ECOLE POLYTECHNIQUE FEDERALE DE LAUSANNE

Institute of Mathematics

cPrL

Non-smooth solutions in incompressible fluid
dynamics

Adpvisor: Prof. Maria Colombo, EPFL Lausanne
Coadyvisor: Prof. Camillo De Lellis, IAS Princeton

Candidate:
Luigi De Rosa

March 2021






Abstract

This work is devoted to the study of the main models which describe the motion of incompressible
fluids, namely the Navier-Stokes, together with their hypodissipative version, and the Euler equations.
We will mainly focus on the analysis of non-smooth weak solutions to those equations. Most of the
results have been obtained by using the convex integration techniques introduced by Camillo De Lel-
lis and L4sz16 Székelyhidi in the context of the Euler equations, which recently led to the proof of the
Onsager’s conjecture on the anomalous dissipation of the kinetic energy. With various refinements of
those iterative schemes we prove ill-posedness of Leray-Hopf weak solutions of the hypodissipative
Navier-Stokes equations, sharpness of the kinetic energy regularity for Euler, typicality results in the
sense of Baire’s category for both Euler and Navier-Stokes, estimate on the dimension of the singular
set in time of non-conservative Holder weak solutions of the Euler equations. Moreover, building on
different techniques, we also address some regularizing effects of those equations in various classes
of weak solutions with some fractional differentiability in terms of Holder, Sobolev and Besov reg-
ularity. The latter make use of new abstract interpolation results for multilinear operators which we
developed for our specific context but which may also have independent interests.

Keywords: Incompressible fluids, Euler equations, Navier-Stokes equations, weak solutions,
Leray-Hopf solutions, Ill-posedness, convex integration, Baire category, non-conservative solutions,
regularizing effects.
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Chapter 1

Introduction

For several decades the equations which describe the motions of fluids have attracted the attention
of many mathematicians for both their intrinsic mathematical beauty and their usefulness in several
applications of practical nature. They describe the physics of many phenomena of scientific and
engineering interest. They may be used to model the weather, ocean currents, water flow in a pipe
and air flow around a wing. These equations, in their full and simplified form, help with the design of
aircraft and cars, the study of blood flow, the design of power stations, the analysis of pollution and
many other things.

Even if these models have been proposed almost 200 years ago, many of the main related math-
ematical questions still remain open. Indeed from 2000 the incompressible Navier-Stokes equations,
which are unquestionably the most famous equations in this context, are the content of one of the
Millennium Prize Problems stated by the Clay Mathematics Institute. It is hard to briefly explain
where the difficulty of these problems comes from, but at a first empirical stage it can be related to
the extremely chaotic and irregular motion of the fluid particles along the flow, which can be eas-
ily observed in several everyday phenomena. This complicated, and apparently disordered, behavior
is what physicists named Turbulence, or more specifically a turbulent flow, which is experimentally
known to be a consequence of the accumulation of energy at finer and finer scales that overcomes
the damping coming from the viscosity of the fluid. That is why turbulence is usually observed in
low viscous fluids, or analogously, in a high Reynolds number regime, being the Reynolds number
proportional to the inverse of the viscosity. The complexity, together with the usefulness in real life
applications, of such high Reynolds number flows has driven many physicists from the last century
(Prandtl, Richardson, Taylor, Heisenberg, Kolmogorov, Onsager...) to formulate statistical theories
that were able to predict their chaotic motion. The success of those theories in modeling the statistics
of turbulent fluids has been astounding but to date rigorous results to formally validate many of those
statistical predictions are still missing. The aim of the mathematical theory of fluid dynamics is to
build the missing bridge between the physical theories based on experimental observations and the
rigorous properties of solutions, if they exist. It should be then clear that a possible way to catch the
essence of Turbulence is to consider non-smooth solutions of such equations, namely solutions with
a very low regularity. For instance, solutions of the Navier-Stokes equations are not expected to be

9



10 1. Introduction

uniformly smooth when the viscosity parameter goes to 0, thus they can converge to distributional
solutions of Euler with little regularity and which may anomalously dissipate formally conserved
quantities such as the kinetic energy. This is indeed the goal of this thesis: the study of non-smooth
solutions of the main incompressible fluid models considered by the scientific community, namely
the Navier-Stokes, together with their corresponding fractional version, and Euler equations.

This work contains results that have been achieved by the present author during his PhD path and
it is mostly focused on the analysis of the wild, somehow non-physical, weak solutions that naturally
arise in the study of Turbulence. It ranges from basic regularization properties for various regular-
ity classes, ill-posedness problems, conservation and/or dissipation of the main meaningful physical
quantities, typicality results for weak solutions, structure of time singularities etc... Obviously, it is
not an exhaustive reference for the wide available mathematical literature on the topic, for which we
refer to the classical monographs [21,48, 50] and references therein.

Most of the results contained in this thesis make use of the so called convex integration technique
that has been introduced in the context of fluid dynamics by Camillo De Lellis and Laszl6 Székelyhidi
in the last 15 years. These new revolutionary ideas have reinvigorated the attention on many of the
physical theories described above, leading to the proof of various results, remained open for decades,
with a huge impact on the whole mathematical community active in the study of partial differential
equations. After explaining in detail what are the equations considered in this work, together with
their main properties and the related open questions, we will also give an historical overview of these
techniques here in the introduction, which will end with a more detailed description about the content
of each chapter of which this work is composed.

Consistently with all the results presented in the next chapters, we fix our spatial domain to be
the 3—dimensional torus T3. Clearly, many of the subsequent properties remain valid also for more
general d—dimensional domains but we prefer to stick with this assumption for a greater clarity of
exposure. There are two main reasons why this particular spatial domain has been chosen: at first it
avoids all the technical difficulties coming from the boundary and, on the other side, it still models
the most physically relevant 3—dimensional case.

1.1 The Navier-Stokes equations

The Navier-Stokes equations are a set of partial differential equations which describe the motion
of viscous fluids, named after the two physicists Claude-Louis Navier and George Gabriel Stokes

du+div(u®u)+Vp—uAu=0
divie =0 (1.1)
u(,0)=mu.

The vector field u : T? x (0,T) — R3 represents the velocity of the fluid, the scalar function p :
T3 x (0,T) — R the hydrodynamic pressure, 7% is a given divergence free initial datum and p > 0 is
the kinematic viscosity of the fluid. When the time 7 of existence is infinite, we say that the solution
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is global in time. We will denote by u’ the i—th component of the vector field u. The symbol u ® u
denotes the 3 x 3 matrix whose components are (¥ ®u);; = u'u/ and consequently, by following the
usual convention, its divergence is obtained by computing it column-wise. Moreover, by using the
incompressibility constraint divu = d;u’ = 0, the latter term can be rewritten as

(div(u®u)) =9, (w'u') = w9’ = (u-V)u',

where the usual convention of summing over repeated indexes has been used. Since it appears as a
gradient, it is clear that the pressure is always determined up to a constant which can only depend on
time. This is the reason why equations (1.1) are usually coupled with the constraint

/ p(x,t)dx=0 V>0,
T3
which guarantees the uniqueness of the pressure.

The Navier-Stokes equations mathematically express conservation of momentum and conserva-
tion of mass for Newtonian fluids. They arise from applying Isaac Newton’s second law to fluid
motion, together with the assumption that the stress in the fluid is the sum of a diffusing viscous term
(proportional to the gradient of the velocity) and a pressure term. The difference between them and
the closely related Euler equations (discussed in the next section) is that the Navier-Stokes equations
take viscosity into account while the Euler equations model inviscid flows. The presence of viscosity
is due to the internal friction between particles and it is responsible for the kinetic energy dissipation
of the fluid. Indeed by setting the kinetic energy e, to be

1
)= 5 /T Jurr) P,

for a sufficiently smooth solution of (1.1), we have

t
eu(t)—l—u// \Vu(x,7)|* dxdt = ey, (1.2)
0 JT3

for every ¢ € (0,00). The previous global energy equality is obtained by integrating in space-time its
corresponding local version

[P o (1P 2 d; Ty oA 1P
o 5 +div 5 +p ) u )+ p|Vul* = udiv ((Vu)' u) = pA 5 )

that is obtained by scalar multiply the first equation in (1.1) by u, together with the relations

: i i i) o (|
u-dlv(u®u):u8j(uju):uju8ju:u/8j7:dlv i)

u-Au= ui8j~2j f=9; (ui8jui) —9;u'dju’ = div ((Vu)Tu) — |Vul?.
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The energy equality (1.2) specifies the dissipation rate of kinetic energy asserting that the latter is
proportional to both the viscosity of the fluid and its averaged gradient: this is not only important
from a physical point of view but it is also the key point in showing the existence of an appropriate
notion of weak solutions, since it guarantees compactness properties to a sequence of solutions of a
suitable regularized version of (1.1).

Equations (1.1) are of great interest in a purely mathematical sense. Despite their wide range
of practical uses, it has not yet been proven whether global smooth solutions always exist in three
dimensions. This is the so called Navier-Stokes existence and smoothness problem and is the content
of one of the Millennium Prize Problems stated by the Clay Mathematics Institute. More precisely
we have

Problem 1.1. Let u > 0 be given. Is it true that for every u € C°°(T3) there exist a couple u,p €
C>(T3 x (0,0)) solving (1.1)?

As it usually happens in the study of partial differential equations, the difficulty of proving the
existence of regular solutions leads to different notions of weak solutions. The most successful is
surely the notion of Leray weak solution.

Definition 1.2. Let u > 0 and @ € L*>(T?) such that divii = 0. A Leray weak solution of (1.1) is a
divergence free vector field u such that u € L=((0,00); L*>(T?)) N L*((0,00); W1-2(T?)) and
/ / (u-@+uu:Ve+ puu-Ap)dxdt = — / u(x)p(x,0)dx, (1.3)
0 JT3 T3

for every test vector field ¢ € C°°(T [0,00)) such that divg = 0. Moreover the following energy

inequality
/ lu(x,1) |2dx—|—u// \Vu(x, 7)|?dxdt < = / 7(x)|? dx (1.4)

holds for almost every t > Q.

The previous definition (1.3) can be formally obtained by scalar multiplying the first equation in
the system (1.1) by the smooth test vector field ¢ and integrating by parts. Note that, as a consequence
of the solenoidal nature of ¢, the pressure p does not appear in the weak formulation, but it can easily
be recovered a posteriori as the unique zero average solution of

—Ap =divdiv(u@u).

The previous elliptic equation for the pressure can be formally obtained by computing the divergence
of (1.1) and it comes from the fact that relation (1.3) implies that the vector field dyu + div (u @ u) —
WAu is (weakly) irrotational. For analysis in which the initial datum % does not play any role, one can
choose the test function ¢ € C2*((0,0) x T*) which makes the term [;3%(x) @ (x,0) dx disappear.
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In his seminal work [46] from 1934, the french mathematician Jean Leray proved the existence of
the above described solutions. His proof, later refined by Hopf in [38], relies on a suitable regulariza-
tion of the Navier-Stokes equations which preserves the energy properties described above, obtaining
a sequence of smooth approximate solutions which, thanks to (1.2), are uniformly bounded in the
energy space L?((0,00); W12(T3)). By compactness, the sequence (up to extracting a converging sub-
sequence) converges to an actual solution of (1.1) and the energy inequality (1.4) is a consequence
of the weak lower semicontinuity of the norms in reflexive Banach spaces. Moreover, by the same
arguments introduced by Leray, it can be proved that these solutions are smooth outside a closed set
of Hausdorff dimension 1/2. This was first obseved by Scheffer in [57], which was also the starting
point of the partial regularity theory for Navier-Stokes which culminated with the Caffarelli-Kohn-
Niremberg result [11] in which, by introducing the notion of suitable weak solutions, the authors
proved that the set of space-time singular point has zero 1—dimensional parabolic Hausdorff mea-
sure. This is still the best partial regularity result available in the literature.

To date the uniqueness and regularity question of such solutions is still open and represents one
of the most challenging problems in fluid dynamics. We remark that a small refinement of Leray’s
argument implies the validity of the following stronger version of (1.4)

1 ! 1
—/ |u(x,z‘)|2dx+u/ / \Vu(x, 7)|?dxdt < —/ lu(x,s)|* dx, (1.5)
2 T3 s WIS 2 T3

for almost every s > 0 and every ¢ > s. The latter energy inequality gives the additional information
that the total energy of the system is a non-increasing function of time'. Weak solutions satisfying
(1.5) are usually called Leray-Hopf weak solutions.

After the work of Leray several conditional uniqueness and smoothness results have been proved,
culminating in the Prodi-Serrin cryterion [54, 58] (see also [35] for the limit case L=((0,T);L?(R?)).

Theorem 1.3. Let u be a Leray weak solution of (1.1). If u € L"((0,T);LI(T?)) for some r € [2,),
q € (3,00) such that % + % < 1, then u is smooth and unique.

Clearly the short list of results we presented here does not cover all the huge mathematical liter-
ature available on the Navier-Stokes equations but it is enough for the purposes of this thesis. For a
wider and more detailed discussion on the topic we refer to the monographs [36,48, 60].

'Tt can be shown that every Leray solution is continuous in time with values in L?(T?) endowed with the weak topology,
thus (1.5) implies that the kinetic energy, being well defined for every time ¢, is monotone in the classical sense.
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1.2 The Euler equations

In fluid dynamics, the Euler equations are a set of quasilinear hyperbolic equations governing
inviscid flows. They are named after the Swiss mathematician and physicist Leonhard Euler

du+div(uu)+Vp=0
divu=0 (1.6)
u(-,0)=u

We observe that the previous system can also be formally obtained from (1.1) by letting u — 0. By
the absence of viscosity and external forces acting on the fluid, there is no physical reason why the
kinetic energy can be dissipated. Indeed, with the same computations already done in the previous
section, we get

d

", =0 1.7
76 =0 (L.7)
for a sufficiently smooth solution u. As in the Navier-Stokes case, it is not known wether smooth

solutions exist globally in time and this represents another big open question in this field.

The most used definition of weak solution of (1.6) is the following

Definition 1.4. Let @ € L?>(T?) such that divii = 0. A divergence free vector fieldu € L ((0,T); L*(T?))
is a weak solution of (1.6) if

T
/ / (u-p+uu:Ve)dxdt = —/ u(x)p(x,0)dx, (1.8)
0 JT3 T3

for every test vector field ¢ € C>(T3 x [0,0)) such that div ¢ = 0.

It is clear that in the above definition the assumption u € L?(T> x (0,T)) would suffice to make
(1.8) work. The reason why the L™ in time assumption is used is due to the fact that only solutions
whose kinetic energy is uniformly bounded in time are considered. This is important for the physical
meaning of the model. Clearly, assuming u € L=((0,T);L?(T?)) does not prohibit to the solution to
increase its kinetic energy in time, which would be an extremely non-physical phenomenon. That is
why a slightly stronger definition of weak solutions has been introduced.

Definition 1.5. An admissible weak solution of (1.6) is a weak solution in the sense of the previous
definition, such that moreover

eu(t) < ey(0) (1.9
for almost every t > 0.
This notion of weak solution can be viewed as the analogous of Definition 1.2 and it plays both a

physical and a mathametical role. Indeed, on one hand it prohibits solutions to generate kinetic energy
from nowhere and on the other side it is also important to get a suitable weak-strong uniqueness result
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[3]. However, the lack of compactness for such equations due to the absence of viscosity does not
allow to prove the existence of such solutions from a general initial datum @ € L?>(T?). The problem
of existence of weak solutions, as well as the existence of global in time smooth solutions starting
from smooth initial data, remains a formidable open question. We now focus on an issue that has
aroused more interest in recent years: the energy conservation and Onsager’s conjecture.

1.2.1 Non-smooth solutions and Turbulence

In the last decade, considerable attention has been devoted to the study of Holder continuous weak
solutions of (1.6), since they naturally arise in incompressible hydrodynamics models, starting from
the celebrated prediction of Kolmogorov’s Theory of Turbulence [44]. In this context, one of the most
investigated problems is the Onsager’s conjecture on the kinetic energy conservation for Holder con-
tinuous weak solutions of (1.6). Indeed, in 1949, for solutions u € L*((0,T);CP(T3)), Lars Onsager
predicted that anomalous dissipation of the kinetic energy e, may occur only in the low regularity
regime 3 < %, while in the case > %, some rigidity of the equation prohibits the existence of such
wild non-conservative weak solutions. In recent years the Onsager’s conjecture has been completely
solved but the question on what happens in the critical case 8 = % is still open. It is worth to mention
that considering weak solutions u € CP (T3 x [0,T]) is not more restrictive with respect to the ones
considered by Onsager. Indeed in Chapter 2, it is shown that every u € L=((0,7);CP(T?)) enjoys the
same 3—Holder regularity in time by using simple mollification estimates. This property has been
first observed in [39] where the proof is based on a Littlewood-Paley decomposition of the velocity.

The energy conservation question was first tackled by Eyink in [34] but the first proof for the whole
range 3 > % has been given in [22] by Constantin, E and Titi in the slightly more general Besov class

L’ ((O, T);Bg m(']IG)). They noticed that the quadratic commutator obtained by regularizing in space

equations (1.6), enjoys a corresponding improved (quadratic) estimate. We refer to Chapter 2 for a
precise description of the technique, where the same convolution estimates are used to prove some of
the results therein. In particular by using a suitable refinement of the Constantin, E and Titi proof we
prove that

2B
lew(t) —eu(s)| < Clt —s|T-F, (1.10)

whenever u € L((0,T);CP(T?)), for some B € (0,1). The previous regularity estimate on the kinetic
energy of Holder continuous weak solutions of Euler implies that even in the range in which it is not
necessarily constant, the energy has however some constraint. Property (1.10) has been first observed
in [39] for any B < % thus the real novelty of the proof that we propose in Chapter 2, in addition to
its simplicity, is that it works with no restrictions on f3, allowing us to deduce both the Holder regu-
larity of the kinetic energy and the energy conservation for § > %, since in the latter case the Holder
exponent in (1.10) is bigger than 1.
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The negative part of the Onsager conjecture has seen incredible developments in recent years.
The first proof of solutions with a non-constant energy profile was given in [56] by Scheffer. He
constructed L? weak solutions of Euler with compact support in time, thus strictly speaking they are
not dissipative, as dissipative solutions are required to have non-increasing energy. The existence of
dissipative weak solutions was first proven by Shnirelman in [59], but also in this case they were only
in L. In the groundbreaking papers [26,27] De Lellis and Székélyhidi Jr. made a significant progress
towards the Onsager’s conjecture providing the first construction of dissipative Holder continuous
weak solutions by introducing the so called convex integration in the context of fluid dynamics. After
a series of advancements [4, 6,40], the full range < % was eventually achieved by Philip Isett in
[41]. The present thesis develops new aspects of these iterative techniques and leads to the new results
of chapters 5, 6, 7 and 8. They all follow the Holder-based convex integration of [7], with the excep-
tion of Chapter 8, which follows the L” —based convex integration introduced in [8], in which Tristan
Buckmaster and Vlad Vicol, by introducing some substantial new ideas which can be summarised
under the word intermittency, proved the non-uniqueness of L> weak solution to Navier-Stokes. By
pushing further intermittency, it has been proven in the recent paper [14] the sharpness of the Prodi-
Serrin exponents of Theorem 1.3. Being quite technical, we postponed the detailed description of
these techniques to the respective chapters.

If instead of looking at Holder solutions one considers the Sobolev class HP, it is know that
the energy conservation happens if f > %. This is an easy consequence of the refinement of the

Constantin, E and Titi proof given in [13], together with the embeddings H 3 - W-%s C Bé%.c(N)' This
indicates that in the weaker Sobolev regularity, solutions could dissipate the kinetic energy even above
the Onsager barrier % The recent remarkable result [9] is the first one in this direction and it shows the
existence of non-conservative weak solutions of Euler in the space L=((0,T); HP (T?)), with B < 1.
This result also represents the first example in which a spatial intermittent convex integration scheme
is implemented to achieve an high regularity for the limit solution, since in the previous ones [5] and
[8] only very small values 3 were allowed.

1.3 Fractional Navier-Stokes equations

The fractional Navier-Stokes equations have a long history. They have been considered by J. L.
Lions in the sixties. The dissipative term of the classical Navier-Stokes equations is substituted by a
(generally non local) operator (—A)?, where y might be an arbitrary positive real number.

Ju+div(uu)+Vp+u(—A)"u=0
divu=0 (1.11)
u(-,0) =1u.
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There are different ways to rigorously define the operator (—A)?. One of them is to define it as the
symbol |k|?? in the Fourier space. More precisely, in the periodic setting, we have

(—A)Yu _ Z |k|2yuke2”ik'x,
kez3

where uy, is the k—th Fourier coefficient of the vector field u in space. If Y = 1 they coincide with (1.1).
When y < 1 they are called hypodissipative Navier-Stokes equations, meaning that they dissipate less
kinetic energy with respect to the full Laplacian —A. If Y > 1 we have the hyperdissipative version.
For the purposes of this work we restrict ourselves to the case ¥ < 1. As for the equations already
discussed, their corresponding energy equality

/\uxt\zd)ﬂ—u//
T3

can be derived for smooth solutions by multiplying the first equation in (1.11) by u and integrating
by parts. Also in this hypodissipative regime, the existence of smooth solutions is not known. The
analogous notion of Leray weak solutions can be also given.

2
A ux, ) dxdr = [ Ja)Rdx

2 Jp3

Definition 1.6. Let u > 0 and u € L*>(T?) such that divii = 0. A Leray weak solution of (1.11) is a
divergence free vector field u such that u € L=((0,00); L>(T3)) N L*((0,00); W¥2(T?)) and

/m/ (u-8,¢+u®u:V(p—,LLu-(—A)y(p)dxdtz—/ u(x)o(x,0)dx, (1.12)
0 T T

for every test vector field ¢ € C2 (T3 x [0,0)) such that dive = 0. Moreover the following energy

inequality
/\ xt\zdx+u// ‘ A)Pu( x’c‘ dxdt < \ (x)|* dx (1.13)

holds for almost every t > 0.

For any y > 0, the same proof of Leray can be used to deduce the existence of solutions in the
sense of Definition 1.6, since the presence of even minimal dissipation gives compactness. Unlike
the full Navier-Stokes equations, it has recently been proved by Colombo, De Lellis and the present
author, that this notion of solution is ill-posed if y < % The proof is based on adapting the Holder
convex integration to (1.11) by noticing that, if y < %, the dissipative term can be incorporated in the
iterative scheme as an error, since in this case, its differential order does not exceed 1, which is the
leading order of differentiability of Euler. The more restrictive y < % comes from imposing that our
solutions are of Leray type. This is the content of Chapter 5.

1.4 Outline and description of the thesis

We end the introduction with the organization of the thesis by describing the content of each
chapter.
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Chapter 2

This chapter corresponds to [17], a joint work with Maria Colombo. It contains various regularity
properties for solutions u € L=((0,T),CP(T3)) to both Euler and the hypodissipative Navier-Stokes
equations. In particular we show that the same 3 —Holder regularity transfers in time, while the pres-
sure p enjoys the twice 23 regularity. The technique is based on a space regularization of the equation
and the time regularity is achieved by linking the mollification parameter to the desired time scale.
Moreover, we prove that a suitable Holder regularity holds for the energies of both equations (1.6)
and (1.11). The latter properties are proved in the slightly more general class of Besov spatial reg-
ularity, while keeping the L™ assumption in time. To prove the double regularity of the pressure we
show some improved Schauder’s estimate for the Laplace equations with a specific right hand side.
In most of the proofs, the quadratic structure of the commutator introduced in [22], which comes
from the mollification, plays an important role. In the Euler case all these properties have been first
observed in [39], where however the proof is based on different techniques, while for the hypodis-
sipative Navier-Stokes equations they are completely new. In addition to the great simplicity of our
proofs, the real novelty with respect to [39] is the proof of the regularity (1.10) with no restriction on
B, from which also the energy conservation follows in the rigid regime 8 > %

Chapter 3

In this chapter we generalize all the regularising properties of the Euler equations from Chapter 2
to the wider class of Besov and Sobolev weak solutions. It builds on the work [18], jointly obtained
with Maria Colombo and Luigi Forcella. As for the Holder case, by assuming that the solution has a
Besov or Sobolev regularity in space (together with some integrability in time), we show that the same
fractional weak differentiability transfers in time and the pressure p is always double as regular as u.
The strength of this work is that it builds on an abstract and robust technique: we prove some new
abstract interpolation results for quite general multilinear operators, from which we deduce improved
Calder6on-Zygmund estimates for elliptic PDEs with a particular right hand side. In particular the
double spatial regularity of the pressure directly follows. These improved general regularity estimates
are also interesting by themselves, since they are in contrast with some common believes that better
regularity estimates are a consequence of precise cancellations properties that can only be observed
when the kernel which provides the solution is explicit.

Chapter 4

The aim of this chapter is to investigate the Helicity conservation for the incompressible Euler
equations. It is based on the singled authored paper [28]. Helicity is an integral physical quantity that
can be topologically interpreted as a measure of linkage and/or knottedness of vortex lines in the fluid
flow. As for the most known kinetic energy, for sufficiently smooth solutions Helicity is conserved
[12,13]. Unlike the Onsager’s conjecture, in this case the threshold of the fractional differentiability
needed to imply conservation is % Building again on the same mollification technique of Chapter 2,
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we prove that the Helicity of solutions u € L™((0,T);W53(T?)), enjoys a suitable Holder regularity.
We also prove a new conservation result by treating the velocity and its curl as two independent
functions, which in general is not implied by the ones already present in the literature. Even if
Helicity had a very little attention in the mathematical community, it could be one of the key points
in the better understanding of the convex integration techniques, since the regularity required would
cross the actual barrier in which those iterative schemes work.

Chapter 5

Here we prove the ill-posedness of the Leray-Hopf weak solutions of the hypodissipative Navier-
Stokes equations when the power of the fractional dissipation is y < % This chapter contains the work
[29] and it represents an improvement with respect to [16] where Colombo, De Lellis and the author
of this thesis proved the non-uniqueness up to y < % Moreover, we also show that dissipative weak
solutions to Euler can be obtained as a vanishing viscosity limit of Leray-Hopf weak solutions of a
suitable fractional Navier-Stokes system. The same problem for the full Navier-Stokes equations (1.1)
represents one of the main open questions in the field. The non-uniqueness proof we propose in this
chapter builds on the Holder convex integration scheme proposed in [7]. To adapt their scheme in our
dissipative setting we also prove some new stability estimates for linear non-local advection-diffusion
equations, from which we deduce a local in time existence result of smooth solutions to (1.11).

Cahpter 6

This chapter deals with a conjecture of Philip Isett and Sung-Jin Oh [43] on the sharpness of the
energy regularity (1.10). It is the content of [32], obtained in collaboration with Riccardo Tione. The
conjecture asserts that solutions whose energy regularity (1.10) is sharp are residual in the space of all
B —Holder weak solutions to Euler. We give a (partial) positive answer to this conjecture by proving
that the residuality holds if one considers a space of slightly more regular solutions. Our proof is
based on a refinement of the Holder-based convex integration scheme, by noticing that using such
iterative techniques it is possible to achieve any energy profile whose regularity is arbitrarily close to
the sharp one. We show how this implies an empty interior condition in the right space of solutions,
from which we conclude the residuality property. We also explain why our proof does not imply
the full conjecture in the natural space, which remains open. Our, even if partial, positive answer
to their question implies that below the Onsager’s threshold, oscillations of the energy are highly
unstable under perturbations of solutions, which clearly confirms the well known fact that instability
phenomena frequently appear in the turbulent regime.

Chapter 7

Following the work [30] obtained in collaboration with Silja Haffter, this chapter deals with the
size of the singular set for the wild Holder continuous weak solutions constructed via convex integra-
tion. For 8 < %, we consider B—Holder weak solutions of the incompressible Euler equations that
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do not conserve the kinetic energy. We prove that for such solutions the closed and non-empty set of
singular times % satisfies dim y» % > % This lower bound on the Hausdorff dimension of the sin-
gular set in time is intrinsically linked to the Holder regularity of the kinetic energy and we conjecture
it to be sharp. As a first step in this direction, for every f§ < B/ < % we are able to construct, via a
convex integration scheme, non-conservative CP weak solutions of the incompressible Euler system
such that dim j» # < % + %i—%, This result gives more and new insights on the topic but also leaves
an interesting open question on how to fill the gap to reach the lower bound that seems to be sharp.
The structure of the solutions that we construct in this chapter allows moreover to deduce a strong
non-uniqueness result for weak solutions of the incompressible Euler equations emanating from every
regular initial datum.

Chapter 8

This chapter contains a couple of typicality results for weak solutions of the Navier-Stokes equa-
tions. It follows a joint work with Maria Colombo and Massimo Sorella [19]. By adapting the same
ideas of [32] to the L”—based convex integration scheme introduced in [8], we prove that the Leray
weak solutions, in the sense of Definition 1.2, are a nowhere dense set in the space of all solutions
with finite kinetic energy and the solutions which are smooth in some open time interval are meager.
The key idea to prove the respectively empty iterior conditions is to localize the convex integration
construction in the (open) time interval in which the Leray solution is smooth. The latter property had
already been observed by Leray himself in his seminal paper [46].

Some other works

While the above mentioned works are all under the same guiding thread of the analysis of non-
smooth solutions to the main incompressible fluid models, we also mention that a couple of results
[31,33] have been obtained in parallel to the main topic of the PhD project. They address a Calculus of
Variations question posed by Denis Serre on the higher integrability of the determinant of divergence-
free matrix fields. In [31] we proved the sharpness of his result relying again on the elegant Baire
category theory as in the Euler equation from above. This subsequently generated [33] in which, in
collaboration with Denis Serre, we showed how this sharp integrability is also linked to the upper
semicontinuity of the corresponding functional in the spirit of the pioneering result of Fonseca and
Miiller, that however can not be applied in this context. Since they would be out of context in this
thesis, we preferred not to add them to this manuscript.



Chapter 2

Regularity results for the Fractional
Navier-Stokes equations in Holder spaces

2.1 Introduction

In the spatial periodic setting T® = R?/Z>, we consider the fractional Navier-Stokes equations
that we recall here

: 3
divi— 0 in (0,7) x T°. (2.1)

{ du+div(u®@u)+Vp+u(—A)%u =0
We are concerned with a class of distributional solutions of the previous system, which exhibit an
Holder spatial regularity. Holder solutions are of particular importance for the Euler equations in
the context of hydrodynamic turbulence, starting from a celebrated prediction of Kolmogorov’s the-
ory [44]: the velocity increments in turbulent flows should obey on average a universal scaling law
corresponding to the Holder exponent %

< |u(x 4 8x) —u(x)|? >P< C(p)|6x]'/.

In the following we exploit a regularizing property of the Euler equations, namely that weak
solutions with spatial Holder regularity u € L*((0,T);C?(T?)) are in fact § —Holder continuous also
in time. Moreover, the associated pressure is almost 20 —Holder continuous in space-time and the
corresponding kinetic energy profile is %—Hdlder continuous. This property can be observed in all
the non conservative solutions constructed to validate the Onsager conjecture and it was first proved by
Isett [39]. In his work, this regularization is obtained as a consequence of the regularity for advective
derivatives, and involves refined and technical estimates on the Paley-Littlewood decomposition of the
solution. Our proof is based on completely different ideas, involving a regularization of the equation
as in [22] as well as their commutator estimate. The method is quite flexible and indeed we perform

it not only for Euler, but also for the fractional Navier-Stokes system.

21
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Theorem 2.1. Let 6 € (0,1), a € (0, %), 1 >0, and let (u, p) be a weak solution of (2.1) such that
u € L=((0,T);CO(T?)). Then there exists Cy, > 0, depending only on W, such that

lell oo,y < Cu ([lel] 0,70 )+ et 7m0 707y - (22)

Moreover there exists Cg > 0 and for every € > 0 small, a constant Cg , ¢ > 0 such that

(i) if6 € (0,%)

1Pl z=((0.7):c26 (13)) < Co ||”||i°°((o,T);c9(1r3)) ; (2.3)
1PNl c20-¢(0,71x13) < Coe (H“||ioo((oyT);ce(T3)) + ||MHIB:°"((0,T);C9(T3))> ; (2.4)
(ii) if 6 € (3,1)
1Pl (0.7 y:c120- 12y < Collull (o 7o 13y - (2.5)
Iolcr--ego)ers < Coe 3, Wl ooy 26)

The improved 20 —Holder space regularity of the pressure in (2.3) and (2.5) was previously es-
tablished in [20]. The assumption o < % is absolutely natural in this context: indeed, for o above
this threshold any Holder continuous solution to the oc—Navier-Stokes equation is in fact smooth by
simple bootstrap arguments, based on the regularization of the “fractional heat equation” part of (2.1),
considering the nonlinearity and the pressure as a right-hand side.

In the following result, we consider the kinetic and total energies of the system (2.1)

which coincide for the Euler equations, namely when u = 0. We show that, instead of asking u €
L=((0,T);C%(T?)), a suitable spatial Besov regularity on the velocity u is enough to guarantee Holder
regularity of the energies. This is obviously due to their "integral" nature.

(—=A)"u ’ (x,r)dxdr (2.7

Theorem 2.2. Let 6 € (0,1), £ >0, a € (0,3), with o < 6 if 1 > 0. Letu € L*((0,T); BY .(T?)) be
a weak solution of (2.1). Then if © = 0 (namely, for the Euler system) we have

26
lew(t) — eu(s)| < Cuplt — 5|0,

L=((0.T):BY_(T?) ; if u > 0 (namely, for the hypodissipative

Navier-Stokes system) and 0 < 1/3 we have

_ 2 3
where C, g = Cg <[“] ) +u] °"((O,T);Bg’.x,(?lg)))

2(0—a)

[Eu(t) — Eu(s)| < Cu,e,oc‘t — 5| 1730520001 (2.8)
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where Cu6.0 = Co.a <[u]im<<o,r>;3§,wm3>) * [”]iw«o,n;Bg’m(W)))’ if > 0and 8 >1/3 the energy Ey

Is constant in time.

Note that the previous theorem implies the energy conservation for (2.1), in particular e, and E,,
are conserved, respectively, if 6 > % and if 6 > max{%, o}, since both the Holder exponents are
greater than 1.

To prove the time regularities, we look at a regularized version of (2.1) in the spirit of the proof of
conservation of the energy for 6 > % by Constantin, E and Titi in [22]. To do that, let p € C°(B;(0))
be a standard non negative kernel such that |, B, (0)P (x)dx = 1. For any & > 0 we define p5 = 8 3p (5)
and we consider the mollifications (in space) of u and p

() = (1) 15) = | Pl pale) = (4pa)(09).
s\x
Thus, mollifying equations (2.1) one gets

a[l/tg—f—diV (u3®u5)—|—Vp5 +,LL(—A)au5 :diVRg, (29)

where Rg = ug @ug — (u®u)g. It is easy to see that the energy identity for ug becomes

drz/ !ua\zdx+u/ ‘ “Pug

Then we estimate the variation of u, e, and E, between two times s < ¢ through us, e,5 and E;
respectively, and we optimize the choice of § in terms of |t — 5.

dx = / us ~diVR5dx = —/ R5 . Vu(gdx. (2.10)
T3 IS

Regarding the pressure, taking the divergence of the first equation in (2.1) p solves
—Ap =divdiv (u®u) (2.11)

and the solution is unique up to the renormalization [3 p(t,x) dx =0, for every t € [0, T]. By Schauder
estimates we infer

1Pll=((0.7y:co %)) < Collu@ull=(o,ryco(r3y) < Collulleo 1o ) - (2.12)

To improve the regularity as stated in (2.3), namely to show that p is not only 6 —Holder con-
tinuous but actually 260 —Holder continuous, we exploit the quadratic structure of the right hand side
divdiv (u ® u), together with the solenoidal nature of the vector field u. The space regularity of the
pressure in T2 is then a direct consequence of Proposition 2.3 and Lemma 2.4 below. Relying on dif-
ferent representation formulas for the pressure in bounded domains, similar estimates were previously
deduced in [20]. Finally, the time regularity of the pressure is obtained by differentiating (2.11)

Ad;p = divdivdiv(u@u®u)+divdiv(2Vp@u+ u(—A)*u@u+ pu® (—A)%*u)

and by exploiting again the structure of the right-hand side. In this case the presence of the
fractional Laplacian in the right-hand side introduces a technical difficulty to the analysis.
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2.2 Some improved Schauder estimates

To prove the space regularity of the pressure we exploit the explicit formulae for the potential
theoretic solution of the Laplace equation in R3. To this end, we denote by ®(x) = #lxl the funda-
mental solution of the Laplace operator —A, which enjoys the estimates |DkCI>(x)‘ < C(k)|x|~1=* for
all k € N. We recall that given R € C? (R3; R**3) compactly supported, the potential theoretic solution
of —Ap = divdivR is the only solution p € C®(R?) which vanishes at infinity and it is given by the
formula (with the Einstein summation convention)

px) = / ) (R) R ) dy R ) /a b AR, 21

where Bg, (xo) is any ball containing the support of R (and R is thought to be extended to 0 outside its
support) and n(y) is the normal to Bg,(xp) at y. Notice that the first integrand is not singular around x
thanks to the Holder regularity of R. Given any parameter A = 0, 1, € we will explicitly write Cy, to
denote constants which depend only on A.

Proposition 2.3. Let 8,y € (0,1) and v,w,z € C°(R3?) be solenoidal vector fields compactly sup-
ported. If p,q : R®> — R are the potential theoretic solutions of

—Ap =divdiv(vew) and —Ag =divdivdiviv@w®7z), (2.14)
then there exist a constant Cg ,, > 0 such that the following holds
(i) if B+ye€(0,1) then ||pllcsvmsy < Cp yllvllcs @s)lIwllerms),
(it) if B+ve€(1,2) then ||P”cl-,[>’+y—l(R3) < Cﬁ,y|lv”cﬁ(R3)”WHCY(R3)’
(iii) if B+7ve (1,2) then

HCIHcBwfl(H@) < CB,}/”V”CO(R3)”WHCﬁ(R3)HZHCY(R3)

2.15
+Cg.y (&.13)

V||Cﬁ(R3) (”WHCO(R3) HZHCV(R3) + ||W||CV(R3) HZHCO(R3))'

Taking B = y= 6 in the previous proposition and v = w = u, one obtains that the potential theoretic
solutions p and g of —Ap = divdiv(z®u) and —Ag = divdivdiv (¥ @ u @ u) obey

Ipllc2o sy < Collulléo sy if6 € (0,5), (2.16)

[Pletao-1s) < CollulZogany:  4llceo1(m) < Collullcogas lulZo gy £ € (3,1).

However, the more general nature of Proposition 2.3 will be useful to deal with Theorem 2.1 (ii); in
this case, we will take advantage not only of the structure of the equation for p, Vp and d,p, but also
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of the (previously showed) regularity of u in time, and for this scope we will need Proposition 2.3
in its generality, including the non-symmetric nature of (2.15) with respect to v,w and z. We do not
expect (2.16) to hold for 6 = % due to the usual loss in Schauder estimates in integer Holder spaces;

for 0 = 1 the estimate reads —em3y < C, 2 .
2 plle £(R3) = SHMHC%(H@)

Proof. (i) We will prove that
[P]cﬁw(Ra) < C“V“Cﬁ(R3)HWHCV(R3)' (2.17)

The estimate for |[p||co(gs) (as well as the one for [p]cmin(s 1) (g3)) follows from the standard Schauder

estimates. For any x1,x, € R3, we define ¥ = % and A = |x; —x|. Since divv = dp' =0 =divw =
dw', we observe that the equation for p can be rewritten as

~Ap = 9;;(V' J) &w’&v—a(wf—wj(xz))(? (V' —v(x1))
= 9,J((v wj —w/(x2))) | |
= djj ((v’ YW —w (x2)) — v’(xl)wj(xz)).
Since the function (v — v (x1))(w/ — w/(x2)) — vi(x1)w/(x2) is compactly supported in Bj, we con-

clude that the potential theoretic solution associated to it is the same as the potential theoretic solution
associated to v'w/, namely by (2.13) applied with Bg,(xo) = Bg,(%) it is given by the representation
formula

px) = / AR [0 ) (7))

= (V@) =v'(x1)) (W (x) = w/ (x2)) ] dy
— [(V'(x) =V (x1)) (W (x) =W/ (x2)) =V (x1)w/ (x2) ] / P (x—y)n;(y)dy,

aBRO (‘f)

for every x € R?. Through the isometry y — x| +x, — y, using that 9;® is odd and n(y) = —n(x; +
xp — ), we observe that

9@ (x1 —y)n;(y)dy = P (y —x2)nj(x; +x2 —y)dy
2By () 2By ()
= 9P (x2 —y)n;j(y)dy.
aBR()( )

Hence, we rewrite the incremental quotient as
p(x1) — p(x2)
- /B o 1950 =) = 950l =] (76) =V 1) (w1 0) = w/(52) -
Ry X
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Splitting the contributions of y € B () and y € B¢ (%),
px1) — Pl
< o 230 3= 0 =9 0) a0 ) e
of <|D2 (x1 =)+ 232 —)]) [¥0) i) [ )~ i)
= 1+11 (2.13)

Using the decay of ‘thb‘ we estimate the second integral in the right-hand side of (2.18) with

I < [V]ep [W]cy/ . [AY|D?®@(x; —y) |1 —yIP + AP | D*®(xy — y)[|x2 — y|"] dy
2 (X

CWlosbiler [ g L
< Ceslw T 3.8 y‘l’/ T 3,94

< CAPYY ] s [Wler -

By the decay of |D3®|, in particular since for every point X € B, /2(%) and for every y € B (¥) we

have |[¥—y| > |x—y| — |[¥—X| > |x2y| and [D’®(%—y)| < |ny|4 < ‘_CH,we have

0

e — 1P ler =y
< CAlv B ch/ — dy
Meslr) < (%) [ —y|*

1
1< Ao boler | y ( | 1D+ (-0, —y>|dr) et =3[P — |y
2 X

1
< CA] g Wler /C ) mdy < Cﬂvﬁﬂl["]cﬁ wlcr.

This concludes the proof of (i) (notice that in the last line we used that f + v < 1).

(i) If B+ € (1,1) we have that for every partial derivative J; and for every given x € R?

—Adp(y) = I (V' (1w () = 959 (V' () =V (x)) (W () =W/ (x))) -

Since J((v' — vi(x))(w/ — w/(x))) is compactly supported we can use again the representation for-
mula (2.13) getting

Ap(x) = /B BB NA(0) ) () ()
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Integrating by parts (this can be easily justified approximating u# with smooth functions) and letting
Ry — = we obtain

dhp(x) = /R . O ®(x—y) (V' (y) = v' (X)) (W (y) —w (x)) dy. (2.19)
For every x1,x; € R we define X = ’% A = |x; — x2| and we write

okp(x1) — dp(x2) = / I @1 =) (v (y) =V (1)) (W () —w’ (x1)) dy

B, (x)
-, o P2 =) 0) = V) (W 0) — w2y
), oy (P51 =) = @2 =) (/0) =V () (00 0) = (1)) dy
e 00) V) (a2) - )

[ R =) ) ) 0) — Wiy,
B; (%)

and, arguing as in the proof for B + 7y < 1, it is easy to see that each of the above integrals is estimated
by CAP+71]y] . [w]cr from which the estimate on p in (ii) follows.

(iii) We note that for every choice of x1,x, Xy we can write ¢ = ¢' + g%, where

—Aq" = 350 (V' =V (x1)) (W =W/ (x2)) (2 = 2 (x0)))
—Ag* = 8i_3]-k((vi(x1)wjzk) + 8i3]~k((viwj(x2)zk) - 8i3j-k((viwjzk(xo)) .

Since the right hand side of the Poisson equation for ¢> has exactly the same structure of the one for
dip (the only difference are the constants but they do not play any role and they can be estimated
by their respective C° norm) in the previous computations, we can infer that ¢ enjoys the estimate
(2.15). For q1 we can use the same formula as in (2.19) choosing xy = x;,, when we have to evaluate
g (x,,). Thus for m = 1,2 we can write

q' (xm) = RS 9P i — ) (V' () =V (1)) (w7 (v) = w (x2)) (2 (y) = 2" (xm)) dy
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and again, letting A = |x; —x,|, ¥ = *.7*2 and splitting the contributions in B; (X) and B4 (X) we write
1 1
q (x1)—q (x2)

= /B . O ®(x1 —y) (V' () = v (x1)) W/ () = w/ (x2)) (2 () — 2" (x1) ) dy
- /B . 0@ (x2 — y) (Vi (y) = v (x1)) (W () = w (x2)) (2 () — 2 (x2) ) dy

+ / 91 =) (V' () =V (1) (W () = w/ (x2)) (2 (22) = (x1)) dy
B

5(3)
+ /B . (5Pt —y) = 9 @(x2 =) (V' () =V (x1))

(W () = w/ (x2)) (2 (v) = 2 (x2) ) dy.

We estimate each term in the same spirit as the previous computations to get
1 1
g" (x1) =g (x2)]

<Chlglvlolde [ g
¢ c ® lx1 =y B

B/'LX

1 1 1
« —dy+m/ o L
(/B,ﬂx) ey — y[+=P=Y B (x) [X—yl*FP B () [X—y3-P~Y

< CAPFT (Voo 1wl s s 1zl erms) + IVlln sy Wl coges) Nl vy

dy +Cl[vllcollwllcs llzllcr

which concludes the proof of (if). O

In order to adapt the previous proposition to periodic solutions in R3 (thus without any decay at
infinity) we will use the following lemma.

Lemma 24. Let 6 € (0,1). For any u € C%(T?) such that divu = 0, there exists a vector field
i € C%(R?) compactly supported in By3(0) and a positive constant Cg > 0 such that divi =0, ii = u
in B¢(0) and

1l co m3) < Collullcors) - (2.20)

Proof. Assume for now that fT3 u=0. Since divu = 0 on T? then there exists a vector potential
A : T3 — R3 such that u = curlA and —AA = curlu. Moreover by Schauder estimates we have
|Allcro sy < Cellullco(rs). Now think A to be defined periodically to the whole space R3. Choose
a smooth cut-off function 0 < ¢ <1 such that supp ¢ C By, @ =1 on Bg and ||@||2 < C. Define
ii = curl A where A = A@g . Trivially divii = 0 and we also have the following estimate

Il co sy < IAllcrogs) < Cll@llcrows)lAllcrors) < Collullcors) -

Moreover ii satisfies ii = curl A = curlA = u in Bg(0). When the average of u is not zero, one can
repeat the proof with the only difference that u = curlA + ﬁ Jps u in this case. [
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Note that the choice of Bg(0) in the previous lemma is to ensure that the cube (and thus the torus)
[—7, 7] C Bg(0). Since we will work on functions u, p that solve (2.14) in T3, we can take the
extension # given by Lemma 2.4 and define p, g as

—Ap =divdiv(F®w) in R>.
—AG = divdivdiv(F@Ww®Zz) in R3.

Thus we can write p = p— p+ p and g = g — g+ ¢, where p and § satisfy Proposition 2.3, while p — p
and g — g are harmonic in Bg(0). Thus we have the following

Corollary 2.5. If v,w,z € C°(T?), then Proposition 2.3 holds also for the (unique) zero-average solu-
tions p and q of (2.14) in T3,

2.3 Velocity and pressure regularity

Here we prove Theorem 2.1.

Time regularity of u

To prove (2.2), it is enough to show that u# is 6 —Hdlder in time, uniformly in space. For any
s,t € [0,T] we estimate v

lu(t,x) —u(s,x)| < |u(t,x) —ug(t,x)|+ |us(t,x) —ug(s,x)| + |us(s,x) — u(s,x)|. (2.21)
Using (B.5) we get
Ju(t,%) = us(t,%)] < C8\lull p=(o.rycom3yyy V1 €[0,T],

thus we are only left with the second term in the right hand side of (2.21). Using the equation (2.9),
the estimates (2.12) and (B.4), Theorem C.1, we have

|ug (t,x) —us(s,x)| < [t —s||| sl 1= (0, 7)x2)
< |t —s[([[div(u®@u)sll=+VPsll= + || (—A) *us || 1)
<Clt —s| (59_1 ””||i°°((0,T);C9(11‘3)) +IJHMS||L°°((0,T);C2a+8(11‘3))) )

Since a € (O, %) we can choose € such that 2o 4 € < 1, getting

Jug (1,2) = u (5,x)] < Cle =18 (|[ual 7o 0.7y 3y + Bl (0,100 (9)))

Finally we choose 6 = |t — s|, from which the claim follows.
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Space regularity for p, for 6 < (0,1)
Estimates (2.3) and (2.5) follow from Corollary 2.5.

Time regularity for p, for 6 < %

For any s,¢ € [0,T], such that |t —s| = § < 1 we estimate via the triangular inequality and thanks
to the space regularity of p and (B.5)

|p(t,x) — p(s,x)| <2 S[I;p ] |p(t,x) — ps(t,x)| +|ps(t,x) — ps(s,x)|
t€0,T

S C329||p||Lm((O7T);C29(T3)) + |P5(t7x) —pg(S,.X)l

(2.22)

To estimate the last term we consider the equation solved by ps
—Aps =divdiv((u®u)s) = divdiv (us @us — Rg)
and hence the one for pg(z,-) — pg(s,-)
—A(ps(t,x) — ps(s,x)) = divdiv (R (s,x) — Rs (2, %) + us(t,x) ©ug (1, x) —us(s,x) Dus(s,x))

— divdiv |Rs(s,x) — Rg(,x)+ t irug(r,x)®u5(r,x)—|—u3(r,x)®irug(r,x) dr
{ / (d d

t
= divdiv [Rg(s,x)—R5(t,x)+/ ((div (us @ug) — Vps —divRs — u(—A)%us) @ us
N

+ug @ (div (us ®us) — Vps —divRs — (—A)%ug)) dr| .
(2.23)

Defining the commutator
T%(us) = (=A)*(us @ug) = (=A)*us Qus —us @ (—=A)%us , (2.24)
and denoting by pSIJ, p?},, pit, pit, pit the unique 0-average solutions of

—Aps{, = divdiv (Rg(s,x) — Rg(t,x))
t
Api,:/ divdiv ((divRs + Vps) @ ug +us @ (divRs + Vpg)) dr,
S

t
—Apit = / divdiv (div(ug ®@ug) Qug +us @div (ug @ug))dr,

N
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t
—Ap;, =1 / divdivT%*(ug)dr,
s

t
Ap3, Zﬂ/ divdiv (—A)*(us ®us)dr,

N
we have that
Ps(t,x) — ps(s,X) = pi,+ Pss+ Py + Py + Do -
By Schauder estimates, estimating Rg by (B.2) and pg by (B.4) and thanks to the space regularity of
p proved above in (2.3), psl’t and pi, enjoy the estimate

125 z=(r2y < IPsllcecrsy < C(IRs (2, ) leersy + IRs (8, )l ce )

< €O ullz=(0.7y.c00ry

195l z=(rey < NP3 llceqrey < Cle—slI(divRs + Vps) @ usllz=(0.1).ce (1))
<Clt—s| (||R5HLw((o,T);chsmm) + ||P5Hvo((o,r);cl-s(qﬁ))) s |l =((0,7):ce(12))
< Clr—s]8%075! H””iw((oj);ce('p)) -
Note that pi, is the integral in time of A~!divdivdiv (u5 ® us ® ug), which from Corollary 2.5 and

(B.3) satisfies

192l =) < NP3 llcecrsy < Cle = slllus | =(o.1)wrs) lus |2 (

1+e
L>((0,T);C 2

(T3))

_lte 2
< Clt = sl|ull (0,713 (8% 7 et o0,y 13)))
<Clt— s\6297178H”Hiw((o,n;ce(w)) .

Choosing € such that % < a, by Schauder estimates and (C.4) we have

195 g2y < P8l ey
< Cle —s|IT*(us) || =((0,7):ce (13

< C|t - S‘ Hl/t5 ||i°°((0,T);CO‘+S/2(T3)) .

To estimate pi, we note that every solution of Ag = divdiv (us ® ug) enjoy the estimate (by Proposi-
tion 2.5) {|g|| = ((0,7):c2a+e (13)) < CH”5||2w((07T);C06+€/2(T3)) , and since p}, = [!(—A)*qdr, by Theorem
C.1 we infer

1920l =(x3) < Clt = slllgll =0, ry:coeve 1)) < Clt = sl (0 7y cocreorsy -
In the case o < 6, if € is sufficiently small, we have (since 6 < 1)

2 2 20—1 2
||M5||L°°((0’T);Ctx+5/z(’]r3) < ||u||L°°((O.,T);C9(T3)) <é ””HLoo((o’T);Ce('p))a
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while, if & > 0, using (B.3) we have

2 2(0—a)— 2 20—1 2
||u5||L°°((O,T);C°‘+€/2(’IF3)) S 5 ( 05) 8||”||L°°((0’T);C9(T3)) S 6 ||u||L°°((0,T);C9(’JI‘3)) .

Thus we deduce

0—
HP?,: L°°(’H‘3)+Hpg,t L=(T3) §C|f—s|52 1””||iw((o,r);c9(’ﬂ‘3))'

Since § = |t — s| we conclude that |ps(z,x) — ps(s,x)| < C|t — 5|?97¢, so that (2.4) holds true.

Time regularity for Vp, for 6 > %
By the equation solved by p, for 0 < s <t we have
—A(p(1) = p(s)) = I3 (u' (1) (1) — ' (5)u’ (5))
= 077 ((u' (1) —u'(s))u! (&) +ud' (5) (! (1) =/ (5)))
By Corollary 2.5 we can apply Proposition 2.3 (ii) with B =1 — 6 + € and y = 6 to obtain
V(1) = Vp(s)llce(rs) < Cllut) —uls)||cr-o+ersy 1wl 1= ((0,7):c0 (13-

Interpolating the C'~9+€-norm between C° and C? (since 6 > %) and by the time regularity of u in
(2.2), we have

1-0+¢ 20—-1—¢
|u(t) — M(S)HC1—9+5(T3) < u(t) — M(S)HCGG()TS)H”(I) _ u(s)‘|co(%3)
< lullcojo. 7yt — 122~

= (””|’L°°((0,T);C9(’]1‘3)) + ””H%w((oj);co(rms))) it — 2018,

which proves that for any x € T?
Vp(t,x) = Vp(s,x)| < Clt —s[*071 7% (2.25)

Space regularity for J; p, for 6 > %

With the previous arguments, p € C%!([0,7] x T3). Hence d;p € L and we can look at the
equation solved (in distributional sense) by it, obtained by differentiating in time (2.11)

—Ad;p =divdivd,(u®u).
Note that, defining 7%*(ug) as in (2.24), for every 6 > 0 we have

O (us @ug) = dug Qug +ug Q dug
= —div (u5 Rus & u5) —+ diVR5 Rugt+us & diVR5
—~Vps @us —us @Vps+uT*(us) — u(—A)*(us @us)
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and, since by (B.2) divRs — 0 uniformly and by Proposition C.3, T%(us) — T%*(u) uniformly, we
have that d; p solves distributionally

Ad;p = divdivdiv (u @u®u)+divdiv(2Vp @ u— uT*(u) + p(—A)*(u®@u)) . (2.26)
Hence we can write d;p = ¢' + ¢+ ¢° + ¢*, where
Aq' = divdivdiv (u®u® u) Ag* = 2divdiv(Vp @ u)
Ag® = pdivdivT%(u) — Ag* = pdivdiv (—A)*(u@u)
In turn by the estimate on ¢ = ¢' from Corollary 2.5
4" (1)l c2o-122) < Cllute) oz
and by Schauder estimates, together with the regularity of p, we have

IOl czo11) < CIVp @ ullzo1(rs)
< V() oo 1o 1) o sy < Clluet) 2o sy -

Applying (C.4) and (C.5) with B = 2(6 — ) (choosing € small enough such that 6 < 1 — €) and by
Schauder estimates we deduce

160l c20-1 3y < CUT™ @) () -1y < Cllet) gy < )]s
Notice that g* = p(—A)%p, thus by (2.5) we have

lg* ()l coo-1 (s < Cllp() 2017y < Clle() G ) -

Time regularity for J, p, for 6 > %

For any 0 < s < 1, by the equation for d;p in (2.26), we have that d;p(t,x) — d;p(s,x) = pslyt +
pf’t + pg’t where p;J, pit, and pg’t are the unique 0-average solutions in T> of

Apy, = divdivdiv (u(t) @ u(t) @ u(t) — u(s) @ u(s) @ u(s))
= divdivdiv ((u(r) — u(s)) @u(t) @ u(r) + u(s) @ (u(t) — u(s)) @u(r)
+u(s) @u(s) @ (u(t) — u(s)))
Apf’t = divdiv (2 Vp(t)@u(t) —2Vp(s) @u(s) — uT*(u(t)) + [,LTO‘(u(s)))
Apy, = p(—A)*divdiv (u(t) @ u(t) — u(s) @ u(s)) .
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To estimate p;./,, for any € small we apply Corollary 2.5, with particular reference to Proposition 2.3
(iii), with B =1 — 60 + € and y = 0, in such a way that the factor u(t) — u(s) gets each time only the
C'~%+€ norm and not the C® norm. We obtain that

||P;,t||L°°( (T3) < Cllu(t) - ”(s>||C1*9+8(T3) H”Hi“((O,T);CG(W))'

Next, we interpolate the C' =8¢ norm between C? and C? and finally we use the C? regularity in time
of u to obtain that

1-6+¢ *1 €
() = us)l|cr-o+e(ps) < C||M(t) —M(S)llce‘(’T3)||M(f) u(s )||Co ™
< CH”H CG(']I‘3))|I_Slze_l_g||u||C6([07T]><T3)
§C|f—s|2 “Ellullcogo,ryxm)-

Notice that

T%(u(r)) = T%(u(s)) = T (u(r) —u(s),u(t)) + T (uls),u(r) —u(s)) .
Now if 2a > 6 we use part (i) of Proposition C.3 with k; =2 — 60+ %,k =60 — 5, B = € and we
get
17 o) — u(5), (0 sy < Clat) — ()l oves ) o,
while if 2a < 6 we choose k; = €, kp =20 — €, B = €, getting
7% (a(r) = u(s),u()) llee g3y < Cllut) = u(s) e po ()l 20 p3)
< Cllu(t) — u(s)llc2e s @) [l co 1) -

Interpolating again between C° and C? and using the Hélder regularity of u in time, we obtain

7% (u(t) — u(s), u(t))

Summarizing we achieved

1T (u(r)) = T%(u(s))

Moreover by interpolation we estimate

corrs) < Cle = s lull oo 7wy ll 0,y co ) -

corcrs) < Cle = s lullco o 7wy ll = 0,ry:co 1)) - (2.27)

IVp(t) @u(t) = Vp(s) @u(s)

crry) < Vp() @u(t) = Vp(s) @ u(s )||C0 @

IVp(1) @u(t) = Vp(s) @ u(s)|| 5- 11 /
<Cle—s?*~1 ¢ Vpe ul| 201410, 77 T3)

< Cle =271 Vpllcas-1- o rpers) lullco o7y - (2:28)
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By Schauder estimates, together with (2.27) and (2.28), we conclude
S|29— l—¢ )

2
1754l ey < Cle =

We note that pit = —u(—A)*(p(t) — p(s)), thus by Theorem C.I and (2.25) we have

HPE,IHCS(W) < CHp(Z) _p(s)||C1(’]I‘3) < C|t —S|29—1_8’

From which we conclude

[alp(x)]Cw*l*E([O,T]) < C||”||iw((oj);c6(qr3)) :

2.4 Energy regularity

Here we prove Theorem 2.2.

The case i = 0 (Euler)

Let s,z € [0,T]. We wish to find a proper estimate for |e,(¢) —e,(s)|. To do this we split it in three
terms as follows d

leu(t) —eu(s)] < leu(t) — eus (1) |+ lews (1) — ews ()] 4 lews (s) —eu(s)], (2.29)

for some parameter & > 0 that will be fixed at the end of the proof. Assume thatu € L*((0,T);BS _(T?)).
Using (B.1) and (B.8) with r = % we can estimate

1 2 2 207,12
|ell(t) — Cus (t)| < E/JIG ‘(|M| )5 - |I/l5| {(XJ) dx < Cé [M]L""((OI);BQN(T%) .

We are now left with the second therm in the right hand side of (2.29). By (2.10) we get

deyg
dt

|eus (1) — eus (s)] < [r =]

L=(0,T)
< Clt = s[lIRsl 0,7y cm3)) I Vits | = o.7):03 (%) »
and using (B.7) and (B.8) we obtain

’eué (t) — Cu, (SN < C|t - 5’53971 [u]z”((OJ);ng(’]IG)) .

Thus we have achieved
lt) —els)l =€ <[u]’2~°°<<07T>zB§,m(T3>> T [“]i%(o,r);Bg’,mmﬁ))) (526 +1r —sl539*1) ;

. : 1
from which choosing 8 = |f —s|7-¢ we conclude

20
leu(t) —eu(s)| < C ([“]iw«o,n;Bg’w(W)) + [”]iw«o,r);zzg’w(w))) o=l
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The case 1 > 0 (Hypodissipative Navier-Stokes)
We assume that u € L=((0,T); BY _(T%)) and we spilt

)~ Eul)] < Eult) — Euy (0] + |Eug (1) — Eug ()| + | Euy ()~ Euls)] . 2.30)

Using (B.1) and (B.8) with r = % we can estimate

|E(t) — /||u| )s — |us| \dx+u//| A)Pul)s — |(—A)Pus || dxdr

Using (B.8) with r = % and with r = 1 we have respectively

/ Q)5 — g P ) < C L e o

) “h 2 2(6- @
/ T3| A)"ul?)s — | (—A)Pug|?|(x,r) dxdr < C5* O~ [(—A >/2”]L°°((0T)39 = (T9)

Since ||(—A)“u(r) lwkaersy < llu(?)||wa+ea(q3) for both k = 0, 1, by interpolation we also get

[(_A)“/zu(t)]gg,;a(w) < H”(t)”ggﬁw(@)-
Thus we have achieved

Bu0) ~ Eup (0] < CEO D e o)

Note that the second term in the right hand side of (2.30) is estimated by the same expression for the

case u = 0, thus we get

dE,;
dt

< Clt— 5|60 up?

|Eu5 (t) —Eys ()] <[t —s L=((0,T):B8 (T%)) °

L=(0,T)

Thus we have obtained
3 2(60— 361
|Eu(t> ( )’ < C <[ ]L‘X’((O T) BG (T3)) + [u]Lw((O,T);Bg7OO(T3))> (5 ( O‘) —|— |t —5’5 > .

1
Hence if 6 < 1/3 choosing 6 = |t — 5| -36+2(6-2) we conclude the validity of (2.8); if 6 > 1/3 we let
0 — 0 in this inequality to deduce the conservation of energy.



Chapter 3

Regularity results for the Euler equations in
Besov and Sobolev spaces

3.1 Introduction

In the spatial periodic setting T> = R3/Z>, we consider the incompressible Euler equations

{ du+div(u®@u)+Vp=0 in (0,T) x T°. (3.1)

divu=20

In the last chapter we analyzed the case of Holder continuous solutions. The following theorem
provides a regularization property of the Euler equations, for solutions which enjoy some a priori
Sobolev or Besov regularity in space. Roughly speaking, we prove that the pressure associated to
any such solution enjoys double regularity in space with respect to u, and that both u and p enjoy a
corresponding time regularity.

Theorem 3.1. Let (u, p) be a distributional solution to (3.1) in (0,T) x T3, for some T < oo. For any
6 € (0,1), s € [l,00|, r € (1,00), the following implications are true:

(i) ifu e L¥((0, T);Bgrvw(’ﬂ"s)), then u € Bgm((O,T);U(’]T3)) and p € LS((O,T);B%?O(']IG));

(0,7);BY._(T3)) and 6 > 1/2, then p € Bigflfﬁ((O, T);Bijoﬁ(’]l‘g’))for any B €

4r,00

(ii) if u € L3(
(0,26 —1);

(iii) if u € L¥((0,T);BS (T%)) and if © < 1/2, then p € Bg’i_g((O,T);L’(T3)), for any € > 0.
Moreover in the case 6 > 1/2 we have p € W'5((0, T);B%fo_l (T3));

(iv) ifuce L6S((O,T);Bgr7m(’ﬂ‘3)) and 6 > 1/2, then d;p € Bsz,go_l_e((O,T);Lr(T3)),f0r any € > 0.

Then we obtain the following corollary on the Sobolev solutions by considering suitable embed-
dings between Sobolev and Besov spaces.

37
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Corollary 3.2. Let (u, p) be a distributional solution to (3.1) in (0,T) x T3, for some T < oo. For any
0 € (0,1), s € [1,00], r € (1,00), the following implications hold true:

(i) ifueL?((0,T);W92(T3)), thenu e WO=85((0,T);L"(T?)) and p € L*((0,T); W29 =67 (T3));

(i) if @ < 1/2 and u € L3*((0,T); W93 (T3)), or if > 1/2 and u € L*((0,T); W86 (T3)), then
p € W27E5((0,T); L (T?)).

When s = r = oo, identifying W®> with the corresponding Holder space, the previous theo-
rem corresponds formally to Theorem 2.1 from the previous chapter: roughly speaking, it says
that if (u,p) is a distributional solution to (3.1), 6 € (0,1) and u € L((0,T);C%(T?)), then u €
CO=€((0,T);L>(T?)), namely u € C9~¢((0,T) x T3) and p € C29~¢((0,T) x T?).

Theorem 3.1 follows from two main ingredients: on one side, we obtain the time regularity by
estimating, for any time increment &, some norm ||u(t +h) — u(t)|| by comparison between u and the
convolution of u with a mollification kernel at some scale &, which is then chosen as an appropriate
function of 4. On the other side, to obtain the double regularity of the pressure we look at

—Ap =divdiv (u®u), (3.2)

which is the formal equation solved by p. We consider a bilinear operator which associates to two
divergence-free vector fields (u,v) the solution to —Ap = divdiv (¥ ® v) and we apply an abstract
interpolation result for bilinear operators (see Theorem 3.8 below). While the arguments of Chapter
2 were based on the classical representation formulae for potential-theoretic solutions of the Poisson
equation, in this chapter we employ real interpolation methods which seem to be new in the present
context.

3.2 Abstract multilinear interpolation

In this section we provide some estimates for multilinear operators, by means of abstract real in-
terpolation methods. They are the core of this chapter and the proof of Theorem 3.1 relies on them.
We start by recalling some definitions and basic facts about interpolation spaces and we refer the
reader to the classical monographs [2,49, 61] for further details.

Let (X, -||x) and (Y,| -|ly) be two real Banach spaces. The couple (X,Y) is said to be an
interpolation couple if both X and Y are continuously embedded in a topological Hausdorff vector
space. For any interval I C (0,00) we denote by L. (I) the Lebesgue space of r-summable functions
with respect to the measure dt /. Let use notice that in particular L= (1) = L7 (I). Moreover, we recall
the definition of the K-function, by introducing the following notation.

Definition 3.3. Given x € X +Y we define Q(x) = {(a,b) € X XY :a+b=x} C X xY. For every
xe€X+Yandt > 0, the K-function is defined by

K(t,xX.¥) = inf {|laly +1]b]} (3.3)
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If no confusion can occur, we simply write K (¢,x) instead of K(¢,x,X,Y).

Definition 3.4. Let 6 € (0,1) and r € [1,00]. We set
(X,Y)g, = {x EXA4Y sttt OK(t,x) € L;(o,oo)}

endowed with the norm
-6
1l vy, = e KCox) 2z
For these spaces we have the following inclusions

XNY < (X,Y)g, = (X,Y)gs = X +7Y, (3.4)

for every 6 € (0,1) and r,s € [1,0] with r < 5. Moreover if ¥y > 6 we also have (X,Y)y, = (X,Y)g,
for every r,s € [1,00], provided ¥ — X.

The following two remarks will be useful in the proof of Theorem 3.8.

Remarlf 3.5. WhenY — X, the definition of K in (3.3) does not change if instead of Q(x) we consider
the set Q(x) = {(a,b) € Q(x) s.t. ||a||x < ||x||x}; in other words,

K(r,x,X,Y) = gi;(le){lla\lx +ellblly} = élgf){l\allx +1[|b[ly }-

Indeed, since Y — X, one can choose a = x and b =0 in (3.3), obtaining K(t,x) < |[x||x. On the
other hand, we have that ||a||x +t||b|ly > ||x||x for all (a,b) € Q(x)C.

Remark 3.6. Consider again the case Y — X. Since a+ b = x, we have

lallx +1I5llx < 2llallx +lxllx <3lxlx,  V(ab) € Q(x).

It is well known that ((X Yo |- llx y) 9‘r> is a Banach space. Furthermore, we recall that a lin-

ear operator T behaves nicely with respect to interpolation, i.e. if T € Z(X;,Y;) N Z(X2,Y2), then
T e Z((X1,X2)0., (Y1,Y2)p,) forany 6 € (0,1) and r € [1,00].

Instead of linear operators, our aim is to treat the case of multilinear operators, in particular
bilinear and trilinear ones. It is worth mentioning that there exists a wide literature on Interpolation
Theory for multilinear operators, see for example the works [2], [37], [47] and [51], but at the best of
our knowledge the following results are new. We also emphasise that they are precisely designed for
the applications to incompressible fluid models of the next section. In what follows, a conjugate pair
(s,5') is a couple of reals satisfying the usual duality % + % =1.
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Theorem 3.7. Let (X1,X) and (Y1,Y2) be two interpolation couples. Let T be a bilinear operator
satisfying

|7 (a1,a2)|ly, < Collar|lx, llazllx,, (3.5)
1T (b1,02)|ly, < Collb1]lx, [1b2]1x,, (3.6)
and
1T (a,0) |y, vy, T (B,0) ||y, 1), < Collallx, [1]x,, (3.7
2 2

for some constant Cy > 0 independent of a,ay,ay € X, and b,b1,b, € X, where we implicitly assume
that T is well defined between the spaces involved in the previous estimates. Then, for any 0,y €
(0,1), r,s,s" € [1,00] with s,s" a conjugate pair,

1T Cer,2) [ (r 1) 60, < Collxtll ot x)m 1 %2ll 06 X)p 0 VX1 € (X1, X2) g, V2 € (X1, X2) 0,1
2" ’

In particular, for y= 0 and s = s' =2, we get
2
1T (x,%) | vy 12)0, < CollXllx, x0)0,,0 VX E (X1,X2)0,2-

Proof. Let x1 € (X1,X2)y,sr and x2 € (X1,X2)g - Then we can write x; = a; + by and xp = a + b
for some ay,a> € X; and b, b> € X3, by definition. Since T is bilinear we have

T(X1 ,)Q) = T(al,az) + T(al,bz) + T(b] ,az) + T(b] ,bz).

From (3.7) we know that T'(a;,b;) € (Yi, Yz)% ., hence forany #,€ > O thereexist 71 € Yy and T, € V>
such that T'(ay,by) = Ty + T» and

ITilly, + | T2[ly, < (1+€)K (2, T (a1,02), 11, Y2)

3.8
< (1+e)Vi|IT(a1,02) (v, vy), < (1+€)CoVilar|x, [|b2]lx,. 5-8)
23
Similarly, we can decompose T (by,a2) = Uy + U, with Uy € Y and U, € Y, with estimate
U]y, + 11 U2]ly, < (14 €)CoVil|az|x, 1b1]]x,- (3.9)

Therefore we can write 7' (x1,x) =V + W, where

V="T(aj,ax)+T1 + U, €Y1,
W =T(b1,bs)+Th+Uy €Y,.

Summing up (3.5)—(3.9) yields to

Vv, +t[[Wlly, < (1+€)Co (llat||x, laz2llx, + Vi (a1 l|x, [1b2]1x, + laz|lx, |11 ]|x,) + 2161 [|x, 1621 x,)
= (14¢)Co (|la1llx, + V1lbillx,) (lazllx, + V2l|b2llx,)
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which in turn implies
K(t,T(x1,x2),Y1,Y2) < (1+&)CoK(V1,x1,X1,X)K(Vt,x2,X1,X3). (3.10)

Multiplying (3.10) by +~(¥*8)/2 and by taking the L’ (0,0)-norm we get, by means of the Holder
inequality with conjugate exponents s and s,

1T (x1,%2) [ (v,,v) 6 —||() OFNRE(,T (x1,%2)) |1

< (1+&)Co (11672 (Vo) 1) P (V) )

(1+&)Collx1llx, %) 192l 31 30),,

and since the last inequality holds true for any € > 0, we are done. [

Let us now focus on trilinear operators, for which a similar result as in Theorem 3.7 can be
proved. In what follows, it will be useful to consider interpolation couples (X;,X>) such that X, <
X;. For sake of clarity, we require that the trilinear operator in the statement is totally symmetric,
ie. T(ay,az,a3) =T (ac(l),ac(z),ad(3)) for every permutation o, even though a suitable adaptation
would work without this requirement.

Theorem 3.8. Let Cy > 0, (X1,X>) and (Y1,Y2) be two interpolation couples with X, — X,. Let T be
a trilinear and symmetric operator satisfying the following conditions

T (a1,a2,a3)|ly, < Collailx, [|az||x, l|as]lx; , (3.11)

|7 (b1,b2,b3) ||y, < C0(||b1 lx, 1621x, [163 ], + 161 ], |2 | x, 163 ], + || o1 HX2||b2HX2||b3HX1>7 (3.12)

and
17 (a1, b2.63)ll, ey, < Collarll, (2l 18311, + 162113, B3 ) (3.13)
1

where we implicitly assume that T is well defined between the spaces involved in the previous esti-
mates. Then for any 7,0 € (0,1) and r,s € [1,0|, for every x1,x3,x3 we have

1T Cersx2,x3) |11, 12) 6, = 3C0 <HX1 i 2l xy ) 163 | 1 )

0,rs'
2 ’

(3.14)

it (B2 Bl 20 sl ) )

In particular, for y= 0 and s = s' =2, we get

2
17 Cee) e, < 3Colxllx P, e ¥ € (X1 K)o
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Proof. We assume without loss of generality that 6 > y. Consider x| € (X1,X2)y,rs and x2,x3 €
(X1,X2)g ry- For k =1,2,3 we write x; = ay + by with a; € X1 and by € X5; therefore we expand

T(xl,X2,)C3) =U+V+W
where
=T(ay,az,a3)+T(b1,a2,a3) +T(a1,b2,a3) +T(ay,a2,b3),

T(b1,b2,a3) + T(b] ,az,b3) + T(a1 ,bz,b3),
T(b17b27b3)'

U
Vv
w
Since X> — X we have that b, € X| for any k = 1,2, 3, then by (3.11) we can control U as

1Uly, < Co(HalHxlllaszlHastl +1b1lx, llazllx; llasllx,
(3.15)

+ llat||x; [1b2]1x, las||x; + [lat]lx, llaz]|x, ||b3HX1>-

The symmetry of the operator 7 and (3.13) imply that every term defining V belongs to (¥1,Y>) ! oo
Let us consider without loss of generality the term 7' (b1, b,,a3); as already done in Theorem 3.7, for
any ¢, € > 0 there exist 7} € Y} and T> € Y, such that T'(by,by,a3) =T + T» and

< (14€)CoVt|asllx, ([1b1lx, [|b2]x, + |61 ]1x, [|b2]1x,) -

Iy, + 1) T2lly, < (14 €)K(2, T (b1,b2,a3), 11, Y2) < (1+€)VI|T (b1,b2,03) || v, 1),
1o

We point out that the elements 77 and 7, actually depend on asz,b,b,,€ and ¢ as well. The same
consideration for the other two terms defining V' yields, for any #,€ > 0, to the existence of V| € ¥
and V, € Y5 such that V =V +V, and

Vil +2[[Vally, < (1 +8)C0\/5(Hal 1%, (1211, [1b31x, + [|62]1x, 1631, )

+ llazlx, (161 ]1x, [123]1x, + 1161]1x,116311x, ) + llasllx, (161]x, |62]1x, + 16111 ||b2||xl))-
(3.16)
By using (3.12) we also get

1T (b1,b2,b3) |y, < C0<||b1||x1 1621, 163]]x, + 1|61 1|x, 11021, 163X, + ||b1||x2||b2||xz||b3||x1>-
(3.17)
By combining (3.15), (3.16) and (3.17) we obtain, for any ¢, & > 0, a decomposition of T'(x},x3,x3) =
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(U+V))+ (Va+W), withU +V; €Y; and V, +W € Y, such that

U +Vily, +t[V2+ W]y, < (1+€)Co (I|a1||X1 lazl|x, llasllx;, +11b1llx, lazllx; [|as || x,

+ llar|lx, [1b2]x, llaz |lx, + llar|lx, [[a2lx, |63]1x, + \/;<||611 1x, (16211x, 11231, + [|62]]x, |3 ]Ix, )

+ llaz|lx, (161 ]lx, [163]1x, + 16111, 16311x, ) + llazllx, (161]]x, [|b2]|x, + [ 61 HX2Hb2HX1)>
+f(Hb1 1x, 162 1%, 1|23 ||x, + 1|61 [|x, | 22| x, 1123 ||x, 4 |1 HX2W92HX2H’?3HX1>)

<(1 +8)C0<(||al Ix, +11B1]lx, ) (lazllx, + V2lb2llx, ) (lasllx, + v[|b3]lx,)
+ (lla1llx, + Vellbillx,) (lazllx, + 1B211x,) (lasllx, + Vl|b3llx,)
+ (llarllx, + Vellbillx,) (laz2llx, + Vellb2l|x, ) (laslx, + Hb3HX1)) =R(¢)

which clearly implies
K(t,T(x1,x2,x3),Y1,Y2) < R(t). (3.18)

Now, by using Theorem 3.5 and Theorem 3.6 and by taking the infima over all the sets Q(x;) =
{(ag,bx) € Q(xz) s.t. |lag|lx, < ||xk|lx, } for k =1,2,3 in the right-hand side of (3.18), we achieve

K([,T(Xl,xz,X3),Yl,Y2) < 3(1 +8)C0 (Hxl HX]K(\/;vxZ)K(\/;?x?))

+ K(V1,x1) ([[x2]lx, K (V1,x3) + [|x3] [ x, K(V1,%2)) ) -

Multiplying by 1~ (0+7)/2 the last inequality, taking the L’ (0,)-norm and using the Holder inequality
with s,s’ as conjugate pair, we obtain (3.14) by letting € — 0. [

We recall that interpolation theory also provides the following useful characterization of Besov
spaces (see for instance [2, Theorem 6.2.4]).

Proposition 3.9. Let Q C R? be a Lipschitz open set. For any 6 € (0,1), r,s € [1,%] and 61 # 05 € Z,

(WO (Q), WO (Q)) ., = BLy V702 Q). (3.19)

,8

Moreover, the same holds if we restrict all spaces in (3.19) to the linear subspace of divergence-free
vector fields.

Even if the previous proposition is also valid for spaces of negative order, for the sake of sim-
plicity, we did not define, in Appendix A, Sobolev and Besov spaces of order less than or equal to
0. However, we will apply Proposition 3.9 only for the Besov spaces of strictly positive 8. The
statement for divergence-free vector fields follows instead from the same proof as (3.19), since the
construction in the interpolation is based on mollification at a suitable scale, and convolutions preserve
the divergence-free structure of the vector fields.



44 3. Regularity results for the Euler equations in Besov and Sobolev spaces

3.3 Velocity and pressure regularity

The following result about elliptic equations follows by a direct application of Theorem 3.7 and
Theorem 3.8 of the previous section. The reader can compare the following proposition with Propo-
sition 2.3 obtained for Holder spaces through estimates on a representation formula for p and gq.

Proposition 3.10. Let 7,0 € (0,1) and r € (1,). Let u,w,z: T> — R3 be divergence-free vector
fields and let p,q : T3> — R3 be the unique 0-average solutions of

—Ap = divdiv (u®w), (3.20)

—Ag =divdivdiv(u®@w®7z). (3.21)
Then, for any s € [1,0|, we have

IPlgz0 < Cllulgg Iwlag . (6.22)

Furthermore, if 0 +7y > 1
Hqume1sc(||u|rpruw||3;mquBgnzs+Huntﬂs(||w||L3rr|z|ng,_,zs+kuggmuzum)). (3.23)

Proof. We denote by Wdli;/r the linear subspace of W!” made by divergence-free vector fields (and

similarly for Bgs giv)- Let T(u,w) be the operator that for each couple (u,w) associate the unique

0-average solution of (3.20). By the Calderén-Zygmund theory, we have
I (u, w)||r < Cllual| v [l W] 2r-
Moreover since divu = divw = 0 the right-hand side of (3.20) can be rewritten as
divdiv(u®@w) = Bi%(uiwj) = 0;(u'dw’) = dju'dw’,
thus we can use again Calderén-Zygmund to get
I (u, W) lw1.r < Cllual| or | w120

and
T (u,w)lw2r < Cllullyrar[[wllyrar.

Since, by Proposition 3.9, we have the embedding Wdli’vr — Bioo.div = (LgiV,Wdzi’Vr ) 1 We can apply

Theorem 3.7 with X = L%, X, = Wdlifr, Vi, =L}, Y= Wdzi;,r , hence obtaining (3.22). Note that it is
important that all the spaces above consist of divergence-free vector fields.

The proof of (3.23) follows similarly as a consequence of Calderén-Zygmund and Theorem 3.8, with
X =Ly, X = Wdlifr, Y = Wd;VI’r and Y, = Wdli’vr once one notices that the solenoidal nature of u,w, z

implies that
divdivdiv(u@w®z) = aiék(uiwjzk) = aé(akuiwjzk) + 85(ui8kwjzk)

= 8j(8kui8iwjzk + 8kuiw-i8izk) + ai(aiuikajzk + uiakw-i8jzk). O
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Remark 3.11. The regularity estimates for the pressure of the proposition above are also a general-
ization of previously known results contained in [1, Lemmas 7.9, 7.10 and 7.14], where some Lipschitz
regularity of the vector fields is assumed. Proposition 3.10 is however more general, both because it
proves the double regularity of the pressure based only on the Besov regularity of the vector field and
because it does not require boundedness or Lipschitz assumptions on the vector field, which are not
satisfied for instance by the solutions built by convex integration methods.

Moreover, the above double regularity results on the pressure do not depend on the specific struc-
ture given by the Laplacian but also apply to more general elliptic operators. Indeed the Calderon-
Zygmund estimates in the extremal spaces L', W' and W?" is enough to apply our abstract interpo-
lation theorems.

We consider now a weak solution (u, p) of the incompressible Euler equations (3.1). The pressure

p solves
—Ap =divdiv (u®u), (3.24)

thus it can be uniquely determined if one imposes that [15 p(z,x)dx = 0, for any time ¢ € (0,7’). For
every 6 € (0,1) and r € (1,00), a direct application of Calderén-Zygmund leads to

Ip(0)llg., < Cllu(®)llz - (3.25)

Since our solutions are just weak solutions, we will need to mollify (3.1) in order to justify some
computations; moreover, we will tune the convolution parameter in terms of the time increment 4. By
regularizing (in space) the equations (3.1), one gets that the couple (ug, ps) = (u* @g, p* @s) solves

{ dug+div(ugQ@ug)+Vps = divRg (3.26)

divug =0,
where Rg = ug @ us — (1 ®u)s. We can now prove our main theorem.

Proof of Theorem 3.1. Let h > 0 be a time increment. When it will help the readability we will also
put in the constants C all the norms of # and p which are already known to be finite. We prove the
theorem for s < oo, since the case s = oo is a simple adaptation and it is easier using the identification
Bfoym = (9. In the following, given an interval I, the function x;(-) will denote the usual characteristic
function of the set /.
Proof of (i). Assume that u € L*((0,T); B, ..(T?)), for some s € [1,00). We split

lua(e + ) — (o) < e +R) — s (¢ +h) |+ uas ¢+ 1) — s (6) |2 + s () — (). (327)
Using (B.6) we have ||ug(t) — u(t)||pr < C8° |u(t)|| go_ for every t € (0,T'), from which we deduce

1
T—h s T—h s
( /O ||u<t+h>—u5<r+h>uzrdr> +< /0 ||u<z>—u5<r>uzrdr) < C8°Jull o

< C8%lull 2oas, -
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In the last inequality we used the fact that both the time and spatial domains are bounded. We are
left with the second term in the right-hand side of (3.27). Since ug solves (3.26), using also (B.7) and
(3.25) we get

t+h t+h
Jus(r+ 1) s < [ lows(@)lwdr < [ (Jaiv e n)s (@)l + [Vos(o)) de
t 1

_ C69_1 t+h Jr< C59_1 t+h 5 p
< (lu@u(z)llgo +lP(7)llpe, ) dT < lu(T)l[5o dr.
t ’ ’ t 1,00

By the Holder inequality with conjugate exponents s and - we deduce

T
s 0-+-) = s 0 < 8O [ (2 () By
from which, by integrating in time, we conclude
T—h T—h T
| st = s o) de < 08@ 0w [T [ a@) (o)l _dear
< C6(671)shs’|u’ 2s

Lzs(Bgrw)7

where in the last inequality we also used fOT_h X (t)(z—n,r)dt < h. By choosing 6 = h, we achieve

1
T—h s
0 2
( /0 ||u(t+h)—u(z)||1rdr> <Ch (IIuIILzs(Bgnm)+||u||Lzs(Bgm))»

from which, by taking the supremum all over i € (0,T'), we conclude u € ng((O, T);L"(T?)). Since
p solves (3.24), we can use (3.22) with u =w = u(t), y = 6, s = oo, getting

1Pz, < Cllu(t)llgs (3.28)
Taking the L*(0, T')-norm, we deduce that p € L*((0, T);B%fo (T?)), namely that (i) holds.
Proof of (ii). Let 6 > 1/2 and B € [0,26 — 1). Note that
—A(p(t+h)—p(t)) = divdiv ((u(t +h)—u(t)) @u(t+h)+u(t) ® (u(t +h) — u(t))) :
Thus, by using (3.22) with y=1— 0 + 3, s = oo, we get

[P+ h) = p(0) | o < Cllute -+ 1) =) oo (et +W)lgg_+ullgg ), (329)
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and taking the L*(0,T — h)-norm in time, by also using the Holder inequality, we achieve

1

T—h K T—h 3s %
/0 Ip(e+h) = O], e sc/o Jue+ ) = w2 st | Nllspg ) (330)

2r,00
By the interpolation inequality (A.3), the Holder inequality, and since u € BS, ((0,T);L* (T?)) by
2%

(i), we can estimate

3520—1-P 35 1-0+B

T—h 3s T—h 3s 3s
|t = oyt < [ e =) e+ —ulo)ly © e

2100 2r,00

20-1-8 1-6+8
T—h 3 0 T—h 3 A
< ( /0 rru<r+h>—u<r>rr;,dr> ( /0 Juo -+ 1) = (1)l dr)
s 35 20—1-f 35 1-64p o
< CRY OBy 2,0 |2, 7 < ch3O-1-B),
L

By plugging this last estimate in (3.30), we conclude that p € BE,(Z:I*B ((0,T );B;IB (T3)), since we

get
1

</0Th p(t+h) _p(t)H;};ﬁ dt> b < CH2-1-B,
Proof of (iii). In order to prove the Besov regularity in time of the pressure, we split
lp(t+h) = pOllr < lp(t+h) = pst+ 1)l + st +h) = ps @)+ [|ps(t) = p()|r- (3.31)
Using (B.6) and (3.28), we have, for every ¢t € (0,7,
P ()= p(r) s < CE*I1p(1) gz < C8% u(r) By < CO™ () .
from which we deduce

T—h T—h
|t = patamlizdes [ 1p0 = ps(Olicdr < CE*ul g

It remains to prove the estimate for the middle term ||ps(t + ) — ps(?)||z- in the right-hand side of
(3.31). Notice that pg5(t +h) — pg(t) solves

—A(pg(t-l—h)—pg(l‘)):divdiv <R5(t)—R5(t+h)+u5(t+h)®u5(t+h)—u5(t)®u5(t))
t+h
:divdiv<R5(t)—R3(t—l—h)+/[ (%ug(r,x)®u5(f,x)+u5(T,x)®%u5(r,x)>dT)

t+h
= divdiv <R5(t) —Rs(t+h) +/ ((div (usg Q@ug) —Vps —divRg) Qug
t

Vug @ (div (us D us) — Vs — divR5)> dr) .
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Thus pg(t +h) — ps(t) = ¢' +¢* +¢>, where ¢', 4%, ¢> are the unique 0-average solutions to
—Ag' = divdiv (Rs(r,x) — Rg(t +h,x)),

t+h
Aq2:2/ divdiv((divRs + Vps) @ug)dr,
t
t+h
—Ag® = / divdivdiv (us @ us Qug)dr.
t

By Calder6n-Zygmund, (B.8) and (B.7) we have that

la' )]l < CIRs (1 +h) s + [R5 (Do) < €8 (lule+ Mo+ [u(t)llze ).

and

t+h t+h
@l <¢ [ (IdivRs(l 5 + 19250l 3 ) s @) o de < 8% [ (o)l _de.
t t

I3
Hence, by taking the L*(0,7 — h)-norm, we deduce

"l < €8l Fac g (3:32)

and, similarly to above, by the Holder inequality we have

T—h T—h T
| e lidr<cst vt [0y @l dc) d
0 0 0 ’ B3,

< €8O ull S, g - (3.33)
3r,00

For ¢ we can use, for any € >0, (3.23) with 8 =y = (14¢€)/2, s = o0, u = w = 7 = u;(t), getting

t+h
g @)l < 1l (@)l <C/ ||u5(f)||L3r||u5(f)||21+TsdT- (3.34)
t

reo —

31,00

By (A.4) and the estimate (B.7), we have

1—¢ 1+e-26 lte

s O 15e < llug(@)ll o " lus@)llygis” <82 [lut)llpg -

F,00

3re0

Plugging this last estimate in (3.34), we achieve

t+h
7@l <8 [ u(o)l,_dr,
t ree
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from which we deduce
I sy < €8l (335)

Choosing 6 = h, from (3.32), (3.33) and (3.35), we conclude

1
T—h s
( | Inste+m=ps(o)ls dr) <020 (g )+ Il ) )

which implies that p € B287¢((0,T); L"(T?)). If now 6 > 1/2, we have to prove that p € W'*((0,T); B8~ (T%)).
It is enough to show that d,;p € Ls((O,T);B%(ZO_l(T3)). Indeed by point (i) of the Theorem 3.1 p €
L%((O,T);B%f (T3)) — L5((0,T); B2%-1(T3)). Thus we can write, by using (3.38), d;p = ¢' +¢*

7700 )

where ¢', ¢ are the unique O-average solutions of
Ag' = divdivdiv(u®@u®u),
Ag? = 2divdiv(Vp @ u).

Since, by (3.28),
IV p(0)ll -t < Clluto) 3

2

by Calderén-Zygmund we get

lg* (@)l 201 < ClI(VP@u)(1) ]| oo+ < ClIVp@)ll g1 [lu(®)llpe < Cllu(f)Hf;gm-

2

Moreover, by (3.23) with y =0, s = and u = w = z = u(t),
la" @)llge-1 < Cllu(®)]lze -

Hence, by taking the L*(0,7)-norm we obtain

1 2 3
”atpHLS(B%f;l) < ||61 HLS(B%Q;l) + Hq ||L“(B%§c’1) < CHu”L%(Bgm)’

which concludes the proof of (iii).

Proof of (iv). By Lemma 3.12 we have that d; p solves (3.38). Therefore 9, p(t +h) —d;p(t) = ¢' +¢°
where

Ag' = divdivdiv (u(t +h) @u(t +h) @u(t +h) —u(t) @u(t) @ u(t))
= divdivdiv ((u(t +h) —u(t)) @u(t +h) @u(t +h) +u(t) @ (u(t +h) —u(t)) Qu(t + h)
+u(t) @u(t) @ (u(t +h) —u(t))),



50 3. Regularity results for the Euler equations in Besov and Sobolev spaces

Ag* =2divdiv (Vp(t +h) @u(t +h) — Vp(t) @u(t)).

To estimate ¢!, for any small € > 0, we apply (3.23) with Yy =1 — @ +¢& and s = o, in such a way that
the factor u(z + h) — u(t) gets only the B1 9+£-norm and not the BY, __-norm. Thus we get

lg" (@)l < llg" ) llgs.. < Cllut +h) —u(t)l| grose (e + )50+ [lut)lI5e ).
3100 3r,00 3r,00

Integrating in time on (0,7 — h) yields to

T—h T—h
lg* (0)[[3rdr <€ lee(r 1) —(t) [ 310 (el +M)5o  +lu)llze )ar
0 0 B3r.oo 3re0 3r,00

and by the Cauchy-Schwarz inequality we get

1

T—h | T—h 2
| g @< e [t n) — ) aeedr ) ol

Now, by (A.3) together with the Holder inequality in time, we have

25 1— 9+8

T—h T—h 720—1-¢
/0 ||M(l+h)—u(f)\31 9+sdt</0 Ju(t+h)—u(@)|[5 ° lu(t+h)—u(t)l, ° di

3r,00

20—1—¢ 1-0+¢

T—h [ T—h 0
< (/0 llu(t +h) — u(t )||L3’ > (/o ||u(t+h)—u(t)|12;gmdt>

< Ch2s(29—1—8) ||u||

gl= 6+
el e | < CrPRo-1-e),

L3r L23 )

where in the last inequality we used u € B3S (0, T);L3’(']I‘3)) < BY__((0,T);L*(T?)), that comes

25,00
from (7). Thus we conclude with

T—h
|l @ < e, (.36
0

Similarly, we obtain

T—h T=h
/0 lg> ()17 dr < C/o I(Vp@u)(t+h) = Vp@u)o)|irdr < CRO S| Vp@ullipn 1y,
N
< cp20-1-¢) (vaHng;lﬂ‘l(LZr)|’uHB%g;178(L2r)>

N
S Chs(ze—]—f;‘) <||Vp||B%SG;178(L2r) ||u||Bgsm(L2r)> S Chs(ze_l_g),

(3.37)
where we used that u € BS. _((0,7);L*(T?)) by (i), and Vp € B29_17¢((0,7);L*(T3)) by (ii).

25,00 25,00

Summing up (3.36) and (3.37) we obtain d;p € 33720_1_8((0, T);L’(T3)) as desired. O
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Lemma 3.12. Let u € L¥*((0,T);BS.__(T?)) for some r,s € [1,00] and 0 € (1/2,1). Then 9, p solves

310
Adip =divdivdiv (u @ u®@u) +2divdiv(Vp @ u), (3.38)
in the distributional sense.
Proof. For every 8 > 0, we denote by p® the unique 0-average solution of
—Ap® = divdiv (ug @ ug).

Note that by Calderén-Zygmund, p® — p in L%((O,T);L% (T3)) as § — 0. Thus d;p® — J,p in
distribution. Since d;ug € L> ((0,T);C>(T?)) from (3.26), we can compute

oidivdiv (us @ug) = 2divdiv (dug @ug) = —divdivdiv (us Q@ us Qug)
—2divdiv (Vps @ ug) + 2divdiv (divRs @ ug).

Obviously ug — u in L*((0,T);L¥(T?)). By (B.8), since 8 > 1/2 we have that divRs — 0 in
LY ((0, T);L% (T?)). Moreover by (i) in Theorem 3.1 we also have Vps — Vpin L> ((0, T);L% (T)).
Thus we conclude that in the distributional sense

oidivdiv (us @ug) — —divdivdiv(u @ u®@u) — 2divdiv (Vp @u). O

Remark 3.13. In the above proof, one can make explicit quantitative estimates on the quantities
which appear in the statement of Theorem 3.1. For instance, as regards (i) we have

2
lullgo,zry < C (Hu!lmm + lfuflwwgm)) )

2
||P||LS(B%§,) < CHMHI}S(BSM) )
for a constant C > 0 depending only on r,s, 0.

Remark 3.14 (The case r = 1). When r = 1, the statements (i) and (ii) of Theorem 3.1 on the pres-
sure may not be true in general. On the positive side, if u € L3*((0,T); W' (T?)), the compensated

compactness methods [15] give that the pressure belongs to L%((O,T);WZJ(TG)) (namely, the re-
sult with r = 1 and 0 = 1 would hold). On the other side, however, if r = 1 and 6 = 0, the lack of
the Calderon-Zygmund theory gives us that a solution p to (8.2) is in general not more than in the
weak-L! ('IF3) space. Trying to repeat the proof of the abstract interpolation result of Theorem 3.7,
as we did in Proposition 3.10 for r = 1, this constitutes a problem because we would need to ap-
ply the interpolation result with Y| = L}Neak’ giv Y2 = Wdzi’vl. Hence, Theorem 3.7 would only give us
that p(t) € (L. (T3, W>1(T3))g.1 and it is unclear if such space would coincide with a suitable

Besov-type space.

Proof of Theorem 3.2. The proof is just a consequence of (i), (ii) and (iv) of Theorem 3.1 together
with the embeddings W9 < B%_ < W', that hold true for any r € [1,] and 6,y € (0,1) with
0 > 7. O
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Chapter 4

Helicity regularity and conservation for
incompressible Euler

4.1 Introduction

In this chapter we consider again the incompressible Euler equations

{ du+diviuxu)+Vp=0

divu =0, “.1

in the spatial periodic setting T = R3/Z3. Letting @ = curlu, by taking the curl of the first equation
in (4.1) one also gets the evolution equation for the vorticity @, which is

0+ curldiv(u®@u) =do+(u-Vio—(®-V)u=0. 4.2)

Thanks to the peculiar structure (and its related cancellation properties) of the nonlinearity div (¢ & u)
one can prove that, at least for smooth solutions, we have conservation of the helicity H = H(t) that
is defined as

H(t) = /T () 0(1)dx.

The sharpest result in the literature on the helicity conservation has been proved in [13] assuming
uc L3((0, T);B;/ i:(N) (T3)). Note that the Sobolev spaces used in this work satisfy W97 — Bg c(N)?

thus one has helicity conservation also for u € L3((0, T);W%’3 (T?)). Here we propose a different
approach which is to treat the velocity and the vorticity as two different functions. We prove the
following

Theorem 4.1. Let 0 < 0, < 1 and 1 < p,q,r, kK < oo such that % +Cl1 = %4—% = 1. Suppose that u is
a weak solution of (4.1) such that u € L*"((0,T);W92P(T?)) and @ = curlu € L¥((0,T); W*4(T?)).

If20 +a > 1 then H is constant.

53
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It is not clear how this result relates to [13] since for general exponents o and 6 one does not have
the embeddings in B;/ 3c(N)'

A similar result to Theorem 4.1 has already been proved in [12]. Indeed in [12] the author proved
the helicity conservation assuming @ = curlu € CO((0,T);L*(T3)) NL3((0, T);BQO;5 _(T?3)) for every
o> % Theorem 4.1 is then a generalization since it treats the velocity and the vorticity separately.
Indeed a direct consequence of our theorem is that in order to prove the helicity conservation it suf-
fices to assume @ € L*((0,T);W%4(T?)) for any o > 0 and any ¢ > AH%' We refer to Remark 4.6

for a precise discussion.

Since in our incompressible setting the velocity u is completely determined by its curlu (thanks
to the existence of a potential) then there is a range in which Theorem 4.1 is just a consequence of
the conservation proved in [13] for u € L*((0,T );BZ Z(N) (T?)), and also a range where the hypothesis

on u in Theorem 4.1 is redundant. Thus an interesting case is when the regularity assumption on the
curlu is as weak as possible (see Remark 4.5 for a more precise discussion). For this reason one can
choose p = o and g = 1 getting the following

Corollary 4.2. Let 0 < 6,00 < 1 and 1 < r,k < oo such that 1 ++ = 1. Ifu € L*((0,T);C%(T?))
is a weak solution of (4.1) such that @ = curlu € L¥((0,T); W% (T3)), where 26 + & > 1, then the
helicity is constant.

Note that the hypothesis used in Corollary 4.2 in general do not imply u € L*((0, T);B;/ SC(N) (T3)).

A natural question is to ask whether the helicity as some regularity also in the range in which it
is not necessarily constant. To answer this question, instead of the time integrability L; we assume
uniformity, namely L;°, showing the following

Theorem 4.3. Let 0 < 0, < 1 and 1 < p,q < oo such that ;7+%1 = 1. Suppose that u is a weak

solution of (4.1) such that u € L*((0,T);W®2P(T3)) and @ € L*((0,T); W*4(T3)). Then there exist
a constant C > 0 such that o
|[H(t) —H(s)| < Cl|t —s| 10 . (4.3)

Theorem 4.4. Let 5 < 0 < 1 and suppose that u is a weak solution of (4.1) such thatu € L*((0,T); W93 (T?)).
Then there exist a constant C > 0 such that

[H (1)~ H(s)| < Clt —s| 15 . (4.4)

We remark that the assumptions L™ in time is fundamental in order to get Holder regularity of
H = H(t), but weaker assumptions as L" would also imply suitable Sobolev regularity. However,
we are not going to exploit such hypothesis. Moreover the assumption 6 > % is necessary since

u € W22(T3) is the minimal assumption to ensure that the Helicity is well defined.
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The proofs of Theorem 4.3 and Theorem 4.4 make use of the same technique introduced in Chap-
ter 2, since with this kind of equations one can easily prove Holder regularity of energy and helicity
by looking at the regularized versions of (4.1) and (4.2). Note that the previous theorems still give
the helicity conservation if the two Holder exponents in (4.3) and (4.4) are bigger than 1, which
is20+a >1and 6 > % respectively. The reader might be confused about the critical hypothesis
20+ =1and 0 = %, which in Theorem 4.3 and Theorem 4.4 respectively just imply Lipschitz
continuity of the helicity instead of conservation, but we remark that the borderline conservation is
achieved in Theorem 4.1 and in [13] thanks to a limit procedure which is missing in Theorem 4.3.

Since our Corollary 4.2 shows the conservation of the helicity if 260 + o > 1, then choosing 6 < %
and the corresponding o = 1 — 26, there might exist solutions such that H = H(¢) is constant but
the energy is not. However we are not able to produce such solutions since in the current works on
Holder based convex integration techniques we do not have a strong control on the curlu in some
Sobolev space as the one required here. In a similar direction and in view of the helicity conservation
of [13], one could also aim to construct 86 —Ho6lder continuous solutions for some 0 € (%, %), which
do not conserve the helicity, but to date there is no Holder based convex integration scheme which
crosses the barrier 6 = % We remark that in the Sobolev setting, this barrier % has been crossed in
the recent work [9] in which the authors constructed L=((0,7T); H'”>~(T?)) weak solutions of Euler
whose kinetic energy is not constant in time.

4.2 Helicity for smooth solutions

Before proving Theorem 4.1 we start considering the helicity for a smooth solution u of (4.1). By
smoothness we can directly compute the first derivative of H = H(t), using equations (4.1) and (4.2),
getting

L) :/ (- @+ - %0 dx
dt T3

:—/ ((u-V)u—i—Vp)-a)dx—/ (u-V)o—(0-V)u) -udx
T3 T3

2
:—/ div (poo—l—u(u-a))—M oo) dx=0,
T3 2

where we used the following relations
- (u-Viutu-(u-V)o=div(u(u- o))
| )
u-(0-Vyu= Ele (jul*o)
w-Vp=div(pw).
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Thus in the smooth setting, the previous computations easily show that the helicity is constant.

In order to deal with weak solutions (and so with low regularity) we have to mollify the equation
(4.1) getting an evolution equation for the smooth quantities (ug, pg), with an "error" forcing term
which is due to the non-linearity. The crucial observation in [22] is that this error has a particular
commutator structure and thus satisfies better estimates than ug. Since we also have to deal with the
vorticity @, we will mollify both equations (4.1) and (4.2) and we will see that the commutators have
exactly the same structure.

Before proving our main results we start with two remarks about the hypothesis of Theorem 4.1.

Remark 4.5. Theorem 4.1 is stated for any couple of exponents 1 < p,q < oo such that % + Cl] =1

The reader may wonder if the assumption on u could be redundant, since it could be a consequence
of the one on the curlu. Indeed in our incompressible setting we have u = curl (( A)~Tcurl u) In
particular, if curlu € W%4(T?), 1 < g < oo, by Calderon Zygmund we get u € W'T%4(T3) and by

Sobolev embeddings we have that W'+ %4 —; w' = if

9

In the case g = 1 we have u € W'**=&1(T3) for any € > 0, but this is obviously not enough to
guarantee any Holder regularity on u.

Remark 4.6. For any o > 0, we assume & € W*4(T?) and we choose 6 = E so that the helicity
2q
T

is preserved. Then by (4.5) we have that u € WIT (T3) if

- 9
9 443a°

Thus we have that the assumption o@ > % in [12] is not necessary if one assume more on the integra-
bility exponent q.

We highlight that if u € W2-2(T?) then the helicity is the action of the distribution curlu €
W‘%"fz(']I‘?’) on the velocity u and it can be represented as

HO = [ (-8

Note that by Cauchy-Schwarz and Calder6n-Zygmund we have

u-(—A) Fcurludx. (4.6)

=

‘(—A)_%curlu(t) HLZ(T3) < C|lu(r) ”ivl’z

L2(T3)
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4.3 Helicity conservation for weak solutions
We first mollify equations (4.1) and (4.2), getting

8,u5 +div (ug ®u5) + Vp5 = diVR5 , 4.7
0,05 + (us - V)ws — (w5 - V)ug = curldivRg , (4.8)

where Rg = us Qug — (u®@u)g. Now we consider the helicity Hg related to the smooth vector fields
ugs, Ws, namely the function

Hi (1) = / s (x,1) - 05 (x, 1) dx. 4.9)
IS

By the regularity of u and it is clear that for almost every ¢t > 0, Hg(¢) — H(t) as 6 — 0. We can
now compute the time derivative of Hg. Using (4.7) and (4.8) as in Section 4.2, we get

d .
—Hg(l‘):—/E3le(p5w5+u5(u5-w5)—— a)5)dx

dt
—I—/ a)g-divR(gdx—l—/ ugs -curldivRgdx
T3 T3
_ / Vs : Ry dx, (4.10)
T3

where in the last equality we integrated by parts. Thus we have that

t t
Ha0) =~ H5(0)| <2 [ [ [Vg](r.5) Rol ) s <2 [ 19055 IR 5) o0 s,
(4.11)

and by Proposition B.3 we conclude that

t
|Hs (1) — Hs(0)| < c8*0+e! /0 [ (8)lwea(ws ) [1($)] 5020 (13 5 45

The unusual notation W%4(T3_Bj) denotes the sobolev norm restricted to the ball Bs, see Appendix
A. Note that in the previous estimate we used two conjugate exponents 1 < p,g < . The case in
which one of them is equal to 1 (or equivalently o) is analogous. Finally, using Holder inequality
with exponents r, K we achieve

‘Hs (1) — H5(0)‘ < §?ora-l [W]LK((O,T);Wa,q(T%Bg))[“]izr((om;w@lp(T%Ba)) )

thus the claim follows by letting 6 — 0.
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4.4 Helicity regularity for weak solutions

Proof of Theorem 4.3

Now we will see how the L™ in time assumption leads to some Holder continuity of the helicity,
even without the assumption 20 + o > 1.

We define Hg(t) as in (4.9). For any couple of times s, we estimate
\H(t)—H(s)| < |H(t) — Hs(t)| + |Hs (t) — Hs(s)| + |Hs(s) — H(s)| . (4.12)

By the L;° assumption, both the first and the third term can be estimated by using (B.11) with
r=1and p =g =2 as follows

|H(1) — Hs(1)] + |Hs (s) — H(s)| < C8*||ull = ((0.1y:w0.0 (13)) | @l 1= (0. 1) (12))

where, in order to apply (B.11), we also used the the property H(t) = [pau-® = [13(u- ®)s. We are
left with the second summand in the right hand side of (4.12). We have that

|Hs (1) — Hg(s)| < |t —s]

d
—H
dt 5

b

L=(0.T)
and by (4.10), together with Proposition B.3, we get

}Hg (l‘) —Hg (S)’ < C|t — S|520+O€_1 ||”||ioo((0j);we,2ﬁ(’]1‘3)) ||a)||L°°((O,T);W““7(T3)) :
Combining the previous estimates with (4.12) we achieved

|H(t)—H(s)| <C(8%T% + |t — 5|82,

for some constant C > 0, which depends on both u, ®. Finally, by choosing 6 = | — s|ﬁ we can
conclude o
‘H(t) —H(s)] <Clt—s|1-o .
Proof of Theorem 4.4
The proof runs in the same way as the one for Theorem 4.3. By equation (4.10) and using (B.10)
and (B.11) we have

|Hs(t) — Hs(s)| < |t —s]

d
LH
dr 0

< 2Jt = sll|Veurlus || o ((0,7).03 (12)) IR | 1= 0. 7y52 19
L=(0.T)
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Since, for every 6 > 0,

H(t) = /T 3(_A)1/4u-(—A)*‘/%uﬂudx: /T 3 ((—A)"u- (—A)Vcurlu) s dx,

by applying (B.11) with r = 1, we deduce that for every t > 0

{H(l‘) o H5 (t) | S C629_] [(—A)1/4”]L°°((O,T);We—l/zﬁz(’ﬂﬁ)) [(—A>—1/4CUI'1 M]Lm((O7T);W9_l/232(T3))
S C529_1 [u]im((O7T);We’2(T3)) )
where in the last inequality we also used Calder6n-Zygmund estimates. Thus we have

|H(1) —H(s)| < |H(r) — Hs(1)| + |Hs(t) — H5(s)| + |Hs(s) — H(s)|

< C<529_1 [u]iw((om);wﬂl(m) +e - S|639_2[”]z”((O,T);WG-z(W))) ’

from which we can conclude by choosing & = |t — s| =3
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Chapter 5

Nonuniqueness of Leray-Hopf weak solutions
to the hypodissipative Navier-Stokes

5.1 Introduction

In this chapter we consider the Cauchy problem for the incompressible fractional Navier-Stokes
equations
ov+divivev)+Vp+(-A)v=0
divv=20 (5.1
v(-,0) =7,

in the spatial periodic setting T3 = R3\ Z°.

We are interested in Leray-Hopf weak solutions of (5.1), namely weak solutions v € L= (R*, L>(T?)) N
L>(R*,HY(T?)) satisfying the global energy inequality

/ v (x,t dx+

As for the Navier-Stokes equations (i.e. the case Y = 1), it is known that such solutions exist and it is
also known that, if the power 7y of the Laplacian is suitably small, then these solutions are not unique.
Indeed in [16] the authors proved the ill-posedness in the case ¥ < 1/5. The question about uniqueness
is still open for a general power Y. In this chapter we partially answer this question, proving the
non-uniqueness of such solutions in the range 0 < y < !/3. More precisely the main result is the
following

1
AYPy| (x,T)dxdT < 5 v[*(x,s)dx, Vo<s<t. (52

M\

Theorem 5.1. Let y < /3. Then there are initial data v € L*(T3) with divv = 0 for which there exist
infinitely many Leray solutions v of (5.1) in [0,+e0) x T3. More precicely, if y < B < /3, there are
initial data v € CP(T?3) with divv = 0 and a positive time T such that

(i) there are infinitely many Leray-Hopf solutions v of (5.1) and moreover v € CP (T3 x [0,T));
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(ii) such solutions strictly dissipate the total energy in [0,T), i.e. the function (of time only)

By (1) = T3|v| %t dx+/ /@

is strictly decreasing in [0,T].

7/2

(x,7)dxdT (5.3)

The proof of Theorem 5.1 is achieved by using the "convex integration methods" introduced by
C. De Lellis and L. Székelyhidi for the incompressible Euler equations, in particular the costruction
used in [7], where the authors, thanks to the new ideas introduced by Daneri and Székelyhidi in [25]

and P. Isett in [41], proved the existence of C,IC/ .~ solutions of Euler equations with prescribed kinetic
energy. This methods can be also used to prove the ill-posedness for the distributional solutions of
the Navier-Stokes equations (i.e. ¥ = 1). Indeed, recently, in [10] T. Buckmaster and V. Vicol proved
the existence of infinitely many weak solutions of the Navier-Stokes equations with bounded kinetic
energy. The solutions constructed in [8] do not even have finite energy dissipation in the sense of
E;or < oo, thus they are not of Leray-Hopf type.

In order to use the argument proposed in [7], we have to construct exact solutions of (5.1) in small
time intervals. The corresponding stability estimates of such solutions, with respect to the initial data,
are also needed. To this aim we prove new stability estimates for classical solutions of non-local
advection-diffusion equations.

Following [16] we will see that if the exponent ¥ is not too large (in particular y < !/3), then the
methods used in [7] to produce Holder continuous solutions to the Euler equations with prescribed
kinetic energy can be adapted to equations (5.1). Then we will be able to produce (different) solutions
with different kinetic energy profile, let all of them start from the same initial data and keep under
control the dissipative part in the definition of E;,; (see (5.3)).

For the reader convenience we recall here the fractional Navier-Stokes equations with some vis-
cosity 4 >0
ov+divivav)+Vp+u(—A)'v=0
] 5.4)
divv=0.

Using the main iterative proposition (Proposition 5.9) we are able to show the existence of dissipative
solutions of Euler which can be obtained as a vanishing viscosity limit of solutions of (5.4). The main
idea is taken from [8] where the authors proved that Holder continuous solutions of Euler arise as a
strong limit in C°([0, T]; L?(T?3)) as u — 0, of weak solutions of the classical Navier-Stokes equations.
Again by the restriction y < 1/3, we are able to produce a sequence Leray-Hopf weak solutions of (5.4)
converging to a dissipative solution of Euler, as ¢ — 0. More precicely we prove the following

Theorem 5.2. Let B/ < 1/5. There exist dissipative solutions v € CP'([0,T] x T?) of Euler such that,
if 0 <y< P/, there exists a sequence U, — 0 and a sequence y(Hn) of Leray-Hopf weak solutions of
(5.4) such that vV\#) — v strongly in C°([0,T];CP" (T?)) for every B" < B
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Also in this case, if we only want to require that the sequence ylHn) s just a sequence of weak
solutions of (5.4), bounded in L((0,T); L*(T?)), we could also prove that for any y < !/2 there exists
a sequence of solutions of (5.4) converging to any Holder solution of Euler, as  — 0, but in order to
be consistent with the arguments of this work, we will not enter in these details.

5.2 Proof of the nonuniqueness

In order to show Theorem 5.1 we will prove a slightly more general result about (5.1). Indeed,
using the inductive scheme proposed in [7], we are able to prove the following

Theorem 5.3. Let e : [0,1] — R with the following properties
(i) 12 <e(r) <1,Vt €]0,1];
(it) sup, |€'(t)| < K, for some K > 1.

Then for all y < B < 1/3 there exists a couple (v, p), solving

(5.5)

ov+divivav)+Vp+(—A)lv=0
divv=0

in the sense of distributions, such that v € CP (T3 x [0,1]) and

/ IVI x,t) (5.6)

where Cg is a constant depending only on B. Moreover, given any two energy profiles ey and ey such

that e1(0) = e5(0), then the two corresponding solutions v and v?) start from the same initial data,

i.e. vID(.,0) = v (-,0).

We end this section by proving Theorem 5.1, then the rest of the paper will be devoted to the proof
of Theorem 5.3.

Proof of Theorem 5.1. Elementary arguments produce for every K > 1 an infinite set & of smooth
functions e : [0, 1] — R with the following properties:

(i)

(if)

(iii) e(0) =
)

(iv) €(t) < —2K+2, Vte[,41[(];

1h<e(r)<1,Vre[0,1];

lellcr o,y < 2K +2
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(v) for any pair of distinct elements of &k there is a sequence of times converging to 0 where they
take different values.

For each e € &k, we now use Theorem 5.3 to produce infinitely many weak solutions satisfying
(a) e(t) =3 [ys [vP(x,0)dx;
(b) ve CP(T3 x[0,1]), VB <!/;
(¢) v(-,0) =7, for some v € CF(T3) ;
(d) |Ivllp < CpK™P.

Let T = !/ax. We have to show that all these solutions strictly dissipate the total energy, which is

equivalent to
=) [ [ s
= —e(t
2 T3

By our assumptions on the functions e(¢) and using Corollary C.2 we have

APy (x,T)dxdt, YO<s<t<T. (5.8)

1(<>—e(t))_<1’< )(t—s), YO<s<t<T;

[ Llee

Chosing € so that Y+ € = 3, we see that (5.8) holds if the constant K satisfies

7/2

(x,7)dxdt < (¢ —s)CgHv]|72,+£.

K—1>Cg K", (5.9)

where Cg ,, depends only on y and 3, but not on K. It is clear that there exists a K (big enough) such
that (5.9) is satisfied. Thus we have proved the existence of infinitely many Leray-Hopf solutions in
the interval [0, T] satisfying (@) and (b) of Theorem 5.1. Finally, each solutions can be prolonged to
Leray-Hopf solutions for every ¢ > 0, thus the proof is concluded. O]

5.3 Local smooth solutions

Maximum principle and stability estimates

We begin by stating a maximum principle result for a non-local operator. The proof is standard,
since, as for the local case (i.e. using the Laplacian), we have that (—A)"u(xp) > 0 whenever x is a
global maximum point of u (see for instance the integral representation formula (C.1)).

Theorem 5.4. Define Oy = T° x (0, T]. Let L be the pseudo-differential operator defined as Lu =
(v-V)u+ u(—A)"u, where u: T?> x [0,T] = R, v: T3 x [0,T] — R? is a given vector field and y > 0,
0 <y < 1. The following holds:
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(i) ifu,+Lu < 0in Qr, then maxgp, U = Maxrys, (o) U;
(ii) ifus+Lu >0 in Qr, then minéT U = Mmings3, (o U.

In Using Theorem 5.4 we can prove a stability estimate for a general class of non-local parabolic
equations. Indeed we have

Proposition 5.5. Let u: T3 x [ty, T] — R? be a solution of the Cauchy problem

u+Lu=f
{ o) — . (5.10)
Then for any t € [ty,T| we have
t
Jue)lo < oo+ [ 16} lods. 5.11)
To
()1 < [uglyel "l 4 / I f(s)1 ds, (5.12)

and, more generally, for any N > 2 there exists a constant C = Cy so that
[u(®)]y < ([uo]n +C(t —to) [V]n[uo] ) €<~
t
+ [ Iy +Cle =) b LFh) ds (5.13)
To

Proof. We may assume that u and f are two scalar functions, indeed we can work on each component
of equation (5.10). Note also that Theorem 5.4 is invariant under the time shifting r — ¢+ .
Defining

w=u—[Hﬂmmw,

we have
{ wi+Lw=f—|f(®)|lo<0

w(-,10) = up.
Thus, by Theorem 5.4, we have

u@ﬂSme+/Hﬂw%w- (5.14)

Applying the same argument to the function w = u + ftf) | £(s)|lods, we get the bound from below,
showing (5.11).
Next, differentiate (5.10) in the x variable to obtain

(Du); +LDu=Df —DvDu.



66 5. Nonuniqueness of Leray-Hopf weak solutions to the hypodissipative Navier-Stokes

Applying (5.11) to Du yields
(D)1 < [uo]1 + /tol (F)h A+ Wi [u(s)]r) ds,
and by Gronwall’s inequality we get (5.12). Now, differentiating (5.10) N times yields
(DVu), + LD u = DNerNi‘,1 cxn DM uDN Ry
k=0
Using again (5.11) we can estiamte
[u(®)ln < [uoln + /to t ([F)In +C(Inlu()l + Wi [uls)lv)) ds.,
and plugging the estimate (5.12), we get
[w(®)v < [uo]w +C(t —10) V[l "1 + [ ([f(S)]N
0

+Clly [ ] ar+ CO (o)l ) ds

To
and Gronwall’s inequality finally leads to (5.13).

Using Proposition 5.5 we also get the following

Proposition 5.6. Assume 0 < (t —1y)[v]| < 1. Then, any solution u of (5.10) satisfies

o) < (o + [ tllf(-,f)lladf> ,

forall 0 < o < 1, and, more generally, forany N > 1 and 0 < a < 1
[u(t)Nra S [uoln+a + (t —10) [VIN+aluo)t +/ <[f(7:)]N+a +(t—71) [V]N+a[f(f>]1> dr,

where the implicit constant depends only on N and Q.
Proof. For any a € [0, 1], let

. Opu(x,t)  u(x+h,t)—u(x,r)
W = e =T g

We have that this new function w satisfies (see equation (4.13) in [23])

h
((9,+u(—A)y+v-Vx+5hv-Vh)W:a%-mw—{—%,

(5.15)

(5.16)

(5.17)
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Thus by the maximum principle! (5.11) and since supy,  |w(x,t;h)| = [u(t)] o, we get

[(t)] o < uo] e + /t (alv()]1[u(s)]a +[f($)la) ds,

To

from which, by Gronwall’s inequality, (5.16) follows.
To get the higher order bounds (5.17) just differentiate the equation N times as in (5.15) and apply
the previous argument with

8DNu(x,t)  DVu(x-+h,t)—DVu(x,1)

W(x7t;h) = ‘h|a o ‘h|06 ’

then (5.17) is again a consequence of (5.11) and Gronwall’s inequality. [l

Local smooth solutions to fractional Navier-Stokes

We want to consider exact (smooth) solutions to the fractional Navier-Stokes equations

ov+v-Vv+Vp+u(—A)'v=0
divv=0 (5.18)
v(-,0) = up,

in the periodic setting T> x [0, 7], where ¥ € (0,1) and p > 0. We define the space
V" ={ve H™(T?) : divv=0}.
We start with the following

Theorem 5.7. For any m > 3 there exists a constant ¢,, = c(m) such that the following holds. Given
any initial condition ug € V'™ and Tp, = cy||uol|;," there exists a unique solution v € C([0,T,,], V™) N
C'([0,T;,],V™2). Moreover we have the estimate

(0 lym < [Juo]|ymecm o IV¥Slods — vr e [0, 7;,]. (5.19)

For a proof of Theorem 5.7 we refer to [5S0] (Theorem 3.4 in Chapter 3). Notice that that theorem
is stated for the classical Navier-Stokes equations. The proof uses the so called "energy method" and
it can be easily adapted to any power Y of the Laplacian in the equations (5.18).

We now want to prove that there exists a maximal time of existence (independent on m) of such
solution. In particular, if the initial datum is smooth, we get the local existence of a smooth solution
of (5.18). We also prove some stability estimates of such solution in Holder spaces, since they will
play a crucial role in the iterative construction.

'Here the maximum principle is applied in both the variables x, .
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Proposition 5.8. For any p > 0 and any 0 < o < 1 there exists a constant ¢ = c(o) > 0 with the
following property. Given any initial data ug € C*, and T < c||u0||ljia, there exists a unique solution
v:R3 % [0,T] — R3 of (5.18). Moreover; v obeys the bounds

VlIn+a Slluollv+o - (5.20)

for all N > 1, where the implicit constant depends on N and o > 0.

Proof of Proposition 5.8. We first show that all solutions given by Theorem 5.7 exist in the interval
[0,T], forany T < H“O"l_ia- Fix any o € (0,1) and let T* be the maximal time such that

T" sup [v(t)1 <1.
0<I<T*
Suppose T* < c||u0||l_fra, for some constant ¢ = ¢() to be fixed later (we will see that this contrad-
dicts the assumption on the maximality of 7, in particular 7* > ¢||u|| lji o)- Using Schauder estimate
on —Ap = Vv : Vv we have
lp@)ll2+a < VO 1a
thus, differentiating the equation in the x variable we get

10 +v-V +u(=A))Dvllo S V()7 4

By Proposition 5.6, for any 0 <t < T*, we have

t
)l sa < luollisa + /O 1v(8) |2, o ds.

Finally, using Gronwall’s inequality we get the estimate

VOt S lluolli+a < 7 VE€[0,T7],

T*
where in the last inequality we have choosen the constant ¢ = ¢(@) to get it "strict". Obviously, this
contraddicts the hypothesis on the maximality of 7*, and also gives the a priori estimate (5.20) for
N = 1, which together with (5.19), gives the existence of a smooth solution in the interval [0, T], for
any T < c||u0||f+1a.

We are left with the higher-order bounds (5.20) for N > 2. For any multi-index 6 with || = N we

have
9,0 +v-Va®y+ u(—A)79% +[9%,v-V]y+Valp = 0.

Using again Schauder estimates for the pressure we obtain

IV plla S e (VW) Iv-14a S IVIl+alvIivee:

Therefore
10 +v-V+u(—=A))0%a S IVll1+allVlv+a,

and (5.20) follows by applying (5.16) and Gronwall’s inequality. [
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5.4 The main theorems as a consequence of an inductive propo-
sition

As already outlined, the main construction is taken from [7], thus we are not going to prove all
technical details about the mechanism of the convex integration scheme. However all the proofs of the
propositions involving the structure of the Navier-Stokes equations (different from the Euler ones),
are completely self contained.

5.4.1 Inductive proposition

First of all, we impose for the moment that

sup |¢/(1)] <1 (5.21)
t€[0,1]

(we will see later that this can be done provided that we impose some conditions on the parameters
appearing in the iteration).

Let then ¢ > 0 be a natural number. At a given step ¢ we assume to have a triple (v, pq,léq) to the
fractional Navier-Stokes Reynolds system, namely such that

Oy +div (v, @ vy) +Vp,+ u(—A)v, = divR, (5.22)
divv, =0, '
to which we add the constraints
R, =0, (5.23)
/ pq(x,1)dx=0. (5.24)
T3

In (5.22) the viscosity u is just some small constant (in particular pt < 1) depending on some param-
eters of the inductive construction. In what follows we will see that this coefficient comes from a
"technical rescaling" on the equations (5.1).

The size of the approximate solution v, and the error Iéq will be measured by a frequency A, and
an amplitude &,, which are given by

Ay =2m[a®")] (5.25)
8y =2, F (5.26)

where [x] denotes the smallest integer n > x, a > 1 is a large parameter, b > 1 is close to 1 and
0 < B < 1/31is the exponent of Theorem 5.3. The parameters a and b are then related to 3.
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We proceed by induction, assuming the estimates

IRgllo < 8412, (5.27)
vglls < M8,/ 2, (5.28)
vgllo < 18" (5.29)
g “ < elt)= [ P < 8, (530)

where 0 < o < 1 is a small parameter to be chosen suitably (which will depend upon f3), and M is a
universal constant.

Proposition 5.9. There exists a universal constant M with the following property. Let 0 < B < 1/3,

0<y<!5and
. [1-B 1-B 4
1<b —_ = . 5.31
< <rn1n{ B 2}/,3} (5.31)
Then there exists an 0y depending only on B and b, such that for any 0 < o < 0 there exists an ag
depending on B, b, & and M, such that for any a > ay the following holds: given a strictly positive
function e : [0,T] — RY satisfying (5.21), and a triple (vq, pg,Ry) solving (5.22)-(5.24) and satisfying
the estimates (5.27)—(5.30), then there exists a solution (vq+1 sy Pg+1 7R)q+1> to (5.22)-(5.24) satisfying
(5.27)—(5.30) with g replaced by g+ 1. Moreover, we have

1 1
g1 =villo+ 5 Ilvgs1 = vl < MEL,. (5.32)
q+1

Furthermore, vy11(-,0) depends only on e(0) and v4(-,0).

The proof of Proposition 5.9 is summarized in the Sections 5.5.1, 5.5.2 and 5.5.3. We show next
that this proposition immediately implies Theorem 5.3.

5.4.2 Prescribing the energy

Here we prove Theorem 5.3. First of all, we fix any Holder exponent 3 < !/3 and also the parame-
ters b and «, the first satisfying (5.31) and the second smaller than the threshold given in Proposition
5.9. Next we show that, without loss of generality, we may further assume the energy profile satisfies

il;lfe(l‘) > o1A 9, supe(t) <&, and supe'(r) <1, (5.33)
t

t

provided the parameter a is chosen sufficiently large. To see this, we first make the following trans-
formations

V(x,t) = wv(x, ut) plx,t) = u?p(x,ur). (5.34)



5.4 The main theorems as a consequence of an inductive proposition 71

Thus if we choose

1/

u = 51 )
the stated problem reduces to finding a solution (v, p) of
Ov+v-Vi+Vp+u(—A)"w=0
{ divi=0 (5:35)
with the energy profile given by
&(r) = pPe(ur),

for which we have (using our assumptions on the function e())

01

infe(r) > §yinfe(r) > 7, supe(t) <&,  and  supd(r) < 5K
t t
If a 1s chosen sufficiently large, in particualar a > apK '/ then we can ensure
3 1
supé'(t) < 5;/21( <l, and = Ao &
t

Now we apply Proposition 5.9 iteratively with (vo,Ro, po) = (0,0,0). Indeed the pair (vo,Ro)
trivially satisfies (5.27)—(5.29), whereas the estimate (5.30) and (5.21) follows as a consequence of
(5.33). Notice that by (5.32) v, converges uniformly to some continuous v. Moreover, we recall that
the pressure is determined by

Apy = divdiv(—v, @ v, +Ry,) (5.36)
and (5.24) and thus p, is also converging to some pressure p (for the moment only in L" for every

r < o). Since Iéq — 0 uniformly, the pair (v, p) solves equations (5.35). Observe that using (5.32) we
also infer

oo oo - , , oo l;ﬁ/ ) ﬁl oo -
Y ot =vally S X Irara=vall P lvgsr —vglll I (851%) < LA
q= q= q= q=

and hence that v, is uniformly bounded in C°([0, 1];CP "(T3)) for all B’ < B. Using the last inequality
and the definitions of the parameter A, we also have that if a is chosen sufficiently large, then

flp<t.  VB'<p.
Since 8,41 — 0 as g — oo, from (5.30) we have

Tq\ﬁ\zdxz e(r),

If now we use the transformation
v(x,) =p o u ') and  p(x,r) = p e u '),

then it is clear that the pair (v, p) solves (5.5) and it satisfies (5.6) and (5.7). The time regularity is a
consequence of (2.2) from Chapter 2.
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5.4.3 Dissipative Euler solutions as vanishing viscosity limit

Here we prove Theorem 5.2. Let v € Cﬁl('IF3 x [0,T]) be a dissipative solution of Euler, with the
kinetic energy profile satisfying the assumptions (i) — (v) in the proof of Theorem 5.1 (note that the
proof of the existence of such solution is given in [7]). Using the rescaling (5.34), with = (2||v[[o) ",
we can assume that ||v||p < 1/2.

We fix two positive kernels (Friedrichs mollifiers) ¢ and v, respectively in space and time. Let

S =a?" and Wy = 5. P . Since v solves Euler, the smooth function v, = (v @s, ) * Wg, solves the
following Navier-Stokes Reynolds equations

Ovp+div (v, @ V) + Vpu + tn(—A) v, = divR,,
with
R, = v,Qv, — (V&) + W (—A) vy,

where f®g is the traceless part of the matrix f ® g and Z is the operator defined in (D.1). We also
define the energy as

en(t) = / v P+ 8y 1 A (5.37)
']1‘3

Using standard mollification estimates and (B.2) we have

valls < 851,

1Rallo < 828 + palvals < 82

Thus, if we chose ¥ < B < B’ and the parameter a large enough, we can guarantee that (5.27)-(5.30)
hold for g = n, provided that b is sufficiently near 1 and o is small. We can now apply Proposition
5.9 (inductively for g > n) in order to obtain a solution v(Hn) of (5.4), and since Y < B (as already
done in the proof of Theorem 5.1) we can guarantee that v(Hn) is indeed a Leray-Hopf weak solution.
Moreover by (5.32) we have

"n_ +1
[V —vallgr < Y vger —vgllgn S Y alf PP

q=n g=>n
Thus, provided that the parameter a is chosen even larger, we can ensure that

1

[ vl < [V — vl g+ Jvn = vilgr < -

vp" < B,

and this concludes the proof of the theorem. We also remark that e, (1) — [13 [v|>dx as n — oo
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5.5 The convex integration scheme and proof of the iterative propo-
sition

The rest of this chapter is devoted to the proof of Proposition 5.9. To simplify several estimates
we will assume that o is small enough so to have

A

s, \" 2
300 q q+1
A _( 5q+1) S (5.38)

in which we also need that a is big enough to nullify any constant from the ratio A,/ a®") which can
be easily bounded as

A
2 < a—b‘{, <d4r. (5.39)

Following the construction of [7] we subdivide the proof in three stages, in each of which we
modify v,: mollification, gluing and perturbation.

5.5.1 Mollification step

The first stage is mollification: we mollify v, (in space) at length scale

5./
_ q+1
o 5q1/2lq1+3a/2 ' (540)
Fix a standard mollification kernel y, we define
Ve =Vg* Yy
Ry =I%q * Yy — (vqé)vq) * Yy 4 VRvy.
These functions obey the equation
vy +div (v @vy) + Vpr+ p(—A) v, = divR,
' (5.41)
divv, =0,

in view of (5.22). Observe, again choosing « sufficiently small and a sufficiently large we can assume
AP <<, (5.42)

which will be used in order to simplify several estimates. From standard mollification estimates we
obtain the following bounds (we refer to [7] for a detailed proof).
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Proposition 5.10.

ve —vallo < 8714, (5.43)
vellver S 8 2t WN >0, (5.44)
IR\t S 8 VHE YN >0. (5.45)

‘/WIVqu— vl dx| S 8gq1 0% (5.46)

5.5.2 Gluing step

In the second stage we glue together exact solutions to the fractional Navier-Stokes equations in
order to produce a new v, close to v4, whose associated Reynolds stress error has support in pairwise
disjoint temporal regions of length 7, in time, where

£2(x
T, = —". (5.47)
8,
Note that we have the CFL-like condition
(5.44) y
2% velli+a S T40 lqﬁ_“ </« 1 (5.48)

o

as long as a is sufficiently large. More precisely, we aim to construct a new triple (Vq,Rq,ﬁq) solving

the Navier-Stokes Reynolds equation (5.22) such that the temporal support of R, is contained in pair-
wise disjoint intervals ; of length ~ 7, and such that the gaps between neighbouring intervals is also
of length ~ 7.

For each i, let #; = i1, and consider smooth solutions of the fractional Navier-Stokes equations

ovi+div(vi®@v))+Vpi+u(—A)"v; =0
divv; =0 (5.49)
vi(sti) = ve(- 1) .
defined over their own maximal interval of existence. An immediate consequence of (5.44), (5.47)
and Proposition 5.8 is the following

Corollary 5.11. If a is sufficiently large, for 0 < (t —t;) < 21, we have
Wilvea S 82NV 4 ST N forany N > 1. (5.50)
We will now show that for 0 < (t —1;) < 21,, v; is close to v, and by the identity
Vi—Vig1 = (vi—ve) — (Vit1 —ve),

the vector field v; is also close to v; .
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Proposition 5.12. For 0 < (r—t;) <21, N >0and 0 < u < 1 we have

Vi —vellvta STqbae1l V1Y, (5.51)
IV(pe—pi)llnra S Sgat N1, (5.52)
1Ly oy (vi—vo)lInra S Sgr N1, (5.53)
ID; ¢ (vi — o) |Ntar S Sgar V1, (5.54)
where we write
Dyy=0+ve-V  Ligy=D;+u(—A)7. (5.55)

Proof. Let us first consider (5.51) with N = 0. From (5.41) and (5.49) we have
Lyty(ve—vi) = (vi=ve) - Vi = V(pe — pi) +divRy. (5.56)
In particular, using
A(pe— pi) = div (Vve(vi — ve)) +div (Vvi(v; — vp)) +divdivRy, (5.57)

estimates (5.45) and (5.50), and Proposition F.1 (recall that d;d;(—A) ~lis given by 1/35; ; + aCalderén-
Zygmund operator), we conclude

1 _ —_
19(pe = pi) D)l < 8 gt vi = el + 8a €7
Thus, using (5.45) and the definition of 7,, we have
1Ly (ve—vi)la S Sgurl ™ %+ 1, v —villa (5.58)

By applying (5.16) we obtain
t
[ve=vi)(50)lle S \f—fi!5q+1€_““+/ Ty [ (ve =) (-,5)llo ds.
I

Applying Gronwall’s inequality and using the assumption 0 < (t —1;) < 27, we obtain

lvi—velloa S 4810+, (5.59)

i.e. (5.51) for the case N = 0. Then as a consequence of (5.58) we obtain (5.53) for N = 0.
Next, consider the case N > 1 and let 6 be a multiindex with || = N. Commuting the derivative
9?9 with the material derivative 9, +v; - V we have

1Le40° e =l S 10°Leeiy(ve —vi)lla+ll[ve- V0% (ve = vi)lla
SN9°Leey(ve—villa+ Ivellv-+allve = vill i+ + |velliallve = villv-a

SOOLe ry(ve—vi)lla + [Vellvsisallve = villa + [[Velli+allve — villn+a s
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On the other hand differentiating (5.56) leads to

10°Le 0y (ve=vi)llee S lIve = villwsallvillvva + Ive = villalvillvs1va+ 1pe = Pillvsiva + [Rellvirva

St Ive—villvra + 81 6N+ IV (pe = pi) [N (5.60)

where we have used (5.59). Furthermore, from (5.57) we also obtain, using Corollary 5.11 and (5.59)
IV(pe = pi)lIn+a S (vellv1va + il v 1+a) [ve = ville

+ (Ivelliva + Vill 1o llve = villvra + | Rellv+14a
< 8q+1€*N*1+“+T;1Hv£—viHN+a. (5.61)

Summarizing, for any multiindex 6 with |@| = N we obtain
L0090 ve = Vi)l S Sgr VT + 1 v — villvtar

Therefore, invoking once more (5.16) we deduce

t
e =) (1) v S Tgdgunt V144 / % v —vi)(8) v+ads.
I

and hence, using Gronwall’s inequality and the assumption 0 < (r —¢;) <27, we obtain (5.51). From
(5.61) and (5.60) we then also conclude (5.52) and (5.53). We are only left with (5.54). By Theorem
C.1 and estimate (5.51) we have

ul[(=A) ve=vi)lIvra S Ive—villvrayioa S T8gr N1 722,

If a is chosen sufficiently large we can ensure /~! < Ag4+1 and, using (5.31), we get

2y
—2y—2a q+1
qu S 5 S 1
5,2,
from which we deduce
(=8 (ve—vi)Ivra S SV (5.62)
Finally, combining (5.53), (5.62) and triangular inequality, we get (5.54) ]
Define the vector potentials to the solutions v; as

zi = Bvi = (—A) " Lcurly;, (5.63)

where Z is the Biot-Savart operator, so that
divz; =0 and curlz; = v; —/ Vi (5.64)

T3

Our aim is to obtain estimates for the differences z; — z;1 1.
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Proposition 5.13. For 0 < (t —t;) < 271, we have that

i — zis1 ||vra S TgBpr1 VY, (5.65)

1D (2 — zis1) In+a S Sgar VT (5.66)

Proof. Set Z; = %(v; —vy) and observe that z; —z;+1 = Z; — Z;+1. Hence, it suffices to estimate Z; in
place of z; — z;+1.

The estimate on ||VZ;||y—1+¢ for N > 1 follows directly from (5.51) and the fact that V.4 is a
bounded operator on Holder spaces:

IVZilln-11a <IVBEi—ve) In-11allvi—vellvra S T8l N (5.67)
Next, observe that
0y (vi—ve) +ve- V(vi—ve) + (vi—ve) - Vvi+V(pi— pe) + 1(—A)T (vi—v) +divR, = 0. (5.68)
Since v; — vy = curl Z; with divZ; = 0, we have?

ve- V(vi—vg) = curl ((vg- V)Z) +div ((Z x V)wy)
((vi—ve)-V)vi=div ((zx V)] ),

so that we can write (5.68) as
curl (8@- + (Vg . V)Zl‘ + ,LL(—A)YZL') = —div ((Z, X V)Vg + (Z, X V)VIT) — V(pl' — pg) — diVI%g. (569)

Taking the curl of (5.69) the pressure term drops out. Using in addition that divZ; = div (v; —vy) =0
and the identity curlcurl = —A+ Vdiv, we then arrive at

A0+ (v V)E+ p(-A)E) = F,

where
F = —Vdiv ((z;- V)v) — curldiv ((Z x V)vg+ (Z x V)] ) — curldiv R,

Consequently,
9.2 + (ve- V)Zi+ 1w (=A)Zillvra S (il vrivo + [vellv 1) 1Zillo

+ (IVilliro + Ivell i) 12l v+a + [1Relv+a
<tz e+ 7 N il Sy N (5.70)

>Here we use the notation [(z x V)v]"/ = g;;7°dv/ for vector fields z,v.
3In deriving the latter equality we have used the identity Vdiv ((v;- V)z;) = Vdiv ((;- V)v,), which follows easily from
the fact that both v, and Z; are divergence free.
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Setting N = 0 and using (5.16) and Gronwall’s inequality we obtain
Ziller S TgOg+10%
which together with (5.67) gives (5.65). Using (5.65) into (5.70) we get
192+ (ve - V)Zi 4+ 1 (—A) Zilvrar S Sgrn N
Thus we conclude

192+ (e Vzillvva S 81 €+ [[(=A) Zillva S g1 7% + [Ellv 27426
5 5q+1€—N+a(1_’_Tq€—2y—2a) < 5q+1€—N+a.

Proceding as in [7], we now glue the solutions v; together in order to construct v,. Let
i =Ty, I = [ti+l+%7q7ti+l+%fq} n[o, 7],
Jo= [0,1‘1 + %Tq) , Ji= (l‘,'_,_l - %Tq,ti+1 + %Tq) N [O, T] i>1.

Note that {I;,J;}; is a decomposition of [0,7] into pairwise disjoint intervals. Note also that these
definitions of J;,I; are slightly different from the one used in [7]. The reason is that our stability
estimates for smooth solutions of the fractional Navier-Stokes equations hold for 0 <7 —1; < 7, as
opposed to |t — ;| < 7, in [7].

We define a partition of unity {y;}; in time with the following properties:

* The cut-offs form a partition of unity

Yu=1. (5.71)

* supp x; N supp Xi+2 = @ and moreover

supp Xo C [O,tl + %Tq) ,
suppx; C 1 UJ; UL, (5.72)
xi(t)=1 fort € J;.

* For any i and N we have
10/ %illo S 7, (5.73)

We define
vq = ZXivia
i

1_921) = Z%ipi-
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Observe that divv, = 0. Furthermore, if € [;, then x; + x;+1 = 1 and x; = 0 for j #i,i+ 1, therefore
on I;:

Vg =xivi+ (1= Xi)vir1
1_951) = xipi+ (1 —Xi)pit1
and

O+ div (v @ V) + VP + 1(—A)%g = A (vi —vis1) — i1 — 2)div (v —vis1) ® (vi = vig))..

On the other hand, if # € J; then y; = 1 and ;(7) = O for all j # i for all 7 sufficiently close to 7 (since
Ji is open). Then for all # € J; we have

(1)

Vg = Vi, [_?ql = Di;
and, from (5.49),
Ivg + div (v, V) + By + (~4)v, = 0.
In order to define the new Reynolds tensor, we recall the operator % from (D.1). Thus we define
feq = i (Vi —vis1) = 2i(1 = 1) (vi = vir1)®(vi = vis1)
pgf) = —xi(1—x) (\v,- —vint]? - /1r3 Vi = Vi1 |2dx> ;

fort € I; and feq =0, I_ng) = 0 for ¢ ¢ |J; ;. Furthermore, we set

P, =Py +P;

It follows from the preceding discussion and Proposition D.1 that
. I_Qq is a smooth symmetric and traceless 2-tensor;

s Forall (x,¢) € T? x [0,7]

vy + div (v, ®V,) + VP, + (—A) v, = divR,,
divv, =0;

. supp]i?q C T3 x U; .

Next, we estimate the various Holder norms of v, and Fq.
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Proposition 5.14. The velocity field v, and the new Reynolds stress tensor Iieq satisfy the following

estimates
17— velloe < 8710 (5.74)
Vg —velln+a S ’L'qaqﬂg_]_NJrOC (5.75)
1Pgllian S 8 Ag™™ (5.76)
IRyllnra S 8gurl N (5.77)
13+ 74 V)Rl o < 818, Agl N (5.78)

forall N > 0. Moreover the difference of the energies of v, and v satisfies

- 2 2
[~ ey

Proof. The estimates (5.74)—(5.78) are consequence of Propositions 5.12 and 5.63 (the proof can be
found in [7]). However we prove explicitly (5.79) since it involves the structure of the dissipative
term.

Observe that for 7 € I;

< 8,10 (5.79)

Vg ®@Vg = (xivi+ (1 = Xi)vie1) @ (Xivi+ (1 — Xi)vie1)
= xvi®vi+ (1= xi)vip1t @vigr — Xi(1 = 1) (vi — vie1) @ (vi — vig1),

so that, taking the trace:
[Vgl? = [vel? = 2i(vil® = [vel?) + (1= 20) (Vi1 > = [vel?) = 21 = 2 vi = viga|?

Next, recall that v; and vy are smooth solutions of (5.49) and (5.41) respectively, therefore

d .
_/ |Vi|2_|vg|2dx :2‘/ Vvp: Rpdx / <‘(_A>Y/2vi
dt ’]I‘3 T3 T3

Using (5.45) and (5.50), we estimate

/ Vv : ]%gdx
T3

Moreover, since ||v4||y < 1 for every ¥ < B (as already exploited in the proof of Proposition 5.9), by
(5.51), Theorem C.1 and Cauchy-Schwarz inequality we have, for all ¢ € I;

/T3 O(—A)mvi

+2u

g ‘(—A)Y/ZVgr) dx

o 1 _
S 1 VellollRello S 8, Ag8ge1 S 771 8,410%.

Svi—vellyra S Tq5q+lf_l_y N Tq_16q+1£a7

g ‘(—A)y/zw)z) dx
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where in the last inequality (remember the restriction y < 1/3) we have used
1ha \4/3
—1=y < =45 G20 (8 29) " 20 54T 5 0 s 20 a1
¢ <P PE 5 Ayt =T /%q (Tq5q+1)
g+1

2/3 (5é2) Tq—ZgOt )

Moreover, v; = vy for t = t;. Therefore, after integrating in time we deduce

L =i

B sy 542)
T =020, < A<

S 6q+1€a7

for all ¢ € I;. Furthermore, using (5.51) and 5;/;1

/1r3 |Vi_Vi+1|2dx S ||Vi—Vi+1||%¢ S T§53+1£—2+2a S 5q+1€2a7

\ [ 1l = b

in [;. Therefore

5 6q+1£a;

which concludes the proof.

5.5.3 Perturbation

We will now outline the construction of the perturbation w1, where
Vg+1 = Wgy1 +Vg.

The perturbation w1 is highly oscillatory and will be based on the Mikado flows introduced in [25].
Their main properties can be found in Appendix E.

First of all note that as a corollary of (5.30), (5.46) and (5.79), by choosing a sufficiently large we

can ensure that
5q+1

— |12
2 Se(t)—/wh/q] dx < 28,41 (5.80)

-2 o

Starting with the solution (V,,p,,R,), we then produce a new solution (vgi1,pg+1,R4+1) of the
Navier-Stokes Reynolds system (5.22) with estimates

_ _ _ M

gt = yllo+ A Ivar =¥l < 585, (5.81)

52 8,2

Q +1%9 ™
1Rg+1lla S —"AH“ (5.82)

q+1
hsife o 142

5 5,28 2
e(t)—/ Vg1 [Pdx— =2 < 2 CarlTd (5.83)

T3 2 )Lq—&-l
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cf. Propositions 5.18, 5.19 and 5.20. Then Proposition 5.9 is just a consequence of estimates (5.81)-
(5.83), Proposition 5.10 and Proposition 5.14 (again, a detailed proof can be found in [7]).

Recall that qu is supported in the set T x |J; I;, whereas, from (5.72) it follows that [0, T]\ U; l; =
U, Ji» where the open intervals J; have length |J;| = %’Cq each, except for the first Jy and last one, which
might be shortened by the intersection with [0, 7], more precisely

Ji = (ti1 — 374, tiy1 + 374) N[0, T].
We start by defining smooth non-negative cut-off functions 1; = 1;(x,#) with the following properties
(i) m; € C=(T3 x[0,T]) with 0 < n;(x,¢) < 1 for all (x,¢);
(i) suppn;Nsuppn; =0 for i # J;
(iii) T3 x I C {(x,t) : mi(x,t) = 1};
(iv) suppn; C T° X [UJ;UJip;
)

(v) There exists a positive geometric constant cg > 0 such that for any ¢ € [0, 7|
2
Z/ n; (x,1)dx > co.
i JT3

The next lemma is taken from [7].

Lemma 5.15. There exists cut-off functions {n;}; with the properties (i)-(v) above and such that for
any i and n,m > 0

19/ il < C(n,m) 7, ™

where C(n,m) are geometric constants depending only upon m and n.

Define . 5
_ - %tz [ 52
) = (et - 22 [, Pax)
and 2( )
Pg.i(X,t) = Pql?
i(%:1) ijqp nf(y,f)dy o)

Define the backward flows ®; for the velocity field v, as the solution of the transport equation

(0 +Vy-V)®; =0
b, (x,l‘,') =X.
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Define .
Ryi = pgld —n/R,
and .
- VO,R, ;(VD;
Ryi=— 0 VL)~ (5.84)
Pqi
We note that, because of properties (ii)-(iv) of n;,
* SuppRg,; C supp1;;
* on suppl%q we have ) ; niz =1;
i suppl?q,,- C T3 x LUJ;UJiyg;
* suppR,;NsuppR, ;=0 forall i # j.
Lemma 5.16. For a > 1 sufficiently large we have
1
IV®i—1dllo < 5 fort & supp(m). (5.85)
Furthermore, for any N > 0
Opt1 <5
= Pg(t)] < 8441 forallt, (5.86)
q
O+ 1
log.illo < ==, (5.87)
1Pg.illy < 8g+1, (5.88)
1
13Pgllo S 81847, (5.89)
10:Pg.illn < 8g117, - (5.90)

Moreover, for all (x,t)
Ryit) € Bip(1d) € 7379

where By ,(1d) denotes the metric ball of radius 1/2 around the identity 1d in the space ./’ 333,

Proof of Lemma 5.16. For the estimates (5.86)-(5.88) we refer to [7]. Note that by the definition of

the cut-off functions 1);
co <) ,/Tg ni(y,1)dy <2.
~ /1

To prove (5.89) and (5.90) we first note that

d [
& [t

< 2‘/vvq~ﬁqu

o Y22 0
P2 [ |(=A)Pw [ xS 8,18 A0

(5.91)
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Thus*
1
100gllo S 84418/
Then, since |dn;lly S 7, and 5;/ Ay < T, I using (5.91), the estimate (5.90) follows. O
The constant M

The principal term of the perturbation can be written as

1

wo =Y (Pgi(x.1) 7 (V) "W (R g1 ®7) = Y Wois (5.92)

where Lemma E.1 is applied with .4 = B, /Z(Id), namely the closed ball (in the space of symmet-
ric 3 x 3 matrices) of radius !/2 centered at the identity matrix. From Lemma 5.16 it follows that
W(RW, lﬁlcbi) is well defined. Using the Fourier series representation of the Mikado flows (E.3) we
can write
Wo,i — Z (VCI),-)_] bi7kellq+1k~q3i ,
k£0
where
1/ -

The following is a crucial point of our construction, which ensures that the constant M of Proposition
5.9 is geometric and in particular independent of all the parameters of the construction.

Lemma 5.17. There is a geometric constant M such that

M

(5.93)

The previous lemma follows from the definition of the Mikado flows given in Appendix E and we
refer to [7] for a more precise discussion.

We are finally ready to define the constant M of Proposition 5.9: from Lemma 5.17 it follows
trivially that the constant is indeed geometric and hence independent of all the parameters entering in
the statement of Proposition 5.9.

We can now define the geometric constant M as

1

M=64M ) ik

keZ3\{0}

(5.94)

1
“Note that [|dyello < 1 < 8,187 A, since 8,418, A, = qulﬁlql*ﬁ > gP"(1=P=2Pb) > 1. Recall that b < %
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where M is the constant of Lemma 5.17. We also define

. T 5o
We = - Z {Curl ((Pq,i)l/2 Vebr (kx ak(RWD)} etk ®i . Z Ci,kem"“k'q)’\

2
Mgt 1420 K] =y
Then by direct computations one can check that
—1 ik X bri\
War1 = Wo+we=—curl [ ) (V)" (1—2]“) ehrt®i ) (5.95)
Agti i,k0 K]

thus the perturbation w, is divergence free. Note that the dependence of w,1(+,0) on the function
e(t) is only trough the value e(0).

5.5.4 The final Reynolds stress and conclusions

Upon letting

Ry=Y Ry,

1

the new Reynolds stress will be split in two main component: the Euler error Iég 11 and the dissipative

OD .
erroqu+1,1.e.

Ry =R +RD ), (5.96)
where
I%g-i-] =X (Wq+1 : VVq + ath+1 +Vq : VWq+1 +div (—I_eq + (Wq+1 ®Wq+1>>)
Ié?ﬂ = UZ ((—A)"wqr1) -

Notice that all three terms in (5.96) are of the form Zf, where f has always zero mean. Notice
also that the definition of Rg 1 is the same as in [7] and that due to the dissipative term (—A)” we

have to put also Iéf]) .1 in the definition of the new Reynolds stress in order to ensure that the system
(5.22) 1s satisfied at the step g + 1. Indeed, with this definition one may verify that

Vg1 +div (Vg1 ®@vgr1) + Vpgir + 1(—A)vgp1 = div (éq+l) )
divvgy1 =0,

where the new pressure is defined by
Par1(x,1) = Pg(x,1) = Y pgi(x,1) + pq ). (5.97)
i

We now state a proposition taken from [7].
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Proposition 5.18. Fort € I; and any N > 0

(Vi) v+ [V illy < 7, (5.98)
1Rgillv SV, (5.99)
Ibilly < 8,/ k=007, (5.100)
leiklly S 8,/ Al k|0, (5.101)

Moreover assuming a is sufficiently large, the perturbations w,, w. and wg, satisfy the following
estimates

1 M
Iwollo + 2—Iwoll1 <

—8 5.102
Aq+1 4 q+1 ( )
1 Vi
Iello-+ 7 lwell < 857 A (5.103)
1 M i)
HWHHOerHWqHHI < §5q+1 (5.104)

where the constant M depends solely on the constant cq in (5.91). In particular, we obtain (5.81).

We are now ready to complete the proof of Proposition 5.9 by proving the remaining estimates
(5.82) and (5.83). The estimate (5.83) is a consequence of Proposition 5.18 and Lemma 5.16 and does
not involve the different structure of the Navier-Stokes equations with respect to the Euler ones, thus
for the proof of the next proposition we refer to [7].

Proposition 5.19. The energy of v, satisfies the following estimate:

5;/251/2 Al+2a
< )

8
2 q+2 q+17"q
1) — dx —

For the inductive estimate on I%{Hl we have the following

Proposition 5.20. The Reynolds stress error IéqH defined in (5.96) satisfies the estimate

1/2 1/2
q+1749 ™4
1-4a

)Lq—H

IRe1llo < (5.105)

In particular, (5.82) holds.
Proof. For the first term in the definition of the new Reynolds stress tensor we have

1h olf

q+1-4 Aq
1-4a

)Lq—i-l

IRG 1 llo <
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We are not going to give the proof of the last estimate because, as already explained, it can be found
in [7, Proposition 6.1]. To estimate R ', we first note that i < 1 and the two operators % and (—A)”
commute, therefore we can first estimate || Zwq1/|o and || Zwy1]|1 from which, using Theorem C.1
and interpolation in Holder spaces, we conclude

s —2y— 2+
1R 1 llo S 12wy s1llyra S 1 Bwaiilly " * |1 Bwga 77

By the definition of the new perturbations we have

we= Y cigetarih P
=

Wo= ) L;ye'tarik®i
=

where L; ; = (VCDi)_lbhk. Using Proposition 5.18 we have

p— — 1 — p—
ILigellv < [[(VR:) " |wllBiello + [1(VR:) o] i N§5/+21|k| 60N, (5.106)
q
Using Proposition D.2 and (5.106) we estimate
[Ligllo  lLikllnta =+ | Likllol|Pilln-+a
1%wollo < |Zwolla S ), =5 : a7
i, k#£0 ;qu+1a|k|lfa lﬁla\kW*“
1
—N—« 6 /2
5 6(1142'1 1*061 + N,i N 7 /S Cllj; )
(20 Ay k|7 A I Ay

where in the last inequality we have chosen N big enough. It is not difficult to see that we also have

1
|1%wolli < 8,128 1,

since each time we take a space derivative the largest contribution is given by differentiating the fast
exponential, thereby worsening the estimate by a factor A, 1. Thus by interpolation we conclude

61/21 2
(=AY 2wy < —/li’fla/%- (5.107)
q+

Now we observe that the estimate on the coefficients c; ; are better then those for the L; ;’s, so that we
also bound
5
q+1 52y
I(=8)"%wello < =g Aqts- (5.108)
q+1

Finally, combining (5.107), (5.108) and the restriction v < 1/3 we get
1/2 1/2 1/2

1—o g+1 ~ 1—4a
Aq+1 A‘qul

RP \llo <
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Chapter 6

Sharp energy regularity and typicality results
for the Euler equations

6.1 Introduction

In this chapter we consider the incompressible Euler equations

{ ov+div(vev)+Vp=0

.3
=0 in T? x [0, T]. 6.1)

We know that for smooth solutions one has energy conservation, namely

d d

—ey(t) = i v[2(x,1)dx =0, vVt € [0,T].

dr’

For weak solutions v € L*((0,7);C?(T?)) it is known, and was previously conjectured by Lars On-
sager, that the threshold for the energy conservation is 6 = 1/3.

As observed in [39], and also proved in Chapter 2, given any solution v € L=((0,T);C?(T?)), it
can be shown that the associated kinetic energy e, satisfies

len(t) —en(s)| <Cle—s|™8  Wr,s€0,T], 6.2)
which in particular implies the conservation if 6 > 1/3, but also shows a peculiar Holder regularity
of the energy. Throughout this chapter, we will sometimes use the shorter notation

20
0F = ——.
1-6

P. Isett and S.-J. Oh conjectured in [43, Conjecture 1] that this exponent is optimal in the following
sense

89
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Conjecture. For any 0 < % there exists a solution to (6.1) in the class v € C%(R x T") whose

%, in the sense that e,(r) ¢

WTateD (I), for every € > 0, p > 1 and every open time interval / C R. Furthermore, the set of all
such solutions v with the above property is residual (in the sense of category) within the space of all
CY(R x T") weak solutions, endowed with the topology from the C® norm.

energy profile e(¢) fails to have any regularity above the exponent

In this chapter we solve this conjecture in a slightly smaller space than C?. This is due to some
technical reasons and we postpone the discussion about this choice at the end of the introduction. The
first of our main results is the following

Theorem 6.1. Fix y > 0 and 6 € (0,1/3) such that % + v < 1. For every strictly positive e €

ﬁ_l’_’)/ . 6 3 . . . .
C1-677([0,T]), there exists a vector field v € C° (T x [0,T]) that solves (6.1) in the distributional
sense and such that

e(t) = /11"3 V|2 (x,1) dx, Vt € [0,T].

The proof of this result follows closely the one of [7]. In particular, our Theorem 6.1 states the
same conclusion of [7, Theorem 1.1], except for the fact that we are dropping the hypothesis on the
smoothness of the function e. We remark that such sharpness of the energy regularity was first proven
in [42,43] for any 6 € (0,1/5). Here we extend the result to the whole range (0,1/3), even though
it must be noted that in [42,43] the energy profile is allowed to vanish, while in the scheme of [7],
and thus in ours, this is not. A small refinement of Theorem 6.1, coupled with a suitable A-principle,
also yields that weak solutions v € C?(T? x [0,T]) belonging to a proper, yet quite large, subset of
the space of all weak solutions have typically a kinetic energy e, which is not more regular than

26 .. .
C1-6([0,T]). To state it in a more precise way we set

ice,
Xp = {v € U CY (T3 x [0,T]) : v weakly solves (6.1)} | , (6.3)
0'>6

endowed with the distance
d(u,v) = ””_V”Cﬁ,' (6.4)

It is clear that (Xg,d) is a complete metric space. We also define

WO* _ U U UW9*+8717<I)

IC[0,T]p=1€>0

and
Ygz{veXg : eveCG*([o,T])\We*}. 6.5)

We prove the following

Theorem 6.2. For any 6 € (0,1/3), the set Yy is residual in Xg.
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Given a metric space (X,dist), a subset Y C X is said to be residual if its complement Y is con-
tained in a countable union of closed sets with empty interior. The set Y ¢ is then called meager. Baire’s
Theorem asserts that a complete metric space is not meager. Therefore, the previous Theorem yields
some immediate corollaries. First, it implies that the kinetic energy of the typical solution in Xg is not
of bounded variation, thus not monotonic, in any open subset of [0, T]. Thus, Theorem 6.2 shows a
very irregular behaviour of the energy of solutions, in sharp contrast with the conservation of the en-
ergy in the case 6 > 1/3. We refer the reader to [42,43] for further discussions. A second immediate
corollary of Theorem 6.2 is that, for every 6 € (0,1/3), there exists a weak solution v of Euler such
that e, € C®([0,T]) but e, ¢ C® +7([0,T]), for any y > 0. Let us note in passing that this also yields
a weak C%(T? x [0, T]) solution of (6.1) that is not in C®*7(T? x [0, T]), for any 7. Indeed, from (6.2)
it is clear that Yo can not contain solutions v that are more Holder regular than C® (T3 x [0, 7]). While
the residuality property implies that the kinetic energy of many C%(T? x [0,7]) solutions enjoys the
sharp regularity (6.2), it must be noted that Xg might not contain all the C®(T3 x [0, T]) solutions of
Euler, since in general not all the C%(T? x [0,T]) functions can be obtained as limit of more regular
ones. In particular it is not clear if the same statement is true if one considers as a complete met-
ric space in Theorem 6.2 all the C®(T? x [0, T]) solutions of (6.1), endowed with the same distance
dist (u,v) = ||u — vHsz' This would solve [43, Conjecture 1] completely. We refer the reader to Sec-

tion 6.5 for a more detailed discussion on this problem.

Another natural question is about the topological properties of the smooth solutions in this setting.
To this end we define S to be the set of all smooth solutions of (6.1), and similarly as before we also
set
Co = {v € Ce(']I‘3 x [0,T]) : v weakly solves (6.1)},

together with the natural distance (6.4). Note at first that, as a corollary of Theorem 6.2, one already
gets that § C Y5 which obviously implies that S is a meager set in Xg. However, in this case, a stronger
result can be proved

Theorem 6.3. For any 6 € (0,1/3), the set S of all smooth solutions of (6.1) is nowhere dense in Cy.

We recall that in a complete metric space, a nowhere dense set is a set whose closure has empty
interior. Thus Theorem 6.3 is stronger with respect to the corollary that Theorem 6.2 would give from
two points of view. Firstly, every nowhere dense set is also meager. Secondly, the corresponding
topological property it is proved in a larger, and also more natural, space Cg.

6.2 The main inductive proposition

We will follow the construction given in [7] dropping the hypothesis of the smoothness of the en-
ergy. In this chapter we will use the same shorter notation || f||¢ introduced in Appendix A to denote
Holder norms.
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Let ¢ > 0 be a natural number. At a given step ¢ we assume to have a smooth triple (v, pq,I%q)
solving the Euler-Reynolds system, namely such that

Oy +div (v, ®v,) + Vp, = divR,
. (6.6)
divy, =0,
to which we add the constraints
Ry =0, (6.7)
/ pg(x,t)dx=0. (6.8)
’]I‘3

To measure the size of the approximate solution v, and the error Iéq, we use a frequency A, and an
amplitude §,, defined through these relations:

Ay =2n[a®")], (6.9)
8 =2, (6.10)
where [x]| denotes the smallest integer n > x, a > 1 is a large parameter, b > 1 is close to 1 and

0 < B < 1/3. The parameters a and b will depend on 8 and on other quantities. We proceed by
induction, assuming the estimates

IRgllo < 8412, (6.11)
vglli < M8, 2, (6.12)
vgllo <16, 6.13)
iy @ <elt) = [ v Pdr< 6 6.14)

where 0 < o < 1 is a small parameter to be chosen suitably, in dependence of 3 and other quantities,
and M is a universal constant.

We now state the main inductive proposition

Proposition 6.4. There exists a universal constant M with the following property. Let 0 < B <1 <

1/3, E >0, and
1<b<,/%. (6.15)

Then there exists an o depending on B, N and b, such that for any 0 < o < o there exists an ag
depending on B, b, a, n, E and M, such that for any a > aqg the following holds: given a triple
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(vq, pq,I%q) solving (6.6)-(6.8) and satisfying the estimates (6.11)—(6.14) for some strictly positive
e € C"°([0,T]) with
||e||7'l* < E7

there exists a solution (Vyi1, Pg+1 ,Ii’q+ 1) to (6.6)-(6.8) satisfying (6.11)—(6.14) for the same function
e with q replaced by g+ 1. Moreover, we have

1 1/2
ot =vallot 3 lvas1 = vl < M8[7. (6.16)

The reader may notice that there are four main differences with respect to [7, Proposition 2.1].
First of all the statement is fomulated in a slightly different way than in [7, Proposition 2.1], in order
to highlight the fact that the parameter aj is uniform once one has chosen the C" ([0, 77]) norm of e.
Moreover, we drop the smoothness hypothesis on the function e, we allow the parameter ag to depend
on E and finally we suppose in (6.15) a different relation between the parameters b and 3. Notice that
our relation (6.15) is more restrictive than the one used in [7], indeed we have

[1-
1<b<\/7 \/> 28 (6.17)

6.3 Proof of the main theorems

In this section we prove our two main theorems. As in [7], the proof of Theorem 6.1 is a direct
consequence of Proposition 6.4 and we are going to prove it for the reader’s convenience. Theorem
6.2 will still be an application of the iterative proposition. Indeed, through a A-principle comparable
to [7, Theorem 1.3], we will be able to write the set Y as a countable union of closed set with empty
interior.

6.3.1 Solutions with a non-smooth energy

Here we prove Theorem 6.1. First of all, fix 7,0 and e as in the statement of the theorem. In
order to apply Proposition 6.4 we choose 1 € (0,1/3) to be the only solution of n* = 6* + y and 8
such that 8 < B < 1. Consequently we also fix the parameters b and @ appearing in the statement
of Proposition 6.4, the first satisfying (6.15) and the second lower than the threshold og. Recall the
invariance of the Euler equations under the rescaling

v(x,t) = vp(x,r) =Tv(x,I1)  and  p(x,1) — prx,r) = Tp(x,I1), (6.18)

for any I > 0. Thus, with an the appropriate rescaling, we can further assume that the energy profile
satisfies
1Ay % < irtlfe(t) <supe(t) < 0.
t
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Then we can apply inductively Proposition 6.4 starting with the triple (vo, po,Ro) = (0,0,0). Indeed
vo and Ry trivially satisfy estimates (6.11)-(6.13) and by the rescaling on the energy we also get (6.14)
for ¢ = 0. By (6.16) we have

Z [vgr1=vgllo S Z [vg+1 —Vq“(l) [vgr1=vglli S Z Sqfl;\'q-l—l S Z Aq+1B < oo (6.19)
q=0 q=0 q=0 q=0

and hence v, converges in C°([0,T];C?(T?)) to a function v. Moreover, by [17, Theorem 1.1], we
have that v € C% (T x [0,T]). By taking the divergence of the first equation in (6.6), we get that p,, is
the unique 0-average solution of

—Ap, = divdiv (v, ®v, — R,)

and since v, ® vy — I%q — v®v uniformly, p, is also converging to some function p in L (T x [0, T]),
for any r < oo. Hence it is clear that the limit couple (v, p) solves (6.1) in the distributional sense.
Finally, by (6.14), as g — oo, we also get

e(ty= [ v*(x,t)dx Yrel0,T],
T

which concludes the proof of the theorem.

6.3.2 Residuality of wild solutions

Here we prove Theorem 6.2. We want to show that Yg is meager in Xg. Let us enumerate the
intervals with rational endpoints inside [0, 7], (I,),cn, and let (gs)s be a countable and dense subset
of [1,4e0). By (6.5) we can write

Y(S == U Cm7n7r,S7

m,n,r,s€N

where
Cnnyrs = {v €Xp : HeVHWG*Jr%,%(]) < n} :

It is easily seen that Cy, , .5 are closed subsets of Xg. Suppose by contradiction that there existm,n,7,s
such that € = Gy .75 has a nonempty interior. Thus there exists € > 0 and up € € such that

Be(up) ={veXp: HV—MQHCXQ[ <e}C?. (6.20)

By the definition of Xy, we can find a solution of (6.1), u € Cel(']l“3 x [0,T]), 6’ > 6, such that
lu—uollce < £. Moreover, (6.20) implies that

(u) CC. (6.21)
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From now on, we assume that

1
* 1\ * * - .22
0" <(6)" <0 + o (6.22)

This can be done simply by choosing a possibly smaller 6" and exploiting the embedding C* (T3 X

0,7]) € CP(T3 % [0,T]), for any B < o. Now fix parameters 6”, 8,1 > 0 such that 6 < 6’ < 8" <
B < 1 and for which n* < 6* + % This can be done in view of (6.22). Fix moreover a function (of

time only) f € C" ([0,T])\ W™, such that 1/2 < f < 1 and set

o(t) = / uldx+ 2 o), (6.23)
T3 2
for some small parameter p > 0. These choices imply that the energy e = e(¢) satisfies
e @ WO TR as(L). (6.24)

Now we claim that, if p is chosen sufficiently small, depending on 6,6’,60”, 3,1 and i, then there
exists a solution of (6.1) v € C?" (T3 x [0,T]) such that

lu—vlleg, < 5. (6.25)
e,(t) =e(r), Vrelo,T). (6.26)

It is clear that the claim implies a contradiction with (6.21). Indeed, since 6” > 6, we have v € Xp.
Therefore, by (6.21) and (6.25), we get e, € WO+ ds (I7), but this is in contradiction with (6.26) and
(6.24). This would conclude the proof of the present theorem, hence we are only left with the proof
of the claim.

To prove the claim, we want to apply Proposition 6.4. First, as in the proof of Theorem 6.1, we use
the rescaling (6.18) on u with I' = min{(2||ul|o) !, 1} to obtain a new solution & € C? (T x [0, T /T).
If ||u]|o = 0, we work with the convention that I = 1. For every map w € C? (T? x [0,T]), we denote
with W the map obtained through the rescaling (6.18) with I'" defined above. Notice that there exist
constants ¢y (||ullo),c2(||lullo) > 0 such that

c1[lW1 =2l or < w1 = w2llcor < 291 —Wallgar,  Ywiowa € C¥(T? x [0,T]), (6.27)
and that
en(t) =T?e, (1), Ytel0,T/T],Ywe C? (T3 x[0,T]). (6.28)

Therefore, we also define
(1) =T2e(It), Vrel0,T/T]. (6.29)

Moreover, Proposition 6.4 requires a smooth starting triple. For this reason we consider a space-
time mollification of &, ug = (ii * @5) * Y5, where @5 and Y are standard mollifiers in space and time
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respectively and 0 > 0 is a parameter that will be fixed later on. Of course, ug is smooth and solves
the following Euler-Reynolds system

a;ug +div (u5 &® u5) +Vps = diVRgg,

where 1%5 = ug®us — (i) s and the trace part of the commutator ug @ us — (i @ i) 5 is inside the
pressure pg.

We now want to take (ug,ps,Rs) as a starting point for the iterative scheme given by Proposition
6.4. In order to do so, we need to guarantee estimates (6.11), (6.12), (6.13) and to find p > O for
which also (6.14) is satisfied with ¢ = 0. Recall the definition of A, and §, of (6.10) and (6.9). We
make the following choice of the parameters

1
8= (814, *)* and p = %
Notice that with this choice, obviously both 6 and p depend on the parameters appearing in Propo-
sition 6.4. In particular the energy profile depends on a, but this will not be a problem since we will
bound ||e||+ independently of a, see also remark 6.5 for a more thorough explanation. Finally, we
will use another parameter 6 > 0 to measure the (small) distance between ug and the solution given
by Proposition 6.4. We start with (6.13). Using (B.5) and the rescaling, we get

1/2

- - ro1 _ 1
lusllo < llus —allo+lallo < €87 + 5 < CAy 28" + 5

27

where C = C(||ul| o) > 0.1t is clear that we can find a sufficiently large a such that

oacl2 1 1/2
Therefore, (6.13) is fulfilled. Let us now show (6.11) and (6.12). First, by (B.2), we have
IRsllo < 8% = 8125,

so that again if o > 0 is fixed, then (6.11) holds for ¢ = 0 if a is large enough. Moreover, through
(B.4),

9/ —1
lusli < 81 = (8i254%) ",

and using the definition of &, and A,, one verifies that (6.12) holds if a is large enough and b > 1 is
chosen in such a way that

)" 2o
( 3 - —. (6.30)
B B

b<
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But since § < 0’, if « is sufficiently small (depending on b, B and 6') there exists b > 1 sufficiently
close to 1 such that (6.30) holds. We are left with the estimate on the energy (6.14). By using (B.2),
we estimate

o
/\u(;]zdx—/ \u\zdx—l— th /\ug\zdx—/ ((\ﬁ\z)S—\u(;]Z)dij?]f(Ft)

5
<Cé 2 CoiAy 2

where the second equality is true in view of the fact that the mollification preserves the mean of every
periodic function. If a is large enough,

C8 A, +% <8,

hence the upper bound of (6.14) holds. Similarly we have

0

5 : 5
/TB (1) 5 = lusl?) dotZf(Tr) 2 ~C8™ 4 7 = ~CaA* + 5 = 15,

where, to guarantee the last inequality, we took again the parameter a large enough. Now we observe
that, since 8; < 1 for any choice of the parameters,

1elln- < Nlewllns + [1.f1ln+
hence independently of a, there exists a constant £ > 0 such that
léllns <E, Vae (0,400).

Therefore we are in place to apply Proposition 6.4 to get a solution 7 € CON(']IG x [0,7/T7]) of (6.1),
for any 6 < 68” < 3. Moreover

es(t) = | [7)Pdx=é(r) (6.31)
T3

and, as already done in (6.19), we have the estimate

[P—uslle < Y A2 F <o, (6.32)
g>1

provided a is chosen sufficiently large. Of course the choice of a depends on o, that will be fixed at
the end of the proof. By the triangular inequality we also get

[v—dllo < |7 —uslle +llus —dllo < o, (6.33)

having once again estimated

0'—6
lus —iillo < 8% % = (8145 *) @ <o,
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the last estimate again being true if a is chosen large enough, depending on ¢. Notice that this is
possible since 8’ > 6. By Proposition G.2, we also get

[V —dllce S0 (6.34)

In order to finish the proof of the claim, we scale back the map ¥ and the energy é through the rescaling
(6.18), with 1 /T instead of I". We define v(x,t) = I''9(x,T"~!¢). Now (6.34) and (6.27) yield

— <
Iv—ulcs <o
We fix o > 0 in such a way that

E
lv— ”HC)ﬁt < 3
and this gives us (6.25). Moreover, as ¥ € C® (T? x [0,T/T]) was a solution of (6.1), then also
y e C? (T3 x [0,T)) is a weak solution of (6.1). The last thing to check for the proof of the claim is
(6.26). By (6.31), we have
es(t) = é(1).

Using (6.28) and (6.29), we can write
e, (It) = ep(t) = é(t) =Te(It), Vtel0,T/T],
so that
ey(t) =e(t), Vtel0,T],
thus proving (6.26) and hence concluding the proof of the claim.

Remark 6.5. Since the choice in the previous proof of the energy profile depends on a, we wish to
clarify in this remark the dependences of the parameters appearing in the proof of the claim. First,
we fixed parameters 0 < B < 0’ < 1/3, and we chose b > 1 in such a way that at the same time (6.30)

and
9/*
b< \ [ —
B*

hold. By choosing o € (0, ), where o is small enough, this can be guaranteed. Note that in this
way o only depends on 3,0’ and b, as stated in Proposition 6.4. Therefore, we can always consider
o) < o, where oy is the number appearing in Proposition 6.4. Next, we have proved that there exists
ay large enough such that for a > ay, we can guarantee estimates (6.11), (6.12), (6.13) and (6.14) for
q = 0, for any function e of the form (6.23). This a; only depends on B,b,o,0" and u. Moreover, in
the last steps it is required to take a large enough so that inequality (6.32) holds. This yields therefore
a number ay > ay that depends on €, E = ||e,||n+ + || f||n+ and the universal constant C of Proposition
G.2. Therefore ay now depends only on B,b,ot, 0" and E, since u,€ and C are fixed from the start of
the proof of the claim. We can therefore take any ar > ag, where aq is the parameter appearing in
Proposition 6.4. Hence we take o = %, a = 2ay. These choices define uniquely e as in (6.23) and let
us prove the claim.

We end this section with the proof of Theorem 6.3. Since it follows closely the one of Theorem
6.2, we avoid to give all the technical details already given in the previous proof
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6.3.3 Smooth solutions are nowhere dense

Here we prove Theorem 6.3. We want to prove that S has empty interior, which is equivalent to
say that for any ug € S and for any € > 0, there exists a v € Cg such that

v s, (6.35)
d(up,v) < €. (6.36)

The closure and the distance appearing in the lines above are all referred to the C? topology. Since
ug € S, there exists a smooth solution u of (6.1) such that
€
d(up,u) < 5 (6.37)
In particular u is a smooth subsolution whose associated Reynolds stress is zero, and by applying
the same rescaling (6.18) with I = min{(2||u||o) ™', 1} we can guarantee that the rescaled solution i,
satisfies (6.12) and (6.13) by choosing the parameter a large enough. Since i a smooth solution, its
kinetic energy is constant, denoted by Ej;. Moreover, by choosing a non constant and smooth function
1/2 < f <1, with the choice

ol0) = Eat 2 /(1)

also condition (6.14) is satified. As in the proof of Theorem 6.2, we can now apply Proposition 6.4 in
order to get a solution ¥ € C%(T3 x [0, T /I), such that e; = e. Moreover, by choosing the parameter
a large enough, we can also ensure that 7 is C? close to ii. By rescaling these maps back, we thus get
a solution v € Cy with a non constant energy profile, such that

d(v,u) < ; (6.38)

From (6.37) and (6.38) we obviously deduce (6.36). Moreover, the fact that the kinetic energy e, is
not constant implies that v cannot be obtained as a uniform limit of smooth solutions, showing also
(6.35).

6.4 Proof of the inductive proposition
The proof of the main iterative proposition given in [7] is subdivided in three steps

1. mollification: (vg,R,) — (vg,Ry);
2. gluing : (v, Ry) — (17q,l_t>€q);

3. perturbation: (Vq,ﬁq) = (Vgr1, Rgs1)-
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In the proof of [7, Proposition 2.1], the energy function e only appears in the perturbation step and
both the mollification and the gluing steps are independent on its choice. Thus, also in our case, given

o =

the triple (v4, py, R,) there will exists a new triple (v, p,, Ry) solving the Euler Reynolds system such

that the temporal support of R, is contained in pairwise disjoint intervals /; of length comparable to

EZ(X
Ty = ——.
T8,
More precisely, for any n € Z let
1 2 1 1
th = Tyn, I, = tn+§rq,tn+§rq n[o,T], J, = tn—grq,thrgrq N[0, T].
We have .
suppR, C | J 1 x T°.
nez
Moreover the following estimates hold
1 —
v = Tgllo < 871257 (6.39)
1 _
Il S 8 A0~ (6:40)
» -N
HRqHNJr(x S Gyl ©.41)
|0R+ 0 VIR,|| < 818 7 (6.42)
N+a
] S 8pen (643)
T3

for any N > 0, where the small parameter ¢ is defined as

5"

= —q+1
6;/21‘;4‘3“/2

and it comes from the mollification step. We observe that by choosing o sufficiently small and a
sufficiently large we can assume

A P<e<at (6.44)

We also state another inequality we will need in the following, that is a consequence of (B.2),(6.14),
and (6.43)

Oy 11 2
< - v, <2 . 4
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Thus we can pass to the perturbation step. The aim is to find a triple (vy41, qu,Ii’q) which solves
(6.6) with the estimates

M51/2

Vg1 —gllo+ A 1vgr1 — gl <28k (6.46)
o 5 8
|Rgeilly < e (6.47)
q+1
L&l 41420
S o0,/ 6 A S
e(t)—/ Vi [Pdx— L2 <o T2 (6.48)
T3 2 2'q—i-l 4

Note that estimates (6.46) and (6.47) are the same stated in [7], while (6.48) is slightly different due
to the term &, ,/4. This does not affect the iteration and Proposition 6.4 is still a direct consequence
of estimates (6.46)-(6.48). However, since estimate (6.48) is different than the one used in [7], we
give a complete proof of Proposition 6.4.

Proof of Proposition 6.4
By using (6.39) and (6.46) we estimate

_ _ M . 1 B
[Vg+1=vgllo < [[vg+1—Vgllo+ Vg — vgllo < 3%&1 +C5q{ilﬂ'q “,

where the constant C depends only on a,f3 and M. Thus if a is chosen sufficiently large we can
guarantee

1
vgi1 —vgllo < M8

1 (6.49)
Similarly, by using (6.12), (6.40) and (6.46), we have

— — M 1 1
vt =vgll < Ivgr = Tglli+ gl + vl < 58, A1+ (C+ M) 872,

Again, if a is chosen sufficiently large, we can ensure

1
[vgs1 —vallt <M Ay,

which, together with (6.49), gives (6.16). By (6.12), (6.13) and (6.16) we get

M 1 1 1
Ivgtllo < Ivgsr =vello+ Ivgllo < 585 +1-8" < 1-8;,.

M 1 1 1
gt < v =valli+ vl < 588 At + M8 A < MBS Ay
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where we also chose the parameter a sufficiently large to guarantee the last inequalities of the previous
estimates. In particular this shows that v, obeys (6.12) and (6.13) in which g is replaced by g + 1.
Estimate (6.11) for I%q+1 is a direct consequence of (6.47) and the parameters inequality

q+1~4

— 28a
;LQ+1 ;Lq+1

1h ol
o/ 0 /lq<6q+2 6.50)

Indeed, by taking the logarithms, the last inequality holds by choosing a sufficiently large if
—B—Bb+1—b+2b*B +8ba <0,

but this is true since b < % (see (6.17)) and « is chosen sufficiently small. We are only left with
estimate (6.14) for v, 1. By (6.48) and (6.50) we have

3;/25'/2 21420

0, 0, 3 0,

2 q+2 q+1""q q+2 q+2
e(t Vol | dx < +C + < =0442+C ,
( ) /]I‘J 4 | 2 )Lq 1 4 471 7Lq6f1

thus, for a sufficiently large a, we get

e(t) — /T3 vgr1]?dx < 8y42. (6.51)

Finally, again by (6.48) we have

Lolh A t2a
S o, 6 A S 1
) - /Ts |Vq+1|2dx 2 242 -C G AR B e 2 < 8g+2;

2 A1 4 4 2%,

and, since for a sufficiently large a we can ensure that

1 C 1
47 A% T ATy

we end up with
e(t) —/ [Vg+1 |2a’x > 5q+27tq_+oi,
T3

which together with (6.51) gives (6.14) and concludes the proof of the proposition.

6.4.1 Perturbation
We will now outline the construction of the perturbation w1, where
Vg1 = Wg1 1 Vg

The perturbation w1 is highly oscillatory and will be based on the Mikado flows from Appendix E.

We define the smooth non-negative cut-off functions 1; = 1;(x,#) with the following properties
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(i) mi € C*(T3 x [0,T]) with 0 < m;(x,¢) < 1 for all (x,1);
(ii) suppm;Nsuppmn; = 0 for i # j;
(i) T x Iy  {(x1) : mileyt) = 1)
(iv) suppn; C T3 x LUJ;UJ;y1;
)

(v) There exists a positive geometric constant co > 0 such that for any ¢ € [0, T]

Z n, x,1)dx > co. (6.52)

The next lemma is taken from [7].

Lemma 6.6. There exists cut-off functions {n;}; with the properties (i)-(v) above and such that for
any i and n,m > 0

197 Millm < C(n,m) T, ™

where C(n,m) are geometric constants depending only upon m and n.

Analogously to [7], we will now define the perturbations that are necessary to show (6.46)-(6.48).
Since the energy profile is not smooth, we will need to mollify it. To do so we will henceforth consider
e to be extended on the whole R as e(¢) = e(0) for all t < 0 and e(¢) = ¢(T) for all > T, in such a
way that the extension is still in C'" (R). With this convention we define

eq(t) = (ex e, ) (1),

where Vg, is a standard mollifier and

1
6 n*
€, = ( S 2) . (6.53)
Define also |
2
Pq(t>:§( —i_/|q| dx)

and 2( )
771' X,t

Pgq,i(X,t) = Pyt

R Y R P

Define the backward flows ®; for the velocity field v, as the solution of the transport equation

(0 +Vy-V)®; =0
b, (x,l‘,') =X.
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Define .
Ryi= pgild— nz'zRq

and
P VOR, (V)T

q.i
Pq,i

We note that, because of properties (ii)-(iv) of n;,
* SUppRy,; C supp;;
* on suppI%q we have ) ; 7?,'2 =1;
* suppR,; CT> x [UJ;UJiy1;
e suppR,;NsuppR, ; =0 forall i # j.
Lemma 6.7. For a > 1 sufficiently large we have

1
IV®i—1dllo < 5 fort & supp(m).

Furthermore, for any N > 0

84+1
ng;c <|pg(t)| < 8p41  forallt,
Og+1
illo < Zq+l
”pq, HO— o I

19:0gll0 S 8411842y,

[9pgilln < 3q+1’5q_1-

Moreover, for all (x,t)
Ryi(x,t) € Biy(1d) C 7777,

where By, (1d) denotes the metric ball of radius 1/2 around the identity 1d in the space ./ 3x3,

Proof. We write

(6.54)

(6.55)

(6.56)

(6.57)

(6.58)

(6.59)
(6.60)

o) = (ea) = [ P ar=252) =3 (e - e +etw) - [ mPar-42),

thus by (6.45) we get

3\24% 2

! (% S0 —e(r)\) < Ipy(1)] < ] (reqa) ()] 125,

(6.61)
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By using (B.5) and the fact that [e];+ < E, we also get
leq (1) —e(t)] < [eln-&] < 8442
and, by plugging it into (6.61), we achieve

51 52 52
e — o= < lpg(1)| < =

6A% 2 O+t 7

It is easy to show that by choosing a sufficiently large we can guarantee (6.56). Note that by definition
of the cut-off function n;

co < Z/W n?(x,t)dx <2 (6.62)

and hence we obtain (6.57). Since |VN n;| < 1, the bound (6.58) also follows. For the bound (6.55)
and the fact that Iéq,i(x, t) € By /Z(Id) C 5’3“ we refer to [7, Lemma 5.4]. To prove (6.59), we first use

(6.40), (6.41) to estimate
d/|—|2d 2/V—fed
— v x| = Vg - X
dt Jps' 7 @ 11

Moreover, by (B.4), we have
dreq| < leln-e] Tt <8y,

q+2

< 8,118, 2,

where the constant C depends on 11 and E. Thus (6.59) is implied by the following parameters
inequality

C8) )" < 80418, 2. (6.63)

Using the definition of the parameters &, and A, it can be checked that the last inequality holds if one
chose a big enough (depending on b, 3,1 and E) provided that

(i*—1)b2+b—i*<o.

n B

Since b satisfies (6.15) we have
1 1 1 n* n 1
— — 1)+ b——<( —1)—+———:0,
(n* ) B p*  B* B*

thus (6.63) holds. Finally, since ||9,n;|v < 7, ! and T, I> 5q1/ *Ag» using (6.62), also the estimate
(6.60) follows. ]
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The constant M

The principal term of the perturbation can be written as

Wo = Z (p%i(x,t)) 15 (VCI)I-)_IW(R%i, lq.q_lq)i) = ZWO.,ia (664)

1

where Lemma E.1 is applied with .#" = B, /2(Id), namely the closed ball (in the space of symmetric
3 x 3 matrices) of radius !/2 centered at the identity matrix.

From Lemma 6.7 it follows that W (R, ;, A,+1®;) is well defined. Using the Fourier series repre-
sentation of the Mikado flows (E.3) we can write

Woi= Y (V@) by ettt
k70

where y
.
bir(x,1) = (Pgi(x,1)) " ar(Ryi(x,1)).
By the definition of w, ; and (E.2) we compute

Woi ®Wo,i = PgiVO; (W OW)(Rgi, Agr1Pi) VO, T
— pqﬂ'vq)l'_lﬁq,‘iV@i_T + Z pq,‘iv¢l‘_1Ck(R’qJ)VCI)i_TeiAquIk.(Di
k20

=Ryi+ Y pgiVO; ' Cr(Ry ) VB T eiPan1k i, (6.65)
k0

The following is a crucial point of the construction, which ensures that the constant M of Proposition
6.4 is geometric and in particular independent of all the parameters of the construction. It follows
from the definition of the Mikado flows given in Appendix E and we refer to [7] for a detailed proof.

Lemma 6.8. There is a geometric constant M such that

M 51/2

(6.66)
We are finally ready to define the constant M of Proposition 6.4: from Lemma 6.8 it follows
trivially that the constant is indeed geometric and hence independent of all the parameters of the
statement of Proposition 6.4. We can now define the geometric constant M as
_ 1

M = 64M —_—
¢ ; K[+

€z3\{0}

(6.67)

where M is the constant of Lemma 6.8. We also define

—i r R . .
W, = 1 Z |:Curl <(pq7l~) 1h Vq)l (k X Czlk(RqJ)) >:| elqurlk'q)i —- Z Ci7k€llq+lk'q)i )
Agti i k£0 K] i k£0
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Then by direct computations one can check that

-1 kx b\
Wai1 = wotwe = ——curl | Y (V)T S22k gtk ) (6.68)
A1 i,k#0 k]

thus the perturbation w1 is divergence free.

6.4.2 The final Reynolds stress and conclusions

Upon letting

>
B
I

™

>
2

we define the new Reynolds stress as follows
Ryi1 =R (i1 - Vg + Owas1 +74- Vwgsr +div (—=Ry+wyr1 @wyr1)) (6.69)
where the operator % is the one defined in (D.1). With this definition one may verify that

8,vq+1 +div (Vq+1 ®Vq+1) + qu+1 =div (]éq+1)
divvg 1 =0,

where the new pressure is defined by

Par1(x,t) = pg(x,t) — Z Pq.i(x,1) + py(t). (6.70)

The following proposition is taken from [7].

Proposition 6.9. Fort € [;UJ;UJ;+| and any N > 0

1Y)~ [l + IVl S €7 6.71)
IRilln S €7, (6.72)
1 — p—
Ibilly < 8,/ k7007, 6.73)
1 _ —6,)—-N—
leiklly S 8,512, k-0 N (6.74)

Moreover assuming a is sufficiently large, the perturbations w,, w. and wg, satisfy the following
estimates

1 Ml/2
Iwollo+ 57— Iwoll < 8,1, (6.75)
1 U 1
H“%H04-§;IIHW%H1§SQAZE A (6.76)
1 M .
warillo+ 7 —lwenll < 385 (6.77)

where the constant M depends solely on the constant cq in (6.52). In particular, we obtain (6.46).
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We are now ready to complete the proof of Proposition 6.4 by proving the remaining estimates
(6.48) and (6.47). We start with the energy increment

Proposition 6.10. The energy of v, satisfies the following estimate

l/2 e 1 2
']1‘3 at 2

0
q+1 + q+2 .
A'q—i-l 4

§C

In particular, (6.48) holds.

Proof. By definition we have v 1 =V, +wgy1 = V4 +w, + w, thus we have

5 5
e(t)—/ Vgs1|?dx— =42 e(t)—/ \wo\2dx—‘f—“—/ v, |?dx
T3 2 T3 2 3

—l—/ ]wc\zdx—|—2/ w0~wcdx—|—2/ Wyt1 - Vgdx|.
T3 T3 T3

The estimate on the second term in the right hand side of (6.78) is just a a consequence of (6.40) and
Proposition 7.8 and for a complete we refer to [7, Proposition 6.2], in which it is proved that

’/T* |WL.]2dx—|—2/Jr3 w{,-wcdx+2/wwq+1 Vgdx| S

Now recall that from (6.65) and the definition of R, ; we have

/11‘3 |w0|2dx:Z/E3tqu7idx—|— Z Pq.iVP; ter(qu)VCI) oihar 1k ®i g,

<

(6.78)

q+17q
)Lq-H

51/251/2 }Ll+2a

1k7£0
B 32/ pq’idx—i_/ Z p‘lviVCD;Iter(Rq,i)VCD;Tquﬂk-‘bi dx
; JT3 T3 i k20
_3Pq( Z pqlVCID ter(qu)ch a1k ®i g
lk;éO
= _ g4 _/ | q|2dx—i—/ ) PV (R, )V T e ki g

T ;, kA0
As a consequence of (E.6), Lemma 6.7 and Proposition 7.8 we have

3;/25'/2 )LHZO‘
Y pgiVO; trC(Ry, ) V; Tearik®igy| < 1 9H10
T3 j k40 Agr1

For a detailed proof of the previous estimate we again refer to [7, Proposition 6.2]. Thus we are
only left with estimating |e(¢) — e, ()], but from (B.5), the definition of &, in (6.53) and the fact that
le]lon < E, we get
Og+2

4 )
which concludes the proof of the proposition. [

le(t) —eq(1)] < [e]y-g] <
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For the inductive estimate on I%qﬂ we refer to [7, Proposition 6.1]

Proposition 6.11. The Reynolds stress error I%qH defined in (6.69) satisfies the estimate

1/2 1/2
o 1¥9 *q
Ryillo < % (6.79)

q+1

In particular, (6.47) holds.

6.5 The gap for the full conjecture

In this section, we wish to comment on why we need to introduce the space Xg (see (6.3)), since
clearly the most natural choice for Xy would have simply been the space of all C®(T? x [0,7]) or
¢%(T3 x [0,T]) solutions of Euler equation. Here c® denotes the space of little Holder continuous
functions, namely the closure of smooth functions in the C® norm. We believe that such a discussion
highlights some interesting features of the convex integration scheme.

The introduction of Xy is related to the proof of Theorem 6.2 and to intrinsic properties of the it-
erative scheme of [7]. The proof of Theorem 6.2 uses the following strategy, that is quite standard
in arguments involving Baire Theorem. As a first step, we rewrite Yy as union of closed sets Cy, /.-
The parameters m,n,s quantify an improvement in the regularity of elements of G, , . Secondly,
one needs to prove that Gy, ,, ¢ has empty interior. Equivalently, every element uy € Cy, ..y must be
approximated in the C®(T? x [0,7]) norm with elements u € Xg \ Cy -5 This is where the convex
integration scheme comes into play. The iterative procedure of [7] tells us, roughly speaking, that
given a smooth subsolution & and a positive and smooth (or C® *7([0,T7]), as proved in the present
work) energy profile e, one can find an arbitrarily close solution u such that e = ¢,, provided some
initial estimates are verified. In order to obtain the desired "less regular" approximating sequence, it
seems therefore rather natural to try to apply this result to the subsolution obtained by mollifying u,
and choose an energy profile e € C +1/27([0, T])\ W +1/2m,

Since one wishes to approximate a C?(T? x [0,7]) solution with a sequence of smooth functions
in the C%(T3 x [0,T]) topology, the first natural restriction is to take the complete metric space in
which to apply the Baire argument to be a closed subset of c?(T> x [0,T]). Once one can guarantee
the fact that the mollifications of ug are close in the right topology to ug, the next step is to use the
convex integration scheme on a close enough space-time mollification of ug, let us call it us, 6 > 0
being the parameter of mollification. Let us moreover denote with R the Reynold stress tensor of ug,
ie.
Rs =usQug— (bt() ®u0)5.

In order to apply the scheme, one needs to guarantee step O of the inductive estimates, i.e. (6.11),(6.12),
(6.13), (6.14). We will now show that, by choosing any 6 < B in order to have the C®(T? x [0, T])
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closeness of the resulting solution to ug (and therefore to ug), (6.11) and (6.12) become impossible to
guarantee using the estimates of Proposition B.1. Through these estimates, one wishes to find 6 > 0
and o > 0 for which

1Rsllo < 8% < 8125°% and [lus|1 < 891 < M.
These relations are anyway incompatible for any o, a > 0 if
8y =N, =a=?P¥" (6.80)
for a,b > 1. To see this, notice that a solution 8 would need to satisfy also
820 <& =AF (6.81)

Moreover, the estimate on the C! norm can be rewritten as

1
& V2, TP <6 (6.82)
Combining (6.80), (6.81) and (6.82), one obtains
a_% < a_b%,
B_1-B _
hence that the function a — abﬁ_ifs is bounded. Since for every b > 1, one has bg — % > 0 be-

cause of the inequality 0 < 3, we find that a can not be taken freely in an open unbounded interval
(ag, +oo), hence Proposition 6.4 can not possibly be true in this setting. Nonetheless, as it is clearly
stated in [7], we could have found many CP (T3 x [0, T]) solutions of (6.1) CP(T? x [0,T]) close to
ug, for B < 6. This is obviously not sufficient for Theorem 6.2. On the other hand, if the starting
point g can be approximated in the C%(T? x [0, T]) topology by more regular solutions, for instance
inC 9/(']1‘3 x [0,T]), 6 < 6’, then by the previous discussion it becomes clear that we can now start
the scheme from these more regular points obtaining the desired estimates in C® (T3 x [0, T]). This is
exactly the reason for introducing the space Xg.

We conclude this discussion by noting that, even though it could not contain all the C®(T> x [0,T])
solutions of (6.1), X contains many elements. Indeed, by [7], for every smooth and positive energy
profile e and for every 6 < 6’ < 1/3, we find a weak solution u € C? (T3 x [0,T]) of (6.1) with e = ¢,,.
Since 8’ > 0, u € Xp.



Chapter 7

Dimension of the singular set of times of
dissipative Holder solutions to Euler

7.1 Introduction

This chapter concerns again the incompressible Euler equations

(7.1)

ov+divivev)+Vp=0
divy = 0,

in the spatial periodic setting T3 = R3\ Z?.

A natural next question to ask is how irregular those wild solutions arising from the convex inte-
gration schemes described in the previous chapters are, or, more precisely, how small their non-empty
singular set can be. In the following, we will only consider the singular set in time, that is the small-
est closed set # C [0,T] such that v € C* (']I‘3 X %’0). This question has recently been investigated
in [5] in the context of the Navier-Stokes equations, where the existence of wild C? ([0, T);L? (']I‘3 ))
weak solutions whose singular set in time has Hausdorff dimension strictly less than 1 has been
established. Moreover, in the recent work [14], it has been shown that it is possible to construct
non-conservative wild solutions of both Euler and Navier-Stokes equations whose singular set of
times has arbitrarily small Hausdorff dimension if one requires only some low L? integrability in
time, where 1 < p < 2. Specifically, in the context of the Euler equations, these solutions belong to

L'r= ([O, T];C'? (T3)> NL' ([0,7];C'~ (T?)) and do not possess a uniform in time regularity.

The question on the size of the singular set in time of wild CP (T3 x [0, T]) weak solutions of
Euler as been raised in [14] and has not yet been investigated. In this chapter, we address this issue by
studying the structure of the non-conservative weak solutions of Euler constructed in [41] and [7]. We
first prove that the singular set in time of such solutions cannot be arbitrarily small. More precisely,
we have the following

111
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Theorem 7.1. Let 0 < <  and v € Ch (T3 x [0,T]) be a non-conservative weak solution of (7.1).
28
If  C[0,T] is a closed set such that v € C* (T° x %°) , then 7B (%) > 0. In particular, we have

The previous result is intrinsically related to the Holder continuity of kinetic energy of the corre-
sponding class of solutions. Indeed, a remarkable property of f—Holder continuous weak solutions
of Euler is that the corresponding kinetic energy e, enjoys the peculiar Holder regularity (1.10) that
we recall here for the reader’s convenience

le(t) — e(s)] < Clt — s 7. (72)

Since e, is constant on ¢, but not on [0, 7|, Theorem 7.1 quantifies how big % has to be in order to
allow the energy e, to grow, ina C 2B/(1-B) fashion, between its different values. In this way, Theorem
7.1 1s a consequence of a general property of non-constant Holder continuous functions that increase
only on a set of given Hausdorff dimension (see Lemma 7.4 below).

Motivated by the sharpness of the energy regularity proved in Chapter 6 and its connection with
the size of the set of singular times of non-conservative solutions, we make the following

Conjecture 7.2. For every § < %, there exists a non-conservative weak solution v € CP (T3 x [0, T])

of (7.1) and a closed set 2 C [0, T), such that v € C* (T? x %) and dim - (B) = %

2B
Observe that according to Theorem 7.1 such a solution necessarily satisifes 5 - (%) > 0. In
this note, we make a first step towards the conjecture. More precisely, using the convex integration
scheme of [7] together with the time localization introduced in [5], we prove the following

Theorem 7.3. Let 0 < B < B’ < % and let vi,vy € C7 (T3 x [0, T]) be two smooth solutions of (7.1)
such that [ vi(x,t)dx = [3va(x,t)dx, for all t € [0,T). There exists v € CP (T3 x [0,T]) which
weakly solves (7.1) such that the following holds

(i) v|[0_‘T/3] =v) and V’[ZT/s,T] =y,

(ii) there exists a closed set 8 C [0,T] such that v € C* (T3 x %°) and dim (%) < 5+ %i—%,

The previous result is in the spirit of the result [5, Theorem 1.1] for the Navier-Stokes equations:
as the former, it gives on one hand a strong non-uniqueness result for the Cauchy problem of the Euler
equations. Indeed, for any smooth initial datum ¥ € C* (T?) one can choose v; € C= (T? x [0, 77)
as the smooth solution such that v{(0,-) = v, where T > 0 is its maximal time of existence, and as
v, any stationary smooth solution which differs from v. This clearly shows that for every f < %,

ch (T3 x [0, T]) weak solutions are non-unique for every smooth initial datum. We remark that, in
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view of the weak-strong uniqueness result from [3], our solutions can not be admissible, in the sense
that they do not verify e, (7) < e,(0) for every ¢ € [0, T]. For a non-uniqueness result on such solutions
we refer to [24,25], in which the L?—density of wild initial data has been recently established up to
the %—Onsager’s critical threshold. On the other hand, Theorem 7.3 builds solutions that are smooth
outside a compact set of quantifiable Hausdorff dimension. The hypothesis on the spatial averages of
the two smooth solution is just a standard compatibility condition, since every continuous solution of
(7.1) preserves its mean on the torus.

The loss given by the gap B’ > B is typical of such iterative schemes as already observed in
[32, Theorem 1.1], while the gap between the Hausdorff dimension achieved in (ii) and the one of
Conjecture 7.2 is an outcome of the implementation of the time localization of [5] in the scheme of
[7], that we believe could be improved. We postpone the technical discussion of this issue to Section
7.2.8.

7.2 Outline of the proof and main iterative scheme

In order to construct Holder continuous solutions of Euler we will base our construction on the
convex integration scheme proposed in [7]. However, there will be two main differences: at first,
since the main goal of our Theorem 7.3 is to ensure that the constructed solution is smooth in a large
set of times, we need to introduce a time localization of the glued Reynolds stress as well as of the
perturbation. This will be done by adapting the idea that has been introduced in [5] in the context
of LP-based convex integration for the incompressible Navier-Stokes equations. Second, since our
purpose in not to prescribe a given energy profile e = e(t), we will avoid all the technicalities coming
from the energy iterations. We remark that, even if an energy profile will not be prescribed, the failure
of energy conservation will still be a consequence of Theorem 7.3, since we can glue two solutions
v1 and v, whose kinetic energy differs. We begin with the simple proof of Theorem 7.1 and then we
move on to the description of the main iteration.

7.2.1 Proof of Theorem 7.1

The following lemma asserts that a 6 —Holder continuous function, defined on a 1—dimensional
domain, cannot increase only on a null set of the 6 —dimensional Hausdorff measure. Since we could
not find a reference for it, we give a detailed proof.

Lemma 7.4. Let e € C%([0,T]) for some 6 € (0,1) and let % C [0,T] be a closed set such that
HO(B)=0.If Le=00n B, then e(t) = e(0) for all t € [0,T].

Proof. Since 7% (%) = 0, for every € > 0, there exists a family of open balls {B,,(#;)},, such that
% C ;B (ti) and

Y <e (7.3)



114 7. Dimension of the singular set of times of dissipative Holder solutions to Euler

Moreover, since %e e =0, then the function e can not increase (nor decrease) on (; By, (#;))“. This

implies that V¢ > 0, we have
le(t |<Z|e ri) —e(ti+ri)l,

which together with the 8-Holder continuity of e and (7.3), allows us to conclude

le(t) —e(0)| < CZrie < Ce.

The claim then follows since € > 0 was arbitrary. O

To prove Theorem 7.1, just notice that the kinetic energy e, of any solution v € CP (T3 x [0, T]) N
Cc” (’JI‘3 X %’") always satisfies (7.2), and moreover, by the standard energy conservation for smooth
solutions, we also get

d
—e| =0.
dt | g
i
Then Lemma 7.4, together with the assumption that v is non-conservative, implies ' 1-F (%) > 0

and hence in particular the desired lower bound dim ;» % > 2[3[3

7.2.2 Inductive proposition

For any index g € N we will construct a smooth solution (v4,R,) of the Euler Reynolds system on
T x [0, 7]

{ vy +div(vy®vy)+Vp, =divRy (7.4)

divy, =0,

where R, is a symmetric matrix. The pressure p, will consequently be the unique zero average
solution of
—Apy =divdiv (v, ®v, —Ry). (7.5)

For any integer g, we define a frequency parameter A, and an amplitude parameter &, by
Aq =2x[a""],
& =2, P,
where 0 < 8 < % is the regularity exponent of Theorem 7.3, b > 1 is a number that is close to 1

and a > 1 is a large enough parameter that will be chosen at the end (depending on all the other
parameters). We also introduce the parameter

Y€ (0,(b—1)(1-B)), (7.6)
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which will be the key parameter to measure the smallness of the singular set of the solution v that
we construct, as well as the parameter o« > 0, which will be chosen sufficiently small (depending on
B, b and ), together with the universal geometric constant M > 0 that will be defined later in the
construction.

At step ¢, we will assume the following iterative estimates on the couple (v4,R;)

IRgllo < 8412, 7%, (1.7)
[vglli < M&,A,, (7.8)
[vgllo < 1—8,". (7.9)

Here the Holder norms will always only measure the spatial regularity; in other words, we take the
supremum in time of the corresponding spatial Holder norm (see Appendix A).

We will also inductively assume that the vector field v, is an exact solution of (7.1) for a large set
of times, or analogously that the support of the Reynolds stress R, is contained in a finite union of
thiny time intervals. To this aim, we follow the scheme of time localizations introduced in [5] and,
for g > 1, we introduce the following two parameters

1
/2 41430’
6q717qu1°‘
_ 37
Tg=2,-10q

For the special case ¢ = 0, we set 7o = /15, while for 6y we don’t need to assign any value. Observe
that for every ¢ > 1, we have as a consequence on the bounds on 7y in (7.6) that

In order to ensure (ii) in Theorem 7.3, we split the time interval [0, T] at step ¢ > 0 into a closed
good set ¢, and an open bad set %, such that [0,T] = ¢, U %, and ¥, %, = 0. The Reynolds stress
will be supported strictly inside the bad set and hence, on the good set v, will be a smooth solution of
(7.1). More precisely, we will inductively construct the sets ¢, and %, with the following properties:

(i) %o:=[0,75]UTA,T],
(i) 9,1 C Y, forallg>1,
(iii) %, is a finite union of disjoint open intervals of length 57,

(iv) the size of %, is shrinking in g according to the rate

B, <1045, Va1, (7.11)
q

(v) ift € 4, for some ¢’ < g, then v (1) = vy (1),
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(vi) defining the “real" bad set @q :={re€0,T]: dist(s,%,) > 7,}, we have that the Reynolds stress
R, is supported inside %, or in other words

R,(t)=0 forallt e %, (7.12)

(vil) on the complement of the real bad set, v, (that from (vi) is a smooth solution of Euler) satisfies
q
the better estimate
1 jatog
g ()llvet S 8,7\ Ag-16,Y  foralls € ., (7.13)

for all ¢ > 1, where £,_; is the mollification parameter, as introduced in (7.27). Here, the
symbol < means that the constant in the inequality is allowed to depend on N, but not on any
of the parameters and, in particular, not on q.

The following iterative proposition is the cornerstone of the proof of Theorem 7.3.

Proposition 7.5 (Iterative Proposition). There exists a universal constant M > 0 such that the follow-
ing holds. Fix0 < B <1, 1<b< %and

(b—1)(1-B—28b)

7.14
b+1 (7.14)

0< Y <
Then, there exists 0y = 0o (B, b,y) > 0 such that for every 0 < @ < Q , there exists ag = ao(B,b,y,x,M)
such that for every a > ag the following holds.

Given a smooth couple (v4,R,) solving (7.4) on T3 x [0, T] with the estimates (7.7)—(7.9) and a
set B, C [0,T] satisfying the properties (1)—(vii) above, there exists a smooth solution (vg41,Rg41) to
(7.4) on T? x [0, T] and a set By+1 C [0,T] satisfying both the estimates (7.7)—(7.9) and the properties
(1)—(vii) with g replaced by q+ 1. Moreover, we have

_ 1
Vg1 —vallo+Ag !y Ivgs1 — vglln < M3, (7.15)

The proof of the main inductive proposition will occupy almost all of the remaining chapter; we
give a sketch of the different steps in the proof in the sections 7.2.5 and 7.2.6. Before doing so, we
show how the size of the singular set in time is linked to the choice of the parameters and how the
iterative proposition implies Theorem 7.3.

7.2.3 Size of the singular set in time

From (7.12), it follows that v, is a smooth solution to Euler on T3 x ¢, . Moreover, the estimate
(7.15), together with the fact that R, — 0 uniformly from (7.7), will ensure that v, converges strongly
in C° ('I[‘3 x [0, T]) to a weak solution v of (7.1) (see proof of Theorem 7.3). Property (v) guarantees
that v = v, on ¢, and hence the limit solution will be smooth in T3 x ¢, . Since this holds for every
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q > 0, we deduce that there exists a closed set Z C [0,T], of zero Lebesgue measure, such that
veCc” (']I‘3 X %’C) and moreover,
BC ()%, (7.16)
q>0

The shrinking rate (7.11) allows us to estimate the Hausdorff (in fact the box-counting) dimension of
the right-hand side. Indeed, using also the definition of the parameters 7,, 6, and 4,, we have

g T, 1097 (4 _ —y( Y=t
) <10l [T 105 =25 T g7, < (omyra (5. (7.17)
g=1 4 q=1

Since by (iii) every %, is made of disjoint intervals of length 57, this implies that for every ¢ > 0,
the set %, (and hence %) is covered by at most

(b1
(407)9Ta (%) (5t,)7" (7.18)
of such intervals. Since 7, — 0 as g — oo, this shows that the box-counting dimension (and hence the

Hausdorff dimension) of % is bounded by

_y(bi=1
log ((407)7Ta (% )(5rq)1)
di < lim —
tmp(6) < Jim, log(5%,)
y(b?—1)loga

<1+
=R (b—1)logt,
Yb
=1- 7.19
(b—1)(1-=B+3a+7y)’ 719
where in the last equality we used that by definition 7, = kl;(ll_ﬁ V3% Observe that for Y in the

range (7.6), this dimension estimate makes sense for o small enough, that is dim, (%) € (0,1).

7.2.4 Proof of Theorem 7.3

We fix 0 < B < B’ < 1/3 and we define the auxiliary parameter

_B+B

.
B * 2

Let1 <b< %ﬁiﬁ and let y € <0, (b_l)(ll:ff_zﬁ ”b)> yet to be chosen. We will apply Proposition 7.5

with the parameters (”,b,y) and we therefore fix admissible parameters & € (0,0) and a > ao,
where 0 and ag are given by the proposition.

Letvi,vo € C7 (']I‘3 x [0, T]) be two smooth solutions of (7.1) with the same spatial average. We
construct the desired gluing v with an inductive procedure. To this aim, let i : [0,7] — [0,1] be a
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smooth cutoff function such that n =1 on [0,27/5] and n = 0 on [37/5,T]. Consequently, we define
the starting velocity vg as

vo(x,1) := M (1)1 (x,2) + (1 =1 (2))va(x,1).
Recalling the inverse divergence operator (D.1) we define
Ry = 8tn9?(v1 — V2) — 7‘](1 — n)(v1 — Vz) (059 (V] — vz) .

Note that, the first term in the definition of R is well defined since ng (vi —v2)dx = 0 by assumption.
The smooth couple (vg,Rg) solves (7.4) however, it does not verify the bounds (7.7)—(7.9) at
q = 0. To bypass this problem, we exploit the invariance of the Euler equations under the rescaling

(vo,Ro) — (V§(x,1) = evo(x,et), R§(x,1) = €*Ro(x, €1)) . (7.20)
Observe that (v§, Rf) is a smooth solution of (7.4) on T3 x [0, S_IT}, with the properties that

[21/56-17] = vg , (7.21)

=v{ and 1§

4
Yolfo.erp

2
IRGllo = &°[[Rollo,  [[vollo =€llvollo  and [[vG|l = &llvoll: -

This allows to choose € small enough, depending on all the previous parameters and additionally also
on T, vy and vy, in order to satisfy (7.7)—(7.9) at ¢ = 0. To be precise, we choose

5O\ A sy | g
S:min{( 1% ) ,M5° 20,1 % } (7.22)
IRollo Ivollo ™ [[voll1

With this choice of €, (v§j,R) satisfies the estimates (7.7)—(7.9) as well as the properties (i)—(vii)
for ¢ = 0 (where for (vii) the constant in the inequality (7.13) depends on &, ||v||n, [[v2]|x). We then
apply inductively Proposition 7.5. We start from ¢ = 0 with the couple (v§,Rf) solving (7.4) on
T3 x [0,€7!T] and the bad set % = (¢7'T/3,¢7'27/3). In this way, we construct a sequence of smooth
solutions { (vg,RG) }, to (7.4) on T* x [0,&~'T], with estimates (7.7)(7.9) and (7.15), and with the
corresponding bad set %, obeying (i)—(vii). The bound (7.15) implies, together with the interpolation
estimate (A.2), that

[ole] [o/e] ]_ [o/e] _ ”
Y gt —vgllp S Yllvger — vl llvgsr —vlly * < ¥ APF <1
q=0 q=0 q=0

Hence there a exists a strong limit

w= limv§ € ¢ ([0,e7'7] P (T%)) . (7.23)

g0

By (7.7) we have that Rfi — 0 uniformly, which implies that the limit w solves (7.1). From (2.2), we
also recover the regularity in time and we deduce that in fact w € CP (T3 X [0, g~} T] )



7.2 Outline of the proof and main iterative scheme 119

Combining the properties (i), (ii) and (v) of the bad set and recalling the structure of vg from
(7.21), we deduce that

Whoylr/g}EV? and  w [gflzr/wq]zvi. (7.24)

Moreover, as proven in Section 7.2.3, there exists a closed set 4 C ﬂqzo @q C [O,S*IT} such that
weC” (T3 X (56) and

) ,}/B//
dim, (¢) <1~ b-1)(1—B"+3a+7)

We now come to the choice of the parameters b,y and o . It is easy to observe that the infimum of

the above dimension bound is reached in the limit as o | 0, 7y 1 (bfl)(lgfffzﬁ D) and b J 1. More
precisely, we have

2 "
inf inf { inf {1— e }} L
”6(1’%) YG(O,M) ae(0,0) b-—1)(1-B"+3a+7) 2 21-P
(7.25)
Since by choice of B” > f/, the right-hand side of (7.25) is strictly smaller than the desired dimension
bound % + %i—%, , we can first choose b sufficiently close to 1 (depending on "), then ¥ sufficiently

close to (1717)(1;5’72/3 'b) (depending on B” and b) and finally o sufficiently close to 0, such that
) ,}/Bl/ 1 1 2[3/
d €)<1-— <—+4= :
= ety T2 21

Finally, we rescale back and set v(x,t) =&~ 'w (x, 8’1t) to obtain a weak solution v € CB (’JI‘3 x [0, T])
which is a gluing of v and v; (in the sense of Theorem 7.3) and which is smooth in T x %€, where

B={et:1ev}. (7.26)

By scale-invariance, # obeys the same desired Hausdorff dimension bound as % .
]

7.2.5 Gluing and localization step

As a first step in the proof of Proposition 7.5, we construct from the couple (v4,R,) and the set %,
anew couple (Vq,ﬁq) solving (7.4) as well as a set %, satisfying (i)-(vii), with g replaced by g+ 1.
Whereas v, will enjoy roughly the same estimates as v,, the new Reynolds stress R, will already be
localized (in time) in a subset of @q+1, that is in disjoint intervals of length 7, ;. The price of this
localization in time will be worsened estimates on R, with respect to R, proportional to shrinking
rate (7.11).

Following the construction of [41], v, will be a gluing of exact solutions of the Euler equations.
In order to produce those solutions, we first mollify v, in space at length scale /, as it is typical in
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convex integration schemes for the Euler equations to avoid the loss of derivative problem. To this
end, let @ be standard radial mollification kernel in space which we rescale with some parameter £,

that is @, (x) = E;%p (é) For any g > 1, we choose the mollification parameter to be

5
. q+1
fa= s AP (7.27)

Observe that in view of (7.6), £, enjoys, for o small enough!, the elementary bounds

A<t <2t (7.28)

In what follows, we will usually drop the subscript ¢ unless there is ambiguity about the step. We
define the mollified functions

Ve = Vg * @y,
Ry=Ryx@r+vi®@vy— (vgQvg) * @y,
Do = Pg*@y.

In view of (7.4), we get that (v, R/) is a smooth solution to the Euler-Reynolds system

orvy +div (Vg & Vg) +Vp,=divRy
divvy =0.

The choice of ¢ guarantees that both contributions in Ry, the mollification of R, and the com-

mutator, are of equal size. In particular, Ry will be of the size of R,. More precisely we have the

following

Proposition 7.6. For any N > 0 we have

[ve —=vgllo S 55/27% (7.29)
1

[vellyer < 827N, (7.30)

IR |nto S Sga Ay 734N, (7.31)

Here (and in what follows) the symbol < means that the constant in the inequality may depend on
the number of derivatives N, but not on any of the parameters of Proposition 7.5, neither on the step

q.

!The upper bound ¢, < Ay ! holds for every a > 0, while for the lower bound £, > A, " it suffices to require o < f3.
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Proof. The estimates (7.29) and (7.30) follow from standard mollification estimates and (7.8). Indeed,
we have

1
Ive = vallo < €llvgllt < 8 AL,

_ 1 _
vellwer S € ivgll S 5q/2),q€ NoyN>o0.
Finally, by using (B.2), (7.7)—(7.8) and the choice of £ in (7.27) we get
IRelIv+a S N H IR llo+ 27N lvgl[f S 07N 7% (Sy1dy Y+ 28 AF) S Syradg VU
O

To localize the glued Reynolds stress in time, we use the strategy of [S]. By the inductive hy-
pothesis (vi), the real bad set %,, where the Reynolds stress R, is supported, is a finite union
of disjoint intervals of length 37,. We will split each of these intervals in subintervals [f;,;41] of
length #; 11 —#; = 6,11 and we will build smooth solutions v; of the Euler system with initial datum
vi(ti) = v¢(t;) . By the choice of 6,41, we have for large enough a that

20,1 |[ve(t)|150 < 1, (7.32)

which guarantees that v; will exist for times |r —#;| < 26,4 (see Proposition 5.8). This will allow us
to define v, as the following gluing of smooth solutions

V= Znévi—}- (1—"g)vy, (7.33)

where 1, =) ; né is a smooth temporal cutoff between @q and %,. The cutoffs né’; will be supported
in an interval of length < 26, around #; and will be steep: 8,17;', will be supported in two tiny
(compared to their support) intervals /; and I;;1 of length 7, (see Section 7.3). By construction,
v, will solve an Euler Reynolds system with a Reynolds stress R, which is localized where 9,1, is
non-zero, that is in (J;1;. Up to enlarging every I; in length by 27, on either side, those intervals
will form the new bad set %, .

Proposition 7.7. Given a couple (v4,R,) solving (1.4) on T3 x [0, T| together with a set B, C [0,T]
satisfying the hypothesis of Proposition 7.5, there exists a smooth solution (Vq,l_?q) to (1.4) on T3 x
[0,T] and an open set B, C [0,T] satisfying the properties (i)—(iv) listed in Section 7.2.2 with q
replaced by g+ 1, such that additionally

vy(t) forallt €9, (7.34)
0 forallt € [0,T] such that dist (t,9,+1) < 27441. (7.35)

Vg(t)
Ry(1)
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Moreover, we have the estimates

19 —vallo < 872,25 7P, (7.36)

9 — villnar < 82 AN YN >0, (7.37)
gllvet S 8 2N YN >0, (7.38)

IRgllvto S Bgyrl N VN >0, (7.39)

100+ 7 V)Ryllvsa S 84187 A HeN-2 VN > 0. (7.40)

Observe that we are not explicitly requiring the properties (v)—(vii) on the new bad set %, 1; the
latter will be however an easy consequence of the stronger properties (7.34), (7.35) and (7.38). The
proof of the previous proposition will be given in Section 7.3.

7.2.6 Perturbation step

Although the gluing step allows to localize the Reynolds stress I_Qq already in much smaller inter-
vals of time, we did not improve the size of the Reynolds stress yet. In fact, the estimates have been
even worsened by the factor A/, which can be view as the main reason why the Hausdorff dimension
achieved in Theorem 7.3 is strictly bigger than the optimal one given in Conjecture 7.2. The precise
discussion of this issue is postponed to Section 7.2.8 below.

In order reduce the size of the Reynolds stress, we will produce from (Vq,l_eq) and %1, given
by Proposition 7.7, a new solution (vy41,R4+1) to (7.4) with the Reynolds stress R, still supported

in %, and verifying all the desired estimates. This will be done by adding a highly oscillatory
perturbation w1 to v,. Indeed, this is the key ingredient of all convex integration schemes building
on [26] and, as in [7,41], the building blocks for the perturbation w,; are again the Mikado flows
from Appendix E. In the presentation of the perturbation step, we will follow closely [7].

At difference from [7], we will need to localize the perturbation w,; in time to have support

within %’?qﬂ. This will be achieved by means of steep temporal cutoffs, similar to the ones from the
gluing step, and will be responsible for worsened estimates on R, with respect to [7].

Proposition 7.8. Let (v4,R,) and the bad set B,.1 C [0,T) be as in Proposition 7.7. There exists
a new smooth couple (vqi1,Ry41) which solves (7.4) in T3 x [0,T), and such that all the properties
(1)—(vii) listed in Section 7.2.2 hold with q replaced by g+ 1. Moreover, we have the estimates

_ _ _ M .
[vg1=Tallo+ A2 Ivgrs =Tl < 5851, (7.41)
1h Qlha 14y
+1%9 ™4
HRCH-IHOS 4 11,505 ) (742)

q+1
where M > 0 is a universal geometric constant.

The proof of the previous proposition is the core of the convex integration scheme and will occupy
most of this work. Being quite technical, we postpone it to Section 7.4.
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7.2.7 Proof of Proposition 7.5

We prove how the main iterative Proposition 7.5 is a consequence of the two previous steps and
we postpone their respective proofs in Sections 7.3 and 7.4 below.

We start by noticing that given a couple (v4,R,) solving (7.4) on T> x [0, T] together with a set
P, C [0,T] satisfying the hypothesis of Proposition 7.5, Proposition 7.8 directly gives the smooth
couple (vg41,Ry+1) solving (7.4) on T? x [0, T], together with the bad set %, (and consequently its
complement ¥, 1), satisfying properties (i)—(vii). Thus we are left to check (7.15) and that estimates
(7.7)—(7.9) hold with g replaced by g+ 1.

Estimate (7.15) is a consequence of (7.36), (7.38), (7.41) and the inductive assumption (7.8) on
v4- Indeed, we have

_ _ 1 M —Y 1
Ivgs1 = vallo < vt —Tallo+ g — vallo < 8.7, (3+czq /2) <Msl, (743

where the last inequality holds if a is large enough. Similarly, we get a large enough (independently
of g) that

_ _ 1/ M 5(;/27% 2. S
g1 =vgllt < vgr1 =Vl + 1V =vallt < 851 Agu1 | 5 +C—=— | <M Age1, (7:44)
6q+1/19+1

which together with (7.43), proves (7.15).
By using (7.8) and (7.44), we obtain

2 1 1 1
vaetllt < lPvger = vglli + [lvgll < §M5q/+217tq+1 + M8/ Ay S M} Mg,

which ensures the validity of (7.8) at step g + 1. Moreover,
1 1 1
[Vg+1llo < llvg+1 = vgllo +[lvgllo < Mcsq/j1 +1-8<1— 8,51,
where again we assumed that a is large enough in order to guarantee the last inequality. Thus also
(7.9) holds at step g+ 1. Finally, the proof of the last estimate (7.7) is a consequence of the following
relation

51/2 51/21 I+y

q+1-49 "™ —y-3x
W S 5q+22,q+1 . (745)
q+1
By using the parameters definitions, it is clear that (7.45) holds if
—Bb—B+1+7—b+5ab < —2Bb*> —yb—3ab. (7.46)

We notice that if the previous inequality holds for & = 0, then (being an inequality between polyno-
mials) there will be an ap = (Y, B,b) > 0 such that (7.46) still holds for all 0 < o < 0. But if we
set o« = 0, we obtain

(b+1)y< —2Bb*+(B+1)b+B—1=(b—1)(-2Bb+1— ),
which holds by our choice of 7 in (7.14). This concludes the proof of Proposition 7.5.
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7.2.8 Gap with the conjectured exponent

By our inductive assumption (iv) on the shrinking rate of the bad set %, it is clear that bigger
is 7, the smaller is the dimension of the final singular set. By looking at (7.19), one may verify that
the sharp Hausdorff dimension of Conjecture 7.2 would be achieved if y could reach the threshold
Y(b,B) ~ (b—1)(1 — B —2BDb). More precisely, we would need that this upper bound 7 satisfies

L T0.B)

b—1 b—1

=1-3B. (7.47)

In our case however, the restriction (7.14) on 7y implies that the maximal Ymax (b, 8) we can choose is
only half of the sharp one from (7.47), or in other words, our upper bound on 7 satisfies

. ’}/max(byﬁ)_l_?’ﬁ
i B e

With that being said, we will now try to explain where the restriction (7.14) comes from. To do that,
we give an heuristic version of the inductive scheme.

Given the two parameters §; and A, as in Section 7.2.2, the aim is to find a perturbation w1
. 1 a1 . .
gf size ‘Sq/jl,. 0§c1llat1ng at frequency A, 1, that VeI‘.lﬁeS (7.15), tggetber with a new error Ry that
is localized in intervals of length ~ 7, ;. By looking at the oscillation error in (7.99), we deduce

that ||wy11]jo =~ HEIHE)/ ?, since without that, it would be impossible to ensure that R, is considerably
smaller than R,. This implies that
”RqHO >~ 8q+1. (748)

The stress tensor R, is obtained by using the gluing technique introduced by Philip Isett in [41] and
consequently, the corresponding glued velocity v, has to be an exact solution of Euler in time intervals
of length 6, ~ (6;/ “A;)~!. The only difference is that we need to shrink the temporal support of R,
to intervals of length ~ 7,1 = 4, 79(1“ < 6,41 (see Section 7.3 for the detailed construction). This
asymmetry between the two sizes implies ||Ry|jo = ||R4]loA (see estimates (7.7) and (7.39)), which
together with (7.48), forces

IRgllo == 84112, " (7.49)

to be the right inductive assumption at step g. The perturbation w, | can now cancel the error I_Qq, but
we still need to force |supp,Rq+1| ~ T,41. By looking at the definition of the new Reynolds stress
in (7.99), the easiest way is to localize the perturbation w, 1 in such intervals by means of steep
temporal cut-offs; that is by setting

Wat1 1= NpWy+1,
where W, is a combination of highly oscillatory (at frequency A1) Mikado flows and 7, is a time

cqt-off such that ‘.supp,'np‘.z Tgt1- This of course implies that ||d;n,l0 S ,L.q—+11 (see Lemma 7.14).. In
this way, we are inserting in R, (in particular in the transport error R;qusp) a term that looks like
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I NpZ#Wy+1, which from Proposition D.2 satisfies

I{IZ—I 51{i151/2)‘q1+7/
[0mp 241 | q—lfqil Q;LT (7.50)

Finally, to close the inductive estimate, we need to check that the bound in (7.50) is below the one
inductively assumed in (7.49), at step g + 1, which is

528,27

+1% 74 -
q—§5q+2)L

y - (7.51)

As already done in (7.45), the previous relation gives the bound (7.14) on 7.
To end the discussion, we believe that a possible way to prove Conjecture 7.2, could be to find a
way to construct R, such that there is no /lqy loss in size with respect to R,, or more explicitly

IRgllo = ||R4llo  and !supptl_eq‘ ~ Tyl

In this way, the inductive hypothesis on the Reynolds stress becomes ||Ry|lo < 0,41, and conse-
quently, the /l | disappears from the right hand side of (7.51), allowing 7 to reach the sharp threshold

v(b,B) = (b— )(1 — B —2pBb).

7.3 Gluing and localization step: Proof of Proposition 7.7

In this section, we prove Proposition 7.7. To make our construction compatible with the choice
of all parameters, we choose a large enough (depending on all the parameters f3,b, v, ¢, but not on g)
such that?

57,41 <6441 and 26,11 < 1y. (7.52)

We now fix a couple (vq4, R,) solving (7.4) on T? x [0, T] together with a set %, C [0, T] satisfying
the hypothesis of Proposition 7.5. By assumption (vi) on %,, we can write %, as a disjoint union of
finitely many open intervals J, of length 57, and consequently, by setting Iy = {t € J, : dist(r,9,) > Tq}
we can write %’ as disjoint union of intervals J of length 37,. Observe that by (7.52), we have
dist (Jq,% ) =Tg >20,41.

For every such interval J,, we will first construct a smooth solution (v, Ry) to (7.4) on T° x J
and equidistributed intervals {/;}"} C J, with n := {%-‘ such that

%Indeed, in order to guarantee the first inequality, it suffices to require 54 ¥ < 1 which is enforced if a is such that
10ma~" < 1. To ensure the second inequality, we observe that by (7.6), we have for o small enough

2 Gatt 1) (1430B) < (D3 BN g
Tq ~ ~Y
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(a) dist(Z;,liy1) = 0441, |Ili| = 7441, and all the ; lie in a 26, | neighbourhood of J/;, that is

n+1

UL c {t € J, : dist (tﬁ,) < 29q+1} :
i=0

(b) suppR, C T3 x UM, I,
© Ty(t) =vglt) Ve e {red,dist (1,0;) =260},

(d) (vg,Ry) satisfies the estimates (7.36)—(7.40) when restricted to times ¢ € J,.

Properties (b) and (c) allows to extend the different (Vq,l_i'q) (coming from different intervals J,)
to a smooth couple (v, R,) solving (7.4) on T® x [0,T] by setting

alt) = vglt) and Ry(1) =0 Vit €%, =[0,T]\ .

By construction, v, satisfies (7.34). The new bad set %, is obtained by enlarging the intervals /; by
27,41 on either side;

n+1
Byl = {t € [0,T] : t € J, for one of the disjoint intervals of %, and dist (t, U I,-) <2Tyq1 -
i=0
(7.53)
Using (7.52) and (a), it is easy to see that %, is made of disjoint intervals of length 57,,1 and
Byr1 CUJy; = B,. In particular, the new bad set satisfies the properties (i)—(iii), and it remains to
verify (iv). By construction

EA 37 Tq+1

| Bgi1l = 57411 5%, ([eﬁl—‘ +2) < 10[%,| Oye1’
where in the last inequality, we are assuming o small and a large enough. Thus also (iv) holds true.
Finally, with this definition of %, 1, the property (7.35) is an immediate consequence of (b), and the
estimates (7.36)—(7.40) are a consequence of (d). Indeed, for times ¢ € %, the estimates hold by (d).
Fort € 4, =[0,T]\ &, we have V(1) = v,(r) and R,(¢) = 0 which makes estimates (7.36), (7.39) and
(7.40) trivial. Estimates (7.37) and (7.38) hold then by triangular inequality, (7.30) and assumption
(vii) (see also the remarks preceeding (7.76)).

For the rest of this section, we thus fix one of the intervals J,; and the corresponding JAq .

7.3.1 Construction of (v,,R,)

We start by picking the equidistributed times #p < #; < --- < 1, by setting 7y to be the left endpoint
of the interval J,; and by setting inductively #; 1 :=¢; + 6, until reaching

|JAq‘ [3@1-‘
ni=| =] L, 7.54
{9q+1 04+1 (7.:54)
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In other words, ¢, is the right endpoint of j; in case 6,1 happens to be a multiple of 7,, otherwise it is
the first time falling thereafter. This procedure is compatible with the choice of parameters by (7.52).
Foreachi=0,...,n, we now consider the smooth solutions (v;, p;) of the Euler equations with initial
datum vy(#;) defined on their maximal time of existence, that is

dvi+div(vi®v)+Vpi=0
divy; =0 (7.55)
vi(,ti) = vi(ti),

where vy is the spatial mollification of v, at length scale ¢ = /, defined in (7.27). From Proposition

5.8, (7.32) and (7.30), it follows that each v; exists for times |r — ;| < 26,41 and enjoys the estimate

1

Vi(t)IN+a S ve(t)[IN+a S 5q/2/1q€1_N_“, for |t — ;] <2641 and N > 1. (7.56)

We now glue the exact solutions v; by means of steep cutoffs né centered in #; which are con-
structed in the following

Lemma 7.9. Let fq be one of the disjoint intervals §q is made of and let t) <ty <--- <ty be the
equidistributed points picked before. There exists a family of cutoff {T[é " €CZ((0,T)) such that

(@) M(r) =L omy(t) =1 Vi €y,

(b) né is supported in an interval of size < 20, centered at t;. More precisely,

eq—H + Tg+1 eq—i-l + Tg+1
- D) i+ D) )

supp 1), C (ti

() 0<ni <1land

. 0,117, 0,117
nit)=1 Ve [ti— ‘“12 AP "Hz "H],

@ ll9Vnillo S 7,0y YN >0.

We omit the poof of the Lemma since it is standard. Observe that by construction, d; 7, is sup-
ported strictly inside U;’iol I;, with

0 T, (7] T,
Ii3: <ti_ q+1+ q+1 £ q+1+ q—i—l),

2 2

and that from (a) and (b), we have

M () =1-m(t) Vel and i=1l..n.
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Since supp né C {r:|t—1;] <26,41}, the following gluing of exact solutions is well-defined

Vg(x,1) = Zn: n;(t)vi(x,t) + (1 =ng(t))vg(x,t) fortel, (7.57)
i=0

Pyx,0) =Y ni()pi(x,1) + (1= Mg(t)) py(x,1)  fort e J,. (7.58)
i=0

It follows that v, is smooth and is an exact solution to Euler outside U?:OI I;; more precisely

vy +div (v, ®V4) + VP,
0 inJ\U,
&Iné (vi—vi-1) — né(l - TIQdiV((Vi —vi—1)® (vi—vi-1)) inl;forie{l,...,n},
MY (vo —vg) = N2 (1 =n2)div ((vo — vg) ® (vo —vy)) in lo,
Mg (v —vg) —Ng (1 =Ng)div (v —vg) ® (vn — vg)) inl,,.

Recall from (D.1) the inverse divergence operator % acting on vector fields with zero average. Since
all the v; and v, have all the same average, we can define the new localized Reynolds stress by

0 in inJ,\U") L,
R, := I Mg B (Vi —vi1) = Ng(1 =) ((vi—vie1) @ (vi = vi-1)) inf; forie{1,...,n},
Amg % (vo —vg) = (1 =) ((vo —vg) @ (o~ v)) in Ip,
oMy B (v —vq) = Mg (1=17) (v = vg) @ (va —vy)) in ..
(7.59)

With this definition, the smooth couple (Vq,ﬁq) solves (7.4) on T3 x J, and has already the desired
localization property

n+1
_ 37,
suppR, C T2 x | JI;  with || = 7441 and n:= [e—ﬂ : (7.60)
i=0 q+1

7.3.2 Stability estimates on v; — v, and improved bounds on v, —v, on ﬂ?;

We first establish stability estimates on two adjacent exact smooth solutions of Euler, v; and v;, ;.
Since (vi —viyr1) = (vi—vy) + (ve — vit1), it suffices to estimate v; — v;. The proof of the following
proposition follows closely [7] with some minor changes. Here (and in what follows), we denote the
material derivative by

Dtyg = at—i-(Vg'V) (7.61)
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Proposition 7.10. For |t —t;| < 26,1 we have the estimates

1vi=ve) (@) Inva S Tgr18gral N1 YN >0, (7.62)
IV(pi— po) (1) Insa S Ay Vgt N1 VN >0, (7.63)
1Dy o (vi = ve) () Inyor S Ay VgtV YN >0. (7.64)

Proof of Proposition 7.10. Observe that (vy — v;) is divergence-free and it solves
A (ve—vi)+ (ve- V) (ve —vi) +V(pe — pi) = ((vi—ve) - V)vi+divRy, (7.65)
so that, by taking the divergence, we find the following equation for the pressure term
A(pe— pi) = —div (Vve(vg —v;)) +div (Vvi(vi — vy)) + divdivR,. (7.66)
By Schauder estimates we get

IV(pe = pi)lla S (IVvella + || VVilla) [[ve = vill o + [|div Ry ||
< 8, Mgl v —villa+ A T8, 07

where we used (7.30) and (7.56) (together with A.2) as well as (7.31) in the last inequality. Hence

(7.67)

|\ Dy o(ve—=vi) ()|l S 5;/27Lq€_°‘|](\/g—vi)(t)|]a +7Lq_7'_30‘5q+1€_1_°‘, if [t —#;] <26,41. (7.68)

Since (vp — v;)(t;) = 0, we deduce from Proposition G.1 that
t . B o L
=)@l S [ (8 0= )3 Ay 78071 .
I

Using that 6, 3;/ 2146*0‘ =24, 3ap—a < g% < | by (7.28), we deduce from Gronwall’s inequality that
H(Vg — v,-)(t)Ha 5 ﬂ‘q_y—3a5q+1€_l_a9q+1 5 Tq+16q+1€_1+a, if |l —l‘," < 29q+1 . (7.69)

Inserting this estimate in (7.67) and (7.68), we have obtained the claimed estimates for N = 0.

For N > 1, we fix a spatial derivative d? of order |§| = N. We differentiate (7.65) and estimate,
using the interpolation inequality for the Holder norm of products (A.1) on the nonlinear term,
19°Dre(ve = vi)llae S 1V (pe = p)lIn-+oc+ Ve = villw+acl | Vvilla+ [[ve = villal Vvillvsa + [ldivRe | v+a

1 _ —y— N—1—
S IV(pe = pi)Ivsa+ 8 At 1vi = villvsa + A 74807V (7.70)

where the second inequality is a consequence of (7.56), (7.69) and (7.31). Reusing the equation (7.66)
for the pressure term and Proposition F.1, we have, arguing as before, that

IV (pe—pi)IN+a
S IVvelvsa + 1Vvillvra) Ive = villa + (1Vvella + [ VVill o) Ive = villvsa + 1divRe[|v-+o
1 _ v _N—1—
S 8 Mgl v = velIna + Ay %8 N (7.71)
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We now write 9D, ;(vp—vi) = D; 40% (vi —v;) +[0?, (v¢- V)] (v¢ — v;) and observe, using the Leibniz
rule, that the commutator [9?, (v, - V)](vy — v;) involves only spatial derivatives of order at most N of
vy —v;. Using again (A.1) to estimate all the nonlinear terms appearing in the commutator, (A.2) and
Young, we have

19°, (ve- V)] (ve —vi)
N

S X velliralve —villvei-era S ellivallve = villveo + Ivellvsi+allve = villo
k=1

< 8/ At v —villvsa+ A 13, N
where the last inequality uses again (7.30) and (7.69). Collecting terms, we obtain

! _ —ye N—1— .
1D:00° (e =vi) (0)llar S 8 Agl™% | (v = vi) (1) I + A 7% 8 N1, i [ — 1 <26,
(7.72)
Reusing Proposition G.1 together with the fact that 99 (v, —v;)(¢;) = 0, we have

t
| =vi)(©)llv+a S / (8 Al (v = vi) () I+ Ay 78y VT dz, i =] 26,41,
I

where we also used again that 7Lq_ 3% < 2@ by (7.28). Closing a Gronwall exactly as before, we deduce
(7.62). Inserting this estimate in (7.71) and (7.70), we conclude (7.63) and (7.64) as well. []

At difference from [7], v, is not purely a gluing of exact solutions v; to Euler from an initial datum
ve(t;) . Instead, we glue the first exact solution vy to v, in the interval I and the last exact solution v,
to v, in the interval [, ;. This is necessary in order to guarantee that v,(r) = v,(t) outside the new
bad set and hence the crucial property (v). In addition to Proposition 7.10, we thus need improved
estimates (with respect to Proposition 7.6) on v, — vy in Ip U 41 . Since v,(t) # v¢(t), such estimates
can no longer rely on stability estimates via closing a suitable Gronwall inequality, but solely on
mollification estimates and the better estimates (7.13) of v, on %g, which the inductive assumption
(vil) guarantees.

Proposition 7.11. Fort € %, we have the estimates

1(vg =vO) () INra S Tgr18ga N1 YN >0, (7.73)
IV(pg—pe)(t)Inra S Ay Vgt N 11 YN >0, (7.74)
1D (vg—ve) () Iv+a S Ay T8qa N1 VN >0. (7.75)

where D, ¢ is the material derivative defined in (7.61).

Proof. We recall from assumption (vii), that v, satisfies the better estimates (7.13) on @f] Since
E;ivl < Eq_N by the definition, we have in particular (with £ = /, as before)

g (O)llvat < 8,7\ Ag-16™N V1 € Z5and YN > 0. (7.76)
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We deduce from standard mollification estimates, as in the proof of Proposition 7.6, that for ¢t € @;

1/2

0 1
“N—o Q! _N— , -1 _N—
H(Vq_W)(t)HNJra ,5[1 N a5q/_211q—1 = 7:q—0—15q—0—1€ N 1+a£ Za% 5 Tq+18q+1£ N-lra
(7.77)
where in the last inequality, we used (7.28) together with
8, Ag-1(8°Ag) T < 2,00 < a3, (7.78)

which holds true if we require that « is chosen sufficiently small in order to satisfy
6ab < (b—1)(1-P).

Observe that (v, —v,) is divergence-free and that, since R, = 0 on T3 x %?; by assumption (vi), v,
is an exact solution of Euler on T? x @f] Consequently, vy — vy sAatisﬁes (7.65) (with v; replaced by
vg) and py — p, satisfies (7.66) (with p; replaced by p,) on T3 x %’2. By Proposition F.1, we deduce,
using (A.1), (7.77), (7.73) and (7.31), that fort € %’?;

IV(pg—po) (@) IN+a
S (IVvellva+ IVvglinea) ve = volla+ (IIVvella + [ Vglla) Ve = vgllv+a + 1div Rel|n-a

5 6ql/2lq’fq+] 6q+l£7N71 +lq*7*3065q+]€*1\/71706

- N-lta
S )L’q y6q+1€ s

where we used that Sql/_z Ag—1 < 5;/ 21(1 and (7.28) in the last two inequalities. As for the material
derivative, we have, using the equation for vy — v, as in the proof of Proposition 7.10, by (7.74),
(7.77), (7.73) and (7.31)

1Dre(vg =ve)llvta S IV (Pe = Pg)Inva + IVVgllalve = vollnra + [ VvglInrallve = vglle + [|divRe[| v+ e
p— — — | — — p— 1 —Y— — —
ATt N T 1 8y N Ay + A TS N

which gives (7.75) by observing 5;/3 1 Ag—1 < 5;/ *2A, and using (7.28). O

7.3.3 Proof of the estimates (7.36)—(7.38) on v,

We show how the estimates (7.36)—(7.38), when restricted to J,, are an immediate consequence
of Proposition 7.10 and 7.11. By construction

Vy— Vg = ;)n;m —Vvq) = ;}né(w —ve) - ;)”é(vq —ve)-
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Since supp Tlé C{red,:|t—1;] <26,41}, we can use (7.62) and (7.29) to estimate

. _ _3a
I7a=vallo < sup [mg(vi=volla+[lve = vallo S 718yt o 8 A S8 A T,
1=0,...,n

which proves (7.36). To prove (7.37), we write
vy v = 2% (1= 1) (v = v0).

Since supp (1 —ng) C @; by construction, we can use (7.73) together with (7.62) to estimate

. _ 1
[P —vello < sup [Ing(vi=ve)lla+ (1= 1) (vg = ve)lla S Tgr18gal 7% S 8/ At (1.79)

i=0,....n

and

[Pg =vellver < sup (1M (vi =ve) Ivs1sa +11(1=1g) (vg = ve) Iv+1+a

i=0,...,n
1
< Ty S N <8 AN YN >0,

proving (7.37). Finally, (7.38) follows immediately combining the former estimate with (7.30).

7.3.4 Estimates on the vector potentials

To improve the estimates on the Reynolds stress Eq, it is useful to consider the vector potentials
associated to v;, vy and v, defined by

= %vi:=(—A)"leurly; i=0,...,n,
z0:= 2y,
2q:=Zvyg,

where 2 is the Bio-Savart operator. By construction, divz; = divz, = divy, = 0 and
curlz; = (—A)_]curlcurlvi =v; curlzp=v, curlz, =vy,,

since v;, v¢ and v, are divergence free. Thus, we view z; — zy (and z, — vy) as potential of first order of
vi —v¢ (and v, — vy) and as such, we expect the stability estimates z; — z; (and z; — z¢) to improve by
a factor of /. We make this heuristic rigorous in the following

Proposition 7.12. For |t —t;| <26,
1(zi = 20) () IN+a S g1 8y €N VN >0 (7.80)
1Dy o(zi = 20) (1) |INra S Ay 81V VN >0, (7.81)

where D; ¢ denotes the material derivative as defined in (7.61).
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The proof of Proposition 7.12 follows closely [7]. The next proposition on the other hand, should
be seen as the analogue of Proposition 7.11 and exploits crucially that v, is an exact solution of Euler

on T3 x ,@g with better estimates.
Proposition 7.13. Fort € @g we have

1(zg — 20) () |v+a S Tg1 Sgar €VHE VN >0, (7.82)
1Dy 0(2g = 20) (1) Invar S Ay 781N YN >0. (7.83)

where D, g denotes the material derivative as defined in (7.61).
Proof of Proposition 7.12. We set Z; 1= zy — z;. Recall that (v, —v;) solves (7.65), so that
oicurlZ; + (vp- Vcurlz; = —V(py — pi) — (curlZ; - V)v; + divRy. (7.84)

We rewrite, using divZz; = divv, =0,

[(ve-V)eurlz)/ = o (vlgC [curlZ,-]j) = [curl ((ve-V)Z)]’ + 0k <[Z,~ X Vvlg]/) ,

[(curlz; - V)v;)/ = ok ([curlZi]kV{) = divcurl <Ziv{> + 0k ([Z,- X Vv{]k> = 0 <[Zl~ X Vvlj]k> ;
where we used the convention to sum over repeated indices. Setting

[(zx V)V = [z x VW) = €12 dnV®,
where €;,, denotes the Levi-Civita symbol, we obtain that
curl (9,2 + (ve- V)z) = —div ((Z x V)ve+ [(Z: x V)vi]") = V(pe — pi) +divR,.
Taking the curl of the above equation and recalling that (—A) = curl curl + Vdiv, we find
(=A)(DZi+ (ve-V)Zi) = F,

where
F = —Vdiv((Z;-V)v) — curldiv ((Zi X V)vy+[(Z; X V)vi]T) +curldivR,. (7.85)

We deduce from Proposition F.1 and (A.1) that
1D: eZillvvo S G- VIvellvea + 11 E X VIvelnea + [ x V0T 4o+ [1Re|v+o

< (Villve14a + [vellv e [Zille + (il 1va + Ivelli+-e) | Zillv+a + [[Rel v+
<8 2Nz o+ 80 Al v+ VR Rl (7.86)
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where the last inequality is a consequence of (7.30), (7.56) and (7.31). In particular for N = 0, we
deduce from Proposition G.1 that, since Z;(#;) = 0,

t
OIS / (8 20t (a4 728,107 ) T, if |t =1 < 26,41.
I

Since 5;/ Agl%0,41 < €% < 1 and that Ay 3ap—a < ¢% by (7.28), by Gronwall’s inequality we get
1Zi() ]| < 9q+1)»q_y6q+1€a = Tq+16q+1€a, if [t —1;] < 20,41 -

Inserting this bound back in (7.86), we also obtain (7.81) for N = 0. As for the higher derivatives, we
simply observe that the operator V.Z is bounded on Hoélder spaces by Proposition F.1 and hence for
N > 1, we deduce from (7.62)

|zl vra = | VElN-14a = IVZ i —ve) N-1-a S Tgr185016 VT

The estimate (7.81) for N > 1 is obtained by writing af’Dt,gz,- = D,ﬂ?ezi +[09, (v¢- V)]z; for a deriva-
tive 9% with |8 = N, estimating separately the resulting commutator as in the proof of Proposition
7.10. ]

Proof of Proposition 7.13. Observe that the operator 2 commutes with convolution, hence zy = z, *

@;. Moreover, as a consequence of assumption (vii) and the fact that £, < /,_;, we have on %’?f] (for
o small enough) the better estimates (7.76)—(7.77). Since (—A)zq = curlv,, standard estimates for
the Laplace equation give ||zy/|2 < ||z4ll2+a S ||Vgll14a» Which together with standard mollification
estimates implies

1
_ <£2—a <€2—a31/2 A E—Oz _ S 6—206 5‘1*116171 < S fa {@?c
1(zg—20) (D)l < lzg(@)[l2 < g—1M—1t = Tg+10g+1 57 ~ Tg+19g+1 re#y,
q9 ™

where in the last inequality we reused (7.78). As for derivatives of higher order, we recall that V.2 is
bounded on Holder spaces by Proposition F.1. We then estimate using (7.77) fort € %,

-N-1
1(ze = 2g) (D)lIn+140 = IV Z (e =vg) () IN+a SN Ve =vg) () IN+a S T 8416777,
where the last inequality uses again o small enough as in (7.78). As for the material derivative, we
observe that by assumption (vi), v, is a smooth solution of Euler on T3 x %, . Hence we can argue as
in the proof of Proposition 7.12 to obtain, for t € %,

||Dt7€(Z€ - Zq) ||N+a
S (Ivellvt 1o+ Ivgllvrisa) lze = zglle + (Velliva + vglli+a) llze = zgllnra + 1R lIn-+e
,S Aq—y—3a5q+lg—N—a,

where the last inequality follows from combining the estimates (7.76), (7.30), (7.82) and (7.31). We
conclude (7.83) recalling that A, % < £2* by (7.28). O
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7.3.5 Proof of the estimates (7.39)-(7.40) on R,

Since suppR, C T3 x U?:OI I; by construction, it suffices to prove both estimates on every interval
I;. As in [7], we will repeatedly use that Zcurl is a bounded operator on Holder spaces by Proposition
F.1 and thereby we improve the estimates on terms of the form Z(v; — v;_1) = Zcurl (z; — z;—1) by
passing to the vector potentials.

Consider now first the case i € {1,...,n}. Recall from (7.59)

R, = 8;11;3?(1/,- —Vi_1)— n;(l — né)((v,- —vi—1)® (vi—vi—1)) onl;.

Recall from Lemma 7.9 that ||8th§||o < quivl and that supp né C{r:|t—1j] <26,41}. Therefore, we
bound, using also (A.1), (7.62) and (7.80),

IRy ()Nt S 7y [|%cur (zi = zi1) Inva =+ i = vict Ivallvi—vici [l
2 52 67N72+2(x

S T(;_l1 lzi = zi-1l|vra + T4+19+1
< Gy 07N, (7.87)
which gives (7.39) on [;. As for estimate (7.40), we begin by writing
10+ V)Rylln+a < [|(ve —Vg) - VRgl[N+a + [ DreRg v+ (7.88)
where D, ¢ is defined in (7.61). Using (7.36), (7.79) and (7.87), we estimate the first term on /;

_ — — 1 _
| (ve _Vq) 'VRq||N+a S v _‘_’q||N+a||VRq||O+ [ve _‘_’q”OHVRqHNJra N 5q+15q/27tq€ N» (7.89)

which is better than the desired bound in (7.40). We are left to bound ||D; ¢R,||n+o 0n I;. We compute
(always on I;)

DR, = 3;;’7;%)(\2;' —Vvio1)+ 9;7”@ (&%(vi —vi 1)+ - V)Z(vi— Vi—l))
- 8t(n£(1 - Tlé)) ((Vi —vi1)® (vi— v,-,l))
—ny(1—n}) <<Dt7€(Vi —vi21)) ® (vi—vie1) 4+ (vi—vie1) @ (Dy o (vi — Vi—l))) '
We rewrite

dMy <9z<%’(vl~—vz'—1)+ (VE'V)%(Vi_Vi—I)) = o <(%0url)Dz,é(Zi—Zi—l)+ [(VE'V)"%)CUII](Z"_Zi_l)> ’

where [(vy- V), Zcurl| denotes the commutator involving the singular integral operator Zcurl. From
Proposition F.2, (7.30) and (7.80), we have

1[(ve- V), Zeurl|(zi — zi-1) INva S Velli+allzi = zict vt + Vel vs1+allzi = ziet]] e
< 118,418 AN (7.90)
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We can thus estimate (always on I;) using (A.1) on products together with (7.80), (7.81), (7.90), (7.62)
and (7.64)

1D1 Ry v S Tty llzi =zt Ivve + 7y (D1 e(zi— zi 1) lInso + [ [(ve - V), Zeur ) (2 — 2 1) [N 4 )
o vi—viet Ivealvi—vietlla
+ 1D evi = vie)lINrallvi = vieilla + 1Dy e (vi = vie ) lalvi = vicilIn+e
STt OV 818 Mgt N 71 82, 0N 2
N+o

1 _

where we used in the last inequality that 7, 15;/ g < A% <% by (7.28) and (’Cq+1€_1)2 < 1. This
proves (7.40) on [; recalling (7.28).
Finally, let us prove the estimates (7.39)—(7.40) on Iy and /,,1 . Recall from (7.59)
Ry = am2%2(vo —vg) — 021~ 1) (0 —v) ® (vo—vy))  on .

Arguing as before and writing zo —z4 = (20 —2¢) + (2¢ — z¢) and vo — vy = vo — v/ + v, — v4, We have
fort € Iy C %, using (7.80), (7.82), (7.62) and (7.73)

IRy (1) lIn+a S Ty (20 = 2) ()l Insoc + 1l (vo = vg) (1) [ vall (Vo = vg) ()
§5q+1£fN+a_|_T2 6LI2+167N72+206

q+1
—N+o
5 5q+1£ :

As for estimate (7.40), we argue as in (7.88) and (7.89) to reduce ourselves to bound ||D; ¢R||n+a-
Proceeding as before, we obtain for ¢t € Iy C ,%’2 that

IDs Ry (1) | N-4er S Tq_fl 120 — 24| N+ + ‘L'q_+11 (II1Dy,¢(z0 — zg) [|N+o + [[[(ve - V), Zcurl | (z0 — z4) | N+a)
-1
+Tq+1HV0—VqHN+ocHV0_VqH06
+[[Dr,e(vo —vg) IN+allvo — vglla + 1Dz .e(vo — vg) l allvo — vglIn+a
_ — 1 - T
§Tq+115q+1£ N+a+5q+15q/zlq£ Vb gy &gy, 0,

where we used Proposition F.2 to estimate the commutator as well as the estimates (7.82), (7.83),
(7.30), (7.73) and (7.75). We conclude (7.40) on Iy. The estimates on I, | follow in the same way up
to exchanging the role (vo, ng ) with (v, ng) . This concludes the proof of Proposition 7.7.

7.4 Perturbation

In this section we will construct the perturbation w,| and consequently define

Vgil :=Vg+Wgi1, (7.91)
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where (Vy4,R,) is a smooth solution of (7.4) as given by Proposition 7.7. Following the construction
of [7], the perturbation will be highly oscillatory and it will be based on the Mikado flows. As for the
gluing step, also here there will be some changes with respect to [7]. For instance, the fact that we
are not interested in prescribing an energy profile, allows us to simplify the choice of the amplitude
of the perturbation. For this reason, we will give a complete proof of all the estimates.

Let now B,41 C [0, T be the bad set belonging to (v,4, R,) (see Proposition 7.7). Note in particular
that by Proposition 7.7, %, already satisfies the size properties (i)—(iv) at step ¢ + 1 and we will
leave the bad set %, unchanged. Thus, to prove Proposition 7.8, we are left only to check the
two estimates (7.41) and (7.42) as well as the properties (v)—(vii) (with g replaced by g+ 1). Since
by Proposition 7.7, the couple (v,,R,) already satisfies the more restrictive properties (7.34), (7.35)
and (7.38), the properties (iv)—(vii) can be achieved by ensuring that the temporal support of w4
is contained in a 7,4 neighbourhood of the time support of R,. In particular, this will ensure that
suppRy+1 C T2 x {t € By : dist(t,9,41) > Ty41}, Or in other words, that the new Reynolds stress

Ry 1 is localized in the new real bad set %, | which is made of disjoint intervals of length 37, .
A crucial relation that will allow us to close the estimates on R, will be

< A, (7.92)

that is a consequence of Y+ 30 < 2(b—1)(1 — ). By our bound on ¥ in (7.14) (actually (7.6) would
suffice here), the latter holds if « is sufficiently small.

7.4.1 The stress tensor R, ;

Recall that I_?q is supported in the set T> x I, where I is the union of disjoint intervals of length
Ty+1. Thus we can write
1= UI,-7 where |I;| = 7,1 1.
i
The following lemma gives the family of cutoffs that will allow us to localize the perturbation (and
thus the new Raynolds stress) in the new real bad set %, 1.

Lemma 7.14.. There exist smooth cutoff functions {n ;,} i such that n ;, ‘ ;=1 supp T];, Nsuppn; =0 if
i # J, supp1, C {t el dist(z,) < Tq+1}. Moreover, for any i and N > 0 we have

10 mpllo < 7Y (7.93)

Let s; be the middle point of /;. Define the flows ®; associated to the velocity field v, as the
solution of
(0 +7V4-V)P; =0
{ CID,-(x,si) =X.
Define also .
2 V®; (8,411d —R,) VO]

g - (7.94)

6q—i—l
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We have the following

Lemma 7.15. For a > 1 sufficiently large, we have

IVDi(1) —1d[lo < 5, Vt € supp),. (7.95)

N | =

Moreover, for all (x,t) € T3 x supp n;;

R,i(x,t) € By (1d) C .73,

[N/

where B 1 (Id) denotes the ball of radius % around the identity, in the space of positive definite matrices.
Proof. By applying (7.38) and (G.4) we obtain
IVi() —1d]lo < [t — sil[Palli S Tgs18,Ag < A7 (7.96)

Furthermore, by definition we have

. R
R;i—1d=—-V&, LV +VO,V&] —1d
5q+1

= VP, 5 —L V! + (Vd; —1d) V! + (Vd,; —1d)"
q+1

from which, by using (7.39) and (7.96), we obtain for ¢ € supp n;;

9 R
IRyi—1dlo < IR0 v, —1af 5 2427
g+1

By choosing a > 1 large enough, we conclude R, ;(x,t) € B 1 (Id) for every (x,t) € T3 x supp np O

7.4.2 The perturbation, the constant M and the properties (v) and (vii)

We define the principal part the the perturbation as
anéq/jIVCD 1W(Rq l,ﬂq+1q)i) = Zwoji,
where Lemma E.1 is applied with .4 = B 1 (Id). Notice that from Lemma 7.15 it follows that

W (Rg,is Ag+19;) is well defined. Using the Fourier series representation (E.3) we obtain

= Y np 8 au(Ry ) VO Ayt k9
k20
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The choice of w, is motivated by the fact that the vector fields U; = V®.~ 1Ake’lf/+1k ®i golve
(0 + V¢ V)Uix = V) Ui (7.97)
In particular, since divU; x(x,s;) = 0 for all x € T3, U; x remains divergence free.

For notational convenience we set

bia(x,t) 1= n)(0)8,)} ax (Ry.i)Ar.

so that we may write
Woi =) V& bjetank
k0
The following lemma ensures that the constant M from Proposition 7.5 is geometric and, in particular,
does not depend on all the parameters entering in the scheme.

Lemma 7.16. There exists a geometric constant C > 0 such that

1
”b |k|5 6q+1
Proof. Apply (E4)withN=0,m=5and ./ =B 1 (Id). O

We are now ready to define the geometric constant M of Proposition 7.5.

Definition 7.17. The constant M is defined as

1

M=64C ) T

keZ3\ {0}
where C is the constant of Lemma 7.16.

To ensure that w, 1 is divergence free we will add a corrector term w, to w,. More precisely, in
view of (E.7), we define

—i | < VT (k x Ay
Weilm g L 50,1 Var(Re) % l!(klz T Y, cixe 1w,
q+1 k£0 i,k£0
where
— . VoI (kx A
C,"k = 51/2 Vak(RW-) X M
Aq+ k|

By using (E.7), one can check that

-1 ik x b;
Warl 1= Wo+we = ——curl | Y V@l zlk idgi1k®i |
Ag1 =) k|
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from which we deduce divw,; = 0. Finally, note that thanks to the cutoffs 7 1’7 from Lemma 7.14, we
also get R
suppwyi1 C T2 x {t € By @ dist(t,911) > Tyr1 } = Byt - (7.98)

Recalling (7.34) and the inductive assumption (v) on v, this guarantees the property (v) at step g+ 1.
Moreover, by (7.38) and (7.98) we also get (vii) at step g+ 1, since for N > 0

_ _ 1 . ~
gt Ot < 1Fg(0) + wair llver = 1900 v < 8265Y, W € B,

7.4.3 The final Reynolds stress and property (vi)
We define the new Reynolds stress as

Ryr1:=R(wgs1- V) + B (Owgr1+ Vg Vwgi1) + Zdiv (Rg +wyr1 @wgs1)

(7.99)
= Ryqasn + Rtransp + Rose-

Notice that in all the three terms of the previous formula, the operator & is always applied to a
divergence of a curl (thus to zero average vector fields). Moreover, by (7.98) and (7.35), we directly
get R

SuppRy11 C T x PBa+1,

which proves property (vi) at step ¢+ 1. With this definition, one may check that

ath+1 +div (vg+1 ®@vgi1) + Vpgi1 = divRg4 g
divvgy1 =0,

where the new pressure is defined as pg11 :=p,.

7.4.4 Estimates on the perturbation

We start by estimating all the terms entering in the definition of wy 1.

Proposition 7.18. For all t € supp n;; and every N > 0, we have

(VD) v+ ||V |v S 7V, (7.100)
IR illnv S €7 (7.101)
bixllv < 5/21|k| 6g=N (7.102)
leralln < 8,5 A0 1k 6e N (7.103)

Proof. Lett € supp n;,. From (G.4), (G.5), (7.38) and (7.95), we obtain

IVl < [IV®illo+ VO S 1+ VR —1dlo + [VPily < 1+ 741 |V In S 7.
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Moreover, by also using (7.39) we get
< R
IRy illw S IVl VRillo + [IVRil1F || || SN+ eV oo™,
S+1 Iy
which proves (7.101). Finally, by the two previous estimates we also deduce
1 ~ -6 1 -6
b1l S 8,50 1Rl Ikl =6 < 85,67k
where the constant in the inequality only depends on N (see (E.4)). Similarly,
leirlly < 87 1AM K70 (IR illvt + [ Villw) < 8,7 A0 k70N,
[
Corollary 7.19. If a > 1 is sufficiently large, the perturbation satisfies the estimates
1 M o)
Iwollo+2—lwoll1 < 8,14, (7.104)
o /lq—l— o 4 q+1
1 i
wello+ =—well S 872,747, (7.105)
A q q
q+1
1 M i)
watillo+5—Iwg+1l1 < 58 (7.106)
q A"H‘ q 2 g+l

In particular, (7.41) holds.

Proof. From (7.95), we deduce that ||V®;||p <2 on supp n;;. Thus, since 1/, have disjoint supports,

from Lemma 7.16 we get
1 1A
<

1 —
Iwollo < 28.2,C 32qH.

+1 5
=

To estimate ||w,||;, we first observe that

|V (ke | < agur kI VDllo < 2211kl

Compute now

VWo,i = Z Vq);lbi’kv <emq+lk'q>i) + Z \V4 (Vq);lbi7k) ei}Lqu.q)[.

k#0 k#0
In particular, from Lemma 7.16 and Proposition 7.18 we infer

1/2 -1 M 1/2
HVW0H0<4 q+1 q+1Ck§6‘k|4+C5 Z |k|5 16 6, i1Aq+1+C

l/ 1
X

(7.107)



142 7. Dimension of the singular set of times of dissipative Holder solutions to Euler

for some constant C which also depends on M. Thanks to the parameter inequality £/~ < Ag+1 from
(7.92), by choosing a > 1 sufficiently large, we get

M .1

[Vwollo < 5q/+1/1 o

which, together with (7.107), gives (7.104). As a consequence of (7.103), we also obtain (7.105).
Finally, estimate (7.106) follows by putting together (7.104) and (7.105) and using again /~! <
Ags1- O

We denote by D; , := d; +7V, - V the advective derivative with respect to v,. We have

Proposition 7.20. Fort € suppn [’; and every N > 0 we have

Dy VOi|ly < 82,07, (7.108)

»q

1D gRyilln < 5/27LI+7€‘N 20 (7.109)
1D geixllv < 5;/j161/211+mq+115—N 1306 (7.110)
IDrgbislly S 8,518,723 TE N2 k. (7.111)

Proof. Observe that D; ,V®; = —V®;Dv,. Thus, from (7.38) and (7.100) we get

1
1D: Vil S IVDillo[Fg a1 + IVl [F 11 S 82467,

Differentiating (7.94) yields

< R, D; ,R R
Dy R, = D; VP (Id - —) V! - v, Ive! v, (Id - —q) D, VT .
’ 5q+1 5q+1 561+1

Then, by (7.39), (7.40), (7.100) and (7.108) we get

10kl = 105t 7o, e s v,

+ vy Peallo , [1PeaRlly
3q+1 6q+1

5 5;/21q£fN+5q1/2kql+7£fN72a SJ 5;/21(]1+7/€7N72a7

which gives (7.109). Compute now

51/2 _ . - VT (kx A
Dy 4Cix = — ;Lqﬂ (0m,V (ax (Rg,i)) +MpDrgV (ax (Ryi))) x %
g+1 e
e Dy VDT (k x Ay)
q+1 > g =i k
"Ry ¥ lr Rad) X T
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Writing D,7qVRq7i = V(DWRW-) — VVqVRqJ, we have by Proposition 7.18, (7.93), the previous two

estimates (7.108) —(7.109) and (7.38) that

k[0 Ay 1 A y
7 1D gcinlln S11ompllollRg.illv+1 +[1Dr g VR il

q+1

+ (lamplloliRg.illt + 1Dr.gVRg.illo) VR ||
+ IRy illv-111Drg V7 llo + | Rq.ill 1 1D1.g VR [l

—1 y)—N—1 V20 14y )~N—1-2a
STl + 6/,

4 <f*1 /-1 +6;/27Lq1+7€*1’2“) 67N+67N715q1/21q

q+1

—1 y)—N—1 V20 14y )~-N—-1-2a
§rq+1£ + 6 Aq 4

_ 5;/2;qu+7 (A% 4 ¢ 20) N1 < 5;/2)L‘11+YE—N—1—30¢7

where in the last inequality we also used that 7Lq3°‘ < 073% from (7.28).
With similar computations we also get (7.111). Indeed

s
+1 B 5
NS VQW (19mpllollRg.illv + 1Ds gRy.illv)
1/2

1Drgbik

0
+1 _ _ 1 _N_ 1 1 _N— _
< 4 (1: Ly N+5q/2/1q1+y£ N 2a> < §'P 8 1rpN 3oc|k| 6

q+1 ~ Yg+179 "q

™Ik

7.4.5 Estimate on the new Reynolds stress

In this final section, we prove our last estimate (7.42) in order to conclude the proof of Proposition

7.8.

Proposition 7.21. The Reynolds stresses Ry qsh, Rose and Rypansp defined in (7.99) satisfy

1 1/ZA
||Rnash||06 5 q;ll_qza qy
q+1
1 1
Sqfl 6‘1/2&11—5—7/2
At
L
At

[Rosclloe <

[Reransplla <

Sfor o > 0 sufficiently small and a > 1 large enough. In particular, (7.42) holds.

(7.112)

(7.113)

(7.114)
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Proof of (7.112). We rewrite the term R, as

R(wgrr-Vvg) = ¥ % ( (VO] by 4 pyear k) v ).
i k20

Using Proposition D.2 and Proposition 7.18, we estimate

H% (V@;lbike"’%l""‘)i : Wq>

o
< "Vq);lbi,k'vvq”O + |’V¢f1bi,k‘vvq"N+a+ "V(b;lbi,k'V‘_’qHOHq)iHNJra

~ -« N—a
A‘q+1 ;Lq+1

1h lh 1h &lh lh Qlh
< 5{14—15‘1/ )Lq 5(]{%16‘1/ lq < Sq{kl&l/ A61 (1 lq—l—l
( 9

~ l;;]a’k‘6 lcll\fi_—lagN+a|k|6 ~ )LqIJ]Zawﬁ ;Lq+1€)N

where in the last inequality we also used that £~ < ?L;‘H by (7.92). We claim that, by choosing

N > 1 sufficiently large (depending on 3,7, &, b), then the following holds

QLq—HN <1, (7.115)
(lqﬂg)

for a > 1 sufficiently large. Indeed we have

/Iq+1 < g~ Nb+B—1-y=3a—pb)
(Aqu)N

Thus, there exists N large enough such that (7.115) holds, if b+ — 1 — y—3a — Bb > 0, which is
equivalent to

y+3a<b—1-B(b—-1)=((b—-1)(1-P). (7.116)
Since the right hand side in (7.116) is strictly larger than the upper bound on ¥ in (7.14), we conclude
that (7.116) (and so (7.115)) holds if & > 0 is sufficiently small. Hence we achieved
1/2 1/2
< 0, 10/ Ay

q+174

%’(Vdflb- WH"‘“D':V—) Zqr1 9 4
| (Va7 bise ") lla ™ 2L 2 ks

Due to the fact that the estimates on the coefficients c; x from Proposition 7.18 are better than the ones
on the b; ; by (7.92), we also get that
1/2 1/2

iAgr1k®P; s
. q+1 i, V P e ——
H% (C,7ke Vq) N 3102 ‘ ’6 .
q+1

Finally, summing over all the frequencies k # 0, we conclude the desired estimate (7.112). [
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Proof of (7.113). We write the oscillation error as follows

Rose = Zdiv (Ry+wg i1 @wgi1)
= Rdiv (Ry — 85111d +wo @ wy) + Zdiv (Wo @ We + We @ W + We @ W)
=01+ O>.

Since, by Schauder estimates, the operator Zdiv : C*(T?) — C%(T?) is bounded, we deduce by using
(7.104), (7.105) and (7.92)

5q+1’lqul n 5q+llq2f1
Agril | (Agiil)?
8,1 A28, 82 SLANTIETR 5 S At

102]la S lIwollaliwella + IIwellg <

q+1 _ “g+179 ™4 q+179 ™
o 12« = 1-4a
Agi1l Ay A

Thus, to conclude the desired estimate on R,z we are only left with . Since by Lemma 7.14 the
supports of n;, are disjoint and ) ; (n;,)z = 1 on the suppﬁq, we have

. N2~
0 = Zdiv Z ((T[Il,) (Rq - 5q+11d) + Wo.i ®W07i> .
i
Using (E.5), we can write

. 2 _ ~ _
Woi @Wo,i = 8q41 (M) VT (W OW) (Ry i, g1 @) VDT

. 2 —1p T j 2 - D — ] Ro)
= 811 (n}) VO 'Ry VO + Y 8401 (n))” VO Cr(Ry i) V] T eharth®
k0

= (TI]Z,) (6q+11d—Rq> + Z 5q+1 (n;) Vo; 1Ck(Rq,i)VCI)i T pitgi1k <I>,7
k20

from which we deduce
01 = Zdiv ( Z 5q+1 (n;)ZVd)i‘le(Rq,i)V@i—Tei q+1k~<I>i> )
i k0

Also, recalling (E.6)
Vo, ' Ve, TVl k=0,

and consequently

O\ =% ( Y 81 (05)div (VO ' Cu(Ry ) VD; T) ot k_q,i> |
i k20
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Thus, again by Proposition D.2 and Proposition 7.18, we estimate on suppn ;,

[div (VO; ' Cu(Ry,) VD, T) |,

H% (le (VCI)Z_lck(Rq,l)V(I)z_T) ei/lqﬂk'q)i) H S l—o
o A‘q—}—]
[div (V7 CeRy.) VR, ) [l + ([ (V27 CulBy) V) |y 1Bl
+ AN«
q+1
S I+a 1—a 6T ha N1+1+OC = l_l“ 6’
e kO AL [kl® 7 €A, K]

where we have again chosen N > 1 large enough to get the desired estimate, together with /=% < l;ﬂrl
(see (7.92)), for the last inequality. By summing over k # O we conclude, reusing (7.92), that

1h Qlha 1472
||ﬁl|| < 5£]+1 < 6(]{5-16‘1/ A’q G
o~

1-20 ~ 1-4a
A At

q+1

Proof of (7.114). We start by splitting the transport error into two parts
R (0 +Vg-V)wgi1) =Z ((0r+v4-V)wo) +Z ((0: +74- V) we) =1 T1 + P.
We start with .77. Applying (7.97) yields

(h+7-V)wo= Y (V9g)' VO 'bigehenb® 4 Y VoD, bygehort®(7.117)
i k0 i k0

We now apply Proposition D.2, together with Proposition 7.18, to obtain

1 ((77)" Va; by k) |

T _ _\T _ T _
B (GRS M (NIt M (G L A
~ 1o AN-«a (7.118)
q+1 q+1
8" 8 5 8 5 8
< q+1-49 ™ q+1-9 "™ < q+1-9 ™4

N - N— ~ 12 )
ALEKe T AN @eNralkle ~ A2 ke

where in the last inequality we have again chosen o > 0 sufficiently small and N >> 1 large enough.
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The estimate on the second term in (7.117) follows by Proposition D.2 and Proposition 7.20.
Indeed we have

5 (5571, )

[0

< NG lDtaqbt}kHoJr V@, Dr gbik |y o + IV Drgbikl| |1Pill v+
~ Al-a AN-«
q+1 g+1

1a gl l4y,)_3 lh Qlhalty,)—3 Uh olhal4y,1-3

8,018 2 T3 8 8 AT 80 8, A T3 (7.119)
~ lql;la]kw Aév+—10¢gN+a|k|6

1/2 1/2 l_l’_f)/ _4 1/2 1/2 1+y
< 61104 Ag LT < 6,419 Aq
YOALEKE T AL

where we also used /~#% < A#% . Putting together (7.118) and (7.119), summing over all the frequen-

q+1°
cies k # 0, we conclude
1 Qlaa 14y
+19% 7q
”%HaﬁqlT- (7.120)
q+1

To estimate .7, we observe that since (d; + v, - V)®; = 0 by choice of ®;, we have

(at + - V) We = Z (Dt,qci,k) o1k Pi
i k20

Then, applying once again Proposition D.2, we get

_Pscislly  1Praciall + Pracicly Il

~ l1—a N—«o
o A‘q+1 )“q+l

H‘% <(D’761Ci,k) ei’lq+1k'<1>i>

Since from Proposition 7.20 the estimates on D, 4c; ;. are better than the ones for D, ;,b; ; (recall that
1< 7Lq+ 1) we obtain, as for the estimate (7.119), that

1h Qlhal
< 6q/+16‘1/ AfI o

|2 ((Drgein) etk )|| Lt
@™ AL ke

from which, by summing over k # 0, we deduce

e 51/2}qu+?’

+19%
||92Ha§qlT

q+1

(7.121)

Estimates (7.120) and (7.121) imply the validity of (7.114) and this concludes the proof of Proposition
7.21. O
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Chapter 8

Typical wild solutions to the Navier-Stokes
equations

8.1 Introduction

In this chapter we investigate some typicality questions for the Navier-Stokes equations in terms
of Baire category. We recall the equations

: 3
divy — 0 in T” x [0, 7] (8.1

{ ov+divivev)+Vp—Av=20
We define the following complete metric space
2 :={ve L=((0,T);L*(T?)) : v is a distributional solution of (8.1},

endowed with the metric dg(u,v) := |[u—v||;=(;2), and its subsets

L :={v € P : visa Leray-Hopf solution of (8.1)}
S ={veD:ve C™ (T3 x I) for some open interval I C (0,7)}.

We refer to Chapter 1 for the definitions of Leray-Hopf solutions. Our main result is the following
Theorem 8.1. The set £ is nowhere dense in 9 while the set .7 is meagre in 9.

We recall that . is nowhere dense in & if and only if the closure of . has empty interior. In
particular, .’ is meagre in Z.

Theorem 8.1 is in the same spirit of the typicality results proved in Chapter 6. Unlike the latter,

its proof makes use of the L” —based convex integration scheme proposed in [5, 10] that we recall in
the next sections.

149
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8.2 The iterative proposition and proof of the main theorem

The proof of Theorem 8.1 is based on an iterative proposition, typical of convex integration
schemes and analogous to [10, Section 7] and [5, Section 2]; in analogy with the latter, also here
we use intermittent jets (see Section 3 below) as the fundamental building blocks. At difference to the
previously cited works, we need to keep track of the kinetic energy in some intervals of time along
the iteration in such a way to be able to prescribe it in the limit, and we also need to make sure with
a simple use of time cutoffs that the support of the perturbation is localized in a converging sequence
of enlarging sets. On the contrary, we don’t use the cutoffs to obtain a small set of singular times for
our limit, as was done in [5].

In turn the proof of Theorem 8.1 follows from the iterative proposition by proving the usual empty
interior condition. To show that the subset .Z’ is nowhere dense in the metric space &, we prove that
for every v € .Z there are arbitrarily close elements which belong to 2\ Z. Note that our set .Z is
closed, so it is enough to consider . itself instead of its closure. In Step 1 of the proof we reduce
to such statement, where we choose elements in &\ . by imposing locally increasing kinetic energy.

We recall that a distributional solution of the system (8.1) is a vector field v € L*(T> x (0,T); R?)
such that

T
/ / (v- o 0+vRv:Ve+v-A@) dxdt =0,
0 J13
for all ¢ € C°(T3 x (0,T);R3) such that div ¢ = 0. The pressure does not appear in the distributional
formulation because it can be recovered as the unique 0-average solution of
—Ap =divdiv(v®v). (8.2)

A Leray-Hopf weak solution of the system (8.1) is a vector field v € L2((0,T); H'(T3))NL=((0,T); L*(T?))
and for a.e. s > 0 and for all # € [s, T| the following inequality holds

12 t 2
PO 4 / / V(e o) 2dvar < | I (8.3)
T3 2 s T3 T3 2
We also recall the following two lemmas that are respectively Lemma 3.7 and Lemma B.1 in [8].

Lemma 8.2. Fix integers N,o > 1 and let { > 1 such that

N
2”\0/&: < % and 44% <1. (8.4)

Let p € {1,2} and let f,g € C*(T*R?). Suppose that there exists a constant Cy > 0 such that

IV fller < CrE7,
holds for all 0 < j < N +4. Then we have that

HngHLP < COCngGHLh

where Cy is a universal constant.
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Lemma 8.3. Fix k > 1, p € (1,2], and a sufficiently large L € N. Let a € CX(T?) be such that there
exists 1 <A <k, C, >0 with

IDa| - < Cad?,
forall 0 < j < L. Assume furthermore that [13 a(x)Px f(x)dx = 0. Then we have

AL ,
11V~ (aP>x(f))l|er S Ca (1 * KL—2> HfﬂL

for any f € LP(T?), where the implicit constant depends on p and L.

ﬁ;awdv:a

and let g5 : T> — R: go(x) := g(ox). Let f: T> — R such that

IV fllco < C €,

Lemma 8.4. Let g: T3 — R such that

then we have
<Gt
~ o

| zelfos

where < means up to a universal constant.

lgollL (T3,

The Navier-Stokes—Reynolds system
In this section, for every integer ¢ > 0 we will highlight the construction of a solution (v, pq,léq)

to the Navier-Stokes-Reynolds system

{ Oy +div (vy@vy) + Vp, — Av, = divR, (8.5)

divv, =0

where the Reynolds stress I%q is assumed to be a trace-free symmetric matrix valued function. Indeed
for any matrix A we will use the notation A to denote the traceless property.

Parameters

Define the frequency parameter A, — +oo and the amplitudes parameter 6, — 0" by

Ay = 27a®?),
8 =21,
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The sufficiently large (universal) parameter b is free, and so is the sufficiently small parameter
B = B(b). The parameter a is chosen to be a sufficiently large multiple of the geometric constant n,.
Moreover, we fix another parameter useful to prescribe a precise kinetic energy

2
€
= ) (8.6)
(SupgeA 17 ||co|A|Co4(2ﬂ)3)

where supgcp || Yellco, |Al,Co are all universal constants independent on g, more precisely: g are
functions defined in Lemma 8.6, A is the finite set defined in Lemma 8.6, (j is the constant given by
Lemma 8.2, € is a free constant that will be used in the proof of Theorem 8.1.

Moreover, we will use the intermittent jets (defined in Section 8.3) to define the new velocity
increment at step g + 1.

8.2.1 Inductive estimates and iterative proposition

We define new “slow” parameters, for all g > 0

s\ q+1
Sq 1= <5> , (8.7)
q
Sq = Zsi, (8.8)
i=0

for some fixed parameter s > 0. By choosing ay(s) sufficiently large, we will guarantee that

-1
Sq—i—l <<)’CI’

indeed s;l is a slow parameter compared to A,. Moreover we define the local time interval, for some
small number s > 0, for all g > 0

I, := (to — Sg,t0+Sy), (8.9)
for some 7y € (0, 1) and s = s(f9) > O sufficiently small such that
st(to) = (l‘() — 25,19 —|—2S> C [0, 1].

Observe that I, C Ba(to) for all g > 0.

In the following, if not specified differently, every space norm is taken with respect to the sup in
time localized in the interval Bay(fy), i.e. for example: if v € L°LY, we denote ||v||.» the quantity
SUP; g, (1) V(25 )| 2. We use < as an inequality that holds up to a constant independent on g.
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For g > 0, we want to guarantee

€ .12
Ivglliz < 2lvollz — 58", (8.102)
”I%QHLI < ;Lq—sgqu, (8.10b)
||Vq||c;‘t(1r3x325(,0)) < /l;, (8.10c)

and moreover!

Oy +1 2 0g+1€1

<e(t) —/ vy (x,8)|*dx < == forall ¢ € I, (8.11a)
Sias"? el 5

Suppr(Ry) C Iy, (8.11b)
Suppy(vy —vy—1) C Iy, forallg > 1, (8.11¢)

which are new with respect to the convex integration scheme proposed by Buckmaster and Vicol in
[10, Section 7].

Proposition 8.5 (Iterative Proposition). Let e : [0,T] — (0,0) be a strictly positive smooth function.
For every €,5s > 0 and ty € (0,T) there exist b > 1, B(b) >0, { >0, ap = ap(B,b, e, €,s) such that
for any a > ag which is a multiple of the geometric constant n, of Lemma 8.6, the following holds.
Let (vg, pq,léq) be a smooth triple solving the Navier-Stokes-Reynolds system (8.5) in T3 x Ba(to)
satisfying the inductive estimates (8.10)-(8.11).
Then there exists a second smooth triple (Vg41, Pg+1 ,I%qu] ) which solves the Navier-Stokes-Reynolds

system in T3 x Bos(to) (8.5), satisfies the estimates (8.10) and (8.11) at level g+ 1. In addition, we
have that

€ 1/2
qu+l - VqHL‘”(st(to);Lz(’]I’»?)) < WSQ_H. (8.12)

8.2.2 Proof of Theorem 8.1

Step 1. Let v € L((0,T); L*(T3)) be a distributional solution of (8.1), such that v € C*(T? x I),
for some open interval I C (0,T). Then, we prove the following claim: for every € > 0, there exists a
distributional solution ve € L*((0,T);L*(T?)) of (8.1) such that

HVS_V|’L°°((O,T);(L2(']I‘3)) <E€ (8.13)

and the kinetic energy of ve is strictly increasing in a sub-interval of (0,T).

Let 79 € I and choose s > 0 such that Bx(f9) C 1. Let g € C*([0,T]; [, &1]) be such that

Here Suppyr (1) denotes the closure of {r € (0,1) : Fx € T u(x,t) # 0}.
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d
g'(to) > sup |— [ [|v(x,1)*dx
re(0,1) 1t J13

and consider the kinetic energy (increasing in a neighbourhood of 7))

o(t) i= /T vl P+ g(0) (8.14)

9

Since the function v is smooth in T x I we consider the smooth solution p, with zero average, in
T3 x I of (8.2), and define the starting triple (vo, po,Ro) := (v, p,0).

Clearly (v, p,0) satisfies the estimates (8.10) and (8.11) at step ¢ = 0, up to enlarge ag?, thus we
can apply Proposition 8.5 starting from the triple (vo, po,Ro). Hence, we get a sequence {v,},en that
satisfies (8.10), (8.11) and moreover, from (8.12) we get

€ 1/2 £ —Bbyg+1 €
or1—vellp<———Y 8 < —— Y (@Pyl< — = <¢ (8.15)
ng q q 511/247Tq§) g+l 511/2471_‘126 2(1 —a Bb)

where the last holds if aq is sufficiently large in order to have a Pt <1 /2. Hence, there exists
the limit V¢ := limy e vy, in L7(Bay(to); L*(T?)) such that ||¥e — V|| 1= By (10):22(13)) < € and it is a
distributional solution of the Navier-Stokes equations in Bag(tg) x T3, because by (8.10b) we have
that lim, .. R, = 0 in L*(Bas(fo); L' (T?)). One can verify that the vector field

» :{ Ve inst(l‘())
€ v in[0,T]\ Ba(to),

still solves (8.1) in [0, T] x T? and satisfies (8.13). Moreover the kinetic energy of v is increasing in
a neighbourhood of 7y thanks to (8.11a) and (8.14).

Step 2. We conclude the proof of Theorem 8.1.

Let v be a distributional solution which is smooth in a subinterval of times and € > 0; for instance,
any Leray solution can be taken as v since they are smooth outside a closed set of .7#’!/2 measure 0.
We apply the Step 1 and get a distributional solution of Navier-Stokes ve € L=((0,T);L*(T?)) such
that [[ve —vi | =((0,7):22(13)) < € with increasing kinetic energy in a sub-interval of [0, 7] and therefore
such thatve € 7\ .Z.

Since .Z is closed with respect to L*L? convergence, we deduce that the interior of . which
coincides with the interior of .Z, is empty.

To show that .% is a meagre set in &, we rewrite it as

S C U U veZ:veC((t—st+s)xT3)},
s€2+1e(0,1)NL2

and we notice that from Step 1 the right-hand side is a countable union of nowhere dense sets, hence
it is meagre.

2To be precise we considered v_; = vyg.
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8.3 Intermittent jets

In this section we recall from [10] the definition and the main properties of intermittent jets we
will use in the convex integration scheme.

A geometric lemma.

We start with a geometric lemma. A proof of the following version, which is essentially due to
De Lellis and Székelyhidi Jr., can be found in [5, Lemma 4.1]. This lemma allows us to reconstruct
any symmetric 3 X 3 stress tensor R in a neighbourhood of the identity as a linear combination of a
particular basis.

Sym

Lemma 8.6. Denote by B, 2 (Id) the closed ball of radius 1/2 around the identity matrix in the space

of symmetric 3 x 3 matrices. There exists a finite set A C S* N 23 such that there exist C* functions
Ve : ley/';(ld) — R which obey

R=Y BRE®E,
EeA

for every symmetric matrix R satisfying |R —1d| < 1/2. Moreover for each & € A, let use define Ag €
S?N 23 to be an orthogonal vector to &. Then for each & € A we have that {E Ag,ExAg} C S?n3

form an orthonormal basis for R3. Furthermore, since we will periodize functions, let n be the l.c.m.
of the denominators of the rational numbers E,Aé and & x Ag, such that

{n*é,n*Ag,n*é XA&} - Z3.

Vector fields

Let @ : R? — R be a smooth function with support contained in a ball of radius 1. We normalize
® such that ¢ = —AD obeys

1

o= /R2 0% (x1,x2)dxidxy = 1. (8.16)

We remark that by definition ¢ has zero average. Define ¥ : R — R to be a smooth, zero average
function with support in the ball of radius 1 satisfying

1
]’[]vaz(X3)dX3 = g/ﬂ@l}/z()g)d)g =1.
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We define the parameters r, , r| and [ as follows

r= g = A @o)Y, (8.17a)
—4/7

=g = Al (8.17b)

o= g = A0 o). (8.17¢)

We define ¢, , P, ,and Y, to be the rescaled cut-off functions

O, (x1,x2) := iﬁb <x—1 x—z) ,

ri»

rit\rory
1 X1 X2

q)r ) =—® R

L x1m) ry <’1 ’1)
1/2

— 1 x3

Vra)={—] wl—].
dl dl

With this rescaling we have E = —riACID_,l. Moreover the functions ¢_Q and CID_,L are supported in

the ball of radius | in R?, v is supported in the ball of radius r|| in R and we keep the normalizations
16, 117> = 47 and ||y ||, = 2.
We then periodize the previous functions

Or (X1 + 270,52 + 27m) = @y (x1,x2),

D, (x1+27n,x0+2wm) = P, (x1,x2),
II/FH (X3 + 27[”) = W_ru(x3)‘

For every & € A (recalling the notations in Lemma 8.6), we introduce the functions defined on T x R

Wé(’x?t) = l//r”(n*rLA‘q—!—l(x'g_'—‘ut))? (8.18a)
D (x) 1= By (mary Agy1 (x— Og) - Agnar  Ag 1 (x— g ) - (& X Ag)), (8.18b)
(Pg (x) = ¢'l (n*rJ_7Lq+1(x— (Xg) -Aé,n*rquH(x— Oté) : (é XA‘,:)), (8.18¢)

where o are shifts which ensure that the functions {CI>5} have mutually disjoint support.

In order for such shifts og to exist, it is sufficient to assume that | is smaller than a universal
constant, which depends only on the geometry of the finite set A.

It is important to note that the function Y oscillates at frequency proportional to r Lrﬁlqu,

whereas ¢ and @¢ oscillate at frequency proportional to Ag+1.

Definition 8.7. The intermittent jets are vector fields W : T3 x R — R3 defined as

We (x,1) := EWe (x,1) 9 (x).
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If 0 :=r n, € N, thanks to the choice of n, in Lemma 8.6 we have that Wg has zero average in

T3 and is (%) 3 periodic. Moreover, by our choice of og, we have that
Wé & Wé’ = O,

whenever & #£ &' € A, i.e. {Wé }ée A have mutually disjoint support. The essential identities obeyed
by the intermittent jets are

IWell7p ) = 87[3 W 170 o) 192 10 )
div(Wy @ We) = 2(We - VY )9e zﬁa,wgwgéi) (8.19)
7£3W%C§W% =E(®E,
where the last identity will be useful to apply Lemma 8.6.

We denote by P the operator which projects a function onto its non-zero frequencies P f =
f— fw f, and by Py we will denote the usual Helmholtz projector onto divergence-free vector fields,
Py f = f — V(A~!div f). Motivated by (8.19), we define

1
W (x,1) 1= — PHP200F ()VE (. 1)E. (8.20)

Lastly, we note that the intermittent jets W are not divergence free, then we introduce the follow-

ing two functions Wg(c) Ve : TP xR — R

Ve (x,1) := /1 —5— G W (x,1)Pe (x),

Ny

q+1

¢ 1

Wy (1) 1= VW () x (7 x P (1)3).
q+1

Using APz = — iq)é: we compute the intermittent jets in terms of Vg

2
q+1”

Mg 1iiWe = Ay o6 0z e = —AD W&
=V (YeVx (P£8)) = Ve x (Vx P:8)
=V XV X (Ye®el) =V X (Ve X P &) — Ve X (V x &)
=V XV X (Ye®e&) — Ve x (V x D)

— 22 <V><V><V§— 5”) (8.22)
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from which we deduce

div(Ws + W) =0.

Moreover, since 1| < T, the correction W¢ is comparatively small in [* with respect to Wg, more
precisely we state the following lemma (see [10, Section 7.4]).

Lemma 8.8. For any N;M > 0 and p € [1,)| the following inequalities hold

N M
1Y 0 wellr S 7 1/2(m/1q+1> (H%Hli) (8.23a)
i il
IVV0ellr + [V el S 72PN, (8.23b)
M
riA
HVN@MV‘%”LP <r 2/p-1 |1|/P I/ZA‘(H_1 < 1 ;1|+1.u> (8.23¢)
M
riA
H ||VN8MW e S 277! |1|/p 2N <—L :IH“> (8.23d)
M
A
qu2+1HVNatMV€||L <r2/17 1 ‘1|/P 1/2)Lq+1 (%) . (8.23e)

The implicit constants are independent of Ay 1,r |, r||s K-

8.4 Proof of the iterative proposition

Given (v, pq,léq) a triple solving the Navier-Stokes-Reynolds system (8.5) in T> x Ba,(tg) sat-
isfying the inductive estimates (8.10) and (8.11) at step g, we have to construct (vg,1, qu,I%qH)
which still solves the Navier-Stokes-Reynolds system (8.5) in T3 x Bo(tp) and satisfies the estimates
(8.10) and (8.11) at step g+ 1 and the estimate (8.12) holds.

Mobollification

In order to avoid a loss of derivatives in the iterative scheme, we replace v, by a mollified velocity
field ¥y. For this purpose we choose a small parameter ¢ € (0,1) which lies between Aq_ and /lq_ +11
and that satisfies

4 o
lA, < 7Lq e
< )2 Tl
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where 0 < o < 1. This can be done since ob > 4.
For instance, we may define ¢ as the geometric mean of the two bounds imposed before, namely

0=

q+1 q

With this choice we also have that ¢ < s,.1. Let {6/}~ and {¢;} /-0 be two standard families of
Friedrichs mollifiers on R3 (space) and R (time) respectively. We define the mollification of v, and
Iéq in space and time, at length scale ¢ by

Vp = (Vq *x 94) *r @y,
Fé = (éq *x 94) *t Qg

where we possibly extend to 0 the definition of v, outside Ba,(tp). We have that vy solves

9,V +div(vy ® V) + Vg — LAV, = div(R; + Reom) (8.25)
divv, =0,

where I%wm is defined by

Fcom = (‘_’Zé‘_’%) - ((Vqévq) *x 96) *r Qy.

We introduce the following notations y+ I, := (o — S; — y,t0 + Sy +y) and I, := S‘IT“ +1,. Let
n € C2(I;;RY) such that

n(t)=1forallr €I,

2\
mlev<e(2)

v =nv+ (1 —n)vq.

Moreover, we define

Note that 7, satisfies
Suppy (% —vg) C Iy C Iyt

that will be crucial in order to guarantee (8.11c) at step g+ 1.
Moreover, using (8.25) and that (v4, py, R,) is a Navier—Stokes—Reynolds solution, we have that
vy satisfies

9Py +div (P @ V) — AV = (V¢ = vg) o + N (1 = n)div(Te(vg — 70))
+1(1=1)div(vg® (T —vy))
+ndiv(Ry + Reom) + (1 —n)div(R,) — V7,



160 8. Typical wild solutions to the Navier-Stokes equations

for some pressure 7ty.

Using (8.11b) and that n(¢) = 1 on I, we have
(1—mn)div(R,) =0.
Thus ¥, solves
9,V +div(Vy @ V) — AVp + Vry = div(Ry + Reom + Rioe ),
where Ry = T]Ii?g, Reom = nli?a,m and
Rige := (1 =)V (vg —0) + 1 (1= 1)vg@ (¥ —vg) + 2 (Ve = vg)am)

A simple bound on v, — v, on L*L? is given by

1.,
= 4 4
[7e=vyllzz S ivgller < 02 < 52, 8o,

where the last holds if 4 +28b < o. Then using the previous bound, (8.10a) and that || Z|;2_,;2 < 1
by Proposition D.1, we have

1,3
Reonlzs + |Rioellr < 5,05 82,

where we used that lqg 1 >C (%)q, unless to possibly enlarge ao(s, ). Note that we also have the

property on the compact supports of the errors

Supp(Ry) U Supp(Reom) USupp(Rioc) C Iy C Iys1-

The mollified functions satisty

1Pelle, (2 xBayr0)) S AN <A N N> (8.262)
~ _ 1/2 _

19ellz2 < Ivglloz + Ivg —elli2 < 20lvoll,2 — 872 + 4%, (8.26b)

19 —vgllp2 S €A; < A8, (8.26¢)

IRl 11 < Ay 38541, (8.26d)

IRell ey S Ay 28000+ N, N >0. (8.26¢)

We are now ready to go to the perturbation step, in which we will add a small perturbation to vy
in order to cancel the bigger error Ry proving (8.10b), (8.11b) and satisfying all the other estimates
(8.10), (8.11) and (8.12).
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Amplitudes

Here we define the amplitudes of the perturbation, namely the functions needed to apply Lemma
8.6 and cancel the Reynolds error R;. We define y : R™ — R™, a smooth function such that

1 oif o<z<1
Al {z if 222

and 7 <2y(z) <4zforze (1,2) and x(z) > 1 forall z € [0,00). We define for all # € Ip = [to — 5,10+ 5]

1

Pl = (e~ [ InnPa-2%2) g
(x 3
o (Flitn) g\

and with a little abuse of notation we define

p(1) ::ﬁ<to+%> for all r > to-i-%,
p(t) ::ﬁ<to— %) forall r <1y — %

Now, we consider another local cut-off in time fj € C2°(I,41;R™) such that

f(r)=1forallz € I,

2\
filer<c(2)

and we define

PPN R(x,1)|475 8
p(e1) = RO (' e, 1) | (8.28)
q+1
Lemma 8.9. The following estimates hold

‘Sq“g <pl) < %1 (8.29)

S1A§ S
Rg(x,t) 1

< = .

plxt) |~ 2 (850

0
HpHL15;16n3sl—%il. (8.31)
1
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Proof. Note that
2 ~ 112 ~ ~ 4 _
[1vgll72 = 19el72] < llvg = Vell2llvg +¥ell2 S Llvller Ivallpe S €AG < Ag * 841, (8.32)

where in the last inequality we used that 23 + % < a. Moreover, thanks to the construction of ¥ and

(8.10b) we have ‘
(2m)? < / x <|Rf<x’t)|4’l" o ) dx <2(2m)3. (8.33)
T3

Oy+1
/\v (xt)\zdx—/ I (x z)|2dx—@
3 T3 q 9 ’}I‘3 J4 9 2

Thus, thanks to (8.11a), (8.32) and (8.33) we get

g ( / vg(x,1)] 2dx>
q+1€1 815q+1
)3 =75

/yvqxz|dx> .(;W (/T3|vq(x,t)|2dx—/w]ﬁg(x,t)|2dx—%)

> q+1 6q+1 5q+2 > 5q+1

. ¢/2 ¢ 2 |~ ¢’

6 (27r) AP A SiAg

where the last holds if we choose a({) sufficiently large. Thus (8.29) holds.

The proof of (8.30) follows from the following computation, observing that Supp;(R;) C I,
f)(t) = 1 for all t € I, and that x(z) > z/2 forallz >0

'OI

and 51m11ar1y

p(t) )3

Rg(x,l‘)

o ROl
p(x,1)

N 5@)%—?3'415 5 2p()AS S

<1/2.

We conclude the proof by estimating

/11,3 |p(x’t)’dx < /Ré(x,l)4l(§51 <1 |p(x,t)]dx+ /Ré(x,r)mqgsl -1 ’p(X,t)|dx
Og+1 B -

q+1

§87r3<6q+1 ) /|87LC81Rg|dx

< 87 (aw o ) 861225 Rl

< 87‘[381 (5—1+)Lq—5> 5q+1 <16x’ £ 6‘{51
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We can now define the amplitudes functions ag : T3 x (0,T) — R as

Ry(x,t
ag(x,t) :=ag g1(x,1) == pl/z(x,t)}/g (Id — %) , (8.34)

where g are defined in Lemma 8.6, hence we also get the identity

p(x,1)ld —Ry(x,1) = Y ai(x,1)E ®E. (8.35)
EeA

Lemma 8.10. The following estimates hold

1/2
s 8136
||a€HL2 = 2C()|A| 4”511/27 ( )
lag ey S €757, (8.37)

where Cy is the universal constant for which Lemma 8.2 holds.

Proof. We define

_ Ro(x,1)|475 8
pi(x1) :=p<r>x<' e IR 1>,
q+1

Rg(x,l‘)) ,

_ R Y2 B
ag(x,t) =P, (x,t)yg (Id o(e.0)

ag(x,t) = N (t)ag (x,1).
The first estimate follows from (8.31) and the definition of &;

12 1/2
1/2 . 35 & atl &

< < (1 S AN o

lagll2 < [lpll 1" [17ellco 1T co < ( 6778411 51> 17ellco < 2Co|A| 4ﬂ511/2

We prove the second estimate. We introduce the notation ¥ (x,1) :== ¥ (Id — %) and thanks to
(A.1) we have

_ 1/2 ~ 1/2 -
@z, < oy levl#lleo + oy lleo | Pl

We now estimate every piece. Using Proposition A.2 and (8.11a)

IPligy < €.
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Thanks to the previous inequality, Proposition A.2 and (A.1) we get
Pl S €N, (8.38)

Using Proposition A.2, estimate (8.26€), the previous estimate and that p is bounded from below by
8q+1

7, We have
1A

N R e
||y||cws';” < 8w

CN

and using also that nglg > ¢ (choosing = { () sufficiently small), we have
174q

1/2 _5_
Ipy xS €753V

Hence
— < p—8-5N
gy, < €75V,
Moreover, by applying again (A.1) we get
laglley, < lagllex 17 llco + lIllovllag lco, < llagllew,

since Sq_+11 < Ay < 71, up to enlarge ag(s, o). O

8.4.1 Perturbation

The principal part of w1 is defined as

wh =Y agWe. (8.39)

EeA

()

The incompressibility corrector w g1

is defined as

that we define in order to have the incompressibility of w1,

w((;gl = éZAcurl(Vaé x Vi) + Vag x curl Vg —I-agWé(C)-
€

Note that

W((Il—)l—)l —I—WC(IC_RI = Z V XV x (a§V§),
EeA

div(wgi)1 +w§121) =0,



8.4 Proof of the iterative proposition

165

where the first equation follows from a direct computation similar to (8.22) with amplitudes functions

agWg = aév x V x V§ —agW(c)

:
=V x (agV x Vg) —Vag x (V x Vg) —ag;Wéc)
=V XV x (agVg) =V x (Vag x Vg) — Vag x (V x Vi) —ag W,

Moreover, we introduce a temporal corrector similar to (8.20) with amplitude functions

1
WS;J)A = Y PuP (aéq%wéé) :
EeA

Note that w((;}rl satisfies

ol + ;;ZA P so (a2div(Wg @ W) )
S

- _&égp,,moat (a2o2vie) +ﬁé§\1@¢0 (azar (2v2¢))
— (Id— ]PH)& %‘Z\P#o&t (a% (szll/gé) —ﬁ éze;\]?;éo (3;61% <¢§W§§)) :

-

::qu+]

N

From this computation and the identity (8.35), it follows that

diV(w((j‘i)1 ®w((£31 +Ry) + 8;W((;ll — éZ;\div (a% Py (W © Wg)) +Vp + Q;W;’ll
€

B sz P o (VaiPo (We @ We) ) +Vp + gz P 0 (abdiv (We ©Wg) ) + v,
cA eA

— 6;\]13’7&0 (Va%IP’;Ao (We ®W§)> +Vp+ VP — ﬁ égp?éo ((9;61% (%21’/26)) '

We now define the total increment

(1) 4 1@ 40

Wa+1 = Wyiq g+1 +Wq+l

and the new vector field is then given by

Vg+1 =V +Wgt1.

(8.40)

(8.41)

(8.42)

(8.43)

In this section we verify that the inductive estimates (8.10) hold with g replaced by ¢+ 1, and that

(8.12) is satisfied.
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Proof of (8.12)

We want to apply Lemma 8.2 in L? with f = ag and g5 = W, which is by construction (%) 3 —periodic
with & ~ A4417 , where ~ means up to a constant depending only on n, and & € A. For this purpose,
note that by (8.10) we get

2
g1 —13j
D - - J
” aéHLz — 2C |A’4 51/2 ’
1/2
and thus we can take Cy = 2cz)+|/1\| pps — 177 By conditions on £ we have £~ 3 < lqzﬁ‘f, whereas by (8.17)

1/7
we have that 4,11, = (%) . Thus, since a < ﬁ and a is huge, Lemma 8.2 is applicable.

Combining the resulting estimate with the normalization |[W||;2 = 1 we obtain

1/2

0%+1 € l.p
Iwifillzz < Z ST 12|| Welle < —558,41 (8.44)
fch 2Co|Al 41 / 47‘[61/ 2

() (1)

For the correctors w,

(P)

than w g1 The followmg estimates are consequence of Proposition D.1, estimates (8.17), (8.23) and
Lemma 8.10

41 and Wgi1 We can use rougher estimates since they are considerably smaller

2/p—1 1/p—1/2
Il S X llaglleoIWellor < €757~ /P74 (8.452)
EeA

|!Wq+1\|Lﬂ <Y ||az;||c2|\Vz;||w1p+||a§||c0||W e

EeA
< —~18 2/p 1 l/p 1/2 8 2/p 1 l/p 1271
AP AT S A 3
<18, 2/p 1,1/p=1/25 =2/ (8.45b)

H q+1

—-16.2 21 1 _
”W§121||LP§,U Z’||a(§||co||(p£||L2 ||I//§||L2 < (16, /P H/1!? u!

EeA

2/p—1 1/p=1/2, —1/7
<15, /p H/10 //1q+1/7 (8.45¢)

where in the last inequality we used also the continuity of Py in L? (for any 1 < p < o) and the fact
that Hqﬁé l,l/éH = H¢§|| 73l I,LI%H L», thanks to Fubini. Combining (8.44), with the last two estimates of
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(8.45) for p = 2, and using (8.17), we obtain for a constant C > 0 (which is independent of g) that?

1 _
Iwgell2 < (L 512 f o8 4 cp16y, 1/7)
4r

511/2 2 g+l | q+1
€ R 3 ¢
< g+1 +Cl36a—2/7+cl32a71/7 <> sl/2
471'611/2 2 q+1 q+1 4 4717511/2 q+1
Moreover from (8.26), by choosing ay sufficiently large we get
£
5172

Vg1 =vgllzz < llwgirllzz + 119 = vyl < ——75 6,44
47r611/2 R

thus (8.12) is satisfied.

Proof of (8.10a)

The bound (8.10a) follows easily from and the previous estimates (if g 7 0)
Vgrillzz = Vg1 =vg+vglle < vz + Ivgr1 —vgll2
€ <12 € 1/2 € .12
< 2lvollzz — 3-8 + 75— 8,15 < 2vollzz — -5

Vil o 5]1/247r q+1 — 471 g+

where in the last inequality we have used that a is taken sufficiently large and b > 1. If ¢ = 0, then
(8.10a) is trivial.

Proof of (8.11c)

The property (8.11c¢) is verified since
Vg+1 — Vg =V —Vg+Wgt1

and Suppr (¥, —v,) C Suppyn C Iy+1 , Supprwyr1 C Supprag C Suppyf) C Iyt 1.

3In the last inequality, we have implicitly used that @ < 1/(7-74) and ag be sufficiently large.
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Proof of (8.10c)

Taking either a spatial or a temporal derivative, using Lemma 8.8, Lemma 8.10, (8.17) and (8.24),
we have

Iwllcr, S llagllca [Wellco, + llagllco, IWellcs,

13 -1 —1/2  ,_8 _1 —1/2 2+8/7+260
</ 13’l1r\| / 4/ S’llru /;L;r]s/lq:l/ + :

W ller, S llagllea, Ve ller, + llagllca WSl

18 —1.—1/25 -2 42 1371 1 —1/2,2 2+46/74+360
SO A A F_HQ n A S A ;
(1) 1) Lyaoo o
Igiillel, S Iwghalene S 5 a2 02vEl e
1 _ _
< —€_16r_2]" 1/2&2 )Vqul <A«3 2/7+34(X.

1
<12 2 2
S ‘uHaéHCﬂr”%HC?JHI’/&HC,]’O‘ ~ n g+1 RS

In the latter inequality we have used that Py is continuous on Holder spaces. Therefore, using that
o < 1/40, that ag is sufficiently large and thanks to estimate (8.26a), we have

[Varllct, a0y <s) < Wellcs, gy + Wgrllcr, < A
8.4.2 The new Reynolds stress

Here we will define the new Reynolds stress §q+1. By definitions, v, solves

div Ry 11— Vpgi1
= 0 (Vg +wgp1) +div (e +wgs1) @ (T +wyr1)) — AT +wyr1)

= —Awg1 + a,(w;‘fl -I—Wécll) +div(Vy @ Wyt 1 +wgr1 @ Tp)

J/

-

div(Ryin)+Vpiin
+div ((wﬁf_ﬂl ) D @wgit ) Wl + wg’il)>
) div (Rco:)r+vpcor
+divw), @ W)+ Ry) + dwl') | +div(Reom) — V.

-~

div (Rosc)“‘vposc
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More precisely

Rijn := —HAwy 11 +<%’az( q+1 +w§1+)1) + Te@Wyt1 + Wyt 187,
(.0 (t) (p) (c) (t)
Reor := (wq+1 +wq+]) ®wq+1 +wq+1® <wq+] —|—wq+1>
Rosci= Y % (VaZP (W @ W ) . Z 7 (a1} (03936))
Een

Plin =2V Wyt 1,

Peor = g1 P =Wl 2,

Posc := P + Py11,
where the definitions of p,s and R, are justified by the previous computation (8.41). Hence we
define

Pg+1 = Pt — Pcor — Plin — Posc

and
Rq+1 = Rjin + Reor + Rosc + Reom + Rioe,

where the last two were defined during the mollification step. We observe that the new Reynolds-
stress R, is traceless, this property will be crucial in the energy estimates.

We need to estimate the new stress I%qu] in L'. However, since the Calderén-Zygmund operator
V% fails to be bounded on L', we introduce an integrability parameter,

p € (1,2] such that p— 1 < 1.
Recalling the parameters choice (8.17), we fix p to obey

ri/P—2r|l‘/p 1 (Zn)l/um(p /@) < &, (8.46)

1 . _ 32
where we recall that 0 < o < 77 For instance, we take p = el

—To*

Linear error Reynolds stress

By using Proposition D.1 we get that

IRiinllzr S % 0wq 1|0+ FeEwqs1 +wai1 &5l + 112w +w') )Ly

SIVwastller + [19ellz=wgs1lle + Y [|9hrcurl (agVe)|Lr
EeA

S Y llagllc [Wellwes + 19l Y llagllcr[Wellwrs
Sen EeA

+ Y (lagllcr 19 Ve llwo + | drag ot | Ve llwrp)-
EeA
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32

Thus, by appealing to Lemma 8.8, Lemma 8.10, estimates (8.26) and to the choice of p = 35°%,

conclude

weE

11 21 1_1

2 1 2
51 512 211} 2_ 1
-3, " p —18,p . p72 189 -1 p 1 »72
Riinller S €50 i A+ 5] A 0 AT

1.
& A28,

181 « 1/2 37a—14
S )'q+1)'q+1’l”|| SA ’ 6 atl

where for the last inequality we used that @ < ﬁ and 2Bb+3¢ < 11—4.

Corrector error

The estimate on the corrector error is a consequence of (8.45) and our choice of p

t t
IReorllr < 1w +wld 2o lwaet 2 + 1w 1o L+ w2
t
<2lwi) +wi o lwasn 20

L1 o
2P 2171/7<A360H—2 1/

7 1, 3¢
I Mgl S g K A 7612,

—18 1/p—1
S 6 a+1 %

where the last inequality is justified as before.

Oscillation error

By using the boundedness on L? of the Reynolds operator %, Lemma 8.8, Lemma 8.10, (8.17),
Fubini (to separate ¢¢ and y¢) and the choice of p we can estimate the second summand in the
definition of R, as

_ i 1, 5
<Y llagl 20l Ive s, S 1 02028 < A s
LP EEA

1
ﬁgg # (9.2 (92v6))

To estimate the remaining summand we will use Lemma 8.3. We apply it with a = Va%, K=0=

Agr1ry and P> (f) = Pro(We @ We ), that is a TFS—periodic function. Then we have

éZA,% (VaZPso(W; 2 Wy))
S

< (gerrs) ™ Poo(We @ We) [l | Vag |
Ly

2 1_1
214 —1/7 2 21, -1/7 571 572
S )Lq+1 [Well72o S ¢ q+1 "L
1

2o+a-1/7 -3¢
N ;Lq—i-l < 6)Lq+1 Oy12-
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Then (8.10b) at step g + 1 follows easily using also the previous estimates for R, and Ry,
1Rg+1 1l < IRtinll s + | Reorll + | Rosell 1 + [1Reoml | + | Rioe |

3
< 3Aq+faq+2+ 3Aq+lé:5 +2 < )”q+1C§61+27

where in the last inequality we have used that 285+ 3¢ < a. Finally, since Suppywy+1 C I4+1, then
also (8.11b) holds at step g + 1.

8.4.3 Energy iteration

In order to complete the proof of Proposition 8.5 we only need to prove the energy estimate (8.11a)
at step g+ 1.
Lemma 8.11. The following estimate holds for all t € I
0 0y+2€
2 <ot~ [ ranatun s 228, .47
=0 g

Proof. Recalling (8.39) and the mutually disjoint supports of {Wé } gea We notice that

2 _
q+l|

Z Tr(ag Wé ®ag Wg )
eA

2 2
= ZaéTr( 3W,§®W§)+Za{fr(Wg@Wg—][}Wé@Wé)
EeA T EeA T
=3p+ Y a;Tr (W5®W§— 3W§®W§>, (8.48)
EcA T
where in the last equation we used the traceless property of R, and (8.35).
Applying Lemma 8.4 with f replaced by a% (which oscillates at frequency ~ ¢>), the constant

Cr~ 0716 (thanks to the estimate of Lemma 8.10) and go replaced with We @ We — ng We @ We
(where 0 = A4417 ), we get

5 €721 1 < 6C1+2’
lq_._]rl 6

N éz;\aéTr (Wé Wy — 1 W ®W§> (8.49)
€

where in the last inequality we used that o0 < ﬁ and 23b < 1—14. We write the identity

= [ meo= ([ e [ R = ([ it [ sy

_ (2 /T il )y +w§’jl)) (8.50)
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and thanks to (8.48), (8.49) and to the definition of p (8.28), using also that f) = 1 in Iy, we have

(zqg}i - (/ ’V |2 / |W +1|2) for all ¢ (- 10,

up to possibly enlarge ao(&). Moreover, by using (8.26) and (8.45) we can estimate

5
2 Og+2
‘/ |wq+1+wq+1| +2/ Vo Wotl /’Lg/y
' / (1 5q+2
+w, )
q+1 q+1 NFER
T ;Lq—l—l

from which (8.47) follows. L]
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Appendix A

Main functional spaces and norms

Here we define the main functional spaces used in this work, namely Holder, Besov and Sobolev
spaces. We define them for a general d—dimensional Lipschitz domain Q C R?. In what follows
0 € (0,00),n €N, r,5 € [1,00] and B is a multi-index, f is a (scalar or vector valued) function defined
on Q. Moreover, for any 0 € (0,00), let 6~ to be the biggest integer which is strictly less than 6.

Holder spaces
For any n > 0 we define the usual C"() norms

1fllcogq) = sup [f(x)],
xeQ

[flen@) = |lsil\l£) 1D fllco

£ llere) = 1oy + Y flcic -
=1

Moreover, for any 6 € (0, 1] we define the Holder norms as
S () = fO)]
fles@y = sup ———5—
Q) XF£y, x,yEQ ’X - y’9

1£lleno ) =l llero)+ sup [DP fleo -

Bl=n

Y

To lighten the notation we will often denote the Holder norms just introduced as || f||g. Moreover, for
time dependent functions f = f(x,t) we will write || f(¢)||g when the Holder norm is computed for a
fixed time slice ¢. Finally, when the time ¢ is not explicit in the norm of a time dependent function we
mean that the supremum is taken. More precisely

1flle = supll£()]e-

We also recall the following elementary inequalities
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Proposition A.1. Let f,g be two smooth functions. For any r > s > 0 we have

[feler@) < C([fle@llgllco) + 1oy 8ler@)) (A.1)
[Fles( <CHfHCoS/r s (A2)

Proposition A.2. Let ¥ : Q — R and u : R* — Q be two smooth functions, with @ C RN. Then, for
every m € N7, there exists a constant C > 0 (depending only on m,N,n) such that

[ o u)om(pny < C([‘P]cl(g) (] om @y + ([ D] om0 1l o, Rn)[ ]C’”(R")) 7

¥ 0 uonr) < € (e gy lulenn + 1Pl enay 1 ) ) -

Sobolev spaces

Denoting by L"(Q) the usual Lebesgue space of r—summable functions, we define the integer
Sobolev norms as

[flwnr@) = ‘Z?f IDP £l

£ lwnr) = 11170y + X flwira)

J=1

Moreover, if 0 is not an integer and r < oo, the fractional Sobolev spaces will be characterize by the

following
N
WG r (/ / |x y‘d+ ) d.xdy) ’

||f||We.,r<m = 1o vy + Ulworay

We will use the usual identifications W% (Q) = L"(Q) and W= (Q) = C%(Q).

Besov spaces

We first define the Besov spaces on the whole R?, then their version on general open sets Q will
be defined by extension.

For any non integer 6 € (0, ), the Besov space Bgs(Rd ) is the space of functions f € W9 " (R)
such that

1 RS
0 (Rd) = _— D% h) — D% "d dh oo,
[f]Br-,s(R ) |oc|Z’6_ (/Rd |h|d+(9—9’)s </Rd| flxth) F)l x) ) <
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with the usual generalization when r, s = o. The full Besov norm will be then given by
1 L, gty = 1oy + L1, -

If instead 6 > O is an integer, the Besov space Bgs (R9) consists of all the functions f € W% (R?),
such that

1 Y
0 (Rd) = — D* 2h) —2D* h) + D% "d dh oo,
1ot ) aZ_g(/R s (1%t 20) < 2D 1) D0 ) ) <

again with the usual generalization when r,s = oo. Thus the full norm will be given by

Hf”BQS(]Rd) = HfHW"J(Rd) + [f]BQs(Rd)'

For any open and Lipschitz set Q we then define
B(Q) = {f Q- RYst.3feBL(RY), fla= f} ,

where the semi-norm is given by

/189, (0) = inf{[ﬂags(w), fla= f} :

By the definitions above we have that for any non integer 6 € (0,00), BQ,(Q) = W9"(Q) for any
r € [1,00], which in the case r = oo gives Bgm(Q) = C%(Q). Moreover, since the domain Q is Lips-
chitz, we always have the existence of a linear extension operator to the whole space. It is well know
that this operator turns out to be also continuous between every Sobolev or Besov spaces. When
considering the flat d-dimensional torus T¢, we define the Besov norm as above with Q = [0,4]¢ that
is, we compute the norm in 4 copies of T¢. This is enough to encode all the informations for a well
defined periodic Besov function.

We give the following interpolation result in Besov spaces.

Proposition A.3. Let Q C R? be an open and Lipschitz set. For any r € [1,], 8,y € (0,1) with
0 > 7, there exists a constant C > 0 such that

1-X ¥

@) = ClA L@ Il 3o o) (A.3)
B

1sg.(2) < Clfllgy ) 1y - (A.4)

The constant C in the previous proposition depends only on the domain €2, more precisely it
depends on the linear operator which extends a function defined on Q to the whole space R¢. Note
that the same inequalities hold if one replaces all the semi-norms with the full norms.
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Proof. We start by proving (A.3) and (A.4) in the whole space R?. Note that for every f € ng(Rd)
and 6 > v, we have

iz ey < 2 (Ifllircee) + ooz (A.S5)

By plugging in (A.5) the rescaled function f(&x), we also get
€' flpy ey <2 (”fHU(Rd) +89[f]33w(ued)> ,

1 _1
for every € > 0. Thus by choosing € = ||f]| 9,(Rd)[f]369 (ra)> Ve get (A.3) for @ = RY. Take now

A €10,1) such that (1 —A)y+ A = 6. We estimate

IFC+3) = FOllre) _ <f<-+y>f<->u<Rd>>” (f<-+y>f(->y(w>>A

|y[® y[” Iyl
S [f];r;j(Rd) ‘|Vf‘|ér(Rd)7

from which, since A = ?T_;:, we conclude (A.4) for Q = R4, If fe ng(Q) for Q as in the statement,

(A.3) and (A.4) easily follow from their versions in R and the existence of a (continuous) extension
operator. [



Appendix B

Mollification estimates

In this section we state some useful mollification estimates that are often used in this work. We
start by recalling the definition of the standard Friedrichs’ mollifiers.

Let B;(0) C R? be the d—dimensional ball of radius 1 and let ¢ € C°(B;(0)) be a standard non
negative kernel such that |, B,(0) ¢©(x)dx = 1. For any 6 > 0 we define @5 = 5‘%0(%) and we denote
the mollification of a function f as

fs=f*os :/ fe=y)ps(y)dy.
B(0)
Note that a direct consequence of the definition is that the mollification preserves the average

/f(x)dx:/fg(x)dx, Vo > 0. (B.1)
Td Td

The next propositions collect some elementary estimates on these regularized functions for different
spaces, in particular (B.2) is the well known Constantin-E-Titi commutator estimate from [22]. The
symbol « is used to denote both the tensor and the scalar product.

Proposition B.1. Forany f,g: T3 — R3, 0 € (0,1] and N > 0 we have:

Ifs %8s — (F*&)sllev < 8> NglcolfIco (B.2)
I fsllenee < CnE N[ fleo s (B.3)

I fsllenar < Cw® N[ f]ce, (B.4)

15 = Fllco < C8°[f]co- (B.5)

for a constant Cy > 0 depending only on N.

A proof of the following elementary estimates in L” and Sobolev spaces can be found in [28].
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Proposition B.2. For any f: T¢ — R?, 6 € (0,1), r € [1,%] and any integer n > 0, we have the
following

1f = Fsllzreray < C59||f||3,9,w(1rd)a (B.6)
15 w1 (ray < €8O £l go,(ray, (B.7)
5 % f5 = (% F)sllwnrczay < €8 If g oy (B.8)

for some constant C > 0 depending on 0, r,n but otherwise independent of .

For any 1 <r < o we set

1
[fx)=fOI" ’
[flworra gg) = (/1rd/35 " |x y|9r+3 dxdy

Proposition B.3. There exists a constant C > 0 such that for any f,g: T3 — R> and for any 6,0 €
(0,1),r € [1,00) and for every 1 < p, q<oowzth —|—— =1, we have

IV fsller < C8% ' [flwar(rs, gy) (B.9)
[Veurl f5 |- < C8“*[flwar(r2 5,) (B.10)

15 %85 — (f*&)sllr < CE®F*[flwomm(ms gy [&lwam (s py) - (B.11)



Appendix C

Fractional Laplacian

Here we recall the definition and the main properties of the fractional Laplacian, that will be de-
noted by (—A)%, where a € (0, 1). We give both the definitions of this non-local operator in the whole
space R? and in the periodic setting T = [0, 1]°.

If f: R3 — R we define, for every x € R3,
)= 10)

(—A)*f(x) =Ca - m

Y

where the normalization constant Cy, is given by
4°T'(3/24+ o)
Co=—n—7"-.
32| 0(—s)|

For a periodic function f : T3 — R, for every x € T?, the fractional Laplacian is defined as the symbol
|k|>* in the Fourier space. More precisely

(—8)*f(x) =} [kPP*fee™,

keZ3

where fi = [1s f (x)e~27k* g is the k-th Fourier coefficient of f.

The two definitions above coincide. Indeed in [55, Theorem 1.5] it has been proved that, if the
function f : T3 — R is regular enough, then for all x € T3,

(—A)%f(x) = / () — ) Kl —) . €.

T3

where the kernel K, : T> — R is given by

1
Ka()C) = COC kés m
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Note that since the function f is periodic, one has f(x+k) = f(x), for all x € R3, k € Z>, from which
we can rewrite (C.1) as

fx)—f+k)

1] X —y— k[>T

(-8 7(3) = [ (F0) = k) Kalx =) dy=Ca 1

kez?
f) = f() fx) = f()
:CakZZ /[01 e =G L e (C2)
c73

which shows that the two definitions give the same result for every, regular enough, periodic function
on R3. In particular, the latter integral is well defined whenever f € C?(T?), with 8 > 2a.

The following theorem is taken from [55, Theorem 1.4].

Theorem C.1. Ler 7, > 0 and B > 0 such that 2y+ B +¢€ < 1, and let f : T - R. If f € CO2VtB+e
then (—A)Yf € CP, moreover there exists a constant C = C¢ > 0 such that

||(_A)Yf||cﬁ(11‘3) < Ce[f]c27+ﬁ+8(11‘3)- (C-3)

Corollary C.2. Let y € (0,1), € > 0 be such that 0 < y+¢& < 1, and let f : T? — R. There exist a
constant C = C¢ > 0 such that

/ (= Y/zf “(x)dx < C¢[f ]CV+8(']I‘3)

We also have the following commutator estimate

Proposition C.3. Let ky, k, o € (0, %) B <(0,1), f,g:T? — R3 and consider the non-local operator
T f,g)=(—A)*(fog) —(—A)*fRg— f®(—A)*g. Assume also that ki + ky, = 2c.. We have the
following

(i) if max(ky,kp)+ % < 20 there exists a constant C = Cy, , o p > 0 such that

||Ta(fvg)||cﬂ(11‘3) < C||f||ck1+ﬁ/2('}1‘3)||g||ck2+ﬂ/2(11‘3);

(ii) if min(ky,kz) —i—% > 2a and max(ky,k;) +§ < 1 then for every small € > 0 there exists a
constant C = Cy, 1, o ¢ > 0 such that

”Ta(fa g)||Cmin(k1-,k2)+’3/2*6(1‘3) < CHfHCkﬁB/Z(’]I‘S) ||g||ck2+"/2(']1‘3) :

An easy consequence of the previous proposition is that, taking f = g = u and k; = kp = @, one

gets
. B
”Ta(u)HCﬁ(']I”3) < COC,BHMHE'OHJ/Z(']IG) if D) <, (C.4)
. B B
||Ta(u)||ca+/‘/2*€(11‘3) < Ca,ﬁ,sHMHgaM/z(TS) ifa< 57 o+ 5 <l1; (C.5)

where we used the notation 7% (u) = T*(u, u).
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Proof. A direct consequence of (C.2) is the following pointwise formula

(F)=f) @ (g(y) —g(x))

|x_y|3+2a

T(f,8)(x) = Ca /

R3

dy.

The estimate ||T%f|lco < C||f || #4218l oo +5 s €asy and is left to the reader.

We fix x1,x; € R3 and we define ¥ = ’% and A = |x; — xp|. For simplicity we also define the
tensor @(x,y) = (f(x) — /() ® (g(») — &(x)). We now split

T%(f,8)(x1) —T*(f,g)(x2) ¢(x1,y) ¢ (x2,y)
_/B —d+/B d

Ca @ 1 —yPre (@) 2 —yPPre

P(x1,y) — @(x2,y) /“ ( 1 1 >
+/ dy+ - Xx2,y)dy
Bi(f) \xl —y’3+2(x Bﬁ(f) ’xl _y’3+206 ‘x2 _y’3+2a (P( 2 )

=I1+1+1I+1V.

The first two integrals can be estimated as

1 1
1,1 < : ; + d
1< el [ (emyma i) & o

< CA'B [f]ckﬁ”/z [g]ckzﬂ‘/Z .

Now we note that the difference ¢(x1,y) — ¢@(x2,y) can be rewritten as

Q(x1,y) — @(x2,y) = (f(x1) = f(x2)) ® (¢(y) —g(x2)) + (f(¥) = f(x1)) @ ((x1) — g(x2)) -
B

Thus, assuming max(ky,k2) + 7 < 20, we estimate
B B
lkﬁ_f d )Lk2+§ d
(| < C[f] o818 cha0 / Y 3 —I—/ Y 3
Bi(}) |x_y|3+2a—k2—7 Bﬁ(}) |x_y|3+2a—k1—7
< CAP [f] g 298] i o9 (C.7)

while in the case min(k, k) + % > 2a, for every small € > 0 we estimate

Akith g Akth g
|III| <C ([f]ck1+/3/z [g]cm—s / —y + [f]cza—s [g] k2+é / —y)
B 2JB

<(x) [X—yPP+e c < (x) [X—y[Pte

B_ B_
<O(AMHEE 2R T | fll il e (C38)
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where we have also used that |x; —yl, |x2 —y| 2 [¥ — y| for every y € B (X).
We are now left with /V. We notice that for every y € B (¥) we have

1 1
el — P20 xy —ypt2e

bd 1 1
- / dt 3720 41| SA =i
o dt|tx;+(1—1)xy—y| X —y|

from which, in the case max (ky,k;) + % < 20, we get (notice that in this case f <4 —2max(k;, k) <
20 < 1)

1
——dy < cAP [f]ck1+ﬂ/z [g]ck2+ﬁ/z , (C9)

IV| <CA[f > 18 2/ -
| | [ ]Ck1+B/[ ]Ck2+ﬁ/ Bi(j) |x_y|4_ﬁ

while, if min(ky, k) +§ > 20 and max (ky, k) +§ < 1 we have

B
|IV| §C7L[f]ck1+ﬁ/z[g]cza/_ 5 dySClkH-z||f||ck1+ﬁ/z||g||ck2+ﬁ/z. (C.10)
B [Tyt b8

We conclude the proof combining (C.6)-(C.10). ]



Appendix D

Inverse divergence operator and stationary
phase Lemma

Here we recall the inverse divergence operator from [7] acting on zero average vector fields.

1

' (D.1)
AN =~ A20,0;0; - %A_l3k5ij +AT 98+ A9,

By standard regularity estimates on linear elliptic equations the following holds

Proposition D.1. For every smooth zero average vector field f, the tensor Z f is a symmetric, trace-
free matrix such that

divZf = f.

Moreover we have
o forevery a € (0,1), Z and #V are bounded linear operators from C* to C%;
o forevery p € (1,0), # and %V are bounded linear operators from LP to LP.

The following is a simple consequence of classical stationary phase techniques. For a detailed
proof the reader might consult [25, Lemma 2.2].

Proposition D.2. Let a € (0,1) and N > 1. Let a € C*(T?), & € C(T>;R?) be smooth functions
and assume that
< vo|,|ve!|<C

holds on T3. Then

. O]
[ aoros| 5l ol 02
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and for the operator % defined in (D.1), we have

b

< lallo  llallna+llallol|Plv+a
a™ |k|1—a |k|N—a ’

where the implicit constant depends on é, o and N, but not on k.



Appendix E

Mikado flows

Here we recall the construction of Mikado flows given in [25].
Lemma E.1. For any compact subset A CC 5”3“ there exists a smooth vector field
W: AN xT? 5 R,

such that, for every R € N
v (W(R.E) 2 W(R.&)) = 0
div :W(R,&) =0,

and
Fwr&)az —o,
T3
]pr(R,é)@W(R,é)d& _R.

Using the fact that W (R, &) is T>-periodic and has zero mean in &, we write

WRE) = Y a(R)e s

keZ3\ {0}

(E.1)

(E.2)

(E.3)

for some smooth functions R — a;(R) € C?, satisfying ax(R) - k = 0. From the smoothness of W, we

further infer C(,/V N )
bl 7m
sup [DRag(R)| < ===
Rev |k|

(E.4)

for some constant C, which depends, as highlighted in the statement, on .4", N and m. If needed, the
smooth, vector valued, function a;(R) can be further decomposed as Azdi(R), where Ay, is a unitary

vector and dx(R) is a scalar function.
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E. Mikado flows

Using the Fourier representation we see that from (E.2)

W(R,E)@W(R,E) =R+ Y Cu(R)e™* (E.5)
k0

where (NN

Cek=0 and sup |[DYCy(R)| < (—mm) (E.6)
ReV ’k‘
for any m, N € N.
It will also be useful to write the Mikado flows in terms of a potential. We note

curl ¢ <(ik X ak) eik'§> =i (zkx_ak) X kekS = —k x (kX ay) kE — g et (E.7)

[k[>



Appendix F

Potential Theory estimates

We recall the definition of the standard class of periodic Calder6n-Zygmund operators. Let K be
an R kernel which obeys the properties

* K(z)=Q (é) 2|73, for all z € R3\ {0}
s QeC™(S?)
* Jig=1 R(2)dz =0.

From the R> kernel K, use Poisson summation to define the periodic kernel

Kp3(z) = K(z) + Z (K(z+¥4)—K(£)).
eZ3\ {0}

Then the operator
T f(x) = p-v. /T Kps(e—y)f(y)dy

is a T3-periodic Calderén-Zygmund operator, acting on T>-periodic functions f with zero mean on
T3. The following proposition, proving the boundedness of periodic Calderén-Zygmund operators on
periodic Holder spaces is classical.

Proposition F.1. Fix o € (0,1). Periodic Calderén-Zygmund operators are bounded on the space of
zero mean T3-periodic C* functions.

The following proposition is taken from [7].

Proposition F.2. Let a € (0,1) and N > 0. Let Tx be a Calderdn-Zygmund operator with kernel K.
Let b e CN*1e (T3) be a divergence free vector field. Then we have

1Tk, 0- V] flIvta S 1bllvall fllvre + 15l v1 1ol f o
for any f € CN*¢ (']T3), where the implicit constant depends on o/, N and K.
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Appendix G

Some stability estimates

We recall some well known results regarding smooth solutions of the transport equation

af+vVf=g
{ @

where v = v(t,x) is a given smooth vector field. We will consider solutions on the entire space R* and
treat solutions on the torus simply as periodic solution in R.

For a detailed proof of the next proposition we refer to [6, Appendix D].

Proposition G.1. Assume |t —ty|||v||1 < 1. Any solution f of (G.1) satisfies

1O e < folla + / le(0)lladc. G2)

forall 0 < o < 1, and, more generally, forany N > 1 and 0 < a < 1
t

[fO)ln+a < [folvta+ (= 10)[VIntalfol + / ([¢(D)]n + (r = D) VInlg (D)) d. (G.3)

1o

Define ®(t,-) to be the inverse of the flux X of v starting at time to as the identity (i.e. %X =v(X,1)
and X (x,ty) = x). Under the same assumptions as above, the following holds

IV(r) —1d||o < | —to|[V]1 , (G.4)
D)y < |t —tolV]y YN > 2. (G.5)

Using the same technique introduced in Chapter 2 to prove the time regularity for Holder solutions
of Euler, we prove the following
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Proposition G.2. Let u,v: T x [0, T] — R? be two weak solutions of (6.1) such that u,v € C°(([0,T];C%(T?3))
for some 6 € (0,1). Then there exists a constant C > 0, depending only on 0, ||u||g and ||v||g, such
that

Ju—vles, < Cllu—vll.

Proof. We define w = u —v. We start by noticing that the Holder norm, in the space-time variables,
decouples as follows

|W(yas) — W(yvt)|

[wix,s) = w0 _ wlx,s) =w(s)| | [w(s) —w(yo)]
£ —s[°

|(X,S)—(y,l)|e N |x_y|6 |l—S|9

<lIwllo +

Thus it is enough to show that there exists a constant C > 0, independent of y,7, s, such that

|W<y7s) _W(yvt)|
[t —s]°

< C||wlo- (G.6)

If p and g are the corresponding pressures associated to u and v respectively, one has that w solves
ow+diviw@u+veaw)+V(p—gq)=0. (G.7)
By taking the divergence of (G.7), we get
—A(p—q) =divdiviw@u+vew),
from which, by Schauder estimates, we get
1P —dgllo < lwlle (llulle +[vlle) < Cl[wlle. (G.8)

Let now wg = w x @g the space mollification of w, for some 6 > 0 that will be fixed at the end of the
proof. Since w € C°(]0,T];C?(T?)) we have

w(yt) —ws(v.1)| <Cllw[[e8® Vi€ 0,T],
from which, by adding and subtracting wg(y, s) and wg(y,?), we can estimate
w(y,8) =w(y,0)] < Clwllg8° +ws (v,5) — ws (1) (G.9)
Moreover, since w solves (G.7), we get
ws(v8) —ws (1) < It sl dwsllco, < It =sl(l(w@ut+vow)slh+1(p—g)slh).  (G.10)
By estimate (G.8) and (B.4), we have

I(p—q)slh <C|w|e8°", V& >0,
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and also
[(wR@u+vew)s|li <CS® Hwaut+vaw|s <Clw|es® !, V&>o0.
Thus, by plugging these two last inequalities in (G.10), we get
W (y,8) —ws (3,1)| < Clt —5|8°~ |[wllg, ¥8 >0,
from which, by (G.9), we conclude
w(y,s) = w(y,n)] <C(8° +|r —s|8° ) wlle, V& >0.

By choosing & = |t — s| we finally achieve (G.6), and this concludes the proof. [l
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