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ABSTRACT. We consider codimension 1 area-minimizing m-dimensional currents 7" mod
an even integer p = 2Q in a C? Riemannian submanifold ¥ of the Euclidean space. We
prove a suitable excess-decay estimate towards the unique tangent cone at every point
q € spt(T) \ spt?(OT) where at least one such tangent cone is @) copies of a single plane.
While an analogous decay statement was proved in [11] as a corollary of a more general
theory for stable varifolds, in our statement we strive for the optimal dependence of the
estimates upon the second fundamental form of . This improvement is in fact crucial in
[5] to prove that the singular set of 7' can be decomposed into a C'* (m — 1)-dimensional
submanifold and an additional closed remaining set of Hausdorff dimension at most m — 2.
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1. INTRODUCTION

In this paper we consider area minimizing currents mod an integer p > 2 which have
codimension 1 in a given smooth Riemannian ambient manifold.

Definition 1.1. Let p > 2, Q C R™" be open, and let ¥ C R™™ be a complete
submanifold without boundary of dimension m + % and class C?. We say that an m-
dimensional integer rectifiable current T' € %,,(2) is area minimizing mod(p) in X N Q
if

M(T) <M(T+ W) for any W € %,,(€2 N X)) which is a boundary mod(p). (1.1)

In [11] the authors leverage the regularity theory of [17] for stable integral varifolds
in codimension 7 = 1 and use an observation in [4] to prove, among other things, the
uniqueness of tangent cones at every interior point ¢ where at least one tangent cone is flat,
namely contained in an m-dimensional plane. Recall that at any such ¢ the density O(q)
is necessarily an integer no larger than £. Moreover, if 1 < O7(q) < Lp%lj, the regularity
results of Allard [1] and White [16] apply: in this case T" is a regular submanifold in a
neighborhood of ¢, counted with multiplicity ©7(q). The case of interest here is therefore
that of even moduli p = 2Q) and interior points ¢ with at least one flat tangent cone and
density = £. Under the latter assumption, in fact, ¢ can be a singular point (cf. [15]
and [6, Example 1.6]). The result of [11] on which we focus here can therefore be stated
as follows.

Theorem 1.2. Let p = 2Q) be even, X, T, and ) be as in Definition 1.1 with dim(X) =
dim(T)4+1=m+ 1. If at ¢ € spt(T) \ spt?(0T) one tangent cone to T is of the form
C = Q[r] for some m-dimensional plane 7, then C is the unique tangent cone to T at q.

In [5] the above theorem was one of the starting points to complete the study of the
fine structure of the singular set of area-minimizing hypercurrents mod p in the case when
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p is even. More precisely, we prove there that, outside an exceptional closed subset of
(Hausdorff) dimension at most m — 2, the rest of the interior singular set of 7" is, locally,
an (m — 1)-dimensional submanifold of class C"®. This generalizes the classical theorem
in [15] to the case of even p = 2Q) > 4 (the case p = 2 is special, because locally area-
minimizing hypercurrents mod 2 are area-minimizing integral currents, see the discussion
in the introduction to [6]; note also that [5] needs a slightly stronger regularity for the
ambient manifold ¥ than the one stated in Definition 1.1, and more precisely ¥ is assumed
to be of class C** for some a > 0). The main theorem in [5] complements the analogous
theorem for odd moduli, first shown by Taylor in [14] for p = 3 and m = 2, and extended
recently to any odd p and arbitrary m in [4]. As was later pointed out in [11], the one
proposition in [4] which is used in combination with [17] to yield Theorem 1.2 above can
in fact be also used to derive the same regularity results of [4] via the theory of stable
varifolds of [17].

While uniqueness of flat tangent cones is the starting point of the analysis we carried
out in [5], in fact we do need there an important refinement of Theorem 1.2. In order to
give the precise statement, we introduce the L? excess of T from an m-dimensional plane
7 in a ball B,.(¢), namely

_ 1 . _
BT mar) = [ dist(d — 0.7 d|T) (@), (1.2)
r Br(q)
the minimal planar L? excess
E(T,q,7) := min E(T,7,q,7), (1.3)

FCTyS

and the notation A for the supremum norm of the second fundamental form of X, i.e.
A = ||As||s- The precise decay statement which is needed in [5] is then the following,.

Theorem 1.3. There are positive constants €, o, and C' with the following properties. Let
p = 2Q be even and X,T, 0, q, and 7 be as in Theorem 1.2. Assume in addition that T is
a representative mod(p), that B,(¢q) € @\ spt?(9T), ||T[|(B.(q)) < (Q + 3)wnr™ and that

E(T,q,r)+1m*A*<c¢. (1.4)

Then, for every p < —g we have
E(janaq>p) §C< ) (E(,17QJ‘) 72A2)- <1=))
T

Note that the quadratic dependence on A in the right-hand side is essential for the
arguments in [5]: the power 2 in A and a subtle analysis of the anisotropic rescalings of
T around ¢ allow us to improve « in (1.5) to any exponent strictly smaller than 2; this
almost quadratic decay is then a crucial ingredient in the rest of the work.

Estimate (1.5) is certainly an outcome of [11] when ¥ is flat, i.e. if A = 0. On the other
hand, the “obvious” modification of the arguments in [11] seem to yield an A-dependence
of the right-hand side of (1.5) which is linear, rather than quadratic, since A bounds the

L norm of the generalized mean curvature Hy of the varifold induced by T'. The aim of
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this work is to show that the improvement from A to A? is however possible, and hence
the regularity theory of [5] holds in the full generality claimed there.

Roughly speaking, we need to control error terms in inequalities and identities derived
through first variations along some test vector fields X. All the vector fields X relevant to
the proof of Theorem 1.3 are almost tangential to the ambient manifold > and the deviation
from tangentiality can be controlled with A. Since the mean curvature vector Hy is directed
normally to X, the L*> norm of the scalar product FIT - X can then be estimated by AZ.
This idea is used already in [9, Appendix A] to improve the A-dependence in the classical
monotonicity formula. Incidentally, this quadratic improvement plays also a pivotal role
in the work [8].

While the underlying idea towards the improvement is simple, there are many subtle
difficulties to overcome; for this reason, while we believe that an analogous improvement
on the A-dependence can be achieved in the context of varifolds which are stationary and
stable in ¥ and enjoy the special structure detailed in [11] (of which the varifolds induced by
area-minimizing hypercurrents mod p are a special case), we choose to take advantage of the
minimizing property mod p to highlight more efficiently the aforementioned obstructions.

Acknowledgements. C.D.L. acknowledges support from the National Science Founda-
tion through the grant FRG-1854147. J.H. was partially supported by the German Science
Foundation DFG in context of the Priority Program SPP 2026 “Geometry at Infinity”.
A.M. and S.S. were partially supported by the Gruppo Nazionale per I’Analisi Matema-
tica, la Probabilita e le loro Applicazioni of INAAM. L.S. acknowledges the support of the
NSF Career Grant DMS-2044954.

2. NOTATION AND PRELIMINARIES

In this section we collect the main notation in use in the paper as well as one important
estimate that will be used multiple times in the sequel.

2.1. Notation. The symbol p will be typically used for orthogonal projections: in partic-
ular, given a linear subspace 7 C R™™, p, is the orthogonal projection onto 7, while p:
is the orthogonal projection on the orthogonal complement. The symbol 7T, , will denote
the recentered and rescaled current, with base point ¢ and scale : more precisely, if A, is
the map ¢ — \,(¢') =171 (¢ — q), then T, := (A, );T. We next introduce two families
of sets which are central to the rest of our work.

Definition 2.1. Let T', ¥, p = 2Q) and 2 be as in Definition 1.1. We let:

(a) P(q,X) be the set of m-dimensional planes 7 C 1,3, where m = dim(7T’);
(b) %(q,%) be all the sets of the form

where 2 < N < 2@ and the H; are pairwise distinct m-dimensional half-planes of
T,% joining at a common (m — 1)-dimensional linear subspace V = V(S) C T,%.
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Any such S will be called an open book, V(S) will be called the spine ' of S, and
H; will be called the pages of S.

We will simply write Z?(q) and #(q) when X is clear from the context.

Remark 2.2. Observe that, if:

(i) S € #(q),
(ii) we orient the halfplanes H; so that 0 [H;] = [V],
(ili) and we choose multiplicities x; € [1, Q] NN so that > . k; = 2Q),

then C := ). x; [H;] is a cycle mod(p). There is of course only a finite number of possible
choices for the weights, and the choice is unique if and only if N = 20Q).

Next we introduce various notions of excess that will be used throughout the paper.

Definition 2.3. Let T € %,,(X), let ¢ € R™*" and let B,.(¢q) C R™*" be an open ball.
(a) The one-sided L* excess of T from S € %(q) in B,(q) C R™" is

E(T,S,q,r) = r~ ("2 / dist*(¢' — ¢.S) d||T|(q") -
Br(q)

(b) The one-sided L? excess of S € %(q) from T in B,(q) is defined by

E(S,T,q,r) = "+ / dist?(q + ¢/, spt(T)) dH™(¢)
SN(B-\B,/5(V(8)))

where B,(V') denotes the tubular neighborhood of V' in R™*" of radius s.
(c) The double-sided L* excess between T and S € %(q) in B,(q) is

E(T,S,q,r) =E(T,S,q,7) + E(S,T,q,r) .

Furthermore we shall write:

(d) E(T,q,r) and E(T, ¢, r) for, respectively, the minima of E(T, S, ¢,r) and E(T, S, q, )
over all open books S € #(q);
(e) E(T,7m,q,r) with m € Z(q) and E(T,q,r) as in (1.2) and (1.3), respectively.

We will often denote with 7, an optimizing plane in the ball B,.(q), i.e. such that

E(T,7,,,q,r) = min E(T, 7, q,r) = E(T,q,r) .
T€Z(q)

INote that, according to our definition, an m-dimensional plane = C T,% is an open book, and however
in the latter case the spine V' is not uniquely defined and can be taken to be an arbitrary (m — 1)-
dimensional linear subspace of 7. When we regard 7 as an open book, we assume that a choice of V' has
been specified, too.
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2.2. Allard’s height bound. We end up this section recalling a useful L™ — L? estimate
due to Allard that will be used in several places later on in the paper.

Lemma 2.4 (L>*-L? estimates). There exists a geometric constant C > 0 such that, if
T,% are as in Definition 1.1, 0 € X, By Nspt?(0T) = 0, and ||T)|(B1) < (Q + 3)wm, then

sup ]pfro (q)]2 < C(E(T,m,0,1) + A2) for every my € Z(0). (2.1)

q€spt? (T)NB15/16

A proof can be found for instance in [13, Lemma 1.7], and is based on an argument of
Allard (see [1, Theorem (6)]). Note that the argument in [13, Lemma 1.7] just uses the
fact that T induces a varifold in R™*" with generalized mean curvature bounded by A.

3. EXCESS DECAY IN THE TWO REGIMES AND THE PROOF OF THEOREM 1.3

For the rest of the paper we will mostly work under the following assumption:

Assumption 3.1. We let 7', 3 be as in Definition 1.1 with Q = B;(0), n = 1, and p = 20,
and let T be a representative mod(p). Moreover we assume A < 1,

Or(0)>Q, By0)Nspt?(@T) =0, and  ||T|(B1(0) < (Q+2)wm. (3.1)

Our main Theorem 1.3 will then be proved by showing two suitable decay propositions
in two different regimes based on the value of the ratio E7'E.

Proposition 3.2. For every p = 2Q, m, n, and any fized 6 > 0 there are % >r =
r1(81,p,m,n) > 0 and ey = €1(01,p,m,n) > 0 with the following property. Assume that

Assumption 3.1 holds and that in addition
A? < g E(T,0,1) < &7, (3.2)
then B
E(T,0,m) < 6, E(T,0,1). (3.3)
Proposition 3.3. For every p = 2@Q), m, n, there are 0 < ry < %, g9 >0, and 0 <y <1
with the following property. Assume that Assumption 3.1 holds and that in addition
E(T,0,1) < pE(T,0,1) and A? < eE(T,0,1) < ,E(T,0,1) < &5. (3.4)
Then 1
E(T,0,r) < 5E(T,0,1). (3.5)

Proposition 3.2 will be proved in Section 5, whereas Sections 6 to 13 will be devoted to
the proof of Proposition 3.3. In the rest of this section, we will show how Theorem 1.3
follows from the two decay propositions. First, we show the validity of a slightly modified
version of Proposition 3.2.

Corollary 3.4. For every p = 2Q, m, n, and 6; > 0 there are % >ry =r1(01,p,m,n) >0
and €3 = €3(01,p,m,n) > 0 with the following property. If Assumption 3.1 holds, and if
furthermore

A? < gE(T,0,12) and E(T,0,1) < e3, (3.6)
then (3.3) holds true.
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Proof. We show that (3.6) implies (3.2) when €3 is chosen sufficiently small. To this aim,
it is sufficient to show that there exists a geometric constant C' > 0 such that

E(T,0,1/2) < C (B(T,0,1) + A?) . (3.7)
To prove (3.7), we let mp € Z(0) C %(0) be a plane realizing E(T,0, 1), so that
E(T,0,1/2) <E(T, m,0,1/2), (3.8)

where in the calculation of E(T,m,0,1/2) the subspace V(m) can be chosen arbitrarily.
Next, if €3 is chosen sufficiently small then

((Pr)#(TLB1)) L Byys = Q [mo N Byyu]  mod(p).
In particular, by Lemma 2.4 we easily see that for every z € my N Bg/y there is a point
q € spt(T) such that p,,(q) = z and |¢— 2]* < C(E(T,0,1) + A?). This implies easily that
E(m,T,0,1/2) < C(E(T,0,1) + A%). (3.9)
Since
(T, 7,0,1/2) < 2" E(T', m,0,1),
(3.7) follows immediately from (3.8) and (3.9). O

Finally, before coming to the proof of Theorem 1.3 we come to another important ingre-
dient, which is in fact an outcome of the analysis leading to Propositions 3.2 and 3.3.

Lemma 3.5. For every p = 2Q,m,n, and v > 0 there is C(p,m,n,y) > 0 with the
following property. If Assumption 3.1 holds, if S and S’ are open books in HB(0) realizing
E(T,0,1) and E(T,0,r) respectively, and r >+, then

dy(SNBy,8'NB;)* < C (A*+E(T,S,0,1) + E(T,S',0,7)) , (3.10)
where dy, denotes Hausdorff distance. Moreover, there is a constant C(p,m,n) such that
E(T,S,0, %) < C(E(T,S,0,1) + A?%). (3.11)

Lemma 3.5 will be proved in Section 8.

3.1. Proof of Theorem 1.3. Without loss of generality, using the scaling and translation
invariance of the problem we assume that » = 1 and ¢ = 0. We fix therefore ¥, T, 2 = By,
and assume that spt?(97) N By =0, ||T|(B1) < (Q + 3)wn, and fix a plane m, such that

E(T,0,1) + A? = E(T,7,0,1) + A*<¢. (3.12)

The choice of ¢ will be subject to various smallness specifications along the argument.
In fact we first notice that, by the classical monotonicity formula, if it is smaller than
some geometric constant then ||T)(B,) < (Q + 2)w,,r™ for every r < 1. In particular,
Assumption 3.1 holds for T, and ¥, in place of T and X, whenever r < 1.

Next, we fix 3, 72, and 73 as in Proposition 3.3. We then specify 6, = %, and fix
correspondingly r; and 3 as in Corollary 3.4. For convenience we define € := min{ey, 3,1}
and we next proceed to define inductively a family of radii ¢; indexed by a set K which is
either the set of natural numbers or the subset of all natural numbers up to a maximum
Kmaz. The procedure will also give a suitable estimate for E(T, 0, t;).
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1

First of all we set ¢y := 3, and notice that

E(T,0,3) <E(T,70,0,3) < C(E(T,0,1) + A?), (3.13)
as in the proof of Corollary 3.4. Assume next that ¢, has been chosen and consider the
current Tp 4, , the manifold ¥o,, and AZ := | As,,, |2, = t2A% < et2. We then examine the
following three conditions:

E(Tyy,,0,1) <& (3.14)

A} < emin{E(Tp,,,0,1), E(Tyy,,0,3)} (3.15)

E<T0,tk7 07 1) < 772E(T0,tk7 07 1) . (316)

(a) If (3.14) fails we set kpaz = k.
(b) If (3.14) holds but (3.15) fails we set #441 = % and we invoke (3.11) to conclude

C
E(T,0,t541) < EA% =< Cytp 1 A? (3.17)

for a constant (;, depending only on p, m,n, and &.
(c) If (3.14) and (3.15) hold, but (3.16) fails we apply Corollary 3.4, set ty41 = rit
and estimate

E<T7 07 tk+1) = E(To,tku 07 7(,1) S 51E(T0,tk; 07 1) = 61E(T7 07 tk)

o 1
< 2E(T,0,t;) = SE(T,0,1). (3.18)
T2
(d) If (3.14), (3.15), and (3.16) hold we apply Proposition 3.3, set tx4; = 7oty and
conclude
1 1
E(T, O, tk’-l—l) = E(To,tka 0, 7“2) S EE(TOJM 0, 1) = §E(T, 0, tk) . (319)

Next observe that the following inequality holds for £ = 0 and for those k for which (k—1)
falls under alternative (b), because 7 < t;, < 27"

E(T,0,t;) < Cy(A* +E(T,0,1))27". (3.20)

For any other k € KC we let &’ be the largest integer smaller than k& for which & — 1 falls
in alternative (b), if it exists, or set &' = 0. We now can use (3.18) and (3.19) and the
validity of (3.20) for k£’ to conclude

E(T,0,t;) < 27 % FE(T,0,t) < 27 Cy(A? + E(T,0,1))27%

and hence the validity of (3.20) for every k € K. Next set  := min{ry,ry} and observe

that v < t’;—:l < % For each k let Sy be an open book such that E(7,0,t;) = E(T, S, 0, tx).
By Lemma 3.5 we have

dyu(SrNB1, S, 1 NB)? < C(A* +E(T,0,1))27%  Vke K\ {0} (3.21)

dH<7T0ﬂB1,SomB1)2 S C(A2+E(T,0,1)), (322)

where in (3.22) we have applied (3.10) to the current Tp,, = 0,1 together with (3.13). In

particular we conclude that dy(mo N By, S, N By)? < C(A% + E(T,0,1)) < Ce, which in
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turn, together with (3.20) implies E(T, 1, 0, ;) < Ce. Since the constant C' is independent
of €, upon choosing ¢ sufficiently small, we conclude

E(T, o, 0, tk) <é Vk e K. (323)

On the other hand the latter estimate implies that alternative (a) never applies and the
inductive procedure never stops, namely I = N.

Observe next that (3.21) implies that S, N B; is a Cauchy sequence of compact sets
in the Hausdorff distance. It thus converges to S N By for some unique open book S.
Consider next a sequence r; | 0 with the property that Tp,, converges to @ [r] for some

(i) +1

plane 7. We can find a sequence k(j) so that txjy41 < rj < ty). Given that e > 7,
J

we immediately conclude that Ty, , converges to @ [7]. On the other hand this implies

that E(Q [r],S,0,1) =0, which in turn forces the equality S = .

Next, summing the appropriate tail of the series (3.21) we immediately see that
dyu(Sr N By, 7N B)* < C(A? +E(T,0,1))27".
Combined with (3.20) we conclude
E(T,7,0,t;) < C(A? + E(T,0,1))27%.
Finally, for any r < % we choose k so that t1 < r <t and we immediately conclude

E(T,7,0,7) < Cy " *E(T, m, 0, 1) < C(A* + E(T,0,1))27".

k+1

Since r > t41 > "', the latter implies the desired estimate (1.5) for a = —log, 2. O

4. GRAPHICAL PARAMETRIZATIONS OVER PLANES

Next we introduce the graphical parametrization that will play in this paper the same
role that Allard’s and White’s regularity results play in [12] and [4], respectively. The
first proposition follows essentially from [6, Theorem 16.1] once we can show that the tilt-
excess is controlled by the L? planar excess (an estimate which can be reduced to Allard’s
classical work). We follow the notation of [4], and for planes 7 C T, we denote by 7+
their orthogonal complement in R™" and by 7t their orthogonal complement in 7,3
Moreover, we set, for an open set 2 C R™"

h(T, 0, 7) = sup{|py (x — 9)] - 2.y € spi(T) N2
and we introduce two further notions of excess, which are “W'2-based” rather than L?2-
based.
Definition 4.1. Let T" be a representative mod p.

(a) E° is the oriented ? tilt excess of T with respect to a plane. More precisely, let
m € P(q) be oriented by the unit m-vector 7, and set C,(q,7) := B,.(q,7) x 7,

2The other notions of excess have the property that they only depend on the mod(p) class [T] of T, as
long as T is a representative mod p. This is however not the case for the oriented tilt excess.
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where B, (¢, 7) := B,(¢) N (¢ + 7). Then, we set, for Q@ = B,(q) or 2 = C,(q, 7):
1 —
T(¢) —72d||T|({);
s [ 1T = AT
(b) E" for the unoriented tilt excesses of T' with respect to a plane m € #(q), namely

no 1 'l
B(T.m ) = g [ (@) = e, dIT ).

E°(T,7,Q) :=

where
|1 — Talno := min{ |7 — o, |71 + 72|} -

Note moreover that in place of |r; — 73|, we could use the integrand |pr, — Pr,|, as the
two integrands are equivalent up to a multiplicative constant.

Remark 4.2. While we will use the notation and terminology of [7] for “special” Q-valued
functions, since we are in a codimension one context and we will always deal with Lipschitz
multifunctions, in our case they reduce to the specification of the following classical maps:

e () Lipschitz maps vy, ..., vg defined on some domain €2 of an oriented m-dimensional
plane 7, C T;% with values into its orthogonal complement 7qu, taking values in X.
This means that the maps will take the special form v;(2) = u;(2) + ¥ (2 + u;(2)),
where U : T,% — T,X+ parametrizes X as a graph over 7,3 and u; takes values on

the real line 7qu ‘.

e Amape, : Q — {—1,1}. This map specifies whether we should consider the tangent
planes to the graphs of each v; at (z,v;(z)) as positively oriented (i.e. having the
same orientation as the pushforward of 7,), or negatively oriented. Note that, by
definition of special ()-valued functions, at any given point z either all such planes
are positively oriented, or they are all negatively oriented.

Following [7] such an object will be denoted by (>, [vi] , €,) and G, will denote the integer
rectifiable current associated to it (the “graph” of v), which happens to be a representative
mod 2@, with no boundary (mod 2@Q)) in the cylinder Q x 7qu. If not otherwise specified,
the functions will be ordered so that u; < uy < ... < ug, for some ordering of the real
line 7qu ? (a canonical choice of ordering of 7qu “ is the one which is compatible with the
orientations of 7,3 and ).

The main results of this section are Propositions 4.3, 4.4, and 4.5 below.

Proposition 4.3 (Multivalued approximation). For every p = 2Q), m, and n there exist
constants eg,7v,C > 0 depending on (Q, m,n), with the following property. Assume that
(a) T, 3, and Q = By are as in Definition 1.1 with n = 1 and p = 2Q, and T is a
representative mod(p);
(b) E+ A?:=E(T,0,1) + A?2 <%, and E(T,0,1) = E(T, 7,0, 1);
) By Nspt?(9T) = 0;
) either there exists £ € By 16 such that O7(§) > @
) or

(c
(d1
(d2

(pﬂ—o)ﬁ(TLC7/g(7T0) N Bl) = Q [[7'('0 N B7/8]] . (41)
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Then, there exist a function u: By := Bs4(0,m0) — “o(m5°), and a closed set K C By
such that, if we set

Q
v(z) == (Z [vi(2)] ,5u(z)> : vi(2) = u(2) + V(2 + u(2)), (4.2)

i=1

then the following holds:
spt(G,) C 3, (4.3)
Lip(v) < C(E+ A?)7 and osc(v) < C(E+ A%+ h(T,Bys/16,m0), (4.4)
G, (K xmy) =TL(K x 7)) NBys/16  mod(p), (4.5)
|Baja \ K| < |ITI[(((Bsja \ K) x m37) N Busjie) < C(E+ A%, (4.6)

1 _
ITI(C 1 Buse) = QlBual 5 [ Do C®+A, @)
B34
|v]|7 0 +/ |Dv|> < C(E+ A?). (4.8)
B3y

The next proposition adds two conclusions which are useful in our situation and which
follow from a careful combination of the estimates in Proposition 4.3 with the classical
monotonicity formula.

Proposition 4.4. Let T, X, u, and v be as in Proposition 4.53. Then:
(i) If go = (20, wo) € Bija X Bija C mo X my and O7(qo) > Q, then
Q

/ LY
By (20,m0)NK ‘Z - Zo‘m_Q

=1

o (vi(2) — wo)

BT

2
_ 1
dz < Cry™ (E+A?%)  Vry < 1 (49)

(ii) If S € A(0) has spine V.= V(S) and (w,,'E(S,T,0, 1))% < & then for any

po € [(w;llE(S, T,0,1))m+, %}, upon setting
S(p) =S8N B7/8 N C% \ Bé-l—p(v) y

we have that

/ dist?(q, spt(G,)) dH™ < C’/ dist*(q, spt(T)) dH™ + C (E + AQ)HB . (4.10)

S(po) S(po)

for some positive geometric constant 5 = 5(m, Q).

In the final proposition we take advantage of the regularity theory for area-minimizing

currents in codimension 1. Before coming to the statement we introduce a suitable cylin-
drical version of the L? excess which is given by

1 :
E(T, 70, Cy(2,m0)) := rmﬁ/c( )dlst(q—z,ﬂo)lelTll(q)- (4.11)
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Proposition 4.5. Let T' and ¥ be as in Proposition 4.3. The approximating map v and
the set K can be required to satisfy the following additional property. Assume that for
some ¢ = (z,w) € spt(T) N Brs N Cyjo C mp X 7y and some cylinder Ca,(z,my) C Cis2
the following holds:
@T(q/) <Q ‘v’q/ c CQT(Z, 7T0) N B7/8, (412)
™ > (E+ A%, (4.13)

Then B,(z) C K and there is a C%'? selection for u|p, (). More precisely:

(i) €y 1s constant on B,(z);
(ii) there are O functions uy < ... < ug : B.(2) = 7m° = R such that u =

(O [w] s ew),
(iii) for alli < j, either u;(¢) < u;(¢) V¢ € B,(2) or u;(¢) = u;(¢) V¢ € B,(2);
(iv) The following estimate holds for everyi € {1,...,Q}

IDuillcos, 2y + = [Duhe 2y < C (B(TLByys, mo, Car(z,m0)) + A% (4.14)

Proof of Proposition /.3. Having fixed the plane 7y, we will write E™ (T, Q) = E"°(T, mo, 2)
to simplify the notation. First, observe that the unoriented excess E" (T, B;) introduced in
Definition 4.1 is in fact equivalent, up to multiplicative constants, to the classical varifold
excess (see [1]) of the varifold v(T") associated to T'. Invoking [6, Lemma 5.1], we have that

wv(T)[X] = —/X - Hp(z)d||T)(2) for all X € C}(By;R™"),

where Hy is a Borel function satisfying ||Hr|lsc < CA. Hence, we can use the classical tilt
excess inequality, cf. [3, Proposition 4.1}, to achieve, for every zy € Bs;y = Bs;4(0, ) and
for any ro with 9rg < 1/8,

E™(T,Bg,,(20)) < C(E + A?). (4.15)
By Lemma 2.4,
sup {|P#o (z)] -z € spt(T) N B15/16} <CE+A*",
so that, if we set 7" := T'L. By5/16 and Cz/5 := C7/5(0,7m9), we then conclude that
OT'LCy/s = 0 mod(p)

and that

h(T’, Cys,70) < h(T,Bys/i6,m0) < C(E + A?)'2, (4.16)
and thus

E™(T’, Cg,y(20)) < E™(T,Byg,,(2)) < C(E+ A?).
Observe next that, by the constancy lemma mod(p)(see [6, Lemma 7.4]), there exist (up
to a change of orientation of m) an integer 1 < k < @ such that

(pﬂo)ﬁT/LCUS =k [[WO N B7/g]] mOd(p) .

We claim that it is necessarily k = (). Indeed, if k < @), assuming e sufficiently small we
can appeal to White’s regularity theorem [16, Theorem 4.5], and conclude that T"L_ Cz /g4
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is (the current associated to) a regular submanifold of ¥, which, in particular, would be
free of points ¢ with ©7(q) > @Q: thus, having k < @) would contradict both (d2) and (d1).
We can now appeal to [6, Theorem 16.1] and (4.15) to conclude that
E°(T',Cyy(20)) < C(E+ A?).
1o

We can thus apply [6, Theorem 15.1] to find a map u* : B, (20, m) — o(m5°) and a
closed set K* C B,,(z9,m) so that the associated map v* as in (4.2) satisfies (4.3) to
(4.7) on the cylinder C,, (29, m), where v > 0 is a geometric constant. Using the same
arguments as in [10, Section 6.2] to patch the maps u* together when zy € By, varies, we

conclude the existence of a unique map u: Bs;y C my — JZ%Q(?TOLO) and a closed set K C Bs/4
so that the associated map v satisfies (4.3) to (4.7). Moreover, using [6, Theorem 16.1], a
standard covering argument, and the tilt excess inequality as in (4.15), it holds

IT"(Cs4) — QIBsal < C(E™(T", Crjs) + A%) < C(E + AY),
we can use (4.7) to infer

/ |Dv]* < C(E + A?). (4.17)
B34

Now, the second estimate in (4.4) and (4.16) give immediately
osc (v) < C(E + A2,
However observe also that
sup{[pns ()| : ¢ € spt(T) N Busjis N Cpa} < C(E + A%,
while spt(7') Ospt(GU) NBi15/16MNCy/4 is certainly nonempty. We thus conclude the estimate
[v][Z < C(E + A?). O

Proof of Proposition /.4. In order to prove (4.9), let gy = (20, wp) be as in the statement of
the proposition and let rq < %. Observe first that, since B,,(qo) C Bis/16 N Cs/a4, it follows
rather easily from Proposition 4.3 that

||TH (BT‘O(QO)) ||Gv|| (BTO<QO)) HT — Gv” (Bro (QO))

m o @T(QO) S m B Q + m
WmT Wm T WmT
1 1 _ @n ¢ _
<C —m/ Duf+ —(E+A% | < —(E+A?.
To JBy,, "o "o

We then use the monotonicity formula and the fact that ©r(qy) = @ to infer that

/ ‘(q_q0>L|2 d”T“ S ||T||(BT0(QO)) —@T(QO)—FCAQTS

rola0) 14— o™ Wi’
< Cry™E+ A?).
Note that the usual monotonicity formula for varifolds with bounded mean curvature (as
in [1]) would give an error term of type C'A in the first line. In order to get a quadratic

error it suffices to invoke the argument in [9, Appendix A], which uses the stronger fact
that ||7']| is a stationary varifold in the Riemannian manifold ¥, cf. also [9, Remark A.2].
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Using the Lipschitz continuity of v, the same argument as in the proof of [4, Proposition
8.3] shows that

Q

1
/Bro(zo)ﬁK |2 — 202 ;

1

8, (vi(2) — wo)

|z — zo|

2 _ 12
B

rola0) 14— Qo™

< Cry™(E+ A?),

thus proving (4.9).
We now come to (4.10). Recall that S(p) := SﬂB7/gﬂ(C%\B%+p(V)). Upon introducing

the set Cx := K x m;, we note that it is enough to show

/ dist®(q, spt(TL Cic) B3 16) dH™ < C / dist?(q, spt(T)) dH™ +C (E + A%
S(po) S(/’O)

(4.18)
since then (4.10) follows from

/ dist?(q, spt(G,)) dH™ < / dist?(q,spt(G, L Cx) N Bis16) dH™
S(po) S(ro)

= / diStz(q, Spt(TLCK) N B15/16) dH™
S(ro)
Towards the proof of (4.18), define the set

: L.
U:= {q € S(po) : dist(q,spt(T)) < §dlst(q,spt(TLCK) N B15/16)} :
It is clear that (4.18) holds true provided we can show that, for a suitable choice of py,
H™(U) < C(E + A%, (4.19)

To this aim, first observe that if we set

1 1
bq = §min {dist(q,spt(T)),po, g} for ¢ € S(po)

then one has

E(S,7,0,1) > / dist?(z, spt(T)) dH™ () > W ot (4.20)

By, (9)NS
where in the second inequality we have used that dist(x,spt(T)) > §, for all z € Bs,(q)
due to the definition of d,. It follows that if 1/8 > py > 10 (w,,' E(S, T, 0, 1))ﬁ”, then
1 1
dist(q, spt(T)) = 28, < 2 (w;,' E(S,T,0,1))mz < 0 Vg € S(po) - (4.21)
In particular,

dlSt(q, Spt(T)) = dlSt(q, Spt(T) N C5/8 N B29/32) for all qc S(po) . (422)



EXCESS DECAY FOR MINIMIZING HYPERCURRENTS MOD 2Q 15

We will estimate the measure of U by a Vitali covering argument. We apply Vitali’s
covering theorem to the family of balls {Bo,(4)(q) : ¢ € U} with r(q) := dist(q,spt(7")) to
find a disjoint subfamily {Bs,(,,)(¢;)} such that

U C U BlOT(qz')(Qi) .

For each i, fix p; € spt(T) such that |¢; — p;| = dist(q;,spt(T)) = r(g;). Notice that
pi € spt(T) N Cs/5 N Bag/so as a consequence of (4.22). Hence

B, () (i) Nspt(TLCk) = By(g,)(pi) Nspt(TLCrx) NBys 6 =0, (4.23)

for otherwise, given the definition of r(g;), one would contradict the fact that ¢; € U. Notice
that, since for every i we have B, () (pi) C Bay(g,)(¢i), then also {B,(,)(p:)}: is a disjoint
family. We recall next the density lower bound for area minimizing currents mod(p), that
is wy,r™ < 2|7 (Br(q)) for all ¢ € spt(T), which holds provided A is smaller than a

geometric constant. We then have

H™U) <pY 10Mwur(g)™ < 2p-10™ Y " ||T| (Brg(p))

= 2p- 10™||T| (U Br(qn(pi))
< 2p- 10" T (Biajis 0 (By \ K) x ) < C(B+ A%,

where in the last inequality we have used (4.6) and the second last inequality is a conse-
quence of (4.21), (4.22), and (4.23). We have thus proved that (4.19) holds with g = 7,
and the proof of (4.10) is complete. O

Proof of Proposition 4.5. In order to simplify our notation, we set 7" := T'L B7/5. Note
first that under the additional assumption (4.12) we can apply [4, Lemma 9.5] to deduce
that 7" is a classical area minimizing current in By, (¢), and thus, thanks to Lemma 2.4 and
(4.13), in Cz,/4(2,m). We can then apply the standard decomposition of codimension 1
area minimizing currents in sum of area minimizing boundaries with constant multiplicities,
and De Giorgi’s e-regularity theorem with L2-excess (see for instance [2, Theorem 4.5]), so
to conclude that in Cs, 2(2, ™) the support spt(7”) coincides with the union of the graphs of
finitely many C'»'/? functions @1, . .., Uy with the property that ©;(¢) = @;(¢) +¥ (¢ +1(¢))
and 4; < Uy < ... < uy. Observe that, because of the assumption (4.13) and the
estimate (4.6), K N B,(z) can be assumed to have positive measure, provided ¢ is chosen
sufficiently small. In particular we conclude that N = () and that the multifunctions
> [0:] and )~ [v;] coincide on a set of positive measure. Because of the constancy lemma,
we immediately conclude the existence of a constant £ € {—1, 1} such that

T'L Csp/2(2,m) = G
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for the special multivalued function
i
We remark in passing that the estimate

1Dilleo (s, ) + 17 P IDW] o, 02 < C (B(TLByss, mo, Car(2,m0)) + A%)'? - (4.24)

follows from classical elliptic regularity, the reader can for instance see the argument in the
proof of [4, Theorem 6.3].

If we could show that v and © coincide on the domain of definition of ¥, we would be
finished. In the remaining argument we will show that we can in fact modify v suitably so
to coincide with the map o for all choices of z and r, while retaining all the estimates that
v satisfies (of course with some larger geometric constants).

Define the set P of pairs (¢, r) satisfying the assumption of the Proposition, and denote
by 4%" and %" = a?" + W(- + u?") the corresponding maps which we just found. We wish
to redefine the map v of Proposition 4.3 with the following algorithm:

(1) First of all we restrict u to K;

(2) We then enlarge K by adding By, s(2) for every pair (¢,7) € P (where ¢ = (z,w))
and denote by K* the corresponding set;

(3) Furthermore we extend u to each such By, 5(2) by setting it equal to a?";

(4) We make a final Lipschitz extension to the whole ball By /s, and then we lift such
extension to X using W.

We denote by u* the map defined through the steps (1), (2), and (3), and we set v¥(() =
uf(¢) + U(¢ + uf(¢)). Note that the extension in (3) is well defined because necessarily
97" = 97" on By, s(2) N Bys/s(z') whenever the latter is nonempty. This crucial property
follows from the fact that over both balls the graphs of the corresponding maps coincide
with the restrictions of 7" on the corresponding cylinders.

We next claim that

Lip (v*) < C(E + A?)". (4.25)
Given that [|v]|z~ < C(E + A?)"? just because of Lemma 2.4, we can use the extension
theorem [7, Corollary 5.3] to extend u* to B; /2 by enlarging the Lipschitz constant and the
L> bound by a constant geometric factor and then lift such extension to ¥ using ¥. All

the remaining conclusions of Proposition 4.3 will then follow, except for the fact that K*
is not closed. To overcome this issue, we replace K* with the closed set

K*=KU (] B.(2).
(g,r)EP

We observe that all the conclusions of Proposition 4.3 still hold, since K C K* C K* The
first inclusion is obvious; the second follows from (4.13), which in particular implies that

LJ(q,r)€7J BT(Z> C U(q,T)GP BQT/8<Z).
We are left with the proof of (4.25): we fix &, ¢ € K* and distinguish several cases.



EXCESS DECAY FOR MINIMIZING HYPERCURRENTS MOD 2Q 17

Case (a) £, ¢ € K. Then
Gs(v¥(€),v*(()) = Gs(v(€), v(()) < Lip(v)|€ — (| < C(E+ A?)|¢ — (] (4.26)

Case (b) ¢ € K, ( € K*\ K. Consider then (q,r) € P such that ¢ € By, s(z). We
distinguish further two situations:

(bl) & € Bs,/4(2). Then we obviously have
Go(v4(€), ¥*()) = Go(077(€), *"(¢)) < Lip(847)[¢ — (|
< C(E(T/,T('Q,CQT(Z,T('Q)) —|—A2)1/2’£ — C‘ . (427)
Note however that, by (4.13)

E(T,7 0, 027‘(27 ﬂ-O)) < rmJFQE < EQ’Y
Therefore we again conclude
Gs(v*(€),v*(¢)) < C(E+ A?)7IE — (. (4.28)
(b2) & & Bsyr/a(z). We then select £’ € K N By, s(2). Since |§ — (| > ¢ we certainly have
€' — ¢l < 4r <321 — (], (4.29)
€ =& <16 =l + 1€ = ¢l <33¢ =] (4.30)

We can then use the estimates in cases (a) and (bl) to conclude
Gs(v¥(£),v*(Q)) < Gu(v¥(€),v*(€)) + Gs(vF(Q), ¥ (€) < C(E + A?)|¢ = (| (4.31)

Case (c) &,¢ € K*\ K. As above we choose a pair (¢,r) € P such that ¢ € By, s(z).
As in case (b) we distinguish two corresponding cases, which we call (c1) and (¢2). In
case (cl), namely if & € Bs,/4(2), we argue as in case (bl) to conclude (4.28). If instead
§ & Bsy/a(2) we then choose ¢’ € K N By, /s(2). The two inequalities (4.29) and (4.30) are
still valid. We can now proceed as in the proof of (4.31), using, this time, case (b) and
case (cl). O

5. PROOF OF PROPOSITION 3.2

In this section we prove the first decay Proposition 3.2. This will be achieved via a
suitable linearization over a plane using the theory of special multivalued functions.

5.1. Preliminary decay estimate on harmonic multifunctions. The main reason
behind Proposition 3.2 is an analogous decay estimate for Dir-minimizing functions u
taking values in ., (R).

Lemma 5.1. For every d > 0 there is a constant 7(Q), m, d) > 0 with the following property.
Let By C R™ and let u € WY2(By, o5(R)) be Dir-minimizing and such that uw(0) = Q [0].
Then there is a 1-homogeneous Dir-minimizing u € W'?(By, @5(R)) such that
1
/ G.(u(x),a(z)2dx <5 | |Duf  Vr<r (5.1)
By

2
rm+ B
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Proof. We first claim that it suffices to prove that the lemma holds under the additional
assumption that n o u = 0 and with the additional conclusion that n o & = 0. Towards
proving the claim, notice first that, if f: B; — R is a harmonic function with f(0) = 0,
then it is elementary that, denoting f the linear term in the Taylor series representing f,
one has

! /!f—ﬂwxgcﬁ DfP. (5.2)
By

2
rmt B

Next, for a general u € W'?(By, #5(R)) which is Dir-minimizing and such that u(0) =
Q [0], one denotes f := nowu and v := u © f; if v denotes the 1-homogeneous and Dir-
minimizing function with zero average obtained applying the lemma to v, and f denotes the
linear term in the Taylor series of f then, setting @ := ¥ @ f one has, for all r < 7(Q,m, )

1 1 _
i [ G = o [ s [

<o [ [DvP+CQr* | IDfP

Bl Bl

Sf@(@ﬂ”+@Dﬂ%

—5 [ |pur,
By

where the second to last inequality holds up to choosing a possibly smaller value for 7 so
that Cr? < 6.

Next, we prove the validity of the lemma under the additional assumption that nou =0
and with the additional conclusion that g o @ = 0. We denote by .#; C W'2(By, o, (R))
the space of 1-homogeneous Dir-minimizing functions with zero average. We argue by
contradiction and assume therefore that for every choice of 7 = % there is a Dir-minimizing
function uy € W2(By, o5 (R)) such that ux(0) = Q [0], moux = 0, and for which there is
a positive radius 7y < % such that

! Gu(up(x), (x)2dz > 6 [ |Dugl?. (5.3)

uES 'r'k Brk B

By rescaling we can, w.l.o.g., assume that fBl |Dug|> = 1 and thus up to subsequences
we can assume that wuy converges to some Dir-minimizing u € W'?(By, @5(R)), while
statement (5.3) becomes

Go(up (), u(z))*dr > 6. (5.4)

/ |Dul* < 1.
By

Moreover, by [5, Theorem 3.1], uy, is equilipschitz on each compact subset of By, and thus
the convergence is uniform. In particular u(0) = @ [0] and 7 o u = 0. Recall next that

Clearly
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the convergence is strong in W*'?(B,) for every r < 1 (see [7]). Therefore [, [Dul* > 0.
Otherwise we would have

lim |Duy|* = 0. (5.5)

k—o0 I
Combined with the Lipschitz estimate of [5, Theorem 3.1], the latter would imply

klggo ||DUkHL°0(Bl/2) =0.

Observe however that, given the information u(0) = @ [0], from this we would easily infer

which is incompatible with (5.4) because the function identically equal to @ [0] is certainly
1-homogeneous and with zero average. We thus conclude

n= | |Dul? > 0. (5.6)
1

Consider next the frequency I = I,,¢(0). By [5, Theorem 3.6] we know that I is a positive
integer. If I > 2, it then follows from the monotonicity of the frequency function that

|Du|? < Myr™+? for every r > 0.
By

In particular, for any fixed positive 7 there would be K := K(7) € N such that
/ |Dug|* < 2" 3 Myt VE > K.
Bar

By the Lipschitz estimate of [5, Theorem 3.1] we then conclude
| Dug| s,y < CM’F Yk > K

for a geometric constant C. In particular, again using u;(0) = @ [0] we get

1
Tm+2

/ G.(ur(7),Q [0])? dz < C My Vk > K,Vr <T.
B

We thus choose first 7 sufficiently small so that CMy7? < g and k sufficiently large so that
k> K and § < 7. Again our conclusion would be in contrast with (5.4) for all such k’s
and we thus conclude that the frequency I cannot be larger than 1. It must therefore be
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1. From this, we can draw the following conclusions:

7Dy o(7)

lim ————= =1 .
10 Hyo(r) 57)
_Hyo(r)

lim =52 =ty > 0 (5.8)
. Du 0(27')

lim ———~= = 2™ 5.9
0 Dy o(r) (5.9)
: . —-m e m—1 —

17}{51 Wayo(r) = 17%1 (7" Dyo(r)—r Hu,o(r)) 0. (5.10)

In particular, consider the threshold & > 0 given by [5, Proposition 7.1] for the choice
C = 2™+2 Next choose 7 sufficiently small so that

HoolF) > %fmﬂ (5.11)
7D, 0(2F) < 2™ H,, o(7) (5.12)
P W0(r) < S Hu(r). (5.13)
For any sufficiently large £ we then have
7Dy, 0(27) < 2™ H,, o(7) (5.14)
P W 0(F) < EHyyo(7). (5.15)
We then can apply [5, Proposition 7.1] to each rescaled function vg(z) = ug(rz). We

thus conclude the existence of a constant 3 (which is geometric) and a constant C' (which
depends on 7) such that there exists a 1-homogeneous Dir-minimizing function w; with
n oty = 0 (although this property is not claimed in the statement of [5, Proposition 7.1],
it can be easily concluded by a rapid inspection of the proof) and with the property that

||gs(ukaak)||co(Br) < CT1+B Yr <r.

In particular, for every k sufficiently large, we would infer

Go(up(z), i () do < Cr™ 2128 vy <7,
BT

Choosing k large enough we also ensure r; < + < 7 and we thus can write

el

iz [ Gttt de < O (5.16)
Tk Br,

Since 1, . 0, for k large enough we have Criﬁ < %. In particular, given that u; € %, (5.4)
and (5.16) are incompatible. O
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5.2. Proof of Proposition 3.2. Let §; > 0 be given and fix a small constant

1
7(,1(517777‘7”762) < 5

whose choice will be specified later. We will argue by contradiction and assume that, for the
choice of e = %, there is a current T}, which satisfies the assumptions of the Proposition but
for which (3.3) fails. We set E := E(T}, 0, 1), denote by 3 the corresponding Riemannian
manifolds and let Aj be the L* norms of their second fundamental forms. We can further
assume to rotate the currents and the ambient manifolds ¥; so that R™ x {0} = my C
ToX, = R™! x {0} is a plane minimizing the excess E,. We then let v;, be the Lipschitz
approximation of T} := T}, C/2(0,7) given by Proposition 4.3, and v, := E;lﬂvk their
normalizations. By (4.8) we conclude that

/ (52 + D) < . (5.17)
By 2

We can therefore appeal to the extension of the classical Sobolev space theory to o7, (R")-
valued maps to conclude that vy converges to a map v € W2(By 2, @5(R™)) strongly in
L?, up to extraction of a subsequence (not relabeled). Moreover we observe that:

(a) Since Aj, — 0, ) converge to R™" x {0} and thus, by (4.3), v takes values in
5 N (R™ x {0}), i.e. it can be regarded as a </, (R)-valued map;

(b) by [6, Theorem 13.3] v is Dir-minimizing;

(c) since ©(T},0) = ©(T},0) > @, by [6, Theorem 23.1] we have that

i [ 6.(0).QIn o vO))? =0,
si0 57 g,

in fact, the validity of [6, Theorem 23.1] is stated under the assumption that
O(T{,0) = @, but an inspection of the proof (which is as in [9, Proof of Theo-
rem 2.7]) shows that the same result also holds when ©(T},0) > @ (precisely, the
condition on the density is crucial in [9, Formula (9.9)], and the latter inequality is
valid also in our setting). Furthermore, one sees that, since the origin is a point of
density at least @ for T}, v(0) = Q [ o v(0)] = Q [0].

We are then in a position to apply Lemma 5.1 and conclude that there are ¥ > 0 and a

1-homogeneous Dir-minimizing function A such that

G.(v,h)* < f—é)rm“ Vr < 7. (5.18)
BT

Our choice of r; is then given by the above 7.

We next consider the rescaled functions hy := E,lf/ ’h and observe that the supports of
their graphs are open books Sy which belong to #(0). In particular we must have

1
E(T%,0,71) < —mi2 (/

dist?(z, Si) d|| Ty || +/

SkN(Br \ By /s(V))

dist?(z, spt(T})) d?-l,m> .

1
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We now claim that, for a sufficiently large k,

1 J
limsup =—.— / dist?(z, Sy) d|| Tk || +/ dist?(z, spt(T})) dH™ | < =,
kvoo BTy B, SKN(Bry \By, /s(V)) 2

(5.19)

and the latter will give a contradiction since we were assuming E (T}, 0,7,) > §,E,, for every
k.
Observe first that dist(z, Sg) < r; for every x € B,, and we can therefore estimate

[ s sodinie < [ it S0dlGu@) + CIT(E \ K x )

1 B’r1

< dist?(z, Sy) d|| Gy, ||(z) + CE. .

1

T

B

Moreover we have

/ dist?(z, spt(T})) dH™
SkN(Bry \B,, ss(V))

dist?(x,spt(G,, L Cg,)) d||Gpn, L Ck, | +CE11C+77

oo}

1

so that

1
limsup =——— /
k—oo Ekrm+2 ( B

) 1 .
< hmsupW</B dist®(z, Sg)d|| Gy, || (@)

k—o00 kT -

dist®(x, Sg)d|| Tk || (x) + / dist?(z, spt(T})) d?—[m>
SkN(Br\By, /5(V))

1

+/ dist?(z,spt(G,, L Ck,)) d ||Gp, LCMH)-
B,

(5.20)

Consider next that B,, C C,, and that, since the Lipschitz constants of v, and hj converge
to 0, we conclude

1
]_' _—= d‘ t2 S d G’U
s / ist? (2, 81) d| Gy | ()
<li _ dist?((y, .Sy dy, 5.21
e g [, 320000800 o

1 =1
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as well as
: 1 :
lim sup =—-— / dist?(z, spt(G, L Ck,)) d||Gp, L Cx, || ()
k—oc0 EkT1 B,
Q
<1imsup#/ ZdistQ((y (ht)i(y)),spt(Gy, L Ck,)) dy (5.22)
o k—o0 EkT{n+2 Brlka i=1 ’ ’ ’ ’ ’

where (D, [(vk)i(y)] ,€v,(v)) is the value of the .o7y(R™)-valued function v, at y and
(O [(hi)i(w)] s en,. () is the value of the @7, (R™)-valued function hy, at y.

Now, observe that h, = E,lc/ 2h, and that S, is its support. Thus, if we denote by

(>, Thi(y)] ,e(y)) the value of h at y, then e, = ¢, (hg); = E,lc/th, and for every y, k and
i there is a j = j(k,y, i) with the property that

[(wn)iy) — By (9)] < Goloi(y), By *h(y)) .
Since dist((y, (vk)i(v)), Sk) < |(vk)i(y) — E,lfhj(y)], we can write
. 1 .2
fmsup gy |3 dise®((y, (v0). S0y

, 1 ;
S lim sup = mi2 / Q gs (Uk (y)7 Ellg/2h(y))2 dy
koo EgTy B

—timsup—2 [ Gu(ou(y). h(y)) dy

k—oo T By,

Q (5.18) §
=z [ Gu) hw) dy < (5.23)
1 Bry

Arguing analogously, one sees that dist((y, (hx):(v)) ,spt(Gy,)) < GS(E,lﬁ/Qh(y), vk(y)) for
every y € B, N K}, so that

Q

1 01
lim sup =——— dist?((y, (hi)i(v)), spt(G,, L Cx, ) dy < — . 5.24
mowp s [, D () G O S o (524

Combining (5.23) and (5.24) with (5.21) and (5.22), and plugging in (5.20), we conclude
(5.19), thus completing the proof. O

6. PROOF OF PROPOSITION 3.3: PROPAGATION LEMMAS AND BEHAVIOR OF (Q-POINTS

Many ingredients in the proof of Proposition 3.3 will be borrowed from [4, Theorem 4.5].
However, several substantial changes are needed, mostly because the “optimal open book”
S in [4, Theorem 4.5] is assumed to be at a fixed distance from a plane, while the one in
Proposition 3.3 is not. The first such change is related to the construction of the graphical
parametrization, where we cannot rely solely on White’s e-regularity theorem [16], but we
will also need to use Proposition 4.3.

Over the next sections we will work under the following set of assumptions.
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Assumption 6.1. We let T" and X be as in Assumption 3.1, and &,77 € (0, %) are fixed

positive constants. There are an open book S = Uf\il H,; C Tp> and and a plane my C T2
such that

(i) A2 < eE(T, 7,0,1) < &%
( ) (TSO, )Sﬁ (Taﬂ-OaOal);
(i) E(T,0,1) > (1 — 7) E(T, 7,0, 1).
Setting V = V(S), we write TpX = V10 @ V with coordinates

= (z,y) = (T1, T2, Y1, - - -, Ym—1) -
If additionally V' = V(S) C m, then we set
o = {z2 = 0} and 75 :=meN {Fx; >0},
Coordinates in TpX+ ~ R"! are denoted w.

6.1. Angle bound. We start with a lemma bounding the angles formed between the
various pages of S and .

Definition 6.2. For every fixed ¢ € ToX, let 57, = {H C S : dist(q, H) = dist(q, S)}, and,
for any m-dimensional plane m C Tp%, denote by (5,(q) the maximal angle between half-
planes H € 7, and m. More precisely, for any H € .77, we let 7(H) denote the m-plane
containing H, and then we set

Br(q) := max{disty(r(H) N By, 7N By) : H e J},
where dy denotes Hausdorff distance. We record the elementary fact that, when 7 and 7
are two m-planes in Ty,

disty (T N By, 7N By) = sup{|p,(2)|: z€ TN B}.

We also set

BW(S) i = nmax 67r<Q)

qedB1NS
= max {disty (7 N By, NBy): m; DH;,ie{l,...,N}},
Bmax(S) : = max{qexggﬁsﬁw( ): m D H; forsomeie€{l,... ,N}}
= max {disty(m; "By, 7;NBy) : m DH; ,m; DH; .4, €{l,...,N}}.
Bx(S) is the maximal angle formed by pages of S and 7, while S (S) is the maximal

angle formed by distinct pages of S. Observe that Sy (S) = 0 if and only if S is an
m-~dimensional plane.

Lemma 6.3 (Angle bound). There are positive constants 4, 14, and C such that, if T
satisfies Assumption 6.1 with € < g4 and 1 < ny, then the following holds:

C7'37,(S) S E(T,m,0,1) < CB..(S) < C?52 (S). (6.1)
The same conclusions hold if the first inequality in Assumption 6.1(i) is replaced by A <
1Bmax(S)-
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Proof. We first observe that, under the hypotheses (ii) and (iii) of Assumption 6.1, the
book S cannot be an m-dimensional plane, that is fpmax(S) > 0. Indeed, should S be a
plane, we would have, for < %, the contradiction

1 1 n
E(T, 7o, 0, 1) < ? E(T, O, 1) < ? E(T, S, O, 1) < % E(T, 7o, 0, 1)
- -n =N

< E(T, o, O, 1) .

Next, we prove that there exists a positive geometric constant C' such that

éE(T, 70,0,1) < 3. (). (6.2)

Indeed, for ¢ € XN By set ¢’ := pryx(q) , let Hy € J%, be such that disty (1(Hy) By, 7N
B:) = 5:(¢'), and let ¢" € Hy be such that dist(¢’, Hy) = dist(¢/,S) = |¢ — ¢”"|. Notice
that, for 7 an arbitrary plane in Ty, it holds

|p7ri- (Q)| < diSt(q/,Hq,) + &(q”) LA,

Therefore we have that

/ dist*(g, 7) d||T| §2/ dist*(q,S) d||T||(q) +2 | Bx(¢")*d||T||(g) + CA?
B B B
<CE(T,S,0,1) + CEE(T, 70,0,1) + C7*Bmax(S)> + 2 [ B:(¢")?d||T||(q)

B:

<C(7 + &)E(T, 7,0,1) + Cimax(8) +2 . Bx(d")* dlIT(q),

where in the second inequality we have used Assumption 6.1(i) (or the alternative A <
7Bmax(S)) and in the last inequality we used Assumption 6.1 (ii). The above implies

E(T,0,1) < E(T,7,0,1) < C(77 + £)E(T, m0,0,1) + C7ifmax(S)* +2 | Bx(¢")*d[TIl(q) ,
B;
which coupled with Assumption 6.1(iii) yields, for 7 and & sufficiently small,
E(T,7,0,1) <4 [ B.(¢")V?d||T]|(q) + C11Bmax(S)* . (6.3)
B:

We fix next 7 to be some m-dimensional plane containing a page H; of S, so that 5,(¢") <
Pmax(S) for | T||-a.e. g. We then achieve

E(T,m,0,1) < C B2,.(S). (6.4)

max

The inequality Bnax(S) < 26,,(S) immediately follows from the triangle inequality for
the Hausdorft distance.

We next claim that there exists a positive geometric constant C' such that

B2.(S) < CE(T,m,0,1). (6.5)
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We assume by contradiction that for every C} > 0 one could have
B?rg(s) > Cl E(T7 0, 07 1) )

and we let Hy be a half plane realizing ., (S), namely (., (S) = disty(7(Ho) "By, moNBy).
Then, let V' =V (S) be the spine of S, set W := my N Hy, and define

1 1 1
Q= {z eHp: |z] < T dist(z, V) > 3 dist(z, W) > g} :

Notice that H™(2) > ¢, for some positive geometric constant ¢,,. Notice also that
’pﬂ.(J)_(Z)|2 > 8 2dist® (2, W) By, (S)? for every z € Q)
Next recall Lemma 2.4:

sup |p,TOL((_”j)|2 < CoE(T,79,0,1) + CyA*
G€B15/16Nspt(T)
S CO E(T, 70, 07 1) + COEE(Ta 70, Oa 1) + ﬁﬁwo(S)Q )
where we have used either Assumption 6.1(i) or the alternative A? < 72Bnax(S)? <
718, (S)?. Tt follows then that for every z € Q
2 dist(z, spt(7))?
> 872dist® (2, W)Bro(S)* =2 sup  [pr (@)

G€By5/16Nspt(7)
> ((87* —7)Cy — 3Cy) B(T, 7,0, 1).
We then infer that

~4—7)Cy — 3C))
2

E(S,T.0,1) > E(H,, T,0,1) > en B(T, 70,0,1) .

which, for 7 sufficiently small and C} > 0 sufficiently large, is a contradiction with As-
sumption 6.1 (ii). O

Remark 6.4. A quick inspection of the proof of Lemma 6.3 shows that in order to prove
the inequalities

E(T7 7o, 07 1) S Oﬂfnax(s) S 02 B?rg(s)
only the smallness condition E(7,S,0,1) < 7E(T,7,0,1) on the one-sided excess is

needed. The smallness condition in Assumption 6.1(ii) for the double-sided excess, which
involves also a condition on E(S,T,0,1), is only needed to prove the other bound

32.(S) < CE(T, m,0,1).
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6.2. Propagation of graphicality. The following lemmas will be the key to achieve a
graphical parametrization of the current over S.

Lemma 6.5 (Kick-off lemma). There exists n5 > 0 with the following property. Let T and
Y be as in Assumption 3.1. Assume that there are an open book S = Uzj\il H; C ToX and
a plane my C ToX such that, for some 1 < ns

(al) E(T,70,0,1) <7 and E(T,0,1) > (1 — 7)E(T, 7,0, 1);

(a2) E(T,S,0,1) < 7 E(T, m,0,1);

(a3) A% < E(T,m,0,1).
Then, there exists a plane 7 such that the rescaled current T = (Xo1p)1 satisfies (al)-
(a2)-(a3) with my replaced by m, and i replaced by some n = n(n) such that n(n) — 0 when
1 — 0. Furthermore, m, satisfies the additional properties that

(ad) E(T',7},0,1) < 2E(T’,0,1/);

(ab) V(S) C 7.

Proof. 1f we choose 75 < min{eq, 74}, then under the hypotheses of the lemma we can
apply Lemma 6.3, so that we have

C Bunax(S)* > E(T,m,0,1) > 7 'A%, (6.6)

and
Bro(S)? < CE(T, m0,0,1). (6.7)

Consider now sequences {1} }72 ; of currents and {¥;}22; of manifolds satisfying, for open
books Sy and planes 7, in TyXy, assumptions (al)-(a2)-(a3) with parameters 7 = n, — 0.
Up to rotations, we can assume that each > has the same tangent 75, = 79 and is the
graph of a function ¥y : 7y — 73" over a region including all points of interest for the rest
of the proof. Upon applying a further rotation, we may also assume that the planes 7
coincide with a fixed plane 7, and also that the spines V(Sj) have the same projection
onto o, that is p,(V(Sk)) = V' for every k, where V' is an (m — 1)-dimensional linear
subspace of my. We let 7T3E denote the two halves of 7y delimited by V.

Next, we observe that, for all k sufficiently large, we can apply Proposition 4.3 % and
guarantee the existence of Lipschitz maps v = vi: Bsjs = Bs4(0,m) — g (5 ) and closed
sets K = K}, C Bjjy such that (4.3)-(4.8) hold for " = T}, and ¥ = ;. Writing v, =
(3= [(vk)i] . €y) and Ey := E(T}, 7, 0,1), we consider the functions vy,: By — “g(my)

defined by
_ (vk)i
i k

and we let v be a subsequential limit (in the weak topology of W2 over Bj,) of the

Ux’s. Now consider any linear map ¢ : 9y — ﬂé ° whose graph describes (on a suitable

half of my) an arbitrary page of the book Sj. The estimate (6.7) implies that E,;l/ U, is
uniformly locally bounded and it thus converges, up to subsequences, to some function ¢.

3Notice that the conclusions of Proposition 4.3 still hold true (with a slightly worse constant) if the
second part of hypothesis (b) on the optimality of g is replaced by the almost-optimality condition (al).
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By (a2)-(a3), the support of the graph of v coincides with the union of the graphs of all
linear functions ¢ arising as possible limits as above, after restricting each of them to the
appropriate half plane 7T8E (we shall denote £* such restriction): in other words, there are

positive integers N* and H;-t such that

N=E
v= (Z i [67] ,il) on my
i=1

which in fact takes values in @ (73°). By (6.6) it follows easily that v cannot be trivial,
i.e. the collections {E;t} contains at least three distinct linear maps. The support of the
graph of v then coincides with a non-flat open book with (m — 1)-dimensional spine. Notice
that if Sj, denote the rescaled non-flat open books defined as the support of the graphs of

E%v then there exists a rotation Oy, in Iy such that Ox(V(Sy)) = V(Si) and
lim B, (|0 —1d|| = 0. (6.8)
k—o0

We next observe that, by [6, Theorem 13.3|, we have in addition that vy converge to v
strongly in W'? on By s, and that v is Dir-minimizing. In particular, the averages

1
ﬁi = m Z /i;tfit

defined on the respective halfplanes 7T0i form a single harmonic function ¢ over 7.

1

We next consider the planes 7, which are the graphs of E;¢. Using the estimates of
Proposition 4.3, the strong L? convergence of the maps above, and the definition of £ = nov,
it is easy to see that, upon setting T}, := (Xo1,)3T% and A} := %Ak, we have

A})? E(T, Sy, 0,1)

lim | E(T}, #,0,1 (A mER ) =0 6.9
el ( (T 7, 0, 1) + E(T),7,0,1) | BT, 7, 0,1) (6.9)

E(T], 7 1 E(T],n 1
im (_ k77rkHO7 ) — ].lm _( k?T‘-kHO? ) — 1’ (610)

k—o0 E(T]é, 0, 1) k—o0 E(Tlé, 0, 1/2)
(6.11)
Setting now 7}, := Ok(7y), we have that 7, D V(Sy) and, thanks to (6.8), the conditions
in (6.9)-(6.10) remain true with . in place of 7x. This completes the proof. O

The following corollary can be easily proved by iterating Lemma 6.5 (or by following the
same proof).

Corollary 6.6. For every ro > 0 there exists ng > 0 such that if T, X, S, my are as
in Lemma 6.5 and they satisfy (al)-(a2)-(a3) with 7 < ng, then, setting V- = V(S), for
every y € Byju NV andrg <r < 1/4 there exists a plane 7, so that the rescaled current
Tyr = (Ao )i T satisfies (al)-(a2)-(a3)-(a4)-(a5) with my replaced by 7, , and 7 replaced by
some n = n(7) such that n(7) — 0 as 7 — 0.
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Lemma 6.7 (Propagation lemma). For every p >0, 0 < ro, d € (0,%) there exist n; > 0
and C' > 0 with the following property. Let T and ¥ be as in Assumption 3.1. Assume
that there are an open book S = vazl H; C ToX and a plane my C ToX such that, for some
n <7
) E(T,7,0,1) <7 and 2E(T,0,1) > E(T, 7,0, 1);
(b2) E(T,S,0,1) < nE(T,7,0,1);
(b3) A? < GE(T,m,0,1);
(b4) E(T,7,0,1) < 2E(T,0,1/),
(b5) V(S) C mo.
Then, the following holds.
(1) Pushing Q-points: writing V =V (S),
O(T,q) < Q for all ¢ € spt(T) N Bz/s N Ci. \ B,(V). (6.12)
(2) Propagation estimates: for every y € B% NV andrg <r < % it holds
E(T, 7, y, 1) < 2E(T,m,0,1). (6.13)

Furthermore, for y and v as above there exists an m-dimensional plane 7, such
that, when we write y for the point (0,y) € VX x V = R™™ it holds

VC iy (6.14)
2E(T,y,r) > E(T, 71y, y,7), (6.15)
E(T, 7ty y,7) < 2E(T,y,7/2). (6.16)
(3) No-holes condition:
Jor any y € B1 NV there exists q € By, (y) such that ©1(q) > Q. (6.17)

Proof. Notice that if 7; < min{ey,n4} then under the hypotheses of the lemma we can
apply Lemma 6.3 (see also Remark 6.4), and conclude

C?B2,(S) = C Bmax(S)* = E(T, m,0,1).. (6.18)

Nonetheless, since (b2) only provides control on the one-sided conical excess, we can’t
conclude that the planar excess is controlling S, (S).

Fix now p > 0, 0 < 7o, and &y € (0, 1), and consider sequences {T}}72, of currents and
{2r}%2, of manifolds satisfying, for open books S; and planes 7 in TpX,, assumptions
(b1)-(b2)-(b3)-(b4)-(b5) with parameters 7 = n;, — 0. Since the sequences are arbitrary,
the proof will be complete if we can show that all the conclusions hold true along the
given sequence for all sufficiently large k. Up to rotations, we can assume that each X
has the same tangent Ty, = 79 and is the graph of a function ¥, : 7y — 7'5‘ over a region
including all points of interest for the rest of the proof, with ¥, satisfying W;(0) = 0 and
DV.(0) = 0. Upon applying a further rotation, we may also assume that the planes 7y
coincide with a fixed plane my C 79, and, thanks to (b5), also that the spines V' (Sj) coincide
with a fixed (m — 1)-dimensional linear subspace V' C my. We make the following choice
of coordinates: we denote by y = (y1,...,¥ym_1) the coordinates of V| whereas points in 7,
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will be given coordinates (z,y) = (z1, 9, y). The plane 7y is the subspace {z2 = 0}, and we
let 7 = {£x; > 0} C 7y denote the two halves of 7y delimited by V. Coordinates in 74
are denoted w = (wy, ..., w,_1). We also give an explicit expression of Sy, = |J, ,(Hy);
within this coordinate system. For a half-plane (Hy);" there exists ((3%)F, (vi)*) € S! with
+(Bi)* > 0 such that

(Hy)F = {(t B t(n)%y) : t€[0,00)} C 7o,
Notice that the condition that one of the coefficients § = 0 corresponds to the parametriza-
tion of one of the two half-planes of {x; = 0} delimited by V.

Next, we observe that, as in the proof of Lemma 6.5, for all k£ sufficiently large, we can
apply again Proposition 4.3 and guarantee the existence of Lipschitz maps v = vy: B3y =
Bs4(0,m) — “o(my) and closed sets K = Kj, C By such that (4.3)-(4.8) hold for
T =Ty and ¥ = 5. Writing vy, = (3, [(vk)i] ; €v,,) and Ey, := E(T}, m,0,1), we consider
the functions vy,: By — “g(my ) defined by

_ (U )z
(2]

and we let v be a subsequential limit (in the weak topology of W'? over Bj4, strong over
Bl/2) of the @k7S.

Now, we apply the same rescaling (in the coordinates (z3,w) of the orthogonal comple-
ment to ) to the open books S, and we thus obtain

Sk = J®E,

where

having defined
n = 67 E_1/2 7
(8,7) = (——1/2) :
(B, E~'2)] i
Upon passing to a (not relabeled) subsequence, the open books Sy converge to some open

book S., with spine V. Notice that, as a consequence of (6.18), S,, cannot be flat. Next,
we claim that spt(G,) N C%(O, 7o) N B: C Si. To see this, notice first that, for any given

k, any point ¢ € spt(Gg,) N C% has coordinates

q = (th]:l/Q(Uk)i(l’lay)ayaElzl/Q\Ijk(xlu (uk)i(xl,y)7y)> ) (xl’y) € 33/47

for some ¢ € {1,...,Q}. Observe that |E,;1/2\11k| < E,;l/QA < np — 0, so that a point
q €spt(G,)NC s necessarily belongs to 7 and it has coordinates

q= (xl)vi(x17y)7y70>7 (Il)y) € B3/47
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for some i. Now, by the strong convergence of 0 to v in L* on By, and the above
observation, we have that

Z/ dist?((x1,vs(21,9),¥,0), Seo )dz1dy

—~ /B

P (6.19)

= lim Z/ distQ((ail,E;I/Q(uk)i(xl,y),y,()),Sk)dxldy;
i 7 Bi

ko0

on the other hand, for a point (z1,xs,y) € 79 we have

dist*((21, 22, ), Sk) = inf {|z1 — 2| + |zo — b + [y — ¢/* : (2], 25, y') € Sk}
—inf {Joy — {2+ o2 = By PabP 4 |y — o'+ (al,2h,y) € Sy}
< Byt inf {[ay - 2l + B w — 2P+ |y — /P (@, y) € Sif
= E; ' dist*((z1, E*z2, 1), Sp)

so that

< Ekl/ dist*((21, (ur)i(z1,v),y), Sk) dr1dy
i By 2

<E;' (E(T},S:0,1) + CE) |

where we have used (4.5) and (4.6). Since the right-hand side is infinitesimal by (b1) and
(b2), (6.19) concludes the proof of the claim.

Now recall that v: Bs(0,70) — (5 °) =~ o(R): the fact that its graph is supported
on S, implies, in particular, that some of the pages of S, are linear graphs over .

Next, we claim that the support of the graph of v is not a single hyperplane, but a
non-degenerate open book with spine V. Suppose, towards a contradiction, that, calling
z = (21,y) the coordinate on 7y, v(z) = (Q [¢(2)] , €,) for a linear function £: my — 757° ~
R. Then, calling 73 the graph of E,lc/ * ¢ we would have

Ek S 2 E(Tk7 O? 1/2> S 2 E(Tku ﬁ-ku 07 1/2> )
and thus, in particular,

o 1
U BT 70,1)
2 k—oo Ek

< C lim o ©4*dz =0,
k—o0 B

a contradiction.

Now that the fundamental properties of the limit v have been established, we proceed
with proving the validity of conclusions (1)(2)(3), namely that the corresponding estimates
hold true for all sufficiently large k.
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Proof of (1). Suppose that (6.12) fails for a subsequence (not relabeled), i.e. that there
exists a sequence of points g € spt(7}) N Br/s N C: \ B,(V) such that

@(Tk, qk) > Q for all £ .

Setting zx := P, (qr) and wy = pg);:—(llj:) for a suitable geometric constant C', Lemma 2.4
implies once again that '
AP
1
so that, up to subsequences, the sequence g, = (z, wy) converges to a point gy = (zp, wy) €

Ci\ B,(V).
Applying estimate (4.9) to v we conclude that for every 0 < r; < 1/4 it holds

Q

1
/Brl(zk)ka |z — 23,2 ZZ

1

2

<C.

o, (i) = w)

|z — 2|

Using the strong convergence of 7, to v in W12 and the dominated convergence theorem,

we conclude that
Q

1
/Brl(zo) |Z _ ZO|m72 Z

1=1

2

<C.

o (vi(2) — wo)

.
|z — 2]

Recall now that, since v is Dir-minimizing and takes values in 7, (R), we can apply [5,
Theorem 3.1] to infer that v is Lipschitz. In particular the real-valued map |v © wy| is
also Lipschitz and we can use Rademacher’s theorem (cf. [7] for its validity in the case of
multivalued functions) to get

2 Q

<>

=1

1
/ m—2 a
By (20) |2 — 2

But then the Lipschitz map z — |v(z) © wg| must vanish in zy, which in turn implies that
v(z9) = Q Jwp]. Since however zy does not belong to the spine V, the latter fact would
contradict the structural description of the map v discussed above (in particular, recall
that the graph of v is supported on a non-flat open book with spine V).

[0(2) © wyl i

==zl =

' |2 =z

In particular
2

HOET] .

|z — 20|

Proof of (2). We first prove the estimate in (6.13). Should it fail, there would be sequences
Yk € B% NV and ry < rp < 1/8 such that

9 < E(Tk‘vﬂimykurk) )
> Ek
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Letting y € Ei NV and ry <r < 1/8 be subsequential limits of y; and 7 respectively, we
would on the other hand have

E(T;
e
B.(y B,

k—o0 Ek‘

where we have used the invariance of v with respect to V' and the lower semi-continuity of
the L2-norm with respect to weak convergence. Now, the last two displayed estimates are
in contradiction.

Next, we show that the set of m-dimensional planes 7 for which (6.14)-(6.15) hold with
7 in place of 7, , is not empty; then, we show that for some choice of 7, in such set we
must have (6.16). For the first claim, let £: my — 7 be the linear function such that
l(z) =mow(z) for z € B34(0,m), and let m;, be the graph of the function x, = E,iﬂ 0(2).
Since V' is the spine of the support of v, we have that ¢(0,y) = 0 for every y, and thus
V' C m by construction. Moreover, we have that

E(T;
lim ( kaﬂ-kvy?r)

Ty =1 for every y € Byys NV and rp <1 < 1/8

as a consequence of the strong convergence o, — v in L?(B3/4(0,m)) and the definition of
7. This proves the existence of planes satisfying the conditions in (6.14)-(6.15).

Assume finally that (6.16) fails along a subsequence, that is there are points y;, € By/4NV
and radii ro < 7, < 1/4 such that whenever 7, is an m-dimensional linear subspace of 7
with V' C 7, and 2 E(Tk, y, 7%) > E(Th, Tk, Y, ) We get

E(Tk’aﬁkvykvrk’) > 2E(Tk’77rk7ykvrk/2> . (620)

First, we claim that such a plane 7, must be the graph over my of a linear function
hi: mo — mo° with hy|,, = 0 satisfying

[Vhi|* < C(ro) Eg, (6.21)
where E;, = E(T}, m9,0,1) as usual. Indeed, for every k let z be a point in Ky N B, j2(yx),
and observe that, if ¢(z) € spt(Ty) satisfies |z — q(2)| = dist(z, spt(T})), then by (4.8) we
have

2 = a(2)|* < |vn(2)]* < CEy.
On the other hand, by Lemma 2.4 and the almost-optimality of 7, we also get
dist(q(2), m)* < CEB(Ty, mp, Y, 1) + CA* < C(ro) By
This shows that there exists a large set of points z € my N B,, /2(yx) such that
dist(z, m)? < C(ry) Ey,

thus proving the claim.
As a consequence of (6.21), modulo passing to (not relabeled) subsequences we have
that yp, — y € B1/4 NV, r, = r € [ro,1/4], and the functions ¢, = T’jQ converge to a

linear function ¢ over my. Since B,, (yx) C Bi/2, using the Lipschitz bound on vy, and the
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fact that the Lipschitz constant of hj; converges to 0, we get, under the assumption that

(6.20) holds,

2\ E(T, r
(_) / |’U o g’Q _ khm ( ks lea Yk, k/2) S
Bz (y) oo

1
r Ek 5 k—ro0 Ek

11 12\
g [ werr=3 () [ e,
r Br(y) r £ ()

which contradicts the fact that v is non-flat.

Proof of (6.17) Finally assume that (6.17) fails, that is there exists a sequence of points
yr € B1 NV such that O, (q) < Q for every q € Bg,(yx). Therefore (4.12) is satisfied
in the cylinder Bs,/s(yk, m0) X 75 and so by Proposition 4.5 we have that vk|350/2(yk77r0) =
(> [(vg)i] ,e) with e € {—1,1} a constant, and (v;); < --- < (vg)g each satisfying the
minimal surfaces equation in . Since up to subsequences we can assume that y, — y €
VN ]_31/4, it follows that in Bs4(y, 7o) the functions (vx); = E,;lh(vk)i converge in the
C'! topology to harmonic functions. In particular there would be a C! selection for v in

Bs,4(y, mo), which is not possible, because it would contradict the structural description of
V. ]

7. PROOF OF PROPOSITION 3.3: WHITNEY DECOMPOSITION

Using the results of the previous section we can now adapt the graphical parametrization
constructed in [4] to our setting. In view of Lemma 6.5, we start by updating Assumption
6.1 into

Assumption 7.1. Assumption 6.1 holds, and in addition E(T', m,0,1) < 2E(T,0,1/2) and
V(S) C mp.

Recall then that under the above Assumption 7.1 we set coordinates (x,y,w) in R™*™,
where y = (y1, .. .,Ym—1) are the coordinates on the spine V(S), my has coordinates (x1,y),
and Ty¥ has coordinates (21, 22, y). The half-planes 75 are defined by 75 = {£x; > 0} C
7o0-

Next, we need to identify the domains on which the different graphical approximations
of T" are going to be defined. These will consist of a union of cubes in a Whitney-type
decomposition of (a subset of) [0,00) x V' with suitably good properties. Here, the coor-
dinate t on the “abstract” closed half-line [0, c0) will play the role of the distance function
from V.

Fix a large positive integer Ny € N, and consider the rectangle

Ro := [0,277°] x [-2,2]™ ' C [0,00) x V/,

as well as the collection £y, of sub-cubes defined as follows. First, we partition (0,27"°] into
the dyadic intervals {[27%, 27%"1]},_n,. Then, we further divide each layer [27% 27%1] x
[—2,2]™~1 into sub-cubes of side-length 2=**M) where M is a large integer to be chosen
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FIGURE 1. The Whitney decomposition of [0,27"0] x [—2,2]™"!. In the
above example the parameter M equals 2.

later, cf. Figure 1. If L € Ly, has side-length 2=**+M) we will say that L has order k.
Notice that
2M+1 2M

NG diam(L) > max dist(z, V) > ril? dist(z, V) > N diam(L) VL€ Ly,. (7.1)

For any L € Ly,, we shall denote ¢, = (t1,yr) the center of L and dj the diameter
of L. In order to ease the notation, we will write y; in place of the more cumbersome
(0,y1,0) € R™" and we will be interested only in those cubes L for which |y;| < 3/4.
For such cubes L we introduce the notation

E, :=E(T,S,y., Mdy) and  Ep:=E(T,y,,Md;) ,

where M := 2M+6/,/m and E is computed by minimizing E(T,7,y;, Mdy) among m-
dimensional planes m C TyX. The parameter Ny is chosen so large that it L € Ly, is a
cube with |yz| < 3/4 then By, (yr) C B1(0).

Definition 7.2. (Whitney domains) We establish the following partial order relation in £:
if L, L’ € L, we say that L is below L', and we write L < L'} if and only if py (L) C py(L').
Let T be as in Assumption 3.1, and let S € #(0). For 7,n € (0,1/2), we define the
following regions.

(W) The good Whitney domain of Ry associated with (7', S, 7,71, Ny), denoted by W =
W(T,S, 1,1, Ny), is the subfamily of L € Ly, with |y;| < 3/4 such that

E;, <72 and E, <nEp (7.2)

for all L < L.

(B) The bad Whitney domain of Rg associated with (T,S, 7,1, Ny), denoted by B =
B(T,S,7,n, Ny) is the subfamily of L € Ly, with |y.| < 3/4 such that L' € W for
all L < L' with L' # L and

E, <7 and E;>7nE;. (7.3)

Since we will often deal with suitable dilations of the cubes in Ly,, we introduce the
following notation. For 1 < A < 2M_ )AL is the cube with the same center c;, as L and
diameter d)\L = /\dL
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We next define the regions where we shall build the graphical parametrization of the
current. First, given 1 < X < 2™ we set

U= [ J ALU ([2*%,2*1} x Bg';;l(O)) , (7.4)
Lew
and, setting Uyy = U;yy, we define the function gy : B§}4_1(0) — [O, Q*NO] as
ow(y) :==inf{t: (t,y) € Un} . (7.5)
We also define
Raw = (Pry (Usiy) UPr (Usyy)) N By, (7.6)
where, for a domain U C [0,00) x V', we have denoted
U* = {(£t,0,y) e iy C X : (t,y) €U} (7.7)
+

the corresponding domains on 7.
Next, we consider the family

JF = {BMdL(yL) c Le B} ;

and we let {BMdL.(yLi)} be a Vitali covering of | JF: that is, each L; € B, the balls
i iEeN
B4, (yr,) are pairwise disjoint, and
U Bira, (y2) C U Bsira,, (Ye,) -
LeB ieN

To ease the notation, we set d; := dy,, yi := yr,, B; := B, and E; := E, and, with this
notation in place, we define

RB = U BSMdi (yz) \ BC*(ﬂ_lEi)l/zdi(V) y (78)
ieN
where C is a geometric constant.
Finally, before proceeding we also record the following
Remark 7.3. If T satisfies Assumption 7.1, then we have
E;, <E(T, 7wy, Mdy) <C(r?+&) VYLEWUB. (7.9)
Indeed, the first inequality is trivial, while the second inequality follows from

E(T7 To, YL, MdL) S E<T7 Sa yrL, MdL) + Cﬂﬂo(s)2

(6.1)
< 7?4+ CE(T,7m,0,1) <C(r* +2).
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7.1. Graphicality on good cubes. In the following theorem, we are going to represent T’
as a special multi-valued graph in the region R,y which “projects” onto the good Whitney
domain. As it will become apparent in the proof, in this region the hypotheses from Propo-
sition 4.5 will be satisfied, so that the special multi-valued function v which parametrizes
T (in the sense that T is the graph of v when v(z) = u(2)+V(z4wu(2))) will come equipped
with a C1'/* selection as specified in Proposition 4.5. The latter may then be considered
as a “p-multifunction” on the “abstract” domain U = Uy over the (degenerate) open book
mo; see [4, Definition 5.4]. More precisely, a p-multifunction in the present context will be
a collection u = {ujE }?:1 of functions of class C"'/? defined on domains U* corresponding
to some domain U C (0,00) x V as specified in (7.7). For every ¢ = (t,y) € U, we let
¢F = (£t,0,y) € 75, and we set

()] : = max max ()],
Du(¢)] : = maxmax| D (¢*)].
J
[Dul1(€) : = maxmax[Duty(¢).

where, for z € U*, we have set

{\Du}t(zl) — Du¥ ()|

|21 — 20|

[Du]ips(2) = li)r>1£ sup

Al 7522, 2L € Uime(Z)} .

Finally, we define the weighted C''/* norm for a p-multifunction u = {u;t }; setting

ity = s (O] + Dul] + ¢ [Dus(0)

Theorem 7.4 (Graphical parametrization). Let T and X be as in Assumptions 3.1. For
any Ny € N there are 73 > 0, ng > 0, and C' > 1, depending on (m,n,p, Ny) with the
following property. If:
(a) the values of the parameters n and T in Definition 7.2 are smaller than ng and g,
(b) Assumption 7.1 holds with € < C~'7%, j < C~'ny for some S and my,

then there is a special Q-valued map u = (3, [u;] ,€) over Uy, U Uy, with the following
properties:

(i) € is constant on each of the two domains U}, each u]i Uy, — 750 is of class C'llo’i/Q,
and, regarding u as the p-multifunction {uji}?zl,
(i) TL Row = Gyl Ry, where v = (3_; [v;] ,€) is the special Q-valued function on

Ufy U Uy defined by
v (2) == ui(2) + V(2 +ui(2)); (7.10)

J

we have HuHCi,l/z(UM) <Cr;

(iii) of L € B(T,S, 1,1, No) then there exists {1, € By, 2(yr) with O7(&L) > Q;
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(iv) the following estimate holds:
/ dist(q, V)* d||T|| < Cry P B(T,S,0,1); (7.11)
B2\ (R2wURB)

(v) For every fixed n, T, and p, if 1 and & are chosen sufficiently small, then ow(y) < p
forally € ByyNV.

Proof. In this proof all constants denoted by C can only depend on @, m,n, and Ny. If
the constant does not depend on Ny it will then be denoted by C.

First of all, if the constant C' in (b) is chosen large enough, and if taug and ng are chosen
small enough, it follows from Assumption 7.1 and Corollary 6.6 that the cubes of order
(No + 1) belong to W. This is important, as it guarantees that every cube L € B has a
father in W. Moreover, for fixed p > 0 and dy € (0,1/4), the hypotheses of Lemma 6.7
are satisfied at the scale of all cubes L of order (Np + 1): that is, conditions (bl) up to
(b5) in Lemma 6.7 are satisfied with 1" replaced by T = (X, jza, )+T and m replaced by
7L := Ty, 414, from Corollary 6.6.

Next, we claim that if L is a cube in WU B then we can apply Lemma 6.7 at the scale of
L. The proof is by induction on the order k of the cube. The claim is true for £ = Ny + 1.
Let us then fix a cube L of order k+1 which is in WUB, and make the induction hypothesis
that Lemma 6.7 can be applied to all cubes L’ of order Ny + 1 < j < k that are in the
ancestry of L. We shall prove that the lemma can be applied to L. We let L’ denote the
“father” of L, i.e. the cube of order k£ which is closest to L: notice that L' € W, regardless
of whether L € W or L € B. Now, we observe that:

e E(T,y,, Md;) < C(r*+¢&) by Remark 7.3;
e the inequalities

E(T,S,yL,MdL) S 2m+2 E(T,S,yL/,MdL/) < 2m+277E(T, yLl,MdL/>
< 2" E(T, yr, Mdy)

hold by the definitions of B and W and (6.16);
o (Mdp)*A?% < (Mdy)*qE(T, m,0,1) < 2(Mdy)nE(T,yz, Mdy) by Assumption 7.1
and an iterative application of (6.16) over the ancestry of L;
e there exists 71, so that V C 7, 2E(T,yr, Mdy) > E(T, 71, y1,, Mdy), and
E(T7 ﬁ-L, YL, MdL) S 2 E<T7 YL, MdL/2> )
as a consequence of Lemma 6.7 applied at scale L'.
The above considerations imply that, if 73 and ng are chosen small enough, then Lemma
6.7 applies indeed. In particular, we conclude that ©(T,q) < @ for every ¢ € spt(T) N
Crra, s(Wes 7) N Briza, /s(yr) \ Boa, (V). We can then apply Proposition 4.5 in p;}(8L) N
B4, 2(y1) (where we used the short-hand notation p;}(8L) for p,. ' (8L") Up,'(8L7)) to
conclude that the support of T' decomposes into smooth minimal surfaces over 4L. Observe
that, as a consequence of Lemma 2.4 and of the planar excess estimates obtained at the
scales of all cubes L € W U B, we have

spt(T) N B3y N Ciray 4y, m0) C {q: |pﬁLL(Q)|2 <C(r*+g)di},
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so that
spt(T) N Bs/a N Crpa, a(yr, m0) € Brgay 2(yr) - (7.12)

This guarantees that p)(4L) N Byzg, o(yr) N spt(T) = py) (4L) N Bgy N spt(T). The
graphical representation over Uy follows now from noticing that, where cubes 4L and
2L/ coincide, the corresponding functions must agree because they parametrize the same
piece of the current. In particular this proves (ii). For the argument leading to the precise
estimate claimed in (i) we refer the reader to [4, Section 5]

Fix now L € B and L’ be the “father” of L as above. By Lemma 6.7, we have

Vy € By, (yr) NV 3L € Byypra,, (y)  such that O7(§r) > Q. (7.13)
4

We apply (7.13) with y =y, and thus we guarantee the existence of £, € B, (y1) with
2

O7(&r) > Q. This proves (iii).
We next come to (iv). We first claim that

spt(T) N Bija \ Row C | Bira, (i) € | Bswra, (v:) - (7.14)

LeB €N

To see this, let L € Ly, with |y.| < 3/4 be such that L ¢ W but L' € W for every
L =< L' with L' # L. In particular, let L’ be the father of L. Since L' € W, and assuming
Ts and ng are sufficiently small, we can apply Lemma 6.3 and Remark 6.4 to conclude that
Ep < nEp < Cnpl.(S). Now, since Byzg, (y2) C Bygq,, (y1), and since dp, = 2dy,, we
have that

E, < 2" Cn B (S).

max

On the other hand, by Lemma 6.3 we have 32, (S) < CE(T,m,0,1) < Cz. Hence, a
suitable choice of & guarantees that E;, < 72, namely that L € B.

Next, let L € Ly, with |y.| < 3/4 be such that L ¢ W, and let L' be the largest ancestor
of L such that L' ¢ W. By the considerations above, L' € B, and thus py(int(L)) C
pv (int(L")) for some L' € B.

With this in mind, let now ¢ = (z,y,w) € spt(T) N Byjo, and let t = /|z|> + |w|? =
dist(q, V). If t > ow(y), then (t,y) € Uy, and q € B4, (yr) for some L € W. Applying
Lemma 2.4 and Remark 7.3, we have, on the other hand,

’pﬂ()(CZ)’ < ddy (E<T7 To, YL, MdL) + d%Az) . <Cdy (7_ +é /2) )
so that, if 75 is sufficiently small, ¢ € Rgyy. If, instead, ¢t < ow(y) then ow(y) > 0 and,

by the considerations above, y € py(int(L)) for some L € B, and thus ¢ € By, (vr),
completing the proof of (7.14).



40 C. DE LELLIS, J. HIRSCH, A. MARCHESE, L. SPOLAOR, AND S. STUVARD

We can now complete the proof of (iv). We notice that for each ¢ € N, denoting
Ui := Bsjza, (y:) N BC*(W’lEi)Wdi(V)a we have

dist*(q, V) d[|T[| (q) < —=d; E; [|T]| (U;) < = d" " E;E;
f n Ui
C
<o [ ases)dn,
N Bira; (vi)
where we used that E;/ * < 7 by (7.3), and that, by a simple covering argument and the
monotonicity formula for T,

m— —1 1
ITI(U) < Cartn " d, BLE.
By (7.14) and the definition of Rp in (7.8),

spt(T) N Biy2 \ (Row U Rs) C | J Ui,

1€N

and thus (7.11) follows by summing over ¢, keeping in mind that the balls By, (v;) are
pairwise disjoint.

Finally, (v) is just a consequence of Corollary 6.6. O

7.2. Improved L? estimate. The next results are proved in the same way as in [4,
Sections 6 and 7).

Definition 7.5. We let ljj-E : 7r6—L — Wé‘o be the maps whose graphs describe the pages of
the open book S.

Note that all of them must vanish on V' = V(S), the (m — 1)-dimensional spine of S.

There are N* > 1 functions l;-r and N~ > 1 functions /5, with N* + N™ < 2Q), and

with the possibility that N* # N~. The key point of this section is that over the two

halves of the “good” region Uy, namely U, fw we will be able to select, for each map ujc
in the collection of maps describing u, some linear map l}i ) for which the L? norm of

w;E = uji — l,fi (j) can be estimated in terms of the excess with respect to S, rather than

the excess with respect to mp. The proof is verbatim that given in [4, Section 6] for the
corresponding estimate in that situation and it is therefore omitted.

Theorem 7.6 (Improved L? estimates). Let T, X, S and o be as in Theorem 7.4. Let
u be the corresponding map, and let | = {l]i}jvjl be the maps of Definition 7.5. There
are a geometric constant C' and two selection functions h* : j € {1,...,Q} — h*(j) €
{1,...,N*} such that if Zji = lf;(.) and

J

wj-t = uf — l;i : (7.15)
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then
sup ({37 (1 ()] + [Dw(Q)] + [ [Dulu(0)) < O (B(T,8,0,1) + A),

C:(tﬂy)EU?)W

(7.16)
Q
ZZ/ (lw(2) + 22| Du (2)P) d= < C (B(T,S,0,1) + A?),
e (7.17)

where, for z € my, |x| denotes, as usual, the distance of z from V.

8. PROOF OF PROPOSITION 3.3: REPARAMETRIZATION ON THE NEW BOOK

In this and the next section we assume that the parameters n and 7 defining the Whitney
decomposition used in the previous section are fixed. The two selection functions h* and
the corresponding linear maps ljF of Theorem 7.6 identify a new open book S C S as follows

Definition 8.1. We define

(8.1)

||C2

N+
— YU+ By ) = U
+ j=1 + j

Remark 8.2. Observe that S can be a proper subset of S. However it certainly contains
at least two pages, one on the left and one on the right.

In this section we reparametrize a large portion of the current 7' as graph over the pages
of S. The advantage of S over S is that we have “thrown away useless pages”, i.e. pages
of S which were not really close to spt(7"). In particular the conclusions of this section will
be used to prove Lemma 3.5.

8.1. Reparametrizing over S. By Theorem 7.4(ii), in the region Ry, the current 7T
coincides with the graph G, of the special Q-valued function v = u + W(- + u) over
the domains Uf,. Recall that on each domain U, of my the function u is canonically
decomposed into C'/* functions uf, and, since each domain U fw is connected, the sign
function ¢, is constant on each of them. We will then simply reparametrize the graph

of each map u] over the domain U oy as the graph of a map u over a subset of the

corresponding page HjE Observe that because the orientation of the graph of u is constant
on each Uypy+, so is the orientation of the graph of @ in order for the map © =+ V(- + @)
to describe the same current. In particular in this case, with a slight abuse of notation,
we can omit to specify such orientation, and the corresponding sheets will be denoted by
G+, while the sum of them will be denoted by Gg(9). This is discussed in subsection 8.2.

J
In subsection 8.3. we will instead aim at reaching a similar parametrization for T" over the

“bad” domain Rg. Taking advantage of the smallness of planar excess at the scale of each
bad cube L € B, and of the existence of points of density at least () in the current at that
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scale, we may still define Lipschitz approximations u;, on suitable planes 7, satisfying the
estimates of Proposition 4.3. Of course, as specified in Remark 4.2, for each such function
ur, we also have a canonical selection by Lipschitz maps. After carefully estimating the
angle between the cone S and the plane 77, we will be able to reparametrize the portion of
the current described by the graphs of the v, = uy + V(- + uy) over the varying domains
in 717, for L € B with the union of graphs of functions 17?: defined over suitable domains of
I:I]i This time we do not have a “sign function” which is locally constant on the regions on
the left and on the right of the spine. On the other hand, every point ¢ = { + Tf((’ ) with
(e I:Iji can be rewritten as z+ (vy);(2) for a suitable L € B and z € 7y, and we orient the
approximate tangent to the graph of @Ji at g positively (with respect to the orientation of
ICIT) if €,, () = 1 and negatively (with respect to the orientation of fI]i) if ,,(2) = —1.
This defines an integer rectifiable current Gﬁ]j; and the sum of all these will be denoted by
Gg(0).

8.2. Reparametrization over the good domain. Asin [4, Section 7], a reparametriza-
tion of the graph of v on the slightly smaller good region Ry, over the new book S follows
from Theorem 7.6. The proof can be taken verbatim from [4] and it is therefore omitted.
In what follows, we adopt, for a given domain U C [0, 00) x V, the notation

0 o= { (o) € H} - (laly) e U}

where, since each I:IJi C S C TpX, we can use (z,y) as a short-hand notation to identify
the point (x,y,0). We will also adopt the following convention in order to further ease
the notation. The reparametrization algorithm will produce precisely p = 2Q) functions, @
defined on the half planes H+ projecting on 7 and the other Q defined on the half planes

H projecting on 7, . We agree to denote such functions as u , where j € {1,...,Q}, and
to let I:I]i denote the half plane containing its domain. In partlcular, if two functions, say
@) and 4}, are defined on the same half plane, then that half plane will be denoted H}
or HJr depending on whether it is thought of as the domain of u u or u ’. At the price of
possnbly having Hj[ Hj[ for some 7 # j', we can think from now on that

Q
-yus:
+ j=1

Corollary 8.3 (Reparametrization on Good cubes). Let T, ¥, S, and 7y be as wm T heorem
7.6, and let S be the open book in Definition 8.1. There are 2Q functions u (UQW)
HY — (H)' (with j € {1,...,Q}) of class Ch2 with the following properties. The
estimate

lll s, | < CE(T.S0.1)7 + A) (8.2)

holds. Moreover, if we set
U5 (2) =07 (2) + (2 + 15 (2)), (8.3)
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there is an appropriate choice of the orientation of the graphs of 17;5 so that, following the
notation of Section 8.1,
TL Ry = Gg(0)L Ry . (8.4)
Finally,
<412 2 Nt 2 +12 2 +12
[, e afpar <c [ (o oD Y .
< C(E(T,S,0,1) + A?),

where w is the multifunction over my defined in (7.15).

J

8.3. Multivalued approximation in bad cubes. Here we show that over the “bad”
Whitney region B the current 7" can still be approximated with a multivalued graph over
S, with good estimates, in the following sense.

Remark 8.4 (Graphicality in bad cubes). By virtue of Theorem 7.4(iii) and (7.9), as soon
as 7 and ¢ are chosen sufficiently small, for any cube L € B we may apply Proposition 4.3
in the ball Bygszg, (yr) and conclude from the Propagation Lemma 6.7 the existence of:

e a plane 7 so that V C @y, 2E(T,yr,20Mdy) > E(T, 7L, yr,20Mdy), as well as
E(T, %L, yr,20Mdy) < CEp,

e a closed set K C By, := Bygrq, (yr) N (yr +71),

e and a function uy: By — @ (n1°)

such that the corresponding map vy = ur+W(-+ur) satisfies (the rescaled version of) (4.3)-
(4.8), which we record here for future reference, keeping in mind that (Mdp)?A? < E,
as shown in the proof of Theorem 7.4:

spt(G,,) C X, (
Lip(vy) < CE] and osc(vr) < CW(T, Cysp7q, (yr, 7)) + Cdp ElL/2 : (
Gy, L(KL % ip) =TL(KL x @) N Bisnzq, (y2) mod(p) , (
[BL\ Ki| < |ITII(((Br\ K1) x 77) N Busgza, () < Cdp Ef7 (

<CdrE;™, (810

R 1
||T||(C10MdL(yLa7TL) N B15MdL<yL)) - Q|BL| - 5/3 |DUL|2
L

d;2||vL||%w(BL)+d;(m+2>/B (Jor® + |z — yo|* |Dvr* dz) < CEy. (8.11)
L

As in Corollary 8.3, we can reparametrize the function uz, on the cone S outside of a
small region around the spine of S. Recall the notation Rg introduced in (7.8).

Corollary 8.5 (Reparametrization on Bad cubes). Let T3, S, and my be as in Theorem
7.6, and let S be the open book in Definition 8.1. There exist 2Q) functions ﬂ;t RBQH;E —
(I:Ijt)LO and an appropriate choice of orientations S;t with the following properties. The

estimates
Lip(a;) < C7%7, @ || < OT (8.12)
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holds. Moreover, if we set
U5 (2) ==t (2) + (2 + 07 (2)), (8.13)

J
and denote by Gg(0) the current described in Section 8.1, then

[ astavidirio - [ dstav)dcs@l@] <SS (s
Rp Rp n

and o
[ Gareekvap < CE
R n

BﬂHj

(T,S,0,1). (8.15)

Before coming to its proof we register the following further corollary.

Corollary 8.6. Let T, X, S, and my be as in Theorem 7.6, and let S be the open book in
Definition 8.1, then we have

. - C
r2R(T,S,0,7) < o E(T,S,0,1) + CA?, 0<r< (8.16)

N | —

Moreover, if N and € are sufficiently small, compared to n, then
C(n) ™' B2, (S) < B(T,m,0,1) < C(n)BR.(S) < C(m)A2(S) (8.17)

™0 max
where the constant C(n) depends additionally only upon Q, m, and n. Combining this with
(6.1) we get )

Bro(8) < C(n) Bro(8) - (8.18)

Proof of Corollary 8.6. The proof of (8.16) follows as in [4] using (7.11), (7.17), (8.14), and
(8.15).

To obtain (8.17) it is sufficient to check that the new book S satisfies the assumptions
of Lemma 6.3 at scale 1/2. As a consequence of (8.16), we have an upper bound of

the double-sided excess between T and S at scale 1/2 in terms of the control quantity

E(T,S,0,1) + A% Since E(T,0,3) > tE(T,m,0,1) > 1(7 'E(T,S,0,1) + £ 'A?), this is

sufficient to prove Assumption 6.1(ii) at the scale 1/2 and conclude. O

Proof of Corollary 8.5. Step 1. Here we estimate the tilt of the plane 77, at the scale of
cubes L € B with respect to the reference plane my. Let L be any cube in B, and let
L' € W be its father. As noticed in the proof of Theorem 7.4, Lemma 6.7 can be applied
at the scale of L', so that, in particular,
E, <2-2"P2E, . E;, <2E;. (8.19)
This implies that we can estimate
7L — 7 |* < C (E™(T, 7, Biga, 2(yr)) + B™(T, 71, Byga,, 2 (y1r)))
< CEy,
where E™ is the unoriented tilt excess defined in Definition 4.1, and where we have used

the classical tilt-excess inequality together with the condition (Md)?A? < E at the scales
of L and L' and (8.19).

(8.20)
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Next, denoting by S(m, H) = disty (7 N By, HN B;) the “angle” between a plane 7 and
a half plane H, we claim that:

B(7r, H)> < C(Ep + 82..(S)) for every HC S. (8.21)

To see this, first apply Lemma 6.7 at the scale of L and with p sufficiently small to
conclude that ©(T, q) < Q for every q € spt(T') N Cyra, (YL 72) N Bryra, ;s(yr) \ Ba, (V).
In particular, if we let ¢ € 77 denote any of the two points with py(¢) = yz and dist(q, V') =
Mdr then for every half plane ﬁ]i cS

16
Buag, () VHT C (Uaw)7 N Crzay s (W 71) 0 Briga, ss(yr) \ Ba, (V)
and, as a consequence of Proposition 4.5,
Bog, (q,71) == Bag, (¢) N (g +71) C Ky,

so that

G'UL LC2dL (Q7 7ATL) = TLCQdL (Q7 7ATL) N B?MdL/8<yL) = GS(1~}> LCQdL (Q7 er) .
As a further consequence of Proposition 4.5, there is a C'"*-selection for wup| Bau. (a.71)?

L b

which we denote (ur); < ... < (ur)g. Now, by standard arguments one immediately
concludes that there exists H, C S such that

Lm iz € Bog, (¢, 7r) : dist(z + (vp)1(2),S) = dist(z + (vp)1(2), Hy)} | > ed],

J

-0,
where ¢ = ¢(m, Q). For every z € O, we then have
(7, Hy) dp < dist(z, H,) < dist(z 4 (vr)1(2),S) + |(vp)1(2)],

so that after squaring and integrating over O we reach

Blar, Hy)?dp™? < C </ dist*(-, S) d|| T +/ IvL|2dz) :
B By,

which in turn implies, by (8.11), L' € W (whence E; < nEy/), and (8.19) that
ﬁ(ﬁ[nH*)2 < CEL>

and (8.21) follows by triangle inequality.
With (8.21) at our disposal, and recalling that 5,,(S) < C Bmax(S) as a consequence of
Lemma 6.3, we may conclude that

dlStH(ﬁ'LmBl,’ﬂ'OmB1> S O(EL—FBQ (S)) S C(T2+§) (822)

max

In turn, the L estimate (8.11), the condition E; < n~'Ey for a cube L € B, and (8.22)
imply that for a suitable choice of the geometric constant C, in (7.8), for each L € B the
graph G,, | Rp splits into two disjoint parts, one that projects on mj and the other on ;|
that is

Md, (yrr)

GUL LR = sz L Rg + sz L Rg. (823)
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Step 2: Here we exploit the conclusions drawn in Step 1 in order to produce the claimed

reparametrization over Rg. Let L be any cube in B. By (8.23), it will be sufficient to seek a

reparametrization for the function v; over the half-planes HJr projecting onto 7y, because

the argument for the function v, is going to be the same. As noticed above, Proposition
4.5 implies that, for ¢ as in Step 1 which projects onto 7y, Bag, (¢) C K7, and therefore

sz LC2ClL <Q7 ﬁ-L) = TLC2dL <Q7 7%L) N B7]\7[dL/8(yL> = GS<Z~]) LCQdL (q> 7ATL) :

Hence, we can consider the function uj so that v; = u} + \If( + u}), and, recalling

from Remark 4.2 that we have a fixed selection u} Z *, [(uf);] of Lipschitz functions
(uf) < (uf)2 < ... < (u})g, we proceed as follows. For every j € {1,...,Q}, we let
h* () be the index such that the half-plane H,ﬁ( 5 C S hosts the domain of the function in

¥ which reparametrizes (vy); over Bag, (q, 7). Then, we call (a}); the reparametrization
of (uf); over H, +(j)- By (8.22) and the L* bound (8.11), the domain of (u T); contains

Dy ; = I:IL( 5 N Bsiza, (y) \ Bogzieym-18,)124, (V), and the currents associated to the

graphs of (u}); and (4} ); agree, provided the choice of the orientation of the tangent plane
to the graph of (@} ); is made following the algorithm detailed in Section 8.1. Furthermore,
using the estimates produced in Step 1 we can calculate

Lip((ii});) < C(Lip((u});) + B(ir, Hy. ;) < C(E] + E/*) < C(r* + &) < O™,
as well as
A2 1@l oy ) < ClAoLllFo sy + Bl Hi ;)?) < CEL < CT2.
By the above argument, for each j € {1,...,Q} the page I:I;r hosts a domain D; such that
D; > U {(m,y) eH : yepy(int(V)) and C(72 + &) (n'Ey)"2dy, < || < 5Mdy, } :
LeB

In particular, since cubes L € B have interiors with disjoint projection onto V, for a

suitable choice of the geometric constant C, in (7.8) we can define a global function &j

over I:IJAr N Rg. We can now estimate, using that the balls By, (y;) are disjoint:

/ (afP + P Dt ) dz < Z/ (afP + P Dt ) dz
RBOH +

51Wd (yz)\BC (n—1E;)V/24; (V))ﬁH
S Z/ (|UL1'|2+ |Z_yi|2|DULi|2+d?ELi)dZ
% BLi

<C Y drPEL < On' Y diPEL < On'E(T,S,0,1),
thus completing the proof of (8.15) for the part over 74 . Similarly, we obtain the missing

estimate (8.14) summing the errors in the region where T' does not agree with the graph
Gg(0) by means of (8.8), (8.9), and (8.11). O
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8.4. Proof of Lemma 3.5. Fix v > 0, and let T" and X be as in Assumption 3.1. Corre-
spondingly, choose the parameters £ and 77 depending on 7 so that whenever Assumption 7.1
holds for some open book S and some plane 7y with £ and 7 then one can conclude graphi-
cality of T' over a suitable subset of S € S up to distance 7/s from V(S). Now fix two open
books S and S’ in #(0). Since the Hausdorff distance between any two open books in %(0)
is bounded by a universal constant C, if » > v and A2 +E(T,S,0,1) +E(T,S",0,7) > a(y)
then the conclusion in (3.10) is trivially true with the choice C'(v) = C? a(y)~!'. Hence, we
assume

A? +E(T,S,0,1) +E(T,S,0,7r) < a(y), (8.24)
where @(y) will be chosen momentarily, and we consider the following two cases:

(a) Assumption 7.1 holds for S and a plane 7y with & and 7 as specified above;
(b) Assumption 7.1 for S with € and 7 as above fails.

In case (a), after denoting S C S the open book in Definition 8.1, we estimate for r > y

dy(SNB1, S NBy)? =r2dy(SNB,, S NB,)? < C(E(T,S,0,r) + E(T,S',0,r))
< C =M (A2 L E(T,S,0,1) + E(T,S',0,7)),

where in the last inequality we have used (8.16). On the other hand, it is immediately seen
that dy(SNBy, SNB;)? < C(E(T,S,0,1)). This proves (3.10) when (a) holds, and (3.11)
is also a consequence of (8.16).

Now, suppose we are in case (b). Of course, we can assume that the failure of Assumption
7.1 is due to the failure of Assumption 6.1, for otherwise Lemma 6.5 would imply that case
(a) holds for the current 7" = (A, 1)¢T" (possibly upon reducing the values of & and ).
Hence, in this case at least one of the following holds:

(b1) A2 > zE(T,0,1),

(b2) B(T,0,1) > &,

(b3) E(T,S,0,1) > FE(T,0,1),

If (b2) holds, then (8.24) for a(y) < & implies a lower bound on the opening angle
Bmax(S). Then by choosing @(y) much smaller, if necessary, depending on &, we would
once again deduce graphicality of T over a suitable subset S C S due to [4, Corollary 6.6
and conclude as in case (a).

In case (bl) or (b3) holds, (3.10) is a simple consequence of the fact that

dH(S N Bl, o N B1)2 § C (E(T, O, 1) + A2)

when S is optimal for the conical excess and 7 is optimal for the planar excess in By, as
a consequence of the height bound Lemma 2.4. Analogously, Lemma 2.4 also implies that

E(T,S,0,1/) < C (E(T,0,1) + A?) ,
which in turn implies (3.11) if (b1) or (b3) holds. O
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9. PROOF OF PROPOSITION 3.3: SIMON TYPE ESTIMATES

In this section we use one of the crucial ideas of Simon’s work [12] (cf. also [2]): close to
points of high density, the monotonicity formula gives an improved L? estimate, see (9.1);
in particular, such points of high density are bound to lie close to the spine V' at the scale
of the excess E. An analogous estimate was proved in [4], but here the situation is more
subtle as we have to take into account that the “opening angle” of S might be relatively
small.

Theorem 9.1. There are positive constants C, ng, and €9 depending upon (m,n,p) such
that if T,%,S,mg are as in Assumptions 3.1 and 7.1 with € < €9 and 11 < ng then the
following conclusion holds. Assume that

(a) S denotes the open book introduced in Definition 8.1
b) and qo = (z0,y0) € (V* x V)N By, is a point with O1(qy) > Q.
/

Then
dist? (¢ — qo, S)

7
K

d|Tll(g) < C(E(T.S,0,1) + A%),  (9.1)

Bro(S)? [0 f? + 22 + /

Biu 10— qo
where xy = px, (o) = Py, (q0)-

The proof follows the same argument as in [4, Section 8], however we need to suitably
modify [4, Proposition 8.4] to take into account the presence of the bad Whitney region B.
This will be done by taking advantage of the fact that in this region the planar and conical
excess are comparable, and using once more the multivalued approximation to estimate
the required errors.

9.1. Consequences of the monotonicity formula. We start with an improved version
of the first part of [4, Lemma 8.2]. More precisely, the bound (9.2) differs from the cor-
responding one in [4, Lemma 8.1] in the dependence upon A. The proof is given in the
appendix.

Lemma 9.2. Let T' and ¥ be as in Assumption 3.1, and assume that g(q) = |q|k§(%)
for some k > 1 and some Lipschitz non-negative function g on the unit sphere. Then, for
every 2 > a >0 and R <1 we have

2 2,12
o 9°(q) m + 2k / 2 2/ IVg(q) 2|
9 a|T S d||T — AT A e
2 /BR gm2a 1T 9) < ormia . 170+~ L giea 1Tl (q)

, |7 (Br)

e} Rm_a Y

+CA%g]| (9.2)

where ¢~ := q—pz(q) at H™-a.e. q € spt(T) (here, pz = Priy i the orthogonal projection

onto span(T'(q)) ).

As a simple corollary we then conclude the following.
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Corollary 9.3. Let T and ¥ be as in Assumption 3.1. Then, for every r < 1 and any
open book S,

dist S 2 112 _
/ SUa ST gy SC/ ‘qm|+2 d||T|| + C(E(T,S,0,r) + A?). (9:3)
B, ‘q’m+1 B, IQ|

Proof. Observe that g(q) := dist(q, S) is 1-homogeneous function and that § is 1-Lipschitz.

The inequality follows therefore applying Lemma 9.2 with £ =1 and o = }L. U

We next use the refined Lipschitz approximation of the previous sections to suitably
bound the first summand in the right-hand side of (9.3).

Proposition 9.4. There are positive 1m0 and €19 such that the following holds. Let T,
Y, and S be as in Assumption 3.1 and 7.1 with < ny and € < e19. Denote by py
the orthogonal projection on the spine V' of S, and for ||T||-a.e. q denote by Pi,) the

projection on the orthogonal complement of the tangent plane to T at q. Also set gt =
4 — Pg(,)(q) for H™-a.e. q € spt(T'). Then

J,, (e
B1/3

where | - | is the Hilbert-Schmidt norm and the constant C' depends upon (m,n,p).

2 112
+ |qm|+2
4|

) dTl(q) < C (E + A?). (9.4)

Proof. Let g € C2°(By), and, denoting py. the orthogonal projection onto the complement
V< to the spine V of S, proceed as in the proof of [4, (8.14) Proposition 8.4] to estimate

[1pv prult a2 ( [sarmi- [ g%zuéu)

<9 / g% - Hpd|T]| +4 / T2 (Vv g2 dIIT]|

(. J

~\~ v~

=:(A) =:(B)

4 / g(z-Vyig)d|C] 4 / 9 (pp() - Vyog)dIT] . (9.5)

=:(C)
Here recall that C is a suitable representative mod(p) supported in the book S: for its
definition we refer to [4].

Notice that when calculating (B) and (C) we can replace ||T'|| with ||Gg(?)| up to an
error of size E thanks to (8.14), since in all instances the integrand can be bounded by |z|?
(see [4, Proof of Proposition 8.4]). The rest of the proof now proceeds as in [4, Proposition
8.4] using Corollaries 8.3 and 8.5 in place of Corollary 6.6 therein. O

We can now combine Corollary 9.3 and Proposition 9.4 to infer the following

Corollary 9.5. Let T, X, and S be as in Proposition 9.4. Then

dist(q, S)?
/ %dlwu <C(E(T,S,0,1) + A?). (9.6)
B1/3 q T
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9.2. Shifted cones. In the next two steps to prove Theorem 9.1 we will make a funda-
mental use of the following geometric lemma.

Lemma 9.6. (a) Assume S is an open book and q,z € R™™ and O € SO(m + n).
Then:

dist(z,q + O(S)) < dist(z, ¢ + S) + 2|0 — 1d||z — ¢| (9.7)

(b) There is a geometric constant C' such that the following inequality holds for any
q,q,z € R™™  any m-dimensional plane = with # D V = V(S) and under the
additional assumptions that p(S) = 7 and B.(S) < 3:

dist(z,q +8) < dist(z,¢' +8) + |[Pr (¢ — @) + CBx(S)[Prrvi (¢ — ). (98)

(c) For any constant Cy there is a constant Cy such that the following holds under the
assumption that Cy ' B,(S) < Bmaz(S) < Bx(S). For every ¢ € R™*™ there is a page
H C S such that

Ipx (0)] + B(S)[pye(q)| < Cdist(z — ¢,S)  whenever |py.(z)| > 2|pye(q)].  (9.9)

Proof. Proof of (a). We can assume without loss of generality that ¢ = 0. Fix z and let y
be a point in S such that dist(z,S) = |z — y|. Observe that certainly |y| < 2|z|, otherwise
0 € S would be closer to z then y. On the other hand O(y) € O(S) and thus we can
estimate
dist(z, 0(8)) < |z = Oy)| < |z =yl + |y — O(y)| < dist(2,8) + [0 — 1d|Jy]
< dist(z,S) + 2|0 — 1d||#] .
Proof of (b). Observe that we can write
=4 +pv(@—=4¢)+Prve(e—q)+prla—¢)

-~ -~ -~

q1 q2 g3

Evidently, it suffices to prove the three claims
dist(z, ¢ +q + S) = dist(z,¢ + S)
dist(z,¢ + q1 + @2 +S) < dist(z,¢ + ¢ +S) + CB:(S)|q|
dist(z,¢ + ¢ + g2+ g3 +8) < dist(z,¢' + 1 + 2 + S) + |g3| -

This amounts to show the inequality (9.8) in three particular cases in which ¢ — ¢ € V,
g—¢ € mnNVE and ¢ — ¢ € 7+, In all of these cases we can assume, without loss of
generality, that ¢’ = 0. The third case is the trivial estimate, while the first one is obvious
because ¢ + S = S when ¢ € V. We are thus left with the second case.

Fix thus z € R™*™ and ¢ € 7 N V*. Denote by 7 the (m + 1)-dimensional plane which
contains S and 7 and observe that it contains ¢ + S as well. Without loss of generality
we can assume therefore that z € 7. The assumption p,(S) = 7 implies the following
geometric property:

(P) for every £ € 7, the line £ + 7 Nt intersects S.
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Consider now y such that dist(z,S) = |z — y| and let H be the page containing it. We
further set ¢ := prav.(y). Since 7 N V+ is 1-dimensional, we can distinguish two cases:

(a) 9/ is not contained in the segment [0, ¢]; in this case p,(y) + 7 N7 intersects ¢+ H
in some point y, and |y —y,| < tan 8|q|, where 8 denotes the angle between H and
7. Since § < CfF:(S) the desired inequality follows.

(b) v’ is contained in the segment [0, ¢]. In this case |p,+(y)| < |¢| tan 8. The geometric
property (P) guarantees that y + 7N 7" intersects ¢ + S at some point y,. If H' is
the page of S such that y, € ¢ + H’, this time we get |p,+(y,)| < tan#'|g|. Since
1y — gl < Pt (y)| + |Pre(yy)| the desired inequality follows again.

Proof of (c). Let H; be the pages of S and denote by m; the m-dimensional plane which
contains H;. We will show below the following fact

(F) For every x € H; with |py.(x)| > 2|py.(¢)|, we have dist(x,q + S) = dist(z,q +
H;) = [p..(9)].
From (F) we conclude as follows. We select a page H; with the property that |p,.(q)| is
maximal. We then have to show that 1

Pr(q)] < Clprs(9)] (9.10)
Bnaz(S)Pv2(9)] < Clp,r(q)]- (9.11)

Consider the plane 7 which contains 7 and S and observe that

v (@) = [Prev- (0)2 + [Py (0)]?
P (@) = [Prs (Prows () + [rs (@)

P22 (@) = [Prt (Pyine(0))* + [Pr2(a)]?

Since moreover S and ¢+ S are invariant under translations along V', we can just reduce to
the situation in which ¢ € V+N7. Moreover, by dilation, we can assume it has unit length.
Note therefore that we are reduced to prove the following claim. We have 2@ lines in R?
with the property that the maximal angle between them is S, (S) and the maximal angle
between one of them and the horizontal axis is 3,(S). £ = (cosd,sin#) is a unit vector in
R? and ¢ is the one among the 2Q lines which is further away from &, while we wish to
show that

| 2

|sin @] < Cdist(&, 0) (9.12)
Brnas(S) < Cdist(€, £) . (9.13)

Pick the two lines ¢; and ¢y which form the largest angles (,,4:(S) and let ¢; be the one
further away from ¢ of the two. The angle between £ and ¢; is thus at least half of 5,,,..(S),
but it is also smaller than the angle between ¢ and ¢ and so the second inequality is trivial.
For the other inequality we notice that 6 is the angle between £ and the horizontal axis,
which is bounded by the sum of the angle between £ and ¢; (controlled by S,,q.(S) and so
by dist(&, ¢)) and the angle between ¢; and the horizontal line, which is bounded by 3. (S).
Since the latter is also bounded by 5,4, (S), which in turn is bounded by Cdist(¢, £), we
have proved our claim.
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We now come to the proof of (F). Let m; be the plane containing H; and observe that,
since |py.(x)| > 2|py1(q)|, we easily see that p.,(x — ¢) = = — pr,(¢) belongs to H;. Thus
dist(x, ¢+ H;) = |p,.(¢)|. We hence just need to show that

dist(z, ¢ + H;) > [p,.(q)| = dist(z, ¢ + H;)

for every other page H;. We will in fact show that dist(x, ¢+ ;) > dist(x, ¢+ m;) (which is
enough because dist(z, g + H;) > dist(x, ¢ + 7;)). Summarizing, we are left with the task
of proving

dist(x — ¢, m;) < dist(z — ¢, 7))
for every x € m; such that |py.(x)| > 2|py1(g)].

Arguing as above, we can ignore the components of ¢ and z along V and along 7.
We thus reduce the claim to a statement about pairs of lines. More precisely, given two
lines ¢,¢' C R? a point x € ¢ and a point ¢ with 2|¢| < |z|, we wish to show that
dist(x —q, ¢) < dist(x —q,¢'). By scaling we can assume |¢q| = 1. We thus fix coordinates on
the plane in such a way that ¢ = {(s,0) : s € R}, z = (¢,0) with ¢ > 2, ¢ = (cos ¢, sin ),
and (cos 3, sin () is a unit vector ortogonal to ¢. The claim then amounts to the inequality

sin®a < (0 — cos a)? cos® B + sin® asin® 3.

Notice however that, since o > 2, sina < 1 < (2 — cosa)? and the desired inequality
follows easily. O

9.3. Shifted @Q-points. Consider now any point ¢ € By with ©7(q) > Q. For each
such ¢ we fix a rotation O, of the ambient space, with the properties that

(i) Oq(TOZ) =Ty%;

(ii) |O, — Id] is minimal among all rotations which satisfy condition (i).
Clearly

10, 14| < Colg|A | (9.14)

for some geometric constant Cy. The point of this Section is to show that, provided 7,
and ¢ are small enough, we achieve an estimate as in (9.6) with ¢ replacing the origin and

0,(S) replacing S.

Proposition 9.7. Let T, 3, mg, and S be as in Assumption 3.1 and 7.1, with parameters
1 and € small enough to apply Theorem 7.6 and define the book S. Then there are M1 and
e such that, if § < my and & < eq1, then Corollary 9.5 applies with Tj /5 in place of T,
Oq(S) in place of S, and Og(mo) in place of m, whenever q € By 14 satsfies Or(q) > Q. In
particular, for any such point we gain the estimate

: 2
[ OB i) < o®r oS0+ A (0.15)
Bioa) |z —q|™"1
Proof. In order to show that Corollary 9.5 applies with 7" = T ;3 in place of T', 8’ = Oq(g)
in place of S and 7" = O,(m) in place of my we need to show the following conditions:
(1) 9_1A2 < e E(T’, 7T/, O, 1) < 8%0;
(ii) E(T",S,0,1) < noE(T",0,1);
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(iii) E(77,0,1) > (1 — mo)E(T",0,1).
This will be shown assuming that
(a) A2 <eE(T,7,0,1) < &%
(b) E(T,S,0,1) < 7E(T, 7,0, 1);
(c¢) E(T,0,1) > (1 — n)E(T, 7,0, 1);
where ¢ and 7 are two much smaller parameters.

Step 1. Height of q. We first prove that, for every fixed positive p, no matter how
small,
P, (0)]* < p°E(T, 70,0, 1) (9.16)
provided 7 and € are chosen small enough.
Assume by contradiction this is not the case. Then there are sequences T}, Si, X
satisfying Assumption 3.1 and (a), (b), and (c) above with vanishing 77 = 7 and & = gy,
and a sequence of points g, € Bij, with O7, (gx) > @ such that

|p7Lr0(Q)|2 Z p2E(T/€7 7o, Oa 1) . (917)

By applying a rotation, we can assume that all S; have the same spine V. Let now
yr = pv(qr) and recall that, by Lemma 6.7 |gr — yx| — 0. Up to subsequences we can also
assume that y, — y. We argue as in the Proof of Lemma 6.5 and in particular introduce
the maps 7, and study their limit v, which is a Dir-minimizing map, and is a strong L?
limit. By Proposition 4.3 and because v is 1-homogeneous and invariant by translation
along the spine V', we see that, for every fixed r,

E(Tk> To, Y, T)

li =1. 9.18
koo E(T, 70,0, 1) (9.18)
In particular we also see that
E(T;
lim Bk To U 7) g (9.19)

k—o0 E(Tk7 700, 07 1)
So, for k large enough, we have
E(Tk7 0y Yk T) < 2E(Tk7 To, 07 1) :

Since ¢, converges towards y, we can, for a sufficiently large k, apply Lemma 2.4 to
conclude
Pt (a)] < CrE(Ty, mo,0,1)".

The constant C' is independent of r. Therefore, by choosing r smaller than £ we contradict
(9.17).
Step 2. We now wish to prove (i). We argue again by contradiction. This time we
have, however, either
E(Ty, Oy (70), @k, 1/3) > €10, (9.20)
or
A2 > 9210E(Ty, Oy, (70), qr, 1/3) - (9.21)
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Observe that
E(Ty,, O, (m0), ai /3) < (14 Blax — ye)™ " B(Ti, mo, i, /3 + lai — yal)
+ Clpr, (a)* + CAL,
but also
E(Ty, Oy, (m0), ars '/8) = (1= 3lax — yi)™ " E(Th mo, i, Y3 = lar — yul)
- C|Pwk(Qk>| - CAk )
Recalling (9.18) we conclude that
o BT 0y (m0). i, 1)
k—o00 E(T},m,0,1)

Since however E(Ty, o, 0,1) and E(T}, m9,0,1)"'A? are both infinitesimal, clearly we con-
tradict either (9.20) or (9.21).

Step 3. We next prove (iii). Assume by contradiction that there is a sequence of planes
7, C TyXy, such that

E(Tk,’ﬂ'k,(]k,l/?)) (1 _nlO)E(TkJOq(ﬂ-k)a(bml/?’)'
Using again the estimate |0, — Id| < C'Aj and the estimates of the previous steps, we
conclude that

E(Ty, 7y, 3 = |a — yl) < (1 =n10/2)E(Ty, 70,9, 3 + |ax — yl) -

Observe also that |7, —mo| < CE(T}, m,0,1)"? =: Ek/z. Consider the linear maps Iy, : mg —
7TOLO whose graph give 7, and let [ be their limit, up to subsequences.
If v is the limiting function found in the proof of Lemma 6.5, observe that

1
lim B E(T, 70,9, s + |ax — ) = / of?
By/3(y)

=1. (9.22)

k—o00 3m+2

On the other hand we also get

lim By E(Tk, 7, v, /3 — |qr — ]

1 2
by o0 )_ 3m+2 /Bl/3;|7}i_l| .

In particular we would conclude that there is a linear function [ such that

/ Z\w—z\2</ v]?.
Biss B3

7

Recall however that, because E(Ty, m,0,1) < (1 — ng) 'E(T},0,1), nov = Q71 3. v,
vanishes identically. In particular

Z v — I = o> + QI

[ RN AT
Bz B3

]

which in turn shows
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Step 4. It remains to show (ii). By Lemma 9.6 we have
dist(z, 04(S) + q) < CAlq||z — q| + dist(z,S + ¢q)
< CAlgl|z — gl + dist(z,S) + [P (¢)| + CBry(S)lg — pv ()]
In particular, we can estimate
E(T",8',0,1) < C(E(T,S,0,12) + A® + |p,s (9)]* + CBx(S)lg — pv(9)]*)
< C(E(T,S,0,1) + A* + [, ()" + CBr(S)la —pv ("), (9.23)

where in the last line we have used (8.16).

From the previous steps it follows that each of the summands on the right hand side can
be made arbitrarily small with respect to E(T, 7,0, 1), provided 7 and & are taken small
enough. Since in turn E(7, 7,0, 1) can be bounded by 2E(7”,7’,0, 1) by possibly chosing
the two parameters even smaller, we conclude the proof. U

9.4. Proof of Theorem 9.1. By Proposition 9.7 we have

dist(q, Oy (S) + q0)? S
/ ( : ( T73+7 O) dHTH < C<E(Ta OQO(S)7 q, 1/3) + AQ) ’
Bl/Q(qo) |q - q0| !

provided the parameters are small enough. Using Lemma 9.6 and (8.16) we then get

dist(q — qo, S)? . S S
I =02l it <¢ [ aist(a,SPaIT] + A + 1o+ B, (8l
Bio(a) [q— qo™t3 Bus

<CE(T,S,0,1/2) + C(A? + |25 |* 4 B, (S)*|z0[?)
<CE(T,S,0,1) + C(A? + C'|zg > + CBry(S)*|z0|?) . (9.24)

From now on in order to simplify our notation we use E in place of E(T',S,0,1). Fix p > 0.
We next wish to show that, provided the parameters €9 and 7y are small enough, then

~ dist(q — qo, S)?
|25 | + Bro (S)?[mo]* < Cp7/4/ . Cfiw)
Bi,(w) |4 — qo|™"3

d|T| +Cp™E+ A%,  (9.25)

where the constant C'is independent of 79 and €. In particular, for p sufficiently small we
can combine (9.25) and (9.24) to get
|25 + By (S)?|20]* < Cp™™(E + A?). (9.26)

We fix such a p and gain therefore

d|T|l(q) < C(E(T.S,0,1) + A?)

~ dist® (¢ — ¢ ,é
By (S)? fao* + |l“3|2+/ ( = )
By |q_QO| 4

(where we are treating the fixed p as a geometric constant). Since however [5,,(S) <

Cfr(S) by (8.18), we achieve our desired conclusion.
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[t remains to show (9.25). First of all, by assuming the parameters small enough, Lemma
6.5 implies that 2|py1(go)| < p. Thus we can apply Lemma 9.6 (c) and select a page H;
of S with the property that

Bro(S)? w0 + |23 |> < Cdist(x — 0, S)> Vo € H; \ B,(V).

We next apply Theorem 7.4(v) and assume the parameters £ and 7 are small enough so
that pyw(y) < p for all y € By,. Since H; € S, it follows that there is a function 9; as in
Corollary 8.3 and that Q := (B,,(V) \ B,(V)) N B,(q) belongs to the domain of ;. For
each point x, consider the point ¢ = z + v,(x) € spt(7’). We then have
Bro(S)? [zol* + [ag [ < Cdist(q — g0, S)* + C|;(x))]
< Cdist(q — qo, S)? + Cla,(x)> + CA*  VQ. (9.27)
Moreover, given the Lipschitz and L> bounds on 7;, it follows that ¢ € By/9(go) and that

|q — qo| > §. We thus average (9.27) over the set I' := {z 4 9;(x) : # € Q} and use (8.5) to
achieve

a8 ool + 1o < o [ dist(a — a0 82"+ Cp [ i+ Ol
T Q

dist(¢ — qo, S)?
< 0,07/4/ 1S (q qo_;_7/4) de+Cp—m(E+A2>
rolg—ql™

dist(q — qo, S)? o
< Cp'” <_ mo+74) d||T|[(q) + Cp™™(E + A?).
B, |4~ /™"

This completes the proof of (9.25) and hence the proof of Theorem 9.1.

10. PROOF OF PROPOSITION 3.3: BINDING FUNCTIONS

Following the blueprint of Simon’s work on cylindrical tangent cones, in the form used in
[4] in this section we prove the existence of suitable “binding functions”, which in the final
blow-up proof of Proposition 3.3 will be crucial to show the compatibility of the harmonic
sheets. The central Proposition of this section has its counterpart in [4, Theorem 9.3].
The crucial difference is that we are not able to really estimate the “binding function” &
in terms of the excess E (as it is the case for [4, Theorem 9.3]). We will instead be able
to estimate separately its vertical portion Pt (&) and the horizontal portion p,,(§): it’s in
the estimate for the latter part that we “lose”.

Definition 10.1. A binding function is any Borel measurable function ¢: Ry, — V* with
the property that £(q) = &£(¢') for all ¢ = (0,z,y) and ¢’ = (0,2',y’) such that (|z|,y) and
(|'|,y') belong to the interior of the same Whitney cube.

Theorem 10.2. There are positive constants C, m12, and €15 depending upon (m,n,p) such
that the following holds. If

(i) T,%,S,m are as in Assumptions 3.1 and 7.1,

(11) € < €19 and n < Mo,
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(iii) S denotes the open book introduced in Definition 8.1,
(IV) and Oco = HQWHOO?
then

dist(q, S)?

B,, Max{0e, |2[}!/2

d||T||(q) < C(E(T,S,0,1) + A%) =: C(E + A?). (10.1)

Moreover, there exists a binding function & : Ryy — R™™™ such that the following estimates
hold for every j:

/ |uji<q) _ lh(])(q)) — (pﬂ_OL (5((])) — lh(])(pﬂ’o(g(Q)))’Qde(q) < C(E + AQ)

|2 ]2
(10.2)
0N ‘ 2
/ [Vui(q) IVlh(J)(Q)| < OB+ AY), (10.3)
B, sNU, |z '/2
1P ()% < C(E+ A?). (10.4)
1Tn(3) © Pro (E) 120 < OBy (S)? P (€)%, < C(E + A?). (10.5)

Proof. The proof of (10.1) follows verbatim the one given in [4, Section 9.2] for the anal-
ogous estimate [4, (9.5)]: in this case the argument would substitute Lemma 6.5 to [4,
Proposition 9.4] and Theorem 9.1 to [4, Theorem 8.1]. Note that since the left hand side
of (9.1) has a quadratic dependence on A rather than the linear one of [4, (8.1)], (10.1)
gains the quadratic dependence on A on its right hand side as well.

As for (10.3) we can follow the argument in [4, Section 9.2] in order to show the following
partial statement. For every cube L € W we find a suitable point &;, € spt(7') N B/, with
Or(&r) > @ such that, for every j

3 [(uj(2) = n)(2)) = (Prg (§2) = nii) (P (€)1

27 dz < C(E+ A?) (10.6)

Lew#:LB, 540 7 2L
and )
dz < C(E+ A?). (10.7)

/ [Vu;(2) = Ving)(2)]
LEW:LNB, 50 7 2L ]2
Again in this case the gain of a quadratic estimate on A, compared to the linear dependence
of the analogous estimates in [4], is due to the quadratic dependence on A of the right
hand side of (9.1).

We now set the binding function to be equal to py1(§g) in each cube ) € #'. Summing
over all the cubes we then reach (10.2) and (10.3). At the same time (10.4) and (10.5)
follow immediately from (9.1). O

11. PROOF OF PROPOSITION 3.3: FINAL BLOW-UP

In this section we introduce a suitable blow-up sequence which will be used to prove
Proposition 3.3.
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11.1. Blow-up sequence. The main argument is by contradiction. We therefore fix p =
2@ and fix sequences X, Ty, 7, and Sy with the following properties:

(a) T} and Xy satisfy Assumption 3.1;

(b) ToZp = R™! x {0,_1} =: 79 and Ay, = || A, ||

(C) Tk € @(0, Zk) and E; := Ek(Tk, 0, 1) = E(Tk, T, 0, 1),
(d) S; € %(0, Ek) and E; := E(Tk, 0, 1) = E(Tk, S, 0, 1)7
(e) the following holds:

E, A?
11_}1{)10 (Ek + E, + Ek) =0. (11.1)
From Lemma 6.5 if we pass to (A 1);T and change the optimality of m; in (c) to “almost
optimality”, we can additionally assume that V(Sg) C m. Since passing to the rescaled
currents just leads to a slightly different radius ro in the conclusion of Proposition 3.3,
we will keep the notation Ty. Moreover, by possibly applying a rotation, without loss of
generality we can assume in addition to (a)-(e) the following two facts:

(f) mo = R™ x {0,}, and |7 — mo| < CE;/Z, and V =V (S;) = {0;} x R™! x {0,};
(g) mo is almost optimal, namely

lim —— k20 ) (11.2)

Definition 11.1. A blow-up sequence is a sequence of quadruples (Ty, 3, 7k, Si) together
with linear subspaces 79 = ToX, D m9 O V = V/(Sy) satisfying (a), (b), (c), (d), (e), (f),
and (g).

We are now in a position of applying Theorem 7.4, Theorem 7.6, Corollary 8.3, Theorem
9.1, and Theorem 10.2, for any k sufficiently large. In particular we can introduce

(o) The Whitney decompositions W, the good regions Ry, with the corresponding
functions ujf’i as in Theorem 7.4, and the radii p¥ as in Theorem 10.2;

(B) The new books Sy, and the linear maps lz?’i = lk’jE

LTy — 7r0 ¢ parametrizing their
pages I:I;?’i;
(v) The binding functions &* : Ry, N By — R™™,
The following is then an easy corollary of the estimates in Theorem 10.2, whose proof is
left to the reader.

Corollary 11.2. Consider a blow-up sequence (Tk, Xk, Tk, Sk) and a plane o as in Defini-
tion 11.1. Consider books Sk, with pages H , and maps &, and U u as in (a)-(). Hence

set wf* =By P (ult - 0F), b —E*”Zp,r (€), and &k —E*Wﬁﬂo( S)Pr, (%), Then, up
to subsequences the followmg holds:

(i) For each j the sequence wf’i converges locally in C* to a map w B1/2ﬂ7r0 — 7T0 ;
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(ii) €F and € converges locally uniformly to a pair of bounded functions
gq_} 2B1/8ﬂ7T0—>7Té_0 (113)
go:Bl/gﬁwo—>Vlﬁ7r0 (114)
which are even with respect to V', namely &,(t,y) = &,(—t,y) and &,(t,y) = & (—t,y)
for every (t,y) € (VX Nmy) x V on their domain of definition;
(iii) The normalized linear functions l?’i = (B,rO(S))_llvjc’i converge smoothly to linear
functions l_]i;
(iv) The following estimates hold (for a geometric constant C = C(Q, m,n)):

sup [t 2 ([t 7M@) (O)] + [ Dwy ()] + [t [Py ]is(¢)) < C (11.5)
(=(ty)ery
4 2
/ R PRAC) R (11.6)
Bl/gﬂ’fl'(:)t |Z|

—+ F T2 —42
w; — —[Fo Vw;
/ o (& — 2l {' dz < C. (11.7)
B1/sNmg |22 |22
11.2. Strong convergence. Again following the blueprint of Simon’s work, the estimates
of the previous sections will allow us to conclude that the convergence of the wji’k is in fact
strong, that the conical excess in By /s can be controlled in terms of the limiting wj-[, and

that the u_)ji are indeed harmonic.

Proposition 11.3. Let Ty, >y, T, Sk, wj.c’k, and ij be as in Corollary 11.2. Then thew

following holds.

+

(i) The convergence of wf’i to wy s strong in the sense that

[ (P o+ eIVt = Jim (4P + l2PIVaiP). (118)
TENBy s 00 By snU,

(ii) The following estimate holds:

limsup E; "E(T, S, 0,1/s) < Z / +|2—|—/ jw; [ | . (11.9)
k—00 Ty NBy /s T NBy/s

J

(i) Fach ij s smooth and harmonic in its domain of definition.
The proof is verbatim the same of (i), (ii), and (iii) of [4, Proposition 10.5].

11.3. Simon’s and Wickramasekera’s variational identities. We next introduce two
important functions, which will be crucial to show that in fact the functions u’)ji can be
suitably extended to harmonic functions over mo M By /5. The first function is considered by

Simon in his original work and it is simply the “average” of the ij in the following sense:

w(t,y) = Z<wf'+(t’ y) +@; (—t,y),  for (t,y) € Big Ny . (11.10)
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The second one is instead introduced by Wickramasekera in [17]. We start by recalling
that 73 is one-dimensional, and can therefore be identified with R. After fixing such
identifcation, there exists coefficients uji with the property that

7+ _ o+

Gty =pjt. (11.11)

Wickramasekera’s weighted average takes then the form

w(t,y) = Z(ujw;r(t, y) + pyw; (—t,y)), for (t,y) € Bys Ny . (11.12)

J

We note in passing the following obvious consequence of the estimate in Corollary 8.6.
Lemma 11.4. There is a positive constant C' depending on m and ) such that
C™! <max{|u§ — M?,I| o, € £,1<7,7 <Q}
<2max{|uf]: a € £,1 < <Q <2C. (11.13)
Both functions w and w satisfy then the same variational identity.

Proposition 11.5. Let w;: and l;i be as in Corollary 11.2 and consider the functions
w and w introduced in (11.10) and (11.12). Then the following identities hold for every

we CP(BysN o, Mo °) which is even in the variable t € VX Ny and for every direction
veV:

/ V- v 0, (11.14)
Bl/Sﬂﬂ-O 8’1)
ow

/ Vw Ve =0. (11.15)
Bl/gﬂw(‘)" av

Proof. The proof of (11.14) is the same as the proof of (iv) in [4, Proposition 10.5]. In
particular, if we fix a unit vector e, € mp° and let

W =wepniq,

we observe that W is cylindrical in the sense of [4, Definition 10.4], while the identity [4,
(10.7)] is equivalent to (11.14).

The proof of (11.15) follows a slightly different argument. We can definitely argue as
in the proof of (iv) in [4, Proposition 10.5] to assume, without loss of generality, that w
depends only on the y € V variable in a neighborhood B,(V') of V. Hence we let e be a
unit vector which spans V+ N7, we fix a direction v € V and we consider the vector field

- ow
W .= —e.
8o
Proceeding as in the proof of (iv) in [4, Proposition 10.5] we first choose an orientation for
V, fix a corresponding orientation for the pages of Sy, so that [{f{fiﬂ = 0[V] and hence

(11.16)
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introduce the cylindrical current
Cy= > [EF] + [y
J

Because W is a derivative along a direction v € V, while Cj, is invariant under translations
in the v direction, we have §Cx (W) = 0. On the other hand we have

STL(TV / Fr(a) - W(o)dIT|(q).

—

As already argued several times, ||Hy||o < A, while Hr(q)-W(q) = Hr(q) Prs,): (W (q))
and [|p(ry,)L © Wllso £ CA||W||s, so that we reach

16T (W) — 6CL(W)| < O|[W || A% . (11.17)
Our goal is to show next that
_ - ow
lim ————— (0T (W) — 0C,(W)) = —/ Vw-V— 11.18
k—s00 /8770<Sk)Ek/2< k( ) k( )) B1/8m7r0 o ( )

which, given (11.1) and the bound in Lemma 6.3, implies (11.15).
In order to show (11.18), we subsequently fix a > 0 and k sufficient large such that
pF. < r and introduce the currents

17 =T, (B, (V))° (11.19)

Cy .= CrL(B.(V))° (11.20)

T, =T, B.(V) (11.21)

CL:=CyLB.(V). (11.22)
Note in particular that 7} is a multigraph over m

We will then split our proof of (11.18) in two separate parts, in particular we will show
that
lim sup Sy, (Sk) 'E;, 7 < Cr'’ (11.23)

k—00

divy, W T — / dive, 1T

for a constant C' independent of r, and that

tin 6,805, ( [ walz) - [ aive,wacy) )
—00
:_/ Ve v (11.24)
B, /s \Br(V) v

From (11.23),(11.24) and the facts that Vew € L? and r is arbitrary, we conclude (11.18).
Recall that W is directed along e € m N V+, while, in the region B,(V), it does
not depend on directions orhogonal to V. In particular, on the latter region we have
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tr(pr, DPWpy) = 0. We can thus estimate

| div. (W) (q)| = [tr(PxPr DW (¢)PV)| = |tr(PyPro DW (q)PV)]
< [tr(pypr)| [tr(PrPV)| [DW|(q) < Clpry — PrllPv - Prt| [IDW(q)],

for every ¢ € B,(V) and for every m-dimensional plane w. Recall that r < p. In particular,
since V' is a subset of any tangent plane to Cj, we immediately conclude

/divcdeHCiH =0. (11.25)

Moreover we can use Proposition 9.4 to estimate

/dikaWdHT,:H

[~
=

<[ ppepaldml) ([ erewh Pl
B1NB(V) B1NB(V)
1 1
1
2

1
<cE ([l —paldlzl (11.26)
B%HBT(V)

Next, using (6.13) in Lemma 6.5 and Lemma 6.3, for k large enough we have
E(Tk7 o, Y, QT) S QE(Tku To, 07 1) S Cﬁﬂ()(Sk)Q

for every y € By,4NV. Subsequently, we can use Allard’s tilt-excess estimate [3, Proposition
4.1] to conclude that

/B 12, = PP < O (5 (S0 + A
' y

for every y € Byjy NV (provided £ is large enough). Since we can cover By, NV with
Cr=™*1 balls of radius r centered at points y € V N By 4, we clearly conclude that

lim sup ﬂWO(Sk)_2/ s — Pr?d|| Ty < Cr. (11.27)
B} NB,(V)

k—o0

Combining (11.25), (11.26), and (11.27), we then get (11.23).
In order to prove (11.24) we observe that, for r large enough, Ty Bijg = T'1.(Byss \
B,(V)) is the union of the 2Q) graphs over 75 N By /s \ B,(V) of the functions

¢ 0" (q) = (05 (q) + I (q), Wilq, wE T (q) + ¥ () ) € mi x Ty

-

)
while Cy, is the union of the graphs, over the same domains, of the functions

g 055(q) = (I7%(q),0) € mp° x Ty
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In particular we can write
ST{(W) = 0CL(W) =) (6G ot (W) = 6G et (W) + Z (0G (W) = 6G - (W),
j J J
and reduce the proof of (11.15) to

lim E, "8, (Sk) " (0G k2 (W) = 6G o= (W) = —/ 11 Vs Vg— (11.28)
k—oo J J B1/8m7T0 \Br( ) v

(note that summing over £ we then use the fact that the function is even to achieve
(11.15)). The proof is the same for all 2Q) functions: we will therefore restrict to the case
(4, 1) and, in order to simplify our notation, we will drop the indices + and 1, so that our
functions become

ue(2) = (wi(2) + l(2), Yi(2)) (11.29)
le(2) = (Ix(2),0). (11.30)

It is important to recall that

Il = Bro (ST T [ler = 0(Bry (S)) (11.31)
lwx — B o o = o(B%) (11.32)
[Vklloz = O(AL) = (B (Sk)") (11.33)

lveller + Nkller = OBy (Sk)) (11.34)
lweller = O(E,”). (11.35)

ow

We denote by ¢ the function §* and consider, for small ¢, the diffeomorphism ®.(p) =
p+eW(p) of R™™ onto itself and the diffemorpshim W_(2) = 2z — e((2)e. If a current is
the graph G, of a C'! function v over some domain 2 of 7, then (®.);G, is the graph of
v, := v o U,. The variation 6G,(W) can then be computed as

_ d 0A ' o¢
Gy = | [ awn) == [[5200: 0e-co v - a0
(11.36)
where A(A) is the area integrand. The latter can be written explicitely as
A(A) == [1+]|AP+ ) (det M),
MeM;(A),i>2
where M;(A) denotes the set of ¢ x ¢ minors of A.
Observe first that 3 3
A(Dék)8< L+ (VIR Q (11.37)
and B B
aA(Dek) (Dl - e ® V() = (Vi &) (V- Ve) (11.38)

0A

\/ 1+ | Vi
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Note next that, for any M € M;(Dvy) with ¢ > 2, det M is the product of 2i entries of
Du, of which at least two are partial derivatives of ;. Taking then into consideration
(11.31)-(11.35) we get

o ¢ (V- V)% "
a0u) 2 = 1w pd T o (s, m) (1139)
¢ € 1+ |Vig|?
a D 1/2
—A(ka) = k4 O(Ag + By + By (Se)2E). (11.40)

0A

\/ 1+ |V ?

Using then (11.34) and (11.35) we gain furthermore the expansion

O (v (D e @ V)
(V- ) (Vi - V) + (Vi - ) (Vg - V) + (Vg - €) (Vi - V) ¢ 0B (SOE).
\/ 1+ VI
(11.41)

Inserting (11.37), (11.38), (11.39), and (11.41) in (11.36) we then get

B (Vi e)(Vwg - V) + (Vg - €)(Viy, - V) — (Vwy - Vi) %

/7T3_0B1/8\BT(V) \/ ]. + |VZ]€|2

+ 0(Bry (SE") . (11.42)
However, since Vi, = ﬂ?*e for some real numbers ﬂ?’—’_, we easily see that in fact
~ gy Owy, OC ~ . 0C
_ ~k+ k .
In particular
- - Vi, - e)(Vuwy - V 1/5
(6, (1)~ 5G4, (1) = - [ AT T o (0B

™ MBus\Br(V) 1 4 |Vi,|2

__ / (Vi - €)(Van - VC) + o(Brg (SeEY?) . (11.43)
T3 By g\ Br (V)

We now use (11.31) and (11.32) to conclude that
(Bro(S) By ) (V. - €) (Vg - V) — pif Vo - V¢
uniformly on By/s N7y \ B,(V). In particular we finally get

lim (B, (S4) "By ) (6G, (W) — 6Go, (W) = —pif / Vi -V,
- By s \Br (V)

which completes the proof. O
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12. PROOF OF PROPOSITION 3.3: DECAY FOR THE LINEARIZATION

The aim of this section is to prove the fundamental integral decay property of the blow-up
maps u?j-E which will allow us to conclude the proof of Proposition 3.3.

Proposition 12.1. There exists a constant C > 0 depending only upon m and @, with the
following properties. Let 'LT)jF be the maps in Corollary 11.2. Then there are:

+
J
(i) @ linear map b, : V — w5,

(iii) and a linear map b, : V — myNV+

such that

(i) 2Q linear maps a* : mo — wy° which vanish on V,

bollcr + [lbollcr + llaj[|er < C (12.1)
and

_ = 2 m 1
/imB @5 (6 y) = a5 (6) = (bo(y) = (b)) dydt < Cp™™ Vp< 5. (122)
To I'1Bp
12.1. Smoothness and properties of Simon’s and Wickramasekera’s averages.
In this subsection we use the variational identities (11.14) and (11.15) to conclude the
following

Lemma 12.2. Let w be as in Corollary 11.2 and define w and w as in (11.10) and (11.12).
Then:

(i) w and @w are harmonic and can be extended to harmonic functions (still denoted w

Do _ Pw _ ) on V N By for every

and @) on Byg N mo with the property that 55> = 522

velV;
(ii) w(0) = w(0) = 0.

The proof is verbatim the same as the ones for the analogous claims in [4, Lemma 11.2]
and is left to the reader. We just remark that corollary 11.2 (iii) together with (11.7)

implies that
Vo
/ — dtdy < C'.
B% ﬂﬂ'aF

t2
Hence 0,70 has a well-defined trace on V.

12.2. Proof of Proposition 12.1. We start by claiming the existence of a tj, € [27%71,27%]
such that the following estimate holds for every t € [27F+1 274],

/jt/B = (Eu(ryy) = E(E(r, ) — Coltiyy) — Tty y) P dydr < CEP2 . (12.3)

Indeed denote by f the function ij — l;i and by ¢ the function &, — l;i o &, and first of all
use Fubini and (11.7) to choose a t;, € [27%,27%1] such that

[ 1t - atte)Payar < o2 (120
17160
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Hence integrate in ¢ and use the second part of (11.7) to prove

/..

Considering that, again by (11.7)

we can estimate

l/ /ﬁ 9L, y) — glte,y) Py dt
By/16nV

<2/2 /]31/16W(|g(t,y)—f(t,y)|2+|f(t,y) Pl )P+ 1 (b y) — gt )2 dy dt

<C275H2 (12.5)

2— k+1

/ F(tsy) — Flt )Py dt < G254
BI/IGHV

2— k+1

/1 Flt,y) — glt,y) Py dt < C25H2
B1/16ﬂv

2— k+1

Observe also that we can use the second part of (11.7) again to prove

/ Fltpy) — Ftey)Pdy <2792 W<k,
VﬁBl/w
Combined with (12.4) we then gain
/ lg(ti,y) — g(te, y)? dy <27 37/2 Vi<k. (12.6)

We can now combine (12.5) and (12.6) to reach

2—J
[ ot = gttty
2— i+1

Z / 2(19(t,y) — g(ts, v)* + 9(ti,y) — g(tr, y)|*) dydt < C Z 9—5i/2

J+1<z<k j+1<i<k

Recall next the definition of the coefficients ,uj[, so that l;i(fo(t,y)) = ,uj[(fo(t,y)) upon
identifying mo N V+ with R. Use then (11.13) in Lemma 11.4 to conclude the existence of
two indices in the collection {(=,j)} whose absolute value of the difference is larger than
an absolute positive constant. Let i and /i be the corresponding coefficients and observe
that the inverse of the matrix
_ (1 —n
= (1)
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is bounded by a universal constant. In particular we can write &, and &, as a linear

combination of &, — jif, and &, — ji€, to pass from (12.3) to
2
/ / |£v(7—7 y) _év(tkay)dedT < C|t‘5/2
t Bl/lﬁﬁv

2t
/ / ’50(7—7 y) _fo(tk7y>|2dyd7- < C|t‘5/2
t B1/16OV

(12.7)

(12.8)

Note moreover that from the above estimates it follows that the sequences &,(t,-) and

&, (ty, -) are Cauchy in L*(V N B, /16) and their limits are bounded functions
£(0,) : VN By — mp°
&(0,) : VN Byjg = moNVE

with the property that

[ bty - &0y < 0270
B1/16ﬁV

[l - &0y < 20
Bl/leﬂv

In particular we can combine this information again with (11.7) to estimate

27k+1

[ ) = @) — 0. )P dedy < 0270

—k
Summing over all the dyadic scales we then conclude

/ |,I’Dj: (tv y) - (gv«)a y) - N;’tgo(oa y))|2
By 160 t]3

We next introduce the coeflicients

Bi=> () + (17)?),

and use (11.10) and (11.12) to show that
B _ - 2
/ lw(t, y) (262&,(0,92/) a&o(0,9))| dydt < C
B1/16N7g |t|1
oz _ af 2
/‘ |w(t7 y) (o@,(O, y) 650(07 y))’ dy dt < C
By 1607y

ik

dtdy <CY 27" < (.
k=4

(12.9)

(12.10)

(12.11)

(12.12)

(12.13)
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Counsider moreover the 2 x 2 matrix

(20 —«
M= ( oo )
and observe that, by Cauchy-Schwartz and (11.13),
Cl<—detM < |M|*<C.

1 O/ ﬂ,
M _(7’ 5’)

satsifies [M~!| < C. Now we gather therefore

In particular the inverse

= . / !/ 2
/ £(0.9) — (@wlt.y) + Pt )P, 0 o o (12.14)
B1/16ﬂ7r3' |t|Z
_ B , 2
/ £(0,v) — (v W(t=9y> + 0w(t,y))| dydt < C. (12.15)
B1/16m7rg |t|Z

Therefore &,(0, ) is the trace of the harmonic function
hy = d'w+ B'w
while &,(0, ) is the trace of the harmonic function
hy =7w+dw.

Since by Lemma 12.2(i) both functions can be extended as harmonic functions on By 5N
and their L? norms are bounded by a universal constant, we conclude that

|Vh,(0)| 4+ |Vh,(0)] < C (12.16)
||D2ho”C’O(Bl/1sﬂ7r0) + ||D2hv||C’0(Bl/wﬂTro) <C. (1217)
Next, consider the harmonic functions
ij = ”J)ji — (hy — [L;-tho) :

Observe that the trace of these harmonic function on V' N By is identically 0. So, by
Schwartz reflection they can be extended to an odd harmonic function on 7y N By /6.
Consider thus that

Vi (0)] < C (12.18)
|1 D*05 || c2(B, gyrime) < C - (12.19)
Moreover h,(0) = h,(0) = 0 by Lemma 12.2 and by (12.11), while wf(()) = 0 because the

trace of u?]i on V' vanishes identically, we conclude that

/B N |7I)Ji(z) - ij-c(O) -2 —(Vhy(0) - 2 — quVhO(O) 2)Pdz < Cp™t (12.20)
PN
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Next observe that ij-:(()) must be directed along the unit vector e € w5 N V+, given
that @?}jﬁ vanishes identically on V. Thus, if we introduce the orthonormal coordinates
Yl - Ym—1 on V (12.2) holds for the linear functions

o () = (%f (0) + v 0) — L <0)) t (1221)

Oe Oe

Z 8yl (12.22)

Z ayz (12.23)

13. PROOF OF PROPOSITION 3.3: FINAL STEP

In this section we finally complete the proof of Proposition 3.3.

We let 79 > 0 be a fixed small radius, whose choice will be specified later, and argue
by contradiction. Assuming that the proposition is false, we find a blow-up sequence
(Tk, Xk, Tk, Sk), together with linear subspaces 79 = ToX, D m9 D V(Sg) = V as in
Definition 11.1, with the additional property that

1

We can therefore, upon extraction of a sultable subsequence assume that Corollary 11.2
and Proposition 11.3 apply, and we let w : By /8 — T 10 be the corresponding functions.
We then consider the linear maps b,, b,, and a] produced by Proposition 12.1.

+

The linear maps a; are used to “adjust” the pages of S, in the following way. For each

J we consider the half-spaces I_{jtk given by the graphs over 73 of the linear functions
7+ 12 &
I+ ]Ek2aj

Hence we let S;, be the open book with pages ﬂjik Note that the open book S; has the

same spine V' as Si.

The linear maps b, and b, will instead be used to rotate suitably S,. More precisely, with
a slight abuse of notation we let b, and b, denote the vectors such that b,(y) = b, - y and
by(y) = b,y for every y € V, see (12.22)-(12.23), and we then let V' — 7 = VO Re®Re,y 49
be the linear map

V30 (€® By (Sk) ™ 06) (1) + (emy1 @ by)(v) €7 x (VENm)=VinmCrn.

Observe that there is a unique skew-symmetric linear map b : 79 — 79 which extends it,

e by = (e® BWO(Sk)—l bo + €mi1 ® by) — (ﬁm(ék)_l by ® €+ b, ® €,,41). For every real
number s we consider the exponential map exp(sby) : 70 — 7o and observe that it is an

element of SO(7y). We then set Sy, := exp(E,t/Qbk)(Sk). Observe that, by construction, Sy
is an open book in %(0,3}). The proof of Proposition 3.3 will then be completed by the
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following

Lemma 13.1. Let (Ty, Xk, 7, Sg) be the blow-up sequence fized above and consider the
open book Sy, just defined. Then there is a constant C', independent of k and p, such that

lim sup B (E(T}, S, 0, p)) < Cp? (13.2)

k—o0

for every fized p < 3—12
Indeed, given that S € A(0,%), from (13.2) we conclude
lim sup B, H(E(Ty, 0,75)) < Cr3. (13.3)

k—o0

Since C'is independent of 75, by choosing 7o sufficiently small we get that (13.1) and (13.3)
are in contradiction, thus proving Proposition 3.3.

Proof of Lemma 13.1. Let ®4(x,2) = (z,2) + s(Xo(, 2), X, (2, 2) + O(s?) the flow of the
vector field X (z,2) = (X,(z,2), X,(z,2)) € R™ x R" and f: Q C R™ — R™ a C"! regular
map. Then there exists fs: {3 — R™ such that

Gfs (Qs) = (bsqu<Q)
where we have the expansion

fo(@) = f(z — s X (x, f())) + sX,(z, f(z)) + O(s?) . (13.4)

Indeed, note that ¢5(z) = pr, Ps(x, f(2)) = v+5X,(x, f(2))+0(s?) is a C'-diffeomorphism
from €2 to ), with inverse

¢, (x) =z — sXo(z, f(z)) + O(s?),
and observe that

fo(@) = Prp (-, f (1)) 0 6 (2),

has precisely the claimed properties.

Next let us fix a k in the contradiction sequence, which we will not write in the following,
and apply (13.4) to one of the linear functions f = (l~j+E%aj) €m1 over the domain Q = 77
and with s = E2 and ®, given by the rotation exp(E2b). Notice that m N {t > r} C Qs
for sufficient small E, and so

~

it y) = (Dga (t9) = (50 + East = EX(0(9)) ) emia + EXbu(y) + OB)  (13.5)

where we have used that X,(t, 9, 2) = € B, (Sk) ™" (0o - y) — By (Sk) " bo t — by(€my1 - 2) and
Xo(ty, 2) = emy1(by - y), with (t,y,2) € Vinm x V x 7wy, the definition [; = B,,(Sy)
and moreover that [;(b,) = 1;(b,) = [;(0) = 0 given that the vectors by and b, are directed
along V.
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We are now ready to estimate the excess along the blow-up sequence. We observe that
dist(g, S) < dist(g, S) + Ez|g| hence we deduce from (10.1) for any pe < 7

/ dist(g, S)2d||T| (¢) < CrzE
B1nB.(V)

so that

lim sup ;! / dist(g, 8)2d || T|| () < Cr# . (13.6)
B,NB,(V)

k—o00

For E sufficiently small T agrees with the graph of the multi-function u j =1,.

over my. Furthermore the £~ ( u; li) converge to the harmonic functlons w Hence we
conclude, using (13.5) in the second 1nequahty below, that

/B,,OBT(V dist(q, §)2d||T <Z/I> — i
<O [l =)~ B (e ) ) P OCE?),

Thus by Proposition 12.1

k—o0

lim sup B / dist(¢,8)2d | Tl (q)
B,NB, (V)¢

<O, oty - af(t) = (buly) - T lW)| dydt < Cpm*. (137)

mo NB)p
For the double sided excess we need to bound the distance from S to T' outside of B (V).
Since T and S are graph over 7 in this region, we can estimate it as above by the distance

between the graphs. Hence combining (13.6) with (13.7) we conclude

1

limsup E;(E(Tk, Sk, v0, p)) <

k—o00

Since r > 0 is arbitrary, (13.2) follows. O

APPENDIX A. PROOF OF LEMMA 9.2

The proof follows closely the one given in [4] for [4, Lemma 8.2]
For any 0 < r < R, we consider the vector field

Woo(q) m 1 1 \"
O maxr gy~ Reee)
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We then insert g?W,, in the first variation formula, cf. [4, Lemma 5.1] to derive

9 a m : m 9
— g Wy - Hrd||T| = /ng— /ng
/BR T H || rm+a B, || || Rm+a Bp H H

W /B @171l (q) + (m + a) / 2L a7y (o)

B, g™t Br\B. |q|mret2

[ owEve
Br

where W (q) denotes the projection on the tangent plane to 7" at ¢ of the vector W, (q).
Here, the generalized mean curvature Hyp(q) is given by

Z Ag(ei, ei) s
=1

where eq,...,e,_1 is an orthonormal base of the approximate tangent space to T" at q.
Observe that W, (¢) is in fact parallel to ¢". Now we can use the homogeneity of g and
the identity ¢ = ¢* + ¢* to deduce that

V*(q) - ¢" = 2kg*(q) — 29(q)Vy(q) - ¢~ > <2k — g) 9*(q) — g!Vg(Q)lg\qLF-

In particular we may choose a = 2k — o, ¢ = a to estimate

_ m + 2k — @/o m + 2k — ¢/2
[ Wit > 2R [ payn - MR [ pag
BR r B, BR

Rm+2k—a
2 112
a 9*(q) s g
a B <q>+<m+2k—a>/ L T Y
2 »/BR\BT |q|m+2k—a Br\B, |q|m+2k+2—a

_2/ 1 - +|V(>|2| 2|7 (g)
« Br maX(T‘,|q|)m+2k—a Rm+2kz—a g\q q q) .
We now claim that
9., Firl(q) < Cl1% AR g (A1)

First of all observe \Hﬂ < mA. Then note that ﬁT is orthogonal to 7;X. We can thus
write, for |¢| < R,

9" War - Hrl(q) < Cll31ZAR gl ™ [pr,5(9)]
However, given that both 0 and ¢ belong to >, we see that
Pr,s:(q)] < CAlq]
Having proven (A.1), we exploit the monotonicity formula to estimate

[ iy < LB
Br
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We thus conclude

2
o 9*(q) m + 2k / 5 - HT” (Bg)
2 Tpmrzi—a 4117 S o a d||T| + CA 2 WAPR)
2 /];‘R\Br |q|m+2k—a H H <Q) = Rm+2k—a BRg || ” + Hg”oo Toma

4 2/ Vg(a)Pla*]? a7 (q).

a Jp, max(r, |g|)m2Re

Letting r | 0 we then conclude (9.2).

[1]
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