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ABSTRACT. Following Almgren’s construction of the center manifold in his Big
regularity paper, we show the C3:® regularity of area-minimizing currents in
the neighborhood of points of density one without using the nonparametric
theory. This study is intended as a first step towards the understanding of
Almgren’s construction in its full generality.

1. Introduction. In this note we consider area-minimizing integral currents T' of
dimension m in R™*". The following theorem is the cornerstone of the regularity
theory. It was proved for the first time by De Giorgi [2] for n = 1 and then extended
later by several authors (the constant w,, denotes, as usual, the Lebesgue measure
of the m-dimensional unit ball).

Theorem 1.1. There exist constants €, 3 > 0 such that, if T is an area-minimizing
integral current and p is a point in its support such that

6(T,p) =1, supp(@T)NB.(p)=0 and |T|(Br(p)) < (wm+e)r™,
then supp (T') N B, /2(p) is the graph of a CYP function f.

Once established this e-regularity result, the regularity theory proceeds further
by deriving the usual Euler-Lagrange equations for the function f. Indeed, it turns
out that f solves a system of elliptic partial differential equations and the Schauder
theory then implies that f is smooth (in fact analytic, using the classical result by
Hopf [5]).

In his Big regularity paper [1], Almgren observes that an intermediate regularity
result can be derived as a consequence of a more complicated construction without
using the nonparametric PDE theory of minimal surfaces (i.e. without deriving the
Euler-Lagrange equation for the graph of f). Indeed, given a minimizing current
T and a point p with 0(T,p) = @ € N, under the hypothesis that the excess is
sufficiently small, Almgren succeeds in constructing a C* regular surface (called
center manifold) which, roughly speaking, approximates the “average of the sheets
of the current” (we refer to [1] for further details). In the introduction of [1] it is
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observed that, in the case () = 1, the center manifold coincides with the current
itself, thus implying directly the C*< regularity.

The aim of the present note is to give a simple direct proof of this remark,
essentially following Almgren’s strategy for the construction of the center manifold
in the simplified setting @ = 1. At this point the following comment is in order:
the excess decay leading to Theorem 1.1 remains anyway a fundamental step in the
proof of this paper (see Proposition 2.2 below) and, as far as we understand, of
Almgren’s approach as well. One can take advantage of the information contained
in Theorem 1.1 at several levels but we have decided to keep its use to the minimum.

2. Preliminaries.

2.1. Some notation. From now on we assume, without loss of generality, that T
is an area-minimizing integer rectifiable current in R™*" satisfying the following
assumptions:

OT =0in B1(0), 6(T,0)=1 and ||T|(B1) < wm +¢, (H)

with the small constant € to be specified later.

In what follows, B™(q), B”(u) and B™*"(p) denote the open balls contained,
respectively, in the Euclidean spaces R™, R™ and R™"". Given a m-dimensional
plane 7, C™(q) denotes the cylinder B™(q) x 7+ C m x 7+ = R™*" and 2™ :
7 x - — 7 the corresponding orthogonal projection. Central points, supscripts
and subscripts will be often omitted when they are clear from the context.

We will consider different systems of cartesian coordinates in R™*". A corol-
lary of De Giorgi’s excess decay theorem (a variant of which is precisely stated in
Proposition 2.2 below) is that, when ¢ is sufficiently small, the current has a unique
tangent plane at the origin (see Corollary 2.4). Thus, immediately after the state-
ment of Corollary 2.4, the most important system of coordinates, denoted by =,
will be fixed once and for all in such a way that 79 = {&41 = ... = Zygn = 0}
is the tangent plane to T" at 0. Other systems of coordinates will be denoted by
z', y or yy'. We will always consider positively oriented systems z’, i.e. such that
there is a unique element A € SO(m + n) with 2/(p) = A - z(p) for every point
p. An important role in each system of coordinates will be played by the oriented
m-dimensional plane 7 where the last n coordinates vanish (and by its orthogonal
complement 71). Obviously, given 7 there are several systems of coordinates y for
which 7 = {ym+t1 = ... = Ymsn = 0}. However, when we want to stress the relation
between y and 7 we will use the notation y.

2.2. Lipschitz approximation of minimal currents. The following approxi-
mation theorem can be found in several accounts of the regularity theory for area-
minimizing currents. It can also be seen as a special case of a much more general
result due to Almgren (see the third chapter of [1]) and reproved in a simpler way
in [3]. As it is customary the (rescaled) cylindrical excess is given by the formula

ry o ITIED) —wr™ 1
BX(T,C) = e L o [ wan), )

(where 7 is the unit simple vector orienting 7w and the last equality in (1) holds
when we assume Z(TLC]") = [B,(p]).
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Proposition 2.1. There are constants C' > 0 and 0 < n,e1 < 1 with the following
property. Let v > 0 and T be an area-minimizing integer rectifiable m-current in
Cr such that

0T =0, ZL(T)=[B"] and E:=Ex(T,C])<e.

Then, for s = r(1 — CEM), there exists a Lipschitz function f : Bs — R™ and a
closed set K C By such that:

Lip(f) < CE"™; (2a)

|Bs \ K| < Cr™EY™"  and graph(f|x) = TL(K x R"); (2b)
2

I7lcs) —wms ~ [ PIE

s

<CrmEY, (2¢)

This proposition is a key step in the derivation of Theorem 1.1. In the appendix
we include a short proof in the spirit of [3]. Clearly, Theorem 1.1 can be thought
as a much finer version of this approximation. However, an aspect which is crucial
for further developments is that several important estimates can be derived directly
from Proposition 2.1.

2.3. De Giorgi’s excess decay. The fundamental step in De Giorgi’s proof of
Theorem 1.1 is the decay of the quantity usually called “spherical excess” (where
the minimum is taken over all oriented m—planes 7):

Ex(T, B.(p)) := mﬂin Ex(T, B, (p), ),

with
1

BB ) = 5 f (AT
r (P

Proposition 2.2. There is a dimensional constant C' with the following property.
For every 8,e9 > 0, there is € > 0 such that, if (H) holds, then Ex(T, B1) < €2 and

Ex(T, B,(p)) < Cegr®™, (3)
for every r <1/2 and every p € By, Nsupp (T).

From now on we will consider the constant § fixed. Its choice will be specified
much later.

Definition 2.3. For later reference, we say that a plane 7 is admissible in p at
scale p (or simply that (p, p, 7) is admissible) if

EX(T’ BP(p)? 7T) S Cm)ni:'g p2_267 (4)
for some fixed (possibly large) dimensional constant Cy, .

Proposition 2.2 guarantees that, for every p and r as in the statement, there exists
always an admissible plane m, .. The following is a straightforward consequence of
Proposition 2.2 which will be extensively used.

Corollary 2.4. There are dimensional constants C', C' and C" with the following
property. For every §,eq9 > 0, there is € > 0 such that, under the assumption (H):
(a) if (p,p,7) and (p',p',7") are admissible (according to Definition 2.3), then

— - 1-6
|’/T7’/T/| SCso(maX{p,p', quq/I}) ;
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(b) there exists a unique tangent plane m, to T at every p € supp (T') N By z;
moreover, if (p, p,7) is admissible then |1 — m,| < C'gg p*~°
if |m — 7| < C"egp'~?, then (p, p, ) is admissible;

(c) for every q € B?}4, there exists a unique u € R™ such that

(q,u) € supp (T') N By s.

Remark 2.5. An important point in the previous corollary is that the constant
C" can be chosen arbitrarily large, provided the constant Cp, , in Definition 2.3
is chosen accordingly. This fact is an easy consequence of the proof given in the
appendix.

and, vice versa,

Theorem 1.1 is clearly contained in the previous corollary (with the additional
feature that the Holder exponent 8 is equal to 1 —4, i.e. is arbitrarily close to 1). In
order to make the paper self-contained, we will include also a proof of Proposition 2.2
and Corollary 2.4 in the appendix.

2.4. Two technical lemmas. We conclude this section with the following two
lemmas which will be needed in the sequel.

Consider two functions f : D C mp — 73~ and f': D' C m — 71, with associated
systems of coordinates z and z’, respectively, and 2’(p) = A - z(p) for every p €
R™*T" If for every ¢' € D’ there exists a unique ¢ € D such that (¢, f'(¢')) =
A-(q, f(q)) and vice versa, then it follows that graph, (f) = graph,(f’), where

graph,. (f) := {(¢, f(9)) € Dx 7y} and graph,(f'):= {(¢, f'(¢")) € D' x 7" }.
The following lemma compares norms of functions (and of differences of functions)
having the same graphs in two nearby system of coordinates.
Lemma 2.6. There are constants co, C > 0 with the following properties. Assume
that

(i) [A=Id|| < co, r < 1;

(ii) (q,u) € mo x wp is given and f,g : B¥(q) — R™ are Lipschitz functions such

that
Lip(f),Lip(g9) <co and |f(q) —u|+]g(q) —u| <cor

Then, in the system of coordinates ©’' = A -z, for (¢',u') = A - (q,u), the following
holds:

(a) graph, (f) and graph, (g) are the graphs of two Lipschitz functions f' and
g', whose domains of definition contain both B,.(q');

) 11" =g ller B, < CIf = 9l (Bara))5
(c) if f € C*(Bar(q)), then f' € C*(B,(¢)), with the estimates

If = lles < @(A=Td|, If = ullcs) , (5)
ID* f'llee < @ (AT, |f = ulles) 1+ [[D*flleo) (6)
where ® and ¥ are smooth functions.

Proof. Let P : R™*"™ — R™ and @ : R™*"™ — R™ be the usual orthogonal
projections. Set m = A(my) and consider the maps F,G : Ba.(q) — 7t and
1,J : By:(q) — m given by

Fz) = Q(A((z, f(x))) and  G(z) = Q(A((x, g(2))),
I(z) = P(A((z, f(z))) and J(z) = P(A((z,9(x))).
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Obviously, if ¢q is sufficiently small, I and J are injective Lipschitz maps. Hence,
graph, (f) and graph, (g) coincide, in the new coordinates, with the graphs of the
functions f’ and ¢’ defined respectively in D := I(Ba,(q)) and D := J(Ba,(q)) by
f'=FoI'and g =GoJ . If ¢y is chosen sufficiently small, then we can find a
constant C such that

Lip(I), Lip(.J), Lip(I~1), Lip(J 1) <1+ C ¢, (7)

and
11(q) = d'|:[7(q) = d'| < Ccor (®)
Clearly, (7) and (8) easily imply (a). Conclusion (c) is a simple consequence of
the inverse function theorem. Finally we claim that, for small ¢,

[f'(2') = g' (@) < 2[f(I7 (") = g(I7 (@")] V2" € Bu(d), (9)
from which, using the change of variables formula for biLipschitz homeomorphisms

and (7), (b) follows.
In order to prove (9), consider any z’ € B,.(¢'), set x := I~1(2’) and

p1 = (z, f(x)) € mo X Ty,

p2 = (z,9(x)) € mo X mq,

ps = (2, ¢'(a") € mx 7t
Obviously |f'(z') — ¢'(2")| = |p1 — p3] and |f(x) — g(x)| = |p1 — p2|. Note that,
g(x) = f(x) if and only if ¢'(z') = f'(2’), and in this case (9) follows trivially. If this
is not the case, the triangle with vertices p;, p2 and ps is non-degenerate. Let 6; be
the angle at p;. Note that, Lip(g) < ¢ implies [90° — 2| < Cc¢p and [|A —Id|| < ¢
implies |01] < Ccp, for some dimensional constant C. Since 3 = 180° — 61 — 05,
we conclude as well [90° — 03] < Ccy. Therefore, if ¢g is small enough, we have
1 < 2sin 63, so that, by the Sinus Theorem,

sin 02

|f' (@) = g'(2")| = |pr —ps| = ) Ip1 — p2| < 2[p1 — p2| = 21f(2) — g(x)|,

thus concluding the claim. O

The following is an elementary lemma on polynomials.

Lemma 2.7. For every n,m € N, there exists a constant C(m,n) such that, for
every polynomial R of degree at most n in R™ and every positive r > 0,

C
|ID¥R(q)| < W/B " |R|  forall k<n and all g € R™. (10)
r\q

Proof. We rescale and translate the variables by setting S(z) = R(rz + ¢). The
lemma is then reduced to show that

S IDES () < ¢ / 5], (11)
k=0 B1(0)

for every polynomial S of degree at most n in R™, with C = C(n,m). Consider
now the vector space V™™ of polynomials of degree at most n in m variables. V™™
is obviously finite dimensional. Moreover, on this space, the two quantities

ISl = 3" [D*S(0)] and S, ::/ 5]
k=0 B

(0)
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are two norms. The inequality (11) is then a corollary of the equivalence of norms
on finite-dimensional vector spaces. O

3. The approximation scheme and the main theorem. The C> regularity
of the current T" will be deduced from the limit of a suitable approximation scheme.
In this section we describe the scheme and state the main theorem of the paper.

We start by fixing a nonnegative kernel ¢ € C2°(B{") which is radial and satisfies
[ = 1. As usual, for 7 > 0, we set ¢ (w) := 77 ™¢p(w/7). Consider the area-
minimizing current S = TL(BIW;;" ﬁCf}u) (recall that mp = {&ymi1 = ... = Ty =
0} is the tangent plane to T at 0). From Corollary 2.4 (b) and (c), it is simple to
deduce the following: if p = (q,u) € m x 7+, p < 276 and 7 form an admissible
triple (p, 8 p, ) with p € supp (1) N By /16, then

PUSLCL(0) = [Bsy(@)] and 9S=0 in CF,(0)

From now on, we will assume that C,, , 2 273(2-20) < o, where ¢; is the constant
of Proposition 2.1 and C,, the constant of Proposition 2.2. This assumption
guarantees the existence of the Lipschitz approximation of Proposition 2.1, which
we restrict to By, (q), f : Bg,(q) Cm — 7+, Then, consider the following functions:

(1) f=[*pp;
(I2) f such that
{ Af=0 onAB}fg(q),
floBp ) = 1
(I3) g: B;"(q’) C 7o — -, with z(p) = (¢, u’) € my x 7, such that graph, (g9) =
graph_(f) in the cylinder C,(¢') C mo X 7.

Remark 3.1. In order to proceed further, we need to show the existence of g as in
(I3). We wish, therefore, to apply Lemma 2.6 to the function f. First recall that
|T — 1| < Ceolp|'~° < Cep by Corollary 2.4. Thus, assumption (i) in Lemma 2.6
is satisfied provided eq is chosen sufficiently small. Next note that, by the interior
estimates for the harmonic functions and (2a), one has

Lip(f|p,,) < CLip(f|p,,) < C E".

Moreover, if we consider the ball By(p) with s = pE" (™) Ly the monotonocity
formula, ||T|(Bs(p)) > wmp™E"?. Thus, by (2b), the graph of f contains a point in
Bs(p). Using the Lipschitz bound (2a), we then achieve || f —ul[co (B, (q)) < CpE"/?,
which in turn implies ||f — ullco(B,,(q))- Recalling that £/ < Cedp*=%9, we conclude
that condition (ii) in Lemma 2.6 is satisfied when ¢ is sufficiently small. Therefore
Lemma 2.6(a) guarantees that the function g exists.

Remark 3.2. It is obvious that in order to define the function g we could have
used, in place of the f given by Proposition 2.1, the function whose graph gives the
current T" in Bg,(p). This would have simplified many of the computations below.
However, as mentioned in the introduction, we hope that our choice helps in the
understanding of the more general construction of Almgren.

The function g is the main building block of the construction of this paper. It is
called the (p, p, 7)-interpolation of T or, if Ex(T, Bs,(p)) = Ex(T, Bs,(p), 7), simply
the (p, p)-interpolation of T.

The main estimates of the paper are contained in the following proposition.
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Proposition 3.3. There are constants o, C > 0 such that, if g,g" are respectively
(p, p,m)- and (P, p, 7’')-interpolations, then

p' | Dgllco + |lglles < C, (12a)
4
> p D g(x) — D' (w)llco < Cin B,(p) N B,(p), (12b)
=0
|D%g(q) — D*¢'(¢)| < Clg—{'|*, with p=(q,u),p = (¢ ). (12¢)

3.1. Approximation scheme. Let 5 < ng < kg be natural numbers and consider
the cube @ = [-27"0,27 ™)™ For k > ko, we consider the usual subdivision
of R™ into dyadic cubes of size 2 - 27%, centered at points ¢; = 27%; € 27*kZ™,
The corresponding closed cubes of the subdivision are then denoted by @Q; and we
consider below only those ;’s which have nonempty intersection with Q.

According to Corollary 2.4 and to the previous observations, for every c¢; there
exists a unique u; such that p; = (c;,u;) € supp (T') N By/16. Moreover, for every
constant C, if ko is large enough, we can consider the (p;, C' 2~F)-interpolation g;
for all £ > kyg.

Let ¢ € C2°([—2, 2]™) be a nonnegative function such that, if we define ¢;(g) :=
¥(2%(q — ¢i)), then
Z v, =1inQ.
iezm

Denote by A; the set of indices j such that @); and @; are adjacent. Note that
the choice of ¢ guarantees 1;¢; = 0 if § & A;. Moreover the cardinality of A; is
(bounded by) a dimensional constant independent of k and, if ¢ € Q;, then in a
neighborhood of ¢ we have

d ;=1 and > D;(q)=0 forall £>0. (13)

JEA; JEA;
We are now ready to state and prove the central theorem of this note.

Theorem 3.4. There are dimensional constants ng < ko with the following prop-
erties. Given an area-minimizing current T as in (H) and k > ko, consider the
functions hy : Q@ — R™ given by hy, := Y. ; g;. Then,

[hkllcs.o < C, (14)

for some dimensional constants o > 0 and C' (which, in particular, do not depend
on k). Moreover, the graphs of hy converge, in the sense of currents, to T1(Q x
R™) N By a, thus implying that T' is a C>% graph in a neighborhood of the origin.

Proof of Theorem 3.4. Given k, consider a cube @; of the corresponding dyadic
decomposition and a point g € ;. We already observed that, in a neighborhood of
q, hy, = Zj e, ¥i9;- Moreover, from the definition, we have that

D ;|| co = 28 || D || co = Cr 2% for every £ € N. (15)
The C° estimate of hy follows trivially from (12a), since

(@) < D jlleollgslleo < C.

JEA;
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As for the C! estimate, we write the first derivative of hy, as follows,

Dhi(q) = Y (D¥;(9)g;(a) +v5(9) Dg;(a))

JEA;
(13)
=3 (D63 (@)95(@) ~ 9:(0)) + 5 (@) Dy (@),
jeA
from which, using (12a), (12b) and (15), we deduce
IDhi(g) < Y (ID%sllcollgs = gillco + [5llcollDg;llco) < C.
JEA;
With analogous computations, we obtain
ID*hi()| < > (ID*%lleollgs — gjllco + D5l col|Dg; — Dgill oo+
JEA;
+1Wjllco [ D?gsllco) < C,
1D%hi(g)] < D (IID%¢;llcollg; — gillco + 1D*¥;]|col| Dg; — Dygillco+
JEA;
+IDY;llI1D?g; — D?gillco + [¥5lleo | D gjllco) < C,
ID*hi(q)| < D (IID*¢5llcollgs — gillco + D5l col|Dg; — Dgillco+
JEA;
+ID*¢;[[[1D%g; — D?gillco + | DWjllco | D g; — Dgillco+
+[[YjllcollD*gsll o) < C 2707,
where C' is a constant independent of k.

Now, let q,q" € By, and consider the cubes @; and @Q; such that ¢ € Q; and
¢’ € Q. If the two cubes are adjacent, then we have |¢ —¢'| < C27F and, therefore,
|D*hi(q) — D*hi(q)] < [ D*haellcolg — |

< 02K g —¢|
<Clg—dq|"
If Q; and Q; are not adjacent, then 2 |¢—¢'| > max{|c; —¢;|,27*}. Since supp (v)) C
[—2,2]™, D3hi(c;) = D3gi(c;) for every i and from (12c) it follows that
|Dhi(q) = D°hie(q)| < |D*hi(q) — D*has(e)| + [D?gilei) — D3g;(es)|+
+|D%hi(ej) = D*hie(q'))|
S C2ikHD4hk”cO + C‘Cj — Ci|a
<027k 4 Cley — ¢
<Clg—-{q|*
This concludes the proof of (14). We finally come to the convergence of the graphs
of hy in the sense of currents. Obviously, by compactness we can assume that a
subsequence of hy (not relabelled) converges in the C3(Q) norm to some limiting
C3 function h. On the other hand, by Corollary 2.4 and Proposition 2.1, it follows
easily that the support of T'L(Q x R™) N By /5 is contained in the graph of h. But
then, by the Constancy Theorem, T'_(Q x R™)N By /3 must coincide with an integer

multiple of the graph of h. Our assumptions imply easily that the multiplicity is
necessarily 1. O
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4. L'-estimate. The rest of the paper is devoted to the proof of Proposition 3.3. A
fundamental point is an estimate for the L' distance between the harmonic function
f introduced in step (I3) of the approximation scheme and the function f itself. A
preliminary step is the following estimate on the Laplacian of f , which is a simple
consequence of the first variation formula for area-minimizing currents.

Lemma 4.1. There exists §,v,C, X > 0 such that, if (p,8p, ) is admissible and f
is as in (I1), then

J

where 1 is the constant in Proposition 2.1 and E = Ex(T, Bs,(p), ).

HAfHC“(Bg;) < Cp'*h, (16)

dw < CE™1 p™ [|Dy||p1, Yy € C;(B,,R"),
(17)

/ Df(z) - Dy(w — z)dz
By (w)

5p

Proof. Let u be the measure defined by u(A) := ||T||(A x 7). We start showing
that the approximation f given by Proposition 2.1 satisfies

/Df-DK; < C’/\Dn\ |Df|3dx—|—C/|Dn| pox (dr +dp(z),  (18)

for every xk € C}(Bg,, R"). Consider the vector field x(z,y) = (0,%(z)). From the
minimality of the current T', we infer that the first variation of the mass in direction
x vanishes, 6T'(x) = 0. We set Ty = graph(f). Since 6T'(x) = 0, we get

[ o1-04|<| [ D1-Do - 51500
The first variation 67 (x) is given by the formula
. d
L dlvffXdHTf” = £L:O/B \/14’ |Df 4+ sDk|? +Z‘a|22Ma(Df+sD/§)2 dx
6p 6p

:/ Df Dt + Y »2Ma(Df) f|,_g Ma(Df + sDr)
B, VI DI + S50 Ma(DF)?

+16T(x) = 0T (x| - (19)

It follows then that

/ dinfXd”Tf” —/ Df-DFL
Cep Bsp

< [, IpfllDx (1 +1DFP + Tz Ma(DF)? = 1) +

<

+

/B Y lajz2Ma(Df) d% w0 Ma(Df + sDk)

<c / Dkl [Df*.
B

6p

We next estimate the second term in the right hand side of (19):

0T (x) — 0T¢(x)| g/ dinxdl\T||+/

divg, x d|[Ty]
Bep\ K xR™ Bep\ K xR

< /1BGP\K(x)|DH|($) dp(x) + C [1p,,\k (2)|Dk|(2) da,
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where we have used the Lipschitz bound on f to estimate the second integral in the
right hand side of the first line. This concludes the proof of (18).

We now come to the proof of (16). From (18) and Proposition 2.1, it follows
straightforwardly that

Df - Dk
B(;p

< C EY™1p"™ || Dk| =, forevery r € Cr(Bgp,R"). (20)

Then, putting together the previous estimates, we conclude that

1Aflim(sey =  sup / Df Dy

YECH(Bsp): vl <1
sup /Df D(v* @)
'YGCI(BSP) vl <1

(20)
< sup CE"™p™ |D(7y % @) L
YECH(Bsp) Il 1 <1

< CE™ p™ ||Dp| 1o
S CEl—i—n p—l
< Cp(2725)(1+7])71.

Therefore, (16) follows choosing ¢ sufficiently small with respect to 7.
For the proof of (17), it is enough to notice that, from (18) and Proposition 2.1,
we get

I,

<C [ prsP+C [ 1D tme+C [ |Drlx (uL®n\ K)
Bs, Bs,

Bs,

< DAl (om /
Bep

< CES ™ DA

dw <

/ Df(z) - Dy(w — z)dz
B, (w)

IDfI? +|Bsp \ K| + p(Bep \ K))

Now we come to the L'-estimate for the harmonic approximation f.

Proposition 4.2. Let (p,8p,n) be admissible and f be as in (Iy). Then, there
exists a > 0 such that

If = fllLis,,) < Cpmt3te. (21)

Proof. First we estimate the L' distance between f and f Using the Poincaré
inequality and a simple integration by parts, we infer that

1] = F3s5,,) < CO™ 2V = DiBiags,,y = o™ [ AF(T =),

from which
PF . (19)
If = fller (s, < Cp7 ™ | Afllee < Cpmt3HA,
In order to prove (21), then it is enough to prove the following inequality,

||f - f||L1(B4p) < Cpm+3+a~ (22)
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For every z € By, from the definition of f we have

ﬂ@ff®%:/¢AszU@)fﬂdﬁw. (23)

To simplify the notation assume z = 0 and rewrite (23) as

1050 = [ e [ % (+2) aray

= /sop(y)/oyl vf (T;) : %'dey

=/s0p(y)/olvf(0y)-ydady
://01% (%) Viw) —i dodu
:/Vf(w) cw (/01 % (%) am1d0> dw.

=:P(w)

More generally, for every z € Bj,, we have f(2) — f(z) = [ Vf(w) - ®(w — z)dw
and

If - Tz (Bap) :/B /Vf(w) - P(w — 2) dw’ dz.

Since ¢ is radial, the function ® is a gradient. Indeed, it can be easily checked that,
for any 1, the vector field ¢ (|w|) w is curl-free. Moreover, supp (®) is compactly
contained in B,. Hence, we can apply (17) and get

1f = Flli (B < OB p™ |12 11 (24)

4p

By a simple computation,

1 1
w —-m _—m—
||<I>||L1:/ /|w|</>< >p o 1d0dw:p/ /IyW(y)dady-
RrR™ JO po m Jo

The last integral is a constant which depends only on ¢. Thus, (22) follows from
(24). O

A simple consequence of the L'-estimate is a comparison between harmonic ap-
proximations at different scales.

Corollary 4.3. Assume (p, 167, 7) is an admissible triple and let fi and fo be as

in (I3), with p =1 and p = 27 respectively. Then, if p= (q,u) € ® X 7+,

4
Z TZ—3—O¢||D€J?1 — DészCO(B;ﬁ/z(q)) < C. (25)
£=0

Proof. Tt is enough to show that
If1— szLl(Bgr) < CpmEite (26)

because then the conclusion of the lemma follows easily from the classical mean-
value property of harmonic functions. Clearly, from the admissibility of (p, 16 r, )
and Corollary 2.4, it follows that |7 — 7| < C 12729, Hence, always by the same
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corollary Fy := Ex(T, By, (p), ™) < Cr?272%. Then, in view of Proposition 4.2, in
order to show (26), it suffices to prove

If1 = fallpr(Bayy < Crmt3te, (27)

Note first that f; and fo coincide on a set K with |Ba, \ K| < C’E21+"7“7’L. Moreover,

since the Lipschitz constants of fi; and f; are bounded by a universal constant C,

we have |f1(z) — fa(z)| < Cr for every z € Bg,. Therefore, we conclude (27) from
I f1 = foll 1 (Bary < Cr|Bay \ K| < Cr Byt p™ < O pm 1+ (14m(2-20)

O

5. Proof of Proposition 3.3. The proof of (12a) in Proposition 3.3 is given by
a simple iteration of Corollary 4.3 on dyadic balls.

Lemma 5.1. Let g1, g2 be respectively the (p, p, 7)- and the (p, 2" p, 7)-interpolation

(under the assumption of admissibility (4)). Then, for p = (¢',u’) € 7o X Ty, it
holds

lgilles + o'~ D%g1llco < C, (28)

1D%g1(¢') = D*g2(¢")| < C(2%p)™. (29)

Proof. Recalling Lemma 2.6, it suffices to show (28) for the function f;. Let ng be
the biggest integer such that 2703y < % and for every k < ng — 1 set r, = 28 p. If
7y, is such that Ex(T, Bs,, , mr) = Ex(T, Bsy, ), then, by Corollary 2.4 (b), |7 —mj| <
C’ri_‘s. Hence, we conclude that the admissibility condition (4) holds with r = ry,
so that we can consider the approximation fi as in (I3) for r,. From Corollary 4.3,
we get

||D£f‘k _ szk+1||C°(B§,',ik/2(fI)) < CT2+Q—€ < 02—(no—k)(3+a—£)’ (30)
for £ € {0,1,2,3,4}. Note that the series 3, 276+2=0 is summable for £ < 3.
Therefore, [|f1]cs < C + || fu,llcs. On the other hand, since r,,, > 1/32, it is easy
to see that || fn,|lcs < C for some universal constant C, so that || fi]|cs < C. In the

same way we have | D*f||co < C p®~!. Then, (28) follows from Lemma 2.6 (c) .
Finally, Corollary 4.3 obviously implies that

/B i — Fusa] < Crintste, (31)

3y 2(@)

Hence, using again Lemma 2.6, we conclude
/ lgk — gr41] < CTZHLHQ- (32)
B (¢')

Let Py and Py be the third order Taylor polynomials at ¢’ of g and gr.1. From
the estimate || D*gy]|, || D*grs1]| < Cry™" and (32), we easily infer

/ ‘Pk — Pk+1| S C’I“Zn+3+a.
B (a")
Hence, applying Lemma 2.7, we then get

1D%91(q') = Dgisa()| = [D*Pi(q’) — D*Pera (¢)] < Crf. (33)

Arguing as above, the estimate (29) follows from (33) and a simple iteration. O
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The final step in the proof of Proposition 3.3 consists in comparing two different
interpolating functions defined at the same scale but for nearby balls and varying
planes m. We do this in the following two separate lemmas.

Lemma 5.2. Let g1 and go be the (p,p,m)- and (p, p,7')-interpolating functions
where as usual (p,8p, ) and (p,8p, ') are admissible. Then,

3
> D g~ D' gallcoBy gy < C. (34)
=0

Proof. As before, we first show that

91 = g2ll 1By oy () < CP™HH (35)
Denote by f1, fo the Lipschitz approximations given by Proposition 2.1 in the co-
ordinates associated to m, 7" and let h1, ho : B,(q) — w5 be the Lipschitz functions
whose graphs coincide with the graphs of f; and f; respectively. From Lemma 2.6
and Proposition 4.2, we have

19i = Pill L1 (By a0y < I1fi = Fill LBy i) < C P24,

where (q1,u1), (¢2,u2) and (g, u) are the coordinates of p in m x 7+, 7/ x 7

7o X Ty respectively. Therefore, for (35) it is enough to show

'L and

1By = hallL1(By,s, q) < Cp™ 1
To see this, consider the set A = {h; # ha}. From Proposition 2.1 if follows that
|A] < H™(graph(hi) A graph(hg)) < Cp™+2+e,
Then, if # € A and y € Bs,/3 \ 4, since hy(y) = ha(y) and Lip(h;) < C, we have
() = ha(2)] < [ha(2) = ha(y)| + [ha(y) — ha(2)] < Cly — 2| < Cp,

from which [[h1 — ha|lL1 (8,0, (g)) < C7 Al < C pmtite,
From (35) we are ready to conclude. Let x € B,(q) and P; be the third order
Taylor expansions of g; at . Arguing as in Lemma 5.1, we conclude

[Py = Palla(B, p ) < Cpm 3T

p/2

Using Lemma 2.7 we then conclude
|DEPy(z) — D*Py(z)| < Cp*~**e for k€ {0,1,2,3}. (36)
On the other hand, since D* P;(z) = D¥g;(z), (36) implies the desired estimates. [

Lemma 5.3. Let g1 and g2 be, respectively, the (p, p,m)- and (p', p, 7)-interpolating
functions, where (p,p,m) and (p',p,m) are admissible. Assume that p = (q,u),
p = (¢, v) with |qg — ¢'| < p/16. Then,

4
> 0D g1 = D'gall oo sy (anmy a) < C- (37)
(=1

The proof of this lemma exploits only a portion of the same computations used
for Lemma 5.2 and is left to the reader.

The proof of (12b) follows straightforwardly from Lemma 5.2 and Lemma 5.3;
while the proof of (12c) is given below.



14 CAMILLO DE LELLIS AND EMANUELE SPADARO

Proof of (12¢). Consider R := 16|q¢ — ¢'| and let h, k and h' be the (q, R, 7)-,
(¢, R,7')- and (¢, R, 7')-interpolations, respectively. By Corollary 2.4, if |¢ — ¢| is
small enough, we can apply Lemma 5.2 and Lemma 5.3 to conclude that

|D3h(q) — D*k(q)| + |D*k(q') — D*1'(¢)| < CR®.

On the other hand, by (12a), |[D*k|| < CR*!, and so |D3h(q) — D3h'(¢")| < R“.
Since by Lemma 5.1 we know that |D3g(q) — D3h(q)] < CR® and |D3¢'(¢') —
D3h/(q')| < CR®, the desired conclusion follows. O

Appendix A. De Giorgi’s regularity result. In this section we provide a proof
of De Giorgi’s regularity Theorem 1.1 in its more refined version of Corollary 2.4.
The overall strategy proposed here is essentially De Giorgi’s celebrated original
one [2]; however, in many points we get advantage from some new observations
contained in our recent work [3].

In the following we keep the conventions of the rest of the paper, but we use the
various Greek letters «, 3,... for other parameters and other functions. Moreover,
given a current 7' in R™*" a Borel set A C R™™™ and a simple m-vector 7, we
define the following excess measures:

1/ -
e(T,A,1):= 5/ |T — 7*d||T|| and e(T,A):= min (T, A, 7).
A

lIrll=1

A.1. Lipschitz approximation. In this section we prove Proposition 2.1. To
this aim, we assume without loss of generality that @ = mp and consider an area-
minimizing integer rectifiable m-dimensional current 7" in C,. such that

0T =0, P4(T)=[B"] and E:=Ex(T,C)<1,

where &2 : R™T" — R™ is the orthogonal projection.
The proof is in the spirit of the approximation result in [3] and is made in three
steps.

A.1.1. BV estimate. Consider the push-forwards into the vertical direction of the
0-slices (T, &, x) through the projection 2+ : R™*" — R™:

T, =Py (T,P,x).

These integer O-currents (i.e. sums of Dirac deltas with integer coefficients) are
characterized by the following identity (see [6, Section 28]):

/B (To ) () dz = (T, o) (y) dz) for every ¢ € CX(BI), o € O (R™),

Lemma A.1. For every ¢ € C*(R™) with ||Dy| . < 1, the function O, defined
by Dy (z) := (Ty, 1)) belongs to BV (BI™) and

(|D<I>1/,|(A))2 <2e(T,AxR" &) |IT||(AxR"™) for every open A C B]". (38)
Proof. For p € C(A,R™), note that (div ¢(z)) de = da, where

aZZgojda%j and did = (=1 Ydat Ao AdTTE A AT N A dae™,
J
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Hence, from the characterization of the slices T, it follows that

[ vs@divela) s = [ (T 0(0) dive(o) do

r

= (T, ¢ (y) div p(z) dz)

= (T, ¢ da)

=(T,d(¢ya)) —(T,dy A )

= (T,dp Ao, (39)

where in the last equality we used the hypothesis 9T = ) on B x R™. Now, observe
that the m-form diy A o has no dxr component, since

m n aw . y
dea=;; W) ei(@)dy’ ndd.

Write T = (T'- &) én + S (see [6, Section 25] for the scalar product on m-vectors).
We then conclude that

(T,dp Aa) = (S-||T| ,d A ). (40)

Moreover,

[ asami= (1= (@ a)?) ar
AxR"™ AXR"™
<2 (1-(Taw) di)
AxRn®

=2¢e(T,AxR" &) (41)

If [oll, < 1, then |dY Aol < ||DY] [l¢ll, < 1. Hence, by Cauchy-Schwartz
inequality

_ (39) 10) =
/A%(w)dlw(fc)dx < T dp nay | QS T dy A o)

< |dy Aaf / 5] d |||
AXR"

= </Aan |§|2d”T||)é VM(TL(A X R"))
(

2) V2e(T, A xR &,)/M(TL(A x R")).

Taking the supremum over all ¢ with L>-norm less or equal 1, we conclude (38). O

A.1.2. Maximal Function truncation. Here, we show how we determine the Lips-
chitz approximation. Given a > 0, we set

Mr(z) = sup Ex(T,Cy(x)),
Bm(x)CB™

K:={ze€B": Mp(zx) < E**} and L:={z€ B : Mp(x)>E>*/2"}.
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1—2a

Lemma A.2. Let 0 < a < 3 and ' =r(1— E~= ). Then, there exists h : By —
R™ such that:

Lip(h) < CE® and graph(h|gx)=TL(K x R"), (42)

5
L&\ngﬁﬁﬂHWLﬂB+ 120 ) X R",&,) <B5™EYT2opm s <o/ (43)

rE

Proof. Note that x ¢ K if and only if there exists 0 < r, < r E*%* such that
e(T,Cy (x),Emn) < e(T,Cr,én) 1"E

Wi, T - W T i

E?° <

Hence, recalling the standard Maximal Function estimate (see, for example, [7]), we
deduce easily (43).

In order to define the approximation h, recall that [, [|T,| < ||[T[(A x R™) for
every open set A (cp. to [6, Lemma 28.5]). Therefore,

T(Cr
1T < lim ITIE, (=) < Mrp(z)+1 for almost every z.
r—=0 Wy, T

Hence, since E < 1 and Z;T = [B,], we have that 1 < ||T,| < 2 for almost every
point in K. Thus, T, = d,(,) for some measurable function g.

By Lemma A.1, for every ¢ € C°(R™) with || D¢||p~ < 1,

|17‘1>¢(Bs(ff)))2

M(ID®, )@ =  sup (

0<s<r—|z| |BS‘
< sup 2¢(T, Cs(x), €m)2M(T7 Cs(2))
0<s<r—|z| |BS|
2¢(T,Cy(x), €m) (e(T, Cs(x), Em) + ‘BSD
= sup 5
0<s<r—|z| |BS|
< 2 Mr(2)® + 2 Mr(z)

Therefore, by a standard argument (see, for instance, [4, 6.6.2]), this implies the
existence of a constant C' > 0 such that, for every z,y € K Lebesgue points of ®,,

@y () — Py (y)| = [P(9(2)) — P(9(y))| < C E* |z —yl.

Taking the supremum over a dense, countable set of ¢ € C°(R™) with || Dy| <1,
we deduce that

l9(z) —g(y)| < CE* |z —y. (44)
We can hence extend g to all B,, obtaining a Lipschitz function h with Lipschitz

bound CE®. Clearly, since h|x = g|x and T, = 04(,), we conclude graph(h|x) =

TL(K x R™). O
Remark A.3. Note that from Lemma A.2 it follows that
/ |Dh|> < CEr™ (45)
B,
and ||T — graph(h)[|(C) < CE'2* ™, (46)

for some dimensional constant C' > 0
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A.1.3. Proof of Proposition 2.1. We start fixing positive constants «, o, 6, such

that

I_QQ, 20 <0<~ and 1_2$m>1. (47)
2m m—1

Consider the Lipschitz approximation h given by Lemma A.2 corresponding to the

exponent « (we keep the same notation as above). By a slicing argument, we find

s € [r(1 — E%),r(1 — E%)] such that

J,

and M((T — graph(h))_0B,) < C E'~2*pm—1, (49)
(With a slight abuse of notation, we write (T — graph(h))L_9B; in place of the more
correct (T' — graph(h), ¢, s), where p(z) = |z|.)
Moreover, setting for a standard kernel ¢

0,7 <

|Dh[* < C’EU/ |Dh|> < C B ™ (48)

s+rE6\Bs—2rE9 B,

h*gOrE'y if x € Bs—’r’Eea
g(IE) = |:L’\75+TE9 s—|z| .
Eegr (@) + Tgr hxorp(z) iz € By \ By_ypo,
it is simple to verify that Lip(g) < CE® and, furthermore,
[ o< [ pnp et (50)
s Bs

for some § > 0, where L is as in Lemma A.2. Indeed, we can estimate the energy
of g in two steps as follows. First in the annulus B \ By_,.ge:

[ rscf Dh+
Bs\B,_ Bsy,gv\B,

ref s—r(E94+EY)

C
v h— B popn |2
+T2E29/BS\B | *PrE |

s—rE?

C 2E2'y
< c/ |Dh|? + ﬁ/ |Dh|?
Bs+7‘E9\B r E BT

s—2rpf
(42) 1 1+2v-—
< C(EYT 4 B0

Hence, in B,_,.go:

/ Dgl? < / (IDH] * oy )?
B 0 B

s—rE s—rEf
2
= [ (Db 1mn + IDH 1500) 5 )
BsfrEG
= 2/ ((|Dh| 1p\1) * orev )+
BS—TE9

w2 (DM me) e
B

s—rEf
where the first term is estimated in turn as

/B (IDA| 1 2) * o) < / (IDh] 15 1)? < / Dh?
0 B

s—rE s s
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and the second one as follows,

| DM Lmwx prn)? < D= [Lznn o 2
B

s—rBf
< CE** g |22 11B.nLls
— CEQ—m'y—Q(x rm
Hence, by the choice of the constants in (47), (50) follows.

Next, we observe that, from a(T — graph(h)) L 0B, = 0, by the isoperimetric
inequality and (49), there is an integer rectifiable current R such that
1-2a—0)m

OR = (T — graph(h)) 0B, and ||R||<CE" w1 ™,

Moreover, being glop, = hlop., we can use graph(g) + R as competitor for the
current T'. In this way we obtain, for a suitable 7 > 0,

D 2
iTie) < B+ [ Pt cprenm

s

(50) Dhl?
<'|By| +/ uJr(JE“Trm. (51)
BAL 2
On the other hand, again using the Taylor expansion for the area functional,
IT(/(Cs) = ITN((Bs N L) x R") + ||graph(h|p\r )l
Dhl?
>rlsnn <z <AL+ [ B _opees sy
B,\L
Hence, from (51) and (52), we deduce
e(T,(BsNL) xR™, &,) < CEY ™, (53)

We are now in the position to conclude the proof of Proposition 2.1. Let 8 < «
be such that 25 < 7 and let f be the Lipschitz approximation given by Lemma A .2
corresponding to 8. Clearly, (2a) follows once we take n < 5. Moreover, since
{My > EP/2™} C L, from (43) and (53) we get (2b) if 7 is accordingly chosen.
Finally, for (2c), we use again the Taylor expansion of the area functional to con-
clude:

D 2
I7lcs) —wmsm — [ B

s

<e(T,(BsNL) xR", &)+

D 2
+ / 7' 7l + C EYPm
BsNL 2

<C(EY™T + EY8)ym + C E*|B; N L
<C EYnpm,
A.2. Convergence to harmonic functions. Let (7});en be a sequence of mini-
mizing m-currents in B; C R™T" such that
OT,=0in By, 60(T;,0)=1 and |T||(B1) <wm+e withe, —0.  (54)

It is immediate to see that, up to subsequences, the 1; converge in the sense of
currents to a flat m-dimensional disk centered at the origin. By the monotonicity
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formula, there is also Hausdorff convergence of the supports of 7T; to the flat disk in
every compact set C CC Bj:

lim sup dist(z, R™ x {0}) = 0.
l—+o0 zeCnsupp (11)

In particular, there exist radii r; — 1 such that
o(T1.C,)) =0 in C, and Pu(TLC,,) =B

In the following proposition we prove the convergence to a harmonic function for
the rescaled Lipschitz approximations.

Proposition A.4. LetT; be as in (54), Ey := e(11,Cyy, €) and fi : By, n—gry — R

the approximations in Proposition 2.1. The rescaled functions u; := f\l/_Eij’, where

* . 1,2 . .
fi = f fi are the averages, converge in W,); to a harmonic function u.

Proof. Note that, by (45) it follows that sup; [, |Dw|* < co. Hence, since f u; =
7‘1

0, by the Sobolev embedding and the Poincaré inequality, there exists a function
u: By — R" such that, for every s < 1, u; — u in L?(B;) and Du;— Du in L?(Bsy).
Set Dy = liminf; st | Du;|?. If the proposition does not hold, for some s < 1,
then
(i) either [ |Dul* < Dy,
(ii) or u|p, is not harmonic.

Under this assumption, we can find sg > 0 such that, for every s > s, there exists
v € WH2(B,,R") with

vlop, = ulop, and s := D; —/ |DU\2 > 0. (55)
Bs

With a slight abuse of notation, we write (7; — graph(f;))L9dC, in place of

(T; — graph(f1), ¢, r), where ¢(z,y) = |z|. Consider the function v; given by
lug — uf?
P (r) == EflM((ﬂ —graph(fl))Lacr) +/ \Dul|2+/ |Dul? + faBT -
9B, 9B, J, B, lu — ul

Since from the estimates on the Lipschitz approximation, one gets
IT3[(Cs,) — llgraph(£)||(Cs,) < CE; ™,

lim inf; f:}l Pi(r) dr < co. Therefore, by Fatou’s Lemma, there is s € (s9,1) and a
subsequence, not relabelled, such that lim; ¢;(s) < co. It follows that:

(a) faBs lug — ul? — 0,

(b) [op, [Dwl* + [,5 |Dul* < M for some M < oo,

(c) I[(Ti — graph(w))L9Bs|| < C E;.

Once fixed s, we approximate v by a Lipschitz function w such that:

/ |Dw\2§/ | Dv|?+6, / \Dw|2§/ |Dv|?+6 and / lw—v|* <6,
B B, aB, oB, oB

s s s s

where § > 0 will be chosen later. Next, for every given § > 0 (also to be chosen
later), define & via a linear interpolation so that

Lip(&) < CEY Y2 glop, = wlos. &, =w

Bs_s -
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It is easy to see that this can be done so that the following estimates hold:

/ \Dgl\Qg/ |Dw|2+05/ |Dw|2+06/ |Dul\2+0(5_1/ lw — uy|?
B, B, aB, oB, oB

(a),(b) ) .
< / |Dv|*4+0+C5M+C5 0.
B.

We choose first § and then 6 so to guarantee that

limsup/|D§g|2 < / \Dv|2+%. (56)
l Bs

The functions & give the desired contradiction. Set z; := /E; & and consider
the current Z; := graph(§;). Since z|op, = filop., 0Z; = graph(f;)L0Bs. There-
fore, from (c), ||0(T;_ Bs — Z;)|| < CE;. From the isoperimetric inequality (see [6,
Theorem 30.1]), there exists an integral current R; such that

OR =0(T)L.Cs — Z;) and ||Ry| < CElm/(m—l)_

Set finally W; = T;(C,, \ Cs) + Z; + R;. By construction, it holds 0W; = 9T;. The
Taylor expansion of the area functional and the various estimates achieved give:

Wil — |1 Wil — h C B
timsup WAL= ITH gy o Il = llgraph(f)] + C B
! El l El
Dz|? Df2
< limsup E; ! {|Rl| +/ Dz 7/ 1D fi] }
! B 2 B, 2
D 2
< limsup/ |D&I” — D,
l Bs 2
g/ IDv|2+ 12— D,
B, 2
Vs
<-—=<0.
= B <
For [ large enough this last inequality contradicts the minimality of the current
1. -

Remark A.5. Note the following easy corollary of Proposition 2.1:

/ |IDf|? = 2 Ewy, r™ 4+ C EY T ym,

s

Hence, in particular, the harmonic function u in Proposition A.4 satisfies

/ |Dul? < 2w,,.
B,

A.3. Decay estimate. We start with the following technical lemma.

Lemma A.6. Let f: B; — R" be the Lipschitz approzimation in Proposition 2.1
and S the integer current associated to its graph. If T is the unitary m-vector given
by
Ae)AN---N(em +Aep, ‘
r=atde) em + A0m) ith A:][ Df,  (7)
H(el+A€1)/\"'/\(em+Aem)H B,

then, for everyt <s,

Df — A?
e(S,Ct,T):/ %—FCEH”.
By
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Proof. From the definition of excess and (2b), it follows that

€(S,Cr.7) = |SII(Cy) - / (8.7 d|s|

t

Df|? g
:/B |éf|+|Bt|+CE1+”—/C<577>d||5||~ (58)

Notice that |A|?> = | f Df|? < {|Df]?> < CE, thus implying

A 2
7l = /(7. 7) = \/det(8i; + Ae; - Aey) = 1+ AP + O(JA[)) =1+ % +O(E?)

(where 7= (e1 + Aer) A... A (em + Aen)) and
((ex +Dfer)AN---N(em +Dfen),T) =det(d;; + Dfe; - Aej)
=1+ Df-A+O(DfP|A]?)
=1+Df-A+O(E"™).
Hence, from

(e +Dfer) AN~ Alem + Dfen)

5= @t Dfer) A~ A(em + Df em)l

we have that

[ Enaisi= [ a+ps-a+owm) (1+"42'2+0<E2>)1 s

t By
— _ & 1427
= 1+Df-A 5 dx + O(E ). (59)
By
Putting together (58) and (59), we obtain the desired conclusion,
DfI? +|A?-2Df- A Df — A?
e(S,Ct,T):/ DI +| |2 f +O(E1+’7):/ 1D - AF f2 | +O(EYm).
By By

O

The basic step in De Giorgi’s decay estimate is the following.

Proposition A.7. For every 6 > 0, there exists € > 0 such that, if T is an area-
minimizing m-dimensional integer rectifiable current in By such that

OT =0, O(T,0)=1 and ||T](By) < wm +-,
then
1
o(T, By) < <W +e> (T, By). (60)

Proof. The proof is by contradiction. Assume that there exists § > 0 and a sequence
of area-minimizing currents (7});en in B; satisfying (54) such that

e(Ti, By) > <2m1+2+9> e(T1, By). (61)

Let 7, be the sequence in Section A.2. Clearly, it holds that
e(ﬂycrlagm) = e(T‘lacrl N Bl; gm) S e(T|l7 Bl7 é'm) = 6(1—‘1,31).
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Hence, from (61),

% % 2m+2

e(T1,Cy,€m) 2 e(T1,Cy) 2 e(Ty, By) > ( +9> e(Ty, B1)

1 ~
2 <2m+2 +9> e(Tl,C,«l,em). (62)

Let E;, f;,u; be as in Proposition A.4 and v : By — R"™ the harmonic function such
that u; converges to u in Wllof (B1). Note that (62) and Remark A.5 imply that
2¢(Ty,Cy) ) < 1

1
Dul*> = 1li Dy’ = lim ———2=
/Bl| ul” = lim B;| wl? = tm > 2 | e

+ 0) > 0.
2
In particular, Du is not identically 0. Since from Remark A5 [ |Dul?* < 2w,
from (62) and Lemma A.6, we get
/ M—FCE;JF”Z-Q(TZ,C;,T[)
B 2 2

1
2

>e(T;,C1)

1
2

1 | Du|?
> 0| E —_
- <2m+2 + ) ! /]31 2

where A4; = fBl/Q Df, and 7; is as in (57).
Rescaling by E; and passing to the limit in [, for (Du)s = fB. Du, we get

1 1
Du— (Du)1|?>> [ —— Dul? > / Du — (Du)1)?
/B | u ( ’U/)§| —<2m+2+0> /Bl| U" —<2m+2+9) Bl| u ( U)1|,

1
2

against the decay property of harmonic functions. This gives the contradiction and
concludes the proof. O

We conclude with the proofs of Proposition 2.2 and Corollary 2.4.

Proof of Proposition 2.2. The proof is now an easy consequence of Proposition A.7.
For every ¢ > 0 choose 6 > 0 such that

2—26
1 1
= )

Fix £ sufficiently small so that Proposition A.7 applies. Then, if we chose £ small
enough in the hypothesis (H) of Proposition 2.2, recalling the beginning of Section
A.2, we have that

||T||(B1/2(p)) < (wp +8)27™  for every p € supp (1)) N By .

It follows from the monotonicity formula that ||T||(B.(p)) < (wm + &)r™ for ev-
ery r. Therefore, we can apply iteratively (the appropriate rescaled version of)
Proposition A.7, and for 2%~ < 7 < 27F one obtains

Ex(T, B,(p)) < CEX(T, B3 (p))

§C<%>%”Eﬂﬂ3m@D

< CEx(T, By)r?7%%.
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Proof of Corollary 2.4. Cousider two admissible pairs (p, p, 7) and (p, 2p, 7'). Using
the monotonicity ||T]|(Bs(p)) > wms™ for ever s > 0, it follows that

7 -7 < Cpfm/ 7 — T d|T| +C(2P)7m/ 7 — T d|IT|
B, B,

< Ok pr2e,

Hence, for admissible pairs (p, p, 7) and (p, p’, 7') with 54 < p’ < 4%, we have

k k
2-26
S o2 2 P 2 2-26 —(2—28)k 2 2-26
|7 — 7 SCEOZ(z—k) <Ceip 22 (2=20k < 02?725 (63)
i=0 i=0
As already noticed, Proposition 2.2 implies that there exists an admissible 7, , for
every p € B 1 Nsupp (T) and p < %. Therefore, from (63) one deduces the existence
of the limit plane 7, = lim,_,¢ 7, . Moreover, the same computations imply that,
if  is admissible, then |7 — 7,| < C"eg p*~°. Vice versa, if |7 — 7,| < C" g9 p* 2,
then 7 is admissible (the constant C” is possibly larger than C”). Finally, from
Ex(T, B,, ) < Ce2 p?~2° it follows straightforwardly that 7, is the tangent plane
to T at p, thus proving (b).
Reasoning as above, for p,p’ € supp (T') N B%, setting r = |p — p’|, we have that

. C I - =
|7Tp_77p’|2 < “n ‘WP_T|2+ ‘ﬂ'p’ _T|2)
" J B (p)NBr(p')
C - C .
< v |ﬁp_T|2+7m/ ‘ﬁp’ _T|2
™ JB,(p) T JB(p)

< Cedr??9,

It follows that, if (p, p,7) and (p, p’, ') are admissible and, to fix the ideas p’ < p,
then

7= 7P <Cp*2 |7, — 7P < Ccf max{p, ', [p =0/}, (64)
This is all we need to conclude. Indeed, by the fact that P, (T By NCyjy) =
[Bl/4ﬂ, it follows that supp (T') is a graph of a function on B4, thus giving
(c). Moreover, from |7y — 7|2 < Ce2|p|?>~2° < Ce&?, it follows that the Lips-
chitz constant of this function is bounded by C'ey. Hence, |p — p'| < C|q — ¢'| for

p,p" € supp ()N By /2 NCy 4, where ¢ = Z(p), ¢’ = ZP(p'), and estimate (a) follows
from (64). O
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