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ABSTRACT. In a series of papers, including the present one, we give a new, shorter proof
of Almgren’s partial regularity theorem for area minimizing currents in a Riemannian
manifold, with a slight improvement on the regularity assumption for the latter. This
note establishes a new a priori estimate on the excess measure of an area minimizing cur-
rent, together with several statements concerning approximations with Lipschitz multiple
valued graphs. Our new a priori estimate is an higher integrability type result, which has
a counterpart in the theory of Dir-minimizing multiple valued functions and plays a key
role in estimating the accuracy of the Lipschitz approximations.

0. FOREWORD: A NEW PROOF OF ALMGREN’S PARTIAL REGULARITY

In the present work we continue the investigations started in [14, 17], which together
with the forthcoming papers [15, 16] lead to a proof of the following theorem.

Theorem 0.1. Let ¥ C R™™ be a C*° submanifold for some ey > 0 and T an m-
dimensional area minimizing integral current in . Then, there is a closed set Sing(T)
of Hausdorff dimension at most m — 2 such that T is a C**° embedded submanifold in

¥\ (spt(9T) U Sing(T")).

Theorem 0.1 was first proved by Almgren in his monumental work [3], assuming slightly
better regularity on ¥, namely ¥ € C®. The improvement itself is therefore not so sig-
nificant, but our proof, besides being much shorter, introduces new ideas and establishes
several new results, which we hope will provide useful tools for further investigations in
the area. Indeed, although we still follow Almgren’s program and use many of his ground-
breaking discoveries, the main steps are achieved in a more efficient way thanks to new
estimates and techniques. A striking example is the construction of the so-called center
manifold, which is by far the most intricate part of Almgren’s work and the least explored,
in spite of its importance: in this respect, our construction in [15] is considerably simpler
and shorter than [3, Chapter 4], and establishes better results.

Some of our improvements are more transparent, although not substantially simpler,
when ¥ = R™*" and in a book in preparation [12] we will provide a complete and self-
contained account of Theorem 0.1 under such assumption. Moreover, building on our
understanding of the various issues involved to the analysis of higher codimension singu-
larities, we plan to tackle Chang’s improvement [8], which shows that Sing(7") consists of
isolated points when m = 2. His arguments rely on a center manifold construction which

does not match exactly the statements of [3] and it is not fully justified, but only briefly
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sketched in the appendix of [8]. In [18], instead, we give a detailed, simple construction
for such center manifold and a complete proof of this refined regularity result.

An alternative route to Chang’s result for J-holomorphic currents in symplectic man-
ifolds has been given recently in [27, 28]. The interest in the regularity theory for this
class of area minimizing 2-dimensional currents has been generated by the seminal paper
of Taubes [32] on the equivalence between Gromov and Seiberg-Witten invariants, where
it plays an important role. Moreover, the papers [27, 28] have stimulated a lot of activity
in the area, cf., for example, [6, 24, 25, 26]. In [6] Bellettini and Riviere proved that, when
T is a special Lagrangian cone in R%, Sing(7T') consists of finitely many half-lines meeting
at the origin. This is, to our knowledge, the only result of its type not covered by the
Almgren-Chang works. We believe that the Bellettini-Riviere regularity theorem can be
extended to general 3-dimensional area minimizing cones in any space dimension, combin-
ing the techniques developed in [14]-[18]. Most of the proofs in [6, 24, 25, 26, 27, 28, 32]
take advantage of two specific assumptions, the underlying almost complex structure and
the 2-dimensionality of the objects of study. Nonetheless these works have had a profound
influence on our research.

0.1. A blow-up proof: a very brief overview. In the rest of this foreword we will
give a rough outline of the proof of Theorem 0.1, highlighting the contents of this note
and the way it merges with its companion papers [15, 16], while comparing them to [3].
Our discussion will be based on a well-known class of examples for which the statement of
Theorem 0.1 is optimal, namely singular holomorphic curve of C2. As it was first observed
by Federer (cf. [20, 5.4.19]), the integral currents induced by holomorphic subvarieties of
C™ (with their natural orientation) are area minimizing.

We denote by Dg(T') the set of points in spt(7) \ spt(97") where the density of a current
T equals the natural number ¢ > 1. One first pioneering contribution by Almgren is an
elementary, but very clever, generalization of Federer’s reduction argument, which has been
widely used in several contexts (see [29, Theorem 35.3] and [34]). This argument implies
that, if 7" is area minimizing, then spt(7) \ (UgDg(T") Uspt(9T)) has Hausdorff dimension
at most m—3. Thus, to prove Theorem 0.1 it suffices to show that the Hausdorff dimension
of Sing(T') := Sing(T") N Do(T') is at most m — 2. Since the “classical” regularity theory
ensures that T is a C'® submanifold in the neighborhood of any point x € Dy(T), it is
natural to argue by induction on Q).

Let us therefore consider the case Q = 2 and a point x € Dy(T"). By the monotonicity
formula, in some neighborhood U of z, ||T||-almost all points have density 1 or 2. If the
points of density 1 are a set of ||T'||-measure zero, by the classical regularity theory z is a
regular point for 7. So any = € Sing,(7") must be surrounded by many points of density 1,
as it is, for instance, for the complex curve {z? = w3} C C? at z = 0. On the other hand, in
such an example 0 is an isolated singularity, whereas, if T" were to contradict Theorem 0.1,
by standard measure theoretic arguments there would be a point = € Sing,(7") surrounded
by many points of density 2. From now on we argue by contradiction and assume that this
happens for some area minimizing 7" at the point 0 € Do(T'). Moreover, by known facts in
geometric measure theory, we can reduce the contradiction to the case that, for a suitable
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sequence of radii 7 | 0, the homothetic rescalings of the current T' by a factor 1/r (from
now on denoted by 7)) converge to a double copy of an m-dimensional plane, while at the
same time Dy(T}) remains rather large.

It was first recognized by De Giorgi that the convergence of T} to a single copy of
a flat plane implies that spt(7;) can be well approximated by the graph of Lipschitz
functions which are “almost harmonic”. However, the example {z? = w3} C C? shows
that this is not always the case if the limiting plane has higher multiplicity. Motivated
by this fact, Almgren undertook in [3] the strikingly ambitious program of giving a rather
complete existence and regularity theory for multiple valued functions minimizing a suitable
generalization of the Dirichlet energy, called Dir-minimizers. The crowning achievement
of this theory is that, except for a closed set of codimension at most 2, Dir-minimizers
can be locally decomposed in classical (i.e. single-valued) non-intersecting harmonic sheets
(possibly counted with multiplicity). Such “linear theory” is developed in [3, Chapter 2] and
revisited in our paper [14]. Moreover, it is complemented by several technical statements
linking the multiple valued graphs to the integral currents, a task which is accomplished in
[3, Chapter 1] by Almgren and in [17] by us (we refer to the introduction to our previous
two papers [14, 17| for more details).

The guiding idea in the contradiction argument is to approximate the currents 7}, with
Lipschitz 2-valued functions and, after a suitable renormalization of their Dirichlet energy,
show that they converge to a Dir-minimizer. If the limit inherits a large singular set from
the currents T}, then it contradicts the linear regularity theory. Obviously, this strategy
requires suitable approximations of area minimizing currents with multiple valued graphs,
accomplished by Almgren in [3, Chapter 3] and by us in the present paper. If one follows
our approach, the convergence of these approximations to a Dir-minimizer can be concluded
in a rather direct way. However, we cannot expect that such limit inherits the singular
set of the current. For example, given the complex curve {(z,w) : (2 — w?)? = w’} C
C?, any reasonable approximations of homothetic rescalings of this algebraic variety in a
neighborhood of the origin converge to a double copy of the classical holomorphic graph
{(w,w?) : w € C}, which has lost the singularity at the origin.

In order to perform the blow-up argument, we then need to “modulate lower order
regularities out”. This is accomplished by the construction of a center manifold (see [3,
Chapter 4] and [15]): such an object is a regular C** submanifold which is very close to the
average of the sheets of the current at any scale where the latter is “very collapsed”. The
final blow-up argument is then carried over to a new sequence of 2-valued approximations
of Ty, performed on the normal bundles of the center manifolds (see [3, Chapter 5] and
[16]). By a delicate unique continuation principle, based on a new monotonicity formula
discovered by Almgren, a suitable normalization of the latter approximations does converge
to a Dir-minimizer which would be forced to have a large singular set, reaching the desired
contradiction. This final step builds upon very delicate computations, which thus require
a lot of accuracy in the construction of the center manifold, that in turn needs very good
estimates on the approximation results of this note. Thus, unlike the two works [14,
17], which can be considered separately, the present paper and [15, 16] are intimately
interconnected.
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0.2. Our contribution; or, what is new. In their overall structure, our five papers
match bijectively the five chapters of [3]. Moreover, it is clear that the ultimate reason for
the success of the program is the very same prodigious and celebrated discovery of Almgren:
the monotonicity of the frequency function and its astonishing robustness, which enters
twice in the plan: at the very beginning, in the linear regularity theory, and at the end, in
the convergence of the final approximations (cf. [14, 16]).

So, what is new in our proof? Aside from finer details, which are explained in the
introductions to each of our papers, there are some new contributions which come at a
higher level. Our investigations started with the idea that the machinery developed in
metric analysis and metric geometry in the last 30 years could reduce the complexity of
several arguments in Almgren’s program. This is, indeed, the case at many levels in the
two papers [14, 17] and in this note. Approaching vast parts of Almgren’s theory with
these tools, we not only get shorter and more transparent proofs, but often also achieve
stronger analytic estimates, which give a better starting point for the PDE parts of the
program. Moreover, as it often happens when “abstract nonsense” simplifies preexisting
mathematical theories, such machinery provides also a better insight to the material of [3],
as it highlights the important points in the proofs therein.

However, this alone would not explain the shortness of our papers compared to [3,
Chapters 3,4,5]. The other important reason is that we also derive some fundamental,
new “hard” estimates. A primary example is the present paper, where the main a priori
estimate is a new higher integrability result, which comes from a Gehring-type argument
and is inspired by a simple remark in the linear theory (the higher integrability of gradi-
ents of Dir-minimizers) which to our knowledge is not observed in Almgren’s monograph.
Similar instances are present in the papers [15, 16], where some new quantities and guiding
principles are introduced (for instance, the “modified frequency” function in [16] and the
“splitting-before-tilting” principle in [15], inspired by [26]), which probably lead to the
improvement on the regularity assumptions of the ambient manifold 3. In all these cases
we provide more efficient tools compared to [3] and invoke more PDE theory at several
levels, drawing connections with fairly classical concepts from other areas of analysis (such
as maximal functions, Lipschitz truncations, elliptic systems, Sobolev capacity). Unfortu-
nately we do not understand Almgren’s arguments at a sufficiently deep level to draw a
fine parallel between our papers [15, 16] and the last two chapters of his book, where the
intricacy of the arguments in [3] is almost prohibitive. It remains the fact that our papers
are much more accessible, and we hope that in the near future our work will be used to
penetrate further in the richness and beauty of Almgren’s monograph and to go beyond
Theorem 0.1.

Acknowledgments. The first author is deeply indebted to Tristan Riviere who “in-
fected him” with the beauty of the problem. Both authors are also warmly thankful to
Giovanni Alberti, Bill Allard, Luigi Ambrosio and Bernd Kirchheim not only for several
enlightening conversations, but also for their constant enthusiastic encouragement.

Several other colleagues and friends have contributed with important scientific conversa-
tions at some specific stage, for which they will be acknowledged specifically in the various



GRADIENT L? ESTIMATES 5

papers. In particular, for this first one we are grateful to Stefano Bianchini, Sergio Conti,
Matteo Focardi, Jonas Hirsch and Luca Spolaor for very useful discussions and comments.

This work was carried over several years and the authors wish to thank many institutions
where they spent very productive visits, namely: the University of Rome La Sapienza,
the Scuola Normale Superiore and the University of Pisa, the Max Planck Institute for
Mathematics in the Sciences and the University of Leipzig, the University of Ziirich, the
SISSA in Trieste, the University of Warwick and, most of all, Princeton University, which
hosted the first author during his last sabbatical. We also acknowledge the support of the
ERC grant RAM, ERC 306247.

We finally thank the anonymous referee for his/her careful reading and very valuable
suggestions, which contributed to a substantial improvement of the initial manuscript.

1. INTRODUCTION

1.1. A priori gradient L” estimate. In order to state the main results, we start specify-
ing some assumptions, which will hold throughout the paper. For the notation concerning
submanifolds ¥ C R™*" we refer to [17, Section 1]. With B, (p) and B,(x) we denote,
respectively, the open ball with radius r and center p in R™*" and the open ball with
radius 7 and center x in R™. C,(z) will always denote the cylinder B,(z) x R™ and the
point x will be omitted when it is the origin. In fact, by a slight abuse of notation, we will
often treat the center z as a point in R™*"  avoiding the correct, but more cumbersome,
(x,0). Let e; be the unit vectors in the standard basis, my the (oriented) plane R™ x {0}
and 7, the m-vector e; A ... A e, orienting it. We denote by p and p* the orthogonal
projections onto, respectively, T and its orthogonal complement 75 . In some cases we
need orthogonal projections onto other planes 7 and their orthogonal complements 7+, for
which we use the notation p, and p:. For what concerns integral currents we use the

definitions and the notation of [29].

Assumption 1.1. ¥ C R™*" is a C? submanifold of dimension m +n = m +n — [, which
is the graph of an entire function ¥ : R™*" — R! and satisfies the bounds

||D\If||0 S Co and A = ||A2||0 S Co, (11)
where ¢y is a positive (small) dimensional constant. T is an integral current of dimension
m with bounded support contained in ¥ and which, for some open cylinder Cy,.(x) (with
r < 1) and some positive integer @, satisfies

Pl = Q[Buy(x)] and 0TLCy(x)=0. (1.2)

If we say that T is area minimizing we then mean that it is area-minimizing in XN Cy,(x),
namely that M(T) < M(T + 9S) for any integral S with spt(S) C XN Cy,.(x).
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Definition 1.2 (Excess measure). For a current 7' as in Assumption 1.1 we define the
cylindrical excess E(T, Cy,(x)), the excess measure er and its density dr:

B(T, G, () o= 1N
er(A) = ||T|[(AxR") —Q|A| for every Borel A C B, (),
er(B;(y))

dr(y) := limsup = limsup E(T', C,(y)),
5—0 Wy, ™ 5—0
where w,, is the measure of the m-dimensional unit ball (the subscripts r will be omitted
if clear from the context).

Since T' has finite mass, the function d is naturally an L' function. However, we can
show the following higher integrability estimate when 7' is, in addition, area minimizing.
We call it a gradient L? estimate because we will show that d coincides with the gradient
of an appropriate Lipschitz function on a large region.

Theorem 1.3 (Gradient L” estimate). There exist constants py > 1 and C,e19 > 0 (de-
pending on m,n,n, Q) with the following property. Let T be as in Assumption 1.1 in the
cylinder Cy. If T is area minimizing and E = E(T, Cy) < e19, then

/ d" <CE" ' (E+A?%). (1.3)
{dSl}ﬁBg

In the case @ = 1 or n = 1, it follows from the classical regularity theory (essentially due
to De Giorgi, cf. [9]) that T is a C%* submanifold in C,. However, when min{Q,n} > 2,
T is not necessarily regular and Theorem 1.3 gives in fact an a priori regularity estimate:
in this case (1.3) cannot be improved (except for optimizing the constants p;, C' and €1).
Indeed, for Q = m =2, ¥ = R* and p; = 2, (1.3) is false no matter how large £}, and C
are chosen (cf. [10, Section 6.2]).

In order to prove Theorem 1.3 we develop the following tools:

(a) a general scheme to approximate integer rectifiable currents with multiple val-
ued functions, relying heavily on the “metric analysis” of [14] and on a modified
“Jerrard—-Soner” BV estimate for the slicing of currents (cf. Proposition 2.2);

(b) a simple and robust harmonic approximation of area minimizing currents with
multiple valued functions (cf. Theorem 4.2);

(c) the higher integrability of the gradient of Dir-minimizing multiple valued functions
(cf. Theorem 5.1 — see also [30] for a different proof and related results).

In turn, Theorem 1.3 will be combined with (a) to achieve a very accurate approxima-
tion result for area minimizing current, stated in Theorem 1.4. This theorem and some
corollaries of our analysis play a fundamental role in the papers [15, 16] and, as explained
in the Foreword, have a counterpart in [3, Chapter 3]. However, our derivation of Theorem
1.4 differs substantially from Almgren’s and when we use some of his ideas, as it is for the
existence of the almost projection p* of Section 7, we give independent arguments for the
main steps of the proof.
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1.2. Strong approximation of area minimizing currents. Concerning multiple val-
ued functions we will follow the notation and terminology of [14, 17]. In particular, a
Q-valued function is a map f (usually defined over a measurable subset {2 of R™) taking
values in the space Ag(R"™) of unordered @-tuples of points in R", denoted by > [FP].
Ag(R™) can be equipped with a natural metric G (cf. [14, Definition 0.2]) and for f mea-
surable there exist measurable functions f; : Q2 — R” such that f(z) =), [fi(z)] Vo € Q
(cf. [14, Proposition 0.4]). The functions f; are not uniquely determined, but in using
this notation we assume to have fixed some suitable f;’s. Moreover, if f is Lipschitz, resp.
fewWh?(Q, Ag(R™)) (cf. [14, Definition 0.5]) and € is open, then there exist measurable
functions Df; € L™, resp. L?, such that Y, [Df;(x)] is the approximate differential of f
(cf. [14, Definition 2.6]) at a.e. z. In fact in this case the f;’s and Df;’s can be chosen so
that the first are approximately differentiable a.e. and the second are their approximate
differentials in the classical sense (cf. [17, Lemma 1.1]). The Dirichlet energy of f is then
Dir(f,Q) := [, |Df|?, where |Df|* := >, |Df;]*. Following [17, Definition 1.10], we de-
note by Gy the integer rectifiable current, in R™*" naturally associated to the graph of
a Lipschitz Q-valued map f : R™ D A — Ag(R"). Moreover, we will use the notation

osc (f) for the quantity inf, sup, G(f(x),Q [p])-

Theorem 1.4 (Almgren’s strong approximation). There ezist constants C,vy,e1 > 0 (de-
pending on m,n,n, Q) with the following property. Assume that T is area minimizing,
satisfies Assumption 1.1 in the cylinder Cy.(z) and E = E(T, Cy,(x)) < e1. Then, there
is amap f: By(x) = Ag(R™), with spt(f(z)) C X for every x, and a closed set K C B,(x)
such that

Lip(f) < CE™, (1.4)
GiL(K xR") =TL(K xR") and |B,(z)\K|<CE" (E+r*A?) r™, (1.5)

IT)(Co () — Qo (7)™ — %/ D] < CE" (E+?A%) ™ Yo<o<1.
Bo r(z) (1.6)
If in addition h(T, Cy,(z),m0) := sup{|p*(z) — pT(y)| : 7,y € spt(T) N Cy.(z)} <7, then
osc (f) < Ch(T, Cy(z), m) + C(E* 41 A)r. (1.7)

The gain of a small power E7 in the three estimates (1.4)-(1.6) plays a crucial role in the
papers [15, 16]. When Q = 1 and ¥ = R™"! this approximation theorem was first proved
by De Giorgi in [9]. In the generality above it appears in the big regularity paper for the
first time (cf. [3, Sections 3.28-3.30]). Its proof is an elementary consequence of Theorem 6.1
and the Lipschitz approximation algorithm mentioned above. In turn Theorem 6.1 will be
derived from Theorem 1.3 using a suitable competitor argument. In the case () = 1, the
competitor is the convolution of (a first) Lipschitz approximation with a smooth kernel, a
classical argument which in fact appears already in De Giorgi’s seminal paper [9], although
in a slightly different form (cf. [13, Appendix]).

Here we need a similar approach in the framework of multiple valued functions. However,
since Ag(R") is highly nonlinear, it is not possible to regularize directly by convolution.
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We exploit at this point a key idea of Almgren, embedding Ag(R") in an Euclidean space
and using some suitable “almost projections” p5. Our proof of the existence of these almost
projections is however different from the one given by Almgren in [3, Theorem 1.3] and,
indeed, gives better bounds in terms of the relevant parameters (see Proposition 6.2).

1.3. Harmonic approximation. A second ingredient which in [15, 16] will play a key
role is the harmonic approximation of Theorem 1.6 below (already mentioned in (b) above).
In order to state it we need to set some notation about the ambient manifold X.

Remark 1.5 (Estimates on ¥ in good Cartesian coordinates). Assume that 7" is as in
Assumption 1.1 in the cylinder Cy,.(z). If E := E(T, Cy,.(x)) is smaller than a geometric
constant, we can assume, without loss of generality, that the function ¥ : R™*"* — R!
parameterizing Y. satisfies ¥(z) = 0, || D¥|ly < C B2 + CAr and ||D?*¥|y < CA. Indeed
observe that

1

E = E(T,Cy(z)) = 2w (A7)

|- AP o).

Cyr(x)

Thus, we can fix a point p € spt(T") N Cy () such that |T(p) — 7| < C E'2. Then, we
can find an associated rotation O € O(m + n) such that Ouf(p) =7y and |O| < CE. Tt
follows that 7 := O(T,X) is a (m+n)-dimensional plane such that 7o C 7 and |7 —T,X|| <
CE'?. We choose new coordinates so that 7y remains equal to R™ x {0} but R™*" x {0}
equals 7. Since the excess F is assumed to be sufficiently small, we can write X as the graph
of a function W : 7 — 74, If (2, ¥(2)) = p, then |D¥(2)| < C||T,X —R™7" x {0}|| < CE"~.
However, ||D?¥||o < CA and so ||DV¥||q < CE'? + CAr. Moreover, ¥(x) = 0 is achieved
translating the system of reference by a vector orthogonal to R™*™ x {0} and, hence,
belonging to {0} x R™.

From now on, we will often consider Q-valued maps y — w(y) € Ag(R") = Ag(R" x R)
which take the form w(y) = >, [(wi(y), Y(y, u;(y))], where u =, [u;] is evidently a map
taking values in Ag(R™). For w we will then use the short-hand notation w = (u, ¥V(y, u)).
We also recall the notation for the average map 7 : Ag(R") — R™ defined by

Q Q
Ag(R") 5T = S [P = 5(T) := %ZPZ- ER™.

i=1 i=1
Theorem 1.6 (Harmonic approximation). Let v, be the constant of Theorem 1.4. Then,
for every 1,6 > 0, there is a positive constant &, with the following property. Assume
that T is as in Theorem 1.4, E = E(T,Cy,(z)) < & and rA < E'**0_ If f is the map
in Theorem 1.4 and we fix Cartesian coordinates as in Remark 1.5, then there exists a
Dir-minimizing function u : B,(z) = Ag(R"™) such that w := (u, V(y,u)) satisfies

2 [ G / (|Df|—|Dw|>2+/ D(nof)— D(mow)® < nEr™ . (18)
Br(x) By (x) By ()

This theorem is the multi-valued analog of De Giorgi’s harmonic approximation (cf. [9]).
We prove it via a compactness argument which, although very close in spirit to De Giorgi’s
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original one, is to our knowledge new (even when n = n = 1). Indeed, it uses neither the
monotonicity formula nor a regularization by convolution of the Lipschitz approximation,
and we expect it to be useful in different contexts.

1.4. Persistence of )-points. A major ingredient in [16] is the persistence of points of
maximal multiplicity in the approximation of Theorem 1.4, when interpreted in a suitable
“limiting sense”. If the current 7" has a point of density ), f must satisfy the following
integral bound (even though f might have no values of multiplicity Q).

Theorem 1.7 (Persistence of @Q-points). For every 5,C* > 0, there is § G]O,%[ such

that, for every s < s, there exists é(s,C’*,S) > 0 with the following property. If T is as
in Theorem 1.4, E := E(T,Cy,(x)) < &, r?A%? < C*E and O(T, (p,q)) = Q at some
(p,q) € C,jo(x), then the approzimation f of Theorem 1.4 satisfies

/ G(QIne fI <8, (1.9)
Bsr(p

1.5. A remark on notation. Finally we remark that we follow closely the notation of
[14, 17], except for a subtle point. We denote by £ the map in [14, Corollary 2.2], which
there was denoted by &gy, since the symbol & was in fact used for the “precursor map” of
[14, Theorem 2.1]. So, here & : Ag(R") — R¥(@") is an injective function satisfying the
following three properties:

(i) Lip(&) < 1;
(i) Lip(§~'o) < C(n,Q), where Q = §(Ag);
(iii) |Df| = |D(& o f)| almost everywhere for every f € WH(Q, Ag).
This “improved” & was suggested by Brian White and appears for the first time in [8]. The
conclusion (iii) above is actually not explicitly stated in [14], but it follows easily: indeed
[14, Corollary 2.2] implies the identity |Df| = |D(&€ o f)| at every point of differentiability
of a Lipschitz map and, hence, almost everywhere. The case of a general f € W2(Q, Ag)
can then be concluded from [14, Proposition 2.5].
We will use the notation C' and ¢ for generic positive dimensional constants, which may
possibly change from line to line: we will always understand that these constants depends
only on the dimensional parameters m, n,n, @, ¢y of Assumption 1.1.

2. LIPSCHITZ APPROXIMATION

To begin with, we develop a robust algorithm to approximate currents 1" as in Assump-
tion 1.1 with graphs of multiple valued functions. Following the work of Ambrosio and
Kirchheim [5], we view the slice map x — (T, p, x) as a function taking values in the space
Iy (R™) of 0-dimensional integral currents. A key estimate of Jerrard and Soner (cf. [5, 23])
implies that this map has bounded variation in the metric sense introduced by Ambrosio in
[4]. On the other hand, following [14], Q-valued functions can be viewed as Sobolev maps
taking values into (a subset of) Iy(R™). Thus, finding Lipschitz multiple valued approxi-
mations of T' can be seen as a particular case of the more general task of finding Lipschitz
approximations of BV maps with a fairly general target space.
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Definition 2.1 (Maximal function of the excess measure). Given a current 7' as in As-
sumption 1.1 we introduce the “non-centered” maximal function of er:

B,
mer(y) := sup L(;U)) = sup E(T, Cs(w)).
yEBs(w)CByr(z) Wm S yEBs(w)CBar(x)

We can now state the main result of the section, which provides the first Lipschitz
approximation for rectifiable currents.

Proposition 2.2 (Lipschitz approximation). There exists a constant C > 0 with the
following property. Let T and ¥ be as in Assumption 1.1 in the cylinder Cys(x). Set
E =E(T,Cy(x)), let 0 < 611 < 1 be such that 16™E < 611, and define

K = {meT < (511} N Bgs(l‘) .
Then, there is u € Lip(Bss(z), Ag(R™)) such that spt(u(y)) C X for every y € Bss(z) and
Lip(u) < C (8,7 + [|D¥lo),  osc(u) < Ch(T, Cyy(x),m0) + Cs[| D[,

G,L(K xR")=TL(K xR"),
0™
[B.(2)\ K| < 5—er({mer > 2761} N BTHOS(;C)) Vr<3s, (2.1)
11
where o = 16 R/ E /611 < 1.
The proof of the proposition is based on a BV estimate which differs from the ones of
[5, 23]. Note that we do not assume that 7" is area minimizing. Indeed, even the assumption
(1.2) could be relaxed, but we do not pursue this issue here.

2.1. The modified Jerrard—Soner estimate. Recall that each element S € Iy(R™"")
is simply a finite sum of Dirac deltas, S = Z?Zl w; 9,,, where h € N, w; € {—1,1} and the
2z;’s are (not necessarily distinct) points in R™*". Let T be a current as in Assumption
1.1 in the cylinder C,. The slicing map = — (T, p,z) takes values in I(R™*") and is
characterized by (cf. [29, Section 28]):

/B (T,p,x) (p)dr = T(pdzx) for every p € C°(Cy). (2.2)

Moreover spt((T,p,z)) C p~'({z}) and therefore (T, p,z) = Y, w; d(5,y,). The assumption
(1.2) guarantees that ), w; = @ for almost every z. In order to state our BV estimate,
we consider the push-forwards of (T, p, z) into the vertical directions:

T, :=p; ((T,p.x)) € I(R"). (2.3)
It follows from (2.2) that the currents T, are characterized through the identity:

/B T,(0)¢(x) de = T(p(x) v(y) dz) for every ¢ € CX(By), ¥ € CX(RY).  (2.4)
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Proposition 2.3 (BV estimate). Assume T satisfies Assumption 1.1 in Cy (i.e. r =1 and
x = 0 in Assumption 1.1). For every ¢ € C°(R"), set ®y(x) = T,(v). If |DY| <1
then @, € BV (By) and satisfies
(|D®M(A))2 <2m*er(A)||T||(A x R™) for every Borel set A C By. (2.5)
Note that in the usual Jerrard-Soner estimate the RHS of (2.5) would be (|| T'||(AxR™))2.

Proof. Tt is enough to prove (2.5) for every open set A C By. To this aim, recall that:

Do) =suwp{ [ @u)divel)ds g€ CHARM, el <1} @0
For any smooth vector field ¢ we have (div p(z)) dx = d =, where
== Z @;di? and  dil = (=17 Mz Ao AdaTTE AdZTTE N A da™
J
From (2.4) and the assumption 0T C4 = 0 in (1.2), we conclude that
[ @u@)diveteyds = [ T(w)divipla) do = T(0 divpda)
T dS) = TAWE)) - T(d AS) = —T(dw AS).  (27)

Observe that the m-form dy A = has no dr component, since

dip NE = ZZ z) dy' A di? (2.8)

7j=1 =1

Write T = (T, @) @ + S. Then,
- 2 -
(T £ D) = ( [(S.av ADdITN) < llaw ASIEITIA <R [ (SR,
X n

(| - | denotes the norms on A,, and A™ induced by the natural inner products (,)). Since

15|12 =1 — (T, @)% < 2— 2T, 7), we have
| oispaimi<e [ (1= @A) dIT) = 2er(a),
AXR"™ AxXR™
Moreover, by (2.8), [Ild A Zlllee < m DU, Il < m. Summarizing, we get
[ @ula) divpla)do < (2m? er() ITIAX R Vo€ CEAR™), el < 1.
A

Taking the supremum over ¢’s we conclude (2.5) through (2.6). O
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2.2. Proof of Proposition 2.2. Since the statement is invariant under translations and
dilations, without loss of generality we assume x = 0 and s = 1 Consider the slices
T, == py (T, p, z) € In(R") and recall that ||T[|(A x R") > [, M(T,) dx for every open set
A (cf. [29, Lemma 28.5]). Therefore,

T
M(T,) < lir% IT(C (x)) < mer(z)+ @ for almost every z.
r— Wy, T™

Since 411 < 1, we infer M(T,) < @ + 1 for a.e. x € K. There are, then, @ functions
g; - K — R" such that T, = ZZQ:1 0g;(x) for a.e. € K. Define g : K — Ap(R") as
g :=>_,[g:] and fix v» € C(R"). Proposition 2.3 gives

(ID2y|(B,(y)))* < 2m* er(B,(y)) ITI(C1(y)) = 2m® er(B,(y)) (QIB: (y)| + er(B:(y))) -

Hence, if we define the maximal function

m|DOy|(z) = sup 122l (Brly))

2€B,(y)C Bar 1B, (y)| ’

we conclude that
(m|D®y|(2))? < 2mmer(z)* + 2m Qmer(z) < C6, for every z € K.
Therefore, the theory of BV functions gives a dimensional constant C' such that
|Dy(x) — Dy(y)] < 051 |z — y Vx,y € K Lebesgue points of ®,, (2.9)

(see for instance [19, Section 6.6.2]: although in that reference the authors use the centered
maximal function, the proof works obviously also in our context). Consider next the
Wasserstein distance of exponent 1 on 0-dimensional integral currents Sy, Ss:

Wl(Sl,SQ> = Sup{<51 — SQ,¢> . w S Cl(Rn), ||D77/J||oo S 1} . (210)

Obviously, when S1 = >, [S1:], 52 = >, [S2i] € Ag(R™), the supremum in (2.10) can be
taken over a suitable countable subset of ¢ € C2°(R™), chosen independently of the S;’s.
Moreover, we have that

Wi (51752 = min Z |Slz 52(” | > min <Z |Su SQa(z)| > (51752) (2-11)

O'GJQ GJQ

So G(g(z), g(y)) < C &7 |x — y| for ae. z,y € K. (The first equality in (2.11) is well-
known, but not easy to find in the literature. It can be derived by suitably modifying
the arguments of [20, 4.1.12]. Another quick derivation is the following. Consider the set
IT of probability measures 7 on R" x R™ of the form }, . ¢i;d(s,, s,;), Where the matrix
of coefficients ¢;; consists of nonnegative entries with Zk cgj = 1 and Y, ¢y = 1 for
every ¢ and j, i.e. it is a doubly stochastic matrix. It then follows from the Kantorovich
duality, see for instance [33, Theorem 1.14], that Wi (S, S2) = mingen [ |z — y| dr(z,y).
Observe however that [ |z — y|dm(z,y) is a linear function of the coefficients ¢;;: the
space of such matrices, also called Birkhoff polytope, is a compact convex set and so
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the minimum is attained on the subset of extremal points. By the classical Birkhoff-
von Neumann Theorem this set consists of the permutations matrices (see [7]) and so
mingep [ |2 — y|dr = Milge g, D, [S1i — S2o(i)]-)

Next, write g(z) = Y. [(hi(z), ¥(z, hi(x)))]. Obviously x — h(z) = >, [hi(z)] €
Ag(R™) is a Lipschitz map on K with Lipschitz constant < C 8,7, Recalling [14, The-
orem 1.7], we can extend it to a map u € Lip(Bs, Ag(R")) satisfying Lip(u) < 05142
and osc (u) < Cosc(h). Set finally u(z) = >, [(w(x), ¥(x,u;(x)))]. We start show-
ing the Lipschitz bound. Fix z1,2, € Bs and assume, without loss of generality, that
G(u(x1), u(r2))* = 32, [Wi(21) — t(22)]%. Then

G(u(r), u(xs))? < Z |(@i(1), W (2, wy(21))) — (U(2), ‘I’(@aﬂz‘(@)))\z

<23 (@ + IR (1) = @leo)| + | Do¥Far — af?)

< 2(1 + | DY[5)G(a(x1), u(2))* + 2| DY |51 — wof?
< C(0u + | DP[[g)]x1 — 2.
As for the L* bound, let n > 0 be arbitrary and p € R™ be such that osc(u) <
Sup,ep, G(u(x),Q [p]) +n. Proceeding as above
osc(u)® < sup G(u(x), Q [(p, ¥(0,p))])*

rE€B3

< 25w ((1+ IDVIR)G (@), Q[p)* + |1D|3f)

rEB3

< 4(1+ | D¥|]3)(osc(w)* +n?) + 18| DV|[3.

Since osc(h) < h(T, Cy, ), the estimate on osc(u) follows letting 7 | 0.

The identity G, (K x R™) = T'L (K x R™) is a consequence of u(z) = T, for a.e. x € K.
Indeed, recall that both T' and G, are rectifiable and observe that (T, @) # 0 ||T||-a.e. on
K x R", because mey < 0o on K. Similarly, (G, %) # 0 |Gy[-a.c. on K x R, by [17,
Proposition 1.4]. Thus, (G, —T)L K xR" =0 if and only if (G, —T) L dx1gxgr = 0. The
latter identity follows from the slicing formula and the property (T, p,z) = (G, p,x) =
> i Ozus(x)), valid for a.e. z € K.

Finally, for each € B, \ K choose a ball x € B* = B,,)(y(x)) C By such that ep(B*) >
2751w (2)™. By the 5r-Covering theorem, we choose balls BY = B, (y(z;)) which
cover B, \ K and such that the balls B¥ are pairwise disjoint. We then conclude

B, \ K| < 10™0'er (U B“) : (2.12)

()

Fix y € B". Since B* C By, we have 2701w, r(x;)™ < er(B*) < er(B;) = 4w, F,
which implies 2r(x;) <19 < 1. Thus, y € B,4,, C By. By definition of mer we obviously
have mer(y) > 27™d11. So U;B* C By, N {mey > 2701, } and (2.12) implies (2.1).
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3. PATCHING MULTIPLE VALUED GRAPHS

In this section we prove some complementary results to the theory of multiple valued
functions as exposed in [14, 17]. In particular, we show here a concentration compactness
principle for )-valued functions, and give an algorithm to construct suitable competitors for
the Dirichlet energy, which will be also used in [16]. We first introduce some terminology.

Definition 3.1 (Translating sheets). Let © C R™ be a bounded open set. A sequence of
maps {h }ien C WH2(Q, Ag(R™)) is called a sequence of translating sheets if there are:

(a) integers J >1and Qq,...,Q; > 1 satisfying ijl Q;=Q,
(b) vectors yj. € R™ (for j € {1,...,J} and k € N) with

lim [y —yi| = +o0 Vi, (3.1)

(¢) and maps ¢ € W'?(Q, Ag,) for j € {1,...,J},

such that hy = Z}]:1 HTyi o (’], where for any generic y € R™ we denote by 7, : Ag(R") —
Ag(R™) the translation map (cp. [14, Section 3.3.3])

Ao®") 5T = 3 [P = 7,(T) = 3" [P — v € Ag(®").

Remark 3.2. Assume that hy, Q;, yi and (¥ satisfy all the requirements of Definition 3.1
except for (3.1). Up to subsequences and relabellings, assume that y; — y? converges to a
vector 2y. We can replace

e the integers @ and @y with Q' = Q; + Qo;
e the vectors yi and y§ with v, = (v} + vi)/2;

e the maps ' and ¢? with ¢’ := [y 0 ('] + [7—5 o ?].

The new collections Q', Q3, ..., Q7, Y, Yz, - .-, y; and ¢/, ¢3,...,¢7, and the function hj, :=
I + Z;}ZS [¢7], satisfy again all the requirements of Definition 3.1 except, possibly, for
(3.1). Moreover, [|G(h},hg)||zz — 0 and |Dh},| = |Dhg|. Obviously, we can iterate this
procedure only a finite number of times, obtaining a subsequence of translating sheets hy,
asymptotic to hy in the L? distance with |Dhy| = | Dhy.

3.1. Concentration compactness. Translating sheets give a useful device to recover a
suitable “compactness statement” for sequences of maps with equi-bounded energy.

Proposition 3.3 (Concentration compactness). Let 2 C R™ be a Lipschitz bounded open
set and (gr)ken C WH?(Q, Ag) a sequence of functions with supy, [, |Dgr|* < oo. Then,
there exist a subsequence (not relabeled) and a sequence of translating sheets hy, such that
1G (g, hi)ll;2 — O and the following inequalities hold for every open ¥ C Q and any
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sequence of measurable sets Jy with |Ji| — 0:

lim inf (/ |Dgy|? —/ \th\z) >0 (3.2)
k=too \Jan g, o

limsup/ (|Dgi| — |Dhg|)* < limksup/ (|Dgr|> — |Dhy|?) (3.3)
0 Q

k—+o00

Proof. We start proving, by induction on @, the existence of translating sheets {h;} (and
a subsequence) with [|G(hg, gx)||zz — 0 and satisfying the following additional property. If
J,Qj, yi and ¢7 are as in Definition 3.1, then there are @Q); valued functions wi such that,
after setting fr = >_; [[wi;]], we have

1G(fe, gi)llz2 + Hoe # fid] = 0. NIG(r_; owf, (7l — 0 and  [Dfi] <|Dgil. (3.4)

If @ = 1 the claim with f; = gx is an easy corollary of the Poincaré inequality and the
compact embedding W'? < L2, Assuming that the claim holds for any Q* < @, we prove
it for (). By the generalized Poincaré inequality [14, Proposition 2.12], there exist points
gr € Ag(R™) and a real number M such that

/G(gk,gk)2§0/|ng|2§M<oo VkeN.
Q Q

Recall the separation s(7") and the diameter d(T") of a point T = ), [P] introduced in
14, Definition 3.4]: s(T) := min {|P, — Pj| : P, # P;} and d(T) := max{|P, — P;|}. We
distinguish between to cases.

Case 1: liminfy d(gyx) < oo. After passing to a subsequence, we find y, € R™ such that
the functions 7, o g; are equi-bounded in the W'%-metric. By the Sobolev embedding [14,
Proposition 2.11], there exists a Q-valued map ¢ € W'? such that 7, o gx — ¢ in L*(Q).

Case 2: limy, d(gix) = +o00. By [14, Lemma 3.8] there are points Sy € Ag such that
ﬁd(gk) < S(Sk) < +oo and Q(Sk,gk) < S(Sk>/32,

where § is a dimensional constant. Write Sy = Y27, k; [P{], with P} # P} for i # j.
Both J and k; may depend on k but they have a finite range: therefore, after extracting
a subsequence, we can assume that they do not depend on k. Set next r, = S(ILG’“) and let
U), be the retraction of Ag(R") into B,,(Sk) provided by [14, Lemma 3.7]. Clearly, the

functions fk = Uy, o g, satisfy |D fk\ < |Dgg| and there are k;-valued functions zj such that

J
fo=Y ], with [G(E i [Pl <7
=1

Since k; < @, we apply the inductive hypothesis to each sequence (z;); and, using Re-
mark 3.2 reach a subsequence (not relabeled) of fi, a sequence of translating sheets hy and
corresponding functions f; which satisfy (3.4) with fi. replacing gy.
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We next claim that (3.4) holds even for g, i.e. that limy (||G(fx, gi)llzz + [{fr # gx}]) =
0. To this aim, recall first that

{90 # fi} =19 (90.81) > ni} S {G (90.30) > 1i/2}
Thus,

C

H%?ész}’<|{g(9k,gk;)>7’k/2}|<—[{ggkgk r}g(gmgk)gé oM

(d(ge))*
Since d(g,) — 400 and (3.4) holds with f; replacing gy, we conclude |{fi # gi}| — 0.

Next, since 94 (gx) = gr and Lip(dJx) = 1, we have Q(fk,gk) < G(gk, gr). Therefore, by the
Sobolev embedding and the Poincaré inequality, for any p €]2,2*[, we infer

/g(fkagk)z _/ ) G(frrgi)* < 2/A Q(fk:flk)Q-i‘?/A G (G, g)*
Q {gn#fr} {fe#ar} {fe#ar}
. 172 (35 C M2
<af  G@ear<Clgal (ko)< oo [ iDal
{fr#ar}

Since d(gx) diverges, this shows ||G(fe,g1)|lzz2 — 0 and by inductive hypothesis that
1G(fx: g)ll 2 — 0.

We now show that (3.2) and (3.3) are consequences of (3.4). For each j we consider
the corresponding embedding §; : Ag,(R™) — RN(@i:m) and, by a slight abuse of notation,

we drop the j subscript. Then, we conclude that & o T_yi © wl — €o ¢ in L? and

(3.5)

|D(& o T_yj © wl)| 12 is a bounded sequence, from which

DQOTanﬁ)Ango@)inL%Qy (3.6)

If J), is a sequence of measurable sets with [J;| | 0, then 1gnj, — 1o in L?(Q) and it
follows from (3.6) that

D(£ o T_yi ¢} wi)lgl\h — D(€ o Cj)]_Q/ in LZ(Q> R

and, hence,

Dir(¢7, Q) = |M§GWQmm/

o N\ I
Summing over j, we obtain (3.2). As for (3.3), set Jy := {gr # fx}. Thus,

., 0Pa 1D <3 [ (1Dl - (D¢

—Z/M Doy 0ul)— D(EoC)) <Z/Q D(€or_y oul) — D(E o)

\Jk

[D(§oT o0 wl)|? = lim inf/ | Dwl|?.
k k O\ Jj,

:Z/Q\J |D(§ o T_yl © wi)|2 +|D(§ o Cj)|2 —2D(&o T_yi © wi) -D(&o C])) ) (3.7)
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Therefore, by (3.6) (and taking into account that |Ji| — 0) one gets

limsup/ (IDge| — | Dhi|)*
O\Jx

k——+o0

=, Z/Q\Jk (1ID@Eor 0w +[D(Eo ) —2D(E 0Ty o)) D(Eo ()

T k—+oo

:limsup/ |D(EoT_ Owj)|2—/ |D(€o )

:limsup/ | Dgy|? —/ |Dhy . (3.8)
k—+o00 JQ\Jy Q

On the other hand, since |Ji| — 0 we conclude

iimsup | (1Dgy| ~ |Dhu])* = limsup [ |Dguf.
Jk

k—oo k—oo Ik

Observe that, after passing to a subsequence, we can actually assume that all limsups are
in fact limits. Summing (3.8) and the last equation we then conclude (3.3). O

3.2. Dirichlet competitors. We consider next a standard procedure to construct com-
petitors for the Dirichlet energy of a sequence of functions with equi-bounded energy.

Proposition 3.4 (Construction of a competitor). Consider two radii 1 <rq <1 <4 and
maps g, iy € W2(B,,, Ag(R™)) such that {hy}y is a sequence of translating sheets,

s%p Dir(gg, Br,) < +o0  and Hg(gk,hk)HLz(Brl\Bro) — 0.

For everyn > 0, there exist r €]ro, r1[, a subsequence of {gx}r (not relabeled) and functions
H;, € WH(B,,, Aqg(R™)) such that Hy|p, \5, = 9k|p,\5, and Dir(Hy, B,,) < Dir(hy, By,)+
n. In addition, there is a dimensional constant C' and a constant C* (depending on n and
the two sequences, but not on k) such that

Lip(Hy) < C" (Lip(gx) + 1), (3.9)
IG(He, )25,y < CDix(gy. B,) + CDir(Hy, B,) (3.10)
Im o Hillzis,,) < C*lme gl + Clino hullLis,,) - (3.11)

In order to prove the proposition, we need to recall the following two lemmas, which are
slight variants of [14, Proposition 4.4] and [14, Lemma 2.15].

Lemma 3.5 (Lipschitz approximation). Let f € W'2(B,, Ag). Then, for every e > 0,
there exists f. € Lip(B,, Ag) such that

[ .02+ / (IDf|— DL + / (ID@mo ) — Do f)) <e  (312)

r
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If flop, € WY4(0B,, Ag), then f. can be chosen to satisfy also

G L) + / (IDf|— DL <. (3.13)

OB, OB,
Proof. By an obvious scaling argument we can assume r = 1. We start noticing that
(3.12) is a corollary of [14, Proposition 4.4]. On the other hand, if f|sp, € W'*(0B,),
we extend the map to By by setting f(x) = f(é—l) if || > 1. We then can apply [14,
Proposition 2.5] to find a sequence of Lipschitz maps fj such that f;, — f strongly in
WL2(By). Given ¢ > 0, define the maps f°(z) = f((1+ d)z) and f2(z) = fe((1 + 0)x).
Obviously, f2 — f° strongly in W42(B;) and f° — f strongly in W12(B;) as § | 0. By
a standard Fubini argument, for each j we can find a §; < % and a subsequence { fi;}x
. 5 . :

such that fk7j|aBl+6j — f|331+6j (ie. fililos, = f%os, = flop,) strongly in W'2(0By.;,)
as k T oo. By standard diagonal argument we can arrange the subsequences so that
{fr;} D {frjr1}- Thus, a suitable diagonal sequence f; := f,fgj)’j has the property that
.fj — f n W1’2<B1) and ]Fj|331 — flaBl n Wl’Q(GBl). ]
Lemma 3.6 (Interpolation). There exists a constant Cy = Co(m,n,Q) > 0 with the
following property. Assume r €]1,3|, f € WY(B,, Ag) and g € W*2(0B,, Ag) are given
maps such that flop, € WY?(0B,, Ag). Then, for every e €]0,7| there exists a function
h € WY2(B,, Ag) such that hlsp, = g and

DhP < [ DS +e / (D 2+ 1002+ [ Gir92, (314
B, B, OB, € JoB,
Lip(h) < Gy {Lipm +Lipl) +< s, g>} , (3.15)
/|noh|sco/ \nog|+co/ o fl, (3.16)
B, OBy B

(here D, denotes the tangential derivative).

Proof. The first conclusion is an obvious corollary of [14, Lemma 2.15]. It is then straight-
forward to see that the map constructed in the proof of [14, Lemma 2.15] satisfies also
(3.15). As for the final claim, let g := 5" [gs —nog], f := > [fi — n o f] and consider the
interpolation map h between f and g given by [14, Lemma 2.15]. Set h = S i[hi —moh]
and observe that Lip(h) < Lip(h) and Dir(h) < Dir(h). We apply again [14, Lemma 2.15]
in the case Q =1 tono f and n o g, and get the interpolation u. It is then easy to check

that the map h := 3_,[h; + u] has all the desired properties. O

Proof of Proposition 3.4. Set for simplicity Ay, := |G (g, )|l L2, \B.,) and By, := [[n o
gk||L1(BT1). If A, = 0, then there is nothing to prove and so we can assume that, for
a subsequence, not relabeled, Ay > 0. Assuming that for yet another subsequence (not
relabeled) By > 0, we consider the function

Uy (r) ;:/ (|ng\2+|th|2)+A,;2/ Q(gk,hk)ngBk‘l/ 17 0 gil- (3.17)
0B, OB, o

By
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By assumption lim infy, f:;)l Yr(r) dr < oo. So, by Fatou’s Lemma, there is r € |rg, [ and
a subsequence, not relabeled, such that limy 1, (r) < co. Thus, for some M > 0 we have

G(gr, hi)* — 0, (3.18)
0B,
Dir(hg, 0B,) + Dir(gg, 0B,) < M, (3.19)
| mead <Mime g, (3.20)
0B,

In case By = 0 for all k large enough, we define 1, dropping the last summand in (3.17)
and reach the same conclusion.

Let ¢’ be the blocks of the translating sheets hy, as in Definition 3.1. We apply Lemma 3.5
to each ¢/ and find Lipschitz functions (% satisfying the conclusion of the lemma with &; =
g1(n, M) > 0 (which will be chosen later). We also choose a standard radial convolution
kernel ¢ in R™ and a small parameter p (also to be chosen later). Then, set

J Q
by =Y Iy oGl and gy =Y [(hey)i =m0 hiy+ (1m0 i) % o5,
j=1 i=1

and choose p so small that

QQHWOhk — (o h) *@ﬁ”%2 <é, (3.21)

/ (ID(m o h)[? = [D(m o by x 9p)|*) < &1 (3.22)

T

Note that this is possible because, from the fact that hy is a sequence of translating sheets,
it follows that no hy(z) = F(z) + py, for some F € W'? and a sequence of vectors p;, € R™.
Therefore (no hg) * p; = F x @5+ pp and D(no hg) * p; = DF % @5, and (3.21) and (3.22)
follows if p is sufficiently small by the usual convolution estimates. In particular by very
rough estimates,

_ (3.21)
1G(gk: he)ll2 - < 11G gk, o) L2 + 2[1G (P i) 22 + €1 < 0(1) + 361, (3.23)
Dir(h, 0B,) <2 M +2&, (3.24)

and

Dir(h, Br) = Y | [D(hiy)s = D(m0 hyey) + D(my o oy % )|

i 7 Br

=/‘wmmﬁ—@Dmommv+@DmoM*%W)

T

= Dit(hiy, B) +Q [ (ID(mohy)* — |D(n o b))

B

+Q | (ID(mohy*¢p)> = |D(nohy)?)

By
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(3.12),(3.22)
S Dil"(hkm,Br) + 2Q€_1. (325)

We can then apply Lemma 3.6 to hy, and g, with & = &y(n, M) > 0, and get (up to
subsequences) maps Hj, satisfying Hy|sp, = gxlop, and

Dir (Hy, B,) < Dir (hy;, B,) + & Dir (hy;, 0B,) + & Dir(gi, 0B,) + % / G (i, gk)Q
2 JOB,

< Dir(hy, B,) + Q&) + 38 (M + &) + 3Cy 558

where in the last line we have used (3.18), (3.19) and (3.23) - (3.25). An appropriate choice
of the parameters £; and &5 gives the desired bound Dir (Hy, B,) < Dir(h, B,) + 1.

Observe next that, by construction, lim sup; Lip(ﬁkm) < ¥, for some constant which
depends on 7 and the two sequences, but not on k. Moreover,

1G (M 9i) | oo 0B,y < |G (Piogys i) 2208,y + CLip(gk) + CLip(fyy) -

Thus (3.9) follows from (3.15).

Finally, (3.10) follows from the Poincaré inequality applied to G(Hy, gx) (which vanishes
identically on 0B,), and (3.11) follows from (3.16), because of (3.20) and |70 k| 11 (5,) =
[(mohw)*@sll L1,y < mohil|Li(s,,) if pis also chosen small enough such that r+p < ry. [

4. HARMONIC APPROXIMATION

In what follows we will always apply Proposition 2.2 with §;; = £E?° and under a certain
scaling of A.

Definition 4.1 (E”-Lipschitz approximation). Let 8 € (O, ﬁ), T be as in Proposition 2.2
such that 32E1-20)/m < 1 and sA < E'*% for some § > 0. If the coordinates are fixed
as in Remark 1.5, the map u given by Proposition 2.2 for 6;; = E?? is then called the
EP-Lipschitz approzimation of T in Cs,(z) and will be denoted by f.

In this section we prove that, if 7' is also area minimizing, the corresponding FE°-
Lipschitz approximation is close to a Dir-minimizing function w. This comes with an
o(F)-improvement of the estimates in Proposition 2.2.

Theorem 4.2 (First harmonic approximation). For every n,d > 0 and every 8 € (0, 3= ),
there exist constants €1, Cho > 0 with the following property. LetT be as in Assumption 1.1
in Cus(x) and assume it is area minimizing. If E = E(T, Cy (7)) < €15 and sA < B/,
then the EP-Lipschitz approxvimation f in Csy(z) satisfies

/ DFP < mE wn (45)™ = m1 er(Ba(z)). (4.1)
Bas(z)\K
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Moreover, if we consider the coordinates of Remark 1.5, there exists a Dir-minimizing
function u : Bas(x) = Ag(R™) such that the map Bas(z) 5y — w = (u, ¥(y,u)) satisfies

/ G(f.w)? + / (IDf] — 1Dw))® < mEwn (45)™ = mer(Bu(x),  (42)
Bas(x) Bas(x)

/B @ |D(77 © f) - D(Tl o w)|2 <mFEwy, (45)m =T eT(B4S(x))- (4'3)

Remark 4.3 (Isoperimetric inequality). If S C R™*" is an integral current of dimension
m — 1 with 9S = 0, then there is an m-dimensional integral current R C R™"" such that
OR = S and M(R) < CM(S)™ =1 where the constant C' is only dimensional (see [29,
Theorem 30.1]). It is also well-known that, when spt(S) C ¥ and ¥ is as in Assumption 1.1
the same inequality holds for some R with spt(R) C ¥ and OR = S, with a dimensional
constant C' which depends additionally on the constant ¢y. This can be easily seen as
follows: let q : R™™ — R™" be the orthogonal projection and A : R™ — 3 be the
map A(p) = (a(p), ¥(q(p))). A is a global Lipschitz retraction of R™*" onto 3 which is
the identity on X: thus we can simply set R = AyR.

Remark 4.4 (Taylor expansion of the mass). There are dimensional constants ¢,C > 0
such that the following holds. Let V' C R™ be a bounded measurable set and let u : V' —
Ag(R™) be a Lipschitz function with Lip(u) < ¢. Denote by G, the integer rectifiable
current associated to the graph of w as in [17, Definition 1.10]. Then, the following Taylor
expansion of the mass of G, holds:

M) = Qv+ [+ [ 5 R,

where R : R™™ — R is a C' function satisfying |R(D)| = |D|® L(D) for some positive
function L such that L(0) = 0 and Lip(L) < C. This Taylor expansion is proven in [17,
Corollary 3.3] (although the corollary is stated for V' open, the proof works obviously when
V' is merely measurable).

Remark 4.5. There exists a dimensional constant ¢ > 0 such that, if £ < ¢, then the
EB-Lipschitz approximation satisfies the following estimates:

Lip(f) < C E”, (4.4)
/ D <CEs™ (4.5)
Bss(x)

Indeed (4.4) follows from Proposition 2.2, Remark 1.5 and ||[DW¥||, < C(E'* 4+ A) < C E?
by the choice of § and the scaling of A. While (4.5) follows from Remark 4.4 since for F
sufficiently small

1
| Swop<ce? [ pfp<y [ pse
Bis () B 4 J By

i 3s(T)
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and therefore

/B  IDIP <O V(G Cn(#) = Qe (39"

<C (M(TLCs4(7)) — Qwp, (35)™) + C M(GL(Bss(z) \ K) x R™)
<CEs™ 4 C E* |Bs,(z) \ K| < CE s™.

(4.5) is therefore a rather simple corollary of the “maximal function truncation” argument
employed in Proposition 2.2. Other approximation schemes give instead worse bounds for
the Lipschitz constant of the approximating map, cf. for instance [29, Theorem 5.1.1].

Proof of Theorem 4.2. By rescaling and translating, it is not restrictive to assume that
=0 and s = 1. Thus, by Remark 1.5 we can assume ¥(0) = 0, ||[DV|, < C(E? 4+ A)
and || D?*¥||p < A. The proof of (4.1) is by contradiction. Assume there exist a constant
c¢1 > 0, a sequence of currents (Tj)ren satisfying Assumption 1.1 and area minimizing,
ambient manifolds 3, (parametrized by Wy, with second fundamental forms bounded by
A}) and corresponding E,f -Lipschitz approximations (f)gen such that

Bui=B(TnC) 0. A<E! ad [ DAPzaB,  (40)
Bo\ Ky,

where K := {z € By : mey, (z) < E}’}. Set Ty := {z € B, : mey, (z) < 27E>’} and
observe that I'y N By C Kj. From Proposition 2.2, it follows that

Lip(fy) < CEL. (4.7)
|B, \ K| < C’E,:zﬂeT(BT+TO(k) \T%) for every r <3, (4.8)

where ro(k) = 16 E,El_w)/m < 1. We also assume
U,(0)=0 and  ||DU)lo+ || D*Wkllo < CE/T°. (4.9)

Then, (4.6), (4.7) and (4.8) give
C1 Ek S/ |ka|2 gCeTk(BS\Fk) Vsée [3,3] .

Setting ¢y := ¢1/(2C), we have 2¢oEy, < e, (Bs\I'x) = er, (Bs) —er, (BsNT'y), thus leading
to

er, (Fk N BS) S er, (BS) - 262 Ek. (410)
Next observe that w,, 4™ Ey = eq, (By) > er, (Bs). Therefore, by the Taylor expansion in
Remark 4.4, (4.10) and Ej | 0, it follows that, for every s € [5/2, 3],

D 2
/ Dl <(14+CE®) e, (TxN By)
[',NB;

< (1+CE¥) (eTk(Bs) ~2¢, Ek> < ern (B,) — c; B, (4.11)

Our aim is to show that (4.11) contradicts the minimizing property of Tj. To construct a
competitor we write fi(xz) = >, [fi(z)] € Ag(R™ x R!), and denote by (fi)'(z) the first
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7 components of the points fi(z). This induces a map f} := > [(f{)'] taking values into
Ao (R™). Observe that, since f{(x) are indeed points of the manifold %y

fu= Z [((f2) (@), Tala, (f2) (@)))] - (4.12)

We consider g, := F,~*f/. Since by Remark 4.5 sup,, Dir(gx, Bs) < oo and |Bs \ T'x| = 0,
by Proposition 3.3 we can find a subsequence (not relabelled) of translating sheets hy
satisfying (3.2) - (3.3) and ||G(gk, Px)||z2(B;) — 0. In particular, we are in the position to
apply Proposition 3.4 to gx and hy, with ry = g, rip=3and n =%, and find r € (3,3)
and competitor functions Hj, satisfying Hy|p,\ B, = 9k|Bs\5B, ;

Dir(H,, B,) < Dir(hy, B,) + %2, (4.13)
Lip(H,) < C* B (4.14)
||Q(Hk, gk)||L2(BT) S C* Dir(gk, Br) + CDIF(Hk, Br) S M < oo. (415)
Moreover, Proposition 3.3 implies that, for k is large enough,
(4.11) B, 3
Dir(hy, B,) < Dir(gy, B, (L)) + 2 < er(B) _ p,. (4.16)

4 = B 4

Note that (4.14) follows from (3.9) observing that E,f =2 4 o0: thus C* depends on ¢, and
the two chosen sequences, but not on k. From now on, although this and similar constants
are not dimensional, we will keep denoting them by C', with the understanding that they
do not depend on k. Note that, from (4.7) and (4.8), one gets

1T = G [[(Cs) < [Tl ((Bs \ Ki) X R") +[|Gp, [[((Bs \ Ki) x R")
< Q[Bs \ Ki| + Ex + Q [Bs \ K| + C'[Bs \ K| Lip(fy)
<E,+CE > <CE™ (4.17)

Let (z,y) be coordinates on R™ x R™ and consider the function ¢(z,y) = |z| and the slice
(T, — Gy, , 7). Observe that, by the coarea formula and Fatou’s Lemma,

3
/ lim inf 2~ M((T, — G, 0.)) ds < liminf BT, — G, [[(Ca) < €.
Therefore, for some 7 € (r,3) and a subsequence, not relabeled, M( (T, — Gy, go,f>) <
CE .

Let now vy, := Ej.'/° Hylg,, ur == (v, Vg(z, vg)) and consider the current Z; := G, L Cs.
Since ug|op, = frklop,, one gets 0Z; = (Gy,,¢,7) and, hence, M(O(T,LC; — Z)) <
CE,?QB. We define

Sk =T (Cy\ Cr) + Zi + Ry . (4.18)
where (cp. Remark 4.3) Ry is an integral current supported in 3, such that

(1=28)m

8Rk = 8(TkLCF — Zk) and M(Rk) < CEk meb
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Sk is supported in ¥ and 0S5, = 9(T; . Cy4). We now show that, since < ﬁ, for k large
enough, the mass of Sy is smaller than that of T;. To this aim we write

Dir(ug, Br) — Dir(f, B NT}) = | Dug|? — / |Df|?
¥BF BrNI'y

J

v~

I

DUy, 0) [P = [ [D(Ty(x, fi))[? +/ | D(Wy(, fr)[ -
JBr Br Br\T'y

IQ 13

J

The first term is estimated by (4.13) and (3.2): recalling that v, = E;/QHk and f] = ;/QQk
(but also that the two functions coincide on B; \ B,) we achieve I} < 2E} for k large
enough. For what concerns the second, we proceed as follows. First we write

L=, / (Do, (@) = DTz, fiw))e) : (D(Tal uaw))i + D(Tn(a. fi2)):)

Next, recalling the chain rule [14 Proposition 1.12], we get
| D(k (2, ur(x)); + D(Wi(, fi(2))i| < ClIDWello + O Dy Py llo(Lip(ux) + Lip(f7))

(4.9)
< CE/

Using the letter inequality, the chain rule and (4.9), once again we achieve
L<CB [ (31D (w) - Daa(o. (£) (@)
BF i
+ 1D Billo (|Dvil + D) )

< C B/ D20 / Glu, f) + C B+ / (IDvil + 1D£L)

I3

<CE™EP’+CE* <CE". (4.19)

Finally, I5 < C||DW.||%,|Bs \ Tx| < CE[?. Thus, for k large enough we achieve I, 4 Iy <
2 E., thereby reaching Dir(uy, By) — Dir(fi, Br N [) < %Ek. Hence,
M(Sk) — M(T}) < M(Z) + C M(Ry) — M(Ty( C)

(1-28)m

SQ'BF‘—F\/ | 2k| +CE1+25+CE m-t Q|B’ eTk( )

D 2 (A-28)m
g/ | gkl + 5 2 Bi +CEM™P P+ CE, ™" —en(Br)
BrNI'y,

(4.11) E, (1-28m
< 2%k L optLoB, T <0, (4.20)

as soon as Fj is small enough. This gives the desired contradiction and proves (4.1).
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For what concerns (4.2) and (4.3), we argue similarly. Without loss of generality we
assume x = 0 and s = 1. Hence, we let (T)x, (Xk)r and (Vx)r be sequences with vanishing
Ey = E(T}, C,) and satisfying (4.9), but contradicting (4.2) or (4.3). So, being f; the
E,’f -Lipschitz approximations, we know that, for any sequence of Dir-minimizing functions
@, which we might choose, when we set wy = (g, Vi (z, @) we will have

lim inf £ / (G(fiswe)? + (IDfil = |Dwn)? +D(m o fi—mowd) >0.  (421)

J

=:},(k)
As in the previous argument we introduce the maps f; satisfying (4.12), the normalized

functions g, = E, 2 f;. and, after extraction of a subsequence, the translating sheets hy
satisfying (3.2) - (3.3) and ||G (g, hw)||z2(5;) — 0. We next claim that

(i) limy [, [Dgil? = [5, |Dh,|?, for any ko (vecall that [, [Dhg|? is constant);
(i) hy is Dir-minimizing in Bs.

If (i) is false, then there is a positive constant ¢, such that, for any r € [5/2, 3],

Dha|? Da. |2 er (B, c
/ | 2k! S/B! gkl _ng%k)_f, (4.22)

provided k large enough (where the last inequality is again an effect of the Taylor expansion
of Remark 4.4). We next define the competitor currents Sy as in the argument leading
to (4.20): this latter inequality is reached thanks to (4.22), which substitutes (4.11) and
(4.16). On the other hand (4.20) contradicts the minimizing property of Tj. If (ii) is false,
then hy, is not Dir-minimizing in By. This implies that one of the ¢7 in the translating
sheets hy, is not Dir-minimizing in Bs. Indeed, in the opposite case, by [14, Theorem 3.9],
19(67, Q [0])leogsy) < o0 and, since by = Y[, o C'] and |y, — yi| — oo for i # j, by
the maximum principle of [14, Proposition 3.5], hj would be Dir-minimizing. Thus, for
some ¢/ we can find a competitor éj with less energy in the ball By. So the functions
F, = Zj[[Tyi‘ o @]] satisfy, for any r € [5/2, 3],

DE,J? Dhy|? Dgi? B,
/ | DF| g/ Dhf” zlim/ Dol L er(Br) (4.23)
B, 2 B, 2 ko Jp, 2 Ey, 2

provided k is large enough (here ¢ > 0 is some constant independent of r and k). On
the other hand Fj, = hy on Bs \ Bs/; and therefore ||g(Fk,gk)||Lz(33\Bs/2) — 0. We then
construct the competitor current Sy of (4.18): this time we use, however, the map Fj, in
place of hy to construct Hj, via Proposition 3.4 and we reach the contradiction (4.20) using
(4.23) in place of (4.11) and (4.16).

We next set 1y, := E;/Qhk and we aim at showing that, for wy = (g, Vi (x, ux)), I(k) — 0,
a contradiction to (4.21). Observe first that, by [|G(gk, hx)||zz — 0, we have D(& o gx) —
D(€ o hy)—0 in L? (recall the definition of € in Section 1.5). On the other hand, recall
that D(& o hy) is actually a single function, independent of k, because hy is a sequence of
translating sheets. So, (i) and the identities |D(& o g )| = |Dgyx|, |D(€ o hy)| = |Dhy| imply
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that D(€ogy) — D(&ohy) converge strongly to 0 in L. If we next set hy, = 3. [hi — 10 hi]

and g, = >, [g;. — m o gx], we obviously have I1G (hie, 31) || 22+ |mo b —mogrll 2 — 0. Recall
however that the Dirichlet energy enjoys the splitting

Dir(ge) = Q [ 1D(m o gl + Dir(g)  Dir(hw) = Q [ [Pl bu)l? + Din(i).

So (i) implies that the Dirichlet energies of no g and g, converge, respectively, to those of
nohy and hu. (which, we recall again, are independent of k because the h;’s are translating
sheets). We thus infer that D(n o hy) — D(n o gi) converges to 0 strongly in L?.

Coming back to wy we observe that

E;N | Glwe, fi)? < 2+ Lip(DU))ES [ Glug, 1) =C | Glhw,ge)* = 0. (4.24)

B Bs Bso

So,

lim sup (k) §2limsup/ (IDgx| — | Dhe])? + [D(n o gr — m 0 h)[?)
k k Bs

+C(Q)limksupE;Q1 ; G(D(¥(z, fr)), D(¥(x, ux)))”
gClimksup E! ; G(D(¥(x, f1)), D(¥(x,1u)))* = limksup E ' J(k). (4.25)

Recalling the chain rule of [14, Proposition 1.12], we have
D(¥(z, fi))(z) = Z [D2¥(z, (f)'(x)) + Dy (z, () (x)) - D(fi) (z)]

D(¥(x, ) (x) = Y [Do¥(, W (x)) + Dy¥(x, 1 (x)) - Dity(x)] -

)

So we can estimate
(4.9)
J(k> S CLip(Dm\IJ)Q g(f]/wﬂk)Q + CHD\IJHg/ (‘Df];|2 + ‘DﬂkP) § CEZ/2+2§.
Bs By

We therefore conclude that E, *J(k) — 0 and thus I(k) — 0, which contradicts (4.21). O

5. GRADIENT LP? ESTIMATE

In this section we prove Theorem 1.3. The result is a consequence of an higher integra-
bility estimate for the gradient of Dir-minimizing functions, the o(FE)-improved estimate
for the excess measure given in Proposition 5.4 and a very careful “covering and stopping
radius” argument (cf. [31] for an exposition in a more elementary context).
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5.1. Higher integrability of the gradient of Dir-minimizers. Most of the energy of
a Dir-minimizer lies where the gradient is relatively small. We prove indeed the following
a priori estimate (cf. [30] for a different proof and some improvements).

Theorem 5.1 (Higher integrability of Dir-minimizers). There exists p1g > 2 such that, for
every ) CC Q C R™ open domains, there is a constant C' > 0 such that

1 Dull ooy < C |Dull 2y for every Dir-minimizing u € Wh2(Q, Ag(R™). (5.1
Proof. The statement is a corollary of Proposition 5.2 below and a Gehring type lemma,
cf. [21, Proposition 5.1]. 0
Proposition 5.2. Let % < p11 < 2. Then, there exists C = C(m,n,Q,p11) such that,
for every u : Q@ — Ag Dir-minimizing, the following holds

1/2 1/P11
<][ |Du]2) <C (][ |Du|p“> Ve, Vr<min{l,dist(z,00)/2}.
By (x) Bor(x)

Proof. Since the estimate is invariant under translations and rescalings, it is enough to
prove it for x = 0 and r = 1. We assume, therefore 2 = By. Let u : Q@ — Ap(R") be
Dir-minimizing and let F = &ou: Q — Q C RY. Denote by F' € RY the average of F' on
Bs. By Fubini’s theorem and the Poincaré inequality, there exists s € [1, 2] such that

/ (lF _ F|P11 4 |DF|P11) < C/ (|F _ F|P11 4 |DF|p11> < CHDFHPU
OBs By

LP11(By)"
Consider Flypp,. Since 3 > Ii — m, we can use the embedding WP (9B,) —
H'Y2(0B,) (see, for example, [1]). Hence, we infer that
HF_FHH1/2(338) < C HDFHLPH(BQ)- (5'2)

Let F be the harmonic extension of F lop, in Bs. It is well known (one could, for example,
use the result in [1] on the half-space together with a partition of unity) that

. o (5.2)
| DE | 12(8,) < C(m) min 1 = pllarosy < CIDF|| s, - (5.3)

Consider the map p of [14, Theorem 2.1]. Since p o Flop, = ulpp, and p o F takes values
in Q, by the minimizing property of « and the Lipschitz continuity of &, €' and p, we
conclude:

1/2 . 1/2 L/p11 1/p11
(/ |DUI2> <C (/ IDF|2> <C ( |DF|p“) = c( |Du|p11> . O
By s B2 Bo

Remark 5.3. Proposition 5.2 can be proved in several different ways, which are based on
more common test function arguments: cf. the intrinsic proof (i.e. which does not use the
biLipschitz embedding &) in [30] or the usual Caccioppoli’s inequality for quasi minima
(22, Theorem 6.5].
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5.2. Improved excess estimate. The higher integrability of the Dir-minimizing func-
tions and the harmonic approximation lead to the following estimate, which we call “weak”
since we will improve it in Theorem 6.1.

Proposition 5.4 (Weak excess estimate). For every nyg > 0, there exists €13 > 0 with the
following property. Let T be area minimizing and assume it satisfies Assumption 1.1 in

C45(£L'). ]fE = E(T, C45(17)) S €13, then
eT(A) S o Es™ + C A2 Sm+2, (54)
for every A C By(x) Borel with |A| < e13|Bs(z)].

Proof. Without loss of generality, we can assume s = 1 and z = 0. We distinguish the two
regimes: £ < A? and A? < E. In the former, clearly er(A) < C E < C A2 In the latter,

we let f be the F ﬁ—LipSChitz approximation of 7" in C3 and, arguing as for the proof of
Theorem 4.2, we find a radius r € (1,2) and a current R such that

OR = (T — Gy, ¢,r) and M(R) < CE"' w1,
Therefore, by the Taylor expansion in Remark 4.4, we have:
2m—1 2
ITI(C) < M(@s1C, + B) < Gsl(C) + 0 5 < i+ [ PIL s cpm,
' (5.5)

where v = ﬁ On the other hand, using again the Taylor expansion for the part of the
current which coincides with the graph of f, we deduce as well that

D 2
g <& 2 Qp K+ [ P _cpn 55)
M
Subtracting (5.6) from (5.5), we deduce
er(B\K) < | Wt CE (5.7)

If 13 is chosen small enough, we infer from (5.7) and (4.1) in Theorem 4.2 that

er(B,\K)<nE+CE"", (5.8)
for a suitable n > 0 to be chosen. Let now A C B; be such that |A| < &13w,,. Combining
(5.8) with the Taylor expansion, we have

2 2
eT(A)SeT(A\K)—i—/%—I—CEHWS/%+T}E+0El+7. (5.9)
A A

If £13 is small enough, we can again apply Theorem 4.2. Using the coordinates of Re-
mark 1.5, there is a Dir-minimizing u such that |Df| is close in L? (with an error nE) to
| Dw| with w = (u, ¥(z,u)) and by Remark 4.5 Dir(u) < C'E. On the other hand |Dw(z)| <
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(1+]|D¥||o)| Du|+ || D¥||o. Since || DVl < CE"2, by Theorem 5.1 ||| Dw||| rio(p,) < CE2.
Therefore,

(4.2)
er(A) < / |Dw|®> +3nE + CE™™ < C (|A]""/" +5) E+ CE"™. (5.10)
A
Hence, if €13 and n are suitably chosen, (5.4) follows from (5.10). O
5.3. Proof of Theorem 1.3. We assume without loss of generality that £ > 0 and divide

the proof into two steps.

Step 1. There exist constants v > 2™ and ¢ > 0 such that, for every ¢ € [1, (y F)"!] and
s € [2,4] with 5§ = s +4c¢~"/™ < 4, we have

/ d < 7_"/ d+Cc/m A% (5.11)
{yc¢E<d<1}NB, {<£<d<1}nBs

In order to prove it, let Ng be the constant in Besicovich’s covering theorem [19, Section
1.5.2] and choose N € N so large that Ny < 2¥=1. Let £13 be as in Proposition 5.4 when
we choose 19 = 272"V and set

1

= 2m e d o=min<{ —log, (Ng/2V 1), — .
v =max{2™,e;} and p mln{ g, ( B/ )’Qm}

Let ¢ and s be any real numbers as above. For almost every z € {ycE < d < 1} N By,
there exists r, such that

E(T,Cy, (z)) <cE and E(T,Ciz)) > cE Vte€|0,4r,[. (5.12)
Indeed, since d(x) = lim,_,o E(T,C,(x)) > ycE > 2™c E and

_ eT(Bt(x)) < AmE <cE for t>——,
wmtm tm %

we just choose 4r, = min{t < 4/ 3/c : E(T,C;(z)) < cE}. Note also that r, < 1/%/c.
Consider the current 7" in Cy, (x). Setting A = {ycE < d} N By, (), we have that

E(Ta Ct(x))

¢E|Bu, (z)]

E
E(T,CME(J?))SCESV—ESEB and |A] < vy

< €13/ Bar, (2)].
Hence, we can apply Proposition 5.4 to T'L Cy,, () to get

/ d= / d < er(4) < 27" Ver(By, (2)) + Cry A
B, (z)N{yc E<d<1} A

5.12)
<27 (41" W BT, Oy, (2)) + O A S 3 e (B, (1) + Orp A% (519
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Thus,

%G%@DZ/

B

d+ / d+ / d
2)N{d>1} B, (@)n{<£<d<1} B, (@)n{d<<2}

Tz Tx

E
/d—l—/ d—l—c—wmr
B, n{%gdgl} Y

512),<(5.13<2 Ny 5 2 A2 q
< 77") er(By,(x)) + CryT?A% + . (5.14)

/Bm(:v)ﬂ{c;%dg}

Therefore, recalling that v > 2™ > 4, from (5.13) and (5.14) we infer:

2—N
/ d< — = / d—i—Cr;,””A2
By (2)N{y ¢ E<d<1} 1 =27 —»~ B, (a;)n{%gdg}
< 9 N+ / d+ Cr;””AQ.
By, ()n{<L<d<1}

By Besicovich’s covering theorem, we choose Np families of disjoint balls B, (z) whose
union covers {ycE < d < 1} N By and, since as already noticed r, < 1/ %/c for every z,
we conclude:

/ dgNB2N+1/ d+Ccm A%,
{yc E<d<1}nB, {%SdSI}OBHm%/E

which, for the above defined p, implies (5.11).

Step 2. We iterate (5.11) in order to conclude (1.3). Denote by L the largest integer
smaller than 27" ((log, E7') — 1), s, = 2 and recursively s; = sp1 + 2y w for k €
{L —1,...,1}. Notice that, since v > 2™ s, < 4 for every k. Thus, we can apply (5.11)
with ¢ = v?*, s = 55, and 5 = s;_; to conclude

d <~ d+Cry wA? Vke{2,... L}.

-0
/{V%H E<d<1}nB, /{7%—1 E<d<1}nBs,_,

In particular, iterating this estimate we get

k—2
/ d <y b / d+CA?Y (5 (515)
{y2k+1 E<d<1}NBy {yE<d<1}NBs, £=0
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Set Ag = {d < vE}, Ay, = (v 'E < d < ¥ E} for k =1,...,L, and A, =
{1 E <d <1} Since UA, = {d < 1}, for p; < 1 +3<1+ %, we conclude:

L+1
/ dr — Z/ dm < 27(2“1) (p1—1) Epl_l/ d
Bgﬁ{d<1} k—0 ArNBa ArNBa
5<1502:fyk(2 pi—1)—0) pp _|_CZZ,Y (P1=1) =)+ (5 —0) pr1—1 A2

k ¢=0
< CE™ +027 (2(p1=1)=0) pr1i—1 A2

6. ALMGREN’S APPROXIMATION THEOREM

In this section we show how Theorem 1.3 gives a simple proof of the approximation
result in Theorem 1.4. The key point is the following theorem.

Theorem 6.1 (Almgren’s strong excess estimate). There are constants £11,7v11,C > 0
(depending on m,n,n, Q) with the following property. Assume T satisfies Assumption 1.1
in Cy4 and is area minimizing. If E = E(T,Cy) < €11, then

er(A) < C (E™ +|A|™) (E+A?) for every Borel A C By. (6.1)

This estimate complements (1.3) enabling to control the excess in the region where
d > 1. We call it strong Almgren’s estimate because a similar formula can be found in the
big regularity paper (cf. [3, Sections 3.24-3.26 & 3.30(8)]) and is a strengthened version of
Proposition 5.4. To achieve (6.1) we construct a suitable competitor to estimate the size of
the set K where the graph of the E”-Lipschitz approximation f differs from 7. Following
Almgren, we embed Ag in a large Euclidean space, via a biLipschitz embedding §&. We
then regularize € o f by convolution and project it back onto @ = &£(Ag). To avoid loss of
energy we need a rather special “almost projection” pj.

Proposition 6.2. For every n,Q € N\ {0} there are geometric constants 6y, C > 0 with
the following property. For every 0 €]0,8] there is pi : RN @M — Q = ¢(Ag(R™)) such

that |p(P) — P| < C6% " for all P € Q and, for every u € WH2(Q,RN), the following
holds:

/|D(pgou)|2 < (1+058‘”Q‘1)/ \Duf+C Dul. (6.2)
{dist(u,Q)<sm@+1} {dist(u,Q)>67Q+1}

The proof of Proposition 6.2 is postponed to the next section. Here we show Theorem
6.1 and hence conclude the Theorems 1.4 and 1.6. Theorem 1.3 enters crucially in the
argument when estimating the second summand of (6.2) for the regularization of &€ o f.

6.1. Regularization by convolution. Here we construct the competitor.

Proposition 6.3. Let 3, € (O, ﬁ) and T be an area minimizing current satisfying As-
sumption 1.1 in Cy. Let f be its EP'-Lipschitz approzimation. Then, there exist constants
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€12, 12, C > 0 and a subset of radii B C [°/8,2] with |B| > 1/2 with the following proper-
ties. If E(T,Cy) < &1, for every o € B, there ezists a Q-valued function g € Lip(B,, Ag)
such that

gles, = flep,, Lip(g) < C E”, spt(g(z)) C ¥ Vax € B,

and
/ |Dg]2§/ IDf|*+ CE™ (E+A?%). (6.3)
Bs B,NK

Proof. By Remark 1.5 we assume that ¥(0) = 0, | D¥||, < C(E'2+A) and || D*¥||, < CA.
Since |Df|? < Cdr < CE?$ <1 on K, by Theorem 1.3 there is ¢; = 2p; > 2 such that

D F o sy < C B (E + A%) < O(E + A?). (6.4)

Given two (vector-valued) functions h; and hy and two radii 0 < 7 < r, we denote by
lin(hy, hy) the linear interpolation in B, \ By between hq|sp, and hs|gp,. More precisely, if
(6,t) € S™1 x [0, 00) are spherical coordinates, then

lin(hy, ho)(6,8) = —— hy(6,8) + -2

r—r r—r
Next, let 6 > 0 and € > 0 be two parameters and let 1 < r; < ry < r3 < 2 be three
radii, all to be chosen later. To keep the notation simple, we will write p* in place of pj.
Let ¢ € C2°(By) be a standard (nonnegative!) mollifier. We also use the notation f(z) =
(1(2), () € Ag(R" x RY) meaning that (x) = 3, [(i(z), £i(x))] with (fi(z), f3(x)) €
R" x R' and the maps f; and f, are then given by f;(x) = >, [fi(«)]. This does not create
confusion in “ordering the sheets”: since the points f*(x) belong to ¥ we have indeed the
relation fJ(z) = U(xz, f{(z)). We moreover set f' := £ o f;. Recall the map p of [14,
Theorem 2.1] and define:

hl(e, t) .

VEpolin (4.0 (%)) in By, \ By,.
¢ =<{VEpoln (p* \/f—%> , P (\}c—% * gpa>> in B, \ B, (6.5)
@f’*<«f—%*% in B,,.

Finally set g; := &1 og and g := >, [(g}, ¥(x,¢}))]. We claim that, for o := r3 in a
suitable set B C [9/8,2] with |B| > 1/2, we can choose rp = r3 — s and r; = ry — s so that
g satisfies the conclusion of the proposition. Some computations will be simplified taking
into account that our choice of the parameters will imply the following inequalities:

5287 < s, €<s and E'7¥ <gm, (6.6)

We start noticing that clearly g|@BT3 =f |OBT3' As for the Lipschitz constant, it suffices to
estimate the Lipschitz constant of ¢’. This can be easily done observing that:

Lip(¢') < C'Lip(f' * ¢.) < C'Lip(f') < C B in B,,,
Lip(¢) < CLip(f) + ¢ W= < (14 ) Lip(f) < CE* i B, \ By,
Lip(¢') < C'Lip(f') + C E'/? ﬁ <CE%+CEY<CE" in B,\B,.
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In the first inequality of the last line we have used that, since Q is a cone, E “Rfi(r) € Q
for every a: therefore |p*(f'/E'?) — f'/E'?| < C6* ™. We pass now to estimate the
Dirichlet energy of g.

Step 1. Energy in B, \ B,,. By Section 1.5, the energy of the first component g, coincides
with the (classicall) Dirichlet energy of ¢’. By Proposition 6.2, |p*(P) — P| < C' 68" for
all P € Q. Thus, elementary estimates on the linear interpolation give

CE / ! 2
s CE [ g p () ipre
/Br3\3r2 (Tg - r2)2 B’I‘S\BT‘2 \/E \/E BT3\BT2

+C/ D(p*o [P <C / DfP+CEs 5 (6.7)
Brg\Bry Brg\Bry

As for gy, we compute Dgi(z) = D, ¥(x,gi(x)) + D,¥(z, gt (x))Dgi(x) and so
| ek sos@mea, (69
Brg\Br,

where we used the estimate || Dgs|lo < C ||D¥|lo < C(E'? + A).
Step 2. Energy in B,, \ B,,. Here, using the same interpolation inequality and a standard
estimate on convolutions of W2 functions, we get

C
/ D2 < C / DfE+ — / = x f?
Bry\Bry Brytc\Byy (ro =11)* Jp.,\8,,

go/ IDf')*+Ce*s™2 | |DfJ* < C/ IDfP+Ce*Es?. (6.9)
Br2+€\Br1—5 Br2+5 Brl—a

B3

Similarly, for the second component we have that

/ |Dgo|> < C(A® + E)s. (6.10)
BT‘2+E\BT‘1—E

Step 3. Energy in B,,. Define 7 := {dist (f—/ * (g, Q) > 5“9“} and use (6.2) to get

vE
J

We consider I; and I separately. For I; we first observe the elementary inequality
ID(f @)z SNDF| @ellze < N(IDF11k) * @ell7z + (1D F' 1iee) * e 22
+2(IDf| 1) * el 2 |(1Df'| Lee) * el 2, (6.12)

where K¢ is the complement of K in Bs. Recalling r; + ¢ < r; + s = ry we estimate the
first summand in (6.12) as follows:

4071 1) s <

B'r1 +e

IDg|? < <1+058‘"Q‘1)/ ]D(f’*gp€)|2+0/ ID(f *g)* = I + I, (6.11)
B \Z z

1

(D7t [ IpsP ey

BryNK
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To treat the other terms recall that Lip(f’) < C' B and |K¢| < C E17%%1;

D / 2 < C 261 2 <C 251 2 2 < CE27261
IADF e )+ @ellzes,,) < OB [Lxexpelfa < CET [[Lkel[1 Iz

= om

. (6.14)
Putting (6.13) and (6.14) in (6.12) and recalling E'~?* <e™ and [ |Df'|* < CE, we get
I < / DfP+C6¥ " E4+Ce P EPA (6.15)
Br,NK
For what concerns Iy, first we argue as for [, splitting in K and K¢, to deduce that
I, < C/ (IDf| 1) * .)* + Ce "2 E (6.16)
z
Then, regarding the first summand in (6.16), we note that
2
2Q+2 f! _ I

Since |Df’| < |Df]| (and recalling that ¢, = 2p; > 2), we use (6.4) to obtain

2(p1—-1)

< Ce (6.17)

2 p1-t € P1
| s w0 <125 00D 11+ el <€ (057) ™ WD
c 2(p1—1)
p1 2
<C (5ﬁQ+l) (E+ A?). (6.18)
Gathering all the estimates together, (6.11), (6.15), (6.16) and (6.18) give
3B e 2(p1-1)

"2 < /2 Ot 2 P1 (6.
/Bm Dy _/BT?HK|Df| + (B S (B A (5gm) ) (619)

On the other hand, for what concerns g, we can estimate as follows

| b= [ PA+ 3 / (Dg; — D) - (Dgi + D)

1 1

g/ er2|2+/ |Df2|2+C(A+E2)Z/ Dgi, — D (6.20)
By MK m \K i /B

We already observed that |Dfs| < C(A + E'?), leading to the estimate [..|Dfs|* <
C(A% + B)|K¢| < C(A? + E)E'=?51. As for the latter summand we compute
+ [Du¥ (2, g1 () Dgi| + [ DoV (x, fi(x)) D fil
SC’Ag(gl, fl) +C (A + EI/Q) E'B1 .

We next estimate ||G(g1, f1)]|eo < Cg" — f'|loc and
lg = 7l < CVE (|0 (Fp ) =0 (Z2)||_+ e (Z2) - [ )

< CLip(p*) ||f * @c — [/l + CE88 ™ < CEP e + CE"6* ™ < CE™ .
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We therefore conclude

/ Dgal? < / IDf2+ C(A? + B)E . (6.21)
B B

- 1 N

Final estimate. Since |Dg|? = |Dg'|? +|Dgs|?, summing (6.7), (6.8), (6.9), (6.10), (6.19)
and (6.21) (and recalling € < s), we conclude

/ \Dg\zg/ ny;2+0/ IDF'2+ C(A + E*)(s + E?)
B By NK r1+3s\Bri—s

T3

) 2 2:.8717CQ 12—y 2(p1—1)
g—nQ—1 9 0 E 2 —1 € P1
+CE<5 ottt (1HAE )(5“2“) )

We set e = E%, § = E? and s = E°, where

1—-2p 1—-2p d 1—-2p
= n = .
om Am@Q+1) ¢ ° 8ﬁQ4m(ﬁQ—|—1)

a =

This choice respects (6.6). Assume E is small enough so that s < 7. Now, if C > 0 is a
sufficiently large constant, there is a set B’ C [9/s, 23] with |B'| > 1 / 2 such that,

/ IDfI?<Cs | |Df)?<CE"Y foreveryr € B.
Br1+33\Brl s B2

Indeed by integrating in polar coordinates and by Fubini’s Theorem we have that

29 29 r+3s
1o 2 10 "2 39 m—1
/ dr/ IDf| :/ dr/ dt/ |Df'|2dH
2 Bry3s\Br_s 2 r—s 0By
2
s/ dt/ |IDf'|PdH" 7 <4s | |Df)?,
2—s By Bs

from which the conclusion follows for C' big enough:

9 29 / 2 / QH
re DfP>Cs | |Df
{ |:8 16:| r+35\Br s| | B2| |

1
< — d?“/ Df 2<— —.
CS |Df/|2/ Bry3s\Br_ S‘ | 8

For 0 = r3 € B = 2s + B’ we then conclude, for some (5, 7,n,m,Q) > 0

/|Dgy2g/ IDf2+ CEV(E + A2). 0
o B,NK
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6.2. Proof of Theorem 6.1. Choose 8; = ;- and consider the set B C [%/s,2] given in
Proposition 6.3. Using the coarea formula and the isoperimetric inequality (the argument
and the map ¢ are the same in the proof of Theorem 4.2 and that of Proposition 5.4), we
find s € B and an integer rectifiable current R such that

OR= (T —Gy,p,s) and M(R) < CE2n 2.

Since glop, = flop, and g takes values in 3, we can use g in place of f in the estimates
and, arguing as before (see e.g. the proof of Theorem 5.4), we get, for a suitable v > 0:

2
Tl < @15+ [ D9 | i S Cals+ [ IDAT

+CE(E+A?). (6.22)
2 BaK 2

s

On the other hand, by Taylor’s expansion in Remark 4.4,
ITII(Cs) = [TN((Bs \ K) x R") + |G¢[|((Bs N K) x R")

> (BN K) <R s @ik + [ P

KNBs 2

— CE'. (6.23)

Hence, from (6.22) and (6.23), we get er(Bs \ K) < C E? (E + A?).
This is enough to conclude the proof. Indeed, let A C Byj be a Borel set. Using the
higher integrability of |Df| in K (see (6.4)) and possibly selecting a smaller v > 0, we get

eT(A)geT(AmK)+eT(A\K)§/ |2f|2+CEV(E+A2)

py—1 2/
<ClAn K|S (/ |Df|q1) +CE (B + A?)
ANK
<CIAST (BE+AY) +CE (E+AY).

6.3. Proofs of Theorems 1.4 and 1.6. As usual we assume, w.l.o.g., r =1 and x = 0.

Choose 317 < min{s- 50 5 12;1 )} where 711 is the constant in Theorem 6.1. Let f be the

EPu_Lipschitz approximation of T. Clearly (1.4) follows directly from Proposition 2.2 if
Y1 < B11. Set next A := {meT > 2‘"‘E2511} N Byjs. By Proposition 2.2, |A] < CE2bu,
If &1 is sufficiently small, apply (2.1) and estimate (6.1) to A to conclude:

B\ K| < CE2Piep(A) < CEm=2nlim) gy A2),

By our choice of v1; and (11, this gives (1.5) for some positive 7;. Finally, set S = Gy.
Recalling the strong Almgren estimate (6.1) and the Taylor expansion in Remark 4.4, we

conclude: for every 0 < o <1
Df|? Df|?
I7I(C) ~ @omanm — [ 1L est) - [ 12

< CE™(E+ A% +C|B,\ K| + CLip(f )/ IDfE < CE™(E + A2).

o

<er(B,\ K)+es(B,\ K)+
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The L* bound follows from Proposition 2.2 recalling that, by Remark 1.5, we can assume
|D¥|lp < C(EY? 4+ A). Finally, Theorem 1.6 is a special case of Theorem 4.2, since the
map f in Theorem 1.4 is the E"-Lipschitz approximation of 7.

7. THE “ALMOST” PROJECTIONS pj

In this section we show the existence of the maps p5 in Proposition 6.2. Compared to
the original ones introduced by Almgren, our p5’s have the advantage of depending on a
single parameter. Our proof is different from Almgren’s and gives more explicit estimates,
relying heavily on the following simple corollary of Kirszbraun’s Theorem.

Lemma 7.1. Let f : Q C RM — C C R™ be a Lipschitz function and assume that C' is
closed and convex. Then, there is an extension f of f to the whole RN which preserves
the Lipschitz constant and takes values in C'.

To prove Lemma 7.1 it suffices to take the map f of the classical statement of Kirszbraun’s
theorem (see [20, Theorem 2.10.43]) which takes values in R™? and compose it with the
orthogonal projection m¢ onto the convex closed set C, which is a 1-Lipschitz map in Rz,

Proof of Proposition 6.2. The proof consists of four parts: the first one is a detailed de-
scription of the set Q, whereas the remaining three give a rather explicit construction in
this order:

(1) first we specify p% on Q: the resulting map will be called p’;

(2) then we extend it to a map p* on Qgne+1, the 6" l-neighborhood of Q; p# will

satisfy Lip(p?) < 1+ C8% """ and |p?(P) — P| < C8* ™ for every p € Q;

(3) we then extend it to all RY keeping its Lipschitz constant bounded.
(3) follows easily from (2): we consider €' o p* : Qsne+1 — Ag and a Lipschitz extension
h: RN — Ag of it with Lip(h) < C, using [14, Theorem 1.7]. Our map is then p} := £oh.
Then (6.2) is an easy consequence of (2), (3) and the chain rule.

The description of Q and the proofs of (1) and (2) are given in the next subsections. [

From now on we use n instead of n to simplify the notation.

7.1. Conical simplicial structure of Q. We first prove that Q is the union of families
{Fi}i, of sets, the “i-dimensional faces” of Q, with the following properties:

(pl) Q@ =U; Uper, F;

(p2) F := U, F; is a collection of finitely many disjoint sets;

(p3) each face F' € F; is a convex open i-dimensional cone, where open means that for

every x € F' there exists an ¢-dimensional disk D with x € D C F;
(p4) for each F € F;, F'\ F is the union of some elements of U;;F;.
(p5) for each i < k < n@ and for each F € F;, there exists G € F}, such that F C G.

Remark 7.2. With a small abuse of notation 9F will denote F'\ F for any F € F.

So, Fo = {0}; F; consists of finitely many half-lines meeting at 0, i.e. of sets of type
l, ={ v : X €]0,+oo[} for v € SN71: F, consists of finitely many 2-dimensional “infinite
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triangles” delimited by pairs of half lines I,,, l,, € F; and by {0}; and so on. To prove
this statement, first of all we recall the construction of € (see [14, 2.1.2]). After selecting
a suitable finite collection of non zero vectors {e;}?_, (in general h > n), we define the
linear map L : R"? — RN with N := hQ > nQ given by

L(Pl,,PQ) ::(P1-61,...,PQ-e£,P1~62,...,PQ-62/,...,531-eh,...,PQ~e;5).

Vv Vv Vv

wl w? wh
Then, we consider the map O : RY — RY which maps (w'...,w") into the vector
(v, ..., ") where each v is obtained from w® ordering its components in increasing order.

Note that the composition O o L : (R")? — R is now invariant under the action of the
symmetric group Pg. Therefore, £ is simply the induced map on Ag = (R")?/ 2, and
Q = £(Ag) = O(V) where V := L(R"?). Moreover, since the vectors e;’s span R" (cf.
(14, 2.1.2]), the map L is injective and thus V' is an n@-dimensional subspace.

Consider the following equivalence relation ~ on V:
wh =wj, 2=z

(w', ..., w") ~ (24, ..., 2") if { Vi gk, (7.1)

wh > wy, e 2>z
where w' = (w}, ..., wp) and z* = (2},...,25): if w ~ 2, then O rearranges their compo-
nents with the same permutation. We let £ denote the set of corresponding equivalence
classes in V and C := {L7Y(E) : E € £}. The following fact is an obvious consequence of
definition (7.1):

L(P) ~ L(S) if and Only if L(Pw(l), ceey PW(Q)) ~ L(Sﬂ(l), co ,SW(Q)) Vre QQ .

Thus, 7(C') € C for every C' € C and every m € Z,. Since £ is injective and is induced by
OoL, it follows that, for every pair By, Ey € &, either O(E;) = O(E3) or O(E,)NO(Es) = 0.
Therefore, the family F := {O(FE) : E € £} is a partition of Q.

Clearly, each E' € £ is a convex cone. Let ¢ be its dimension and D any i-dimensional
disk D C E. Denote by x the center of D and let y be any other point of E. Then, by
(7.1), the point z = y —e(x —y) = (1 +¢)y — ez belongs as well to E for any ¢ > 0
sufficiently small. The convex envelope of D U {z}, which is contained in E, contains in
turn an i-dimensional disk centered in y: therefore E is an open convex cone. Since O|g
is a linear injective map, F' = O(F) is an open convex cone of dimension i. Therefore, F
satisfies (p1)-(p3).

Next notice that, having fixed w € E, a point z belongs to E \ E if and only if

(1) w§ > w! implies z; > 21 for every i, j and k;

(2) there exists 7, s and ¢ such that w! > w} and 2z} = z;.
Thus, if d is the dimension of E, OF := E \ E (cf. Remark 7.2) is the union of some
elements of U;-4&;, where with &; we denote the j-dimensional elements of £. Observe
that, since O is continuous, we must have F O O(E). On the other hand, if + € F and
xp — x is a sequence contained in F', then there is a sequence {y;} C E with O(yx) = k.
By the definition of O the sequence {yx} is bounded and hence, up to subsequence, we can
assume that it converges to y € F: thus O(y) = z and O(E) = F. On the other hand, for
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equivalence classes Ej, Fy of different dimension we necessarily have O(E;) N O(Ez) = 0.
Thus O(OF) N O(E) =0, i.e. OF = O(OF), which shows (py).

For what concerns (ps) we show first that if L(P) = z € E € & is such that 2} # z;
for all i and for all j # k, then O(E) € Fnq. Indeed, if ¢ < 1/amin; ;4 |2} — 2|, then
L(P +v) € E for every v € By(0) C R, ie. F is an (nQ)-dimensional convex cone.
Therefore it follows that for every ' € F; with ¢ < n@ there exists G' € F, such that
F C G. To show this claim it is enough to prove that, if ' = O(E) and L(P) = z € E,
then z is the limit of points w € V such that w} # wj, for all ¢, 7, k, which can be easily
proved by a simple perturbation argument. Next, we argue inductively on k: knowing that
F € F; is contained in G for some G € Fy, with k > i + 1, we show that there is H € Fy_;
such that FF C H. Observe indeed that FF C G = G\ G and that, for dimensional reasons,
5\6Y must be contained in the closure of those H € Fj_; such that H € G. Let H € Fi_;
be such that F N H # (). Consider E, K € £ such that FF = O(E) and H = O(K). Let
x € E such that O( ) € FNHand z € K. We then must have that z, > a:i whenever
2t > z] and that zj = z; whenever 2k = z By the very definition of ~, the same property
holds even if we replace x with another element ¢ € E. Therefore the open segment ]f 2
must be contained in K, which in turn implies that ¢ € K. Thus we conclude F C H.

7.2. Construction of p’. The main building block in the construction of p’ is given by
the following lemma.

Lemma 7.3. For 7 €]0, 1 and any D € N\ {0} consider the map ®, : R® — R” defined

by:
0 if le] <7
O(z) =4 VTHZE i <|u < VT
T if x| > /7.

Then |®.(z) — x| < 7 and Lip(®,) < 1+ 2/7.

Proof. The proofs of the two claims are straightforward computations. First ®,(z) = x if
lz] > /7 and |®,(z) — z| = || < 7 if |z| < 7. For 7 < |z] < /T we compute
9(2) — o] = [ | = 2 <

Next we show that |D®.(x) - v| < (1 + 24/7)|v| at any point of differentiability. This
inequality obviously imply the claimed Lipschitz constant estimate because @, is Lipschitz
and its domain of definition is a convex set. The inequality is, moreover, obvious when
|z| < 7 and |z| > /7. For 7 < |z| < /7, we can compute
1— = T

|| o] -

Id +

=V I=vrld Cfal
The matrix is symmetric with positive eigenvalues (because |z| > 7) and the maximal
eigenvalue is (1 — /7)~! < 1+ 24/7, thereby proving our claim. O

DO (z) =
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7.2.1. Special coordinates, conical sections and separation. Let Sj be the k-dimensional
skeleton of Q, i.e. the union of F' € Fj, and denote by (Sk), its o-neighborhood {xz :
dist(x, Sk) < o}. Incidentally, (Sk), contains (S;), for every i < k.

Definition 7.4 (Coordinates and conical sections). Fix any face F' € Fj and introduce
Cartesian coordinates (y, z) € R¥ x RN* in such a way that F' C R¥ x {0}. For a positive
constant ¢ consider the cone €' (F) := {(y,2) € Q : (y,0) € F,|z| < édist((y,0), Sk-1)}-
For any p = (y,0) € F we set V,, := ({y} x RN"*)NE(F).

Note that, if ¢ is sufficiently small, we will have the following property
C(F)NEC(G)#D = either FCGorGCF.

For every constants a,b > 0, k = 1...,nQ) — 1 and F € Fj, we fix coordinates as in
Definition 7.4 and denote by F,; the sets

Fop={(y,2) 2] < a,(y,0) € F\ (Se-1)s}-

For the faces I’ € F,q of maximal dimension and for every a > 0, F} , denotes the set
F, o= F\ (Su0-1)a. The following lemma is an obvious corollary of the linear simplicial
and conical structures of Q.

Lemma 7.5. There is a constant ¢ > 0 (independent of a,b below) with the following
property. Assume F and G are two distinct k dimensional faces.

o Ifk=nQ,a>0,z€F,, and 2’ € G,,, then |x — 2’| > ca;

o Ifk<nQ,bla>ct, x€F,, and 2’ € Guy, then |x — /| > cb.
Moreover, if F € Fy,, H € F; withi >k and ' ¢ OH (cf. Remark 7.2), then |x —2'| > ¢a
for every x € H and 2’ € F'\ (Sk-1)a-

7.2.2. The domains Dom(f;). Next we choose constants ¢, := 68 "“™" . If § is small enough,

each family {F, ijczil}Fe].‘k with k£ < n(@) is made by pairwise disjoint sets, which are at

least cc?_, far apart, where ¢ is the constant of Lemma 7.5, and it holds F} Ve, C
€(F) Cc Q. We are ready to define the map p° := p*|g inductively “from the top to

Dom(f;,) C Q starting from f,o and ending with f; = p’. We first explicitly define
Dom(fx) == Q\ (Sk-1)e,_, for & > 0 and Dom(fy) = O, and in order to simplify our
notation we then agree that c_; = 68 "“ " and S_; = (S_1)._, = 0. Note that Dom(fs41) ¢
Dom(fy). It is obvious that

Dom(fi) = (Dom(fes1) U | Foyerer ) \ (Se-)ews (7.2)

FEF:
Indeed, if x € Dom( fi) \ Dom( fr+1) we then must have dist(x, Sx) < ¢ and dist(z, Sk_1) >
cgk—1. Let ¢ € Sk be such that |x — ¢| < ¢. Since dist(z, Sk—1) > ¢x—1 > ¢, the point ¢
must necessarily belong to a k-dimensional face F'. Fix coordinates as in Definition 7.4. If
x = (y, z), we then obviously have |z| < ¢; < 2,/¢;. On the other hand dist((y,0), Sx—1) >
dist(z, Sk_1) — |2| > cx_1 — cx > ¢;_,. This shows that z € Fy e,

2 .
Ck—1
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7.2.3. The maps fi. On Dom(f,o) we define f,o = Id and specify next the procedure to
define f; knowing fi.;. Along the procedure we claim inductively the following.

Assumption 7.6 (Inductive step). The map fri1 has the following three properties.

(ag+1) Lip(fre1) <1+ Cczlﬁ1 and | fr1(z) — 2| < Cepqa.
(bry1) Consider i < k+ 1, an i-dimensional face F, the cone € (F') in Definition 7.4 and
the corresponding coordinates. Then, fiy1 factorizes on Dom(fry1) N € (F) as

fk-l—l(ya Z) = (ya h£+1(y7 Z)) € ]Rz X RN_i : (73)
(cki1) For every G € F; with i >k + 1, fry1 maps Dom(fri1) N {z : dist(z, G) < d} into

G. Moreover the restriction of fr+1 to G, ., ts the orthogonal projection onto G.

The constants involved depend on k but not on the parameter § and since the process
is iterated finitely many times, we will not keep track of such dependence. Note that f,q
satisfies (a,g), (bng) and (cng) trivially, because it is the identity map. Given fi1 we
next show how to construct f. For every p € G € Fy, with p ¢ (Sk—1>ci,17 set coordinates
as in Definition 7.4 and consider the cone W, := {(y,2) € V, : |2| < 2,/cx}. Let now &,
be the map of Lemma 7.3 with 7 = 2¢;. The function fj is defined in W), by

(y,0) for |z| <71/2 = ¢,

(y, (I)T(hkF+1<y7 Z))) otherwise. (7.4)

If ¢ € Dom( f},) does not belong to any W, as above, then we set fi11(q) = fi(q).
Observe that the definition above gives values to f; on a set which is larger than Dom( f;):

this will be useful to carry on some of the estimates, but we insist that Assumption 7.6
will only be checked on Dom( f).

7.2.4. Well-definition and continuity. Consider a point ¢ € Dom(f;). If g is not contained
in Fy 2 for some k-dimensional face, then by (7.2) it is contained in the domain of
fre1 and thus fi(q) is defined. If ¢ is contained in F; Jerc2_, for some k-dimensional face,
then ¢ belongs to some W, as above. Let ¢ = (y,2). If |2| < ¢, then fi(q) is defined;
otherwise, since dist(q, Sk) > ¢k, we infer that ¢ € Dom(f41) and fx(q) is also defined.
As for the continuity, fix (y,z) € W, N Dom(f) with p = (y,0) € F € Fy. If |z] = ¢,
then by (ay41) we have |hi,,(y, 2)| < |z|+ Cep1 < 7/2+ C78. For 6 sufficiently small this
obviously implies |k, (y, z)| < 7 and thus, by the definition of ®., ®,(h},(y, z)) = 0. On
the other hand, if |z| = 2,/c, then |hf,(y, 2)| > |z| = Cepyr = 2\/c, — Ccf > /2¢; and
thus @, (hf,(y,z)) = hi,i(y, z). Therefore under this assumption we have fy+1(q) = fi(q).
We next check that f; maps Dom(f;) into Q. This is true by induction where fj
coincides with fy4,. Fix therefore a point ¢ in some W, N Dom(fy) with p € F' € Fj, and
let G be the i-dimensional face containing ¢ with ¢ > k. Then, fr1(q) belongs to a face
G, by Assumption 7.6. By the estimate in (aj.;) and the assumption (by1), the face G
must intersect €(F) and thus F C G. Observe that, by the properties of ®, and by the
inductive assumption (bgi1), fx(¢) is mapped in the segment joining fr.1(¢) and ¢ and

thus must belong to G.
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7.2.5. The inductive conclusions (c) and (by). The first claim of (cj) is simple to prove:
as noticed, if a point ¢ € Dom( fx) belongs also to Dom( fy.1), then f; maps it into the
closure of the face containing ¢. If the point is not contained in Dom( fx;1), then it must
be contained in the ¢;-neighborhood of some k-dimensional face F' and hence it is mapped
into F: when this happens F' is a portion of the boundary of the face containing q. Next,
fix a face G € F;. If i = k, by the very definition of f;, we have that the restriction of fj
to Dom(f;) N Ge,.c,_, is the orthogonal projection onto G. If i > k, we actually have that
fi = frsr on Dom(fi) \ (Sk)2ya O Q\ (Si-1)e -

Fix now an i-dimensional face L with ¢ < k, consider coordinates R? x R"~ as in
Definition 7.4 and the corresponding € (L). If ¢ = (y,0) € L, the condition (by) is
equivalent to saying that V, N Dom(f;) gets mapped into {(y,0)} x RN¥~". Fix a point
g eV It fri1(@) = fi(@) there is nothing to prove. Otherw1se it turns out that there
is a k-dimensional face F such that § € ¢ (F). But then we necessarily have L C F.
So, set coordinates R? x R*~* x R"* 50 that at the same time L C R? x {0} x {0} and
F C RIxRF¥x {0}. Thus, (y,0,0) is the coordinate of ¢ and (y, z,w) that of §. According
to our definition of f, fx(q) = (y, z,w") for some w’, which indeed implies the desired claim.

7.2.6. C° estimate. Observe that, for every x where fj coincides with fi, 1, we have | f(z)—
x| < Cepyq < O Instead, for any point x where f; is newly defined, we distinguish the
following two cases: either x = (y,z) with |z| < ¢, in which case |fi(x) — x| < cx;
or x = (y,z) with |z| > ¢, and then by the estimates of Lemma 7.3 and the triangle
inequality we have

|fu(@) — 2| < | frn(@) = fe(@)] + | o1 (z) — 2| < Ceppr + 7 < Coppr + 204

7.2.7. Lipschitz estimate. We fix x,2’ € Dom(fy) and, apart from the trivial one fi(x) =
fra1(z) and fr(z') = fry1(2), we distinguish three cases.

Case 1: z,2' € G, N for some k-dimensional face G. Choosing coordinates as in
Definition 7.4, we set x = (y, z)and 2’ = (', 2’). If both |2],|2'| < F, then |fi(x) — fu(2')] =
ly — 9| < |:1c—m’| If |2 > 7 and [2/| > then

|fe(@) — fu@))? <ly —y')P+ L+ 2772 hf 0 (v, 2) — hf (Y 2
<(L+27 (ly— /PP + b a (v, 2) — by (4, 2D)1P)

—(1+ V20 fora (8) = fur (@2 < (14 v2en)2(1 + Ol — 2.

If [z| < 7 and |[2/| > 7, let Z be the point with [Z| = 7 on the segment joining z and
2/, and i" = (y,2). Observe that f(Z) = fu(x) = (y,0) and that |z — 2| = |y — ¥/|> +
2 =22 < ly—vy|*+ ]z — 2> < |]r — 2/|>. On the other hand we have just shown

[f(a) = fol@)] < (14 Ce)a’ — 7.
Case 2: v € I g 2, &' € Gy g 2 for distinct F,G € Fi.. By Lemma 7.5, [z —2'| >

cck 1> cck On the other hand, we also have, by the C° estimate,

[fil@) = fo(@)| < |z = '] + Cop < (1+ Ol — 2.
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Case 3: © € Gy 2 | for some k-dimensional face G and f(2') = fi41(2'). Without
loss of generality we assume

o G e Fy;

o' ¢ GZ\/Q,c%il;

e ' € H for some face H (of dimension i > k).
We have two possibilities. . .
Case Sa: G ¢ H. Consider the closed set G := G\ (Sk-1)2_ - By Lemma 7.5 dist(z’, G) >
cci_y and thus v — 2’| > iy — 2,/¢x > S¢;_,. We can therefore argue as in Case 2.
Case 3b: G C H. We then have two possibilities. The first is that 2 € Dom(fy1).
Since fi(z') = frr1(2'), we have |fi(2') — 2| < Cepyy = Ccf. We use the coordinates of
Definition 7.4 and (ay 1) to conclude fi(z') = fey1(v/, 2') = (v", 2") with |2"] > |2/|-C & >
2\/¢; — C ¢} > \/2c;,. We can therefore write fi(z') = (y”, ®,(2")) (because ®.(2") = 2”)
and, hence, recalling fi(z) = (y, ©;(hiy1(y,2))) and frs1 (@) = (y, hia (Y, 2)),

[fu(@) = fil@)* < ly =o' + (1 +2V7)? i (y, 2) = 2
<1+ 2V7)? fen (@) = fera ()]
We therefore conclude | fi(2') — fr(2)] < (14 CT'2)|2' — 2| < (1+ Ce/>)|2’ — 2.
The second possibility is that = is not in the domain of definition of f;,;. In that case x

is at distance ¢, from G and thus |z — 2’| > \/c;. We then conclude that | fi(x) — fi(2')| <
o —a'|+Cc, < (14+C\/eg)|lr — 2|

7.2.8. Summary. After nQ steps, we get a function fy = p° : @ — Q which satisfies
Lip(p’) <1+ C6% ™" and |p’(z) — 2| <C&® 7,
P’ ({x : dist(z, F) < 6}) C F for every F € Fy,
P F s — I is the orthogonal projection on [ for every F' € F. (7.7)
=)

7.3. The extension pﬁ of pb to Osner1. Next we extend the map pb : Q — 9 to the
§"@+1neighborhood of Q, keeping the estimate (7.5). We first observe that, since the
number of all the faces is finite, when ¢ is small enough, there exists a constant C' = C(NN)
with the following property. Consider two distinct faces F' and H in F;. If x,y are two
points contained, respectively, in Fyit1 \ Uj<; Uger, Goirr and Hgitr \ Uj<; Uger, Gaitr, then

dist(z,y) > Cd". (7.8)

Similarly if F € F; and H € F; with [ < i and F ¢ H, then for every x € Fy+1 and
y € Hgiva \Uj<¢ UGE]—}- Gsi+1 it holds

dist(z,y) > Cd". (7.9)

The extension p' is defined inductively, but this time “from the bottom to the top”. The
first extension gy is identically 0 on Bs(0) (note that this is feasible because p’ = 0 in
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B5(0) N Q). Now we come to the inductive step. Suppose we have an extension g, of p’,
defined on the union of the §“**-neighborhoods of the (-skeletons Sy, for £ € {0, ..., k}, i.e.

k
Lk = QUB(S(O)UU U F513+1.

(=1 FeF,

Assume inductively that Lip(gx) < 1+ C 68" and assume that gp maps any 0771
neighborhood of any j-dimensional face into its closure, when j < k. Then, we define the
extension of g, to Ly, in the following way. For every face F' € Fj 1, we set

P on Q,

gk+1 = gk on (Sk)5k+1 N F5k+2, (710)
pr on {z€RY : pr(z) € Fs51} N Fyiz,

where py stands for the orthogonal projection on F (recall that by (7.7) p’ = pr on F N
Fgi+2 7). Consider now a face I as above and U(F') the union of all the ¢/*!-neighborhoods
of the j-dimensional faces which belong to F. As defined above, g1 maps a portion of
U(F) into F. We can use Lemma 7.1 to extend g1 to U(F) keeping the same Lipschitz
constant, which we now compute. This constant is obviously smaller than 1+ C58 " on
the domain ((Sk)gsr+1 N Fsr+2) U F by inductive hypothesis. The same constant is 1 on {z €
RY : pr(z) € F51} N Fsrz. Consider now a point z € {z € RY : pp(z) € F51} N Fyire
and a point y € F'U ((Sg)se+1 N Fyera). If y & (Sk) 16, then necessarily y € F and we then
have ’
|9k+1(%) = grr1(y)| = [Pr(z) —y[ = [Pr(z) — Pr(y)| < |z —yl.

1 —nQ-1
0/8 =1—/48

Otherwise we have |z —y| > 1 — ¢ and we can write

(91(2) = g1 (¥)] g (@) =yl + Cep < |z — y| + 6 + Coo
6k+2+CC o
= 1+—1/80 |$_y|§(1+0(58 © 1)\1'—3/\.

Note that, if z € U(Fy) N U(F3) for two distinct Fy, Fy € Fiyq, then x € Lg. Thus,
the map gx.1 is continuous. We next bound the global Lipschitz constant of gi,;. Indeed
consider points x € U(Fy) \U(F,) and y € U(F3) \ U(F}) for two distinct F; € Fj41. Since
by (7.8) and (7.9) |z — y| > C 6**!, we easily see that

|9k1(2) = g1 (W] < Mgks1 () = geyr1 (PR (2)] + [grr1 (PR () — Grr1 (PR (Y))]
+gr11(Pr (¥) — gr1 ()]
21+ CO* ") 62 410" (pr(2) — P’ (PR ()]
<214+C" )M+ (140 ) pr (2) — PR (y)]
214+ C8* " (1408 <|x — | + 25k+2>
1

<
<
<
<A+CF |z —yl.



GRADIENT L? ESTIMATES 45

Next, consider the case x € Q \ U(F),y € U(F). If |x — y| > 6", we can then argue as
above and (considering that gx,1(x) = p’(x)) we bound

|Gr+1(x) — 9k+1(y)| <(1+ 05877@71) 52 4 |Pb($) - Pb(PF(’lJm
<A+ (02t r—pr(y)]) < A+ 08T (07 4 | — y| + 05
< (1+ 05877@71) |z — yl.

We therefore assume |z — y| < §"71. Observe also that, if y € {z € RY : pp(x) €
Fs51} N Fyeiz, then gr1(y) = gu(y) and since gpy1(7) = p’(z) = gr(z), we know the
Lipschitz bound by inductive assumption. We therefore conclude that x € Fyrrayght1 1_grt1.

Assuming 8, small enough, §*72 + §*1 < § and 1 — g+t > 687" = cé/s, therefore
z € Fy s By (7.7) we then have |ggi1(2) = gk (y)] = [Pr(z) —pr(y)| < |z -yl

Since Q and the union of the U(F;) is the domain of definition of g1, this shows
Lip(ge+1) < 1+ C 68", Note that by construction we also have that U(F) is mapped
into F', which is the other inductive hypothesis.

After making the step above n() times we arrive to a map g,q which extends P’ and is

defined in a 0"?*!-neighborhood of Q. This is the map p*.

8. PERSISTENCE OF (Q-POINTS: PROOF OF THEOREM 1.7

Proof of Theorem 1.7. As usual, by scaling and translating we assume z = 0 and r = 1.
According to [14, Theorem 3.9], there are constants C'(m,n,Q), k(m,n,Q) > 0 such that

G(w(z), w(y))

< C’(Dir(w))% for any Dir-minimizer w : By — Ag(R"). (8.1)
T#Y€EB1 /2 |y - x|ﬁ

The final choice of § will be specified at the very end, but for the moment we impose 5 < %L.
Fix now s < § and C* as in the statement and assume by contradiction that, no matter
how small we choose € > 0, there are a current 17" and a submanifold ¥ as in Theorem 1.4
and a point (p, q) € Cy, satisfying:

a) E:=E(T,C,) < ¢ and A?2 < C*E;
(a) (

(b) (T, (p.q)) = @;
(c) the EM-approximation f (which is the map of Theorem 1.4) violates (1.9), that is

G(f,Qmo f])* > ds™E. (8.2)

Bs(p)

Set § = 1 and fix 7 > 0 (whose choice will be specified later). By (a), for a suitably small £
we can apply Theorem 1.6 in the coordinates of Remark 1.5: we let u be the corresponding
Dir-minimizer and w = (u, U(x,u)). If 7 and € are suitably small, we have

G(w,Qnow])?> BsmE,
Bs(p)



46 CAMILLO DE LELLIS AND EMANUELE SPADARO

and sup {Dir(f), Dir(w)} < CE (here we use Remark 4.5). Thus there is p € B,(p) with
G(w(p),Qnowp)])? > % E and, by (8.1), we conclude

o(x) = Guw@). Qo w@]) > (1) —2cEyior > (iB)" . (3

where we assume that § is chosen small enough in order to satisfy the last inequality.
Setting h(z) := G(f(x),Q [n o f(x)]), we recall that we have

/ |h—g]> <CqE.
s(p)

Consider therefore the set A := { h > (%E) g 2}. If 5 is sufficiently small, we can assume
that |Bs(p) \ A| < §|B,|. Further, define A := AN K, where K is the set of Theorem

1.4. Assuming ¢ is sufficiently small we ensure ]B (p) \ A| < 1|B|. Let N be the smallest

integer such that Ngi=- 5E > 5. Set 0y := 5 — g5 for i € {0,1..., N} and consider, for
it < N —1, the annuh C B, (p) \ Bo,,,(p)- If 5 is sufficiently small, we can assume that
N > 2 and oy > £. For at least one of these annuli we must have |ANC;| > 1|C;|. We
then let o := 0; be the corresponding outer radius and we denote by C the corresponding
annulus.

Consider now a point z € CN A and let T, be the slice (T,p,z). Since A C K, for
ae r € A we have T, = Z * [z, fix ))]] Moreover, there exist ¢ and j such that
\fi(z) — fi(x)]* > g9(f(z )) Jmo f(x)])? 24%E(recallthat$€flCA). When z € C and

the points (z,y) and (x, z) belong both to B,((p, q)), we must have

N 2 A o
2 2 5B 5E  OE
|y — 2| §4<0_<U_64Qs)>§ng§8Q'

Thus, for # € ANC at least one of the points (, f;(x)) is not contained in B,((p, q)). We
conclude therefore

ITI(CA () \ Bo((p.0))) > €71 4] > glc = 2 (o — (o 2)")
o (1= (- o)), o0

Recall that, for 7 sufficiently small, (1—7)™ < 1-5T. Since o > 7, if € is chosen sufficiently
small we can therefore conclude

v

me'ng W,

Next, by Theorem 1.4 and Theorem 1.6,

dE0™ 2 = cedEo™ 2. (8.5)

| Dw|®

ITNCHp)) < Quno™ + CE 0 4 qe s [ 12
-(p)
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Moreover, as shown in [14, Section 3.3] (cf. [14, Proposition 3.10]), we have
/ \Dwl? < | DU|Po™ + c/ Dul? < C(1+ C*)Eo™ + CDir(u)o™ 22, (3.7)
a (D Bs(p)

(for some constants £ and C' depending only on m, n and @; in fact the exponent & is the
one of (8.1)). Combining (8.5), (8.6) and (8.7), we conclude

IT)(Bs((p,q))) < Qupo™ +(f7+C’(1+C’*)am)E—|—CE1+71+C’E0m_2+2“—coam_25E. (8.8)

Next, by the monotonicity formula, p — exp(CA?p*)p~™|T||(B,((p,q))) is a monotone
function (indeed, the usual monotonicity formula of the theory of varifolds with bounded
mean curvature gives the monotonicity of p — exp(CAp)p~"||T||(B,((p, q))), cf. [29, The-
orem 17.6]); the slight improvement needed in this proof follows from minor modifications
of the usual argument but, since we have not been able to find a reference, we provide a
proof in Lemma A.1 in the appendix). Using A2 < C*E, O(T, (p,q)) = Q and the Taylor
expansion of the exponential, we conclude

IT1(By((p: 9)) = Qo™ — CC*Ea™*2. (8.9)
Combining (8.8) and (8.9) we conclude
C(1+C*o? + (7 + CE))o*™ + Co® > ¢of. (8.10)

Recalling that 0 < s < 5, we can, finally, specify s: it is chosen so that C(1+ C*)s? + C5**

is smaller than 02()6 Combined with (8.3) this choice of § depends, therefore, only upon 5.
(8.10) becomes then

(7+CE™)o?™™ > @4 (8.11)

Next, recall that o > 2. We then choose ¢ so that (774 C&")(2)*™™ < 60(5 This choice is
incompatible with (8.11), thereby reaching a contradiction: for thls ChOlce of the parameter

¢ (which in fact depends only upon o and s) the conclusion of the Theorem, i.e. (1.9),
must then be valid. O

APPENDIX A. MONOTONICITY FORMULA

Lemma A.1. There is a constant C' depending only on m, n and n with the following
property. If ¥ C R™™ is a C? (m + n)-dimensional submanifold with ||As||e < A and T
an m-dimensional integer-rectifiable current supported in X which is stationary in X, then
for every & € ¥ the function p — exp(CA?p?)p~™||T||(B,(&)) is monotone on the interval
10, p[, where p := min{dist(z,spt(dT)), (CA)~'}.

Proof. The argument is a minor variant of the classical proof of the monotonicity formula
for varifolds with bounded mean curvature due to Allard (cf. [2]). Here the stronger hy-
pothesis that 7" is stationary in a C?-submanifold allows a better estimate of the relevant
error term. Without loss of generality assume € = 0, let s €]0, p[ and p € C}(] — 1, 1[) with
¢ = 1 in a neighborhood of 0. For each z € ¥ let p, : R™*™ — T, % be the orthogonal pro-
jection onto the tangent space to ¥ in 2 and consider the vector field X,(7) := (5 Ep, (2).
Note that X is tangent to ¥ and thus 07'(X;) = 0. In order to compute 07'(Xy), “consider
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at ||T|]-a.e. « € spt(T) an orthonormal frame ey, ..., e, with e A ... Aey = T. It turns
out that

ST(X,) — / div X, d|[T]| / S (D, X e dIT.

Next, at any € ¥ let vq,...,1 (I = n —n) be an orthonormal frame orthogonal to X.
Since p,(z) = x — >_;{(x,v;)v; and (e;, v;) = 0, we compute:

divyX,(x) = Z [Dei (gp (%)) (x,e;) + ¢ <%‘> (D, x, ei>] — (‘18') Z(m, Vi) (De, v, €1)

7 1,J
>
-~ N J/

I II

I is the usual expression appearing in the proof of the standard monotonicity formula
for stationary varifolds. If we use the notation r for the function z + |z| and Vir

for the orthogonal projection on the orthogonal complement of Span{ey, ..., e}, we find
I =mp(L) 4+ ¢/ (5)(1 — [V+r[?) (see for instance [11, (2.2)]). In order to bound I7, we
first observe that (D.,v;,e;) = —(A(e;, e;),v;). Next, since r < (CA)™!, if C is chosen

sufficiently large we can assume that the geodesic segment of ¥ connecting 0 and x has
length ¢ < 2r. Denote by ~ : [0,¢] — ¥ a parametrization by arc-length of such a segment.
Then,

(z, Vj(fv)>=/0 ("7(0)7%(7(15)))%:/0 (Y(9), [v;(7(0)) = v;(7(9))]) do, (A1)

and observe that

(3000, 0] < B3 oD

Since g(¢) = 0, integrating the latter inequality we conclude |g(o)| < 3¢A < 6rA, which
in turn, together with (A.1), gives |z - vj(z)| < 12r*A.

Putting all estimates together, we achieve the inequality [I1| < Cyp(L)r? A% From here
on we can follow the usual strategy leading to the monotonicity formula (cf. [29] or [11,
Proof of Theorem 2.1]): letting the test function ¢ converge from below to the indicator
function of | — 1, 1], after few manipulations we achieve the inequality

UTIB) | g ITIB
ds s™ sm
which leads to the desired claim. O

Remark A.2. The proof can be easily extended to varifolds which are stationary in .
In fact the argument above can be considerably shortened using directly the Monotonicity
Formula of Section 5 in [2].
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