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Abstract

In this paper we study the regularity of viscosity solutions to the following
Hamilton—Jacobi equations

dqu+ H(Dyu) =0 inQ C R x R™.

In particular, under the assumption that the Hamiltonian H € C?(R") is uniformly
convex, we prove that D,u and d;u belong to the class SBVj,.(2).

1. Introduction

In this paper, we consider viscosity solutions # to Hamilton—Jacobi equations
du+ H(D3,u)=0 inQC[0,T]xR" e

As is well known, solutions of the Cauchy problem for (1) develop singularities
of the gradient in finite time, even if the initial data u (0, -) are extremely regular.
The theory of viscosity solutions, introduced by Crandall and Lions 30 years ago,
provides several powerful existence and uniqueness results which allow one to go
beyond the formation of singularities. Moreover, viscosity solutions are the limit
of several smooth approximations of (1). For a review of the concept of viscosity
solution and the related theory for equations of type (1) we refer to [4,5,10].

In this paper we are concerned about the regularity of such solutions, under the
following key assumption:

HeC*R"Y and c,'ld, < D°H < cyld, forsomecy >0. (2)

There is a vast literature about this issue. As is well-known, under the assumption
(2), any viscosity solution u of (1) is locally semiconcave in z. More precisely, for
every K CC € there is a constant C (depending on K, Q2 and cp) such that the
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function = > u(z, x) — C|z|* is concave on K. This easily implies that  is locally
Lipschitz and that Vu has locally bounded variation, that is, that the distributional
Hessian D%u is a symmetric matrix of Radon measures. It is not difficult, then, to
see that the same conclusion holds for d; D,u and 9;;u. Note that this result is inde-
pendent of the boundary values of u and can be regarded as an interior regularization
effect of the equation.

The rough intuitive picture that one has in mind is, therefore, that of functions
which are Lipschitz and whose gradient is piecewise smooth, undergoing jump
discontinuities along a set of codimension 1 (in space and time). A refined regu-
larity theory, which confirms this picture and goes beyond, analyzing the behavior
of the functions where singularities are formed, is available under further assump-
tions on the boundary values of u (we refer to the book [5] for an account on this
research topic). However, if the boundary values are just Lipschitz, these results do
not apply and the corresponding viscosity solutions might be, indeed, quite rough,
if we understand their regularity only in a pointwise sense.

In this paper we prove that the BV regularization effect is, in fact, more subtle
and there is a measure-theoretic analog of “piecewise C! with jumps of the gradi-
ents”. As a consequence of our analysis, we know, for instance, that the singular
parts of the Radon measures Bxi;l;_, u, 05,1 and 0;,u are concentrated on a rectifiable
set of codimension 1. This set is, indeed, the measure theoretic jump set Jp,, of
Du (see below for the precise definition). This excludes, for instance, that the sec-
ond derivative of u# can have a complicated fractal behaviour. Using the language
introduced in [7] we say that D,u and d;u are (locally) special functions of bounded
variation, that is, they belong to the space SBVj,. (we refer to the monograph [2]
for more details). A typical example of a 1-dimensional function which belongs to
BV but not to SBV is the classical Cantor staircase (compare with Example 1.67
of [2]).

Theorem 1.1. Let u be a viscosity solution of (1), assume (2) and set Q; =
{x € R": (t, x) € Q}. Then, the set of times

S:=A{t: Dyu(t,.) ¢ SBVioc ()} 3)
is, at most, countable. In particular Dyu, d;u € SB V), (R2).
Corollary 1.2. Under assumption (2), the gradient of any viscosity solution u of
H(Dyu) =0 inQ CR", “
belongs to SBVjyc(L2).

Theorem 1.1 was first proved by Luigi Ambrosio and the second author in the
special case n = 1 (see [3] and also [11] for the extension to Hamiltonians H
depending on (¢, x) and u). Some of the ideas of our proof originate in the work
[3]. However, in order to handle the higher dimensional case, some new ideas are
needed. In particular, a key role is played by the geometrical theory of monotone
functions developed by ALBERTI and AMBROSIO in [1].



SBV Regularity for Hamilton—Jacobi Equations 1005

2. Preliminaries: the theory of monotone functions

Definition 2.1. Let 2 C R” be an open set. We say that a continuous function
u: Q — Ris semiconcave if, for any convex K CC €2, there exists Cg > 0 such
that

u(@—+h) +u(x —h) —2u(x) < Cglh?, (5)

forall z, h € R" with x, x — h, x + h € K. The smallest nonnegative constant Cg
such that (5) holds on K will be called the semiconcavity constant of u on K.

Next, we introduce the concept of superdifferential.

Definition 2.2. Let u : 2 — R be a measurable function. The set du(x), called the
superdifferential of u at point x € €2, is defined as

du(x) :=1p € R":limsup uly) —u@ —p- Y- < O] . (6)

y—x |y—fU|

Using the above definition we can describe some properties of semiconcave
functions (see Proposition 1.1.3 of [5]):

Proposition 2.3. Let Q C R" be open and K C Q a compact convex set. Let
u : Q — R be a semiconcave function with semiconcavity constant Cg = 0. Then,
the function

~ Ck 2 . N
u:x— ulr)— 7|x| is concave in K. @)

In particular, for any given x,y € K, p € du(x) and q € 9u(y) we have that
(g—p.y—x) =0. (®)

With Cg |z|?/2 being a smooth function, it is fairly easy to verify that du(z) =
du(xr) + Cgz. An important observation is that, with u being concave, the map
x +— 0u(x) is a maximal monotone function.

2.1. Monotone functions in R"

Following the work of ALBERTI and AMBROSIO [1] we introduce here some
results about the theory of monotone functions in R"”. Let B : R” — R” be a
set-valued map (or multifunction), that is, a map which maps every point z € R"
into some set B(xz) C R”". For all z € R" we define:

the domain of B, Dm(B) := {x : B(x) # 0},

the image of B, Im(B) :={y : 3x,y € B(x)},

the graph of B,I'B := {(z,y) e R" x R" : y € B(x)},
then inverse of B, [B~'](z) := {y : = € B(y)}.

Definition 2.4. Let B : R” — R” be a multifunction. Then
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(1) B is a monotone function if
(1 —y2.x1 —a2) =0 Vo; e R", y; € B(x;), i=1,2. ©

(2) A monotone function B is called maximal when it is maximal with respect to the
inclusion in the class of monotone functions, that is, if the following implication
holds:

A(z) D B(x) forall z, A monotone = A = B. (10)

Observe that in this work we assume < in (9) instead of the most common 2.
However, one can pass from one convention to the other by simply considering — B
instead of B. The observation of the previous subsection is then summarized in the
following Theorem.

Theorem 2.5. The supergradient du of a concave function is a maximal monotone
function.

An important tool of the theory of maximal monotone functions, which will
play a key role in this paper, is the Hille- Yosida approximation (see Chapters 6 and
7 of [1]):

Definition 2.6. For every ¢ > 0 we set W, (z,y) := (x — ey, y) for all (x,y) €
R" x R", and for every maximal monotone function B we define B, as the mul-
tifunction whose graph is W, (I'B), that is, 'B, = {(z — ¢y, y) : (z,y) € I'B}.
Hence

=(eld — B~ H7L an

In the next Theorems we collect some properties of maximal monotone func-
tions B and their approximations B, defined above.

Theorem 2.7. Let B be a maximal monotone function. Then, the set S(B) 1= {x :
B(x) is not single valued} is a H"™~ ! rectifiable set. Let B : Dm(B) — R" be such
that B(x) € B(x) forevery x. Then Bisa measurable function and B(x) = {B(x)}
for almost everywhere x. If Dm(B) is open, then DB is a measure, that is, B is a
function of locally bounded variation.

If K; is a sequence of compact sets contained in the interior of Dm(B) with
K; | K, then B(K;) — B(K) in the Hausdorff sense. Therefore, the map B is
continuous at every x € S(B).

Finally, if Dm(B) is openand B = du for some concave functionu : Dm(B) —
R, then B(x) = Du(x) for almost everywhere x (recall that u is locally Lipschitz,
and hence the distributional derivative of u coincides almost everywhere with the
classical differential).

Proof. First of all, note that, by Theorem 2.2 of [1] (see also [12, 13] for more gen-
eral results), S(B) is the union of rectifiable sets of Hausdorff dimensionn—k, k > 1.
This guarantees the existence of the classical measurable function B. The BV reg-
ularity when Dm (B) is open is shown in Proposition 5.1 of [1].
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Next, let K be a compact set contained in the interior of Dm(B). By Corollary
1.3(3) of [1], B(K) is bounded. Thus, since I'B N K x R" is closed by maximal
monotonicity, it turns out that it is also compact. The continuity claimed in the
second paragraph of the Theorem is then a simple consequence of this observation.

The final paragraph of the Theorem is proved in Theorem 7.11 of [1]. O

In this paper, since we will always consider monotone functions that are the
supergradients of some concave functions, we will use du for the supergradient and
Du for the distributional gradient. A corollary of Theorem 2.7 is that

Corollary 2.8. If u : Q2 — R is semiconcave, then du(x) = {Du(x)} for almost
everywhere x, and at any point where du is single-valued, Du is continuous. More-
over D*u is a symmetric matrix of Radon measures.

Next, we state the following important convergence theorem. For the notion
of current and the corresponding convergence properties, we refer to the work of
Alberti and Ambrosio. However, we remark that very little of the theory of cur-
rents is needed in this paper; what we actually need is a simple corollary of the
convergence in (ii), which is stated and proved in Subsection 5.2. In (iii) we follow
the usual convention of denoting by |ut| the total variation of a real-valued (respec-
tively, matrix-valued, vector-valued) measure p. The theorem stated below is in
fact contained in Theorem 6.2 of [1].

Theorem 2.9. Let 2 be an open and convex subset of R" and let B be a maximal
monotone function such that @ C Dm(B). Let B, be the approximations given in
Definition 2.6. Then, the following properties hold.

(1) B¢ is a 1/e-Lipschitz maximal monotone function on R" for every ¢ > 0.
Moreover, if B = Du, then B, = Du, for the concave function

. 1
ue(w) = inf Juy) + 5|z = yl’ (12)
Y

(i) ' B and T B; have a natural structure as integer rectifiable currents, and
['B.LQ x R" converges to ' BL.Q x R" in the sense of currents as ¢ |, 0.
(iii) DB, —* DB and |DB.| —™* |D B| in the sense of measures on S2.

2.2. BV and SBYV functions

We conclude the section by introducing the basic notations related to the
space SBV (for a complete survey on this topic we address the reader to [2]). If
B € BV(A,RF), then it is possible to split the measure DB into three mutually
singular parts:

DB = D,B+ D;jB + D.B.

D, B denotes the absolutely continuous part (with respect to the Lebesgue mea-
sure). D B denotes the jump part of DB. When A is a 1-dimensional domain, D; B
consists of a countable sum of weighted Dirac masses, and hence it is also called
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the atomic part of D B. In higher dimensional domains, D; B is concentrated on a
rectifiable set of codimension 1, which corresponds to the measure-theoretic jump
set Jp of B. DB is called the Cantor part of the gradient and it is the “diffused
part” of the singular measure DyB := D; B + D.B. Indeed

D.B(E) =0 for any Borel set E with H"~!(E) < oo. (13)

For all these statements we refer to Section 3.9 of [2].
Definition 2.10. Let B € BV (2), then B is a special function of bounded varia-
tion, and we write B € SBV(Q2), if D.B = 0, that is, if the measure D B has no
Cantor part. The more general space S BV, (£2) is defined in the obvious way.

In what follows, when u is a (semi)-concave function, we will denote by D%u

the distributional Hessian of u. Since Du is, in this case, a BV map, the discus-
sion above applies. In this case we will use the notation D2u, D?u and D2u. An

important property of DZu is the following regularity property.

Proposition 2.11. Let u be a (semi)-concave function. If D denotes the set of points
where du is not single-valued, then |D§u|(D) =0.

Proof. By Theorem 2.7, the set D is "~ !-rectifiable. This means, in particular,
that it is 4" ~! — o finite. By the property (13) we conclude Dgu (E) = 0 for every
Borel subset E of D. Therefore |D§u|(D) =0. O

Finally, we show that for semi-concave BV functions the singular part of the
Hessian of u is a symmetric negative definite matrix valued measure.

Proposition 2.12. Let u be a (semi)-concave function. Then
D*u — CL,L" £0.
Proof. This is an immediate consequence of the fact that
C n
T+ —|z|” —u(x)
2
is convex and Proposition 7.11 of [1]. O
In particular, we obtain that
D2u £ CI,L", D>u,D?u <0 (14)
a = n ) c% J — )

in the sense of symmetric matrix valued measures.
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3. Hamilton-Jacobi equations

In this section we collect some definitions and well-known results about
Hamilton—Jacobi equations. For a complete survey on this topic we redirect the
reader to the vast literature. For an introduction to the topic we suggest the follow-
ing sources [4,5,8]. In this paper we will consider the following Hamilton—Jacobi
equations

ou+ H(Dyu) =0, inQC[0,T]xR", (15)
H(Dyu) =0, inQ CR", (16)
under the assumption that

A1l: The Hamiltonian H € C2(R") satisfies:
p+— H(p) isconvexand Ilim —— =

Note that this assumption is obviously implied by (2).
We will often consider 2 = [0, T] x R” in (15) and couple it with the initial
condition

u(0, x) = uo(x) W)
under the assumption that
A2: The initial data uq : R" — R is Lipschitz continuous and bounded.

Definition 3.1. (Viscosity solution) A bounded, uniformly continuous function u is
called a viscosity solution of (15) (respectively (16)) provided that

(1) u is a viscosity subsolution of (15) (respectively (16)): for each v € C*°(Q2)
such that u — v has a maximum at (¢y, xg) (respectively zg),

v (t0, x0) + H(Dzv(tg, x0)) < 0 (respectively H(Dv(zg)) < 0); (18)

(2) u is a viscosity supersolution of (15) (respectively (16)): for each v € C*°(2)
such that ¥ — v has a minimum at (#o, xg) (respectively xo),

v (to, 20) + H(Dyv(t0, w0)) 2 0 (respectively H(Dv(xo)) = 0). (19)

In addition, we say that u solves the Cauchy problem (15)—(17) on 2 = [0, T] x R"
if (17) holds in the classical sense.

Theorem 3.2. (The Hopf-Lax formula as a viscosity solution) The unique viscosity
solution of the initial-value problem (15)—(17) is given by the Hopf-Lax formula

€T —

u(t, ) = min ’uo(y) +¢L (—y)] (t >0,z eRY, (20)
yeR® t

where L is the Legendre transform of H :

L(g) := suﬂg {p-g—H(p)} (g €R"). (21
peR?
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In the next Proposition we collect some properties of the viscosity solution defined
by the Hopf-Lax formula:

Proposition 3.3. Let u(t, x) be the viscosity solution of (15)—(17) and defined by
(20), then

(i) A functional identity: For each v € R" and0 < s <t < T, we have

u(t, z) = min [u(s,y)+(t—s)L (x_y)] (22)
yeR? r—s
(ii) Semiconcavity of the solution: For any fixed T > 0 there exists a constant
C(t) such that the function defined by

u; - R" — Rwith u;(x) :=u(t, x), (23)

is semiconcave with constant less than C for any t 2 .
(ii1) Characteristics: The minimum point y in (20) is unique if and only if du;(x)
is single valued. Moreover; in this case we have y = x — t DH (D, u(t, x)).
(iv) The linear programming principle: Lett > s > 0, x € R" and assume that
y is a minimum for (20). Let z = 1w+ (1 — 1)y. Then y is the unique minimum
for wo(w) + sL((z — w)/s).

Remark 3.4. For a detailed proof of Theorem 3.2 and Proposition 3.3 we address
the reader to Chapter 6 of [5] and Chapters 3, 10 of [8].

Next, we state a useful locality property of the solutions of (15).

Proposition 3.5. Let u be a viscosity solution of (15) in Q. Then u is locally
Lipschitz. Moreover, for any (ty, xo) € 2, there exists aneighborhood U of (1o, xo),
a positive number § and a Lipschitz function vg on R" such that

(Loc) u coincides on U with the viscosity solution of

orv+ H(Dyv) =0 in [ty — 8, oo xR"

v(ty — 8, x) = vo(x). (24)

This property of viscosity solutions of Hamilton—Jacobi equations is obvi-
ously related to the finite speed of propagation (which holds when the solution is
Lipschitz) and is well-known. One could prove it, for instance, by suitably modify-
ing the proof of Theorem 7 at page 132 of [8]. On the other hand, we have not been
able to find a complete reference for Proposition 3.5. Therefore, for the reader’s
convenience, we provide a reduction to some other properties clearly stated in the
literature.

Proof. The local Lipschitz regularity of u follows from its local semiconcavity, for
which we refer to [5]. As for the locality property (Loc), we let § > 0 and R be
such that C := [tg — 8, tg + 8] x Br(zo) C . It is then known that the follow-
ing dynamic programming principle holds for every (¢, ) € C (see for instance
Remark 3.1 of [6,9]):

t
u(t,z) = inf [/ LE(s)ds +u(t,6()|t <t,& € wh®([z, 1]),
E(t) =xand (1, &(7)) € 9C}. (25)
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The Lipschitz regularity of # and the convexity of L ensure that a minimizer exists.
Moreover, any minimizer is a straight line. Next, assume that * € Bg(zg). If
6 is much smaller than R, the Lipschitz regularity of u ensures that any mini-
mizer £ has the endpoint (7, £(7)) lying in {t9p — §} x Bg(xg). Thus, for every
(t,x) € [ty — &, to + 8] x Bs(xo) we get the formula

w(t, ) = min (u(ro—a,y)+(t—z0+5)L(&)). (26)

y€B R (x0) t—1to+38

Next, extend the map Bg(0) 3 = + u(ty — 8, x) to a bounded Lipschitz map
vo : R" — R, keeping the same Lipschitz constant. Then the solution of (24) is
given by the Hopf-Lax formula

. T—y
v(t, ) _;16111151 (vo(y)+(t to+ )L (t —to+8))' 27)
If (t,x) € [ty — 6,10 + 8] x Bs(0), then any minimum point y in (27) belongs
to Bg(0), provided § is sufficiently small (compared to R and the Lipschitz con-
stant of v, which in turn is bounded independently of §). Finally, since vo(y) =
u(to — 8,y) forevery y € Br(0), (26) and (27) imply that u and v coincide on
[to — &, to + 8] x Bs(0) provided § is sufficiently small. O

4. Proof of the main Theorem

4.1. Preliminary remarks

Let u be a viscosity solution of (15). By Proposition 3.5 and the time invari-
ance of the equation, we can, without loss of generality, assume that u is a solution
on [0, T'] x R" of the Cauchy-Problem (15)-(17) under assumptions Al and A2.
Clearly, it suffices to show that, for every j > 0, the set of times SN]1/j, +o00[
is countable. Therefore, by Proposition 3.3 and the time-invariance of the
Hamilton—Jacobi equations, we can restrict ourselves to the following case:

3C s.t. u; is semiconcave with constant less than C and |Du.| < CVt € [0, T].
(28)

Arguing in the same way, we can further assume that
T is smaller than some constant £(C) > 0, 29)

where the choice of the constant ¢(C) will be specified later.
Next, we consideraball Bg (0) C R” and abounded convexset Q2 C [0, T]xR"
with the properties that:

e Br(0) x {s} C Qforeverys € [0, T];

e For any (¢, ) € Q and for any y reaching the minimum in the formulation (20),
(0, y) € 2 (and therefore the entire segment joining (¢, x) to (0, y) is contained
in ).
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Indeed, recalling that || Du|ls < 00, it suffices to choose Q2 := {(z,1) € R" x
[0, T] : |x| £ R+ C'(T —t)} where the constant C’ is sufficiently large, depending
only on || Dul|» and H. Our goal is now to show the countability of the set S in (3).

4.2. A function depending on time
For any s < t € [0, T], we define the set—valued map
X:is(@) =2 — (t —s)DH0u;(x)). 30)

Moreover, we will denote by x; s the restriction of X, ¢ to the points where X, ¢
is single-valued. According to Theorem 2.7 and Proposition 3.3(iii), the domain of
X1,s consists of those points where Du;(+) is continuous, which are those where the
minimum point ¥ in (22) is unique. Moreover, in this case we have x; () = {y}.

Clearly, x; s is defined almost everywhere on €2;. With a slight abuse of notation
we set

F(t) := %0821, (31)
meaning that, if we denote by U; the set of points x € €2; such that (20) has a
unique minimum point, we have F(t) = | X, 0(U;)|.
The proof is then split into the following three lemmas:
Lemma 4.1. The functional F is nonincreasing,

F(o) 2 F(t) foranyo,t € [0, T]witho < t. (32)

Lemma 4.2. If ¢ in (29) is small enough, then the following holds. For any t €]0,
T[and § €]0, T — t] there exists a Borel set E C $2; such that

(i) |E| =0, and |D2u;|(2; \ E) = 0;
(i1) X; ¢ is single valued on E (that is X; o(x) = {x:.0(x)} for every x € E);
(iii) and
Xt,0(E) O Xr+5,0(82145) = 0. (33)

Lemma 4.3. [f¢ in (29) is small enough, then the following holds. For anyt €]0, ¢]
and any Borel set E C 4, we have

1X1,0(E)| Z col E| — Clt/Ed(Auz), (34)

where cy and ¢y are positive constants and Auy is the Laplacian of u;.
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4.3. Proof of Theorem 1.1

The three key lemmas stated above will be proved in the next two sections. We
now show how to complete the proof of the Theorem. First of all, note that F is
a bounded function. Since F is, by Lemma 4.1, a monotone function, its points
of discontinuity are, at most, countable. We claim that, if # €]0, T'[ is such that
ur & SBVipc(€2;), then F has a discontinuity at 7.

Indeed, in this case we have

| D2u,|(S2) > 0. (35)

Consider any § > 0 and let B = E be the set of Lemma 4.2. Clearly, by Lemma
4.2(i) and (ii), (33) and (34),

Ft+8) < F(O) +ert / dAsu, < F(1) + it / dAcs,  (36)
E Q

t

where the lastinequality follows from Agu; = Acu;+A juy and A ju, < 0(because
Aju= TrDjz.u and (14)).

Next, consider the Radon—Nykodim decomposition Dgut =M |Dgu ¢|, where
M is a matrix—valued Borel function with |[M| = 1. Since we are dealing with
second derivatives, M is symmetric, and since u; is semiconcave, M < 0 by (14).
Let Aq, ..., A, be the eigenvalues of —M. Then 1 = [M|> = A7 + - + A2 and
—TrM = Ay + -+ + Ay. Since A; = 0, we easily get —TrM = 1. Therefore,

— Actty = =TrM|D>u;| = |D?u,|. (37)

Hence

(36)+(37) )
F+9) = F@)—ct|Dou(S).

Letting § | 0 we conclude

limsup F(t 4+ 8) < F(t).
840

Therefore ¢ is a point of discontinuity of F, which is the desired claim.

4.4. Easy corollaries

The conclusion that D,u € SBV(2) follows from the slicing theory of BV
functions (see Theorem 3.108 of [2]). In order to prove the same property for
d;u we apply the Volpert chain rule to o,u = —H (D u). According to Theorem
3.96 of [2], we conclude that [E)le]cu = — Zi a,-H(DIu)[aW,.]Cu = 0 (because
[D%]Cu = 0) and [3]cu = — 2 ; 3 H(Dyu)[dy;1]1cu = O (because we just con-
cluded [D2,].u = 0).

As for Corollary 1.2, let u be a viscosity solution of (16) and setu(z, z) := u(x).
Then # is a viscosity solution of

& + H(Dyit) = 0
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in R x Q. By our main Theorem 1.1, the set of times for which D,u(t,.) ¢
S BV, (2) is, at most, countable. Since D,u(z, -) = Du, for every ¢, we conclude
that Du € SBV,.(R2).

Remark 4.4. The special case of this Corollary for @ ¢ R? was already proved
in [3] (see Corollary 1.4 therein). We note that the proof proposed in [3] was more
complicated than the one above; this is due to the power of Theorem 1.1. In [3] the
authors proved the 1-dimensional case of Theorem 1.1. The proof above reduces
the 2-dimensional case of Corollary 1.2 to the 2 + 1 case of Theorem 1.1. In [3]
the 2-dimensional case of Corollary 1.2 was reduced to the 1 4 1 case of Theorem
1.1: this reduction requires a subtler argument.

5. Estimates

In this section we prove two important estimates. The first is the one in Lemma
4.3. The second is an estimate which will be useful in proving Lemma 4.2 and will
be stated here.

Lemma 5.1. If ¢(C) in (29) is sufficiently small, then the following holds. For any
t €10, T), any § € [0, t] and any Borel set E C €2; we have

(t—=98)"

tl’l

[X05(8)| 2

X,0(E)|. (38)

5.1. Injectivity
In the proof of both lemmas, the following remark plays a fundamental role.

Proposition 5.2. For any C > 0 there exists e(C) > 0 with the following prop-
erty. If v is a semiconcave function with constant less than C, then the map
x +— x — tDH(0v) is injective for every t € [0, e(C)].

Here the injectivity of a set—valued map B is understood in the following natural
way

r#y = B(x)NBy) =40

Proof. We assume by contradiction that there exist z{, xp € ; with x| # x, and
such that:

[z1 —tDH@v(x1)] N[22 —tDH(Bv(x2))] # 9.
This means that there is a point y such that

= e DH@@v(x1)), [DH*(“’],—@/) € dv(zy), 39)

24 € DH(9v(x2)); DH™'(2) € du(x).
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By the semiconcavity of v we get:

T — Ty —
M(x1, 1‘2):=<DH_l (ITZ/)—DH_1 ( 2t y) , X1 — a:2> < C|x1—a:2|2.

(40)

On the other hand, D(DH ") (z) = (D*H)"'"(DH~'(z)) (note that in this for-
mula, DH~! denotes the inverse of the map x — DH (z), whereas D*H _1(y)
denotes the matrix A which is the inverse of the matrix B := D?H (y)). Therefore
D(DH ™Y (z) is a symmetric matrix, with D(DH 1) (z) > c;ll 1d,. It follows that

M(x1, x2) =t<DH71 (g) —DH™! (x2t_y)’ T -y T2y

t t

1\

2
lx1 — 22|

(41)

t ‘xl—y xz—yr 1
t

2
2 |z] — 22]° 2
2cy t 2tcy

2ecy

Butif ¢ > 01is small enough, or more precisely if it is chosen to satisfy 2ecy < é,
the two inequalities (40) and (41) are in contradiction. O

5.2. Approximation

‘We next consider u as in the formulations of the two lemmas, and ¢ € [0, T'].
Under these conditions, the function #(z) := u(z) — C|z|?/2 is concave. Consider
the approximations B, (with n > 0) of 9v given in Definition 2.6. By Theorem
2.9(i), B, = Dv,, for some concave function v, with Lipschitz gradient. Consider,
therefore, the function v, (x) = v, (z) + C |z|>/2. The semiconcavity constant of
vy is not larger than C.

Therefore we can apply Proposition 5.2 and choose ¢(C) sufficiently small in
such a way that the maps

x> Al@)=x—tDHQ@u;) 2+ Ay(xr)=x—1tDH(Dvy) (42)
are both injective. Consider next the following measures:
pn(E) :=|(Id —tDH(Dv,))(E)|  p(E) = |(Id —tDH0u;))(E)|. (43)

These measures are well-defined because of the injectivity property proved in Prop-
osition 5.2.

Now, according to Theorem 2.9, the graphs I' Dv, and I'du, are both rectifi-
able currents and the first are converging, as n |, 0, to the latter. We denote them,
respectively, by T, and T. Similarly, we can associate the rectifiable currents S and
Sy to the graphs I'A and I"'A;, of the maps in (42). Note that these graphs can be
obtained by composing I'du; and I" Dv, with the following global diffeomorphism
of R™:

(x,y) — ®(z,y) =x—tDH(y).
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In the language of currents, we then have S, = ®¢T, and § = ®;T. Therefore,
Sy — § in the sense of currents.
We want to show that

*

oy —* 1. (44)

First of all, note that S and S, are rectifiable currents of multiplicity 1 supported on
the rectifiable sets I'A = ®(I'du,;) and 'A,, = ®(I'B;)) = ®(I"Dv,). Since B,
is a Lipschitz map, the approximate tangent plane 7 to S, in (almost everywhere)
point (z, A,(x)) is spanned by the vectors e; + DA, () - ¢; and hence oriented by
the n-vector

T (e1 + DA(x)-e1) A...A(en + DAy(T) - €p) '
l(e1 + DA,(x) - e1) A ... A (en + DA,(T) - €n)]

Now, by the calculation of Proposition 5.2, it follows that det DA, = 0. Hence

dy1 A ... Adyp, V) = 0. (45)

By the convergence S, — S, (45) holds for the planes tangent to S as well.

Next, consider a ¢ € CZ°(2;). Since both I'A and I'A, are bounded sets,
consider a ball Bg(0) such that supp(I"A), supp(I'A,;) C R" x Bg(0) and let
x € CX(R") be a cut-off function with x|p,) = 1. Then, by standard calcula-
tions on currents, the injectivity property of Proposition 5.2 and (45) imply that

/<pdu = (S, p@)xWdyr A ... Adyn), (46)
/<pdun = (S, p@)xWdyr A ... Adyy). 47

Therefore, since S;, — S, we conclude that

lim d =/d.
nw/‘/’ﬂn pan

This shows (44).

5.3. Proof of Lemma 5.1

First of all we choose ¢ so small that the conclusions of Proposition 5.2 and
those of Subsection 5.2 hold.

We consider, therefore, the approximations v, of Subsection 5.2, we define the
measures 1 and p, as in (43) and the measures [t and /i, as

ME) == |(Id = (t —8)DHu;))(E)]

. (48)
pn(E) := |(Id = (t = 8)DH (Dvy))(E)|.

By the same arguments as in Subsection 5.2, we necessarily have i, —* /i.
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The conclusion of the Lemma can now be formulated as

(t—=9"
tn

v

L 78 (49)
By the convergence of the measures (, and ji, to p and /i, it suffices to show

(t—98"
tn

A

My

1\

. (50)

On the other hand, since the maps x +— x — tDH(Dvy) and x > x — (t —
8) D H (Dvj) are both injective and Lipschitz, we can use the area formula to write:

fin(E) =/ det (Idn (- 8)D2H(Dv,7(x))D2v,,(x)) de, (51
E
wn(E) = / det (Id,, —tDzH(Dv,,(x))Dzvﬂ(x)) dz (52)
E

Therefore, if we set
M (z) := Idy, — (t — 8)D*H (Dv,(x)) D*v,(x)
My (x) := Id, — tD*H(Dv,(x))D*v,(x),

the inequality (49) is equivalent to

(t—9"

tn

det M{(z) = det M>(x) for almost everywhere x. (53)

Note next that
det My (z) = det(D*H (Dv,())) det ([DzH(Dv,,(x))]_l - S)Dzvn(x))

det M3(2) = det(D2H (Dv, ())) det ([D*H (Dvy @)]~" = 1D, ()

Set A(x) = [D2H(Dv,7(at:))]_1 and B(x) = Dzv,, (x). Then it suffices to prove
that:
(t—98)"

tn

det(A(z) — (t = 8)B(xz)) =

det(A(z) — tB(2)). (54)

Note that
8 t—346

By choosing ¢ sufficiently small (but depending only on ¢y and C), we can assume
that A — ¢ B is a positive semidefinite matrix. Since A is a positive definite matrix,
we conclude

A—(t—8)B 2 ?(A—tB). (55)
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A standard argument in linear algebra shows that

(r—=298)"

tn

det(A — (t — 8)B) = det(A — tB) (56)

which concludes the proof. We include, for the reader’s convenience, a proof of
(55) =(56). It suffices to show that, if E and D are positive semidefinite matrices
with E 2 D, then det E = det D. Without loss of generality, we can assume that
E is in diagonal form, that is £ = diag (A1, ..., A,), and that £ > D. Then each
); is positive. Define G := diag (v/A1, ..., ~/A,). Then

Id, > G 'DG™' = D.

Our claim would follow if we can prove 1 = det D, that is, if we can prove the
original claim for £ and D in the special case where E is the identity matrix.
But in this case we can diagonalize E and D at the same time. Therefore D =
diag (41, ..., n). But, since E =2 D = 0, we have 0 < pu; < 1 for each u;.
Therefore

detE =12 TII;u; = detD.

5.4. Proof of Lemma 4.3

As in the proof above, we will show the Lemma by approximation with the
functions v;. Once again we introduce the measures 1, and p of (43). Then, the
conclusion of the Lemma can be formulated as

= col" — tei Auy. (57)
Since Av, —* Au; by Theorem 2.9(iii), it suffices to show
Uy 2 coL" — ter Avy,. (58)

Once again we can use the area formula to compute

Mn(E):/ det(D? H (Dv, (x))) det ([DZH(DU,,(x))]*‘ —tDzvn(x)) d
E

(39)
Since D?H > c; Id, and [D*H]! > c;ll Id,, we can estimate
det(D2H (Dvy (x))) det (ID*H (Dv, @)1~ = 1D, ()
1
> ¢ det (—Id,, - tDzv,,(x)) (60)
CH
arguing as in Subsection 5.3. If we choose € so small that 0 < ¢ < ﬁ then
M(x) := ﬁ[ d, — tDzv,7 () is positive semidefinite. Therefore

det(D? H (Dv, () det ([D2H(Dv,,(:c))]_l — tD%, (x))

1
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Diagonalizing M (x) = diag(Aq, ..., A,), We can estimate

1 1\ 1\"
det (Hldn + M(I)) = (ﬂ) ,1:[1(1 +2ch) = (ﬂ) (14 2cyTrM(z))
=cy— 03tAv_77(z). (62)
Finally, by (59), (60), (61) and (62), we get

un(E) 2 /E(CO — c1tAvy(x)) dz.

This concludes the proof.

6. Proofs of Lemma 4.1 and Lemma 4.2

6.1. Proof of Lemma 4.1

The claim follows from the following consideration:
X1,0(2) C X5,0(82) forevery0=s=t=T. (63)

Indeed, consider y € x;0(€2;). Then there exists x € €2, such that y is the unique
minimum of (20). Consider z := 77 + ’_T‘y Then z € Q4. Moreover, by Prop-
osition 3.3(iv), y is the unique minimizer of ug(w) + sL((z — w)/s). Therefore
Yy = XS,O(Z) € XS,O(QS)~

6.2. Proof of Lemma 4.2

First of all, by Proposition 2.11, we can select a Borel set E of measure 0 such
that

e Ju,(x) is single-valued for every x € E;
o |[E| =0
o |DZu;|(2 \ E) = 0.

If we assume that our statement were false, then there would exist a compact set
K C E such that

|D2u,|(K) > 0. (64)

and X; o(K) = x1,0(K) C x+5.0(R¢+s). Therefore it turns out that X; o(K) =
Xr+5,0(1€) = X,+5’0(15) for some Borel set K.

Now, consider x € K and lety := xi4s.0(x) € Xt+5,0(15) and z := x/45.1 ().
By Proposition 3.3(iv), ¥ is the unique minimizer of ug(y) +tL((z — y)/t), thatis
x1,0(2) = y.

Since y € x;.0(K), there exists z’ such that x; 0(z) = y. On the other hand, by
Proposition 5.2, provided ¢ has been chosen sufficiently small, x; o is an injective
map. Hence we necessarily have z/ = z. This shows that

X:15.(K) C K. (65)



1020 STEFANO BIANCHINI, CAMILLO DE LELLIS & ROGER ROBYR

By Lemma 5.1,
5 S ~ n
K| 2 [Xits.(K)| 2 m|xt+5,0(lf)| = mpﬁ,o(lf)l- (66)
Hence, by Lemma 4.3
8"
K| Z colK| —cit——— [ dAu;. (67)
(t+0)" Jk

On the other hand, recall that K C E and |E| = 0. Thus, [, d Asu; = [} d Au; 20.
On the other hand Azu; < 0 (by the semiconcavity of «). Thus we conclude that
Asuy, and hence also A u,, vanishes identically on K. However, arguing as in Sub-
section4.3, we can show — A u; = |D3.ut |, and hence, recalling (64), — A u;(K) >
0. This is a contradiction and hence concludes the proof.
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