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HIGHER CODIMENSION AREA-MINIMIZING CURRENTS MOD(q):
STRUCTURE OF SINGULARITIES NEAR (m — 1)-INVARIANT CONES

CAMILLO DE LELLIS, PAUL MINTER, AND ANNA SKOROBOGATOVA

ABSTRACT. We study finer properties related to the interior regularity of m-dimensional
area minimizing currents mod(q) in arbitrary codimension. We show that the set of points
where at least one tangent cone is translation invariant along m — 1 directions is locally
a connected C1+# submanifold, and moreover such points have unique tangent cones. We
establish these results as consequences of a fine excess decay theorem.
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1. INTRODUCTION AND MAIN RESULTS

In the works [6-8, 21, 24] several structural results were established for the singular set of m-
dimensional area-minimizing currents mod(q). However, finer structural properties, such as the
fact that the singular set consists locally of connected (m — 1)-dimensional C1'* submanifolds,
up to an (m — 2)-rectifiable set, have only been demonstrated for hypersurfaces for general
moduli g. The main goal of this article is to continue this study in arbitrary codimension to
establish analogous finer properties of the singular set and give a satisfactory description of
singular points in the largest possible non-flat strata. Indeed, we prove the following result.
(For the relevant definitions pertaining flat chains mod(g) we refer to [8], whilst the notion of
an area-minimizing cone mod(q) and of its spine is recalled in Section 1.1 below.)

Theorem 1.1. Assume that m > 2, n > n > 2, and ¢ > 3 are positive integers and that
(i) ¥ C R™™ is a complete embedded C*° (m + ni)-dimensional submanifold for some
positive ag > 0;
(i) U C R™*™ is a bounded open set;
(iii) T is a representative mod(q) of an area-minimizing flat chain mod(q) in ¥ N U with
OTL.U =0 mod(q).
Let p € sptd(T) NU be a point at which there is a tangent cone with an (m — 1)-dimensional
spine. Then there is a neighborhood U’ of p in which the set

S = {:EE U':0(T,z) > g}

is a connected CYP (m — 1)-dimensional submanifold of U’ without boundary, where B =
B(g,m,n,n) >0 (in fact, it is a C*P graph over an (m — 1)-dimensional ball). Moreover:
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(a) At every point x € S there is a unique tangent cone to T and T,S is its spine and
o(T,z) = 2.

(b) For ||T||-a.e. x € U'\'S the density ©(T,x) is an integer strictly smaller than %;

(¢) TL(U'\ S) is an area-minimizing integral current in the open set U'\ S;

(d) S has a continuous orientation such that 0T U’ = ¢q[S].

As a corollary of the above theorem and of the results of [8,22] we then derive the following
structural description when the modulus ¢ is odd.

Corollary 1.2. Assume that m > 2, n > n > 2 are positive integers, and that ¢ > 3 is an odd
integer. Let T, X, and U be as in Theorem 1.1. Then the interior singular set Sing (T') of T
is the disjoint union of

(a) a subset R C Sing (T') which is countably (m — 2)-rectifiable;

(b) a subset S = Sing (T") \'R with the property that for every p € S there is a neighborhood
U’ such that U' NS is a CYP (m — 1)-dimensional submanifold of U' N without
boundary, where 8 = (g, m,n,n) > 0.

Moreover:

(c) S\'S has locally finite H™2 measure; B
(d) T is an area-minimizing integral current in the open set U\S and there is a continuous
orientation of the submanifold S such that 0T U = ¢[S].

In the setting of Theorem 1.1, when all of the half-planes in the tangent cone at p have
multiplicity one (and so one has a full sheeting theorem, namely Allard’s regularity theorem),
we have the following additional corollary determining the full local structure near such mul-
tiplicity one cones.

Corollary 1.3. Assume that m > 2, n > n > 2, and q > 3 are positive integers. Let
S =31 [H] be a cone with an (m — 1)-dimensional spine (see Proposition 1.7 below) and
H; distinct (i.e. all half-planes are multiplicity one). Then, there exists eg = €o(S, g, m,n, ) €
(0,1) such that the following holds. Let T, %, and U be as in Theorem 1.1. Let p € spt?(T)NU

be a point at which, for S = spt(S) and some T > 0,
E(T’ Sa BT(p)) S E(%a

using the notation as in Theorem 1.10 below. Then, TL B, 5(p) is a CYP perturbation of S,
in the sense of [21, Theorem C]. Here, 8 = (g, m,n, 7).

In fact, ¢ in Corollary 1.3 only depends on the minimal angle between the half-planes in S.
In particular, Corollary 1.3 applies to any area-minimizer mod(4) about a singular point where
one tangent cone is supported on a union of half-planes meeting along an (n — 1)-dimensional
spine, giving a complete local structural result near such singular points (and thus uniqueness
of the tangent cone). Moreover, in the mod(4) case, Corollary 1.3 can be rephrased as a “fine
e-regularity” theorem, like in [21, Theorem 3.1], with an g depending only on ¢, m,n, i, where
instead we assume that 7" is much closer to S than any plane, i.e.

E(T,S,B:(p)) < cgE”(T, B+ (p)), (1.1)

again using the notation of Theorem 1.10.

The case of even ¢ is more complicated, and while we can prove a similar structural result,
it is not a direct corollary of this work and of the results of [8]; this case will therefore be
addressed in the additional work [10].

Remark 1.4. In the statement of Theorem 1.1, it in fact suffices to simply ask that TL. B.(p)
is sufficiently close to a cone S with an (m — 1)-dimensional spine, in the sense that

E(T,8,B-(p)) < o

for S = spt(S) and some 7,g¢ > 0, with £y allowed to depend on S (see Proposition 1.7 and
Definition 1.8).
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1.1. Main decay theorem. The main tool of our analysis is a decay theorem which we state
in this section. The theorem states that provided T is at some scale much closer to a cone with
exactly m — 1 directions of translation invariance than it is to any m-dimensional plane, then
T decays to another cone of this form at a slightly smaller scale. We begin by recalling the
notions of an area-minimizing cone mod(q) and an open book (also known as a classical cone,
see e.g. [21]), as defined in [6].

Definition 1.5 (Area-minimizing cones mod(q), [6, Definition 3.3]). Let S € Z,,,(R™*") be
an m-dimensional representative mod(q). We say that S is an area-minimizing cone mod(q) if
the following properties hold:

(a) S is locally area-minimizing mod(q) in R™*";

(b) 0S = 0mod(q);

(¢) (to,r)4S =S for every r > 0.
The linear subspace V' of vectors z such that (7,)yS = S is the spine of S.

In this article we focus on area-minimizing cones whose spines have dimension m — 1. Note
that when the spine V' is m-dimensional, then spt?(S) C V and, upon giving V' the appropri-
ate orientation, S = ©(S,0)[V]. Likewise, cones with (m — 1)-dimensional spines V' can be
classified as union of half-spaces meeting at V', to which we assign appropriate multiplicities.

Definition 1.6 (Open books, [6, Definition 4.1]). An m-dimensional half-plane (or briefly
half-plane) H is any set given by

H={zxen:v-z>0}

for any choice of an m-dimensional linear subspace 7w and any element v € m N 9dB;. The
(m — 1)-dimensional linear subspace V = {z € 7 : z - v = 0} will be called the boundary of H.
For every fixed integer g > 2 we refer to open books, denoted by £, as those subsets S of
R™*™ which are unions of N < ¢ m-dimensional half-planes Hy, ..., Hy (often called pages of
the book S) satisfying the following properties:
(i) Each H; has the same boundary V;
(ii) Each half-plane H; is contained in the same (m + 7)-dimensional plane w.
If x € ¥, then #9(z) will denote the subset of %7 for which w = T, 3.
Z and Z(x) will denote the subset of those elements of 7 and %#7(x) respectively which
consist of a single plane (namely, a half-space H; and its reflection across V). For S € #9\ &,
the plane V in (i) above is referred to as the spine of S and will often be denoted by V(S).

Proposition 1.7 ([6, Proposition 3.5]). Suppose that S is an m-dimensional area-minimizing
mod(q) cone in R™T™ with an (m — 1)-dimensional spine V. Then spt(S) is an open book with
spine V. In fact we have the following more accurate description.

There exist distinct m-dimensional oriented half-planes Hy, ..., Hy with H; "H; =V for
each i < j and spt(S) = Hy U---UHy, such that for the unit vectors e; € H; N VL, the
following holds.

There are positive integers Q; < 4 such that

N
S=73 QiH,
1=1
and

N
Z Qie; = 0.
i=1

Moreover, ZZ]\LI Qi = q, and thus ©(S,z) = L for each x € V.

We do not include the proof here, and simply refer the reader to [6]. We note however an
important fact. Since ¢ > 3, a simple consequence of the relations ) . Q; = ¢and 1 < Q; < 2
is that the number N of pages H; is at least 3. In particular spt(S) € £\ £.

We subsequently recall the conical L? height excess between T and elements in %9, also
used in [6] (defined therein via slightly different notation).
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Definition 1.8 (c.f. [6, Definition 4.3]). Given a ball B,.(z) C R™*" and a cone S € %9, we
define the one-sided conical L? height excess of T relative to S, denoted E(T, S,B,.(z)), by

R 1 .
B(T.S.B,(0) = =5 [ )T )

At the risk of abusing notation, we additionally define the corresponding reverse one-sided
excess (cf. [9]) as

E(S,T, B,.(z)) = !

- rm+2

/ dist?(y, spt (T)) dH™ (y),
B, (2)NS\Bar(V(S))

where a = a(m) is a dimensional constant, to be specified later. We subsequently define the
two-sided conical L? height excess as

E(T,S,B,(z)) := E(T,S,B,(z)) + E(S, T, B,(z)).
We finally introduce the planar L? height excess which is given by

E?(T,B,(z)) = min E(T,7,B.(z)).
TeP(x)

We are now in a position to state our main excess decay result; it is analogous to [6, Theorem
4.5], only with the codimension of T being higher than one, and allowing for a collapsed
scenario, where T' may be close to an element of & but will nevertheless be much closer to an
element of A1\ . Before stating it we isolate a set of assumptions which will be used often
throughout the paper.

Assumption 1.9. T' € %Z,,(¥) is an m-dimensional representative mod(q) in ¥NBy /7, where
Y is a C* (m+n)-dimensional Riemannian submanifold of R™*" = R™+7+! with aq € (0, 1).
q > 3 is a fixed integer and T is area-minimizing mod(q) with 99[T] = 0.
For each z € ¥ NBy /m, LN By s (x) is the graph of a C%*° function ¥, : T,XNBy m —
T,X+. In addition,
c(XNBrm) = sup [[DY,[lc2a <&,
yEXNBy, /m

where the small constant & € (0,1] will be determined later. This in particular gives us the
following uniform control on the second fundamental form Ay of 3:

A = |‘A2||CO(EQB7\/W) < Coc(z N Bﬂ/ﬁ) < CyE.

Theorem 1.10 (Excess Decay Theorem). Let m > 2,n > 7o > 2 and q¢ > 3 be positive

integers, let ¢ > 0 and let Q = %. There are positive constants 9 = eo(q, m,n,n,¢) < %,

ro =ro(g,m,n,fi,s) < 1 and C = C(q,m,n,n) with the following property. Assume that

(i) T and ¥ are as in Assumption 1.9;
(i) [T1(B1) < (Q+ F)wm;
(ili) There is S € #(0) \ Z(0) such that

E(T,S,B,) < e2E?(T, B,) (1.2)

(iv) A% < 3E(T,S',By) for any S’ € 4(0).
Then there is a 8" € #1(0) \ Z(0) such that
(a) E(T,S',B,,) <<E(T,S,B;)

E(T,S',B,,) . E(T,S,B)
) <2
Er (Ta BTU) EP (Ta Bl)

(c) dist*(S’NB;,SNB;) < CE(T,S,B1)

o / E(T,S,B,)
(d) dist™(V(S) N By, V(S)NBy) < “EBrT.B))
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Our proof of Theorem 1.10 will follow closely our previous work [9] on the interior regularity
of area-minimizing currents in arbitrary codimension and indeed we will call upon many of the
ideas in that work. In turn, [9] builds upon on many ideas related to area-minimizing currents
first developed by Almgren [2] and revisited in [12,14,15], as well as the foundational ideas of
Simon [23] and Wickramasekera [25] (see also [3,6,7,19-21] for related works).

The most important difference when compared to [9] (other than the fact that the spine
of the cone in question is codimension one relative to the current) is that the mod(q) setting
implies a “no-gap” condition at the spine of the open book, see Theorem 3.1, which is in turn
the main reason why the power law decay holds whenever the current is sufficiently close to
an open book. The fact that the mod(q) structure implies a “no-gap” condition was first
observed in [6] in the codimension 1 case, but an important contribution of this paper is
that it holds in any codimension. Another key difference in the present work when compared
to [9] is in understanding the boundary behaviour of blow-ups we construct, particularly in
the “degenerate” case when the objects in question are converging to a single plane with
multiplicity. The reason for this is that now we get Dir-minimizers in the interiors of half-
planes, rather than on full-planes, and so naturally we are left with a boundary problem.
For this, we use the equivalent estimates of Wickramasekera [25, Section 12] in our setting
to understand the boundary behaviour of the blow-ups, and also adapting the excess decay
arguments from [25, Section 16] in the non-collapsed case (see also [6]) and [25, Section 9],
[21, Theorem 3.1] in the collapsed case (see also [7]).

1.2. Notation.

r,p,S,t typically denote radii

i,7,k indices

a, B, m-dimensional planes

w (m + n)-dimensional plane

g,6,m small numbers, with € the smallest in hierarchy

ey exponents

S, 0, T, % parameters

¢,0,9 angles

P, X test functions

fy9,h,u,v,w functions, with f, u, v and w typically denoting multi-valued approximations
v, 3 U the parameterization of the ambient manifold X

Sp,r the rescaled manifold ¢p, (3)

S, T currents

D, T points in R™+"

y,2,&,C variables (typically in m-dimensional subspaces of R”T™)

p, pt orthogonal projection, projection to orthogonal complement, respectively
1p indicator function of the set E

A the L norm of the second fundamental form of ¥

(T, x) the m-dimensional density of 7" at a point x

Sing(T), Sing’ (T) singular sets of T, with Sing” (T") the flat singularities

Singé (T) flat singularities of T" where the density of T" is @

L,¢(L) L a cube, £(L) half the side length

A,B linear maps

X vector field

S open book, cf. Definition 1.6

N natural number, typically denoting the number of pages in the open book S
\% spines of cones

P set of m-dimensional planes

P set of open books (cf. Definition 1.6)

E?(T,B) planar excess of T in the (m + n)-dimensional ball B
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one-sided L? conical excess in B (T close to S, S close to T, resp.)

E(T,S,B) double-sided conical excess in B
E(T,B) oriented tilt excess of an integral current 7" in B
Ba (V) fixed tubular neighbourhood of radius a of the spine V' being removed from Bj
a(S) minimal pairwise Hausdorff distance between the reflected pages of S in By
¢(S) maximal Hausdorff distance of the pages of S in B from the closest m-plane
Ag(R™) the space of Q-tuples of vectors in R™ (cf. [11])
P (F) the class of m-dimensional integer rectifiable currents supported
in a relatively closed set E C R™+"
Fm(E) the class of m-dimensional integral flat chains supported
in a relatively closed set E ¢ R™+"
f% the mod(q) flat metric restricted to a given compact set K
(1] the mod(q) equivalence class of T' € %
04 the boundary operator defined on mod(q) equivalence classes
Lz the scaling map p — L around the center z
T the translation map p —:=p + z
Tqr the rescaled current (1q,-)y(T")

Acknowledgments. This research was conducted during the period P.M. served as a Clay
Research Fellow.

2. PRELIMINARIES

2.1. Identifying 7" with integral currents. In this section we collect some essential facts
which follow from the regularity theory developed in [8]. The first one is that, if the density of
T is strictly below £, then in fact 7" can be identified with an area-minimizing integral cycle.

Proposition 2.1. Assume q, T, ¥, and U are as in Theorem 1.1. If ©(T,xz) <  for every
x €U, then OTLU =0 and T is an area-minimizing integral current in XN U.

Proof. By [8, Theorem 7.2] the singular set Sing (T') has Hausdorff dimension at most m — 2.
It follows from the definition of regular set that around every regular point x, namely any
point in Reg (T') := spt(T) \ Sing (T'), there is a neighborhood U’ of = and a regular oriented
m-dimensional submanifold A of U’ N Y such that

TLU = (T, z)[A] .

In particular, since ©(T,z) < £, Reg(T') can be written as the union of disjoint orientable
regular m-dimensional submanifolds Ay, ..., Ay of U \ Sing (T') such that

k
TL(U \ Sing (T)) = Zz‘[[Ai]] : (2.1)

where k < Z. It follows that OT'LU must be supported in Sing (7). Since 0T'LU is an
(m — 1)-dimensional flat chain, by a well-known theorem of Federer [16, Theorem 4.2.14] if
one knows that H™~!(Sing (T')) = 0 then 0T U must vanish identically. The fact that T is

area-minimizing in U as an integral current follows immediately. (]
The above proposition has a very simple corollary.

Corollary 2.2. Assume q,T,% and U are as in Proposition 2.1 and suppose that we have a
sequence of
(i) C3< regular submanifolds Xy, which converge (locally in C3%°) to ¥;
(ii) Open sets U, T U;
(iii) Representatives mod(q) Ty which are area-minimizing flat chains mod(q) in Xy N Uy
with 0Ty = 0 mod(q) and such that Ty, = T as flat chains mod(q).
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Then, for every U' CC U there is kg = ko(U') such that the conclusions of Proposition 2.1
apply to Ty, and U’ in place of T and U for every k > ko. Moreover T, — T in the sense of
integral currents.

Proof. First of all we recall that ||Tx|| = ||T| in the sense of varifolds, see for instance [8].
It then suffices to show that ©(Ty,y) < 4 for every y € U’ and every k sufficiently large.
In fact this would imply that 9T = 0 in U’ and, by Federer’s compactness theorems, that
T}, = S for some integral current S with SLU’ = 0. We immediately conclude that T and
S are congruent mod(g). On the other hand it also follows that ||| — |\S|| in the sense of
varifolds, in particular ||S|| = ||T'|| and hence spt(S) = spt(7T"). Therefore it suffices to show
that, for every regular point of T there is a neighborhood W where T" and S coincide. We can
choose a neighborhood W where TL W = i[A] for some oriented connected regular surface A
and for some positive integer 7. Since O(T),-) < 4, we necessarily have 1 <14 < £, and since
spt(S) = spt(T), the constancy theorem implies that SL W = i'[A] for some (not necessarily
positive) integer i'. However, |i'| = i because ||T'|| = ||S|| and moreover ¢ divides the integer
i" — i because S — T = 0 mod(q). Given that |’ — 14| < |i’| + |i| = 2]i| < g, it must necessarily
be that ¢ = ¢'.

As for showing that ©(Tk,y) < 2 for every y € U’ and every k sufficiently large, we argue by
contradiction. In particular we would find a sequence of points {yx} C U’ such that ©(Ty, yx) >
1. Because U’ CC U we can assume that y; converges to an element y € U. On the other

2
hand Allard’s monotonicity formula would imply that ©(T,y) > limsup, ©(T%, yx) > 2. O

2.2. Oriented tilt-excess. Having identified 7" with an integral current locally in regions

where the density is strictly smaller than £, we recall the definition of the oriented tilt-excess

of an m-dimensional integral current T in a cylinder C,(p,m) relative to an m-dimensional
oriented plane 7:

E(T, C, (p.m0). m) i= — /C( )lf(w)—ﬁ($)|2d||TH($)-

2wy, r™

We in turn define
E(T7 CT(pv 7TO)) = m’Ii’nE E(Ta CT(pa ﬂ-O)v 7T)
wCTlp

where the minimum is taken over all m-dimensional oriented planes © C T,,¥ (identified with
their corresponding planes in R”*™). The oriented tilt-excess of T" in B,.(p) relative to an m-
dimensional oriented plane 7 and the optimal oriented tilt-excess in B,.(p), denoted respectively
by E(T,B.(p),n) and E(T,B,.(p)), are defined analogously.

2.3. L? — L*™ height bound. In this section, we recall the L? — L> height bound derived in
[9, Part I, Section 3] for integral currents, which will be a key aspect of the proof of Theorem
1.10. We refer the reader to the proofs therein.

Bearing in mind Proposition 2.1, which will allow us to identify 7" with an integral current
away from a neighbourhood of V(S), we make the following assumption throughout this section.

Assumption 2.3. ¥ and A are as in Assumption 1.9. T is an m-dimensional integral current
in ¥NB; /s with 0TL B, /7 = 0. For some oriented m-dimensional plane 7o C R”*" passing
through the origin and some positive integer (), we have

(Pro )t T C2(0,m0) = Q[Ba(mo)] ,
and [|T[(B2) < (Q + 3)wm?2™.

Theorem 2.4 (L and tilt-excess estimates, [9, Theorem 3.2]). For every 1 < r < 2, Q,
and N, there is a positive constant C = C(Q,m,n,n, N,7) > 0 with the following property.
Suppose that T, ¥, A and mo are as in Assumption 2.3, let p1,...,pn € T5 be distinct points,
and set w := |, p; + mo. Let

E .= /02 dist?(p, ) d|| T (p) . (2.2)



8 C. DE LELLIS, P. MINTER, AND A. SKOROBOGATOVA

Then
E(T,C,,m) < C(E + A?) (2.3)
and, if £ <1,
spt(T) N C, C {p: dist(p, ) < C(EY? + A)}. (2.4)

We additionally state the following important consequence of Theorem 2.4, also contained
in [9].
Corollary 2.5 ([9, Corollary 3.3]). For each pair of positive integers Q and N, there is a
positive constant 6 = §(Q, m,n,n, N) with the following properties. Assume that:

(i) T, X, and A are as in Assumption 2.3;
ii s area-minimizing in X and for some positive r < 7 and q € Sp 1 we have
i) T i inimizing in % and tive r < % and t(T)NB h

OTL Cur(q) =0, (Pr,):T = Q[Bar(9)], and | T[[(C2r(q)) < wm(Q + 3)(2r)™
(iii) p1,...,pn € R™™ are distinct points with pr,(p;) = q and s := min{|p; —p;| : i < j};
(iv) m1,..., 7N are oriented planes passing through the origin with

7 1= max |m; — mo| < dmin{1,r s} (2.5)
K3
(v) Upon setting ® = \J,;(ps + i), we have

(rA)? + (2r)_m_2/ dist?(p, 7)d||T|| < 6> min{1,r =252} . (2.6)
C2:(q)
Then T_C,(q) = Zl]\il T; where
(a) Each T; is an integral current with OT;1 C,(q) = 0;
(b) dist(q, ) = dist(q, p; + m;) for each q € spt(T;);
(€) (Pro)tTi = Qi[Br(q)] for some non-negative integer Q;.
2.4. Separation between planes and halfplanes. Fist of all we introduce the following

quantity for every open book S = H; U---UHpy. We denote by m; the planes that are the
extensions of the half-planes H; across V(S) via reflection and set

¢(S) = maxdist(m; N By, m; N By). (2.7)
1<

Note that ¢(S) measures how close S is to a plane. In particular it is not difficult to see that

Cil mlndlSt(S N Bl, m; N Bl) S C(S) S Cmmdlst(S N Bl, m; N Bl) (28)

while

mi;l) dist(SNB1, 7 NB;) < mindist(SNBy,m;, NBy) < C migJ dist(SNB1, 7NB;) (2.9)
1 e

TES

for some constant C(m,n).

The quantity {(S) will play an analogous role to that of (S) in [9], but we want to emphasize
one difference: the cones S considered in [9] are union of planes and so there is no need to
introduce the reflection along the spine V(S). For this reason we have opted to use a different
notation here. Instead we use the same notation for o (S), which is given by

O'(S) = H1<1DdISt(HZ n Bl, Hj n Bl) . (210)
i<j

The following very elementary observation will be particularly useful in many places.

Lemma 2.6. Let H; and Hy be two m-dimensional halfplanes with a common boundary V,

denote by m; the planes obtained by reflecting them along V', and let v; € H;NOB1 be orthogonal
toV. Then

diSt(Wl N B1,7T2 N Bl) = min{|v1 - ’UQ|, |’Ul + ’U2|} . (211)

(2.12)
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2.5. Alignment of spines, shifting. We now record some results which are analogous to
those in [9, Section 7.3]. Therein, the majority of the results are stated for unions of m-
dimensional planes intersecting in an (m — 2)-dimensional subspace, with comparability of the
two Morgan angles that determine the pairwise separation of the planes. Here, we instead have
unions of m-dimensional half-planes intersecting in an (m — 1)-dimensional subspace, with only
one angle parameter determining the pairwise separation of the half-planes, so the situation is
in fact even simpler. Nevertheless, for clarity, we include the proofs that differ.

Lemma 2.7. For each M > 0 and m,n,q € N, there exists a constant C = C(M,m,n,q) > 0
such that the following holds. Suppose that S and S’ are open books in B, consisting of 2 <
N, N’ < g m-dimensional half-planes Hy, ..., Hy and H}, ... ,HY., meeting in the (m — 1)-
dimensional subspaces V(S) and V(S') respectively. Then

1 /
dist(V(S) N By, V(S') N B,) < ¢ BH5 ﬂCB(g)S NB.)

Proof. First of all observe that, without loss of generality, we can assume that dist(SNB1,S'N
B1) <~¢(S) for some fixed positive 7. In fact we have otherwise that

dist(SNB1,S'NBy)
el
¢(s)
and, given that dist(V(S)NB1, V(S')NB;) < 1, the desired inequality would be trivially true

if the constant C' is taken to be larger than y~1.

Next, we have by the triangle inequality
¢(S) <2dist(SN By, S' NBy) +¢(S),
and thus if v < 1/4, ¢(S") > 1¢(S) > 0.

Next, let m; and 7, be the m-dimensional planes which are the extensions of H; and H;
across V(S) and V(S'), respectively, by reflection. If we set S := U;m; and S’ := U;nl, it is
obvious that:

* ¢(S) =¢(S) and ¢(8") = {(S); _ _
e neither S nor S’ is planar, in particular V(S) and V(S’) are both well-defined and they
equal, respectively, V/(S) and V(S');
. diSt(S N By, S'N Bl) < diSt(S N By, S'N Bl).
On the other hand, it follows from the very same argument of [9, Lemma 7.12] that
dist(SNB1,S' N By)
¢(s)
In fact the proof of [9, Lemma 7.12] handles a more complicated situation because the spines

have codimension 2 in the planes, a fact which requires the additional assumption [9, Lemma
7.12(iii)]. O

(2.13)

dist(V(S)N B, V(S')NB;) < C

We additionally require a lemma which gives control the shifting of a given open book S.
Before we state the lemma, let us introduce the following definition.

Definition 2.8. A set Q C R™'" is said to be invariant under rotation around a linear
subspace V if R(Q) = Q for any rotation R of R™*" which fixes V.

Lemma 2.9. Let M > 1, myn,q € N, 2< N < ¢, let V be an (m — 1)-dimensional subspace
of R™*™ and let U C By be a non-empty open set which is invariant under rotation around V.
Then there exists a constant C = C(M,m,n, N,U) > 0 for which the following holds. Suppose
that S = Hy U---UHN € %7 and V(S) =V for each i < j. Let p € By/o and m; be the
m-dimensional plane which is the union of H; and its reflection through V. Then there exists

jo€{1l,....,N} and Q C H;, NU with H™() > C~" and
IpE (0)| + ¢(S)IPy 1, (p)] < Cdist(z,p+S)  Vze€Q, Vi, (2.14)

Remark 2.10. In fact the set (2 is relatively open in H;, N U, even though this fact will not
play an important role.
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Proof. First of all, we claim, as in [9, Lemma 7.16], that
[p7 ()] + ¢ (S)IPy 2, (P)] < Gmax|pr (p)| Vi, (2.15)

The argument is much simpler here and we give a direct proof. Without loss of generality we
may just prove the claim for ¢ = 1, so we just need to show that

¢(S)pvrnm (p)] < 5m]§X|p7ﬁ. Pl (2.16)

Let jo be a maximizer of the right hand and then pick j which maximizes dist(7; By, 7, NB1),
so that in particular the triangle inequality yields

—_

dist(m;, "By, 75 N B1) > -¢(S).

[\]

Let v; be the vector in 0By N H; orthogonal to V. Observe that py ., (p) = (p - v;)v; and
that
diSt(ﬂ'jo NB,m; N Bl) = |p#j0 (’Uj)| .

In particular, since py 1., = Py — p,J;j and pf;jo opy = pj;jU (because V' C j,), we have
C(S)IPving, (p)] < 2dist(mj, N By, 7 N B1)[pyvrng, (p)]
<2(IpL (PEm)] + b2 P) < 2(p2, B + P2, P)]) < 4IpL ()]

Moreover, since Py Lz, © Pr; = Pvinm © Pving, and by the definition of 7j,, we have

Py tam (P)] < [Pvar, (Pvam, ()] + Py iam, (P, (0)]
< pvins, )]+ IPr, )] < [Pyeng, )] + px,, ()]
This shows (2.16) and hence (2.15).

It remains to check that maxy |px, (p)| < Cdist(z,p + S) for any 2 € Q. Fix again jo such
that |pj;jU (p)| is maximal. We thus aim at showing the existence of a subset @ C H;, NU with
H™(Q) > C~! with the property that

|p7fj0 (p)| < Cdist(z,p+S) VzeN.

We follow the argument of [9, Proof of Lemma 7.14], albeit in a much simpler setting. First
we notice that dist(z,p + S) > min; [p%, (p — z)| and we therefore aim at showing that

[px,, ()] < C'min|pr (p— 2| (2.17)

We let e € Hj, N 0B, be such that e L V' and observe that, since U is non-empty, open, and
rotationally invariant around V, there must be an open W C V and an interval [a, b] with the
property that
w+eelU Yw € W,V € [a,b].

Observe that for such w € W and X € [a,b], |px,(p — (w + Xe))| = |px, (p — /\e)|.

Consider the ﬁnite collection of N+1 pairwise disjoint subintervals Iy, ..., Ix+1 contained
n [a,b], of length 2(N+1) with dist(Z;, I;) > 2(N+1) for all i # j, where N is the number of
half-planes of the open book, and we reduce to showing that there is one I, for which

Ipr, ()] < Cmin|pz (p—Xe)]  VAE L. (2.18)

Once we have established this, the proof is complete. So, suppose this were not to hold. Then,
given C sufficiently large (to be determined), for each & = 1,..., N + 1 we may find points
Ax € I for which (2.18) fails for this choice of C. This means that for at least one pair of
distinct Ay, the minimum on the right hand side is achieved by one same index ¢. For this ¢

we must have two numbers A and p with |\ — u| > 2(N-il-11) and

7, (p = Ae)| < CHpx, (0)
pr, (p — pe)| < CHpz, ()]
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In particular, using the linearity of pf;i, the triangle inequality and the fact that A\, u < 1, we
easily conclude that

A(N +1)
i 1
A 2.19
pr,(¢)] Ch—a) P (p) (2.19)
A(N +1)
i i
. = . 2.20
P ()] < G 105, ) (220)
Given that V @ Re = 7;,, we easily conclude that
A(N +1)
i 1
Pr, (2)| < CO—a) Pxr,, (»)| Vz € By Ny, . (2.21)

Observe that, since p € By /5, (2.21) further implies that |7; — 7, | is small, provided C is large
enough. Consider now p + 7TZ-L: if |m; — ;| is smaller than a geometric constant, then p + m;-
intersects m;, at some point z € m;, N B1. Now p — z is orthogonal to m; and therefore

Pr(p—2)=p—2
But since z € 7y,
px.(p—2)| = p— 2| > |py,, (0)]-
On the other hand, because of (2.20) and (2.21) we also know that

8(N +1)

1L 1L

AP — < = ) .

Pz, (p — 2)] C0—a) P (p)]

If we choose C large enough so that Eg(Nb—ji)) < 1, we would then reach a contradiction. This
completes the proof. O

3. NO GAPS IN HIGHEST MULTIPLICITY POINTS

In order to prove Theorem 1.10 we require the following theorem, which tells us that under
the hypotheses (i), (ii) of Theorem 1.10 and a suitable smallness condition on the ratios (A2 +
E(T,S,B1))/¢(S)?, there are no large gaps in the multiplicity @ > £ points of T" near V(S).

Theorem 3.1. For every o > 0, n > 0, and p > 5p, there exists € = e(q,m,n,fi, 0,n,p) >0
such that the following holds. Suppose that T, ¥ and S satisfy the hypotheses (i), (ii) of
Theorem 1.10 and

E(T,S,B1) + A? < 2¢(S)2. (3.1)
Then
B,() N {p:OTp) 2 2} #0 ¥ e V(S)NByp, (3.2)
and
o(T,x) < g for every x € Bi_, 5\ B,/a(V). (3.3)

Proof of Theorem 3.1. We argue by contradiction and consider two cases depending on whether
(3.2) or (3.3) fails.

Case 1: (3.2) fails. In this case, there exists ¢ > 0 for which there exists a sequence T}, Xy and
Sy, satisfying the hypotheses (i), (ii) of Theorem 1.10 and (3.1) with € = ¢, | 0, with

B, () N {p L O(Th, p) > g} =0 for some & € V(Sk) N Bys. (3.4)

Without loss of generality, after extracting subsequences, scaling and translating, we can as-
sume that:

Yk converge to an (m + 71)-dimensional subspace w;

S N By converge to an open book S N B C w in Hausdorff distance;

T}, converge to an area-minimizing current mod(g) for which we fix a mod(q) represen-
tative 7.
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Note that by [8, Proposition 4.2] || Tk|| converges to ||T|| in the sense of varifolds and that,
moreover, spt(T) N B/, = SN By /2. We now distinguish two cases.

S is not supported in an m-dimensional plane. By Proposition 2.1, 9T By, = 0
and Ty B/, is an area-minimizing integral current and thus, by the Federer-Fleming com-
pactness theorem, Tx L B; /5 converges, up to subsequences, to an area-minimizing integral
current S with dSL.B;/, = 0. This also implies that || Tx||L B/, —* ||S||LB1/2. In partic-
ular ||THLB1/2 = ||S|||_B1/2 Thus Spt(T) N B1/2 = Spt(S) N B1/2 =8N B1/2; where the
latter identity follows from the hypothesis (3.1). But this would imply that S is an integral
area-minimizing cone with an (m — 1)-dimensional spine, which is not possible.

S is supported in an m-dimensional plane 7. In this case {(Sg) converges to 0. In
particular, (3.1) and the constancy theorem for area minimizing currents mod(q) tells us that,
up to choosing the right orientation for =, Tp — Q'[r] for some positive integer Q" < .
Moreover, if we consider planes 7 containing V' which minimize dist(Sx N B1,7 N By), we
easily conclude that dist(Sg N B1, 1 N B1) < {(Sk). Therefore

E? (T, B1) < E(Ty, 71, B1) < CE(T,S,B1) + C¢(Sk)?> < C(1+e2)¢(Sk)? = 0. (3.5)

Without loss of generality, after applying a rotation we can assume that m, = 7. We
can then use [12, Theorem 2.4] (which can be applied because the tilt excess in a slightly
smaller ball is controlled by the planar L? excess, c.f. [9]), together with (3.5), to approximate
TyL By N Ccy(m,0) with the graph of a Lipschitz map fi : Be,(7,0) — Ag (R™) with

/ (ful? + IDil?) < Coc(Sk)?

€0

where ¢y < % is a dimensional constant and Cy = Cy(m,n,Q’). Up to subsequences, we also

know that the rescaled functions
Jk

¢(Sk)

converge strongly in L? to a map f, which is Dir-minimizing in light of [8, Theorem 5.2] and
(3.5). Consider now the sequence of open books S) which are obtained Sy in the following
way. Writing every point x € R™*" as o = y + z with y € 7 and z € 7 we denote by
Ly : R™™" — R™*7" the linear function which maps = into y + ({(Sk))"'z. We then set
St = Lk(Sk). Up to subsequences we can assume that Sj, converges to an open book S’, which
is necessarily non-planar due to the normalization by ¢{(Sg).

However, using [12, Theorem 2.4] and our assumption that E(T, Sk, B1) is infinitesimal
compared to ¢(Si)?, we conclude that the support of the graph of f coincides with S’. But
then f would be a Q'-valued Dir-minimizing map on B, (m,0) with an (m — 1)-dimensional
singular set, which is a contradiction to Almgren’s regularity theory, cf. [11].

Case 2: (3.3) fails. Now, we suppose there exists p > 0 for which there exists sequences T,
Yk and Sy satisfying hypotheses (i), (ii) of Theorem 1.1 and (3.1) with € = ¢ | 0, but for
which ©(T%, zx) > 4 for some zx € By_;8\B,/4(V). We may extract subsequences to assume
without loss of generality that

e X converges to an (m + fi)-dimensional subspace w;

e S; N B; converges to an open book S N B; C w in Hausdorff distance;

e T}, converges to an area-minimizing current mod(q) for which we fix a mod(q) repre-
sentative T', with spt(7) NBy /2 = SN By 5, and ||Ty|| converges to ||T| in the sense of
varifolds;

e x;, converges to z € By_, /s \ B,/4(V) with (T, z) > 4;

Once again, we have two cases; either S is supported in an m-dimensional plane, or not.

S is not supported in an m-dimensional plane. In this case, T is a mod(q) area-
minimizing cone with an (m — 1)-dimensional spine. By the classification theorem for these
cones, we know that ©(T,y) = 4 for all y € V, while ©(T,y) < £ for all y ¢ V. Since
T € Bl/g \ By,16(V), x cannot belong to the spine V, on the other hand it must belong to it
because ©(T', ) > 2, yielding a contradiction.
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S is supported in an m-dimensional plane 7. In this case, our hypotheses imply that
Ty — 2[x] in By for an m-dimensional plane 7 (in particular, ¢ must be even). One may now
proceed via an analogous compactness argument to that in Case 1 above, using the Lipschitz
approximation of [2, Corollary 3.11] for stationary integral varifolds (or that for mod(q) area-
minimizing currents in [8, Theorem 15.1], but the former works more generally). Thus, we
deduce the existence of a Q-valued blow-up map f on Bi_,,/16(0,7) whose graph is supported
on a non-planar open book S’ with an (m — 1)-dimensional spine, which in fact is the plane
V. However, the assumption that ©(T},zx) > Q for some point x € By_, /5 \ B,/4(V) for
each k, combined with a suitable persistence of @Q-points argument (for example, based on
the Hardt—Simon inequality, which works without any minimizing assumption, or alternatively
8, Theorem 23.1] which does), gives that there must be a Q-point of f in By_, s\ B,1(V),
which contradicts the structure of f. This completes the proof. Note that for this part one
can form an argument which does not require T} to be area-minimizing mod(q); they merely
need to be stationary integral varifolds. O

4. GRAPHICAL APPROXIMATIONS

This section is dedicated towards approximating 7T effectively by multi-valued graphs over
the half-planes H; in an open book S, away from a neighbourhood of the spine V(S). This
procedure is analogous to the ones of Simon [23] and Wickramasekera [25] in the non-collapsed
and collapsed cases, respectively. Here, we follow the equivalent constructions and notations
of these procedures in our previous work [9] to match the notation.

4.1. Pruning and layer subdivision. We begin with the following pruning lemma, which
is an analogue of the one in [9, Section 8]. A key purpose of this lemma is to throw away
some of the planes in a given open book, yielding a new open book with the same maximal
pairwise angle between the planes that are the extensions of the half-planes across the common
spine, but for which the two-sided excess of T' to this new book is small relative to the minimal
pairwise angle between the half-planes of the new open book. Since we are now dealing with
half-planes in place of planes, while the maximal separation we consider is for the planes formed
from extending them across their common axis, we repeat the proofs here. Throughout this
section, for a given open book S € #7, we let {(S) be as in (2.7).

Lemma 4.1 (Pruning Lemma). Let2< N <q, D>0and0<§ < 1. Let T := §>"N(N - 1)!
and e := ([ +1)7%. IfS=H;U---UHy € B9 with

D < e((8), (4.1)

then there exists a subcollection I C {1,..., N} with #1 > 2 satisfying the following properties
for the planes 7; that are the extensions of H; by reflecting across V(S):

J 1€
D + maxmindist(H; NB1,H; NBy) <6 min dist(H; N By, H; N By) (4.3)
i el INIS BRI
max diSt(WiﬂBl,ﬂjﬁBl) :C(S) (44)
i,jEL:i<j

Proof. We use a variant of the algorithm explained in [9, Lemma 8.2], which iteratively con-
structs {1,...,N} = I(0) C I(1) C --- C I(s) = I by removing one element from each I(k)
until some stopping step s. First of all we adopt the same rule as in [9, Lemma 8.1] to decide
when we stop; namely we stop at the first s such that

D 4+ max min dist(H; "B;,H;NBy) <¢§ min dist(H; N By, H; NBy). (4.5)

Ji€l(s) i,5€1(s),i<j

Then, analogously to [9, Lemma 8.2], at each step k before we stop, the set I(k+1) is obtained
from I(k) by removing an index ¢ such that

min dlSt(Hl ﬂBl,HgﬂBl) = min dlSt(Hl ﬂBl,Hj ﬂBl) (46)
iel(k) i,j€I(k),i<j
max dist(m—ﬁBl,WjﬁBl) = maXxX diSt(TriﬂBl,ﬂjﬁBl). (47)

i,7€I(k)\{¢} i,j€I(k)
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By following the computations in [9, Lemma 8.2], we can see that, as long as the existence of
such an /¢ is guaranteed, namely we can perform the task of the algorithm, the inequality
max min dist(H; N1B1,H,; NBy) <T'D (4.8)
Jj o oiel(k)

is also guaranteed for all k& € {0,...,s}. In particular, it follows directly that, provided we
can keep choosing ¢ satisfying (4.6) and (4.7), at the stopping step the set I = I(s) certainly
satisfies all the inequalities (4.2), (4.3), (4.4), and #I(s) > 2. For the latter conclusion, observe
that, either s = 0, and hence obviously #I(s) = N > 2, or s > 0, and the existence of the
discarded index ¢ at step s — 1 guarantees that I(s — 1) > 3.

For the existence of ¢ at some step k < s, observe first that, under our assumption, the
stopping condition (4.5) is not fulfilled at that particular step and therefore

min  dist(H; NB1,H; N By) < 5t (D + max min dist(H; N B1,H; N Bl)) .
i,j€I(k),i<j j iel(k)

Since however (4.8) is also valid at step k we infer
min  dist(H; N By, H; NBy) < ([ +1)67'D. (4.9)
i,j€1(k),i<j
Pick a pair {¢1, 2} C I(k) which maximizes dist(m; N By, 7; N By) for i,j € I(k). If this pair
does not minimize dist(H; N By, H; N B1), then the existence of ¢ satisfying (4.6) and (4.7) is
obvious. If the pair does minimize dist(H; N By, H; N B;), then we can use (4.9) and (4.1) to
get

¢(S) = maick) dist(m; N B1,m; N Bq) < dist(H,, N B1, Hy, N1 B1)
1,J€1

< (T +1)067'D < (I'+1)57"e¢(S) <¢(S),
which gives a contradiction. O

A consequence of iteratively applying Lemma 4.1 with D being the minimal separation
between the planes in the previous open book, is the following layer subdivision lemma, which
is the analogue of [9, Lemma 8.3]. As we inductively move from one “layer” to the next, we
remove those half-planes H; for which the following property holds: the distance between H;
and the other half-planes H;, j # ¢, is comparable to the minimal pairwise separation between
the half-planes of the former open book. We stop the iterative procedure as soon as we arrive at
an open book for which the minimal pairwise separation between the half-planes is comparable
to the maximal separation between the planes 7; which are the extensions to its half-planes
across their common spine.

Lemma 4.2 (Layer subdivision). For all integers 2 < N < q and every 0 < § < 1, there
exists n = n(6,N) > 0 such that the following holds. Let S = H; U--- UHy € %7 and let
m; be the extensions of H; across V(S). Then there exists k € N U {0} and subcollections
{1,...,N}=1(0) 2 I(1) 2 ---I(k) with #I(k) > 2, for which the numbers
m(k) = min dlSt(Hl ﬂBl,Hj ﬂBl)
i,jel(k):i<]
d(k) == max min dist(H; N B,,H; N B;)
i€I(0) jel(k)
M(k)= max dist(m NBy,m;NB1)
i,jel(k):i<j
satisfy
(i) M(x) = M(0),
i) M (k) < m(x),
( i) d(k )S(Sm(k:) and nd(k) < m(k —1) for every 1 <k < &,
iv) m(k —1) < ém(k) for each 1 <k < k.

Proof. Fix 6 € (0,1]. Let T" be as in Lemma 4.1, corresponding to §/N in place of 4, and let
e= (I +1)716N~1! be the associated value of & therein. Fix n € (0, ¢].

If nM(0) < m(0), set k = 0; the conclusions (iii) and (iv) are vacuous in this case, and (i),
(ii) trivially hold. Otherwise, we inductively produce nested subcollections I(s) C I(s — 1) C
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-+ C I(0), by applying Lemma 4.1 to the open book formed from the indices in I(s) with
D = m(s—1) and §/N in place of § as above; keep going as long as nM (s — 1) > m(s — 1).
Let x be the final index when the inductive procedure terminates; clearly #1(x) > 2. Then,
by construction, clearly (ii) holds. The conclusion (4.4) of Lemma 4.1 guarantees (i). The
remaining conclusions follow entirely analogously to that in the proof of [9, Lemma 8.3], with
planes replaced by half-planes. We refer the reader to the arguments therein for the details. [

4.2. Crude graphical approximations. We are now in a position to approximate 7' by
multi-valued graphs over the half-planes in S, outside of a neighbourhood of V(S). We begin
with some crude approximation results. Given S=H; U---UHy € %9, recall the notation

O'(S) = mln dlSt(Hz N Bl, Hj n Bl)
1<J
We begin with the following crude splitting lemma.

Lemma 4.3 (Crude splitting). Let ¢,m,n,n € N, let p,n > 0 and let Q = 4. There exist
constants 6 = d(g,m,n,n,p,n) > 0 and 0 = o(q,m,n,n,p,n) > 0 such that the following
holds. Let T, % and A be as in Assumption 1.9 with ||T||(B4) < (Q + 1)wm4™. Suppose that
2<N<qandthatS=H;U---UHy € $1 with \,H; =V and

/ dist?(p, S) d||T||(p) + A% < §%0(S)? = §%02. (4.10)
B4\B,(V

Then the following properties hold:
(a) The sets W; := (B4 \ B,(V)) N {dist(-,H;) < oo} are pairwise disjoint;
(b) spt(7)N B4—77_\ By (V) C U, Wi;
(c) TLBy_ps2 \ Bpyy2(V) identifies with an area-minimizing integral current.

For an m-dimensional half-plane H, we abuse notation slightly by letting pg, and H*,
respectively denote the orthogonal projection to, and the orthogonal complement to, the m-
dimensional plane that is the extension of H. We have the following crude approximation
result, which is a consequence of Lemma 4.3 and Almgren’s strong Lipschitz approximation
theorem (see e.g. [12, Theorem 1.4]).

Proposition 4.4. Let p,n > 0 and let q,6,0,1,3, A,W; and S be as in Lemma 4.5. For
each i € {1,...,N}, let Q; = (By_gy N H;) \ Byyy(V), let Q; == By_y N pg () and let
T, =TL(W;N;). Define

B = / dist® (p, H;) d|| T3 | (p)-
B4\B,(V)

Then there exists non-negative integers Q1,...,Qn with Y, Q; < q for which the following
properties hold, for some v = ~(q,m,n,n) >0 and C = C(q,m,n,n,p,n) > 0:
(a) OT; L =0 (as an integral current);
) For a suitable orientation of H;, (pu,)sTi = Q:[%];
(c) For each q € spt(T;) N Q; we have dist®(p, H;) < C(E; + A?);
)

(d) For each i with Q; > 1, there exist Lipschitz multi-valued maps u; : ; — Ag, (HZL)
and closed sets K; C Q; with gr(u;) C X, T; I_pﬁi (K;) = Gy, I_p;li (K;), for which

luillZe + [ Duill72 < C(E; + A?) (4.11)

Lip(u;) < C(E; + A?%)? (4.12)

[\ Kil + |7 (€2 \ py (K2) < C(E: + A% (4.13)

(e) Qi =0 if and only if T; = 0;
(f) If we additionally have the reverse excess estimate
/ dist?(p, spt(T))dH™ (p) < 6202,
B4*2TlmS\Bp+2n(V)
then Q; > 1 for each 1.
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Remark 4.5. We will usually take n = p = p. where p, is a small constant depending only
on m, q as detailed in Lemma 4.6 (c.f. [9]).

Note that unlike in [9], we need not isolate the version of Proposition 4.4 in the case where
S = H; U (—H;) consists of a single plane formed from a half-plane and its reflection, since
here, there is still a canonical choice of spine and o (S) is well-defined in this case.

The validity of Lemma 4.3 follows from Theorem 3.1, Proposition 2.1 in a similar manner
to that seen in [9, Lemma 8.5]. However, some aspects of the compactness argument in the
proof contained in [9] rely on closeness to balanced superpositions of planes meeting in an
(m — 2)-dimensional spine, in place of open books herein, which affects the behavior of the
limiting object at the spine of the cone. Thus, we repeat the relevant details here for clarity.
Meanwhile, the conclusions of Proposition 4.4 are an immediate consequence of Lemma 4.3(c)
and the proof of the analogous statement [9, Proposition 8.6]; notice that taking half-planes
in place of planes (but with o defined for the corresponding full planes) does not affect any of
the arguments leading to these conclusions.

However, let us first state the following lemma, which is the analogue of [9, Lemma 8.8],
which gives sufficient conditions in order to guarantee that > Q; = ¢ in the conclusions of
Proposition 4.4.

Lemma 4.6. There exists p. = p.(m,q) > 0 such that the following is true. Suppose that T
satisfies the assumptions of Lemma 4.3 with p < py, let Q = 4, and suppose that in addition
we have either:

(a) {OUT,-) > Q}NB. #0 for a sufficiently small e = e(Q, m,n,7n); or
(b) for some Cy > 0, p. is allowed to depend on C, also, and there is a closed set 2 C By
with non-empty interior that is invariant under rotation around V (see Definition 2.8),

for which || T||(Q) > (g — $)H™(H1 N Q) and H™(H; N Q) > C..

Then, if Q; is as in Proposition 4.4 and ¢ is sufficiently small (with the same dependencies as

before), we have ), Q; = q.

We will in fact only need to apply Lemma 4.6(b) to very specific choices of Q for which the
property H™(H; N Q) > C, will hold for an appropriate choice of C, = Ci(¢,m), meaning
that a choice of p, = p.(g,m) can be made so that in the alternative (b) of Lemma 4.6, we no
longer need to make any assumptions involving C*.

Proof of Lemma 4.3. Fix p,n > 0. Moreover, fix ¢ small enough (depending on m,n, p) to
ensure the validity of the conclusion (a). We proceed to argue by contradiction to verify (b)
and (c) for a choice of § sufficiently small. Suppose that we have a sequence T}, X, and Ay as
in Assumption 1.9, together with open books S, = Hf U--- U H];V(k) € A1 satisfying

(1) 1T (Ba) < (@ + Pomd™,
(i) Hf nHY =V}, for each i < j < N(k) <,
(iii) for oy = o (Sk) and

By i / dist? (p, Sg)d| Tk | (p),
B4\B,(V)

we have %ﬁ — 0,
(iv) there exist py, € spt(Tk) N (Ba_y \ Bpsn(Vi)) with dist(px, Hi) > 007.
Up to rotating and extracting a subsequence, we may thus in addition assume the following:
(v) Vi =V is a fixed (m — 1)-dimensional subspace and N (k) = N < Q is a fixed integer;
(vi) Sy converges locally in Hausdorff distance, to S = H; U--- UHpy € £9 with 1 <
N'<Nand H;NH; =V for all i < j (note that if N’ =1 then this last condition is
vacuous);

(v) T converges in the mod(q) flat topology to an area-minimizing representative mod(q)
in By, which we denote by T' and which satisfies 9T = 0 mod(q);

(vi) spt(T)N (B4 \ B,(V)) C S.
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Now, applying Theorem 3.1 to (¢0,4)4(T%), and in turn applying Proposition 2.1 to (z0,4)s(T%)
and U = Bi_y/8 \ B(pqn/2)/4(V), for k sufficiently large we may identify each T} with an
integral current in By_, /5 \ B,4,/2(V) (not relabelled); this establishes (c). Moreover, (iii)
above tells us that spt(T) N (B4 \ B,(V)) C S. Applying the mod(q) version of the Constancy

Theorem (see for instance [8, Lemma 7.4]), we may conclude that there exist integers Q; such
that

2

TL(Bs\B,(V Z i[Hi] (B4 \ B,(V))

with —Q < Q; < Q. Up to changing the orientation of B; we can assume that all the Q; are
non-negative. The remainder of the proof of (b) then follows via the exact same reasoning as
that of [9, Lemma 8.5], and so we omit it here and refer the reader to the argument therein. [J

We have already justified Proposition 4.4, so we move onto Lemma 4.6.

Proof of Lemma 4.6. It suffices to demonstrate that in the compactness argument in the con-
tradiction proof of Lemma 4.3, the limiting mod(q) representative T, which obeys

TL(B4\B,(V ZQ[[Hz]]LB4\B( ))

=1

satisfies 1 52 Q; = Q for any p < ps«(q,m) sufficiently small, when we suppose that one of the
hypotheses (a) or (b) holds.

First, note that we have from monotonicity of mass ratios and the weak convergence that
IT](Bs) < (Q + 1)w,3™. For sufficiently small p, this evidently implies that we must have
D Q; < Q. Thus, we just need to show that D Q; > Q when we additionally suppose
one of the hypotheses (a) or (b) hold.

Note first that we can cover Bz NV by Cp~(™~1 balls of radius p; if we double the radius
of each ball, we may then without loss of generality assume that they cover Bs N B,(V) also.
But then the monotonicity formula for T gives for any such ball B; in this cover,

[T]/(Bi) < Cp™[|T[[(Bz/2) < C(g,m)p™
and so
IT[[(Bs N B, (V) < Cp™ - p~ "1 = Cp. (4.14)

Now consider the case (a). Taking a sequence ¢j, | 0 for the sequence of currents T}, from
the proof of Lemma 4.3, we have a sequence of points p € B, with ©(Ty,pr) > Q. Upper
semi-continuity of the density guarantees that the limiting current satisfies ©(7,0) > @Q, so
ITI(Bs) > 3™ - Quy,, and hence || T[|(Bs \ B,(V)) > 3™ - Qu,, — Cp. But then this directly
implies that

—ZQz W — 3" w1p) 2 3™ - Quim — Cp

and so since the Q; are non-negative integers, if p < p, = p.(¢,m) sufficiently small, this
evidently implies that % Do Q; > @ in this case.

If instead (b) holds, then for Ty, Si as in the proof of Lemma 4.3, we have ||Tx|[(Qx) > (¢—
L)YH™(HY N Q) for each k and closed sets €2, with non-empty interior that are invariant under
rotation around V' (recall that we are assuming the latter is fixed by a rotation of coordinates).
Note that we are assuming that T} and T are representatives mod(q). Again, recall that we
can apply [8, Proposition 5.2] to conclude the weak-+ convergence of the masses ||Tk|| to || 7]
Since H™(HY N€Qy,) > C., we may pass to a subsequence to ensure that H™ (H¥ N Q) — C, €
[Cy,4™wy,]. Combining this with the structure of 7' and the rotational invariance of {2 about
V, we get

N
(¢—3)Cu < lim | Ti|(2%) < Jim [ Tfl(2% \ B, (V ZQZ-C‘* +Cp
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Note that in the second inequality we use a mass bound analogous to the one in (4.14), which
one may observe still holds for T} in Qi N B,(V) since y is closed and contained in By.
Thus, as Zf;l Q; is an integer, provided p < p. = p.(q, m,Cy) is sufficiently small, we get a
contradiction and thus complete the proof. (I

Before providing a more refined Lipschitz approximation result, we have the following useful
lemma, which is a consequence of the preceding results in this section.

Lemma 4.7. Let 6 > 0. Suppose that T, ¥ and A are as in Assumption 1.9, let S =
HiU---UHy € &9 for N > 2, and let V = V(S). Then there exist C = C(q,m,n,n) > 0,
C =C(¢,m,n,n,0) >0 and e3 = e3(q,m,n,W,0) > 0 such that the following holds. Suppose
that

A? <£3E(T,S,B1) < e5EP(T, By).
Then there exists ' = H;, U--- UH,;, € $B10) for a subcollection {i1,...,ir} C {1,...,N}
with k > 2, such that
(a) CT'EP(T,B1) < ((S)” = ¢(8')* < CEP(T,By);
(b) E(T,S’,B;) < CE(T,S,B;);
(c) dist’(SNBy,S'NBy) < CE(T,S,By).
(d) A%2+E(T,S,B;) < 6%0(S')2%.
Proof. Let us begin with the conclusion (a). In proving this, we will also show (d) as a
byproduct. First of all, since

EP(T,B;) < CE(T,S,B;) 4+ C¢(S)? < Ce2EP(T, By) + C¢(S)?,
for some constant C' = C(m,n) > 0, the bound
BP(T, By) < O¢(S)? (4.15)

follows immediately for C = C_'(m,n) > 0, provided that e3 is below a sufficiently small
dimensional constant, which in turn yields

E(T,S,B;) < Ce2¢(S)%

Now fix 6 > 0, to be determined later, and let ' = I'(§, N) be as in the Pruning Lemma
4.1. Consequently, let e3 = C~%/2(1 4+ T')~1/25. Thus, letting D = E(T,S,B1)'/?, this
choice of D satisfies the hypotheses of the Pruning Lemma. Hence, applying the lemma gives
a subcollection I = {i1,...,ix} C {1,..., N} satisfying the properties stated therein. Let
S":=H;, U---UH,, and let m;; denote the m-dimensional planes that are the extensions of
the half-planes H;; by reflection across V. Since ¢(S) = ¢(S’), to conclude (a) it suffices to
demonstrate that

¢(8)? < CE’(T,By), (4.16)

for C = C(q,m,n,n) > 0. First of all, given an arbitrary m-dimensional plane tw, observe that
there must exist a plane 7;, corresponding to some half-plane H;, in S’, which up to relabelling
we may assume is 7y, with

¢(8").

It follows that there exists p € w1, r = r(m,n) > 0 and C = C(m,n) > 0 such that B,(p) C
B3/4 \ B1/4(V) and

|~

diSt(T(l N Bl,w n Bl) Z

dist(z, w) > C~1¢(S) Yz € Br(p,m1); (4.17)

see the proof of (d) of [9, Proposition 9.1] for the details. We will now proceed to pass this to
an analogous estimate for z € B,.(p) Nspt(T).

Now, for a choice of €5 > 0 sufficiently small (with the claimed dependencies), we claim that
we may apply Lemma 4.3 and Proposition 4.4 to Ty 4 and S', with n = p = 3% Indeed, (4.3)
tells us that

E(T,S, B1) + max min dist>(H; N By, H; N B;) < 26%0(S")2. (4.18)
7 1€
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Thus, for C = C(g,m) > 0 we have
E(T,S',B,) < 2E(T,S,B;) + Cmaxmei}ldist2(Hi NB1,H; NB;) < C3%a(S)% (4.19)
] )

On the other hand, since E(S’, T,By) < E(S,T, B;), (4.18) gives

E(S',T,B;) < 26%0(S")2.
In summary, we have demonstrated that

E(T,S',B1) < C5%a(S')>2.
On the other hand, the assumption A? < e2E(T, S, B1) combined with (4.18) yields

A? < 2e36%0(S))2

Thus, the hypothesis (4.10) of Lemma 4.3 indeed holds with parameter 5 (previously denoted
d therein), for a suitably small choice of 6 = §(q, m,n,7n,d) > 0. This is exactly the conclusion
(d). Recall that this in turn determines how small we must take e3.

In particular, by Proposition 4.4(f) and (c), for ¢ > 0 as in Lemma 4.3 and a choice of
C =C(g,m,n,n) > 0, the current

T' == TLB,(p) N{dist(-, m1) < 0o (S)}
is non-zero and satisfies
dist(z, 1) < CE(T,S',B1)Y? + CA < Ce2¢(S')  Va € spt(T"),

where the final estimate is a consequence of (4.15). Combining this with (4.17), we deduce
that, up to possibly further decreasing e3 (still with the same dependencies), we have

dist(z, @) > C~1¢(S) Vz € spt(T"),

as desired. We now square this and integrate with respect to d||7”||. When combined with the
monotonicity formula for mass ratios (as 7" # 0), this yields the desired conclusion (4.16).

Now let us demonstrate the conclusion (b). Notice that (4.2) from the conclusions of the
pruning lemma, together with the first inequality in (4.19), in fact yields

E(T,S',B,) < 2E(T,S,B,) + CI?E(T, S, B,).

Once again combining this with the observation that E(S’, 7,B1) < E(S, T,B;), we conclude
(b). Meanwhile, conclusion (¢) follows immediately from (4.2) in the pruning lemma. O

4.3. Refined graphical approximations. We are now in a position to carry out a more
refined graphical approximation procedure, analogous to that in [9, Section 8.5]. We begin
with the following assumption that will be used throughout this section.

Assumption 4.8. Let ¢,n,n € N, m € N> and let Q = £. Suppose that T, ¥ and A satisfy
Assumption 1.9 with T'(B4) < (Q + H)wy,. Let S=H; U---UHy € #7\ Z with2< N <¢
and let V' = V(8S) denote the spine of S. Let m; denote the m-dimensional plane which is the
extension of H; as before. For a sufficiently small choice of ¢ = £(¢q, m,n,7) > 0, whose choice
will be determined in Assumption 4.10 below, smaller than the e-threshold in Theorem 3.1 for
appropriate choices of g, 7, p therein, suppose that we have the two-sided excess bound

E(T,S,B4) + A% < £20(S)?. (4.20)

4.3.1. Whitney decomposition. We begin by setting up a family of dyadic cubes in the spine
V', which will in turn be used to define a Whitney decomposition towards V. The procedure
is completely analogous to that in [9, Section 8.5] and we adopt the notation and terminology
therein. We recall the latter here for clarity. Let Lo be the (m — 1)-dimensional closed unit

cube contained in V of side length \/n% centered at the origin. Let R denote the “punctured

cylinder”
R:={p:pv(p) € Lo, 0<|pye(p) <1}
For each ¢ € N, let G, be the family of (m —1)-dimensional dyadic closed cubes that are formed

by subdividing Lo into 2¢™~1) cubes of side length % with mutually disjoint interiors;
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note that Gy11 C Gy. Let G = Ue Ge. We will denote by L the cubes in G, and if needed,
we will write ¢(L) for the integer ¢ such that L € Gy. Given L € Gy, we refer to the unique
L' € Gy_1 with L C L’ as the parent of L, while L is called a child of L'. In general, any H € G
with L € H will be referred to as an ancestor of L, and L is then said to be a descendent of
H (note that L is therefore an ancestor and descendent of itself). Given L € Gy, define

R(L)={p:pv(p) €L, 271 <|pyrlp) <27}
For L € Gy, we denote its center by y;, € V and we let B(L) denote the ball Byz_«r) (y1,) and
we let B"(L) := B(L) \ B, 5-¢z)(V), where p, is the constant from Lemma 4.6. Moreover,

given A € [1, %] and L € G;, we will denote by AL the (m — 2)-dimensional subcube of V' that

is concentric cube to L but with side length A\Q/;n([—:ll) , while AR(L) is defined by

AR(L) = {p:pv(p) € \L, A~'27("D < |py.(p)| < A27'}.
For each half-plane H;, we in turn let
Li = R(L) N Hi, )\Lz = )\R(L) n Hz

At the risk of abusing terminology, when referring to the interior of L;, we implicitly mean the
relative interior within V.

Indeed the above construction yields a Whitney decomposition for the collection {R(L) :
L € G}:

Lemma 4.9 ([9, Lemma 8.11]). For G as constructed above, the following properties hold.
(i) Given any pair of distinct L,L' € G the interiors of R(L) and R(L') are pairwise
disjoint and R(L) N R(L") # 0 if and only if LN L' # () and [£(L) — ¢(L))| < 1, while
the interiors of L and L' are disjoint if £(L) < ¢(L’) and L' is not an ancestor of L.

(ii) The union of R(L) ranging over all L € G is the whole set R.

(iii) The diameters of the sets L, R(L), AL, AR(L), L;, AL;, and B"(L) are all comparable
to 27 and, with the exception of L,\L, all comparable to the distance between an
arbitrarily element within them and V' ; more precisely, any such diameter and distance
is bounded above by C2~ L) and bounded below by C~*27E) for some constant C
which depends only on m, n and q.

(iv) There is a constant C = C(m,n,q) such that, if B"(L) N B"(L') # 0, then [¢(L) —
(L) < C and dist(L, L) < C2=4L). In particular, for every L € G, the subset
of L' € G for which B"(L) and B"(L') have nonempty intersection is bounded by a

constant.
(V) Ypeg, ™ H(L) = C(m) for any { and therefore, for any x > 0,
> 2mmmHRUD) < C(k,m) . (4.21)
Leg

The proof of this is elementary and so we leave the details to the reader.

4.3.2. Layers and selection of parameters. In order to build more refined graphical approxima-
tions for our final blow-up procedure, we proceed as follows. Let & € (0, 1] (determined below
in Assumption 4.10). For S as in Assumption 4.8, apply Lemma 4.2 to produce a nested family
of sub-cones S =Sy D S; D --- D S,, where S = Ujel(k) H;. Now we define & as follows,
distinguishing between two possibilities:
(a) if max; jer(n).ic; dist(m NBy, m; NB1) < 4, let S, € B consist of a single plane
for ig € I(k) and let & = Kk + 1;
(b) if maxi7j61(,,i):i<j dist(m— n B1,7Tj n Bl) 2 g, let k£ = k.

Let us now outline our selection of parameters herein.

Assumption 4.10 (Hierarchy of parameters). Let 6* = 6*(¢,m,n,n) > 0 be the minimum of
the parameters ¢ in Lemma 4.3 and Lemma 4.6 applied to all sub-cones 8’ C S. Given a small
constant ¢ = ¢(gq, m,n, i) > 0 (to be determined in Lemma 4.12), fix 7 = 7(¢, m,n, 71) € (0, c0*]
and consequently fix 6 = d(q,m,n,n) € (0, cr]. Finally, fix e = ¢(q,m, n,n, 6*,9) € (0, cd].
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4.3.3. Regions and local approximations. We are now in a position to construct sub-regions of
R which will determine which sub-cone Sy we locally construct graphical approximations for
T over. The set up is entirely analogous to that in [9, Section 8.5.3], but we re-introduce it
here for the purpose of clarity.

Given L € G and k € {0,...,Rk}, let

B(L.) =20 [ dist(p,80d| 7] 1)
B (L)
and
S(k) = min dlSt(Hl ﬂBl,Hj ﬂBl).
ijel(k)i<j
Definition 4.11. Let L € G. We say that:

(i) L is an outer cube if E(L',0) < 725(0)? for every ancestor L’ of L (including L itself).
(i) L is a central cube if it is not an outer cube and if mingy E(L', k)/s(k)? < 72 for every
ancestor L' of L (including L).
(iii) L is an inner cube if it is neither an outer nor a central cube, but its parent is an outer
or a central cube.

The corresponding families of cubes will be denoted by G°, G¢, and G, respectively. Observe
that any cube L € G is either an outer cube, or a central cube, or an inner cube, or a descendant
of an inner cube.

We correspondingly define three subregions of R:

e The outer region, denoted R°, is the union of R(L) for L varying over elements of G°.

e The central region, denoted R¢, is the union of R(L) for L varying over elements of G°.

e The inner region, denoted R™, is the union of R(L) for L ranging over elements of G
which are neither outer nor central cubes, or equivalently ranging over L € G'* and
their descendants.

We refer the reader to [9, Figure 2| for a depiction of the regions defined above. Let us begin
with the following key lemma.

Lemma 4.12. There exists ¢ = ¢(q,m,n,n) > 0 such that the Jollowing holds. Suppose that
T and S satisfy Assumption 4.8 and suppose that the parameters §, 6%, 7 and € are fized as
in Assumption 4.10 (arbitrarily) with this choice of c. Then

(i) Lo € G° and for any £ € N there exists ¢ = &(q, m,n,ni, 7,£) > 0 such that if ¢ < € then

gé - go}.
(ii) For each L € G° there exists k(L) € {0,...,R} such that for each k € {k(L),..., Rk} we
have
E(L,k) < 2s(k)?, (4.22)
while for each k € {0,..., k(L) — 1} we have
E(L, k) > ms(k)?; (4.23)

(iii) For each L € G°, (4.22) holds for every k € {0,...R} (and so we define k(L) = 0 for
such L), while for each L € g“_l, (4.23) holds for every k € {0,...,k};
(iv) There exists C' = C(q, m,n,n,06,0%,7) > 0 such that

E(L,k(L)) < CE(L,0) VL € G°, (4.24)
1 <CE(L,0) VLeg™ (4.25)

(v) For each L € G°, one may apply Proposition 4.4 withn = p = 3% to the rescaled current
T,, 2-¢x) and the open book So, while for each L € G one may apply Proposition 4.4
toT,, o-ex) and the open book Syr).

For simplicity we will henceforth adopt the notation E(L) := E(L, k(L)) for L € G° U G°.
The proof of this is completely analogous to that of [9, Lemma 8.14], with the application of

Lemma 8.1 therein replaced with Lemma 4.2, and the application of Propositions 8.6 and 8.9
therein replaced with Proposition 4.4. The only minor modification to the argument verifying
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the validity of (iv) involves the fact that now we do not have a case where I(R) consists of
a single element. Instead, we have the possibility that the alternative (a) above holds for &,
implying that Sz = m;, for some m-dimensional plane 7;,. Thus, in this case we trivially have
s(k) =1 > 6. We thus omit the details here.

We are now in a position to use Lemma 4.12(v) to construct Lipschitz approximations for
T,, 2-ew) in (B \ Bay, (V) NSy for all cubes L € G° U G°. Letting

y
Q(L) = (B214(L) (yL) \ Bp*Qlfé(L) (V)) N Sk(L)a

and Q;(L) == Q(L) N H,; for i € I(k(L)), this yields corresponding local @, ;-valued Lipschitz
approximations ur,; for 7' over §;(L). We recall the notation for the sets €; = Big7/32 N
pﬁi (Q;) for i € I(k(L)) from Proposition 4.4 (recall n = p.), as well as the closed sets K;
therein, which now depend also on L, so we denote them by Ky, ;. We in turn let

Ql(L) = 2_6(L)Qi + YL, Kl(L) = 2_6(L)KL,1' + Yyr-
Note that although all of the above are defined only for indices ¢ € I(k(L)) for a given cube
L € G, we may extend this to all indices ¢ € {1,...,N} by simply setting Qr;, = 0 for
1 ¢ I(k(L)). The following proposition describes the key properties of the local graphical
approximations ur, ;.

Proposition 4.13. Let T, ¥ and S be as in Assumption 4.8. Suppose that the parameters
6, 0%, 7 and € are as in Lemma 4.12 and that ~ is as in Proposition 4.4. Then there exists
A= A(m) € (1,3] and C = C(q,m,n,n,6*) > 0 (but not depending on 8, T or €) for which the
following holds:

(i) For eachi € {l,...,N}, we have Qr; = Qr,; for any L, L’ € G°;

(i) i, Qr = ¢ for every L € G°UG;
(ili) For each L € G°U G® we have spt(T) N AR(L) C |J, 2i(L) and

22 Wp — po, (p)|* < CB(L) + 272 A% Vp e spt(T) N Qu(L); (4.26)
iv) For each L € G°UG® andi € {1,..., N}, the currents
( ) b ) )
Tr.i = TLQ(L) N {dist(-, H;) < C27* DI (B(L) 4 27 2E) A2)1/2}

satisfy
TriL py, (Ki(L)) = Gu,, L pyt (Ki(L)),
while gr(ur;) C 3 and

22 g 4120 + 2™ D) Duy, |22 < C(E(L) 4 2721 A2); (4.27)
Lip(uz;) < C(E(L) + 27240 A2)7; (4.28)
194(L) \ Ki(L)] + 1T all (2:(L) \ pes (K (L)) < C27 ™ (B(L) + 27 A7 (4.29)

(v) For each L € G° UG, we have O(T,-) < max; Qr,; + 5 in AR(L). In particular, when
L € G°, the density satisfies O(T,-) < %.

The proof of this is entirely analogous to that of [9, Lemma 8.15], replacing the application
of [9, Lemma 8.5], [9, Proposition 8.6] (or [9, Proposition 8.9]), [9, Lemma 8.8] and [9, Lemma
8.14] therein with Lemma 4.3, Proposition 4.4, Lemma 4.6 and Lemma 4.12 respectively.
Furthermore, the application of [9, Lemma 8.16] therein is replaced with the following lemma,
which is its analogue here.

Lemma 4.14. Under the assumptions of Lemma 4.12, consider L € G° U G¢, let U C AR(L)
for X\ as in Proposition 4.13 be a set invariant under rotations around V whose cross-sections
U; = U NH; are Lipschitz open sets or the closures of Lipschitz open sets, and let

U= U{p pr,(p) €Ui and |p—pu, (p)(p)| < C2- D (B(L) + 272D A%)2),

for C as in Proposition 4.13. Then
ITIWN D) + [T\ V) < € (B(L) + 270 A2) 2~ g1 207
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1+
+ C2-mHD) (E(L)+2—24<L>A2) T (4.30)

where 7y is as in Proposition 4.4 and C depends on q,m,n,n,0 and the Lipschitz regularity of
the boundary of 24(%)

The proof is exactly the same of [9, Lemma 8.16]. Note indeed that it suffices to replace the
inductive hypothesis (A) in the argument of [9] with the following analogue:

(A) If Y, Qri=qfor L' e G°UG?, then ), Qr,; = q for every child L € G°UG° of L'.
4.4. Coherent outer approximation and first blow-up. Let us now construct a single

multi-valued approximation defined over | J; L; for cubes L € G°, from the local Lipschitz
approximations in Proposition 4.13. We begin by introducing the following notation.

Definition 4.15. Let T, ¥ and S be as in Assumption 4.8. Let L € G°. Then we define
N (L):={L' €G°: R(ILYNR(L") # 0},

and
E(L) = max{E(L): L' € #(L)}.
Moreover, for each i € {1,..., N}, let
= |J Li=Hin |J R(I)
Lege Lege

We are now in a position to state the coherent outer approximation result, which follows
from Proposition 4.13 in the same way as [9, Proposition 8.19] follows from [9, Proposition
8.15).

Proposition 4.16 (Coherent outer approximation). Let T, ¥, A and S be as in Assumption
4.8, let Tt ; be as in Proposition 4.13, let v be as in Proposition 4.4 and let Q; == Qr,,i for
i € {1,...,N} . Then there exist Lipschitz maps u; : R¢ — Ag,(H}) and closed subsets
Ki(L) C L; such that

(i) gr(u;) C X and Ty, ll_pﬁ (Ki(L)) = G, L ( (L)) for each L € G°;
(ii) One has estimates analogous to (4.27)-(4.2 ), namely

22O lui|Gor,y + 2™ Duil| 2,y < CEB(L) + 27240 A%); (4.31)
Lip(u;) < ( (L) + 2_2€(L)A2)”; (4.32)
|Li \ Ki(L)| + | Teill (g (Li \ Ki(L))) < C27 ™ EN(E(L) 4+ 272 A2)H+. (4.33)

We may now collect together the local estimates in Proposition 4.16 to yield a global Dirichlet
energy estimates on R; for the maps u;, which are key for our final blow-up procedure. The
proof is exactly the same as that for [9, Proposition 8.20]; note that [12, Theorem 2.6] still
applies here since the maps u; are Ag,-valued (rather than special @-valued), and T'L R°
identifies with an integral current without boundary.

Proposition 4.17 (First blow-up). Let T, ¥, A and S be as in Assumption 4.8. Let the
parameters 0, 6%, T and € be fized as in Lemma 4.12. Then for every o,¢ > 0 there exist
C=C(¢g,m,n,n,0%,7) >0 and e = e(q,m,n,n,6*,0,7,0,5) > 0 such that
(i) We have the inclusion R\ B,(V) C R°;
(ii) The maps u; in Proposition 4.16 satisfy
|Du;|? < C(o72E(T,S,By) + A?), (4.34)
R;
where R; = (R\ B,(V)) N H;;
(iii) If in addition A? < *E(T,S,By) then for the normalizations v; = B(T, S, By) ™"/ 2u;,
there exist Dir-minimizing maps w; : R; — Ag, (H;") with
dyy12 (v, w;) < g,
for the Wh2-distance dyy1.2 as in [11].
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Note that the constant C' in Proposition 4.17 is independent of ¢ and ¢. Moreover, the
estimate (4.34) is suboptimal since it blows up near the spine of S; we will proceed to improve
it to a o-independent estimate in Section 8.

5. REDUCTION OF THEOREM 1.10

Here, we reduce Theorem 1.10 to a weaker decay result, which concludes that the decay
to a new (m — 1)-invariant cone occurs at one of two possible scales; see Theorem 5.1 below.
This type of “multi-scale excess decay” naturally arises in our setting when the cones could
be degenerating, and has been used in other such contexts (see [19,21,25]). First of all, recall
that for an open book S = H; U--- UHy € %9, with 7; the m-dimensional planes that are
the extensions of H; as before, we denote

O'(S) = szfl<l§ld.lst(HZ n Bl, Hj N Bl), C(S) = I?j]XdlSt(ﬂ'l n Bl, Uy n Bl)
Theorem 5.1. Let q,Q,m,n,n be as in Assumption 4.8 and fix g > 0. Then there exist
e1 = e1(q,m,n,n,¢1) € (0, %] and 7; = 7i(q,m,n,n,¢1) € (0, %] for i = 1,2, such that the
following holds. Suppose that

(i) T and ¥ are as in Assumption 1.9;
(it) [T (B1) < (Q + F)wm;
(iii) There exists an open book S € A7(0) with

E(T,S,B1) <e&ia(S)% (5.1)
(iv) A% < e3E(T,S,By) for each S € 29(0).
Then there exists an open book S" € 29(0) \ Z(0) such that for some i € {1,2} we have
E(T,S',B;,) < qE(T,S,B;). (5.2)

In order to prove that Theorem 5.1 implies Theorem 1.10, we first require the following
intermediate proposition. First of all the latter allows us to reduce the hypothesis (1.2) to the
one in (5.1), up to removing some of the half-planes in S: such an operation may increase the
L? conical excess but by no more than a dimensional constant. Secondly, in Proposition 5.2
the decay is achieved at one of finitely many scales. This can be compared with the reduction
from [9, Theorem 10.2] to [9, Proposition 10.3].

Proposition 5.2. Let ¢,n,7 € N, let m € N>y and let Q = %. Let N = q(q — 1) and fiz
G2 > 0. Then there exist €2,71,...,75 < %, depending on q,m,n,n,s, such that the following
holds. Suppose that T, 2 and A are as in Theorem 1.10 with o in place of ¢, namely:
(i) T, X and A are as in Assumption 1.9;
(ii) [|71(B1) < (Q + 3)wm;
(ili) There exists S € 21(0) \ Z(0) with
E(T,S,B1) < e3EP(T, By);
(iv) A% < &e3E(T,S,By) for each S € 2(0).
Then there exists S' € 1(0) \ 2(0) and an index i € {1,..., N} such that
E(T,S',B,,) < oE(T,S,By). (5.3)

Proof of Proposition 5.2 from Theorem 5.1. Fix S=H;U---UHy € #7(0)\ £(0). We argue

in the spirit of that in [9, Section 10]. Fix k € {3,...,q}, and for s > 0 define ¢ (s) > 0,
(k) .

r;"’(s) > 0 as follows:

3
e Take ¢ = k and ¢; = s in Theorem 5.1 and let £®)(s) == 1 (k,m, n, 7, s) and rgk) (s) =
r;(k,m,n, 7, s) be the corresponding parameters therein, for ¢ =1, 2.
Note that k characterizes the number of half-planes in a given open book, while s characterizes
the factor by which the two-sided L? conical excess decays as in Theorem 5.1.
We start observing that, an elementary argument (c.f. [9, Proof of Proposition 10.3]) shows
the existence of a constant CT = CT(m,n,n) > 0 such that

EP(T,B;) < CT¢(S)?. (5.4)
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In particular we can conclude that Theorem 5.1 can be immediately applied when N = 2
provided €5 < €1/VCT, because for N = 2 we trivially have ¢(S) < o(S). Thus, we may
assume that NV > 3. Moreover, we may assume that

E(T,S,B;) > e (¢)%0(S)>2. (5.5)

Indeed, otherwise, as long as e2 < eN) (), we may apply Theorem 5.1.

Let us now proceed to prune S, following an argument analogous to that for the Pruning
Lemma (Lemma 4.1).

Observe that, because of (5.4) and (5.5), we have

o(8)? < e™(¢)7?E(T, S, By) < e3¢ M) (@) T2EP(T, By) < Clede™) (1) 72¢(8)?.

In particular, if €5 is small enough,
o(S) < ¢(S). (5.6)

Up to relabelling the indices, we can assume that
O'(S) = diSt(Hl n Bl, HQ n Bl) .

Now let
C(S) = diSt(Wi* N Bl, Ty, N Bl) y
where 7; is the m-dimensional plane containing H;. Obviously {i., j.} # {1, 2}, otherwise we
would have ¢(S) < o(S) < ¢(S). We can therefore without loss of generality assume that
Now let Sy_1 := Hy U--- U Hy denote the open book with the half-plane H; removed.
This satisfies V(Sy—_1) = V(S) and since i, j. # 1, we have {(S) = ((Sy—1). Moreover, by
(5.5) we have

diStQ(S NB{,Sy_1N Bl) = 0(8)2 < E(N) (Q)_2E(T, S, Bl).,
which in turn yields
E(T,Sn-1,B1) < Co(1+ ™ (c2) *)E(T, S, By),

for Cy = Cy(q, m,n,n) > 0.

We then proceed as in the proof of [9, Proposition 10.3]. In particular we define the constants
C;=1and C; = Co (C;_y + N0 (/C7_)72) for 1 < j < N — 2 and produce cones
SN-1,SN—-2,...,Sn— by removing at each step a half plane from Sy_; to produce Sy_;_1.
This is done as long as at the step j we cannot apply Theorem 5.1 to the cone Sy_; with
decay ¢2/C}, namely as long as

E(T,Sn—j,B1) >N (0/C;) 2 (Sn—5)*. (5.7)

In particular k is the first step at which (5.7) fails. For the moment we assume that we have
shown that at each intermediate step j (i.e. at each step for which (5.7) holds for j and for all
smaller indices) we have

o(Sn—;) <¢(Sn—j) (5.8)
so that our algorithm produces at step j a cone Sy_;_1 with ¢(Sn—;—1) = ¢(Sn—;) = ¢(S)
(we will justify (5.8) momentarily). Incidentally, showing (5.8) also proves that the procedure
stops necessarily after at most N — 2 steps, because (5.8) cannot be valid when the cone in
question consists of two halfplanes.

Given that the procedure stops after at most N — 2 steps, it yields a collection of radii

N,N NN NN-1 NN-1 N,2 N2
Ty, Ty Ty T RN CHa

for which the conclusion of Proposition 5.2 must hold, where T{V’Nik, rév Nk are the two radii

given by Theorem 5.1 applied to a cone with N — k halfplanes when imposing a decay factor
62/C%. As N ranges over the collection {2,...,q}, we obtain ¢(q — 1) possible radii in total.
We omit the details here, and instead refer the reader to the argument within the proof of
[9, Proposition 10.3].
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It now remains to check that (5.8) holds. We claim that this is guaranteed if we impose the
smallness condition

£2 < min (C’TC’;‘)*ls(N*j)(gj/C’;)Q . (5.9)
j
Indeed let us argue by contradiction and assume that j is the first step at which (5.8) fails (we
already argued that (5.8) holds for j = 0). In particular since it held at all the steps prior to
j, we know that ¢(S) = ¢(Sn—;). Observe moreover that, as argued in [9, Proposition 10.3],
we have the inequality
E(T,Sy—j,B1) < C;E(T,S,B)).
In particular, combining the last two pieces of information with (5.4) and (5.7), we get
¢(S)* = ¢(Sn—j)* < o(Sn—j)* < e (/CF)T*E(T, Sn—;, B1)
< CreW (¢ /C3)E(T, S, By)
< CreW (¢ /C) 23R (T, By)
< CTC;eN9(e/CF)72¢(S)?
<¢(9)?,

which is a contradiction. O

The proof of Theorem 1.10 assuming the validity of Proposition 5.2 now follows by analogous
reasoning to that in [9, Section 10]. However, for the purpose of clarity, we repeat the parts of
the argument that have minor differences due to our cones being open books here. We begin
with some intermediate results which will be needed. The first is the following analogue of
[9, Corollary 10.4], which is a consequence of the Pruning Lemma (Lemma 4.1) and Proposition
4.13, which allows us to control the two-sided conical excess at smaller scales comparable to
1. The proof is exactly the same as that in [9], only without the requirement of balancing the
open book, and with Lemma 4.1, Lemma 4.12 and Proposition 4.13 used in place of [9, Lemma
8.2, Lemma 8.14, Proposition 8.15] respectively. We therefore omit the proof here.

Lemma 5.3. Assume that T, 213 and A = A(f]) satisfy Assumption 1.9 and let q,Q, m,n,n
be as in Assumption 4.8. Let S € $1(0)\ Z£(0) and let 7 € (0,1]. Then there exist € =
&(g,m,n,n,7) >0 and C = C(q,m,n,n,7) > 0 such that the following holds. Suppose that

E(T,S,B;) < &2EP(T, By)
and 5 o -
A% < 2E(T,S,B;) VS e %%0).
Then there exists S € 1(0) \ Z(0) with
E(T,S’,B,) < CE(T,S,B1) Vre[r1]. (5.10)
Furthermore, we have the following analogue of [9, Lemma 10.5].

Lemma 5.4. Let 7 € (0,3] and e2 € (0,1). There exists €9 = eo(q, m,n, @1, 7,e2) > 0 such
that the following holds. Suppose that T, ¥, A and S satisfy the hypotheses of Theorem 1.10
with this choice of €. Then for each r € [F, %] the following holds. Suppose that there exists
S, € $1(0) with

(i) E(T,S,,B,) <E(T,S,B;),

(i) r2A? < eZinf{E(T,S',B,): S" € £(0)}.
Then the rescalings To.,, o, and S, also satisfy the hypotheses of Theorem 1.10 (with eo in
place of e¢ therein).

Proof. We argue analogously to that in the proof of [9, Lemma 10.5], only now in our compact-
ness argument, we use the Lipschitz approximation of [8, Theorem 15.1] in place of Almgren’s
strong Lipschitz approximation [12, Theorem 2.4].

Fix 7 € (0, 3] and 5 € (0,1). Suppose, for a contradiction, that the conclusion of the lemma
fails to hold. Then there exists a sequence 5’5 J 0 and corresponding sequences Tk, Yk, Ay,
S, = HYU..- UH% € %7(0) (with N a fixed positive integer) satisfying the hypotheses of
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Theorem 1.10 with €f and (i), (ii) but for which the hypotheses of Theorem 1.10 fail for the
rescalings (Tx)o,r.» (Zk)o,r, and Sy, := (Sg)r, for some scales r € [7, 1]. In particular
12AZ < (h)E(T}. S, Br,) < (eh)’E(Th, Si By) < () 'EX (T, By).  (5.11)
but
E(Tkv S""k ) BTk) >
Er(Ty,B,.) —
In other words, we suppose that the hypothesis (iii) of Theorem 1.10 fails. Note that the
validity of the remaining hypotheses follows immediately from the assumptions of the Lemma.
Now, (5.11) and (5.12) together tell us that EP(T},B,,) — 0 as k¥ — oo. Thus, up to
subsequence, Ty L B, converges weakly to go[meo], for some m-dimensional plane 7o, and
some positive integer go. Meanwhile, up to another subsequence, we have S, — S, € %7(0)
locally in Hausdorff distance. As E(T%, S, ,B;,) — 0 (from (5.11)), this gives that oo = Sec.
In turn, as E(T%, Sk, B1) — 0 (again from (5.11)), we get spt(Too) = Too N By for the weak
limit T, of T L By, taken along yet another subsequence. Thus, we deduce that in fact
EP(Ty,B1) — 0, and for k sufficiently large we are in a position (up to rotation) to apply the
strong Lipschitz approximation result [8, Theorem 15.1] for TxL_C; /5(0, 7o), yielding functions
fre : Biy2(Teo) = (o). Note that the scale reduction by factor 1/4 therein can be replaced
by factor 1/2, up to increasing the constants in the estimates. Letting Ej := E? (T}, B1), the
normalizations

£3. (5.12)

o= i
B/
converge, up to yet another subsequence, to a Dir-minimizing function foo : Bi/2(Tee) —
Ao (ms)-
In addition, (5.11) allows us to write S; as a union of suitable portions of graphs of linear
functions L¥,..., Lk : 7o, — 75 . More precisely, we first note that Wy = p.__ (V(Sk)) is an

(m — 1)-dimensional space for k large enough, given that Sy converges to 7 locally in the
Hausdorff topology. Thus we can assume, up to a further rotation which fixes 7, that Wy, is
in fact independent of k: from now on we will simply denote it by W. Further, W subdivides
Too into two halfplanes 7% and 7, and we can subdivide the linear functions L¥ into two

further (both nonempty) subcollections L’fhi and L* i» 80 that Sy, is the union of the graphs of
+

[oon

L’Li (for a choice of sign + for each k) over the corresponding halfplanes 7

Up to one more subsequence, we can finally assume that E, 1/ 2L’jm- converge to linear
functions L3°; as k — oo, for each i. Let us denote by S.. the union (again with the appropriate
choice of sign =+ for each k) of their graphs over the corresponding halfplanes 7Z. Under our
assumption that § | 0, we then infer that the graph of fo coincides with SocN(By (oo ) X T ).
Note that Lemma 4.7 implies further that at least two of the linear maps LT, are distinct,
since ¢(Ss) > 0.

Now, given the L? convergence of fi to fs, the estimates on the difference between the
graph of fj and the current T}, and the bounds 0 < 7 < 7 < %, we infer that

-1 . Ep(TkyBrk) . Ep(Tk;Brk>
e s i e = i sy = ¢ (5.13)
for some constant C' = C(¢, m,n,n) > 0. We refer the reader to the analogous argument in
the proof of [9, Lemma 10.6] for more details. This, combined with (5.11), in turn yields
E(Ty,Sr,,Br.) < CIE(Tk,Sk,Bl)
Ep(Tk,BTk> - Ep(Tk,Bl)
This contradicts (5.12), which concludes the proof.

Note that the above argument does not require T' to be area-minimizing mod(q). Indeed,
it suffices to use the Lipschitz approximation for general stationary integral varifolds, together
with Allard’s L? — L> height bound to justify (5.13). Observe in addition that the validity
of the property ¢(Ss) is a mere application of the triangle inequality, and does not require
anything about the structure of T'. (I

< (5]5)2 — 0.
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5.1. Proof of Theorem 1.10 from Proposition 5.2. The conclusion (a) of Theorem 1.10
follows by the exact same reasoning as in [9], with Lemma 5.4 applied in place of [9, Lemma
10.5], now with

E(T,B,) = inf{E(T,S,B,) : S € #(0) \ #(0)}.
The conclusions (b)-(d) will then follow immediately from the following lemma (which will also

come in useful independently in later sections), under the assumption that the conclusion (a)
holds.

Lemma 5.5. Let rq € (0,1]. Then there exist constants ¢ = e(q,m,n,n,r9) > 0 and C =
C(g,m,n,n) > 0 (independent of ro) such that the following holds. Suppose that
(i) T, ¥ and A are as in Assumption 1.9;
(ii) IT/(B1) < (Q + F)wm;
(iii) there exists S=HyU---UHy € £9(0) \ &(0) with
A? + E(T,S,B;) < ?E*(T, By).
Then
C™'EF(T,B,) < E*(T,B,,) < CE?(T,B,). (5.14)
Furthermore, there exists C = C(q,m,n,n,r9) > 0 such that, up to further decreasing ¢ if
necessary (with the same dependencies), if there exists another open book S’ =Hj U---H), €
P1(0) \ L£(0) satisfying
E(T,S',B,,) < *E(T, By),
then
dist?’(SNB;1,8' NB;) < C(A? + E(T,S,B,) + E(T,S',B,,)); (5.15)

- A? +E(T,S,B,) + E(T,S,B,,)
. B , B < 5 5 9 9 70 .
dist®(V(S)N By, V(8')NBy) < C Er(T, By)

(5.16)

Before coming to the proof of the above statement, we point out a geometric fact which will
be useful and whose proof is essentially already contained in [9]. Since however here we are
dealing with halfplanes rather than full planes, we give all the details.

Lemma 5.6. For every ¢o > 0 and p > 0 there is a constant C = C(m,n,co, p) with the
following property. Assume Hy and Hs are two arbitrary m-dimensional half-planes with
(m—1)-dimensional spines V1 and Vo (passing through 0), that p € HiNBy /5 with dist(p, V1) >
2¢o, and that E C B, (p) N Hy with H™(E) > pH™ (B, (p) "Hy). Then

sup dist(z, Hy) < C'sup dist(y, Ha) . (5.17)
reB1NH; yeE
Proof. Set
D := sup dist(y, Hs) .
yeE
We will assume
D<n (5.18)

where n = n(m,n, co, 1) is a sufficiently small constant whose choice will be specified later. Of
course if D > 7 the inequality (5.17) holds trivially for C' = n~!.

Next, denote by 7 and 75 the two m-dimensional planes which contain H; and Hs respec-
tively. We first claim that

sup dist(z, m) < C(m,n,co, u)D . (5.19)
xeB1NmT

The simple argument is essentially contained in [9, Proof of Lemma 10.6] and we repeat it
for the reader’s convenience. We just need to find m vectors vy,...,v, € E which satisfy a
quantitative form of linear independence, namely such that

e For every v € m N By there are A\q,..., A\, with |N\;| < C(m,n,cp) such that v =

Zz’ )\iUz’-
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In order to find vi,...,v, we can argue inductively as follows. We fix v; = p. We then
look at the cylinder I'y := {y : |y — (v - |Z—1|)|Z—h| < 71} of radius y; and axis {A\v1 : A € R}.
Choose 1 = 7i(co,m, ) so that H™(E \ T'1) > §H™(B,(p) N Hi) and we pick a point
vy € E\T1. We then denote by W the 2-dimensional space generated by vy and vq, then set
Iy := |y — pw(y)| < 72} to be the yo-neighborhood of W, then choose v2 = 2(cg, m, 1) so
that H™(E\T2) > ZH™ (B¢, (p) "H1), and then pick a point v3 € E'\I's. We then repeat this
process inductively to find vy, ..., v,,. It is easy to check that these vectors satisfy the desired
quantitative form of linear independence, which in turns gives (5.19).

Having reached (5.19), choose an orthonormal base eq,...,em,—1 of V3 and an orthogonal
unit vector e,, € Vi* N Hy. Either py,(e;) € Ha, or —pn,(e;) € Ha. Note that —e; € V; for
all ¢« < m — 1. Hence without loss of generality we can, if needed, flip the sign of a subset of
the first m — 1 vectors so that pn,(e;) € Hy for every ¢ € {1,...,m —1}. Obviously we cannot
flip the sign of e,,, since —e,, does not lie in H;. However, by (5.19) we do find that

min{ sup dist(y, Ha), sup dist(y,Hg)} <CD. (5.20)
y€EH1NB, y€(m1\H1)NB1

The proof is thus complete once we show that, for a sufficiently small choice of 1 in (5.18)
the minimum in the left hand side of (5.20) is achieved by sup, cq, g, dist(y, Hz). This easily
follows by contradiction. Fix indeed a sequence of 7 converging to 0 and pairs of half-planes
HY, H% for which the minimum in (5.20) is attained by SUPy ¢ (x\HE)NB, dist(Y, H%). We can
assume, up to a rotation, that the second plane H is a fixed one Hy. The other members of
the pair, denoted by H¥, will then have the property that their reflections along the respective
spines, namely the half-planes 7 \ H¥, converge locally in Hausdorff distance to Hy. But recall
that, by our assumption (5.18) with 7 = 7, J 0, we have a sequence of points pj, € HY N B;
which are at distance at least co from 75 \ H¥ and are converging to Hy as well (in fact, the
distance of the corresponding sets Ej to Ha must be converging to 0). This is not possible and
thus completes the proof. (I

Proof of Lemma 5.5. Fix rg > 0. Let us begin with (5.14). The proof follows by very similar
reasoning to that of Lemma 5.4. First of all, let € < e3, where €3 is the threshold in Lemma
4.7. Lemma 4.7(a) with hypothesis (iii) gives

E*(T,B,,) < CE(T,S,B,,) + Cr;> max dist?(m; N Byy, 75 N Byy)

< Cry™?E(T,S,B1) + C¢(8S)?
< C(1+&¥ry™ 2)EX(T, By)
Thus, provided that ¢ < 7*8”2, the right-hand inequality of (5.14) is verified. To see the
left-hand inequality, we argue by contradiction. Suppose that the inequality fails for some
sufficiently large constant C, = C.(¢,m,n,7) > 0 (to be determined); this yields sequences
Ty, Xy and Ay and S, = HY U--- UHY, € 27(0) \ 2(0) satisfying hypotheses (i)-(iii) with
thresholds ¢ | 0, such that up to subsequence we have
E?(Ty, Br,)
im ————=
k—o00 Ep(Tk,Bl)
Up to rotation, we may without loss of generality assume that the infimum in EP(Ty,Bq) is
realized by the same plane m,,. Moreover, up to a further subsequence, we may assume that
N = N < q for each k.
First of all, if lim infy_, EP(Tk,B1) > 0, then up to another subsequence, we have

Ty = T, Sk — S € 29(0)\ 2(0),

with spt(Teo) NB1 = Soo N By. Thus, Tw is a non-planar area-minimizing cone mod(gq). This
immediately implies, from the homogeneous structure, that

EP(T,, B
lim E?(T), Bry) =1,
k—o00 Ep(Tk,Bl)

contradicting (5.21) for any choice of C, > 1.

<Cyh (5.21)
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Now suppose that EP(Ty, B1) — 0; this allows us to apply the strong Lipschitz approxima-
tion theorem [8, Theorem 15.1] for Tx L. C; /2(0, 7o) for k sufficiently large, to obtain Lipschitz
functions fx : By/2(T) = @g(m%). The hypothesis (iii) allows us to do the same for the cones
Sy, describing them as a superposition of graphs of maps L%, ..., L% : 7., — 7% . Normalizing
by E;/Q = EP(Ty,B1)"/? and arguing exactly as in the proof of Lemma 5.4, we obtain the
desired contradiction.

Proof of (5.15) and (5.16): reduction to pruned open book. We will now proceed to
establish (5.15) and (5.16). First of all, we claim that we may assume

A? +E(T,S,B;) < §%°0(S)? (5.22)
r2A% +E(T,S',B,,) < 8% (S')?, (5.23)

for a suitably small choice of constant § = §(q,m,n,n,79) > 0. In order to do this, we will in
fact find a constant C' = C(q,m,n,7n,d) > 0 and a cone S; € %9(0) satisfying (5.22) such that

(ia) V(S1) =V(8S);

(na) E(T, Sl, Bl) S C(E(T, S, Bl) + A2);

(iita) dist*(S1 N By,SNBy) < C(E(T,S,B;) + A?),
and a cone S} satisfying (5.23) such that (ia)-(iiia) holds for Ty ,, and S’ in place of T" and S
respectively.

Once we accomplish this, one may check that the assumptions of the lemma hold for T', Sy, S
in place of TS, S’ (up to a geometric constant factor), and that the validity of the conclusions
(5.15) and (5.16) for T, Sy, S in turn imply the conclusions for T, S, S’.

Now we proceed with the proof of the reduction; observe that it suffices to demonstrate the
existence of Sy, since S is then found by applying the same reasoning to T ,, and S” and taking
§ to lie below both thresholds. We wish to apply Lemma 4.7 to T, %, A and S. Note, however,
that the hypothesis A% < e2E(T, S, B;) is not guaranteed here (where e3 = £3(g, m,n,n,9) is
the parameter in Lemma 4.7). Thus, we will first show that if A% > ¢2E(T, S, B1), then there
exists S, € #7(0) with V(S.) = V(S) such that

A? = £2K(T, S, By). (5.24)

Observe that the hypothesis (iii) of the statement of the Lemma guarantees that, as long as
€ < g3, for any w € #(0) containing V(S) we have

A? < 2B(T, @, By).

Now fix such a plane w and construct a 1-parameter family of open books S(t), ¢t € [0,1],
with S(0) = S, S(1) = @, so that ¢t — S(¢) N By is continuous in Hausdorff distance in
B;, S(t) consists of N distinct halfplanes for each ¢ € [0,1), and V(S(¢)) = V(S) for all
t € [0,1). In particular, we have continuity in ¢ of ¢ — E(T,S(¢),B1) on [0,1), while
liminf, E(T,S(t),B1) > E(T,w,B;). The intermediate value theorem then gives the ex-
istence of S, := S(to) for some ¢y € (0,1) satisfying (5.24).

In the case A? < £3E(T,S,B;), simply let S, :== S. In either case, we then have A? <
e3E(T,S,B1). Fix § > 0 (to be determined). For this choice of §, we may now choose & small
enough in the hypotheses of the present lemma so that 7', 3, A and S, satisfy the hypotheses of
Lemma 4.7 for the parameter €3 therein. This produces an open book S; = H,U---UHyN C
S. € #(0) satisfying properties (5.22), (ia), and (iia). Indeed, in the case where S, # S, the
latter property follows from the fact that E(T,S.,B1) = €§2A2.

It remains to check property (iiia) in the case where S, # S (if S = S, (iiia) also follows from
Lemma 4.7). In light of the validity of (5.22) and (iia), we may now choose § = 6(q, m,n,n) > 0
small enough such that Lemma 4.3 and Proposition 4.4 apply for p =n = 3% to Tp,1/4 and S;.
We will show that

dist*(S; N B1,S N By) < C(E(T,S1,B1) + E(T,S,B;) + A?). (5.25)

To this end, we will first show that for each 7 € {1,..., N}, there exists j. € {1,..., N} such
that
dist®>(H; N By, H;, NB;) < C(E(T,S1,B1) + E(T,S,B;) + A?), (5.26)
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for some C' = C(q,m,n,n,d) > 0. Firstly, notice that for W; C By, i = 1,...,N’, as given by
Lemma 4.3, the current T'L (B34 \ B1/32(V (S1)) is supported in U;W;, where W; = 19 4(W;).
Letting T; =TL W;, we thus conclude from Proposition 4.4 that

dist?(p, H;) < C(E(T,S1,B1) + A%)  Vp e spt(Th). (5.27)

Now fix i € {1,..., N’} and let e denote the unique unit vector in V(S1)* N H;. Let £ := ¢
and let B; := By/32(&, ) C (B3a N H)\ B1/64(V(S1)), where 7; is the m-dimensional plane

that is the extension of H; in the usual manner. Now conclusions (b) and (f) of Proposition
4.4 tell us that

((pg,)sTo) L (Bsya NHi) \ Byj6a(V(S1)) = Qil[(Bsja NHy) \ By 64 (V(S1))]
for an integer @Q; € {1,...,q}. This in turn yields
IT:ll(pg. (Bi)) > co(m,n, 1) > 0. (5.28)
Proceeding via Chebyshev’s inequality with the measure |T:]|, analogously to that in the proof
of [9, Lemma 10.6], we deduce that for C':= C,/cy, where C, > 1 is to be determined, if
E; = {p € pg. (B;) Nspt(T;) : dist*(p, S) < CE(T, S, By)},
then we have ||T;||(E;) > (1 — 1/0*)|\Tl|\(pli (B;)). This combined with Proposition 4.4(d)

and (iia), we deduce that, up to further decreasing § if necessary, and for a suitable choice of
C,

1
H™ (g, (Ei)) 2 5H™(Bi)- (5.29)
We refer the reader to [9] for more details. Fix wo € pg, (E;), let po € E; be such that

Ps, (Po) = wo, and let j. € {1,..., N} be an index such that dist(po, H;,) = dist(po, S). Then,
invoking the definition of E; and (5.27) we have

|pﬁj* (wo)|* = dist?(wo, H;,) < 2dist®(wo, po) + 2 dist? (po, H;.)
= 2dist? (wo, po) + 2 dist?(po, S)
< C(E(T,S1,B1) + E(T,S,By) + A?),
for some C = C(q,m,n,n,8) > 0. We may now complete wy to a basis of 7;, and use the
linearity of pﬁj (as V(S1) = V(S)) to deduce (5.26).

To conclude the validity of (5.25), it remains to check that for each j € {1,..., N}, there
exists i, € {1,..., N’} such that (5.26) holds with 4., j in place of 7, j.. Now, for j fixed, we let f
be the unit vector in V (S)~NH,. Let ¢ = % and B; = By 32(¢, m;) C (B3/aNH;)\By64(V(S)),
where 7; is the m-dimensional plane that is the extension of H;. Again applying Chebyshev’s
inequality, only now with H™ L B;, we deduce that the set

Fj = {q € B; : dist®(¢,5pt(T)) < (2/H™(B;))E(T, S, B1)}
satisfies H™(F};) > 1H™(B;). Fix zo € F}; and let p(z9) € spt(T") be such that
dist(zo,spt(T")) = [z0 — p(20)] -
The definition of F; guarantees that for ¢ sufficiently small (below a threshold depending only
on ¢,m), |zo — p(z0)| < 75, which in turn implies that p(z9) € (Bz/u N H;) \ By/64(V(S1))

also. Thus, Lemma 4.3(b) tells us that p(z) € W;, for some i, € {1,...,N'}. Proceeding
analogously to above, we thus have

P, (20)[* = dist” (20, H;.) < 2dist*(z0,p(20)) + 2dist” (p(0), Hi.)
= 2dist? (20, spt(T)) + C(E(T,S1,B1) + A?)
< C(E(T,S,B1) + E(T,S1,Bq) + A?).
So indeed we have shown that

dist?>(H;, N By, H; N By) < C(E(T,S,B;) + E(T,S1,B;) + A?).
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Together with (5.26), we arrive at (5.25). When combined with (iia), this gives the conclusion
of (iiia).

Relabelling S1, S} to be S, S’ respectively, we may now work under the assumption that
(5.22) and (5.23) hold.

Proof of (5.15) and (5.16) for pruned open book. We will use analogous reasoning to
that in the proof of property (iiia) above, but now we have to take into account the fact that
we possibly have V(S’) # V(S). This is however compensated by the validity of both (5.22)
and (5.23), whereas before we only knew this for one of the open books in consideration.

Notice also that by Lemma 4.7, which we applied to produce our relabelled open books S
and S’, we have

C'EP(T,By) < ¢(S)%.¢(S) < CEX(T.By)

and so (5.16) follows from (5.15) and Lemma 2.7, and thus we may just focus on proving (5.15).

For § suitably small (with the same dependencies), we may apply Lemma 4.3, Proposition
4.4 and Lemma 4.6 to the respective pairs Ty 1,4, S and T /4, S’ with 7 = p = 2. Relabelling
the appropriate rescalings of the sets W, therein to still be denoted by W; for simplicity of
notation, this gives

(1) Pairwise disjoint neighborhoods W; around (HiﬂBl/Q)\BTU/64, corresponding currents
T; == T L W; and constants C = C(q,m,n,n) >0, C = C(g,m,n,n,ry) > 0 with

spt(T) N B1y2 \ Brysaa(V(S)) < [ JWis (5.30)
dist?(p, H;) < C(E(T,S,B;) + A?)

< C(E(T,S,By) + A%rg)rg Vp € spt(T;) N B,y; (5.31)
(pr, ): (T NPyt (Bry NHY) \ By 64(V(S)))) = Qi[(Br, N1H) \ B,y 64 (V(S));  (5.32)

(2) Pairwise disjoint neighborhoods W around (H; N B, /2) \ B,, /64, corresponding cur-
rents T := T L W/ and a constant C = C(g, m,n,n) > 0 with

spt(T) N By, 2 \ Bry6a(V(S') C U wi; (5.33)
dist*(p, H}) < C(E(T,S’,By,) + A%*r3)rg  Vp € spt(T}) N Byy; (5.34)
(Prxy)¢ (77 N Py (Bry NHY) \ By y64(V(S1)))) = Qil (B, NHI) \ By /6a(V(S)]:  (5.35)
Once again, we wish show that for each i € {1,..., N}, there exists j € {1,..., M} such that
dist*(H; N By, H; N B1) < C(E(T,S,B1) + E(T, 8, By) + A?), (5.36)

for a constant C' = C(q,m,n,n,r9) > 0. This time, unlike in the corresponding argument for
S and S; above, note that the argument and conclusion is symmetric in S and S’. Thus the
validity of (5.36) will conclude the proof of (5.15).

Now fix 7 and let e be a vector of length 7o/4 in H; such that Box,r(e) C Byy/z \
(Bry/64(V(S)) UB,, /64(V(S')), for some A\g = Ao(m) € (0,1/2]. Proceeding as in [9], for
each z € Bj,r, () N H, there exists H ) such that

dist?(z, Hj ) < C(E(T, S, B1) + A’r§ + E(T,S',B))rg,

for some C = C(q, m,n,fi,r9) > 0. In particular since M < g, there exists E C By,,(e) N H;
with H™(E) > %Hm(B)\Oro (e)NH;) and jo € {1,..., M} such that for each z € E we have

dist®(z, H) ) < C(E(T,S,By) + A%rg + E(T,S',B))rg. (5.37)

Now we may apply Lemma 5.6 with the planes H; 3 p := e, H}, ¢y = 79/2 and this choice of
E to conclude (5.36). Note that the dependencies of the resulting constant will be on ¢, m,n,
and 79. O
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6. ESTIMATES AT THE SPINE

In this section we collect the necessary estimates required at the spine of a given open book
S € %, which are the mod(q) analogues of the results in [9, Section 11] and are an adaptation
of Simon’s work [23] and Wickramasekera’s work [25] to this framework. This will be necessary
to ensure that our blow-up sequence of graphs relative to a sequence of open books, thus far
constructed away from a neighborhood of the spines, converge all the way up to the spine to
a Dir-minimizer (along which it has an (m — 1)-dimensional subspace of Q-points).

We omit the proofs here, since they follow in exactly the same way as the corresponding
proofs in [9], together with our version of the pruning lemma (Lemma 4.1), as well as the
graphical estimates in Section 4 taking the place of those in [9, Section 8], and Lemma 2.9
applied in place of [9, Lemma 7.14]. Note that the monotonicity formula for mass ratios still
applies here, to the stationary varifold associated to T, and since Q = 4 the estimate [9, (11.7)]
is replaced by

> QH™H;NB,) = Quimp™ < wnO(T,0)p™,

where @); are the multiplicities given by Proposition 4.16.
We make the following assumption throughout this section.

Assumption 6.1. T, ¥, A and g are as in Assumption 1.9 and || T]|(By) < 4™wy, (Q + 1) for
Q=2 S=H,U---UHy € #?is an open book and V' = V(8S). For ¢ = ¢(q,m,n,n) > 0
smaller than the e-threshold in Assumption 4.8, to be determined as the minimum of the
thresholds in Theorem 6.2, Corollary 6.3, and Proposition 6.4, assume that

E(T,S,B4) + A? < %0 (S)?. (6.1)

We will henceforth use the following notation. Let p € spt(T") be a point at which the

approximate tangent plane m(p) oriented by a simple m-vector T'(p). We let ps(p) and p% (p)

denote the respective projections onto m(p) and 7 (p)*. Moreover, for simplicity we let pj =
p5(p) and p* == p(p).

Theorem 6.2 (Simon’s error and gradient estimates). There exists C = C(q,m,n,n) >0 and
e =e(q,m,n,n) > 0 such that the following holds. Suppose that T, %, A;S,q and Q are as in

Assumption 6.1 with this choice of e, let ry, = 4\/% and suppose that ©(T,0) > Q. Then
PP i) < C(A? + B(T, 8, B 2
[ IovepiPaIT] < C(A®+ B(T.8.B.) (63)

T

Corollary 6.3 (Simon’s non-concentration estimate). There exists ¢ = e(q, m,n,n) > 0 such
that the following holds. Let x € (0,m+2). Then, there is a constant C\, = Cy.(q, m,n,fi, k) > 0
such that if T, X, A, S, q,Q are as in Assumption 6.1 with this choice of €, if r. is as in Theorem
6.2 and moreover if ©(T,0) > Q, then

-2

[ =8I i) < u(a? + B8, B) (6.9
B, |p|mtEr

Proposition 6.4 (Simon’s shift inequality). There exist a radius r« = r.(¢,m,n,n) > 0,

e = e(g,m,n,n) > 0, and C = C(q,m,n,n) > 0 such that the following holds. For each

k € (0,m + 2), there is a constant C, = Cy(q,m,n,n, k) > 0 such that if T,%, A, S,q,Q are

as in Assumption 6.1 with this choice of €, then for any po € B,., with ©(T,pg) > Q we have

dist*(p, po + S _ R
[ RS ) < Cu(a? + BT.8.BY) (6.5)
Bu,. (po) |P — Dol
DL (o) + C(S)? Py som, (p0)] < C(A + BT, S, By), (6.6)

where the m-dimensional plane 71 is the extension of the half-plane Hj.
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7. LINEARIZATION

Before completing the blow-up procedure relative to an open book S € £1(0), we first
analyze the linearized problem, which will be the key to reaching a contradiction for the proof
of Theorem 1.10. A key role will be played by the boundary regularity theory developed for
Dir-minimizing Q-valued functions in [18], which will be instrumental in proving the decay
Lemma 7.2 below.

In what follows, given a Lipschitz open set @ C R™ and a map u € Wh%(Q, Ag(R™)) we
will say that u is Dir-minimizing in Q if

[ Do = [ pur?
Q Q

for every v € W12(Q, Ag(R™)) which has the same trace as u on 99 (c.f. [11] for the relevant
definition of the trace of a multi-valued Sobolev function). The key properties used here are the
continuity of Dir-minimizers at the boundary under the assumption that the boundary data is
in a suitable Holder class and the monotonicity of the frequency function at boundary points.
Before coming to the statement of the decay lemma we introduce the following terminology.

Definition 7.1. We denote by H™ C R™ the open half space {z : z1 > 0}, by V the hyperplane
{z1 =0}, and by B;f C R™ the half ball H" N B, = {z € R™ : |z| < r,z1 > 0}. We then let:
(a) # be the space of W12 maps u : B — Ag(R™) which are Dir-minimizing, whose
trace on By NV is identically Q[0] and with the property that the frequency I, ,(0) =

lim, o I, p (1) of u (see (7.2) below, re-centered at p) at every boundary point p € VNB;

is at least 1.
(b) & be the space of maps u: Ht — Ag(R™) of the form

u(w) = Y [Li(@)]

where Lq,...,Lg : R™ — R™ are linear maps which vanish on the hyperplane V.
The key decay lemma is then the following.

Lemma 7.2. For every Q, m, i € Z>1 and € > 0, there exists p = p(Q,m, 7, &) > 0 such that

min G(u,v)* < 5rm+2/ |u|? (7.1)

ve? Jp+ B}
for every uw € J and for every r € (0, p).

Proof. Following Almgren’s celebrated computations on the monotonicity formula for the fre-
quency, we introduce the quantities

H,(r) ::/6 N |u|? and  D,(r):= /B+ | Dul?

r

and ")
rD,(r
I, (r) = , 7.2
) =T (72)
We then claim that
Il(r) >0

and
d

= {m (H“(T))] _ 2L (7.3)

dr|__, Tm—1 r
In order to prove these identities we can argue as in [11, Theorem 3.15 & Corollary 3.18]. In
fact the arguments in there are based on the variational identities derived in [11, Proposition
3.2], which results from taking first variations of the Dirichlet energy along certain specific one-
parameter families of deformations of the function u. A simple inspection of the argument for
[11, Proposition 3.2] shows that these deformations keep the boundary value of u unchanged,
due to the zero boundary data and so they are valid choices of variation. This shows that the
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same identities hold in our case as well. In turn, integrating (7.3) and using the monotonicity

of I shows that
H,(r)

r 21u(r) Hu(t)
<(3)
Tmfl t tmfl
forevery 0 <r <t <1.

From the latter we also conclude that

Jo < (T [ () [ )
I,
)

for every 0 < s <t <1 and every u € S (given that 1 <
same computations also lead to the conclusion that, if I, (
r > 0, then u has to be radially a-homogeneous.

Fix now ¢ as in the statement. We claim that there is a § > 0 such that, if ©v € 7 and
I,(1) <1+, then

(0) = lim,}o I,,(r)). Finally, the
has a constant value a for each

min Gu,v)? < 52_m_2/ lul?. (7.5)
veZ BT/Z Br
Indeed assume the latter claim were false. Then we could find a sequence {uy}r C S for

which I,,, (1) < 1+ + but nonetheless

min G(up,v)? > 52_m_2/ g |? . (7.6)
ve? Bf/2 B;r

Observe that by normalizing we can without loss of generality assume | B+ |uk|? = 1. Because
1

of the upper frequency bound and monotonicity, it is immediate to see that, for every s < 1,
I+ |Dug|? is uniformly bounded in k. In particular up to extraction of a subsequence we

can assume that uy converges strongly in L?(BF) to a function u for each 0 < s < 1. As
it is shown in [18, Proof of Proposition 3.3] (see also [5, Lemma 4.7]), the convergence is
then strong in W12(B}) for every s < 1 and the function v is in fact Dir-minimizing in
B} and attains the boundary value Q0] at {z; = 0} N B; (from convergence of traces, see
e.g. [11, Proposition 2.10]). Moreover the upper semi-continuity of the frequency guarantees
that I, ,(0) > 1 for every x € {z1 = 0} N B;. In particular, again exploiting the frequency
monotonicity, we conclude that I,(r) = 1 for all 0 < r < 1, and thus the function u must
be radially 1-homogeneous around the origin. But for the same reason it must be radially
1-homogeneous around any other point € {x; = 0}, in turn implying easily that u belongs
to .Z. On the other hand we have

G(uk, u)2 > g2 m2

+
B1/2

by (7.6), contradicting the previously reached conclusion that wuj converges strongly to w in
2+
L*(B] /2)
Having found é as above, let 5 be such that p?° < ¢ and set p := £. Our claim is that (7.1)
holds for this choice of p. Fix r < p and let 7 = 2r. We then distingulsh two possibilities.

Case 1. [,(7) > 1 +J. We can then apply (7.4) twice to conclude

r_m_Q/ f? g_m-z/ uf? < f%/ Juf? Sﬁ”/ Juf® 36/ Jul®.
B B B Bf B

1 1 1

In particular (7.1) holds because the function identically equal to Q0] belongs to .Z.
Case 2. [,(7) <1+ d. We can then consider the function us(z) = #~*u(Fz); observe that
us belongs to 7. We thus know from (7.5) that there exists a function v € £ such that

2m+2/ g(m:,zz)2 < 5/ |uf|2.
Bj/z Bf

1

Changing variables we arrive at the inequality

1 2 € 2
m/ﬁg(u,u) < /B?+ 2.
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On the other hand we can use (7.4) to get

1 2 2
< .
fm+2 /BT+ |U| B /B+ |U|

1

Combining the last two inequalities we then reach (7.1). O

We will also need the following lemma to extend the Dir-minimizing property from the
interior of a half-plane to the boundary of the half-plane (i.e. to get a Dir-minimizing property
for competitors with the same trace).

Lemma 7.3. For every choice of positive integers Q, m,n and for every bounded Lipschitz
open set @ C R™ the following holds. A map u € WH2(Q, Ag(R™)) is Dir-minimizing if and

only if the inequality
/ |Dv|? > / | Dul? (7.7)
Q Q

holds for every v € Wh2(Q, Ag(R™)) which coincides with u in a neighborhood of OS).

Proof. Let Q be a bounded Lipschitz open set and for N € N, fix a classical function w €
W12(Q,RN) with the property that w|sq = 0. We then claim that there is a sequence of
functions {wy} € WH2(Q, RY) with the following properties:

(i) wy vanishes identically in a neighborhood of 9€;

(ii) ||lwg — w|w2 converges to O;

(iii) {w # w} is contained in the + neighborhood of 9.

This is in fact a simple exercise in classical Sobolev-space theory and we shall return to it
at the end of the proof for the reader’s convenience. Armed with it, let us now show the
conclusion of the lemma using Almgren’s bi-Lipschitz embedding & of Ag(R™) into RN(@:m)
and the Lipschitz retraction p of RN(@™) onto &(Ag(R™)); for their definitions and properties
we refer to [11, Section 2.1].

One implication in the lemma is clear, so we focus on the other. So assume that v is a
competitor with the property that v|sq = ulsq for some map u € WH%(Q; Ag(R™)) which has
strictly smaller Dirichlet energy than u on 2. We aim at constructing a similar competitor
with the property that it coincides with u in a neighborhood of 0. First of all we consider
the classical Sobolev map w := &(v) — &(u). We now construct functions wy, satisfying (i), (ii),
and (iii) above and hence we let

v =& Lo po(&(u)+wy).
Since p is the identity on £(Ag(R™)), the map vy coincides with u in a neighborhood of 9.

We next claim that
lim / | Dug|* = / |Dv|?,
k—oo Q Q

which would suffice to conclude the proof. Let Uy, := {z € Q : dist(z,0Q) < £} and observe
that {vy # v} C Uy. It thus suffices to show that

lim |Dug|* =0.

But by [11, Theorem 2.4] and the Lipschitz regularity of p we get

/ [Dup* <C | |D(E(u) +wi)* < C [ [DE@) +w)* +C [ [D(wy, —w)]*.

U U Uy Uy,

On the other hand, given that |D(€(u) + w)| is a fixed L? function and the measure of Uy
converges to 0, the first summand tends to zero, while the second converges to zero because
||wr — w1z does.

Coming to the existence of the functions wy, recall first that, because of the boundedness
and Lipschitz regularity of the open set €2, the function w belongs in fact to WO1 ’Q(Q), namely
the closure of C2°(€) in the strong W2 topology. In particular there certainly is a sequence
{z;} € C°(Q) with the property that ||z; — wl|y1.2(0) — 0. Fix now k£ > 2 and consider the
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open sets Uy, (as defined above) and U;H N Q (i.e. the complement of the closure of Uy
in Q). The pair forms an open cover of Q and we can thus find a smooth partition of unity
(¢, Y1) subordinate to it, namely spt(px) C UZ_H NQ, spt(vy) C Uk, and @i + 9 = 1 on Q.
We set z; ;. := prw + rz;. It is then immediate to see that z;; is identically equal to w on
the complement of Uy, and that lim; o [|2jx — wl|lw1.2(q) = 0. Therefore the sequence wy, is
achieved as a diagonal one of the form z;) 5 for a suitable choice of j(k) 1 oc. O

8. FINAL BLOW-UP

We are now in a position to prove the reduced version of the main decay theorem (Theorem
5.1), which in turn implies Theorem 1.10.

8.1. Two decay regimes. The conclusion of Theorem 5.1 follows from the validity of either
Proposition 8.1 or Proposition 8.2 below.

Proposition 8.1 (Collapsed decay). Suppose that m > 2, n > 7 > 1 are integers, let T, X, A
and q be as in Assumption 1.9 with ||T||(B1) < wm(Q + 1) for Q@ = 4. For every 1 > 0, there
exists . = ec(q,m,n,n,s1) € (0, %] and ro = re(q,m,n, i, ) € (0, %] such that the following
holds. Suppose that there exists an open book S € Z1(0) satisfying

A? < 2E(T,S,By) < eta(S)?,
and €(S) < e.. Then there exists S' € %1(0) \ Z(0) with
E(T,S',B,,) < aE(T,S,B;). (8.1)

Proposition 8.2 (Non-collapsed decay). Suppose that m > 2, n > 7 > 1 are integers, let T,
¥, A and q be as in Assumption 1.9 with | T||(B1) < wn(Q+ 1) for Q@ = £. Then for every ¥,
1 > 0, there exists enc = enc(q, m,n,71,51,¢%) € (0,3] and rpe = Tne(q,m,n,n,c1, %) € (0, 3]
such that the following holds. Suppose that there exists an open book S € 21(0) satisfying

A? <2 E(T,S,B;) <er.0(S)?,
and €(S) > €. Then there exists S’ € $1(0) \ Z(0) with

E(T,S,B.,.) < E(T,S,By). (8.2)

Clearly, one can deduce Theorem 5.1 from the two propositions above by letting ¢; > 0 be
fixed arbitrarily, then taking €% = e. in Proposition 8.2, followed by 1 = min{e.,e,.} and
71 = T¢, T2 = 'pe. Thus to prove Theorem 1.10, we now just need to establish Proposition 8.1
and Proposition 8.2.

Analogously to that in [9], we will proceed to verify Proposition 8.1 and Proposition 8.2 by
a contradiction blow-up argument. The difference between the two blow-up regimes is that in
Proposition 8.1, we will take a sequence of parameters ¥ tending to zero, thus implying that
the corresponding open books Sy, converge to a flat plane (with multiplicity). This means that
for k sufficiently large we can reparameterize the coherent outer approximations of Proposition
4.16 over a single plane, which we can without loss of generality take to be the extension of
some half-plane in S;. After subtracting the linear functions whose graphs are the half-planes
in Si, we can then perform our blow-up procedure (this procedure is analogous to the original
idea of Wickramasekera [25], just in arbitrary codimension).

On the other hand, in Proposition 8.2, we fix €% > 0 while we take a sequence ¥, tending
to zero. Thus, even though the ratio

E(Tk) Ska Bl)
o(Sk)?
converges to zero, the open books S will stay bonded away from any single plane. In this case

we can therefore perform a blow-up procedure by directly using the coherent outer approxi-
mations, rescaled suitably.
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8.2. Transversal coherent approximations. We are now in a position to proceed as de-
scribed above in the setting of Proposition 8.1, and reparameterize the coherent outer approxi-
mation from Proposition 4.16 to a single plane. To keep our notation simple, as a base plane for
all graphical parametrization we will use the extension 7 of the first page H; of the open book
S;. (we can of course without loss of generality rotate coordinates to assume that HY = H;
is independent of k). In particular m; is the union of H; and its reflection —H; across the
spine V' = V(Si) (which also we can assume without loss of generality is independent of k
by rotation, and thus 7 is also independent of k). We will use a similar shorthand notation
for any set which is the reflection along V' of some other set 2 C H;. More precisely, such a
reflected set will be denoted by —(2, while often the starting set will be denoted by +£2.

Following the notation in [9], given a multi-valued function g = " [g;] and a single-valued
function f defined on the same domain, we let

gef::Z[[gi—f]], gEBfZZZ[[QmLf]]-

Moreover, given L € G, we recall the notation .4 (L) for neighbors of L and the notation E(L),
both from Definition 4.15, and further define

E(L) :=max{E(L): L' € A/ (L)} = max{E(L"): L" ¢ # (L), L' € #(L)}.
Let us now state the transversal coherent approximation result.

Proposition 8.3 (Transversal coherent approximation). Let m € N>o, n,n € N>, ¢ € N>o
There exists co = co(m,n,n) >0, C = C(q,m,n,n) > 0 such that the following holds. Let T,
¥, A, S=H1U---UHy be as in Assumption 4.8, let m; be the planes that are the extensions of
H;, and let v be as in Proposition 4.4. Let £ = max{k € N: Gy11 C G°} and fori=1,...,N
let Ry = HiNUpeg_, R(L) C RY. Let ui : Ry — Ag, (H}) be the Lipschitz maps as in
Proposition 4.16 and let (S) < co. Then
(a) Each half-plane H; is a graph of the restriction to +Hy of a linear map A; : 1 — 7
that satisfies |A;| < C¢(S) and ker(4;) = V(S); 3
(b) For each i there is a choice of sign + and a Lipschitz map v; : £R$ — Ag, (7i) with
Go, = G, Lps (+R9);
(c) Letting v = Zfil[[vi]], we have v : RS U (—R) — Ag(ni-) after extending each v; by
zero, and
[0l oe 2oy + 1DV] 2oy < CC(S); (8.3)
(d) Letting
K* = pam, ((spt(T) N Byjz Np; (£R))) \ gr(v))

denote the region of non-graphicality in :I:Ri’, recalling that L1 = R(L) NHy, for each
L e gg we have

| £ Lo\ K*| + [|T]|(p7, (£L1 \ KF)) < 27 (B(L) 4272 A% (84)
(e) Letting w; == v; © A; : R U (—R?) — Ag, (n1), we have
22 P |wi|F gy + 2" | D[22,y < C(E(L) +27 2P A?) (8.5)
Lip(w;) < C(E(L) + 27" A%y (8.6)
The proof of Proposition 8.3 follows by the same reasoning to that for the proof of [9,

Proposition 13.4] and thus we do not include the details here. More precisely, we are simply
reparameterizing the Lipschitz approximations u; of Proposition 4.16 over the region :I:Rj’ in
the half-plane £H; and using the estimates in [13, Section 5]. Note that [13, Proposition 5.2]
applies here since we are reparameterizing from an open region in H; C 7; to a (smaller) open
region in +H; C 7.



SINGULARITIES OF AREA-MINIMIZING CURRENTS MOD(q) 39

8.3. Non-concentration estimates. We now proceed to improve the estimate (4.34) to one
that does not blow up as we shrink ¢ | 0, using the estimates in Section 6.

Proposition 8.4. There exists C = C(q,m,n,n) > 0 such that for each o > 0 and n > 0,
there exists € = e(q, m,n,n,0,m) > 0 smaller than that in Theorem 3.1 with /2 in place of

0, such that the following holds. Suppose that T, 2, A are as in Assumption 1.9 and suppose
that S € #%(0) \ Z(0) is such that

E(T,S,B;) + A% < £26(S)?. (8.7)
For each L € G, let B(L) € {p: O(T,p) > Q} NB,/2(V) be a point with least distance to yr,
and let r« be as in Proposition 6.4 and let r = Z. Then we have
dist?(p, S .
0S)__dIT|(p) < C(B(T.S. B) + A?). (5.5)

B, max{g, dlSt(pa V>}1/2
In addition, (B, NH,;)\B,(V) C R? and the maps u; of Proposition 4.16 satisfy the estimates

| Du;(2)[” A ,
———————dz < C(E(T,S,B;1) + A®); 8.9
/(BmHj)\BQ(V) dist(z, V)1/2 (E( 1) ) (8.9)

Z Z/ |u] Pﬂj (B(L )))|2dz < C(E(T,S,B1)+A2)' (8.10)

5/2
12— (+1) > LEG; dlSt Z V)

Moreover, if in addition ¢(S) < co for co as in Proposition 8.3, (B,N71)\B,(V) C R{U(—RY)
and the maps w; and A; therein satisfy

|Dw;(2)[? 2
ZUIEN s < C(B(T, S, By) 4+ A2);
/(B ATO\B, (V )dlst(z V)1/2 ( ( 1) )

(8.11)

D |w;(2) © (P, (B(L)) — A;(px, (B(L))))I”

ir dist(z, V)52 dz < C(E(T,S,B1) + A?).

i:2=(i+1) >p LEG;
(8.12)

Finally, denote by K; the “non-graphicality regions”, namely the union of the sets K;(L) for
L € G°. Then for each j,
|Z|7(m72)

2
/ o, <“J—(Z>>‘ dz < C(E(T,S,By) + A2). (8.13)
(B,NH)\(B,(V)UK;) ||

Likewise, if K* are the sets of Proposition 8.3, then

o, (wj (Z)) ’
||
Proof. First of all, the estimate (8.13) follows directly from the estimate (6.2): when the
current coincides with a classical graph this is a computation of Hardt and Simon in [17].
In a setting similar to ours the reader could consult [6, Proposition 8.3], but we report the
necessary modification for convenience. First of all, recall that u; is a multi-valued function:
using Almgren’s convention, see e.g. [11], we write it as u;(z) = )_.[u;,i(2)]. Even though there
is not in general a regular selection of the sheets u; ;, by [13, Lemma 1.1] we can decompose the
domain of u; as the countable union of measurable subsets {M}} with the property that over
each fixed M}, we can order the values of u; so that the corresponding sheets u; ; are classical
Lipschitz functions over M. Fix now a point z € M, of differentiability of the function u;;
such that p = z + u; ;(z) belongs to spt(7") and there is an approximate tangent plane P to T

at p. The computations in [6, Proposition 8.3] then show the pointwise bound

2
P AZEION Pl
BANE] = plm 2

2|~ (m=2) dz < C(E(T,S,By) + A%).  (8.14)

/(Bmm)\(BQ(V)UK+uK)

|Z|_(m_2)
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where we recall that pt is the projection of p onto the orthogonal complement of P. We are
can thus conclude summing over ¢, integrating in z on the domain in the left hand side of
(8.13) and use (6.2). The proof of (8.14) is entirely analogous. First of all we observe that the
exact same argument above proves in fact

|z|~(m=2) |5, (”ﬂ—(z)) ‘de < C(E(T,S,B;) + A?). (8.15)

|2
We then just need to notice that w; = v; © A; and A; is a linear function with A;(0) = 0; in
particular 8/4‘]'7(‘2) = 0. This yields the identity

P (Uj(z)> _ls (w]—(z))
"\ ] BN
and thus (8.14) follows from (8.14).

Next, given the estimates in Section 6, the proofs of the estimates (8.8)—(8.10) and (8.11),
(8.12) are analogous to those in [9, Proposition 13.7] (see also [7, Theorem 10.2, Corollary
11.2]). Nevertheless, we repeat them here for clarity.

Fix such g and 5. First we demonstrate (8.8). We may without loss of generality assume
that o < % since otherwise the estimate is trivial. We subdivide the domain of integration
on the left-hand side into a disjoint union (B, N B,(V)) U (B, \ B,(V))). First we consider
B, N B, (V). Covering V N B, with Co~ (™~ balls B,(2;) (each of which can be ensured to
intersect V'), which in turn means that {Ba,(2;)}; covers B,(V'), we may apply Theorem 3.1 to
find points p; € Ba,(2;) N{O(T,-) > Q}. We may now apply Proposition 6.4 to T} ;4 centered
at p; with k = i, yielding

/ distf(p, S) d||T|(p

B,nB,(v) max{g, dist(p, V) }1/2

TEDY / dist? (p, S)dI| Tl (p)

ﬁng(zl

<Co Y / dist?(p, pi + 8)d| T (p)

ﬂBQQ (ZI

/(Bmm)\(BQ(V)UK+UK)

2 2

+Com 2y (1P, (I + C(S) Py om, (1))

) )
< CQm+7/4—1/QZ/ dist (p)pl +S)dHT||(p)

B, Bu,(p) |P— P74
+ Co~ M= VFm=1/2(Ey(T S B;) 4+ A?)
< Qo mm AT/ E(T, S, By) + A%) + Co'/*(E(T, 8, By) + A?)
< C(E(T,S,B;) + A?).

Now we treat the region B,. \ B,(V), which we may cover by the regions R(L) for L € G with
2=+ > or let .F denote the sub-collection of such cubes L with R(L) N B, # (). First of
all, observe that since |yr, — B(L)| < o/2, there exists a constant C = C(m) > 0 such that for
each p € R(L) we have

C*27 ) < ¢ p - B(L)| < dist(p, V) < Clp - B(L)] < C?27H)

Once again applying Proposition 6.4 to Tp /4 centered at S(L) with k = i and noting that
H™(R(L)) < CO(L)™ and #G; < C20"~1i we have

dist(p, S) o §
v G CECCD SRR Sy S T 2

i:2-(+1) >p LEGNF

<0 3> n ae.am +STie)

4:2—(+1) >p LEGNF
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+C Y3 2 (Iph (B + <) Py m, (BE)I)

i:2- (1) >p LEGNF

<c YN girmmiTin / distQ(P’ﬁ(LHS)dHTll(p)

270+ > LEGiNS Ry P = ALY+

+C(E(T,S,By)+A?%) Y 2/2miyg,

2= G+ >,

S C(E(T,S,Bl) +A2) Z 2i/27mi77i/4#gi + Z 2i/27mi#gi

3:2—(+1) >, 3:2—(+1) >y

< C(E(T,S,By) + A%)) 27/

< C(E(T,S,B) + A?).

In summary, we have established (8.8).
For the remaining estimates, we proceed as follows. Firstly, observe that Proposition 6.4
with kK = i tells us that

E(T, B(L) + S,By-cry (B(L))) < C2°DV/4(E(T, S, By) + A?). (8.16)
Indeed, notice that the estimate (6.5) applies as long as C2~4L) < r_ while the case C2~ L) > p
follows trivially by the corresponding upper bound on ¢(L).

The estimate (8.16) in turn tells us that for each cube we may apply Lemma 4.12(v) with S
(and its layers) replaced by the shifted open book S + 3(L), to yield local @ ;-valued Lipschitz
approximations ar, ; on Q;(L) + pyLnap, (B(L)) satisfying

|Dig ;)72 < C27 ™ (B(T, S + B(L), Beg-eay (B(L))) + 272 A%)
< C2MIHIDIYE(T, S, By) + A?),
and, together with (6.6), additionally
liz,; © (Pr, (B(L) L= < C27T/AE(T, S, By) + A?).

Now we may use the maps @y, ; in place of uy, ; to construct the coherent outer approximation
in Proposition 4.16. Note that one may assume these domains contain L;, provided that e
sufficiently small, in light of (6.6). This in turn produces corresponding transversal coherent
approximations #; and w; as in Proposition 8.3. Exploiting the above estimates, combined
with (8.16), we have

~ 2 fl
/ DG, < commtnr s y(T, 8, By) + A)
L
~ 2
/ PG, < commtnr 5w ((T, 8, By) + A)

dz < 027 mUD+SUL) /BT, S, By) 4+ A?)

/ |4(2) © (px, (B(L)))I?
L dist(z, V)?>/2

/ |@;(2) © (Px, (BL)) — Aj(Pm (B(L))))?
ol dist(z, V)5/2

dz < 02~ mUDFUL/YE(T, S, By) + A?).

Summing these estimates over all cubes L € G; N.Z for i such that 2~(+1) > p and once again
exploiting the fact that #G; < C2(m~1?¢ we establish the respective estimates (8.9)-(8.12). O

8.4. Blow-ups and variational identities. Let us now define our blow-up sequences in the
contradiction argument for the proof of Proposition 8.1 and Proposition 8.2. For m,n,n,q
fixed and @ = £, up to extracting a subsequence we have:

e a sequence of currents T, ambient manifolds 3 with curvatures Aj satisfying As-
sumption 1.9 and with || T%||(B1) < wm(Q + i);
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e open books S, = HY U--- UHX, € £7(0) \ 2(0) for some N € N, with ¢(Sg) — 0
in the case of Proposition 8.1 or {(Si) > €5 for €% > 0 fixed arbitrarily in the case of
Proposition 8.2;

e we have
A2 E(T%, Sk, B1)
— — 0, 8.17
E(T}, Sk, B1) o (Sk) (®.17)
e For each L € G, the 8%(L) from Proposition 8.4 for T}, satisfy
lim |B*(L) —yr| = 0. (8.18)
k—o0

k

%

Up to relabelling the indices, we may additionally assume that the m-dimensional planes 7
which are the extensions of the half-planes H satisfy

dist(7} N By, 7% N B1) = ¢(Sk).

In the collapsed decay regime, up to a rotation of coordinates, Hf converge to =H;. Meanwhile,
in the non-collapsed decay regime, up to extracting a further subsequence, each H¥ — H; and
wf — m; locally in Hausdorff distance and we may assume that 71 # 7wy (note that the H;
need not be distinct). Note that in both cases, we may additionally assume that V(Sg) =V
is fixed along the sequence, again by a rotation of coordinates. We may additionally assume

that TpX, = 79 is a fixed linear subspace and that ﬂ'f C 19 for each k and each i =1,..., N.
Using Proposition 8.3, in the collapsed decay regime we consider the transversal coherent
approximations w¥, while in the non-collapsed decay regime we instead consider the approx-
imations u¥. For r as in Proposition 8.3, by Proposition 4.17(i), we may assume that the
domains of w¥ and u} respectively contain (B, NHy)\ By (V) and (B, NHF)\ By /4 (V). Let
—k uf

k
_k wy

YT E(T, S BNY2 T B(T, Sk, By) 2

The estimates in Proposition 8.4 in particular provide us with W2 estimates uniformly in & on
u¥ and w?. Note that for each k the domain of wf is always contained in the same half-plane
+H;,, while despite the fact that the half-planes on which the u¥ are defined are varying with
k, we can use [9, Lemma 7.4, Remark 8.21] to assume that they are defined on subsets of the
fixed limiting half-planes H;, up to a composition with small rotations (which all converge to
the identity map).

Let us begin with the following definition.

Definition 8.5. A function W : B, — R™*" is called cylindrical if W (p1) = W (p2) for any
p1,p2 with py(p1) = pv(p2) and dist(py, V) = dist(pa, V).

We conclude the following compactness result and variational identities for our blow-ups,
which are analogues of similar estimates seen originally in [23] and [25, Section 12].

Proposition 8.6. Let Ty, ¥y, Ag, Sy = HY U---UHX,, 7¥, and the sequences u¥ and w! be

)
as described above. Then, up to extracting additional subsequences, the following holds:
(a) u¥ and wk converge strongly in Wlif to their respective Q;-valued Dir-minimizing limits
;= Z?;l[[aw]} and w; = 2?211 [wi;] on B, NH; and (B, Nm1) \ V respectively;

— k
(b) The rescaled linear maps A¥(tey,v) = % = MPFte; converge to linear maps

A;(ter,v) = Mjtey, where M; : 7 NVL — 7w are linear maps (identified with their
matriz representations), ey is the unit vector in Hy N VL and My #£0;

(c) Letting B* =3, cgne B¥(L)1r,u-L, on (B \By(V))Nmi, there exist even, bounded
functions B B, Nnm — VL, BL B, Nm — 7r1L and B” B, Nnm — Vinm such
that in the non-collapsed decay case we have

1 k

pv(ﬂ ) 5 . o
_— L Nl
(T, 808y 0 "l (8.19)
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whilst in the collapsed decay case we have

p7Jr_1 (ﬂk) ol . [es)
s smy 0 20
C(Su)pm(8%) L roo
E(T.S.B) 0 "l (821)

(d) In the collapsed decay case, let I == {i € {1,...,N} : wF : HY — Ag,((7¥)1)} and
I=={ie{l,....N} : wf: —Hf - Ag,((w ) )} andletw(l).B NH; — Hi,
@® B, NH; - VINH; be given by

Qi
(ter,v Z wa te1,v) Z Zwij(_telav); (8.22)

ielt j=1 iel— j=1
w2 ) (ter, v Z Mr wa te1,v) Z MF wa —tey,v), (8.23)
iel+ iel—

where T denotes the transpose. Then, given any vector v € V and any cylindrical
functions W € C*(B,;R™™"), W, € C"O(BT,W1 ), W, € CX(B,; VEt Nmy), we have
the following identities

Z/B - Z <vu”, > =0, (8.24)

7,] 1

in the non-collapsed case, while in the collapsed case we have

/ <v ) vaW > 0, 1=1,2 (8.25)
B,.NH; v

/ <v-<2> Va;v > =0, 1=1,2 (8.26)
B,.NH; v

Here we stress: in the identity (8.24) the operator V denotes differentiation with respect
to the variable z € m;, whereas in (8.25) and (8.26) it denotes differentiation with
respect to the variable z € my.

Proof. The convergence in VV1 2 from (a) follows from Proposition 8.4 together with Proposition
4.17(iii) with a sequence of parameters ¢ | 0. This also shows that the maps u;, w; are
Dir-minimizing on compact subsets in the interior of each domain in question. In turn, this
implies that they have smaller energy than any competitor which coincides with itself on a
neighbourhood of V| i.e. we are in the situation to apply Lemma 7.3 in order to deduce that
they are Dir-minimizing with respect to any competitor with the same trace on V. Property
(b) is a trivial consequence of the fact that V(S) = V for each k, that dist(7FNBy, 75, NB;) =
¢(Sk), and Proposition 8.3(a). Property (c) follows immediately by Proposition 6.4.

For property (d) we follow the reasoning in [23, Section 5.1], [25, Section 12] (see also
[6, Proposition 10.5(iv)], [7, Proposition 11.5]). Nevertheless, we repeat the details here as our
setting is slightly different to all of these.

Fix v € V and W with the required assumptions. Let us begin with (8.24). First, note that
since the functions @ and w¥ are valued in V' for each i, we can assume that W takes values
in V1 also. Write (x,y) € V x V' for coordinates relative to V. We next claim that we may
without loss of generality assume that W depends only on the variable x in some neighbourhood
of V. Indeed, fix p € (0,7), and consider a cutoff function o, € C°([0,00); [0, 1]) which equals
0 on [0, p/2], equals 1 on [p, 00), and satisfies [|¢/,[[co < Cp~'. Consider the vector field

Wz, y) = W(z,y)ep(lyl) + W(x,0)(1 — ¢,(lyl))- (8.27)
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As W — W, = 0 outside B,(V), applying Cauchy-Schwartz followed by the estimate (8.9) and
then (8.17), we thus have

Z/ mH5]21<W”’ < o WP)>>
- Z/ B.NB,(V)NH} § 11 <V Z,V <8(Wav WP)>>
Wl 3 | Z v

vat ()2 1"
< CP3/4HD2WHC° ZZ [/ ﬁdzl

i j=1 [/BrNB,(V)NHF dist(z, V)

IN

B,.NB,(V)NHF

< Cp*Y| D*Wl|co — 0,

as p | 0, where C = C(q,m,n,n) > 0. Thus, we can without loss of generality assume that W
only depends on the variable z in a neighborhood of V' by fixing p € (0,r) and working with
W,, which we henceforth do (and we drop the subscript for notational simplicity). We write
po < r for the radius of the neighborhood of V' where W only depends on the variable z.

Now let W := %—VX. Since Ty, satisfy Assumption 1.9 (in particular, T} is area-minimizing
mod(q)), we have

W(p) - Hr, (p) = 7,5, W (p) - Hr, (p)

and so

BTN = [ 02,709 - i ()T )] < CAZIW o 0. (829

where Hr, (p) == S, As, (&, &) for an orthonormal basis {&;}™, of the approximate tangent
plane to spt(T}) at p.

On the other hand, since S, is invariant under the 1-parameter family of translations in the
direction v and W has compact support, we deduce that Sy, := Zfil Q;[H;] satisfies

§Sk(W) = 0. (8.29)
In particular, we see from (8.17) that, if Ej := E(T}, Sk, B1),
lim E; "2(6T(W) — 65,(W)) = 0.

k—o0

Now fix p € (0, po), and assume that & is sufficiently large so that @¥ are defined outside B, (V).
We will decompose everything into this neighborhood of V' and its complement (where T} can
be approximated by the graph of /). Indeed, set U, := B, \ B,(V), and write T}, = T/ + T¢
and S, = S{ + S§, where T = T}, LU, and S} = S, L U,, while T = (T, — T7) L B, and
Sg = (Sk — S{)L B,. We claim that

limsup Ej, /> ‘/divfk W d||T¢| — /div§k W d||Sg||| < Cp'/? (8.30)
k—o0
s @
lim B /dw W d|| 7Y —/dw Wd|S-‘7|) / (Vi VIV,
ko0 ( T Sk Z B,NH,)\B,(V) ; !
(8.31)

Once we establish the validity of these claims, (8.24) follows easily. Indeed, bearing in mind the
definition of §Si(W,) and 6T} (W,), a combination of (8.28), (8.29), (8.30) and (8.31) yields

Qi

Z/ > (Vi VIV,)| < Cp'/?
SNH)\B, (V)

J=1

for any p € (0, po), and so taking p | 0 gives (8.24).
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It remains to check that (8.30) and (8.31) hold. First of all, note that since W only depends
onz € V in B, (V) by construction, we have %—V; =0in B,, (V) for all y € V+. Moreover,

as W takes values in V-, for any subspace m containing V we have (for {ey,...,e,_1} an
orthonormal basis of V)

dive W =divy W= e;-D(e;- W) =0 in B, (V). (8.32)

In particular, for an arbitrary subspace m we have
| dive W| < C|[DW|| - [py 0 Py |

(since by adding the components of V N7t to the sum we get the divergence over a plane
containing V).

Using this, noting that each plane that is the extension of a half-plane in Sy contains V,
together with the fact that S is supported in B,,(V'), the above discussion immediately gives

/divs~k W d|ISe]| = 0

(indeed, the integrand vanishes pointwise in this case). Moreover, turning our attention to 77,
we then have from the above discussion also
5 1/2
amil)

‘/divﬂ W d||T¢||

< Wl (173 B, 0B,V ([ [pv oy

< C| W1 p? B}

for C = C(g,m,n,n) > 0, where we have used Cauchy—Schwarz in the first inequality and then
(6.3) and (8.17) in the second. Combining the above, this concludes the proof of (8.30).

To see the validity of (8.31), we exploit the graphical approximations ﬂf for T}, which are
valid over U, N H;. We also don’t use the expressions in (8.31) directly, but more the first
variation from which they come from. For i = 1,..., N, let Af H; — Hf denote the linear
maps whose graphs are H¥. Observe that in the limit these maps converge to 0 as HY converges
to H;. Let

hi(z) = [ Z[[ gk (@), UF (2, gk (2)))],

where UF = \Illg is as in Assumption 1.9 for £ and gf; := pp,x, o (uf; + AF) € ToXy N (xF)*
(recall that ¥ C TpXy). Invoking (8.4) (summed over L € Go;NU, NH;) and (8.17), we thus
have (for the difference between graphical and non-graphical regions)

E; V2 /dwT W d||T¢|| 722/ divg,, WdHth I < CIW | BT = 0,

i j=1 pH(UﬂH

—_.7W
Ikz]

for v > 0 as in Proposition 4.4. Moreover,

/dws W d|Si|| = ZZ/ divg WG .

1 g=1 p;ll(UpﬂHw)

(2)
_Ikwj

It therefore remains to verify that for each i, j we have

k—o0 k o)

lim B, ) - 17 = / (Viigj, VIV). (8.33)
U,NH;
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Fix i € {1,...,N}, j € {1,...,Q;}, and an orthonormal frame {(;};*1™ of R™*" such that
{C1,...,Cn} is an orthonormal basis of the plane extending H;. Then over a point z € H;,

o =+ (G- VRS, m=Ga+ (G- VAY I=1,...,m,

are the respective coordinate frames for the tangent planes to G,r and G 4x. For notational
ij i

simplicity, let us drop the indices i, j, k for the following computations. Form the matrices A

and B, where the i*" column of A is given by o; and the i*" column of B is 7;. The Jacobian

determinants for the maps h and A are then given by \/det(A” A) and \/det(B” B), respec-
tively. The variation determined by W then gives (by differentiating the relevant Jacobian)
that the first variation is determined by the matrices

M(A) = \/det(ATA)(ATA) [ Ay ® Ag
o,
and

M(B) =Y _y/det(BTB)(B"B)_;Bs ® B.
o,

Thus, using the first variation formula to rewrite the expressions for I and I, we get

1<1>71<2>:/ (M(A) — M(B)) : DW.
U,NH

We can then compute
Ay ® Ag = By @ B + au® e + € @ dpu + o( EY?) + 0(1)|Vu| + O(|Vul?)

and
(AT A)op = ap + 0aA @ 95 A + o( EY?) + 0(1)|Vu| + O(|Vul?)
(BTB)ap = ap + 0aA @ g A+ o(EY?) = 60p + o(1).

Using the fact that W is cylindrical and so 9,W = 0 on H whenever v € H*, and moreover
that d,u € H* (c.f. [6, Proposition 10.5(iv)]), we can then compute

W1 = E1/2/ (Va, VIV) + o( E'/?)
U,NH
which completes the proof of (8.33).

To show (8.25), we follow entirely analogous reasoning to the above proof of (8.24), replacing
W with W, and observing that W, identifies with a cylindrical function whose image lies in
R™*" but whose components in the directions of 7; are zero (and W;; is also identified with
an R™*"-valued function, as in (8.24)). In addition, the application of (8.9) is replaced with
(8.11) here. This establishes (8.25).

Now let us demonstrate the validity of (8.26). Firstly, by the same reasoning as that for
(8.24) (only applying (8.11) in place of (8.9)), we have

/ <vw<2>,v <M>>} < CP3/4HD2WHCU -0,
B,NH; v

as p | 0 where (W), is defined as in (8.27) for W), in place of W. This allows us to once again
without loss of generality assume that W), only depends on the z-variable in a neighborhood
B,, (V) of V. As before, fix p € (0, pp) and write U, := B, \ B,(V), and for k sufficiently large
decompose the currents as Ty, = TY + T¢ and Si = S§ + S¢. Let W = %, and observe that

(8.28) and (8.29) still hold with this new choice of test vector field. Thus, in light of (8.17), it
suffices to demonstrate that

[ i, Wizl - [ aivs, Wl

lim sup C(Sk)_lEk_l/2

k—o0

lim ¢(Sk) B,/ </divf W d| Y| f/div§ Wd|s,g|> :/ (Vo , VIV).
hroo § i (B,NH1)\B,(V)
(8.35)

< Cp'/? (8.34)
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Let us begin with (8.34). We follow similar reasoning to (8.30). Indeed, because W takes values

in V+ by assumption, and in B, (V) we know %V;/ =0 for all y € V*, for any m-dimensional

plane w containing V' we have
dive W =0,
by the same computation as in (8.32). So in particular,
/divs~k Wd||Sg]| =0  in B, (V).
For an arbitrary m-dimensional plane w, we have by similar reasoning (c.f. the argument
leading to [7, (11.25)]), noting that in faet by assumption we know that W € my N V+
|dive W[ < C|[DW|co - [py o p| - [P 0P| in By (V).

Combining this with Allard’s tilt excess estimate [1] (c.f. [4, Proposition 4.1]), Lemma 4.7(a),
(6.3) and (8.17), we therefore have

1/2 9
<[ opnlarmt) ([ |ovors| ami)

1/2 5 1/2
<c([wn-palaml) ([ |pvors| ami)

S Cpl/Qc(Sk)E;/Q
This completes the proof of (8.34).

B 1/2
\ / div, W d|TS]

Now let us prove (8.35). For any index ¢ € {1,..., N}, let wfj = w Cif ¢ € IT and let
wfj’f(tel, v) = wk " (—teq,v) if i € I™. Similarly, let Af’i(tel,v) = A?(:I:tel, ) and
Tk & ko,
hi’ (‘T) = Z Z[[ gz] ‘T ? k :C gz] (‘T)))ﬂ’
j=1

where the sign = is chosen to be + for i € I and — for i € I—, Uk = Uk is as in Assumption
1.9 for ¥ and gfj’i = pPr,x © (wfji + Af’i) Again observe that th * = Vuw k 4 VAk 4
O(||D¥*||c0). Arguing exactly as above, combined with the estimate in Lemma 4 7(a), together
with the fact that W, is cylindrical, we have

Qi

¢(S) 1B /dink W d| T - Z/fl divg  , WdllGjrll| < CIWer B — 0,
j=17Pm (UpNHy) hi; ij
=i

and

/dws W d||Sk|| = ZZ/,l divg | W d||G 4]l

i j=1YPm (UpNHy)

(2)
=i

Therefore, observe that it suffices to show that for each i € I* and each j = 1,...,Q; and k
sufficiently large, we have

lim ¢(8) 7By, VR a2 ) = / (VMT @k, V). (8.36)
=0 U,NH;

Observe that since W is directed in H; N VL, for a Lipscliritz function v on Q, := U, N Hjy,
the first variation of G, in the direction of the vector field W is the inner variation

5Gy (W) = dt\t 0 / oy = / (DarA(Vv), Vo - V) — A(Vo) divy, W,
2

P
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where v; = vo ®, for ®,(x) :== z+tW(x), A(Vv) := Jv and D)s denotes the Frechét derivative
of A with respect to the matrix variable.

Now
VAR~
AVAREY =\ 1+ |VARE2 DyAvARd) = ——
V14 |vAPRE2

Moreover, Lemma 4.7, (8.17) and the estimates in Proposition 8.3 imply that
| DU o = O(Ax) = o(B%) = 0(¢(Sk),
Vil = O(B®) = o(¢(Sh))
[VAT=] = 0(¢(SK)).
Thus, by a Taylor expansion, we have
et kit

VA ™, Vw,;
A(VRET) =1+ VAP 2 + VA Vi) >+0(C(S) 1/2)+O(|Vw 1?),
1+ |VARER2

BlE
Vi | o(e(S)EY) + 0(Vul*)).

V14| VARE:2

Since J,glz)j - J,fz)] = (5th +(W) — 8G 4x.+ (W), this combined with the above graphicality

DM.A(ViLZTi ) =

estimates yields

SO )

k,i,j

k,+ kAt orf k,+ ko b, kt  ori
:/ (Vw;:=, Vw= - VW) (VAT Vw= - VW) (Vwz™ , VAP - VIV)
Q

+ +
1+ [VAP*|2 14 |VAP*)2 1+ [VAP*|2

/ (VAP V™)
% \[14|VAPE2

= / (VAPT Vwli™ - VW) + (Vwli™, VAPT - VW) — (VAT Vuli ™) dive, W
Q

dive, W+ o(¢(Sk) EL?)

+o(C(Sk)EL?).

Note that above, waj’i - VW and VAfjfi - VW denotes tensor multiplication between the

gradients of R™*"-valued functions. Now observe that since VA?’jE = Mikel and div,, W =
e1 - V(ep - W) in light of the fact that W takes values in VX Ny, we arrive at

(VAPE, Yk, - VW) = (VAP Vb ) dive, W.

Transposing VAf’i in the inner product in the second term on the right-hand side of the above
estimate, this concludes the proof of (8.36). O

8.5. Smoothness of average and decay. For ¢t € R and e; the unit vector in H; N V+, we
may parameterize H; as

H; = {(te;,v) : t e R, v eV},

and in turn write

u;(te, v) Z[[UU te;, v

w;(tey,v) Z[[ww +tteq,v)
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Note that we are abusing notation slightly, since these are not the same as the definitions
of u; and w; as defined in Proposition 8.6; namely we are now reparameterizing to H;. We
additionally write the average @ : B, NH; — R™T" as

N Qi

ﬁ(tel, ’U) = é Z Z ﬂij (tei, ’U).

i=1 j=1
The following proposition characterizes the properties of @ and .

Proposition 8.7. The following properties hold:
(i) @, w and ©? are harmonic and extend to harmonic functions on B, N (not
relabelled) with % = 6;%(:) = a;%(j) =0onVNB, foranyveV;
(ii) u(0) =w(0) = 0.

Proof. The proof follows the same line of reasoning as [6, Lemma 11.2] but we repeat some
of the details here for the convenience of the reader. The harmonicity of @, @w") and @w®
on B, N H; follows immediately from Proposition 8.6. To see that they extend to harmonic
functions, we proceed as follows. Observe that @, @™, @®) € W2 on B, NH;. Furthermore,
the estimates (8.9) and (8.11) imply that
Vial?
/BmH1 |tl—/2| dtdv < 400,

—(D)2
/ %dtdv<+oo, 1=1,2.
B,nH; U

In particular, %, a%il) and agf) are all well-defined on V' N B, (as distributions supported
on there). Thus, given any cylindrical vector fields W € C°(B, Nwy; R™T™), W, € C°(B, N
w1y, Wy € C(B, Ny VA Ny, Proposition 8.6(d) integrated by parts tells us that

g OWN _ 3@“" W, \ _ ‘9@(2)‘ WMo\ _ (8.37)
otlves,” ov /  \ 9t lva, v / ot lvae, v /7 '

for any v € V, where we use (-,-) to denote the pairing of distribution and test function. In

. . . B o) ow(®
other words, the distributions Z; 5 » T5

, are in fact constant vectors,
VNB, VNB, VNB,

and thus, after translating @, w"), @w(?) by appropriate respective linear functions dependent
only on ¢, we obtain harmonic functions with vanishing normal derivative along V N B,. By
Schwartz reflection, we may thus extend the translated functions to harmonic functions on
B, N7y, which in turn produces extensions for @, @), @ respectively. The claimed differential
constraint on V' N B, in (i) follows immediately from (8.37).

Given the estimates (8.13) and (8.14), the validity of the property (ii) follows by the exact
same reasoning as that for [6, Lemma 11.2(ii)]. We omit the details here. O

We are now in a position to state the main decay property for the maps @; and w;.

Proposition 8.8. For every ¢ > 0, there exists:

e po = po(g,m,n,n,e) € (0,7) in the collapsed case,

e po = polg,m,n,fi,e,e%) € (0,7) in the non-collapsed case,
such that for every p € (0, po], the following holds. Let @; and w; be as above. Then there
are linear maps b:V — VL, btV — 7, bl -V = VEnm, and maps a¢,a™ € £ as in
Definition 7.1 (for H = H; ) with

Do IVaile + Y IVare + [ Vbllzee + |V ||z + [|V0 |1 < C;

N 2
u;(te1,v) © b(v),a"(tey, dydt
/Hmeg <;u (ter,v) (v),a™(ter v)) y
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N 2

m+2
<" L2
r H;NB,

i=1

u;(ter,v) ©b(v)| dydt

N

/H N g<Zwi(te1,v)e(bl(v)+Ai(b”(v))),a6(tel,v)> dydt

m+2
()"
r H.NB,

where C' = C(q,m,n,n) > 0 in the non-collapsed case and C = C(q, m,n, i, %) in the collapsed
case.

2

N
> witer,v) © (b (v) + A; (01 (v)))

i=1

dydt,

Proof. In light of Lemma 7.2, observe that it suffices to find b, b and bl as in the statement
of the proposition such that

Z u;(ter,v) © b(v) € A, Z w;(ter,v) © (b (v) + A; (bl (v))) € 2.

where 7 is as in Definition 7.1, with respect to H = Hj.
Now, we may first argue as in the proof of [7, Proposition 12.1] to define the traces of the
functions f, !, and 4+, and use Proposition 8.4 to reach the estimates

= 2
; Ug t ) Oa
5 mtter,0) 0 500 _ 539
H,NB [t1°/4
1NB,. /2

‘ 2

/ [ ifter,v) 6 (B 0,0) = 4B ©.0D) _ (8:39)

|t|9/4

In particular, we deduce that

a(ter,v) © B(0,v) 2
/HlﬂB ,2‘ 1 FRE | <G (8.40)
w ) (ter, v) — (gBH(0,0) — X, Ai(B1(0,0)))|
/HmB /o | 1 |t[o/ | <G (8.41)
@2 (ter, v) — (32, MTB(0,0) - 52, 143281 0, )|
/HlmBT/Q |t[o/4 (8.42)

Inverting the system corresponding to the latter two estimates (c.f. [7, Proof of Proposition
12.1] or [25, Proof of Theorem 12.2]), this further yields

30, v) — (@D (¢ Bio® (¢ 2
/ 3(0,v) = (@ (elgaZ)Jr 10 (teq,v))| <c (8.43)
HiNB, /2 |t| /

31(0.v) — (BT oM (¢ 2 (¢ 2
/ ‘6 (0,v) — (B3 w'™( e;}f) + apw'?( 61,’0))| <C; (8.44)
H.1NB, /2 |t|

where aq,a2 € R and Bi, By : m N V' — w1 are linear maps, identified with their matrix
representations.

From (8.40), (8.43) and (8.44) and Proposition 8.7, we therefore deduce that the functions
3(0,-), B4(0,-) and Bl(0,-) are traces on V N B, /5 of harmonic functions @, At = a;w®) +
Biw® and Bl = ng(l)(tel,v) + apw® (te1, v) respectively.

Since @(0), h*(0), RII(0) are all zero, we may thus let

b(v) = Vya(0) v,  bt(v)=Vyht(0)-v, blw)=Vyhrl(0)-v,

which are the linearizations of these traces. The conclusion follows. O
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8.6. Conclusion. In this section we are going to show Proposition 8.1 and Proposition 8.2,
following [9, Section 13.5]. We fix the decay scale ¢; and we will show that this will be
reached at a certain radius, 7. or r,., whether we are in the collapsed or non-collapsed setting,
respectively, via a contradiction argument. We start with Proposition 8.1; we fix a contradiction
sequence T, Si, and X as in the previous section and use Proposition 8.6, Proposition 8.4,
and Proposition 8.6 to extract the blow-up limits A;, @;, and find the functions b+, bl and as.
As before, without loss of generality we have applied a rotation so that V(Sy) coincide all with
a fixed V and the page H; C m; is common to all the books Sy.

We build a skew-symmetric map of 71 onto itself by mapping

VeWinm)sy+az—bly) —oHT ().

This skew-symmetric map generates a one-parameter family R[t] of rotations of 71, which we
may extend to all of R™*+7 by setting it to be the identity on 7i- and extended linearly. We
next define the rotations
E(T}, Sk, B1)'/?
¢(Sk)

and observe that these rotations map 7 and 71 onto themselves.

The rotated cones S, := Ry(Sj) are thus a first step towards the cones which will have the
desired decay at the radius 7.. We next take the linear functions A¥ whose graphs over 7 give
the planes 7¥, hence the linear functions ¢;, and construct the maps

Lf = (Af +E(Tka SkaB1)1/2(af + bJ—)) 0 Rlzl

We now split the indices ¢ € {1,...,N} in IT U I~ according to Proposition 8.6(d) and end
up defining two multi-valued linear functions:

LA =3[0 and LB =) [LF].

el t iel—

Ry =R

The union of the graph of L** over H; and of the graph of L*~ over —H; give our final cone
S%. Using the estimate in Proposition 8.4 and Proposition 8.8 we get

"
lim M < (Ce
k—o0 E(Tk, Sk, Bl)
for any fixed radius r. smaller than py, where C' is a geometric constant, ¢ is the fixed threshold
with which we apply Proposition 8.8 and pg is the radius given by Proposition 8.8. It is then
obvious that it suffices to choose Ce < ¢; to reach the desired contradiction.

We now pass to the non-collapsed case. Since at this point we know that Proposition 8.1
has been established, for our purposes we can consider the parameter € fixed and hence treat
all the constants which depend on it as geometric. Again the argument is by contradiction.
We again assume that ¢; and €} are given, that r,. is fixed, and that there is absence of decay
by ¢1 for sequences T}, ¥, and Sg. We then apply again Proposition 8.6, Proposition 8.4, and
Proposition 8.8 to get, this time, the maps u;, a?’¢, and b.

First of all we consider b as a map from V to V+, we let b7 : V- — V be its transpose, we
again build the skew-symmetric map

VaeVtsyt+aeby) b (2)

and hence we let ¢ — RJ[t] be the one parameter family of rotations generated by it. As in the
collapsed case we set

Ry := R[E(T}, Sk, B1)"?]
and we consider the first adjustment to the cones as
% = Ry(Sk) -

Next recall that along the sequence in our previous discussions we were considering H¥ to
be always the same half-plane H; (by applying a suitable rotation), while we were assuming
that Hf converges to H;. We then fix a rotation O ; which maps Hf to H; (this can be done
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“canonically” using for instance the argument of [9, Lemma 3.7]). We then define the following
multi-valued maps over Hjm- = R (HE):

LY := Ry, 0 Oy o (E(Tk, Sk, B1)"/?al®) 0 O} o R

These maps take values on the orthogonal complements of Ry (7¥), where ¥ is the plane of
dimension m containing HY (i.e. obtained by completing the latter with its reflection along
V = V(Sk). The union of the graphs of these maps gives the new open book S}. Using the
decay in Proposition 8.8, the estimates in Proposition 8.4 and the convergence in Proposition
8.6 we then conclude as before that
"

lim —E(Tk’sk’BT“) < Ce

k—o00 E(Tk, Sk, Bl)
for any fixed radius r,. < po, where € is the fixed threshold chosen for the application of
Proposition 8.8 and pg the corresponding radius given by the proposition in the non-collapsed
case. This time the constant C' can also depend on €%, which however has been previously fixed.
In particular, choosing € so that Ce < ¢; and 7, = pg, we reach the desired contradiction. This
therefore completes the proofs of Proposition 8.1 and Proposition 8.2, and hence completes the
proof of Theorem 1.10. O

9. PROOF OF THEOREM 1.1 AND COROLLARIES

Having now completed the proof of the main excess decay theorem (Theorem 1.10), we now
use it to prove Theorem 1.1 and its corollaries.

Proof of Theorem 1.1. Our proof closely follows those seen in [25] and [21, Theorem 3.1].

Fix ¢ = é, and choose g9 = eo(q,m,n,7,() € (0,1/2] as in Theorem 1.10. Let p €
spt?(T) N U be a point at which there is a tangent cone S with an (m — 1)-dimensional spine.
Then, we know that there is a radius r > 0 such that (¢, )47 obeys the assumptions of Theorem
1.10 with the above choice of €q; in particular, we may assume without loss of generality that
p =0 and r = 1. Thus, Theorem 1.10 gives that there is some S’ € £7(0) \ #(0) such that

E(T,S',B,,) < ~E(T,S,B));
E(T,S’,B,,)
Er(T,B,,)
dist*(S' N B1,SNBy)

E(T,S,B1)
Er(T,By)
S CE (Ta Sa Bl),
E(T,S,B;)

EP(T,B;)
Here, ro = ro(q, m,n,n) € (0,1/2] and C = C(gq, m,n,n). We note that since T is assumed
to be close to a non-flat cone, we in fact have EP(T,B,) > ¢ > 0 for some fixed § > 0
independent of r (but dependent on the cone S), and so we could remove the denominators
involving EP(T, B;) if we wanted to, allowing the constants to depend on S, however we will
keep the more general form of these inequalities for now. In particular, all the assumptions of
Theorem 1.10 still hold with (¢or, )3T, S’ in place of T, S, respectively, and so we may iterate
this. The outcome is that for each k € {0,1,2,...}, we find a cone Sy € £1(0) \ #(0), where
So =S, S; =8/, such that

IN

1
4
1
4

dist>(V(S)NB1,V(S)NB;) < C

1 1
E(T, Sk+17BT§+1) < ZE(T, Sk’Br’g) <... < 4k+1E(T S Bl)
E(Ta Sk+1aBr§+1) < 1 E(T7 Sk;Br’Uf) 1 E(T,S,Bl)
E?(T,B ) ~ 4 EP(T,B.y) — 41 Er(T,By)’
0

dist?(Sk11 N By, Sk NB1) < CE(T, S, B,x) < ( ,S,B)); (9.1)
dist*(V (S B.,V(S:)NBy) < ol o & 2
18 (V( kJrl)m 15V( k)m 1) = EP(T,Bk) = 4k E (T,Bl) (9 )
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Then (9.1) and (9.2) readily imply that the sequences (Si)x and (V(Sg))r are Cauchy sequences
in the Hausdorff distance topology, and thus we have S — S, and V(Sg) — Vi locally in
Hausdorff distance for some S, € #%(0) and (m — 1)-dimensional linear subspace V., and
moreover V,, = V(S,). Moreover, the triangle inequality gives for each k € {0,1,2,...},

1
E(Ta S*a Brg) S 4_kE(T’ S’ Bl)’

E(T,S., Brg)

i ]E(Tv 87 Bl) .
E*(T,B,)
0

< Bt Sl Bt Bt V4
=48 Er(T,B;)’

dist*(S, N By, S, NBy) <

dist?(V(S.) N By, V(S;) NBy) <

the second of which evidently implies that S, € 27(0)\ Z(0). Moreover, a standard interpola-
tion argument between the geometric sequence of scales ro,73, ... gives the following estimate
for the one-sided excess:

E(T,S.,B,) < Cr*E(T,8,B;)  forallr € (0,1),

for a suitable 8 = (¢, m,n,n) € (0,1). This shows that S, is the unique tangent cone to T" at
0.

We now wish to repeat this argument about any nearby point  with ©(T,z) > Z. In fact,
since EP(T,B1) > 6 > 0 with ¢ depending on S, and E(7', S, B;) < e3EP(T,B;) < CeZ, one can
check (c.f. Proposition 6.4 and the arguments therein) that (i,,1/2)37" obeys the assumptions
of Theorem 1.10 (up to increasing eo by some fixed amount) for any such = € By /4. Although
we will only need this in the proof of Corollary 1.3, we remark also that one can check the same
claim without assuming largeness of the planar excess EP (T, B1), by first pruning the cone via
Lemma 4.1 to get a new cone where the excess is much smaller than the minimal angle in the
pruned cone, and then translating (again, c.f. Proposition 6.4 and the arguments therein).

Thus, what we currently have is that at any point x € SNBy /4, i.e. with oT,z) > %, there
exists a cone S, € #9(0) \ Z(0) with, writing T, 1/2 = (tg,1/2)sT

dist*(S, NB1,SNB;) < CE(T,S,B,);
dist*(V(S,) N By, V(S) N B;) < CE(T, S, B,);
E(T, 1/, Se, B,) < Cr?PE(T,8,B;)  for all r € (0,1); (9.3)
E(Sy, Ty 1/2,B,x) < C(r§)*PE(T, S, By) (94)
for all £ € {0,1,2,...}. The uniqueness of the tangent cone S, follows immediately. Let us

now use (9.3) and (9.4) to verify the remaining claims of the theorem. Indeed, we first claim
that for each y € V(S) N By /s, we have

Snpy'(y) #0 (9.5)

i.e. every slice orthogonal to V/(S) contains a point of density at least . Indeed, if this were
false for some y € V(S) N By /s, then since S N By /s is a relatively closed subset of By /5 and

0 € S, we can find r € (0,1/8) such that
Sniz:lpv(z) —yl<r} =0
yet
SN{zeBys:|pv(z) —y|l =71} #0.
But then if we choose . € SN{z € By/s : [pv(2) —y| =r}, by (9.3) and (9.4), we can recenter
about z at a sufficiently small scale and apply Theorem 3.1 to get a contradiction (as to one
side of x there would be a gap by construction).

Moreover, note that for x € S, for each p € (0,1/4) we see from (9.3) and (9.4) and (6.6)
that

SN{yeB,(z): |P\L/(sm)| > p/8}=10.
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This combined with (9.5) implies that for each y € V(S) N By/16, we have that SN Py (v)
is a unique point, and thus we see that

SN By/16 = graph(¢)
is the graph of a function ¢ : V(S)N B /16 — V(S)+. Our above decay estimates tell us that ¢
is Lipschitz and moreover that, when defined, the tangent space to the graph of ¢ at (z, ¢(z))
is indeed the spine of the corresponding cone Sy, (see for instance [25, (16.33), (16.39)]).
All that remains is to show that ¢ is C1?; indeed, once we have this we have already justified
the other claims. For this, we can take two points x1, 72 € SN B /16 and recenter T" at z1 and

rescale by 1rf, where k is such that rett < 20zy — o] < rf, ie. consider T = (1 i )g T
w is in the support of T
9

11,%7“
The proof is then completed by noting that the point = :=
and has density £, and so we may apply the previous iteration argument based on Theorem

1.10 to T at . This gives a unique tangent cone to T at z, which we can then relate back
to the tangent cone to T" at zs by rescaling and translation. The above estimates established
from the application of Theorem 1.10 then give the desired C*# control required to deduce
the regularity of ¢. We omit the details here and refer the readers to similar arguments in,
for example, [25, (16.39) — (16.51)] or [6, Proof of Corollary 13.1]. This completes the proof of
Theorem 1.1. ([l

Corollary 1.2 follows from Theorem 1.1 and the main results in [8]. Finally, Corollary 1.3
follows from the argument given in the proof of Theorem 1.1, using the additional information
that all the multiplicities in the cone are 1, and thus Allard’s regularity theorem applies to
give a full sheeting on a neighbourhood of S (using the notation from Theorem 1.1) as well
as away from §. The argument is essentially identical to that in [25, Theorem 16.1] (see also
[21, Theorem 3.1]), and so we omit the details. O
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