BLOWUP OF THE BV NORM IN THE
MULTIDIMENSIONAL KEYFITZ AND
KRANZER SYSTEM

CAMILLO DE LELLIS

Abstract

We consider the Cauchy problem for the system o;u; + div(g(Jju))u;) = 0i €
{1,...,k}, in m space dimensions and with g € C3. When k >2and m = 2, we
show a wide choice of g’s for which the bounded variation (BV) norm of admissible
solutions can blow up, even when the initial data have arbitrarily small oscillation
and arbitrarily small total variation, and are bounded away from the origin. When
m > 3, we show that this occurs whenever g is not constant, that is, unless the system
reduces to k decoupled transport equations with constant coefficients.

1. Introduction
Let us consider the system of conservation laws

U +div,[F(U)] =0, U:QCR; xR" — R, (1)

where F : R¥ — R¥*™ s a C!-function. In what follows we use the notation F =
(F1, ..., Fy), where each F; is a map from R¥ to R¥, and we restrict our attention to
symmetric systems, that is, systems for which D F;|y is a symmetric matrix for every
i and for every V € R¥. 1t is known, by a result of Rauch [14] based on a previous
paper of Brenner [6] for linear hyperbolic systems, that certain types of BV estimates
(and LP-estimates for p # 2) fail for all the systems (1) which do not satisfy the
commutator conditions

DF;ly - DF;|ly = DFjly - DF;|y forevery V € R¥. )

When n = 2, it was proved in [8] that (2) is also sufficient to get L”-estimates for
every p < 2 and, under additional conditions, also for p = oo.

A particular class of maps F' which satisfy the commutator condition (2) is given
by F(v) = g(|v]) ® v, where g € C'(R, R™). Note that in this case the requirement
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F e C! implies g’(0) = 0. However, in the rest of the paper we do not impose this
condition since it is not needed in any of the proofs.
Under this particular choice of F, the system (1) becomes
0 div =0,
ru + dive[g(Jul)u] w: RtJr « R;Zn — R~ 3)
M(O, ) = uop,

A natural formal procedure to construct weak solutions to (1) consists in the following

two steps.

. First, we impose the fact that p := |u| solves, in the sense of Kruzhkov, the
Cauchy problem for the scalar law:

Orp +dive[g(p)p] =0, @
p(0,-) = lugl.
. Second, we impose the fact that € := u/|u| solves the transport equation
a:(p0) + div [g(p)pb] =0, 5
00, -) = uo/luol.

Following [12], we call such a solution u = p8 a renormalized entropy solution. More
precisely, we use the following definition.

Definition 1.1
We say that u is a renormalized entropy solution of (3) if p := |u]| is a Kruzhkov
solution of (4).

Renormalized entropy solutions are entropy (or admissible) solutions in the classical
sense of the theory of hyperbolic systems of conservation laws (see Section 2). In [7]
Bressan showed a Lipschitz map F : R? — R?*2 of the form g (|u|) @ u for which the
Cauchy problem for renormalized entropy solutions is ill posed in L°°. Stimulated by
this work, in [2] the authors proved that such a Cauchy problem is well posed in the
space X := {u € L™ : |u| € BVie} using the extension of DiPerna-Lions theory to
BV fluxes recently achieved in [1].

In one space dimension, the fundamental result of Glimm (see [9]) gives the exis-
tence of BV entropy solutions if one starts with initial data that have sufficiently small
total variation. Hence it is natural to ask whether renormalized entropy solutions u of
(3) enjoy BV regularity when the whole initial datum u( (and not only its modulus)
belongs to BV. In analogy with the one-dimensional case, one could ask whether such
regularity holds at least for small times and when u is close to a constant, uniformly
and in the BV norm.
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Note that
. in our case, Rauch’s result does not apply since F satisfies condition (2);
. in any case, when Rauch’s result applies, it does not exclude BV regularity, but

it implies that estimates of a certain kind are not available;

. one might wonder whether the notion of renormalized entropy solution is a
suitable one, and thus we can ask whether BV regularity holds for some other
notion of admissible solutions.

In this paper we prove in Theorem 2.4 that for k,m > 2 and for a wide choice of
g’s, there are initial data uq (with arbitrarily small total variation and uniformly close
to a constant ¢ # 0) such that the BV norm of admissible solutions u of (3) blows
up instantaneously, no matter what criterion of admissibility is chosen among the
ones proposed in the literature. When m in (3) is strictly bigger than 2, such initial
data can be constructed for every g which is not constant, that is, for every system of
the form (3) which does not reduce to k decoupled transport equations with constant
coefficients.

2. Statement of the result and preliminaries

2.1. Statement of the result
In order to state Theorem 2.4, we first need some definitions.

Definition 2.1
A pair of functions 7 € WL (RK, R), g € WL(RF, R™) is called an entropy—
entropy flux pair for (1) if Dg = Dy - DF'.

General hyperbolic systems of conservation laws may not have any entropy—entropy
flux pair besides the ones where # is an affine function. However, the systems (3)
always have an abundance of entropies (see Remark 2.3).

Definition 2.2
Let Up € L. Then U is called an entropy solution of

{a,U + div,[F(U)] = 0, ©

U@, =10

if, for every convex entropy—entropy flux pair #, ¢ and for every smooth test function
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/ O/m [6l‘l//(t, Z) Il(U(ta Z)) + Vzl/j(t, Z) . q(U(t, Z))] dtdZ
+/ w(0,2)n(Uop(z)) dz = 0. 7
Rm

The (nonpositive) entropy production measure o;[#(U)] + div;[¢q(U)] is denoted by
Hy-

Remark 2.3

Consider F of the form F (1) = g(lu]) ® u. Then there are two natural families of

entropies for the system (3).

. The first one is given by entropies of the form &(|u|), where & € W*°(R). The
related entropy fluxes are of the form w(Ju|), where &' (u) = &' (w)ug'(u) +
&' (u)g(u). Hence (&, w) is an entropy—entropy flux pair for the scalar law (4).

. The second family is given by entropies of the form |u|G (u/|u|), where G €
W1-2°(Sk=1). The related entropy fluxes are of the form g(|u|)|u|G (u/|ul).

Clearly, any linear combination of the entropies above is an entropy as well. Further-
more, [12, Lemma 1.1] shows that every entropy # for the system (3) is of the form
E(lul) + |u|G(u/|u|). Note that, if # is convex, then ¢ must be also convex. From the
proof of [2], it follows that for all entropies of the form |u|G (u/|u|), the entropy pro-
duction vanishes. Hence, since |u| is an entropy solution of the corresponding scalar
law, we conclude that renormalized entropy solutions of (3) are indeed entropy so-
lutions. However, there are some entropy solutions that are not renormalized. This
happens already in one space dimension and is due to the hyperbolic degeneracy of
the system (3) at the origin (see, for instance, the example in [7] or [9, p. 188, top]).

The chain rule of Vol’pert for BV functions implies that if U is a BV entropy
solution of (6), then u,(Q\ Jy) = 0; that is, x, “lives” on the jump set Jy (which in
this case is called the set of shocks of the solution U). We refer to Section 2.2 for the
relevant definitions. For BV weak solutions U of (1), other criteria of admissibility
have been studied in the literature. We remark that all of them are based on imposing
some conditions on the set of shocks and that these conditions turn out to be stronger
than the entropy ones. Hence the notion of entropy solution is the weakest among the
ones proposed in the literature. We are now in a position to state the main result of
this paper.

THEOREM 2.4
Letk >2,m >3, g€ C>  andletc € RF\ {0} be such that g'(|c|) # 0. Then there

loc’
exists a sequence of initial data ug : R™ — R¥ such that
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. llug — cllBv@n) + llug — clloc = 0forn 1 oo;
. ug = c on R™ \ BR(0) for some R > 0 independent of n;
. if u" is any bounded entropy solution of (3) with initial data ug, then there

exists r > 0 (independent of n) such that ||u"||gv(o,T(x B,(0)) = 0O for every
positive T.
When m = 2, the same statement holds if in addition we assume that g (|c|) is parallel
to g'(|c|) (or vanishes).

2.2. BV functions and Vol’pert’s chain rule

For definitions, statements, and proofs of the claims contained in this section, we refer
to the book [5]. In the rest of the paper, £ denotes the Lebesgue measure on R™
and 7" the n-dimensional Hausdorff measure.

When « : R — R* is a BV function, we denote by |0y, u| the total variation
measure of the partial derivative d,,u. Moreover, we define S, as the set of points
x where u is not approximately continuous and J, as the set of points x where u
jumps, that is, where it has approximate right and left limits with respect to some
fixed direction v(x) € S'~!. The BV structure theorem states that J, is a codimension
1 rectifiable set and that s#'~1(S, \ J,) = 0, where /=1 denotes the (I — 1)-
dimensional Hausdorff measure. Moreover, v(x) can be chosen so thatv : J, — si-1
is a Borel measurable function and coincides with the approximate normal to J,,. With
this choice of v(x), we denote by u™*(x) and u~ (x), respectively, the right and left
approximate limits of u at x. For any x ¢ S,,, we denote by i (x) the approximate limit
of u at x. The BV structure theorem implies also that the matrix-valued measure Du
can be written as

Du=u+[wr—u)@v 'L, (8)

where
. '~V J, denotes the Borel measure given by

AL, (A) = %171(A N J,) for any Borel set A;

. u(A) = 0 for any Borel set A such that 7/~ !(A) < oc.

We denote ¢ by Dyu, and we call it the diffused part of the measure Du. (In the
notation of [5] this measure is just the sum of the absolutely continuous part D,u and
the Cantor part D.u.) We can now state the chain rule of Vol’pert for BV functions.

THEOREM 2.5
Let u € BV(R!, R¥) and n € C'(R¥, R") be globally Lipschitz with (0) = 0. Then
nou € BV and

Dlnoul=[Dnoiil-Dgu + {nw™) — nu )] @v}. """ J,. 9)
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Remark 2.6

In [3] the authors proved a suitable extension of Theorem 2.5 to 7 € W', In what
follows we sometimes consider the measures D[# o u] for # which are merely Lips-
chitz. However, we do not need the general result of [3] since in all the cases consid-
ered in this paper we are able to use some ad hoc considerations.

2.3. Riemann problem for scalar laws
Let us consider the Cauchy problem

orp +dive[h(p)] =0,

. :RF xR" - R, (10
p(o’ ) — pln, p 1 X

where i : R — R™ is of class C. Fix p,v,a € R, sete := max{|la — S|, |la — y|},
and define
p forx, <O,

y forx, > 0.

o = |

Consider the entropy solution p of (10). It is easy to see that p depends only on ¢ and
Xm. Foreach T > 0, define

Z_»: = max{xm | p(T’ K] xm) = ﬁ}a
n:= min{xm |p(T, Y Xm) =) }

Then the following lemma holds.

LEMMA 2.7
If we denote by h), and h!), the mth components of the vector-valued functions h' and
h", then there exist constants C and o (depending only on h) such that

max{lf —Th, (o), In — Th;n(a)|} <2|h) (a)le + Cé? fore <. (1)

2.4. Regular Lagrangian flows

As explained in the introduction, renormalized entropy solutions can be formally con-
structed by solving first the scalar conservation law (4) and then the transport equation
(5).

Let u# be a renormalized entropy solution of (3). Assume that the initial data
uo is bounded away from the origin, that is, that |ug| > ¢ > 0. Then, from the
maximum principle for scalar conservation laws, it turns out that the renormalized
entropy solution u is bounded away from zero as well, that is, that |u| > ¢ > 0. Hence
we can define the angular parts 6y := ug/|ugl, @ := u/|u|, and we conclude that
solves the transport equation (5). In [4] the authors showed the existence of a locally
bounded map ¥ : R x R” — R such that
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. if 8y € L°°(R™), then é(t, x) :=0y(W¥(z, x)) is a weak solution of (5).

In view of [2, Lemma 4.7], which gives the uniqueness of weak solutions to (5),
necessarily @ = 6. In this paper we use the fact that ¥ (¢, -) is invertible (in a suitable
sense) for a.e. r and that if we denote by @ (z, -) the inverse of W (¢, -), then ® satisfies
the ordinary differential equation (ODE)

La(s,x) = g(p(s, (s, x))),

12
®0,x) =x, (12)

in the sense of Proposition 2.9. This property is not explicitly stated in either [4] or [2],
though it can be derived from the analysis of [2] (which combines the results of [1]
with suitable extensions of the ideas of [11]). Such a @ is called regular Lagrangian

Sflow.

First, we need the following stability property.

PROPOSITION 2.8
Assume that {f,} C C* is a uniformly bounded sequence and that f, — g(p) in
Ll . Let ®, be the solutions of the ODEs

loc*

[%C{)n(s,x) = fu(s, @uls, x)), (13)

0,00, x) =x.

If for some constant C we have C~! < det V,®,, < C, then ®, converges to a map ®
strongly in Llloc. Moreover, ®(s, ¥ (s, x)) = ¥ (s, (s, x)) = x for L™ -a.e. (s, x).
Proof

From the results of [1], it follows that the renormalization [2, Conjecture 4.3] holds
for (p, pg(p)). Hence it follows from the proof of [2, Proposition 4.4] that {®,} is
strongly precompact in LIIOC. Denote by @ the limit point of a subsequence of {®,,}.

Note that from the proof of Proposition 4.4 it follows that
. there exists a ¥ such that ¥ (s, ®(s, x)) = O (s, P(s, x)) = x for £"Hae.
(s, x);

. for any 0y € L, the function (z, x) := 0y (¥ (¢, x)) is a weak solution of (5).
Thus, [2, Lemma 4.7] (which gives the uniqueness of weak solutions of (5)) implies
that ¥ coincides with ¥ and that ® is independent of the subsequence. O

PROPOSITION 2.9

For L™ -a.e. x, we have the following:

(a) ®(-, x) is Lipschitz (and hence it is differentiable in t for £'-a.e. t);
(b) (t, ®(t, x)) is a point of approximate continuity of p for £'-a.e. t;



320 CAMILLO DE LELLIS
©  Lo@,x)=g(p, @, x)) for L-ae.t.

Proof

By a standard smoothing argument, it is easy to produce a sequence of smooth maps
Jfn»> pn such that

. cl< pn < C for some constant C independent of n;

. f» is uniformly bounded and converges to g(p) strongly in L
. Orpn + div(fupn) =0on RT x R™,

Denote by @,, the solution of (13), and set J, := det(V, ®,). From Liouville’s the-
orem it follows that o;J, + div(f,J,) = 0. Since J,(0, -) = 1, the maximum prin-
ciple applied to the continuity equation d,w + div(f,w) = 0 yields the fact that
C_lpn < Jp < Cpy, and hence c?< I < C2.

1 .
loc?

1
loc*

Since for every x the curves @, (-, x) are uniformly Lipschitz, we conclude that

Step 1. We can apply Proposition 2.8 and conclude that ®, — ® strongly in L
® (-, x) is a Lipschitz curve for £™-a.e. x. This gives (a).

Step 2. Fix a t and a subsequence (not relabeled) of ®,, (¢, -) which converges to @ (¢, -)
in Ll (R™). (Such a subsequence exists for & lae. t.)Let E C R™ be an open set.

loc

It is not difficult to show that
ZL™(@(t, ) (E)) < limsup 2™ (@4 (1, )" (E)) < C2L™(E). (14)
ntoo

Hence, for .#!-a.e. t, this bound holds for every open set E. This property gives (b).

Step 3. The strong convergence of @, implies that if 4, € C(R x R™) converges
locally uniformly to 7 € C(R x R™), then A, (-, ®,) converges to h(:, @) strongly
in Lll0 .- If hy — h strongly in Lll0 . and it is uniformly bounded, applying Egorov’s
theorem we find a closed set E such that 4, converges locally uniformly to 4 on E
and Z"TI(R x R™ \ E) is as small as desired. Recall that ®,, is locally uniformly

bounded. Applying Step 2, it follows that f;, (-, ®,) converges strongly to f (-, ®).

Step 4. Since @,, solves (13), we have

®,(t,x)=x +/t fu(r, @u(, x)) dr. (15)
0

From Step 3 we can find a subsequence (not relabeled) of {®,} such that f,(-, ®,)
converges to g(p (-, @)) pointwise almost everywhere on R x R”. From the dominated
convergence theorem we get

O(r,x) =x —l—/tg(p(r, ®(r,x)))dr  for L lae. (t,x).
0
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From this identity we easily conclude (c). O

3. Blowup of the BV norm for renormalized entropy solutions
In this section we prove the following proposition.

PROPOSITION 3.1
Letk >2, m >3 and g € C13(>c‘ Then, for every ¢ € RK\ {0} such that g'(|c|) # 0,
there exists a sequence of initial data ug : R" — R¥ such that

. lug — cliBv@®n) + llug — clloc = 0 forn 1 oo;
. ug = c on R™ \ Bg(0) for some R > 0 independent of n;
. if u" denotes the unique renormalized entropy solution of (3) with u™ (0, -) =

ug, then there exists r > 0 such that u" (¢, -) ¢ BV(B,(0)) for every n and for
everyt €10, 1[.
When m = 2, the same statement holds if, in addition, g"(|c|) is parallel to g'(|c|) or
1
g"(cl) = 0.

Before giving the proof of Proposition 3.1 we consider the special case of system (3)
when ¢ = (f£,0,...,0), that is,

Oru + O, [f (Ju)u] =0,

16
u(0,-) = ugp. (10)

The following is a corollary of Proposition 3.1.

PROPOSITION 3.2
Letk > 2, m > 2, and ¢ € RK\ {0} be such that f'(|c|) # 0. Then there exists a
sequence of initial data ugy : R" — R* such that

. lug — cliBv@®n) + llug — clloc = 0 forn 1 oo;
. ug = c on R™ \ Bg(0) for some R > 0 independent of n;
. if u™ denotes the unique renormalized entropy solution of (16) with u" (0, -) =

ug, then there exists r > 0 such that u" (t, -) ¢ BVioc(B;(0)) for every n and
for everyt €10, 1].

Roughly speaking, the proof of Proposition 3.1 is based on the following remark:
When m = 3, we can choose initial data, close to a constant, in such a way that
the behavior of the renormalized entropy solutions of (3) is close to the behavior of
solutions of (16). This seems to be no longer true for m = 2 unless g” (|c|) is parallel to
g’ (Ic]) (or g”(|c]) = 0). Due to this remark, we choose to give a quick self-contained
proof of Proposition 3.2.
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Remark 3.3

Concerning the behavior of u” for large times, in the case of Proposition 3.2 one can
construct initial data ug such that u” (z, -) & BV for any positive time ¢ > 0. In the
case of Proposition 3.1, it is difficult to track what happens for large times since in
order to carry on our proof we need the fact that the rarefaction waves generated by
|ug| do not interact.

3.1. Proof of Proposition 3.2
In the following, for any real number «, we denote by [a] the largest integer that is
less than or equal to a.

For the sake of simplicity, we prove the proposition when m = 2, f'(|c|) = 1,
and f(|c]) = 0. Only minor adjustments are needed to handle the general case. To
simplify the notation, on R? we use the coordinates (x, y) in place of (x1, x2).

Let {m;} be a sequence of positive even numbers such that

Zm,-Z_i < 00. (17)
i

Let 6 > 0 be so small that
. f is injective on [|c| — 24, |c| 4 2J];
. [=d,6] C f(llc| — 20, |c| + 25]).
Then, for i sufficiently large, we define r; as the unique number in [—24d, 2] such
that f(|c| + r;) = 27". Notice that for i sufficiently large, we have r; < 27/F1. Set
o = c¢/|c|, and for every i, choose an a; € Sk=1 such that |a; — a| = i 2.

Let I; be the interval [2~* , 2~i+1[ and subdivide it into m; equal subintervals

j— 12— . g2
(J .) iyt

Il.j = [Z_i +
mi mi

[ jettom).
Next, define the functions y; : R2 — S¢—1 g5

a; ify e I and [x2/]is odd,

o otherwise,

l//i(x: y) = [

and define the functions y; : R — Ras

ri ify e Il.j for j evenand x € [-M, M],
xitx,y):=1qr ifyc Il:i for j odd and x € [-M, M],

0 otherwise.
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Here M is a positive real number that is chosen later. Finally, we define

Po = lel + 2272, xis
wi(x,y) ifye I forsomei >nandx € [-M, M],
Oy (x,y) = ,
otherwise,
ug = pybp -

Figure 1 gives a picture of the partition of R? on which we based the definition of ug.

P is constant 0y is constant
on these strips on these rectangles

y y

Figure 1. Decomposition of the plane in open sets where pg
(resp., 96‘) is constant

Clearly, ||ug—cllo < |c|lay—a|+r,. Hence, asn 1 oo, we have |Jug—c|loo — 0.
Moreover, notice that ug — ¢ is supported on [—M, M] x [0, 1]. From now on we
assume that M is chosen larger than 1.

In order to show that

llug — C||BV(R2) — 0,

it is sufficient to show
o5 — lelllgy—2m.2m72) = O (18)
105 — allgy(—2a,2m12) = O- 19
Note that
Py — lelliBy—2m,2mpy < 4llug — cllooM? +2M me + (4M + 2)r,
i>n

< 4lluf — cllooM® +4M D mi27" + (4M + 2)r,,

i>n
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and, since > 27m; is summable, we get (18). Moreover,
105 — allgy(_amampy < 4105 — alloaM? +2M D" 2711722
i>n
+2M D [P+ + )T+ @M +2)n 7,

i>n

and the summability of > i ~2 gives (19).
Now we let u” be the unique renormalized solution of (16). Recall that p" := |u"|
is the unique entropy solution of (4) with initial data p(, which in our case is given by

op" + ox (f(p"Mp") =0,
pn(os ) = pg

Hence, if p; did not depend on x, we would have p"(t, y, x) = pg(x, y). Since p;

is “truncated,” this is not true. However, pg (-, y) is constant on [-M, M], and by the

finite speed of propagation of scalar laws, it follows that p" (¢, x, y) = p;(x, y) if
(t, x, y) belongs to the cone

(Vy? +x%* <eM — 1)},

where ¢ is a constant that depends only on || p{[lco. Thus for every 4 > 1, we can
choose M large enough (but independent of n) so that

p(t,x,y) = py(x,y) fort e[0,1]and (x,y) € [-4, 4] x [0, 1].

To find the angular part 8" (¢, x, y) := u" /|u"|(t, x, y), we use the fact that 6" is
constant on the curves @, (-, x), where @, solves the ODEs

LD, (s, x,y) = g(p" (s, ©u(s, X, ))),

(20)
®,0,x,y) =(x,y)

in the sense of Propositions 2.8 and 2.9. Hence it follows that for .#3-a.e. (z, x1, y1),
there is (xo, yo) € R? such that

. the curve @ (-, xq, o) is Lipschitz;
. (7, x0, yo) = (x1, y1);
J @ (-, x9, yo) solves (20) in the sense of Proposition 2.9.

Therefore every connected component of the intersection of the curve ®(-, xq, yo)
with [0, 1] x [—4, 4] x [0, 1] is a straight segment lying on a plane {y = const}.
If (7, x1, y1) € [0, 117 c [0,1] x [=4, A] x [0, 1], one of these segments contains
(t, x1, ¥1), and hence its slope is given by f(p"(z, x1, y1)). If we choose A large
enough, the curve @ (-, xg, yo) remains “trapped” on the plane {y = y;} for the whole
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time interval ]0, z[. Note that this choice of A depends only on f and on the L°°-norm
of p", which is uniformly bounded.

From now on, we assume that 4 (and hence M) have been chosen so as to
satisfy the requirement above. Recall that for Lae. (1,x, y) € [0, 113, we have
p"(t, x,y) = |c|+r; for some i, and hence f(p" (¢, x, y))) = 2~. From the previous
discussion we derive the following formulas, valid for .# 3lae. (1, x, y) € [0, 113
. if py(x, y) = |cl, then 0" (7, x, y) = Oy (x, y);

. if py(x,y) = |c| +ri, then 0" (¢, x, y) = Oy (x — 270 y).
Hence, for j € {1,m; —1},i > n,andl € {1, ..., 2{ — 1}, the function 6" (¢, -) jumps
on the segments

o joi . .
Sjil = {y N e t)2_‘]}

mi

(see Figure 2).

0" (t, -) is constant on
these rectangles

\ > I/

| W
the segments S; ;
Figure 2. The function 6" (¢, -) and the segments S ; ;

The total amount of this jump is given by

Ji = / |6") (1, %, y) — 0" (1, x, )|dA (x) = 127 |a; — o] = 1271i 72,
S

Joisl

Thus
mj—121—1 ;
16" (2, ) lIBv(0,112) = Z Z Z Ji = Z(zl —D(m; —1)Ji = 3 Z(mi —1)i~2
izn j=1 I=1 i>n i>n

(21)
Clearly, since |u"|(z, -) € BVNL® for every ¢, and it is bounded away from zero, it is
sufficient to show that 6 (¢, -) & BV([0, 1]?) for any 7 € 10, 1[.
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Recall that the bound (17) is the only condition required on the sequence of even
numbers {m; }. If we set m; = 2i 2 then (17) is clearly satisfied, whereas (21) is infinite.
O

3.2. Proof of Proposition 3.1
As in the proof of Proposition 3.2, for f# € R we denote by [£] the largest integer that
is less than or equal to /3.

The idea is to mimic the construction of Proposition 3.2. Hence we start with
piecewise constant initial moduli pj which are constant along m — 1 orthogonal di-
rections ey, ..., e, —1 and oscillate along the direction w orthogonal to each e;. The
solution p”" of the scalar law (4) is then constant along the directions eq, ..., ¢,_1.
Moreover, for small times, this solution consists of shocks and rarefaction waves that
do not interact. We impose two requirements on this construction.

. We choose w and the sizes and heights of the oscillations in such a way that
the distinct shocks and rarefaction waves do not interact for times less than
1. Hence in this range of times, between each couple of nearby shock and
rarefaction wave there is a space-time strip on which p is constant (see Figure
3).

. We choose w in such a way that the trajectories of solutions of (12) are
“trapped” in the strips for a sufficiently long time.

shocks rarefaction waves

p is constant
on these strips (denoted later by S; ;)

Figure 3. A (¢, )-slice of the evolution of p"
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Finally, we choose initial data 6 which oscillate along a direction perpendicular
to @ in such a way that in the strip mentioned above, 6" reproduce the behavior of the
construction of Proposition 3.2.

These requirements translate into geometric conditions on o and into analytical
ones on the various parameters that govern the oscillations. When m > 3 and g is not
constant, we can always satisfy these conditions. When m = 2, we are able to do it
only in some cases.

Since the construction is the same, we present the proof only when m > 3, and
without losing generality, we assume m = 3. We denote by 4 the function given by
h(p) = pg(p) and by B the positive real number |c|. Clearly, there exists a unit vector
o € R3 such that

w-g(B)=w-h'p), (22)
w-g'() =0, (23)
w-h"(B) = 0. 24)

Indeed, since h'(B) = g(B) + Bg’ (B), (22) reduces to (23). Thus the conditions above
reduce to finding a unit vector @ € R which is perpendicular to both the vectors
g'(#) and h”(B). We fix an orthonormal system of coordinates in R? in such a way
that w = (0, 0, 1).

Step 1: Construction of the modulus. Let {o;} be a sequence of vanishing positive real
numbers such that > o; < 0o, and let I; C R be the intervals

I .= [0, 0], I; ZZ[ Z 0‘5,20’,’].

i<l—1 i<l

Let m; be a strictly increasing sequence of even integers, and divide every /; into m;
equal subintervals Ilj for j € {1, ..., m;}. Finally, let {¢;} be a vanishing sequence of
real numbers, and set

p+a ifxze 1/ for some even j,

in
Pl (x1, X2, x3) 1= _
[,B otherwise.

Then, let p be the entropy solution of the Cauchy problem

{a,p + divi[h(p)] =0, (25)

p(0,) = p™.

Clearly, p is a function of # and x3 only. Moreover, recalling that /5 (/) = 0, we can
apply Lemma 2.7 in order to get the following property.
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(T) For every C1 > 0, there exists a C» > 0 such that if

2>, (26)
my

then every 1 / contains a subinterval J lj such that
. the length of Jl’ is bigger than Clalz;
. for every (1, &1, &, &3) € [0, 1] x R? x J//, we have

p(t, 1,6, & +1h5(B)) = p(0,&1, 8, 5). 27

For each couple j, I, we let S; ; be the strip

S1,j = {(t, x1, x2, x3) | 0 <7 <1land (x3—1th5(p)) € Jlj}.

Step 2: The flux generated by p. Denote by Bg C R> the ball of radius R centered at
the origin. It is easy to check that there exists a constant C3 such that

1P lviae < C3R® + CR2( D (mr + Dlayl). 8)
[

Hence, to ensure that pi“ € BV, it is sufficient to assume

> (mi+ Dla| < oo. (29)
I

Assuming that this condition is fulfilled, from the classical result of Kruzhkov we get
the existence of a constant M such that ||pllBv(o,1[xBg) < M||pi“||Bv(BR+M,). Thus
we can consider the regular Lagrangian flow @ for the ODE

Ld(s,-) = g(p(s, Ds, ),
®0,x)=x

(see Propositions 2.8 and 2.9). Fix any strip §; ; as defined in Step 1. Clearly, for
a.e. x, every connected component of the intersection of the trajectory curve y, :=
{®(t,x) | t € R} with the strip S ; is a straight segment. If j is even, then this
segment is parallel to (1, g(f)); otherwise, it is parallel to (1, g(f + «;)). Thus, if j
is even and (¢, x) € S ;, the portion of trajectory

Ti x := {®(s, &) for & such that @ (¢, &) = x and for s € [0, 1]}

is a straight segment contained in Sy ;.
Let us now turn to the case where j is odd. Note that

g(B+a) =gB)+ & Ba + 0(ap). (30)
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Thanks to the properties of w = (0, 0, 1), we have the fact that segments of the form

{(t.&+1(g(B) +ag' (B))) |0 <t <1and(0,%) € Sy ;} 31)

are subsets of S, ;. Recall (T) of Step 1. From (30) and (31) it follows that for C in
(T) sufficiently large, there exists a subinterval K; ; such that

. the length of K; ; is bigger than alz;

. ift € [0, 1]and x3 — 18" (B) € Ky, j, then the set

Tix = {®(s, &) |s €0,7] and @ (2, ¢) = x}

is a straight segment contained in S ;.
From now on, we fix C (and hence C») in such a way as to ensure the existence of
the segments K; ;.

Step 3: Construction of the angular part. We recall that g5(8) = g'(f) - @ = 0 and
that g5 () # 0. Since the construction of Step 2 is independent of the choice of the
coordinates x1 and xp, we can choose them so that g’(8) = (0, C4, 0), with C4 > 0.
Choose the g;’s in such a way that

g2(B+a) —g(B) =27

Then, clearly, there exists a constant Cs such that

27! »
— <a =<Cs27". (32)
Cs

Set # = ¢/|c|, and let 5y € S¥~! be such that |, — 5| = 2. Then define

. if x3 € I; and [2/x,] is even,
O (x1. x2. x3) 1= ull 3 . 1 [2°x2]
n  otherwise.

Set u'™ := pi"@'". Let u be the renormalized entropy solution of

<6tu + div,[g(Jul)u] = 0, (33)

u(, ) = u™.
We denote by 6 the angular part u/|u|. According to Propositions 2.8 and 2.9, 6 is

given by the formula
0(1,x) = 0" (¥, x)),

where W is a map such that @ (¢, ¥ (¢, x)) = ¥ (¢, ®(t, x)) = x for L*-ae. (¢, x). In
what follows, we denote by ®@, ! the map Y (z, ).



330 CAMILLO DE LELLIS

Step 4: Choice of parameters. We prove that for an appropriate choice of the various
parameters u™ € BV),c, whereas u(t, -) is not in BVj, for any t €10, 1]. Recall that

= [u™| and p(¢,-) = |u|(z, -) are both in BV}, and that Cs =< p =< Cg for some
posmve constant Ce. Thus our goal is to choose the parameters ¢g; and m; in such
a way that O™ € BV, and 0(¢, ) & BV for every ¢ €]0, 1]. Note that for some
constant C7,

. 2!
16" I8vise < 1R+ CrR? (X o+ 3 172). (34)
1 1

Hence, choosing g; = 2~!, we conclude that 6 € BV(B g) for every R > 0.

Now we choose m; = 22, and since from (32) we have q; < C 522_1, we clearly
fulfill the condition (29), which is the only one we required on the sequence {m;}.
Thus we get

o — 21+

my
Since from (32) we have a? < Cs27%, clearly (26) is fulfilled for any constant Cs,
provided that / is large enough. Thus we get the existence of a constant Cg such that
the segments K; ; of Step 2 exist for any / > Cs.

Fix t €]0, 1] and [ > Cs. Recalling that (¢, x) = Hin((Dt_l(x)) and taking into
account the properties of @ proved in Step 2, we conclude the following.

. If j € [1,m;] is even and & ; belongs to the segment J; ;, then

m if [2/(xy — 1g2(B))] is even,
n  otherwise.

0(t,x1,x2,8,; +183(B)) = [

. If j € [1,m;]is odd and ¢, ; belongs to the segment K; ;, then

m o if [2'(x2 — 182(B + a@)))] is even,
n  otherwise.

0(t,x1,x2,8,; +183(B)) = [

Recall that g5 (8 + a;) — g2(f) = 2~'. Thus for any j € [1, m; — 1], we have
Ay j :=/ , |0(2, x1,x2, &, +183(B)) — (1, x1, x2, & j41 + 183(B)) | dx1 dxz
[0,1]
=ty —nl =172

Thus

2 _
> =ty 2 7 ' o (35)

1>Cs 1<j<m;—1 [>Cg [>Cg
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Note that if (¢, -) were locally in BV, then 0,,6(¢, -) would be a Radon measure.
Denote by u the total variation measure of dy,0(z, -), and denote by .7 ; the stripes

A, = {1, x2,x3) | (x1,x2) € [0, 11% and (x3 — 1g3(B)) € [, &, j+11}-

Then A;; < u(#,;). The 7 ; are pairwise disjoint, and for R’ sufficiently large,
they are all contained in the ball Bg:. Thus we would get

Z Z A < Z Z u(1,j) < u(Bg) < oo,

I=Cg 1<j<m;—1 I=Cg 1<j<m;—1
which contradicts (35). Hence we conclude that 6(¢, -) is not in BV(Bgs) for any
t €]0, 1].

Step: Truncation of the construction and conclusion. Next, define i : R? — R? as

u™(x1,x2, x3) if x3 € I; for some [ > n,

io(x1, x2,x3) 1= .
c otherwise.

Clearly, |lig — clloo + lliig — cllBv()y — O for every bounded open set U C R3.
Moreover, if we denote by " the renormalized entropy solution of

Oru + divz~[g(lu|)u] =0, (36)
u(0, 1) = ug,
then u" (¢, -) € BV(Bg) for any ¢ € ]0, 1]. Finally, let M > 0, and define
at(x1, x2,x3) ifx?4+x24+x2 <M,
ug(x1, x2, x3) 2={ 0 bomen s
c otherwise.
Let u" be the renormalized entropy solution of
Oru + divy[g(Ju|)u] =0, 37)
u(0, ) = uy.

The proof of [2, Proposition 2.11] gives the existence of an M sufficiently large such
that u” = u" on [0, 1] x Bgs for any n. Hence the sequence {u} has all the properties
required by the proposition. O

3.3. Bounds in different spaces
Varying the parameters involved in the proof of Proposition 3.2, one can construct
initial data u;; with renormalized solutions u" which have the following properties:
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. the sequence {u} satisfies the BV- and L°°-bounds of Proposition 3.2;

. the restriction of u” to {t} x [0, 1]™ is piecewise constant on the elements U}"
of a countable partition by open sets;

. Jur = ({r} x [0, 1]™) \ |J U} is the union of countably many Lipschitz hy-
persurfaces;

. if we denote by (#")™ and (u,)~ the right and left traces of u™ on J,», then

/ (Wt — ")) d#"m " =00 for every positive j. (38)
Jun

Similar examples are possible in the more general case, but the maximal j for which
(38) holds seems to depend on the number of space variables and on the regularity of
g. Building on them, it would be interesting to understand if W*”-norms (for a < 1)
also blow up in finite time. However, this requires more than (38); in particular, it
needs more subtle computations involving the dislocation of the jump set (see, for
instance, [10]).

4. Proof of Theorem 2.4
Theorem 2.4 is a consequence of Proposition 3.1 and of the following.

PROPOSITION 4.1

Let ug € L¥(R",RY), and let C be the closure of the convex hull of its essential
image. Assume that

(a) either 0 & C or it is an extremal point of C;

(b) u is a bounded entropy solution of (3);

(c) u € BV(]0, T[ x U) for some T > 0 and for some bounded open U C R™.
Then u is a renormalized entropy solution of (3) on 10, T[ x U.

Proof
Define p := |u| and pg := |ug|. The goal is to show that p is an entropy solution of
the scalar law

Orp + div[g(p)pl = 0, (39)
p(0, ) = luol
in]O,T[x U.
Actually, it is sufficient to show that p is a weak solution of (39) in ]0, T[ x U.
Indeed, note that for every # : RT — R which is convex and increasing, #(Ju|) is a
convex entropy for the system (3). (The entropy flux is of the form ¢ (|u|) for ¢ such
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that ¢' = n’g’.) Thus we have

/ 0 | o e.n(p0.2) + Vawe.2)- alpte.) ] dr dz

+ / w(0,2)n(po(z)) dz = 0 (40)
Rm

for every nonnegative smooth test function y. Moreover, if p is a weak solution of
(39) in ]0, T[ x U, then for every linear function L : R — R we get the following
equality forevery y € C°(1 - T, T[x U):

/ 0/'" [8,1,//(t, z)L(p(t,Z)) + Vew(t, z) - Q(p(t,z))]dt dz

+ [ voaLp@)dz=0. @

where Q : R — R™isgivenby Q = (L(g1), ..., L(gn)). Given any convex function
&, we can write it as L+#, where L is an appropriate linear function and 7 is increasing
on the half-line R™. Thus, summing (40) and (41), we conclude that p satisfies the
entropy inequality for ¢ and for every nonnegative w € C°(] — T, T[ x U), and
hence that p is an entropy solution of (39) in ]0, T[ x U.

We now come to the proof that p is a weak solution of (39), which we split into
several steps.

Step 1. Recall that p is a weak solution of (39) in J0, T'[ x U if it satisfies the identity

/ /m pt,2) [y (t,2)+8(p(t,2)) Vey(t, 2)]dt dz+/m w(0,2)po(z)dz =0
t>0 R (42)
forevery y € C*(1—T,T[ x U).
Recall that ||u||gv (v x10,77) is finite. Hence we claim that, thanks to the trace prop-
erties of BV functions, in order to prove (42) it suffices to check that

the Radon measure 11 = ¢,p + div (pg(p)) vanisheson 10, T[ x U.  (43)

Indeed, by a standard approximation argument, we get the following estimate for every
t <T:

t t
/ / u(z, 2) — uo(2)| dz d s/ 0l (10, <[ x U)d < t],ul (10, [ x U),
0 U 0
From this we conclude
t
/ / (2. 2) — po()| dzdz < 11u]10, 1] x U). (44)
0 U

Fix y € C*(Q—T,T[x U), and let {y;} C C*([0, T]) be such that
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. xi = lfort >2/i;

. xi =0fort <1/i;

. 0< Xi/ < 4i.

Then v y; is compactly supported in JO, T[ x U, and from (43) we get

T
/ / xi(@p (e, oy (1, 2) + 8(p(7,2)) - Vaw(z,2)]dzdr
0 Rm
2/k
+/(; /Rm Xi(T)P(Ta Z)l//(‘[, Z)dZd‘[ =0. (45)

As i 1 oo, the first integral in (45) converges to

T
|| e olawe +glp.2) - Vot o) dzdr.
0 R"l

Concerning the second integral, we recall that foz/ i x; = 1 and we write

2/i
[ e v adid - [ m@po.od]
2/i
=[] d@e e - mew.1dzde]
0 R™
2/i
<ai [ e = w0, ldr iz
2/i
<dilple [ [ W= pO.0ldra:

2/i
-|r4i||l//||oo/0 /R lp(z,2) = p(0,2)|dr dz.

Note that, for i 1 oo the first term tends to 0 because y is smooth. Thanks to (44), the
second term is bounded by

Clo;u|(]10,2/i[ x U), (46)

where C is a constant independent of # and U is a bounded set. Since |6;u| is a Radon
measure, we conclude that the expression (46) tends to zero for i 1 oo. Thus we
conclude that

2/i
lim / 2 @p(t, )y (z,2)dzdr =/ po(D)w(0,z)dz.
0 R™ R™

itoo

Hence, passing into the limit in (45), we get (42). Therefore we are left with the task
of proving (43).
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Step 2. We wish to use the entropy inequalities and apply Theorem 2.5 to conclude that
4 is supported on the jump set (or shock set) J,. However, this is not possible since
the function |u| is not C! in the origin (cf. Remark 2.6). We approximate this function
uniformly with smooth C! convex functions of the form 7, (|u|). Clearly, these func-
tions are also entropies for the system of Keyfitz and Kranzer, and their entropy fluxes
are of the form ¢, (|u|) for some functions g, (t) which converge uniformly to g (z).

Letv : J, — R™ be a Borel vector field, and let ¢ : J, — R be a nonnegative
Borel function such that (¢, v)/+/¢2 + |v|? is normal to J, 5#™-a.e. Then the chain
rule of Vol’pert gives

&l (p)] + divlga(p)] = (% + WDV [ (1 (D) = na(u™ 1))
+ (Qn(|u+|) - Qn(|u7|)) : V] A"y

Passing to the limit in n, we get

=+ ATt = w4 (et lg(u™]) — ™ |g(u™])) -v] 2™ L .
(47)
Thus we must prove that

(¢ +gu D -v)ut)=(C+g(u™D-v)lu™|, HA™-aeonl,.  (48)

In what follows, for the sake of simplicity we drop the .77 -a.e.
Since u is a weak solution of (3), when F(v) := g(|v]) @ v is C' we can apply
Theorem 2.5 to get

(g(utD v+ )ut = (g(u™)-v+)u. (49)

In order to derive (49) when 0 is a singularity for D F', we approximate F with F, :=
g(nn(u)) ® u. Then we get

diu + divy (F(u)) = Dqu + DFy(it) - Dgu
+ [t —u)+ (Fur) = Fu™)) - v] "L Jy.  (50)

Clearly, the left-hand side converges to 0 = d;u + divy (F(u)). Moreover, the second
term of the right-hand side converges to

[t -v +)ut = (g(u™D) v+ )u" | A" LI,

in the sense of measures. If we choose the approximations F, in such a way that the
DF,, are locally uniformly bounded, the measures D F;, (i) - Dyu converge to y | Dgu|
for some bounded Borel function y. Since |Dgu|(J,) = 0, we conclude that (49)
holds.
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From (49) we get

lg(utD -v+c|lut=|g(u™)-v+|lul (51)

If Jut| (or |u™]|) vanishes, (48) follows trivially. Hence, after setting p™ := |u™|, we
restrict our attention to the subset of J,, given by G := {p™ # 0 # p~}. On this set
we define 6% := u*/p*, and we note that (49) becomes

[(¢(e™) - v+)]pT 0" =[(s(p7) - v+)]p70". (52)

Since 0F € S*~! we conclude that either % = 0~ or 67 = —6~. In the next
step we prove that if D is the closure of the convex hull of the essential image of
uljo,7[xR™, then either 0 & D or 0 is an extremal point of D. This rules out the
alternative # = —6~. Therefore we conclude that #T = §~ on G, from which (48)
easily follows.

Step 3. In order to complete the proof, it remains to show that if D denotes the closure
of the convex hull of the essential image of uljp, 7[xRrm, then either the origin is not
contained in D or it is an extremal point of D. Recalling (a), this property is true for
the closure C of the convex hull of the essential image of u#g. Choose ¢, . .., & unit
vectors of R¥ such that

C C {x|x-& <Oforeveryi}

and 0 is an extremal point of {x | x - & < Ofor every i}. We show that the essential

image of u is contained in {x | x - & < 0} for every i.
Fix i, and denote by 77 : R¥ = R, g : R — R” the functions

f [ =Y,
n(U) = {0 T -U=0 ) = gqupn.

& - U otherwise,

Note that (7, g) is a convex entropy—entropy flux pair. Clearly, #(ug) = 0, and a
standard argument borrowed from the theory of Kruzhkov for scalar laws implies that
n(u) = 0. We include this argument for the convenience of the reader.

Since #(uo) = 0, the boundary term in the entropy inequality (7) disappears. Fix
anonnegative test function y € C°(RxR™), and forevery ¢ < T, define a sequence
Xr.i € C%°([0, 7]) such that
. xri(s) =0fors > 7;

. xni(s)=1fors <7 —1/i;
. 0> X;,i > —2/i.
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We test (7) with y (s, x) x;,i (s), and we let i 1 o0o. Using a Fubini-type argument, we
conclude that the following inequality is valid for a.e. 7:

T
/ /m n@)ory(s,x) +qu) - Vyw(s,x)dsdx — /m 7’](14(‘[, x))t,u(r,x) dx > 0.
0 JR 53)
Using a countable dense set of test functions, we conclude that for a.e. 7, (53) holds
for any test function y € C2°(R x R™).
Since u is bounded, there is a constant C such that |g(JU])|] < C, and hence
Cn(u) > |g(u)|. It is not difficult to show that for every R > 0, there exists a non-
negative test function y such that

—o6;y > C|Vyw| on[0,7] x R™,

w(t,x) =1 foreveryx € Bg.

For such a test function, the first term on the left-hand side of (53) is nonpositive.
Thus we get

/ n(u(t, x)) dx 5/ n(u(t,x))y(r,x)dx < 0.
Bgr R™

Since this inequality holds for every R > 0 and for a.e. © €]0, T[, we get n(u) < 0.
This completes the proof. O

In view of this proof, the following seems likely.

CONJECTURE 4.2

Let u be a bounded entropy solution of (3), and denote by C the closure of the convex
hull of its essential image. If 0 & C or if it is an extremal point of C, then u is a
renormalized entropy solution.

We conclude the section with the following.

Proof of Theorem 2.4
Let u, be the initial data of Proposition 3.1, and let 4 > 0 be such that the correspond-
ing renormalized entropy solutions u” (¢, -) are not in BV(B;(0)) for any ¢ € ]0, 1[. Let
u" be any other entropy solution of (3) with initial data u;,. For any ¢ > |lug |0, we
apply the argument of Step 3 of the proof of Proposition 4.1 to the entropy 7(|u|) :=
(lu|=c)1jy >c. It turns out that #(|u|) = 0, from which we conclude [|i" ||oo < [l || co-
Hence 4" is uniformly bounded.

Fix T €]0, 1[, and let y > 0 be the supremum of the nonnegative R’s such that
u" € BV(]0, T[x Br(0)). From Proposition 4.1, we get the fact that " is a renormal-
ized entropy solution on ]0, T'[ x B, (0). The proof of [2, Proposition 2.11] gives that
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there exists a constant C > 1 depending only on f and ||u" | s such thatif y > CA4,
then " = u" on ]0, T[x B;(0). But in this case we have u” € BV(]0, T[x B;). Hence
we conclude that y < CA. Therefore i ¢ BV(]0, T[x B¢;(0)) forevery T €10, 1[,
and hence " ¢ BV(]0, T[x B¢, (0)) for any positive T'. ]

References

[1] L. AMBROSIO, Transport equation and Cauchy problem for BV vector fields, Invent.
Math. 158 (2004), 227 —260. MR 2096794

[2] L. AMBROSIO, F. BOUCHUT, and C. DE LELLIS, Well-posedness for a class of
hyperbolic systems of conservation laws in several space dimensions, Comm.
Partial Differential Equations 29 (2004), 1635 -1651. MR 2103848

[3] L. AMBROSIO and G. DAL MASO, A general chain rule for distributional derivatives,
Proc. Amer. Math. Soc. 108 (1990), 691 —702. MR 0969514
[4] L. AMBROSIO and C. DE LELLIS, Existence of solutions for a class of hyperbolic

systems of conservation laws in several space dimensions, Int. Math. Res. Not.
2003, no. 41, 2205 —2220. MR 2000967

[5] L. AMBROSIO, N. FUSCO, and D. PALLARA, Functions of Bounded Variation and Free
Discontinuity Problems, Oxford Math. Monogr., Oxford Univ. Press, New York,
2000. MR 1857292

[6] P. BRENNER, The Cauchy problem for the symmetric hyperbolic systems in LP, Math.
Scand. 19 (1966), 27 —37. MR 0212427

[7] A.BRESSAN, An ill posed Cauchy problem for a hyperbolic system in two space
dimensions, Rend. Sem. Mat. Univ. Padova 110 (2003), 103 - 117. MR 2033003

[8] C. M. DAFERMOS, Stability for systems of conservation laws in several space
dimensions, SIAM J. Math. Anal. 26 (1995), 1403 — 1414. MR 1356450

[9] ———, Hyperbolic Conservation Laws in Continuum Physics, Grundlehren Math.
Wiss. 325, Springer, Berlin, 2000. MR 1763936

[10] C. DE LELLIS and M. WESTDICKENBERG, On the optimality of velocity averaging
lemmas, Ann. Inst. H. Poincaré Anal. Non Linéaire 20 (2003), 1075 - 1085.
MR 2008689

[11] R.J. DI PERNA and P. L. LIONS, Ordinary differential equations, transport theory and
Sobolev spaces. Invent. Math. 98 (1989), 511 —547. MR 1022305

[12] H. FRID, Asymptotic stability of non-planar Riemann solutions for multi-D systems of

conservation laws with symmetric nonlinearities, J. Hyperbolic Differ. Equ. 1
(2004), 567 —579. MR 2094530

[13] B. L. KEYFITZ and H. C. KRANZER, A system of nonstrictly hyperbolic conservation
laws arising in elasticity theory, Arch. Rational Mech. Anal. 72 (1980), 219 -241.
MR 0549642

[14] J.RAUCH, BV estimates fail for most quasilinear systems in dimension greater than

one, Comm. Math. Phys. 106 (1986), 481 —484. MR 0859822



BLOWUP OF THE BV NORM 339

Department of Mathematics, Eidgenossische Technische Hochschule Zentrum, Ramistrasse 101,
CH-8092 Ziirich, Switzerland; camillo@math.ethz.ch



