ESTIMATES AND REGULARITY RESULTS
FOR THE DIPERNA-LIONS FLOW

GIANLUCA CRIPPA AND CAMILLO DE LELLIS

ABSTRACT. In this paper we derive new simple estimates for ordinary differential equations
with Sobolev coefficients. These estimates not only allow to recover some old and recent
results in a simple direct way, but they also have some new interesting corollaries.

1. INTRODUCTION

When b : [0,7] x R" — R" is a bounded smooth vector field, the flow of b is the smooth
map X : [0,7] x R® — R™ such that
dX
—(t,I> = b(t,X(t,I‘)), te [OvT]
dt (1)

X(0,z) = z.

Out of the smooth context (1) has been studied by several authors. In particular, the follow-
ing is a common definition of generalized flow for vector fields which are merely integrable.

Definition 1.1 (Regular Lagrangian flow). Let b € L ([0, T] x R™; R™). We say that a map

loc

X :[0,7T] x R" — R™ is a regular Lagrangian flow for the vector field b if

(i) for a.e. x € R™ the map t — X(t,x) is an absolutely continuous integral solution of
Y(t) = b(t,~(t)) for t € [0,T], with v(0) = ;
(ii) there exists a constant L independent of t such that

LM(X(t,)7H(A) < LL(A) for every Borel set A C R". (2)
The constant L in (1) will be called the compressibility constant of X.

Existence, uniqueness and stability of regular Lagrangian flows have been proved in [9] by
DiPerna and Lions for Sobolev vector fields with bounded divergence. In a recent ground-
breaking paper (see [1]) this result has been extended by Ambrosio to BV coefficients with
bounded divergence.

The arguments of the DiPerna—Lions theory are quite indirect and they exploit (via the
theory of characteristcs) the connection between (1) and the Cauchy problem for the transport
equation
Owu(t,x) + b(t,z) - Vyu(t,z) = 0

fawi .
u(0,-) = .
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Assuming that the divergence of b is in L! we can define bounded distributional solutions of
(3) using the identity b- V,u = V, - (bu) —uV, - b. Following DiPerna and Lions we say that
a distributional solution u € L*°([0,T] x R™) of (3) is a renormalized solution if

OelBu(t, )] + b(t, x) - Va[B(u(t,z))] = 0 (4)
[B(w))(0,-) = B(a)

holds in the sense of distributions for every test function 8 € C*(R;R). In their seminal paper
DiPerna and Lions showed that, if the vector field b has Sobolev regularity with respect to
the space variable, then every bounded solution is renormalized. Ambrosio [1] extended this
result to BV vector fields with divergence in L'. Under suitable compressibility assumptions
(for instance V, - b € L), the renormalization property gives uniqueness and stability
for (3) (the existence follows in a quite straightforward way from standard approximation
procedures).

In turn, this uniqueness and stability property for (3) can be used to show existence,
uniqueness and stability of regular Lagrangian flows (we refer to [9] for the original proofs
and to [1] for a different derivation of the same conclusions).

In this paper we show how many of the ODE results of the DiPerna-Lions theory can be
recovered from simple a—priori estimates, directly in the Lagrangian formulation. Though
our approach works under various relaxed hypotheses, namely controlled growth at infinity
of the field b and L, and Llog L assumptions on D,b, for simplicity let us consider a vector
field b in W' N L>®, p > 1. Assuming the existence of a regular Lagrangian flow X, we
give estimates of integral quantities depending on X (¢, z) — X (¢,y). These estimates depend
only on ||b]|w1r + ||b]|oc and the compressibility constant L of Definition 1.1(ii). Moreover,
a similar estimate can be derived for the difference X (¢, x) — X'(¢, x) of regular Lagrangian
flows of different vector fields b and ¥, depending only on the compressibility constant of b
and on ||b]lyy1e + [|6]|leo + ||V ]]co + || — ¥||z1. As direct corollaries of our estimates we then
derive:

(a) Existence, uniqueness, stability, and compactness of regular Lagrangian flows;
(b) Some mild regularity properties, like the approximate differentiability proved in [5],
that we recover in a new quantitative fashion.

The regularity property in (b) has an effect on solutions to (3): we can prove that for
b € W1PNL*> with bounded divergence, solutions of (3) propagate the same mild regularity of
the corresponding regular Lagrangian flow (we refer to Section 5 for the precise statements).

Our approach has been inspired by a recent result of Ambrosio, Lecumberry and Maniglia
[5], proving the almost everywhere approximate differentiability of regular Lagrangian flows.
Indeed, some of the quantities we estimate in this paper are taken directly from [5], whereas
others are just suitable modifications. However, the way we derive our estimates is different:
our analysis relies all on the Lagrangian formulation, whereas that of [5] relies on the Eulerian
one.
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Unfortunately we do not recover all the results of the theory of renormalized solutions.
The main problem is that our estimates do not conver the case Db € L'. Actually, the
extension to the case Db € L' of our (or of similar) estimates would answer positively to the
following conjecture of Bressan (see [6]):

Conjecture 1.2 (Bressan’s compactness conjecture). Let by : RT x R" — R", k € N, be
smooth maps and denote by ®, the solutions of the ODFEs:

L u(t,x) = bult, Bl )

dt (5)
¢, (0,2) = x.

Assume that ||bk||co + || VOg|| L1 is uniformly bounded and that the fluzes @y are nearly incom-
pressible, i.e. that

C™' < det(V,Pi(t,2)) < C for some constant C' > 0. (6)

1
loc*

Then the sequence {®y} is strongly precompact in L

At the present stage, the theory of renormalized solutions cannot be extended to cover
this interesting case (we refer to [4] and to the survey article [8] for the results achieved so far
in the framework of renormalized solutions). In another paper, [7], Bressan raised a second
conjecture on mixing properties of flows of BV vector field (see Conjecture 6.1 below), which
can be considered as a quantitative version of Conjecture 1.2. In Section 6 we show how our
estimates settle the W1? (p > 1) analog of Bressan’s mixing Conjecture.

In order to keep the presentation simple, in Section 2 we give the estimates and the various
corollaries in the case b € WP N L™ and in Section 3 we present the more general estimates
and their consequences. We thank Herbert Koch for suggesting us that the Lipschitz esti-
mates hold under the assumption Db € Llog L (see Remark 2.4 and the discussion at the
beginning of Section 4). In Section 4 we show how to prove directly, via suitable a—priori esti-
mates, the compactness conclusion of Conjecture 1.2 when Db, is bounded in L log L. It has
been pointed out to us independently by Francois Bouchut and by Pierre-Emmanuel Jabin
that a more careful analysis allows to extend this approach when the sequence { Dby} is equi—
integrable. In Section 5 we discuss the regularity results for transport equations mentioned
above. Finally, in Section 6 we prove the W1? analog of Bressan’s mixing Conjecture.

1.1. Notation and preliminaries. Constants will be denoted by ¢ and ¢y, ... q,, Where we
understand that in the first case the constant is universal and in the latter it depends only
on the quantities ay,...,a,. Therefore, during several computations, we will use the same
symbol for constants which change from line to line. When A is a measurable subset of R™
we denote by |A| or by £"(A) its Lebesgue measure. When f: R™ D U — V is continuous,
we denote by Lip(f) the Lipschitz constant of f. When f is measurable we define

Lip(f) = min{Lip(g) : ¢ is continuous and g = f almost everywhere} )
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When g is a measure on 2 and f : Q@ — (' a measurable map, fyzp will denote the push-
forward of i, i.e. the measure v such that [ pdv = [ ¢ o fdu for every ¢ € C.(Y).

2. A PRIORI ESTIMATES FOR BOUNDED VECTOR FIELDS AND COROLLARIES

In this section we show our estimates in the particular case of bounded vector fields.
This estimate and its consequences are just particular cases of the more general theorems
presented in the next sections. However, we decided to give independent proofs in this
simplified setting in order to illustrate better the basic ideas of our analysis.

2.1. Estimate of an integral quantity and Lipschitz estimates.

Theorem 2.1. Let b be a bounded vector field belonging to L'([0,T]; W'P(R™)) for some
p > 1 and let X be a reqular Lagrangian flow associated to b. Let L be the compressibility
constant of X, as in Definition 1.1(i1). For every p > 1 define the following integral quantity:

X(t — X(t p 1/p
A,(R,X) = {/ ( sup sup ][ log (‘ (t,x) (t,y)) n 1) dy) dx} |
Br(0) \0<t<T 0<r<2R JB,(x) r

Then we have

Ay(R, X) < C(R,L,|| Dbl 11(1r)) - (7)

Remark 2.2. A small variant of the quantity A;(R,X) was first introduced in [5] and
studied in an Eulerian setting in order to prove the approximate differentiability of regular
Lagrangian flows. One basic observation of [5] is that a control of A; (R, X) implies the Lip-
schitz regularity of X outside of a set of small measure. This elementary Lipschitz estimate
is shown in Proposition 2.3. The novelty of our point of view is that a direct Lagrangian
approach allows to derive uniform estimates as in (7). These uniform estimates are then
exploited in the next subsections to show existence, uniqueness, stability and regularity of
the regular Lagrangian flow.

All the computations in the following proof can be justified using the definition of regular
Lagrangian flow: the differentiation of the flow with respect to the time gives the vector field
(computed along the flow itself), thanks to condition (i); condition (ii) implies that all the
changes of variable we are performing just give an L in front of the integral.

During the proof, we will use some tools borrowed from the theory of maximal functions.
We recall that, for a function f € LL .(R";R™), the local mazimal function is defined as

Myf(z) = sup f )] dy.
0<r<A JB.(x)

For more details about the maximal function and for the statements of the lemmas we are
going to use, we refer to Appendix A.

Proof of Theorem 2.1. For 0 <t <T,0<r < 2R and « € Bg(0) define
X (t — X(t
Q(t,x,r) — ][ 10g(| (7~T) (7y>|+1) dy
B, (z)

r
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From Definition 1.1(i) it follows that for a.e.  and for every r > 0 the map ¢t — Q(¢,z,7) is
dX dX -

Lipschitz and

_ ][ |b(t, X (t,z)) —b(t, X(t,y))| p
B X)) = X(ty)| +r

dQ
%(t, x,r)

IN

(8)

We now set R = 4R + 2T|b||s. Since we clearly have | X (t,z) — X(t,y)| < R, applying
Lemma A.3 we can estimate

| X(t,2) — X(ty)|
| X (t,z) — X(t,y)| +r

%(t,x,r) < e ]{9 , (MRDIE X (1,2)) + Mg DYE X (1)

< e MpDb(t, X(t,x)) + ¢, MgDb(t, X(t,y))dy. 9)
Br(x)

Integrating with respect to the time, passing to the supremum for 0 < r < 2R and exchanging
the supremums we obtain

sup sup Q(t,z,r)
0<{<T 0<r<2R

T T
< cton / M. Dbt X (¢, ) dt + & / sup MDb(t, X (£, ) dydt . (10)
0 0

0<r<2R B (g;)

Taking the LP norm over Bgr(0) we get

T
A(RX) < cpnton / M Db(t, X (£, 7)) dt (11)
0 Lr(Bgr(0))
T
—i—cn/ sup MzDb(t, X (t,y)) dydt (12)
0 0<r<2R JB,(z) LP(Br(0))

Recalling Definition 1.1(ii) and Lemma A.2, the integral in (11) can be estimated with

dt .
(13)

T T
CnLl/p/O HMRDb(t7x)||LP(BR+T||bHoo(O)) dt < Cn’le/p/O HDb(t’x)HLP(B

Rt R T b]] 0o (0)
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The integral in (12) can be estimated in a similar way with

T
oo [ s 108DE o (X)) ) dt
0 llo<r<2r JB,(2) Lr(Br(0))
T
— o [ IV [MEDY) & (8 X D] 0l
’ T
< Cn,p/ H[(MRDb) © (t7 X(t7 ))] (x)HLP(BsR(O)) dt
OT
= Cap / I(MzDb) o (t, X (t,2))l| 1oy (0)) U
’ T
< Cn,le/p/ HMR‘Db(t?x)||Lp(BBR+T||bHoo(O)) dt
OT
S L N L P 2 (14)
Combining (11), (12), (13) and (14), we obtain the desired estimate for A,(R, X). O

We now show how the estimate of the integral quantity gives a quantitative Lipschitz
estimate.

Proposition 2.3 (Lipschitz estimates). Let X : [0,T] x R™ — R™ be a map. Then, for every
e >0 and every R > 0, we can find a set K C Br(0) such that |Br(0) \ K| < e and for any
0<t<T we have

cnAp(R, X)

Lip (X (¢, )lic) < exp 2227

Proof. Fix € > 0 and R > 0. We can suppose that the quantity A,(R, X) is finite, otherwise
the thesis is trivial; under this assumption, thanks to (34) we obtain a constant

A(R, X
M = M(e,p, Ay(R, X)) = %
£
and a set K C Bgr(0) with |Bg(0) \ K| < ¢ and
X - X
sup sup ][ log(’ t,2) (t,y)]+1) dy < M Ve e K.
0<t<T 0<r<2R J B, (x) r

This clearly means that

X(t — X(t
][ log(‘ (t,z) (,y)|+1) dy <M for every x € K, ¢t € [0,T] and r €]0,2R].
By (x) r
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Now fix z,y € K. Clearly |z — y| < 2R. Set r = |z — y| and compute

X - X X — X(t
o (P XC0L Y o (B =XC0L ) g,
Br(x)NBr(y)

r r
X(t,x) — X(t X(t,y) — X(t
-/ o (B XY g (KD =X g,
Br(z)NBr(y) r r
X(t,x) — X(t X(t,y) — X(t
<o f g (BORIXOA Y g [ (M)
Br(if) r BT(y) r
LA (R, X
< ch:%?).
ci/p

This implies that

AR X
| X (t,2) — X(t,y)] < exp (%) |z — y for every z,y € K.
Therefore
. cnAy(R, X
Lip(X(t,-)|x) < ex %.

4

Remark 2.4. The quantitative Lipschitz estimates also hold under the assumption b €
LY[0, T]; WHL(R™)) N L>=(R™) and My\Db € L'([0,T]; L*(R™)) for every A > 0. To see this
we define

T
B(z) = / M. Db(t, X (¢, ) dt
0
and we go back to (10), which can be rewritten as

sup sup Q(t,z,r) < c+ ¢, P(x) + ¢, Mag®P(x).
0<t<T 0<r<2R

For ¢ < 1/(4c) we can estimate

{:c € Br(0) : ¢+ c®(2) + cnMop®(z) > é}‘

<

{x € Br(0) : ¢, P(x) > 4_15}' + {:1: € Br(0) : ¢, Myr®(z) > 2%}'

< €Cn/ O(x) dx—l—scn/ O(z) dx
Br(0) B3r(0)

T
< acn/ / MzDb(t, X (t,z)) dxdt
0 JB3gr(0)

T
< 5an/ / MgzDb(t, x) dxdt,
0 JB3pyT|b|e0 (0)
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where in the third line we applied Chebyshev inequality and the weak estimate (33) and in
the last line Definition 1.1(ii). This means that it is possible to find a set K C Br(0) with
|Br(0) \ K| < ¢ such that

X(t,z)— X(t L [t
][ 10g(| (t,r) (t, y)| +1) dy < C”_/ / MyDb(t, x) dzdt
By (x) r € 0 B3Rr47|b]los (0)

for every x € K, t € [0,7] and r €]0,2R[. Arguing as in the final part of the proof of
Proposition 2.3 we obtain the Lipschitz estimate also in this case.

2.2. Existence, regularity and compactness. In this subsection we collect three direct
corollaries of the estimates derived above, concerning approximate differentiability, existence
and compactness of regular Lagrangian fows.

Corollary 2.5 (Approximate differentiability of the flow). Let b be a bounded vector field
belonging to L*([0,T]; WHP(R™)) for some p > 1, or belonging to L' ([0, T]; W-1(R™)) and
satisfying MyDb € L' ([0, T]; L*(R™)) for every A > 0, and let X be a reqular Lagrangian flow
associated to b. Then X (t,-) is approzimately differentiable a.e. in R™, for every t € [0,T].

Proof. The proof is an immediate consequence of the Lusin type approximation of the flow
with Lipschitz maps given in Proposition 2.3 and Remark 2.4 and of Theorem B.1. 0

Corollary 2.6 (Compactness of the flow). Let {by,} be a sequence of vector fields equi-
bounded in L>([0,T] x R™) and in L'([0, T]; W'2(R™)) for some p > 1. For each h, let X},
be a reqular Lagrangian flow associated to by, and let Ly, be the compressibility constant of X},
as in Definition 1.1(ii). Suppose that the sequence {Ly} is equi-bounded. Then the sequence
{X4} is strongly precompact in Li ([0, T] x R™).

loc

Proof. Fix 6 > 0 and R > 0. Since {b,} is equi-bounded in L>(]0,7] x R™), we deduce that
{X1} is equi-bounded in L>°([0,T] x Br(0)): let Ci(R) be an upper bound for this norms.
Applying Proposition 2.3, for every h we find a Borel set K}, s such that |Bg(0) \ Kps| <9
and

Lip (Xh(t, ')|Kh,5) < exp w
Recall first Theorem 2.1 implies that A,(R, X},) is equi-bounded with respect to h, because
of the assumptions of the corollary. Moreover, using Definition 1.1(i) and thanks again to
the equi-boundedness of {b,} in L>(][0, 7] x R"), we deduce that there exists a constant
C3(R) such that

for every t € [0, T].

Lip (Xnlp1)xk,5) < C3(R).

If we now set By, 5 = [0, T] x Kp 5 and Ms = max {C1(R), C3(R) }, we are in position to apply
Lemma C.1 with Q = [0,7] x Bg(0). Then the sequence {X}} is precompact in measure
in [0,7] x Br(0), and by equi-boundedness in L> we deduce that it is also precompact in
L*([0,T] x Bg(0)). Using a standard diagonal argument it is possible to conclude that {X},}
is locally precompact in L*([0,7] x R"). O
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Corollary 2.7 (Existence of the flow). Let b be a bounded wvector field belonging to
LY[0,T]; WEP(R™)) for some p > 1 and such that [divb]~ € L'([0,T]; L>°(R™)). Then there

exists a regular Lagrangian flow associated to b.

Proof. This is a simple consequence of the previous corollary. Choose a positive convolution
kernel in R™ and regularize b by convolution. It is simple to check that the sequence of smooth
vector fields {b,} we have constructed satisfies the equi-bounds of the previous corollary.
Moreover, since every by, is smooth, for every h there is a unique regular Lagrangian flow
associated to by, with compressibility constant L;, given by

= ([ it mge ) (15)

Thanks to the positivity of the chosen convolution kernel, the sequence { L} is equi-bounded,
then we can apply Corollary 2.6. It is then easy to check that every limit point of {X}} in
L ([0, T] x R™) is a regular Lagrangian flow associated to b. O

loc

Remark 2.8. An analogous existence result could be obtained removing the hypothesis on
the divergence of b, and assuming that there is some approximation procedure such that
we can regularize b with equi-bounds on the compressibility constants of the approximating
flows. This remark also applies to Corollaries 3.7 and 4.3.

2.3. Stability estimates and uniqueness. In this subsection we show an estimate similar
in spirit to that of Theorem 2.1, but comparing flows for different vector fields. A direct
corollary of this estimate is the stability (and hence the uniqueness) of regular Lagrangian
flows.

Theorem 2.9 (Stability of the flow). Let b and b be bounded vector fields belonging to
LY([0,T); WHP(R™)) for some p > 1. Let X and X be reqular Lagrangian flows associated to
b and b respectively and denote by L and L the compressibility constants of the flows. Then,
for every time T € [0,T], we have

-1

1X(7,) = X(7, )lso) < C ‘log (Hb - 5||L1([o,r]xBR(0)>)

where R = 1 + T||b||o and the constant C' only depends on 7, r, ||bllss, ||bllcc, L. L, and
| Dgbl|rr(rey -

Proof. Set § := ||b — Z;HLl([O,ﬂxBR(O)) and consider the function

g(t) = /B(O) log <|X(t,x) g X(t,2)] + 1) dz .
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Clearly g(0) = 0 and after some standard computations we get
dX(t,x) dX(t,x)

/
g(t) < /

/ |b(t,X(t,x))—~l~)(t,)~((t,x))|dgc
B0 |X(t,r) = X(t, )] +0

<\X(t,x) — X(t, )|+ 6)1 da

< % » b(t, X (¢, 7)) — b(t, X (¢, 2))| do
b(t, X (t,2)) — b(t, X (t,z))]
R us o bl 1o

We set R = 2r + T(||b]|os + ||D]|os) and we apply Lemma A.3 to estimate the last integral as
follows:

/ [b(t, X (t,x)) = b(t, X (¢, 2))| dr < ¢, MpzDb(t, X (t,x)) + MzDb(t, X (t,z)) dx .
B.(0)

|X(t,ZL‘) _X(twr)‘ +0 Br(0)

Inserting this estimate in (16), setting # = r + T max{||b||se, 6]l }, changing variables in
the integrals and using Lemma A.2 we get

i ) ]
s0 < 5[ ey -kl (@) [ Dbty dy
B, 7yjplloe (0) B5(0)
i ) -
< S ey Bt w)ldy (L L) MDY s
B, 7yjplloe (0)
i ] o
< L / Ib(t, ) — Bt 9)| dy + ey /P (L + L) | Db(t, 1o
B, 7ijplloe (0)

For any 7 € [0, T], integrating the last inequality between 0 and 7 we get

g(1) = /B(O) log <|X(T’ 7) — X(r.2) +1> dr < Oy, (17)

0

where the constant Cy depends on 7, 7, ||bl|oc, [|6]lccs Ly L, and || Dyd|| 1 (ze).-
Next we fix a second parameter > 0 to be chosen later. Using Chebyshev inequality we
find a measurable set K C B,(0) such that |B,(0) \ K| <7 and

X - X
log<| (7. 7) (T’x)|+1> < G for r € K.
n

4]
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Therefore we can estimate

/ X (7, 2) — X(r,2)| da
- (0)

IN

nmXﬁwNwwmm+HXﬁﬁhwww /!XTx X(r, )| dx
< nCy + cr™d (exp(Ci/n)) < Cs(n+ dexp(Cy/n)) (18)

with Cy, Cy and Cj which depend only on T, 7, ||b]/sc, [|b]los, L L, and || Dyb|| 1 (). Without
loss of generality we can assume ¢ < 1. Setting n = 2C4|logd|~! = 2C;(—1logd) ™!, we have
exp(Cy/n) = §~1/2. Thus we conclude

/ X (r,2) = X(r,2)|dv < C3(2C1|logd| ™ +6'%) < C|logd|™, (19)
B;-(0)

where C depends only on 7, 7, [|b]le, [[Dllecs L, L, and |[D.b|z1(zs). This completes the
proof. ([l

Corollary 2.10 (Uniqueness of the flow). Let b be a bounded wvector field belonging to
LY[0,T]; WEP(R™)) for some p > 1. Then the regular Lagrangian flow associated to b,
iof exists, is unique.

Proof. 1t follows immediately from the stability proved in Theorem 2.9. U

Remark 2.11 (Stability with weak convergence in time). Theorem 2.9 allows to show the
stability when the convergence of the vector fields is just weak with respect to the time. This
setting is in fact very natural in view of the applications to the theory of fluid mechanics
(see Theorem I1.7 in [9] and [11], in particular Theorem 2.5). In particular, under suitable
bounds on the sequence {b,}, the following form of weak convergence with respect to the
time is sufficient to get the thesis:

/ by (t, x)n(t) dt — / (t,z)n in L, (R") for every n € C°(0,T).
0

Indeed, fix a parameter £ > 0 and regularize with respect to the spatial variables only using
a standard convolution kernel p.. We can rewrite the difference X,,(t,z) — X (¢, z) as

‘n@@—xmm:Qﬁ@@—xmw0+Qﬁ@m—X%J0+QW@m—X@@)

where X¢ and X are the flows relative to the regularized vector fields b° and bj, respectively.
Now, it is simple to check that

e The last term goes to zero with e, by the classical stability theorem (the quantitative
version is not needed at this point);

e The first term goes to zero with e, uniformly with respect to h: this is due to the
fact that the difference b5 — by, goes to zero in L ([0, T] x R™) uniformly with respect
to h, if we assume a umform control in W7 on the vector fields {b,}, hence we can
apply Theorem 2.9, and we get the desired convergence;
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e The second term goes to zero for h — oo when ¢ is kept fixed, because we are dealing
with flows relative to vector fields which are smooth with respect to the space variable,
uniformly in time, and weak convergence with respect to the time is enough to get
the stability.

In order to conclude, we fix an arbitrary ¢ > 0 and we first find € > 0 such that the norm of
the third term is smaller than ¢ and such that the norm of the first term is smaller than ¢
for every h. For this fixed ¢, we find h such that the norm of the second term is smaller than
9. With this choice of h we have estimated the norm of X, (¢, ) — X (¢, 2) with 3, hence we
get the desired convergence.

Remark 2.12 (Another way to show compactness). If we apply Theorem 2.9 to the flows
X(t,z) and X (t,x) = X (t, 2+h)—h relative to the vector fields b(t, z) and b(t, z) = b(t, x+h),
where h € R" is fixed, we get for every 7 € [0, 7]

C

| log(h)|
Hence we have a uniform control on the transations in the space, and we can deduce a

compactness result applying the Riesz-Fréchet-Kolmogorov compactness criterion (Lemma
C.2).

1 X (7, ) =X (7,-+h)=h||11(5,.0) < C [log (|b(t, z) — b(t,  + h)||L2(j0,71x Br(o )\7

3. ESTIMATES FOR MORE GENERAL VECTOR FIELDS AND COROLLARIES

In this section we extend the previous results to more general vector fields, in particular
we drop the boundedness condition on b. More precisely, we will consider vector fields
b:[0,T] x R* — R" satisfying the following regularity assumptions:

(R1) b€ L'([0,T); W,.P(R™)) for some p > 1;

(R2) We can write

b(t,x) - -
=bi(t ba(t
1+’.T‘ 1(,$)+ 2(,1‘)

with by (t,z) € L([0, T]; L'(R™)) and by(t, z) € L'([0,T]; L®(R™)).
Since we are now considering vector fields which are no more bounded, we have to take
care of the fact that the flow will be no more locally bounded in R™. However, we can give an

estimate of the measure of the set of the initial data such that the corresponding trajectories
exit from a fixed ball at some time.

Definition 3.1 (Sublevels). Fiz A > 0 and let X : [0,T] x R" — R" be a locally summable
map. We set

Gryi={zeR" : |X(t,z)| <X Vte|0,T]}. (20)

Proposition 3.2 (Uniform estimate of the superlevels). Let b be a vector field satisfying
assumption (R2) and let X be a reqular Lagrangian flow associated to b, with compressibility
constant L. Then we have

[Br(0) \ GA| < g(R,A),
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where the function g only depends on Hb1HL1(L1 HbQHLI o<y and L; moreover g(R,\) | 0 for
R fixed and \ T +o0.

Proof. Let ¢ be the density of X (¢, )4 XBr0)-ZL" with respect to £" and notice that, by the
definition of push-forward and by Definition 1.1(ii), we have ||¢:||1 = w,R"™ and ||¢¢]|c0 < L.
Thanks to Definition 1.1(i) we can compute

14+ | X(t
/ sup log <M) dr < / / dtdx
Bp(0) 0<t<T 1+R Br(0) 1+ \X t x |
X(
:// |b(t, ta:))\ddt
Br(o) 1+ |X(t, )]

|b(t, )|
< dxdt .
= / / Tt e >

Using Holder inequality, for every decomposition of b(t,z)/(1 + |z|) as in assumption (R2)
we get

14+ | X (¢, x ~ ~
/ sup log (#) dx S LHbIHLl(Ll) + wanHbgHLl(Loo) .
Br(0) 0<t<T + R

From this estimate we easily obtain

1+ A ~ _—
50\l < flos (13 )] (ABuran + o Balams)

and the right hand side clearly has the properties of the function g(R,\) stated in the
proposition. O

3.1. Estimate of an integral quantity and Lipschitz estimates. We start with the
definition of an integral quantity which is a generalization of the quantity A,(R, X) of The-
orem 2.1. In this new setting we will need a third variable (the truncation parameter \),
hence we set

X(t,z)— X P
A, (RN X) = {/ ( sup  sup ][ log (‘ (t,z) )l + 1) dy) dx}
Br(0)NGy \0<I<T 0<r<2R J B, (z)NG\ r

(21)
where the set GG is the sublevel relative to the map X, defined as in Definition 3.1.
In the following proposition, we show a bound on the quantity A,(R, A\, X)) which corre-
sponds to the bound on A,(R, X) in Theorem 2.1.

Theorem 3.3. Let b be a vector field satisfying assumptions (R1) and (R2) and let X be a
reqular Lagrangian flow associated to b, with compressibility constant L. Then we have

Ap(R N, X) < C (R, L, || Dub|| 11 (jo,17,0 (852 0)))) -



14 GIANLUCA CRIPPA AND CAMILLO DE LELLIS

Proof. We start as in the proof of Theorem 2.1, obtaining the validity of inequality (8) for
every x € Gy. Since | X (t,z) — X (t,y)| < 2, applying Lemma A.3 we deduce

y
99 1 2 r) < euMoy Db(E, X (1,2)) + ¢ ][ Mo Db(t, X (£, 1)) dy

dt By (2)NG

Then, arguing exactly as in the proof of Theorem 2.1, we get the estimate

T
ARANX) < cppton / Mo Db(t, X (t,2)) dt (22)
0 LP(BRr(0)NGx)
T
ten / sup / MoxDb(t, X (¢, y)) dydt (23)
0 0<r<2R JB(2)NGx L (BR(0)NG))

Recalling Definition 1.1(ii) and Lemma A.2, the integral in (22) can be estimated with

. T
anl/p/O HMQ)\Db(tax)HLP(BA(O)) dt < Cmle/p/O | Dbt x)HLP(Bsx(O)) di,

Define the characteristic function 14 of a subset A of R™ as

_J 1 ifxeA
La(@) '_{ 0 ifzdA

The integral in (23) can be estimated in a similar way with

T
oo [ s f DY e (X (1) ) dy at
0 0<r<2R By (z)NGy LP(Br(0)NG,)
T
< cn/ sup ][ [(MaxDb) o (t, X (t,-))] (y)1c,(y) dy dt
0 0<r<2R JB,(x) Lr(Br(0)NGA)

_— / [ Mo [(MorDb) o (&, X (£, )6y ()] (&) ooy
< o / 1[(MasDb) o (£, X (¢, )16, ()] ()l ooy

T
_— / 1(MarDB) o (&, X (2D pocsmorcs)

IN

T
CopLtP / [ MoxDb(t, x)| Lo (8, 0y) di
0

T
< cppLtP / | Db(t, ) || Lo (5, (0)) dt -
0

Then we obtain the desired estimate for A,(R, A, X). O
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Proposition 3.4 (Lipschitz estimates). Let X and b be as in Theorem 3.3. Then, for every
e >0 and every R > 0, we can find A > 0 and a set K C Br(0) such that |Bg(0) \ K| < ¢
and for any 0 <t < T we have

cnAp(R, A, X)

Lip (X(t,)|x) < exp 22

Proof. The proof is exactly the proof of Proposition 2.3, with some minor modifications due
to the necessity of a truncation on the sublevels of the flow. This can be done as follows.
For ¢ > 0 and R > 0 fixed, we apply Proposition 3.2 to get a A\ large enough such that
|Br(0) \ G| < /2. Next, using equation (34) and the finiteness of A,(R, A\, X), we obtain
a constant

Ay (RN, X)
M=M A X)) =P o )
(8,]3, p(R’ )\7 )) (6/2)1/p
and a set K C Bgr(0) NG, with [(Br(0) NG)) \ K| <e/2 and
X - X
sup  sup ][ log (‘ (t,z) ()l + 1) dy < M Ve e K.
0<t<T 0<r<2R J B, (2)nG r

Hence the set K satisfies |Br(0) \ K| < ¢ and

X(t, 1) — X(t
/ kg<’(”) (’th>dy§M' Vo € K, ¥t € [0,T],¥r €]0,2R].
B, (z)NGx r

The proof can be concluded as the proof of Proposition 2.3, where now the integrals are
performed on the sublevels G. 0

3.2. Existence, regularity and compactness.

Corollary 3.5 (Approximate differentiability of the flow). Let b be a vector field satisfying
assumptions (R1) and (R2) and let X be a regular Lagrangian flow associated to b. Then
X(t,-) is approzimately differentiable a.e. in R™, for every t € [0,T].

Proof. The proof is an immediate consequence of the Lusin type approximation of the flow
with Lipschitz maps given in Proposition 3.4 and of Theorem B.1. U

Corollary 3.6 (Compactness of the flow). Let {b,} be a sequence of vector fields satisfying
assumptions (R1) and (R2). For every h, let X, be a reqular Lagrangian flow associated
to by, and let Ly be the compressibility constant associated to Xy, as in Definition 1.1(ii).
Suppose that for every R > 0 the uniform estimate

D2l L1 o11:LeBR©)) + 10m1llzrcry + 1bnllzizee) + Ly < C(R) < 00 (24)

is satisfied, for some decomposition by, /(1 + |z|) = bp1 + bro as in assumption (R2). Then
the sequence { X} is locally precompact in measure in [0,T] x R™.
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Proof. The proof is essentially identical to the proof of Corollary 2.6. Fix R > 0 and § > 0.
Applying Proposition 3.2 and thanks to the uniform bound given by (24), we first find A > 0
big enough such that
[Br(0)\ G5 <4/3,
with G% as in Definition 3.1. Thanks again to (24), we can apply Theorem 3.3 to deduce
that the quantities A,(R, A, X}) are uniformly bounded with respect to h. Now we apply
Proposition 3.4 with e = §/3 to find, for every h, a measurable set K; C Bg(0) N G% such
that
|(Br(0) N GX) \ Kyl < 0/3
and
Lip (X(t,)|k,) is uniformly bounded w.r.t. h.
Now we are going to show a similar Lipschitz estimate with respect to the time. Since the
maps
[O,T] x K, > (t,l‘) — bh(t,Xh(t,.T))
are uniformly bounded in L'([0,7] x K}) (this is easily deduced recalling assumption (R2),
the bound (24) and the fact that K, C Bgr(0)), for every h, applying Chebyshev inequality,
we can find a measurable set Hy, C [0,7] x K}, such that

([0, 7] x Ky) \ Hp| <6/3
and
th(t> Xh(t’x))HL‘X’(Hh) < 0/57

where the constant C' only depends on the constant C'(R) given by (24). Then we deduce
that

dX
H —h is uniformly bounded w.r.t. h.

(t,x)
dt Leo(Hp,)
Hence we have found, for every h, a measurable set H;, C [0,T] x Bg(0) such that
([0, 7] x Br(0)) \ Hyp| <0

and
| Xnll oo,y + Lips » (Xalm,) uniformly bounded w.r.t. h.

Then we apply Lemma C.1 to obtain that the sequence {X}} is precompact in measure in
[0,7] x Br(0). A standard diagonal argument gives the local precompactness in measure of
the sequence in the whole [0, 7] x R™. O

Corollary 3.7 (Existence of the flow). Let b be a vector field satisfying assumptions (R1)
and (R2) and such that [divb]~ € LY([0,T]; L>=(R™)). Then there exists a reqular Lagrangian
flow associated to b.

Proof. Tt is sufficient to regularize b with a positive convolution kernel in R" and apply
Corollary 3.6. It is simple to check that the regularized vector fields satisfy the equi-bounds
needed for the compactness result. O
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3.3. Stability estimates and uniqueness.

Theorem 3.8 (Stability estimate). Let b and b be vector fields satisfying assumptions (R1)
and (R2). Let X and X be reqular Lagrangian flows associated to b and b respectively and
denote by L and L the compressibility constants of the flows. Then for every A > 1 and
every T € [0,T] the following estimate holds

N C 3
/T(O) LAIX(r2) = Ko de < s + Ol = Hliorpeno (25)

where the constant C' only depends on L, L and on the L*(L') + L'(L>®) norm of some
decomposition of b and b as in assumption (R2), while the constant C depends on A, r, L,

L and || Db|| 11 (jo,r v (545 0))) -

Proof. For every A > 1 fixed define the sets G and G, relatively to X and X, as in (20).
Set

5 =0(A) = |[b— bl L1(0,r1x B2 (0)) -

g(t) == / log X () = Xt 2) +1| dx.
B,«(O)OG,\OG‘,\ 6

Clearly we have ¢(0) = 0 and we can estimate

: |b(t, X (t, z)) —
g (t) = /BT(O)QGAQGA ‘X(tv x) -

[b(t, X (¢, )) —
T‘(O)OGAOGA ‘X(t,ZL’) -

Define

(t, X(t,z))l

t )\+6

(Kt | X 0) bt K (0|
t,x)| + 90 X (t,z) — X(t,z)| +0

1 . - b(t, X (t,2)) — b(t,f((t,x
A g\b(t X(t,z)) —b(t, X(t,x))| + X(to) - X(t.2)

(t, X (t,z)) — b(t, X (t,x))| d=

b
X,
b(t
X(t,

o,

IN

IN
SO \ \

O)QGAQGA

en MoxDb(t, X (t, 7)) + Moy Db(t, X (t, ;1:))) dz
O)QGAQGA

IN

b(t,z) — b(t, x)| dz + cn(L + L) My Db(t, ) dx
B (0)

IN

b(t, @) = b(t, )| dz + cop(L + LN P Db(t, )| Lo(5s5 0)) -

"
.
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Integrating with respect to ¢ between 0 and 7 we obtain

9(7_) _ / log |X(7—7I> —X(T,:L’) +1| de
BT(O)OGAOGA 6

< L+ enp(L+ L)A"P|Db| 1 o,17:20(Bar(0))) = Ch 5

where the constant Cy depends on A but also on the other parameters relative to b and
b. Now fix a value n > 0 which will be specified later. We can find a measurable set
K C B.(0) NG\ NGy such that |(B,(0) NGyxNGy) \ K| <n and

log <|X(7', x) ; X(T,z)

+ 1) < 9 Vo € K.
n
Then we deduce that
/ LA X (7, 2) — X (r,2)| da
B (0)
< |BA0)\ (GxN G|+ (B (0) NGy Gy \ K| + / X (t,z) — X(t,z)|dx
K

¢ C ~
< —= - 1
Tog (V) +n+ Cdexp(Cy/n) < Tog (V) + Callb = bl 10,7 x B (0)) »

choosing n = 1/log(\) in the last line. O

Corollary 3.9 (Stability of the flow). Let {b,} be a sequence of vector fields satisfying
assumptions (R1) and (R2), converging in Li. ([0, T] x R") to a vector field b which satisfies
assumptions (R1) and (R2). Denote by X and X}, the regular Lagrangian flows associated
to b and by, respectively, and denote by L and Ly the compressibility constants of the flows.
Suppose that, for some decomposition by /(1 + |z|) = 5h71 + Ehg as in assumption (R2), we
have

bnll 2ty + 11Dnall oo equi-bounded in h
and that the sequence {Ly} is equi-bounded. Then the sequence { X} converges to X locally

in measure in [0,T] x R™.

Proof. Notice that, under the hypothesis of this corollary, the constants C*™ and Ci” in
(25) can be chosen uniformly with respect to 7 € [0,7] and h € N. Hence we find universal
constant C' and C'y, depending only on the assumed equi-bounds, such that

Oh,T b
1 /\ X — X d < O ,T b . b .

C
< Tog(\) + Callb = br || 10,17 x B, (0)) - (26)
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Now fix € > 0. We first choose A big enough such that
C <€ ’
log(A) — 2
where C' is the first constant in (26). Since now A is fixed, we find N such that for every
h > N we have

€
b— byl < o
16 =bullrqoremyon < 55

thanks to the convergence of the sequence {b,} to b in L _([0,T] x R™). Notice that N
depends on A and on the equi-bounds, but in turn A only depends on € and on the equi-

bounds. Hence we get
/ IAN|X(1,2) — Xp(1,2)|de <e  for every h > N = N(e).
B (0)

This means that {X(7,-)} converges to X (7,-) locally in measure in R™, uniformly with
respect to 7 € [0, T]. In particular we get the thesis. O

Corollary 3.10 (Uniqueness of the flow). Let b be a vector field satisfying assumptions (R1)
and (R2). Then the reqular Lagrangian flow associated to b, if exists, is unique.

Proof. Tt follows immediately from Corollary 3.9. Ul

4. A DIRECT PROOF OF COMPACTNESS

In this section we propose an alternative proof of the compactness result of Theorem
2.6, which works under an assumption of summability of the maximal function of Db. The
strategy of this proof is slightly different from the previous one: we are not going to use the
Lipschitz estimates of Proposition 2.3 and Remark 2.4, but instead we prove an estimate
of an integral quantity which turns out to be sufficient to get compactness, via the Riesz-
Fréchet-Kolmogorov compactness criterion.

We will assume the following regularity assumption on the vector field:

(R3) For every A\ > 0 we have My\Db € L'([0,T]; L\ .(R")).

loc
Notice that, by Lemma A.2, this assumption is equivalent to the condition

T
/ / |D,b(t, z)|log (2 + |D,b(t, z)|) dzxdt < 0o for every p > 0.
0o /B,

This means that D,b € L*([0,T7]; Llog Lio.(R™)), i.e. a slightly stronger bound than D,b €
LY([0,T7, Lig.(R™)).
We define a new integral quantity, which corresponds to those defined in Theorem 2.1 for

p = 1, but without the supremum with respect to r. For R > 0 and 0 < r < R/2 fixed we

set
X(t — X(t
a(r,R,X):/ sup ][ log<| ¢, 2) (,y)\+1) dydx .
By (z) r

Bp(0) 0St<T

We first give a quantitative estimate for the quantity a(r, R, X), similar to those for A,(R, X).
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Theorem 4.1. Let b be a bounded vector field satisfying assumption (R3) and let X be a
reqular Lagrangian flow associated to b, with compressibility constant L. Then we have

a(r, R, X) < C (R, L, |MzDub|| 1 o,13:01 (5, 0)))) >
where R = 3R/2 + 2T ||b|so-

Proof. We start as in the proof of Theorem 2.1, obtaining inequality (9) (but this time it is

sufficient to set R = 3R/2 + 27T'||b||s). Integrating with respect to the time and then with
respect to x over Bgr(0), we obtain

&(T’R>X) < CR+Cn/

Br(0

T
/ M. Db(t, X (¢, 2)) dtda
) J0
T
—i—cn/ / MgDb(t, X (t,y)) dydtdx .
Br(0) JO  JB(x)
As in the previous computations, the first integral can be estimated with

el HMRDbHLl([O’T]§L1(BR+T||bHoo(O))) )

but this time we cannot bound the norm of the maximal function with the norm of the
derivative. To estimate the last integral we compute

T
. / / M. Db(t, X (£, y)) dydtdz
Bgr(0) JO By (z)

T
= cn/ / MgDb(t, X (t,x + 2)) dzdtdx
Br(0) J0 B:(0)

IN

T
Cn ][ / MgDb(t, X (t,z + 2)) dzdtdz
»(0) /0 JBgr(0)

T
< cn][ / L/ MpzDb(t, w) dwdtdx
»(0) JO B3r/2+T|b]| oo (0)

= ¢, L||MzDb|| 11 (o,17:11(

B3Rr/21+7|b]oo (0))) -

Hence the thesis follows, by definition of R. U
Next, we show how this estimate implies compactness for the flow.

Corollary 4.2 (Compactness of the flow). Let {b,} be a sequence of vector fields equi-
bounded in L>*([0,T] x R™) and suppose that the sequence {M Dby} is equi-bounded in
LY[0,T]; LiL, (R™)) for every A > 0. For each h, let X}, be a reqular Lagrangian flow as-
sociated to by, and let Ly, be the compressibility constant associated to Xy, as in Definition
1.1(i1). Suppose that the sequence { Ly} is equi-bounded. Then the sequence { Xy} is strongly
precompact in Li ([0, T] x R™).

loc
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Proof. We apply Theorem 4.1 to obtain that, under the assumptions of the corollary, the
quantities~a(r, R, )fh) are uniformly bounded with respect to h. Now observe that, for
0 <z < R (with R =3R/2+ 2T||b||x as in Theorem 4.1), thanks to the concavity of the
logarithm we have
~ log <§ + 1)
og (2 +1) 2 VY
r R

Since | X, (t,2) — Xp(t,y)| < R this implies that

[ s e - Xt dyds
Br(0) 0<t<T JB,(x)

R
—————C (R, L, [MDby || L o,r:01 8, 0) < 9(r),
log (% + 1)

where the function g(r) does not depend on h and satisfies g(r) | 0 for r | 0. Changing the
integration order this implies

][ / IXa(t, @) — Xt @ + 2)| dedz < g(r),
~(0) Y Br(0)

uniformly with respect to ¢t and h.

Now notice the following elementary fact. There exists a dimensional constant «,, > 0
with the following property: if A C B;(0) is a measurable set with |B;(0) \ 4| < a,,, then
A+ A D Bis(0). Indeed, if the thesis were false, we could find x € Bj/5(0) such that
r ¢ A+ A. This would imply in particular that x & (A N By/2(0)) + (AN By/2(0)), so that

[ — (AN By2(0))] N [AN Bi2(0)] = 0. (27)

Now notice that there exists a dimensional constant -, such that | By 2(0)N(x—B1/2(0))| > vn,
since we are supposing x € By/5(0). But since |B1(0) \ A| < a,,, we also have

|B1/2(0) \ (AN By2(0)] <
and
(& = B12(0) \ (2 = (AN B12(0))) | = [Biy2(0) \ (AN Biya(0)) | < -
But this is clearly in contradiction with (27) if we choose a,, < 7,,/2.
Then fix «,, as above and apply Chebyshev inequality for every h to obtain, for every
0 <7 < R/2, a measurable set K, C B,(0) with |B,(0) \ K| < a,|B,(0)] and
g(r)

n

/ | Xn(t,x + 2) — Xp(t, x)| de < for every z € K, .
Br(0)

For such a set K, thanks to the previous remark, we have that K, + K, D B,/ (0). Now
let v € B,2(0) be arbitrary. For every h we can write v = 21 + 205, With 21, 205 € K.
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We can estimate the increment in the spatial directions as follows:
/ Xn(t, 2+ v) — Xa(t, )| do
Br/2(0)
= / | Xn(t, x4+ 210 + 220) — Xn(t, x)| dx
Br/2(0)

< / Xt + 210+ 200) — Xnl(t,2 + 200)| + | X (6,2 + 21.0) — Xn(t,2)| da
Br/2(0)

2q(r
< [ Xty - Xy [ X ) - Xl o)l de < 9(r).
Br(0) Br(0) Qn

Now notice that, by Definition 1.1(i), for a.e. z € R™ we have

dX,
d—th(t, z) = by (t, Xu(t,z))  for every ¢ € [0, T].
Then we can estimate the increment in the time direction in the following way
T dXh T
| Xn(t+7,2) — Xp(t,z)| < W(t—l—s,a:) ds = b (t 4+ s, Xp(t+s,2))| ds < 7||bp || oo -
0 0

Combining these two informations, for (ty,t1) CC [0,T], R > 0, v € B,/3(0) and 7 > 0
sufficently small we can estimate

t1
/ / | Xn(t+ 7,2 +v) — Xp(t, z)| dedt
to < Bpy2(0)

t1
< / / Xt 472+ 0) — Xn(t+7,2)| + | Xult + 7 7) — Xn(t, o) dudt
to < Bgr/2(0)

2 h 2

< p2) +/ / lonllodedt < 7220 4 o TRy
Qn to < Bgr/2(0) Qn

The thesis follows applying the Riesz-Fréchet-Kolmogorov compactness criterion (see Lemma

C.2), recalling that {by,} is uniformly bounded in L*°([0,T] x R™). O

Corollary 4.3 (Existence of the flow). Let b be a bounded vector field satisfying assumption
(R3) and such that [divb]~ € L'([0, T]; L>°(R™)). Then there exists a reqular Lagrangian flow
associated to b

Proof. Tt is sufficient to regularize b with a positive convolution kernel in R" and apply
Corollary 4.2. It is simple to check that the regularized vector fields satisfy the equi-bounds
needed for the compactness result, due to the convexity of the map z — zlog(2 + z) for
z> 0. ]
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5. Lipexp,~REGULARITY FOR TRANSPORT EQUATIONS WITH WP COEFFICIENTS

In this section we show that solutions to transport equations with Sobolev coefficients
propagate a very mild regularity property of the initial data.

Definition 5.1 (The space Lipexp,). We say that a function f : E CC R" — R¥ belongs to
Lipexp,(E) if for every € > 0 there exists a measurable set K C E such that

() |[E\ K| <e;

(ii) Lip(f|x) < exp (Ce_l/p) for some constant C' < oo independent on €.
Moreover we denote by \f]LEp(E) the smallest constant C' such that the conditions above hold.

Remark 5.2. Note that:
e Lipexp_, is the space of functions which coincide with a Lipschitz function almost
everywhere;
® | f|LE, () is not homogeneus, and then it is not a norm, and can be explicitely defined
as

|flLE,(B) = su%) {sl/p logmin {Lip(f|x) : |E\ K| < 5}} :
>
e one can compare this definition with a similar result for Sobolev functions: if f €
WLP(E;RF), then for every e > 0 there exists a set K C E such that |[E\ K| < ¢
and | Df|z=(x) < [|IDfl|zogeye™ 7.
Theorem 5.3. Let b be a vector field satisfying assumptions (R1) and (R2) and such that
div,b € L*([0,T7; L(R™)). Let u € L*(R™) such that @ € Lipexp,(Q) for every Q CC R".
Let u be the solution of the Cauchy problem
Owu(t,x) + b(t,z) - Vyu(t,z) =0
(28)
u(0,:) =u.
Then for every 2 CC R™ we have that
sup |u(t, -)|LE, @) < o0
0<t<T

Remark 5.4. Since u € C([0,T], LL (R™) — w), we can define u(t, -) for every t € [0, T].

loc
Proof of Theorem 5.3. Let X be the regular Lagrangian flow generated by b. Then:
(a) There exists a constant C' > 0 such that C'|Q] < |X(t,Q)] < C|Q] for every
t €10, 7] and for every Q C R"; therefore, for every ¢ € [0,T], we can define ¥ (¢, x)
via the identity X (¢, U(t,z)) = U(t, X (t,x)) = x for a.e. x € R™;
(b) For every t we have u(t,z) = w(V(t,z)) for almost every x.
Note that if for every ¢ we consider the regular Lagrangian flow ®(¢,-,-) of

dd
E(LT? ZE) - _b(t - T, q)(tu T, I))

O(t,0,2) =z,
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then W(t,x) = ®(t,t, ). Therefore, thanks to Proposition 3.4 we conclude that
sup [U(t, ')’LEI,(Q) < ()

0<t<T

for every () CC R™.
Let t € [0,7], R > 0 and ¢ > 0 be given. Choose K; C Bg(0) such that

* |Br(0) \ K1| <¢/3;
o Lip(U(t,)|x,) < exp(|U(t, )lin, Bro)(e/3) /7).
Applying Proposition 3.2 we can find R > 0 such that

£
v(t, B By < —
(1, Ba(0)) \ Ba(0)] <
where C' is the constant in (a). Now, select Ky C Br(0) such that
e |Bi(0)\ K»| < ¢e/3C;
o Lip(i|k,) < exp(|ulLe, (Bom o) (€/3C) 71P),
where again C'is as in (a). Next consider K := K; N (V(¢,-)) ' (Ky) = K1 N X (¢, K3). Since
Br(0)\ K C (Br(0)\ K1) U (Br(0) \ X(t, K3))
C (Ba(0)\ K1) U X (t, W(t, Br(0))\ Ba(0)) U X(t, Ba(0) \ K),
we have
[Br(0) \ K| < [Br(0) \ K| +|X (¢, ¥(t, Br(0)) \ Br(0))| + [X(t, Br(0) \ K>)| <.
Given z,y € K we have V(t,z), U(t,y) € Ky and hence we can estimate
u(t, z) —u(t,y)| = [a(P(t, z)) —u(Y(t,y)| < Lip(ulg,)|V(t,x) = V(L y)|
< Lip(tlse, )Lip(¥ (t, )| s, |2z =y
= |o—ylexp {[BC)Plalug, a0 + 371U (E, )L, (Baop] €™/} -

Therefore £'/? log(Lip(u(t, -)|x)) is bounded by a constant independent of € and ¢ (but which
depends on R). Taking the supremum over ¢ and &, we conclude that

sup |u(t, )|Le,Bro) < C(R),
0<t<T

and this concludes the proof. U

6. AN APPLICATION TO A CONJECTURE ON MIXING FLOWS

In [7] the author considers a problem on mixing vector fields on the two-dimensional torus
K =R?/Z?. In this section, we are going to show that the Lipschitz estimate of Proposition
3.4 gives an answer to this problem, although in the L? setting (p > 1) instead of the L!
setting considered in [7].

Fix coordinates x = (x1,x2) € [0,1[x[0, 1] on K and consider the set

A={(z1,22) : 0< 2, <1/2} CK.
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Ifb:[0,1] x K — R? is a smooth time dependent vector field, we denote as usual by X (¢, x)
the flow of b and by ® : K — K the value of the flow at time ¢ = 1. We assume that the
flow is nearly incompressibile, so that for some ' > 0 we have

1
R < X D) <~ (29)

for all @ C K and all t € [0,1]. For a fixed 0 < k < 1/2, we say that ® mizes the set A up
to scale € if for every ball B.(x) we have

K|Be(7)] < [Be(z) N ®(A)| < (1 - K)[Be(x)].
Then in [7] the following conjecture is proposed:

Conjecture 6.1 (Bressan’s mixing conjecture). Under these assumptions, there exists a
constant C' depending only on k and k' such that, if ® mizes the set A up to scale e, then

1
/ / |D,b| dzdt > C|loge| for every 0 < e < 1/4.
0o JK

In the following, we are going to show the following result:

Theorem 6.2. Let p > 1. Under the previous assumptions, there exists a constant C
depending only on k, k' and p such that, if ® mizes the set A up to scale €, then

1
/ | D2b|| o iy dt > C|loge| for every 0 < e < 1/4.
0

Proof. We set M = ||Dyb||r1(o,1;r(xy) and A" = K\ A. Applying Proposition 3.4, and
noticing that the flow is bounded since we are on the torus, for every constant > 0 we can
find a set B with |B| < n such that

Lip (¢ '|x\p) < exp(3M), (30)

where the constant § depends only on «/, n and p. Since ® mixes the set A up to scale ¢,
for every x € A we have

| B<(®(x)) N ©(A)] = k| B=(P(x))] . (31)
We define 5
A={ze A : B.(®(x))N[®(A4)\ B] =0}.
From this definition and from (31) we get that for every z € A
| B:(®(2)) N B| = k| B:(®(x))] - (32)

From (32) and the Besicovitch covering theorem we deduce that for an absolute constant ¢
we have . c e
@A) < —[B| < —.

K K

From the compressibility condition (29) we deduce

A< 2L
RK
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Since, using again (29), we know that

o (B)| < 2l

K,/

IA

Ui
E )
we can choose 7 > 0, depending on k and ' only, in such a way that

Al + @71 (B)] <

=

This implies the existence of a point £ € A\ [fl U ®~!(B)] with dist (z, A’) > 1/6. Let
g = ®(z). Since 7 ¢ A, we can find a point z € B.(y) N [®(A’) \ B]. Clearly we have
|y — z| < e and (since ®71(2) € A’) we also have |z — &~ 1(z)| > 1/6.

Since g, Z € B, we can apply (30) to deduce

1 . _
G < eLip (<I> 1\1{\3) <eexp(BM),

where now (3 depends only on x, " and p, since 1 has been fixed. This implies that

1 1
1 Dbl 1o, 1);20 () 2= 5loe (65)

Hence we can find ¢y > 0 such that
1
M > %Hoge\ for every 0 < e < &y.

We are now going to show the thesis for every 0 < e < 1/4. Indeed, suppose that the
thesis is false. Then, we could find a sequence {b,} of vector fields and a sequence {e},} with
g0 < €, < 1/4 in such a way that

1
| Dabn || 10,1700 (k) < ﬁ’ log ey |

and the corresponding map ®; mixes the set A up to scale ¢;,. This implies that

| Dzbn || 1 (0,1]: 00 () < %| loge,| < %| logeg] — 0 as h — oo.
Up to an extraction of a subsequence, we can suppose that £, — & and that &, — & strongly
in L'(K). For this, we apply the compactness result in Theorem 3.6, noticing that (29) gives
a uniform control on the compressibility constants of the flows and that we do not need any
assumption on the growth of the vector fields, since we are on the torus and then the flow
is automatically uniformly bounded. Now, notice that the mixing property is stable with
respect to strong convergence: this means that ® has to mix up to scale £ < 1/4. But since
| D2bn || o170 () — 0, we deduce that @ is indeed a translation on K, hence it cannot
mix the set A up to a scale which is smaller than 1/4. From this contradiction we get the
thesis. O
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Remark 6.3. We notice that the constant 1/4 in Theorem 6.2 depends on the shape of the
set A: this bound comes from the fact that a translation does not mix up to a scale € < 1/4.
Our proof can be easily extended to the case of a measurable set A with any shape, giving
a different upper bound for the values of € such that the result is true.

APPENDIX A. MAXIMAL FUNCTIONS

In this first appendix, we recall the definition of the local mazimal function of a locally finite
measure and of a locally summable function and we recollect some well-known properties
which are used throughout all this paper.

Definition A.1 (Local maximal function). Let pu be a (vector-valued) locally finite measure.
For every A > 0, we define the local maximal function of p as

B, (x n
Myp(z) = sup ul(B:(z) _ sup / dlp|(y) reR".
o<r<A ’B ( )‘ 0<r<X JB,(z)
When = f£™, where f is a function in Li (R";R™), we will often use the notation M, f
for M.
The proof of the following two lemmas can be found in [12].

Lemma A.2. Let A > 0. The local maximal function of u is finite for a.e. x € R™ and we
have

Mf(0)dy < copten [ |F)]lop(2 + 7w dy

By (0) B/J+/\ (0)

Forp>1 and p > 0 we have

[ ansras<a, [ Iwrd,
Bp(0) Bp4a(0)

but this is false for p =1. For p =1 we have the weak estimate

weB,0) : s >al <2 [ )y, (33)

Bp+>\ (0)

for every a > 0.
Lemma A.3. If u € BV (R"™) then there exists a negligible set N C R™ such that
u(z) = u(y)| < ealz —y| (MaxDu(z) + MyDu(y))
for x,y € R"\ N with |z —y| < A
We also recall the Chebyshev inequality:

1 1{1/] >t}‘1/q
— d nre v
Kl > 1t} < t/{f|>t}]f(x)] r < ;

1fllzece

which implies

‘{‘f’ > t}’l/p < ||f“LP(Q
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APPENDIX B. CONVERGENCE IN MEASURE AND APPROXIMATE DIFFERENTIABILITY

We recall that a sequence of Borel maps {f,} is said to be locally convergent in measure
to fif

hlim {z € Br(0) : |fn(z) — f(z)| >0} =0  for every R >0 and § > 0.

This convergence is equivalent to the fact that
IA|fa—fl—0 inlL|

106(Rn)‘
If the sequence {f;,} is locally equi-bounded in L, then the local convergence in measure
is equivalent to the strong convergence in L. .

We say that a Borel map f : R" — RF is approzimately differentiable at x € R™ if there

exists a linear map L : R® — R¥ such that the difference quotients

L flatey) - @)
€

locally converge in measure as € | 0 to Ly. This is clearly a local property. Equivalently, the
approximative differentiability condition can be stated in the following way: there exists a
map f, differentiable in the classical sense at z, such that f(z) = f(x) and the coincidence
set {y : f(y) = f(y)} has density 1 at 2. This characterization, together with Rademacher
theorem and some extension arguments, shows that if f|x is a Lipschitz map for some set
K C R", then f is approximately differentiable at almost every point of K. In the following
theorem we show a kind of converse of this statement: an approximately differentiable map
can be approximated, in the Lusin sense, with Lipschitz maps.

Theorem B.1. Let f: Q — R*. Assume that there exist Ay such that |\ Uy A = 0 and
fla, is Lipschitz for any h. Then f is approzimately differentiable at a.e. v € 2. Conversely,
if f is approximately differentiable at all points of QO C Q, we can write € as a countable

union of sets Ay, such that f|a, is Lipschitz for any h (up to a redefinition on a negligible
set).

For the proof, see Theorem 3.1.16 of [10].

APPENDIX C. COMPACTNESS

In this appendix we give some “abstract” results which have been used in the previous
sections to prove compactness for the regular Lagrangian flows.

Lemma C.1. Let Q C R™ be a bounded Borel set and let {fn} be a sequence of maps into
R™. Suppose that for every 6 > 0 we can find a positive constant Ms < oo and, for every
fized h, a Borel set By, s C Q2 with |Q\ Bys| <6 in such a way that

| frllzoe(B,s) < Ms
and

Lip (fulB,,) < Ms.
Then the sequence { fn} is precompact in measure in €.



ESTIMATES AND REGULARITY RESULTS FOR THE DIPERNA-LIONS FLOW 29

Proof. For every j € N we find the value M /; and the sets B}, 1/; as in the assumption of the
lemma, with 6 = 1/j. Now, arguing component by component, we can extend every map
Inl By, 1O @ map f}z defined on 2 in such a way that the equi-bounds are preserved, up to
a dimensional constant: we have

1 fill o) < Myy; ~ for every h

and
Lip (f,i) <c¢,My;; for every h.

Then we apply Ascoli-Arzela theorem (notice that by uniform continuity all the maps ff; can
be extended to the compact set €2) and using a diagonal procedure we find a subsequence
(in ) such that for every j the sequence {f;}; converges uniformly in 2 to a map f7..
Now we fix ¢ > 0. We choose j > 3/¢ and we find N = N(j) such that
/ \f/ — fl|de <¢/3 for every i,k > N.
Q

Keeping j and N(j) fixed we estimate, for i,k > N

Juntti-pide < [1aifi- s [ 1nlg - gildes [ 1Al5 - fldo

Q Q Q Q

< |Q\Bz‘,1/j|+/§2|fg_fgldx+‘Q\Bk,l/j‘

1 e 1
< —4+-+- <L €.
g3
It follows that the given sequence has a subsequence which is Cauchy with respect to the
convergence in measure in 2. This implies the thesis. (l

We also recall the following classical criterion for strong compactness in LP, since we used
it during the proof of Corollary 4.2.

Lemma C.2 (Riesz-Fréchet-Kolmogorov compactness criterion). Let .# be a bounded subset
of LP(RY) for some 1 < p < oo. Suppose that

Vljmo lf(-—=h)—=fll,=0 uniformly in f € F.

Then F is relatively compact in L (RY).

loc
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