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INTRODUCTION
Consider the Cauchy problem for transport equations on R™ x R™:

Owu(t,z) +b(t,x) - Vyu(t,z) = 0

(1)
u(0,z) = u(x).

Here b : RT x R®" — R™ is a given smooth vector field, 7 a given smooth initial
condition and u the unknown function. Smooth solutions of (1) are constant along
curves ¢ : [a,b] — R" solving the system of ordinary differential equations ¢(t) =
b(t, ¢(t)). Indeed, differentiating g(t) = wu(t, ¢(t)) we find

dg .

= = 0wt 0(t)) + ¢(t) - Vault, 6(t)) = Oeult, ¢(1)) +b(t, 6(t)) - Vau(t, ¢(t)) = 0.
Thus, if ® : Rt x R” — R" is the one-parameter family of diffeomorphisms solving

0;®(x,t) = b(t, ®(z,t))

(2)
¢0,z) = =

and ®~1(¢,-) denotes the inverse of the diffeomorphism ®(¢, ), then the unique solution
wof (1) is given through the formula u(t, z) = w(®~(¢, x)). This is the classical method
of characteristics for transport equations. Our discussion justifies the name transport
equation: the quantity wu is simply “transported” along the trajectories of the ODE
(2). It is therefore not surprising that these equations appear in the mathematical
description of many phenomena in classical and statistical physics.

When b is Lipschitz, existence and uniqueness of solutions to (2) are given by the
classical Cauchy-Lipschitz Theorem, but for less regular b this elegant and elementary
picture breaks down. On the other hand, many physical phenomena lead naturally to
consider transport equations where the coefficients b are discontinuous. The literature
related to this kind of problems is huge and I will not try to give an account of it here.
Let me just mention that in many of these problems one deals with coefficients which
typically have jump discontinuities, take for instance the theory of shock waves.

It is therefore desirable to have a theory of solutions for ODEs and transport equations
which allows for non-smooth coefficients. The Sobolev spaces W!? (given by functions
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u € LP with distributional derivatives in LP) are probably the most popular spaces
of irregular functions in partial differential equations. In their groundbreaking paper
[28], motivated by their celebrated work on Boltzmann equation, DiPerna and Lions
introduced a theory of generalized solutions for transport equations and ODEs with
Sobolev coefficients. Loosely speaking, this is done at the loss of a “pointwise” point of
view into an “almost everywhere” point of view. Though a generic function u € W(Q)
might be extremely irregular, its singular set, at least in a suitable measure theoretic
sense, has necessarily codimension higher than 1. In particular, functions with jump
discontinuities do not belong to WP. Indeed, if the discontinuities are along nice
regular surfaces, the distributional derivatives are nothing more than Radon measures.

A commonly used functional-analytic closure of such “jump functions” is the BV
space, i.e. the set of summable functions whose distributional derivatives are Radon
measures. The extention of the DiPerna-Lions theory to BV functions has been for
a while an important open problem. After some attempts by other authors leading
to partial results (see [33], [15], [21]; some of these works were motivated by specific
problems in partial differential equations and mathematical physics), Ambrosio solved
the problem in its full generality in [4]. This note is an attempt to illustrate the most
important ideas of the DiPerna—Lions theory and of Ambrosio’s result. In order to
focus on the main points, I will not consider the most general results proved so far.
Moreover, I will not follow the shortest proofs and often I will consider cases which
later on become corollaries of more general theorems.

In the first section I discuss the first key idea of [28]: the notion of renormalized
solutions and its link to the uniqueness and stability for (1). In Section 2 I discuss
the hard core of the DiPerna-Lions theory for W? fields: the so called commutator
estimate. In Section 3, following the ideas of Ambrosio, I push gradually the DiPerna—
Lions approach towards the BV case. The proof of Ambrosio’s Theorem is finally
achieved in Section 4 in two different ways, based on observations of Bouchut and
Alberti. Section 5 discusses the third key idea of [28], a sort of converse of the classical
theory of characteristics: appropriate results on transport equations can be used to
infer interesting conclusions on ODEs. Section 6 surveys further results, conjectures
and open problems in three different directions of research. Section 7 contains the
proof of one technical proposition on BV functions used in Section 3.

1. RENORMALIZED SOLUTIONS

1.1. Distributional solutions
Let us start by rewriting (1) in the following way:

Oyu + div,(ub) — udiv,b = 0

(3)
u(0,z) = u(x).
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Here and in what follows I denote by div,b the divergence (in space) of the vector b.
Clearly any classical solution of (3) is a solution of (1) and viceversa. However, equation
(3) can be understood in the distributional sense under very mild assumptions on u and
b. This is stated more precisely in the following definition.

DEFINITION 1.1. — Let b and w be locally summable functions such that the distribu-
tional divergence of b is locally summable. We say that w € Ly, is a distributional

solution of (3) if the following identity holds for every test function ¢ € C(R x R™)

(4) /OOO /n ulOp +b- Voo + pdivybldedt = — / u(x)p(0,z) dx

n

Of course for classical solutions the identity (4) follows from a simple integration by
parts. The existence of weak solutions under quite general assumptions is an obvious
corollary of the maximum principle for transport equations combined with a standard
approximation argument.

LEMMA 1.2 (Maximum Principle). — Let b be smooth and let u be a smooth solution
of (3). Then, for every t we have Sup,cpn u(t, x) < sup,cpn u(x) and inf,cgn u(t, z) >
inf ern T(x). Hence ||u(t, )| eo@ny < [|T]so-

Proof. — The lemma is a trivial consequence of the method of characteristics. Indeed,
arguing as in the introduction u(t,z) = w(®!(¢,x)), where ® is the solution of (2).
From this representation formula the inequalities follow trivially. O

THEOREM 1.3. — Let b € LP with div,b € L}OC and let w € L. Then there exists a
distributional solution of (3).

Proof. — Consider a standard family of mollifiers (. and 7. respectively on R™ and
R x R". Let b. = b*xn. and w. = u * (. be the corresponding regularizations of b and
u. Then ||U.||o is uniformly bounded. Consider the classical solutions u. of

8tu5 + b€ . Vg;ug =0

(5)
us(0,+) = w..

Note that such solutions exist because we can solve the equation with the method of
characteristics: indeed each b. is Lipschitz and we can apply the classical Cauchy—
Lipschitz theorem to solve (2). By Lemma 1.2 we conclude that ||u.||s is uniformly
bounded. Hence there exists a subsequence converging weakly* to a function u €
L>*(R* x R™). Let us fix a test function ¢ € C*(R x R™). Since the u. are classical

solutions of (5), the identity (4) is satisfied if we replace u, b and @ with u., b. and ..

1
loc»

we can pass into the limit in such identities to achieve (4) for u, u and b. 0

On the other hand, since b. — b, div,b. — div,b and u. — w locally strongly in L
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1.2. Renormalized solutions

Of course the next relevant questions are whether such distributional solutions are
unique and stable. Under the general assumptions above the answer is negative, as it
is for instance witnessed by the elegant example of [27]. However, DiPerna and Lions
in [28] proved stability and uniqueness when b € W'* N L> and div,b € L.

THEOREM 1.4. — Let b € L*(RT, WYP(R™)) N L™ with bounded divergence. Then for

every w € L™ there exists a unique distributional solution of (3). Moreover, let by and

1

o to b and u such

uy be two smooth approximating sequences converging strongly in L

that ||ty ||eo is uniformly bounded. Then the solutions uy of the corresponding transport

1

ioc L0 U.

equations converge strongly in L

In order to understand their proof, we first go back to classical solutions u of (3),
and we observe that, whenever 3: R — R is a C'' function, 3(u) solves

8,[B(w)] + div,[B(u)b] — B(u) divyb = 0
(6)
[B(u)] = B(u).

This can be seen, for instance, using the chain rule for differentiable functions, i.e.
OfB(u) +b-V,B(u) = ['(u)[du+b-Vyu]. Otherwise, one can observe that, since
u must be constant along the trajectories (2), so must be [(u). Motivated by this
observation, we introduce the following terminology.

DEFINITION 1.5. — Let b € Lj, . with div,b € L .. A bounded distributional solution
of (3) is said renormalized if 3(u) is a solution of (6) for any 8 € C'. The field b
1s said to have the renormalization property if every bounded distributional solution of
(3) is renormalized.

When b and u are not regular we cannot use the chain rule, neither the theory of
characteristics. Therefore, whether a distributional solution is renormalized might be a
nontrivial question. Actually, for quite general b, there do exist distributional solutions
which are not renormalized (see again [27]). The proof of Theorem 1.4 by DiPerna and
Lions consists of two parts, the first one, which is “soft” can be stated as follows.

PROPOSITION 1.6. — Ifb € L™ has the renormalization property and its divergence s
bounded, then the uniqueness and stability properties of Theorem 1.4 hold.

The second one, which is the “hard” part of the proof, states essentially that W1»
fields have the renormalization property.

THEOREM 1.7. — Any b € L'([0, 0o, W'P(R™)) has the renormalization property.

We postpone the “hard part” to the next section and come first to Proposition 1.6.
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Proof. — Uniqueness. Fix a uy and let v and v be two distributional solutions of
(3). It then follows that w = u — v is a distributional solution of the same transport
equation with initial data 0. By the renormalization property so is w?, i.e.

Ow? + div, (w?h) = w?div,b

(7)
w?(0,:) = 0

Integrating (7) “formally” in space we obtain

@/ w2(t,x)dx:/ w?(t, x) div,b < HdiV:vaoo/ w(t, ).

Since [p, w?(0,z)dz = 0, by Gronwall’s Lemma we would conclude [p, w?(t,z) dz =

0 for every t. We sketch how to make rigorous this formal argument. Assume for

simplicity ||bljoc < 1. Let T, R > 0 be given and choose a smooth cut—off function

p € C°(R x R™) such that ¢ = 1 on [0,7] x Br(0) and dyp < —|V.p| on [0,27] x R™

Now let E C’OO(] — 2T,2T]) be nonnegative and test (7) with ¢(t)¢(t,x). Define
= Jon w? ©(t, z) dz and use Fubini’s Theorem to get

/ FOO() / / D)t 2) wA(t, 7) diveb(t, z) de dt
/ /1/) ) [Bip(t, ) + b(t, x) - Vop(t, )] da dt .

Note that the second integral in the right hand side is nonpositive, whereas the first
one can be estimated by [|div,b||o [ f(¢)1(t) dt. We conclude that f satisfies a “distri-
butional” form of Gronwall’s inequality for ¢ € [0,27[. It can be easily seen that this
implies f = 0. Thus w = 0 a.e. on [0,7] x Bg(0), and by the arbitrariness of R and T’
we conclude w = 0.

Stability. Arguing as in Theorem 1.3, we easily conclude that, up to subsequences,
uy converges weakly* in L* to a distributional solution w of (3). However, by the
uniqueness part of the Theorem, this solution is unique, and hence the whole sequence
converges to u. Since the by and the uy are both smooth, u? solves the corresponding
transport equations with initial data w?. Arguing as above, ui must then converge,
weakly* in L, to the unique solution of (3) with initial data u?. But by the renormal-
ization property this solution is u?. Summarizing, u; — v and u? 5y in L, which

clearly implies the strong convergence in L{ O

loc*

2. THE COMMUTATOR ESTIMATE OF DIPERNA AND LIONS

In this section we come to the “hard part”, i.e. Theorem 1.7. We first prove a milder
conclusion, neglecting the initial conditions, which will be adjusted later.
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PROPOSITION 2.1. — Assume b € L'(RT, W'P(R™)) and let u € L™ solve

(8) Oru + div, (ub) — udiv,b =0
distributionally on Rt x R™. Then, for every € C!,
(9) O[B(w)] + dive(B(u)b) — B(u) diveb = 0.

2.1. Commutators

Let us fix v and b as in Proposition 2.1 and consider a standard smooth and even
kernel p in R™. By a slight abuse of notation we denote by wu * p. the convolution
in the z variable, that is [u * p.](t,x) = [u(t,y)pe(z — y)dy. Mollify (8) to obtain
0 = Oyu * p + [div,(bu)] * p. — [udiv,b] * p.. We rewrite this identity as
(10) Ou*p:+b-Vyuxp. = —Re+ [(udivyd) x p. — u * p. div,b]
where R, are simply the commutators
(11) R. = [div,(bu)] * pe — div[b(u * p.)] .

Since R, is a locally summable function, the identity (10) implies that dyu * p. is also
locally summable. Thus, u * p. is a Sobolev function in space and time, and we can use
the chain rule for Sobolev functions (see for instance Section 4.2.2 of [30]) to compute

OBux*p)]+b-V, [ﬂ(u * ps)] = ' (u* p) [@u % p. + b Vau* pg} )
Inserting (10) in this identity we get
(12) Ou[B(u* p)] +b- Vo [Bluxpo)] = B'(ux p){Re + [(wdivyd) % p. —ux p. div,b]} .
Now, the left hand side of (12) converges distributionally to the left hand side of (9).
Recall that || (ue)||eo and ||u * p.||e are uniformly bounded, whereas
[(udiv,b) * p. — u * p. div,b] — 0

strongly in L{,_. Therefore, in order to prove Proposition 2.1 we just need to show that
B'(u * p:) R converges to 0. This is implied by the following lemma.

LEMMA 2.2 (Commutator estimate). — Let b € L(RT, WhP(R")), u € L™ and R, as
n (11). Then R. — 0 in Li

loc*

2.2. The commutator estimate of DiPerna and Lions

Proof of Lemma 2.2. — Without loss of generality we assume that the kernel p is sup-
ported in B;(0). First we use the elementary identity

R.=— Z(UbZ) * Oy, e + Z bi(u * O, pe) — u * pe div,b

)

and we expand the convolutions to obtain

(13)  R(t,x) = /U(t, y)(b(t, x) = b(t,y)) - Vp=(x —y) dy — [ux p div,d] (¢, ) .
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Since Vp.(£) = e " 'Vp(£/¢), we perform the change of variables z = (z — y) /e to get

b(t,z +ez) — b(t, )
9

(14) R.(t,z) = — / u(t,z + €z) - Vp(z)dz — [u* p. div,b] (¢, z)

Next, fix a compact set K. By standard properties of Sobolev functions (see for instance
Section 5.8.2 of [29]), the difference quotients

b(t,z +ez) — b(t, x)
£

(15) d..(t,x) =

are bounded in LP(K') independently of z € B;(0) and € €]0,1]. We now let € | 0.
For each fixed z, d. . converges strongly in LP(K) to 0,b. The functions wu,(t,x) =
u(t,r + €z) are instead uniformly bounded in L*°, and, by the L'-continuity of the
translation, they converge strongly in L!'(K) to u.

Therefore we conclude that R. converges strongly in Li., to
Ro(t,x) = —u(t,z) /&Zb(t,x) - Vp(z)dz — [udiv,b](t, )

= —u(t,z) Z o (t, x) / 2i0.,p(2) dz — u(t, x) div,b(t, ) .
i3
Integrating by parts we have [ z,0.,p = —d;;. So Ry = 0, which completes the proof. [

2.3. The initial condition

In order to prove Theorem 1.7 we still need to show that ((u) takes the initial
condition [3(w)](0,-) = B(w)(:). This is achieved with a small trick.

Proof of Theorem 1.7. — Consider b and u as in Theorem 1.7 and extend both of them
to negative times by setting b(t, z) = 0 and u(t, z) = u(x) for ¢t < 0. It is then immediate
to check that dyu+ div,(bu) = udiv,b distributionally on the whole space—time R x R™.
On the other hand the proof of Proposition 2.1 remains valid if we replace RT with R
(actually the proof remains the same on any open set 2 C R x R™). Therefore

O [B(w)] + div,[bF(u)] = B(u) div,b

distributionally on R x R"™. We test this equation with a ¢ € C°(R x R"), recalling
that [B(uw)](t,z) = B(u(z)) and b(t,z) = 0 for ¢ < 0. We then conclude

o'} 0
(16) /0 . B(u) [Op+b-Vop+divybe] dodt = — . ﬂ(ﬂ(x))/ Opp(t, x) dt dx .

On the other hand, since ¢ is smooth, we can integrate by parts in ¢ in the right hand
side of (16) in order to get — [ B(u(x))¢(0, z)dz. This concludes the proof. O



972-08

3. THE BV CASE: THE COMMUTATOR ESTIMATE OF AMBROSIO

Let us try to push the proof of DiPerna and Lions to the BV case (we recall here that
a function of bounded variation is simply a summable function whose distributional
derivatives are Radon measures). Notice however that, in order to make sense of a
distributional solution of (3) as in Definition 1.1, we do need the additional assumption
div,b € L', because for a generic BV function the divergence is only a Radon measure.

The only point where the strategy of DiPerna and Lions does not work is in the
proof of Lemma 2.2. There we can still conclude that the difference quotients (15)
are bounded in L] _, but we cannot conclude that they converge strongly in Li . to
0.b. In fact, 0,b is now a Radon measure, and d., converges to it weakly” in the
space of Radon measures (this weak* convergence is the one coming from duality with
continuous functions through the Riesz Representation Theorem). However, though we
cannot conclude that Lemma 2.2 holds, we still get some information: the right hand
side of (12) is uniformly bounded in L;. ., and hence converges (up to subsequences) to
a Radon measure . We include this statement in a Lemma to which we will refer later.

LEMMA 3.1. — Let u € L™ and b € L*(R*, BV(R")) with div,b € L*. Assume that
Opu + divy(ub) — udiv,b = 0 distributionally on RT x R™. Then, for every 3 € C1,

(17) B,[B(w)] + div, (B(u)b) — Blu) div,b = u

for some Radon measure L.

3.1. Difference quotients of BV functions

In what follows we will denote by D,b the distributional differential in the space
variables of the vector field b. That is, the matrix of distributional partial derivatives.
In order to go beyond Lemma 3.1, consider that, by the Radon-Nikodym decomposition,
the distributional derivative D,b, which is a measure, can be split into the part which
is absolutely continuous with respect to the Lebesgue measure and the singular part.
We denote them by D% and D2b. The Sobolev space W1 is simply given by those BV
functions b for which the singular part D7b vanishes. For such functions, according to
Proposition 2.1, the measure p in (17) vanishes. It is therefore natural to conjecture
that, in the general BV case, i is a singular measure.

In order to show this, we need a refined analysis of the difference quotients of BV
functions. We start by introducing a bit of terminology. First of all, we can regard D,b
as a matrix of measures or as a matrix-valued measure. Since D2b is an absolutely con-
tinuous function, we can write it as f.Z"*!, where .Z"*! denotes the n + 1-dimensional
Lebesgue measure, and f is a matrix—valued function. In this case f is usually denoted
by V.b in the literature (indeed it coincides with an appropriate measure—theoretic
notion of pointwise differential of b, see [14]).

Thanks to the Radon-Nikodym decomposition, a similar splitting holds for Db as
well. That is, we might write Db = M|DZb|, where | D3b| is the total variation measure
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of Db (and hence a nonnegative measure), and M is a matrix—valued Borel function.
We are now ready to state the following

PROPOSITION 3.2. — Let b € BV(R x R",R") and let z € R™. Then the difference
quotients
b(t,x +dz) — b(t, x)
o

can be canonically written as by s(z)(t,x) + bas(2)(t,x), where

(a) by 5(2) converges strongly in Li., to Vb2 asd | 0.

loc

(b) For any compact set K C R x R™ we have

(18) limsup/ }6275(z)(t,;1:)’dxdt < |Djb-z|(K).
slo - Jk

(c) For every compact set K C R x R™ we have

(19) sup /K(’bl,(;(z)(t,x)}—i—}bg,g(z)(t,x)})dxdt < |z||D.b|(K)

6€]0,¢]

where K. = {(t,x) : dist ((¢,z), K) < €}.

Loosely speaking, in this canonical splitting by 5(z) is converging towards the abso-
lutely continuous part of 0.b, whereas by 5(2) is converging towards the singular part.
In order to understand why this decomposition is possible, consider the case when b
is a function of one real variable, and split its derivative b’ into the sum b, + b, of its
absolutely continuous part and its singular part. Let b; be a primitive of b/, and b,
a primitive of b.. For instance we can define by(z) = b, ([0, 7[) and by(z) = V,(]0, 7])
for T positive and by (x) = =/ (]7,0]) and be(z) = b.(] — 7,0]) for 7 negative. The
sum of the difference quotients of b; and b, give the difference quotients of b, and it is,
actually, the splitting of Proposition 3.2. For instance, since b; is a W! function, its
difference quotients converge strongly in L' to its derivative, that is b: this gives (a).
The remaining points (b) and (c) follow in a similar way. The proof of the proposition
in the general case is perhaps the most technical part of this note, but it is based on
the 1-dimensional case sketched above through the “slicing theory” of BV functions.
The interested reader will find it in the appendix.

Remark 3.3. — The decomposition of the proof is canonical in the sense that we give
an explicit way of constructing b; 5 and by 5 from the measures D3b -z and D;b- z. One
important consequence of this explicit construction is the following linearity property:
If b1, 0% € BVige, M, A2 € R, and 2z € R", then

(Mb" 4+ Xob?)is(2) () = Mibj5(2)(t, ) 4+ Xobi5(2)(t, ) .
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3.2. The commutator estimate of Ambrosio

We now use the technical Proposition 3.2 to give a more careful estimate on the
commutators R.. The idea is again to follow the proof of Lemma 2.2, but this time,
once arrived to (14), we will substitute the difference quotients of b with the splitting
given by Proposition 3.2. We will then show that the “b; .” cancels with the divergence,
whereas for the singular part “by.” we will use the crudest estimate available. In order
to state the final result, we first need some notation.

DEFINITION 3.4. — For any n € C°(R™) and any n x n matriz M we define
AM,y) = [ [Vn()- M 2] d.
Rn

We are now ready to state Ambrosio’s Commutators Estimate.

ProrosITION 3.5 (Commutators estimate). — Let b, u and  be as in Lemma 3.1.
Let p be any even convolution kernel and let M be the matriz—valued Borel function
such that Db = M|D2b|. Then the measure p of (17) satisfies the inequality

(20) lu| < CA(M, p)|D;b] .

Proof. — Consider a continuous compactly supported test function ¢ and use the com-

putations of Subsection 2.2 in order to conclude

- / pduy = lilr(rjl — [ B (uxp.)R. = /goﬁ/(u)u div,b

b(t,z +ez) — b(t, x)
€

+ lsifgl / o(t, z)[ (w)u](t, z + £2) -Vp(2) dz dz dt

(21) = /gpﬁ/(u)u div,b + lsifgl/gp(t, z)[B (w)ul(t, z 4+ e2)by o (2)(t, x) - Vp(2) dz dx dt

(22) + lgiﬁ)l / o(t, 2)[B' (w)u](t,x + e2)bac(2) (¢, x) - Vp(z) dzdx dt .

We now use Proposition 3.2 to show that (21) vanishes and to estimate (22) with (a
suitable modification of) the right hand side of (20).

Indeed, from Proposition 3.2(a) and (c), and from the strong L
u * p to u, the second integral in (21) converges to

@) et o e Iita) o [ 200 dzdedt.

.3

1

e convergence of

Arguing as in Subsection 2.2, (23) is equal to

—/QO(t,JC)U(t,x)ﬁ'(u(t,x))ter(t,x) dx dt .

On the other hand, tr Vb is just the absolutely continuous part of the divergence of
b. Since by assumption div,b is absolutely continuous, it coincides with its absolutely
continuous part. Therefore, (21) vanishes.
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We now come to (22). Since 3’ and u are both bounded, (22) can be estimated by

)
(24) Clirrsllsoup/\gp(t, a:)\/\bz,g(z)(t, x) - Vp(z)|dz dz dt

Next, let S = ||¢||co, let K, be the closure of {(t, ) : |¢(t, )| > o} and rewrite (24) as
S
(25) C’limsup/ / /\bg,g(z)(t,x) -Vp(2)| dzdzxdtdo.
el0 0 o

From Proposition 3.2(c), we know that

(26) fimsup [ [bo.(2)(t:2) - Vp(a) e da < [D3b- V() (K).

el0

Moreover, since for z outside the support of p the integral in (26) vanishes, the map

(0,2) — |bo.c(2)(t, x) - Vp(2)| dt dx

Ko
is bounded. Therefore, we integrate (25) first in (¢, ) and use (26) and the dominated
convergence theorem to bound (25) with a constant time

(27) / /|Vp Db 2|(K,)dzdo .
Let v, be the measure |Vp(z) - D3b- z| = |Vp(z) - M - z||D2b|. Then (27) is simply

/ / o(t,2)|dvs(t, ) dz = / / o(t,2)] [Vp(z) - Mt z) - 2 d|Db(t, z) d

= [ lete.o) [ [ 190 M) 2 dz| a0
- / lo(t, o) AM(t, 7). p) d| D3B (1, ).

Summarizing, we get

[ein < ¢ [lott0)a0,2), D 0. )
for any continuous compactly supported ¢. This is indeed the desired claim (20). O

3.3. Optimizing the choice of the kernel

Let us recollect what proved so far in this section. We started with a BV field b, a
distributional solution u of dyu + div, (ub) = wdiv,b and a function 5 € C'(R) and
we have proved that the distribution 0[5 (u)] + div,[F(u)b] — B(u) div,b is a measure p
satisfying

(28) 1l < CA(M, p)|D3b)
for any choice of an even convolution kernel p € C°(R").

Clearly our estimate is far from being optimal: the measure y and the constant C' are
both independent of the kernel p. We can therefore optimize in p. Since the estimate
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(28) has a local nature, this optimization procedure is, in a certain sense, equivalent to
vary the regularizing kernel in ¢t and x. In order to state our optimized estimate, we
define the set of kernels

(29) K = {77 € C°(B1(0)) such that n > 0 is even, and fBl(O) n= 1} :

THEOREM 3.6. — Let u, b, and 3 be as in Lemma 3.1. Then 0;[B(u)] + div,[B(u)b] —
B(u)div,b = f|D2b| for some Borel function f satisfying

(30) lf(t,z)] < C in}fCA(M(t,x), p) for |Dsb|-a.e. (t,x).
pe

Proof. — Let p be as in (17). The inequality (28) implies its absolute continuity with
respect of |D2b|. Therefore there exists a Borel function f such that u = f|D2b|. There
is only one technical subtlety to take into account. From Proposition 3.5 we know that

|f(t,z)| < A(M(t,z),p)  for |Dibl-ae. (L)

whenever we fix a convolution kernel p. However, the set of measure zero where the
inequality fails might in principle depend on p. This gives no trouble as soon as we
infimize on a countable set of kernels K’ (because a countable union of sets of measure
zero has measure zero!):

|f(t,z)| < inlg AM(t,x),p) for |Dsb|-a.e. (t,x).
pEK!

However, for any fixed matrix M, the map p — A(M, p) is continuous for the W1
topology. Therefore, if we choose K’ to be any countable subset of K dense in the W1t
topology, then the infimum over K’ coincides with the infimum over . O

4. THE LEMMAS OF BOUCHUT AND ALBERTI

Our plan so far lead us to the following question: given a matrix M, what is the
infimum of the functional A(M, p) over the set of kernels £? One lower bound for this
infimum follows from a simple integration by parts:

0
A(M,p) > Vﬂ(y)-M-ydy‘ = ZMjk/ yi—(y)d
B1(0) ki Bi(0) Pk
(31) = —ZMjk/ drply) dy| = [tr M].
k,j B1(0)

Now, in the case at hand, recall that M|D2b| is the singular part of the derivative
D,b. Therefore tr M|D:b| is just the singular part of the divergence, which by our
assumptions is zero. The proof that 0,[5(u)] + div,[G(u)b] = 0 is therefore completed
by the following Lemma, whose proof is due to Alberti:
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LEMMA 4.1 (Alberti). — For any n x n matriz M we have
2 inf A(M,n) = |[tr M|.
(32) inf A(M,n) = |or M|

However, Ambrosio’s original proof was instead based on a special case of Alberti’s
Lemma, proved by Bouchut in [15]. There the author was interested in a renormalization
property for fields with special structure.

LEMMA 4.2 (Bouchut). — For any pair of vectors &, x € R™ we have

(33) Inf Ay @ &m) = 1€-x = [r(x@g].

Indeed, when M|D2b| is the singular part of the distributional derivative of a BV
function, M(t,z) is a rank-one matrix for |Dibl-a.e. (t,z). This result, which is
probably the deepest one in the theory of BV functions, is also due to Alberti (see [2];
for a recent brief, but nonetheless complete, account of the proof, see [25]). In order
to understand its statement, the reader might check it on the easiest examples, i.e.
functions which are piecewise constants. In this case the result is a trivial fact: the
hard core of Alberti’s result is that the same property holds also when (part of) the
distributional derivative of b is a fractal-type measure.

In any case, by Alberti’s Rank—one Theorem, Bouchut’s Lemma is already sufficient
to prove the renormalization theorem of Ambrosio.

THEOREM 4.3. — Let u, b, and 3 be as in Lemma 3.1. Then 0;[B(u)] + div,[B(u)b] —
B(u)divyb =0

Moreover, arguing exactly as in Subsection 2.3, we can adjust the initial condition to
conclude

THEOREM 4.4. — Let b € L'(RT, BV(R"™)) with absolutely continuous divergence.
Then b has the renormalization property.

Before coming to the proof of these lemmas, we want to point out an important
fact. As already said, we can regard the optimization procedure of Theorem 3.6 as an
implementation of the idea “a varying regularizing kernel approximates better than a
fixed one”. Then both Bouchut’s and Alberti’s Lemmas tell us that, close to points
where the singular part of D7b is large, the optimal choice is a very anisotropic kernel.
This intuition originated in Bouchut’s paper [15].

4.1. Bouchut’s Lemma

The proof of Bouchut’s Lemma is very elementary and it exploits convolution kernels
which have a very simple structure i.e. they are close to the indicator function of a very
thin rectangle, whose long sides are parallel to .
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Proof of Lemma 4.2. — If d = 2 we can fix an orthonormal basis of coordinates 21, 2o
in such a way that £ = (a,b) and x = (0,¢). Consider the rectangle r. = [—£/2,¢/2] x
[—1/2,1/2] and consider the kernel 7. = 11,.. Let ¢ € K and denote by (s the family
of mollifiers generated by (. Clearly 7. * (s € KC for € + ¢ small enough.

Denote by v = (11, 12) the unit normal to Jr. and recall that

8(775 * C&)
é?Zi

* \Vz‘\
—\

(34) lim Lo, .
S

510

in the sense of measures (here 'L dr. denotes the usual 1-dimensional measure on
the boundary of r.).

Thus, we can compute

A(ne
limsup A(M,n. * (5) < limsup/ (laz1| + |b2a])|c] ‘M dzydzy
610 slo JRr2 079
20c| [/ b
= 2ldl (|a21\ + u) dz = |ac\E + |bc] .
9 —c/2 2 2

Note that bc = tr M. Thus, if we define the convolution kernels A, s = 1. * (s we get:

(35) limsup limsup A(M,n. x (5) < |tr M|.
€l0 410
For n > 2 we consider a system of coordinates xi,xs,...,x, such that n =

(a,b,0,...,0), £ =(0,¢,0,...,0) and we define the convolution kernels

Aes(®) = [ne* Gol(wr, w2) - C(ws) - - - () -

The conclusion of the Lemma follows easily. O

4.2. Alberti’s Lemma

The proof of Alberti’s Lemma is in a certain sense a generalization of Bouchut’s
proof. The basic idea is to take a convolution kernel which is concentrated on a very
long tube made of trajectories of the ODE 4 = M - .

Proof of Lemma 4.1. — By the identity Vn(z) - M - z = div (M - zn(2)) — tr Mn(z), it
suffices to show that for every 7" > 0 there exists n € IC such that

2
(36) |div(M - zn(z))|dz < =.
Rn T
Given a smooth nonnegative convolution kernel 6 with compact support, we claim that
the function

1 /T
n(z) = T/ O(e™™M . 2) e~ M gy
0



972-15

has the required properties. Here e is the matrix ), % That is, ™ - z is just
the solution of the ODE 4 = M - v with initial condition v(0) = z, and e '™ is the
determinant of e=*™. The usual change of variables yields

[n2etra: = 4 / [ ot ez
(37) = / / ™ 0)0(¢) d¢ dt

for any integrable bounded ¢. Hence n.#¢ is the time average of the push-forward of

the measure .29 along the trajectories of ¥ = M - ~. This is the point of view taken

n [5] to prove (36), for which we argue with the direct computations shown below.
Note that

div (M - zn(z)) = %/OT div (M - 20(e™™ - 2))e "M dt .
A tedious but straightforward computation (see [26]) shows
div (M - 20(e™M . 2))e P M = —% (0(e™™ - z)e M)
Thus
. |div (M - zn(2))| dz = / T d1v M - 20(e”™M . z))e‘ttert' dz
_ / % /O (B et dt’ dz
_ / 18T e TN g(2)]
< (/ Tterz+/ 0(z) dz)
_ _</ (g)dg+/ (z)dz) _ 2
T n n T
This shows (36) and concludes the proof. O

5. THE CONTINUITY EQUATION AND REGULAR LAGRANGIAN
FLOWS

Another major point of the DiPerna—Lions theory is that the classical road from
characteristics to transport equations can be reversed: the renormalization property
and the induced uniqueness and stability of weak solutions to transport equations can
be used to infer existence, uniqueness and stability of a suitable generalized notion of
flow for the ODEs (2). In his paper [4], Ambrosio has proposed a new way of looking
at this side of the DiPerna—Lions theory, based on the analysis of probability measures
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on the space of paths. In the present note we follow yet another presentation, given in
26].
We start by defining our generalized notion of flow.

DEFINITION 5.1. — Let b € L*([0,00[xR", R™). A map ® : [0,00[xR" — R™ is a
reqular Lagrangian flow for b if

(a) For £'-a.e. t we have |{z : ®(t,z) € A}| = 0 for every Borel set A with |A| =0;
(b) The following identity is valid in the sense of distributions

0y ®(t,x) = b(t,®(t,x))
(38)
O(0,2) ==z.

Note that assumption (a) guarantees that b(¢, ®(¢, z)) is well defined. Indeed, if b = b
L ae., then b(t, (t, z)) = b(t, B(t, x)) for L™ ae. (t,z).

Ideally one could divide the DiPerna-Lions theory into two separate parts: how
to prove “renormalization—type” properties and which kind of “renormalization—type”
properties imply existence, uniqueness and stability of regular Lagrangian flows. An
example of this approach is given by the notes [26], where the two parts are presented
in completely independent ways. Instead, here we focus on the specific theorem be-
low, with the hope to keep the notation and details to a minimum and highlight the
mechanisms which link renormalized solutions to regular Lagrangian flows.

THEOREM 5.2. — Let b € L'(R", BV(R™)) N L*® with bounded divergence. Then there
exists a unique reqular Lagrangian flow ® for b. Moreover, if by is a sequence of smooth
vector fields converging strongly in Li . to b such that ||div,b||s is uniformly bounded,
then the flows of by, converge strongly in Li  to ®.

loc

During the proof of this theorem we will recover an important fact: the regular
Lagrangian flow is a suitable weak notion of characteristics for the transport equation.

5.1. The density of a regular Lagrangian flow and the continuity equation

Denote by pe the measure (id, ®)4.Z" 1L ([0, 0co[xR™), i.e. the push-forward via
the map (t,z) — (¢, ®(t,x)) of the Lebesgue n + 1-dimensional measure on [0, co[ xR".
Such push—forward is simply defined by the property

/ Y(t,x) dus(t,z) = / Y(t, d(t,x)) dL™ M (t, )
[0,00[xR™

[0,00[xR™

valid for every 1 € C.(RxR™). Observe that (a) is equivalent to the absolute continuity
of pe with respect to the Lebesgue measure, and hence to the existence of a p €
Li ([0, 00[xR™) such that pe = pZ""1.

loc

DEFINITION 5.3. — The p defined above will be called the density of the regular La-
grangian flow P.
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When b is smooth and @ is the classical solution of (38), t — ®(t, -) is a one—parameter
family of diffeomorphisms. For each ¢ let us denote by ®~!(¢,-) the inverse of ®(t,-).
Then p can be explicitly computed as p(t,z) = det V,®(¢, ®~!(¢,z)) and the classical
Liouville Theorem states that p solves the continuity equation 9;p + div,(pb) = 0.
Moreover, since ®(0,z) = x, the initial condition for p is p(0,z) = 1. This property
remains true for regular Lagrangian flows and it is simply the special case { = 1 in the
following Proposition.

PROPOSITION 5.4. — Let ® be a regular Lagrangian flow for a field b. Let ( € L>(R")
set = (id, ®)x (L"), Then there exists ¢ € LL ([0, 00[xR") such that p = (L.
This ¢ solves (distributionally)

(39)
C(Ov) - Z

Proof. — First of all, notice that u < ||(|lecpte. So p is absolutely continuous and hence
there exists a ¢ € L{_ such that p = (Z""!. Now, let ¢» € C>°(R x R") be any given

loc
test function. Our goal is to show that

(10) - /[O [Rn((t,x)(8t¢(t,x)+b(t,x)-V$¢(t,x)) dodt = [ Tapwio.o)do.

By definition, the left hand side of (40) is equal to

(41) —/nf(x) [/Ooo(atw(t,@(t,x))+Vx¢(t,<1>(t,x))-b(t,q)(t,a:))) dt} dx .

The proof would follow if we could integrate by parts in ¢, since (0, ®,(0)) = ¥(0, x)
and (T, ®,(T)) = 0 for any T large enough (because 1 is compactly supported). On
the other hand this integration by parts is easy to justify for a.e. x, since (38) implies
that the curve t — ®(t, x) is Lipschitz for a.e. x. O

5.2. Uniqueness of solutions to the continuity equation

Next, let us assume that div,b is bounded in L*°. Then we would expect, formally,
that the density of ® is bounded away from 0 and +oc0. Indeed, assume that b and ¢
are both smooth and rewrite the continuity equation as 0;p+b-V,p+ pdiv,b = 0. Fix
x and differentiate the function w(t) = p(t, ®(¢, x)) to get

%(t) = 9p(t,B(t, 7)) + O,0(t, ) - Vap(t, B(t, z))

= Oip(t, ®t, 7)) + b(t, ®(t, 7)) - Vaup(t, ®(t, ) = —div,b(t, ®(t, x))p(t, ®(t, 7))
(42) = —=div,b(t,P(t,z))w(t).

Since —||div,b||o < —divyb(t, ®(t,)) < [|div,b||e and w(0) = 1, we can use Gronwall’s
Lemma to conclude exp(—T|div,b||o) < w(T) < exp(T||divyb|e). But &(T,-) is
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surjective, because it is a diffeomorphism. Therefore we conclude
(43) exp(—T||div,bl|) < p < exp(T||divbls)-

We cannot use this formal argument on the density of a general regular Lagrangian
flow. On the other hand, by a standard approximation procedure, we can show the
following Lemma.

LEMMA 5.5. — Let b € L with bounded divergence. Then there exists a p € Ly,
satisfying the bounds (43) and solving

Op + div,(pb) = 0
(44)

p(0,-) = 1.
Proof. — Let ¢ be a standard convolution kernel, and consider by, = b* ,—1. Consider
the densities pj of the classical flows of b;. Equation (39) holds with b and p replaced
by br and pg. On the other hand, for p; we can argue as above and get the bounds
exp(—|[|divebel|eo) < pr(t, ) < exp(—||diveb|leo). Since ||diviby|lee < ||divyd||so, there
exists a subsequence of p;, which converges weakly* in L™ to a p satisfying (43). Arguing

as in Theorem 1.3 we obtain (44) by passing into the limit in the continuity equations
for p. O

If we knew the uniqueness of solutions to the continuity equation, this existence result
would become a proof of the formal bound (43) for the density of any regular Lagrangian
flow. As usual, we consider the case of b smooth in order to get some insight. Let p
and p be two smooth solutions of (44), with p > 0, and define u = p/p. Then we could
use the chain rule to compute

du+b-Vou = g Hplop+0-Vap| —pldp+0-V.p]}.
Adding and subtracting p—2(pp div,b), we achieve
Opu+b-Vou = p{p[0p + dive(pb)] — p[0sp + div.(pb)]} = 0.

But since u(0,x) = p(0,2)/p(0,x) = 1, we conclude u(t,z) =1 for every ¢t and x.

The computations above are very similar, in spirit, to the renormalization property.
It is therefore not a surprise that the theorem below follows from suitable modifications
of the proof of Theorem 4.4.

THEOREM 5.6. — Let b € L'(RT, BV(R™)) N L™ with bounded divergence and let p
and ¢ be Ll functions solving respectively (44) and (39). If p > C >0, then u = (/p

loc
1s a distributional solution of

Oyu + div,(ub) — udiv,b = 0
(45)
u(0,-) = (.
By minor modifications of the ideas of Section 1, Lemma 5.5 and Theorem 5.6 yield
the desired uniqueness for solutions of the continuity equations.
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COROLLARY 5.7. — Let b be as in Theorem 5.6. Then there exists a unique ( €
Ll

loc

solving (39). Therefore, if ® is a reqular Lagrangian flow for b, the density of ®
coincides with the density p of Lemma 5.5 and hence satisfies the bounds (43).

5.3. Uniqueness and stability of regular Lagrangian flows

The uniqueness of solutions of the continuity equations yields easily the uniqueness
and stability of regular Lagrangian flows.

Proof of the uniqueness and stability parts in Theorem 5.2. — Uniqueness. Let &
and W be two regular Lagrangian flows for b. Fix a ( € C.(R") and consider the unique
solution ¢ of (39). According to Proposition 5.4 we have (id, ®)4 (L") = (£ =

(id, ¥)4(¢Z™1). This identity means that

/ ot D(t, 2))C(x) dtdo = / ot Ut 2))C(x) dt da

for every test function ¢ € C.(R x R™). But since ¢ has compact support, one can infer
the equality even when (t,y) = x(t)y; for x € C.(R). So

/ Bu(t,2)x()C(x) di de = / W, (t, )\ (DT () db de

for any pair of functions Y € C,(R) and { € C.(R"). This easily implies ®; = ¥; a.e..

Stability. Consider a sequence {b;} as in the statement of the Theorem and let ®* be
the corresponding classical flows. Fix a ¢ € C,(R") and consider the ¢, and u; solving,
respectively, the continuity equations and the transport equations with coefficients by
and initial data ¢. Recall that, if p, are the densities of ®*, then (; = uypp. The
u are essentially bounded functions, and by the bounds in Subsection 5.2, the p; are
locally uniformly bounded. Therefore the (i are locally uniformly bounded and, up to
subsequences, they converge, weakly” in LS., to some (. Arguing as in Theorem 1.3,
this ¢ must be the unique distributional solution of (39). So, fixing a test function
¢ € C.(R x R™) and arguing as in the uniqueness part, we get

tim [ (e, 4 (4,2))C(e) de e = / ot B(t, 2))C(x) dt dx |
where we are allowed to test with ¢(¢,y) = x(t)y;: this gives the weak* convergence
of % to & in L{°. Testing with ¢(¢,y) = x(¢)|y|?>, we conclude as well the weak*

convergence of |®*|? to |®|%. This implies of course the strong L  convergence. O

5.4. Existence of regular Lagrangian flows

The proof of existence of regular Lagrangian flows follows from an approximation
argument. Indeed, let by be a standard regularization of b, with ||b|lec + ||div.bk| o
bounded by a constant C' and by — b strongly in L, . Consider the flows ®* of b;,. By
the bounds of Subsection 5.2, exp(—Ct) < det V,®*(,z) < exp(Ct), which translates
into the bounds exp(—Ct)|A| < |®*(t, A)| < exp(Ct)|A] for every Borel set A. Assume

for the moment that we could prove the strong convergence of ®* to a map ®. Then,
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clearly exp(—Ct)|A| < |®(t, A)| < exp(Ct)|A|, and hence & satisfies condition (a)
in Definition 5.1. It is then an exercise in elementary measure theory to show that
bi(t, ®*(t, z)) converges to b(t, ®(t,z)) strongly in Li . Since ®* solves

loc*

0P (t,x) = by(t, (L, z))

OF(0,7) = x

it is straightforward to conclude that ® solves (38) distributionally.

The main point is therefore to show the strong convergence of ®,. This follows from
the stability of the corresponding transport equations.
Proof of the strong convergence of ®*. — Consider, backward in time, the ODE

ON*(t,x) = b(t,A*(t,z))
(46)
AT z) = x

Let T%(t, -) be the inverse of the diffeomorphism A*(¢,-). If uw € L>°(R™), then u(t, z) =
u(T*(t, x)) is the unique (backward) solution of the transport equation

By Theorem 4.4 and Proposition 1.6, uj converges strongly in L
ward) solution u of

1
loc

to the unique (back-

Oyu ~+ div,(bu) = udiv,b

Choose u(z) = x(z)z;, where y is a smooth cutoff functions. Since u*(t,z) =
x(Tk(t, z))T5(t, ) we infer easily the strong Ll _ convergence of the components I'F.

This implies that T'* converges to a map I strongly in Li _([0,7] x R™). On the other
hand, for any given x, T'®(-,z) is a Lipschitz curve with Lipschitz constant bounded
independently of k. It is then easy to see that T'*(¢,-) is a Cauchy sequence in L'(A)
for every bounded A and every t € [0,T]. In particular, I'*(0, -) converges to some map
strongly in Li .

Now, T'%(0, -) is the inverse of A¥(0,-), which in view of (46) is the inverse of ®*(T', ).
Therefore we conclude that for each T there exists a map ®(7,-) such that ®*(T,-) —
®(T,-) strongly in Ll _. Again, using the fact that, for each z, ®*(-,x) is a Lipschitz
curve with Lipschitz constant bounded independently of k, it is not difficult to see that
®k is a Cauchy sequence in L'(A) for any bounded A C RT x R™. This concludes the

proof. O
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6. BEYOND BV AND BEYOND RENORMALIZED SOLUTIONS:
FURTHER RESULTS, CONJECTURES AND OPEN PROBLEMS

6.1. Nearly incompressible BV fields

By nearly incompressible fields b we understand those fields for which there exists a
regular Lagrangian flow & satisfying the bounds c(t)|A| < |®(t, A)| < C(t)|A|, for some
continuous and nonvanishing functions ¢ and C'. At a first glance there are at least two
obstructions to build a theory of renormalized solutions for nearly incompressible flows.
On the one hand, it seems necessary to give a meaning to wdiv,b in order to define
distributional solutions u of (3). On the other hand, it is not clear how to define nearly
incompressible fields without referring to some flow.

Both these issues can be naturally solved by using the continuity equation. Indeed, we
can define nearly incompressible fields as those b for which there exists a distributional
solution p of (44). Moreover, there are appropriate versions of the renormalization
property which use only the continuity equation and hence can be stated without as-
sumptions on the divergence of b. This point of view was first taken in [7] and it has
been systematically explored in [26]. The “soft” part of the DiPerna—Lions theory can
be extended naturally to this setting. Concerning the “hard” part, i.e. the proof of
the corresponding renormalization properties, the WP case of this theory follows from
the DiPerna—Lions estimate for the commutators. The BV case is instead still open.
Indeed, the motivation in [7] was the following conjecture raised by Bressan in [17].

CONJECTURE 6.1 (Bressan’s compactness conjecture). — Let b, : R x R™ — R" be a
sequence of smooth vector fields and denote by ®F the corresponding flows. Assume that
16k |loo + [[VOi|| 21 is uniformly bounded and that C~ < det(V,®*(t,z)) < C for some
constant C > 0. Then the sequence {®*} is strongly precompact in L

loc*

Bressan’s conjecture was initially motivated by a problem in the theory of hyperbolic
systems of conservation laws. However, in order to solve this problem one does not
need to tackle Conjecture 6.1: a milder statement, which is a corollary of Ambrosio’s
result, suffices (see [10] and [7]). At present, the best result available in the direction of
Conjecture 6.1 is contained in [11] and goes towards a theory of renormalized solutions
for nearly incompressible BV fields. This paper makes strong use of a refined theory
of traces for transport equations, developed in [9].

6.2. Beyond BV fields

Can one hope for the renormalization property when b is in a space larger than BV'?
The counterexamples available in the literature show fields which are quite close to
be BV and do not have the renormalization property (see [27] and [22], both inspired
by an older construction of Aizenmann [1]). Moreover, these examples have severe
consequences on the possibility of building a general theory of existence for hyperbolic
systems of conservation laws on transport equations (see [23]).
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Nonetheless there are still many interesting open problems in this direction. For
instance, in two dimensions and for divergence—free autonomous fields, renormalization
theorems are available even under very mild assumptions, because of the underlying
Hamiltonian structure (see [16], [31], [20]). In the recent paper [3] the authors have
given a necessary and sufficient condition for the renormalization property when b
is divergence—free, planar, autonomous and bounded. In particular, they produce a
striking example of such a b which does not have the renormalization property.

A very interesting open question, naturally linked to Euler’s equations, is whether
the renormalization property holds for divergence—free fields b € L>(R, L?*(R?)) when
the vorticity of b is a measure. Another open question is whether the renormalization
property holds for fields b with absolutely continuous divergence when the symmetric
part of the gradient is a measure. The property indeed holds when the symmetric part
of the gradient is in L', see [19]. For a more general result in this direction, see [9].

6.3. A direct Lagrangian approach

In the DiPerna—Lions theory, conclusions on the “Lagrangian point of view” are re-
covered from theorems on the “Eulerian point of view”. A natural question is whether
one could get the same results directly, for instance proving a—priori estimates on the
solutions of the ODEs. Indeed, the whole theory of regular Lagrangian flows for Wh?
fields with p > 1 can be recovered by proving appropriate estimates in the Lagrangian
formulation, as it has been recently shown in [24]. These estimates also provide mild
regularity properties for regular Lagrangian flows and distributional solutions to trans-
port equations. In a nutshell, if b € W and ® is the corresponding flow, the LP norm
of the difference of ®(t,-) — ®(¢,- + v) can be estimated by a constant (depending on
the compressibility of b, and the L? norm of Vb) times |log(|v|)| ™.

The estimates of [24] were inspired by some computations of [12], where the au-
thors proved the approximate differentiability of regular Lagrangian flows. In turn, [12]
was inspired by another result of [32] on weak differentiability properties for regular
Lagrangian flows. See also [13] for a comparison among the various weak notions of
differentiability used in these papers.

The estimates of [23] quantify the compactifying properties of transport equations
with Sobolev coefficients. In particular they imply the L? version of a second conjecture
of Bressan on the mixing of flows (see [18]), which we state below.

Fix coordinates x = (z1,7) € [0,1[x[0,1] on the torus T = R?/Z? and consider
the set A = {(xl,xg) 0 < 2y < 1/2} C T. Given a smooth divergence—free field
b:[0,1] x T — R? denote by ® its flow. For a fixed k €]0,1/2[, we say that ® mizes
the set A up to scale € if for every ball B.(z) we have

R Be(x)] < [B:(x) N ®(1, A)| < (1 = w)[B:(x)] .



972-23

CONJECTURE 6.2 (Bressan’s mixing conjecture). — Under these assumptions, there
exists a constant C' depending only on k s.t., if ® mizes the set A up to scale €, then

1
/ / | Db dedt > C|loge| for every 0 < e < 1/4.
o Jr

7. APPENDIX: PROOF OF PROPOSITION 3.2

Proof. — Let eq,...,e, be orthonormal vectors in R™. In the corresponding system
of coordinates we use the notation z = (zy,...,2,—1,2,) = (2/,x,). Without loss of
generality we can assume that z = e,. Recall the following elementary fact: if p is a
Radon measure on R, then the functions

1
jotr) = HETE) sy g
) 0
satisfy
(47) [ lisldr < (s
K

for every compact set K C R, where K; denotes the d—neighborhood of K.

Consider the measure D, b = D,b - e,, and the vector-valued function Vb - e,.
Clearly this function is the Radon—Nikodym derivative of D,, b with respect to £+
and we denote by D; b the singular measure D;b- e, = D, b —V,b- e, L.

We define

1 Tpn+o
bis(t, o', xg) = 5/ Vb -e,(t ', s)ds.

By Fubini’s Theorem and standard arguments on convolutions, we get that b, s —
V.b - e, strongly in L{ . Next set
b(t, o', x, +9) —b(t, ', x,)
)
and, for Z"-a.e. (t,z) € R x R""! define b, : R — R by b;,(s) = b(t, v, s).
We recall the following slicing properties of BV functions (see Theorem 3.103, The-
orem 3.107, and Theorem 3.108 of [14]):
(a) bty € BVoe(R,R"™) for Z™a.e. (t,y);
(b) If we let D*b;, + b} ,Z" be the Radon-Nikodym decomposition of Dby, then we
have

- bl,&(ta x/7 xn) )

b2,5(t7 .T/, xn) =

Vob(t,y,8) - en = by, (s)  for 2" ae. (t,y,s)
and
1D, [(A) = | Dby [(AN{(t,y,s) : s € R})didy;
R

(€) bey(s+0) = biy(s) = Dbyy([s, s+ d]).
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Therefore, for any 6 > 0 and for Z"—a.e. (t,y) we have

b(t,y,xn +0) —b(t,y,2,)  biy(xn +0) —by(xn)  Dbyy([Tn, 0 +0])

) ) )
= (0 Lh)5(wn) + (Dbry)5(xn)

= bis(t,y,v,) + (@)5(%) for Ll-a.e. x,.

Therefore

/ bas| < / / (D)) dey dy
K n J{xn:(t,y,xn)EK}

(48) < | Dby | ({0 (L, y,xn) € Ks}) dydt = |D3b-en|(Ks) < |D;b|(Ks) .
Rn

Letting ¢ | 0, this gives (18).
Note moreover that

dx, dy dt

Jwa < [ ] 0, 2Y),0)
K " J{xn:(ty,xn)EK}

(49) < / Vb -enl|(t,y, x,) dy dt dz, < / |V.b|(t,y, x,) dy dt dz,, .
Ks Ks
Adding the bounds (48) and (49) we get (19). O
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