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ABSTRACT. We introduce a notion of suitable weak solution of the hyperdissipative Navier—Stokes equations
and we achieve a corresponding extension of the regularity theory of Caffarelli-Kohn—Nirenberg.
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1. INTRODUCTION

Let a > 0 and consider the operator (—A)® whose Fourier symbol is |£|?®. For a positive integer o = k
the operator reduces, up to a sign, to composing k times the classical Laplacian —A. In this paper «
ranges between 1 and 2 and we consider the so-called hyperdissipative Navier-Stokes system in R?, which
is the following system of (pseudo) partial differential equations

Ou+ (u-V)u+ Vp = —(—A)%

—~
—_
~—

divu=0.
The system is usually complemented with the initial condition
u(-,0) = ug . (2)

For a > 2 and for smooth ug which decay sufficiently fast at infinity, it is known that the system (1)-(2)
has a classical global in time solution, see in particular [14]. On the periodic torus a simple proof has been
given in [15] when o > 2, whereas the recent papers [20] and [1] improve the case a = 2 allowing operators

with symbols —|£|3 f(€) for suitable logarithmic-like .

IMSC classification: 35Q30 (76D03)
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In this paper we restrict our considerations to the case
)

When a < g the global existence of classical solutions is still an open question which covers one of
the celebrated Millennium Prize problems (see [9]). In his groundbreaking work [13] Leray constructed
some global weak solutions (called nowadays Leray—Hopf weak solutions) when o = 1 and showed several
remarkable facts for them. Two are particularly relevant for our discussion:

(i) the Leray—Hopf weak solutions (u, p) coincide with the classical solutions as long as the latter exist
(weak-strong uniqueness);

(ii) they are regular except for a closed set of exceptional times, from now on denoted by Sing;. u, which
has 0 Hausdorff H'/*> measure.

Leray’s approach can be carried on to the hyperdissipative Navier—Stokes. Indeed the existence and weak-
strong uniqueness are rather straightforward, whereas a suitable generalization of the estimate on the size
of Sing; u has been given recently in [11] (see below for the precise statement).

Following the pioneering work of Scheffer, see [17,18], Caffarelli, Kohn and Nirenberg in [2] gave a
space-time version of the regularity theorem of Leray: they proved, in particular, the existence of global
Leray-Hopf solutions which are regular outside a bounded relatively closed set of Hausdorff H! measure
zero in R3 x (0, 00). Indeed their theorem yields a stronger information, see below for the precise statement.
Note moreover that, if the initial data is regular enough, Leray’s theory implies the regularity of the solution
in a sufficiently small stripe R? x [0, ¢] and thus the singular set is also compact.

In [12] Katz and Pavlovié¢ gave a first version of the Caffarelli-Kohn—Nirenberg theorem in the range (3).
More precisely they proved that, if a classical solution blows up at a finite time 7', then it can be extended
smoothly to (R3\ K) x {T'} for some closed set K of Hausdorff dimension at most 5 — 4a. The theorem
of Katz and Pavlovié¢ is not a full extension of the Caffarelli-Kohn—Nirenberg: first of all the latter goes
beyond the first singular time and secondly the proof of Katz and Pavlovi¢ does not imply H>~4*(K) = 0.

1.1. The extension of the Caffarelli-Kohn—Nirenberg theory. In the present paper we prove a
stronger version of the Katz—Pavlovi¢ result which extends the Caffarelli-Kohn-Nirenberg theorem in its
full power. In order to give a precise statement we introduce the usual space-time cylinders

Qr (o, to) = Br(wo) X (to — r°*, 1o],

compatible with the scaling of the equations (we omit the centers of the ball and the centroids of the
cylinder when xy = 0 and (xg,t) = (0,0), respectively). We then define the parabolic Hausdorff measures
with the usual Carathéodory construction (cf. [8, 2.10.1]). Given E C R®* x R, 3> 0 and ¢ > 0, we set

ng(E) = inf {er : FEC UQri(:zri,ti) and r; < 0 Vz’}
and we call parabolic Hausdorff measure of the set F the number
PP(E) := lim P} (E) = sup 2} (E).
6—0 §>0

Moreover, given a Leray—Hopf weak solution (u, p), we call a point (z,t) regular if there is a cylinder Q,.(z, t)
where v is continuous and we denote by Singu the (relatively closed) set of singular points, namely those
points which are not regular.
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Theorem 1.1. Given a € (1,3] and any divergence-free initial data ug € L? there are a Leray—Hopf
weak solution (u,p) of (1) (see Definition 2.1) and a relatively closed set Singu C R3 x (0,00) such that
P5~4(Sing u) = 0.

For a = 1 the statement above coincides with the one of Caffarelli, Kohn and Nirenberg and for a € (2,1)
the same result has been shown by Tang and Yu in [19]. Given E C R® x R, it is trivial to prove that

A7 ({t: (R x {t})NE #£0}) < C,2°(E)
and

A7 (R x {t}) NE) <CsP°(E) VteR.
We thus recover:

e a strengthened version of the theorem of Katz and Pavlovié: if a classical solution blows up, the
singular set at the first blow-up time has 0 Hausdorff H>~1* measure (recall that classical solutions
and Leray—Hopf weak solutions coincide as long as the first exist);

e the existence of regular solutions for a = %, because PV is the “counting measure” and hence for
o= g the singular set is empty;

e the generalized Leray’s bound on singular times given in [11], namely HO4)/2(Sing u) = 0
(however the result in [11] is stronger, since it is proved for any Leray—Hopf weak solution).

As it is the case for the Scheffer and Caffarelli-Kohn—Nirenberg regularity theory, our theorem is in
fact more general. In particular we can introduce a suitable notion of weak solution, which generalizes
the one of Caffarelli-Kohn-Nirenberg and which we therefore call as well suitable weak solution. We then
prove their existence and their regularity independently. In particular the bound of Theorem 1.1, and its
consequences, hold for any suitable weak solution.

Theorem 1.2. Let (u,p) be a suitable weak solution of (1) in R3 x (0,T) as in Definition 2.7. Then
P>~4*(Sing u) = 0. (4)

Our theorem is in part inspired by the paper of Tang and Yu [19], where the authors consider the
hypodissipative range o € (%, 1) (moreover, the endpoint o = 3/4 has been recently tackled by Ren, Wang
and Wu in [16]). As in their case, our notion of suitable weak solution uses the extension idea introduced
by Caffarelli and Silvestre in [3] to deal with the fractional Laplacian, more specifically we take advantage
of a suitable version for exponents a € (1,2), introduced by Yang in [21]. However there are important
differences between our work and [19].

1.2. e—regularity theorem and stability of regular points. One part of our argument for Theorem
1.2 has an independent interest. As already mentioned, the paper by Caffarelli, Kohn and Nirenberg built
on previous works of Scheffer [17,18], where the author proved the very first space-time partial regularity
result for the Navier—Stokes equations. In particular he proved the e-regularity statement which is still the
starting point of most of the works in the area. We establish here a suitable generalization of Scheffer’s
theorem. In what follows, if f: R? x (0,7) — [0,00), M f denotes the maximal function

M) =swp— [ flu.t)dy.

>0 T JB,(2)
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Theorem 1.3. There exist positive constants € > 0 and k > 0 depending only on « such that, if the pair
(u,p) is a suitable weak solution of (1) in the slab R3 x (—r?* + to, to] and satisfies

1
T6—4a

/ (Mlul* + |p|)3/2 drdt < e, (5)
Qar(0,t0)

then u € C*(Q.(xo,t0)). For r < 1 we have an explicit estimate of the form ||Jullcx < Cri=2e(s+1)
Moreover the constants are independent of o € (1,2] in the following sense: if a € [ag, 3] C (1,2], then
there are positive £y(ap), ko(aw), Cag) such that e(a) > eo(), k() > Ko(ag) and C < Clay).

With Theorem 1.3 it is possible to estimate the box-counting dimension of the singularity, showing in
particular that the box-counting dimension of the singular set converges to 0 when o — 5/4.

Corollary 1.4. If (u,p) is a suitable weak solution of (1) in R3 x (0,T), then for every positive t > 0 the
boz-counting dimension of Singu N (R® x [t,00)) is at most W.

Moreover, Theorem 1.3 has the interesting consequence that the set of regular points is stable under
perturbations.

Corollary 1.5. Assume that:

o ap = a € (1,2], (up,pr) is a suitable weak solution of (1) with a = oy, on R* x (0,T);
o (u,p) is a suitable weak solution on R? x (0,T) of (1);

o u, — u in L*(R? x (0,7));

e u is bounded in some Q4-(o, o).

Then for k large enough wuy, is Hélder continuous in Q,(xg,to).

In turn the latter statement, combined with the Leray weak-strong uniqueness and the existence of
smooth solutions at the threshold o = %, allows, in a suitable sense, to extend the existence of smooth
global solutions slightly below %. One possible formulation is the following.

Corollary 1.6. Let X C L*(R3;R3) be a Banach space of divergence-free vector fields satisfying the
following two requirements:

(LT) For any uwo € X and any o € [g, 3] there is a classical solution of (1)-(2) on a time interval
[0, T'(J|uol|x)] depending only upon ||ugl|x and not upon a.
(WS) Any Leray—Hopf weak solution has to coincide with the solution of (LT) on the interval of existence

of the latter.

Then, for any bounded set Y C X there is ap(Y') < g with the following property: for any a € [ay, %] and
ug € Y there is a unique Leray—Hopf weak solution of (1)-(2) on R3 x (0, 00), which in addition is smooth.

Any space X of functions which are regular enough satisfies (LT) and (WS). Indeed the amount of
regularity needed is not much: for instance, with a slight modification of Leray’s original arguments, it is
not difficult to see that H! fulfills both conditions. We thus conclude that for any H! initial data there
are global smooth solutions of (1) whenever « is sufficiently close to 2 (and this closeness is uniform on
bounded subsets of H'). An analogous result regarding the existence of smooth solutions for the slightly
supercritical surface quasi-geostrophic equation on bounded subsets of a suitably chosen Banach space was
obtained in [7] with different methods.
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1.3. Plan of the paper. In Section 2 we will discuss the various notions of weak solutions used in the
note, their existence and the two main e-regularity statements, namely Theorem 2.9 and Theorem 2.10,
from which all the results claimed so far will be derived. The Sections 3, 4 and 5 outline the three main
ingredients of the proof of the first e-regularity Theorem 2.9. In particular:

e Section 3 derives the most important consequence of our definition of suitable weak solution, namely
a local energy estimate (cf. Lemma 3.2), which in turn implies a crucial compactness property of
solutions, proved in Section 4, cf. Lemma 4.2.

e Section 5 discusses the interior Holder regularity of the solutions of a suitable linearization of (1),
cf. Lemma 5.1.

The compactness lemma and the estimates on the linearized system are then combined in Section 6 to
prove a suitable excess decay property of solutions of (1), cf. Proposition 6.1. The latter proposition is
iterated to prove Theorem 2.9. In Section 7 we show then how to derive the second e-regularity Theorem
2.10 from Theorem 2.9. Finally in Section 8 we prove the various results claimed above.

1.4. Acknowledgments and final remarks. The first author acknowledges the support of Dr. Max
Rossler, of the Walter Haefner Foundation and of the ETH Ziirich Foundation. Part of this work has been
carried on while the second author was spending a semester at the CMSA at Harvard and a one month visit
at the IHES at Bures sur Yvette. This project has received funding from the European Union’s Horizon
2020 research and innovation programme under the grant agreement No.752018 (CuMiN).

The authors wish to thank Joachim Krieger, Wilhelm Schlag and Andrea Nahmod for very useful advices
and conversations at a very early stage of their work and Alice Chang and Vlad Vicol for useful comments
towards the end.

While we were completing this manuscript we learned of a similar independent work in preparation of
Eric Chen, cf. [6], aimed at establishing the main conclusion of our paper, namely the estimate on the
singular set of Theorem 1.2.

2. SUITABLE WEAK SOLUTIONS

2.1. Leray—Hopf weak solutions. We introduce the usual concept of Leray—Hopf weak solutions.

Definition 2.1. Let ug € L*(R3) be a divergence-free vector field. A pair (u,p) is a Leray—Hopf weak
solution of (1)-(2) on R® x (0,T) if:
(a) ue L=((0,T), L*(R?)) N L*((0,T), H*(R?));

(b) u solves (1)-(2) in the sense of distributions, namely divu = 0 and
/ <0t<,0 U+ Zuiujajgpi — (—A)%p- u) drdt = — /uo(x) - (0, ) dx
Y]

for every divergence-free ¢ € C°(R3? x R, R?).

(c) p is the potential-theoretic solution of — Ap = divdiv (u ® u) (here and in the rest of the paper we
use the notation div div (u @ u) for 3=, . 97 (usu;));

(d) The following inequalities hold:

1
/|u| x,t) d:r:+/ /] )2l (2, 7) do dr < 2/\u0|2(x)dx vVt >0

/]u| xtd$+/ /] )P}z, 7) do dr < = /\u| (x,s)dz  for a.e. s and everyt > s.
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As already mentioned, we have the following simple extension of Leray’s theory:

Theorem 2.2. For any divergence-free ug € L*(R®) there is a Leray-Hopf weak solution of (1)-(2) on
R3 x (0,00). Moreover, if v is a second Leray—Hopf weak solution such that ||v(-,t)]|s € L*(0,T) then
u=uvonR3x(0,T).

The proof follows the idea of Leray’s paper [13] with minor modifications: we refer the reader to the
Appendix for a detailed proof.

2.2. Caffarelli-Silvestre and Yang extension problems. In order to define suitable weak solutions,
we deal with the fractional Laplacian by defining suitable extensions to the half space Ri“ =R" x [0, 00)
of functions defined on R"™. In what follows we always use the variable x for the factor R™ and the variable
y for the factor [0, 00). Moreover we use the notation V, A and so on for differential operators defined on
R, The following theorem is essentially due to Yang [21] (see also the survey [5]): for our analysis we
need however some adjustments of his statements and some further properties and for this reason we give
a self-contained proof of the theorem and of other related facts in Appendix B.

Theorem 2.3 (Yang, 2013). Let u € H*(R"), with o € (1,2) and set b:= 3 — 2. Define the differential
operator Ay as

Ayu* = Au* + gﬁyu* = Ediv (y"Vu*) . (6)

Then there is a unique “extension” u* of u in the weighted space L%OC(Ri“,yb) which satisfies Ayu* €
LRy, y") and

_2 *
Ayu*(z,y) =0 (7)
and the boundary conditions
u*(z,0) = u(z) (8)
lim y'~*9,u*(z,y) = 0. (9)

y—0
Moreover, there exists a constant c, ., depending only on n and «, with the following properties:

(a) The fractional Laplacian (—A)*u is given by the formula

(—A)*u(z) = cpo lim 4?0, Apu™(z,7) . (10)
y—0
(b) The following energy identity holds
[ aeatupde = [ PR = e [ S drdy. (11)
n n RT—{L— 1
c e following inequality holds for every extension v € ) of u with Ay € YY)
The foll lity holds f L2, ]RCLFH %) of h A L? RJFH b

/ Y| Apu? dee dy S/ Y’ |Apo]? da dy. (12)

Ri+1 R1+1

Remark 2.4. The boundary conditions (8) and (9) can be really taken pointwise if u is (sufficiently)
smooth, otherwise they must be understood in the sense of distributions. In particular, we will prove a
suitable representation formula for u*(z,y) as (P(-,y) * u)(x), where P is the Poisson-type kernel of (72):
corresponding boundary conditions will be derived for P in the distributional sense. When u is less regular,
even though Theorem 2.8 does not apply, we will still use the notation u* for its extension P(-,y) * u.
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Remark 2.5. Observe that, since 2 —a > 0, (9) implies also the boundary condition appearing in [21]
. b * o
lin "0, " (z, y) = 0. (13)

Yang’s theorem is an extension to higher order operators of a theorem of Caffarelli and Silvestre, cf. [3].
The latter will also turn out useful in our considerations and we therefore recall it here.

Theorem 2.6 (Caffarelli-Silvestre). Let w € H* (R"), with o € (1,2) and set b := 3 — 2a. Then there
is a unique “extension” w’ of w in the weighted space Hl(RTFI, y®) which satisfies

Ay’ (z,y) =0
and the boundary condition
w’(z,0) = w(zx).
Moreover, there exists a constant C,, o, depending only on n and «, with the following properties:
(a) The fractional Laplacian (—A)* 1w is given by the formula
(=8)" (@) = Coa lim g0, (2, )

(b) The following energy identity holds

[ Iy up s = [ e a©Fds = Co [ V0P dzdy.

(¢) The following inequality holds for every extension v € H* (R, 4*) of w:

/ Y|V |2 da dy < / ¥ | Vol da dy .
Ri+1 Rn+1

+

In the rest of the note we will always use b to denote the exponent 3 — 2a in the operator A, in the
measure 1’ dz dy and in the corresponding weighted Sobolev spaces. The same exponent appears, however,
in some other instances, more precisely in the scaling of certain integral quantities and in the summability
of u and p: in such cases we will use, instead, 3 — 2a.

2.3. Suitable weak solutions. We are now ready to define suitable weak solutions. In the next formula
and in the rest of the paper we use Einstein’s convention for the sum on repeated indices.

Definition 2.7. A Leray-Hopf weak solution (u,p) on R3 x [0,7] is a suitable weak solution if the
following inequality holds for a.e. ¢ € [0,7] and all nonnegative test functions' ¢ € C2*(R% x (0,7)) with

IThat is, the function  vanishes when |z| + y -+ |¢| is large enough and if ¢ is sufficiently close to 0, but it can be nonzero
on some regions of {(x,y,t) : y = 0}.
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8,p(-,0,-) = 0 in R3 x (0,7):

2 ¢
/ gp(x,O,t)Mdm—l—ca/ / Y| Ayu* o da dy ds
R3 0 JRY

2
t U 2 U 2
< / / |—|8tg0|y:0 + (|_| —l—p)u : VQD|y:0 dx ds
0 R3 2 2

t
- ca/ / Y Awur (2Ve - Vui + ufAyp) dadyds, (14)
0 JRY

where the constant ¢, depends only on o and comes from Theorem 2.3.

It is not difficult to see that for a smooth solution of (1) the inequality (14) holds indeed with the equality
sign (for the reader’s convenience we have included the proof in the appendix). A minor modification of the
proof that Leray-Hopf weak solutions exist yields the existence of suitable weak solutions as well. Again,
we refer to the appendix for the complete proof:

Theorem 2.8. For any divergence-free ug € L*(R?) there is a suitable weak solution of (1)-(2) on R3 x
(0, 00).

2.4. Statements of the s-regularity Theorems. We are finally ready to state our main e-regularity
statements. First of all Theorem 1.3 will be derived from a similar one where the smallness assumption is
in fact weaker. In order to state it we need to introduce a suitable “tail functional”:

! 1
T (u;z,t,r) = r5a2/ sup ][ lu(y, t)|* dy dt . (15)
t Br(z)

3o
—r2a Rz% R

Theorem 2.9. There exist positive constants € and k, depending only on «, such that, if (u,p) is a suitable
weak solution of the hyperdissipative Navier-Stokes equations (1) in the slab R? x (—22%0) and satisfies

/ (juf +1p1*) drd + T(u:0,0,2) < . (16)

2

then u € C%* (Q1;R?). Moreover, the constants are independent of « in the sense of Theorem 1.3.

The second statement uses the Caffarelli-Silvestre extension (Vu)” of Vu. Observe that
co [ RV Pyt dody = |
R

R3
In particular we easily conclude that, for a Leray—Hopf weak solution on R? x (0,T),

(—A)*T Vu

‘ 2

(=A)2ul*(z,t) de.

(z,t)dx =

+ R3|

T
_ 1
ca/ / yb|V(Vu)"|2(a:,y,t) dz dy dt < 3 ]u0|2(:c) dr < 00.
0o JRY

R3

We introduce a suitable localized and rescaled version of the left hand side. In particular, we define first
a suitable counterpart of the parabolic cylinders in the domain ]Rfl|r x R:

Qi(x,t) = B(z) x [0,7) x (t —r** 1]

and we then consider the quantity

1 —
E (uyx,t,r) = m/ W IV (Vu)’|)? dx dr.
r Qr(x.t)
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Theorem 2.10. There exists § > 0 such that, if (u, p) is a suitable weak solution of (1) in R3 x I and, at
some point (z,t), we have
limsup £ (u; z,t,7) < 0

r—0

then (z,t) is a regular point.
3. THE ENERGY INEQUALITY

In this section we consider the hyperdissipative Navier-Stokes equation with a constant drift term M € R?
and a scalar factor L € R multiplying the quadratic nonlinearity, namely

ou+ ((Lu+ M) -V)u+Vp = —(—A)*
(17)
divu =0.

The notion of suitable weak solution generalizes trivially to this context in the following way: for a.e.
t € [0, 7] and all nonnegative test functions p € C°(R} x (0,7)) with

Oyp(+,0,-) =0 on R? x (0,7) (18)

we require that a suitable weak solution of (17) satisfies

[ oot /A4y|Au|¢</Ag[ ,->+(L'§'2+p)u-w<-,o,-)]

// —M V(- 0, —ca// Y’ (2VeVurAyu* + u*AypAyu®)  (19)
R3 0 JRY

(the integrals in space have to be intended in dz when the domain of integration is R3, and in dx dy when the
domain of integration is R} ; the constant ¢, depends only on a and comes from Theorem 2.3). The system
arises naturally because we will subtract constants from suitable weak solutions of the hyperdissipative
Navier-Stokes equations and we will rescale them. In particular we have the following

Lemma 3.1. Let (u,p) be a suitable weak solution of the hyperdissipative Navier-Stokes system. Let
MeR and L >0, let p € L*((0,T)). Then v := (u— M)/L and q := (p — p)/L solve (17) and satisfy
the modified energy inequality (19).

Proof. We first observe that subtracting a function p of time to the pressure does not change the Navier-
Stokes equations (where the pressure enters only through its spatial gradient) nor it affects the inequality
for suitable weak solution, since it adds a term of the form

t
—/ p(s) / u(z, s) - Vo(x,0, s) drds
0 R3
which vanishes because u is divergence-free. Hence, we can assume that p = 0 and that ¢ = p/L.

Given a nonnegative test function ¢ € C2°(R% x (0,7)) with 9,¢(-,0,-) = 0 in R? x (0,T), we write the
following simple algebraic identity.

v(z,t)|? K — 1 u(x,t)]
[ oo [ pimaro= 5 [ etwon B0t [T ey
R3 0 JRY R3 RY

_% o(x,0,t) M - u(z, t)+ﬁ/ ¢(z,0,1) ]\/2[| (20)
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where we have simply observed that v* = %(u* — M) and thus

Vo* = L7 'Vu* and  Ap* = L 'Ayu*. (21)
We apply the energy inequality to the function u to control the two terms in the second line. We then test
the hyperdissipative Navier-Stokes system with ¢(-,0, )M to control the first term in the third line:

t
/ gp(-,t)u(-,t)-de:/ [@gpM-u—i—LM-chp-u—kM-V(pp—cpM-Aau} dz ds.
R3 0 JRr3

Notice that the last term of the right hand side can be rewritten in terms of the extension u* by using
(10), the divergence theorem and (7); namely for every ¢ € [0, T

- / 90(7 07 t>M A%y = —Ca }II_I}(I) yb(p('a 07 t)M ’ 8yzbu* = Ca/ E (beOMlV_Aij)
R3

4
R3 RY

= ¢4 / VWMV - VAu; = —cq / YAy M - Ayu*
R4 R4

where in the last line we have integrated again by parts taking advantage of (18). To rigorously justify
the formulas, we approximate u with smooth functions u * pg, where {pg}toco,1) € C°(R?) is a standard
family of mollifiers. Notice that (u % pg)* = u* * pp. For smooth functions the integration by parts can
be justified using Remark 2.4. To take the limit in the identity we observe that all the terms in the right
hand side pass to the limit since u* * pg — u*, Ayu* x pp — Ayu* in L*(R%, 4*) while for the left hand side
we employ the distributional convergence of the a-Laplacian.

Finally, we rewrite the last term of (20) as

/%O(x,O,t)l //atgprS MF? dx ds.
R3 R3

Putting together these estimates and since u is divergence-free, we obtain that

t
/(p(a:,O,t)MdaH—ca// Y| Ay*|Pp dx dy ds
4

v |2 [o]*
Op(z,0,s) + u+qu)-Vo(x,0,s)| deds
s 2

t
— % / / b (ﬁgﬁu*&u* + (u* — M)Zbgpzbu*) dx dyds ,
0o JrL
We next add and subtract the term

t ]2
/ / —M -V(-,0,-)dzds
0 R3 2

and use (21) (namely Vu* = LVv* and Ayu* = LAyw*) to conclude (19). O

In the next key lemma we show that the local energy inequality allows to control a suitably localized
energy in terms of lower order norms of w.
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Lemma 3.2. Let M € R*, f € L'([0,1]) and (u,p) be a suitable weak solution of (17) in R® x [—1,0].
Then we have that

t)[? —
sup / M dr + / Y| Ayu* |? de dy dt
B34 2 Q

te[—(3/4)%,0] 3/4
<O+ |M|) [ |ufdedt+ C/ lu|[|L|ul* = f()] + [p]] dz dt + C/ vl |? da dy dt.  (22)
Q1 Q1 Q7

We remark that the lemma will be applied twice: in the proof of Theorem 2.9, to get strong compactness
of the rescaled sequence, with M = (u)q,, and f = 0; and in Theorem 2.10, with M = 0, L = 1, and
f = [u]},, where here and in the rest of the note we use the shorthand notation

la(t) = ]{Zu(x,t) d
() = ]{ w(, 1) dodt

respectively for space and space-time averages.

The subtraction of the function f(t) in the cubic term of the energy is due to the fact that in the Navier-
Stokes equations the nonlinear term has a divergence structure. In order to prove the lemma we need a
suitable interpolation inequality, which in fact will prove crucial in several other occasions. We state it
assuming that v and u* are real-valued functions: in fact, the lemma will be applied componentwise to the
velocity field. Since it will be used several times, consistenly with the notation Q*(z,t) we introduce also

Bi(z) := B,(z) x [0,r[C R}
Lemma 3.3. Let v € C®(R*), € € (0,1), r € (0,00), u € H*(R®) and u* be its extension given by

Theorem 2.3. Then the following inequalities hold for a constant C' depending only on «:

_ _ C _
/ Y| VurPy? de dy < 6/4 Y| Apu [P9? da dy + g/ Yl (07 + [VY?) dedy, (23)
R4 R+ Ri

+

: :
B3 B;r r B*r

J : 2
Proof. We first assume in addition that u € C*. Remember that Ayu* = y~tdiv(y*Vu*), thus
div (yPu*Vu*) = div (1" Vur ) )u ? + o |[Vu* 20? + 29Pu* Ve - Vu*
=y’ Ayt ? + o [Vt |2? + 29 0u Ve - V'
Integrating by parts the boundary term vanishes thanks to lim, o y*9,u*(z,y) = 0, thus

/ yb|vu*|2¢2 — _/ ybu*zbu*¢2 . 2/
RY R4

4 R

*
I

yPyuVu* - V. (25)
+

More precisely, to obtain the previous estimate we integrate in {y > ¢} and then we let ¢ — 0; the

boundary term satisfies
2
< liminf (/ P2 d:p) : (/ Y20, u*|? dm) =0
y—0 R3 R3

lim inf
y—0

/ ybu*@ZJQ@yu* dz
R3
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where the last equality follows from the L? estimate on u* of Lemma 3.4, which shows that the first factor
is bounded for a sequence of y going to 0, and to the fact that lim, 0 y*9,u*(z,y) = 0 uniformly, thanks to
the smoothness of u and to (13). By Holder inequality, we estimate the first summand in the right hand

side of (25)
_/ ybu*zbu*w2 S (/ yb|Zbu*|2w2> </ yb|u*|2,¢}2> )
R Ri R4

4
+ +
We use Young’s inequality to the second summand of (25), thus

[ powvuvose [ epmireg [ e
RY R4 RY
The second summand of the latter inequality an be reabsorbed in the left hand side of (25). Putting
together the last three displayed inequalities and using Young’s inequality a second time, we obtain (23).
Applying the same arguments with a cutoff function i) between B and Bj., we obtain (24).

This concludes the proof in the case that u is smooth; if u € H*(R?) is not assumed to be smooth, we
proceed by approximating u with u* pg, where {pp}oe(,1) C C°(R?) is a standard family of mollifiers, and
we notice that (u* pp)* = u* * pg. To take the limit in (23) (and similarly in (24)) we observe that all the
terms in the right hand side pass to the limit because u* * pg — u*, Ayu* * pg — Ayu* in L2(R4, y?), while
for the left hand side we employ a lower-semicontinuity argument. 0

Proof of Lemma 8.2. Let r,s € (3/4,1), r < s,r" = (2r+s)/3, s = (r +2s)/3 and let us consider a cutoff
¢ supported in @7, which is identically 1 on @)%, and such that

— C —2
< — <
ol + 10l +1T6l < 7. IV < s

for some universal constant C'. Moreover, we assume that ¢ is constant in the variable y, namely d,¢ = 0,
on the domain {y < 5}. In particular we conclude that [Ayp| < C(r — s)~2. Let us consider

1) —
h(r) = sup /de+ca/ Y[ Ayu*|? do dy dt'.
r Q

te[—r200] J B 2

By the energy inequality (19) we have that for every ¢ € [—r2®, 0]
t

(-, t)* dx + 2¢q / / Y| Ayt do dy dt!
_r2a B:

lu
B

t
< / o( 0. )lul-,0) dx + 264 / / By 2o da dy dt
By —s2a ]Ri

t

t
< / / [’u‘zat@—i—(L]u‘Z—FQp)u-Vgo} d:cdt'+/ /M-Vgo\u]dedt’
—s2@ JR3 —s2a J B,

t
— Ca / / ¥’ (2VeVu Ayu® + u*AppAyu*) da dydt’ . (26)
_§2a Ri

Regarding the non-quadratic term in the right hand side, we notice that, since u is divergence-free, for any
f e LY([-1,0)),
¢

/ |l w2 ve]aar = [ [ [ = )+ 20)u- V] dor
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Taking the supremum as ¢ varies in [—72%, 0] in (26) and using the bounds on the derivatives of ¢, together
with the fact that they vanish inside @),» and outside @)y, we deduce that

2 Llul* — f(t) +2
N LI L2 Ty (U R 1
Qs’\Qr’ S—7Tr S—7T

bZ * * b7, ,* Z *
+0/ vldwille] | IVElZe] g gy gy (27)
Q" \Q* (s —r) s—r

dz dt

We estimate each term in the right hand side of (27). For the first term, we notice that

2
[ asn g < THED
Qu\Q ST Ja

For the third term, we apply Young inequality to deduce that

A — 1
/ y|b—u||u|d dy dt’ < / yb|Abu*\2d$dydt’+—4/ yP|u*|? da dy dt’
N, (s—r)? Q" (s =7)* Jornar,

< (h(s) — h(r)) + ﬁ /m yPlu*? da dy dt’.

lu|? dz dt’ .

Finally, for the last term we first use Young inequality to infer
o _ C _
/ VPV oVur Agu® do dy dt’ < / Y| Ay |* da dy dt’ + — / y° | Vu*|? do dy dt’
QN QN (s =72 Jar e

C —
< (h(s) = h — *\Vu*|? da dy dt'.
< ) )+ o | Py

In order to estimate the last integral, we decompose the domain of integration as
Qu\ @y = ((By\ By) x (=(1")*,0]) U (Bg x (=(s")*, = (r")**]). (28)

Next, we apply Lemma 3.3 twice: consider at first the case t € (—(r')?%, 0] and a cutoff function ¢ € C>°*(R?)
in the variables z and y, with the following properties: suppy NR% C B: \ B, » = 1 in B}, \ B}, and
V| < -£.. Thus, for each time ¢ € (=, 0] we have

1 = C

—2/ Y| Vu*|? do dy < / Y| Ayu* |? da dy + 7 /yblu*|2dxdy. (29)
(s—r) B*\B%, B*\B: (s—7) B

Next, at each fixed time t € (—(s)%*, —(r')?>*) apply Lemma 3.3 with ¢ = (s — r)™? and a new cutoff

function ¢ € C2°(R?) in the variables z and y, with the following properties: suppy "R% C Bf, ¢ =1 in

B and |Vo| < -£. Thus, for each time ¢ € (—(s)**, —(1')**) we have

1 X7, * N x C %
(s 1) /B* V| Vu* | do dy < /*yb|Abu \dedy+m/3* yP|u*|? da dy. (30)
s/ s 1

We integrate in time (29) for t € (—(")?*,0] and (30) for ¢t € (—(s')**, —(r')?>*) and we sum the two
inequalities. We then use (28) and the inclusion

((BI\By) x (=(r)**,0]) U (B: x (=(s)**, =(r")*]) € Q2 \ Q7
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Summing the corresponding contributions we get

1 = = C
(_—2/ yb|Vu*|2d:z:dydt'§/ ¥ | Vu*|? da dy dt’ + — 4/ yP|u*|? da dy dt’
s—1)* Jo: e, Q:\Q; (s =1)% Joy
LZL Y|t 2 do dy dt’.
(s—7)

- Q1

Putting together the previous estimates in (27), we obtain that for every 3/4 <r <s <1

< (h(s) = h(r)) +

1
h(r) < Cu(h(s) = h(r)) + C(L+ |M]) — ; |ul? dz dt’ + —/ |L|ul® — f(t) + 2p||u| dz dt’
C

+ - | Yt de dy dt!
(s—r)
- Qi

for universal constants C, and C. Hence, we apply Lemma 6.1 of [10] to conclude that

h(3/4) < CA+|M|) [ |u*dzdt + C/ |Llul®* — f(t) + 2p||u| dz dt’ + C/ yP|u*|? dx dy dt’,
Q1 Q1 Q7

which proves (22). O

We close the section with the following lemma where we estimate the nonlocal term in the right hand
side of (22) in terms of the L?-norm of u and of its “tail”.

Lemma 3.4. Let « € (1,3/2] and u € L*(B;) N L, .(R?) and assume that

2
sup R <][ [ul dz) < +00.
R>1 Bg

Consider the kernel P of Proposition B.1. Then the associated extension u*(x,y) = (P(-,y) *u)(x) belongs
to LY (RY,y") and satisfies the estimate

loc
2
/ lu* |y’ do dy < C / lu|® + sup R~ <][ |ul dx) : (31)
: Bs R>1 Br

for a geometric constant C' (which is, in particular, independent of «).

Proof. We set uy := 1p,u and u; := (ILB
kernel P(z,y) of Zi in Proposition B.1 and to (79) we can write

u*(z,y) = ux* P(:, ZM*P iuf,
i=1

3+2a
. Thus

i — 1 BQi> u for ¢ > 1. Thanks to the computation of the Poisson

where P(z,y) = v**(|z|> + y?)~

2
/ lu* 2yt do dy < 2 / |U’{\2ybda:dy+/ (ZHU e Bl)) dy | . (32)
1 Bi

i>1

To estimate the first term in the right hand side of (32), we observe that P(z,y) =y *P(y ', 1), thus
P(&y) =y *Ply 1)) = P.1) (&) < [P Dlluw < o0
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Combining the latter with Plancherel’s identity we achieve

[ wiptdsay< [ quipytdedy= [ j@pytdsay= [ a(@PE Py ddy
f R3X[D7l] R3x [0,1} R3><[0 1]

S 1
< 1PC DR / @ (6) 2 de / ydy < C / i de = C / .
R3 0 R3 Bo

Moreover, for ¢ > 1,
e y) = (us % P(y)(x) = / w(2) Pl — 2,y) dz — / W(2) P — 2, y) d=.
RB 2i+1\B21
When 2z € Byi+1 \ By we have that |z — z| > 27! and P(z — 2,y) < P(2""!,y), thus

. July™
o=y < P [ < [ -
1 By \By By \By, 2(3+2a)(i—1)

Adding over i, we obtain

uly / |uly*
u (e} < @ :
§ || ”L (B1) z :/ 9 3+2a)(z 1) Z 5(1 1) Byis1\By: 2(34—%0[)(1’—1)

i>1 i>1 2Z+1\BQ'L is1
Y= |ul ) / Jul
= DGRV < Cy**su _
R (i>1 22(Zl)> P /BR e By RT3
Replacing the right hand side of (32) with the latter estimates, we conclude (31). 0

4. COMPACTNESS OF SUITABLE WEAK SOLUTIONS

We now use the energy estimates of the previous section to prove a compactness statement for suitable
rescalings and normalizations of solutions. A crucial assumption of such compactness lemma is that we
have an appropriate control of some local quantities. For this reason we introduce a notion of “excess”
(for which in the next section we will prove a suitable decay property).

Definition 4.1. We define the excess as E(u, p;x,t,7) = EV (u;x,t,7)+ E¥ (p;x,t,7)+ E"(u; x,t,7) where
1
3

EY (ujz,t,r) = (][ lu — (U)Qr(ﬂvvt)|3>
Qr(x,t)
3

2
3
Ef (px,t,r) = r*! (][ lp— [p]BTu)I?)
Qr(.l’,t)

il 0 r 3o 9
b= ([ s (5)7 o u ol
—r2e R>1y Br(z)

We observe that, if u is a solution of (1), then

N

uy(z,t) := r** tu(re, r*t), pr(m,t) == r** p(ra, r*t) (33)
is a solution, too. The rescaling of the excess is given by
E(uy,p,;0,0,1) = r**  E(u, p;0,0,7). (34)

We are now ready to state our compactness property.
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Lemma 4.2. Let (ug,px) be a sequence of suitable weak solutions of the Navier-Stokes system (1) in
R? x [—1,0], with (u)g, — My and E(ug, px;0,0,1) — 0. Define the rescalings
U — (Uk)Ql . Dk~ [pkz]Bl
Vi = qr ‘= .
E(uk7pk’707071) E(ukapka07071)

Up to subsequences (uy, pr) converges (in the sense of distributions) to a pair (v,q) defined on R3 x [—1, 0]
which solves the following system in Q%

&gv + Vq + MO -Vov = —(—A>aU
(35)
diveo =0

and satisfies
E(v;0,0,1) <1. (36)
Moreover, v, — v strongly in L3 (Q;,R?’) and q, — q strongly in L3 (Q%)

Remark 4.3. Note that v belongs to L% because of (36), whereas q is, a priori, just a distribution. Note
that, although the behavior of q outside Q1 does not affect the equation (35), the global behavior of v enters

«

in (35) since it affects the nonlocal operator (—A).
An important ingredient of the proof is the following interpolation lemma.

Lemma 4.4. Ifv € L*(R3;R3) then for every r € (0,1) there exists C := C(r) > 0 such that

2 < 2 3o 2 )
[ c(/ o By + sup R~ ]{93’1}') (37)

R>1

Proof. Fix r € (0,1) and ¢ be a smooth cutoff function between B and B;f. We assume that the cutoff
function ¢|y, <1y Is independent from the variable y, so that Vi = V¢ in the set {y < 1}. We can estimate

~A)S 2 (11) bIA *2(3) BN (v* o) |2
ol Yey | o) < o [ oIE0)

+ +
<C [ (B P+ [T PV + (o).
1
The second summand of the right hand side can be estimated by Lemma 3.3 with ¢ = 1/2, ¢ = |V

[ mor <o [ p@mop ).
R4 B;

which in turn can be estimated with the right hand side of (37) thanks to Lemma 3.4. Next, by Sobolev’s
embedding

lv

By, < I06l s <€ [0 0o <O [ BB s R f f). O
B; Br

6
L3-2a (B, L3— Sa (R3) RZ%

Proof of Lemma 4.2. By Lemma 3.1, the pair (v, ¢x) is a suitable weak solution of the modified Navier-
Stokes equation (17) with L = E(ug,px;0,0,1) and M = (ux)q,. By Lemma 3.2, we obtain

o (-, )] bIA |2
sup 5 dr + Y| Apvg|“ dady dt < C', (38)
B

-3 /7 %
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where C' does not depend on k. From (38) and Lemma 4.4 we obtain that the sequence (vy) is bounded in

L>=([— (g)Qa,O], LQ(Bg)) and in L*([— (2)2‘170]7[1%(32))' By interpolation, v, is uniformly bounded

in L5 (Qs3).

Without loss of generality we can extract a subsequence (not relabeled) converging weakly to some v
in L (R3 x (—1,0]), notice in fact that the nonlocal part of the excess controls uniformly the L?-norm
in B, x (—1,0] for any r > 0. Similarly, using the equation Ap, = divdiv (v ® vg), we can assume
that the sequence {py} is suitably bounded in the space of tempered distributions and converges to some
distribution g. Note moreover that (36) follows from the lower semicontinuity of E.

We claim that the sequence vy, is a Cauchy sequence in L* (Q%). Indeed let € > 0 be a fixed positive
number and g be a smooth family of mollifiers in space supported in B;. As shown in the proof of Lemma
4.4, the sequence (vy) is bounded in L?((—1,0], H*(Bs/s)). In particular, by the compact embedding of
H®(Bss) in L?(Bs/s) and the uniform bound in L? (Qg), we easily conclude

ok — vk * ol 23(Q, o) < F(0)
for some function f of # which is independent of £ and which converges to 0 as # | 0. Therefore there
exists € > 0 such that

[or — ve * ollLs@) < 5 VEZ 1. (39)

Wl M

We analyze the equation for vy * ¢g:
Oy(vr * p9) = —Vpi * o — [(vi - V)ui] * o — v * (=A%) g -
Observe that, using Vpg * 09 = pr * Vg and the uniform bound in L2 for Pk, wWe have

IVPk =20l -2 o ey ) < )
where C(#) is a constant which possibly blows up when # — 0, but otherwise does not depend on k. Using
[(vg - V)] * g = div (v, ® vg) * g We obtain

1o =)o @oll g 1oy gy e,y < €10

We observe that (—A)%py(x) < % and a similar estimate holds for the gradient of (—A)%gy; indeed,
since ¢y is smooth, for |z| < 1 we can use the representation formula for the fractional Laplacian and an

integrating by parts to compute

(-8 (o) = (~8)Bp(w) = =C [ 2ooly) g _ / ) o CO)

ws |z — y[Pr2e-D s o — y3t2e T T 1 4 g2

Recalling also that E™(vg; 1) < 1 and estimating the convolution on each dyadic annulus, we obtain
vk (=2)%@oll 2 (1220 0. w1.02(By 1)) < C6).

The sequence of maps t — vy * @y(-,t) is therefore a sequence of equicontinuous maps taking values in
a closed bounded subset X C WhH>(B, s2). Endowing X with the uniform metric we have a compact
metric space. From Ascoli-Arzela theorem the sequence is precompact. On the other hand we know it is
converging weakly in Ls (Q1/2) to v * @y, thus vy * g is converging uniformly to v * . Hence there exists
a K € N such that for every j,k > K we have

g
||UI<: * Py — Vj * QDGHLI(Ql/z) < g
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This, together with (39), completes the proof that v, is a Cauchy sequence in L'(Qi/5). The strong
convergence of p, can be inferred from Calderén-Zygmund estimates. 0J

5. ESTIMATES ON THE LINEARIZED EQUATION

This section is entirely devoted to prove the following linear estimate.

Lemma 5.1. Let o € (1,2), § > 0 and let u € L2 (R? x [0,1];R3) and p € L32(Q1,R) be solutions in Q
of the linearized system (35) with My € R3, |[My| < M, (u)g, =0, [plp, =0 and E™(u;0,0,1) < co.
Then there exists a constant C = C(M,«a) such that

: N : :
+ 3 L <C / u3) —1—6(/ 2) +C / su R3a][ ul?] .
chiaum PP yayern,y <€ ([, 1 . LB L

(40)

=

[ul,,

w\»-A

Moreover the constant C is independent of o, when the latter varies in (6/5,5/4].

Proof. By a standard regularization argument (which can be used because (35) is a linear system with
constant coefficients) we assume u,p € C*. In this proof we denote by C' a generic constant possibly
depending on a and M;, and by u* the map P(-,y) * v with P as in Proposition B.1. In the proof we
use several cut-off functions on RY. We follow the convention that a “cut-off function between A and B”
denotes a smooth function equal to 1 on A and compactly supported in B. Such cut-offs might be nonzero
on {y =0} and are assumed to be constant in the variable y over a suitable strip R? x [0, yo.

We derive a first energy estimate multiplying the equation by ¢ju, where ¢y is a cutoff between B /8

and B}

d «
7 lu|?p? = 2/ (pVgol ~upy + My - Vi |ul*p1 — (—A)*u - ucp%) )
B1 Bl

Arguing as in the proof of Lemma 3.2, with the obvious adjustments, we conclude that

1 " A’
sup 5/ [ul” +/ 2a/ [yl | Ay ?
te(=(7.0] © /Baa RN
2 1
3\ ° 3)° 2 Pt |?
e[ wE) ([ W) aeaneen | e | el
1 1 @ o

Consider now a new cutoff function 3,4 between B} /9 and B} /- Thanks to fractional Sobolev embeddings,
the properties of the extension u* (11) and (12) and the interpolation result of Lemma 3.3, we have:

/ |VU|2 / / |V USO3/4 < O/ / | % UQ03/4)|2:/ , 2a/ yb‘zb<UQ03/4)*|2
h o O ~(2)"" Jmg
/ / Y[ D (u" psa)|?
(3) Jrt
0
S/ : 2‘“/ yb¢§/4|Abu*|2+O/ Qa/ ?Jb|V903/4|2|Vu*|2+C/ P |u|?
— é 4 B §) R4 o
1 + x
< O/ " / YA P, + / yPut|?.
Z l
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Concerning the pressure, let 1 € C°(Bs/4) be a further cutoff function, identically 1 on Bag/3. Let p be
the potential theoretic solution of
Ap = div(My - V(Yu)).

By Calderéon-Zygmund estimates
—I— Cllu|l .
L L3(Qs/4)

Vp|l s < || M, u < C||Vu
| pHLtgL%(Qn/w) < Mo~ V(Y )||L2L2 (Q11/16) | H QLQ(Q

Since p — p is harmonic in By3/3p we can control
Vo -p)l <Clp-pll 3 o + ).
VG030 <=0l <O(Iols ,  + Tl o
(41)

Therefore
< 19l 20yy + Clullzzn + Cloll 3.,

H pHL2L2(Q11
Observe that, by linearity again, any derivative d;u is a solution of (35), in particular

8t8¢u + V@Zp + M() . V@Zu = —(—A)O‘@-u.
Multiplying the equation by q1/160;u and

Let 1116 be a cutoff function between B;/g and BH/16

integrating in space, we obtain
d
azpvsﬁn/lﬁ aiu<,011/16 + M - vS011/16|3i7~t|2<,011/16 - (—A) Oy - 0 U¥11/16

dt
Integratlng in time and performing tricks as above

/yb|zbaiU*|2<P%1/16

|a U|2S011/16 =2

sup |8iu‘290%1/16+/ i

te(—(35)2,0] /B

(42)

O’ﬁ

< 2/ a1‘19V<P11/16 : aﬂwn/lﬁ + O/ |3iu|29011/16 + C/ yb|3iU*’2-
Q1116 Q11/16 Q1116

The third term in the right hand side can be estimated via Lemma 3.3. Regarding the first term, we have

/Q 37,]0V<P11/16 0; iup11/16 < CHVPHLl (11/16)22,0};L2(B11/16)) 10 “9011/16”L°°( (11/16)2%,0];L2(B11,16))
11/16
The first term in the right hand side is estimated by (41) and the second term is absorbed in the left hand
side of (42). We conclude that
bI'A * 2 2 by, *|2
Ju] @wmmmeﬁLWQMﬁm|SCWMWM+CMM%M+C/¥MUW
1

[terating k& times the above estimates (possibly introducing a suitable number of intermediate radii

depending on k)
]| Loo (= (9/16)20,0] H(By 1)) < Cllullzsg,) + C||p||L2(Q + C/ Y u*f?
1

where the constant C' depends also on k. Similarly, with the same argument for (41) we achieve
Cllullsy + ol 3, + € [ oluf (43)

HpHLg 9/16)20‘ 0] Hk(Bg/lﬁ
1
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Using k& = 6 and Morrey’s embedding theorem, from (43) we deduce the following spatial estimate for
u:

by, *|2
ell e (01620 01,02(Bosre)) = Nelloe (0161200, 10(By ne)) = Cllellzz@n + Cllpll 3,y + € _ "
1
Thanks to Lemma 3.4, the right hand side in the previous equation is estimated by the right hand side in
the estimate for the pressure in (40). From the equation (35), we estimate the time derivative of u with

“at“”L%((—(1/2>2a,o],L°°(31/2)) = WPHL%((—(1/2)20&0],L°°(Bl/2)) L+ M)lIDullzm@n +I(=A) i@y

For the last term, we consider a cutoff ¢g,16 between @/ and Qg,16 to deduce
[(=A) ullL2e(@y 1) < (=) (wpos16) lzoo(@y o) + [[(=A)* (w1 = wo/16))| L= (@, )

The term [[(=A)*(upg/16) || = (q, ) 18 estimated by “u”L°°((—(1/2)%,0},03(81/2))' For the other term we observe
that, for any 2 € supp ¢g,16

(8wl ~ o)) = [ TRy, o, [ U P DuE)

31202 _ _[3+2a
|z — 2| |z — 2|

Hence, the term [|(=A)*(u(1 — ¢9/16))|lz=(qQ, ,) can be estimated with the third summand in the right
hand side of (40). Summarizing, we can bound ||Jsu|| with the right hand side of

40). Si
(40). Since lulloy (o goe (5,1 ~(1/2)2%.0],L% (B, 12)
continuity estimate in time, which completes the proof. 0

L2 ((~(1/2)22,01,L(B12))

is bounded by ||Qpul| 3 (« ) we conclude the Holder

6. EXCESS DECAY AND PROOF OF THE £-REGULARITY THEOREM 2.9

We now come to the core of the proof of Theorem 2.9, which is the following “excess decay estimate”.
After proving it we will show how to set up an iteration which leads to Theorem 2.9.

Proposition 6.1. Let (u,p) be a suitable weak solution of the hyperdissipative Navier-Stokes equation,
a € (1,2] and M > 0. Then there exist ¥ :=9(a, M) € (0,3) and € :=e(a, M) € (0, ) with the following
property. If r <1, Q,(z,t) CR3 x [0,T] for some (x,t) € R* x [0,T] and

(We,@nl <M and  E(u,p;z,tr)<e,
then .

E(u, pi, t,0r) < g E(u,pyx,t,7).

Moreover 9 and e are uniformly bounded away from 0 if the pair (o, M) ranges in a compact subset of
(1,3] x [0,00).
Proof. Without loss of generality we can assume that (x,¢) = (0,0) and we omit to specify it in the excess
(and its variants). It suffices to prove

E(u,p;¥) < =E(u,p;1).

N | —

Indeed, using (33) and (34),

1—2«

E(u,p;rd) = rl_zo‘E(ur,pr,f}) <

la(uwapr;l) ::Z;(U,p;T)
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and, if E(u,p;r) < g, then in particular F(u,,p,;1) < r?**7le < e. Let us assume by contradiction that
there exists a sequence (uy, px) such that

E(ug, pi; V) > =E(uk, p; 1)

DN | —

lim E(ug,pr;1) =0
k—o00
|(Uk)Q1| < M?

in particular, without loss of generality, we can assume (uy)g, — Mo with |My| < M. We set

U — (Uk)Ql Pr — [pk]Bl
v = ————  and ==
’ E(ulmpk; 1) . E(“kaka 1)
Thus E(vg,qr; 1) =1 and
1
(v, i) > . (44)

We can estimate

0 9 3a %
B (0:9) = ( Foosw (3) o e
92 p>1y Br
0 19 3o 19 3a 2
< <][ ( sup <§> f v, — (Uk)19|2 + sup (E) ][ v — (Uk)ﬁ|2> .
-2 \ ly<p<l Br R>3 Br

We estimate the second term by adding and subtracting the average on (); and

0 '19 3a % a 3a
][ ot (_) ][ vk — (ve)ol” | < 92E(up, g 1) + (49) 2 |(vk)q, — (Uk) ]
_192a RZ% R BR

<95 4+ (49)F (|(vk>Qﬁ = (k) ol + 1(vk) . — (Uk>Q1|>

and we notice that |(vr)q,,, — (Vk)q.| < cEV (v;1) < ¢, so that we get

=

E"l(vk;ﬁ)§<][_o sup (%)Ri / R|vk—<vk>e|2>2+ﬁ%+c<419>35‘(1+|<vk>%—<vk>Q%\).<45>

20 1 1
92 ly<pel

We take the limit in (44): Lemma 4.2 gives a pair (v, ¢) solution of (35). Taking into account (45), we get

- < E'(v;9)+ E" (¢;v) + ][ sup (—) —/ v— (v
7S BB+ (s () g ), 0 Wl

a 3a
+ 9% +c(49)F (1+](0)q, - (), ).
By semicontinuity E(v,q; 1) < liminf E (v, gx; 1) = 1. Thus, thanks to Lemma 5.1 we obtain the bounds:

EY(vid) <eds,  EF(pd)<edt,  |(w)g, — (Wl <c.
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Moreover, for every (z,t) € Qg, |[v — (v)g,| < CR3, hence

1

1
0 19 3a1 2 0 19 3a 5 2 )
][ sup (—) —3/ - ()e,l’] <C ][ sup (—) RY) <ovi.
—_92a iﬂ§R<i R R BR 92 %ﬂSR<i R

Putting everything together

~—

3a
2

1 1 1 1

5 §c<19§ + 02 + 935 + (49) ) :
Since c¢ is independent of ¥, if the latter is small enough we obtain the desired contradiction. O
6.1. Proof Theorem 2.9.

Proof of Theorem 2.9. Step 1. Let €y be a constant (to be chosen later) which is smaller than the one
given in Proposition 6.1 for M = 1, allowing the decay of the excess. There exists € > 0 such that, if (16)
holds, then

E(u,p;xo,t9,1) <go for every (xo,ty) € Q1. (46)
To show the claim, we observe that the quantity in (16) controls EVY (u;xq, to, 1) + E¥ (p; xo, to, 1):
1 1
Flumian s (f ) 4 lwamnl <o (f  wP) et an
Q1(zo,to) Q2 (z0,t0)
and similarly
E¥ (p;xg,19,1) < CPes. (48)

For the nonlocal part, we notice that for every R > i we have that Bg(x) C Bgyi and

2 R+1\* % 1 :
sup R~% (][ W) < sup (—) (e
R>Z Br(zo) R>7 R (R+1)> Bri1

Integrating in [t — 1,¢] and recalling that |(u)q, (z0.t0)] < Cllull £3(01 o,t0))5

1
t 2 0
[oswrsd ue o) <o (f swr Pl
t—1 R>1 Bg(zo) —22> R>1 Br(zo)

Provided that we choose € small enough to satisty Cnles + CVes + CPes < gy, we have shown (46).
Step 2. We claim that there exist an exponent v > 0 and a constant C' > 0 such that, if gy in (46) is
small enough, then

D=

E(u, p;zo,to,7) < Cr7  for every (zg,t9) € Q1,7 < 1. (49)
This proves u € C% (Q;) thanks to Morrey’s theorem (see, for instance, [4]). To show the claim, we prove
by induction that, provided & is chosen smaller than a geometric constant (which will be specified later
in terms of the constant 9 given by Proposition 6.1 with M = 1),

k
E(u7p7 l’o,to,l) €o 1
ok < ? and |(U)Q19k| < Cé?o § :21'_1
=0

E(u7p7 x()?t()?ﬁk) S (50)

(here and in the rest of Step 2, all excesses of (u,p) and all cylinders are centered at any arbitrary point
(x0,t0), and the estimates are uniform as (z, %) vary in @);). For k = 0 the first inequality follows from
Step 1 and the second comes from the fact that |(u)g,| < Cllul|rsg,) < Ce3, so the choice of & above
already fulfills the requirement. For the inductive step from k to k+1 we first wish to apply Proposition 6.1
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with M =1 and r = ¥*. The condition on the excess follows from the inductive assumption. Concerning
the average, we observe

|(U)Qﬁk| < 4C%q,
thus we simply need g9 < %. The Proposition 6.1 gives

E(u,p;xo,t9,1)
ok+1

1
E(U,p, x07t0719k+1) S §E(u7p) anthﬁk) S

As for the average, we observe the simple inequality

C ’ -
‘(U)Qﬂk} o (U)Qﬁk+1‘ < W (]{2 |U - (U)Qﬂk ’3) < CE(U,p, 'T07t07 19k) < C"5‘02 k?
9k

so that |(u)q,,.,| < [(u)q,,| + Cep27% < Ceo 3¢ Lo, Finally (49) is implied by (50): indeed for r = 9%

=0 2¢—1
(49) corresponds to the first claim in (50) choosing v = —logy(2), and for r € (V**1 ¥*) we compare
E(u7p) l'o,to, T) < C(ﬂ)EO“L?p? Lo, t(]?ﬂk) < C(502_]{: < Cefy(k—i_l) < Cr. ]

7. PROOF OF THE CAFFARELLI-KOHN—NIRENBERG TYPE THEOREM

To prove Theorem 2.10, by translation invariance of the equation we can assume, without loss of gener-
ality, that (z¢,to) = (0,0) and therefore, for every quantity as £ we omit the dependence on the function
(u,p) (which we consider fixed) and the point (x,t) (which we assume to be the origin). We introduce
moreover the following scaling invariant quantities (according to the natural rescaling (33)):

B(r) = )P dxdt

/ lu(z,t)|? dz dt

_ 1
T(r) :=r> 2/ SUp -3 |u|? dt
_ Br

T
r2o RZ 1

(in particular, the tail functional T has been already defined in (15)). The following lemma can be regarded
as a Poincaré-type estimate which is not really using the Navier-Stokes equation.

Lemma 7.1. Let o € (1,3/2), then there exists a constant C = C(«) such that, for any function u €
L2([0, T]; H*(R3)),
limsup (B(r) + F(r) + T(r)) < C'limsup E(r).

r—0 r—0

Proof. Estimate on B. We claim that there exist 6 € (0,1/4) and C' := C(#) > 0 such that
1
B(or) < SB(r) + CE(r) Vr > 0. (51)

This obviously implies
lim sup B(r) < Climsup £°(r) .

r—0 r—0

Moreover, without loss of generality we prove (51) for r = 1.
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In order to simplify our notation we set v := Vu and v’ := (Vu)’. We first show the following two
inequalities
V'] < C(B(1) +£°(1)) (52)
Q1
c [° C
O<gom [ [ WP e, (53)
0472« ] _g2a J Byx[0,26) g2

For every (z,y,t) € Q} we estimate
y 2
102 (z,y,t) < 2o} (x,t) + 2 (/ 10,0°|(x, 2, 1) dz)
0
y y
< 2|v*(z,t) + 2/ LIV Pz, 2, 1) dz/ 2273 dz
0

0
y JE—
< 22z, ) + / DT P, 2,8 d (54)
0

200 — 3

Similarly

9 v
w|?(z, ) < 200°|2(x, y, t) + / LIV (x, 2, t) dz . (55)
200 — 3 0

Integrating (54) on Q} we easily conclude (52). Integrating (55) in (z,y,t) on By x [0, 26] x (—6%*,0] and
dividing by 6*72% we reach (53). Next we compute
2 0
+(J€4/ ][ V(- 1)
—02x Bi1x[0,1]

/ / ”<o/ [ Wewn-f ot
02 By x[6,20] 02 By x[6,20] B1x[6,1]
2
< C’/ / v — ][ v’ +Cot [v°)?
—022 J By x[0,1] B1x[6,1] Q7

0
< C/ / Vo2 4+Co* [ |0
—62« J By x[6,1] Q*

/ yb]7vb|2 + o |v"|2 =Cp* |Ub|2 +
Q3 Q7 Q1

2

£(1). (56)

S ‘93—204 m

Using (53), (56) and (52), we have that

B(O) < CO*™ [ [P+ C (077 +0*77) £(1) < CO*B(1) + C (6 + 6% + 6% T) £°(1).
Q

Choosing 6 appropriately small, we conclude (51).

Estimate on F. We proceed similarly as above and claim that there exists 6 € (0,1/4) such that

F(Or) < —F(r)+ CB(r).

| —
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Again we prove the claim, without loss of generality, for » = 1. Indeed
9 2 0 2 9 2
F(0) < / u—][u +292M/ ][u < / u—][u +202“/ [ul”
05—204 ) §5—2a
Qo By 02> |J By 1 By 1

/ [Vul®> + CO**2F(1) = ¢ B(1) + Co**2F(1),

—952 P52

and choosing # appropriately we reach the desired conclusion.

Estimate on 7. As above we claim that there exists 6§ € (0,1/4) such that

T(6r) < S T() + OB(r)

and we assume, without loss of generality, that for » = 1.
Let S(t) be the function S(t) := supgs1 o f5, lul?. Let p € [4,1). We simply compute

][ |u|2s2f o — [y 2+ 2 f u
B B B
sup

p p
1 C
L p< / Dup.
%SR R3a Br 93a 93+3

Integrating in time and multiplying by #°*~2 we obtain

e C )
s;/&m—um oS < 93/ Duf? + CS(1).

In particular

C

057204

T(0) < CO**2T(1) + B(1),

from which the desired conclusion follows choosing 6 sufficiently small. 0

In order to prove Theorem 2.10 we introduce the following further quantities:

A(r):= sup ! lu|?(z,t) do

—r2a<¢<0 T B,

1
Qr

1 3
D(r) = M/QT Ip|2 dz dt .
We will need the following interpolation inequality.

Lemma 7.2. Let u: L*((0,T), L*(R3;R?)) N L*((0,T), H*(R3;R?)). Then the following inequality holds
for every p,r € R™ with p < r:

60—3 6—4a 600—3 9—2a
cp) < C(2)" Amt + C(%) A)iBmT < o(2)T TAm + (%) B(r)
Proof. Since all the quantities are scaling-invariant, it is enough to prove the inequality for » = 1. By the
triangular inequality, we split C(p) in two terms, namely

C
C(p) = =

Nl

(57)

0

dx dt < C’pmg/ [[u]1(T)

_p2a

)i (7))? de dr.
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We estimate the first summand in the right hand side

0
pto? / ][ u(z, 7)dx
7p2a B:

For the second summand, we firstly notice that, by Holder’s and Sobolev’s inequalities,

3

3
3
dr < Cp®* sup < lul?(z, ) dx) < C’p6o‘_3¢4(1)%.
By

_p2a Stfo

u(@,7) = [uly(7)Pdo < | Ju(z, 7) = [ul (7)]* do (58)
Qp Q1

;ﬁ(&m@ﬂ—Mmef(&m@ﬂ—mmeYﬁ

-1

]

< CA(1) /0 ( [ \pupe. 7 dgz;)Z dt < CA(1)BO)E.

-1
Putting together the last three estimates, we reach the first inequality in (57); the second inequality follows

by Young inequality. 0
Proof of Theorem 2.10. The key point is that there are constants > 0, C' > 0 and w, such that, if
B(r)+ F(r)+T(r)=w< wp, (59)
then
ABr)t + DO < LA + D)) + Ot (60)

Once this claim is proved, we combine it with the estimate of Lemma 7.2 with p = r, namely
C(r) < CA(r)iB(r)i + CA(r)? .

We can then apply Lemma 7.1 and we easily conclude that, if € is as in Theorem 2.9, for a suitably small
0, the condition
limsup £°(r) < §
10
implies

N

lim sup <C(7") +D(r)+T(r)
rl0

)<-
In particular, if 27 is a radius at which
C(2r) +D(2r) + T(2r)7 <&,

with an obvious scaling argument, we can apply Theorem 2.9 to u, and p,, hence concluding that the latter
are Holder continuous in (1. This, however, implies that u and p are Holder continuous in @,, i.e., (0,0)
is a regular point. We are thus left with proving (60).

Step 1: energy inequality. Without loss of generality we show (60) with » = 1 assuming (59) with r = 1.
From the energy inequality in Lemma 3.2 applied with M = 0 and f(t) = |[u];|* we conclude

A0 < 55 [ Qo Tl G+ lplle) +0) [+ c0) [yl (o1

Q29 Q20 Q3
For the term involving the pressure, we use the inequality

1 C 3 % % 1 2 2 4
72 Ip||ul < 7 (/ |p|2) (/ |u|3) = 0940‘_4(3(26’)57)(29)5 < C’@B_SO‘C(QH)§ + CD(20)s .
Q20 Q20 Q20
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Using this inequality and Lemma 3.2 and (59) to control the last two terms in (61), we conclude

4
3

Af) < H—C;/ lu — [u]q|u + [u]i||u] + C’HS_SO‘C(QQ)% + CD(20)5 + c(Q)w. (62)
Q206

Step 2: estimate of the nonlinear term in (62). By Hélder and Sobolev inequality we have

;
/ |u—[u]1||u+[u]1||u]dxdt§</ |u\3dxdt> ( ]u—[u]1]3|u+[u]1|§dxdt>
Q20 Q20 Q1

0 i i 3
< CH>3°C(26) / ( lu — [u]1]® dx) ( lu+ [u]y|? dx) dt)
—1 B B1

3

0 i 1 5
/ ( |Du|2dx> (/ |u|2dx) dt
—1 B B

0 3 , 3
< C6>3°C(26) / (/ |Du|2d:v> A(1)4dt>
—1 B

< C75°C(20)5 A(1)2 B(1)? .
Step 3: estimate on the pressure in (62). We claim the following estimate for D(26):

W=

=

< C6>3°C(26)

wl—=

3

D(20) < (1)iB(1)7 + CH*3D(1). (63)

9674

The proof uses the usual elliptic equation for the pressure. Indeed, recalling that u is divergence-free, we
see that the pressure p solves

Ap = divdiv (u Z 0:0;(uug) =Y 0,05 ((w; — [ui)1)(u; — [w;]1)) -
1,J
Let xp, being the characteristic function of the ball By and consider the potential theoretic solution p of
Ap =Y 305 ((ui = [u]1) (u; = [w;])xm,) -
.3
The difference p — p is harmonic in By. Therefore

/ Bz, 7) = pla,7)|2dz < 03|z, 7) — p(2, 7|3, ) < 0 | [Bla,7) = pla,7)|2da
Bag

By
3 3 3 —_ 3
<cf Ip|2(x, 7)dx + b p|2(x, 7) dx.
B1 B
Hence, by the previous inequality and the Calderén-Zygmund estimates on p, we conclude

1
96T4a/ |p|%(x,7') drdr < c**D(1) + 06%4&/ |ﬁ|g(x,7) dx dr
Q

20

1/2)

< 0 *D(1 06 o / lu(z,7) — [u|® dedr.

Using again (58), (63) follows.
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Step 4: conclusion. Taking the power 3/2 of (62) and noticing that D(0) < C'D(26), we obtain
3 C 3 3
A(0)z +D(0)* < §</ |u — [u]1]|u + [u]1||u]) + C0"*712C(20) + CD(20)* + c(f)w? .
Q26
Applying Step 2 and Step 3

C(20)2.A(1)2B(1)7 + CO12C(20) + CD(26)? + c(f)w?

C

¢
ea
C
Na 9674a

|

<o A1)iB(1)7 + CO*3D(1) + c(f)w? .

We can easily bound

and

9%0(29)%A(1)%B(1)% < 0O 120C(20) + éAu)% ,

(since we can assume without loss of generality that B(1) < wy < 1). We therefore achieve

3
2

[SMI[eY

A(0)2 +D(0)* < CO2122¢(20) + iA(n% +c(O)w? .

We now use Lemma 7.2 to derive
C(20) < COBA(1)2 + CO3D(1)? + c(f)w? .

In particular we conclude
A(@)% +D(h)* < (Z + CQgﬁa) A1) + CO*3D(1)? + c(e)w% .
Since 9 — 6 and 4o — 3 are both positive, we just need to choose 6 sufficiently small to conclude (60).

8. PROOFS OF THEOREMS 1.2, 1.3 AND COROLLARIES 1.4,1.5, 1.6

8.1. Dimension of the singular set.

Definition 8.1. Given a parabolic cylinder

Qr(z,t) = Bu(z) x|ty — %, t] = B,(z) x } (t — ﬁ) _r (t - ﬁ) + ﬁ}

2 27

and XA > 0, we define its dilation (computed with respect to its centroid)

P (B B R B 1

Notice that these parabolic cylinders have the “Vitali property” with A = 5, namely
Qr(21,01) N Qo (22, 12) D = Qor(w2,t2) C 5Q,(21,11).

In particular we recover the classical 5r-covering lemma.
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Lemma 8.2 (Vitali’s covering theorem for cylinders). Let F C]0, +00[xR3 x R be a family of parameters

for the closed parabolic cylinders in Q@ = {Q,(x,t) : (r,z,t) € F} and assume suprr < oo. Then there
exists a countable family G C F which consists of disjoint cylinders and such that

U @@tc [ 5Q.(x1).

(r,xt)eF (r,x,t)€G

Proof of Theorem 1.2. Let € > 0 be the threshold given by Theorem 2.10. Fix 6 > 0 and let
Qs 1= {Qr(x,t) :r <4 and / Y|V (Vu)’ > > 5r54a} :
Qr(x,t)

Observe that, by Theorem 2.10, the set of points (z,t) € R® x R such that Q,(z,t) € Qs for some r
contains Sing u. Then, by Lemma 8.2, there exists a countable family {(rx, zy, tx) }x>1 C Qs such that

Slngu C U 5Q7~k (l’k,tk) .
k>1

Thus, since the Q. (zx,tx) are pairwise disjoint, if we set Rs := (J,~; @7, (Tx, k), then we can estimate

1

Py (Singu) < Zri o < Z / Y|V (V)| < / Y|V (Vu)’)?. (64)
k>1 E>1 (zktr) € JR;s

Moreover Rs C R? x [0, 4] X [0, +00); therefore, by absolute continuity of the integral (with respect to the

finite measure y°|V(Vu)’|? dz dy dt),

lim/ IV (Vu) P =
§—0 Rs

Thus we conclude (4) from (64). O

Proof of Corollary 1.4. Let a € (1,2) and let u be a suitable weak solution of (1). Fix ¢ > 0 and set
S := Singu N (R3 x [t,00)). We recall the definition of the box-counting dimension Dimy (S): for every
fixed 6 € (0,1) we consider the minimal number N(J) of sets of diameter ¢ which are needed to cover S
and we set

Dim, (S) = lin;isoup(— logs(N(6))) .

Fix therefore § € (0, min(¢"%*,1)). We will indeed estimate the minimal number N'(§) of Qs(z;,t;) which
are needed to cover S, because it is easy to see that
Dimy, (S) < limsup(—logs(N'(4))).
510
Recall that u € L>((0,00), L*(R3)) N L?((0,00), H*(R3)). In particular, by Sobolev’s embedding u €

L%((0, 00), L72 (R?)) and, by interpolation, u € L*5*(R3 x (0, 00)). Using the Calderén-Zygmund esti-
mates and the usual maximal function estimates we then get

) 8420
M = (Mlu]> +p) * <.
R3x(0,00)

Next, by Holder’s inequality,

9

1 3 1 342a \ 6+da

716740( / (M|u|2 +p) ’ ( 15—2a—8a2 / <M|U|2 +p) ’ ) .
QT(y7S) ’I“ 3 QT(yvs)
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In particular, by Theorem 1.3, if (y, s) € S, then

3+2a o0 15-2a—8a2
/ (Mlul+p) * > ere Vr € (0,52).
QT(?J:S)

Assume, therefore, that {Qs/5(z;,t;)}: is a (at most) countable cover of S with (z;,¢;) € S. Using Lemma
8.2, there is a subset A C N such that {5Qs/5(x;, ;) }ica covers S and {Qs/5(x;, ;) ica consists of disjoint
cylinders. We thus conclude that
M
N'(6) <A<

—  6+4a 15—2a—8a2 ’
e 9 r 3

which in turn implies

M 15 — 2a — 8a?
~ogs(V(9) < —logs gz ) + T

In particular, letting 0 | 0 we reach
15 — 2a — 8a?

Dimy, (S) < limsup(—logs(N'(4))) < : O
510 3

8.2. e-regularity with the maximal function.
Proof of Theorem 1.3. We claim that for every gy there exists € > 0 such that, if (5) holds, then
E(u,p;x0,t0,1) < g9 for every (zo,10) € Q1. (65)

Once this claim is proved, we use the argument of Step 2 in the proof of Theorem 2.9 and we choose g
sufficiently small to deduce the decay of the excess (49) and that u € C% (Q;) from Morrey’s theorem.

To show (65), we observe that two o the three terms in the definition of the excess have been estimated
in (47) and (48): thanks to (5) we achieve

1 2
3 3
Ewwmxmn+Eﬂnm¢mnso(f wﬁ +gc(f mwﬂ < Ve 4 CPeR,
Q2(o,to) Q2(zo,t0)

Concerning the nonlocal part, we have

to % to %
/swﬁwf 1t — (1) gy s‘/swﬁwf )+ Cl)ar o]
to—1 RZ% Br(zo) to—1 RZ% Br(zo)

The second summand in the right hand side is estimated by |(%)q,(@o.t0)| < Cllt||L3(Q1(wo,t0))- Concerning
the first summand, for every R > i and t € [to — 1,t0], we have that

][ uf? < c/ ][ uf? do' dz < C M|u*(z) d.
Br(zo) By (z0) /By, 1(2) B (z0)

Hence the nonlocal excess can be controlled by suitable norm of the maximal function of |u|* and by (5)

1

to 2 %
Bt <0 | [ Mup ) e ([ ) e ([ (M
to—1 BZl,f (0) 1 2

Provided we choose £ small enough to satisfy C™les + CVes + CFe3 < g, we obtain (65). O

3 1
< OMes,

Njw
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8.3. Stability of the regular set.

Proof of Corollary 1.5. Following the proof of Lemma 4.2 we conclude easily that {u;} is strongly pre-
compact in L3(R? x [0,T]) and {p;} is strongly precompact in L3/2(R* x [0,T]). In particular, by clas-
sical estimates on the maximal function, M|uy|? converges strongly in L*?2 to M|u|?>. On the other
hand, Mu|*> € L*(Qa,(z0,%0)). In particular, there is a p > 0 sufficiently small such that, for any
(z,t) € Qr(xo, to),

1 / 3/2 9
—do (jb1h42<+|lﬂ> :g a0
PO J Q) 2

where ¢ is the constant of Theorem 1.3. Thus, for £k large enough, we have

1
p6—4a

/ (Mug> + |pk])3/2 <e for every (z,t) € Q,(xo, to).
plx,t

In particular Theorem 1.3 implies that for every such k every point (z,t) € Q,(xo, o) is regular. O

Proof of Corollary 1.6. We first show the regularity of the solution. We argue by contradiction and assume
therefore that the statement is false: we conclude that there is a sequence of initial data {uf}r C Y, a
sequence oy, T % and a corresponding sequence of suitable weak solutions (uy, px) of (1) with a@ = o and
ug(+,0) = uf such that none of the uy is regular. First of all, arguing as above, we can assume that, up to
subsequences (uy, py;) converge to a solution (u,p) of (1) with & = 2 and initial data u(-,0) € Y. Moreover
we conclude the strong convergence of {u;} and {p;} respectively in L3(R? x [0,T]) and L**(R® x [0,T])
for every T'. Note in particular that, by standard arguments, if |z| + |t| is larger than some fixed constant
M,

3
/ (Murl® + |px]) P<e.
QQ(Z’,t)

Thus, any singular point for any solution (uy, py) is contained in By x [0, M] and wy, is uniformly bounded
in L>®((R? x (0,00)) \ (Ba X [0, M]). On the other hand, we also know that, for a universal Ty > 0, the
solutions (ug,py) are classical, and hence regular, on R3 x [0, Ty]. Thus, if (zy,tx) is a singular point for
(ug, pr) We can assume, up to subsequences, that (r,t) converges to (z,t) € By x [Ty, M]. Since (u, p)
is regular, Corollary 1.5 gives a contradiction.

Observe that, as a corollary of the above argument, we can bound the L>*-norm of u; for k sufficiently
large. Thus, the weak-strong uniqueness statement of Theorem 2.2 implies that, for k sufficiently large, uy
is also the unique Leray—Hopf weak solution with initial data uf. 0

APPENDIX A. EXISTENCE AND WEAK-STRONG UNIQUENESS

A.1. Existence of Leray—Hopf weak solutions. In this section we prove the existence part of Theorem
2.2. Consider a family of standard mollifiers ¢. in space and define the following approximation of the
hyperdissipative system:
Ou+ (ux ¢ - Vu+ Vp = —(-A)%
(66)
divu =0

with the initial condition u(-,0) = ug * ¢.. Very standard arguments show the local in time existence of a
smooth solution of (66), cf. for instance [19]. Denote by (u.,p.) the corresponding pair and let 7" be the
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maximal time of existence. Recall also that, by possibly subtracting a suitable function of time from p.,
we can assume that p. is the potential theoretic solution of

—Ap. = divdiv (u: @ u.) .
We first show that T' = oco. First of all note that, by a simple computation,

d
z / (e, ) da = —2 / (—A)Pu, (2, ) da

In particular, if T were finite, the L?-norm of u. would remain bounded up to time 7". In turn, this ensures
that all C*-norms of u. * ¢. stay bounded. From linear theory and bootstrap arguments it follows then
easily that all C*-norms of u stay bounded as well and it is then easy to see that the solution can be
continued after the time T

Take a sequence €, | 0 and extract a subsequence, not relabeled, which converges weakly to u €
L2(R® x [0,T]). Observe that u. enjoy uniform estimates in L>([0,00), L>(R?)) and (—A)*?u. enjoy
uniform estimates in L?(R3 X [0,00)). In particular, for every fixed time T, u. enjoy uniform estimates
in L2([0, 7], H'(R%)) and thus, by interpolation, u. is bounded uniformly in L'’*(R3 x [0,T]) for every
T < oo. In turn, using Calderén—Zygmund estimates for the pressure p. we conclude uniform estimates in
L°B(R3 x [0,T]). We can thus extract a subsequence so that p., — p locally in L*(R® x [0,7]). We next
show that u., converges strongly in LlOC(R3 x [0,T]), which in turn will imply that it converges locally
strongly in LP(R3 x [0, T]) for every p < —. Such strong convergence implies that

e p., converge strongly in any L{_(R?® x [0,T1]) for ¢ < g (Calder6n—Zygmund estimates);
e (u,p) is a weak solution of the hyperdissipative Navier—Stokes.

Finally, the energy inequality follows from the lower semicontinuity of the dissipative right hand side

18P o) da

because for a.e. ¢ we can find a further subsequence so that w., (-, t) converges strongly in L? to u(-, ).
The strong convergence in L*(R? x [0, T]) follows from a classical Aubin-Lions type argument, which we
include for the reader’s convenience. In order to simplify the notation we denote u., by wj and without
loss of generality we fix a time 7" < co. First of all, by Sobolev embeddings, ||w||r2(0,7,z6msy) < C.
Let ¢ > 0 be given. We want to show that 3N € N such that ||w, —w;||L2®sxjor)) < € for every k,j5 > N.
Fix a standard mollifier ¢s in the variable 2 and observe that for any t € [0, 00)

Hwk(j) — Wy, * gp(;(-’t)HLZ(R:%) S CdaH(—A)a/ka(,t)”LQ(Rs) .

In particular, for a fixed, sufficiently small § we achieve

€
||U}k * s — wk||L2(R3><[0,T]) < g Yk . (67)
Next, mollifying the equation for wy, for £ = 1,2, 3, we find
O (wy * ps)e Zfzek*am@é wi, * (—A)%ps ,

where the functions f;,; are given by

fiok = (Wi)i * dep (Wr)e + e
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and thus enjoy uniform L*?(R? x [0,77]) bounds. Using the estimate ||¢ * @s[w1.0o@s)y < C(0)]/¢]| 1R for
each time slice, we conclude a bound

T
/ 1040 5 25 (-, DI e sy < C6).
0

where C'(9) is a constant depending upon ¢ but independent of k.

So we can regard [0,7] > t — wy * @s(-,t) as a sequence of equicontinuous and equibounded curves
taking values in W1°(R3). Let By be a (closed) ball of W1>(R3) so that the images of wy * s are all
contained inside it. If we endow By with the || - ||o-norm, then we have a compact metric space X. Hence
we can regard [0,7] > ¢t — wy, * (-, 1) as an equicontinuous and equibounded sequence in the compact
metric space X. By the Ascoli-Arzela theorem the sequence is then precompact. Since the limit is unique
(namely u * ©s), we can conclude that the sequence wy, * s converges uniformly on R? x [0, T7.

Thus there exists N large enough such that

€ .
Hwk*gozg—wj*(p(;HLz(Rsx[QT]) < g for all k,j > N.
Therefore, combining the latter inequality with (67), for j,k > N we have
|wi, — wjl| 2@sxom) < |we — wi * @5l L2@sxom) + |wk * 05 — w5 * Vs L2@sx 0,17

+ H/IU] — Wj * 505HL2(R3><[0,T}) < €.

This completes the proof of the strong convergence of wy and hence the proof of the existence part of
Theorem 2.2.

A.2. The energy equality for smooth solutions. We give a formal justification of the definition of
suitable weak solutions by showing that (14) holds with equality for smooth solutions of the hyperdissipative
Navier-Stokes equations. We multiply the NS equation by uy and integrate to get

¢ ¢
/ o(x,t)|u(x, t)]* dz — / / [|u|2(9t90 + (Jul* + 2p)u - Vgp] drds = —/ / ou - (—A)*udrds. (68)
R3 0 Jr3 0 Jr3
We manipulate the right hand side with ¢ fixed. Recalling (6), we notice that
div (V(eu))y" Dyu; ) = By (ou )y Dyu; + V(o )y"V Ayu; (69)

Integrating the left hand side, using the divergence theorem and recalling that d,¢ = 0 when y = 0, we
obtain

/ div (V(ou)y"Apu;) = — / 0, (pui)y" Ayu; = — / Oy puiy Apuy — / pdyu;y’ Ayu; = 0.
R4 R3 R3 R3
We integrate by parts the right hand side of (68), by means of the divergence theorem
/ ou - (—A)*udz 19 colim [ oui(-,0)y°0,Apuf (-, 0) dv = —ca/ div (cpufybﬂbuf)
R3 R3 R4

y—0
+

~ o [ o B e [ o) T P, [ R i) ()
R4 R4 R4
+ + +
Observe that the commutator gives, for every i = 1,2, 3,

[, Aplu; = Ay(pul) — pAyu; = 2VVu; + Aypus .
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Replacing the last line in (70) with the commutator [p, A,], we obtain

[ewtayude= [ PBaPes [ o By S
R3 R4 R4
@

=c, / oy [Ayu* > + co / 2y"VoVu; Apu; + yPuf Ay Ay .
R4 R4

+ +

A.3. Existence of suitable weak solutions. In order to prove Theorem 2.8 we proceed as in Section A.1.
Upon multiplying the mollified hyperdissipative Navier—Stokes equations, we derive an identity analogous
to (71) for the pair (ue,p.). In particular, having fixed a test function ¢, we have

t
/ (0. D) e 1) P di + € / / | Bout o de dy ds
R3 0 Ri

t t
= / / [|u6|2at§0’y=0 + (|u5|2u5 * ¢e + 2peus) : v§0|y:0i| _Ca/ / yb (2v¢vuzzbu: + U:Zbgpzbu:) :
JOo JR3 0 JRY

-~ V2

ZSC(E) ‘r(a)

Consider the subsequence (ue,,pe,) of the previous section, converging to the Leray—Hopf weak solution
(u,p). By the strong convergence proved in the previous section, for a.e. t € (0,00) we conclude

lim [ 0.0l (1) do = / ol 0, ) |u-, ) dr

k—00

hm C(ex) / / u|26t50 0,-) + (Jul*u + 2pu) - V(- 0, )] dxds.

Next observe that, by Theorem 2.3 and the energy estimate of the previous section we know that

¢
// v | Apul|? da dy ds
0 Jr

is uniformly bounded. Using the Poisson-type formula of Proposition B.1 we see that uf — u* strongly
in L*(RY x [0,t],3"). Moreover, Ayuf converges weakly in L?(Ry x [0,t],3°) to Ayu*. Therefore, since
@ > 0, by lower semicontinuity we have that

hmmf// Y ]Abuek]2god$dyds>// Y[ Ayu* P dr dy ds .
R4

Using the inequality (24) for u? — u* = (u., —u)* we infer

lim/ / / Y |Vui — Vu*Pdzdyds =0.
k—o0 Bgr

With these estimates we conclude

lim D(eg) / / 2V<qu*Abu + u Ay Ayu* ) dz dy ds.
R4

k—o0
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A.4. Weak-strong uniqueness. In this section we complete the proof of Theorem 2.2. The proof is very
similar to the same statement for the classical Navier-Stokes equations and we give it for the reader’s
convenience. Fix u and v Leray—Hopf weak solutions as in the statement. Observe that, by simple
interpolation, v € L*(R3 x [0,7]). Hence, multiplying the equation by v and integrating in space (note
that (v-V)v € L and thus Vp € L*? from Calderén-Zygmund estimates) the global energy inequality is
indeed an identity. Simple computations show then that (in the distributional sense) for a.e. t € (0, 00)

d lu — v|?

ER3 2

\(—A)a/2(u—v)l2d1‘§/ [ollu = 0|V (u —v)| dx
R3 R3

1
2e

g—/ ol u — v\2d:c+C5/\ AY(u— )2 da,

where the last inequalities follow from Young inequality and Sobolev embeddings, respectively. Fixing ¢
small enough to reabsorb the second summand on the left hand side we conclude

d _ |2
—/ Ju— vl deC/ [v]*|u — v[*do < Hv(-,t)HLoo/ lu —v|*dx .
dt R3 2 R3 R3

By Gronwall inequality, since u and v agree at the initial time, they are identically equal in [0, T7.

IN

|v|2|u—v|2dx+g |V (u—)|* dz

APPENDIX B. THE EXTENSION PROBLEM AND A POISSON FORMULA

Proposition B.1. Let A, be the differential operator in (6) with o € (1,2) and b = 3 — 2a. The Poisson-
type kernel

yQa
P(x7y) = n+2a ) (72)
(lz* +9?) 2
satisfies then the following properties:
[} ZbeP = 0,’

o If Cpo = ||P(-,1)||L1(rn), then
lirn P(:E, y) = Cr.ado weakly” as measures (73)
lim y1 “0,P(-,y) =0 as distributions. (74)

y—0

Remark B.2. Let us notice the following properties of P(x,y):

fRn x,y) dx is constant and therefore fRn OyP(z,y)dx =0;
(11) P(z,y) is rotatzon invariant and therefore fR" z,y)rdr =0;

(iii) we have fRn zr,y)rz;de =y fIR” ZZZ)J e d2 = Cpay?0iy;

we have that fB (x,y)xiz;xde = 0.

|22+

(iv) by the radial symmetry of v — P(x, )
Proof. First of all, we use the notation X = (z,y) € R"" and observe that

)

AX[7 = (7 = (n = DIXTOF, 9, |X[77 = —qylX]~0F2.
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We can compute

_ B . 8 b B
Yy o ) 0 Y
B (\Xh) =2 (W) Ty (|Xh>

. yP2 5 y? 5 . Yy’ ; yP2 ) Yy’
BB -1+ D) (=2 — (n— 1) — b (75)
xp Y X[

When v = n + 2a and = 2a we see that

o y2a y2a—2 ,y204
A (’X‘n+2a) - 4a‘X‘n+2a —2(n+2a) | X[rr2at2”

Taking A, and applying again (75) to each summand of the right hand side, we obtain

_ y2a yQa—2 y2a—2
Let us notice that, by a change of variable, ||P(-,y)| ;&) is independent from y. Moreover, for every
e >0, |P(,y)ller@np.) — 0 as y — 0, which therefore shows (73). We next claim that, for any test
function ¢ € C*(R"),

< Cylldllcrmn Yy >0. (76)

[ oupay) ot ds

Multiplying by y!~* the latter inequality and using 2 — a > 0, we easily that

limy'™ [ 9,P(z,y) ¢(x)dx =0,
yl0 Rn

which, by the arbitrariness of the test function, implies (74).
In order to show (76), we use the properties (i) and (ii) of Remark B.2 to compute

Jy) = | 0yP(x,y)¢(x)de = | 9,P(z,y)(¢(x) — $(0) = Ve(0) - ) de,
R7 R7
By means of a Taylor expansion, we obtain
T < ol | 10,Pap)laf da (77)
In order to bound the latter integral, but also for later purposes, we remark the following simple bounds:
i k y2ah+2i y2ok
0. P(x,y)| < C(k — < — for k € N. 78
PN OO s < OO ™
Combining the latter estimate with (77) we obtain
o2y 2
W) < Clollor | o de = Ol | —— 0 o dz
D Je ol ) W o T o
which implies (76). O

For the sake of completeness, we add here a proof of Yang’s theorem 2.3 by means of the Poisson kernel
computed above.
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Proof of Theorem 2.3. We define the extension u* € L% (R ) as

)= Pl ate) = [ e (19

Observe that Ayu* € L2(R™ ). (7) is an obvious consequence of ZiP = 0. The boundary conditions
(8) and (9) follow instead from (73) and (74), respectively. Since the proof is entirely analogous, we just
show the one for (9). Fix a smooth test function ¢ € C2°(R"™) and observe that

/ y' ot f = (v 9, P(-,y)) xuf = u(y' "0, P(y)) * f .

R” x {y} R” x {y} R x{y}

In particular, from (74) and the smoothness of f, it follows that, as y | 0, (y'~*9,P(-,y)) * f converges to
0 in the Schwartz space .. Since u € L?, we easily conclude that

lim y' Ot f =0.
w0 Jrr o {y}

Since the functional v — fRnH y?|Apu*|? is strictly convex, from the fulfillment of the Euler-Lagrange
+

conditions (7) and (9), we obtain that v* is the unique minimizer for the functional, hence (12).
We next come to (11). We first observe that u*(£,y) = P(&,y)a(€). Since P (hence P) is radially

o7

symmetric, with a change of variables we have that P(&,y) = P(-,1)(€y) = ]ﬁﬂﬂy) For the sake of

-

brevity, we call ¢(z) := P(+,1)(z). By Parseval’s identity we can compute

/n+1 yb|Abu*‘2 - /n+1 yb
R™ R
= / ylEl!
Rn+1

+

o
Rn+1

+

2

dg dy

—~ ~ b~
|£\2u* + Oyyu* + gayu*

2

o([€ly)u(s) (I€ly)a(§) + ¢"(IEly)a(S)| dEdy

+_ li
€y

BEIE) + 2 (2)0(6) + 6" (2)ile

2

b
=/, €Pa(Or dg |2 |(2) + -/ (2) + ¢"(2)| dz=cpg . €17 [a(€)* de .

Ry

This easily shows (11), but observe indeed that, by the very same argument, we can conclude
/ YA Ayt = C;g/ v(—A)% (80)
Ri+1 ’ n

for every pair u,v € H*.

In order to complete the proof of the theorem, we wish to show (10). First of all we claim that the
family of distributions {y°9,A,P(-,y)}ye(0.1) is equibounded in the space .#”. In particular we will show
the existence of a constant C' such that

/ v’ o ()0, A P(x,y) de| < C|¢llcs@ny Yy € (0,1) and Vo € .. (81)
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To prove the latter bound we first compute
_ b
Y’ 0,0, P = y’NO,P + 'O P + 49, (fﬁ) .

We thus need to bound the three distributions y°Ad, P(-,y),y*03P(-,y) and y*8,(y'9,P). Recalling the

estimate (76) of the previous proposition, we easily see that

| vo,aP@ ol sl =| [ 0,Pan)d0) da

< Cy* | A o2 (rny -

Thus, we just need to bound the remaining two terms ybﬁg’P(-, y) and y°9,(y~19,P).
By Remark B.2 we achieve that, for every y > 0,

(‘33]3 dr = 8§Pxi dr = ijxixj dr = 6SPJ]Z‘.T]'.T@ dex =0
R Rn Rn B1

and

/ 0,(y~'P) dx :/ 9,(y~'0,P)x; dx :/ 0,(y~'0,P)xix; dv = / 0,(y~'0, Pz dr = 0.
n n n Bl

Thus we can compute

85P(x, y)o(x) dx

Rn

= /n OB P(x,y) ((b(:c) — ¢(0) = Vo(0) -z — %Z 02.0(0) x5 — Z 2 0(0) 2z lp, (x)) dx .

zj€

From the Taylor expansion for ¢ we conclude

< Cl|¢llca@ny min{|z[*, |z[*}.

8(2) = 9(0) = To(0) -2 = 5 3 B b(O0)aiz; — = 35, 0(0)zitsnel, (v)

ZJZ

From (78) we then get

[ v = il

A
I¢llos @) B (|z)? +92) 2" I9llovcer (a1} (|22 +92) %"

< Cf|¢llcswn) || 729 g 4 C’]|¢|\C4(Rn)/ ||~ (22 g

B: {]z|>1}

< C||d]l ey

The same bound with y°9,(y~'0,P(-,y)) replacing yb(?;’P(~,y) is entirely analogous and we have thus
shown (81).

Fix now ¢ and u both in .. We will show below that

lim ©* (2, )y’ 0, Au* (x, y) do = c/n o(z)(—A)%(x) dx, (82)

y=0 JRrrx {y}

for some geometric constant ¢ = ¢(n, a).
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Since ¢ is smooth, ¢*(-,y) — ¢ in ¥ and, in particular, thanks to the bound (81), (82) implies

lim o(x)y" 0, Apu*(x,y) do = c/ o(x)(—A)%u(x) de .
=0 SR {y) "

Since ¢ € . is arbitrary, the latter implies that y°0,Ayu*(-,y) — c¢(—A)% in the sense of distributions.

In turn, since u € . is also arbitrary and y°0,Ayu*(-,y) = (y°0,A,P(+,y)) * u, we conclude that

lim ybﬁyZbP(-, y) = c(—A)%
yd0

in the sense of distributions. Finally, the latter identity implies (10) for a general tempered distribution u
(and thus also for u € H®).
We are thus left to show (82). Observe first that

/ Vo0, By = / IV (o VAur) 2 / NN
R7 x {y=h} R0 {y>h}

R*+IN{y>h}

= [ e Bak [ @B
R7x {y=h} Rr+in{y>h}

(. J
~~

=:1(h)
The key point is that I(h) — 0 as h | 0. The latter claim implies then

lim [ o*(2,y)y"9, A" (2, y) do = / AN T
y—0 Rn RT—l
which by (80) gives (82).

In order to show that I(h) — 0, observe that we have already argued that y'~“9,¢* converges to zero
in the Schwartz space .7 (because ¢ € .%°). We thus need to show that {y*~*Ayu*(-,y)}ye(.1) is bounded
in the space .. Using again the representation through the Poisson’s kernel, it suffices to show the
boundedness of {y* A, P(-,y)}ye0,1). We compute

Y TN P(y) = v AP, y) + yP TP (L y) + by 0, (-, y)

Since 2 — a > 0 and P(-,y) — ¢dy, the boundedness of the first summand is obvious. In the previous
proposition we have already shown that y' =9, P(-,y) — 0. We thus need to handle the second summand.
We proceed as in the above arguments and use the momentum conditions (see Remark B.2)

2 _ 2 _
0,P(v,y)dx = [ 0 /P(x,y)v;dr =0

R’ﬂ Rn
to write
O2P(r,y)é(x) dr = | 02P(x,4)(8(x) — 6(0) — VO(0) - 2) dr
R’ﬂ R’ﬂ
In particular, by the Taylor expansion and the estimates (78),

2
—« - a x
| o) o) da| < ol [ (03P ol dir < Clolloror | —AT
” e o (ol + )
i Es
< Clldleagers® ™ | o 42 < Ol 0



40

[1]

[15]
[16]
[17]
[18]
[19]
[20]

[21]

MARIA COLOMBO, CAMILLO DE LELLIS, AND ANNALISA MASSACCESI

REFERENCES

D. Barbato, F. Morandin, and M. Romito. Global regularity for a slightly supercritical hyperdissipative Navier-Stokes
system. Anal. PDE, 7(8):2009-2027, 2014.

L. Caffarelli, R. Kohn, and L. Nirenberg. Partial regularity of suitable weak solutions of the Navier-Stokes equations.
Comm. Pure Appl. Math., 35(6):771-831, 1982.

L. Caffarelli and L. Silvestre. An extension problem related to the fractional Laplacian. Comm. Partial Differential
Equations, 32(7-9):1245-1260, 2007.

S. Campanato. Sistemi ellittici in forma divergenza. Regolaritd all’interno. Quaderni. [Publications]. Scuola Normale
Superiore Pisa, Pisa, 1980.

Sun-Yung Alice Chang and Ray A. Yang. On a class of non-local operators in conformal geometry. Preprint.

Eric Chen. Forthcoming paper.

Michele Coti Zelati and Vlad Vicol. On the global regularity for the supercritical SQG equation. Indiana Univ. Math.
J., 65(2):535-552, 2016.

Herbert Federer. Geometric measure theory. Die Grundlehren der mathematischen Wissenschaften, Band 153. Springer-
Verlag New York Inc., New York, 1969.

C. L. Fefferman. Existence and smoothness of the Navier-Stokes equation. In The millennium prize problems, pages
57-67. Clay Math. Inst., Cambridge, MA, 2006.

E. Giusti. Direct methods in the calculus of variations. World Scientific Publishing Co., Inc., River Edge, NJ, 2003.

Q. Jiu and Y. Wang. On possible time singular points and eventual regularity of weak solutions to the fractional Navier-
Stokes equations. Dyn. Partial Differ. Equ., 11(4):321-343, 2014.

N. H. Katz and N. Pavlovi¢. A cheap Caffarelli-Kohn-Nirenberg inequality for the Navier-Stokes equation with hyper-
dissipation. Geom. Funct. Anal., 12(2):355-379, 2002.

J. Leray. Sur le mouvement d’un liquide visqueux emplissant l'espace. Acta Math., 63(1):193-248, 1934.

J.-L. Lions. Quelques méthodes de résolution des problémes aux limites non linéaires. Dunod; Gauthier-Villars, Paris,
1969.

J. C. Mattingly and Ya. G. Sinai. An elementary proof of the existence and uniqueness theorem for the Navier-Stokes
equations. Commun. Contemp. Math., 1(4):497-516, 1999.

Wei Ren, Yanqging Wang, and Gang Wu. Partial regularity of suitable weak solutions to the multi-dimensional generalized
magnetohydrodynamics equations. Commun. Contemp. Math., 18(6):1650018, 38, 2016.

V. Scheffer. Partial regularity of solutions to the Navier-Stokes equations. Pacific J. Math., 66(2):535-552, 1976.

V. Scheffer. Hausdorff measure and the Navier-Stokes equations. Comm. Math. Phys., 55(2):97-112, 1977.

L. Tang and Y. Yu. Partial regularity of suitable weak solutions to the fractional Navier-Stokes equations. Comm. Math.
Phys., 334(3):1455-1482, 2015.

T. Tao. Global regularity for a logarithmically supercritical hyperdissipative Navier-Stokes equation. Anal. PDE,
2(3):361-366, 2009.

R. Yang. On higher order extensions for the fractional Laplacian. ArXiv e-prints, February 2013.



