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We study fine properties of currents in the framework of geometric measure theory
on metric spaces developed by Ambrosio and Kirchheim, and we prove a rectifiability
criterion for flat currents of finite mass. We apply these tools to study the structure
of the distributional Jacobians of functions in the space BnV, defined by Jerrard and
Soner. We define the subspace of special functions of bounded higher variation and
we prove a closure theorem.

1. Introduction

In this paper we generalize some tools of geometric measure theory on metric spaces
developed by Ambrosio and Kirchheim in [4] and we apply them to the space BnV.
This space, which has been defined by Jerrard and Soner in [11], is composed,
roughly speaking, by those functions such that their weak Jacobians are measures.

If w € CHR™,R"), with m > n, then the Jacobian of u can be seen as the
differential form w = duy A - -+ A du,,. Of course, this notion can be easily extended
to functions u € W™, but the main idea for a broader extension is based on the fact
that w = d(u; dug A -+ - Aduy,). Indeed, we need less summability on the derivatives
of u to handle the form v = u; dus A- - - Adu,, and we can define the weak Jacobian
of u as the exterior derivative of v in the distributional sense. A lot of attention has
been devoted to this notion in the last years and we refer to [11] for an account of
its applications and of the main papers on the argument.

In this work we propose to think of uy dus A --- A du, as a current T via the
natural action

T(dwy A ANdwpy_pa1) = / uy det(Vua, ..., Vi, Vwy, ..., Vwy,_niq)dL™

m

Thus we can define the weak Jacobian [Ju] as the boundary of T and the space
BnV can be identified with those u such that [Ju] is a normal current. Instead of
working in the framework of classical geometric measure theory, we prefer to use
the ‘metric currents theory’ of [4], because we think that it is much easier to handle
and provides more powerful tools for studying the structure of weak Jacobians. The
main idea of this approach, suggested by De Giorgi in [7], is to replace the duality
with differential forms with the duality with (k + 1)-ples of Lipschitz functions.
We hope to show that in this way we simplify the notation and proofs. In the last
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section we define a new class of functions, called SBnV, that is a generalization
of the space of special functions of bounded variations (see [1,3]). We prove for
SBnV a closure theorem that is a generalization of the closure theorem for SBV
(see theorems 5.5 and 5.7).

The definition of SBnV is induced, as a particular case, by a more general decom-
position of flat currents of finite mass, which is proposed in § 3. Indeed, we show
that it is possible to decompose every k-dimensional flat metric current T of finite
mass into two currents of finite mass 7} and T, such that

(a) Tj is concentrated on a H*-rectifiable set S;
(b) the mass of 7j is absolutely continuous with respect to H*L.S;
(c) T, neglects all H* o-finite sets.

One of the consequences of this decomposition is the following criterion of rectifia-
bility for flat metric currents.

CRITERION A. A flat k-dimensional current T' of finite mass on FE is rectifiable if
and only if, for every Lipschitz function 7 : E — RF, almost every slice of T with
respect to w is composed of atoms (see theorem 3.3).

This criterion has been already proved by Ambrosio and Kirchheim in [4] for
normal metric currents, and by White in [16], with a different approach, for flat
currents on FEuclidean spaces with coefficients in normed groups.

The paper is organized as follows.

The next section contains the basic definitions and theorems (available in the
first part of [4]) of geometric measure theory on metric spaces. We develop the
main tools for proving criterion A and we introduce the notion of BV functions
that take values in metric spaces (first defined by Ambrosio in [2]).

In the third section we define the decomposition of currents and we prove that
the lower-dimensional part of a flat current is rectifiable. In order to prove this
fact, we need a basic BV-estimate on the slicing of currents (first due to Jerrard
and Soner in the Euclidean case and then developed by Ambrosio and Kirchheim).

In the fourth section we apply to BnV the tools just developed. Taking a function
u € BnV, we single out a ‘lower-dimensional part’ [Ju]; of the Jacobian and we
prove that it is a rectifiable current. The remaining part of the Jacobian (namely
[Ju] —[Ju];) can be split further into two currents: one that is absolutely continuous
with respect to the Lebesgue measure and the other that is singular (which we call
the Cantor part, in analogy with the case of functions of bounded variation). Thanks
to its flatness, the lower-dimensional part of [Ju] can be represented as

([Juh,w) = [ m(z)(r(z),w(x)) dH™ ",
Si
where S; is a HF-rectifiable set, 7(x) is its approximate tangent space in z and w
is any smooth (m — n)-form.
Then we analyse the structure of the absolutely continuous part of the Jacobian
and, extending a result of Miiller (see [13]), we prove that it can be represented as

[Julo = H(duy A -+ Aduy,)L™,
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where H is the Hodge star operator. Thus [Ju]; + [Ju]. can be represented as vdpu,
where v is a simple covector and p is a measure. We conjecture that even the Cantor
part has a similar structure, but we are not able to prove it.

In the last section we define the functions of special bounded higher variation as
those BnV functions whose Jacobian has zero Cantor part. Finally, we prove that
under suitable conditions (i.e. equi-integrability of the absolutely continuous part
and equiboundedness of the Hausdorff measure of the singular supports), a closure
property holds for SBnV.

2. Metric currents

Throughout the paper, (F,d) is a complete metric space and Lip, (E) is the space
of Lipschitz and bounded real functions on E. We denote by D¥(E) the set of all
(k + 1)-ples (f,91,--.,9gk) of functions such that f,g1,...,gr € Lip,(E), and we
refer to it as the space of k-dimensional differential forms (or simply k-forms). For
every k-form w = (f, g1, .., gx), we define its exterior derivative as the (k+ 1)-form

dw=(@1,f,g1,---,9) (2.1)

If ¢ : F — FE is Lipschitz and bounded (and F is a complete metric space), we
define the pull-back of w as the k-form on F' given by

¢pFw=(fod,g100,...,9c0 ). (22)

If wi = (f,91,---,9n) and wy = (w, h1,...,hx), then their exterior product is the
(n + k)-form
w1 Nwy == (fw,g1,---,Gn, R1,-- -, hg).

Let us fix w = (f,91,.-.,9n) € D"(E). For every i, we define

C; := {C open | g; is constant in every connected component of C'}.

After setting C; := E \ (U{U € C;}), we define the closed set

n

supp(w) = supp(f) N {1 Ci, (2.3)

i=1
and we refer to it as support of w.
DEFINITION 2.1. Let £ € N. A k-dimensional current in F is a functional
T:D*E)—R
such that

(a) lim; T(f, 91, .-,9) = T(f, 91, 9x) if g} — gr pointwise and (Lip(g})) is
bounded for every k;

(b) T is multilinear with respect to (f,g1,--.,9k);

(C) T(fagla'-'agk) =0 ifsupp((fagla"'agk)) =0.

We denote by M (F) the vector space of k-dimensional currents.
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REMARK 2.2. We could replace D¥(E) with D¥(E), namely the set of differential
forms with compact support, and we could also define a k-dimensional ‘local current’
as a linear functional that satisfies conditions (b) and (¢) above and condition (a')
below,

(a') lim; T(f,9t,---,9%) = T(f,91,---,9x) if gj — gx pointwise, (Lip(g})) is
bounded for every k and supp((f,di,...,9g;)) is contained on a compact sub-
set K for every 1.

All the definitions and theorems of this paper also work with slight modifications.
Moreover, in the applications to distributional Jacobians, we will use local currents.

DEFINITION 2.3. Let T be a k-dimensional current. If there exists a finite positive
measure p such that

k
TG00 < ][1oto) /E fldu, (2.4)

then we say that T is of finite mass. We call the mass of the current T the minimal
1 that satisfies (2.4), and we denote it by || T'||. We say that T" is concentrated on a
Borel set B if | T||(E \ B) = 0.

We denote by M} (FE) the vector space of k-dimensional currents of finite mass.

From now on, given a current 1" of finite mass, we will denote by M (T') the total
variation of ||T|| in E. If T has not finite mass, we set M (T) = cc.

REMARK 2.4. We will always assume that ||T|| is concentrated on a o-compact
set. However, as observed in [4], this fact can be proved if E is separable or if the
cardinality of F is a Ulam number. The assumption that the cardinality of any set
E is a Ulam number is consistent with the standard ZFC theory.

DEFINITION 2.5. Given a sequence (T),) C My (F), we say that
T, =T e MiE) (2.5)
if T}, (w) — T(w) for every w € D¥(E).

Sometimes we will write (T, w) for T'(w). As we can see in [4], from the assump-
tions of definition 2.1, it follows that a k-dimensional current is always alternating
in (g1,...,9x); hence we use, for differential forms, the usual notation,

fdgi A Adgn.

Sometimes, for the sake of simplicity, we will denote by ¢ the n-tuple (g1,...,gn)
and we will write fdg for fdg; A--- Adg,. A trivial computation shows that if
w€DYE), veDKE)and T € M, 1(E), then

TdwAv))=T(dwAv)+ (-1)"T(w A dv).
Moreover, every current satisfies the usual chain rule,

T(fdgi A---Ndgp) +T(grdf A--- Adgn) =T(1d(fg1) A=+ Adgn).
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If T € M (RF), then, for every g € CL(R* R¥) and f € Lip(R*), we have
T(fdgi A---ANdgn) =T(fdet(Vg)day A --- Adzy)

(with z;, we denote the projection on the ith coordinate of the canonical system
of RF).

We can define a boundary operator 0 : My — My _1 with the duality relation
0T (w) := T(dw); it is not difficult to see that T satisfies conditions (a), (b) and (c)
of definition 2.1, but it can fail to be of finite mass, even if T itself has finite mass.

DEFINITION 2.6. If T and OT are currents of finite mass, then we call T' normal.
We denote by N*(E) the vector space of normal currents.

REMARK 2.7. Given T' € N*(E), we can define
TN~ == ITI(E) + 10T [I(E).
It is easy to check that N*(E), endowed with the norm || - ||, is a Banach space.

DEFINITION 2.8. Let T be a k-dimensional current on £. We define the flat norm
F(T) as

inf{M (T — 8S) + M (9S) | S is a (k + 1)-dimensional current}.

DEFINITION 2.9. Let T be a k-dimensional current. We say that T is a flat current
if there exists a sequence of normal currents (73,) such that
lim F(T,, - T)=0.
n—oo
It is easy to see that a current T of finite mass is flat if and only if there exists a
sequence of normal currents (7,) such that M (7}, —T) — 0. Indeed, one implication
is trivial because, for every current .S, we have F'(S) < M (S). Moreover, if T'is a flat
current of finite mass, then, for every n, there exist T,, € N3.(F) and S,, € M(E)
such that )
M(T —T, —9S,) + M(9S,) < —.
n
So we have that T}, := T, + 05, is a normal current and M (T — 7)) < 1/n. A
useful consequence of the last statement is that, for every current 7', we can find a
sequence of normal current T, such that

lim M(T - ZTR> =0 (2.6)
=1

and

iM(Tn) < . (2.7)

If (2.6) and (2.7) hold, we simply write

T = iTn.
i=1
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DEFINITION 2.10. We say that a k-dimensional current 7" of finite mass is rectifiable
if it is concentrated on a k-dimensional rectifiable set and ||7| < H*.

As for the notion of boundary, we can define by duality the push-forward of cur-
rents. Indeed, given a Lipschitz and bounded map ¢ : E — F and a k-dimensional
current 7" on F, it is not difficult to check that ¢.T', defined by

(p4T,w) = T(¢p%w), (2.8)

is a k-dimensional current. Moreover, if T" is a current of finite mass, then ¢4 T has
finite mass and

(D)l < ¢lIT|l.

(We recall that if ;1 is a measure, then its push-forward ¢4 is defined by ¢ p(U) =
u(o=1(U)).)

From these definitions, one can develop a self-contained theory of normal currents
in E that is equivalent to the classical theory in the Euclidean case. Hereafter, we
study the aspects that are useful for our purposes. We begin with the definitions of
restriction and slicing.

DEFINITION 2.11. Let T € My (E) and w € D*(E), with h < k. We define the
restriction of T to w as the (k — h)-dimensional current given by

TLw) :=T(wAv).

REMARK 2.12. If T is a current of finite mass, then we can extend its action to
the (k + 1)-ples (f, g1, ..., gx) such that g; € Lip, (F) and f is bounded and Borel
measurable. Indeed, T'L_dg is a 0-dimensional current of finite mass, and so there
exists a finite measure p4 such that

(T,wdg) = (T'Ldg, w) = / wdp, for every w € Lipy,(E) (2.9)
E

and

ltgllvar < ITLdgll(E (Hmp () ) ITI(E).

Using equation (2.9), the action of TL.dg can be easily extended to every Borel
measurable and bounded function. Of course, if f¥ — f uniformly, g¥ — g; point-
wise and (Lip(g¥)) is bounded for every i, then

(T, fidg} A -+~ Adgp) — (T, fdgi A -+ Adgg).

From this last remark it follows that if T" is a current of finite mass, then, for
every Borel set A, we can define the current T'L_ A,

(TLA, fdg) :=(TLxa, fdg) = (T, fxadg).
Moreover, | TL xall < ||T.

THEOREM 2.13. Let T be a k-dimensional normal current in E and m a Lipschitz
function from E to R*, with h < k. Then there exist normal (k — h)-dimensional
currents (T, 7, x) such that
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(i) (T,m,z) and O(T,w,x) are concentrated on E N7~1(x);

(ii) for every 1 € C.(R"),

/Rh (T, 7, z)(z) dLM = TL( o 7) dr; (2.10)

(iii)
/Rh (T, 7. 2y dLh = | TL da]. (2.11)

We refer to [4] for the proof. Such a map (T, w,z) is called a slicing of T with
respect to w. The previous theorem can be easily extended to flat currents.

THEOREM 2.14. Let T be a k-dimensional flat current of finite mass on E and
7 : E — R" a Lipschitz function (with h < k). Then there exist (k — h)-dimensional
flat currents (T, 7, x) of finite mass such that

(i) (T,m,x) is concentrated on E N7~ 1(x);

(ii) for every 1 € C.(R"),

/Rh (T, 7, 2)p(x) dLM = TL(y o 7) dmr; (2.12)

(iii)
/Rh (T, 7, 2)]| AL = | TLdnl]. (2.13)

Proof. Let T,, be a sequence of normal currents such that

T = iTn.
=1

From theorem 2.13, we have that there exist normal (k — h)-dimensional currents
(T, m,x) that verify conditions (a), (b) and (c) above. Let us think of (T, 7, z)
as an L! function of x that takes values on the Banach space My _p(E) (endowed
with the norm M). Condition (c) and inequality (2.7) imply that

oo

> (T, ) (2.14)

=1

is a totally convergent series in L'(R" My _;(E)). We define (T, 7,-) as the sum
of (2.14). It is easy to check that T verifies conditions (i), (ii) and (iii). Moreover,
we can extract a subsequence Tj(,) such that, for LM ae. z €RM,

n

limM<T7rx > Ty, >:0.

1=1

We conclude that, for £" a.e. z, (T, m, x) is a flat current of finite mass. O
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As we will see at the end of this section, the slicing map of a normal current
has a remarkable property. In order to state it, we need the definition of a map
of bounded variation from an open set of R™ to a weakly separable metric space
(M, d) (see [2,4]).

DEFINITION 2.15. We say the metric space (M, d) is weakly separable if there exists
a countable family F C Lipy (M) such that

d(z,y) = sup |p(z) — p(y)| for every z,y € M. (2.15)
pEF

Weakly separable metric spaces can be seen as a suitable generalization of sepa-
rable Banach spaces. Indeed, if F is a separable Banach space, then we can choose
as F in (2.15) a family of linear functionals; in particular, in the case E = R™, one
can choose the projections on the coordinates of some coordinate system. Hence
a natural definition for a map of bounded variation that take values in a weakly
separable metric space would be the following;:

u:R" — E is MBV if, for every ¢ € F,

A
the function ¢ o u is a function of bounded variation. (A)

In particular, this is one of the possible definitions of BV functions when £ = R™.
However, another very natural requirement on a map of bounded variation would
be that the measures ||D (¢ o u)|| enjoy some kind of ‘global control’, independent
of the choice of ¢ € F. In the Euclidean space, this property is a byproduct of (A)
because we can choose finite families F satisfying (2.15), but in more general cases
this is not true. Hence we require this ‘global control’ in the definition. But first we
need to introduce the concept of supremum of a family of measures.

DEFINITION 2.16. Let {ju;}icr be a family of positive measures u on E. Then, for
every Borel subset of E, we define

\/ wi(B) = sup{z wi(B;) | B; are pairwise disjoint and U B; = B},
i€l ieJ ieJ
where J runs through all countable subsets of I.

DEFINITION 2.17. Let U C R* be an open set, (M, d) a weakly separable metric
space and u : U — M. We say that u is of metric bounded variation if

(a) ¢ owu is of locally bounded variation for every ¢ € F;
() [[Dullmpy = \/ D (¢ o u)|(£2) < oo.
pEF
We remark that this definition does not depend on the choice of F and that
[ Dullmy = \/ [D(¢ o u)|(£2)
p€Lipy, (M)

(see [4] for the proofs). From now on, we will denote the measure \/ |D (¢ o u)| by
[ Dul].
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The key of the proof of theorem 3.2 in the next section is the fact that the slicing
map of a k-dimensional normal current 7' with respect to 7 € Lip,, (E, R¥) is a map
of metric bounded variation if we endow My (E) with the flat norm

F(T) = sup{(T, ¢) | ¢ € Lip,(E), Lip(¢) < 1}.

This observation, due to Jerrard and Somner in the case of weak Jacobians [11],
has been developed by Ambrosio and Kirchheim [4] in the framework of normal
currents. (With a little effort, one can see that the last definition of flat norms
coincide with that given in definition 2.9 when E = R™.)

THEOREM 2.18. Let E be a weak separable metric space, T a normal n-dimensional
current in E and m: E — R™ a Lipschitz map. Then the slicing map

S:R">z— (T,7,x) € My(F)

is metric bounded variation if we endow My(FE) with the flat norm. Moreover, the
MBYV seminorm of (T,,x) is bounded by the norm of T in Np(E).

Proof. With a little effort, one can see that there is a countable family F C Lipy (E)
such that

F(T) =sup{(T', ¢) | ¢ € F}
and Lip(¢) < 1 for every ¢ € F. We can think of ¢ € F as a Lipschitz real function
defined on Mj. Then (recall definition 2.17) we will show that

(a) for every such ¢, ¢ o S(z) = (S(x),¢) is a function of a locally bounded
variation (as a real-valued function of z);

(b) V ID(S 0 ¢)| < nmy|T| + nrgll0T].
peF
Indeed, let us fix a bounded ¢ such that Lip(¢) < 1. If we consider a test function
¥ € CL(R™), then
(=D [ S(6(2)dig(x) dx = (=1)" ' TLdr(¢di) o )
. = T(¢d(¢ o m) A dF)

=0T (¢p(yp o) dmr;) — T(¢p o wdo A d7t;)
< 0T|[(pom) + TN (2 o ),

where d7 = dmy A -+ Adm—1 Admig1 A -+ Admy—pn. Then ¢ o S is a function of
locally bounded variation and

[D(¢0S)| < nry|| T + nmyl|OT .

3. Decomposition of currents and the rectifiability theorem

Given a k-dimensional current 7' of finite mass, we can find a H* o-finite set Ly
such that | T|(F) = 0 whenever H*(F) < oo and Ly N F = 0.
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We construct this set a follows. Let us consider
K = sup{||T||(L) | L is H* o-finite}.

We choose a sequence (L,,) of H¥ o-finite sets such that ||T']|(L,) T K and we put
L7 = UL,. Then we have that Ly is H* o-finite and |T||(Lr) = K. Hence L7 has
the desired properties.

DEFINITION 3.1. Let T be a k-dimensional current of finite mass and L1 be defined
as above. Then we define

T, :=TL(E\ L), T :=TL(L7) (3.1)
and we refer to 7T as the lower-dimensional part of T'.

Of course, ||T,|| and ||T}|| are mutually singular and T, +7; = T. Moreover,
IT. )l < IT| and | 11| < ||T||. If E is HP o-finite for some p > k, then we define
IT|| as the absolutely continuous part of |T’|| with respect to H?. Of course, ||T|.
and ||7}|| are mutually singular, and so there exists a Borel set A7, disjoint from
L, such that ||T||L A7 = ||T||.. Therefore, we can define

T, = Tul—ATa T. = THI—(E \ AT)a (32)

and we refer to T, and T, as, respectively, the absolutely continuous part and the
cantor part of T. Notice that T, +T. +T1=1T.

When T is a flat current of finite mass, it is easy to see that there is a Borel set
Ry such that ||T}]| is absolutely continuous with respect to the measure H*L Rp.
The main result of this section is that, in this case, 1] is a rectifiable current. To
prove this, we need only check that Ry is rectifiable.

THEOREM 3.2. If E is separable and T is a k-dimensional flat current of finite
mass on E, then T} is a rectifiable current.

A consequence of this fact is the following criterion of rectifiability, obtained in
another framework by White [16].

THEOREM 3.3. Let T be a k-dimensional flat current of finite mass on a separable
metric space E. Then T is rectifiable if and only if, for every Lipschitz function
7 : E — R* and for LF a.e. x € R*, the sliced current (T, x) is supported on a
finite number of points.

We remark that one implication is trivial: if T is rectifiable and 7 : E — R* is
Lipschitz, then (T,7,z) is concentrated on 7~ *({z}), which, for almost every z,
consists of a finite number of points.

Before proving theorem 3.2 and the other implications of theorem 3.3, we need
some tools.

THEOREM 3.4. Let E be a separable metric space and let us endow My (E) with the
norm

F(T) = sup{(T, ¢) | ¢ € Lip,(E), Lip(¢) < 1}.
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If S € MBV(R* E) and K C E is a compact set, then there exists an L-negligible
set A € R¥ such that

S:={yc K||Sx)|({y}) >0 for some z € RF\ A}
is countably H*-rectifiable.

Before proving this theorem, we introduce the notion of maximal functions for
MBYV mappings. Given a function u € MBV(R¥, M), where M is a weakly separable
metric space, we set

o 1Dul(B,(@)

MDu(z) :=s -

p>0 Wk P

(M D is known in the literature as the mazimal function of the measure ||Dull;
see, for example, [15]). It is not difficult to see that this function is finite for almost
every x. In fact, we can estimate £¥({ M Du > \}) from above with a constant times
| Dul|(R¥)/A. As happens for classical real-valued functions of bounded variation,
M Du provides a Lipschitz property for u.

LEMMA 3.5. Let (M,d) be weakly separable and let S : R¥ — M be a map of metric
bounded variation. Then there exists N C R* of measure zero such that

d(S(z),S(y)) < c(MDS(x) + MDS(y))lx —y| Yo,y € R\ N, (33)
where ¢ depends only on k

Proof. Let us choose a family F of weakly dense Lipschitz functions. Then, for
every ¢ € F, we define L, as the set of Lebesgue points of ¢ oS (which is a real
function on R¥). For every =,y € L, we claim that inequality (3.3) holds, with
w = @ oS in place of S.

Indeed, let us choose a ball B of radius R = %|x —y| centred at %(JJ —y). We
obtain

_ 1 lw(z) —w(y)l
lw(z) —w(y)| = N /B P dz
1 lw(z) —w(z)| 1 lw(2) —w(y)l
S wy Rk /B |z — 2] et wy RF /B |z —yl @
1 lw(z) — w(z)| ; lw(y) —w(z)] ;
s wy RF </BZR(I) |z — 2] =t /BzR(y) ly — 2| ¢ >

Moreover, we have

1 wiz) —w()l
wi(2R)F /BzR(r) |z — 2] ¢

and the claim easily follows.
Now, if we consider [

N

/1 |Dwl|(Byr(x))
0

ENODL dt < M Dw(x),

peF Lgos, recalling that

d(S(x), S(y)) = Slelglw °8(x) —poS(y)l
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and
DS||(B
p>0 WEpP
D S)||(B
2 qup 1262 (B, @)
p>0 WEpP
= MD(poS)(z),
we obtain (3.3). O

Proof of theorem 3.4. First of all, we set
A:= N U{z € R* | MDS(z) = oo},

where Nj is the set of measure zero that plays the role of N in lemma 3.5. Of
course, H¥(A) = 0.
Following [4], we define Z. 5 as the set of points z € R* \ A such that

(a) MDS(2) < 1/(2);
(b) for every z € K such that ||S(2)||({z}) > &, there holds
IS)(Bss(@) \ {z}) < e.
Next we define
R.s:={z € E|[S()l({}) > e for any = € Z.5).

Observing that
S = U R€,57
£,

we will prove that, for each ¢, §, the set R. s is HF-rectifiable. Indeed, for every
x,2’ € Re 5 and every z, 2’ € Z. 5 such that

@) 8= I{z}) = e, S()I({z"}) = e
(ii) d(z,z") <9,
we have 3¢(0 + 1)

d(z,2") < =

|z — 2/|. (3.4)

Before proving this estimate, we that remark it implies that R, s N B is the image
of a Lipschitz function whenever diam(B) < 4. Indeed, for any z € Z. s N B, there
is only one z = f(z) € R. s such that ||S||(z) > e. Moreover, f is Lipschitz and, if
D is the domain of f, f(D) = BN R, ;.

Now we complete the proof by showing that (3.4) holds. Let us set d = d(x,z’)
and consider a Lipschitz function ¢ : E — R such that

(a') ¢(y) = d(y,x) for every y € By(x);
(b') ¢ =0 in R™ \ Bas(z);
() sup|¢| = d and Lip(¢) < 1.
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We have [(S(2))(¢)| < 3¢6 and [(S(2'))(¢)| = €0 — 36, so we get

ged(z,2')| < [(S(2)(9) — (S(2))(9)|
S0+ 1)F(S(z) = S(2))
<c(0+1)(MDS(z) + MDS(2'))|z — 2'].
Recalling that M DS(z) < 1/(2¢), we obtain the desired estimate. O

Proof of theorem 3.2. We need only prove that 7j is concentrated on a H* o-
rectifiable set. First let us fix a Lipschitz function 7 : E — R*. We want to prove
that TiL dr is concentrated on a rectifiable set. We set S;(z) = (T,dw,z) and we
make the following claim.

CLAIM S. There exists a set N C R¥ such that £¥(N) = 0 and
Sy :={y € E||S«(x)|({y}) > 0 for some = € RF\ N}
is countably rectifiable.
To prove it, let us choose a sequence T, of normal currents such that
(i) M(T —T,) —0;
(ii) there exists a set N> C R* such that £*¥(N>°) = 0 and
lim M(S(z) — (T, m,z)) =0

n—oo
for every x € RF\ N°°.

To simplify the notation, we write S, (z) = (T, w, ). We remark that if (u,) is a
sequence of finite measures and there exists a measure u such that || g, — ptllvar — 0,
then the set of atoms of y is contained in the union of the sets of atoms of .
Recalling that My(FE) can be represented as the space of finite measures on F, we
conclude that, for almost every x € R¥ \ N>,

{z] [S=(@)ll(2) > 0} € [ J{=z | [Snl@)ll(2) > 0}.

n

Using theorem 3.4, we infer that for every i, there exists a set N* C R¥ of measure
zero such that

St:={z¢€ E||Si(x)|/(z) > 0 for some = € R* \ N,}
is countably rectifiable. If, in criterion A, we set

N =N>U|JN;,

then we have -
S.c|Jsh
i=1

We conclude that S, is countably rectifiable.
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Now let us prove that
ITiLdr[[(E\ Sr) = 0. (3.5)

Recalling definition 3.1 we must only check that ||TL.dr|(A) = 0 for every H*
o-finite set A such that AN .S, = 0.

Since A is H* o-finite for a.e. z € R¥, (r71{x}) N A contains at most a countable
number of points. This fact, combined with ANS,; = 0, implies that, for a.e. z € R*,
[IS:(z)|I(A) = 0. Then we have

ITLdrl ()= [ 18- (@)](4) AL @) =0

and this proves (3.5).

Now we recall that ||T|| is concentrated on a o-compact set. Because of this
fact, it can be proved (see [4, lemma 5.4]) that there exists a countable set D C
Lip, () N Lipy, (E) such that

|7l = \/{ITLdx]| | 7y,..., 7 € D}. (3.6)
If we take the countably rectifiable set
S = U{SW | 71,..., 7 € D},
then, from (3.6), it follows that ||T}|[(E/S) = 0. O

Notice that if we are in the hypotheses of theorem 3.3, then we can reason as
in the previous case. In fact, we have that, for every =, TL dr is concentrated on
a H* rectifiable set. Then it follows that T is concentrated on a H* rectifiable set
and coincides with 17.

REMARK 3.6. Assuming that every set has a cardinality that is a Ulam number,
we can drop the assumption that F is separable (see remark 2.4).

4. Distributional Jacobians and BnV functions

In this section we are going to transpose some definitions and concepts from [11] in
the language introduced above. We will work with differential forms with compact
support and local currents, but this does not create any problems, as observed in
remark 2.2. Finally, we recall that what we call differential forms in this paper are
not the usual Lipschitz differential forms; in terms of classical theory, D¥(R") is
the set of Lipschitz simple differential forms with compact support.

DEFINITION 4.1. We define the k-dimensional local current Hj in R* as
He(fag) = [ fdet(Von,.... Vo) Lk
R

The continuity axiom (definition 2.1, condition (c)) is satisfied because the Jaco-
bian determinant is weakly* continuous in W1°°. We remark that the classical
Hodge star-operator assigns to every w € DF(R™) the local (n — k)-dimensional
current given by H, L w.
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In the definition of H, L w, the regularity assumptions on w can be weakened. In
particular, let us suppose that w = f dg satisfies

(1) f e Lp

(2) g € WH(R", R");

Then it is well known (see, for example, [9,12]) that the map
F - Wl,OO(Rn’Rn—k) N Lr(Rn)
given by
F(u) = fdet(Vgy,...,Vgr,Vug,...,Vu,_x)

is continuous if we endow L"(R™) with the weak topology and W1 (R", R"~F)
with the weak* one. Even in this case, with a slight abuse of notation, we define
H,L w as the k-dimensional local current T' given by

T(fdg) = /]R fdet(Vg1,...,Vgr,Vui,...,Vu,_)dL".

We will see below that this is a crucial point in the definition of weak Jacobians.
In the rest of this section, U will denote an open set.

DEFINITION 4.2. Let u € WY (U, R*) N L*®, with U CR™, p>n—1and m = n
(or w € Whmn/(m+1)) We define j(u) as the (m — n + 1)-dimensional local current
(—1)"Hp L(ut Adug A -+ A duy,).

DEFINITION 4.3. Let u be as in the previous definition. Then we define
[Ju] := 05 (u).
We say that v € BnV(U,R") if j(u) is a normal local current.

The last definition is motivated as follows. Let us put v = uy dus A - - - Adu,, and
suppose that u is sufficiently regular (i.e. Lipschitz). Then we have

([Ju],w) =

<

J(u), dw
"Hp(v A dw)
"Hy((—1)"Hd(v Aw) — dv Aw))
= —0H,,(v Aw) + Hy, (dv A w)

= H,Ldv(w).

~— —

We remark that, in view of this fact, we could have defined j(u) as

Sgn(ﬂ-)Hm I—(uﬂ'(l)duﬂ'(Q) TARRRFA duﬂ'(n))a
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where 7 is any permutation of the set {1,...,n}. Indeed, if u is a smooth function,
then

(—D)"O(HpLuydus A -+ Aduy,)
= H,, Ld(uy dug A --- A duy,)
= H,,L(dus Adug A--- Aduy,)
= Hp,Lsgn(m)(duzry A dug@y A Adugm))
= (=1)"sgn(m)Hy L d(urqydugy A A dugp)
= (=1)")sgn(m)0(Hpm Ltz (1)ydun(zy Ao Adtg ). (4.1)

These equalities follows from the fact that if T is a k-dimensional local current and
w is an h-dimensional form with k£ < h — 1, then

OTLw = (0T)Lw - TL dw.

Now, approximating every u € BnV by convolutions with standard mollifiers, we
obtain the identity (4.1) in its full generality. Indeed, it is easy to see that if u,, — u
in the strong Sobolev topology and ||u,||ec < ¢, then j(u,) converges to j(u) as
local current.

Actually, j(u) satisfies a stronger continuity result: appropriate weak convergence
of the functions induces weak convergence on the Jacobians. More precisely, we have
the following.

THEOREM 4.4. Suppose that (uy),u satisfy the conditions of definition 4.2 and

; Lp1.,
(a) up — u weakly in WJr";

p2
loc’

(€) (n=1)/p1+1/p2 <1

(b) ux — u strongly in L

or urp — U in Wl’"_l, uy, € C(U) and up, — u uniformly on compact sets).
loc
Then j(un) — j(u) as local current.

(For the proof of this theorem, we refer to the weak continuity of Jacobian deter-
minant maps [9,12].) If the hypotheses of the previous theorem hold, then we have

([Jun],w) = (0 (un), w) = (j(un), dw) = (j(u), dw) = ([Ju],w).

Now let us see how the local current [Ju] behaves with respect to slicing when
u € BnV. Let us consider a projection m of R™ onto a subspace of dimension
m — k < m — n. For the sake of simplicity, we choose a system of coordinates and
we suppose that 7 is the projection on the first m — k coordinates. We will adopt
the notation R™ 3 z = (z,y) € R™* x R

We notice that, for a.e. z € R™* j(u(x,")) is a (k — n + 1)-dimensional local
current in R¥. Indeed, because of the Fubini-Tonelli theorem, for a.e. z, the map
u(zx,-) belongs to the appropriate Sobolev space that allows us to define

ju(z,)) = (-1)"HyLui(z,-) dyu(z,-).
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DEFINITION 4.5. We denote by i? the natural identification between R* and the
affine subspace {x} x R¥ of R™.

THEOREM 4.6. Let u be as in definition 4.2 and 7 : R™™% x RF — R™~* ¢ projec-
tion, with k = n. Then we have

(j(u),dﬂ',l‘> = (_1)l(ir)#j(u('x7'))v (42)
<[‘]u]a d7T,.Z‘> = (_1)T(ir)#[‘]u('x7 )]v (4.3)

with 1 = (m —k)(n—1) and r = (m — k)n.

Proof. We use the notation of the previous paragraph to simplify the calculations.
We observe that

jlwbdr = HpL(urdug A - - Adup Adzy A -+ - Adem—r).
So, for every fdg € DF~"+1 we have
H,, L(ug dug A -+ Aduy, Adm)(f dg)

= fup det(Vug, ..., Vug,e1,...,€m Vg1, ..., Vgr_ny1)dz

]Rm
= (=1)m=R)(=1) fuq det(ey,...,em_g, Vi, Vg)dz, (4.4)
]Rm
where ey, ..., e are the first m — k vectors of the canonical basis and @ denotes the
vector (ug, ..., Up).
We remark that the matrix (eq,...,em—g, Vi, Vg) can be written as

Id V,u V,g
0 Vyu Vg
(where Id is the identical k x k matrix and 0 is the (m — k) x k null matrix).
Therefore, (V,i,Vyg) is a (k x k) matrix and
det(e1, ..., em—k, Vi, Vg) = det(Vy@, Vyg).

This means that (4.4) is equal to

V' [ ) det(Vy i), Vgt ) dyds. (45)

Then the expression

| FGa (o) det(9ie,0). Vgt ) dy

can be read as
(i) (u(x, -)), f dg).
We conclude from (4.5) that
R* 52— S(x) = (=1)'(i")gii(u(z, )

is the slicing for j(u) with respect to dr.
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Notice that

[Julldr = (=1)™ % (9(j(u)ldr) — j(u)d(dr)) = (=1)™*a(j(u)Ldr).
Hence (—1)"(i")x[Ju(z,-)] is a slicing map for [Ju]. O

For the sake of simplicity, from now on we will identify the local current [Ju(z,-)]
and its push-forward via i*.

Using the decomposition defined in the previous section, when u € BnV, we can
consider [Ju]a, [Ju]c and [Ju];. Moreover, from theorem 3.2, it follows that [Ju], is
a rectifiable local current. From now on, we define Sy, as the set on which [Ju]; is
concentrated.

From classical theory, we know that there exists a Borel function v from R™ to
the linear space of m — n covectors A,,_,(R™) such that

() = | i) dlul (4.6

(where ||Ju|| is the mass of [Ju]). Of course, similar representations hold for the
three parts of [Jul],

(Fular) = [ tale), (@) dlull
(o) = [ (o) () dlul
() = [ (o), wta)) anm,

In fact, we can say a little more. From the fact that [Ju] is a flat current, it follows
that
v(xz) =m(x)r(z) for H™ ™ a.e. x,

where 7(x) is the approximate tangent plane to S, in x and m is a Borel measurable
real-valued function.

Even for the absolutely continuous part, we have a similar property. Indeed, let
us suppose that « € BnV(U,R"™), with U C R™. Then we can define a notion of a
‘pointwise determinant’ of Vu as follows. We choose a Borel function M, which is
a pointwise representative of Vu, and we define the pointwise Jacobian det(Vu) as
the class of measurable functions f such that det M (z) = f(z) for L™ a.e. . Then,
from a result of Miiller [13], we know that det(Vu) € Li . and [Ju], = det(Vu)L™.
In the following theorem we will prove a slight generalization of this result.

THEOREM 4.7. Let u be a BnV function and let us choose a pointwise representative
@ of u. Then there exists a Borel function v, : R™ — Ay (R™) such that

(o) = [ tala), (o) acm (47)

and
va(z) = dig (z) A -+~ Adiig(z)  for LF a.e. z € R™, (4.8)

where du;(x) is the approzimate differential of u; at x.



Some fine properties of currents 833
Before proving the theorem, we address the special case when m = n.

LEMMA 4.8. Let u € BaV(U,R"), with U C R"™, and let us choose a pointwise
representative 4 of u. Then det(Vu) is summable and

([Ju]a,w) = /m w(z) det(Vu(z))dL™. (4.9)

Proof. We follow the proof of Miiller in [13] and, to simplify the notation, we identify
u and .

We know that [Ju], acts on 0-dimensional forms, i.e. on bounded measurable
functions (recall remark 2.12 and the fact that [Ju], has finite mass). So we can
write

n

(ula, ) = / v(e) f(z) dL™,

1
where v € Ly,

(R™). We only have to check
v(z) = det(Vu(z)) for a.e. x.
Therefore, let us fix zg € R™ such that
(a) zo is a Lebesgue point for v, |VulP and u (where p depends on the Sobolev
space chosen in definition 4.2);

1
(b) Elgr(l] 5_"”‘]“”5(35(330)) =0

(we recall that ||Jul|s is the singular part of || Jul).
Without loss of generality, we can suppose that g = 0 and u(zg) = 0, and we

define the rescaled functions

u® = —u(ex).
“u(ex)

We observe that they are BnV and they converge strongly (in the appropriate
Sobolev space) to the linear function given by Vu(0), which we denote by u®. So
we have that [Ju®] converges to [Ju®] as local current, and this implies that

lim ([Ju®],w) = ([Ju™],w) = /mwdet(Vu(O))dEm (4.10)

e—0

for every Lipschitz function w with compact support.
On the other hand, for every fdg = w € D!, we also have

(j(u®), fdg) = / %f(x)ul(sx) det(Vus(ex),. .., Vu,(ex), Vg(x))dL™

m

and, by a change of variables,

_ 5n1+1 /Rm ul(y)f@) det(VuQ(y), N .,Vun(y),Vg<

Thus we have obtained

o |

N———

N———
=B

<
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from which it follows that

([Ju)w) = ((u®), dw)

From condition (b), we have

(2

So we can write

o LPW)

lim ——=||Jul|s(e supp(w)) = 0.
e—0 en

e—0

e—0 e—0¢ £

1 Yy
=1 J— = ]d
Lim, = RHV(y)w<E> y

= lim v(er)w(z) de.
e—0 R~

lim ([Ju®],w) = lim %<[J“]a’w<g >

Since 0 is a Lebesgue point for v, v(ey) converges in L{ . to the function v(0).
Recalling (4.10), we have

/ v(0)wdx :/ det(Vu(0))w dz
for every Lipschitz function w with compact support. Then we conclude that
v(0) = det(Vu(0)).

Now we remark that £" a.e. z satisfies (a) and (b), and this completes the
proof. O

Before proving theorem 4.7 in its full generality, we put on the space of covectors
Ap—pn(R™) the norm

vl =sup{{v, fu A--- A fu) | fi € R™ and |fi] <1}

From the classical theory of currents, we know that |v,(z)| € L'(R™). This fact
and equation (4.8) imply that

det(Vui,...,Vun,Vgi,...,Vgm—_n) € Ll(Rm)
for every (m — n)-tuple of Lipschitz functions (g1,...,gm-n)-

Proof. First we choose a Borel function v, such that

(o) = | @ w@)alul
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Recalling that ||Ju||, is absolutely continuous with respect to L™, we set

Al
T Taem

Using lemma 4.8 and the slicing techniques introduced above, we will prove that v,
satisfies equation (4.8). To simplify the notation, we identify v and & and we put
m=n+k.

First we choose an orthogonal system zi,...,x,+, and a particular partition
of {1,...,n+ k} into two disjoint sets I = {i1,...,ix} and J = {igs1,..., % 4n}-
We call y1,...,yr the k coordinates x;,,...,x;, and z1,...,2, the remaining n.
Moreover, we denote by 7; be the projection on the coordinates yi,...,yg. From
lemma 4.8 we know that equation (4.8) holds when m = n. Hence, for a.e. y € R¥,
we have

(Tul NorF ) = [ det(Vauly, DI 2) AL ). (1)

Then, from the slicing property of the Jacobians applied to 7y, it follows that
(adabdmr. f) = (0™ [ (uty ) F0.0) AL 0)
= [ [0t ety )2 e () akt )
:/ fdet(Vuy,...,Vun, e, ...e;)dLnE
R +k

Of course, this means that det(Vuy,...,Vu,,e;,...€; ) is an L' function. More-
over, this fact is true for every choice of I and, from the multilinearity of the
determinant, we argue that

det(Vu1,...,Vun, Vgi,...,Vgx)

is summable for every Lipschitz and bounded k-tuple (g1,...,gx). The continuity
of [Ju],Ldm; for every choice of I and the multilinearity of the determinant give
the continuity (as a k-dimensional local current) of H,, 4L du, which is defined by

(HpyrLdu, fdg) = / fdet(Vuy,...,Vun, Vgi,...,Vg)dL k.

Rn+k
Of course, H, ;L du is the same local current as [Ju],. O
Unfortunately, we are not able to prove that something similar holds for the
Cantor part, i.e. that v.(z) is a simple covector for ||Ju/|. a.e. z.
5. SBnV

In analogy with the case of SBV functions (see [1,3]), we can define the space SBnV
of special functions of bounded higher variation.

DEFINITION 5.1. We say that a map v € BnV(U,R"™) is a ‘special function of
bounded higher variation’ if [Ju]. = 0.
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The next proposition provides an equivalent definition of SBnV functions.

PROPOSITION 5.2. Let Ind be the collection of all subsets I of {1,...,m} such that
the cardinality of I is m —n. For every I € Ind, we denote by 7 the projection on
the coordinates {x; | 1 € I'}. A function v € BnV(U,R") is in SBnV if and only if

for every set of indices I := {i1,...,%m_n} € Ind (A)
and for L™ a.e. x, u(ziy,..., x4, _,.,y) 15 an SBnV function of y.

Proof. The ‘only if’ part is an easy consequence of the slicing of currents. So, let
us suppose that (A) holds. Then, for every I € Ind, we have [Ju].Ldr = 0. If w is
an n-form, we can write

w = Z grdmy,

I€Ind
and so we obtain [Ju].Lw = 0. We conclude that [Ju]. = 0. O

An interesting fact is that the special functions of bounded higher variation satisfy
a closure theorem similar to that proved in [1] for SBV.

REMARK 5.3. From now on, when v is a k-covector, we denote by |v| the standard
norm induced by its action on k-vectors (see the proof of theorem 4.6).

First of all, we prove the closure theorem in a particular case.

THEOREM 5.4. Let us consider (ux) C BnV(U,R™) and v € BnV(U,R"), with
U C R™. Let us suppose that

a) up — u weakly in W,"P* | wj, — u strongly in L>. and
loc loc

. 1n—1
(or up — u in W,

lon,up € C(U) and up — u uniformly on compact sets);

(b) if we write
[Jup] = my(2)H° L By, + H, Ly (2),

then |vg| are equi-integrable and HO(Ey) < C < oo.
Then u € SBnV (U, R™) and
[Juk]a — [Ju]a, [Juk]l — [Ju]l.

Proof. We follow the ideas of the proof of SBV closure in [1]. First we notice that,
in this particular case, the weak Jacobians [Ju,] are distributions. From the fact
that the functions vy are equi-integrable, we can find a subsequence that converges
weakly in L' to a function v. To simplify the notation, we will suppose that the
whole sequence (v) converges to v.

We recall that, from the continuity of the Jacobians, [Juy] — [Ju] (which means

kllrgoql]uk]a UJ> = <[‘]u]aw>
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for every Lipschitz function w with compact support). We notice that
[Juli = [Jug] — [Jugla = [Ju] —vL”

in the sense of distributions. Moreover, we can write, for some integer N,

N
[Juk]l = Z a’fvdrlkv
i=1

Then we can find a subsequence uy(,y such that (possibly reordering each set
{xlf(r), c xlfv(r)} in a proper way)

(r)

for every j € {1,..., N}, either xf converges to z; € U

- B
or |xf( )| tends to infinity. (B)
Recalling that [Ju] — v£™ is the limit of [Ju ()1, we obtain that its support is a
finite number of points. But we know that [Ju] — vL™ is a measure, so it is the
sum of a finite number of Dirac masses. We can conclude that [Ju] is the sum of
an absolutely continuous measure and a finite number of Dirac masses.
Moreover, we have that
[Jugla — [Ju]a (5.1)

and

[Jugh = [Jug)s — [Juls = [Ju)r. (5.2)

(Actually, we have proved these last statements only for a subsequence. However,
we notice that from every subsequence of uy we can choose another subsequence
such that (5.1) and (5.2) hold. Then (5.1) and (5.2) hold for the whole sequence
(ur).) O

From the slicing property of [Ju], we are now able to prove the next theorem.

THEOREM 5.5. Let us consider (ur) C BnV(U,R™) and u € BnV (U, R"™), with
U C R™. Moreover, suppose that

a) up — u weakly in W;-P* | w, — u strongly in LP>. and
loc loc

or up — U in Wl’"_l, ug € C(U) and up, — u uniformly on compact sets);
loc Yy

(b) if we write
[Juk] = my ()76 (x)H™ "L By + Hp vk (2),

then |vi| are equi-integrable and H™ " (Ey) < C < o0.
Then w is of special higher bounded variation.

During the proof, we will use the representations of the previous section. So the
restriction of [Ju], to dg becomes

([Julalodg,w) = /m(va(Z),w(W) A dg(w)) dL™ (w)
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and the slicing map with respect to the projection 7 on the first m —n coordinates
is given by

Swwr= [ ) wlen) Adr(e ) L)

From the slicing property of Jacobians, we argue that for a.e. z we can find a
0-covector-valued function £(z, ) (i.e. a real function) such that

(e, o w) = / (€2, ), w(y)) AL (y).

n

We denote £(z,y) by va(z,y)Ldr and we remark that |£(z,y)| < |v(=,y)| for a.e.
(2, y).

Proof. We will prove that statement (A) in proposition 5.2 holds.
Let us fix I € Ind. Without loss of generality, we can suppose that

I={1,....,m—n}.

We denote by z the projection on the first m —n coordinates. Then we can write,
for a.e. x € R™™",

[J(ur(z, )]s = (vp(z, ) Ld2z)H" Lz x R", .
[J (ug (z, N = me (2, YHOL(Sy N 27 Ha)), (5.4)

and, of course, [Jug(z,")]. = 0.
We split the proof into several steps.

STEP 1. First we suppose that uy — u strongly in LP? and weakly in W', Let
us fix an open set V CC U and set V, = VN z~'{z}. Let us extract a subsequence

ug of u, such that

S [ o) = ul s do < oc.

1 m—n

From the monotone convergence theorem, we infer that, for a.e. z,

D e, ) = ul@, ) pes (vi
k

is a convergent series. This implies that ux(x, ) — u(z,-) in LP?(V,) for a.e. z. Let
us choose a family of open sets V;, T V such that V,, CC V. We reason as above
for every V,, and we apply a diagonalization argument to conclude that there is a

subsequence (u) such that ug(z,-) — u(z,-) strongly in L2 for a.e. x.

STEP 2. From Fatou’s lemma, we have that

/ likmgf lug(z, ) ||t v,y dz < hjrgélgf/ lug (2, ')HWl,pl(Vm) < 00.

m—n

We conclude that for a.e.  we can extract a further subsequence (u;) (possibly
depending on z) such that ||ui(z, )|y 1.e (v,) < oo for every open set V CC U.
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Then, recalling that, for a.e. z, (ug(z,-)) converges strongly in LI? to u(z,-), we
have that ui(z,-) converges weakly in Wi)’fl to u(x,-).
Summarizing, we have proved that, for a.e. x € R", we can extract a subsequence

(ur) (possibly depending on x) such that
uk(z,-) = u(z,-) in Wi)’fl and ug(x, ) — u(zx,-) strongly in L

with (n —1)/p1 +1/p2 < 1.

P2
loc»

. . . . 1n—1
In a similar way, we can treat the case in which uy(z,-) — u(z,) in W'
uk(z,-) — u(x,-) uniformly on compact sets as continuous functions.

STEP 3. From the Dunford-Pettis theorem on L' weakly compact sequences (see,
for example, [6]), we know that |vx| belongs to some Orlicz space. So there exists a
real convex function ¢, with superlinear growth, such that

P(lvp]) < K < o0.
]Rm

Then we have

K > limsup o(JvpLdzl)

k—oo R™

> limsup/ o(|vk (2, y)Ldz]) dzdy
m—n ]Rn

k—oo

k— o0

> / i lim inf i d(|vi(z, y)Ldz|) dzdy.
This implies that, for a.e. z, we can find a subsequence k(r) such that
Jim . (Vi) (2, y)Ldz|) do < oo,
which means that vy (z,-)LLdz are equi-integrable (we remark that the chosen

subsequence depends on z).

STEP 4. Reasoning as in the previous cases, we have

k—o00 k—o0

/m_n lim inf(H°(S,, Nz~ {z}))dz < liminf/n(HO(Suk Nnz"Ya})).

Then, for a.e. x, we can extract a subsequence (u;) (possibly depending on ) such
that
(H(Sw N2~ Ha}))

is bounded.

STEP 5. Now we want to put together all the information of the previous steps.
We notice that the subsequence extracted on the first step does not depend on =z,
whereas the choices of the other steps depend on z. However, for a.e. z, we can
extract a subsequence that fulfils all the conditions. Indeed, let us define

(@) :=H(Su, N2 Ha}) + . O(|vi (2, y)lodz]) dy + [luk (@, ) lwrer (v2,)-
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Then we have

/ liminf f(x)dz < lim inf/ fr(x)de

k—o00 k—o0
< likminf<Hm_"(Suk) + |kl —|—/ qb(z/k)) < 0.
— 00 Rm
(5.5)

We conclude that, for a.e. z, we can choose a subsequence u, such that (u.(z,-))
and u(z,-) satisfy all the hypotheses of theorem 5.4. Then, for a.e. x, the Cantor
part of [J(u(z,-))] is zero and from statement (A) it follows that v has no Cantor
part. O

We end this section by proving that, in the same hypotheses of theorem 5.5, we
have

[Juk]l — [Ju]l, [Juk]a — [Ju]a.
To do this, we need the next lemma.

LEMMA 5.6. Let (£2,F, ) be a measure space with (1(£2) < oo and (vy) a weakly
compact sequence in L*(2, ). Then vy, — v if and only if

/|w—|—1/|d,u<likminf/ lw+ v dp Yw € LY(92). (5.6)
7 —oo Jo

We refer to [1] for the proof.

THEOREM 5.7. Let us consider (ug) C BnV(U,R™) and ux € BnV(U,R"™), with
U C R™. If conditions (a) and (b) of theorem 5.5 hold, then

[Jugh — [Juli, [Jugla — [Jula (5.7)
Proof. We use the notation of theorem 5.5 and we reduce to prove
[Jugl.Ldrp — [Ju]aLdrmy (5.8)

for every I € Ind (we recall that Ind is the collection of all subsets of {1,...,n}
that have cardinality (m — n)). Indeed, from this fact, we could conclude that
[Jugla — [Ju]a and

[Jurh = [Jug] — [Jukla — [Ju] — [Ju]a = [Jul).

Therefore, we suppose that I = {1,...,m — n} and we split the proof into several
steps. To simplify the notation, we suppose that U = R”™ and that global conver-
gence hold on (ug). The proof can be easily adapted to the local case.

STEP 1. Let us fix a convex real function ¢ with superlinear growth and a real
number z such that

likminf/ oz + v Ldr]) dL™ < oco.
— 00 Rm
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For every € R™™", let us put
T = | o+ vidn(z.y))dy.
Jy () = llu(z, ) lwre s
J5 (u) = HO(r =z} N Sy,
and fix a positive real number ¢. From Fatou’s lemma, we have that
likrriiol;lf IV (ug) + tJ5 (ug) + tJ5 (ug) = K(x) < 00

for almost every = and, reasoning as in the last step of theorem 5.5, we infer that
JE(w) < J7(u) + tJ3(uw) + tJ5 (u) < K(z).

Integrating this inequality with respect to x, we obtain

o(|z + vodn])dL™
]Rm

< liminf< o(lz + vedr]) dL™ + t|lugllypren + tHk(Suk)>.
]Rm

k—o00

Letting ¢ | 0, we obtain

o(]z + vhdr])dL™ < liminf/ o(|z + vplodn])dL™. (5.9)

R™ k—oo

We notice that the same arguments work if we replace R™ with an open set. Let
us denote by C the class of functions w € L*(R™) that can be written as

h
w = E Qi X A;
=1

for some open sets Ay, ... Ap. Hence (5.9) holds for every function z € C.

STEP 2. We know that there exists a convex real function 1, with superlinear
growth, such that

lim inf Y(lyledr]) < co.

k—oo Jpm

Let us take a convex real function ¢ with superlinear growth such that ¢(0) = 0,

R0
A oy = T

We can easily conclude that the sequence ¢(|viLdn|) is equi-integrable. Let us put
1
on(t) = | —o(t) | VL.
n
The equi-integrability of ¢ (|vild|) and the fact that ¢, (¢) | t imply that

likminf/ lvpldr| = lim likminf on(lvplidn|).
00 m n—oo k—oo Jpm
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From the previous step, we easily conclude that
/ |z +vldn| < / likminf|z—|—1/k|_d7r| (5.10)

for every z € C.

STEP 3. By a standard approximation argument, we have that (5.10) holds for
every z € L'(R™). Then, applying lemma 5.6, we conclude that

vpldr — vl dn.
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