C* ISOMETRIC EMBEDDINGS OF POLAR CAPS
CAMILLO DE LELLIS AND DOMINIK INAUEN

ABSTRACT. We study isometric embeddings of C? Riemannian manifolds in the Euclidean space
and we establish that the Holder space C% s critical in a suitable sense: in particular we prove
that for a > % the Levi-Civita connection of any isometric immersion is induced by the Euclidean

connection, whereas for any a < % we construct CH® isometric embeddings of portions of the

standard 2-dimensional sphere for which such property fails.

1. INTRODUCTION

In this paper we investigate the flexibility and rigidity of C'® isometric embeddings of Rie-
mannian manifolds in Euclidean spaces. Following standard notation, if (3, g) is a C' Riemannian
manifold and v : ¥ — RY is a C'' immersion, we denote by e the standard Euclidean metric on RV
and by vfe its pull-back on X: v is isometric if and only if vie = g.

The outcome of our investigations is that, when we consider C® isometric embeddings, the
Hoélder exponent ag = % is a threshold in the following sense. When o > % and v is a CH® isometric
immersion of a C? Riemannian manifold (¥, g), the Levi-Civita connection of (X, g) agrees with
the connection induced by the ambient (Euclidean) one. Instead, for any a < % we can produce
isometric immersions for which the Levi-Civita connection induced by the ambient differs from the
one compatible with g. While we prove the first statement in full generality, cf. Proposition 2.2,
concerning the second statement we defer the most general versions to a forthcoming work. In this
note we focus instead on a particular case which, in our opinion, provides the cleanest illustration
of the criticality of the exponent o = % in Theorem 1.2 below.

Consider the standard 2-dimensional sphere as the subset S? := {z : 23 + 23 + 2% = 1} C R? and

for a €] — 1, 1[ denote by (X4, 0) the Riemannian manifold (with boundary) given by
Ya=S*N{z3>a}={r eR3: 2?4+ 25 +23 =1and 23 > a} (1)

equipped with the standard metric o as submanifold of R3.

Definition 1.1. We denote by Z*(3,) the space of isometric immersions v : ¥q — R2E of class

CY with the property that v(xy1,x2,a) = (21,2,0,...,0) for all (z1,r2,a) € OX,. Moreover we
denote by v, the circle v(0%,).

In what follows (z,y) denotes the scalar product of vectors x,y € R™.

Theorem 1.2. Let X be the interior unit normal to 0%, in X, and Z : vy, — R2+E the unit
vector field Z(x1,12,0,...,0) = —(1 — a®)~"2(21,22,0,...,0). For any element v € FX(%,) let
Y : v, = R2TE be the vector field v, X. Then the following holds

(a) Ifa>3, —-1<a<l1,k>1andve IHT,), then (Y, Z) = a.
1
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(b) For any a < 3, 0<a<1 and k > 12 there is v € F(Zq4) such that (Y,Z) > a.

Our theorem is thus related to a question of Gromov on the criticality of the exponent %, cf. [24,
Section 3.5, Quest. C], because the proof of part (b) follows a suitable modification of the celebrated
Nash-Kuiper construction, cf. [30, 29] and (a) is thus an obstruction to the implementation of such
methods, at least in our context where a boundary condition is imposed. Note indeed that without
such restriction Killen in [28] is able to reach the threshold C'%!: our theorem implies thus that
the Nash-Kuiper construction and Kallen’s iteration differ in a rather nontrivial way.

Moreover, although in a weak sense, Theorem 1.2 can be thought as an analog of the celebrated
conjecture of Onsager on the energy conservation for nonsmooth solutions of the threedimensional
incompressible Euler equations, cf. [31, 23, 13, 18, 12, 22, 20, 21, 19, 26, 7, 8, 9, 15, 27, 10].

Indeed, we expect much stronger manifestations of the criticality of the exponent % to hold for
isometric embeddings. First of all, we do not expect the codimension 12 for part (b) in Theorem

1.2 to have any geometric meaning, but we conjecture that the same holds in any codimension:
Conjecture 1. For any a < 3 and any 0 < a < 1 there is v € I(5,) such that (Y,Z) > a.

It is possible to use the same ideas of this paper to show that indeed conclusion (b) of Theorem
1.2 holds for every a < ag(k), where ag(k) is an explicitely computable number. For k = 1
such threshold is % and this can be shown quickly using some of the results in [11]. In fact while
we were completing our work we learned that the authors in [11] were dealing with Nash-Kuiper
constructions of C1* isometric embeddings of Riemannian manifolds which are prescribed at the
boundary, although with a different purpose. In the C! case, such variant of the classical Nash-
Kuiper construction was first given in [25].

Concerning part (a) of Theorem 1.2, in the case of codimension 1 a much stronger conclusion
holds if a > %: in that case any v € #*(X,) must be the standard isometric embedding, namely
v(X,) = Xg, up to translations and rotations. This follows from classical works on the Monge-
Ampere equation after showing that v(3,) is (locally) convex. The latter property was first proved
by Borisov in the fifties for isometric immersions of positively curved surfaces in a series of papers,
cf. [1, 2, 4,5, 3, 6]. A much shorter argument has been given more recently in [14]. Motivated
by Borisov’s result, the following conjecture on the isometric embeddings of positively curved 2-
dimensional surfaces in the euclidean threedimensional space seems quite natural and would provide

a much stronger version of the criticality of the Holder exponent %

Conjecture 2. Let ¥ be a 2-dimensional compact Riemannian manifold (possibly with boundary)
with positive Gauss curvature. Then:
(a) For any o > % the image of any CH% isometric embedding v of ¥ in R> is locally convex
(namely, for any p € ¥ there is a neighborhood U such that v(U) is convez).
(b) For any a < % there is a C isometric embedding v of ¥ in R3 which is not locally
convex and in fact any short embedding can be uniformly approzimated with C isometric

embeddings.

The best result concerning part (b) of the Conjecture is contained in [17], where the statement

is shown for any a < % and when 3 is topologically a disk.
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We finally remark that when ¥ is connected and has no boundary, namely it is topologically
a 2-dimensional sphere, the above conjecture would have the rather elegant outcome that C1®
isometric embeddings in R? are unique up to isometries of the ambient space for o > %, whereas

they are highly nonunique for a < %

2. RicmpiTYy: PROOF OF THEOREM 1.2 (A)

2.1. Preliminaries. We start by recalling some well known facts in the theory of distributions.
Given a closed interval [a,b] we will denote by Cé *“([a, b]) the Banach space which is the closure
of C2*(Ja,b]) in CY*([a,b]). Thus Col’a([a,b]) is to the subspace of C1® functions ¢ for which
ola) = ¢'(a) = p(b) = ¢'(b) = 0. If h is a continuous function, we then regard h as an element of
the dual space (Cé "“([a, b]))* after identifying it with the linear map

cw—)/hgo.

Lemma 2.1. Let a > § and [a,b] C R a closed interval. Consider the bilinear map B : C°([a, b]) x
Cl([a,b]) 2 (f,9) — fg' € C([a,b]). Then the map estends to a unique continuous bilinear map
% : C*([a, b)) x C*([a, 1)) = (Cg* ([a, D))"

Proof. First of all, by translating and dilating we can assume that [a,b] = [0, 7]. Secondly, every
C® function on [0, 7] can be extended to a C* periodic function on [—m, 7] by reflection, whereas
every Cy™® function on [0, 7] can be extended to a C1* periodic function on [—7, 7] by setting it
equal to 0 on [—7,0]. The first extension maps C! functions into Lipschitz maps. If f € L>(S!)
and g € Lip(S!), then fg’ is a well defined L function on [—, 7] by Rademacher’s theorem, which
in turn we can identify with an element of (C1%(S!))* by integration. On the other hand for maps
¢ € CL2(S') which vanish on [, 0] the integral | f¢'¢ takes place only on [0,7]. We have thus

reduced to prove that the bilinear map
C(8') x Lip(S') > (f,9) = fg' € (CP(8Y)"

extends to a unique continuous bilinear operator % : C%(S!) x C*(S!) — (CY*(S'))". The unique-
ness part is a consequence of the fact that for every 1 € C%(S!) we can find a sequence of Lipschitz
maps {11} which converge to 1 in C# for every 8 < a and such that ||¢%||ce < |[¢]|ce. We thus
just need to show the existence of a constant C' such that the estimate

’/fg’so’ < Clflleellglicsllelcre (2)

holds for every triple f € C%, g € Lip and ¢ € C1(S'). Taking the supremum over ¢ € C*% with
lollcr.e < 1 the latter estimate gives indeed the bound

IB(f; 9llcrey < Clifllcallglics V(f,9) € Lip x C*. 3)

In turn this implies the local uniform continuity of the bilinear map B, since we can simply use the

bilinearity and the triangle inequality to estimate

1B(f,9) = B(h, F)ll(crey < |[flleallg = Elloa +11f = hllcallklca -

The existence and uniqueness of the continuous extension % is then an obvious fact.
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We next observe that, by a standard approximation procedure, it suffices to prove the estimate
(2) for a triple of smooth periodic functions. Indeed we remind the reader that, although C*° is not
dense in the strong topology of C* (nor in that of Lip), given a triple (f, g, p) € C% x W™ x e
we can find a sequence (fx, gk, ¢x) € C° x C*° x C*° such that:

o limg || fx — fllco = 0 and || fillce < || fllce;
o gi. =" ¢ in L*® and ||gi]lce < ||gllce;
o limyg [l — ¢llco = 0 and [|¢g[|cre < [[o]lcra.

The conditions above are enough to infer

khm /fkgllg@kz = /fngo
—00
and thus it suffices to show that

/ fegek

Fix therefore a triple f,g,¢ € C°°(S') and let

< fxllcallgrllcalloxllcre -

fl@) =" fre®* (4)
kEZ

g(z) = e (5)
kEZ

p(z) =) @re’™” (6)
keZ

be their Fourier expansions.

We then know that the Fourier coefficients are necessarily real and that
[tde= 3 ite-0fain-sor. 7)
(k,0)€Z2

Recall next that, by Bernstein’s inequality, C® ¢ H? for every § < «, thus

S A+ kPP < CleB)flEe VB<a (8)
k

> (4 kPP gl < Cle, B)lgllea VB <. (9)
k

We finally need the simple estimate

[@xl < Cllollora (1 + k)~ (10)
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We are now ready to conclude and we start observing

> ik =) fogr-e| <1261 >0 Nk = 0P|ge—dll fel + V2 D Nk — /10| Gr—el| fel

V4 —k<t<k 1<—kl>k
1/2 1/2
< 26715171951 DOIAE
J J
1/2 1/2
+V2 D 119,17 > LillfP
J J
<O+ KNP flloallglon - (11)

Combining (7), (10) and (11) we then conclude

‘/fg’so

where we have used that, since we are free to choose any 5 < a and « > %, we can impose a+ 5 > 1,

< Clfllcallgllcalielera Y 1+ k)7 < Cliflcalgleallelone (12)
k

which ensures the convergence of the series Y, (1 + [k|)~*7%. O

2.2. Connection. Consider now a C? Riemannian manifold (X, g) with C? boundary, a C? curve

7 : [a,b] — X and a C! vector field along . In local coordinates we can write

Wt =3 Wit (13)

HOEDIEROE (14)

We then know that VW is given by the formula
daw® o
dt 6.%'1

9
8.% ’

+ Y Ty wE (15)
7.k

where the C'! functions F;k are the Christoffel symbols of the metric g.
Let u: ¥ — R™ be a O isometric immersion. The vector field u, W = > Wi(%‘i can thus be

seen as a C“ map u, W : [a,b] — R™. In particular, if o > % we can use Lemma 2.1 to make sense

d ou

For smooth isometric immersions (16) and (15) are then related by the identity

of the scalar product

(o gr) =% Cft<wi<v>>+j§;r;‘-k<wwk<v> sy). (D)

The latter is just the classical relation between the Levi-Civita connection compatible with g and the
Levi-Civita connection compatible with the standard Euclidean metric e of the ambient Euclidean

space. Lemma 2.1 allows not only to make sense of the left hand side of the identity for C1®
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1
2
identity (17) remains valid.

immersions when o > but it also implies that, under the same regularity assumption, the

Proposition 2.2. Let (%, g) be a C? Riemannian manifold with C* boundary, let v : [a,b] — % be
a C? curve, let W be a C' vector field along v and let u : ¥ — R™ be an isometric immersion of
class C1 for some a > 3. Then (17) holds.

Proof of Theorem 1.2(a). The proposition implies part (a) of Theorem 1.2 right away. Indeed, fix
a point p € 0%, and choose local coordinates in a neighborhood U of p so that X = 8%2 on U and
W is tangent to X,;. Choose then W tangent to ¥, and parametrize the curve v = ¥, so that
dtv*W = Z. If we first use (17) for the standard embedding, we easily see that

T %(Wi(fy))JrZr;k(fy)ij’“ g(y) =a.
. j,k:

7

If we then use it for u = v we conclude
ou d
Y, Z) = X =a. O
(4.2) = { e ), W) ) =a
In order to prove the above proposition we recall the quadratic estimate in [14, Proposition 1.6]:

Lemma 2.3 (Quadratic estimate). Let Q C R” be an open set, v € CH*(Q,R™) with vie € C?
and ¢ € C*°(R"™) a standard symmetric convolution kernel. Then, for every compact set K C )

1(v* pe)'e = vellorgy = O(E27H) .

Proof of Proposition 2.2. First observe that without loss of generality we can assume that W is
defined on the whole manifold. Secondly, observe that it suffices to prove the identity for curves
which lie in the interior. Consider indeed a C? curve v which touches the boundary of the manifold
and approximate it in C? with a sequence of curves v; which are contained in the interior. Then
the maps W (v;) converge in C' to W (7). As such, the maps u, W (~;) are uniformly bounded in
C* and converge in C® to u.W () for every & < a. Since we can choose & > %, Lemma 2.1 implies

that the distributions J 5
U
* ] ) 1
<dt(u W (%)) aw(%)>

(Gwe. gem) (19)

converge to the distribution

Moreover, obviously

d i i :
a(W () + Z Cho ()35 W ()
k.0
converge uniformly to
d
)+ Z T, (V)Y WE(y) (19)

Fix now a curve « in the interior and a coordmate patch U compactly contained in another coordi-

nate patch V', both not intersecting the boundary of the manifold. We can smooth u by convolution
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with a standard kernel by u * .. For € small enough the convolution is well defined on the coor-
dinate patch U. Clearly the maps (u % )« W and (u * g )« 6‘9 are uniformly bounded in C* and
converge, as € | 0, to u,W and u*a in CP for every 8 < a. Choosing a /3 > we apply Lemma
2.1 to conclude that the distributlons

(G o), e ) (20)

converge (weakly in the sense of distributions) to (18). On the other hand, from Lemma 2.3, if
Fé,u denote the Christoffel symbols of the metric (u * ¢.)*e, then we conclude that they converge
uniformly to I'% ¢ Thus

+ZFEH YW () (21)

converge uniformly to (18) and [(u * ¢¢)*e];; converges uniformly to g;;. In particular,

> % +erk€ W) | [(u pe)*elie(y) (22)

i
converge uniformly to the right hand side of (17). However, since u. is smooth, (20) and (22) are

equal by classical differential geometry. Letting e | 0 we then conclude (17). ]

3. FLEXIBILITY: PROOF OF THEOREM 1.2 (B)

The maps v violating the rigidity are produced by convex integration. Their construction relies
on the following more general theorem, the proof of which is the content of most of the remaining
sections.

Theorem 3.1. Fiz two integers n > 2, m > n(n + 2) and a metric g € C? on By C R™. There
exists 9 > 0 such that if u € C*°(B1,R™) and h € C*(By) are such that

h=h(|z]) >0 on By, h(1) =0 and h'(1) £ 0 (23)
u is strictly short in By and (24)
(1 —Go)he < g —ufe < (1 + ag)he in a neighborhood of OBy , (25)

then for every a < %, every constant zo € R and every e > 0 there exists v € Clh(By, Rm+”(”+1))
such that

HU - (u,xO)HCO(BI’Rm+n(n+1)) <eg,
v = (u,z0) and Vv = (Vu0)T on 0B,

g =e.
In addition, if u is injective then v can be chosen to be injective as well.

If we manage to construct h and wu satisfying (23)-(25) and, in addition, violating the rigidity at
the boundary then we are done since the derivatives of v and u agree at the boundary.
Fix R > 1 and consider the scaled spherical cap ¥z C R? given as the image of ® : B; — R3,

where ®(x1,x9) = (x1, T2, \/R — 2% — 22 — v/ R2 — 1). We use polar coordinates to define the map
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w: By — R® by
u(r,0) = (o(r) cosb, o(r)sind,0,...,0), (26)
where ¢ € C*([0,1]) is a suitable reparametrization such that p(0) =0, (1) =1, ¢'(1) = Rf_l,
and, for every r €]0, 1],
RQ
R _.2 ¢'(r)? >0, (27)
2 —o(r)? > 0. (28)

Observe that, once we produce such a ¢, the map u is strictly short in él (except maybe in the
origin, where the polar coordinates are not suited to the problem) and isometric on the boundary.

Indeed, the metric induced by wu is given in polar coordinates by
ute = o%dr? 4+ p2d6?

whereas the metric on ¥z which is induced by the inclusion into R? reads
R’ 2, ,.2.702
g= RQ—rzdr + rdf*.
Hence, the shortness away from the origin is given by (27) and (28) whereas the isometry on the
boundary is apparent from the values p(1) and ¢'(1). In the following, we construct a piecewise

smooth function ¢ satisfying the above assumptions; smoothing out the corners will then provide

. We abbreviate v := \/%. Because R > 1 we can fix a positive n €]2 — v, 1[. Since n+ v > 2
we can then find € > 0 small enough such that
2 1 —1/2
0<1—e(ntq)+ %(1 S PR < (1-2) (1 - (5R_1)2> : (29)
v

as one can see by expanding (1 + z2)~"/? around z = 0. Set

L—en+9)+ 51— +9°R7)

b= 1— 2 ’
and define the piecewise continous
n, for r € [0, €]
o(r) =148, forr e e,1—¢|

Y= 1=yt +¥R2)(1—7r), forre[l—eg1].
The definition of S ensures that

/01 ¢(r)dr =ne + (1 —2¢) +e(y— (1 -~ ++°R7?)) + %(1 —7 '+ R )e(2-¢)

1 _ _
=etn+7)+(1-2)8 -5 -9 '+ 3R %) = 1.

Consequently, setting ¢(r) = [ ¢(s)ds yields a continuous, piecewise smooth function with ¢(1) =

land @'(1) =~ = \/%. We claim that @ satisfies (27) and (28). Indeed, on ]0, [ this is provided

by the fact that n < 1. Moreover, if ¢ is small enough then 5 < 1 which, together with (29), shows
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the inequalites on [e,1 — ¢[. If € is small enough, (27) holds on |1 — €, 1] since

d R & (r)?) = _2R 20(1)¢'(1) =2(v*R2 —v(1 -y +9°R7%)) <0
dri|,_4 \R?>—1? (R?—1)2 ’
and R?
% (1)=0.

Finally, on [1 — ¢, 1] we have

95/ > ’7—6(1 _,771 +73R72)'
In particular, for e small enough we have ¢’ > 1 on [1 —£,1]. Since ¢(1) = 1, the latter implies
that @(r) < r on [1 — &, 1], thus concluding the proof of (28).

Consequently, if u is defined by (26) then it is isometric on By and strictly short in B; \ {0}.
To show that it is also strictly short in the origin we switch to euclidean coordinates and observe
that u(zq,z2) = (nx1,n22,0) if |2| < €. Hence

2 2
g—ufe = <1 -+ RQil|x|2> da? + (1 -+ R2TQ$|2> da3 + QRQxiiﬁQdexlda:Q.

The shortness around the origin then again follows from 1 < 1. Lastly, we define

h(r) =2(y = 1)(1 —=7).

Obviously, (23) is satisfied and we claim that, sufficiently close to 0Bj, also (25) holds. For this we
again consider the terms in polar coordinates. Expanding around r = 1 gives
@\ 2
1= (2) =20 - =r) +o(lt 7)),
and
R? _ _ _
s = AN R ) = =2y PR (= 1) + ol — 1))
=2y(r = 1)(V’R? = (1 =77 +9°R7%)) +o(|r — 1)
=2(y—=1)(1—=r)+o(jr—1]).

This shows that
R2 2
ot (2 2,201 _ (%) _ 2 _ _
g —u'e h€_<R2 2 ¢ h)dr +r <1 <r> h>d9 =o(|lr — 1|)e,

hence (25) is satisfied. Now fix @ < 3. Then Theorem 3.1 can be applied to find and isometric
immersion v = (v, w) € C1@ (BI,R8+6) such that on 087 Vv = Vu, w = 0 and Vw = 0.

We now consider the appropriate rescaling of the map v by R, namely 5, which induces an
isometric embedding of ¥, for a = v/1 — R~2. Since the map is an isometry, the vector Y = v, X
has the same length as the vector X, namely | X| = 1. Observe, moreover, that by construction
such vector field is in fact parallel to the vector field Z and it has positive scalar product with it.
In particular we conclude that (Y, Z) = 1.
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4. TOWARDS A PROOF OF THEOREM 3.1: MAIN ITERATION

The proof of Theorem 3.1 is based on an iteration scheme developed by J. Nash in [30] to prove his
counterintuitive result about the existence of C'! isometric embeddings of n dimensional manifolds
into Euclidean space with suprisingly low codimension n + 1. We need to adapt the scheme in two
ways. First of all, in its original state it only produces maps which are C!. Later renditions are
able to get to C™'/% in the case of two dimensional disks (see [17] and [14] for more general results).
However, as realised in [28], more regular isometric embeddings can be produced at the expense
of increasing the codimension. Secondly, the iteration process needs to keep the boundary values
fixed. This can be achieved, as done in [25], by multiplying the perturbations by cutoff functions
which are suited to the iteration scheme (see Lemma 5.5). The following proposition is the main
building block of the iteration.

Proposition 4.1. Let n > 2, m > n(n+2), A > 0 and fix an embedding i € C*°(B1,R™). There
erist constants o €10, 1[, R(A) > 1, A(R) > 1 and Co(@, A) > 1 such that the following holds. Fiz
c>b>1 and
a > ag(b,c,00,u,\, R, A, Cp),
and define
So=a", Ag=a?"
q= » A= :
Assume § € C? is a metric on By with

[k <Co(L+67%)  fork=0,1,2, (30)

and suppose vy € C°°(B1,R™) and hy € C*°(By) are such that

q
vg=1 on B\ Bi_gs,., , log— il < Co Y 6, [v)2 < Cody*Aq (31)
k=1
with hg(1) = 0, hl(1) = =\

hq is linear on Bi \ Bi_gs, .,

and A_15q+1 S hq S A(5q+1 on Bl_R§q+1 5 (32)
[hglk < Codayt for k=0,1,2,3, and (33)
(1 —00(1 +ng))hge < § — vie < (14 ao(1+1y))hee on By, (34)

where ng € C°(By) is a radially symmetric cutoff function with ng =0 on B1\ Bi_ps,.,, 14 = 1 on
Bl_(R+1)5q+1 and taking values between 0 and 1 (c¢f. Lemma 5.5 for the definition of the cutoffs).
We can then find vgy1, hgy1, Ng+1 satisfying (31)—(34) with q replaced by ¢+ 1 and, in addition, the

following estimates hold:

5.2

lvg41 — vgllo < Co2, (35)
)‘q—l-l

[vgs1 — vl < Codylty (36)

5. PROOF OF PROPOSITION 4.1: PRELIMINARIES

5.1. Holder spaces. In the following m € N, a €]0,1[. The maps f can be real-valued, vector-
valued, matrix-valued or generally tensor-valued. In all these cases we endow the targets with the
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standard Euclidean norms, for which we will use the notation |f(z)|. We introduce the usual Holder
norms as follows. First of all, the supremum norm is denoted by || f|lo := sup|f|. We define the

Holder seminorms as

[f]e = max || D°flo,

|B]l=m
DB f(x) — DB
o = max sup 227 = DI
Bl=m ay |z =yl
The Holder norms are then given by
k
Il = > 1
§=0
[fllkra = [fllx+ [fle+a-

We then recall the standard “Leibniz rule” to estimate norms of products

[fglr < C([fIrllgllo + I fllolglr)  for any 1>7 >0 (37)

and the usual interpolation inequalities
1—8 s
[fls <Clifllg "[fl7 forallr>s>0. (38)

We also collect two classical estimates on the Hélder norms of compositions. These are also
standard, for instance in applications of the Nash-Moser iteration technique. A proof can be found
in [17].

Proposition 5.1. Let U : Q - R and u : R* D U — Q be two C* functions, with Q C RY. Then
there is a constant C' (depending only on k, Q and U) such that

(W ol < Cluly (19]: + lull§ 9]k (39)
(W oul, < O ([ulnl@) + [uf (W) - (40)

Let f,g:R* D U — R two C* functions. Then there is a constant C' (depending only on o, k, n
and U) such that

[f9lk < C(llfllolglx + llgllolf1x) - (41)

5.2. Quadratic mollification estimate. We will often use regularizations of maps f by convo-
lution with a standard mollifier y(y) := £7"p(¥), where ¢ € C2°(By) is assumed to have integral
1 and to be non negative and rotationally symmetric. We will need the following estimates. For a
proof see [14].

Lemma 5.2. For anyr,s > 0 and 0 < a < 1 we have

[f * pelrts < CC°[f)y, (
[f = fxodr < CCf24r, (
If = fxpllr <CCT[fla,  f0<r<2 (44
1(£9) * o0 = (f * o) (g * we)llr < CE|fllallglla (
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where the constants C' depend only upon s, r, a and .

5.3. Existence of normals. The following proposition claims the existence of an orthonormal
family of normal vectorfields to the embedded surface together with the appropriate estimates
(48). It is already contained in [28], but our condition on the co-dimension is less restrictive (d > 1
as opposed to d > n+ 1). The reason for this is that in the proof we use Lemma A.1 below instead
of Lemma 2.5 of [28]. The rest of the proof is essentially unchanged. For the readers convenience

we provide the details in the appendix.

Proposition 5.3. Letn > 2, d > 1, B a set diffeomorphic to the closed unit ball of R™ and
u € C*® (B,R”*d) an immersion. There exists po = po(d,n,u) > 0 and constants Cy, depending
only on u such that the following holds. If v € C* (B,R”+d) is such that

lo—uller < po,

then there exist (1(v), ..., Ca(v) € C (B,R"™) such that for all 1 <1i,j < d we have

(Gi(v),Gj(v)) =6ij  on B (46)
Vou-(i(v) =0 on B (47)

and
[G(V)]k < Ce(1+ [[v]lkt1) - (48)

5.4. Decomposition of the metric error. We use the following decomposition of the metric
error, in the spirit of Lemma 2.3 in [28]. The proof is a simple application of the implicit function

theorem and is provided in the appendix.

Proposition 5.4. There exists rg > 0 and vy,...,v,, € S*™' with the following property. If
7: By — Sym} and {M;}i=1... n., {Aij}ij=1,.m. C C>(By, Sym,,) are such that

= Tk
lr = Hdllo + > [IMillo + Y 1Asllo < 7o,

i=1 ij=1
then there exist smooth functions c1,...,c,, : B1 — R with
e Nx MNox
Ve By: 7(z)= Z Az @ v + Z ci(z)M;(z) + Z ci(x)cj(z)Nij(z) , (49)
i=1 i=1 1,j=1
ci(r) > ro on By, and for any Q C By
(™ T
leillke < Cr | 1+ 1Tk + D IMillko + D I1Aillka | - (50)
i=1 ij=1

5.5. Cutoff functions. In order to keep the boundary values the same along the iteration we will
multiply the perturbations with a suitable cutoff function. The following lemma clarifies the type

of cutoff we will use and its most important properties.
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Lemma 5.5. There exist universal constants € > 0,C > 1 and a sequence of radially symmetric
cutoff functions (77(1)qu CcCx (Bl) such that for any ¢ € N we have

ng=1on Bl_(R+1)5q+1 and 1y =0 on By \ B1_Rég.1 5 (51)
[alk < COLy for k>0, (52)
ng <e= ViVl < C’éq_flnq. (53)

Proof. Define f € C°(R) by f =0 on]— o0, %], f=1on [%, +oo[ and linear in between. Smoothing
out the corners by mollifying f with a standard mollifying kernel ¢, with parameter ¢ < i we find
a function h = f x @y € C°(R) satisfying h = 0 on | — 00,0] and ~ = 1 on [1,+oo[. Also, since
R"(r) — 0 as r — 0, we can find € > 0 such that

h<e= (W)*<h.
The sequence 7, is then easily constructed by setting, for z € By,

Ng(x) = h (5[1;11 (1— Rogs1 — |x|)> . 0

5.6. Parameters. To counteract the loss of derivatives appearing along the iteration we mollify
the map by convolution with a standard kernel so that we can control higher derivatives with the
mollification parameter ¢. However, we have to make sure that this parameter is chosen small
enough to keep the metric error (34) of the same size. It turns out that the right choice is
1/2
1 0
q+1 (54)

- — 55;/2Aq )

where C' > 1 is a universal constant, depending additionally on @, g, R, A and Cjp, which will
be chosen in Lemma 6.1. In the course of the proof we will need the following hierarchy of the
parameters

S <0, <t < A (55)
The first inequality is true by definition, while the second follows from

~ 1 1
loga(5q+2€_1) = log, (Céqéq;{%ﬁg)\q) > —§bq + <c+ 2> patt _ pat2

1
= b7 <2(b— 1)—|—b(c—b)> >0.
In particular, we also have
—1 1
0 < 8. (56)
The last inequality in (55) is a consequence of the following stronger estimate, which will be needed

in Section 8. Fix any constant C’(b, ¢,00,U, g, \, R, A, Cp). Then, if a > ao(é) is chosen large

enough, we have

A~ 5 1
C < byn. (57)
Pz, =

Indeed, inserting the definition of ¢ we see that the inequality is satisfied if

CTIC26,1 0, 20gp00e ) > 1.



14 DE LELLIS AND INAUEN

Taking the logarithms gives

b (b2(2c — 1) — 2be + 1) — log, ((56*2) >0,
Rewriting the first term, we find

bI(b— 1) (b(2c — 1) — 1) — log, (002) >0.

This inequality is satisfied if a is chosen large enough, so that (57) holds.

6. PROOF OF PROPOSITION 4.1: SETUP

6.1. Mollification. Fix a standard, symmetric mollifier, i.e. a radially symmetric, nonnegative
function ¢ € C2°(Bp) on R™ with unit integral and set ¢¢(x) = ¢~"¢(x/¢). We define the mollifi-
cation parameter ¢ by (54) and set

Ug = (vg — ) * ¢ + 1, (58)
/

which mollifies the map v, while keeping the boundary value: since (5;/ 2/\q > (5; _:12 we have £ <

%R6q+1 if C' is chosen large enough, so that, thanks to (31), it holds
vy =1 on By \ Bl—%RcSqH .

Lastly, we set
=
g—Uge  dg42
= - —e. 59
T e By (59)

Observe that 7 is welldefined and smooth on every compactly contained 2 C B;. We gather a few

important estimates on v, and 7 in the next

Lemma 6.1. If C (i, A, Cy), ag(Co, A) and R(N\) are chosen large enough and if oo > 0 is chosen

small enough, then, for k =0,1,2, we have

[Paliesr < CO+ 85670, (60)
[1726 — vge * olp < Céz_k[vq]% , (61)
T —e| < %O on Bl,R(qu , (62)
\DEr| < Ce™* on Bl_R(qu , (63)

for some constant C' depending on u and A.

Proof. First observe that if ag(Cp) is large enough we get [|vql[1 < ||@]1 +1 < C(@). Therefore,

using again (31) and Lemma 5.2,
Vol = [Vog * ek + [V (i — @ gl < C(@) (1 + € F[ugla) + COFaly < C(a)(1+ 6,707,
if C(Cy) is large enough. For the second estimate we compute

VoIV = V(vg*0)TV (vg % p) + V(U — U pg)TV (@ — @ * @p) + 2sym (V(vg * )TV (@ — @ % ¢y))
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where we denoted sym(A4) = £(A + AT). This gives
[ohe — vhe x ek < C(@) ([(vg * pelfe — vhe x @eli + (1+ [ — @+ i) [ — % peln
+ [vg * el — @+ il
< C(@) (A [ogl} + 27 als + (1 + £ ogl2)Clals) < C@)E (vl

We will prove the estimates (62) and (63) separately on Bi_ps,,., \Bk%mq+1 and on 317%R5q+1.

Since on the former we have v, = @ = vy, and consequently

o} —hge  Og42
T—e—g a¢ —q+e,

hy hq

it follows with (34) and hy > ARJ,42 that

1 )
—e|<C C— < —
|7 —e] < Cop+ B3
if 0 is small and R(\) large enough. By (34) we have the pointwise estimate |§ — vge| < Clhygl, so
that with the help of (30) and (33)

~_ 8
|V7—| S C ‘V(g vqe)‘ + ‘th| C( )005 oy
hq hq

and similarly

D2y Vel (IRl +19G = ve)]) D2 — ute)

hq h2 hq

|D*r| < C

< C(@)Cy (5q+115qj2+5 L+ 0h00h) < C@)Coi

Observe that, if C' > Cpy then Cpf fQ < 7% for k = 1,2, thanks to (55). This shows (63) on
Bl_R5q+2 \ Bl—%RéqH' To show the estimates on Bl—%RéqH we write

Og+2 1

|T—€|<CA 15q+1+E‘(§_Ug€—hqe)*¢l+( ﬁe*gpg—v e) + (hg * ¢ — hg)e
+ (5= G0
70 C 2 2 et
< 5 + 7 (o0l * ool + L ([wgl3 + [hgl2 + [§]2))
q
< 2+ Coo+—— hy (C N+ Cothy + Co(2 + 00)5 )
<o GG _ro

~ 4 C2A-1 — 2
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if o is chosen small and C(A,Cp) as well as a(A) large enough. This fixes the choice of C. For

(63) we estimate
[§ — vleli < [(§— vie) * @elk + (5 — G * @eli + [Vie * o — Vielw
< C(@) (€75 — viello + ()2 + [val3) ) < C(@ A)Yoat ™.

Hence, with the help of (39) we get on B

1—3 Rég41
Dhr] < 0 (MG 416 — el + gls (A0, + (A1) ™ (A 540) )13 — ofello + 84+2))
< O(a, A) (e—’f + C’oéqu1> < O(@, A", 0

6.2. Decomposition. Our goal in constructing v,41 is to add the (rescaled) metric error 7 by an
ansatz of the form

Uqul — Uq -+ E

where v, € S*1, a;, are smooth coefficients and where C,i, (,3 are smooth, mutually orthogonal unit

(sin(Ag+ 1k - )¢ + cos(Agravk - 7)) (64)

vector fields which are normal to v,. We compute

M

Vg1 = Vi, + Z ak (cos(Agr1vk - ) ® vg — sin(Agy1vp - 2)Cf @ v )
k=1

=:Ag
-+ Z (Sin(Aq_;,_le . .Z‘)VC,% + COS(A(H_lI/k . .%')VC%)
k=1 q+
=:Bj
+ Z Mot sm Ag+1Vk - :U)C,i + cos(Ag1V - :L')(,%) Vay, , (65)
=:C}

so that (in coordinates) the induced metric is

VquVUqH VgV, + ; apvE @ v + 2 Z Mot bym(VUTBk +2 ”zjl >\q+1 sym(AZTBj)
1
+2 Z )\2 7 sym (B! Bj) +2 Z L_sym(BTC;Va;) + Z ——VajVa.
’Lj 1 g+1 z] 1 Q+1 l]+1

(66)

The usual practice is to decompose the metric error g — vge into a sum of the form ), akuk R Vg

and hence the ansatz (64) allows the addition of the metric error upto errors which are (if Ag4q is
chosen large) very small. However, as realized in [28], a better convergence rate is achieved if only
the terms in the second line of (66) are treated as error terms. Consequently, one needs a slightly
subtler decomposition, which is provided by Proposition 5.4 once we know that the first error terms
are small enough. This is the content of Lemma 6.2 once we have found suitable normal vectors
(,1, C,f. But this is an easy task thanks to Proposition 5.3, once we require a(a, Cp) to be so large
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1 _ o . .
that Co > {_, 5q/2 < po(u), where pg is given by Proposition 5.3. Then, since

10 — @l = [[(vg — @) * ey < llvg — allx < po(a),

Proposition 5.3 provides an orthonormal family of vectorfields & (%), . . . &m—n(,) € C®(B1,R™)
which are normal to 7, and enjoy the estimates

D] < C(@) on Bi_ps, o \ By_1ps (67)

q+1

|DF&| < C@)(1+6,167%) on B,y gs (68)

q+1’

for k =0, 1,2, thanks to (60). We now define

G=6 G =i, fori=1...n,, (69)

which is possible in view of m —n > n(n + 2) — n = 2n,.
Now let vy, ...,v,, be the vectors given by Proposition 5.4, define Ay, By and Cy as in (65), let
7 := 1¢+1 be one of the cutoff functions constructed in Lemma 5.5 and set

2
hq " Agt1
Ajj = sym (A] Bj) + 22 sym (B](B; + C;Vn)) + 1/22 sym (BiTC’th;ﬁ)
Agt1 Mgt hd N2,
LTy + Lsym (vnTVh;/2) + LQV(h;/Q)TVh;/? (71)
>‘q+1 he* )2 hgAg i
q Mg+l a

Lemma 6.2. For a(b,c,u,\, R,Cy) large enough there exists a constant C' > 0 (depending only on
@ and A) such that for k=0,1,2

|D* A;| + |DFC;| < CALLy on Bi_ps (72)

k 1 B B
DB < COLL TN on By gy and |DMB)| < CAEy on Bips,u \ By ips,,, s (73)
(74)

a+2

|D¥M;| + |DFAy| < Ce AL on Bi_gs

q+2 °

Proof. Since the vectors vy are constant, the estimate for A; and C; is (up to a constant) the same:
DR < € (Mo + () < € (N + C@EEETF) < OAEy
if a(@) is large enough, where we have used A;41 > ¢~1. The estimate for B; follows from
|D*B;| < C()\q+1[§j]1 + [ er)
using (67) and (68) respectively. Since hy > RAdg42 > dg42 On Bl,quH and hq > A*15q+1 on
Bl*%R(S(H»I we get, using (39),
IDMFIR2| < C(A)Codt, (5—1/2 ST ’“) < C(A)Coo 7

on Bl—%Rtqu’ and

IDFHRYE] < C(A, R)Cod, Ky (5q+§ v 5q+15;+1§2"“) < C(\ R)Coo, 127"
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on Bl,R(qu \ Bl_%RéqH. Now, combining (73) and the previous two estimates,

C (1
D3] < = (g Jell Billo + g | (o)l Billo + 1D Bil))
q+1
CA) ([ vk 1, _ . .
< iqﬂ) (Codet ™ o + o0 (001071 (1 0 75) + 02107 N ) )
Cli,A) ([, _ ke
< cld) (Codly + 8,5007% + X)) < Cla My
Ag+1?

where we used that Cpd K, < )\k_H for a(b, ¢, Cy) big enough. On the other hand,

q+1 q

on B
_ 17%R5q+1 ’

on Bi_Rs s \ Bl_%R(SqH we have

C ﬁ,g _1jo—k _1 ~ _1 _
W%KLJWWMM$+%M@§MM£&L

where again, a(b, ¢, \, R, C) is chosen so large that C'(\, R)C’oé_k < )\kH. Similarly, on BP%R(;

q+2 q q+1’
we find

IDFA;| < €87 et AR
_ _ C(ﬂ/ A CO) _l/g_k; 1/2 _ _1/2 1/2 _ _1/2 —1/2—k
2yk—2 bl 1 1 (\k
+ 041l Agy1 + 22 <5q+1 Oqi1 ™ +04410,51 ¢ (Aq+15q+1 +0g41 ))

a+1
C(ﬁ,A, CO) —1-ks—1 -1 ¢—1-k
2 <5q+1 Og11 +0g1104 11 )
q+1
1 1k1 . Clu,AN,Co) (ot 1y, _ k-
< ot e (Ol + 00 N ) + O A, Coo TN,
q
< O, A)o 0 INT
where we used that Vn = 0 in this region and that C’(C’o)éq_jl < C(Co)t™t < Ny for a(b, e, Cp)
large enough. Lastly, we check the region Bl_mq+2 \ Bl_%RéqH:
- _ C(ﬂ) _ L C()\ R CO) 1 71/2 71/2 71/27]4;
k k—1 k 1 k—1 ) I, 1—k k
|D¥Aij| < C(a)A iy + )\Tﬂ ()‘q+16q+2 + 0410 ) + )\27“ <5q+2 +0,49 <5q+2 Ag+1 T 0415 >)
q q
_k— _ O()\ R CO) 71/27k 73/2 71/2 7]@-73/2
k—2 2 ) Ly
+ 05q+2 )‘q+1 + )\27“ <6q+2 6q+2 + 6q+2 5q+2 )
q
CAR,Co) (ko151 1 c—1-k
)\27Jrl (5q+2 5q+2 + 5q+25q+2 )
q

< C@NTL+C(\ R, Co)o 2 N2

q+1 q+2 “q+2 S C(ﬂ)g_l)‘l%l

q+1>

where we used C'(\, R, C’O)(Sq_jQ <O\ R, Co)l™t < Ny O

Hence, if a is chosen large enough, we have

I —ello+ > I1Millo + D Asllo < 70,
%

1,J
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where the norms are intended on B;_ Ré44-- Proposition 5.4 thus yields smooth functions cy, . ..

Bl_R(qu — R, such that
T = Z c?w R v; + Z ciM; + Z CiCinj )
i i ij
c; > 1o on Bl—R6q+2 and for k =0,1,2

Jeille < C(@ M) (1+ 678+ N ) < C@a) (14 0N

7. PROOF OF PROPOSITION 4.1: PERTURBATION

19

(76)

Finally, we pick 7 := 1441 from Lemma 5.5, set aj, := nh(l/ “ct and define v,11 as in (64). Observe

that, although ¢ is only defined in Bl—R5q+27 ay, is smooth. Also, v441 = 94 = % on B; \Bl—RéqH‘

Then, by (66) we find

™ ™
_ _ Cl _
VUJ]—+1VUQ+1 = Vi, Vi, + 772hq E vk ® Vg + 2nhyg E: i, oy (VUCTJBk)
k=1 k=1 "9 g+1

+ 21y Z GY sym (A]Bj)

ij=1 Q+1

+ 2n%h, Z Gty sym (B] Bj) + 2nhy Z Gty sym (B C;Vn)

i,j=1 q+1 ij=1 q+1
2
+ 2%, Z 1/2 B B—— (B CVh1/2>+h Z VTV
i,j= 1h )‘q+1 k=1 q+1
2
2 155\ 7T 1
+n°h Z e (vhq/z) Vh:
q+1
+ 2hy Z — %k gym (VnTVh /2) + B,
‘H—l

where we have set

E; := 2n%h,, Z sym (B C;Ve¢j) + 277h1 ? Z 5—Sym (V (nh;/Q)TVci>
ij=1 q+1 k=1 >‘¢I+1

1
+n2h§ )\2 Vel Ve .
q+1

Hence we can write

Ty T N
V’U;_vaqul = V@;V@q + Uth Z CrVE Q Vg + Z cp My, + Z CiCjAz'j + E1+ Es,
k=1 k=1 ij=1
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with
Tk N 2 LI
Ey :=n(1—n)hyg ZCkMk + 22 ﬁsym (VUTVh§/2> +2 Z )\; =sym (BIC; V)
k=1 k=1 lq Agt1 ij=1"9qt1

M P)
C
+ (=g Y A; VTV,
k=1 "a+1

Recalling (75) and the definition of 7 in (59), we can see that

’Ug_He = Ege + 172 (g — 1726 - 5q+2€) + E1+ Es,

and consequently

9= Ungle =g- 626 ~ (g - 7726 —bg12¢) — B — By = (1 - n*)(g - 1756) + 164420 — E1 — By
=(1-n)G- vge) +1*Sg42e — By — By,
where we used that ¥, = v, whenever 1 — n? > 0. We now define

1-03(1+n) n?

hyiq = ——2— U (1 —p?)h 8,19 . 7
q+1 1_0_8(1+n)2( 77) q+ )2 q+2 ( )

1—03(1+n
We have hgy1 = hq on By \ Bi_gs,., granting linearity and |hy1(1)] = A. Since gp < 1 we find
that on Bl_mq” \ B1_(R+1)s,4, We have

1 1 1 1
hqy1 > 5(1 — 1) hg+170q12 > 5/\R5q+2(1 — 1) +0*0g42 = S M0g+2 + 0 5g42(1— 5)\3) =: f(lz]).

The function f is monotonically increasing since AR > 2. Hence hqy1 > f > f(0) = d442. This

bound holds obviously also on Bl_( R+1)§ Moreover, a rough estimate gives

q+2°

hgr1 < (1 —n*)hy + g2 < (R+ 1)A0g42 + 2012 < 2(R + 1)Adgr2 < Adgyo

N
1 — 402
provided oy is small enough and A(R) big enough, which settles (32). To show (33) we define

1—o3(1+z) 72

P(z) = (1- 5’32)=‘I’(5E) = mu

S 1-og(l+ o)
and write

hg+1 = @(n)hg + V(n)dg+2 .
Since o( < % one finds constants C}, such that

[(I)]k—F[\I/]kSCk,kEN.

Then (33) is a consequence of Proposition 5.1 and estimates (52).
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8. PROOF OF PROPOSITION 4.1: CONCLUSION

8.1. Error estimation. Lastly, we need to check if, once a is chosen large enough, (34) is satisfied
with g replaced by g + 1. First of all, we show that the upper bound is true by using (34) to write
g— vgﬂe < (1 —=nH) (1 + 09)hge + 1?5406 — By — By
= (14 00(1 +n))hgt1e
+ (1= n)(1 + 00)hge + n*Sgi2e — By — By — (14 00(1 +19))hgyre .
=F
Hence, the task is to show that E < 0. First of all, on By \ By_gs
resulting in £ = 0. On Bi_ps

o+2 We have n =0 and hgi1 = hy

42 We compute

E = (1 — 2)(1 + O'o)h e+ ?725q+26 — F1 — Ey

1—o5(l+n),, o n?
(Lﬂmﬂ+m( et + o gy Y
1—03(1+n) 1
— (1 _ 0 1—n? [ — 2 —-E, -F
(*"0 1—00(1+77)>( ”)hq”( 1—ao<1+n>>”5q*26 C
—aon 2 ao(1+n)n?
=% (- S0 T — FE,— E>.
1—00(1+?7)( ) hge - 1—o0(1+ )5Q+26 ! 2

Since hy > ARSy4+2 when 1 — 7% > 0 we can conclude that

—oo(1 —1?) . ao(1+n)n 5
2(1—oo(1+n) ©  1—oo(1+n)

for some C'(0g, A, R) > 0. Using the estimates of Lemma 6.2 and (76) we find the pointwise estimate

g+2e < —C(00, A, R)0g42€,

Og+1
B1| < COVA R) 15550
q+1

For a large enough it therefore follows from (57) that

0, oon(1l — 772)
< q+1 . . 0 _
E<n (C(/\,A, R) e — C(op, A, R)5q+26> 21 o ))hqe i)

oon(l —n?)
<_ hoe — By .
=T —oo(1 4 ) aeT 2

To estimate this final term we recall from (53) that there exists € > 0 such that |VnTVn| < C(Sq+2n
whenever 1 < e. Consequently, when n < ¢ we can estimate

hy

2)\2 ’
CAn

|Eo| < C(A, R)n(1 —n)hy (g_l/\_ 1t (5q+2)\q+1) <C\ R)n(1—mn)

so that

€ — —¢

C(/\vR) 00
E<n(l-mnh ( )SO,
T\ 2
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if a(oo, A, R) is large enough. On the other hand, when n > ¢, then

O()\,R) (1) 2 o C% aon
E<nl-nh e——e|+(1-=n°)h ——|VnTVnle — e

2 —2 y—2 oo€
< C(1—=n)hyg (5q+2)\q+1e — Te) <0,
if a(0g, €) is large enough. Recall in particular that ¢ does not depend on ¢, hence we can choose

a depending on . This proves the upper bound in (34). The lower bound is proven analoguously.

8.2. Estimates on v,y1. First of all, on B \Bl_R(;q+2 we have vg11 = % = v4. On the other hand,

on Bi_pgs,., we can estimate, for k =0, 1,2,

a+2

[0 — vale < CE ™ ugls + CE ]y < 617,07,

if C'in the definition (54) of ¢ is large enough. Moreover, combining the estimates of Lemma 6.2
with estimates (52), (68) and (76) we can estimate

(vt = Tl < — ([hyeli + C(@ M50

q+1
- 1
_ o, NS (

Ota + Codgfy + 07T + )‘l;+1) < O, Ao N

Agt1

2 \k—1
= Co5q+1/\q+1 :

This concludes the proof of the proposition.

9. PROOF OF THEOREM 3.1

9.1. First approximation. Let o9 > 0 from Proposition 4.1 be given and assume that 5y <
min{300, 1}. Assume g, u satisfy (23) and (25) and fix an o <  and a constant z € R+ We
choose ¢ > b > 1 such that a < 2%«:‘ For any a big enough we now want to construct maps wvg, hg
satisfying the assumptions (31)-(34) for the metric § = g — wfe, where w € O (Bl,R"("H)) is
a suitable map constructed in (83). Then Proposition 4.1 can be applied iteratively to generate a
sequence v, € C*° (Bl, Rm) converging in C'1® to a map v inducing the metric §. Setting v = (v, w)
will then yield the wanted isometric map. First of all, we need to do a first approximation to get
into the range of assumption (34).

Lemma 9.1. Let m > n+ 2, 69 €]0, %[ and assume u € C*®(B1,R™) and h € C™(By) satisfy

(23)~(25) with & replaced by 5o. There exist § >0 and A > 1 (depending only on Go and h) such
that for any positive § < 8 there exist i € C°°(By,R™), h € C(By) with

(1—-60(2 + n))he < g — dfe < (1 + &0(2 + n))he, (78)

@=u on By \ By_s, (79)

h(1) =0 and h is linear on By \ Bi_s, (80)

A1 <h < AS on B_s, (81)

ID*Rllgo(s,) < C6*F for k=0,1,2,3, (82)
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where 1 is a suitable, radially symmetric, smooth cutoff function with n =1 on Bi_os and n = 0
on By \ Bi_s and the constant C in (82) depends only on |h'(1)|. In addition, @ can be chosen to

be arbitrarily close to u in C.

We postpone the proof of this lemma until the end of this section and now show how to conclude
the Theorem 3.1 from it. Firstly, choose 6y = & and fix some § < § to find first approximations , h
satisfying (78)-(82). We then set A := |#’(1)], choose some a > ag(b, ¢, @, 00, A, R, A, §) big enough
to satisfy (R + 1)d; < d, where we recall ;, = a~%". To start the iterative process we now would
like to find maps vy, ho satisfying (31)—(34). In particular, vg will have to satisfy ||vo — a||1 < po(@)
in order to find the normal vectorfields with the help of Proposition 5.3. A perturbation like the
one used in the proof of Proposition 4.1 would produce a map vy satisfying most of the needed
conditions, however we could only control |jvg — @l < C6'/2. Since C§'* might be bigger than
po(@) such a perturbation is not sufficient. The solution, which unfortunately comes at the expense
of increasing the codimension, is to perturb the metric instead: we set vy = 4 and find a metric g
of the form § = g — w'e such that § — @fe is very small. It is then not difficult to find ko such that

vo, ho and g satisfy (30)—(34). To construct the map w we define
g—1ife &
T = = — =€.

h h

If R is big and ¢ is small enough we can decompose T on Bi_ g, , since

C
— < ol -
|7 e|_C’00+R)\<r0

Here, we assumed that a(A) is taken large enough to guarantee A=16 > ARJ;. We can then also

compute
|DFr| < C(g,0)6; ",

for k = 1,2, 3. Hence, by Proposition 5.4 we find v1,...,v, € S" Land ¢q,...,c,, € C® (Bl,ngl)
with
T = Z c?ui RV,

|D¥¢;| < C|D*7| < C(g,w)é; "

and, for £k =0,1,2, 3,

as well as the improved estimates, for k = 1,2, 3,
W' Dre| < C(g )"

9.2. Perturbation. Fix a cutoff 7 given by Lemma 5.5, pick a constant 2o € R*™*1) and define

h2¢
w=x0+ Z 0 (sin(px - vg)er + cos(px - vg)en, +x) , (83)
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where e; € R™"*1) is the i—th standard basis vector and p > 1 will be chosen later. We compute
Ty

V=3 ke, (cos(ua - vi)er @ v — Sin(ua - vg)en, 1k © vi)
k=1

1 & "
—l—; Z \Y <n0h1/2ck> (sin(px - v )ex, + cos(px - vg)en,+k)
k=1

so that . "
VwTVw = ngh Z v g + — Z v (n0h1/20k> \Y <n0h1/20k> .
k=1 =
Now we define § = g — wle,
hy — L7002+ m0) m
1—0’8(24—7]0)2 1—0’8(2—1—770)

and we claim that g, vg and hg satisfy the assumptions of Proposition 4.1.

(1—nd)h+

291,

9.3. Starting the process. First of all, since v9 = @ the assumptions (31) are trivially satisfied
once a(i, Cp) is large enough. Now since |g — ife| < C8; whenever Vg # 0 (thanks to (78)), we
can estimate for k =1,2,3

(D" (o' oer) | < Clg, 7 M),
so that for k = 1,2

C(g,a,A)

D! (we) | < Olg, o} ™ + =23 267 4 < g, )31

if p >4, 1 Consequently, (30) is satisfied. With the same reasoning as in the proof of Proposition
4.1 we can conclude (32) and (33) and also (34) if

p=Cot
for a large enough constant C depending on g, 4, and og. Moreover, we can achieve

g
[w —z0llo < 3

if C'is large enough.

9.4. Conclusion. We can now apply Proposition 4.1 iteratively to generate the sequence v,. Be-
cause of the estimate (36) the sequence converges in C'! to a map v which satisfies, since we can

pass to the limit in (34), vfe = §. Lastly, we can estimate
_ 1 —1/9p9(1—2ab
qu+1 - Uqu,a < CH“qH - vq“i a[”q+1 - Uq]g < C5q/+21 ?—1—1 = Cq~ '/ (1=20be)

Since a < ﬁ the sequence converges in C1'® and consequently v € C1®. Setting v = (v, w) then
concludes the proof of the main theorem. We are therefore left to proving Lemma 9.1.

9.5. Proof of Lemma 9.1. Let r > 0 be such that

(1 —260)l'(1)(|z] = Ve < (g — uPe)y < (1+260)h'(1)(|2] — 1)e (84)
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for all z € By \ Bi_,. Since u is strictly short and By _, is compact we can find p > 0 such that
g — uﬁe > pe on Bl_r.
Fix p such that
2pmax{1, (269 — 1)A'(1))"'} < min{r, p} .
With this choice we have
g —ufe > pe on By_s,
where we set § = pmax{1, ((259 — 1)h/(1))"*}. By Lemma 1 in [32], since (g — ufe — 5e)(Bi_s)

is compact, there exist M nonnegative smooth functions a1, ...,ay € C*(B;_s) and unit vectors
vi,...,va € S™ ! such that
M
g—u%—%ezZa?m@m, (85)
i=1

on B;_s. Fix a radially symmetric cutoff n € C°°(B;) such that

n=1 on Bi_ss, (86)
n=0 on By \ By_s, (87)
1™ lo < Ckd* for k>0, (88)
(n')* = o(n) asn =0, (89)

Such a function can be constructed in the same way as in Lemma 5.5. We now use a Nash twist to

construct 4, i.e. for kK =0,..., M we define iteratively up := v and
nag , .
ug = ug—1+ Tk(sm(/\ka? V)G + cos(Apz - v )GR)

where A > 1 are large frequencies to be chosen and C,i,C,g € C*(B1,R™) are orthogonal unit
vector fields which are normal to up_1 and are provided by Lemma A.1. Finally we set @ := uyy.
@ is smooth and because of the properties of  we certainly have @ = u on By \ B;_s. To compute
the induced metric we note that

Vug = Vug_1 + nag(cos(Agz - Vk)C,i ® v — sin( Mg - Vk)C,% Q)+ O ()\,;1) (n+Vn) (90)

Consequently
VulVuy, = V] Vug_1 + n*aivg @ v + O ()\,;1) (n+VnTVn) . (91)
Remembering (85), we therefore find
M p M
g —ife =g —ufe+ Z (u,ﬁc_le — uie) = (1—n?) (g —ue) + 77256 —(n+VnTVn) ZO Y
k=1 k=1

We now set

- — 258 2
o) = 1 gaty e (L= i (1) ] = 1)+ Tt
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Then h € C°°(B;) and (80) follows directly. Moreover , one can write

h(z) = @)K (1)(Jz| — 1) + T(n)p,
for the two rational functions
1—252(2+ ) x?
(et @) = g
1-65(2+2) 2-205(2+x)

o(z)

Since 69 €0, 1[, one easily finds a constant C > 1 such that
[@]cr(po,17) + [Wer(oa) < € k=0,1,2,3. (92)
Hence,
h < C(IW' (1|6 +p) < A5,

everywhere and

B (=)l = 1)+ 0?2 > W15+ E — 1) > £ > A
on Bj_s for a suitably chosen A depending only on h and &y. Hence (81) is satisfied as well, while
(82) follows with the help of Proposition 5.1 in view of (88) and (92). It therefore remains to show
(78). On By \ By_s it is implied by (84). If we choose \;, so big that ||E|jg < Gop, then on B s
one finds
g—ﬁﬁe—ﬁe = F < ggpe = Q&Oﬁe,
and analoguosly

g— e —he=E > —ogpe = —250he.
We're left with the set B;_;5 \ Bj_g5. Observe that

(1= 60(2 +n)h—(1 = 260)(1 — 7*)' (1)(Jx| - 1)

(12522 +7) . : rop
— (TR (- 20)) (- el < D+ s
- (1) el ~ 1)+ e
1+ 60(2+n) 1+60(2+mn)2’
and similarly
(14 50(2 + )1+ 260) (1~ ) (1) (a] ~ 1)
_ oo AW (el 1) s TP
B Er ROl R v oL 2

Remembering (84) we find
g—dfe < (1+60(2+m)he — (1+60(2+n))he + (1+250)(1 —n*)W' (1)(|z| — 1)e
+ 2 Le+ O+ i) Ele

Go(1 —n?)

= (1+60(2+n)he —n (1_50(2+n)h/(1)(|x ~ e+ T—Go2+n) 2°

+C(n+[1'1?)|Ele

Go(2+m)  p >
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and also

. 50(1 — n? bod
- ie (1= o2+ m)ie b n ({500 ST @) ol = e )

~C(n+ ' *)|Ele.
Now, because of (89) we can find ¢ such that
W[><n forn<e.

Then, on the region where 1 > ¢, we have

Go(l—n?) Go(2+m) p )
———h' ()(|z]| = 1)e + ————=———=n=e | > C(e)e,
0 (125w el - e+ 2R e > e
and consequently, choosing A\, big enough, we find

(1 —60(2+n))he < g —dfe < (14 60(2+1))he.
On the other hand, when n < ¢, it holds

Go(1 —n? G

1—60(2+m) 1—60(2+m)
< (1+60(2+n)he — 1 (Cle)e — C|Ele) < (1+ 60(2 +1))he

g—aﬁe§(1+5o(2+n))l~ze—n(

if the A’s are chosen large enough. The lower bound follows in the same way, concluding the proof

of the lemma.

APPENDIX A. PROOFS OF PROPOSITIONS 5.3 AND 5.4
A.1. Proof of Proposition 5.3. To prove Proposition 5.3 we need the following well known

lemma, an elementary proof of which is contained, for example, in [16].

Lemma A.1. Let n,d, B,u be as in the assumptions of Proposition 5.3. For every 1 < k < d there
exist C1,...,C € C® (B,R"™) such that for all 1 <i,j < d we have

<Ci7 Cj> = (51']' on B, (93)
Vu-=0 onB. (94)
Proof of Proposition 5.3. In the proof all the constants appearing may depend on the embedding

u. Fix 0 < pp < 1 and let v € C*°(B,R"*?) be such that ||v — u|| < pg. Since B is compact and u

is an embedding there exists a constant C' > 0 such that
C'ld < VuTVu < CId
in the sense of quadratic forms. Hence if py is small enough we have
(2C)71d < VoTVe < 2C1d, (95)

and consequently also
(2C)™" < det(VuTVo) < (20)". (96)
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Let (1,...,Cm € C%°(B, R %) be the maps from Lemma A.1 and define
Vi(v) = Cz — Z r,-j(v)(‘)jfu, (97)
j=1

where r;;(v) are such that (v;(v),0v) = 0 for every k. We claim that the functions r;;(v) €
C>=(B,R"*%) depend smoothly on Vv and satisfy the estimates

i ()l < Ckllv —ullgyr  for k> 0. (98)

To see this, denote b (v) = ((;, Oyv) and observe that

n

0= (13(v), Opv) = bix(v) = > _ 13 (V)(0v, Ov) |

j=1
ie.
R(v) - VuTVv = B(v),
where R(v) and B(v) are the m x n matrices with entries 7;;(v) and b;;(v) respectively. By (95),
R(v) is uniquely determined. We write

(VoTVo);;' = (det VoTVo) "' Py(Vo),

where P;;(Vv) is a polynomial in the arguments Jyv!. Since by assumption [v]; < [u]; + 1, Lemma
Hoélder stuff yields
[P3(Vo)] < Cilolhsn

Moreover, (96) implies
[(det VoTV0) i < Crlv]gyr

so that
[(VUTVU);]-I]k < Cr[v]g41 - (99)
For the other factor we observe that b;;(v) = ((;, 0jv — Oju), since (; is orthogonal to Tw(B) at any
point. Whence, by the Leibnitz rule
[bij (0)]k < Cr(fv = ulr + [v = ulk1) < Crllo = ullera - (100)

Combining (99) and (100) leads to the estimate (98).

As a consequence, we can deduce

o < (), 1) < By o (101)

for pp small enough. This implies that the family {v;(v)}i=1,. 4 is linearly independent at every

point and thus (being in addition orthogonal to Tv(B)) constitutes a frame for the normal bundle
Nwv(B). The wanted vectorfields (; are then produced by a Gram-Schmidt normalization procedure.
To get the estimates (46) we carry out the procedure in details.

Therefore, we set

G(v) : vi(v)

ZON
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If po is small enough, then |v;(v)| > 1 for every i (thanks to (98)), and so (i (v) is a smooth function
with

[k < Ci[pa(0)]k < Ce(1+ [lv = ullksr) < Cu(l 4 [|v]lrs1) -
Moreover

B 2[v1(v) — G
[G(v) =Gl < PO

We now assume that (;(v),...,(—1(v) are already constructed, satisfying (46)-(48) and in addition

16i(v) = Gillo < Cllv = ul1 . (102)

< Cllv—ul .

We then set
-1

0i(v) = wi(v) = ) _{ni(v), G(v))G;(v)

1

<.
Il

and (;(v) = |ZIEU§| It remains to show that (;(v) satisfies (46)-(48) and (102).
(v
Observe that

(n(v), G(v)) = (W(v) = G, () + (G, G(v) — ¢)
so that [[(v(v), (i (v))|lo < Cllv — ully and
(), G )]k < Cr(L 4 [rij(v)]k + lIrs; () [lo[vlk+1 + v = ull1 (1 + [[v][e41) + [¢ (V) = Gilk)
< Cp(1+ lv]lk+1) -

In particular |6;(v)| > % for py small enough and

[01(0)]k < Cr(1 + [[v][k+1) -

Therefore (;(v) satisfies (46)-(48). Since moreover

206,(v) —
) - ol < 22 < o(0) - m) + (o) - @)
< Cllv—ull
the proposition is proved. O

A.2. Proof of Proposition 5.4. For the proof of Proposition 5.4 we need the following lemma
from [14].

Lemma A.2. Let gg € Sym;. There exists r = r(go,n) > 0, v1,...,vn, € S", and linear maps
Ly,..., Ly, : Sym, — R such that

T
9= Lilg)ve ® vy,
k=1

for every g € Sym,,. Moreover, if g € Sym,, is such that |g — go| < r, then Li(g) > r for every k.

Now the proposition is an easy consequence of the classical implicit function theorem.
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Proof of Proposition 5.4. Let » > 0 be the radius and v1,...,v,, € S"! be the vectors given by
Lemma A.2 when g¢ = Id,, and define the map

U (Symn)"3 X (Sym,, )™ x R™ x R™ — Sym,,

nx T N
({Aij}a {Mi},g, {CZ}) — Z C?l/i & v; + Z CZ‘Mi + Z CiCinj —4g.
% i=1 i,j=1

VU is smooth and by Lemma A.2 there exist ¢1,..., ¢« € R with & > r for every j and
(0,0,1dy, {¢;}) =0, 9, ¥](0,0,1d,,42,}) = 2Ci¥i @ Vi -

Since the family {v; ® v;} is linearly independent the differential of ¥ with respect to the variable
¢ = (c1,...,Cn«) has full rank at (0,0,1Id,, ¢). Consequently, by the implicit function theorem, there
exist neighborhoods V of (0,0,1d,,) and U of ¢ respectively and a diffeomorphism ® : V' — U such
that

{0 =0} (VxR™) ={({Ai}, {Mi}, g, 2({Ai}, {Mi}, 9)) - ({Aij}, {Mi},9) € V).

Therefore, if 7 is small enough we can define ci(z) := ®({Asj(x)}, {M;i(z)}, 7(x))r and (49) will
be satisfied. The estimates (50) are then a consequence of Proposition 5.1. U
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