Vdy) . (60)
Observe that we have the following identity:
E:=F+ Fy = U?ﬁ_l@ — (wﬂe + (5q+1p2(v@1 @ VP, + VP @ VOy))

:ugﬂe —whe — dg+1hg = ugﬂe + g2 — g * @

=ub, e~ ger1+(9—g*p0). (61)
Hence
lgq+1 — hiyello < I1Ello + g — g * @ello. (62)
1D (gg41 — 1)l < [ DEllo + | D(g — g+ ¢)llo- (63)
For « sufficiently small and a sufficiently big one can achieve
(1) _
lg — g% @ello < C||D?gllol* < F(S(Pr?)‘qfl ) (64)
ago _
ID(g — g+ pe)|lo < C||D?gllol < g%w&lﬁ’f‘ - (65)

To see this, note that is implied by the condition

*5 +1 —«
¢ #)\3 < Og22 11

which for a(C) big enough is guaranteed if
b2 —b+1< (2— ab)eh,

or equivalently
b —b+1
b(2 —ab)

c>
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Similarly follows if

1/2
c* 1q+1 < 5Q+2)‘;-_i-(117
54"\

which (for a(C) big enough) is satisfied whenever
s 20 — b+ 1
20(1+ (1 —a)b)

Now for any a > 0, b > 1 which satisfy the bounds of the Proposition we
have

(67)

b2—b+1> 20 — b+ 1
b(2—ab) = 2b(1+ (1 —a)b)’
Indeed, since b < % and a < «q, provided «ag is small enough both denomi-

nators in the fractions above are positive. Hence the inequality is equivalent
to

W+ (a—4)b+(2—a)=(b—1)(a+20—2) >0,
which for b > 1 and « > 0 is always true. Hence implies .

Next, observe that the left hand side of (5)) is larger than g, (b) = %,
S0 implies ¢ > go(b). The bound is instead ¢ > hqo(b) = é’?;’ofbl).
On the other hand on the interval [1, %], go and h, converge uniformly, as
a | 0, to the functions go(b) = 2+ % and hg(b) = . Since on [1, %] 90
is strictly larger than hg, we infer that for a small () guarantees . In
particular we conclude that for a big enough guarantees and .
Thus, the goal of most of the remaining sections is to prove that the de-
sired bounds hold for || Elo, [|[DE|o, [|ug+1 — uqllo, |[D(ug+1 — ug)llo and
I1D%ug41lo-

4. ESTIMATES ON v AND Fj

Our goal in this subsection is to estimate the C° norms of v — u,, D¥v,
FEq and DE;. To this aim we introduce the functions

Al = 0T (0,1 Imlp, ) (68)
A G (69)
B = 0,0 (311 |milp. nai ) (70)
By = 0,0 (8,211 lp, n®1) | (71)
Ct =T (81 Im1lp, n®1) | (72)
Cr =17 (0,1l ndn ) (73)
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and we decompose the derivative of v as
Dv = Dw—i—A’itl @ Ve + AT ng @ VO,

=:A

1/2
5Q+1 t n 1 t n

:;Bl 2201
4.1. First technical lemma. In the next lemma we collect the estimates
of the C? norm of the derivatives of the various quantities introduced above.

Lemma 4.1. Let C be fized so that Lemma holds and C' > 1. If a >
ao(a, g,b,¢c,C) for some ag sufficiently large, then there are constants C
(depending upon a and g but not on C) such that

cl<|n|<C (75)
and

lw = ugllo < CO/E L, (76)

1
ID(w = ug)lo < €3, (77)
[Dwllo < C, (78)
1D wllo < C6)/7, 0+ for2<k<4, (79
1D lo < €82 e for1< k<3, (80)
| D*t1]|o + || D*71|o + || D*nyllo < CL7F for0<k <3, (81)
ID* Ao + [IDFCllo < Cgpap® for0 <k <3, (82)
ID* Ao + | D*Bi[lo + || D*C}lo < C(S;fluk for 0 <k <3, (83)
|DEB o < Cpt for0 <k <3. (84)

Proof. Since |[D® —Id||p < 3, we obviously have £ < |[V®;| < 2. On the

other hand the estimate on hy of the previous section implies
g+ 50441 > whe > g — 5g41€ -

If we assume a sufficiently large (depending only upon g, b and ¢), we con-
clude 2¢g > whe > %g. Since wfe = DwT Dw, this implies that

CIV®| > || > C7 V|
for a constant C' which depends only upon ¢, hence follows.
Estimates on w. Observe that
lw = ugllo < CE||DPugllo < C* 25,2, (85)
1D(w = ug)llo < CLID?uqgllo < C*E6,/*A,. (86)

If we choose a > ag(a, b,c,C) big enough such that C' < (=2, then (76
and follow with the help of . Moreover, implies by (15).
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Finally, is a consequence of (25), i.e. |[D*wl|log < C27F||D%u,l|o, and
C <=k

Next, observe that C' > |0, w x 9z, w| > C~1 (again due to 2g > Dw! Dw >
%g). Hence implies, for k > 1,

| D*u1lo < C[Dw]y||Dw|o
S C[Dw]k

< OOl er.

Estimates on 7i,t; and n;. The C° estimates in are a trivial
consequence of . Again by Proposition we get

1D 71]lo <C|| Dwllo|| D" @]lo + C||D®]lo (|| D** 1wl + | D*wl|5)
<ct* ot <ot

A second application of Proposition (combined with ) gives the es-
timates

1D*mllo + 1D | o < CEF. (87)
Combining and , from we infer
1D |l < CO2 7%+ cek < oot
We argue similarly to conclude || D¥t;]jo < C¢*.

Remaining estimates. The cases kK = 0 of , and are all
simple consequences of Proposition and |||71]|plllo < C. For the higher
derivatives we consider first C{. We introduce the function

U(s, &) = 6, L TH6,/F15,€)

and observe that | D*W¥||g < C(i) by the estimates in Proposition (c) If
we introduce the map U = (|71|p, u®1) we can then write

ID*Clllo = dg4a || D*(W o U)o -
On the other hand observe that

|D*U g < CL7F + Cpet=*

(39)
2 Cul*="*.

Hence, using (24) we infer

ID*Cillo < Oy (=" + p*)
< C(sq—&—lﬂk .
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In case of A, AL, B!, O and B} we apply the same argument, keeping the
map U as deﬁned above, but changing ¥ respectively to

W(s,€) =0, 0T (0,/%15,€)
W(s,€) =0, LOT" (5,5 5,€)
W(s,€) =0, 0T (8,}15.€)
(s, ) =0, (8,15, €)
(s, &) =0T (8,/}15.€) . O

4.2. Estimates on |v — ugyllo, [|D(v — ug)|lo and | D*vljg. Taking into
account Proposition we obviously have

lo —wllo < C6./ 17",

whereas by
o dg+1
g = wlo < Ca2e < o0~ < 0 St
q g
We therefore conclude
15 dg+1
lug — vllo < C8.ut +C e (88)
0" Ag
By Lemma we easily see that
1
|D(ug = v)llo < C8,/Fy (89)
and
1D ollo < C8./7 k- for k € {2,3}. (90)
Observe also that, by .,
|[Dvllo < C. (91)

4.3. Estimates on ||E)|o and ||[DE}||o. Observe first that due to Propo-
sition (b) we have

(Dw + AT (Dw + Ay) = whe + 6,41p°V®, @ VO .
Using the notation Sym P for the matrix %(P + PT) we can then write
Ey = 2Sym (Dw” (B1+Cy))+2Sym (A] (B1+C1))+ (B1+C1)" (B1+C1) .

We notice that, from Lemma and the estimates and on p and
®, we conclude

1ALllo + 1 Y[ DALlo < C8./F (92)
52
IBillo + [Cillo + 1~ (|1 DB1llo + [ DCillo) < C-42. (93)

lp
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It is therefore obvious that, since fu > 1,

1)
|E1]lo < || DwTBy|| + || DwTCyllo + 027;1’

IDExlo < |D(Dw!B1)|lo + [[D(Dw! C1)llo + Cdgy1 0™

We next compute

1/2
1)
Dw'B; = QTHBi(DwT t1) @ (pV|m1| + |m1|Vp).

Therefore we conclude from Lemma [4.1] that
1)
IDw" By [l <C
lu
ID(DWT B o <Coyel !

Recalling moreover we have

D \Y%
Dm = il ni |7—1|
|71

|71
and we also conclude that

Ct cr D
Dw'Cy = ZLDuwT Dt; + “L DT 221
n [t |71

In particular

Cg+1

DuwTCqllp <
[ Dw” Cillo < Y,

5.2 1)
g+l /2 )1 q+1
+ O/ <O=

Similarly we conclude
ID(DwC)llo < Cogiat ™"
Thus we infer

Og+1
AT
IDE o <Cogerl ™"

| E1llo <C

5. ESTIMATES ON w411 AND FEy

Our goal in this section is to estimate the C° norms of ug4+1 — v, Dugi1,
D2uq+17 FE5 and DFE,. We proceed in the same way as in the previous section
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and begin by defining the functions

Al = de1 (5;/jl|72\p, AchpQ) , (100)
AD = 9T (5;f1|¢2|p, Ag1®s) | (101)
B := a,T (5;/;1721,), )\q+1§>2> , (102)
By = 9,I" (5;/jl|72\p, Aqﬂcbz) : (103)
CL =T (5;/jl|rg\p, Aq+1<1>2) , (104)
Cp =T (5;/j1|72|p, )\q+1<1>2> (105)
and decomposing the derivative of ug41 as
Duq+1 = Dv+ Ag to @ VOy + Ag no ® VPy
=:Ao
5./
g+1 t n 1 t n
+ (B2 to + By ng) ® (pV’TQ| + |T2|Vp) + — (02 Dty + C5 DTLQ) .
Ag+1 Ag+1
=:B> =:Co
(106)

5.1. Second technical lemma. As before we collect the estimates of the
C° norm of the derivatives of the various quantities introduced above.

Lemma 5.1. Assume C is fized so that Lemma holds and C > 1. If
a>ao(a,g,b,¢,C,C) for a sufficiently large ag, then there are constants C'
(depending on o and g but not on C') such that

Cl<|nl<C (107)
1D vl < €87 1 for k€ {1,2} (108)

and, for k € {0,1,2},

ID*t3l0 + | D¥mallo + [ DFnsllo < CF + C8.2 10 (109)
ID* AL lg + [ D*Cillo < CogirNe iy (110)

ID* A3 [lo + |D* Bbllo + | D*C3[lo < Co/51 AL (111)
ID*By o < CALyy (112)

Proof. The arguments are entirely similar to the ones of Lemma [4.1] where
we only need to use the estimates and on DFu proved in the
previous section and the fact that A\g4+1 > p. O
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5.2. Estimates on |lugi1 — v|jos ||[D(ug+1 — v)|lo and ||[D?*ug41]lo- The
following estimates are straightforward consequences of Lemma 5.1

1 _
g1 —vllo SCO/EAL (113)
|Dugs1 — Dollo <C8/¢; . (114)
| D?ugirllo <C8/%Ag41 - (115)

5.3. Estimates on || Es|o and || DEs|jg. Arguing as in Section [4.3]we easily
see that
[Ballo <Cégir 3. (116)
g+1
IDEslo <Cogiap- (117)

6. PROOF OF PROPOSITION [1.1, CONCLUSION

Recall that 5 e
A%+

w:=0C 5yral (118)
for an appropriately large constant C, depending upon « and g (in particular
not on a). It then follows that
00
12
Hence, (recall and ) to achieve the estimates and we need

to verify

1 E1llo + A4 [ DEx ]l <

—a
q+ 5‘]"!‘2)\

q+1-

1 o) _
Cogi1— < —6 o
q+1 )\q-i-l =12 q+2 q+1>
which however is implied by , which is valid provided a is chosen suf-
ficiently large. The three remaining inequalities , and are

implied by - and -.

7. PROOF OF THEOREM [0.1]

7.1. Step 1. By using the compactness of the domain D we may assume
without loss of generality that @ is uniformly strictly short, that is, g —afe >
26 in D for some § > 0. In a first step we will apply the classical Nash-Kuiper
argument to obtain a good first approximation.

To this end recall that there exist a finite numbelﬂ of unit vectors e; € R?

and corresponding amplitudes ¢; € C*°(D), ¢ =1,..., N such that

N
g—ﬁﬁe—ge:Zqﬁ?ei@ei in D.
i=1

1Although the number N in this decomposition depends on 5 > 0, there is a geomet-
ric constant IV, such that for any z € D at most N, of the functions ¢; are non-zero.
Nevertheless, this information is not required for our purposes.



NASH-KUIPER THEOREM IN C'/5—% 21

Define iteratively the smooth mappings ug := u, uq,...,uy =: & by setting,
fori=1,...,N,

_ Op U1 X Oyl

= D (DT D) s, v
T i 1( i—1 v 1) b ! ‘axl'ai—l X axzﬂi—1’7

and
— — 1 t 1 n
ui(x) = uj—1(x) + ;I’ (goi|7i],piei . x)ti + ;I’ (90i|7'2-\,,u1-6i . ac)nZ (119)
1 (]
Here the frequencies 1 < p; < pg < --- < pn will be inductively defined as
follows. Let
E; = ﬂge — ﬂg_le — Plei @ e

so that ﬂg\,e =g —de+ sz\il E;. As in Section (4 we can estimate F7 as

C(u _
2o < Sz < o),
M1
where C(u) is a constant depending on @. By interpolation we also have
C(u)
1Eilla < ==,
Hq
and moreover ||@ — @y]jo < Cpuy*. Therefore we can choose ji; so that
g1 < _ _ 9
E < —0 — < —.
1Billa < 255, Nla—mllo < o
Continuing, analogously we obtain
C ﬂa 1 _
12200 < S g, < o),
K2
and hence choose po so that
g1 < _ _ 9
I =) — < —.
1B2lla < 5570, a2 —allo < o
In a similar manner we can inductively choose p;, @ = 3,..., N so that

eventually we obtain

N

— - 0’1_

lg = e = ela < 3 1Bl < 53
1=

and

Remark 2. The construction above can be easily adapted to the case when
w is an embedding, and in this case also @ will be an embedding. This is
of course well-known and has been proved by Nash and Kuiper. In order to
keep our paper self-contained, we nevertheless include here a short proof.
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Since the construction of 4 from u involves finite number of steps, it
suffices to ensure that at each step u; remains an embedding, i.e. no self-
intersections are introduced. To show this, we proceed by induction and
assume that @1 is an embedding. By using Proposition[2.4] and the choice
of vectors t;,n; we can write (119) as

1
’az(x) = ai_l(l') + 7’11)2(.’15,/.%.1‘),

where w; = w;(x,&) satisfies

[Dit;—1 () +0¢w;(x, 132)] " [Diti—1 (z) + Bew;(, 1iz)] =
= Dai;_1(z)T Dy (x) + qb?(a:)ei ® e;.
for any x,z. In particular, since u;—1 is an immersion, there exists wy > 0
so that
[(Dtij—1 (%) + Ogwi(w, piz))e| > | D1 (x)e| > wile] (120)

for any vectore.
Next, let x,y € D. By Taylor’s theorem and the mean value theorem there
exists z on the line segment [x,y| such that

ui(r) — u;(y) = Dui—1(x)(x —y) + Oew; (v, piz)(x —y) + E,
where
~ 1
B1=C (lo -+ - ).

and C is a constant depending on the functions u;—1(z) and w;(x, &) but not
on p;. Let p = & and choose p; > p~t. From (120) we deduce that if
|$ - y‘ <p, then

_ _ w1
() — ui(y)| > 7!93 -yl

On the other hand, since ;1 is assumed to be globally injective and D is
compact, there exists wo > 0 such that

i1 (x) = w1 (y)| = wolz =yl for all |z —y| > p.

Since obviously ||u; — wi—1]|o < C’,ui_l, it follows that for sufficiently large p;
we will also have

Ui (x) — i(y)| > welz —y|  for all |z —y| > p.

In summary, we have shown that, by choosing u; sufficiently large, we can
ensure that u; is also an embedding.
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7.2. Step 2. In step 1 we obtained a good approximation % in the sense
that from Proposition is satisfied. However, although % is smooth,
we have no information on the size of the second derivatives D?@%. Therefore
in this step we obtain a further approximation ug, where in addition second
derivatives are controlled so that this second approximation can then be
used as the starting point of an iteration with Proposition [1.1

In this step we assume in additionﬂ

2 1
c> 1—2a+2b' (121)
We show that, no matter how large a is chosen, there is a map ug satisfying
the assumptions and @D of Proposition where the constant C in
the latter estimate is however independent of a (because it depends only
on g and @). We proceed as in Section |3 except no regularization step is
necessary this time. We set

59
and apply Proposition [2.3[to find (C3) &1, ®3 and p so that
h:=p*(V®, @ VI + VI, @ VIy).

h::g_aﬁe 6—_16

We then define
m = Du(Dul Da)" Vo, ,
Oz, U X Oz,

T 10,1 X Oyl
and
t1 = S ny = i.
12 |71
Hence we set
v="u-+ ;Ft (51/2|7'1|p,u<1>1> t1 + ;F" (51/2|71|p,u<1>1> ni. (122)

Then we define
79 := Dv(Dvl Dv)"'Vd,,
Oz, U X O, U

Y2 = 102,00 X Opyv|
and
P T )
YT mP T nl
The map ug is finally given by
1 - 1 _
ug = v + Xl“t ((51/2‘7'2‘/), )\(I)Q) tQ + XF” <(51/2’T2’p, )\‘I’Q) ng . (123)

2Indeed it could be checked directly that implies ((121)) and hence (121) is superflu-
ous: however, proceding as we do we can spare the reader a slightly tedious computation
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Again we assume A > p > 1. Analogous computations to the ones in
Sections M and [l lead to the estimates

lg — (ube + 61€)||o < CO/2p2 4 CopA!

|1 D2ugllo < C3/2X,

where the constant C' depends only on @ and g. We thus set
pi= oy I and = Copt/ (@) )

For a sufficiently large choice of Cy and C we then achieve (recall that
o<1
Clearly
| D%uollo < Csdy /2,

for a constant C3 which depends only upon u,g and a. In order to show
that @D is satisfied with a constant C independent of a, it suffices to show
that

51—2/(1—2a) < 5(;/2)‘0-
Taking the logarithms in base a the latter inequality is implied by

1 2
cb> -+

-2 1—2ab'

7.3. Step 3. Finally we are ready for the iteration based on Proposition

Fix any «, b and ¢ which satisfies , and (121). Then, for any

sufficiently large a, we can construct a map ug as in the previous step which
satisfies [|& — upllo < § and the assumptions of Proposition with a
constant C' which does not depend on a. We can apply Proposition to

generate u;. Using we conclude

g1 — whella <[lg1 — wlello + 2llg1 — whe| S| D(gr — whe)|lg
<000y . (124)

Hence u satisfies again the assumptions of Proposition More generally,
the proposition can be applied inductively to generate a sequence (ugq)qg>0-

Observe that — imply that

e (ug)g>0 converges uniformly to a map u which (assuming a suffi-
ciently large) satisfies [[up — uflo < §. By assumption on uy we
therefore have ||u — ul|o < e.

e Interpolating || D(ug+1 — ug)| < Cé;jl and

— 1 —
HDQ(uq—s-l — ug)]lo SHDQUq—HHO + ||D2“qHO < C5q{il)\q+1 + Cd;/Q)‘q
=1
<208, Mg

shows
1
1D (ugsr — ug)llp < 6.2 A,
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for a constant C* which depends on «, g and C. Hence using the
definitions of 6, and A\, we can see that if 8 < 5 then (uq)g>0
is a Cauchy sequence on C'#,
We next show that, if « is chosen arbitrarily small, bc can be chosen ar-
bitrarily close to %, which in turn implies that 5 can be made arbitrarily
close to % Indeed if we let « | 0, the conditions , and ((121) become,
respectively

b>1 (125)
402 —3h—1 1
== 94 = 126
“Z b -1) o (126)
1
c>2 4+ — (127)

2b "
This completes the proof.

8. PROOF OF THEOREM [0.2]

First of all we notice that, by classical extension theorems, the first state-
ment can be reduced to Theorem it suffices to extend both g and u
smoothly from D; to Dy. The extended map is not necessarily short for the
extended metric, but we can ensure this if we add to the extension of g a
tensor of the form ¢(|z|)e, where ¢ is a rapidly growing C'*° function which
vanishes identically on [0, 1].

Next, observe that the arguments of the Steps 2,3 and 4 in Section [7]
combined with the extension trick outlined above give in fact the following
corollary.

Corollary 8.1. Let g be a C? metric on Dy. Then there are positive con-
stants Co, ¢ and i with the following properties. Assume that

(i) u: Dy — R3 is C°,

(ii) [lg — (ue + 2ne)llo < &n for some n € (0,7).
Then for any e > 0 and § > 0 there is an isometric map u € CH1/5=%(Dy)
such that || Du — Dullo < Con'’? and ||u — uljo < .

With this corollary at hand we can prove Theorem [0.2]in two easy steps.
In the proof we will restrict to the case of embeddings, the case of immersions
can be obtained by easy modifications.

Proof of Theorem for embeddings. Let g be a C? metric on
Dp and 4 € C'(D1,R3) a short embedding. By a simple rescaling and
mollification we may assume without loss of generality that @ is smooth and
strictly short. Next, fix w > 0 such that ¢ > 16w?e and choose n > 0 such
that n < min{w?,7} and Con'? < w.

As in Step 1 of the proof of Theorem m (including Remark [2)) we first
construct a smooth embedding u with
€

|lu — o < >
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and such that
lg = (whe + 2ne) o < en.

Then the assumptions of Corollary are satisfied and we obtain u €
CY1/5-9(Dy) with ufe = g and such that ||Du — Dullg < Con'/? and |ju —
ullo < ¢/2

To complete the proof, it remains to show that the map w is an embedding.
We again remark that this argument is well-known and is contained in the
works of Nash and Kuiper. First of all, since u is C', there exists p > 0 such
that |Du(z) — Du(y)| < w if |z — y| < p. On the other hand, since u is an
embedding, then there is ¢ > 0 such that |u(z) — u(y)| > 3¢ if |z —y| > p.

To show global injectivity, we now observe that

[u(2) — u(y)] > [u(z) — u(y)| — 26 >3~ 20 = ¢ when |2 —y| > p.
On the other hand, if |z — y| < p we know that
|Du(z) — Du(y)| < [Du(z) — Du(y)| + 2w < 3w,
and hence, using Taylor’s formula
[u(2) = u(y) — Du(z)(z - y)| < 3|z —y].
We therefore can estimate
[u(z) = u(y)] = [Du(z)(z — y)| — 3wz — y|

But ufe = g > 16w?e implies |Du(z)(z — y)|? > 16w?|z — y|?, which in turn
shows |u(z) —u(y)| > w|z —y| > 0.
This completes the proof of Theorem

APPENDIX A. PROOF OF PROPOSITION

A.1. Beurling and Cauchy transforms. We will need the following two
classical integral operators to construct the coordinate transformation of
Proposition 2.3} In this section we use the standard notation z = x + iy for
complex numbers. Moreover, we recall two standard differential operators

9. = 1 (9, —i0,) and 9; = L (9, +1i0,).

Definition A.1. Suppose G C C is a bounded smooth open set and f: G —
C a function. For zy € C we define the Cauchy transform

¢clfl(z0) = 1 (2) dx dy

T JaZ— 20

and the Beurling transform
__L [ &)
el f)(z0) = —— /G G ) dz dy .

The latter integral must be understood as a Cauchy principal value, in case
it exists. As it is easy to check, the Hélder continuity of f is enough to
guarantee its existence at every point.



NASH-KUIPER THEOREM IN C'/5—% 27

Remark 3. In the literature the terms Cauchy and Beurling transforms are
often used only the operators ¢ and S¢.

In the book of I. N. Vekua [30] one can find the following very important
properties of the operators ¢ and . (cf. [30, Theorem 1.32]).

Lemma A.2. Let N € N, 0 < a < 1, G C C bounded and f € CNV2(G).
Then we have

(i) Cclf] € CVHL(G) and S6lf] € CV(G);
(ii) ECc|f1(z) = f(2) and F6c[f)(2) = Z6lf](2) V= € G;

(iii) There exists a constant Cn o such that

1ZclfllInta < 1CalflNiita < Onall fllnta-

Property (iii) will be key in order to prove Proposition Observe
that we can easily find solutions of equations of the type fz = ¢ by setting
f = %glg]. Moreover, we have 0z.7¢[f] = f», so #¢ links the two operators
0z and 9,. To prove regularity and get good estimates we need one more
thing, namely that under suitable circumstances the transforms commute
with differentiation. This will be the content of Corollary [A.4]

Lemma A.3. Let r > 0 and f € CY(D,). Then for any zo € D, we have
the identities

f(zo)—l/8 Mclz—l mdwdy, (128)

2w D, 2 — 20 ™ Jp, Z— 20
1 1 1
/ EEIORIFRF fz(z)dmdy—l—,/ S g (129
7 Jp, (z—20)? T Jp, Z — %0 2mi Jop, 2 — 20
Proof. Take a fixed zg € D, and look at the differential one-form w = Zfzz =

We can see that

d(wf) 2 e ndy=2i 1z dz A dy,

Z— 20 Z— 20

hence by Stoke’s theorem we have

21'/D J=(2) d:cdy:/a /(z) dz—/a 1) g, (130)

\De Z 20 D, Z — 20 D # — %0

We can easily compute

lim Mdz = 2mif(z0),
e—0 8D, Z— 20

and therefore passing to the limit ¢ — 0 in (130]) yields the first statement;

the same reasoning applied to the one-form & = Zi‘rzzo shows the second. [
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Remark 4. Observe that if we define ¥(zp) = %IBDT Zf_(zzl dz then the
statements of the previous lemma can be rewritten as

f(20) = ¥(20) + €D, [f=](20),
S, 1f)(z0) = o, L) (0) — /8 1) 4

27t Jop, 2 — 20

Remark 5. It follows from Lemma that if f € C}(Dy), then
(7’) CgDr[fE] = f7
(it) €p,[f:] = D, [f].

Combining these two identities with Lemma[A.9 we can derive
(¢p,[f])z = f =%b.[f3],

and

(D, [f])= = (D, [f])= = D, [[2],

(D, [f)z = (¢b,[f])z = €b,[(f.)] = b,[(fz):] = ZD.[fz].

This shows that for (sufficiently regular) functions with compact support
in D,, the operators €p, and ./p, commute with any linear differential
operator 9 with constant coefficients. The reqularity needed on the function
is only linked to the order of the operator 9.

We summarize the latter discussion in the following

Corollary A.4. Let r > 0 and let Z be a linear differential operator with
constant coefficients of order k. Then we have the following identities on
Ce(Dy):

(i) Y o%6p, =%p, o and P o.’p, =.9p, 0 D;

(ii) Oz 0 €p, = €p, 00z = Id and 3, 0 €p, = €p, 00, = Sp,;

(iii) Oz o Sp, = Ip, 0 Oz = 0.

A.2. Beltrami’s equation. With the various properties above established,
we take a fundamental step to the proof of Proposition As usual we
denote by Co"*(D,) the closure of C2"® (D,) in the Holder space CN*(D,.).

Lemma A.5. Letr > 1, NENN>1,0<B8<a<]1, uhe Cév’a(DT).
Then there exist constants C(N,r,«, ), ¢(N,r,a, ) and C(a) such that if
|illa < c there exists a solution ® € CNT1Y(D,) to

Oy — pd, = h (131)

with
121140 < CliAla, (132)
104 @[5 < € (ID4hll5 + 1D wlslnls) (133)

forany1 <k <N.
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Proof. By astandard approximation argument, it suffices to prove the lemma
under the assumption that the supports of © and h are compactly contained
in D,.

In order to simplify our notation we will use . and ¥ in place of .p, and
¢p,. We know (thanks to Lemma that .7 : C*Y(D,) — C%%(D,) as
well as ¢ : C%%(D,) — C»*(D,) and that there exist two constants Cy, Cj
(wlog Cy,Cpg > 1) such that

1 flla < 1€ 140 < Call flla
1 Iflls < 1€1f 18 < Coll 5 -
Consider the operator
L CONDy) = CO(Dy),  frr b+ ]
We have

[ Za(f1) = Za(fo)lla < lullaCallfr — folla -
So, if

lilla < 57

Hlle = 5¢,

then %, has a unique fixpoint f € C%%(D,). This means
f=h+p[f],

from which we deduce

hlla
7l < 1

—— 0 <2||h
fulace = 21"

and
f=Ud=p?) " h=> (p)"h="> wy.
n>0 n>0
This shows in particular that f is compactly supported. Using Corollary
one can show by induction that for any 1 < k < N and any n > 1

ID*wnlla < CCa(2CCallplla)" (Hul!allehlla + IIDkuHallhlla) , (134)
where C is the constant in . Therefore, if we require

~ —1
lulla < (4CCaCa2r)°77) (135)

Z Dkwn

n>0

converges uniformly in C%%(D,) to D*f, hence f € CN%(D,). Moreover,
by the same argument

~ ~ n—1
1D¥flls < CColulla 1D hll5 + 1D ullsl1hll5) 3 (2CCa (20" ]

n>1

+ 105 < € (ID*hls + 1Dl 5110l ) (136)

then the series
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with the help of (135]), where the constant C' depends only on N, r, a and
5. Now we define

®(2) =%[fl(z), z€D,.
By property (iii) of Lemma we have
(I)?:f7q>2 :y[f],
hence
Pz —p®. = f —pfl = Id—pS)f =h,
so the function ® solves (131)) and satisfies
[P1+a < Call flla < 2Ca|A]la -

Since D*® = € [DF f] by Corollary we get by recalling ((136])
|D*®l1 15 < CollDF 5 < € (IDhlls + D llsllhl5) -
This shows the claim. O
We immediately get the following

Corollary A.6. Letr >1, NENN>1,0<f<a<l,p€ C’év’a(Dr).
Then there exist constants C(N,r,, B), ¢(N,r,a, B) and C(a) such that if
|1tlla < ¢ there exists a solution ® € CN*T12(D,.) to the Beltrami equation

Oz = pud, (137)

with
18(2) = zll11a < Clllla (138)
ID* (®(2) — 2) 145 < CID*pllg, (139)

forany1 <k <N.

Proof. In the Lemma choose h = u to recover a constant ¢ such that if
|l < ¢ then we find ¢ solving

¢z — pd. = p
Set ®(z) = z + ¢(z). Then obviously
Oz = ud,
and using Lemma we find
12(2) = 2ll1+a = [4ll1+a < Cllulla,
and

ID*(®(2) = 2)|l145 = [ D*¢ll145 < C D"l
for any 1 < k < N, which is what we wanted. O
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A.3. Proof of Proposition Given the estimates of the previous para-
graphs, Proposition can be proved following the classical approach, see
for instance [26l, Addendum 1 to Chapter 9]. We report however the argu-
ment for the reader’s convenience.

With a simple scaling argument we can assume r = 1. Let z,y be global
coordinates on D;. Then g takes the form

g = &da? + 2¢dzdy + wdy? |

for some functions &, ¢,w € CN*(Dy1). We want to find a function ® : Dy —
R2, (z,y) — (P1(z,y), P2(z,y)) = (s,t) such that in these new coordinates
we have

g=p*o®(s,t) (ds* + dt?) ,

hence
g=p* (93, + @3,) da® + 2(P1, 1y + Boy®oy) dxdy + (03, + @3,) dy?) |
or

g=0p" (VO @ VO + VOy @ Vy) . (140)
A comparison yields

§w — Cz = P4 ((I)lxq>2y - (I)ly(l>293)2 = /)4J‘I>2 R

with J® = det V®. Consequently

2 _ VA
= 141
p Jo’ (141)

where A = £¢ — w?.

It is convenient to switch to complex notation. Consider z = z + iy, ®(z) =
O (z,y) + iP2(x,y). A computation shows that is equivalent to the
Beltrami equation for ®:

Oz(2) = pu(2)®,(2), ze€ Dy, (142)

with the coefficient
§—w+2i¢
p=——r
E+w+2VA

Now we extend ¢ to a symmetric 2 x 2 tensor to R? so that

(143)

lg — ellaze < C(a)llg — €lla:p, -
lg = ellispme < C(N, . B)llg — elly14,D, -

for 1 < k < N. In particular note that if oy is chosen sufficiently small,
then g > %e on the whole R?. Repeated applications of and to the

expression ((143]) then yield
illarz < Cllg = ella;p, (144)
H:qu—&—ﬁ;]R2 < CHQ - e”kJFBJ)l ) (145)
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where the former constant in ((144)) is a universal one and the latter depends
only on a, # and N. Hence u € CN: (]RQ). Next we choose a C'*° cutoff
function 7 such that

1, ifze Dy
M) =90 ifzeC\ D
2
With this define a new function
o= np.
By definition we have fi € cl "*(Ds), thus by Corollary there exist con-
stants C, ¢ and C such that if ||fi]|a.p, < c then there exists ® € CN 1 (Dy)
with
Oz(2) = (2)®,(2), z€ Dg,
and

12(2) = 2ll1+e;D, < 6‘|/1H04;D2 ) (146)
ID*(@(2) = 2)ll1+8,02 < Cllillk+p;0z »
for any 1 < k < N. Observe that in particular ® solves (142)). Moreover,

1tllaspy < Nl pollllasps < Cllptllazp, < Cllg = ellaspy

and similarly

I illkt:05 < Cllpllis0y < Cllg — ellk+s:D,

by (144) and (145). This shows that if ||g — e|la;p, < o1 with o1 small
enough, we recover a coordinate change ® solving (142)). The estimates for
® follow immediately. For the estimates of p we use the fact that due to

we have
(1= Cllg = ella,p,)* < J® < (1 +Cllg = ela,p,)*
which together with the expression , the bounds on @, and
imply
1D%0lls < Cllg — elly s,
for 1 < k < N. This proves the claim.
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