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Zusammenfassung:

Wir befassen uns mit einigen Fragestellungen zur Regularitdt von
Almgren’s Q-valued functions.

Insbesondere betrachten wir Regularitiit am Rand fiir Minimierer der
Dirichlet-Energie und die Holder-Stetigkeit von Energie minimierenden Q-
valued harmonic maps.

Q-valued functions sind mehrwertige Funktionen mit genau Q Werten,
wobei Multiplizitdten berticksichtigt werden. Diese Funktionen wurden von
F. Almgren 1983 eingefiihrt. Wir kénnen zeigen dass Minimierer der
Dirchilet-Energie unter gewissen Voraussetzungen an die Regularitit der
Randwerte und des Gebietes, Holder-stetig sind bis zum Rand.

Energie minimierende Q-valued functions die nur Werte in einer
Riemannschen Mannigfaltigkeit annehmen sind zumindest Holder-stetig
auf einer grofien Teilmenge im Inneren ihres Gebietes.

Des Weiteren geben wir Beispiele fiir holomorphe Funktionen die
Nullstellen unendlicher Ordnung an Randpunkten besitzen. Diese kénnen
als Einladungen dienen Randregularitdt ndher zu betrachten. Die
prasentierten holomorphen Funktionen haben die iiberraschende
Eigenschaft, dass ihre Nullstellenmenge zum Rand hin sehr grofs wird.
Trotz allem sind sie selbst nicht konstant Null.

Summary:

We address various regularity questions concerning Almgren’s Q- valued
functions.

In particular boundary regularity for Q-valued Dirichlet minimizers and
interior Holder regularity for Q-valued harmonic maps is considered.

Q-valued functions are multiple valued functions taking exactly Q values,
counting multiplicity introduced by F. Almgren 1983. We are able to show
that such a functions minimizing the energy of its slope behave Holder
continuous up to he boundary if the boundary data and domain are
sufficient regular. If the target is restricted to be a Riemannian manifold
such an energy minimising functions is at least Hoélder continuous on a
large portion of the interior of its domain.

Furthermore we present examples of holomorphic functions vanishing to
infinite order at boundary points as an invitation to discuss boundary
regularity. Surprisingly functions of this specific class can vanish on a large
set towards the boundary still not being constant zero.
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REPORT ON MY RESEARCH ON SOME REGULARITY
QUESTIONS REGARDING MULTIVALUED/ Q-VALUED
FUNCTIONS

JONAS HIRSCH

INTRODUCTION

In his pioneering work [1], F. Almgren developed a theory of multivalued func-
tions. He introduced them as @-valued functions. @ € N, fixed, indicates the
number of values the function takes, counting multiplicity. We will refer to them
from now on as )-valued functions. Their purpose had been the development of a
proof of a regularity result on area minimizing rectifiable currents.

F. Almgren considered it to be the ”most pressing” problem in geometric measure
theory and he considered the theory of ()-valued functions as an essential tool as
the following quote indicates:

”Its solution has required development of several new geometric and
analytic techniques, central among which is utilization of @-valued
functions to study branching phenomena.”!

The necessity of understanding branching and the essential motivation introducing
multivalued functions can be demonstrated by the following example in complex
function theory:

Consider the complex variety V = {(z,v) € C?: 22 = v3}. Observe that (0,0) is a
true branch point in the sense that there does not exists an open neighbourhood U
of (0,0) s.t. YN U is an immersed surface. Y N U is always a multivalued graph.
To every z = 7€' on has the three roots v; = r%ei(%“%ﬂ),j =0, 1,2. One cannot
define a root function that is continuous on the whole complex domain C, because
assuming such a continuous function exists and following the path ¢ € [0, 1] > e?27¢
around zero will end up on an other sheet contradicting the continuity. But the
complex variety V can be considered as a two dimension surface in R* = C2. Based
on a classical computation of Wirtinger [24], Federer observed that complex vari-
eties are calibrated and therefore area minimizers in their homology class [6, 16,
section 5.4.19]. This example demonstrates that branching occurs for area min-
imizers in higher codimensions. If one allows a function to take several values,
something like "z — {r%ei%“%ﬂ}j:o’l,g’ﬂ V can still be written as a graph over a
flat disc.

Following a groundbreaking idea of De Giorgi in the single valued setting, F. Alm-
gren uses that the first order term in the Taylor expansion of the area integrand
for @Q-valued Lipschitz-graph corresponds with the Dirichlet energy. Therefore he
consideres in his work [1] mainly Dirichlet minimizing @-valued functions.
Nonetheless he was thinking already about other possible applications as the fol-
lowing quote shows:

1. Almgren, [1], page 1
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"1t is one of the objects of the study of multivalued functions to pro-
vide a setting in which very general surfaces can be represented as
images of simple domains (such as disks) under multivalued map-
pings. One of the main reasons for wanting to do this is to be
able to utilize functional analytic techniques in novel ways in the
geometric study of such surfaces;...”?

My research was mainly concerned with the study of general regularity questions of
(Q-valued functions. This is a report about the outcome, three independent results.
Therefore a report structure is chosen and each can be read and understood on its
own. To facilitate this each part starts with its own introduction. There we present
its results, structure and put into context to other works.

The common thread are @Q-valued functions. Since there are nonetheless some fur-
ther links between them we give now a brief overview. For example in every part
a regularity questions in this context is addressed. More precisely my research was
focused on two main aspects: boundary regularity for Dirichlet minimizers and in-
terior regularity for @)-valued harmonic maps.

Part O
We give an overview on @-valued functions. We restrict us to the essentials needed
to understand the three other parts. So this part recalls the basic definitions and
results omitting the proofs. More refined definitions and results are presented at
the places where they are actually needed. This is done to keep this part as short
and easy as possible. For a more detailed and a more or less complete picture we
recommend [12].

Part 1
We consider the Holder continuity for the Dirichlet problem at the boundary. Alm-
gren introduced the Q-valued functions for studying regularity of minimal surfaces
in higher codimension. The Holder continuity in the interior for Dirichlet minimiz-
ers is an outcome of Almgren’s original theory [1], to which C. De Lellis and E.N.
Spadaro’s work have given a simpler alternative approach [12]. This part extends
the Hélder regularity for Dirichlet minimizing @-valued functions up to the bound-
ary assuming C' regularity of the domain and C%® regularity of the boundary data
with a > %

Part 2
We present examples of holomorphic functions that vanish to infinite order at points
at the boundary of their domain of definition. They give rise to examples of Dirichlet
minimizing @-valued functions indicating that ”higher”-regularity boundary results
are difficult. Furthermore we discuss some implication to branching and vanishing
phenomena in the context of minimal surfaces, @)-valued functions and unique con-
tinuation.

Part 3
We consider multivalued maps into a smooth, compact Riemannian manifold locally
minimizing the Dirichlet energy. An interior partial Holder regularity result in the
spirit of R. Schoen and K. Uhlenbeck is presented. Consequently a minimizer
is Holder continuous outside a set of Hausdorff dimension at most N — 3. As
mentioned before, F. Almgren’s original theory includes a global interior Holder
continuity result if the minimizers are valued into some R™. It cannot hold in

2J. Almgren, [1], page 8



4 J.HIRSCH

general if the target is changed into a Riemannian manifold, since it already fails
for ”classical” single valued harmonic maps.
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Part 0. Short overview of some general results on Q-valued functions
0.1. INTRODUCTION

This preamble recalls the basic definitions and results on Q-valued functions
needed to understand each of the three parts. The theory is presented omitting the
actual proofs. They can be found for instance in C. De Lellis and E. Spadaro’s work
[12]. More refined results and definitions will be introduced at places where these
are actually needed. For example the appendix to part 1 contains an interpolation
lemma in the spirit of Luckhaus with boundary functions in a fractional Sobolev
space and a WP s > % selection criterion and the appendix to part 3 contains an
intrinsic proof the ”classical” Luckhaus lemma. In the appendix to this preamble
we present a concentration compactness result. It is along the same lines and indeed
inspired by C. De Lellis and E. Spadaro’s version [14, Lemma 3.2].

0.2. Q-VALUED FUNCTIONS

We follow mainly the notation and terminology introduced by C. De Lellis and
E. Spadaro in [12]. Tt differs slightly from Almgren’s original one. @Q,Q1,Q2,...
are always natural numbers.

The space of unordered sets of () points in R™ can be made into a complete metric
space.

Definition 0.2.1. (Ag(R™),G) denotes the metric space of unordered Q-tuples
given by

Q
Ag(R™) = {T: > It]: ti e R i = 1,...,Q}
i=1

and if Pg is the permutation group of {1,...,Q} the metric is given by

Q
2 . 2
G(S,T) = Urggg ;Isi —tom|*

We use the convention [t] = d; for a Dirac measure at a point ¢ € R". Con-
sidering T = Z?Zl[[tzﬂ as a sum of () Dirac measures one notice that Ag(R™)
corresponds to the set of O-dimensional integral currents of mass @ and positive
orientation. Hence we will write

Q
spt(T) = {t1,...,tq: T = [t:]} CR™
i=1

Furthermore Ag(R") is endowed with an intrinsic addition:

Q1 Q2
+: 'AQ1 (Rn) x 'AQz (Rn) - 'AQ1+Q2 (Rn) S+T = Z[[Slﬂ + Z[[tlﬂ
i=1 i=1
We define a translation operator
Q
®: AQ(R™) x R » AQ(R") T@s=Y [t;i+s].
i=1

The metric G defines continuity, modulus of continuity, Hélder and Lipschitz conti-
nuity and (Lebesgue) measurability for functions from a set @ C RV into Ag(R"),
few: Q — AgR™).
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As it has been shown in [12, Proposition 0.4] for any measurable function u :  —
Ag(R™) we can find a measurable selection i.e.

Q
v=(v1,...,00) : @ = (R")? measurable s.t. u(z) = [v](z) = > _[vi(x)].
i=1
Selections of higher regularity are considered in [11], [12, Proposition 1.2] and in
the appendix B.3.

We will write |u(x)| = Z?:1|Ui(9€)|2 = G(u(z), Q[O0]).

Definition 0.2.2. The Sobolev space W12(2, Ag(R")) is defined as the set of
measurable functions u : Q@ — Ag(R™) that satisfy
(wl) z — G(u(z),T) € WH(Q,Ry) for every T € Ag(R");
(w2) Jp; € L*2(Q,Ry) for j = 1,...,N s.t. |D;G(u(z),T)| < p;(z) for any
T € Ag(R™) and a.e. z € Q.

It is not difficult to show the existence of minimal functions ¢;, in the sense that
@;(x) < @j(x) for a.e. x and any ¢; satisfying property (w2), [12, Proposition 4.2].
Such a minimal bound is denoted by |D;u| and is explicitly characterised by

|Djul(z) = sup {|D;G (u(x), Ti)|: {Ti}ien dense in Ag(R™)}.

The Sobolev ”semi-norm”, or Dirichlet energy, is defined by integrating the mea-
surable function |Du|? = Z;Y:1|Dju\2:

J
(0.2.1) /|Du|2 :/Z|Dju|2.
Q et

Strictly speaking it is not a "semi-norm”. W12(Q, Ag(R™)) is not a linear space
since Ag(R™) lacks this property.

A function u € WH2(Q,R") is said to be Dirichlet minimizing if

(0.2.2)

/|Du|2 = inf {/ |Dv|?: v e WH2(Q, Ag(R™)), G (u(x), v(z)) € W01’2(Q,R+)} :
Q Q

On Lipschitz regular domains 2 C RY one has a continuous trace operator as
for classical single valued Sobolev functions
cWh2(Q, Ag(R™)) — L*(092, Ag(R™)).
The definition of W12(Q, Ag(R™)), definition 0.2.2, implies that on a Lipschitz

regular domain Q@ C RV one has that G(u(z),v(z)) € Wy*(€) corresponds to
u|80 = v|aQ for any u,v € Wh2(Q, Ag(R™)).

d
2Q

As a consequence of a Rademacher theorem for multivalued Lipschitz functions,
[12, section 1.3 & Theorem 1.13] a Sobolev function u € Wh2(Q, Ag(R")) is a.e.
approximately differentiable in the sense

(1) Uy, = Q@ = AQ(R™ x Hom(RN,R")), z — U, = Z?Zl[[(ul(x),Ui(x))]]
measurable with U;(z) = U;(z) whenever u;(z) = u;(z);

(2) U, defines a 1-jet JU, : @ x RY — Ag(R") by JU.(y) = Z?:1[[Uz(x) +
Ui(z)(y — z)], that has the additional property that JU,(z) = u(x) for a.e.
x e

(3) for a.e. z € Q, 3E, C Q having density 1 in z s.t. G(u(y), JUs(y)) =
o(ly — z|) on E,.
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As one may guess the 1-jet corresponds to a first order ” Taylor expansion”, that
becomes apparent in the proof of Rademacher’s theorem, [12, Theorem 1.13]. One
can show that |Djul|(z) = 2?21|Ui(x)ej|2 for a.e. x € Q, [12, Proposition 2.17].
From now on we will write Du;(z) for U;(z) and Dju,(x) for U;(z)e;.
For a definition of C*(Q, Ag(R™) see section 2.7.2.

A useful tool is Almgren’s bi-Lipschitz embedding of Ag(R") into some RY. A
remark of Brian White improved it, compare [12, Theorem 2.1 & Corollary 2.2]:

Theorem 0.2.1 (bi-Lipschitz embedding). There ezists m = m(Q,n) and an in-
jective map € : Ag(R™) — R™ with the properties

(i) Lip(§) <1 and Lip(§ g(an®ny) < C(Q,n);
(ii) VT € Ag(R™) 36 = §(T) > 0 such that |E(T) — &(S)| = G(T,S) for all
S e B;(T) c Ag[R™).
There is a retraction p : R™ — Ag(R™) because of (i) and the Lipschitz extension
Theorem, e.g. [12, Theorem 1.7].

As a consequence |Du|(x) = |Déoul(z) for a.e. x € Q for any u € WH2(Q, Ag(R™)).
We want to remark that the image of Ag(R™) under £ in R™ is not convex neither
a C? manifold. Thus there is no ”nearest point” projection not even in a tubular
neighborhood.

Two cornerstones in the context of Dirichlet minimizers that are of interest for
us in the following are (c.p. with [12, Theorem 0.8 & Theorem 0.9]): .

Theorem 0.2.2 (Existence of Dirichlet minimizers). Let v € W12(Q, Ag(R™))
be given, then there exists a (not necessarily unique) Dirichlet minimizing u €
Wh2(Q, Ao (R™)) with G(u(z), v(z)) € Wy (2, R,).

Theorem 0.2.3 (interior Holder continuity). There is a constant ag = ap(N, Q) >
0 with the property that if u € W12(Q, Ag(R™)) is Dirichlet minimizing, then
u € C% (K, Ag(R™)) for any K C Q@ C RN compact. Indeed, |Du) is an element
of the Morrey space L>N 727220 with the estimate

(0.2.3) 2 N—2a0 / |Dul? < R27N72°‘“/ |Du|? for r < R, Br(z) C Q.
By(x) Br()
For two-dimensional domains ag(2,Q) = é is explicit and optimal.
Both results had been proven first by Almgren in [1] and nicely reviewed by C.
De Lellis and E. Spadaro in [12].

J. Almgren presents in [1, Theorem 2.16] an example of non-uniqueness: there
are two Dirichlet minimizers f # h € WH2(By, A2(R?)), By C R?, with f = h on
0B;. Given any other minimzer that agrees with f or h at the boundary must be
either f or h.

APPENDIX A. CONCENTRATION COMPACTNESS FOR ()-VALUED FUNCTIONS

Let Q C RY be given, then there is a concentration compactness lemma for
sequences u(k) € Wh2(Q, Ag(R")) with uniformly bounded energy.

Lemma A.l. Given a sequence u(k) € W12(Q, Ag(R™)) and a sequence of means
T(k) € Ag(R™) with

nmsup/Q\Du(k)\? < o0 and /Qg(u(k),T(k))2 < C/Q|Du(k)|2

k—o0

for a subsequence, not relabelled, we can find:
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(i) maps b € WH2(Q, Ag,(R™)) forl=1,...,.J, 1, Qi = Q;

(i) a splitting T'(k) = Th (k) + - - - + T (k) with T;(k) € Ag,(R™) and
— limsupy, diam(spt(T;(k))) < oo for alll=1,...,L

— limg o0 dist(spt(T7(k)), spt(Tin(k))) = oo for 1 # m;
(iii) a sequence t;(k) € spt(T;(k )) such that G(u(k),b(k)) — 0 in L? with b(k) =

it (b @ (k).
Moreover, the following two additional properties hold:
(a) if  C Q is open and Ay is a sequence of measurable sets with |Ag| — 0,

then
liminf/ | Du(k)|? —/ |Db(k)|> > 0.
k— o0 O\ Ay Q/
(b) liminfyoo [, (|Du(k)|? — |Db(k)[?) = 0 if and only if
liminfy, o0 [y (|Du(k)| — [Db(K)|)* = 0.

Before we give the proof we recall the definition of the separation sep(T') of a

Q-point T = "% [t:] € Ag(R™).
sep(T) = {0, if T = Q[t]

ming, 4, [t; —t;], otherwise .

The following results are of essential use in the context of the separation and
needed for the proof of the concentration compactness lemma. The first gives a
kind of relation between diam(spt(T)) and sep(T'), see [12, lemma 3.8]; the second
gives a retraction ¥ = 91 based on sep(T), see [12, lemma 3.7]

Lemma A.2. To every € > 0 there exists B = B(¢,Q) > 0 with the property that
to any T € Ag(R™) there exists S = S(T) € Ag(R"™) with

spt(S) C spt(T), G(T,S) < esep(S) and B diam(spt(T)) < sep(S).
(For example B = €2 34-@° works. )
Lemma A.3. To a given T € Ag(R™ and 0 < 4s < sep(T) there exists a
1—Lipschitz retraction
9 =397 : Ag(R") = B,(T) = {S € Ag(T): G(S,T) < s}
with the property that
(i) 9(S)=SifG(S.T)<s

(ll) g(ﬁ(sl),’ﬁ(SQ)) < Q(Sl,Sg) Zf Q(Sl,T) > S

Proof of lemma A.1. We distinguish two cases. The second will be handled by in-
duction on the first.

Case 1 and basis of the induction: liminfy_, o diam(spt(T(k))) < oo
( diam(spt(T(k))) =0 for Q =1):
Passing to an appropriate subsequence, not relabelled diam (spt(T ( ))) < C for all
k. Set L = 1, and as splitting keep the sequence itself i.e. T'(k) = T3(k). To every
k fix a ti(k) € spt(T(k)).
Hence we have

hmsup/|u —hmsup/ G(u(k), Q1 (k)])?

gnmsupz/ G(u(k), T(k))* + 2|Q|G(T(k), Qt1(k)])* < oo.
k Q
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Hence passing to an appropriate subsequence there is b = by € Wh2(Q, Ag(R"))
with u(k) @ (—t1(k)) — bin L2. This proves (i),(ii),(iii), since G(u(k) ® —t1(k),b) =
G(u(k),b® t1(k)) = G(u(k),b(k)). Furthermore, the established properties imply
that &€ o u(k) — € o b(k) in W12(2,R™). The additional property (a) follows, be-
cause 1on a4, — Lo in L2(2) and so 1on 4, D€ou(k) — 1o/ DEob(k). Property (b)
holds because L?(€) is an Hilbert space. Therefore we have, that f, = D€ou(k) —
f = D¢ob(k) in L*(Q) if and only if f — f and ka”iz(g) — ||f\|ig(m; compare

liminfy || f, — f1I* = lminfy || fil|® + || FII° — 2(fx, £) = liminfy || fx]* — | £]1*.

Case 2 and the induction step: liminfy diam(spt(T(k))) = 400
Suppose the lemma holds for @' < Q. To every T(k) pick S(k) € Ag(R™)
using A.2 s.t. for S(k) = Y279 Q;(k)[s;(k)] € Ag(R™) set o = sep(S(k)),
then B(L,Q)diam(spt(T(k))) < ox and G(T(k),S(k)) < %%. Passing to an
appropriate subsequence, not relabelled, we may further assume that J(k) > 1
and@; (k) do not depend on k. Fix the associated 1-Lipschitz retractions of A.3

O+ AQ(RYN) = Bi (540, (S(F) ie. H (spt(ﬁk(T))ﬂB%k(sj)) = @, for all
T € Ag(R") and j = 1,...,J. Hence these retractions 9 defines new sequences
v;(k) in WH2(Q, Ag, (R™)) and a splitting of T'(k):

ﬁk o u(k) = ’Ul(k) + - '"UJ(k) with ’Uj(k) S BUTk (Sj);

Each sequence v;(k), j = 1,...,J satisfies itself the assumptions of the lemma,
because 9y, is a retraction and so
J
(A1) > 1D (k)]* = [DO o u(k)|* < [Du(k)|?
j=1

J
(A.2) Y G(;(k), T3 (k))* = Gy 0 u(k), 9 0 T(k))* < G(u(k), T(k))*.

J=1
Furthermore we record some properties:

Defining Ay = {z : ) o u(k)(z) # u(k)(x)} = {z : G(u(k),S(k)) > %} C {z :
G(u(k),T(k)) > $&} = By (subsets of ) we have

(1.) |Bk| — 0 as k — oo, because

*

Byl < (010)) [ gt 70

< (10)2*0( / |Du<k>|2)2; ~0;

(2.) G(u(k), 9% ou(k)) — 0 in L? as k — oo, since

/ Glulk), Bp ou(k))? = [ Gulk), Oy o u(k))?

Ay

<2 [ G(vk, T(k))? + G(Iy o u(k), 9 o T(k))?

§4(10)2*_2 G(h), T(R)*

(o) o
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(3.) dist(spt(T;), spt(T})) > o1 — 2G(S(k), T (k)) > 204 — +o0 for any i # j as
k — oo

(4.) ||Du(k)| — | DYy o u(k)|| — 0 in L? as k — oo, because |By| — 0, |[DI o
u(k)| < |Du(k)|, DY o u(k) = Du(k) on Q\ By and

/Q(IDU(lﬂ)I—|l7191~c<>U(k)|)2 S/QIDU(k)IQ—IDﬂkOU(k)\2

— | 1Du) = DOy o uk))®> < [ |Dulk))® = 0.
By, By,

Due to the induction hypothesis the lemma holds for each sequence v; (k) i.e. we can
find by, € WH2(Q, Ag,, (R™)), with Y17, Q1 = Q;, a splitting T;(k) = Tj1 (k) +
-+ Tj 1, (k) together with sequences t;,;(k) € spt(T},(k)) satisfying the conditions
(1), (i), (iii). Furthermore the additional properties (a),(b) hold. Set L = Z'j]:l L,
K; = Zj;l L; and relabel bx; ;1 = bjy, TKj—‘rl(k) =T;,(k), tKj+l(k) =t;(k) and
Qr,v1=Qjiforje{l,...,J} and [ € {1,...,L;}. The induction hypothesis on
the lemma states that the obtained sequences by, Tj(k), t;(k) for I = 1,..., L satisfy
(i) b € Wh2(Q, Ag, (R™)) for [ =1,...,Land Y1, Q1 = Q;

(ii) T(k) = T1(k) + - + Tp(k), ti(k) € spt(Ti(k)) and
— limsupy, diam(spt(T;(k))) < oo foralll=1,...,L

— limy o0 dist(spt(T;(k)), spt(Tm)) = oo for I # m for any K; < [ <
mSKj+17j:]-7"'7J
(iii) G(vj(k),b;(k)) — 0 in L? with b;(k) = Zl}ij;gﬂ(bl @ t;(k)) for each j.
Moreover, the following two additional properties hold for each j:

(a) if ' C Q is open and Ay is a sequence of measurable sets with |Ax| — 0,
then

liminf/ Doy (k) — | |Db; (k)] > o.
Q\ Ay, Q

k—o0
(b) liminfy oo [, (|Dv;(k)|? — |Db;(k)|?) = 0 if and only if
lim inf oo foy (100 (k)] — 1Db; (R)))2 = 0.
Due to properties (1) to (4) we may sum in j and replace E}le v;(k) by u(k). This
completes the proof. O
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Part 1. Boundary regularity of Dirichlet minimizing Q-valued functions
1.2. INTRODUCTION

We address the following regularity question concerning Almgrens multivalued
functions, posed for example by C.De Lellis in [15, section 8, (7)]:
Are Dirichlet minimizers continuous, or ever Holder, up to the boundary if the
boundary data are sufficient regular?

The following result gives a rather general first answer:

Theorem 1.2.1. Let% < s <1 be given. There is a constant o« = a(N,Q,n,s) >0
with the property that, if

(al) Q C RY is a bounded C* regular domain;

(a2) ue Wh2(Q, Ag(R™)) is Dirichlet minimizing;

(a3) u|m € C%5(00);

then u € C%*(Q).

In terms of notation, for single valued functions, Sobolev spaces are denoted by
WhP(Q,R") and WP (Q), fractional Soblev spaces by W*P(€). In the case of mul-
tivalued functions we will always mention the target explicitly i.e. W1HP(Q, Ag(R"))
for Sobolev spaces and the fractional ones by W*? (£, Ag(R™)). In the case of sin-
gle valued function we will sometimes use as well H1(Q), H*(Q2) for W2?(Q) and
We2(Q) (p = 2). The trace for a Sobolev function is denoted by u|aQ. It will be
clear from the context if it is the trace of a single valued or multivalued function.

The equivalent ”classical” statement of Theorem 1.2.1 for single valued harmonic
functions states:

f: €= R" harmonic, f| € C%(8Q) for some 0 < # < 1 then f € C%F(Q).

Harmonic functions with finite energy belong to H'(Q,R™), but u € H(Q) if
and only if u|8Q € H2(09). Hz(dQ) can be characterised using the Gagliardo

semi-norm [y, oo dedy that is controlled by the C%#(9Q)-norm for

lz—y|V
8> % Nonetheless our result is suboptimal in the sense that for classical harmonic
functions u|aQ e W2:2(8Q) N C%#(9N) for any 0 < B < 1 implies u € CO8(Q).
In contrast, the Holder exponent we claim in Theorem 1.2.1 is not explicit. For
dimension three and higher that is not really surprising since the optimal (or even
an explicit) exponent is not known in the interior so far.

The result for two dimensions is somewhat unsatisfactory. In two dimensions the
optimal Hélder exponent for the interior regularity for Q-valued Dirichlet minimiz-
ers is known and explicit: it is é We obtain the two dimensional case of theorem
1.2.1 by "lifting it” to three dimensions. So we get a "bad”, not explicit exponent.
Therefore we try to give some additional information. That continuity extends up
to the boundary for two dimensional balls had been proven by W. Zhu in [25, The-
orem 1.3]. We will give a proof on different lines that continuity extends up to the
boundary of Lipschitz regular domains. Concerning the optimal exponent we can
give a partial first answer. At least on conical subsets of ) the interior regularity
extends up to the boundary for boundary data u‘m € C%8(00), B > %

The appendix contains a short introduction to fractional Sobolev spaces for sin-
gle valued functions. It includes some perhaps less known results. Furthermore
an interpolation lemma in the spirit of Luckhaus with boundaries functions in a
fractional Sobolev space W*?2 with s > % is presented. Afterwards these results are
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extended to @-valued functions. Additionally we present a W*P selection criterion,
needed in the two dimensional setting.

Outline of this part: section 1.3 fixes notation and general assumptions, section
1.4 contains the proof of theorem 1.2.1 for dimension three and higher, section 1.5
considers the two dimensional setting. Finally the appendix with sections A, B and
C provides tools needed in the proof.

1.3. GENERAL ASSUMPTIONS AND NOTATION

From now on, if not indicated differently, we will consider the following setting:
Q c RY is a bounded C'—regular domain i.e. to every z € 9§ there exists R =
R(z) >0, F =F, € CY(RY"1 R) s.t. (up to a rotation )
QN Br(z)={z+(@,zn): |z| < R, zn > F(z')}.
In particular for F' € C* (RN =1 R) we set
QF ={(z',on): on > F(2)}.
Since 99 is compact, the C! regularity implies that
(Al) for any given ep > 0, 3R = R(Q,ep) > 0 with the property that for
any z € Q there is ¥ € CYRN~1 R) with F(0) = 0, grad F(0) = 0,
|lgrad ||, < er and (up to a rotation):
9] ﬂBR(Z) = {Z+ (l‘/,:EN)Z |.T| <R, xn > F(.T/)} = Qr N Bg.
In other words 0X2 is locally the graph of a C! function with small gradient over
the tangent space T,0f2.
Let 0 < r < R and z € 9§2. We define the following scaled (and translated) Q:
Q. ={zecRY: 2 +rzcQl.
Boundary regularity is a local question so we will often consider
Qz,r N Bl = {(xl7xN): |J?| < 171‘1\7 > FO,T(x/)} = QFO,T N B1
with Fy . (2') = r~'F(ra’) ( observe that ||grad(Fy )|, B, = |lgrad F”oo,B,. ).
Frequently we will study such a special domain Q2 defined by
(A2)
Qr ={(@,zn): oy > F(2')}
with F € C*(RV~1,R) with F(0) = 0, grad F(0) = 0, |[grad F||, < e€p.
Moreover we set
Irp=00rNB ={(2,zn): |z] < 1l,zny = F(z')}.
I'r denotes a boundary portion of the boundary to such a special domain.

The upper half space Rf is a particular case of such a domain i.e. gy = ]Rf
for ' = 0. The boundary of the upper half ball By = Rf N B; is the union of
Ty = B; N {zy = 0} and the upper half of the sphere SY ' = SV~ {zy > 0}.

Fractional Soblev spaces, named W#*2, occur naturally, when dealing with bound-
ary regularity for elliptic problems. A short introduction is given in the appendix A.
We define the Gagliardo semi-norms for 0 < s < 1 and m dimensional submanifolds
L CRY

fz) — fy)?
s = [ O IOE gay, je s
DI ON

|z —y|m+2s

Jull?y = /EXE Glu(@), u(y))” drdy, wu € L*(%, Ag(R™)).

|z —y|m+2e
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The notation |-||s,» has been chosen in similarity to the classical notation []a.s
for the Holder semi-norm with exponent a. We extend it to s = 1 by (abusing the
notation a little):

Lf12 s = / D P, fewh(s)

[ul s = [ 1D, we W' (S, Ag()
P

where D, denotes the total tangential derivative on X. For single a valued functions

f € WL2(¥) and an orthonormal frame 71,..., 7, of 7,3 we have |D, f(z)|> =
P

mately differentiability of Sobolev functions: for a.e. z € ¥ we have |D,u|?(x) =

> ZiQ:1|Ui(x)Tj|2 where U;(z) are the elements of the 1-jet JU,, c.f. the the

discussion below definition 0.2.2 for precise statement to the approximate differen-

tiability and the definition of the 1-jet.

In the case of multivalued function u we make use of the approxi-

1.4. HOLDER CONTINUITY FOR N > 3

A more precise version of theorem 1.2.1 is:
Theorem 1.4.1. For any % < s < 1, there are constants C > 0 and oy > 0
depending on N,n,Q,s, N > 3 with the property that, if
(al) ue Wh2(Q, Ag(R™)) is Dirichlet minimizing;
(a2) u|asZ € W*2(9Q, Ag(R™)) and for some 0 < 3 there is a constant M, > 0
s.t.

7‘2(5_6)_(1\[_1)UUJﬁ,BT(z)mBQ < M2 for all z € 0Q,r > 0;

then the following holds

(i) |Du| is an element of the Morrey space L*N=2%2% for any 0 < a <
min{ay, §}, more precisely the following estimate holds

2(f—a)
(1.4.1) rZ*N*%/ |Du|? < QNRg‘N‘QO‘/ |Du|? + CLMg
B, (x)NQ Bang (2)N9 B—a

or any r < Lo The positive constant Ry depends only on N,n,Q,s,Q but
2
not on the specific u;

(ii) u e C*(Q).
Lemma 1.4.2. There is a relation between assumption (a2) and the Hélder conti-
nuity ofu’aQ :

(i) (a2) is satisfied if u|m € C%P(0Q) for B> % i.e. there is a dimensional
constant C' >0 s.t. for0<s<f

C

TQ(S—ﬁ)_(N_l) H_UJ_‘iBr(Z)ﬂaQ S ﬁ[u]%’ag Vz S 89,0 <r << R(Q, 1)7

(ii) #f (a2) holds then u|as2 € C%8(00) i.e. there is a dimensional constant
C >0 s.t.

R(Q,1)
=

G(u(z),u(y)) < CM|z —y|® Va,y € 09, |z —y| <
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Proof. To prove (i) let z € 9Q, 0 < r < R(, 1) be given and F € C*(RN~! R) the
function of (A1), then

/ g(u(x)NU(H)gs dxdy
B, (2)N0Q X B,.(2)NOQ |z — y

< (o0 | & — g2 =)=1) ggay
’ B, (2)N9Qx B,.(2)NdQ

[ul3.00(1 + lgrad(F)[1%,)? / ja —y POV dedy’

B, X B,

IN

AN - Dwi

2 2(B—s)+(N—1
< WMB,@QT (Bt (N0,

To prove (ii) we observe that using the function F of (A1) to write 02 locally as a
graph we can transform it to a local question on RY~!. Furthermore making use
of Almgren’s bilipschitz embedding, Theorem 0.2.1, it is sufficient to check it for
single valued functions. Hence (ii) is equivalent to check that

There is a dimensional constant C > 0 s.t. if f € W2(RY,R") and M; > 0 be
given with the property that

(1.4.2) P2 N F2 g ) S M7 VB.(2) CRY,0< 7 < Ry
then f € COA(RN R™) with
(1.4.3) [f(x) = f(y)l < CMylz —y|® V]z —y| < Ro.

Let us write f(z,r) = f5 () f for any B,(z) € RN, then using twice Cauchy’s
inequality we have

][ = F()] < Bo(2)] 2 / F(@) — f(y)| dady
B, (z)

B, (z)xBy(z)
1 1
2 2 2
S B'r - —2/ / T — N+2Sd / |f(x)_f(y)| d dx
B (2)] o ( - |z =yl y i le—givre W

4N 23 N 8
< LF12 5,y ) < Crf M.
WN

Hence for any r < Rg and k € N

wj=

F(2 275 ) = £z, 27F0)] < 2Nf 1 — F(z.275r)) < OM; P 275
B2 k (Z)

ie. k— f(z,27%r) is a Cauchy sequence because >_po | f (2,277 1r)— f(z,27Fr)| <
ﬁg{fﬁ 8. Furthermore for any z;, 2y € RN with |21 — 25| = 7 < Ry we finf

F(z1) — (o \<Z|f S >|+]f3( RVCRF O

2
OMy 5. CM; cM; 4
Zl—Qﬂ t1 o ST g

this shows that f € C9P. O

The core of the proof of theorem 1.4.1 is the estimate stated in proposition 1.4.3
below. To make its proof more accessible it is presented in the next subsection and
split into several lemmas.
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Proposition 1.4.3. For any % < s <1 there are constants g > 0, 0 < § < ﬁ
and C > 0 depending on N,n,Q, s with the property that, if (A2) holds with er < €,
then

1
) [ s (g o) [ Dl Cluti,
QrNB; - SN-1nQp
for any Dirchilet minimizer w € W2(By N Qp, Ag(R™)).

Let us take the previous proposition, i.e. the estimate (1.4.4), for granted and
close the argument in the proof of theorem 1.4.1.

Proof of Theorem 1.4.1. Let €y, 0 be the constants of proposition 1.4.3. Fix ay < ay
( ap being the Hélder exponent of theorem 0.2.2 ) s.t. (N —2+2a;) (ﬁ - (5) <1
Let Ry = Ro(2, €0) be the radius defined of (A1) for ep = €

Due to the choice of Ry, for any 0 < r < Ry, z € 0f) the rescaled map
Uy r(z) =u(z+rz) forxze BiNQ,,

belongs to W2(Q, .N By, Ag(R")) and satisfies the assumptions of the proposition
1.4.3. One readily checks that for % <s<1

lwzr )2 5o, = T25_(N_1)|luﬂ§,3r(z)mag~

Applying (1.4.4) and assumption (a2) we get

7‘27N/ |Du\2:/ |Duz7r|2
B (2)NQ BiNQ..,

1
~ 5 9 DT Z,T 2 C z.r 2
<N - 2 > /SNIQQZ,T| B ’ | + I-Lu ’ Ms7Blmaﬂz,r

e
_N—2+20é1

3N / | D ul* + Cr*P M2
8B,.(2)NQ

Hence for a.e. 0 <7 < Ry and 0 < o < min{aq, 8}

_ ﬁ T2—N—2a/ \Du|2
or B,.(2)NQ

= —7"2_N_2°‘/ |Dul? + (N — 2+ 2a)r_1_2ar2_N/ | Du?
0B, (2)NQ B, (2)NQ

< rQ—N—%/ |D,ul? — |Du? + (N — 2 4 2a)Cr2B-) =12
8B, (2)NQ

< (N =2+ 2a)Cr2B==1p2,
Integrating in r we achieve the following inequality for any z € 9Q and 0 < r < Ry:

(1.4.5) TQ—N—QQ/ | Dul? —RS*N*%/ |Du)? < _C R~ pp2,
B, (2)nQ By ()92 p—a

Now we can conclude (1.4.1). If z € Q satisfies dist(z,0Q) > £2, then B, (z) C
Bry (z) C Q for any 0 < r < £2 and so, by (0.2.3) in Theorem 0.2.3
2

2—N—2«
(1.4.6) TQ*N*‘M/ |Dul? < (R0> / | Dul?
B, () 2 By (2)
S 2NR8—N—201/ |DU|2
BQRO(:E)I'TQ
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Assume therefore z € 0 has dist(z,9Q) < &, Fix z € 9Q s.t. dist(z,0Q) = |z —z],
and for 0 < r < £ set ry = max{r, |z — 2|}, 12 = r1 + [z — 2| < 2r; < Ro. Then

(1.4.7) v [ pup e [ D
B, (z)NQ By, (z)NQ
o\ N2420
< <2> 71§7N72oz-/ \Du|2
1 By (2)NQ2
9 —a
< 2N R(Q)_N_Za/ |DU|2 + RS(B )M3
Br, (2)NQ B—a

< oN R(2)—N—2a/ |Du|2+ c RS(Bfa)Mi )
BQRU(m)ﬁQ ﬁ —«

The fact (ii) i.e. u € C%*(Q) follows now classically. We established that |Dul
is an element of the Morrey space L>V~22¢(Q). Q is C! regular and therefore by
Poincarés inequality this implies that & o u is an element of the Campanato space
L2N+22(Q) see for instance [10, Proposition 3.7]. Furthermore £2N+2%(Q) =
C%(Q), [10, Theorem 2.9]. O

1.4.1. Proof of Proposition 1.4.3. The proof can be subdivided into two parts:
paragraph 1.4.1.1:

We show that it is necessary and sufficient for a Dirichlet minimizer on the upper
half ball By N {xy > 0} to be trivial that it has constant boundary data on By N
{l‘N = 0}.

paragraph 1.4.1.2:

We show that if proposition would fail we could construct a non-trivial Dirichlet
minimizer on the upper half ball By N {zy > 0} with constant boundary data
contradicting the previous step.

1.4.1.1. Non-ezistence of certain non-trivial minimizers. This paragraph is devoted
to establish the following two results for certain Dirichlet minimizers on the upper
half ball Byy = By N {zx > 0}, recalling that S} ' = S¥~' N {zx > 0} and
FO = B]_ ﬂ{l‘]\] = O}

Proposition 1.4.4. FEvery 0-homogeneous Dirichlet minimizer in By4 with u|F =
0
const. s trivial i.e. constant.

Corollary 1.4.5. A Dirichlet minimizer on Bi4 with u|r = const. satisfying
0

1
(1.4.8) / |Du|? = 7/ |Dul?
Bi, N =2 Jgy-r

needs to be constant.
They are both consequence of an appropriately chosen inner variation:

Lemma 1.4.6 (a special kind of inner variation). Given a Dirichlet minimizer
u € WH2(Byy, Ag(R™)) with u’ro = const. and a vector field X = (X1,...,XnN) €

CH(B1,RYN) with ex - X(2/,0) = Xn(2',0) >0 on Ty, then
Q
(1.4.9) 0< / |Dul? div(X) = 2 "(Du; : Du; DX).
Bl+

i=1
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Proof. Let u and X be given and set T = u‘ ) for © € Ty. Observe that xx +
tXN(CL' :L‘N) = $N+t (XN(LC .%'N) XN(I' O))+tXN(.’L' ,0) = (1—t ||DXN||OO)£CN+
tXn(z',0) > 0 for xx > 0 and sufficient small 0 < t < tg. Then for ¢y > 0 small

Oy (z) =2+ tX(x)
defines a 1-parameter family of C'-diffeomorphism that satisfy

A = (I)t(BlJr) C BlJr for 0 <t <ty.

So
wod; Y(z) forzeA
’Ut(l?) — t ( ) t+
T for x € By \ A,
defines a C'! family of competitors to u. Standard calculations give
DO o®, = (DB) ' = ()" (DX)" =1-tDX +o(t)
k=0
det (D®;) = 1+ tdiv(X) + o(t)
so that
Q Q
[Dv[? 0 @y = | Du; DB, 0 By[* = | Du; (1 — tDX + oft))|?
i=1 i=1
Q Q

= |Du;|> = 2t > (Du; : Du;DX) + o(t).
i=1 i=1
In total we found that for all 0 <t < ¢

/ |th|2:/ |th|2:/ |Dvy|? o @, |det DP,|
B4 Ay B4

Q
= / | Dul? + t/ | Dul? div(X) — 2Z<Dui : Du; DX) + o(t).
Biy By i=1

Since fB1+|th|2 > fBl+|Du|2, we necessarily have
Q
og/ |Dul? div(X) = 2) (Du; : Du;DX).
Bt i=1

O

Proof of Proposition 1.4.4. u being 0—homogeneous implies that u(x) = u(ll) for

a.e. x. Thus %(m) = 0 for a.e. x € By, which corresponds to

(1.4.10) 0= 8“ —Z[[ZD ui(@ ]]

=1 j=1
Fix 0 < R < 1 and consider the vector field X (z) = n(|z|)exy = (0, ...,n(|x|)) with

Thus we have Xy (x) > 0 and DX (z) = n'(|z])en ® re7- This gives div(X)(z) =
77’(|1:|)T;—1\|I and due to (1.4.10)

N
(Du; : Du;DX) = Z< D; uZ,DNuZ> n'(Jz]) = 0 for a.e. x.
j=1
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Using 7/(|z]) = —£1p,(z) and applying Lemma 1.4.6 we get

1
0<—= |Du|2m—N.
R /g, ||
This is only possible for |Du| = 0 on Bgry and so |Du| =0 on By. O

Proof of corollary 1.4.5. Let u € W2(B14, Ag(R™)) be as assumed. Observe that
(1.4.8) implies that u € Wh2(SY ' Ag(R™)). Hence v(r) = u(il) defines a

|z

0-homogeneous competitor using u|F = const..
0

1 1
|DU|2 = 7/ |DT1)|2 = 7/ |D7u|2 = / \Du|2.
/BIJr N =2 Jsn— N =2 Jgn-1 Biy

where we used firstly the 0—homogeneity of v, then u|SN,1 = 11|SN,1 and finally
+ +

(1.4.8). Therefore v has to be minimizing as well, and moreover Dv = 0 as a
consequence of proposition 1.4.4. This proves the corollary since then Du = 0 as
well. O

1.4.1.2. contradiction argument. In this section we want to establish by contradic-
tion the estimate of Proposition 1.4.3

1
| s (5g-0) [ D Clulz,.
QrnBy N =2 SN-1nQp

To prove Theorem 1.4.1 from such an estimate we only needed the scaling property
[ TQS_(N_I)HUJJiBT(z)maQ and the existence of positive constants
B, M, > 0 both depending possibly on u s.t. in combination [[u, . |s,B,no0
rPM,.

Before coming to the proof we discuass some subtleties in the strategy.A C°°-
Hblder norm, [ulgy = SUpP, yex %, for any 0 < 8 < 1 shares this property
since

zr —

[ur2]g.00. .8, = (U] g.0008, (=) < 7 [ulp00-

Replacing the W*2(9Q)-norm, (s > 3) by a Holder-norm with exponent 5 < %
would be desirable since it would get us closer to the already mentioned classical
result: v € WH2(Q) harmonic with u|aQ € C%%(99) for some B > 0 implies
u € C%AQ.

Nonetheless we cannot hope to prove an estimate like (1.4.4) by contradiction if
the fractional Sobolev norm (s > %) is replaced by an C%#-Holder norm, 8 < %
because vanishing of energy through the boundary needs to be excluded. Bounds
on W*2(0%)-, or C**(9Q)-norms with s < i are insufficient. This is demonstrated
by the following two dimensional example on the disc B; C R% It uses polar

. 9 :
coordinates x = (:Z?j((g;) = rei?,

Example 1.4.1. For any € > 0 there is a sequence of harmonic functions f; €
W12(By,R) a positive constant ¢ > 0 with the following properties: for all k we
have [, |Dfil* > ¢, fi(e®) = 0 for ] > e. Furthermore f — 0 uniformly on By
and ||ka8731 [ fr]s,s1 — 0 for every s < %

Proof of example 1.4.1. To a given 0 < € < 7, fix a smooth, symmetric, non-

negative bump function 7 with 7(0) > 0 and 1() = 0 for |#] > €. Let >,° a; cos(l6)
be the Fourier series of n(6). It is converging uniformly to n in the C* topology
since 7 is smooth and ;2 1"|a;| < oo for all m € N. Fix ky € N sufficient large

s.t. 2lax| < ag =n(0) for k > ko and set A =3 (14 D]a;| = (372, + l)a?)%.
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The addition theorem 2 cos(10) cos(kf) = cos((l + k)8) + cos((I — k)8) shows that
the harmonic extension of 2n(0) cos(kf) in By is

gr(re?) = Z ay (r”k cos((l + k)0) + r'=* cos((1 — k)@))
1=0
= Z (am—k + a@mir)r™ cos(mb)  with a,—p = 0 for m < k.
m=0
For k > kg
1 / 2 N 2
- |ng| = m(am—k + apm k)
oo 1, o
> k(ap + agg)” > Zkao
<2) (I+k)aj + |l — kla} < 4kA>.
1=0
We consider now the sequence of harmonic functions on By given by fi(z) = £ ’; @) ¢
2

WL2(By). fr has the desired properties: using the equivalence
(i) §a5 < = [5 |Dfil? = ||fk||2%,51 < 4A? for all k > ko;

1
(ii) fr(e®) =0 for || > € and all k;
i) | il < e g as k- o0
CONTA
(iv) for any 0 < s < 1
9 e m2s
1fells.s1 = 7nz::0 T(am—k + amir)? < 8k* A2
o0 ms o0
[fk]s,Sl S Z kT‘am—k + am+k| < 2]@57% Z(l + 1)|CL[|
m=0 2 =0

converging to 0 as k — oo.
(iii) follows from the maximum principle on harmonic functions. The fact that the
W#2norm on S! corresponds to the sum in (iii), i.e. the equivalence H*(S!) =
W#2(81), is the content of corollary A.13. It is straightforward to check that one
has [¢]g.s1 < > 12, Plei] for a converging Fourier series p(0) = >_72, ¢; cos(16). O

Proof of proposition 1.4.3. If u ¢ WL2(SN=1NQp, Ag(R™)) N W*2(Tr, Ag(R™))
the LHS of (1.4.4) is infinite and so there is nothing to prove. Hence assuming
that the proposition would not hold, we can find sequences F(k) € C*(RV~1 R)
satisfying (A2) with e < 1 and associated u(k) € W'2(By N Qp), Ag(R™))
failing (1.4.4) i.e.
(1.4.11)

1 1

Duk2>(—)/ Dru(k)|? + K[lu(k) |2 .
Lo PP > (g =) [ 1P W

We may assume that the LHS of (1.4.11) is 1 by dividing each u(k) by its Dirichlet
1
energy (fQF(k)ﬁBl \Du(k‘)\g) *. We also assume, w.lo.g., k > ko > 4.

To every k we may fix a C'-diffeomorphism G(k) : Byy — Qg N By, arguing
for example on the base of Lemma C.2. F(k) — Fy = 0 in C! as k — oo and
therefore G(k), G(k)~! — 1 in C! (1 deontes the indentiy map on R¥).

We consider now instead of the sequence u(k) itself the sequence v(k) = wu(k) o
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G(k) € WH2(Byy, Ag(R™)). v(k) has up to order o(1) the same properties as u(k)
since G(k),G(k)"™! — 1in C' i.e.

[ ADu®F =@ o) [ DumP <10
B Qp )
(1.4.12) /N_l\DTv(k)F =(1 +0(1))/ |Du(k)|? <i70£1)l < 2N;
s SN=1NQp @) N—2 k&
o) 2, = (1 + (1) Lu(t) 2y, Sl L

(1.4.11) with LHS= 1 provides the upper bounds. The second and third show that
k)], € WHASTTH AQ(R™)) N W2 (T, Ag(R™)).

To every k fix a mean T'(k) € Ag(R™) and apply the concentration compactness
Lemma A.1 to the sequences v(k), T'(k). For a subsequence v(k’) we can find maps
bj € WH2(By4, Ag, (R™)), sequences t;(k') € spt(T(k')) and a splitting T'(k') =
Ti(K')+--- 4+ Ty(k"). We will prove now that the b; satisfy also the following:

(1) bj|sf,1 € Wl’Q(Sf_l,AQj (R™)) and bj}ro = const.;
(i) [p,, D> < s fsf,l\DTbjP for all j;
(iii) b; € WH2(Bi4, Ag, (R™)) is Dirichlet minimizing and

J
Z/B |Db;|? = Jim |Du(K)|? = lim |Du(K')|?> = 1.
=177

’
B4 k' —o00 QFk/mBl

J

From now on we use b(k') = >77_,

compactness result.

(b; @t;(k")) as in the proof of the concentration

Proof of (i): The concentration compactness lemma states that € o v(k’) —
€ob(k') in Wh2(By,,R™) and € ov(k') — €0 b(k') in L?(By4,R™). This implies
that £ov(k’) — €ob(k) in W12(SY 1, R™) and &ov (k') — €ob(k') in L2(SY 1, R™),
because € o v(k') € WH2(SY 1 R™) is uniformly bounded as seen in (1.4.12). The
lower semicontinuity of energy together with (1.4.12) then states

J J

1 2 _ 1 2

(1.413) Noa X [l =y [ Sipeeen
Jj=1 + + j=1

1 1
<1 : - \|2 < 1.
liwﬁof((N—z k:')/sfl'DTgov(k)' > -

g(v|FO (k/)’b|r0(k/)) — 0 in L?*(Ty) due to the weak convergence in the interior.
Hence due to dominated convergence for any 6 > 0 and (1.4.12)

’ G(bs1., (2).b5],, (1))

;/FOX'F;,& |x_y|N—1+25

/ G, (W)@ o], )W)
ToxTo

|z — y|N—1+2s = e K

= lim
k! —o0
|z—y|>4

consequently b; |F = const. for all j.
0
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Proof of (ii): Having established (i), a;(z) = b; (\r\) € WH2(Bi4, Ag, (R™)) is
well-defined and an admissible competitor.

1 1
Do < [ Daf - / 1D =y [ Db
/Bl+ ’ Byt J N -2 J N -2 sy¥-1 J

for every j due to the 0-homogeneity of a; and aj}sN,l = bj|SN,1.
¥ +

Proof of (iii): Let G : By — By be the bilipschitz map constructed in Lemma
C.1. [[v(k') o G5, sv-1 is uniformly bounded: Firstly apply Corollary B.1 to esti-
mate

Lo(k) 0 Gllosx- < C ([0(K) © Glly sv-1nsyo oty + W) 0 Glly sx-rnisyecsy )

secondly G is bilipschitz and G(SN~'N{zy >
ﬁ}) =T, so that

|.|_'U( )OGMSSN 1n{an > <Cu’l)( I)JJs,Sf’l
|.|_'U( )OGﬂssN 1ﬁ{zN< <Cuv( )JJS,F0§

thirdly the interpolation property | f|?

2= SY tand G(SN n{an <

5,SN-1 < Cfsf’llDfP gives

Lo(K) ], 51 < NDO) [ pasy-

finally we combine all of them and use (1.4.12) to conclude

Lo(k) 0 Gllasn-r < C (DO asx—) + Lo Jor, ) < C (2N).

The same bound holds for b(k') o G € W*2(SN~1, Ag(R™)) because of the lower
semicontinuity of energy established in (1.4.13). Furthermore in the proof of (i) we
showed that G(v(k"),b(k")) — 0 in L*(SY ') and L?(T), so that

1G(v(K) 0 G, b(K) 0 G)| 2 (sn-1) = o(1).

Fix any small € > 0 and R, > 0 determined by the interpolation Lemma B.2. So to
every k' we can find w(k') € W2(Ay g., Ag(R™)) on the annulus A; g, = B;\ Bg,
interpolating between v(k’) o G and b(k’) o G. Hence w(k’)(xz) = v(k') o G(z),
w(k')(Rew) = b(k') o G(z) for all x € SN~1 and

/ Duw (k)
A1 R,

< e (Ilotk) 0 GIZ sx-s + [6(K) 0 GI sn-1 ) + C G (0(k) 0 G b(K) © D)z sv-1y
< eC4N + Co(1).

To check the minimizing property let ¢; € Wh2(Bi4, Ag,(R™)) be an arbitrary
competitor to b; for j =1,...,J. Set c(k') = ijl (c;j@t;(k)). For0 < R<1
we denote the map G o % oGl (z) =4 + % (z — <) by ¥r. So we found

N ool — RN-2 "2 "2
/CR|Dc<k> UrP =R /BH|Dc<k>| </BH|Dc<k>|

with Op = ¢¥' (Bi4) C Byy. We define C (k') € W'2(By4, Ag(R™)) considering
G(Br) = Cr by

C) = w(k')oG™Y, ifx € By \Cr, = G(A1R,)
C\e(k)ovr. ifxeCp,.
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C(K')oG(K') € WH2(Qpu) N B, Ag(R™)) is now an admissible competitor to u(k’)
and therefore

(1 - o(1) /B Du()? < /Q DU < (1-+ 0(1) / IDC(K)P
14+ F(k)NB1

Bl+

<a+omyc | |Dw(k’)|2+(1+o(1))/B \De(k)|?

J
< C(6+Co(1))+(1+o(1))Z/B De; 2.

Pass to the lim inf and apply the lower semicontinuity ensured by the concentration
compactness Lemma A.1 to conclude

J J
Z/ |Db;|? < liminf(1 — 0(1))/ |Du(K')|? < Ce + Z/ |De;)?.
j=1Y Bt k=00 Bit j=17B1t

e can be chosen arbitrary small and C' is a dimensional constant so that b; has to
be Dirichlet minimizing for every j = 1,...,J. The strong convergence in energy
follows choosing c; = b; for every j in the inequality above.

The maps b; constructed above with the properties (i),(ii),(iii) contradict corol-
lary 1.4.5. Firstly we found due to (iii), that

J
> [ 1P = Jim |Du(k)
i=17 Bt

© QF(k/)ﬂBl
1 1
> lim | —— — — Dru(k)?
- k’gnoo (N2 k/) [)F(k)ﬁSN1| UJ( )|
. 1 1 IND
= i <N—2 - k) /SM'DTW )
+

J
1 2
> N_Q_z/ﬂ_lw |
J=1 +

Combining this with (ii) gives, for j =1,...,J

1
|Db,|* = / | Db |2
/BIJr J N -2 S_J'—V—l J

Corollary 1.4.5 states now that Db; = 0 on B; because bj|r0 = const. by (i). This
nB. | Du(k")|? for all k.

This contradiction proves that the proposition must hold. O

contradicts (iii), because 1 =
( )7 fQF(k,)

1.5. BOUNDARY REGULARITY IN DIMENSION N = 2

1.5.1. Global Hélder regularity. In this section we will show that Theorem 1.4.1
extends directly to two dimensions. We can consider the two dimensional case as a
special case of a certain minimizer on a three dimensional domain.

Lemma 1.5.1. Let u € W'2(Q, Ag(R™)) be a minimizer on a domain  C RY,
N > 1, then U(x,t) = u(z) is an element of W12(Q x I, Ag(R™)) for any bounded
open interval I C R. U is Dirichlet minimizing.
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Proof. Assuming the contrary there exists V € W2(Q x I, Ag(R")) with V = U
on the boundary of Q x I i.e. (x,t) — G(U(x,t),V(z,t)) € Wy *(Q x I) and

(1.5.1) / |DV|? </ |DU? = |I|/|Du|2;
QxTI QxITI Q

the second equality actually shows that U € W2(Q x I, Ag(R")).
Consider the subset J C I

J={tel:zw—v(z)=V(z,t) € W-?(Q, Ag(R™)) and vt’m = “’39}3
then by Fubini’s theorem |I'\ J| = 0.

Furthermore there must be a t € J with
(1.5.2) /|th|2dx < / | Dul?;
Q

non existence would contradict (1.5.1) because then

|I|/\Du|2=//|Du|2dt</ |th\2da:dt:/ DV 2.
Q Q QxI

vy for t € J satisfying (1.5.2) is an admissible competitor to u, but (1.5.2) violates
the minimality of w. O

Remark 1.5.1. The converse of this lemma holds as well in the following sense, if
u(z) € WH3(Q, Ag(R™)) and U(z,t) = u(z) is Dirichlet minimizing on  x R then
u itself is minimizing in €2, in the sense of compact perturbations:

/ IDUJ? < / DV
(U£V) (U£V}

for all V e Wh2(Q x R, Ag(R™)) with {U # V} compact.
This had been proven in [12], but for the sake of completeness we recall their proof
in the appendix, Lemma B.3.

From now on € denotes a C*! regular domain in R2.
Theorem 1.5.2. For any % < s < 1, there are constants C > 0 and oy > 0

depending on n,Q, s with the property that,
(al) uw € WH2(Q, Ag(R™)) Dirichlet minimizing;
(a2) ul, € W*2(9Q, Ag(R™));

then the following holds

(i) |Dul is an element of the Morrey space L*2% for any 0 < a < min{ay,s —
%}, more precisely the following estimate holds

RQG 1—2«
(1.5.3) r*m/ |Dul? < 2730—2“/ | Dul? +07uuﬂdﬂ
B (93) BQRO(CE)OQ

for any r < %. The positive Ry depends only on n,Q, s, but not on the
specific u;

(i) u € C%(Q).

Proof. Set Q7 = Qx] — 2L, 2L[C R? for some large L > 0. The boundary portion
0O x]— L, L[ is C! regular by assumption on the regularity of 9Q. U(x,t) = u(x) is
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an element of W12(Q;, Ag(R™)) and Dirichlet minimizing as seen in lemma 1.5.1.
For any (z,t0) € 00x] — L, L[ and 0 < r < L we found

r2C=O=2 U2 5 (2,t0)NO < 2 LU (B, (zn00) x]t0 —roto-tr]

to+r 2
_ 7nz(sf,B)—z/ / ’ g(u(:v),u(y)) s dlidtadzdy
B (2)Nd0x B, (2)noQ Jto—r (| —y|2 + (81 — t2)2) 72

S 027,,2(5—5)—1/ g(u(ﬂj) fl’fiz)) d dy < 2CT2(S B) II_LUJ_IQ
B, (:)n0Qx B, (:)noq T — y[1 T2

(We have applied above the following auxiliary calculation. Let @ > 0 and J =
[a,a + 0]. After the change of variables t1 = a + rx, to = a + ry, we have

1 1
—— dtdty = 211 O‘/ —— dxd
~LXJ02 F-ap® . ”ﬂ B+ @
5

1
1 [e% @
——dzdy < 2r™%0 R —
/ / 14—22 (14 22)°F (1+22)%
= C|J|r=.
The dimensional constant C = 2 fo # < O‘T'H is therefore finite.)
(1+=

Combining all obtained estimates we found that U satisfies the assumption of the-
orem 1.4.1 with 8 =5 — = and My = |uls,00 in (a2).

Apply Theorem 1.4.1, m particular (1.4.1), to U on a point (z,0) € Qx| — L, L]
with r < fo < L. This gives the desired (1.5.3), because

2« r
T—Qa/ |Dul? = L/ / DU < 22(27")_1_2a/ |DU|?
B, (2)NQ 2r J v B (@)ne Bar((2,0))00

RQ(B
5 R6172o¢/ ‘DU‘2—|—C M[%
Bang ((%,0))N02 B—a

RZS 12«
T2« 2 2

<2'R, / | Dl —i—CiQUUﬂs,asr
BQRO(I)OQ —

(ii) i.e. u € C%*(Q) now follows as outlined in the proof to theorem 1.4.1. O

1.5.2. Continuity up to boundary. That continuity extends up to the boundary
for 2-dimensional ball has been proven by W.Zhu in [25]. His idea is based on the
Courant-Lebesgue lemma and can be modified to work on Lipschitz regular domains
as well. We will give here a different proof, that on a first glimpse doesn’t seem
to be so restricted to the 2-dimensional setting as it is for Zhu’s proof due to the
Courant-Lebesgue lemma. Our proof uses an interplay of classical trace estimates
and energy decay. We shortly recall the classical trace estimates and their proof.
The proof here is taken from [23, Lemma 13.5]. As introduced in the general
assumptions, section 1.3, we use the notation Qp = {(z/,zn): any > F(2)} for
F:RN-1 4R

Lemma 1.5.3. For F' Lipschitz continuous and 1 < p < oo, one has

f@ﬂxw>—fgmxf
xy — F(a')

Vf e WhP(Qp, R);

(1.5.4) | Ham

L ()

and any subset Q C Qp of the following type:
Q= {(z',on): &' € U, F(z') < wy < G(a')}
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QCcRVN-L gnd G > F continuous.
Equivalently one has
(1.5.5)

‘ G(ule!,xx),ul,, (@)

xn — F(x!)
Proof. For p > 1 Hardy’s inequality, compare for instance with [23, Lemma 13.4],
states that, if h € LP(R,), g(t) := 1 fg h(s)ds € LP(R) satisfies

D , n
<= IDNulll oy Yu € WHP(Qp, Ag(R™)).
Lr(Q)

-t
(1.5.6) lgll, < —Z— 111, -
P=p—1 p

For f € C}(QF) set
of

Din (', F(z") +t).

h(t) == 1p0,G())-F () (t)
Apply Hardy’s inequality to it and observe that for 0 < t < G(z') — F(2') and
t=ay — F(a')

F@ F@) +) - fo, F)) T@san) = fl,, @)

9(t) = t - zn — F(a!)

Hence take the power p and integrate in 2’ € Q' to conclude (1.5.5). By a density
argument the inequality extends to all of WP (Qp).

For a Lipschitz continuous u € W1P(Qp), we have u|ast () = (@', F(z")).
k(t) := G(u(a’), F(2') + t) is Lipschitz continuous in ¢. Furthermore k'(t) <
|Dyul(a’, F(z') + t) for a.e. 2’. Apply Hardy’s inequality this time to h(t) =
10,2 —F (2] (t) K'(t), take the power p and integrate in 2’ € €. This shows
(1.5.5) under the additional assumption that u is Lipschitz. It extends by density
to all of WP (Qp). O

Proposition 1.5.4. Given a Dirichlet minimizer u € W12(Q, Aq(R™)) on a Lip-
schitz reqular domain Q C RN that satisfies

(al) wl,_ is continuous;
oQ
(a2) N =2 or

(1.5.7) 7‘2_N/ |Dul? = 0 as r — 0 uniformly for all z € 0Q;
B (2)NQ

then u is continuous on €.

Proof. Observe that in case of N = 2, r2=V fBr(z)ﬁQ|Du|2 = fBT(z)msz|Du|2 -0
uniformly due to the absolute continuity of the integral and |Du|?> € L!(Q). Hence
it is sufficient to prove the proposition under the assumption that (1.5.7) holds.
u is Holder continuous in the interior (theorem 0.2.3) and so it remains to check
that continuity extends up to the boundary. This is a local question so we assume
that Q = Qp for some Lipschitz continuous F, with Lipschitz norm Lip(F) < L.
Furthermore let zg = (', F((2')) € 00QF be fixed.

Consider a generic sequence x, = (2}, TN k) converging to zo from the interior. Set
re=xnk — F(z),) >0and e = ﬁ Then Ba, (zx) C Q for all k£ and

(1.5.8) ry < 2(eng —2n)° + 2(F(2) — Fla})® <

= @k’?k - ZO|2~
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To show continuity we have to check that G(u(xy), u’m (20)) is of order o(1). The
F
triangle inequality and convexity gives

1

39(u(zr),ul,, (20))* < Glu(wy), u(x))?

+ g(u(x)’ u|ast ('T/))2 + g(u|8szp ({E/), u|ast (20))2'
Integration in x € B, (zx) gives

F0t(ul,, (o) < Glulan) u(e)?

erg (Th)
tF Gl @ G, @), Gl
Bev, (e1) |09F Ber, (21) ’anp |09F
It is sufficient to check that all integrals are of order o(1).
G(ul,,, (@) ul,, (20)° < swp Glul,, (@)ul,, (20))*=o(1)
Fo oy 0o, @l G s 6, 0,

where we used (1.5.8) and assumption (al).
For a fixed k set @ = {(2/,zn): 2’ € U, F(2') < zy < G(2')} with Q@ =
Ber (7)) C RVN7Y G(2') = xn + erg. The trace estimate, Lemma 1.5.3 states

1 . Glu(z),ul,, (') 5
ﬁ/ﬁg(u(ﬂc%u\@%(w>> < 4ﬁ o PG S 16/@\Du| ;

Q

where we used i < #F(m,) because of xny — F(2') = any — Nk + i + F(x},) —
F(z') < erp+7,+ Lery < 2ry,. We may combine it with B, (z) C Q C Bay, (zx)N
Qp and assumption (a2) to deduce

16
Glu(z)u]  (a))? < 02N / Duf? = of1).
]ie,,‘k(mk) |"“F wyeN F Bar, (26) N0

Finally the first integral is estimated using the internal Holder continuity result:
since Baer, (z1) C Qp for positive C,

|l’*$k|

28
g(u(:zz),u(xk))2 <C ( > (erk)QfN/ |Du|2 for all € B, (xk).
Baery (z1)

€T

Integration in x and Baey, () C Bay, (21) gives

C C
Gulo) u(@n)? < 55 [ Dl <yt [ (Dl
]éwk (@n) (ere)N =2 Jpyep, (a0 N2 g, e
that is of order o(1) by assumption (a2). O

Remark 1.5.2. u € W12(Q, Ag(R™)) implies that u{m € W=2(09Q, Ag(R™)) but
this is just not sufficient to ensure continuity. W2-2(R) = Hz2 (R) does not embed
into L*(R) but only the slightly smaller space (Hl(R),L2(R))%’1 embeds into
C°(R), compare for instance [23, chapter 25].

1.5.3. Partial improvement of the Holder exponent. In the introduction we
mentioned already that it would be desirable to extend the optimal Holder expo-
nent % in the interior up to the boundary. We want to present in this subsection
a partial improvement of theorem 1.5.2:

Let Q C R? be a C'-regular domain the following holds:

u € WH2(Q, Ag(R™)) Dirichlet minimizing with u|aQ € C%P(09) for some 8 > 3
thenueCO’a(K),ifazéforQ>2,0<a<%forQ:Qandichﬁhasthe
property that it is closed and touches 92 in at most 1 point z non-tangential.
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To every closed set K of this type there is a cone C, 9 = {x € R?: |z|cos(f) <
—(vaq(z), )} for some 0 < 6 < Z( vaa(z) denotes the outward pointing normal to
0Q at z ) and aradius 0 < Rs.t. KNBg(z) C C, 9 N Bgr(z). Shrinking R > 0 if nec-
essary we may even assume w.l.o.g. that C, g N Br(z) C Q. This is sketched in the
figure.

K \ Bgr(z) is a compact subset of
Q hence the interior regularity theory
holds. It remains to prove regularity
for conical subsets C, 9 N Br(z). The
precise statement is:

Corollary 1.5.5. Let % <s<1and
Cy = {x = (x1,22): |z|cos(d) < x5}
with 0 < 6 < 5 (a cone). Under the
assumptions
(al) u € W1’2<QF M Bl,.AQGRn))
Dirichlet minimizing
(a2) U|BQF € WS’Q(FF,AQ(Rn))
and for some 0 < vy there is a
constant M, > 0 s.t.

2(s—vy)—1 2 2
T (=) uuﬂs,BTﬁFp < Muv

then there exists 0 < R < 1 depending on u(0) and 6 s.t., for any o < min{vy, 1}
and a < % the following holds

(i) |Dul is an element of the Morrey space LQ’QQ(QFﬂBg NCy), more precisely

4 2(v—a)
(1.5.9) r*za/ |Duf? < — (/ |Du|? + CRM5>
B, (2)NQp 4 BrMNQp Y-«

292»# )},

where § = cos(6) — cos(
(ii) u e CO’Q(QF N Bg N C@).

Concerning the optimality of the achieved Holder exponent and assumption (a2)
consider the following:

Remark 1.5.3. (a2) is obviously always satisfied for v = s — %
(a2) is satisfied for v > J and any s < v if u‘r € C97(T'r) as we have seen in
F

lemma 1.4.2. Furthermore this implies that
_ 1 1
u € C*(Qr NBrNCy) with a = ) for @ > 2 and any a < 5 for Q = 2;

i.e. the optimal exponent extends on cones up to the boundary.

The proof of the corollary follows similar lines as in the higer dimeinsional case.
We will prove an improve estimate in the spirit of proposition 1.4.3, that will
lead eventually to corollary 1.5.5. Before we present this final argument we prove
the preliminary lemmas. As in the previous sections: Bi. = By N {zs > 0},
St = 8Bl,S}r =8N {372 > 0}, and I'o = B N {LL’Q = 0}

Lemma 1.5.6. Let % < s <1 be given, then there is a constant C = C(s) s.t. any
single valued harmonic function f € WY2(By,) satisfies

C
(15.10) [ oprr<ara [ 0P+ S [ 1k, veso
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Proof. In a first step we show the existence of C' = C(s) s.t. any classical single-
valued harmonic h € W2(By, ) satisfies

(1.5.11) / |Dh|* < C / \D-h> 4[R]3 r, | -
Bt st '

If h ¢ W*2(I'g) the RHS is +oo so there is nothing to check. G : By — Bi4
denotes the bilipschitz map of Lemma C.1. Let »_, _, ape™ be the Fourier series
of ho G’81 = h’sl o G. Its harmonic extension is then

h(rei?) = Z aprtet*?.
kEZ

h is harmonic, hence minimizing the Dirichlet energy, and ho G~ is an admissible
competitor, so that

/ |Dh)? g/ |D(hoG™ 12 < c/ IDR? = C2m > |kl |ak|*.
Bi4 By By keZ

For s = 1 we estimate (the constant C' depends only on the Lipschitz norms of

G.G™)

27 3 Ikl Jax? < 203 KJaxf? = / D, + / D2
st st

kEZ keZ
<c / Db+ [ DA
st To
for % <s<1:

(A short auxiliary argument: Lemma A.14 implies the equivalence of the norms
bo| + > kezlk|*|bx]?* and ||f||ig(81) + [ijjisl for a function f(6) :‘Ekez bke“fe.
In the case of S* this follows more directly. f(0+7)— f(0) = 3, (€™ —1)a,e™?
and therefore

/0 FO+7) — F(O)2 db Z4sin2(57)|ak|2.

kEZ

This implies

FO - I@F T 1 o
/[] e o= [ oz [ 176+~ ) doar

21 2k
sin®(=7) s
=ZW%%;f&~ﬂ:me%%

k€EZ keZ

where

21 Gn2(k km 2
/ G gy = |k|2541*5/ ST gy = (k2o
0 0

T1+2s 71+2s

and 0 < ¢1 < ¢ < € < 00.)
Firstly the auxiliary argument gives

21 Z|kz||ak|2 <27 Z\k|2s|ak\2 < C|_|_ill|§}sl;

kEeZ keZ

secondly Corollary A.8 gives

7112 7112 712 .
th_Is,Sl <C (I.LhJ.Is,Slﬂ{x2>%} + uhﬂs,slﬁ{zg<%}) )
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thirdly G is Lipschitz continuous and G(S' N{zz > 1}) = SL,G(S' N{z2 < £}) =
Ty so that

7012 72 2 2 ).
”—hﬂs,slﬁ{m2>%} + uhﬂs,slﬁ{12<%} <C (”_hﬂ&‘g}r + H.hﬂs,F0> )

finally combining these with the interpolation property -]/, st = C IL-1s, st we

21 Y [kllax[? < C (/ |D,hf? + LLhJJi,FO) .
s}

keZ
Hence (1.5.11) holds.

estimate

Now we are able to improve (1.5.11) to (1.5.10). Let f be the harmonic function
as assumed. We may assume f € W*2(Tg) otherwise the RHS is +oo and (1.5.10)
holds trivially. Define the linear function

o, 29) = 220 —2f(—1,0)951 L f0) +2f(—1,0).

The same calculations as in lemma 1.4.2 give a constant C' = C(s) with
12% ry < Cllgrad ], = C1f(1,0) = f(=1,0)].

We achieved that f(1,0) —{(1,0) =0 = f(—1,0) —I(—1,0) and hence the glueing
lemma A.7 provides that

= o, if v € 8L
Mz) = {f(a:) —l(z), ifzeTy

is an element of W*2(S81 UT). Hence there is a unique harmonic h € W'?(Bi4)

with h| )
siurg

The antisymmetric reflexion

- g(x1,22), if 29 >0
g(x1,12) = .
—g(x1,—x2), ifxe <0

=h. g=f —(h+1) is harmonic in B, and satisfies g(z) = 0 on T.

is by means of the Schwarz reflexion principle harmonic in By with
2/ | Dg|* =/ Dgl* < / |D-gl* = 2/ |Drgl*.
Biyt B 51 sL
Young’s inequality for 2(D- f, D1} < €|D, f|* + % lgrad]%, gives
2 2 1 2
|Drgl” < (1+¢€) [ [D-fI"+ 1+ =)m [[grad ||,
st st €
2, O
(1+e) [ ID-fI"+ =S5 r,
st €
where we used gradl = w and W*2(Iy) € C%*~2(I;). Young’s in-

equality for 2(D; f, D;(h + 1)) > —€|D; f|* — L|D;(h +1)|* gives

1
[ psza-of rp-Z [ (b
B4 Biy € JB1y

applying (1.5.11) we may conclude
/ ID(h+ D) <C (/ [Dr(h+ D + b+ lJJiro>
B1+ Si

< C (nllgradll%, + [f12r, ) < CLI Iy
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O

Lemma 1.5.6 behaves well under perturbations of Bjy, as made quantitive in
the following corollary.

Corollary 1.5.7. Let % < s < 1. There is a constant C > 0 s.t. to any € > 0 there
is ep = er(€) > 0 s.t. any single valued harmonic function f € WH2(Qr N By)
satisfies

C
/ DI < (1+6) / D2+ 112y,
QprNB;y QrnsSt €

Proof. This follows as a perturbation of the previous lemma making use of the
bilipschitz equivalence of Qr N By and By i.e. fix

GFZBl+%QFﬂBl

as given by lemma C.2. Hence [|[DGr — 1|, ||DGI§1 - 1”Oo < 10 ||grad F|| , <
10ep. Let f as assumed with finite RHS, otherwise there is nothing to prove.

foGr € WY2(By4) hence there is an unique harmonic f € W12(Byy) with
f| . =fo GF| . . f, f are Dirichlet minimizer on their domains so that
slurg sturg

2 r3 —1y(2 4 r2
/Q LI / DGR < (1 10cp) / DFP.

By

The previous lemma showed that, for some constant C' > 0,
- - C -
[ ipit<ava) [ D AP+ SR
Biy s €1

<(1+e)1+ 106F)3/

C
|D-fI* + —(1+10er)° L f 2 1, -
S1NQx €1

We conclude choosing €¢; = § and then ep > 0 sufficient small for (1 4 §)(1 +
10€F)7 S 1+e O

We can use the obtained results to get an estimate for Dirichlet minimizers in
the spirit of proposition 1.4.3.

Lemma 1.5.8. For 5 < s <1 and e > 0, there is a constant C = C(s) > 0 with
the property that if (A2) holds with ep = ep(€) > 0 then

C
/ |Dul? < (1 + e)/ |Drul® + =77 u)? g,na, Y0 <7 < Rg
B,.NQp dB,.NQp €

for any Dirichlet minimizing u € WH?(Qp N By, Ag(R™)) and Ry = Ro(u(0)) > 0.

Proof. As usual we may assume that the RHS is finite. Let ez > 0 be the constant
of the previous corollary 1.5.7 and ||grad F'l| , g, < €F.

Suppose s(u(0)) = 0 i.e. u(0) = Q[p] for some p € R™. Since we assumed the
RHS is finite u € W2(0B, N Qp, Ag(R™)). Fix for such a radius t_ < 0 < ¢, and
—T<0p<0_ <3 st

OB, NQp = {x, = (rty, F(rty)) = re+ o = (rt_, F(rt_)) = re'- 1.

There is b= (by,...,bg) € W12([04,0_],R"?) s.t. [b(0)] = uo,,(e?) = u(re=?) for
0, < 60 < 0_ due to the 1-dim. W12 gelection criterion [12, proposition 1.2].
There are a(t) = (a1,...,aq) € W*2([0,t],R"?) and b(t) = (b,...,bg) €
W'2([t_,0],R"Q) for any s < s with [a(t)] = u(rt, F(rt)), [b(t)] = u(rt, F(rt))
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respectively due to the W#2-selection, lemma B.4. Permuting a and c if necessary
we may assume that a(ty) = b(04), c(t—) = b(0_). We may define
a(xy), ifree B.NTp,z1 >0
g(x) =< b)), ifre=re?coB, Ny
c(xy), ifrzeB.NTp,z1 <0.

g = (¢1,---,90) € W#'2(9(By, (Qr)or), R"@) as a consequence of the glueing
lemma A.7. [g(z)] = 22, [9:(2)] = uo(x) for all z € (B, N (Vr)o.r). Hence
there is h = (h1,...hg) € WH2(B1 N (QFr)o., R"?) harmonic with g as boundary
values. [h] = ZZQ:l[[hi]] is a competitor to ug, so that

/ Duf? = / Dug, |2 < / ID[H]? = / \Dh?.
B,.NQp BiN(Qr)o,r B1N(Q2F)o,r B1N(F)o,r

The previous corollary 1.5.7 applies to h since ||grad Fp .|| = |lgrad F'l| , 5, <

142s
4 )

OO,Bl
€r. So, we find for a fixed % <s' <s,eg s =

/ |Dh? < (1+ e)/ |D.h|? + guhjﬁ, (Cr)or
BiN(QF)o,r SIN(Qr)o,r € 7 Y

C
<(1+ e)r/ ‘D7u|2 + 7T2571UUJJ§,QFHBT
OB, NQF €

considering in the last line [h(z)] = [g(z)] = uor(z) for x € I(B1 N (Qr)o,r)
and [[hlly (0p)0, < Clluorlls, ey, = Cr** M ul2 o, qp, from the W*?-selection,
lemma B.4.

If s(u(0)) > 0, i.e. u(0) = ijl Q;lp;l, lpi — pj| = s(u(0)) for i # j. Fix Ry >0
S.t.

- 1
R§lua.crnsn, < 55(u(0)
where []a.0-nB R denotes the Holder semi-norm on Qr N B, with exponent & > 0

provided by theorem 1.5.2. Hence there are Dirichlet minimizing u; € W?(Qp N
Br,, Ag, (R™)) with

(1.5.12) Gu;(2), Qs [p;]) < %s(u(o» for all & € Qp N Br,.

To each u; the assumption s(u;(0)) = 0 is satisfied. So, by the previous considera-
tions for a.e. 0 < r < Ry

J
Du? =Y [ |Duf
/BTQQF J:Zl B,.NQp !
J
< Z(1+€)r/
j=1 0

C
—@ror [ D+ C a0,
9B, NQp €

C ,._
o |Dru;|* + zTQS 1“.“]'JJ§,QFHBT
r F

where we used in the last step that G(u(z),u(y))? = ijl G(uj(z),uj(y))?* to to
(1.5.12). O

As theorem 1.4.1 follows from proposition 1.4.3, we can now use lemma 1.5.8 to
give the final argument leading to the Holder estimate of corollary 1.5.5.

Proof of corollary 1.5.5. Let a > 0 be given as stated. Fix e > 0s.t. 1 +¢€ < i
and 0 < R < 1 sufficient small s.t.

(1) R < Ry when Ry is the radius of the previous lemma, 1.5.8;
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(2) llgrad Fllo. p,nq, < cos(24E).

(2) ensures that Cyp N B C ng% N Br C Qr N By. Following the steps in the
proof of theorem 1.4.1 for a.e. 0 <r < R
0

7—7’72'1/ |Dul? = 71"720‘/ |Dul? + 2017"720‘71/ | Du/?
or B.NQp B, Ny B.NQp

C (25-1-20)- C otya)—
< :T(2 1—20a) 1UUJJ§,BTHFF < :7‘2(7 ) 1M5.
Integration in 0 < r < R gives
CR2(v—a)
(1.5.13) r*QO‘/ | Du|? < R*M/ |Dul* + —— M2.
B,.NQp BrNQp v

By definition of § = cos(f) — COS(QGZ*‘IT), for all =z € Bg N Cy we have By, (z) C

C20+x N Bgr. Let x € Bg NCypand 0 < r < % be given, set r1 = max{r, d|z|} and
4

re =711+ |z| < 2r;. We found

2

2
7’_2"/ |Dul? < rfza/ |Dul? < %7“272“/ | Dul|?
B (2)NQr By, (2)N2p g By (2)N2p

4 2(y—a)
< o (/ |Dul? + CRM}j) .
6 « BrNQp ’y -«
1

where we applied at first the internal estimate since o < o) and finally the just
established (1.5.13). Having established (i), (ii) follows as indicated in the proof of
theorem 1.4.1. O



REGULARITY QUESTIONS 33

APPENDIX A. FRACTIONAL SOBOLEV SPACES

We will restrict our overview to the special case of W2 = H® for 0 < s < 1.
A.1l. General facts. At first let us consider the spaces on RY, there are several
ways to define them:

(a) using Fourier transform:
H*(RY) = {u € L*(RY) [¢]*Fu(§) € L*(R™)};
(b) using real interpolation:

Ws’2(RN) _ (V[/vl,Q(RN)7 L2(RN))

1-s,27

(c) using the the Gagliardo semi-norm ||-||s g~

All of these definitions define the same Banach space as can found for instance in
[23]: (a)=(c) corresponds to Lemma 16.3 or Lemma 35.2, (a)=(b) can be found in
Lemma 23.1.

Ju(z) — u()l®

N xRN |£L’ - y|N+28

dxdy; < oo} ;

We will be mostly interested in the case of an open domain  C RY .In this case
several definitions are possible, compare [23, section 34 and section 36]:

(a) as restriction
W*2(Q) = space of restrictions of functions in W*2?(RM);
(b) using interpolation
W2(Q) = (WH(Q), L2(9Q)), __ ,;
(¢) using the Gagliardo norm

Wo(Q) = {u e I2(Q): [ul?q = /

QxQ

|u(z) — u(y)?

[ — g+ dxdy < oo}

For © with Lipschitz boundary one has the existence of an extension operator
that is linear and continuous:

E:Wh(Q) — WH2(RY);

FE extends to a continuous linear operator mapping (WI’Z(Q),LQ(Q))l_S , into
(WE2(RN), L*(RYN)), __ ,; therefore (a) and (b) agree in these cases, compare [23,
section 34].

For Lipschitz domains one can show the existence of a linear continuous extension
operator E : L*(Q) — L*(RY) with [[Eull,py < [[u]ls,0, so that all definitions
agree; compare [23, Lemma 36.1].

WH2(RYN) is dense in W*2(RY) and W12(Q) in W*2(Q). Since C5°(RY) is
dense in W12(RY) and C*(Q2) in W12(Q), if Q is Lipschitz regular, the same
holds true for the interpolation spaces W*2(RY) and W*2(9).

The trace spaces are our main concern. Using the characterisation via the Fourier
transform one finds the following, [23, Lemma 16.1]:
For s > % functions in H*(RY) have a trace on the hyperplane xx = 0 belonging
to HS*%(RN*I) and this mapping is surjective.
But our concern is the trace on 9 which will be a C* or Lipschitz manifold. We
would like to have a statement as follows: For s > % functions in W*?2(£2) have a
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trace u!m belonging to We—3:2 (09) and this mapping is surjective.

How can we best describe W#2(9Q)? The definitions (a),(b),(c) for W*2(Q),
Q ¢ RY an open Lipschitz regular domain are all non-local. One can check that all
definitions share the following property: Let Uy, Uz C 2 be an open cover of 2 and
u € L?() satisfies u|Uv € W#2(U;) for i = 1,2 then u € W*2(Q2). We are looking
now for an general app}oach to localize that works for all three definitions. This is
desirable to define W*2(9) for a C'!- or Lipschitz regular domain 2 C RY since
has the defining property that locally €2 looks like Qr = {z € RN : zy > F(z')},
for a C* or Lipschitz continuous function F', where 2’ = (z1,...,zn_1). We would
like to reduce our analysis to such a local description.
For this aim the following two observations are useful:

(i) equivalence under bilipschitz transformations;

(ii) one can ”localise” and a "local” description controls the global one.

Concerning (i): let ¢ : Q' — Q be bilipschitz,  N-dimensional; then we may
define a linear operator u — fu = u o 1) with

[l < L™ ¥ e
lerad(¥# )] 2 o) = |D¥" grad(u) o v|| 2 ) < Lip() Lip(¢™") ¥ leradull 2qy ;

therefore 1/1ﬁ extends to a continuous linear operator on the interpolation spaces
(Wh2(Q), L2(Q), ., = (WH(Q), L2()), -

For the Gagliardo semi-norm,we define the constant Cy, = Lip(1p~1)2N Lip ()N 2
and use |x — y| < Lip(y)[p ! (z) — ¢~ (y)| with a change of variables to conclude
that,

/ [Yfu(z) *wﬁu(y)dedx < Cw/ Mdydl’,
Q' <Y

|l — y|N+2s axq |z —y|Nt2s

Concerning (ii): Interpolation behaves well for finite tensor products in the sense
that

L

L L
(A.1) <® Eo,i,®E1,z’) = ®(E0,i;E1,i)97P'
i=1 i=1

op =1

We will show that below. Assuming (A.1) holds true we can check (ii). Given any
finite open cover {U;};=1,.. 1 of Q with subordinate partition of unity (6;)i=1,... 1
we define

.....

L
R:WY(Q) - Q@ W"(U;) Ru=(uy,...,ur),
=1

where u; is the restriction of w to U;, and

L L
T: QW) = WH(Q) Tl(u,...,ur) =Y ;.
=1

i=1
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Both operators are linear and continuous, because

L
Z HUzHLZ U;) = <L ||UHL2(Q

i=1

Zngad (i)l 2o,y < Lllgrad(u)|| p2 (o)

L
29% <Y il 2
i=1 i=1

L2()

L
;) Z grad(6;)]oo ||Uz||L2(UI + [6iloo ngad(UZ)HL?(U)

L2()

Using (A.1) they extend to linear continuous operators
L
R:W*2(Q) — QW)
T: ® We2(U;) = W*?(9).

By definition 7o R = 1y .2 since the equality is obvious on W'2(§). This shows
(ii) in the interpolation case.

It remains to check (A.1). Let {(Eo,;, E1,)}i=1,.... be finitely many tuples of
Banach spaces admissible for interpolation. We can consider the interpolation of
their tensor product:

L

Ey = ®E0 i equipped with the norm ||a|, = Z llaillo ;
i=1
L

E, = ®E1’i equipped with the norm ||al|; = Z llaill; ;
i=1 i

Hence for the K functional in real interpolation we have

L
K= b aolly + el = Y Kilt ) > K(t,ay)
ai:ao,i+2117‘,;’1i:l ..... L i=1

and this establishes (A.1) because

1SN, _
S Kt 0ty < K e

L
< Z ||t*"Ki(t, ai)||Lp(R+;%> '
=1

To check (ii) in the case of the Gagliardo semi-norm we have for the restrictions

L
ZH_UiJJS,Ui S LHUJJS,Q'

i=1
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For an arbitrary Lipschitz function f and Q; = QN supp(f) write

|(fu)(x) = (fu)(y)[? - |(fu)(x) = (fu)(y)]?
/(zxﬂ |z — y|NF2s dydx_/szlxnl |z — y|N+2s
_ / |(fu)(z) = (fu)(y)]? |(fu)(z) = (fu)(y)[?
Q1%

|z — y|N+2s dydx+/91XQl |z — y|N+2s
|z—y|>1

dydx

dydz;
lz—y|<1
for the second integral we have

/legl |(fu)(x)—(fu)(y)| dyd;v§4|f\2 ZVWN/Q |u‘2

_ N+2s oo
le—y[>1 |17 y| 25

where we used symmetry in z,y and

1 e N
/ N2 Y < NWN/ e =
O\ B (z) |z —y| 1 2s

for the first integral we have

|(fu)(z) — (fu)(y)”
/leszl |z — y|N+2s dydzx
|[z—y|<1
— 2 2Nw
< 9|2 u(z) — u(y)| dudx + Li 2 N 2
<o [ O b+ it 5 [

where we used |(fu)(z) — (fu)(y)| < [floolulx) —u(y)l + [f(z) — f(y)l|ulx)] <
[floolu(@) — u(y)| + Ju(z)| Lip(f)|z — y| and

|l‘*y|2 /1 2-95—1 N(.L)N
— = <N ST Hdr = .
/QmBl(z) |z — y|N+2s = “N 0 " " 2 —2s

Hence we got the desired estimate with the constant Cy = 2| f|2 + fgfg) (Lip(f)*+
If1%)

fu)(z) = (fu)(y)]? 2
/QxQ : ?i z y|](\7+2)s(y)| dydr < Cy (uuﬂs’ﬂl * ||u||i2(91)) .

Using this estimate we can conclude (ii) in case of using the Gagliardo semi-norm

since
L L L
UZ Oiuillso < Z“ﬂiuiﬂs,ﬂ <C (Z“_uzﬂsU + ||'U/i|L2(Ui)> .
i=1 i=1

i=1
Due to (ii) it is sufficient to consider the case Qp, Furthermore using (i) with the
bilipschitz mapping (2/, zn) — (2, x5 + F(2')) between RY and Qp, it is sufficient
to understand Rf . Hence as definition for the spaces on the boundary we may use
W*2(0Qr) = {u(z’,zn — F(2')) : ue W9(RY)};

for the Gagliardo seminorm we may use as well the global version

2 |u(@) — u(y)?
Lulison = /aszxaﬂ |z — y|N—i+2s dydz
Corollary A.1. For s > % functions of WS’Q(]Rf) have a trace on the hyperplane
zy = 0 belonging to WS_%’Q(RN_l) and this linear continuos mapping Lm\f 18
surjective.

Proof. w € W*2?(RY) if and only if the extension

Fu(z) = u(z',zN), ifxny >0
u(z',—zn), ifay <0
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is an element of W*2(RY) = H*(RY). Composing this operator with the contin-
uous linear trace operator defined on the whole space using the Fourier transform
shows existence. Furthermore it inherits all its properties and hence concludes the
proof. O

The following characterisation for the trace of a function provides a tool to
check that a function u € W*2(Q) can be patched together with a function v €
W2(RYN \ Q) to a function U € W*2(RY) if their traces coincide. As introduced
before: Qp = {x € RY: 2y > F(a)},F Lipschitz continuous

Lemma A.2. Foru e W%%(Qr), one has

u(z' xn) — u|BQF(x')

[on — F(a')]

(A.2) < Cllulls.ar

L2(Qr)

Proof. Using the bilipschitz mapping (2/,zy) — (2/,zy — F(2')) and v(2/, zn) =
u(z’, F(2') + xn) € WH2(RY) together with

/ u(2’, an) —ul,,, () / (@', an + F(a') —ul,,, (")
on dx = dx;
Qr )| RY

|JUN —F(l‘/ |xN|25

one has only to consider the case F' =0, i.e. Rf.

We may extend u by u(z’, —zy) for zy < 0 to obtain u € W2(RN) = H*(RY).
We deﬁne va(x') = u(x’ zn), then Fu,, (&) = [g e*™NaN Fu(¢', En)dény and
]:’u‘ = Fuo(& fR Fu(&',En)den; hence by Cauchy inequality

2
Foan(€) — Fuo(€)P = ( G 1>fu<s',5N>dsN)
<4 ( MWIN(%N) 25! < / |sin(7r£NxN>||§N|afu|2<£’,sw>d&v) ;
R R

lEnTn|®

Multiply this by |zx|~2¢ and integrate in xx to conclude
[l 2100 (€) = Fuol€)Pa
R

<10() [ ( 'Si“(”WN)'mmm) e | Fu2 (€ Ex)den
R

R |£N:L.N|1+257a

— 40(a)? / En[?* | Ful2(€, e)den

where C(a beth‘Zt dt < oo for @ =14 2s—a (note that 1 < 2 +s=a < 2).

This gives the desired result by integrating in £, since

|’U,(J,‘ TN _u‘an )|2 _92s / N2 g¢!
/ e = / | / | Foan () — Fuol€)2de' duy
RN R RN-1

‘xN|2S

O

For s = 1 compare lemma 1.5.3, that corresponds to [23, Lemma 13.5]. We can
conclude the following corollary

Corollary A.3. v e L2(RN™1) is the trace of u (and so in W5~ 2:2(RN-1)) if

u(z',zy) — v(a’)

(4.3) [y — F@)

< 0

L2(QF)
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Proof.
/ o)l @t <2 ) [ ) T £
RN—1 RN-1 |.%‘N|26

u(@’, F(2') +ay) —ul _ (2'))?
o2 / / oo OF s
RN -1 |z [?

2

e [ e an) = o) | w(@,on) —ul,, («) .
len = F(2)I* |l p2i0p oy — F(a/)[* L2(Qr)
converging to 0 as € — 0 hence v = u’aQF. U
Corollary A.4. Let u € W*%(Qp) and v € W2(RN \ Q) for s > 1 satisfying
u’a(l = U|BQF then
; Q
(A1) Uy = | e
v(x), freRY\Qp

defines an element in W*2(RN) satisfying
(A.5) LU]s ey < C (lulls,or + [vllspyor)

Proof. As before using the bilipschitz mapping (2’, zy) — (2',2x5 — F(2")) one has
only to consider the case F' = 0; then

2 2 2
Uz vy = llellzzmyy + 10122 @y

U(z) —U(y)? / lu(z) —v(y)?
—t—— dydxr =2 ———— dydzx
/RN WRN |T—y|NF2s Y RY xRN |z — y|N+2s Y

ju(z) — u(y)® / [v(x) = v(y)?
+ / 1) = WV gydz + ) ~ VYV 4 d.
RYxRY |z =yt RV xRN @ — gV

The first two summands are obviously bounded and the third is bounded because

u(z) —v(y)?
i) = VW 4 <
/MxRN |z — y|NH2s

Jul,, @) —v|,, @)
A6 3/ 2% r dydx
( ) ]Rix]Rﬁ’ |$ _ y|N+25
u(z) = ul,, () 0], () = ()2

(A7) + 3/ dydz + 3/ dydz.
RY xRN |z — y|NF2s RY xRN |z — y|NF2s

For the first integral, (A.6), we have
2

ful,,, (@) =0, ()]
N+2s dydz
RY xRN |z — y

<C/ om0~ tlon, OOF < Olulf?
= RN-1xRN-1 Ix’—y’IN*2+zs Yy z! u SRN’

where we used firstly

1
/RJr «r_ |z —y|NT2s R, xRy

by means of the change of variables zy = |2’ — ¥/|t,yv = —|2' — ¢/|7 and then
u|6Q = v|8Q together with the continuity of the trace operator |aQ :WS2(RY) —
F F F

We=2:2(RN-1), compare [23, lemma 16.1, lemma 16.3).

(At(tr?) > Gy
2/ — y/[N-2+2s Tar = |z — y|N-2+2s
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For the second and third integral, (A.7), we proceed equivalently. For instance for

the the second
\|2

u(@) = ul,.~ ()] lu(x’,zn) —ul . (2")]?
/ T;iz dydz < Cy / |’89F dz < Ollul? gx
RY xRN |z — y|N+2s R o

N
+
where we used

1 1
—— v =y | s de = 1P
/RN o=y T / o en [Nz TN

by means of the change of variables (v/,yn) = (¢’ — zny2’, —2n2zN), 2n > 0 and
afterwards we apply lemma A.2.
The constants Cy, Cy are indeed finite since (t + 7)2 > ¢2 + 72

/00/ rdrdd T
C; < — =
o Jo (1+r2)z+s 2N —-4+4s

1 N
Cs S/ sz = EN
RN\B;(—en) |Z+6N| +2s 2s

O

A further nice consequence is the following characterisation of W 2(Q), defined
as the closure of C2°(Q) in W*2(RY). The ”classical” case, s = 1, is considered in
[23, Lemma 13.6].

Corollary A.5. If F is Lipschitz continuous and s > % then WOS’2(QF) is the

subspace of u € W*2(Qr) satisfying u|a$2 =0.
F
Proof. It u € W{?(Qr) there exists a sequence u, € C®(Qp) s.t. w, — u in
W*2(Qp); as | is a continuous operator on W*?(2r) we have 0 = u,| —
p 0 p
ul in L2(RN-1).

o0

We I?lay extend u by 0 outside of 2F and denote the extension by U. The corollary
above shows that U € W*2(R¥). One chooses 0 < 8 < 1€ C®(RY) s.t. O(z) =1
for |z| < 1. One approaches U by the sequence u,(z',xn) = U(z,zy — 1)0(%) €
W#2(RN). u, converges to U by Lebesgue dominated convergence. The support of
these u,, is compactly supported within Qg. Finally regularise u,, by convolution.

d

Using interpolation theory there is an elegant way to obtain a statement on
compact embeddings:

Lemma A.6. If Q C RN and bounded, then the injection of W*(Q2) into L2(2)
18 compact.

Proof. We have to show that for a bounded sequence u, € W ’2(9), there is a
subsequence converging strongly in L2?(Q2). To do so it is sufficient to check that
for every € > 0 there is a compact subset K. of L?(f2) s.t. we can decompose
Up = Up,e + Wy, With Hwn’EHLQ(Q) < eC and v, € K, for all n.

Firstly we may extend each wu,, by 0 outside of €. For a special smoothing sequence
pe(z) = Zrpo(£) with po radial we can consider the linear operators u — u — pe x .
For them we clearly have

[w—pe*ull 2@y < 2|ull 2 @)

lu— pe skl oy < / pey) lu() = ul =)l 2y dy

< llgrad(w)|| p2 @) /RNIylpe(y)dy < Ae||grad(u)|| p2 gy -
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(1 — pex) extends to a continuous linear operator on W*2(R™N). Tt therefore satis-
fies [|u — pe *uHLQ(RN) < 218 Ases HUHW&?(RN)- The choice wy, ¢ = Uy, — pe * Uy, has

Opextn

[ wn.ell 2@y < Ce€ for all n and since H Ty Dpe

Loo(RN) ™ ’ Ox; L2(RN)
the sequence v, . stays in a bounded set of Lipschitz functions and keeps their
support in a fixed compact set of RY. The Arzeld-Ascoli theorem provides a sub-
sequence converging strongly in L™ and hence L2, concluding the statement. O

||un||L2(RN)a

The existence of a continuous linear extension operator E : W#2(Q) — W#2(RY)
for Lipschitz regular domains extends the result to bounded domains i.e. the injec-
tion of W*2(Q) into L2(2) is compact for Q@ C RY bounded and Lipschitz regular.

As usual the compact embedding can be used to prove Poincaré inequalities:

Lemma A.7. For a bounded, Lipschitz reqular domain Q@ C RN and 0 < s < 1
there is a constant Cy s.t. for each u € W*2(Q)
S Cl I_I_UJJS,Q;

U—][U
o llzz )

for % < 8 <1 there is a constant Cy s.t. for each u € W*2%(Q)

U= ][ u’an
o0

Proof. Both proofs are along the same lines. For the second we need the continuity
of the trace operator |6Q and so s > % Nonetheless we will only present the second
case and it will be obvious how to argue in the first. We argue by contradiction; so
we assume that there exists a sequence uy € W*2(£) with

w—f_wl,,

= uk—faﬂuk|an
Jur = £ “k’aszHB(Q)

we may assume that [[vg[|p2q) =1, fon vk‘m = 0 and by assumption |[v;]ls.0 < 3

(A.8)

(A.9) < CQI_I_UJJ57Q.

L2(©)

> kUUkJJS@.
L2(Q)

Normalising via

) for all k

for all k. In particular the sequence stays in a fixed bounded set of W*2(Q2). We
may pass to a subsequence vy converging strongly in L2(£2) to a function v € L?(Q),
due to the just obtained compact embedding of W*2(Q) into L?(f2). v needs to be
constant since [[vy||s,0 < +. Thus vy — v strongly in W*2(Q). The continuity of
the trace operator provides

7[ v‘m = lim Uk |, = 0.
a0 k=0 Joq

This contradicts [|v]|;2(q) = 1 because v = const. implies ’U|BQ = const. = 0. O

For our purpose a particular version of corollary A.4 is needed:

Corollary A.8. To any given —1 < a < 1 and % < 5 <1 there is a constant C >
with the property, that if u € W*2(SN"1n{zy > a}),v € WS2(SN"I1n{azn < a})
with u| then

sN=lnfay=a} v sN=1n{zy=a}

(A.10) Ulz) = u(z), ifreSN"tay>a
. U(x)a fo S SN_l’mN <a

defines an element in W*2(SN~1) satisfying

(A]-]-) UUJJS,SN*1 <C (UUMS,SN*10{1N>(L} + UUJJS,SNflﬂ{zN<a})
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Proof. We can apply corollary A.4 locally using a partition of unity {6;}Z, sub-
ordinate to a coordinated atlas (U;, ¢;)i=1,....- More detailed, we may choose a
smooth atlas (U;, ¢;)i=1,... with the additional property that every chart ¢;: U; C
SN=1 — V; ¢ RN~ satisfies o;(U; N {zy > a}) = V;N{yn_1 > a}. We may
now apply corollary A.4 to each pair u|y, o (pi_l, v|y, o <pi_1 and obtain functions
U; € W*2(V;). Using a subordinated partition of unity {6}~ ,, the function U(z) =
Zle 0;(x)U; o p;(z) agrees by construction with v on S* = S¥N=!'N{zy > a} and
with v on S~ = S¥~1 N {xyN < a}. Furthermore it satisfies for a constant C' > 0

1005+ < [V lhwagsv-s) < € (Nellwngsy + Iolhweags))-

because every U; does. To pass to the desired inequality (A.11) we proceed as
follows: Given u,v satisfying the assumption, we can apply the above construction

to
U =1u— U V=0 — v
+ —
]£S+ |as ]is— ‘85

because w, v still satisfy the assumptions as a consequence of u|as L= v|
obtain U and U with U = U—fysr ul
the Poincaré inequality (A.9), since

HUJJS,SN*1 = H_UJ.‘S,SN*1

U= ]£S+ u’aer
v -{95* ’U}as‘*'

A.2. Interpolation for fractional Sobolev functions. Commonly one can use
a version of the Luckhaus’ lemma to interpolate between two functions on the
sphere. If an L°°-estimate is not needed it states:

. We
as—
We can now conclude (A.11) by applying

ast”

+ |.|_uJ_|s,S+ < CH_UJJS,S+
L2(ST)

Flwlss- < Clvlss--
L2(s)

Hﬁnwsyz(sﬂ =

[0llys2(s-y =

0

To any 0 < € < 3 and u,v € WH3(SN 1) there is w € WH?(By \ B(1_()) with
w(z) = u(z) and w((1 — €)z) = v(x) for all x € SN, satisfying

1
(A.12) / \Duwl? < 26/ Dol + | Dol + f/ lu— of?
B1\B1_. SN-1 € JsN-1

Define a linear interpolation on the cylinder S x [0, €] by

By, 1) = <1 _ i) uly) + C) w(y) for y € SN1 1 € [0, €]

and then making use of polar coordinates * = ry,r € [1 — ¢, 1],y € SN7! the
annulus Ay 1. = B; \ Bi_. is close to the cylinder i.e.

w(ry) =w(y,1 —r) forr €1 —¢ 1],y € SN-1ie rye A

One checks that w defined in that way satisfies (A.12).
Our extension of this result to "boundary” functions in a fractional Sobolev space
is:

Lemma A.9. Let % < s <1 and e > 0 be given then there exists Re > 0 with the
property: for any R < R < 1 there is C = C(e, R) s.t. given u,v € W*2(SN-1)
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one can find w € WH2(A1 r) on the annulus A1 g = By \ Br with w(z) = u(x) and
w(Rx) = v(x) for z € SN~ that satisfies

a13) [ IDuP <e(Qul s Lol sves) + Ol = ol
AL r

Our proof uses heavily the theory of homogenous harmonic polynomials. This
is not a surprise since they build, together with their Kelvin transforms, a natural
basis for solving the Dirichlet problem on an annulus. As a reference for classical
results one may consult [3, chapter 5].

We will use the same notation introduced there:

e P,.(RY) denotes the complex vector space of all homogeneous polynomials
on RY of degree m;

o H,,(RY) C P, (RY) the subspace of all harmonic homogeneous polynomi-
als of degree m.

We want to emphazise that we do not equip P,,(RY) and H,,(RY) with specific
norms or inner products.
Furthermore we need the Kelvin transform for a map u : 2 C RY \ {0}

A4 Klu] = [ Nu [ = ) f O =Jz: —cab.
( ) [u] = |z| u(mz) or x € {x \x|2€

A key feature of the Kelvin transform is A(K[u]) = K[|z|*Au], compare [3, Propo-
sition 4.6]. Hence the Kelvin transform is a homeomorphism on harmonic func-
tions, [3, Theorem 4.7]. Furthermore for p € P,,(RY) we have the simple formula

Kp|(x) = m,ﬁ%. K|[p] is therefore homogeneous of degree 2 — N — m.

The proof of lemma A.9 splits into two parts.
In the first we characterise W*2(SV~!) using a Fourier decomposition into har-
monic homogeneous polynomials. In the second we use this characterisation to
estimate the solution of the Dirichlet problem on the annulus A; r = By \ Bg.
Recall the classical theorem, e.g. [3, Theorem 5.7]

Theorem A.10. Every p € P,,,(RY) can be uniquely written in the form
P =Dm + 2 Pm—2+ - + [2[F D2k,
where k = | 2] and each p, € H,(RY).

Lemma A.11. Ifp € H,,(RY) and q is a polynomial with strictly less degree then

(A.15) / pq:0:/ D.p-Diq
SN*I SN*I

Op O N Op O Op O
(DTP'DTC]:DP'Dq—affa%:Zizl af:)i a:gi _%}87{{)

If p,q € Hp(RY) then

(A.16) m(N —2+ 2m)/ pq = / Dp - Dq
SN*I SN*I

dp 9q

= D,p-D, 2 - .
‘/SN—l p q+m SN-1 67” 67“

Proof. By linearity and the decomposition of theorem A.10 we may assume that
q € Hn(RY) for some n < m. Recall that if u € C! is homogenous of degree A,
it satisfies the Euler formula |z|2%(z) = Du(z) - # = Au(z). Furthermore observe
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that - € M- 1(RY) and aq € Hp_1(RY) for any i = 1,..., N. Hence

0 0
n/ pq=/ = / pq+/ PAq— Apq
SN-1 SN-1 6r SN-1 or B

=m pg;
SN-1

dp 0
/ Drp-DTq:/ DTp.DTq—|—nmpq:/ DTP'DTQ+££
SN-1 SN-1 SN-1

or or
:f:/ dp 0Oq _ o
P SN-1 8xi 8dfz ’

where we applied the (just obtained) orthogonality of H,,(RY) to H,(R"Y) for

To show (A.16) observe that pg is homogenous of degree 2m hence

m(N—2+2m)/ pqzl(N—Q—&—Qm)/ 9pa)
SN-1 2 SN-1 or

1
=(N—-2+2m) Dpqu:(N—QqLQm)/ / (Dp - Dq)(rz)rN~"dr
B 0 JsN-1

1
=(N-2+ 2m)/ r2m_2+N_1dr/ Dp-Dgq = / Dp- Dq
0 SN-1 SN-1

Op 0
= / D:p-Drq+ D24 / DTP'DTQ+m2 pq.
SN-1 or 6 SN-1

SN-1

O

On the base of some Hilbert space theory we recover the following classical result
and a small extension, compare e.g. [3, Theorem 5.12]:

Theorem A.12.

o0

(A.17) L2(SN1 @Hm (RN)

o0

W12 SN 1 @H"L RN

We are here a bit imprecise in the chosen notation. As a direct sum of vec-
tor space both direct sums are the same, but we consider them with different
topologies. Furthermore to be precise the equality should be understood restrict-
ing each element of the righthand side to the sphere, S¥~1. In the first case we
equip each H,,(RY), with the L? inner product on the sphere, (p,q) = fsN—l Dq.
H.n (RY) with this topology is a Hilbert subspace of L?(SN~1). In the second
equality we equip H,,(SV~! with the inner product of W12(SN=1) (p,q)1 =
Jsn-1Pq + [sn_1 D-p - Drq. With this topology H(RY) is a Hilbert subspace
of Wh2(SN-1),

Proof. The finite dimensional linear subspaces H.,,(R"),H,(R"™) are orthogonal
with respect to both inner products (-,-), {-,)1 for m # n. This is a consequence
of (A.15).

Finally the restriction of polynomials to the sphere are dense in L?(SN-1) >
W2(SN=1) due to the Stone-Weierstrass theorem. This proves the theorem since
the right hand side is dense in the left. O
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Combining (A.16) together with theorem A.12 shows that every u € L2(SV~1)
has a unique decomposition u = Y">_ p, with p,, € H,, (RY) and

(A.18) ul* =" llpmll*-
m=0

Furthermore u is an element of W12(SN~1) if and only if

(A.19) oo>/ |Duf? = Z/ | Drpml® = Z

SN-1 m=0

N —
(1 n ) ol
m

This suggests an extension for defining Sobolev spaces on SV ~! with noninteger
order.

Definition A.1. For areal s >0

(A.20)  HS(SN1) = {u = Z pm € L2V Z m* |lpm|* < OO}

m=0 m=0

Now (A.19) reads:
Corollary A.13.
(A.21) HY(SNH = wh2(SNh,

As a consequence of corollary A.13 we will see that (A.20) provides an equivalent
characterisation of the fractional Sobolev spaces:

Lemma A.14.
(A22) Hs(stl) Ws2(8N 1) (W12(SN 1) L2(8N71))

1-s5,2

We postpone the proof after the next lemma.
Identifying interpolation spaces between W2(SN=1) and L2(SV~!) is now the
same question as interpolating between some direct sums of Hilbert spaces with
weights. This can be settled easily in a more general setting. Our presentation
follows the L? equivalent of L. Tartar in [23, chapter 23].
We consider the situation of a direct sum of Hilbert spaces:

(A.23) H= é H,,
m=0

Lemma A.15. For a sequence of positive numbers w = {wy, }2°_,, let
(A.24)

2 : 2 2
E(w) = {a = (am)m € H: Z W |lam]]” < oo} with |all, = Z W lam||”
m=0

If w(0) = {wm(0)}m,w(1l) = {wm (1)} are two such sequences, then for 0 < § < 1
one has
(A.25) (E(w(0)), E(w(1)))g = E(w(f)) where wp,(0) = W (0)*%w,,(1)°.

Proof. We use a variant of the K-functional, namely
1

. 2 2.2 z,
Ko(ta) = it (Jbll3 ) + 2 lell)

hence K»(t,a) < K(t,a) < V2Ks(t,a). Now for a = Y, a, we have Ks(t,a)? =
iNfa,, =, 4 e Do Wi (0) [bmllio) + #21wm (1) [[m 121y We can calculate Kot
explicitly, because one is led to choose b,,, = \;am+d,, with d,,, € H, ﬁspan( )t
Then ¢ = (1 = Am)am — di and so ||bm||2 =\ ||a7n||2 + lldml, Hcmll =(1-

a)
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Am)2 lam || + ||dm . Hence dp, = 0 and one is led to choose for by, the value Ay,
that minimises Wy, (0)A2, [|am ||® + 2w (1)(1 = Ap)? [|am||*. One finds

t2w,, (1) B Wy, (0) .
W (0) + 2w (1) P T = T o)

so K(t,a) is computed explicitly by

2 wm() m(l)

Am =

Finally Lebesgue’s monotone convergence theorem provides

wm(0>wm(1) dt
IRt  a = 3 Nl [ 070 O

making the change of variables ¢ = |/ == E(l); s, one finds

1—-260
/OO p0-0)_Wm(Quwn(l) _dt = wn (0)' " Pw, (1)’ /OO e
0

(0) + (1) ¢ y 1442
Since C' = [;° 811+:29 = Sem(re)> this gives

||t_9K2 t,a HL?(R 4ty = =C Z Wi (0 \am||

O

Proof of lemma A.1j. There is unique decomposition L*(SN=1) — @, H.(RY)
with v — {pm }m and ©w =3 p,, as seen in theorem A.12. This map is an isome-
try between L?(SV~1) and H°(SV~1) and continuously linear between W12(SN-1)
and H'(S™V~1). Thus lemma A.15 showed that the decomposition is a linear home-
omorphism between

Ws’2(SN_1) — (Wl’Q(SN_l),LQ(SN_l))

1—s,2
and

(HI(SN—l),HO(SN—l))l_SQ = H5(SNY);
that is the statement of lemma A.14. O

Now we come to the second part estimating the energy of the solution to the
Dirichlet problem on Ay p = B; \ By for a fixed 0 < R < 1. We start with estimat-
ing them for polynomials and after that we will use these estimates to conclude it
for general functions.

Consider the following Dirichlet problem:
Let p,q € Hm(RY) be given, and let P : A; g — R be the unique solution of

(A26) {AP:07 on AI,R

P(z) = p(x) and P(Rz) = q(x) for all x € SN~1

Lemma A.16. Let p,q be two given constants, i.e. p,q € Ho(RY), then there are
P,G € Ho(RN) s.t. the solution P of (A.26) is

Plr) = {p+q1n( r), fN=2

A.27
( ) p“"mN 5, if N >2;
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furthermore we have the estimate

(A.28) / IDP?2 = —%n |NQ\ ) z:fN:Q
Avr HAen |p— g2, if N >2

Proof. Tt is a standard calculation that In(r) for N = 2 and |z|>~" for N > 2 are

harmonic on R™ \ {0}, hence the P(x) = P(r) defined by (A.27) are harmonic. The

boundary conditions in (A.26) translate to
P(l):phenceﬁ:pforN:2andﬁ+q:pforN>2

P(R) = q hence p+ GIn(R) = g for N =2 and p + =q for N > 2.

R2 2N
In the case of N = 2 one solves for § = %, in the case of N > 3 for § = 2l

Apply Green’s formula on the annulus and then insert the boundary conditions in
the second to obtain:

- op oP oP
(A.29) /A ippp= /aAl,RPau [ P05 @ /aBRP”ar”

oP oP
= [ 05 @ [ e G

oP

. 2-N)§ . . .
For N = 2, %—f(r) = % otherwise 5-(r) = (TIT])‘I’ hence in two dimensions we

found OP oP OP 27
P— = —(1) — R)R —ql%
~/8A1,R v ﬂ-(par( ) q@r( ) > lnR‘p al
in higher dimensions

oP OP oP N(N —2
[ P =N () - () = M g
9A1 r T (97’

S ke

ov R2-N 1

For the estimates in the case m > 1 we introduce two functions:

(A.30) () = cosh((i\/'in}—l(;))t) -1
. t

f(t):m-

Lemma A.17. Let p,q € Hnn(RY), m > 0, be given. Then there are p,G €
Ho (RN) s.t. that the solution to (A.26) has the form

q(z)

(A.31) P(x) = p(x) + Klg)(x) = p(x) + ELAEEEE

furthermore we can estimate the energy either by

2m+ N — 2 2 _ 2 2
. 2 — < m .
() [ DPP - G Il < S m (Il + )

or by
(A.33) [ 1pPE < aNF R m (1ol + al?)
1,R

Proof. The Kelvin transform maps harmonic polynomials § € H,, (RY) to harmonic
functions on R\ {0}, homogeneous of degree 2— N —m. Hence P defined by (A.31)
is harmonic on RY \ {0}. The boundary conditions impose p(x) + §(x) = p(z) and
R™p(z) + R>~N=™G(x) = q(z). Solving this for § and ¢ gives

~ R27N7m ) —aq(x B z)— R™p(x
) = e e ) =
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As before we can use the Euler formula for homogenous function u of degree A,
ra’g(f) = Au(zx), to simplify the integrals and inserting P(z) = p(z), P(Rz) = q(z)

for all x € SN~ we obtain

/ Pa—P = p(z)DP(x) - x — RN_Q/ q(z)DP(Rx) - Rz
8A1 R v SN-1 SN-1

_ /S pl@) (mi@) + (2= N = m)i())

—RY [ @) (") + 2 N = m) BN ()
= ———— ({32—N—m + (1 + NT;2> Rm} Ip|I®

N -2 N -2
+ {R"HN_Q + (1 + ) R_m} ||q||2 — (2 + ) 2(p, q))
m m

To obtain the first estimate (A.32), subtract % |lp — gq||” from the inte-

gral above and use —2(p, ¢) = |[p — ¢l — ||p||* — ||¢||*, which gives
N—2 1
—<2+)2@ﬂ>:(W”+N—2WP—QF
m m
N -2 N —2
2 2 2 2
- G T - (=== .
IpIl™ = (1 + ——=) llplI” = llall” = (2 + ———=) ll4]

We then conclude
2m+ N — 2
| pr- p—dl? =
Al r

R—m—N+2 — Rm ”

m

N -2
—-m—N+2 _ 1 1 m o 1 2
R—m—N+2 — Rm ((R ) + < + m ) (R )) ||p||

m mtN— N -2 m
+ R—-m—N+2 _ pm ((R N ]') + <]‘ + m) (R - 1)> ||QH2 .

One easily checks that the function g(y) = (y* — 1) — a(y — 1) ( defined for y > 0
and a > 1) attains its minimum at y = 1: g(1) =01ie. a(y—1) < y* —1. In our
case that gives (1+ &=2) (R™ — 1) < (R™*V=2 —1) and (1+ 2=2) (R7™ - 1) <
(R~m=N*2 —1). Hence we can simplify to

om + N —2 )
DPJ? — —~
[, 1P e ol

< e (Wl + 1) < ) (Il + 1alF):
where we used
R2-N-m 4 pm+N-2 _ 9 < cosh ((1 + %) IH(R_m)) -1
R2-N-m _ Rm - sinh(ln(R_m))
with R2=N-m — Rm > R—™ — R™.

To deduce (A.33), we estimate quite brutally —2(p, q) < |[p||* + [l¢/|*. As coeffi-
cient in front of ||p||* we get
RQ—N—m_|_ (1+ N7;2)Rm + (2+ NT;Q)
R2-N-m _ Rm
) (2 + N—2) R—™ R—™
< m

< 4N .
— Rfm _ Rm+N72 — Rfm _ Rm
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In the last inequality we used that R~™ — R™*N=2 > Z(R~™ — R™). This can be
checked as follows: y €]0,1] — (y~* —y*) — 2(y~* —y) for a > 1 is nonincreasing
and vanishes for y = 1; the inequality follows inserting y = R™ and a = 1 + %

The coefficient in front of ||¢||? is

RV (14 222) R (24 222)

R27N7m — Rm
22+ 52 g R
— RZ—N—m —_ Rm - R—™ _ Rm :
This completes the proof. O

To conclude the interpolation theorem we need shortly to analyse the behaviour
of the two functions f and f in (A.30).

Lemma A.18. f is monotone increasing, hence f(In(R™™)) is increasing in m
and decreasing in R €0, 1]. Furthermore we have limy o f(y) = 0;

f is monotone decreasing, hence for § > 0, m’z‘sf(R*m) is decreasing in m and
increasing in R €]0,1]. Furthermore we have m_25f(em75) < 25— 0 as m — oo.

Proof. f’ is given by
oy 9V —1y)
F'y) = sinh?(y)
where we introduced the function
g(a,y) = asinh(ay) sinh(y) — cosh(y)(cosh(ay) — 1) for a > 1,y > 0
f"is strictly positive because firstly we have g(1,y) = sinh?(y)—cosh®(y)+cosh(y) =
cosh(y) —1 > 0 for y > 1 and secondly
g

—=(a,y) = sinh(ay) sinh

3 ) + ay cosh(ay) sinh(y) — y cosh(y) sinh(ay)
a

> sinh(ay) sinh(y) + y(cosh(ay) sinh(y) — cosh(y) sinh(ay))

= sinh(ay) sinh(y) — ysinh((a — 1)y)

> y(sinh(ay) — sinh((a — 1)y)) > 0.
We used the addition theorem and sinh(y) > y for y > 0. Therefore we found
g((N —1),y) > g(1,y) > 0. Using L'Hospital’s rule we have

) (N —1)sinh((N —1)0)
?}11{‘% f) = cosh(0)

(y
(y

=0.

f’(y) = % < 0, hence f is monotone decreasing and so is m — m~2%. Finally

the conclusions on the behaviour of f(In(R~")) and m 2% f(R~™) follow because
for 0 < R < 1 we have m — In(R™™) is monotone increasing and R €]0,1] —
In(R~™) monotone decreasing. The last estimate just follows from sinh(y) > y:

-6
em 2

—26 71 m™°
- - < 2
mo e ) 2m?29 sinh(m=9%) — md

Now we are able to prove the interpolation lemma A.9:

Proof of Lemma A.9. Recall that e >0and 1 > s > % are given. Fix § = s—% > 0.
Lemma A.14 stated that W*2(SV~1) = H*(SN~1) and each element of H*(SV~1),
a subset of the vector space @,._,Hm(RY). Therefore it is sufficient to proof
(A.13) under the additional assumption that for some finite large M we have u =
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Z%:o D,V = Z%:o Gm fOr Py @ € Mo (RY). But we have to ensure that the
constant in (A.13) is independent of M.

Firstly observe, that if P,,, P, are the solutions to (A.26) corresponding to pairs
Prms G € Him (RN, pry g € Hn(RY) constructed in the preparatory lemmas A.16,
A.17. Hence we deduce (as in the proofs to lemma A.16, A.17, using the Euler
formula)

/ P, 0P, z/ Prn(x)DPpy(z) -z — RN2 / gn(z)DP,,(Rx) - Rz
Y ov SN-1 SN-1

=m(pn;Pm) + (2= N —m)(Pn, Gm)
— RN72 (mR™(qn, pm) + (2 — N —m)R* N ""(q,, Gn))
=0
due to the orthogonality (A.15). To every 0 < m < M let P, be the solu-

tion of (A.26) to the pair P, ¢n € Hm(RY) given by the decompositions u =
ZTA:L[:O Dm, U = Z%:o Gm. For P = Zf\r/{:o P,, we have just shown that

M

P P,
/ |DP|2=/ poL > / P2
AR 0A1 R ov m=0"Y9A1LR

Let us define R, = e~ ™ "’ for some sufficiently large m, > 1 with the property
that f(y) < e for 0 < y < (m. —1)7° and 4N% < €. Such an m, exists as a
consequence of lemma A.18.

Finally for any R, < R < 1 we may fix mp > me s.t. e~ (Mme=D77" <« R < e
Using the results of lemma A.18 we conclude for m > mpg

—1-6
Mg

m (R < mp (R < m (e e <

And for m < mpg i.e. m < mpr — 1 we deduce
f(In(R™™)) < f(Iln(R™(mn=Y))
< f(=(mp = )In(e=™r D7) = f(mp —1)7%) <.

Finally we fix the constant C' = C(e, R) to be the maximum of the constants of

lemma A.16 i.e. 1112(7% for N =2, Y=2en 50 N > 2 and the one of (A.32) i.e.

R2-N_1
2m+N—2
TNtz for m < mpg.

We have shown that
Z')P

0A1 R (91/ m fOI R
and

oPpy, 2 2 2
[ P < am (Ipml® + lanl®) + C lom = gul* for m < ma.
AL R 81/

This proves a first version of the interpolation since we found

mpr— 1
prE= Y [k /
/Al R Z Z 9A1LR
M mel
<ed m (||pm||2 lanl?) +C Y 1P — gol?
m=0 m=0

oo
2 2 2
m2 (Ipmll* + lawll) + € 1pm = @l

m=0

IA
[M]8

3
I
o
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the right hand side is independent of M, so that we can pass to the limit as M — oo.
Although > >°_ m?* [pm|l? does not contain the Oth. order lemma, A.14 provides
only equivalence for complete norms. Choosing € > 0 ( a priory smaller, if necessary,
to absorb the constants) we got, for any admissible W#2-norm:

2 2 2
/A Dl < € (Jullfyeagsn1y + 1Wlfpossn 1)) + Cllu=vlgx-
1,R

To pass actually to (A.13) we can use a small oberservation and the Poincaré
inequality (A.8). Let u,v € W*2(SV~1) be given, apply the so far obtained inter-
polation to @ = u— %(fSN_l U+ fgn_1v) and 0 = v— %(JESN—I u+ fgn_1 v) providing
we WL (AL R). w=w+ %(fsN—l U+ fgn_1 v) has the desired properties because

12 2 _
||U'||WS»2($N—1) = Hu||L2(SN—1) + Uuﬂiswl
112
= l[allp2(sv-1y + IR [
and by the Poincaré inequality (A.8) and 20 = (u— fon_1 u)+ (v —fgn_1 v)+(u—0)

2 HaHLz(SN*l) <cC (Uuﬂs,swl + |.|_UJ_|S,SN71) + [lu - UHL?(SN*l) :

We argue similarly for v. In conclusion we obtained
- 2 2 _ 9
[ Dl = [ DR < e (lalnnsvon +100asvn) + Clla = ol
Al r Al r

< Ce (llul? sv-1 + Lo)2gn-1) +Cllu=vlgn- -

APPENDIX B. Q-VALUED FUNCTIONS

B.1. Fractional Sobolev spaces for @-valued functions. As before we restrict
ourself to 0 < s < 1. Since Ag(R™) fails to be a linear space, L?(2, Ag(R™)) is not
a Banach space. Hence we are not in a setting for classical interpolation methods.
Nonetheless there are two ways to define W*2(Q, Ag(R™)) in a natural way:

(a) using Almgren’s bilipschitz embedding £ : Ag(R™) — R™, theorem 0.2.1,
W*2(Q, Ag(R™)) = {u € L*(2, Ag(R™)): £ou € WH(Q,R™)};
(b) using the Gagliardo norm

G(u(x), u(y))

2
W2(Q) = {u € L*(Q, Ag(R™)): H_UJ_IE’Q = / o — V2 drxdy < oo}.

QxQ

The equivalence of both definitions follows from the bilipschitz property of £ i.e

cl€ou(z) —&ouly)l < Glu(z),u(y)) < |€ou(x) —&ouly)| for some ¢ = c(n, Q).
This implies

(B.1) cléoulg <|ulliq<lEoul?q.

We had seen that all definitions of W*:2(Q, R™) are equivalent in case of a Lipschitz
regular domain Q C RV,

Combining the definition of W*2(Q, Ag(R™)) as suggested in (a) with (B.1) we
obtain nearly all statements for single valued functions as well for multiple valued
functions. For the sake of completeness we state them now for (Q-valued functions:
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Corollary B.1. To any given —1 < a <1 and % < 5 <1 there is a constant C' >
with the property, that if u € W*2(SN=1 n{zy > a}, Ag(R™)),v € W2(SN-1n
{zn < a}, Ag(R™)) with u’SN_lﬁ{mNza} =v| then

sN=1n{zy=a}

(B.2)

: N-1
Ulx) = u(x), z'fxeS _,xN>a
v(z), ifreSNlay<a

defines an element in W*2(SN=1 Ao (R™)) satisfying

(B.3) 1U]ls,sv-1 < C (lulls.sy-1nfzn>ar + [vlls.s8-1n{zn<a})

Lemma B.2. Let % < s <1 and e > 0 be given then there exists R. > 0 with
the property: for any Re < R < 1 there is C = C(¢,R,n,Q) s.t. given u,v €
We2(SN=1 Ag(R™)) one can findw € WY2(Aq g, Ag(R™)) on the annulus Ay g =
B1 \ Br with w(z) = u(z) and w(Rx) = v(z) for x € SN~ that satisfies

®4) [ D0 < e (Ll gves o+ Lol o) + C 100 3

Proof. For s = 1 we set R, = 1 —e. We obtain w € W'2(4; g, R™) applying
observation (A.12) to £owu, £ov with ¢ = 1— R, R. < R < 1. We obtain
w € WH2(A; g, R™). The retraction w = pow € Wh2(A; g, Ag(R™)) then has up
to a constant the desired properties.

For % < s < 1 we proceed similarly. Firstly apply lemma A.9 to £ou, £ov that gives
w € WH2(A; g, R™). As before the retraction w = pow € WH2(A; g, Ag(R"))
fulfils up to a constant the desired properties. O

B.2. Dirichlet minimizers on cylinders, Remark 1.5.1. As announced in Re-
mark 1.5.1 we present the proof given in [12] to the following observation.

Lemma B.3. u(z) € WH%(Q, Ag(R")) and U(z,t) = u(x) is Dirichlet minimizing
on Q X R then wu itself is minimizing in §2

Proof. Given an arbitrary competitor v(z) € W12(Q, Ag(R™)) to u i.e. u’m = v|m
on 9Q. We fix an interpolation w € WH%(Q x [0,1], Ag(R™)) satisfying w(z,0) =
u(z), w(z,1) =v(z) for all z € Q and w(z,t) = u}m(a:) = v‘m(x) on 09 x [0,1].

wx,L+1—t) HL<t<L+1
V(z,t) =< v(x) if —L<t<L
w@, L+1+t) if —~-L—-1<t<—L.

defines an admissible competitor to U. Hence the minimality of U ensures

2(L + 1)/|Du|2 :/ |DU?
Q QOx[~L—1,L+1]

g/ |DV|? :2L/|Dv\2+2/ | Dw|?.
Qx[—L—1,L+1] Q Qx[0,1]

This is equivalent to

1 1
Du2<<1—>/Dv2+ Dwl?.
/Q| | L+1 Q' | L+1 Q><[O,1]| |

for all L > 0, proving the minimality of u. (]
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B.3. W#P-selection for s > L. The proof of this lemma is due to Camillo De

Lellis, but has not been published so far.

Lemma B.4. Let s > %, Q € N be given, then for u € W*P([0,1], Ag(R")) we
can find v = (vi,...,vQ) : [0,1] — (R™)? with the property that

(i)
Q
[v(t)] = Z[[vi(t)]] = u(t) for all t € [0,1];

(i) v € W&'2([0,1],(R™)?) for any s’ < s i.e. there is a positive constant C
depending on Q and p,s,s’ s.t.

[ @l o SR,
[0,1]x[0,1]

|z — y|tPs’ 0.1x[01] T —y[ttrs

Proof. The lemma is a consequence of the results on regular selections of multival-
ued functions, [11, theorem 1.1], and the following estimate
(B.5)

maxa,re[m,y] |f(U) — f('r)|p
/0<x< <1 |z — y|1ps dxdy < C

for a constant C' depending only on p, s’ < s.
We start with proving (B.5). W*?([0,1]) ¢ C**~#([0,1]) for ps > 1 i.e. for any
o,7 €[0,1]

[f(o) = F(DIP

|o — |t +ps

dodTt

<o<7<1

(B.6) |f(0) = F(O < CUF s pifo.1)

where we used the abbreviation Ufﬂ’;’p’[a’b] = f[a’b] < [asb] L@ =S g2.4y. This holds

[e—y[1TPe
by standard theory. Or it may be concluded from lemma 1.4.2. To do so extend f
to f € W=P([-1,3],R"™) by

f(=t), if —1<t<0
f=1<r0, ifo<t<1
faA—t), ifl<t<2

The means f(z,r) = f;j: f are well-defined for all z € [0,1] and r < 1. (B.6) for f
in the case of p = 2 agrees with (1.4.3) in lemma 1.4.2 since (1.4.2) is satisfied with
8= %; for general p the calculations have to be adapted classically. We conclude:
for all o, 7 € [0, 1]

/(@) = F() = 1f(0) = F(D)| < O Lo p-1,21 < CLL s pyfo,11-

For any f € W#P([a,b],R™) we may applying (B.6) to the rescaled function
fap(t) = fla+ pt) with p=b—a:

max |f(x) - f(y)l = max ]lfa’P(U) - fa,p(T)l < CH_fa’PJJS,p.,[O,l]

z,y€la,b] o,7€[0,1

= Cp57; H_fﬂs,p,[a,b] = C(b - a')kgi5 |_|_fJ_|s,p,[a,b]~
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Inserting this in the left hand side of (B.5) gives
- P
/ maXs rez,y] |f( ) (T)‘ dzdy
0<e<y<1

|z — y|tPe

- 1f(0) = ()P
: C/<T<y<1 (y— ﬂf)HpS / o<r<1 (T —o)ltps drdo dxdy

(s—s")—2 ‘f(O')—f(T)V)
= C/<<T<T<1 ( " dydx) (1 —o)ttes drdo
|

< C/ <<T ;)1<+p>5|p drdo.

The constant C' is determined by

1-6
/ / y—z)° 2dydx</ / y— )0 2dydz < {%(52 R if5:p(s—5/)751.
(2), ifo=p(s—s)=1

Making use of Almgren’s bilipschtiz embedding & we deduce that (B.5) holds as
well for multivalued functions i.e. for any v € W*?([0,1], Ag(R™))
(B.7)

/ MaXy re(z,y] G(u(0), u(T))P

0<w<y<1

oy

Glulo) u(n)

|o — |t +ps

dzdy < C/

0<o<7<1

We observed W*?([0, 1], Ag(R™)) c C**~ ([0, 1], Ag(R™)), so that we may ap-

ply the theory of regular selections developed in [11]. Especially we use the proof of

[11, theorem 1.1]. For a given u € W*?([0, 1], Ag(R™) we can find v = (v1,...,vQ) :

[0,1] — (R™)® continuous with the property that [v(t)] = Z?zl[[vl(t)]] = u(t) on
[0,1] and there is a constant Cp > 0 s.t. forany 0 <z <y <1

[v(z) —v(y)| < Cq max G(u(o), u(r)).

)

Combining this with (B.7) gives the remaining part (ii) of the lemma. O

APPENDIX C. CONSTRUCTION OF BILIPSCHITZ MAPS BETWEEN Bj, AND
Qr N By

Before showing the general situation, QN B; with Qp = {(z/,2y) € RY: 5 >
F(z')}, F € CY(RN~1), we consider the similar case of a bilipschitz map between
B; and the upper half ball B1; = By N {zy > 0} that preserves ”"radial” homo-
geneity.

It is of interest for us to preserve "radial” homogeneity in the context of con-
structing competitors. We want to make use of the interpolation lemma on annuli,
lemma A.9. We cannot use a generic bilipschitz map between B; and Bi4, be-
cause in general it is not true that if G : U — V is bilipschitz and ¢y, : U — U
a sequence of diffeomorphisms that satisfy 1, — id then G o9 0 G=' — 1 with
Lip(GoroG™1) = 1 as k — oo.

Lemma C.1. There is a bilipschitz map G : By — By, that preserves "radial”
homogeneity in the sense that

1 1 1
GOEOG (y)—(l—R>C+Ry,

thTGC*TN:(O,...,O,%) and 0 < R.
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Proof. We make the ansatz G(x) = c+s(%)x for a piecewise C! function s : SN =1 —
0B+ with bounded derivative, where T = 777~ The constrains le + s(z)z|* = 1 for

v €SV {an > a} and (en, e+ s(w)z) = 0 for 2 € SV N {zy < a} for some

—1 < a < 0 determine s and a uniquely to a = —% and

%(—xN+\/x?V+3), if oy > —%
1 5y

N

s(z) = s(zn) =

o ifeny <—

The derivative is

1 T : 1
11 N f _1L
vy =2 (7)o
- ifo<—%;

2
2z,

So we may check the bounds |s'| < 3 and § < s(zn) < % Furthermore we got
grad s(x) = gradgn -1 s(x) = §'(zn)(1 —z @ x)en.

The inverse is explicitly given by G~1(y) = s(y/lz) (y —¢). We got that G and G~!

are almost everywhere C'! with derivatives

DG(z) = s(Z) 1 + T ® grad s()

1 _— y— ¢
DGy = ——— 1§ —¢® 7grajsﬁ/\ 9.
sy —¢) s%(y —¢)

The "radial” homogeneity follows i.e. Go oG~ (y) = G(S(y/l_\c) )= (1-§)c+

%y. Therefore DG o % oGl = % 1 converging to 1 as R — 1. O

Lemma C.2. For any F € CY(RN™1) that satisfies F(0) = 0,grad F(0) = 0 and
|grad ||, < § there ezists a C*-diffeomorphism

GF:BH_*)QFﬂBl

with bounds | DGp — 1| , HDG}1 — 1||oo < 10 ||grad F|| .
Furthermore if Fy, is a sequence of admissible maps with Fy, — F in C' then
GFk — Gpin Cl.

Proof. Let F be fixed, then ¢ : (z/,2n5) — (2/, 25 + F(2')) is a C'-diffeomorphism
between RY and Qp. Its inverse is ¢~ (2/,zn) = (2/,zn — F(2')). We make
again an ansatz for G = Gp. Set G(z) = ¥(s(Z)x) where s : SN-1 — R,
satisfies ¥(s(y)y) € Qp NSV~ for all y € SV, The inverse for such a G is

G l(z) = ﬁ Y ().
As a consequence of the implicit function theorem applied to the level set at 1 of

the auxiliary function
h(y, s) = [U(sy)l%,

s € CYSY ' R}) has the desired properties. Note that s(exy) = 1 because
h(eN, 1) =1.
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Egistence: to every y € SY ' there exists s(y) € Ry s.t. h(y,s(y)) = 1 and
1 —|lgrad F||, < L <1+ ||grad F||_, because

F(sy
nw,s) =y + T8 o2

1

<$2(1+|eradF|| V¥ <1lifs< —
1

>s2(1—|grad Fl| )* > 1ifs > —————.

= o) 1 — [lgrad F|

CL. homeomorphism: every tuple (yo, so) with h(yo,so) = 1 has a neighbour-
hood U x I in S} ™' x R} and a C* map s : U — I, C* with h(y,s(y)) =1 on U.
This follows from the implicit function theorem, because at o = sg yo

87— = 1= (W(x0), (wo) — dib(w0)o)
1

=1 —¢n (o) (F(xp) — (grad Fxp), 20)) = 1 - 2||grad Fl, = 5.

[\)

Uniqueness/ well-definition: this is a consequence of % > 0 for each such tuple
(Yo, S0), so there cannot be two s; < s with h(yo,s1) =1 = h(yo, s2).

Bounds on grads = gradgn-1s: Fix any generic 7 € TySN’1 and so 0 =

(D-h+ 22 D;s) (y,s(y)). Furthermore writing z = s(y)y we have

—_

5 Deh(y ) = ~(0(@), dp(a)sm) = v F(&') + o (&) grad F(), ),

that gives

V2]

|5 Dehly,5)| < V2 lgrad Fll,.
We conclude
D-hl
s%|

&)=

IDrs(y)] = 52!

< 3s®|lgrad F||, < 16||grad F|| _ .

o=

Bounds on DG, DG~!: One calculates explicitly that
DG(z) = dy(s(2)z) (s(Z)1 + T ® grad s(T))
=5(Z)1+Z®grad s(Z) + (ey ® grad F) (s(Z)1 + T ® grad s()) .

As we have seen |s(Z) — 1] < %. Combining all obtained bounds one can
conclude ||DG(z) — 1| < 10||grad F||_,. DG~ is given explicitly by
1 — 1z
DG ) = ————dp ) - () & T ()
s~ (z)) s* (=1 (x))
— —1(z
= /1\ 1-— /1\ 6N®gradF—¢*1(x)®%/w\(x)).
s(=H(x))  s(p~i(2) s2 (=1 (x)

Combing as before all obtained bounds especially \ﬁ — 1| < ||grad F||  one

(z
can get | DG~ (z) — 1“OO <6 |grad F| .
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The convergence statement follows as a consequence of the implicit function
theorem, because Fy, — F in C! then implies sg, — sp, in C!. [l
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Part 2. Examples of holomorphic functions vanishing to infinite order
at the boundary

2.4. INTRODUCTION

In general branching phenomena are of interest in geometric measure theory and
geometry, and are strongly related to vanishing phenomena in the context of PDE’s.
There is some literature on branching in the interior and one has unique continu-
ation results for PDE’s in the interior of their domains of definition. Little seems
to be known towards the boundary. This part presents examples of holomorphic
functions that vanish to infinite order at points at the boundary of their domain of
definition. Thereafter we discuss some implication in the context of minimal sur-
faces, @-valued functions and unique continuation. These might be an invitation
and motivation to the study on boundary behaviour.

Let me shortly explain how I got motivated to this approach, looking for holomor-
phic functions vanishing to infinite order with a ”large” zero set.

My own attempts trying to understand the boundary regularity of Q)-valued Dirich-
let minimizing imposed the question: ”Can one say something about the structure
of the singular set towards the boundary?”

Almgren’s frequency function is a key tool to study the singular set in the inte-
rior. It is monotone quantity that enables a stratification procedure, compare for
example [12, section 3.4 - 3.6] or the work of N. Wickramasekera et al. Such a strat-
ification procedure built on a monotone quantity had been successfully applied as
well in other context. (In some sense they can be considered refinements of the ”di-
mension reducing” argument of Federer [6].) Unfortunately Almgren’s frequency
function is only monotone in the interior, so a direct extension to the boundary is
not possible.

An inspiring discussion with N. Wickramasekera about possible expectations about
the structure of the singular set towards the boundary made it apparent that a
first impression could be obtained by looking at harmonic or holomorphic functions
with zeros accumulating towards the boundary. This link was motivated by the fact
that Almgren’s frequency functions has been successfully applied in the context of
unique continuation (e.g. [7]) where the vanishing order is measured with the fre-
quency function. The example of this part are perhaps of interest in other context
such as minimal surfaces and unique continuation. This is discussed in more detail
in section 2.7.

To give a first impression we state here an implication to @-valued Dirichlet mini-
mizers heuristically. We avoid introducing some terminology and the precise state-
ment is corollary 2.7.5.

Corollary*:
Given 0 < s < 1, an integer @ > 2 there is a Q-valued function u, Dirichlet mini-
mizing with respect to compact perturbations satisfying the additional properties:

(i) the trace u‘mz is "smooth”;
+

(ii) of s <1 then H*(sing(u)) =1 and if s =1 then dimy (sing(u)) = 1.

But now let us state the underlying properties of the holomorphic functions. We
present examples of holomorphic functions on the half plane C; = {z € C: R(z) >
0} that admit C*-extension to C, and vanish to infinite order at boundary points.
Their properties are:

Lemma 2.4.1. Let 0 < s <1 be given. There exist
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(i) a nowhere dense compact Cantor type subset Es C [0,1] with H*(Es) = 1
if 0 < s <1 anddimy(Ey) =1;

(ii) holomorphic functions F(z), G(z) on Cy with the property that f(z) =
e P g(z) = G(2)e P admit C>®-extensions to C. Moreover, f,g
vanish to infinite order at any z € —iEy and for every z € —iE, there is a
sequence zy, € Cy with z, — z and g(z) = 0 for all k.

The functions are constructed similar to the Weierstrass’ function, an example
of a non-differentiable function. Instead of an infinite series we use infinite products
of the following holomophic building blocks:

(2.4.1) a(z)=e* " for0<a<1
b(z) = cos(In(z))e™* " for 0 < a < 1.

The results of sections 2.5 and 2.6 combined prove lemma 2.4.1. The section 2.7
presents some first implications to branching of minimal surfaces, Q-valued func-
tions and unique continuation.

2.5. CONSTRUCTION AND PROPERTIES OF THE SET F

The construction is a classical Cantor type construction. Nonetheless for the
sake of completeness and to fix certain parameters we present the construction in
detail. We follow closely an approach of Falconer in [5, Theorem 1.15].

Lemma 2.5.1. Let 0 < s < 1 be given. Then there is a nowhere dense compact
subset Es C [0,1] s.t. H3(Es) =1if0<s <1 and dim(Ey) = 1.

Proof. The set E; is obtained classically as the intersection of a decreasing family
of compact sets

oo 2F

E.= (U Ext

k=11=1
The compact subintervals Ey; are defined inductively.
We fix a sequence of parameters by
1 {;, if0<s<1

14+k3—(k—1)3, ifs=1

Ok

In both cases we have oy, < oy for all k. If s = 1 we have mjﬂ - aik = (k+ 1)§ +
(k—1)% —2k3 < 0 due to concavity of t — 3.

We choose Ep1 = [0,1] and proceed inductively. Suppose Ej_1,,1 = 1,...,
defined, then Ej o1, E) 2, are the closed subintervals obtained by removing an
open interval in the middle of Ej_;,; with

2k—1

1
(2.5.1) |Ek20-1|7" = |Eg,2|™ = §‘Ek71,l|gk'

We obtained 2* closed intervals Ey,; of equal length

25.2) Bl = 2% |2 275, ifo<s<1
0. , frd Tk k— ,l/ g 2
e ' 27k=k3 - ifs=1

where we used that Yy, o7t = Eifo<s<1and S ot =k kT ifs=1.

In a first step we will check that H*(Es) < 1 (H!(E1) = 0). To do so, let § > 0
be given. Due to (2.5.2) there is ky > 0 with |Ey, ;| < 6. Hence {Ek,l}fil is an
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admissible d-cover for E; for any k > ko. With (2.5.2) in mind we have

. 2k . 2k<2—%)521, ifo0<s<1
(2.5.3) MH3(Es) < | Epl* = >

=1 350, ifs=1k— oo

Now in the second step we check that H*(E,) > 1if s < 1 and H(E;) = +00
for all 0 < 1 if s = 1. Equivalently we have to show that for any € > 0 there is a
0 > 0 with the property that for any d—cover U of Ey we have

(2.5.4) Z diam(C)® > H5(Es) > 1 — ¢, ifo<s<1
ceu
> diam(C)° > HF(Eq) > 1 ifs=1ie o<1
cCeu €

Let € > 0, 0 < 1 be given. We fix kg > 0 large, determined later s.t. at least
Oky > O and 0 < § < |Ek0,l‘-

Fix an admissible d—cover U by intervals E} ;. Hence k > k¢ for any of these
intervals. The compact intervals Ej; are relative open to the compact set E, so
that the cover can assumed to be finite. Removing all intervals that are contained
in some other of the collection we can even assume that they are mutually disjoint.
Let Ej 211 (or Ej2;) be one of the shortest intervals in ¢/. Its companion Ej o
(respectively Ej 9;—1) has to be in U as well because all intervals are disjoined and
they are one of shortest. The sums in (2.5.4) do not increase if we replace these
two intervals by its precessor Ei_1; D Ej 2—1 U Ej 21 because

|Eroi-1]* + | Ex21)® = | Ex—1.]% ifo<s<1
‘Ek721_1|g =+ |Ek721|6 = 21_%’“‘Ek—1,l|0 > |Ek_17l|’7, ifs=1lie. o<1

where we used (2.5.1) and oy, > oy, > 0. We may proceed in this way, replacing
the shortest intervals by larger ones without increasing the value of the sums, until
we reach that all intervals are of same size i.e. U — {Ekhl}lzill for some k1 > ko.
We conclude

2k1
> diam(C)* =Y | Byl =1, ifo<s<1
ceu =1
2k1 2 1
> diam(C)7 =Y | By, |7 = 20k okl - ifs=1ie o<1
ceu =1

2
where we used (2.5.3) and k1 > ko with kg > 0 sufficient large s.t. 2(1=0)ko—oky - %

It remains to argue that the assumption that the §—cover is made out of inter-
vals E}; is no real restriction. Fix any d-cover V. We can assume that it consists
of open intervals without changing the value in (2.5.4) significantly. Since Ej is
compact the cover can assumed to be finite.

Firstly let us argue for Fy. Any interval I € V intersects at most three intervals
Ey, 1 with |Ey, ;| < |I| < |Eg;-1,]- Otherwise I would need to contain an interval
of length at least |Ex,_1,| due to the Cantor type construction. This is impossible
by the choice of k;. Replacing I by these at most three intervals Ej, . and the same
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for any other interval in 7 we obtain an open cover U by intervals Ej, ;. Furthermore

> |Eral” <3 1.

Ek,LEZ/I Iey

We had just shown that the left hand side is larger then %, so (2.5.4) holds for
s=1.

If 0 < s < 1 we transform the d-cover V iteratively without increasing the sum in
(2.5.4) to a d-cover U by sets in Ej ;. At first contracting each interval I € V we
pass to a cover Vi by closed intervals J with endpoints that are the endpoints of
some Ej ;. This process ensures ) ;c[I]° > >~ oy, |J]°. Let J be any such closed
interval in the cover and J C Ej_;,; for some k,[. Then

(2.5.5) ‘J N Ek,2171|s +|JN Ek’21|s < |J N Ek,1’1|5

because |Ey 21—1|° + |Ex,21]° = |Er—1,|° and the left-hand side of (2.5.5) increases
faster then the right-hand side. If either J N Ej 9;—1 # Ek 21—1 or J N Ey o1 # Ej 21,
we repeat the process, replacing J N Ey, 2;—1 and JN E}, 9; by smaller intervals. This
process terminates after finitely many steps till we reach the desired cover 4. By
construction we ensured ;o [J|* > > g cy[Eku|® = 1. This proves (2.5.4) if
0<s<l1.

O

2.6. CONSTRUCTION OF THE HOLOMORPHIC FUNCTIONS

The Cantor set E was obtained as

oo 2F

E, = ﬂ UE,CJ.

k=11=1
Based on this construction, we define the index set:
I={(k):k=1,...,00,0l=1,...,2%} with 7= (k) €T

Recall that the enumeration had been chosen s.t. Ejy 01 U Eg 9 C Ep_1,V(k,1).
The Cantor set Fy constructed in lemma 2.5.1, i.e. (2.5.2), had the property that

2- %, ifo<s<1
- 2

27k=k3 - ifs=1
We denote with y. the left boundary point of the compact interval F... Furthermore
it is useful to fix some terminology. R_ = {z = 2 +i0: x < 0} denotes the negative
real axis. We will use z + iy, = r.¢~ for any 7 € Z. And for any y € R let R_iy

be the by —iy translated negative real axis i.e. the set {z —iy: x < 0}. And we
will use

|Er| = | Bk vr e T.

R_ —iF, = U (R —dy)={x—iy: x e R_,y € E }.
yeEs
The proof to lemma 2.4.1 is split into two parts. In the next paragraph we
construct holomorphic functions F, G based on the Cantor set Fs and then in the
subsequent paragraph the C' extension is proven.

2.6.1. Holomorphy. On the slit plane C \ R_ the principal value of the logarith-
mic function In : C\R_ — CnN{—7 < ¥(z) < 7} is single valued and holomorphic.
So will be all roots for a € R defined as 2* = e*!"(?).

As composition of holomorphic functions on C \ R_ the building blocks, a(z) =
e * " b(z) = cosh(In(z))e™* " are clearly holomorphic on C\ R_

(z + iy,)~ = r,e ¥ is single valued and holomorphic on C\ (R_ — dy,) C
C\ (R_ —iE;) for every 7 € Z, a, € R.
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Lemma 2.6.1. Given a sequence of complex numbers a, € C with > p_ 2¥|ay| <
oo and a sequence of real numbers 0 < ai < 1 then

F(z) = Z ar(z + iy, )"
TEL

is holomorphic on C\ {R_ —iE,} and so is e~ F (%),
Proof. For a fixed 0 < d < 1 we have for any z € {z € C: dist(z,—iF,) > d}
satisfies |(z + iy,)” | = r7® < d~'. So that the sum Y |ax(z + iy;) | <
d=1 302, 2Flag| < oo converges absolutely. F is therefore the uniform limit of
holomorphic functions on {z € C': dist(z, —iE;) > d} and so itself holomorphic. d
has been arbitrary and therefore F' is holomorphic on C\ (R_ —iE). e~ F(*) is the
composition of two holomorphic functions and so itself holomorphic on the same
set. ]

Lemma 2.6.2. Given a sequence of non-negative real numbers by, € Ry that satis-
fies >0 2Fb,, < oo, then for any subset J C T

(2.6.1) Gy(z) = [] cos(bxIn(z +iy))
TeJ

is holomorphic on C\ (R_ —iEs) and uniformly bounded by
|G7(2)] < e2res brlOr] <e” > kak.

Proof. As a composition of holomorphic functions cos(by In(z+iy,)) is holomorphic
on C\(R_—iE;) for every 7 € Z. Since cos(z+iy) = cos(x) cosh(y)—isin(z) sinh(y)
we have cos(by, In(z + iy, )) = cos(by In(r,)) cosh (b0, )+ sin(—by, In(r;)) sinh (b6, ).
So we got that for every 7 € 7

(2.6.2) [cos(bx In(r+)) cosh(by0r)| < |cos(by In(z + iy;))| < cosh(brdr)
S(cos(by In(z + iy-)))
R(cos(by, In(z + iy,)))

To show that (2.6.1) is well defined and holomorphic, fix 0 < d < 1 and ky € N
sufficient large s.t. 0 < —bgIn(d) < 1 for all & > kg. This ensures that for any
z € {d < dist(z,—iF,) < 2} and 7 € TN {k > ko} we have —F < byIn(r;) < 7.
Hence In(cos(by, In(z + iy, ))) is a holomorphic function on {d < dist(z, —iE,) < £}
ifrelIn{k>ko}.
(2.6.4)

In(cosh(bi0;)) + In(cos(by In(r;))) < In(|cos(bi In(z + iy.))|) < In(cosh(bxb;))

(2.6.3) = tan(—by In(r;)) tanh(bg6; ).

where we used (2.6.2). This is the real part of In(cos(by In(z +14y,))). Its imaginary
part, the argument of cos(by In(z + iy, )) can be estimated by |bx In(r;)| taking into
account that [tanh| < 1 and —7 < by In(r;) < §. Combining both we deduce

[In(|cos(bk In(z + iy, ))])| < In(cosh(br,)) — In(cos(bg In(r;))) + |bg In(r,)].

One checks that h(z) = —In(cos(@) i5 monotone increasing on 10, [, hence for

|z| < T we have —In(cos(x)) §x0|a:| with C' = h(%). Consequently we have
IIn(|cos(bk In(z + iy;))|)| < bgl0-| + (C + 1)|bg In(r,)| < (7 — In(d)(C + 1))by;

> reznikskoy m(cos(by In(z + iyr)))| < (7 — In(d)(C + 1)) > ne i, 2¥br converges
uniformly on {d < dist(z, —iE,) < 3} so that

Gl (Z) _ ezfej,kzko In(cos(bk In(z+1iy-)))
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is holomorphic on {d < dist(z, —iE,) < 5}. (2.6.4) showed that R(In(cos(by In(z +
1yr)))) < In(cosh(br0;)) < bi|0,| and therefore

‘Gl (Z)| _ eZTEJ,kaO R(In(cos(by In(z+iy-)))) < eZTGJ,kaO bk|97|.

Ga(z) = H cos(bg In(z + iy, ))

TeJ
k<ko

is the product of finitely many holomorphic functions on C \ (R_ — iE;) and so
itself holomorphic with

1G2(2)| < ] leos(bxIn(z +iy,))| < J] cosh(buby) < e2remer 410!

TET TeEJ
k<ko k<ko
where we used (2.6.2). Multiplication of G; and G5 closes the argument. 0

fus
mmT— &5
2

cos(bi In(z+1iy,)) =0 for z = —iy, +e ° forany 7 = (k,l) € Z and m € N,
so that

™
mm— 5
2

G(z)=Gz(z)=0forall z=—iy, +e * ,7=(kl)eZ,meN.

Consequently we got the following:

Corollary 2.6.3. Let ay,ay, by be sequences of non-negative real numbers, that
satisfies 0 < ap <1 and Y po 2% ay,, Sy 2%y, < oo then

f2)=e PO g(z) = G(z)e™ ")
are holomorphic on C\ (R_ —iEs). Furthermore

7YL7l'—l

g(Z):OfOTZ:—Z'yT+67 bk2 ,T:(k,l) €Z,meN.

2.6.2. C*°-extension. In this section we will show that one can choose sequences
a, bg, oy, appropriately (satisfying the conditions of corollary 2.6.3) such that f,g
are holomorphic on C; and admit a C*-extension to Cy = {z € C: R(z) > 0}).

Firstly we check that the building blocks, a, b, introduced in (2.4.1), admit such
a C*-extension to C; and are vanishing to infinite order in 0 i.e.

am am
2.6. lim |—— —b = 0.
(265) i [ 2005 | )] = o
zeﬁ

By induction one shows that there are constants C = C(m),D = D(m) > 0
and p = p(m),v = v(m) € R (depending only on m) s.t. for any 0 < a < 1,
z=re® cC\R_,r<1

dm —a —a —a
‘ e % ‘ <C |Z—2m| |e—z | — CT—2me—%(z )
dz™m
and
m 1 in(1
Tom cos(In(z))| = cos(In(z)) +v sin(In(z)) < Dr~™cosh(0).
AL Zm Zm

Hence (2.6.5) holds if r—™e~%="") — 0asr — 0 for every m € N. This is equivalent
to R(z7%) + mIn(r) — +oo as r — 0. For z € C, \ {0} we have —F < 0 < 7 and
SO

R(z7*) +mln(r) =r~“cos(ab) + mln(r) > r=¢ cos(ag) + mln(r) — co(r — 0).

Similarly we can conclude the extension for f,g:
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Lemma 2.6.4. Let the sequences be ap, = by, = 2,;—; and

{a, if 0 <s <1 for somes < a<l.
ap = 1,1
1_§k 3

Then the function f,g of corollary 2.6.3 are holomorphic on C\ (R_ —iE;) and
admit C> extensions to C; with

dm
I o = g(z)| =0.
dist(z,g% )—=0 dsz( )" dzmg(z)‘
2€Cy

Proof. That f, g are well-defined and holomorphic is the content of corollary 2.6.3.1t
remains to check the C*°-extension.
Due to the general Leibnitz rule dsz( z) =Y o (MG (2) (e FE) M) it s
sufficient to check that for any m,n € N,

lim |G (z) (e F@))| =,

dist(z,—iEs)—0
zeCy

Firstly we note that F is holomorphic on C,, (e ")) = —F'(2)e~F(*) and

o0
F(m |<Zak|— z4iy;)" ""“|§m!d7mflzak2k
TEL k=1

for z € Cy,dist(z, —iFEs) > d, so that by induction we deduce

dm
(2.6.6) ‘deF@ < Cd™™ e )| for 2 e {dist(z, —iE,) > d}.
Zm

71_2

for a constant C' > 0 that depends only on m and 2211 ap2t = & Secondly,
Cauchy’s integral formula

G (2) = m!.ém ) (woG(w) duw

2mi — z)ym+l

applies since G is holomorphic on By(z). Combining it with the uniform bound on
|G| (lemma 2.6.2) gives

m! Cm!
(2.6.7) ‘G(m)(z)‘ < gm Sup 1G(w)] < an
wEBg(z)

Considering (2.6.6), (2.6.7) and the general Leibniz rule the C*° lemma follows if
for every m € N

d™m e FRE)| = e~ RIEE)+mIN) _, 0 for d = dist(z, —iE,) — 0.
This is equivalent to
(2.6.8) R(F(2)) + mIn(d) = +oo as d — 0.
To check it, let 2 € C; with d = dist(z, —iFE;s) > 0 be given. Fix y € E, with
d=|z—1iy| and 7, = (k,l) € T with y € E,, for each k € N. Take ko € N with

(2'6'9) |Ek0+1,'| <d< |E7€0,'|
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Hence for k < kg we have r,, <d+ |E | < 2|E;, | and so

ko
E ay, cos(ay 0 )r- % > E ay, cos(ag 2) r_ Ok
TEL k=1

> = Zakcos ak )N Er, | .

We will consider 0 < s < 1 and s = 1 separately.

If 0 < s < 1 we have ay cos(ay%)|Er, |~ = k™% cos(af)¢* where ¢ = 2571 > 1
We combine this with

ko—1
_ 1 Zk Ck _ k Ckg-‘rl <-+ Z k+ 1) )Ckx-‘,—l Z ka?é—ko-‘rl _ C

to conclude that

R(F(2)) +mIn(d) > cky 2¢** + min(d) — ¢

Z Cka2<k0+1 _ mln(2)

(ko+1)—cC = 400 (ko — o0)
where ¢ = CO(SC( 1)) This is equivalent to (2.6.8) since due to (2.6.9),
In(d) < —2@ g,

If s =1, we have

—@ 41 <

2
1 2ik3
(2.6.10) ay, cos(ay— )|ETk|_("k > 5 47 for k > 9.
3
(2.6.10) holds because firstly |E;, | = 2=k=k? =1 —

%k’% and therefore
In(2%| B, |~*%)

1 1 2 k
=(1—=k"3 3)—k > — f > 9.
n(2) ( Qk s)(k+k3)—k> 1 ork>9

Wl

Secondly, cos(ax )

(1 — ax) = E5> because cos((1 —#)%) >t for 0 < ¢ < 1
Similar as before we have

2 2 2
ko é k§ +3 o8 ko—1 _k3+3 (k413 (ko+D)3
1 2 T 277 2=z 27 1 27 1
(26.11) (261 E: PR 7 _9z+§: [ =
P k3 /€03 3 =9 3

7 = 7 _]-»
(k+1)3 3

where we used that k3 + £ > (k + 1)% to conclude that the sum in the middle is
non-negative. We combine (2.6.10) and (2.6.11) to conclude

R(F(z)) + mln(d) > Zakcos ozk

) Er |~ + mln(d)
(kotl)fs
>l —c—mn(2)(ko+ 1+ (ko +1)3) = 400 (ko — 00)
kg

where ¢ =

5 . As before it is equivalent to (2.6.8) because of (2.6.9), which is
equivalent to — 1n( (ko + 14 (ko +1)3) < In(d)

g—m@x%+k@. O
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2.7. APPLICATIONS

2.7.1. Minimal surfaces. Given a holomorphic function A on 2 C C open, @ € N
one defines the irreducible holomorphic variety V C Q2 x C by

(2.7.1) V={(z,u) €QxC: u? = h(z)}.

Following Federer we associate to V' an integer rectifiable current of real dimension
two denoted by [V]. It is given by integration over the manifold part of V, Vg
ie. Vieg. = {(z,u): u? = h(z), h(2) # 0}.

Federer observed that [V] is a mass-minimizing cycle, since V), as a complex sub-
manifold of C? is calibrated by the Kéhler form (Wirtinger’s form).

If we take h = g, Q@ = C4 in (2.7.1) we get the following example:

Example 2.7.1. Given 0 < s < 1 and an integer ) > 2 there is a mass-minimizing
cycle V C C4 x C with the additional property that if s < 1 then H*(V \ Vyey.) =1
and if s =1 then dimy (V \ Vyey.) = 1.

The additional property holds since V\ Vyeq. = {(2,0) € C4 x C: G(z) = 0} and
therefore V \ Vyeq. = {(2,0) € C4 xC: G(z) = 0}U—iE;. {(2,0) € C4 xC: G(z) =
0} is countable so that the claim follows by the properties of F.

Remark 2.7.2. For two dimensional minimal surfaces in R? R. Ossermann had
shown in [18] that true branching points can be ruled out in the interior. If the
boundary curve is real analytic the existence branching points at the boundary can
be ruled out as well. This was shown by R. Gulliver and F. Leslie in [9] for two
dimensional surfaces in R3.

R. Gulliver presents in [8, Theorem 1.6] the following example:

Theorem 2.7.1. There is a smooth minimal immersion X () C R3, Q C Cy
simply connected with the following property: X maps 0 diffeomorphically onto a
reqular C™ Jordan curve I' C R3 and has a true branch point at z = 0 € . The
set of self intersections of X consists of the union of an infinite sequence of disjoint
real analytic arcs, each which joints two points of T lying on opposite sides of the
branch point.

His construction uses the Weierstrass representation with a holomorphic vector-
field that comes from a perturbation of the building block a(z) = e™*", (2.4.1),
with a = % It could be of interest to see if one can follow his analysis using one of
the holomorphic functions f or g (lemma 2.4.1) to construct a minimal immersion
X in R3 with C* boundary curve and a large set of true branching points on the

boundary.

2.7.2. Dirichlet minimizing @-valued functions. One of the implications of
lemma 2.4.1 in the context of @-valued functions had been stated heuristically in
the introduction. The holomorphic functions f, g generate examples of Q-valued
functions that are Dirichlet minimizing with respect to compact perturbations. Fur-
thermore these examples are defined on R2 = {(z,y) € R?: z > 0} ~ C, and have
"large” singular set towards the boundary. As we mentioned before the classical
theory of Dirichlet minimizing @Q-valued functions had been developed in [1] and
revisited with modern methods in [12].

Before we are going to state the precise properties of the examples we recall the
the definition of the singular set and related results thereafter the definition of
C*(Q, Ag(R™) for a domain 2 C R™.

Definition of the singular set:
Given a Dirichlet minimizer u € W2(Q, Ag(R™)), Q@ € RY open, a point y € Q
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is called a regular point of u if 3U C Q open neighborhood of y, u; € C°(U,R™)
harmonic with

Q
u(z) = Z[[uz(x)]] forae. €U

and u;(x) # uj(z),Yo € U or u; = uj. The open set (by definition) of all regular
points is denoted by reg(u). sing(u) then denotes the relative closed complement
O\ reg(u).

An outcome of Almgrens original work is an estimate on the size of the singular
set in the interior, compare [12, Theorem 0.11].

Theorem 2.7.2. u € WH%(Q, Ag(R™)) Dirichlet minimizing has dimy (sing(u)) <
N —2. In the case of N =2, sing(u) is countable.

This estimate had been improved by C. De Lellis and E. Spadaro, [12, Theorem
0.12].

Theorem 2.7.3. u as above and N = 2 then sing(u) consists of isolated points.

That the upper bound on the Hausdorff dimension is sharp is a consequence of
the following:

Theorem 2.7.4. Let V € CV x C™ ~ R?N x R?>™ be an irreducible holomoprhic
variety with the property that 3Q C CN open, C'—regular, V is is a Q : 1 cover
of Q under the orthogonal projection and M(V N (Q x C™)) < co. Then Ju €
Wt2(Q, Ag(R*™) Dirichlet minimizing with graph(u) =V N (Q x C™).

This was original be proven by Almgren, [1, Theorem 2.20]. E. Spadaro found a
very elegant more elementary proof, [22, Theorem 0.1].

Hence the holomoprhic varieties V = V), defined in (2.7.1) generate examples of
Dirichlet minimizers:

(2.7.2) up(z) = E [v] for z € Q.
veC
v@=h(z)

Definition of C*(2, Ag(R™):
Let Q be a domain in R” and let A™(RY,R™) denote the space of m-linear maps
from RN to R™. u € C0(£2, Ag(R™)) is said to be in C*(Q, Ag(R™) if: U~ : Q —
Ag(R™ x AHRN, R™) x -~ x AF(RY,R™)) continuous,

Q
v Uy, = Z[Kui(:c), Ul(x),...,Uf (2))]

with U™ (x) = U™ (x) whenever u;(2) = u;(x). U defines the k-jet JU* : QxRN —
Aq(R™) by

Q
JUz (y) = Z[[Ui(m) +UN @)y —2) +... + %Uk(w)((y —2) A Ay — )]

and it satisfies
G(u(y), JUL (y)) = o(|x —y|*) Va e Q.

It is straightforward to check that if u; € C*(Q,R™) with u;(x) # u;j(z) Vo € Q or
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U; = Uy,
Q
(2.7.3) u(z) = [ui(x)]
i=1
is in C*(Q, Ag(R™)) with Uk = ZzQ:1 [(ui(x), Dui(x), ..., D*u;(z))].

Now we are able to state properly the properties of the examples:

Corollary 2.7.5. Let 0 < s < 1 and an integer Q@ > 2 be given, then there is
we Wwh? (R4, Ag(R?)), Dirichlet minimizing with respect to compact perturbations

loc.

of R? and the additional properties
(i) ul,,. € C¥(OR%, Ag(R?) for all k € N;
=

(ii) if s <1 then H*(sing(u)) =1 and if s =1 then dimy (sing(u)) = 1.
Proof of lemma 2.7.5. Let 0 < s < 1 be fixed and g(z) = G(z)e~¥*) be the holo-
morphic function on C4 constructed in lemma 2.4.1.

u(z)= > ] zeCy
veC
v9=g(z)

is Dirichlet minimizing and an element of W2(Q, Ag(R?)) for any C'-regular
bounded subset 2 C C as a consequence of theorem 2.7.4.
It remains to check the C°°-regularity at the boundary and the property of the
singular set.
We start with the regularity of the trace. By construction we had g(z) = G(z)e

is holomorphic on C\ (R_ —3E;) and g|C+ has an C'*° extension to C*. Furthermore
G(z) #0forall z € C\ (R—1iEy), |G(z)| < C uniformly on C\ (R_ —iEs). So that
for any B,-(z9) C C\ (R—iFEj) there exists a holomorphic branch ¢ : G(B,(zy)) — C
of the @-th. root. w is then explicitly given by

—F(z)

o

Q-1
u(z) = Y [€ (WoG)(z) e @] Vze B(x),€=¢
=0

Hence we are in the situation of (2.7.3) on B, (z9). The k-jet of u is

Q
Ul = 3IE (60 9)(2), € o g) Dz, € (o g) ()]
=0

where we write 1 o g(z) for (¢ o G)(z) e~ @F () The C*°-regularity will follow from
(2.7.4) |(p 0 g)™ (—iy)| = O(dist(y, E;))  for all m € N.
The same arguments used in the proof to lemma 2.6.4 show that

PO ()e= 87O < 0d-m=1|em PO = ¢ (4-Qm =R 3
for all z € {dist(z, —iE,) > d} and a constant C' = C(m) > 0. Let z € {dist(z,R —
iFs) > d} be given, then ¢ o G is holomorphic on Bg(z). So Cauchy’s integral

formula gives
|
(z/;og)(m):ﬁyf Yo Gw) 4.
)

21 Jop, () (w—z)m+t
and therefore

! 1
(0o @)™ (2)| < T2 sup |Gw)|¥ < Cmld ™.
d ’LUEBd(Z
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We used the uniform bound on |G|. Hence we deduce

1
(0 Q)M (2)e"3FE)| < ¢ (d—Qme—WF(Z))) ? V2 {dist(z,R — iEs) > d}.
So (2.7.4) follows from (2.6.8) where we showed that for any m € N
R(F(z)) + mIn(d) — +oo as d — 0.

It remains to check the properties of the singular set. By construction of u we have
sing(u) = {z € C4: g(2) =0} U —iEg
because g has the property that to any z € —iE; there exists z;, € C, 2z, — 0 and
g(zk) = 0. Set A = {z € Cy: g(2) = 0,28 < R(2) < 281} for any k € Z. Ay
consists of isolated points since ¢ is holomorphic on C; and therefore H*(Ay) =0
for all kK € Z and s > 0. Hence we deduce
HP(—iE,) < MH*(sing(u)) < H*(—iE,) + Y H*(Ay) = H*(—iE,).
kEZ
O

This example, corollary 2.7.5, shows that the singular set can behave very badly
towards the boundary. In the interior a blow-up analysis together with a Federer
reduction argument is used to study the singular set, compare [12, section 3]. With
the following calculation we want to show that this procedure cannot directly trans-
ferred to the boundary.

Almgren’s celebrated frequency function is the major tool to carry out the blow-up
analysis. For u € WH2(Q, Ag(R™)) with Q C RN open it is defined as
D(u,y,r) r2=N fBT(y)ﬂQ‘D’U"Q

(2.7.5) I(u,y,r) = = —
H(u,y,7) rt NfaBr(y)|u|2

Its essential property is, compare [12, Theorem 3.15]

Theorem 2.7.6. Let u € W12(Q, Ag(R™)) be Dirichlet minimizing, then for any
y € Q either 30 < R < dist(y, 0Q) s.t. u|BR(y) =0 orr €]0,dist(y, 0Q)[— I(u,y,r)
is absolutely continuous, nondecreasing and positive.

Consequently the following limit is well-defined in the interior of €2
(2.7.6) I(u,y) = lim I(u,y,r)
r—0
In the planar case C. De Lellis and E. Spadaro determined the spectrum of y —
I(u,y) to be {§: P € N} U {0}, [12, Proposition 5.1].
The following examples show that this may fail at boundary points.
Corollary 2.7.7. Let Q > 2, P > 0 be two divisor free integers then there exists a
Dirichlet minimizer u € V[/ﬁ)c2 (R2, Ag(R?)) with
(i) u|ami € Ck(aRiwAQ(RQ));
(ii) for all k € N, 2z, = (e **%,0) is a branch point of “order” g i.e.
I(U, Zk) = g;
(iil) limy_o I(u,0,7) = +00.
Corollary 2.7.8. Let @ > 2 be an integer, 0 < s < 1 be given there is a Dirichlet
minimizer u € W2 (R2, Ag(R?) with

loc.

(i) u|an&i € Ck(aRi>AQ(R2));
(ii) sing(u) =0, but u(z) = Q[0] Vz € —iEs with H*(Es) =1 ;
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(iil) limp—yoo I(u, —iyg, Ry) = 400 for a countable subset {yx}reny C Es and a
sequence R,, — 0.

Before we are give the proofs, we collect two observations to calculate energy and
L?-norm for multivalued functions arising from the holomorphic varieties defined
n (2.7.4).

Ag(C) ~ Ag(R?) enables us to define a Q-root ”globally”, i.e. an ”inverse” to the
holomorphic function z — 29 by

Q
(2.7.7) M(w) = Z [v] = Z[[ﬁlvo]]

v@=w

7r

for € = ¢'@ and an arbitrary choice of vy € C with Uo = w. Furthermore we
observed already before that for y € Q with h(y) # 0 there is an open neighborhood
U with |h(z) — h(y)| < |h(y)|,Vz € U. There is an holomorphic branch 1 of the Q-
root on |w —h(y)| < |h(y)| so that II(w) E "[€%(w)] on Bin(y) (h(y)) showing
that II is continuous on all of C. Furthermore

(2.7.8) u(z) = Z[[g (oh)(z)] VzeU.

Hence u € C*(U, Ag(R?)) for all k since we are in the situation mentioned in (2.7.3)
with

(2.7.9) Z[{ gWoh)(2),8(Woh)V(z),....E 1on)F(2)] VzeU.

We note that Uk does not depend on the particular choice of the branch.
As an immediate consequence of (2.7.8) the L? norm of u is given by

(2.7.10) / |u|? :Q/ |h|&
VN vnQ

for any V' C C. The energy of u on V N Q due to (2.7.9) is then

2
i [ D=2 WonyP =2 &2
Vo VAQ\{h#£0} Q Jvna\fho}
where 1) is any local choice of a branch ¥ to the Q-root.
For instance we can use it to calculate the value of the frequency at interior

branch points.

Example 2.7.3. Let h be holomorphic on 2 C C and w the related Dirchlet
minimizer (see (2.7.2)). Let zp € Q be a zero of order P > 1 then

I(u, zp) = g

2o is a zero of order P, hence there is k holomorphic on {z: |z| < §}, ko = k(0) #
0 s.t. h(z0 + z) = 2Pk(z). We may assume that |k(z)| > 3|ko|? for all |z| < 6.
h' (2 + 2) = P2V 1k(2)(1 + ?1;53) = Lh(z0 + 2)(1 + o(2)) and so we may use

|h|5_1|h’|(20 +2z)= P|z|*_1|k0|5(1 +0(%)) in (2.7.11) to deduce

2pP2
/ DuP =22 [ 2ol E (1 + 0(2)) = 20 Plko|3+F (1 1 o(r))
B.(20) Q Js

for any 0 < r < §. Similarly, using (2.7.10) we have

1
f/ |u\2:9/ 1213 hol® (1 + o(2)) = 27Qlkol &% (1 + ofr).
T JoB,(z0) T JoB,
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We conclude the claim:

P
I(U, 20, T) = 7(1 + O(T))'
Q
For boundary points zy € 92 we are facing two problems to estimate I(u, zo,7)
and possible limits. Firstly r — I(u, zo,7) is a priory not a monotone quantity as
it is in the interior. Secondly, even restricting ourselves to minimizers of the the
type (2.7.2), h(z) does not necessarily have a convergent Taylor series at z.
The strategy will be to use the mean value theorem for integration in the ra-
dial variable to estimate D(u, zg,7) = fBT(zo)ﬂQ‘DuP from below by a multiple of

H(u, zp,r) = 11 faB V(ZO)QQ|U‘2. The strategy is motivated by the following observa-

tion. Given a function k& holomorphic in a neighbourhood of z € C and k(z) # 0,
v > 0, for any & = ¢ one has

_ 1%
De|k|* = 2R (kK'€) = 2|k]*R (k§>
and so De|k|? = 2|k["~2D¢|k|? = |k|TR (%g) This gives

;12

_ k K O\° K
eraz) R =[] 2w (Ke) < n (Ke) paar

The strategy is illustrated in the following example:

Example 2.7.4. Let h(z) = e % ~,0 < a < 1 (h(2) = a(z) of (2.4.1)) in (2.7.2),
ie. u(z) => vec [v] with z € = C,, then u satisfies
v@=h(z)

lim I(u,0, R) = +00.
R—0

We will use the classic radial notation z = re®®. We define

o(2) = 1R (’Z((;) ei") — aR(=) = ar—° cos(af).

Combining (2.7.11) with (2.7.12) (h(z) # 0¥z € C,) gives
2 2 9
[ e[ Zpepgewres [ H D
BrNCy BrNCy Q BrnCy T or

z R o [0 2 "
:/—g/o p(re )<8r|h|¢2)(re )drdf

Since ¢(z) > ar~’cos(aZ) > 0, (2.7.12) implies that %|h|% > 0. Thus we apply
the 1—dimensional mean value theorem to deduce that to every |0] < § there is
0 <rg < R with

[ [ et (Zm) wenyaras = [ ctese®) [ (2ni3) treiras
.y p(re o re'")drdf = _g(prge . \ar re'?)dr

> ozR’acos(ozg)/z [ (Rei®)do.

(Although it is not needed for the argument that the map 6 ~ ¢(rge’®) is measur-
able, since it is sufficient that it is point wise bounded, we included a short remark
below on the measurability.) We conclude using (2.7.10) that

a . 1
Dul?> > =R *cos(a=)—= ul?
[, =g ol ul

Le. I(u,0,R) > FR™*cos(ag) = +oo(R — 0).
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As we mentioned in the proof we give a short comment concerning the measur-
ability.

Remark 2.7.5. We will prove the following claim:

Let p be a Borel reqular measure on a path-connected space X, v a measure on some
space Y and p X v the product measure on X x Y. Given f,g with the properties
that

(i) f, g, fg are p x v summable, i.e. f,g,fg€ LY (X xY,uxv) ;
(ii) = — f(z,y) is continuous for a.e. y.

Then there exists a map x : Y — X s.t.

(2.7.13) y— f(x(v),y) /X g(z,y) du(x / fg(x,y) du(zx) is v-integrable and

(2.7.14) f(x(y),y) /X (z,y) du(z / fg(z,y) du(z) for a.e. y

Indeed, let A C Y be the set of y € Y s.t.

(a) x— f(x,y) is continuous and |f] is finite;
(b) T = g(xay)vfg(xvy) are ,u—surnmable (g(vy)afg(7y) € Ll(Xa p’))

We have v(Y'\ A) = 0 since (a) holds for a.e. y by assumption and (b) holds for a.e. y
by general measure theory. The 1-dimensional mean value theorem tells that for y €
A there exists x(y) € X s.t. the identity (2.7.14) holds. Indeed let y € A be fixed,
then z — f(z,v) [y 9(x,y) du(x) is continuous and since UX flz,v)g(z,y) du(m)’ <
oo we can find xg, 1 € X s.t.

Zig)f(f(%y)/xg(%y)du(af) Sf(:co,y)/xg(x,y) dp(x)
S/Xf(x,y)g(w,y)du(w)
< ) [ gte.n)duta) < sup 1) [ g(o.9)duta).

zeX
By assumption there is a continuous path ~ connecting wo with z1. Now we may
apply the 1-dimensional mean value theorem to t — f(v(t),y) [y g(x,y) du(zx) to
find a point x(y). Since [y (fg)(z,y) du(x) is v-integrable and for ally € A (2.7.14)
is satisfied (2.7.13) holds. If in addition [y g(z,y)du(z) # 0 for a.e. y then
y— f(x(y),y) is v-measurable.

Proof of corollary 2.7.7. We claim that the minimizer u(z) = Y, ,ec [v] with
vQ:bP(z)

b(z) = cos(In(z))e™* ° ( compare (2.4.1)) has the desired properties.

(i) follows from the same arguments presented in the proof of corollary 2.7.5 so we

omit the details here.

(ii) corresponds to example 2.7.3. Since {z € C: b(z) = 0} = {e

€ Z},
s —a77r+2k T
b (e (%H)) = (=1)k*tle=¢ " 2 £0andsoe” “5 i a zero of order P to b(z) .

(iii) remains to be proven. We want to do it similarly to the example 2.7.4. As
before we define

R(tan(In(re'))) is not uniformly bounded as |f| — 0, hence we can not conclude

directly op(re?) > 0 for r > 0 sufficient small. But [tan(In(re??))? < m is

1r(21.+1)
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bounded on § < |0| < 7 and so

) 1
(2.7.15) o(re??) > ar— cos(ag) - m >0
for 7 < 0] < 5 and 0 <7 < R, R > 0 sufficient small.

A= |b(T6iA0)|2 — |COS(IH(T6M0))‘2672T’“cos(a)\O)

. . . T S . . .
is monotone increasing. \ — e~" ~ ©3(aM) is monotone increasing for |Aab| < 5

and \ > |cos(In(re**?))|? because a%\cos(ln(rei/\o))|2 = sinh(2A0)# > 0. Combine
it with (2.7.10) ( |h|? = [b?P Q) givse

1
(2.7.16) 7/ lul? = Q/ b(Re?)|F db < Q/ Ib(Re')| @ do

R 6BRI'-WC+ % <|9‘<7r

20 2P SQ 6
+Q Ib(Re??)|'@ df = == b(Re™?)| @ db.
o< <\e|<”

(2.7.11) together with (2.7.12) gives with h = b*, b/ = PbI~1¥, |h|%72|h’|2 =
P2b| 22

2P
[z | Duft =P / S
BrNCy Brn{5<l0]<3} BR0{2§|9\<%} Q

zP/ o(z) 9 9 %
Brr{z<lol<z} T OF

4
(27.12) (ie. 2o = 2L2E1p|F) and (2.7.16) show that Z[b| @ (re?) > 0
for T <10 < 5,0 < r < R, and R > 0 sufficient small. Hence we apply the

I—dimensional mean value theorem to deduce that to every 7 < [0| < T there is
0 <71y < R with

R
/ (2) 0 | & / w(rgei“’)/ ﬁ|b|%(rei9 drdf
Ban{z<lol<z} T Or z<|p|<3 o Or

™ 1 2P .
> | aR™%cos(a=) — 7r)/ b|'@ (Re) db.
(ommeostod) - i) [, )

(Again we can avoid measurability questions using the bound (2.7.15), nonetheless
compare the previous remark 2.7.5.) Recall (2.7.16) to deduce (iii) in total since
for R > 0 sufficient small

R
.

I(u,0,R) > L (aR_a cos(aﬁ 1

o 2)—tanh(z))—>oo (R — 0).

O

Proof of corollary 2.7.8. We claim that for the choice f(z) = e (%) of lemma 2.4.1

with a fixed 0 < s < 1 the minimizer u(z) = >, ,ec [v] has the desired properties.
v9=f(2)

(i) follows as before by similar arguments presented in the proof to corollary 2.7.5

and so we omit the details.
(ii) corresponds with f(z) # 0 for all z € C,..
(iii) remains to be proven. We define

\3

2
Ry =|[En |+ 3 (IEn Ll = 2[Bn.]) = glBn-1.] — |En =3 (21+5 —1)27%

3
1 1 _n
=|En.|+ 3 (|En 1| = 2|En ) = §|En—1,-| + §|En7| = 5(21 +1)2
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and set § = %(2% —2) > 0. We will show that (iii) holds for the countable set
{yr}rez and the sequence R,,.
Let y;, be given and fixed from now on. Set

= {T S Yr = y‘ro};
hence for any !3ky € N s.t. Vr = (k1) with & < ko, yr # yr, and Vk > kg
397 = (k,1) € Zy. We may assume that 79 = (ko,lo). We partition Z \ Z; as follows:

Li={rel:y. ¢ Eq}
and for any 7 = (k,l) € Iy \ {70} (i.e. ! is odd and k > ko) set
I, ={7" €I: yrr € By 111 N Er }.
Observe that then for each such 7 = (k,1) € Ty, k > k > ko one has
(' = (K, U) el K =k} =2~"*.
Define
P(2 +iyr,) = R(=F'(2) (2 + iyn,))-

To simplify notation we will set r = 7., 0 = by, i.e. z+ iy, = re?’. (2.7.12) in our
case corresponds to

o 5 6 5
(2.7.17) 1% = %Wf )Iflé

Recall from lemma 2.4.1 that —LF'(2)(z 4+ iyr,) = 2. ez a2z +iy-) " (2 + iy, )
converging absolutely and R((z + iy, )~ (z + iy, )) = r;“ 'rcos((a + 1)8, — 0).
For 7 € Ty we have z + iy, = 2 + 1y, = re' and so

R (Z ap(z +iy.) " Nz + iym)> =r~%cos(af) Z ap > cor

TELy TELy

with co = cos(af) Y, ar > 0.
For 7 € 7;, 0 < r < R, R > 0 sufficient small we have 7. > J|Ey, .| because

77 > |Egy—1,.] — 2|Ek,,.| — 7. Therefore we found
R (Z ar(z +iy.) (2 +iym)> —(8| By, )"t Z ag > —ar
7€, 7€

In the rest of the argument we restrict us to R, <r < R, and n > N for some large
N eN. If 7 = (k,l) € Ty with ko < k <n and 7/ € Z, then r; > |y —y,| — 7 >
|Ek,17.‘ - |Ek,.| - Rn Z (5|Ek,.|, so that

e el e 27F
S awrlrcos((a+ D) —0) > — > (0B )7 Z Gk
T=(k,l)€Zo T'EL~ ko<k<n =k
ko<k<n
k n+1l _ k0+1
> M > —rM M > & rM"™
gott E—1 stk (M — 1) ko

ko<k<n

where M = (2°5°71) > 1. If 7 = (k,I) € Zy with n < k and 7/ € Z, then
rr 21 =Y —yr| > R, — |Ex-1,.| > R, — |E, .| = 6| Ey .| hence

Z Z ak/’r':/a_lT COS(((1+ 1)0 9) (6|En7 Z Z

r=(k,1)€Lo T' €L~
n<k

—(0| By, Ly Z k;—l > T(S“‘HnM :f;rM .
k=n-+1




74 J.HIRSCH
Summarizing for R, <r < R, and n > N = N(kg), we have

1 ) /
2.7.18)  —p(re ) > (g —eyrtte - (2 CZ Mrptte ) > 9o
@ ko 2

n 1+
because M"rite < MR = (%(2”% - 1)2*?) 27" — 0 (as n — 00).
(2.7.17) and (2.7.18) gives for R, <r < R,
0 , 2 ,
S (A1 (i +1) = () = B

or integrated

(2.7.19) (W(Rea)> > eR-
12 (R,e”)

with ¢ = & ((E—:)a - 1) > 0 (independent of n).

Now we combine the just established with (2.7.11)

/ Duf > | |Duf?
B, (—iyrg)NCy (R, <|2+iyrg <R HNC4

2 2 2 p(re?) 0 . 2
-2/ PRI Zelre) 2 s
Q J{R,<r<Rr.}pnCy (R,<r<r.pnc, @ 7 Or

(2.7.17) and (2.7.18) show that %m% > 0 for R, <r < R,. We apply as before
the 1—dimensional mean value theorem to deduce that to every |0 < T there is

0 <79 < R with
2 o(re’?) 9 . 2 z o [0
G2 S = [ ety [ 111 dras
/{Rn<r<Rn}>ﬁ€+ Q r o - R,

= [ tr0e®) (1113 (i, + Rue®) = |11 (i, + B,e)) a8

usy
2

us
2

acCo

o\ 2 .
> —R ( 1—e )/”|f|%(—inO+Rne’9)d9
-3

(With the same observations as before, we can avoid measurability questions by
(2.7.18).) We used in the last line (2.7.18) and (2.7.19). Finally remembering
(2.7.10) we conclude (iii) since we found

. oc
I(u, —iyry, Rp) > 2(5

R« (1—6_0R5a)—>oo (as n — 00).
U

2.7.3. Unique continuation. Consider an elliptic operator L in divergence form
(2.7.20) Lu = D;(a" (x)Dju) + b (z) Diu + c(x)u.

A function u € L? _ () is said to vanish of infinite order at a point z € Q if
(2.7.21) / |u|?> = O(RF) for every k € N.
Br(zo)UQ

An elliptic operator L as in (2 7.20) is said to have the strong unique continuation
property in  if the only H, loc % () solution of Lu = 0 on Q which vanishes of infinite
order at a point xg € 2 is u = 0.

N. Garofalo, F. Lin showed in [7, Theorem 1.1] that L has the unique continuation
property under certain assumptions on the regularity and ellipticity of the coeffi-
cients a%(x),b*(x),c(x). They are able to deduce their result proving a doubling
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theorem like the following, which the prove using the frequency function. (The
quoted version can be found in [4, Theorem 6.1])

Theorem 2.7.9. Let L as in (2.7.20) with a¥’ (z) symmetric, uniformly elliptic and
Lipschitz, b(x),c(z) continuous, then if u € Hllo’f.(BgRo (z0)) nmonconstant solves
Lu = 0 on Bag, (7o) then there ezists 0 < R = R(a",b',c,79) < Ry and d =
d(a, b, c,z0,u) >0 s.t.

/ u2§223/ W Yo<r<R
Ba,(z0) By-(z0)

A consequence of lemma 2.4.1 is that a strong unique continuation theorem fails
for boundary points.

Example 2.7.6. Given 0 < s < 1 there exists u € C"X’(@), u # 0 with

Au =0 on R? (i.e. harmonic)

and a set B, C OR% with H*(E,) =1 (0 < s < 1), dimy(Es) =1 (s = 1) such
that u vanishes to infinite order for all z € —iF,.

Observe that A satisfies the conditions of theorem 2.7.9 and therefore has the
strong unique continuation property in the interior of Rﬁ_.

Proof of example 2.7.6. Let 0 < s < 1 be given and f the related holomorphic
function of lemma 2.4.1. Since f is C* on C, (2.6.4) and C convex we have by
1-dimensional analysis
(2.7.22)

k=1
f(z) = Z ﬁf(l)(zo)(zfzo)l +

=1

1
(k%l)! /0 (1— s)kflf(k) (z0+5(z2—20))(z—20)* ds.

The function

u(z) = R(f(2))
is harmonic and non-constant on Ri, C* on R? and has the desired property since
for zg € —iEy, f® () = 0Vl and therefore by (2.7.22)

1 _
u(z)| < sup [fP(w)[]z = zo|* forall z € Ty N Bi(z).
k! weC+NB1(20)

This implies that u satisfies (2.7.21). O
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Part 3. Partial H6lder continuity for ()-valued energy minimizing maps
3.8. INTRODUCTION

This part addresses an interior partial regularity result for Q-valued maps be-
tween 0 C RY open (N > 2) and a smooth, compact Riemannian manifold \.

Multivalued maps with focus on Dirichlet integral minimizing maps have been
introduced by F. Almgren in his fundamental work [1]. C. De Lellis and E. Spadaro
gave a modern revision of it in [12]. They considered maps valued in some R™.
Holder continuity in the interior for minimizers is an outcome of Almgren’s original
work. Furthermore a minimizer u € W12(Q, Ag(R™)) is the ”superposition” of
"classical”, single valued harmonic functions outside a singular set sing(u), with
Hausdorff dimension not exceeding N — 2 in the following sense:

y ¢ sing(u), U, C Q open neighborhood of y, u; : Uy, — R™(i =1, ..., Q) harmonic
with u(z) = 3% [ui(z)[Vz € U,

The aim of this note is to extend the theory of harmonic maps from the single
valued to the multivalued equivalent i.e. )-valued maps into a smooth, compact
Riemannian manifold locally minimizing the the Dirichlet integral. The interior
Holder regularity for single valued minimizing harmonic maps has been known
since the work of R. Schoen and K. Uhlenbeck, [19]. In this note we give an interior
partial Holder-regular result for multivalued maps minimizing locally the Dirichlet
energy. Our strategy is inspired by the methods of S. Luckhaus, see [16]. We are
able to show:

Theorem 3.8.1. There is a constant o = a(N,Q) > 0 with the property that, if
Q C RN(N >2) is open, N C R™ is a smooth compact n-dimensional Riemannian
sub-manifold and u € Wli’f_(ﬂ, Ag(N)) is locally minimizing the Dirichlet energy,

then there exists ' C Q open, such that u € C%(Q) and Q \ Q' has at most
Hausdorff dimension N — 3.

For single valued harmonic maps one has the following sharper result: if Q,N

as above and v € W,.?(Q, V) is locally Dirichlet minimizing, then 3Q' C Q with
dimyu(Q\ Q) < N —3 and v € C*®°(Q'). The main difference is that the C* reg-
ularity for single valued maps is replaced by Holder-regularity in the multivalued
setting. Furthermore we want to mention that in the single valued case the result
above can be sharpened when the target manifold satisfies some special structural
assumptions.
A pressing open question in the Q-valued case is to give a more detailed description
of the singular set in the interior of the Holder regular set Q' of theorem 3.8.1: How
small is the set sing(u) N Q' s.t. u can be written as a "superposition” of ”clas-
sical”, single valued harmonic maps. One should compare it to the corresponding
result of a minimizers w mapping into Ag(R™) mentioned above. Another possible
extension is to consider maps minimizing the p-Dirichlet integral in the spirit of
S. Luckhaus [16].

This part is organized as follows: after fixing some notation and definitions in
section 3.9, we extend the ”classical” variational equations and monotonicity for-
mula to the multivalued setting in section 3.10. Section 3.11 collects some tools to
derive a compactness result for minimizers in section 3.12 and the interior partial
Holder-continuity result in section 3.13. Section 3.14 uses the obtained to conclude
the estimate on the size of the Holder-singular-set following classical lines. The
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appendix, A, contains an intrinsic proof to the ”classical” Luckhaus’ lemma con-
cerning the extension of a map Sobolev map defined on the boundary of an annulus
(B \ Bi—)) into the interior.

3.9. DEFINITION OF ENERGY MINIMIZING MAPS

Suppose © C RY open, N > 2 and A is a smooth compact n—dimensional
Riemannian manifold isometrically embedded in some R™.

Ag(N) denotes corresponding to Ag(R™) classical metric space of unordered
Q—tuples taking values in A instead of the whole R™.

Definition 3.9.1. (i) V[/llof(Q, Ag(N)) is the set of u € I/Vl{)f(Q, Ag(R™)) s.t.
u(z) € Ag(N) for a.e. z € Q. Since NV is assumed to be compact we have
Wil (2 AgWV)) € L2(2, Ag(R™)).

(ii) For any Br(y) C 2 we define the energy F(u, Br(y)) as

(3.9.1) E(u,BR(y)):RQ_N/B ()|Du\2.

(iii) We call u € Wllof (Q, Ag(N)) a local minimizer, or just a minimizer, if for

any Br(y) C Q and v € W,22(Q, Ag(N)) satisfying u = v in a neighbour-
hood of 0BRr(y) we have

E(u, Br(y)) < E(v, Br(y)).

We want to study the regularity of such energy minimizing maps. For this
purpose we define the regular and singular set.

Definition 3.9.2. A Q-valued map u € W,2?(Q, Ag(R™)) is called regular at a
point y € Q if there exists a neighborhood U of y and @ smooth maps u; : U — R™

s.t.
Q

u(w) =Y [ui(x)] for ae. x €U
i=1
and either u;(x) # u;(x) for all x € U or u; = u,.
We define the open set
(3.9.2) regu = {y € Q : y is a regular point of u }.

The singular set of u is the relative closed set singu = 2 \ reg .
Remark 3.9.3. If y € regu and u(z) = Z?Zl[[uz(x)]] on a neighborhood U each

u; : U — N has to be a smooth energy minimizing i.e. a harmonic map in the
classical sense.

For our purpose it is helpful to define a certain subset of the singular set.

Definition 3.9.4. If u € W22(Q, Ag(R™)) then the Holder regular set of  is

loc

(3.9.3) regy u = {y € Q : u is Holder continuous in a neighborhood of y},
and the Holder singular set is sing; u = Q \ regy u.
Just by definition we have
regu C regy u and singy u C singu.

Remark 3.9.5. If N = R"™ then singgu = ) or regy u = Q for any minimizing
u € Wh2(Q, Ag(R™)) as a consequence of the internal Holder regularity result on
R™, e.g. [12, Theorem 0.9]. singy u is not empty in general, since sing; u is already
known to be non-empty in certain cases of classical single-valued energy minimizing
maps.
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3.10. THE VARIATIONAL EQUATIONS AND MONOTONICITY FORMULAS

Suppose u € Wu2(Q, Ag(N)) is a energy minimizing map and Bgr(y) C Q.
Suppose {u¢}iej—ss) is a C* family of maps in W?(Bg(y), Ag(N)) s.t. us = u
in a neighborhood of OBg(y) for all ¢t and uy = u then due to minimality of u we
must have

d
=] B, Br(y) =o.

There two natural classes of variations, inner and outer once.

(3.10.1)

3.10.0.1. inner variations. Let ®;(x) = z+tX (x)+o0(t) be the flow generated by an
arbitrary vector field X = (X!,..., X™) € C1(Bgr(y),R"Y). Since ®;(z) = x close
to OBr(y) vi(x) = uo ®; ' (x) defines a C'-family of competitors to u. Standard
calculations give

DO o ®, = (D) ' =1 —tDX + o(t)
det (D®;) = 1 + tdiv(X) + o(t)
(1 denotes the identity map on RY) so that
Q Q
|Dvi|? 0@y =Y |DuyD®; " 0 &> =Y |Duy (1 - tDX + o(t))|?
=1
Q

=1

Q

= Z|Dul|2 - 2tZ<Dul : DuyyDX) + o(t).
=1 =1

Integrating we get

/ |th|2:/ |th|2:/ Dug|? 0 @, |det D®,|
Br(y) Br(y) Br(y)

Q

= / | Dul|? + t/ | Du|? div(X) — 2Z<Dul : DuyyDX) + o(t).
Br(y) Br(y) =1

Because of (3.10.1) we necessarily have

Q
(3.10.2) 0 :/B o <|Du|25ij —2) (D : Djul>> D; X7,
RrR\Y

1=1
Before we consider the second class, the outer variations, it is useful to set up
some terminology and recall some facts about the nearest point projection.

Ny = {z : dist(z,N) < d} defines a tubular neighbourhood around N for any
d > 0. Given p € N and a vector X € R™, X T denotes the orthogonal projection
of X onto T,N; hence X+ = X — X T is the orthogonal projection onto the normal
space (T,N)* at p. A,(X{, X)) = (Dxr X, )t is the second fundamental form of
N at p and any vector fields X, Xo € C(B.(p), R™).

Remark 3.10.1. Since N is assumed to be a smooth compact manifold it has a
nearest point projection II. II is defined on some tubular neighbourhood Ny, (d >
0). Beside being a smooth map i.e. IT € C°°(Ny; N) it has the following properties:

(i) |z — I(z)| = dist(z,N) < |z — p| for all z € Ny and p € N\ {II(2) };

(ii) DII(p)X = X T for p € N and any vector X € R"™;
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(iii) for p € N and any vectors X; € RN (i = 1,2, 3)

(3.10.3) Ay(X), X)) = DL(p )(X1T7X2T)
(3.10.4) X1 D*M(p)(Xa, X3) = D X1y D*I(p)(X )2 X, (3))
ocEPs3

(iv) for any x € Ny and any vector X € R™ we have
(1 —2dist(z,N) ||Ane||) |DI(z)X ] < [X 2.

Although all of these are classical, we give their proofs expect for showing exis-
tence and smoothness of II, that can be found for example in [21, 2.12.3 Theorem
1].

(i) is the defining property of II as nearest point projection.

(ii) For X € R™ given, we may write X = X " + X*. Take a curve v :] — 9§, 5[~
N with v(0) = p and v/(0) = X ". Since II(y(t)) = (t) we have

(p+tX ") —~y(t)] < |p+tX T —TL(p+tX )|+ [p+tX T —y(t)| < 2lp+tX T —~(t)|

that is of order o(t) and so DI, X " = X T. Since II(p+tX~+) = p for all ¢
we conclude

d
Mp+tX" )+ —| Mp+tXH) =XT;

DI(p)(X) = Zl

d d
Op+tX" +tx+
ar TP T X =
(iii) Let Xy € C*(Ng,R™) and let v be a curve in A/ with v(0) = p,7'(0) = X/ .
Differentiating Xy o () = DII(y(t))X2(v(t)) we deduce
Dxr (X5 ) = (Dx7 Xs)" + D’(p)(X,, Xa)
with the particular choices X, = X, , X = X3~ we reach
D*I(p)(X)', X5 ) = D7 (X3) = (Dxy X3)" = (Dxp X5 )" = A4,(X], Xy),
D*L(p)(X{, X3) = —(Dx7 X3) "
Recall that (X, , X3) = 0 implies 0 = <Dxil'X;,X§_> + <X;,DX£FX§_>.
Additionally one has D?I1(p)(X5, X3-) = 0 since p = l(p) = H(p+ s X5 +
tX3) for all s,t. A short calculation give the desired conclusion (3.10.4).
(iv) Let v :] — 6,8[— Ng be any C? curve in the tubular neighborhood of A/
with v(0) = z and 7/(0) = X e.g. v(t) = v +tX. Define 4(t) = II(v(t)) the
corresponding C? curve on . Hence 7/(0) = DII(z)X. Set v(t) = v(t) —
~(t) ie. |v(t)| = dist(y(¢t),N) and hence 0 = (¥'(¢),v(t)). Differentiating
we obtain

G,V () = =F"(1), v(t)) = —(As0y (7' (1), 7 (1)), v (1))
Furthermore we find
|X\2 7' (0)]% + 2(3/(0), v/ (0)) + [ (0) [

70 —2(A ()(N'(O)ﬁ'(o))ﬂ/(()»
7(0)* — 2dist(z, N) || Aniay || 17(0)]

Now we are ready to consider outer variations.
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3.10.0.2. Outer variations. Let Y = (Y!,...,Y") € CY(Bgr(y) x R*,R") be an
arbitrary vector field with Y (z,2z) = 0 for = close to 0Br(y). Set U;(x,z) =
2z +tY (z,2). For sufficiently small t we obtain a C* family of competitors setting

v(x) = (T (2, u(x))).
O(p+tY(x,p)) =p+t /01 DiII(p + stY (z,p))Y(x,p)ds Vp € N and small ¢

and apply the chain rule ([12, Proposition 1.12]) for the 1—jet of v; to conclude

Q
IVea(y) =Y () + ot)+
=1

t (DI (wy(2)) DiY (2, wi(2)) + D*(wy(2))(Diu(z), Y (2, w(2)))) (v — ')].

(Djuy, DT (w;)(Dyug, Y)) = (Y, Ay, (Diuy, Diuy)) as seen in remark 3.10.1 (iii), since
Diui(z) € Ty ()N for a.e. z. (3.10.1) necessarily implies that

N Q
(3.10.5) 0 Z/B w (Z Z<Diul7DiY(xaul)> + (A, (Diul;DiUl)vy(xaul») -

=1 =1

3.10.0.3. Monotonicity formulas: Let u € Wl’z(Q,AQ(N)) be an energy minimiz-

_ loc
ing map and Br(y) C Q. For a.e. 0 < r < R we have
(3.10.6)
N Q Q oy
/ (Z (Diu, Diur) + (Au, (DiUszmz),W) = / > (u, o
Br(y) \i=1 =1 9B:(y) 1=1 "
and
2 Ou |? 2
(3.10.7) (2—N) |Dul|* = 2r —| = | Dul=.
B, (y) oB,(y) | O 0B, (y)

To conclude these two identities recall the following general fact from analysis:
if a = (al,...,a") € LY(Bgr(y),RY), f € L'(Bg(y),R) satisfies

/ @ Dyip = / fo Ve CF(Br(y)
Br(y) Br(y)
then

(3.10.8) / a'Dip— fo = dla,v) V¢ € CY(Br(y)), a.e.0 <r < R.
By (y) 9B (y)

(This may be checked approximating the function 1z (,) with smooth functions.)

To deduce (3.10.6) choose the vector field Y (x, z) = p(z)z,¢ € C°(Br(y),R)

in the outer variation, hence 0 = fBR(y) a'D;p — fo with a® = ZZQ:1<Diul, uy) and

—f = (ZlQ:l|Dul|2 +Z;‘V:1<AW (Dle,Dle),Ul>>. Hence (3.10.6) follows from
(3.10.8) with ¢ = 1.

(3.10.7) can be checked similarly. Apply (3.10.8) for every j separately with the
choice ¢/ (z) = (7 — y?) (D;¢?/ = §;5). Take then sum in j and conclude (3.10.7).
(3.10.7) can be considered as a differential identity. If one fix some 0 < s < R, then
(3.10.7) implies that for a.e. s <r <R

d
—1"27N/ |Dul? = r1=N(2 - N)/ | Dul? + T‘27N/ | Du?
dr Br(y) B (y) 0B, (y)

2
_ 2742_]\,/ Ou d
9B (y)

2

ou

- =2 e o

or dr J B, (y)\B,(y)
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r— [ Bo(y) f is an absolutely continuous function for any f € L'. So we can inte-

grate the differential identity above and conclude the classical monotonicity formula
for0<s<r<R:

oul?

(3.10.9) TQ—N/ |Du|2—52_N/ | Dul? :2/ oy [
By (y) B.(y) Br(y)\Bs () r

Notice that, due to the positivity of the right side in (3.10.9) r — E(u, B, (y)),
is non decreasing and its limit exists.

Definition 3.10.2. We define the density function ©, of u on Q by
(3.10.10) O,(y) = lim E(u, B, (y)).
r—0

Just note that (3.10.9) reduces in the limit s — 0 to

2

ou

(3.10.11) E(u, Br(y)) — Ouly) = 2/ |z — gy or

B, (y)

3.11. THE LUCKHAUS LEMMA EXTENDED TO ()-VALUED FUNCTIONS

In this section we recall a result of S. Luckhaus, [16, Lemma 1] and extend it to
@-valued functions. As for single valued maps it is an essential tool in the proof of
theorem 3.8.1. We state it in a formulation due to R. Moser in [17].

Lemma 3.11.1. There is a constant C = C(N,m,Q) such that: given 0 < X < 1
and u,v € WH2(SN=1 Ao (R™)) with

2
[ 1D+ D+ SRS
SN-—-1 €

for some 0 < € < \, then there exists o € W12(B1\B1_x, AgR™) with the following
properties

(3.11.1)

L fu@. iflal =1
A {vm), iflal =1 A
(3.11.2)

/ |Dp|*> < O\ (/ |Drul?® + | D] +
Bl\Blfx SN-1

(3.11.3)
o(x) € {y € R™: dist(y, u(SY ) Uv(SNY) < a} for some a > 0 with

g(qf\uzv)2> S C’)\K2

1

C : i ¢
a2 S AN-2 (/ |l)7'u|2 + DTU|2> (/ g(Uy’U)2> + W/ g(u,v)2
SN-1 SN-1 SN-1

< Coo Q* N2 NeK2,

Proof. The lemma can be concluded directly from Moser’s argument, see [17,
Lemma 4.4] using Almgren’s bilipschitz embedding &.

Before we deduce it from Moser’s result for )-valued function, we shortly describe
how to get the estimates with K from the Moser’s result. The first is just

2 2
Fl < [ I+ D+
A SN-1 €

| 1D + D +
SN-1
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The second follows by Cauchy’s inequality:

3 2\ %
2 </ Dol + |DTU|2) </ g(“;’))
SN-1 SN-1 €
<e([ Dl +ipal+ [ gwor).
SNfl SN*I

To derive the result for @-valued functions one can argue as follows: Given u,v
as stated, £ ou, & ov € WH2(SN—1 R™) are admissible, and all integral quantities
are comparable up to a constant C'(N,m,Q) > 0. By [17, Lemma 4.4] there exists
a single valued function ¢ € W12(By \ B;_,,R™) that has the stated properties,
replacing u by €ou and v by €ov. Set p = pop € WH2(By\ B1_y, Ag(R™)) using
Almgren’s retraction p. ¢ then has the desired properties, since again all integral
quantities are comparable up to a constant C'(N,m, Q) > 0. O

For the sake of completeness we presented here the ”simple” argument based on
Almgren’s bilipschitz embedding &. The appendix A discusses this result in more
detail and contains an intrinsic proof.

3.12. COMPACTNESS OF ENERGY MINIMIZING MAPS

We can follow the classical argument to get as a consequence of lemma 3.11.1 a
compactness result for energy minimizing maps (compare [21, section 2.9 Lemma

1.

Lemma 3.12.1. If {u(k)} C W12(Q, Aq(N) is a sequence of energy minimizing
with limsupy,_, o E(u(k), B,(y)) < oo for each ball Br(y) C 2, then there is a
subsequence {u(k')} and a energy minimizer u € W42(Q, Ag(N)) s.t.

(i) G(u(k'),u) — 0 in L?(2)

(i) limp oo E(u(k’), Br(y)) = E(u, Br(y)) for every ball Br(y) C Q.

Proof. [[u(k)| 1 (q) < C for all k because N is compact by assumption. So that

limsup [ |u(k)|* + |[Du(k)|* < oo

k—o0 QY

for every ' CC Q. By Rellich’s compactness theorem for bounded sequences in
W2 there is a subsequence not relabeled u(k) and a u € Wh2(2, Ag(R™)) s.t.
G(u(k),u)(z) = 0 in L? and a.e. z € Q. Hence u(z) € Ag(N) for a.e. z € Q. It
remains to prove that

Jim E(u(k), Br(y)) = E(u, Br(y)) VBr(y) C
Let be Bgr(y) be given, not changing notation we write u(k)(x) for u(k)(y + Rz),
so we can assume that Bg(y) is the unite ball B;. So G(u(k),u) — 0 in L'(B)
and there is K > 0 with liminfj_, o fBl |Du(k)|? < K2

Let % <ry <landO0<é < 1—ry arbitray small but fixed. Then fix 0 < e < A < %
s.t. if C' is the constant of 3.11.1, d the size of the tubular neighborhood, then

2N+2 N+3

K*\<éand C——rr—e < d?

01—7’1 AN=2(1 —rq)
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For u(k),(x) = u(k)(rz), u,(x) = u(rz), Fatou’s lemma states

! 2
/ liminf/ |Du(k),|? + | Du,|> + G(u(k)r, ur)”
SN-1

2
r k—o0 €

<tmint [ [ DuGop + put + S

€2

k 2
< 2Nliminf/ |Du(k)|*> + |Dul?® + M < oNHIEK?
k—oc0 Bl\Bl N €
Hence there is a radius p, 0 < 7y < p < 1 and a subsequence u(k) not relabelled
with , Vo
G(u(k)p, up)® _ 277
Du(k 2 D 2 PP

[ Dui, 2+ 1 Sl 2
We apply the Luckhaus’ lemma 3.11.1 to each tuple u(k),,u, and obtain p(k) €
WH2(By \ Bi-x, Ag(R™)) with ¢(k)(z) = u(k),(x) for |z = 1, ¢(k)(2) = u, (155

_ N2
for |z =1 =X, [5\p,_,|DP(k)]> < CT—-K?*X < § and
o(k)(z) € {z: dist(z,u(k)(0B,) Uu(0B,)) < a}

X N+3
with a2 S Cm €< d2

Therefore (k) (x) = II(¢(k) (%)) is well defined and satisfies ¢ (k)(x) = u(k)(z) for
2l = p, p(k) (@) = u(s25) for || = (1 — A)p and

K2

)

[ ez pemPC) Sy < oot
B, \B(1-)p B, \B(i-x)p P P
Given a competitor v € W12(B,, Ag(N)) to u, the map
u(k), for p<|z| <1
o(k) = (k). for (1 A)p < |o] < p
o(i25), for Ja] < (1— N

X
defines a competitor to u(k). Hence by minimality of each u(k) we got

/|Du )? < /|Dv )? < / +CpN 725+ (1 N2/ | Dvl?
B;\B,

or
/|Du(k)|2§06+/ Dul?.
B, B,

This implies that

/ | Dul? gnminf/ \Du(k)|? < 05+/ | Dof?.
Bp k— o0 Bp Bp

0 > 0 had been arbitrary small, so u is minimizing on each B,, C B, C B;. Choose
u = v to deduce the strong convergence of energy, (ii). O

3.13. e-HOLDER REGULARITY LEMMA

In this section we are going to prove an e-regularity lemma for the Holder con-
tinuity of energy minimizing maps in the spirit of the Schoen-Uhlenbeck regularity
theorem.

Lemma 3.13.1. Let u(k) € Wh%(B1, Ag(N) be a sequence of energy minimizers
with
lim E(u(k),B1) =0.

k—o0
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For a subsequence, not relabled we can find a; € W2 (By, Ag, (R™)), Zlel Qi =Q,
a sequence of points p;(k) € N s.t.

(i) a; is Dirichlet minimizing,

(ii) g(a,;lu(k)ﬂ(k)) — 0 in LY(By) for o = E(u(k), B1), a(k) = ZzL:1 a; @
o ' pi(k)
(iii) limg— o0 oy, 2E(u(k), Br) = Zlel fBR|Dal|2 for any 0 < R < 1.

Proof. To every u(k) fix a "mean” T'(k) € Ag(R™). We may assume that T'(k)
Aq(N), if not replace it by T' € Aq(N) with G(T'(k),T) = minge 4, ) G(T'(k), S
T has still the property of a ”mean”, as one may check:

€
).

Gu(k), T)* <2 | Gu(k),T(k)*+2 [ G(T(k),T)?
B B B,
<4 [ Gu(k), T(k))?<4C | |Du(k)
B1 By

Next we apply the concentration compactness lemma, A.1, to the sequence of
tuples Uk_lu(k),ak_lT(k‘). For a subsequence not relabeled, we get maps a; €
W2(Ag,(B1),R™), a related sequence t;(k) = o 'pi(k) € spt(o, 'T(k)). (i)
is a consequence of the concentration compactness lemma. It remains to prove
that the a;’s are Dirichlet minimizing and that the strong convergence of en-
ergy (iii) holds. The concentration compactness lemma implies ZzL:1 S/ BR\Dal|2 <

liminfy 0 0 ' E(u(k), Bg) for all 0 < R < 1 as a consequence of the lower semi-
continuity of energy.

1, denotes the 1—Lipschitz retraction map onto B L CR™ defined as
Tk

1
() = {z,é B for |z| < 0125
o} ‘j—‘, for [z| > o 2
Furthermore we set
L L
(3.13.1) a(k) = a ® oy 'pi(k) and a(k) = > vi(w) @ oy 'pu(k).
1=1 1=1

We still have G(a(k), o}, 'u(k)) — 0 in L?(B;) because

G(a(k),op 'u(k))? <2 [ Gla(k), o5 u(k))? + 2/ G(a(k), a(k))®
B1 By B
L

>/ e
Bin{x: \ou|(av)20,C 23

<2 [ Gla(k), o 'u(k)® +2
B1 1=1

I3, G(a(k), o, 'u(k))? = 0in L?(B;) due to the concentration compactness lemma,
the second integral tends to 0 as k — oo (since oy, — 0) and |a;| € L?(By).
Let % < R < 1 be fixed and 0 < § < 1 — R be arbitrary small but fixed as well.
Choose 0 < e < A < % s.t.

oN+2 oN+3

12
1—R)\<6 and Cm€<§d,

where C is the constant of the Luckhaus’ lemma 3.11.1 and d > 0 the size of the
tubular neighbourhood to .

C
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Using the classical notation for rescalling a function f,(z) = f(rx), Fatou’s lemma
states

/1 lim inf <MU§)| + |Da(k)r\2 + g(&(k)r,aglu(k)rV)
1 O

_R k—oo JgNn-1 62

1 -1
< liminf/ r*N/ < <M()| + |Da(k),| > + o 2
k—oo 1-R 9B, O'k €
~ -1 2
k—o0 Bi\Bi_r Uk: €

Hence there must be a radius R < p < 1 and a subsequence not relabelled with
[ Du(k),|? o G(a(k)p, of tu(k),)? 2N+2

——— +1|Da < .

/Szvl( o7 +[Dalk),[” + €2 1-R

As in the proof of the compactness of minimizers, lemma 3.12.1, apply Luckhaus’
lemma 3.11.1 to each tuple o}, "u(k),, a(k), to get cp( ) € WE2(B1\ By, Ag(R™))
with the properties that

(i) p(k)(x) = ak_lu(k)p(x) for [z] = 1 and ¢(k)(x) = a(k),(7%) for |z| = 1-X;

Q
=
S
S~—
3
Q
ol
<
—
ES
i
3
S~—
(v}
N—

2N+2

ii) fBl\Bl—A G(k)]? < C2Z—F X < 6;
(iii) for some a? < C%e < %dQ

(k) (x) € {z € R™: dist(z, 0}, 'u(k)(0B,) Ua(k)(0B,)) < a}.

Due to (3.13.1) we have dist(oy, ta(k)(z), Ao(N))? < S35, o2|gn(a(k))(@)]? <
Loy, so that dist(oxp(k)(z), Ag(N)) < a + /Lo,. Hence it is in the tubular
neigborhood and

p(k)(z) = o, 'T1 (Jmﬁ(/f)(z))

is well-defined. Furthermore it satisfies

() (k) (@) = o7 "u(k)(@) for [a| = p, @(k)() = o} "W(oralk)(tZy) for
2] = (1= N)p:

(ii) fB,,\B(lfx)p|D‘»‘7(k)|2 < CpMN 2.
Given competitors ¢; € W12(B,, Ag(R™)) to each a;. As in (3.13.1) set

L L
k)= a@oy 'mik) and &k) = Y dr(a) ® o) ' pi(k).
=1

=1

As for a(k) we have dist(ox¢(k)(x), Ag(N)) < Loy. Remark 3.10.1 (iv) states

(1 —2y/ Lo, A)| D (opé(k))|> < o2 |Dé(k)|? < a2 De(k)|?
with A = sup,cp [| 4, and |De(k)2 = ZlL:l|Dwk(ul)|2 < z:lL:1|Dul|2 because
¥y, is a 1—Lipschitz retraction. We can define a competitor to u(k) by

u(k)(x), for p < |z| <1

v(k)(z) = § orp(k)(x), for (1 =A)p <lz| <p

(oré(k)(725)),  for [z < (1= A)p.
)

Hence by minimality of each u(k) we get

Du(k)|? < kaQS/ Duk2+0025+ /D
Bll (k)| Bll (k)| Bl\B,,| (k)| i 2\/L—%A |



86 J.HIRSCH

or

L
1
0'_2/ Duk2<C’5—|—7 /DC2.
[ \PuP < €0+ 7 3 f 1Dl

This implies that, by lower semicontinuity of the energy,

L L
(3.13.2) / |Day|? gnminfafz/ |Du(k)]? < Cs + / |Dey|?.
l:zl BP k—o0 k Bp ; Bp

0 > 0 can be taken arbitrary small, so each @; must be minimizing on Br C B, C
B;. Choose ¢; = a; for each [ in (3.13.2) to deduce the strong convergence of energy,
ie. (iii). d

Lemma 3.13.2. There exists g > 0 and a > 0,C > 1 depending on N, Q, N with
the property that, if u € WH2(Q, Ag(N)) is energy minimizing with

(3.13.3) E(u, Br,(%0)) < €g for some Bgr,(yo) C £,

then |Du| is an element of the Morrey space L>N=2%2%(Br, (yo)). More precisely
2
we have the estimate
r —_— Ry

(3.134)  E(u, B.(y)) < C (E)za E(u, Br(y)Vy € Brg (30),0 <7 < R< 2.

Furthermore u € C%*(Brq (yo))-
2

Proof. First we will prove the following statement and show thereafter how it im-
plies (3.13.4).

Je1 > 0,0 < v < 1 depending on N,Q,N s.t. if u € WH2(Bgr(y), Ag(N)) is
energy minimizing and E(u, Br(y)) < €1 then

(3.13.5) E(u, Bz (y)) <vE(u, Br(y))-

Indeed, fix v < 2729 where g = (N, Q) > 0 is the Holder exponent for Dirich-
let minimizers into R™, compare [12, Theorem 0.9]. Suppose such an €; > 0 does
not exists, hence there are v(k) € W12 (Bg, (yx), Ag(N')) energy minimizing failing
(3.13.5), i.e. E(v(k),B% (yr)) > vE(v(k), Br, (yr)) and o3 = E(v(k), Br, (yx) —

0 as k — oco. Consider the rescaled sequence
u(k)(x) = v(k)(yx + Rix) ie. E(u(k), B1) = E(v(k), Br, (yx)) = o}.
So we can apply the previous lemma 3.13.2: for a subsequence u(k), not relabeled,
there are Dirichlet minimizing a; € W?(By, Ag,(R™)) ( ZzL:1 Q= Q) and a
sequence of points p;(k) € N such that for a(k) = Zlel a; ® oy, 'pi(k) one has
(i) G(o}, "u(k),a(k)) — 0 in L*(By);

(i) limy o0 0 2E(u(k), Br) = S.1-, E(a;, Bg) for all 0 < R < 1.
We firstly observe that this implies ZlL:1 E(ay, B%) > + because

oi *B(u(k), By) = 0 B(u(k), Bry (x)) > 7.

Secondly

L L
> E(a,By) = lim 0, *E(u(k), By) > liminfyo, *E(u(k), B1) > > _ E(a, By).
=1

1
k— o0 2 k—o0
=1
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So there must be a nontrivial a;, with E(ay, B%) > ~vE(a;, B1). But g is Dirichlet
minimizing and therefore E(ay, B%) < 27220 F(a;, By). This is a contradiction.

Set €9 =27 Ne; > 0, then (3.13.4) holds because, if E(u, Br,(yo)) < €0, then

-— R

E(u, Br(y)) < E(u, Bro (y)) < 2V E(u, Br,(y0)) Vy € B (40),0 < R < 70,
as a consequence of the monotonicity formula (3.10.9).

Induction on (3.13.5) gives E(u, By« (y)) < ¥*E(u, Bg(y)) for all k € N and any

Yy € Bro(10),0 < R < %. Choose k € Ns.t. 27*"1R < < 27F for r < R. Then
2

by monotonicity (3.10.9) and the estimates above we have

1 1 /72
B, By (y) < Bl By(y) < /M B, Ba(y) < = () Bl Baly))
for 2a = 11:(15;’)
(3.13.5) implies that |Du| is an element of the Morrey space LN =2+2%(B g, (y)).
2
The Holder continuity then follows classically. O

3.14. PROPERTIES OF THE SINGULAR SET singy u

In this section let u € W12(Q, Ag(N)) be a fixed energy minimizing map. For
any Bpg,(y) C 9, the monotonicity formula, (3.10.9), gives
Ouly) = _inf E(u,Br(y)) < E(u, Br(y)) < E(u, Bry(y)) V0 <R < Ro.
>~
For any sequence Ry — 0 and y € ) we may consider the rescaled sequence
v(k)(z) = uy g, () = u(y + Rrx) and observe that for any r > 0, sufficient large
keN, ie R, <o

E(u(k), Br) = E(u, Brr, (y)) < E(u, Br,(y))-

The compactness result, lemma 3.12.1, asserts for a subsequence v(k’) there is
o € WH2(RN, Ag(N)) energy minimizing with G(v(k),¢) — 0 in L? (RY) and

loc

(3.14.1) E(p,B,) = klim E(v(k),By) = klim E(u,Bg,(y)) =Ou.(y) VYR >D0.
—00 e el
Furthermore the monotonicity formula, (3.10.9) gives

9
0:/ 2N o< <R,
” or

"

So, 0 = | 22| = Zgl|%|2 = 0 a.e.. Integrating this in r gives p(\r) = ¢(z) for
all A > 0 and € RY. This homogeneous degree zero property is characteristic for
tangent maps, hence we define classically:

Definition 3.14.1. A zero homogenous function ¢ € W12(RY, Ag(N)) is called
tangent map to u at y € Q if

IRy, — 0 with G(uy ry, ) — 0in L}, (RY).

loc.

3.14.1. Properties of homogeneous degree zero minimizers. Let us consider
o € WH2(RN | Ag(N)) be energy minimizing and zero homogeneous, i.e. p(Ar) = ¢
for all z € RV, \ > 0. Every tangent map, definition 3.14.1, has this property. In
this section we state some consequences. First of all one observe that the multival-
ued case does not differ from the single valued, ”classical” case. Our presentation
follows very closely L.Simon’s in [21, section 3]. The analysis of tangent maps en-
ables a stratification procedure, section 3.14.2. It is a direct modification of a result
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by F. Almgren, [2]. As a consequence we will be able to get an estimate on the
singular set sing; u.
(3.14.2) O, (y) takes its maximum in y = 0.

Indeed, fix y € RY, for any 0 < R combining the monotonicity (3.10.11) with
E(p,B-(0)) = 0,(0) ¥Yr > 0 gives

N, O
2 [ fomyP N ZEP 4+ 0,) = Blp. Ba®y)
Br(y) Ty

< (1) b o = (14 4) 00

with 6% we want to emphasize the center y i.e. it is the directional derivative in
Y
X

the radial direction |m:z‘. Taking the limit R — co we get

N, O
Bras) 2 [ ey VIR 0,0 < 0.0) = 0,0,
N Y

Definition 3.14.2. Let ¢ € WH%(R™, Ag(N)) be a homogeneous degree 0 energy
minimizer. Then we define

S(p) ={y e RY: 0,(y) = ©,(0)}.

‘We next claim that

(3.14.4) S(¢) is a linear subspace of RY

(3.14.5) and p(z +y) = p(z) for all z € RNy € S(p)

To show (3.14.4) and (3.14.5) observe that for y € S(yp), equality in (3.14.3) implies
P2 —(ie.

ory

oly+ ) =py+z) Ve eRYA>0
Combing this with, p(Az) = ¢(z) Vo € RN X > 0 gives
e(z) = p(Az)
=o(y+ Oz —y) =ply+AAz—y) = (A z+ (y - A%y))
=+ A=A"")y) = oz + py)

where 1 = A—\"!is an arbitrary real number. This implies naturally E(u, Br(0)) =
E(u, Br(py)) and ©,(0) = ©,(ny) for all p € R and y € S(p).

3.14.2. Consequences for sing;; u. The obtained results gives us equivalent iden-
tifications of the Holder regular set.

Lemma 3.14.1. Letu € W12(Q, Ag(N)) be energy minimizing, then the following
are equivalent
(i) y € regH u;

(i) Ou(y) =

i) ©
(iii) w has a constant tangent map ¢ at y;
(iv) dim S(¢) = N for some tangent map ¢ of u at y.

Proof. (i) = (iii): Let ¢ be any tangent map of u at y. Passing to a subsequence
we have uy g, (z) = u(y + Rix) converging locally a.e. to ¢. Hence for a.e. x, 2’
we have

Glp(x), ola)) = Tim Gluly + Ricx), uly + Rya’)) < lim inf CRE |z — o/| = 0.
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Thus ¢ = const..

(i) < (ii) - This equivalence is obvious.

(#ii) < (iv) : This equivalence just follows by definition and the last observation
in the previous section.

(i) = (i) : If ©4(y) = 0 there is a R > 0 s.t. E(u, Br(y)) < €, where ¢ > 0
is the constant of lemma 3.13.1. Then this lemma states u € CO’O‘(B%(y)) and so
Y € reg u. O

Remark 3.14.3. For single valued, ”classical” harmonic functions, lemma 3.14.1
implies

regu = regy u and so singu = singy u

Furthermore lemma 3.14.1 has the following simple consequences as in the single
valued setting.

Lemma 3.14.2. HY~2(sing, u) =0

Proof. This is a classical consequence of |Du|? being in L' and singyu = {y :
O.,(y) > €} O

One defines

(3.14.6) S; ={y € singyu: dim S(p) < j for all tangent maps ¢ at y}.
We first observe that

(3.14.7) singgu=Sy_1=Sy_2=SN_3.

Indeed, suppose not. Then there would be a tangent map ¢, which is a non constant
homogenous degree zero minimizer with N—1 > dim S(¢) > N—2. This contradicts
lemma 3.14.2 because S(p) C singy ¢ and

+oo = HY2(S(p)) = HY 2 (singy u).

As L. Simon mentions in [21, section 3.4] one notice:

"The subsets S; are mainly important because of the following
lemma, which is a direct modification of the corresponding result
for minimal surfaces by F. Almgren [2]; the lemma can be thought
of as a refinement of the ”dimension reducing” argument of Federer
[6] (for this see also the discussion in the appendix of [20]). "3

Classically a characterization of S; implies a J- approximation property which
then itself implies the following two results. Their classical proofs can be found in
[21, section 3.4, Lemma 1 & Corollary 1]

Lemma 3.14.3. For each j = 0,...,N — 3, dimS; < j, and for each t > 0,
SoN{y : ©,(y) =t} is a discrete set.

Corollary 3.14.4. dimsing; u < N —3. More generally, if all tangent maps ¢ of
u satisfy dim S(¢) < jo < N — 3 then dimsingy u < jo.

This corollary clearly shows theorem 3.8.1.

3L. Simon, [21], page 54
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APPENDIX A. THE LUCKHAUS LEMMA

A classical result due to S. Luckhaus is concerned with the extension of a map
that is defined on the boundary of an annulus 0 (B \ Bi—») into the interior. Its
proof for single valued functions is nowadays classical and can be found for instance
in [17]. We mentioned the result already in section 3.11. We want to give now
a complete intrinsic proof for @)-valued functions. Our formulation is based on
S. Luckhaus’ original, [16, Lemma 1] and the one of R. Mosers, [17, Lemma 4.4].

Lemma A.1. There is a constants C,Cy, > 0 depending only on the dimension N
such that the following holds:

Suppose A = %, € = ILL < X I,L € NJL > 2 given, furthermore let u,v €
Wh2(SN=1 Ag(R™)) with

2
(A.1) / |Dyul? + |Dov|? + 9o _ e,
SN-1 62

then there exists o € W12(By \ Bi_x, Ag(R™)) with the following properties

u(z), if o] =1
A. )=
(A.2) #(w) {U(IT)\)7 if lgf =1—=A

a3 [ e <ok’
Bi\B1-2x

(A.4) o(x) € {y e R™: dist(y, u(SN V) Uv(SN 1Y) < a}
for some a > 0 with a® < Co Q2 N2 NeK?2.

Remark A.1. The L*>°-bound, (A.4), is a little bit weaker then tho stated in Lemma
3.11.1. The dependence of the constants on N,m and @ is more precise.

The proof of Lemma A.1 is very close to S. Luckhaus orginial one, nicely pre-
sented by R. Moser, [17, Lemma 4.4]. It splits in 3 parts:

(1) a decomposition G of the sphere SV ~! that is bilipschitz to cubical decom-
position of 9[—1,1]" into parallel disjoint cubes of side length A. This is a
measure theoretic argument;

(2) two types of extensions on cubes;

(3) a recursive definition of ¢ on cubical subsets F' x [0,\] where F' is a k-
dimensional face int the cubical decomposition. It always takes advantage
that ¢ had already be defind on all F’ x [0, \] for lower dimensional faces
F.

Studying S. Luckhaus’ original proof one notice that only for the extensions
on F x [0,\], F being a 1-dimensional face, the linear structure of W12(F,R™) is
needed. C. De Lellis presented a possible replacement W12(F, Ag(R™)) in [13]. His
version does not preserve the L>°-bound, (A.4), compare remark below. Nonethe-
less following his ideas one can recover the bound, lemma. Our proof does not
contain essentially new ideas. It boils down to replacing lemma E.2 in the proof
proposed by C. De Lellis, [13] or the linear extension in S. Luckhaus original one
by lemma. Nonetheless we decided to give a complete detailed proof.

As mentioned, in part 1 one uses the bilipschitz equivalence between B; and
[~1,1]" and their boundaries S¥~! and 9[—1,1]¥. Therefore we list in the fol-
lowing remark some terminology and constants appearing in this context. Since
only the extensions, part 2, differ slightly from the already existing proofs they are
presented first thereafter. Finally we will proceed with part 1 and 3.
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Remark A.2. |z|? = |:13|2 (sr:l) + -+ + (2,)? denotes the Euclidean norm on R"
and |7|s = max{|z1|,...,|r,|?} the supremum norm. Let By = {|z|2 < 1} be the
unite ball and [~1,1]" = {|#|s < 1} the standard cube in R". Set H(z) = =z

BED
and G(z) = Ilz‘b x, then H = G~ and H : [-1,1]" — Bj so their boundaries
H :0[-1,1]" — 8™. ¢;; denote the Euclidean metric on R" or the pullback metric
for a submanifold in R™. Furthermore let ¢ = G*S and h = H*§ be the pullback

metrics on By, [—1, 1] respectively. One calculates

det(g) = ('xh)zn = det(g| . ,)-

|Z]oo

2
Furthermore the spectrum of g~ is contained in [1 — (‘xl"’") 1+ (l 2l ) ]. The

|2 ]2

4 2
eigenvalues of g| _,,_, are (llgfllz ) and n — 2 times (“;ll"’ ) . For h we therefore have

2n
det(h) = <x|°°) = det(h|6[71‘1]n).

|2

4 2 4 2
The spectrum of A1 is contained in [(m) — (ﬂ) , (&) + (ﬂ) ]. The

4
eigenvalues of h| , are lelee ) " and n — 2 times (1222 ). This has for instance
al-1,1] ]2 EIP

the following implications:
(A.5)

ij 09 09
D 2:/ ——+/det(h) <3 Do|? for p = po G
‘/Bl (P| [_1)1]71, 8aﬂ 83&1 - ‘ | 14

1,

0o 0O
[opel= [ h g A, ) <en [ Diof,
Sn—1 a[—1,1]» ol-1.1" Jxt QI ol-1.1] a[—1,1]»
since{(m2 )4+<‘T|2 )2}<1|°°) < 3 Vn and <|x‘ )4_n<c for ¢o = 2.¢q =
] oo [#]oo |z]2 |2] oo = *n 2 s 63

V3 and ¢, =1 for n > 4. Similarly one calculates for ¢ = ¢ o H

i Op Op £
ae) [ el = [ g SVt <ntaa) [ Dok

B

ij 3(,03 n—2
D.¢* = / - det <n/ D, o[>
[ N e P el L

The extension lemma for faces of dimension k& > 3 is the classical following one:

Lemma A.2. Given F = z+[0,\]", n > 3, a n-dimensional cube of side length A
and ¢ € WH2(OF, Aq(R™)) then there is an extension ¢ € WH2(F, Ag(R™)) with
the property that

(A7) [109p < st n [ o
(A.8) b(z) € ¢>(3F Vz e F
Proof. By a simple scaling argument it is sufficient to prove the lemma for F =
[-1,1]™. Since n > 3 the 0-homogeneous extension (Z(x) = qb( ) belongs to
WhL2(F, Ag(R™)). Direct computations provide the bound (A.5). (A.6) is clearly
satisfied. |

The crucial point is to find a ”version” of Lemma A.2 for n = 2. The first step
is the replacement suggested by C. De Lellis.
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Lemma A.3. Given F = z + [0,\]%, a 2-dimensional cube of side length \ and
¢ € WH2(OF, Ag(R™)) then there is an extension ¢ € WH2(F, Ag(R™)) with the
property that

(A9) 1032 <302 [ |D.op
F la
(A10) 6(3a).5w)* <7@*A [ |D.of
F
Proof. By scaling it is sufficient to prove it for F' = [~1,1]2. Furthermore using

¢ =¢oG,p =poH and the estimates (A.5), (A.6) for n = 2 we can show the
existence of an extension @ from S! to the disk By, that satisfies

(A11) DaP < Q / D,
Bl St

(A12) 9(3(w). 20))* < x@* [ IDrol”

The energy bound (A.11) is derived in Proposition 3.10 in [12] as the crucial es-
timate to establish the optimal Hoélder continuity for Dirichlet minimizers in the
interior. Although the competitor constructed there satisfies the L°°-bound it is
not stated. Therefore we present the complete construction. Recall that for a
given f € W2 (S1,R™), single valued, there exists a unique harmonic extension
feWh2(B,R™) ( Af =0) with f = f on S! and it satisfies

(A.13) DfJ? < / D, f?
B1 St

and due to the maximum principle for subharmonic functions and 1-dimensional
calculus

(A1) 1f@) - f@)P < s (@) - Fw)P <7 [ |D.F
z,yeS?! St
Now let be ¢ € W12(S!, Ag(R™)) given, as shown in [12, Proposition 1.5] there is
an irreducible decomposition p(z) = ijl > ec [gj(2)] for all z € S, functions
Q .

z¥l=x
g; € WH3(SY,R™) and ijl Q; = Q. To every g; let g; € WH?(B1,R™) be the
harmonic extension, then set

50) =3 S [gs(2)] for v € Bu.

j=1 zeC
2%i=x

J

Direct computations, compare [12, Lemma 3.12] and (A.13) gives (A.11):

J J
[ e = [ gl <> [ D.gf
B, B ods

15=1

J
<in/ D252 :Q/ Dol
- Qj Js st

Furthermore let = 7 exp(i) then

J Q-1

Bla) =3 D g (r¥ £ EHE)]

j=1 1=0
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similar for y = sexp(if3), hence applying (A.14) gives (A.12)

J Qj_l 1 27 1 - B ;727 2
G(6(). 602 < 30 Y- Jos (r B HE) g (s 491

[ p-af <@ [ Db
St St

O

Although Ag(R™) is not a linear space we will use the following terminology. A
map ¢ : [a,b] = Ag(R™) is said to be linear, a linear interpolation, between two

points S = ZlQ:l[[sl]],T = ZlQ:lﬂtl]] € Ag(R™) on the interval [a,b] if there exists
o € Pg such that

Q
G(S,T)* = Z|Sl — toyl?

Q

Z Sl + Z toy]-

Furthermore one has f;|Dq§|2 g(s T) and to any two points S,T € Ag(R™) and
an interval [a, b] given there exists at least one linear interpolation. (It may not be
unique.)

Lemma A.4. Suppose ¢ € WH2(9(Fx[0, ]
face of length A = b — a is given and € =
following:

N—

,Ag(R™)), F = [a, b] a 1-dimensional
l € N. Furthermore ¢ satisfies the

~|>

)

t— ¢(a,t), d(b,t) are linear between U(a),V(a) and U(b),V (b);

2
J R
F €
where U(x ) #(2,0),V(z) = ¢(x,\) € WH2(F, Ag(R™) Then there exists an
extension ¢ € WE2(F x [0, A, AQ(R’”)) satisfying
(A.15) /’ IDG|? < 15Q AK?;
Fx[0,)A]
(A.16) dist(p(z,8), U(F) UV(F))? < 51Q% ek? Y(z,t) € F x [0,)].

Proof. We construct $ applying the previous extension lemma A.3 several times.
Set ay, = a+ ke for k =0,...,1, i.e. ag =a,a; =b and for every k =1,...,1 -1
define ¢t — ¢(ag,t) to be a linear interpolation between U(ay), V (ag).

Pick any k € {0,...,l — 1} then ¢ is now already defined on 9([ag, ar+1] X [0, A]).
We may apply lemma A.3 to

uﬁemAFHM%+§ﬁ

and obtain an extension ¢, € W12([0,A]?, Ag(R™)). By l-dimensional calculus
one has for f € W2([¢,d],R) € C%z ([c,d]), that

d 2 d
sup f(x)? < 2d — cf / F— / &
c<z<d c |d—C| c
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and therefore
k+1 Q41

Ak41 4
> G(U(ay),V(a;)* < 46/ \D,U>+ |D,V|? + f/ G(U,V)? = 4eK?
j=k ak € ag
. This gives (£ = 1)

api1 k+1
[ = ([ e s pove) 3 UV
0[0,2]2 i ! ak i i j=k A

IN

5
K2
l
Finally we define
b, t) = op(l(z — ag),t) for (x,t) € [an, ars1] x [0,A].

Due to lemma A.3 we found

(A.17) / ID¢|? < z/ |Doy|? < SQZ)\/ 1D-¢p|? < 15Q AK?
lak,ar4+1]%[0,A] [0,A]2 0[0,\]2

G(d(2,1),U(2))? = G(dr(y, 1), d(y,0))? < 57Q* eK? Va = ay + %y € [0, \].

Since all sets [ak, api1[x[0,\] are disjoint we obtain a well defined extension ¢
applying the above procedure for every k = 0,...,l — 1. Furthermore adding the
estimate (A.17) for k= 0,...,1 — 1 we obtain (A.16) proving the lemma. O

The choice I = 1 in lemma A.4 reduces it back to lemma A.3. This corresponds to
C. De Lellis proposal in [13] to choose the "harmonic” extension. This is in general
not a good idea for the L>°-bound. This can be seen in the following example.

Example A.3. Let FF = [0,1],(A = 1), M € N and ¢ép(z,0) = ¢(z,\) =
M(cos(27er),sin(27er)) € WI2(F,R?), ¢(0,t) = ¢(\ 1) = <0,1). S. Luck-
haus suggests the extension ¢y (z,t) = ¢(2,0) for all t € [0,)\] that satisfies
dist(¢r(z,t), p(F,0))?> = 0 for all (z,t) € F x [0,A]. The harmonic extension
would be .
~ cosh(2r M (t — 3))
t =
ou(,t) cosh(m M)

é(z,0);

that satisfies now
1 1 1
3 il > _ 2 = ).
;2£‘¢H($7 2) ¢($,0)| = |¢($70)‘ |¢H(mv 2‘ M (1 COSh(?TM)) ’

converging to 400 as M — oo.

Proof of Lemma A.1 . (Our presentation is close to the proof presented by R. Moser
in [17].)

Part 1: decomposition G of the sphere using a Fubini-type argument
It is useful to set up some terminology. +Z" is a square lattice in R decomposing
the cube [—1,1]" and ist boundary 9[—1,1]" into congruent cubes of side length +
of dimension N and N —1. Let F; denote the collection of all k-dimensional faces in
the decomposition 9[—1,1]¥ N1+ ZN. We set G, = {H(F): F € F}, a collection of
k-dimensional faces on the sphere S™~1. The number of k-dimensional faces §F}, =
4G is less then 2N-times the number of k-dimensional faces in [—1, 1]¥N N1 ZV 1,

that is less than (2L)V~! (lel), in total

(A.18) 8F, = 4Gy, < N2V LN-H(N 1),
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claim: Let f € L*(SV~1,Ry) be given. Then there is a partition of SO(N) into
the set 08°°d of "good” and the set @4 of "bad” matrices, defined as follows:
O € 0&°°d if we have

NZLle

N
(A.19) Z > / F(Oz) dH*( (ewip/SledHNI

k=1 k GeGy

and O € OP2d if instead
N-2 LN 1—k

(A.20) Z Z / f(Ox) dH"(x W/SN_ldeN—I.

k=1 Gegx

Furthermore one has u((’)bad) < 0, where p is the Haar measure on SO(N).

This can be seen as follows: To any z, 79 € SN ~1 there exists Oy € SO(N) with
Opzg = x and by the invariance of the Haar measure under group action we have

| On)du0) = [ (00w du(0) = [ f(Oz)du(O),
0€SO(N) SO(N) SO(N)
The invariance of the Haussdorff measure under orthogonal transformations gives
| 500 @) = [ ) an ).
SN—1 SN-1

Fubini’s theorem with p(SO(N)) =1 gives

/ FdHN = / F(O2) dHN1( / / F(Ox) dH (@) du(0)
SN-1 SN-1 SO(N) SN-1
:NwN/ f(Oxg) du(O).
SO(N)
We deduce
/ / f(Ox) dH* () dp(0) = > / f(Oxzo) du(OYH* (@)
SO(N) geg, GEG
(A.21)
2N

< 2NN(N]:1)LN_1_k/ f(Omo) du(O) — 7(N/;1>LN—1—k/ deN—l.
SO(N) WN SN—1

We used (A.18) and H*(G) = HF(H(F)) < H*(F) = L~*. This implies the claim
pu(OP2d) < 0 because apply (A.21) for every k and (A. 20) for every O € O to
deduce

wWN SN-1

LN 1—k N —2 2N

/ Z / f(Oz) dH* (z )du(O)SQ/ fdHN L
0€0 [ k Gegy, N SNt

ie. pu(OPa) <@,

Given u, v as assumed, set § = 1 and f; = |[Du|*+|Dv|?+ g(“ 0"y = |ul?+|v|?.
The the claim states that if O5°°UOP*d = SO(N) are the related partition, there
exists O € 05°° N 05°°Y since p(OP* U O*d) < 1. Hence we have for any
k=1,....N -2, Ge G

uo 0|, vo O|G € WhH3(G, Ag(R™))
(UOO’G)G,ZUOO (’UOO‘G)G,Z’UOO

. Y& €Gi1,G' CoG.

G/7



96 J.HIRSCH

We define U(z) = w(OH (z)),V(x) = v(OH(x)). Due to the choice of O we have
that forany k=1,... N -2, F € F

Ul V|, € WH(F, Ag(R™))
(U‘F) P u (V|F) P 4

. VF' € Fy 1, F' COF.

Fal

Set fi = |DU> 4+ |DV|? + M and using remark A.2 we have for any F' € Fj,

[daw< | H(F)(g;)k_lﬁ(owd%wx)m%l | non) ar ),

so that
N-2 LN 1—k

(A.22) Z

Part 2: extensions of maps that are defined on the boundary of a k-dimensional
cube OF to its interior
This is covered in the results of lemma A.2 and A.4.

Z/fldq_[k ij\m[@.

FE]"k N

Part 3: recursive construction of ¢
We define ¢ on F x [0,A] VF € F; using lemma A.4, then recursively on {F x
[0,\: F € B}, {F x[0,\]: F € Fs3},...,{F x [0,\]: F € Fy_1} by lemma A.2.
In each step taking advantage of the fact that ¢ had already be defined on the
boundary of F' x [0, ], with

(A.23) d(x,0) =U(x), ¢(x,\) =V(x) Vxe€F,F € F.

Now we describe the construction in detail. (D, denotes the tangential differential
with respect to the domain of integration, i.e. |D,¢|? will be the Dirichlet energy
with respect to F x [0, ], |D,-U|? 4+ |D,V|? the Dirichlet energy with respect to a
face F'.): Pick z € Fy, the set of all vertices, define

(A.24) ¢(z,t) € WH2({2}x[0,A], Ag(R™)) t = ¢(z,t) linear between U(z), V(z).
We proceed this way for all z € Fy: since z € OF’ for some F' € F; and
WL2(F', Ag(R™)) C C’O*%(F’,AQ(R’”)) , U(2),V(z) are defined. Furthermore
all {z} x [0, A] are disjoint so ¢ is welldefined on |J,c £ {2} % [0, A].

Pick F' € F; then ¢ is already defined on 0 (F' x [0,A]) = F x {0, \}UOF x [0, }]
taking into account (A.23) and (A.24). We apply lemma A.2 to extend ¢ to F' x
[0, A] with the estimates: fo[o,,\]|DT¢|2 < 15Q AK 3%, dist(¢(z,t), U(F)UV (F))?
15Q2 K% with K2 = (fF\DTUP + D V]2 4+ SUV d?-ll). We can define ¢ for
all F' € F; since the interior of the sets F' x [0, \] are disjoint. Taking into account
(A.22) we found (with € < 2 N=17)

(A25) / ID-¢]> <15Q X Y Kp < C1Q X VK>
Fer, T EFX[0A] FeF,
(A.26)  dist(¢(x,t), UF) UV(F)? < C1Q%*eN ™ VE? (z,t) e ) Fx [0,
FerF
Pick F' € F;, then ¢ is defined on 0 (F x [0,A]) = F x {0,A\} UOF x [0, A], taking
into account (A.23) and the previous step (OF = U;l:l F;, F; € F1). Hence ¢ can be
extended to F' x [0, A] using lemma A.2 s.t. ¢(z,t) € {P(y,s): (y,s) € I(F x[0,A])}

and
/ Do < (/ DU + D, V|2cm2+z/ |DT¢>|2>.
Fx[0,A] Fix[0,A]

l\J\w
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As before the interior of the sets F' x [0, \], F' € F3 are disjoint, so we can proceed
this way for all of them and obtain a welldefined ¢ on Jpcz, F' % [0, A]. Summing
the above estimate for all F' € Fy, taking into account (A.22) and (A.25) we get
for some constant C:

> [ DR <caxtVER
FeF, Fx[0,A]

(For a given F' € Fy, we have §{F' € Fy41: F COF} <2(N —-1-k).)
We use the same method to define ¢ on {F x [0,A]: F € F3},...,{F x [0,\]: F €
Fn—1}. Each time we obtain the inequality

> / D, < CL@Q N2 N K2,
Fx[0,)]

FeF
For kK = N — 1 this is

(A.27) / |D;¢)* < Cn_1Q NK?>.
0[—1,1]1V x[0,A]

Applying lemma A.2 does not affect the L> bound, (A.26).

Define p(z) = ¢(ry) = ¢(G o O (y),1 —r) € WH2(B;y \ Bi_y, Ag(R™)), with
r = |z|,y = 5. One checks that ¢ satisfies (A.2). (A.27) combined with remark
A.2 gives the energy bound (A.3):

[ pepsaf DO < CQAK.
Bl\Bl_)\ 8[71,1]N><[0,>\]

Finally the preserved L bound (A.26) corresponds with (A.4). O
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