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Zusammenfassung

Im Jahr 2005 erzielten C. De Lellis und S. Miiller eine quantitative Stabilitéts-
aussage iiber den klassischen Nabelpunktsatz der Differentialgeometrie. Fir glatte,
geschlossene und zusammenhingende Flichen ¥ im R3, bewiesen sie folgende Ab-
schiatzung im kritischen Exponenten Zwei:

(IDLMO5, (1)]) inf A= Xid] 25 < C | A - A id]|

2 Pl

Dabei bezeichnet A die zweite Fundamentalform von X, und C > 0 ist eine von der
Fléche unabhéngige Konstante.

Ziel der vorliegenden Arbeit ist es, obige Abschéitzung auf hohere Dimensionen
n, sowie allgemeine, nicht—kritische Exponenten p der Lebesgue-Norm zu erweitern.
Wir betrachten glatte, geschlossene und zusammenhingende Hyperflichen des R™*!
und unterscheiden die beiden Félle 1 < p < n und p > n. Im ersten Fall gelingt uns
die Verallgemeinerung fiir konvexe Hyperflachen, wohingegen wir im zweiten Fall die
zusétzliche Annahme treffen miissen, dass die LP~Norm der zweiten Fundamental-
form einer (von uns bestimmbaren) Schranke geniigt.

Des Weiteren ermitteln wir in obiger L?-Ungleichung die optimale Konstante
fiir konvexe Hyperflichen des R™**.

Schliesslich beweisen wir noch die Notwendigkeit der Konvexitdtsannahme, wann
immer 1 < p < n ist.



Abstract

In 2005, C. De Lellis and S. Miiller obtained a quantitative rigidity result re-
garding the classical theorem of differential geometry about surfaces all whose points
are umbilical. For smooth, closed and connected surfaces ¥ in R?, they proved the
following estimate in the critical exponent two:

(IDLMO5, (1)]) inf A= Xid] 25 < C |4 - 2 id]|

2 ey

Here, A denotes the second fundamental form of ¥, and C' > 0 is a constant which
is independent of the surface.

The goal of the present work is to generalise the above estimate to higher di-
mensions n and general non—critical exponents p of the Lebesgue norm. We consider
smooth, closed and connected hypersurfaces in R™*! and distinguish the two cases
1 <p<mnandp > n In the first case, we obtain the generalisation for convex
hypersurfaces, whereas in the second we need to make the additional assumption
that the LP—norm of the second fundamental form satisfy some bound (which we are
able to preset).

Furthermore, we establish the optimal constant in the above L?-inequality for
convex hypersurfaces in R™ .

Finally, we also prove that the hypothesis of convexity is necessary, whenever
1<p<n.
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1. Introduction

1.1. The Nabelpunktsatz. A point on a smooth surface in Euclidean space
is called wmbilical if the two principal curvatures in this point coincide. According
to the classical Nabelpunktsatz (German for “umbilical theorem”), if all the points
of a smooth, connected surface are umbilical, then this surface is either a subset
of a plane or of a sphere (see, e.g., [dC76, §3.2, Prop.4, p.147], [Str88, §3.5(2),
p-122], [Kiih08, Thm.3.14, p.51] or [Prel0, Prop.8.2.9, p.191]). This is one of the
first rigidity results in differential geometry of type local to global, in that a local
(or even pointwise) condition has a global consequence. The word rigidity can be
interpreted in two ways here. Either by saying that the two obvious cases are the
only ones occurring, or by pointing out that the curvature cannot vary across the
surface.

There are many generalisations of the Nabelpunktsatz in various directions.
For instance, there is an n—dimensional version (see [Spi99, Lem.1, p.8]), and the

xi
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smoothness hypothesis can be weakened (see, e.g., [BF36, §5], [Har47, Thm.1] and
[Pau08]). Also, there are versions applying to submanifolds of higher co-dimension
in R™" (see [Spi99, Thm.26, p.75]), or even in spaces of constant curvature (see
[Spi99, Thms.27&29, pp.75&77)).

A natural question to ask about all rigidity results is whether the conclusion is
stable. For the Nabelpunktsatz this shall mean: does the assumption that all points of
a closed surface be nearly umbilical entail that this surface must be nearly a sphere?
Here we exclude the planar conclusion by restricting attention to closed surfaces,
i.e. compact ones without boundary. Of course, one needs to give a more precise
meaning to the word nearly, both in the hypotheses and in the conclusion. To do
this, we observe that the ratio of the principal curvatures of a sphere is identically
one. Thus, for a strictly convex surface, we obtain a rough measure for a point ¢
not to be umbilical by considering n(q) = ;‘%{’;g; — 1, where Amin(q) and Amax(q)
denote the minimal and maximal principal curvature in ¢, respectively. Note that
we assume strict convexity in order to ensure that 7(q) is well-defined everywhere.
On the other hand, we can say that the surface is close to a sphere, if it lies in a thin
spherical shell, and we measure that by considering the difference p = % — 1, where
0 < r < R are the radii of the two bounding spheres. Now we can ask:

e Does uniform smallness of 7 imply smallness of p? (qualitative question)

e Is there a universal constant C' > 0 such that p < C'sup,cxn(g), for all
compact, strictly convex surfaces ¥ C R3? (quantitative question)

These questions are obviously well-posed in higher dimensions, as well.

1.2. The Russian school. A. V. Pogorelov in [Pog67|, complemented by
H. Guggenheimer [Gug69], answers both of these questions in the affirmative — the
monograph [Pog73, §VIL.9] revisits these results. Here, one should also mention the
work by Yu. E. Borovskii [Bor67,Bor68], who achieves a positive answer to the first
question with different methods, as well as Yu. A. Volkov and N. S. Nevmerzickii
([Vol63], [Nev69] and reference 134 in [Res94]), whose papers we were not able to
see (like A. I. Fet’s related stability result [Fet63] — see also work by V. I. Diskant,
such as [Dis71], as well as further references given in [Sch89)).

After these first results, several mathematicians endeavoured in generalising
A. V. Pogorelov’s theorem, among which D. Koutroufiotis [Kou71], J. D. Moore
[Moo73] and, much later, K. Leichtweiss [Lei99], who all consider curvature—quant-
ities other than the ratio between the principal curvatures (the latter author gives
an explicit constant estimating the global deviation given the local one — see also
R. Schneider [Sch88, Thm.2] and B. Andrews [And94, Thm.5.1&Lem.5.4], who
obtain related results as corollaries).

Others took more interest in weakening the sense in which the quantity 7 is small.
One possibility of doing so is to assume this condition to hold only in some form of
average, for instance by replacing the sup-norm with an LP-norm. Then one asks
whether smallness of ||7||,, implies smallness of p, or even seeks a precise estimate of
the form p < C ||n|| .. For convex hypersurfaces of R***, Yu. G. Reshetnyak [Res68]
and S. K. Vodop'yanov [Vod70] achieve this for a slightly different control-quantity
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— a detailed exposition is given in Reshetnyak’s book [Res94, Ch.6]. Not only do
they conclude the qualitative stability of the Nabelpunktsatz in this weak setting, but
they also obtain a quantitative estimate under a suitable smallness assumption on
the right—hand side.

1.3. G. Huisken’s question. In 2003, G. Huisken asked C. De Lellis and
S. Miiller whether one could establish a similar result when replacing ||5||;» by the
L?-norm of the traceless part of the second fundamental form of a smooth, closed
and connected, but otherwise arbitrary surface in R®. The question was motivated
by applications to foliations of asymptotically flat three—manifolds by surfaces of
prescribed mean curvature (see [Met07] and subsequent works [LMS09, LM10],
where the result mentioned below is crucial for ensuring that the leaves be close to
spheres).

We now expose why one might want to look at this quantity. Let ¥ C R**! be a
smooth hypersurface endowed with the Riemannian metric g induced by the ambient
Fuclidean space. Recall that the second fundamental form A is the quadratic form
on the tangent bundle whose eigenvalues are the principal curvatures, and the mean
curvature H is its trace. Consequently, the traceless part A = A — %g of the second
fundamental form constitutes a measure for the deviation of each single principal
curvature from the arithmetic mean of éall of them. Clearly, an umbilical point ¢ is
then characterised lgy the vanishing of A(q), and spheres are characterised by being
closed and having A vanish globally, as a consequence of the Nabelpunktsatz.

For a sphere of radius R, all the principal curvatures are equal to %, and thus,

putting A = %, where H is the mean of H over X, the quadratic form A — Ag
vanishes precisely on spheres. From the viewpoint of stability, then, it is some norm
of this quadratic form which one seeks to control with some norm of the traceless
part of the second fundamental form. In [DLMO5|, C. De Lellis and S. Miiller
were able to provide such an estimate in an L?-sense for surfaces, thereby answering
G. Huisken’s question in tohe affirmative. In addition, and under an appropriate
smallness assumption on ||Al| 2, they obtained in a quantitative way the closeness to
a sphere in the norm of the Sobolev space W2, Only one year later, they sharpened
that previous result by proving even quantitative C°—closeness (see [DLMO06)). Their
remarkable theorems are quite involved and require a very subtle analysis. This is
due to the fact that the quantities considered are measured in the so—called critical
norm, which we now explain.

1.4. Critical, sub—critical and super—critical exponents. The way we
understand the distinction between critical, sub—critical and super—critical in this
context is as follows. If the LP—norm of a quantity tends to zero when we en-
large ¥ homothetically (we say we are “blowing up”), then we call the exponent p
super—critical. If, however, that norm explodes under this rescaling, the exponent is
called sub—critical. The critical case is characterised by the scaling invariance of the
LP—norm of that quantity. Intuitively, in the super—critical case, high—frequency os-
cillations in the quantity get over—compensated by the rescaled norm under blowing
up. Put differently, our quantity might have slightly better regularity than we could
originally expect. On the other hand, in the sub—critical case, the regularity might
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be poor. Thus, it may require additional assumptions to be able to prove theorems
in the sub—critical situation which are valid in the super—critical one. The borderline
case (i.e. the critical one) is, usually, the hardest one to treat, since neither of the
non—critical cases gives any indication on what the minimal assumptions could be.
From this point of view alone, the work of C. De Lellis and S. Miiller is, indeed,
astounding.

1.5. The main estimate. The aim of this thesis is to provide a generalisation
of the estimate outlined above ([DLMO5, (1)]) to arbitrary dimensions and all non—
critical exponents. The sought—after result would be of the form: For every n > 2 and
p € (1,400), there exists a constant C' > 0, such that, for every closed hypersurface
¥ C R™™, the inequality

(MAIN ESTIMATE) ig% [A =gl oy < ClAllL (s

holds. Note that this estimate is, in general, not true, but we can show it under
certain additional hypotheses on ¥. A detailed description of our results is given in
the next section.

1.6. Historical note. The Nabelpunktsatz is sometimes attributed to G. Dar-
boux (e.g. in [Res94]). However, it appears that the first author to prove this result
is J..B.—C.—M. Meusnier de Laplace in his sole mathematical Mémoire [MdL85,
Prob.III, §34, pp.500-502], presented in 1776 and printed in 1785. Moreover, Dar-
boux himself gives credit to Meusnier regarding it ([Dar96, Vol.1, Ch.IIL.1, §175,
p.270]). Meusnier, in turn, emphasises the influence of earlier work by L. Euler
[Eul67]. G. Monge, one of Meusnier’s teachers, also obtains the Nabelpunktsatz using
related methods and at about the same time ((Mon00, no.26]; see also his later treat-
ise [Mon50]) — this is why some authors like J. V. Boussinesq [Bou90, no.I.11.194,
p.264] attribute the result to Monge. For further reading, we suggest [Hil20],
[Eis20], [Str33] and [Tru96], as well as Darboux’s Eloge on Meusnier [Dar12].

2. Presentation of our results

In this work, unless otherwise stated, n > 2 and ¥ C R™*! denotes a smooth,
closed and connected hypersurface of R"*!. Thus, ¥ is orientable. In order to
simplify the presentation of our arguments, we additionally require the hypersurface
to have unit n—dimensional volume. This bears no restriction, however, since all our
results are easily reformulated to apply to hypersurfaces of arbitrary area.

2.1. Chapter 1. The super—critical case p > n. We set out to prove the
main estimate forogeneral dimensions n and exponents p > n, and show C°—closeness
to a sphere if ||A||;, ., is small (N.B.: in contrast to the results of C. De Lellis
and S. Miiller, no quantitative estimate was obtained). Unfortunately, we could
not establish the main estimate for a constant on the right—hand side that is fully
independent of the hypersurface under consideration. More precisely, we prove that
the estimate holds true with a constant C' depending only on n, p and some ¢y > 0,
whenever [|A|| ., 5 < co.
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The idea of our proof is as follows. We first show that an inequality analogous
to the main estimate holds locally, i.e. in “appropriate” charts. This is done by
establishing a partial differential equation satisfied by the components og the second
fundamental form A in terms of the components of its traceless part A. Then we
invoke the classical Calderén—Zygmund inequality ([CZ56]), which basically tells
us that the LP—norm of the Hessian of a function can be bounded by the LP—norm
of its Laplacian. Incidentally, the use of this famous result is also a key step in
S. K. Vodop'yanov’s approach ([Res94, ch.6]), which otherwise relies on methods
completely different from ours. Using the bound on [|Al[ (s, we show that we can
cover Y with a controlled number of such “appropriate” charts with large enough
overlap. The global main estimate then follows from the local one.

2.2. Chapter 2. The sub—critical case 1 < p < n. The idea here is to
apply the same strategy as in the super—critical case. While in Chapter 1 we could
conclude as described above, we need to make additional assumptions in the case at
hand. It turns out that assuming convexity of ¥ is sufficient.

Observing that the main estimate in the present situation is trivially fulfilled
whenever its right—hand side is not gmall, we can assume without loss of generality
that some preset bound cj > 0 on HAHLP(E) be given. But in the non—super—critical,
convex case this implies a bound co on ||A||;, s, thus eliminating the disappointing
restriction encountered before.

However, the passage from local to global, namely the generation of a suitable
covering, proved to be fairly laborious. This is due to the fact that we could no longer
use the additional regularity obtained for p > n to show that the desired charts have
a certain minimal size. To achieve the same here, we need to rule out the possibility
that the hypersurface be close to degenerate. We do this by proving that ¥ must be
contained in a spherical shell whose radii depend only on n, p and our preset bound
co. Notice, though, that we did not show a quantitative version of this circumstance,
i.e., we do not know how the gleviation of the ratio of these two radii from one is
controlled by the LP-norm of A. Moreover, even if we feel that the non—-degeneracy
should hold in the case p = 1 as well, we could not establish it there. In turn, our
considerations work equally well for proving the main estimate in the critical case
p = n, even though requiring convexity in that situation seems exaggerated.

2.3. Chapter 3. L?—theory. Here we treat a special non-super—critical case,
namely the one when p = 2. Our central result is the main estimate with an ex-
plicit constant for hypersurfaces ¥ of non-negative Ricci curvature (which, in the
Euclidean case, is equivalent to convexity — see Proposition 3.2). The proof of this
theorem is very short and based on an elegant strategy employed by C. De Lellis and
P. M. Topping in [DLT10]. The key idea is to solve a suitable Poisson problem on
3.

Afterwards, we exhibit a geometric flow approach due to G. Huisken (privately
communicated to C. De Lellis) which is tailored to the critical two-dimensional case.
This yields an alternative proof of our estimate and applies to strongly mean convex
boundaries of star—shaped domains. These assumptions are, in fact, strictly weaker
than ours, and they are enough to retrieve the same constant we obtained before.
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We then endeavour to adapt this technique to the higher dimensional situation,
where we face a sub—critical problem. Despite assuming convexity again, our reas-
oning only delivers a much larger constant than expected in the main estimate.
Nevertheless, we find the argument instructive.

2.4. Chapter 4. Optimality. In this chapter, we subject our results to some
optimality considerations. We start by demonstrating that the constant found in our
L?—estimate of Chapter 3 is optimal among Ricci-positive hypersurfaces. We do this
by showing the existence of a suitable deformation of a round sphere. Afterwards, by
constructing an explicit counter—example, we prove that the assumption of having
non—negative Ricci curvature is optimal for all sub—critical exponents p € [1,n).
Finally, restricting ourselves to the critical two—dimensional case, we show that our
optimal constant cannot work for generic surfaces, thereby relating our result to
the one of C. De Lellis and S. Miiller. That last counter—example is due in part to
P. M. Topping and C. De Lellis, whereas for the previous, the latter and S. Miiller
should be credited as well.

2.5. Complements. We conclude this work with two appendices. The first
one contains three little lemmas which are all true in a slightly more general context
than the one in which they are applied in the text and might be of independent
interest. The second appendix, in contrast, contains work which has no effect on the
topics just described. It is concerned with a preliminary step towards generalising
the present results to hypersurfaces in Riemannian manifolds of non—negative Ricci
curvature. More precisely, we give several L?—integral quantities on a spherical cap
or on its boundary, and calculate their second variation under a volume-preserving
deformation. The chosen quantities appear both in the “Almost—Schur Lemma” of
C. De Lellis and P. M. Topping ([DLT10]), as well as in this thesis. Admittedly,
the obtained formulee are rather unmanageable, even in a special case in which a lot
of simplifications occur. In fact, not even that situation gave us a hint on how to
proceed, and no result is obtained so far. We produce these calculations in spite of
that, just in case someone might find them useful.

3. Discussion of our work, open problems

3.1. Weaknesses. In the previous section, we already mentioned two major
shortcomings of our results, most prominently the necessity in the super—critical
case to require a bound on the LP-norm of the second fundamental form. At this
point, we have no hope to overcome this restriction using our techniques. Also,
we pointed out our inability to prove a C°—estimate for the closeness to a sphere,
something which we expect to be of importance in possible applications.

For this last objection, however, we already made a first step into the right
direction, by concluding qualitative C°—closeness from our main estimate. In contrast
to the first drawback, then, this can be considered work in progress.

3.2. Implications. Perhaps the most satisfactory parts of the present work are
the two theorems treating the sub—critical cases. Our optimality results of Chapter 4
indicate their strengths. Indeed, not only were we able to provide the best possible
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constant in the L?—estimate of Chapter 3, but we also proved that assuming convexity
is necessary for general sub—critical exponents, as treated in Chapter 2. Both our
main theorems of these chapters are thus given under optimal hypotheses when p < n,
and the L2-theorem even gives an optimal statement.

In contrast, the main theorem of Chapter 1 about the general super—critical
case lacks this feature. Nevertheless, it appears to step out from the usual (convex)
context which we found in the literature. It would therefore seem a worthwhile goal
to strengthen this result.

3.3. On the optimal constant. Also, one should be able to extract useful
information by determining in general the optimal constant in the main estimate.
Regarding this constant, another route one might want to pursue is a further ana-
lysis of the critical two—dimensional case. In view of the results we present, one
might wonder about the most general hypotheses under which the constant we and
G. Huisken found would apply. We know now that mean convex and star—shaped
is sufficient, but this does not preclude the possibility of a more general condition
under which the optimal constant is valid. On a related note, it would be interesting
to investigate the size of the universal constant appearing in the original work of
C. De Lellis and S. Miiller.

3.4. Beyond Euclidean? Finally, a widely open problem is whether it is pos-
sible to combine our work with the one of C. De Lellis and P. M. Topping [DLT10],
who prove an L?—estimate analogous to ours (note that the inequality below appears
to have been obtained already by B. Andrews in unpublished work — see [CLNO6,
§B.3, pp.517-519] for an exposition; however, [DLT10] also show the optimality of
the constant appearing on the right—hand side). More precisely, for closed Rieman-
nian manifolds of non—negative Ricci curvature and dimension larger than two, they
prove

7i 5 HRiC_Scal

L27

2 "
and show that the constant on the right-hand side is optimal (we wish to repeat
at this point, that the proof of our L?—estimate is, in fact, a simple adaptation of
theirs). A first, albeit very small, step in this direction is attached as the second
appendix.

1
Ric — _Sca g
n







Notations and conventions

The present work assumes a certain familiarity with Riemannian geometry and
generally follows standard notation — for background references, the reader may
consult the books recommended below.

Contents
General remarks xix
Background reading Xix
List of symbols XX
Sign conventions XX

General remarks. In the whole text, the dimension n is assumed to be at
least two. The symbol ¥ denotes a smooth, closed (i.e. compact, without boundary)
and connected hypersurface in R"™'. The Riemannian metric g and the second
fundamental form A on ¥ are the ones inherited from Euclidean R" ™. We will, in
general, abuse notation for objects of the tangent bundle, insofar as we will identify
them with their respective push—forwards via the embedding of ¥ into R™*!. Also,
whenever we take norms or traces of quantities in the tensor bundle, we imply the
appropriate usage of the metric g (however, we often write try for the trace-operator).
The same holds true for derivatives, unless stated otherwise. Moreover, whenever we
put indices on quantities of the tensor bundle without specifying the chart we use,
they will refer to some generic system of coordinates, and the metric g will be used
to raise and lower those indices (except for some cases we will point out).

Background reading. The author got his geometric education from several
different sources, among which [BG92], [dC76], [Mil97], [Lee97], [GHLO04], [dC92]
and [Nic07b]. He also liked some expositions in [Bes87] and [O’N83], and enjoyed
reading parts of [Ber03]. For analytical questions of a general nature, he learnt a
lot from [Rud87], [Bar95], [Eva98], [GT01] and [EG92], whereas he recommends
the outstanding [Aub98|, as well as [Jos08], for more specific questions on analysis
on manifolds (but see also the introductory text [Spi65]). Regarding convexity, he
found [Sch93] extremely helpful, as well as [Roc70]. Finally, for topics in functional
analysis, he usually uses [Bre83] and [Rud91].
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List of symbols. What follows is a list of generic symbols which we will use
frequently and, on many occasions, without specifying their meaning again. We
sometimes use subscripts to emphasise the context to which these symbols belong.

B, (z) The ball of radius 7 around z in the ambient space (usually R™*)
D (y) The ball of radius r around y in coordinate space (normally R"™)
volm, The m—dimensional Hausdorff measure in R?t?!

(-, )p The Euclidean scalar product in a linear subspace P C R™*

id The identity (1, 1)-tensor

5 The Kronecker delta

D The coordinate derivative of Euclidean space

g The Riemannian metric of £

dvolg The volume form associated to g

The Hilbert—Schmidt norm with respect to g, acting on sections
of the tensor bundle — we usually drop the subscript g

try The trace with respect to g

v The Levi-Civita connection of g

A The Laplace-Beltrami operator with respect to V,
but sometimes also the usual Laplace operator

div The covariant divergence operator acting on symmetric two—tensor fields
or vector fields, but occasionally also the Euclidean divergence operator

Riem The Riemann curvature tensor associated to g

Ric The Ricci tensor obtained from Riem

Scal The scalar curvature obtained from Ric

The outer unit normal vector field to ¥ in R" ™!, also called Gauss map

v

A The second fundamental form of ¥ in R™*

H The mean curvature of ¥, H = try A

A The traceless part of A, A=A — %g

B:C The full contraction of the two smooth, symmetric two—tensor fields
B and C, i.e., in coordinates, B:C = Ezjykﬁlzl(gfl)lk(gfl)]lBijC'kl

Also, for smooth functions ¢ : ¥ — R, we set

1
[ fzw volg Voln(z)/zw volg

to denote the average of ¢ over the hypersurface 3, but usually we do not specify
the volume form when we write an integral.

Sign conventions. If X, Y and Z denote any smooth vector fields on ¥, ex-
tended to a neighbourhood of ¥, then we put
Riem(X,Y)Z =VyVxZ —VxVyZ - Vv, x-vxvZ,
and

AXY) = —(DxY,v), ...
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These signs are chosen in such a way that the usual n—sphere S% of radius R > 0
has scalar curvature Scalsg = %, and that the second fundamental form A of
Y} has non—negative eigenvalues, whenever ¥ bounds a convex domain.






CHAPTER 1

The super—critical case for generic
hypersurfaces

In this chapter, we prove our main estimate for generic n—dimensional hypersur-
faces of R™*! in the case p > n > 2, and show that it implies qualitative C°—closeness
to a sphere. Unfortunately, the constant on the right—hand side of the estimate de-
pends on the LP-norm over the hypersurface of the second fundamental form of the
hypersurface. At this point it is unclear to the author how to mend that.
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1. The main theorem of this chapter
Our goal is to prove

Theorem 1.1. Letn > 2, p € (n,+0o0) and co > 0 be given. Then there is a
constant C' > 0, depending only on n, p and co, such that:

if & C R s a smooth, closed and connected n—dimensional hypersurface with
induced Riemannian metric g and such that

(a) voln(X) =1

(b) 1Al sy = ( / |A|p> <o,
>

and

=
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then
(1.1) Igleinr%}”A*/\gHLp(z) < C”AHLP(Z)'

We prove the theorem in the next section, and show in Section 3 how it implies

Corollary 1.2 (to Theorem 1.1). Let n > 2, p € (n,+0), co > 0 and € > 0 be
given. Then there is a constant 6 > 0, depending only on n, p, co and €, such that:
if ¥ C R™ ! is a smooth, closed and connected n—dimensional hypersurface such that

(a) voln(X) =1,

(B) 4]l sy < co

and
(c) ||A||Lp(2) <9,
then
dup (E, 0By, (m)) <€, for some x € R™M,
where po = (voln(S"))_v_lL and duyp denotes the Hausdorff distance in Fuclidean
R+,

The idea of the proof of Theorem 1.1 (performed in Section 2) is as follows.
We will show that an estimate analogous to (1.1) holds in charts where a portion of
¥ is given as the graph of a smooth function. This will be done by examining the
differential equation that each component of A satisfies in such charts in terms of
derivatives of A and applying the Calderén—Zygmund inequality. In order to get the
global estimate, we show that ¥ can be covered by a controlled number of geodesic
balls with a certain size and overlap and such that each ball is contained in the graph
over a tangential plane of a smooth Lipschitz function. As will become clear in the
proof, we have to assume an upper bound for ||AHL,,(2) as well as p > n, so that we
can “patch together” the local estimates to obtain the global one.

In order to get the local estimate, we will make use of the following, rather sur-
prising result, which states that the partial derivatives (with respect to the Cartesian
coordinates of a chart in which a portion of ¥ is given as a graph) of the second fun-
damental form A are entirely determined by the partial derivatives of its traceless
part A. The proof of this will be given in Section 4.

Lemma 1.3. Let U C R", n > 2, be an open set and assume % is the graph of
a smooth function u : U — R (¥ is thus a smooth hypersurface in R™). Let
¢:U = R ¢ — (x,u(x)) be the corresponding parametrisation. Denote by
D the derivation with respect to the Cartesian coordinates of R™ using the chart ¢.
Then the partial derivatives in U of the second fundamental form A of ¥ satisfy

i Qi 1 = 21 i
(1.2) DkAj:DkAj+m ZDlAk 5]’7

Vi7 j? k?

=1

where /(iij = Aij — %27:1 All5ij are the components of the traceless part A of A.
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Remark 1.4. Notice that the statement of Lemma 1.3 would be a rather obvious
consequence of the Codazzi equations, if (1.2) were given with respect to the Levi—
Civita connection V. The point here is, of course, that the identity holds for the
usual “Fuclidean partial derivatives” in the corresponding chart.

We will think of expression (1.2) as a system of partial differential equations,
where the unknowns are the components of A. The following proposition then yields
the local estimate. Its proof, which is deferred to Section 5, is done by taking the
trace of (1.2) to get an equation of the form Du = div§f which, by the Calderén—
Zygmund inequality, admits the desired estimate.

Proposition 1.5. Let U C R", n > 2, be an open set with 0 € U, and assume X
is as in Lemma 1.8. Let R > 0 be such that Dr(0) C U and assume p € (1,+00)
be given. Then there exists a constant C' > 0, which depends only on n and p, and
there exists a A € R such that

[e]
(1.3) 1A =29l LoDy, 5000 < ClANLy (DR (0)) -

Remark 1.6. Notice that, in contrast to (1.1), the constant C' on the right-hand
side of (1.3) is independent of the second fundamental form A of the hypersurface 3.
We will make use of this fact in the next chapter. Here, it is the lower bound on R,
required to be able to apply Lemma 1.7 (see below), that will introduce this dependence.
In addition, it is also this lower bound that will restrict the global theorem to the cases
p>n.

Now, to obtain the global estimate, we need the technical lemma below. It states
that we can cover ¥ by a controlled number of geodesic balls in which a portion of
Y. is represented as a Lipschitz graph. As every smooth hypersurface can locally be
parametrised as the graph of a Lipschitz map, the important assumption will be that
there is a uniform upper bound on the Lipschitz constants of these maps, as well as
a uniform lower bound on the size of the domain on which the maps are defined. As
we will see in Section 2, the assumptions of Theorem 1.1 imply those of the lemma.
The proof of the latter, performed in Section 6, is based on the observation that
a geodesic sphere with small enough radius p is contained in the graph of one of
the Lischitz maps over a ring with radii related to p. Consequently, the volume of
small geodesic balls on ¥ is controlled by the volume of Euclidean balls. Since ¥ has
normalised area and is compact, the existence of the aforementioned cover is then
assured.

Lemma 1.7. Let ¥ C R"™, n > 2, be a smooth closed hypersurface with normalised
area, vol,(X) = 1, and let ro > 0 and L > 0 be given. Assume that, for each point
q € T, there is an isometry ®, of R" and a smooth Lipschitz function ug : Dy (0) C

R™ — R with Lipschitz constant at most L, such that ®q (D,«O (0), ugq (DT0 (0))) cx
and @4 (07 uq(O)) =q.

Then, for every q € X, the geodesic ball BY, (q) C X of radius ro around q is contained
in D4 (D,«O (0), uq (Dro (O))), and there is a constant C, depending only on n, such
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that 3 can be covered with N such geodesic balls, where

ry

(1.4) N<C

2. Proof of Theorem 1.1

In this section we deduce the global rigidity estimate (1.1) from the local rigidity
estimate (Proposition 1.5) and the existence of a covering as described in Lemma 1.7.

2.1. Construction of Lipschitz charts. So let X be as in Theorem 1.1 and
pick any point g € ¥. Without loss of generality, we may assume that ¢ = 0 € R"?
and 7,2 = R™ x {0} C R™"'. By smoothness, a portion of ¥ is then given as the
graph of a smooth function v : U C R" — R with «(0) = 0 and Du(0) = 0, where D
denotes derivation with respect to the Cartesian coordinates of R™. We can assume
that U is maximal, in the sense that if a portion of ¥ can be represented as a graph
over V D U, then V = U necessarily.

In the proof of Lemma 1.3 (Section 4), we will see that, in the coordinates at
hand, the metric g of %, its inverse and the second fundamental form A of ¥ are
given by (see equations (1.13), (1.14) and (1.15)):

i i  D'uDu D;Dju
9ij = 0ij + DiuDju,  g" =67 — ————, Ay = ——te,
1+ |Dul? 1+ |Dul?

respectively. Let
Du

V1+ [Dul*
Notice that, by definition, |v|] < 1. Moreover, if 0 < ¢ < 1 and |v] < ¢ then
|Du| < ¢/v/1—¢? < +oo, implying that u is Lipschitz with Lipschitz constant
L<c¢/vV1—c2.

Define

V=

R=sup<r>0
e€dD1(0)

1
sup |v(re)| < 5}

as the maximal radius of a ball Dr(0) C R™ such that the length of v is uniformly
bounded by 1/2. Clearly, R > 0 since v(0) = 0 and v is continuous. Also, R < +00
since otherwise u would be defined on the whole of R™ and ¥ would not be compact.
In fact, in view of equation (1.13) of Section 4 and our assumption that vol, (X) =1,

1
we must have R < (Voln(S")) ™. Thus R is well-defined and u is at least defined
on Dgr(0). Moreover |v| < 1/2 holds throughout Dg(0), implying that w is uniformly
Lipschitz on Dg(0) with constant 1/+/3.

2.2. The local estimate. Applying Proposition 1.5 for p > n, we obtain a
constant C', depending only on n and p, and some A € R such that

o
IA=29lle(p, .0 < CIAlLo (0,0 Vr <R
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Remark 1.8. As we will see in the proof of Lemma 1.7 (Section 6), any geodesic
ball BY(q) with centre q and radius v < R is contained in the graph of u over D,(0).
Moreover, since u is Lipschitz, the area vol,(BY(q)) of such a geodesic ball is con-
trolled by vol, (D, (0)). This will be useful later.

The first part of the remark yields the following local estimate: For all ¢ € ¥
there is a A € R such that for r < R/4

(1.5) A - )‘gHLP(Bff(q)) <C ||A||LP(E) ’

where C' depends only on n and p.

2.3. A lower bound on the size of the Lipschitz charts. In order to apply
Lemma 1.7 to get the global analogue of the above estimate, we now show that R is
bounded from below. For this we calculate:

_p_ Dw _ DiDu_ S, D'uD'uD; D
=D, =
V1+[Du’ /14 |Duf? (1+[Dul)*2

"/ ., DuDw DDju - ;
(1.6) = (5” - ) I =) g'A,; =4
; 1+ |Dul* ) \/1+ |Dul Z !

=1

%
D]'U

Thus |Dv| = |A] in every point of Dr(0). We apply the Morrey—type estimate found
in Lemma A.1 of the appendix to v at x = 0, and we get with identity (1.6)

[v(y)]

— < CDvll Ly p 0 =ClAllrp 0) *
yEDR(0) |y|(p n)/p (DRr(0)) (DRr(0))

Now, by the maximality of R, there exists an e € D1 (0) such that lim, »g |v(re)| =
1/2. For y = Re, we therefore obtain

2 _

(1.7) R/ = C ”A”LP(DR(O)) :

Since HAHLP(E) < ¢o by assumption, we infer that there is a constant C, depending
only on n and p, such that, if we define

(1.8) Ry = Ceg®/P™™),
then R > Ro.

1
Remark 1.9. Conversely, in view of the upper bound (voln(S”)) ™ on R com-
ing from the assumption that vol,(X) = 1 (see (1.13) in Section 4), we infer from
inequality (1.7) that

L —p

(voln(S™)) 77
[AllLes) 2 ~——a

where C' is the constant of Lemma A.1 that depends only on n and p. This obser-
vation will be useful in the proof of the qualitative C°—closeness in Section 3.
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2.4. Local to global. Taking 7o = Ro/8 and L = 1/+/3, we can now apply
Lemma 1.7 (twice — once both statements, then only the first) to obtain a covering
{B7(45)},< ;< of ¥ by geodesic balls of radius 7o such that, in each B3, (g;), the
local estimate (1.5) holds for all 7 < 2rg = Rg/4. By the triangle inequality, any
two balls of the covering that intersect will have the property that the balls with
same centres but twice the radius have an overlap that contains, at least, a geodesic
ball of radius 7r9. This will be useful to “patch together” the local estimates in
order to obtain the global one, since, obviously, A depends on the geodesic ball
(cf. the proof of Proposition 1.5 in Section 5). Indeed, given that the covering of 2
by {Bgm (Qj)}1§j§1v has sufficiently large overlaps, the difference of the As in two
neighbouring balls is controlled.

In fact, let Q1,Q2 C X with vol,(©Q1 N Q2) > 0 and assume that there are
A1, A2 € R such that |4 —Aigllpp,) < B and [|[A = Xogllpq,) < B for some 3
independent of ; and Q2. We have

1 1 ’
A= el = (M= Xeff)P = | ——o— el
|1 2| (| 1 2|) (Voln(Ql QQQ) /S)lﬁﬂ2| ' 2|)

1
=——7 M=
vol, (21 N Qg)% LP(210Q2)
1
= ———— Mg — A+ Ao,
nvol, (Q N Q)7 LP(2109)
1
< m (HA — )\19|\Lp(9m92) +]A - )\gg||Lp(QmQ2))
< 2

kS

’I’LVOln(Ql N QQ) .

In particular, if 21 and 2 are two intersecting geodesic balls of radius 7o from the
cover, such that the intersection of the balls with doubled radius contains a geodesic
ball of radius 7o, then the local estimate (1.5), together with Remark 1.8, yields a
constant C, depending only on n and p, such that

A1 — X2 <Cry ? HAHLP(E) :

Consider a path joining the ball in the cover with the smallest A, say Amin, to
the one with the largest A\, say Amax. Since the path can cross at most N distinct
balls, we find that

(19) |)\max - )\min| S CTO_;N HAHLP(Z) bl

where the constant C depends only on n and p. Let ng., 73 =1,...,N, denote the
geodesic balls of the cover and A; their corresponding As. By virtue of (1.9) above
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5

and the local estimate (1.5) we then have for any A between Amin and Amax,

A=Al Lo (s <

Mz

14 = Mgl )
1

<.
Il

M=

1A = Aj9 + Ajg = Al Lo 9

<.
Il
—

NE

<||A = A9l o o) + A9 = /\gHLp(s-g>)

<.
Il
-

WE

1
(HA — )\]gHLP(BJg) +n |)\max - )‘miﬂ| Voln(Bf)p>

<.
Il
—

n

Mz

1
Cul[ Al (14 CaNry * ()7

Jj=1

N

<D G+ N) 4] s
j=1

<ON* | Al o s »

where the constants Ci, C2, C3 and C' depend only on n and p. Using the upper
bound (1.4) on the number N of balls in the cover and the expression (1.8) for 4rg

we finally obtain
2np

A - )‘gHLP(Z) < CC(? " HAHLP(Z)a
where, again, C' depends only on n and p. This proves Theorem 1.1. O

3. Proof of Corollary 1.2

In this section we want to show that any hypersurface X that fulﬁls the assump-
tions of Theorem 1.1 has to be C°~close to a sphere, whenever ”A”LP(E) is small
enough. We do this through a contradiction argument.

3.1. Preliminaries. Assume Corollary 1.2 were false. Then we would find a
sequence (3 )ren of smooth, closed and connected hypersurfaces of R™ ™!, satisfying
voln(Xk) =1 and [[A][ (s, ) < co independently of k, and such that

klglgo ”A”LP(Ek) =0,

and the hypersurfaces ¥, do not converge (in the Hausdorff topology) to a ball
(notice that we do not even claim that there is a limit set). We shall show that this
is impossible.

We begin with the following observations. Applying Theorem 1.1 to each X,
we get, for every k € N, a A\ € R such that

A- Akg“LP(Zk) ¢ HAHLP(Z,C) )
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where C' > 0 depends only on n, p and co. The sequence (Ax)ken is bounded in R,
since

1 1 1
|Ak| = % H)‘kg”LP(Ek) < ﬁ ||AHLP(Z,C) + ﬁ A— Akg”LP(Zk)

1 C ) Co C Q
<~ i Ml < Z2+ 2= Ml

and the second term on the right-hand side converges to zero as k — oo. Hence,
modulo picking a subsequence, we might without loss of generality assume that
limi—eo Ax = A € R. Notice also that, in view of Remark 1.9 in the proof of
Theorem 1.1 (Section 2), we have for each k, that ||A,,x,, = 0, where 6 > 0

depends only on n and p. It follows that

(1.10) 1Al Le s,y +

[Ak]

1 1 1

T H)‘kgHLP(Ek) > T ||AHLP(Z,C) - % A - )‘kQHLp(zk)
0

\/— \/— H HLT’(Ek

whence |X‘ >4/y/n>0.
Returning to the main argument, we show how our assumptions imply that,
locally, the YXxs have to converge to portions of spheres.

(1.11) >

3.2. Local convergence. We pick, for each k € N, an arbitrary point gx € k.
Modulo translations and rotations, we can without loss of generality assume that
g =0 € R™' and that T, Zx = R™ x {0} C R™"" (cf. the proof of Theorem 1.1).
Then, from Section 2, we know that each Xj has a portion given as the graph of a
smooth 1/+/3-Lipschitz function uy : Dr(0) — R, where R depends only on n, p and
co (notice that, by our construction in the proof of Theorem 1.1, the functions uy are
Lipschitz up to the boundary of Dr(0) C R™). The sequence (ux)ren is therefore a
pointwise bounded, equicontinuous sequence in the space of continuous, real-valued
functions on the compact domain Dr(0). Then the Ascoli-Arzela-Theorem (see, e.g.,
[Rud91, Thm.A5, p.394]) implies the existence of a subsequence (ukl) C (uk)ken

- leN
that converges uniformly on Dg(0) to a continuous function .
Now define for each [, as in the proof of Theorem 1.1,

Dukl
vV 1+ |Dukl |2

There, we had seen that Dj(u)" = (Au,,)’; for all i,j € {1,...,n} (see eq. (1.6)).

Then, since |Duyg,| < (implying that |v;| < ) and, using our bound on the
LP-norm of A,

v =

1
V3

HDWHLl (VOI (DR(O 1 HA“’WH

(DR (0)) =

< co (voln (DR(O)))I_% ,

LP(Dg(0))
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(v)ien is bounded in W1 (Dg(0); R™). Consequently, by Rellich-Kondrachov (see,
e.g, [Eva98, Thm.1, §5.7, p.272]), there is a subsequence (wm) C (m)ien and a
(vector—valued) function 7 € L'(Dg(0); R™) to which the v;,,

For each m € N and y € Dg(0), let wom(y) = vi,, (¥) —Ay. Then the w,, converge
in L' to ™ = (T — X-). But thanks to Theorem 1.1, we also have

| Dw,,, — Xid||

meN
converge in L.

HDmeLl(DR(O)) m Ll(DR (0))

< (vol. (Dr(0)))"

p ’Auk - Xguk -
lm Im LP(DR(0))

- _1 o —
< (o0 (@) (Hlisca 4 0,9~ N, )

It follows, that Dw = 0 in the sense of distributions (see, e.g., [GTO01, Thm.7.4,
p.150]), implying that w = ¢ almost everywhere, for some ¢ € R™ (see, e.g., [LL9I7,
Thm.6.11, p.138]). By the L'-convergence of the v;,, to T, we may then, after picking
a subsequence, assume without loss of generality that for almost every y € Dgr(0),

Du Mmoo —
(1.12) o () = b, () ST W

1+ |Duk,,, ()]

m

Since all the v;,, are bounded in modulus by %, we first observe that ‘Xy + c‘ < % for

all y € Dr(0), necessarily. Moreover, since the map z is (even uniformly)

1- \2\2

continuous on Dy D1 (0) C D:(0), it follows that

Xy +c
V1- |Xy—&—c|27
Slnce the Dug, —are uniformly bounded, the dominated convergence theorem (see,

, [Rud87, Thm.1.34, p.26]) then yields that the above convergence also holds in

L1 (DR (0)). In addition, the uy, —themselves obviously converge in L' to , as well.
Consequently, as before, we conclude that

Dug,, (y) ey for almost every y € Dg(0).

X +ec

V1=|X +c?

in the sense of distributions. But then we argue once more that there must be
constant b € R such that, for almost every y € Dr(0),

u(y) =b—+/1— [y +cl2

Since we established already that @ is continuous, the above identity holds in all of
Dr(0). Thus, indeed, T parametrises a portion of a sphere of radius |X| ! and centre

()

We now show how we can easily obtain the global statement from Lemma 1.7.

Du =

(=]

(3]
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3.3. Local to global. Applying the same technique as in the proof of The-
orem 1.1 (Section 2), we cover each X, ~ with geodesic balls of radius 2ro = R/4
such that neighbouring balls have large enough overlap. Then our local argument
shows that the centres of the two spherical portions to which (Eklm )meN converges
in neighbouring balls have to coincide. We conclude immediately that the whole
sequence has to converge to a sphere of radius |X|71, which contradicts our assump-
tions. This finishes the proof of the corollary. t

4. Proof of Lemma 1.3
Let ¥ C R"™! be as in Lemma 1.3. ¥ is embedded into R™*! by the map

x, a€e{l,...,n},

. n+1 « _
f:U—=>R" fo(x)_{u(x), a=ntl.

The metric of ¥ in the given coordinates z* is obtained from g;; = "t p, foDjfa.

a=1

We adopt the convention that Greek indices run from 1 to n+1 (representing coordin-
ates in the ambient space R”+1), whereas Latin ones run from 1 to n (representing
coordinates in the coordinate space R™). Since

Dif* = 0;, ae{l,...,n},
Diu, a=n+1,
we get
(1.13) gij = Z 5Zk(5k] -+ DiuDju = 51']' + DiuDju.
k=1
It is easy to verify that the inverse of g is then given by

DiuD’vy

1.14 g
(114) g 1+ |Dul?

where |Du|® = S D'uDju.

Remark 1.10. In the above expressions (1.13) and (1.14), the indices on the right—
hand side refer to the coordinates in R" 1. Therefore, they are raised and lowered
with the ambient metric §. On the left-hand side, however, the indices are with
respect to the coordinate space R™. Those indices are raised and lowered with g.

The Gauss map of ¥ is given by

o 1 D%u, ae{l,...,n},
V'Y= ——
\/1+|Du|2 717 a:n+13
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where we have chosen the orientation such that det(Df,v) < 0. Consequently,
D, D% N —Du (¥,_, ((DiD*u)Dyu+ D*u(D; Dyu)))

V1+ [Duf? 2(1 + [Dul?)3/? 7

ae{l,...,n

251, D*u(D; Dyu)
2(1 + |Dul?)3/?

I

a=n+1,

from which we calculate the second fundamental form A of X:

n+1

(1.15) z]_ZDu D, fo = 2D

V14 |Du|

To prove (1.2), we first calculate the Christoffel symbols of g:

D*uD;Dju

k
= Ai',
1+ |Dul? !

n
1
Ffj = 5 ngl (Digji + Djga — Digij) =
=1
Du

/14 |Du|?’

tangent plane to U. Denoting by V the Levi-Civita connection of g, we have for any
indices i, j and k

where v = Note that v is the projection of the Gauss map v onto the

ViA'; = DyAY + Z r}, Al — Z I}, A"
=1 =
Using the Codazzi equations,
VkAZ] - V]-Aik,
we obtain
n n
DpA'y = DAY = > T Al + ) Th A,
1=1 1=1
which, inserting the expression for the Christoffel symbols, reads

DkAij = D;A"Y — ' Z Apgh Agj + 0 Z Ajig" Au,
l,s=1 lit=1
Now denote by A the traceless part of A, i.e. fciij =AY, — 15 ARG Clearly,
if ¢ # j, we have for all k£
DkAZ] == Dkﬁz
Consequently, we have for all k& # 4
DAl = DiAY = DAY
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We finally calculate

l)ZAZZ = DZ;{ZZ =+ l Z DlAkk
" k=1
= DZ;{ZZ + l zn: DZAkk + ll)ZAZZ
n p n

ki

n
. B 12 ok
—1 D1A1+Ek71DkAZ

n 1 o 1N ok
1— 2 ) DAL + =S DL AR,
nl(( n) +n; k )

S 1 - ok
_DZAZ.+H;D;€A
=1

3=

This yields for arbitrary indices 4, 7 and k:
i s 1y L 1 k si
Dy A :DkA]-JrgZDkAlé]-JrEDkA K0
17k
= Dkﬁi~ =+ l zn:Dl/il (51 =+ lez‘i’k (51 =+ # zn:Dl/il (51
7 £ Ko I = 1) p— Ko

£k

o 23 1+ ol i 1 = ol i
_DkAj+g;DlAkaj+m;DlAkaj

n
24 1 o i
=1
This proves (1.2) and thus Lemma 1.3. O
5. Proof of Proposition 1.5

Proposition 1.5 will follow directly from the following

Proposition 1.11. Letn > 2, R > 0 and 1 < p < +oo. Let u € C*(Bgr(0)) N
LP(Br(0)) and § € C*(Br(0);R™™) N LP(Br(0); R™*™) be such that u solves on
Bgr(0) CR"

(1.16) Du = div,

i.€e.

Diju= zn: Dif*;.
k=1
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Then there is a constant C, depending only on n and p, such that

u— f u
Br/4(0)

_ -1
where JCBR/4(0) u = vol, (Bg/4(0)) fBR/4(O) u denotes the average of u on Bp/4(0).

(1.17) < CHfHLp(BR(o)) )

LP(BR;4(0))

Indeed, Proposition 1.11 implies Proposition 1.5 if we take

n o

u= Z AR, and f= A.
k=1

n—1

For then, by equation (1.2) of Lemma 1.3, u satisfies Du = div f, and (1.17) yields

n

En: At~ ][ > A%
k=0 D

r/a(0) g—o

< ClAllLo (g0 »

LP(Dp,4(0))

for some constant C' that depends only on n and p. Writing

1 “~ ok
A= — E A
n k>
DRrs4(0) =1

we obtain

[A— )‘g"LP(DR/4(O)) =

o 1 i
AJrE <2Akk> g—Ag
k=1

LP(Dp,4(0))
n n
7 n k k
< 1 o + 2 [ A%~ F A%,
k=1 Pria©@ k=1 lLr(Dg 40
S ClAl Ly Dy (o)) -
which proves Proposition 1.5. O

PROOF OF PROPOSITION 1.11. Let ¢ € C*°(R;[0, 1]) be a smooth function with
the following properties:

(i) Vz e R, ¢(—z) = ¢(z),
(i) Vx| <1/2, p(z) =1,
(iii) V]z[ > 1, p(z) =0,

and
(iv) If |z| = 1, then ¢(z) = ¢'(z) = ¢"'(z) = 0.
Define
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Then |ﬁ||Lp(Rn) < fllzezr o) and?: Dg: 0, Vi, on OBr(0). Moreover, u solves
Du =divfin Bg/2(0). Let o be the fundamental solution of
{Am =divdivj, in Bg(0),
w =0, on OBRr(0),
and denote by K the standard Dirichlet kernel in R™. Then to is given by

= / K(y —x)divy diVy?(y) dy
Br(0)

= [ 3 K- aDio ) dy
BRr(0) g, 1=1

= [ > ot - ) dy
Br(0) ,1=1

= / > DyDLK(y — ) (y) dy
R™ Joi=1
n 1 2V — ) =y — 2|2 8K~
-3 = / n(y — )"y — =) n+2|y 265 )y,
o2 n e ly — x|
where w,, = vol,(B1(0)) denotes the volume of the unit ball in R™. It is straightfor-
ward to check that, for any k& and [, the map
naFa! — || oF
#’

QR SR,
|z

which is homogeneous of degree 0, satisfies the cancellation property,

/ Q" =0
8B1(0)
and the smoothness condition,

sup ‘le(x) - le(x/)‘

lo—a|<s

1
/ z,x’ €981 (0) ds < +00
b
0

é
required to apply the Calderén—Zygmund inequality as in Theorem 3 of Chapter 2,
p-39, in [Ste70]. We get
(1.18) HmHLp(BR(o)) < CHfHLF‘(R") <C HfHLp(BR(o))

for some constant C' depending solely on n and p.
Now, for 2 € Bgr/2(0), let

b(z) = u(z) — w(z).
Taking the Laplacian, we see that
Ah = Au— Aw = div(divf) — divdivf =0,
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i.e. b is harmonic in Bpr/2(0). Moreover, h) solves in Bp/2(0)
Dh = Du— Dro = divf — Do = div(f — 1 - id),
where id denotes the n x n identity matrix. Notice that, by our considerations above,
[F —=w-idllLe(Bg 0 <llrsgr0) Frlwlies, H0) < ClilieBao) -

where C' depends only on n and p. Since § is harmonic, so is Db, and we have by
the mean value property for all z € Bg/4(0), all p € (£, %) and all i

Dib(z) = ][ Dibh = ][ div(f — v -id); = ﬁ][ > (?’“i - mg’“i) (v)",
Bp(=) Bp() P JoB,(z) s

P xT
where the last equality follows from the Gauss Theorem and v*** denotes the outward
unit normal to dB,(x). Thus, since p > R/8, we have for all x € Bg,4(0), all
p€ (£, %)andalli

1 ~ " ~
|Dib| < = / (f— o -id); §~8—n/ (F—t-id)s|.
(lan dB)(x) wnft 9By (x)
Integrating with respect to p and using the Holder inequality we get
R ~ .
bl < 2 / [ fG-we,
dB)(x)
- (F—rw-id);
WnR” LY(Bg,4(x)\Bg,s(c))
< |G- ias
wn R™ LY(Bp/»(0))
n ~ n 171/1’ -~
< B (enlt (F— - id), .
wa R\ 2" LP(Bg/2(0))

It follows that there is a constant C, depending only on n and p, such that for all
T € BR/4 (O)
|Db| < CR™' P IFll 2 (B 0)) -
Using the Poincaré inequality for balls (see, e.g., [Eva98, Thm.2, §5.8.1, p.276]), we
LP (B /4(0))

obtain
h— ][ b
Br/4(0)
< C2R™»R¥» Hﬂ'LP(BR(O)) =y ||f||Lp(BR(o)) ’

for some constants C; and C> depending on n and p. Since u = w + h and with the
help of the estimate (1.18) for the potential w, we arrive at

u— ][ u
BR/4(0)

< CiRIIDYI o5, 400)

<C HfHLp(BR(o)) )
LP(Bg/4(0))
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for some constant C' depending on n and p alone. This proves Proposition 1.11. [

6. Proof of Lemma 1.7

Let ¥ C R™"! be as in Lemma 1.7 and choose ¢ € ¥. We first show some
estimates on the size of a geodesic ball BY(q) with radius p < 7o centred at g.
Without loss of generality, we may assume that ¢ = 0 € R"*! and that ¥ is rotated
in such a way that a portion of it is parametrised as the graph of a smooth Lipschitz
function u : Dy, (0) C R™ — R, with «(0) = 0 and Lipschitz constant Lip(u) < L.

Claim 1. The geodesic sphere 0B3(q) with radius p < ro centred at q is contained

in the graph of u over the closed ring D,(0)\ D,/a+1)(0).

PRoOOF. Let dy(x,y) denote the geodesic distance from (x,u(z)) to (y,u(y)).
For each y such that (y,u(y)) € 9B%(g) we have dg(0,y) = p. Moreover,

dg(0,y) > |(y,u(y)) — (0,0)] = \/y? + u(y)? > |y|
and

1
dg(0,) S/ g(0ry, Oey) dt,
0

where « is any curve ~ : [0,1] — (DTO (O),u(DT0 (0))), t — ~(t), joining (0,0) and

(y,u(y)). The second estimate follows from the definition of dg (0, i) as the infimum of
the right-hand side taken over all such curves. Choosing (t) = (ty, u(ty)), we obtain
with the help of equation (1.13) in the proof of Lemma 1.3 (Section 4) and using
that u is Lipschitz (D denoting derivation with respect to the Cartesian coordinates
of R™)

1/2

/ g(at%c?w)dt:/ <|yl2+<ZDku(ty)y’“>> dt
0 0 k=1

! 1
S/ (Iyl> + [Du(ty)? |yf?) " dtg/ lyl /1 + L2 dt
0 0

<yl (1 +L).
Thus we have P
ly| <p and ly| > 110’
proving the claim. O
It follows immediately
Claim 2. The volume vol,,(B3(q)) of the geodesic ball BY(q) with radius p < ro and
centre q is bounded by
ojn,o” ~ n
— __ < vol,(B? < (14 L)wnp”,
ot < volu(B)(@) < (1+ L)dnp

where wn, = vol,(D1(0)) denotes the volume of the unit ball in R™.



6. PROOF OF LEMMA 1.7 17

PROOF. From equation (1.13) in the proof of Lemma 1.3 (Section 4) follows that
the volume form oy on B3(q) is given by

oy = /detg =1/1+ |Dul’.

With Claim 1, we immediately get by the Lipschitz property of u

vola (B3 (q)) > / ViD= 3, (r12)

D, 1+1)(0)
and
vol, (BY(q)) < / 1+ 1DuP < BT B2 < (14 D",
D, (0)
which proves the Claim. O

An argument similar to the one in the proof of Claim 1 shows

Claim 3. Let x € D;,(0), ¢ = (z,u(z)) and 0 < p < ro — |z|. Then the geodesic
ball B3(q') is contained in the graph of u over the open ring D)z 4,(0) \ Djzj—,(0).

PRrOOF. For each y such that (y,u(y)) € BI(¢') we have dgy(x,y) < p. Moreover,

dg(2,y) > |(y,u(y)) — (z,u(z))| = \/Iy —a’ + |uly) — u(@)|® > |y — 2| > [Jy| - |=]|-
Consequently,

lz| — p < |yl < |z| + p,
proving the Claim. O

We now proceed with the proof of Lemma 1.7. Let r; =
B={B(q)]|ie}
be a maximal collection of pairwise disjoint geodesic balls in ¥ of radius 1. We will

show that the number of balls in this collection is controlled. Moreover, we will show
that the collection

ﬁ and let

B={Bl(q)]|ic}
of geodesic balls of radius ro but with same centres ¢; has the properties claimed

in the lemma to be proved. Clearly, the index set J is finite since X is compact.
Moreover,

Claim 4. The cardinality |J| of J is controlled by

4" (14 L)

|J] < 7#
W, g
ProOOF. We know from Claim 2 that

L (B () > wnTT _ WnTQ .
vo. ( ’rl(qj)) = (1+L)n 4"(1+L)2n
Since vol,(2) = 1 and the geodesic balls of radius r1 are pairwise disjoint, the claim
follows. d
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Claim 5. For every q € %, there exist two distinct indices ji1,j2 € J, j1 # j2, such
that

qE ngo (qjl) N Bgo (Qj2)'
(In particular ¥ C Uje s BY,(g5).)

PRrROOF. Let ¢ € ¥ be arbitrary. Again, without loss of generality, we may
assume that ¢ = 0 € R"™! and that a portion of X is given as the graph of a smooth
L-Lipschitz function u : Dy, (0) C R™ — R with «(0) = 0.

By Claim 3, there must be a ji € J such that the graph of u over D, (0)
intersects BY, (g;,) since, otherwise, by Claim 1, we could add the ball BY, (q) to B
to get a bigger collection of pairwise disjoint balls, contradicting the maximality of
8. Notice that, in view of Claim 3, B, (g;,) will be contained in the graph of u over
D3, (0).

Similarly, there must be a j2 € J, j2 # j1, such that the graph of u over Ds,, (0)
intersects BY, (g;,) since, otherwise, we could fit a ball BZ, (¢), for some ¢ € ¥, in the
graph of u over the ring Ds,, (0) \ D3y, (0). By virtue of Claim 3, that ball would
then be disjoint from BY, (¢;, ), contradicting again the maximality of 9B.

Let y1 and y2 be such that ¢;; = (y1,u(y1)) and gj, = (y2,u(y2)). Then Claim 3
implies that |y1| < 2r1 and |y2| < 4r1.

By Claim 1, then, we have

dy(0.1) < |n| (14 L) < 5 <o

and

dg(0,y2) < |y2| (1 + L) < ro.

Therefore ¢ is contained in both By, (gj,) and B3, (gj,), finishing the proof of the
Claim, and thus the proof of Lemma 1.7. (|



CHAPTER 2

The sub—critical and critical cases for convex
hypersurfaces

In this chapter we prove our main estimate in the case p € (1,n] (n > 2) for n—
dimensional hypersurfaces that are the boundary of some convex domain in R™**. We
also establish the qualitative C%—closeness to a sphere. The ideas of the proofs are the
same as in the super—critical case in Chapter 1. However, we need a different method
to “patch together” the local estimates to obtain the global one. It is here then that
convexity plays the fundamental role. In fact, we are going to prove a similar result
to the one given by Pogorelov in [Pog73], obtaining an (n + 1)-dimensional ring of
controlled inner and outer radius that contains the studied hypersurface. This will
then enable us to apply Lemma 1.7 to conclude.

Due to the nature of the problem at hand, the restriction we faced in Chapter 1
regarding the necessity to preset a bound on [|A||., 5, can be avoided.
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1. The main results of this chapter

Our goal is to prove
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Theorem 2.1. Letn > 2 and p € (1,n] be given. Then there is a constant C > 0,
depending only on n and p, such that:

if © C R™ s a smooth, closed n—dimensional hypersurface with induced Rieman-
nian metric g and such that ¥ is the boundary of a convex domain in R"1, then

. o
(2.1) r>\nel£ A - )‘gHLP(E) <C HAHLP(E) :

Since both sides in (2.1) scale identically and none of the assumptions in the
theorem are scaling—-dependent, we can without loss of generality assume that the
n—dimensional volume of ¥ be normalised. It is thus sufficient to prove

Theorem 2.1'. Letn > 2 and p € (1,n] be given. Then there is a constant C' > 0,
depending only on n and p, such that:

if & C R™ s a smooth, closed n—dimensional hypersurface with induced Rieman-
nian metric g and such that

(a) volp(X) =1

and

(b) X is the boundary of a convexr domain in R™ ™,
then
(2.1) Igleinrg”A*/\gHLp(z) < C”AHLP(E) :

Notice that, in view of the following Lemma which we prove at the end of this
section, we can choose any constant cg > 0 and assume without loss of generality
that [|Al| ) < co (the author is grateful to C. De Lellis for having brought this to
his attention).

Lemma 2.2. Let n > 2 and p € [1,n] be given. Then there exists a constant C > 0
depending only on n and p such that:
if & C R"™ is a smooth hypersurface bounding a conver domain and such that

vol,(X) =1, then
/|A|p §C<1+/ |£i|p>.
> >

Indeed, if HXHLP(E) > ¢p, we would conclude

=

1 o
Iglel]lr{} [|A — AgHLp(z:) < HAHLP(Z) <Cv (1 + HAHTLT’(E))

1, 1 o
<Cv (Cop + 1) i HAHLP(E) )
and Theorem 2.1" would be proved. It is therefore enough to prove the weaker

Theorem 2.3. Let n > 2, p € (1,n] and co > 0 be given. Then there is a constant
C > 0, depending only on n, p and co, such that:

if © C R™ ! is a smooth, closed n—dimensional hypersurface with induced Rieman-
nian metric g and such that

(a) voln(X) =1,
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(b) X is the boundary of a convexr domain in R™H!

1
o ° P
(© 1Al = ( / |A|P> < co,
>

then
in||[A—\ <C|A .
Iglelﬂg}” 9||Lp(2) < ”LP(E)

and

The idea of its proof is exactly the same as the one in the proof of Theorem 1.1
of the previous chapter. However, there is one difference. Then, in order to apply
the technical Lemma 1.7 that yields a suitable covering of the hypersurface with
geodesic balls, we had to obtain a uniform lower bound on the radii of the balls over
which the hypersurface can locally be represented as a Lipschitz graph with given
Lipschitz constant. We did this by invoking a Morrey—type estimate (Lemma A.1),
which, obviously, does not apply here. It turns out, though, that we can apply
Lemma 1.7 directly, thanks to convexity. In fact, as shall be sufficient, we will prove
that a hypersurface of the type considered in Theorem 2.3 above is contained in an
(n + 1)—dimensional ring (or spherical shell) where we have (some) control over the
inner and the outer radius (namely that they depend only on the data given in the
assumptions of the theorem).

We thereby generalise a result given by A. Pogorelov in [Pog73, §VIL.9, p.493],
who proves a theorem stating in a quantitative manner that a convex two—dimensional
surface, for which the ratio of the two principal radii of curvature is sufficiently close
to one in each point, must be close to a round sphere, in the sense that it lies between
two concentric spheres such that the ratio of their radii is also close to one. More
precisely, we prove

Proposition 2.4. Let n > 2, p € (1,n] and co € (0,+00) be given. Then there exist
R > r >0, depending only on n, p and co such that:
if U C R™* ! s open, convex, has smooth boundary and satisfies

vol, (U) =1 and / |;1>|p < co,
oU

then there exists an x € R™™* such that B,(z) C U C Br(z).

In the next section, we quickly demonstrate how this proposition is used to obtain
Theorem 2.3, whereas in Section 3, we prove Corollary 2.5 below, which concludes
qualitative C°—closeness to a sphere from the main estimate. The rest of the chapter
will then be devoted to proving Proposition 2.4.

Corollary 2.5 (to Theorem 2.1 and Proposition 2.4). Let n > 2, p € (1,n] and
€ > 0 be given. Then there is a constant 6 > 0, depending only on n, p and €, such
that:

if ¥ C R™ is a smooth, closed n—dimensional hypersurface such that

(a) voln,(X) =1,

(b) ¥ bounds a convex domain in R™!
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and
(©) [[Allppesy <96,
then
dup (Z, 0By, (3&)) <€, for some z € R™',
where py = (Voln(S”))_TIL and dup denotes the Hausdorff distance in Fuclidean
R,

Remark 2.6. The avid reader might notice while working through this chapter,
that the chain of implications may easily be adapted to the convexr super—critical
case to obtain the analogue of the (weaker) Theorem 2.3. Since we do not need
(and do not get) any control on the deviation from one of the ratio of the radii
foundo in Proposition 2.4, we can just use Hélder’s inequality for the assumed bound
on HAH’]’J,(Z), to establish that ¥ is contained in a spherical shell whose radii R >
r > 0 depend only on n and co. Afterwards, we use these radii as in the proof of
Theorem 2.3 to cover X appropriately. By its qualitative nature, Corollary 2.5 then
also extends to all exponents p. However, we do not see how to obtain the equivalent
of the (stronger) Theorem 2.1' in that situation, nor how the above reasoning would
help when seeking quantitative C°—closeness in the convex super—critical case.

PROOF OF LEMMA 2.2. For all ¢ € ¥, let 0 < Ai(q) < X2(q) < -+ < An(q) de-
note the eigenvalues of the second fundamental form A (i.e. the principal curvatures)

in q. We then have, for all ¢,5 € {1,...,n},
1
3 P
b

(o) (ot
o [w)

On the other hand (1 < p < n),

P
freeae ([)'<([n)
= ~—— > =

1
Ai——H
n

L
1 P\ P

M——ﬂ)
n

3ls

(o)

But, since 3 bounds a convex region (cf., e.g., [Sch93, eqn.(2.5.29), p.112] or [CL57,

theorems 3 or 4]),
/ det A = / detdv = / 1 =vol,(S™),
by by sn
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where we denoted by v the outer unit normal of ¥ (i.e. its Gauss map). We conclude

1

(L)

(/ (A?—l—---—l—)\i)%); < (/ (A1+~~~+An)p)%
(/((Al—A1)+---+(An—A1)+nA1)p>%

S (fon) (L)

<2(n-1) (/ |21’|p> " n(voln(S"))%,

from which the desired estimate follows taking, e.g.,

p_
n

C = 2P max {2”(71 —1)P.nP (VOln(Sn)) : } .

2. Proof of Theorem 2.3

Let ¥ be as in Theorem 2.3. The only thing we need to check is how Proposi-
tion 2.4 implies the assumptions of Lemma 1.7, the rest of the proof being exactly
as in Section 2 of Chapter 1. More precisely, we need to ensure that, for each point
q € X, there is a smooth Lipschitz function u : Dy, (0) C R™ — R on a ball of radius
ro > 0 and with Lipschitz constant L > 0, such that ro and L do not depend on
the point ¢ under consideration (nor, indeed, on X), and such that a portion of ¥
containing g can be parametrised as the graph of .

So fix ¢ € ¥, denote by © C R™"! the open convex domain enclosed by ¥
and let e;, i € {1,...,n + 1}, refer to the standard basis vectors in R"*'. By
Proposition 2.4, there are R > r > 0 such that B,.(z) C Q C Bgr(x) for some z € Q.
Without loss of generality, we may assume that z = 0 and that ¢ = — |¢| ent1. We
then have r < |¢| < R. Now denote by wi‘q‘ = {y € R ‘ (y,ent1) = — |q|} the
n—dimensional hyperplane parallel to the span of {ei,...,e,} and passing through
q. Then a portion of ¥ containing ¢ can be written as the graph of a smooth
convex function v on D, = By(q) N ﬂ'i‘q‘. Moreover, we have |ullpop ) < R,
since B;(0) C  C Bgr(0). It is then easy to see that u is L-Lipschitz on D,, for
all p € (O7 %}, with L = g (see, for example, [RV74, Theorem A]). Since ¢ was
arbitrary, the assumptions of Lemma 1.7 are met.

As a result, we can cover ¥ with N geodesic balls of radius 2ro = r/8, where N
depends only on n, p and (through L and 7o) on cp, and such that the local estimate
(1.5) holds for all r < ro. Moreover, the elements of this cover will have large enough
overlap, in the sense that the intersection of two neighbouring balls of the cover will
contain a geodesic ball of radius 7o. T}éis then enables us to argue, once again, that
the As in (1.5) differ at most by C” [|A[| s, where C’ depends only on n, p and
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co (compare with (1.9)). The global estimate then follows. For more details, review
the end of the proof laid out in Section 2 of Chapter 1. |

3. Proof of Corollary 2.5

As was the case for the proof of Theorem 2.3 in the last section, we want to
follow as closely as possible the argument of the super—critical case (cf. Section 3 of
Chapter 1).

3.1. Preliminaries. Assume, by contradiction, that Corollary 2.5 were false.
Then we would find a sequence (Ug),cy of open convex subsets of R™! with smooth
boundaries, satisfying, for each k € N, vol,, (OUx) = 1 and fBUk |fci|p < ¢p for some
co > 0 independent of k, and such that

klggc ||A||LT’(8Uk) =0.

Modulo translating each set Uy, Proposition 2.4 together with Lemma 2.2 implies
the existence of R > r > 0 such that

B-(0) Cc Uy C Br(0) (Vk).

Picking a subsequence, if necessary, we can without loss of generality assume that the
closures Uy converge (in the Hausdorff topology) to a closed convex set V C R™*!
(see Blaschke’s selection theorem, as in, e.g., [Sch93, Thm.1.8.6, p.50]). Clearly, we
will have

B.(0) C V C Bgr(0),
so that V' is non—degenerate. We shall prove that our assumptions imply that OV is
a sphere.
Before we begin, we make similar observations as in the proof of Corollary 1.2.
Applying Theorem 2.1’ to each Uy, we get, for every k € N, a A\, € R such that

[A— )‘kgHLp(aUk) <C ”A”LP(aUk) )

where C > 0 depends only on n and p. Then, using Theorem 2.1’ and Lemma 2.2,
we obtain (cf. eq. (1.10))

LS

(C,(1+Cg)) CCO
R
where C’ > 0 is the constant from Lemma 2.2 that depends only on n and p. Thus,
(Ak)ken is a bounded sequence in R, and, modulo picking a subsequence, we may
without loss of generality assume that lims_0 Ax = X € R.

Also, as we will see in the proof of Proposition 2.4 in the next section, there is a
constant § > 0, depending only on n and p, such that, for each k € N, ||AHLp(aUk) >4

[Ax] <

(we apply Corollary 2.8, proved in Section 5, after using Lemma 2.2). With The-

orem 2.1', it then follows that (cf. eq. (1.11))
o cC o
|)\k| 2 —=—— HAHLP(BU;C) )

NIV
whence [X| > 6/+/n > 0.
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We now start by establishing the convergence to a sphere locally.

3.2. Local convergence. We proceed as in the proof of Corollary 1.2 and
construct charts in which portions of QU are represented by graphs of Lipschitz
maps.

Consider any orthonormal system (z',..., 2", ") at the origin of R"*!, and
let C_ = {m"“ <O, (@) 44 (2™)? < r2} be the half-infinite cylinder of radius
r pointing into the negative z™ ! ~direction. Since B,(0) C Uy, it follows that U N
C_ must be the graph of a function

ug : Dr(0) = R,
where D, (0) = {y €eR"” | ly| < r}. Obviously, the ux will be convex, and Uy C

Br(0) implies that Huk”LO@(T(o)) < R. It is easy to show that this forces the uy to

be 2£-Lipschitz on Dz (0) (see, e.g., [RVT74, Thm.Al).

We now argue verbatim as in Section 3, replacing the Lipschitz constant there
by % and the radius of the ball by 5, to conclude that, locally, a subsequence of
(OUk)ken converges to portions of spheres. More precisely, in the present situation
(using that we already know that the Uk converge) we establish that 9V N C”,
. = {x”“ <0, (zh)? 4+ -+ (2™ < 7'2/2}7 is the portion of a sphere of radius
[X|7*. We now use this to obtain the global statement.

3.3. Local to global. If we consider a rotation ® of R"*!, we can argue in
exactly the same way as above to conclude that also 8V N ®(C.) is the portion
of a sphere of radius |X|7*. Choosing & close enough to the identity, we obtain
that 8V N C_ N ®(C.) has large enough overlap to establish that the centres of
the spheres containing 9V N C” and 9V N ®(C’) must coincide. We then conclude
immediately that V' is a ball of radius |X|_1, which contradicts our assumption.
Hence the corollary holds. O

4. Proof of Propostion 2.4

We will, in fact, prove the slightly weaker (notice the bound on | o [AI” replacing
the bound on fBU |AP)

Proposition 2.7. Let n > 2, p € (1,n] and co € (0,+00) be given. Then there exist
R > r >0, depending only on n, p and co such that:
if U C R™ 4s open, convex, has smooth boundary and satisfies

vol, (U) =1 and / |AlP < co,
oU

then there exists an = € R™! such that B,(x) C U C Br(x).

In view of Lemma 2.2 in the first section, this is, indeed, sufficient for obtaining
Proposition 2.4. The proof of Proposition 2.7, on the other hand, will be carried
out by induction over n > 2. At the induction step, the following corollary, giving a
lower bound on fBU |A|P, will play a crucial role
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Corollary 2.8 (to Proposition 2.7). Let n > 2 and p € (1,n] be given. Then there
is a constant 6 > 0 depending only on n and p such that:
if U C R™ s open, convex, has smooth boundary and satisfies vol,(OU) = 1, then

/ |A[" > 6.
oU

We prove it in Section 5. Also, we show the two sought—after inclusions of
Proposition 2.7 in two separate lemmas, the proofs of which are deferred to sections 6
and 7, respectively.

Lemma 2.9. Letn > 2, p € (1,n] and co € (0,4+00) be given. Then there exists a
constant D > 0, depending only on n, p and co, such that:
if U C R™ 4s open, convex, has smooth boundary and satisfies

vol, (8U) = 1 and / |A]P < co,
U

then diam U < D (where diam U denotes the diameter of U in R™T).

Lemma 2.10. Letn > 2, p € (1,n] and co € (0,+00) be given. Then there ezists a
constant r > 0, depending only on n, p and co, such that:
if U C R™ is open, convez, has smooth boundary and satisfies

vol, (9U) =1 and / |A]P < co,
U

then there is an x € R™" such that B.(z) C U.

Clearly, both lemmas together imply Proposition 2.7. Also, Lemma 2.10 will
be a consequence of Lemma 2.9. The proof of Lemma 2.9 in dimension n, on the
other hand, will rely on us having proved Corollary 2.8 (and thus Proposition 2.7)
for all dimensions n’ € {2,...,n — 1}, except for when n = 2. The reason why we
did not split off the induction basis to a separate statement, is that the method used
for proving the two—dimensional case is also useful in some n—dimensional cases. For
an easier understanding of how our induction argument works, we give the following
overview on the chains of implications.

e Induction base (n = 2):

Lem.z.g\2 = Lem.2.10|2

— PropA2A7|2
e Induction step ((n — 1) — n)

{Prop.2.7

n’ }n’e{Q,...,n—l}
o {Cor.2.8

— Lem29| — Lem.2.10\n

.....

— Prop4247|
n
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5. Proof of Corollary 2.8

The following proof is a variant of the one of Corollary 2.5 (cf. Section 3).
Nevertheless, we expose it in full detail to accommodate those readers who eagerly
skipped the qualitative C°—closeness in order to learn how to prove Theorem 2.1’
first.

5.1. Preliminaries. Assume, by contradiction, that the Corollary were not
true. Then there must be a sequence (U]-)jEN of open, convex subsets of R"*! with
smooth boundaries, satisfying, for all j € N, vol,(9U;) = 1 and faU |A]P < ¢ for

J
some co > 0 independent of j, and such that

lim |A]P = 0.

j—o0 8UJ
Modulo translating each set Uj;, Proposition 2.7 then implies the existence of R >
r > 0 such that

B, (0) C U; C Br(0) (V7).

Picking a subsequence, if necessary, we can then assume that the closures U; converge
(in the Hausdorff topology) to a closed convex set V' C R™™! (see Blaschke’s selection
theorem, Theorem 1.8.6 on p.50, in [Sch93]). Clearly, we will have

B.(0) C V C Bg(0),
i.e., V is non—degenerate. We shall prove that our assumptions imply that 9V is
contained in an affine subspace of R"*!, contradicting the above inclusions because
of the convexity of V. We first argue locally, showing that, for every q € 9V, there
is a neighbourhood W of q and an affine space E C R"*!, such that OV NW C E.

5.2. Local convergence. Consider any orthonormal system (xl, R m"H)

at the origin 0 € R™™! and let C_ = {m"“ <0,(z")?+- -+ (2")?* < 7“2} be the
half-infinite cylinder of radius r pointing into the negative z""-direction. Since

B,.(0) C Uy, it follows that OU; N C— must be the graph of a function
uj : D, (0) — ]R,

where D, (0) = {y eR" ‘ ly] < r}. Obviously, the u; will be convex, and U; C
Br(0) implies that [[u;l|, (T(O)) < R. It is easy to show that this forces the u;

to be %7Lipschitz on Dz (0) (see, for example, [RV74, Theorem A]), and hence,

by smoothness, ||Du;|| — .\ < 2B Now remember that, for the graph of

L=(D, @) = 7
a function ¢, the second fundamental form A, is given by (see also the proof of
Lemma 1.3 in Section 4 of Chapter 1)

Hess ¢

V1+ Dl
[Hess ¢| < |Ay|/1+ [Dg|*.

A, =

so that
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As a consequence, || Dul|| < 2% and limje0 [, |A|” = 0 imply that
J

1~ (7m) <

R? jo
||HeSSUj||Lp(m) < ||Auj ’Lp(m) \/ 1+167”_2 jl) 0.

Since all u; are smooth, 2£-Lipschitz and bounded by R on D, 2(0), (u;);jen
is a pointwise bounded, equicontinuous sequence in the space of continuous, real—
valued functions on the compact domain D,.;5(0). Then the Ascoli-Arzela-Theorem
(see, e.g., [Rud91, Thm.A5, p.394]) implies the existence of a subsequence (u;,, )ren
that converges uniformly on D, /5(0) to a continuous function . Since the u;, are
Lipschitz and u;, — @ (k — o0) uniformly, @ will be Lipschitz with the same
constant (g). Now, for any ¢ € {1,...,n}, we have

4R

| Diwjy, ||Loo (m) =

(Vk)

and

k—oo

< (volu (Dr2@)) 7 DD, =% 0.

||D(Diujk)||L1 (m) <

L7 (D,/5(@)

Consequently, by Rellich—Kondrachov (see, e.g., [Eva98, Thm.1, §5.7, p.272]), there

. . =0
is a subsequence (uj, )ien C (uj, Jken and an L*~function v; such that Diug,, — vi

in L' (DT/Q(O)). Moreover, since D(Diu,, ) Z% 0 in L*, we have that Dv; = 0 in
the sense of distributions (see, e.g., [GTO01, Thm.7.4, p.150]), implying that v; = ¢;
almost everywhere for some constant ¢; € R (see, e.g., [LL97, Thm.6.11, p.138)]).
But since Ujy, 2% g uniformly, and hence in L', as well as Diu]-kl 2o v; in
L', we conclude that D;u = ¢; in the sense of distributions. As a consequence,
D (E(x) > cixi) = 0 in the sense of distributions, and we conclude that u(z) —
E?:l c;z® = b almost everywhere for some constant b € R. By the continuity of ,
we see that u(z) =b+> " | ¢z’ everywhere, so that T is, in fact, an affine function.
Writing C”. = {Jc"'H <0, (zh)? 4+ -+ (2™ < 7'2/4}7 it then follows that 9V N C_
is contained in an affine hyperplane E. In the next step, we show how to conclude
the global statement.

5.3. Local to global. If we consider a rotation ® of R™™', we can argue in the
same way as above to show that 9V N ®(C’) is contained in an affine hyperplane
F. But if ® is sufficiently close to the identity, 8V N C_ N ®(C”) will have positive
area, from which we conclude that £ = F. It is then immediate to see that JV is,
as a whole, contained in the affine hyperplane E, which is exactly what we claimed.

As already mentioned, this, together with the convexity of V, is incompatible
with the inclusions

B.(0) C V C Bgr(0),
thus finishing the proof of the corollary. a
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6. Proof of Lemma 2.9

6.1. Some notation. Before starting the proof, we introduce some notations.
Assume (z',..., 2" ") is any orthonormal system in R™™'. For m € {1,...,n+ 1},
let P™ : R = R™, (2%,..., 2" — (2" ™2 ..., 2""), denote the projection
onto the last m coordinates. For r € R™, we define 7" as the codimension m
hyperplane {x € Rnt! ‘ P™(z) = r}, and w® as the orthogonal complement (7§*)*
of m§* in R"*. wi* is thus the m—dimensional hyperplane passing through the origin
with the first n — m + 1 coordinates that vanish. For 6 > 0, let

ip\ﬂ < 1}
=1

denote the standard m—dimensional cross—polytope (or hyperrhombus) of length 6 in
R™ (it is the convex hull of the 2m points given by £6 times the standard basis vec-
tors). We have vol,, (Rm (9)) = %Gm. Notice that, for all y € R™\ R™(6), we have
that |y| > \/LE' Finally, denote by R™(#) the embedding {x € wy' | P™(z) € Rm(ﬁ)}
of R™(#) into R™ .

R™(0) = {(ml,...,exm)

6.2. Preliminaries. Let n > 2, p € (1,n] and ¢o > 0 be given. If n > 3,
we shall assume that Proposition 2.7 has already been proved for all dimensions
n’ € {2,...,n —1}. Since, for all p € (17 min{?,pﬂ7 we have by Holder’s inequality
that

1

() <(f )

for any open convex set U C R™! with smooth boundary and vol,(dU) = 1, we
may as well assume without loss of generality that p € (1,2].

We prove Lemma 2.9 by contradiction. So assume the statement were false.
Then there must be a sequence (Ux)ren of open, convex sets with smooth boundary
satisfying

(a) vol,(0Ug) =1,

o) [ 14r<a,
vy,
(¢) diam Uy 2 1.
For all k, let di = diamUx. Modulo translations and rotations in R"*! we can
without loss of generality assume that (0, ..., 0, :i:d?") € Uy. Let R = R* (%") =
[—%, %"} and Rj = R* (%") Thus we assume that, Vk € N, R} C Uy, since Uy, is
convex.
Ifn—12>2 let
1 . 1
d, = max diam (Uk n 7rr) .
7“6Rll€
Then there are two possibilities:
1
(i) either limsup =& =0,
k— o0 dk
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51
(ii) or limsup—=£ > 0.
k— o0 k
But since ;. < di, we may in fact assume that, after perhaps picking a subsequence,
we are presented with one of the following two alternatives

3
i) eith lim —= =
(i) either Jim . 0, 1
(ii) or there is a constant o2 € (0,1] such that  lim g—k = o3.
—oo dg

Now let us assume we are in the second case. Then, for k large enough, we have
22dj, < 6, < di. Let r € Ry be such that diam (Uk ﬁwik) = 0} (R} is compact).
Then, modulo rotations (in R™"! that leave the (n+1)st component invariant) and a
restriction to the tail of the sequence, we can without loss of generality assume that
(0, ...,0, %dk,m) € Ui, Vk € N. Since (0,...,0,:&%) € Uy, the convexity of Uy
then implies that (07 o0, Z2dg, 0) € Uy (for 7, € R}, implicates |ry| < %’“), and thus
also that (07 oy 0, F2dy, j:%’“) € Uy, (cf. Figure 2.1). As a result, modulo translations
(in R™*! that leave the last component invariant), we can without loss of generality
assume that, Vk € N, (0,...,0,£%2dx,0) € Uy and (0,...,0,0,£%) € Us. By
convexity, the convex hull of these four points is then also contained in Uy, and we
obtain that there must be a constant c2 € (0, 1] such that R*(cady) C Uy for all k
(take, e.g., c2 = min {%, i}) Let R = R*(ca2di) and R = R?*(cady). We thus
assume that R C Uy, Vk € N.
Ifn—2>2 let
57 = max diam (Uk N nf) .
TGR%
Then there are, again, two possibilities:
2
(i) either limsup % _ 0,
k—oo k
52
(ii) or limsup =% > 0.
k—oo k
In the second case, we can argue in an analogous manner to obtain that, without
loss of generality, we may assume the existence of a constant ¢z € (0,1] such that
RE = R?(cady) C Ug, Vk €N
Continuing this argument inductively, it is easy to see that, after an appropri-
ate application of translations and rotations, as well as after picking a convenient
subsequence, we may without loss of generality assume that

there exists an m € {1,...,n — 1} and a constant c¢m € (0, 1] such that, for
allk €N,

T\’,m(cmdk) C U_k;
moreover, if m < n — 2, then

max  diam (Uy N7,")
. reR™ (cmdy)
lim sup =0.
k— o0 dk
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FIGURE 2.1.

As we shall see shortly, even if m = n — 1, the second statement still holds true.
6.3. The actual proof. Let R = R™(cmdy) and R = R™ (cmd)-
Claim 1. For all k € N, we have

m 2(m!)
1'n,f'm r S —_—
Tren%z; vo (0Ux Nm,") o)™ (de)™

PROOF. For each k € N, let

tk = max vol,_m, (OUE N)
TGRZ”

and pr be the point in R}' where this maximum is attained (R}' is compact).
Let R;' denote the translation of R™ (%dk) into the point £&, and let Ry’ =
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{x € wy' | P™(x) € ﬁg”} Notice that Ry* C Ry* and Ry* C R C Ug. Observe
also that, for any y € 7%2”, we have yr +2(y —yx) € Ry, where yi, € 7%2” is such that

P™(yx) = pr (cf. Figure 2.2). Now, for any y € Ry \{yx}, denote by C(y) the cone
with base OU, N7y, and tip 2y — yx. Then, by convexity, Ci(y) C Ux. Moreover,

since Ux N 7y, is convex, Ck(y) N mpm () bounds a convex region and we must have

vOly—m (Ck (y) N 7TFT>nm(y)) < volp—m (aUk N ﬂ'glm(y)) .

FIGURE 2.2.

Remark 2.11. The fact that vol(OM) < vol(ON), whenever M is a convex subset of
the open set N (and assuming both have smooth boundary) follows from the definition
of the Hausdorff measure and the fact that the nearest point projection onto M is
norm-non—increasing — see, e.q., [BH99, Prop.2.4(4), p.177], and also [Cha06,
Ex.II1.12(i), p.161].
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On the other hand, we have by construction

ke

volp—m (C’k(y) N nFyﬁn(y)) = %voln_m (8Uk OW;'}C) =5

As a consequence, we get for all y € ﬁ?
m HE
VOlnfm (aUk n ﬂ—Pm(y)) Z ?
But then the coarea formula (see, e.g., [Cha06, §I11.8] or [Fed69, §3.2]) yields

1 = vol,, (9U) > voln ({y €O, | P™(y) € ﬁ;:})

= / Voln_m (OUx N 7™ dr > EEvol,, (E;") .
Sm 2
'reR,C

And since
voly, (E,T) = vol,, (Rm (C—mdk)) -z (C—mdk) _ (em)™ ()™
2 m! \ 2 m!
the claim follows immediately. g
Define
= max diam (UyNm"),

r€ER™M (cmdy)
and let r, € R = R™(cmdi) be such that diam (Uk N W;r;) = i (RE" is compact).
If m <n — 2, we have limg_, o g—’; = 0 by assumption. If, however, m =n — 1 (as is

necessarily the case when n = 2), then Claim 1 yields

lim vol, (OUy N7}~ ") =0,  VreRp ™"
k— o0

But, for each r € Rg_l, OUx N w1 is a simple closed C*°—curve in the two—
dimensional hyperplane 7 ~*, whence

diam (Ux N}~ ") < %voh (U Nt

It follows that limg_s e % — () also in the case m = n — 1.

i
Now let
N = vVmoy.
Since limg_; o0 Z—’; = 0, we may, modulo picking a subsequence that contains only the
tail, without loss of generality assume that nx < “di, Vk € N. Define
R =R™ (¢mdr —mk) and RE =R™ (emdr — nx) -
Then we have

Claim 2. Forallk e N, r e ﬁ’kn and q € OU, N, the angle £ (v(q),7Q") between
the outer unit normal v(q) to OUy in q and the hyperplane 75" is less than or equal
to Z.

1
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PROOF. Fixr € I?Bkm and ¢ € OUp N, and let y € 732” be such that P™(y) = r.
The outer unit normal v(q) to U in ¢q then decomposes as v(q) = v’ + v/, where
V' engt and v’ € (aft)t = wi. Clearly,

|z/} = cos(l (u(q),wén))

|1///‘ = sin(Z (V(q),rrén)) =/1—7.

If v = 0, then there is nothing to prove, so assume v’ # 0. Let y* € R} be such

and

that 7* = P™(y*) € OR}* and ﬁ = ‘Z# (this is possible, since R}* contains a ball
of radius & around every r € ﬁ?) — cf. Figure 2.3. Notice that |y* —y| > Tk,

since y € RE".

length > 2=

m

FIGURE 2.3.
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Now, since Uy is convex, we have U, C {z € R**! | (z—q,v(q) < O}, where,
once more, (-,-) denotes the standard scalar product in R"*'. Hence,
0> (" —q,v(@) = —yv@)+{y—qv),
since y* € Uy. But, by construction, we have
* y* - Y *
W = wrta) = L )~ =L
Moreover, noticing that ¢ —y € ©§", we have (observe that (¢ —y,v(q)) > 0, since
y € Uk)
(@—y,v(@)={g—y.v") <lg—yl|V|.
We therefore get

i

lv Sl om
Vi—W P la—yl T Vmla—yl  la—vl
But given that ¢,y € Ux N7 and diam(Uy N 7™) < 6, we obtain the desired
inequality cotan (4 (u(q),mﬁ”)) > 1. O

cotan(é (Z/(q),wf)n)) =

We now wish to prove:

Claim 3.
lim inf vol,, (6U,c n {y eER™ |ye 73,:”}) > 0.

k—oo

PROOF. Assume first that

lim vol,, <8Uk N {y eR™ |y ¢ ﬁg@}) —0.

k—o0

Then there is nothing to prove, since, in that case,

lim inf vol,, (8Uk n {y ER™!|ye ﬁ;"})

k—oo

= lim inf vol,, (8U}) — lim sup vol,, (8Uk N {y eR"! ‘ y & 732"}) =1.
k—00 N — k—s 00
=1

So suppose that lim sup,,_, . vol, <8Uk N {y e R | yé ﬁ?}) > 0. Modulo tak-

ing a subsequence, we may without loss of generality assume that there is a v. € (0, 1)
such that, for every k € N, we have

voln (aUk n {y eR™ |y ¢ ﬁ?}) > ve.

From the coarea formula, we then have

ve < voln (8Uk n {y eER™ |y ¢ 73;"}) _ /  oluom (OUR N7 dr
rgR

n+1
_ 1 n+1 n+1 i
< Z /p>cm/dk;;% voln,1<8Ukﬂ{y—(y sy ) ER | y —p}) dp,

i=n—m-+2
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since R™(6) contains the m-cube of length \/%. Notice that all the integrals are
well-defined, since the integrands vanish for arguments of integration with length
greater than dj. Since the right—-hand side of the above inequality is invariant under
renumbering of the coordinates, we may, modulo reflections, without loss of generality

assume that

_emdp—ng
Vm

1 Ve
volp,—1(0U, N7,) dp > Py

_dk

Consequently, for each k € N, there must be a py € {—dk, —c*"d#_"} such that

(2.2)  vol,—1(0Ux N W;k) > = -

B QW((\/E — Cm)di + 77k) = \/E(Q\/El— cm)di’

since we had assumed that 7, < ch dy.
Now remember that, by assumption, (0,...,0,cmdr) € Uy, since Ry C Uy.

Thus, by the convexity of Uy, the whole cone Cj with base 0U; N ﬂ';k and tip

(0,...,0,cmdy) must be contained in Uy. Moreover, since Uy N W;k is convex, we
must have

cmdr — p 1
————volp—1(OUx N
cmdk — pr voln-1(9Ux N,

(2.3) voly—1(8U, Np) > voly—1(Cr N p) =
for all p € (pk, cmdx]. But then the coarea formula yields (since R* (¢mdr—nx) C 732")
vol, (8Uk N {y e R ‘ y € 732"})
> vol, (8Uk N {y e R"! ‘ y € Rl(cmdk - nk)})

> vol, <8Uk N {y =@, ...,y er™! ‘ y" e [0, emdy — nk]})

cmdg—ng
= / VOlnfl(aUk ﬁw;) dp
0

@2LE9 BT ¢ dy — p Ve d
= ) cmde — pr V/m(2y/m — cm)di P
Ve

S ve(em)? _ Ve (n_k> 2
T 2ym2ym —cem)(1 +cm)  2vm(2y/m — cm)(1 + cm) \di/

where the last line follows from pr > —di. Remembering that limsup,_, Zik =0,

we see that the claim holds. O

Henceforth we shall, modulo picking a subsequence, without loss of generality
assume that vo € (0,1) is such that

vol, (8Ukﬂ{y6R”+1 |y67/€\2n}) > 2o Vk € N.



6. PROOF OF LEMMA 2.9

The following final claim then yields a contradiction to the assumption

/ |A|p g Co.
Uy,

liminf/ |A]P = +o0.
k— o0 auy,

Claim 4.

37

Proor. Fix k € N. For all r € EL”, let T2 ™ = 0Ux Nm;". In the following,

denote by A the second fundamental form of Fz;m in 7;"*, and by 7 the Gauss map

of '™ in ;. We have to distinguish the two cases: m=n —1and m <n — 2.

If m =n — 1 (which is necessarily the case when n = 2), 1"]1” is a simple closed
C*—curve in 77!, Consequently, there are two points q1 and ga in F,lm such that

U(q1) = —v(q2). Corollary A.4, proved in the appendix, then gives
[ (e -t =2,
~

for each of the two arcs v C F}w joining ¢1 and g2. As a consequence,

/ 4] > 2.
Fl

k,r

Using Lemma A.2 of the appendix, together with Claim 2, then yields

1 _
WZ—/IMmﬁ
A@ V2 )

It thus follows from the coarea formula that

[ o= =L ([ ) a
oUy, ovpn{vernti|yery 1} rRp=t \Jrt
2 \/§V01n_1 (§2_1> .
Since k € N was arbitrary and
k— o0

vol,—1 (ﬁ;‘_l) = volp_1 (R”_l(cn_ldk - nk)) —  +oo,

we conclude that, indeed,

1—p p
liminf/ |A]P > lim inf (Voln(aUk)) (/ |A|> = +o00,
k—o0 Uy, k—o0 N——. oU,,

=1

ifm=n-—1.
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Now assume that m < n — 2, and denote by fg;m the rescaling of I'; "™ such
that volp—m fz;m) = 1. Also, let A be the second fundamental form of I:Z;m in

m;". Clearly, we have

1

|1’4V| = (VOln_m (Fz;m)) n—m |Z|

As a consequence, using Claim 2 with Lemma A.2, we obtain

~ w1 —
/{ |A|p — (VOln_m (Fz;m)> n—m / |A|P
rn—m n—m
k,r k,r
P

Remember that we had assumed p € (1,2] C (1,n — m], and that Proposition 2.7 is
already proved for every n’ € {2,...,n — 1}. We may thus apply Corollary 2.8 to
™, yielding

; -2 ~
/ AP > 2% (Vo1n,m (rg;m)) /~ AP
- -
ko

k,r
D

(voln,m (rz;m))l_""” 5,

for some 0 > 0 depending only on (n—m) € {2,...,n—1} and p. The coarea formula
then yields

/ |A|Pz/ R |A|p:/A / AP ar
oUy, BUkﬁ{yER"*l‘yE’RZ’} reRM o

2
> 2*%5/ R <v01nm (Tem™) <voln,m (rg;’")) "‘”) dr
(S

IS

>2”

m
Claim 1 p 2(m!) =T i P,
m k
Claim 3
>vp>0
p
m m m
et (%) Srold) ™ M oo
m:

from which

liminf/ |A]P = +o0.
k— o0 Uy,

This proves the claim also in the case m < n — 2, and Lemma 2.9 is shown. (]
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7. Proof of Lemma 2.10

Let n > 2, p € (1,n] and ¢o > 0 be given, and assume the Lemma were false.
Then there exists a sequence (Ug)ren of open, convex subsets of R"*! having smooth
boundary, containing the origin, satisfying, for all k € N,

(a) vol,(0Ug) =1,
o) [ 1ar<a,
Uy,
(c) Ux C Br(0) (for some R > 0, depending only on n, p and co, by virtue
of Lemma 2.9),
and with the property that

(d) the Uy converge, in the sense of Hausdorff, to a compact convex set V
contained in an n—dimensional hyperplane in R™*.
(As in the proof of Corollary 2.8, the fact that we can assume that the U, — or,
at least, a subsequence thereof — converge is a consequence of Blaschke’s selection
theorem ([Sch93, Thm.1.8.6, p.50]), whereas the fact that the limit must be contained
in a hyperplane follows from our contradiction assumption, namely that

lim sup sup{p >0 ‘ B,(x) C Uk} =0.)

k—o0 zeUy,
Claim 1. dim(V) =n
PROOF. Assume, by contradiction, that dim(V) < n—1, and consider, for € > 0,

the tubular neighbourhood Ve = {z € R™*! | dist(z,V) < e} of V. V. is an open,
convex subset of R™™! which, by convergence, contains Uy, for k large enough. On
the other hand, since we assumed that dim(V) < n — 1, we must have

lim vol, (0Ve) = 0,

eN\0

for V is bounded. Hence, choosing e small enough, we can assume that vol, (0V:) < %
But given that Uy C Vi, the convexity of Uy implies

\@M@%@)Svddan)gé,
(cf. Remark 2.11 on p. 32). This, however, contradicts vol,(0Uy) = 1 (Vk € N), and
the claim is proved. |

whenever € is small enough and k large enough,

Without loss of generality, we may assume that V C {(z7 0) € R™H? ‘ Z € R”} =
5. We define

I:{xené

By(x) Ny C V for some 7 > O} ,

the “interior”, and
B=V\I,
the “boundary” of V in n§. For z = (2,0) € 15 (z € R™), let
L= {(z.p) | P ER}
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denote the “vertical” line passing through x. Then we have

Claim 2. For any compact K C I, any x = (2,0) € K and any k € N large enough,
1.NUy is a closed, non—degenerate segment joining the points (z, a(z)) and (z, b(z)),
where a(z) < b(z).

PRrROOF. Fix a compact set K C I. Clearly, by convexity, I, N OU; will never
consist of more than two points, regardless of the x € 74 we choose. But assume
that, for each k, there were an x, = (2x,0) € K such that l,, N OUj consists of at
most one point. Then

(i) either 1., NUx =0,

(ii) or le,, is tangent to OUy.
Consider, for each k € N, the projection Vi, = P™(Uy) of Uy onto 7§. Then Vj is a
convex subset of 7 which is relatively open in 73, and, in both of the cases above,
zr = (21,0) € Vi (but, possibly, 1 € Vi). Then the theorem of Hahn-Banach (see,
e.g., Theorem 1.6 on p.5 in [Bre83]) ensures the existence of a unit vector ez € ™!
such that

Vi C {(w,O) e R™™

(= 2k), ex)gn < o},

where (-, -)pn denotes the standard scalar product in R". Defining the half-spaces

Sk = {(w,r) e R™!

r € R and ((w— z),ex)pn < 0} )

we conclude that Uy C Sk for each k. Modulo picking a subsequence, we may
without loss of generality assume that there is a unit vector e € S ' and a point

z = (z,0) € K such that eg "2 e and 2z, 23 2 (8" ! and K are compact). Then,
since the Uy converge to V, it follows that

vV C {(w,o) e R™!

{(w = 2),€)n <0}
But since © = (2,0) € K C I, there is an > 0 such that B,(z) N7 C V, which
contradicts the inclusion above (e.g., (z + ge,()) €V, but <((2 + ge) — z) , 6>R" =
2> 0).
Now let K C I be compact. For all z = (2,0) € K, let

v (x) be the outer unit normal to U} in (z, b(z))
and

v, (x) Dbe the outer unit normal to OUj in (z, a(z)).
Then we have
Claim 3.

lim max{‘y,j(m) - (0,...,0, 1)‘ + |l/;(x) - (0,...,0, 71)‘} =0.

k—oo z€K
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PRrROOF. We restrict ourselves to showing that

lim rnax{|l/2'(x) - (0,...,0, 1)|} =0,

k—oo z€K

the other limit following completely analogously. For each k € N, let 2, = (21,0) € K
be such that

v (1) = (0,...,0,1)] :rmneal)(({‘l/,j(x) —(0,...,0, 1)\}

(K is compact). By the convexity of Uk, we have that

(= (20 b)), v (00)) < 0

But since (zk, a(zk)) € Uy, and a(z;) < b(zx), this implies that

Trer={yer

(2.4) (v (xx),(0,...,0,1)) >0  VkeN.

(S™* is compact), and
(K is

Now assume v+ is the limit of a subsequence of (V,j(zk))keN

z = (2,0) € K is the limit of a further subsequence of (zx)ren = ((z;c7 0))
compact). It then follows that

keN

VCT:{ye]R"+1

<y — (Z,O),V+> < 0} .

But, since (z,0) € K C I, there is a n > 0 such that (z +ne,0) €I, Veec SV,
Consequently, v+ must be orthogonal to 7, from which

either vt =1(0,...,0,1) or vt =(0,...,0,-1).
(2.4) then yields v+ = (0,...,0,1), which is precisely what we wanted to show. [

Now consider, for every e € (0,1), the sets
B. = {((176)2,0) ‘ (2,0) € B},
I = {(pZ,O)

(z,O)EB,nggl—e}
and
C. = {(z,r) ‘ (2,0) € I,7 € R}
(remember that we had assumed 0 € V). Set
Yhe=0UprNCe and %5, =0Up\ Y. (e€(0,1), k€ N).
Then we have
Claim 4.

y{% Jim vol, (%) =0.
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PROOF. From claims 2 and 3, we conclude that

(2.5) lim vol, (3f,.) = 2vol, (I.).

k— o0
This can be seen as follows. Claim 2 tells us that Z};’E is the union of two graphs over
the compact set I. C I, namely those of the functions a(z) and b(z) ((2,0) € I.). By
Claim 3, both of these functions converge, as k — 0o, to a constant (in fact, both
converge to 0) on all of I.. This implies the above assertion.
Considering then, as in the proof of Claim 1, the tubular neighbourhood V5 =
{Jc € R | dist(z, V) < 5} (6 > 0) of V, we know that Uy C Vs for k large enough
(with respect to §), whence (Uy is convex)

vol, (0Uy) < vol, (0V5) (k large enough).

But since we also have
lim vol,, (9Vs) = 2vol, (V),

50
we conclude that
(2.6) 1 = lim sup vol, (0Ux) < 2vol, (V).
k00

=1
Taking into account that lim.,o vol, (Ic) = vol,(V), as well as that vol, (Z};,e) <
vol, (OU) = 1, the combination of (2.6) with (2.5) yields, on one hand, that

voln (V) = %

and, on the other hand, that

lim lim vol, (Z};’e) =1,
N0 k— o0

from which the claim follows. O

Fix € € (0,1) and k € N. For every = = (2,0) € B, pick a unit normal v(z) to
Be in 7r(1).

Remark 2.12. Of course, Be might not be smooth, but since it is the boundary (in
75 ) of a convex set (I.), we know from [Roc70, Thm.25.5, p.246], that v(z) will be
uniquely defined except for a set of zero (n — 1)-dimensional Hausdorff measure.

Consider, for each x = (z,0) € Be, the two-dimensional half-plane

7 (z) = {H ©,...,0,5) + tv(z)

S, t > 0} .
Then the intersection
Vi, = T+($) N Uy

of 77 (x) with OU}, is, by Claim 2, a curve in 7 (z) joining (z,a(z)) with (z,b(z))
(z = (2,0)). Thus, by the coarea formula (see, again, [Cha06, §IIL.8] or [Fed69,
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§3.2]), and taking into account Remark 2.12, we have

liminf/ |A| = liminf/ / |A] | dx > liminf/ ‘V,j(m) — V,:(m)‘ dx
k—o0 e k—oco B o k—oo B
ke € k,x €

> vol,—1(Be) = (1 — €)" 'vol,—1(B),

where the first inequality follows from Corollary A.4 of the appendix, whereas the
second is a consequence of Claim 3. We conclude

(2.7) lim inf lim inf/ |A| > vol,—1(B) > 0.
eN\0 k— o0 ZZ

On the other hand, given that faU,c |A]P < ¢o and p > 1 by assumption, Holder’s
inequality yields
1

1

P
/ 1A < (vol_1 (35)) 7 (/ |A|p> <l (voln1 (35,))' 7
by 2k e

Using Claim 4, we then conclude

lim sup lim sup/ |A| =0,
eN\0 k—o0 se

e
ke

which contradicts (2.7). Our assumption at the beginning of the proof must therefore
be wrong, and the lemma is proved. O






CHAPTER 3
The L?>-theory

In this chapter we prove our main estimate in the L%-case for n—dimensional
hypersurfaces of R™" with non-negative Ricci curvature (which is equivalent to
being convex). The method thereby used mimics an argument in [DLT10]. Af-
terwards, we give an alternative proof due to G. Huisken of this estimate in the
two—dimensional case under the assumption that the surface is mean convex and
constitutes the boundary of a star—shaped domain. Finally, we exhibit how that last
proof lends itself to generalisation to the n—dimensional case.
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1. The case Ric >0

We first prove the L2-estimate for hypersurfaces that have non-negative Ricci
curvature, with the constant C' = /-5 on the right-hand side. As we shall see
in the next chapter, that constant is optimal. There, we will also prove that the
assumption Ric > 0 is optimal whenever n > 3 (i.e. in the sub—critical case).
Theorem 3.1. Let n > 2 be given and set C = /5. Then we have:
if ¥ is a smooth, closed, connected hypersurface in R™ ™ with induced Riemannian
metric g and non-negative Ricci curvature, then

1
2) 2

w ([t (et f)f) <o)

45

A——g
n
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In particular, the above estimate holds for smooth, closed hypersurfaces which are the
boundary of a convex set in R™T1.

ProOOF. The following argument is an adaptation of the proof of Theorem 0.1
in [DLT10] (see also [CLNO06, §B.3, pp.517-519]).
Let

o 1 — 1
A=A—-—-H H=——— H
nY and Voln(E)/2 ’

and write the square of the left-hand side of (3.1) as

oo [l - Lot (55

= [V 2 [ ) Y o [ |-
> = )}

i,j=1

:/E|,Zi|2+%/2}H7F}2.

Let ¢ be the unique smooth solution of the following Poisson problem on ¥ (for
existence, uniqueness and regularity see, e.g., [Aub98, Thm.4.7, p.104]):

A—Eg
n

Ap = H-H,

/ v
3
We lhen have

/Z}HF|2_/E(HE)A¢—L(HF)2”:VZ~VZ¢_/zn:VZHVicp.

Il
b

i=1 T =

By virtue of the Codazzi equations we find

V.H = ;viAll - ;:VZAQ - ;vlﬁli + % ;vlmli - nﬁ : ;vlﬁli.

Thus

n
—2 n o i n o
H-H| =- VA Vip=—— A: Hess .
e o

il=1

o
Since A is trace—free, we have

1
A Hessp = A: (Hessgo — EA@Q) ,
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and thus, by Cauchy—Schwarz,

[ = 2 [ (e~ L) |
(L) (/ Y
()’ ([t 2 10’

Hess ¢ — —Agpg

Ju—

—1
Since
/ |Hess o2 / Z ViVIpV,V e = / Z VIpViV,V, e
i,7=1 i,j=1
Z VI pV'V,; Vi
Y 5=1
:_/ Zvjwvjvivw—/ ZngaRicji Vi
Y 5=1 Y =1
- / Agf = [ Rie(¥, 7).
2 >z
we have

A

3

n

IA

Lo =g (L)
(/ ||2) ”n /|Aso|>

H([ae) </|As0|> |

(L) (L)

where we have used the assumption Ric > 0. Therefore

3
I
—

Il
A~
S

|13

—
~—
v

I
~/
S

|13
—_
N—
vl

and so

2
o 1 o o
s/|A|2+—/|A|2: n 3
5 n—1 5 n—1 5

as claimed.

(”n |Aso|2— / Ric(w,vw)

[N

47
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2. Why Ric > 0 and convexity are the same

In this section we present an argument, recently brought to the author’s at-
tention by C. De Lellis, which concludes that every smooth, closed and connected
hypersurface of R™™* with non—negative Ricci curvature must be convex. Although
this seems to be a well-known fact (cf., e.g., [Des92]), we could not yet find a proof
in the literature, and expose C. De Lellis’ argument for the sake of completeness.

Proposition 3.2. Let n > 2 and suppose ¥ a smooth, closed and connected hyper-
surface of R, Then the following are equivalent:

(i) Ric > 0 everywhere on 3;
(ii) A > 0 everywhere on X.

In particular, if either of the above conditions hold, ¥ is conver.

PrOOF (by C. De Lellis). Denote by A1,..., A, the eigenvalues of A. In view
of the contracted Gauss equations, Ric = HA — A2, it is immediate to see that
condition (ii) implies condition (i). The interesting question is therefore the converse
implication.

We first argue on a pointwise level. Ric > 0 implies that, for every i € {1,...,n},

we have
(Z M-) i > A7 >0,
j=1

Thus, each principal curvature A; needs to be of the same sign than the mean
curvature H. We conclude that, in each point of the hypersurface, Ric > 0 im-
plies semi-definiteness of A. In other words, for each ¢ € X, one of the following
three situations hold:

(a) A(g) >0,

(b) A(g) <0
or
(c) A(q) =0.
We now want to obtain the global statement by arguing that A cannot change

sign. Suppose this were not true, i.e., assume there were points g+ € ¥ and ¢— € %,
such that A(g—) < 0 < A(g+). Clearly, by continuity, it follows that

vol,, (U1) > 0, where Uy = {g €3 | A(q) >0} C %,
and
vol, (U-) >0,  where U~ = {g€ | A(q) <0} C %
For e € S™ and ¢ € R, consider the hyperplane
Te(c) = {Jc e R™! | (x,€) = c} :
Furthermore, let
ce:min{ceR ‘ Te(c)ﬁZ#@}
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denote the smallest value ¢ € R for which T.(c) intersects X. Clearly, ¥ will then
lie on one side of Te(ce), and XN Te(ce) # 0. Geometrically, Te(ce) is a supporting
hyperplane of ¥, and we must have that A(q) > 0, whenever ¢ € Te(c.) N X. Since e
was arbitrary, we conclude

v({ees|Alg) >0}) =5

But, since for all ¢ € 3, we have T,X = T,(,)S™, the maps A(-, -) and <d1/( ), >
are equal, and Sard’s theorem (see, e.g., [DFN85, Thm.10.2.1, p.79]) applied to
v: 3 — S™ ensures that

vol, (V({q ey | Aq) = 0})) =0,
whence
v(Uy) = S"\ N,
for some null-set N C S".
Moreover, since almost every value of v is regular and ¥ is compact, the number
volg (zfl( . )) of pre-images under v is finite for almost every point in S™, as well as
locally constant. In view of the area formula (see, e.g., [Fed69, §3.2]),

0</ |detA|:/ volg (1/71(~)OU,),
U_ v(U_)

we then conclude that
vol, (v(U-)) > 0.
From these considerations follows that the set

B= {e es" | dq+ € Uy,q— € U— such that v(qy) = v(g-) = e} cs"

has strictly positive measure. Now, for e € S™, consider the map fe : ¥ — R,
g — (g, e). Then the critical points of f. are given by the set

Ce={qeX|v(g)==%e} CX.

We show that f. is a Morse function for almost every e € S™. To do this, we have
to check that Hess fe(q) has full rank whenever g € C.. But there, we have

Hess fe(q) = FA(q) (g€ Ce),
and we conclude that f. is a Morse function whenever
CeC {geX|detA(q) #0},

i.e., whenever e and —e are regular values of v. But since the set of singular values
of v has measure zero, we conclude that, for almost all e € S™, the map f. is a Morse
function. In particular, since vol,(B) > 0, there is an € € B for which fz is Morse,
and we get by construction

Jg, € X suchthat v(g.)=¢e and Hessf:(q, ) >0,
and

Jdg_ € suchthat wv(g_)=7¢ and Hessfs(7_) <O0.
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On the other hand, we saw that fz must have the absolute minimum cg in a point
G € T=(cz) N'X for which we have Hess fz(q,) > 0. Moreover, v(g,) = —€, whence
Qo # G- By construction, then, fz has two distinct local minima.

But since ¥ is connected, one of the Morse inequalities yields (see, e.g., [DFN90,
§16] or [Nic07a, §2.3])

p1—22>p1—po=>br —bo=0b1—1,

from which p1 > 1. Here, b; and p; denote the Betti numbers and the Morse numbers,
respectively, and we have used that b1 > 0, bp = 1 (by connectedness) and po > 2
(since fz has, at least, two local minima). Consequently, fz needs to have at least
one saddle point of index 1. This, however, is impossible, since all the critical points
of fz have either index 0 (minima) or index n (maxima), by construction. Thus our
assumption that there is a point in which A < 0 was false, and the proposition is
proved. O

3. G. Huisken’s proof for two—dimensional mean—convex surfaces that
bound a star—shaped domain

In this section we prove the L?—estimate (3.1) for two—dimensional surfaces that
are mean convex and bound a star-shaped domain in R®. The method hereby used
was suggested by G. Huisken and uses inverse mean curvature flow. The additional
assumptions recover the optimal constant C' = /2 (cf. Proposition 4.1 of the next
chapter). However, as we are also going to show in Chapter 4, the constant C' = /2
does not work for generic surfaces (compare with [DLMO05]). We wish to stress here
that the following proof takes care of a more general situation than the corresponding
result in Section 1 (H > 0 and star-shaped versus Ric > 0, i.e. convex), except for
the fact that our requirement is weak (non-strict inequality). However, it seems an
easy, albeit tedious matter to generalise Theorem 3.3 below to the case H > 0 by
approximation with (H > 0)-surfaces (compare also with [HIO8, Theorem 2.5] for
weakening of H > 0 to H > 0 in the case of strict star-shapedness).

Theorem 3.3 (Huisken). If 3 is the smooth, closed boundary of a star—shaped do-
main in R® with induced Riemannian metric g, and has everywhere strictly positive

mean curvature H, then
1
2\ 4 2 %
< \/5(/ ‘A— a, > :
5 2

(3.4) /Z A= % <V0121(2) /EH> !

The proof presented below differs only slightly from the one proposed by G. Huisken
to C. De Lellis at a summer school in Rome (Italy) in 2005.

3.1. Preliminaries. For M an n—dimensional, smooth, closed manifold and
T > 0, a solution to the inverse mean curvature flow (IMCF) is given by a smooth
family of embeddings F': M x [0,T] — R™*!, such that

OF (1) = H(; gu@t,  weM, telT]
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where H (z,t) > 0 and v(z,t) are the mean curvature and the exterior unit normal of
F(M,t) in the point F(z,t). In 1990, Gerhardt [Ger90] and Urbas [Urb90] proved
independently that, if the initial data F'(M,0) = X is the smooth boundary of a
star—shaped domain, then the IMCF has a smooth solution for all times ¢ > 0 which
approaches a homothetically expanding spherical solution as ¢t — 4o0.

Consequently, the following approach to proving Theorem 3.3 seems promising.
Consider the functional

F(X) = /E A]? - %/E (H a volzl(E) /2H>2

on the set of smooth, closed surfaces of R®. Notice that it is scale-invariant, and that
the positivity of F(X) is equivalent to inequality (3.4). Also, F(S?) = 0. In view
of the results about IMCF mentioned above, it is then sufficient to prove that F is
non-increasing along the flow starting at the surface ¥ which bounds a star—shaped
domain.

3.2. Proof of Theorem 3.3. If ¥ is the smooth, closed boundary of a star—
shaped (with respect to, say, the origin) domain in R® with H > 0, let ¥; denote the
smooth, global solution constructed in [GerQO] or [Urb90] of the IMCF starting at
3o = 3. Then the rescaled surfaces r()Et converge to the round sphere S2(0)

as t — +oo. If we introduce, for any smooth function ¢ : ¥ x [0,400) — R, the

notation
_ 1
7T ok (S Jy, ¥

then the following lemma immediately implies the theorem.

Lemma 3.4. For allt > 0 we have
i]‘— Xt) H/ A—

Indeed, F(X¢) is then non—increasing along the IMCF. And since F is scale—
invariant and limy— 1. F(X¢) = F(S?) = 0, we conclude that F(X;) > 0 for all
t > 0 and, in particular, that 7(X) > 0. This proves Theorem 3.3. O

3.3. Proof of Lemma 3.4. We wish to remark that the functional F con-
sidered here is a special case of the functional given by (4.2), to be studied in Sec-
tion 1 of Chapter 4. The calculations for its first variation performed there are, of
course, valid also in the setting at hand, and we recover from (4.3s) with f = 1/H,
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n =2 and C = /2 that, for all ¢ > 0,
- Lo [ Ak
(3.5) dt]:( )= /E|A| 2/2HessH.A 2 L H
1 —\2 — L1 o H-—H
_§/E(H—H) +L(H—H)Aﬁ+/|A| —
1 1 A% A
/|A| 72/Hess—A+/HAﬁf2 i
/H2—|— H/H-l—/HA—
_ _ Al
—H/A—+/|A|2—H/|—
3 H > > H
o 2.o o Q9
:2/|A|272/A'A7H/&
> P H > H
72/Hessi:A+2/HAifﬁ/Ai
2 H > H >z

Now, since ¥ is closed, fz Ay vanishes for any C2—function ¢ on . Also, in view
of the Codazzi equations, we have

/HessgaA /ZVVJQOAZ /ZVQOV A

1,7=1 1,7=1

/vav] /ZVJVJWV /HA@

i,j=1 %,7=1

Finally, recalling that every two—dimensional Riemannian manifold is Elnsteln (i-e. its

Ricci curvature is a multiple of its metric, Ric = S;alg) we see that Ric:A = 0. But

since the (once contracted) Gauss equations tell us that Ric = HA — A%, we conclude
that

2'0 o o
ASA Q4= |A%.

Putting these three observations together simplifies (3.5) to

4oy [ AL
4 —H/

as required. O

4. The flow approach to n dimensions

The purpose of this section is to investigate how G. Huisken’s method explained
in Section 3 can be generalised to the n—dimensional case. As it turns out, requiring
merely H > 0 for the boundary of a star—shaped domain is not enough, but we
have to assume that the domain is strictly convex. Moreover, we cannot recover
the optimal constant C' = /-5 (cf. Proposition 4.1), but only get the result for
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= y/n, and the reason for this remains unclear until now. Otherwise, the method
generalises quite straightforwardly, although a much more careful inspection of the
rate of change of the considered functional is necessary.

4.1. The setup. Our goal will be to prove

Theorem 3.5. Let n > 3 be given. Then we have:
if ¥ is the smooth, closed boundary of a strictly convex domain in R™ 1 with induced

Riemannian metric g, then
1
2\ 2 H |2 3
<+n ‘A - —y .
5 n

(36) </ A%(ﬁ(z)/ﬁﬁg

According to [Urb91, Theorem 1.1], the inverse mean curvature flow with X as
initial data has a smooth, global (i.e. which exists for all ¢ > 0) solution 3; which
converges (as t — +00) to a round sphere after rescaling to constant volume. As in
the previous section, we want to consider a scale-invariant functional which vanishes
on spheres and represents the sought—after inequality (3.6). We then show that this
functional is monotone along the IMCF.

More precisely, consider the functional

f(E):(n—l)/2|ﬁ|2_%/z(H_F)2

on the set of smooth, closed hypersurfaces of R"*!, where, again, H = m fz H.

It is immediate to see that F(X) is non—negative if and only if inequality (3.6) holds
(use (3.2)). Notice also that F(S™) = 0. We rescale F to the scale-invariant quantity

H(Z) = vol, = (2)F(X) = vol, = (%) <(n - 1)/ |A]? — %/(H F)Q) )

By the same arguments as in the proof of Theorem 3.3, the following proposition
then immediately implies Theorem 3.5.

Proposition 3.6. For X, 3; an H as above, we have
d
—H (X)) <O0.
dtH( ¢) <

PROOF OF PROPOSITION 3.6. In the next subsection, we shall show the follow-
ing lemma giving the rate of change of H(X:) along the IMCF.

Lemma 3.7. For X, ¥ and H as above, we have

d n—2 IA] \VH?
EH(Et)— 2V01 Et < H/ F 7L*2) /Et H2

2"*1/ |A|2+1/ H” ).
n =, n Js,

(n—1)
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The first two terms in parentheses in the above expression being obviously non—
negative, we have to focus our attention on the three terms on the second line to
see that H(X:) is non—increasing. If we denote by Ai,..., A, the eigenvalues of A
(i-e. the principal curvatures of 3;), and introduce

A A .
i == = —=—— (ie{1,...,n}),
H Z]’:l Aj

then the sign of -£H (%) immediately follows from the lemma below (the proof of
which will be performed in Subsection 4.3), since it implies

trg A 2n—1 1
1)L - A4+ =H*>0.
(n- DI~ L AR >
Lemma 3.8. If n > 3, then the function

g = -3 ul - LY 2

i=1 i=1

is non-negative on the domain ™ = {,u eR" | Z?:l wi =1, p; > 0} and vanishes
only if all the p; equal % or one u; vanishes whereas the others all equal ﬁ

Clearly, then, Lemma 3.7 and Lemma 3.8 imply the proposition. (]

4.2. Proof of Lemma 3.7. As in the proof of Lemma 3.4, the calculations of
Section 1, Chapter 4, can be used also here. From (4.3c) (with f = 1/H) we recover
the well-known fact that

d
EVOI” (Et) = VOln (Et)

under inverse mean curvature flow, whence

n—2

(3.7) iH(Et) = volﬁn’_f(xt) (iF(Et) -

dt dt F(Et)) '

Using (4.3s) (with C' = +/n and f = 1/H) we get

n—2

if(gt) _

7 F(X) =(n— 1)/

|1¢Ci|2 —2(n— 1)/ Hess i/(i
poM P H

2,2 o
—o(n—1) AHA—%/(H—H)Q
PN 3¢

2 — .1 2 2 Al?
+2 | (H-HA=+= [ |A?-=H 141
n Jg H n Jg n 5 H

t t t

~ (n71)75n72) /2 |ﬁ|2+nn22/2t(H_ﬁ)2
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-0 ”f)Llﬁf—%(l—”f)/zw—ﬁf

AZA 2 [ AP
A -1 ——H
/ AP 21 [ A2

St St

try A3 71
/ AP~ 2(n - 1) / rjq o A"
¢ n p

|A| 1
H I —2(n—-1) Hebb f A

1 2—
try A3 2n 1
=-2(n-1 g 2 A H?
(n )/ ALy g2 /|| /
E/ |A| nfl)/ Hess—A+2/ HA—
n o
,_ﬁ/ A—
n o

Using that X; is closed, we recover, as in the proof of Lemma 3.4, that fzf Ay

vanishes for any C?—function ¢ on X and that

/ Hess ¢: A :/ Z VingoAij = f/ Z ngaVZ'Aij
N by b

tij=1 tij=1

/ZVjSDVjA /ZvjijOAii:/ HAp,
b} b} p)

tq,j=1 tq,j=1

where the Codazzi equations have been used. Similarly, we compute

/HA—: /EZVHV /EZVHVH /'VH|,

t =1 t =1

so that we finally arrive at

d n—2 B trg A 2n—1 5 1 5
af(Et)f ~ ]-'(Et)—2<(n1) 77— zt|A| +— z,,H

P

2 [ AP \VH|?
- H/ L _omn-2) | =L
n =, H =, H?

which, together with (3.7), immediately implies Lemma 3.7. d
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4.3. Proof of Lemma 3.8. Let @ = min; u; denote the smallest u; and define

61':/“—06 (’L'E{L...,’I’L})7

which are all non—negative. Notice that at least one (3; has to vanish. Since p € 7,
we have that

Zﬁizl—na and ae[O,l}.

Now write
9(8) = (n—1) im 5yt - 22 im +B
:n(n—1)a3—(2n—1)a2+%+(n—1)zn:6i3
+3(n—1)a§:65+3(n—1)a2i5i
2n—1261_2 ZBZ
— (1-na) (f(nfl)oz +o¢+%)
+(1-na) (S(n —1)a? - 2042”7; 1)
+(n—1)iﬁ?+( 3(n — )a )Zﬁ
- %(1 - na);(l —2(n—1)a)
+(n—1)zn;6?+( )Z@.
Using that _

n

Zﬁf’ Zﬁl V1 — na

i=1

iﬂ? = iﬂf”ﬂ}” <
i=1 =1

i.e.

Zﬂz > <Zﬂz> :
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yields
(1 —na)’(1—2(n—1)a)

n 2 n
T <Z B?) + (3= na-Z=2) 8,
i=1 i=1

where equality holds only if all 8; vanish, or all non—zero ones are identical.
Consider now the function

-1 2n —1
¢ x> n m2+(3(n71)o¢7 r )x,
1—na n

g(u) >

S|

which is minimal when

2n —1 3
X = Tcrit = (1 —’I’LO&) (m — 50()

and monotonically increasing on [Zerit, +00). We then have

(1—na)?(1—2(n—1)a —&—qﬁ(ZBZ).

Using that at least one (; vanishes, we can estimate

S|

g(p) >

so that
(1 — na)?
Se ity (Sa) -
Notice that equality holds only if all the 3; vanish, or (n — 1) of them are non-zero
and identical.
Since ( .
1 —na 1
2T S pen v, - -
n_1 =ttt @ n(n — 3)
and a > 0 by assumption, we see that

9(pn) = %(1 —na)2(1 —2(n—1a)+¢ <m>

v

n—1
n—2 2
= —_— 1—
n(n—l)a( na)
>0,

where the second equality holds only if « € {0,1/n} and the first, as already men-
tioned, only if all 3; vanish, or all except one of them are non—zero and equal. In
view of the definitions of o and f;, this leaves precisely the two asserted possibilities
and thus concludes the proof. O






CHAPTER 4

About the optimality of some of our results

This chapter is dedicated to producing a few optimality results around the mat-
ters discussed so far. We first show that the constant C' = , /-5 on the right-hand
side of (3.1) is, in fact, optimal among Ricci—positive (i.e. convex) hypersurfaces.
We then argue that the condition Ric > 0 is optimal whenever we are in the sub—
critical setting (i.e. when p < m). Finally, we establish that the constant C' = V2 is
not the appropriate one for all two—dimensional surfaces, thereby demonstrating the
importance of the additional assumptions in, both, Theorem 3.1 and Theorem 3.3.

Notice that the given counterexamples do not assume unit n—volume. However,
this is irrelevant, since both sides of the main estimate scale identically.
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1. The optimality of the constant C' = /"5 in Theorem 3.1

Proposition 4.1. Letn > 2 and C' < /"5 be given. Then there is a deformation

3 of the standard sphere S™ such that
1
2\ 2 2\ 3
b

(41) /EA—%(ﬁ(z)/zH)g

Moreover, ¥ can be chosen arbitrarily close to S™, ensuring that Rics, > 0.

A—Eg
n

59
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We will prove this proposition by a geometric flow technique.

1.1. Preliminaries. On the set of smooth closed hypersurfaces in R*™* we
introduce the functional

(4.2) f(z):(02—1)/2|21’|2—%/2(H—ﬁ(z)/sz)g.

It is immediate to see that F(X) is negative if and only if inequality (4.1) holds
(compare with (3.2) of the previous chapter). Notice also that F(S™) = 0.

Let Fy : 8" — R™"! denote the canonical embedding of S™ into R™*!. Given
a smooth, real-valued function f on S", we consider the family of hypersurfaces
given by the embeddings F : S™ x [0,T] — R™" for some T > 0 and such that

{F(S”,O) = Fp(S™),
OF (x,t) = f(x)n(zr) (zes),

where v¢(x) denotes the outer unit normal of 3; in F(z,t) (the existence of such an
F should follow from, for instance, [Car65, §§35-48]).

In what follows, we will calculate the second derivative of F(X;) at ¢ = 0 and
show that we can choose an f : S™ — R such that

FFE)|,., = 0
L F () <0

This shows that we can deform S™ slightly to obtain a surface that satisfies (4.1),
which proves the optimality of (3.1) (obviously, by continuity, the deformation of S™
thus obtained will have non—negative Ricci curvature for ¢ small enough).

In the sequel, we shall omit the subscript ¢ for the sake of readability.

1.2. The first variation of 7. We choose any coordinate patch and compute

(4.38,) 8tgij = at <81F, c’)]F) = <aiatF, agF> + <81F, ajatF> = 2fAij7
.. n . . (4.3&) ;L
(4.3b) Org” = — Z 9% g" Oegr = —2f AV,
k,l=1

(4.3a)

1 1
4.3 Oin/detg = ———0,det g = ———=det g try (Org) = ftrg(A)+/det
( C) t etyg 2\/mteg 2megr9(t‘g) frg() etyg
= fH+/detg.

On the other hand,

(4.3d) 00 F = (D:f)v + f(0iw) = (i f)v+ [ Y A%0F,
k=1
i 3 " o (a3d)
(436) Otu = Z <87§l/7 81F> g”ajF = — Z <V7 8t81F> g”ajF = —Vf

i,j=1 4,j=1
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Consequently,

(43f) 8,5141']' = 8,5 <6V 8F> = <6'8tV 8F> <8'V7 8t8JF>
(4.3d)& (4.3e)

— (Y f,0;F) +fZA’“ Ayi = —Hessy; f + f(A%)i;

k=1
and
n B (4. Jb)&(4 3f) )
(4.3g) OH =) (Dig”)Aij + Z 97 (9:Ai) = —=Af — AP,
1,j=1 i,7=1

from which

o 1 1
(4.3h) O Aiy = OrAis — —(0eH)gij — —H(Degis)

(4.3a),(4.3f) & (4.3g)

= —Hessi; [+ Afgi; + f (4% — - HA,)
+ gf (|A| 9ij — HAij)

1 [}
= —Hess;; f + EAfgij + f(AA)s;

1 o9  H? 0 1
+=f (<|A|2 + —> 9ij —H (Aij + —ng)> ;
n n n

1 o 1 o 1 o
= —Hessi; f + ;Afgij + f(AA); + ;f|f4|29u - ngAij,

(4.3i) AP =2 > g™ A ((0ig™) Ais + ¢ (9:A45))

i,7,k,l=1
(4.3b)&(4.3f) n ) ) n B
— —4f Z A" AY A — 2Hess f1A +2 Z FATAK Ay
i,5,l=1 i,5,k=1

—2Hess f:A — 2f tr,(A%)

and

@3i) oA =a <|A|2 - lHQ) — 0 |A]2 — EH(atH)

(4.3g) & (4.31)

= —2Hess f:A — 2f try(A®) + HAf + fH |A?
= —2Hess f:1A — 2fA%A
By (4.3c), we have for any smooth function ¢ : S™ x [0,T7] - R

d (4.3¢c)
(4.3K) = | o= | rHo+ / Brp.
= = =

61
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As a consequence, we get

(4.3j)&(4.3k)

(4.31) i/ |f(i|2:/fH|ﬁ|272/Hessf:f(i72/fAQ:f(i
dt > 2 2 >

On the other hand, if we introduce the notation

we have
(4.3k)&(4.3n)
(4.3m) LIS fH(p—-2)+ [ 0
' at’ " vol,(x) \ T T L)
since
d 1 1 d (4.3k) 1
(4.3) dt vol, (%) vol2 (%) dt /Z vol2 () /Ef
Therefore,
(4.3m)
(4.30) O —P) = Ovp — (Orp) — (fH(¢ — 7))
and
(4.3k) & (4.30)
d _ _ _ _
am) G [w-9= [ -9 12 [ 0-p @6 -9)
> > >z

:/EfH(¢f¢)2+2/E(<pf¢)atso,

where we have used that fz(go —®) = 0. It follows that

(4.3g)&(4.30)

(43q)  O(H —H) = ~Af = [IAP + (Af + [|A") = (fH(H — H))

and
(4.3r)
(4.38)&(4.3p)
d -y /fH(HfF)QfQ/(HfF)Afo/f|A|2(H7F).
dt 2 > >

Puttlng all this together finally yields
(4.3s)

if((”)lw(& _ ) (/fH|A| —2/Hessz 2/fA2 )
—;(/EfH(H—F)Q—2/):(H—F)Af—2/zf|A|2(H—F)).
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o
Since A vanishes on S™ = X|;—o, whereas H is constant there, we immediately see

that, for any f,
d

dtli—o
Consequently, S™ is a critical point of F and it makes sense to study the second
order variation of F at ¢t = 0. This is precisely what we wish to do next.

F(z) =0

1.3. The second variation of F. If we denote by n the canonical metric on
S™, we have at t =0

glt=o =,
Alt=o = n,
Hlt=o = n,
Ao =0

and
(H — F)|t:0 =0.

Omitting any subscript S™ on quantities or operators which are now evaluated on
S" = Et‘t:o rather than on ¥, we obtain from (4.3h), (4.3j) and (4.3q)

(4.3h)
(4.4a) Otly_o A=— Hess f + %(Af)n,

(4.3j)
(4.4b) O, A2 =0,

(4.3q) [
(4.4c) Ohly_o(H—H)=—Af— fIn> + (Af + fIn*)
and
(4.4d) Ohl,—o (H—H)* =2 ((H — H)(0:(H — H)))|,_, =0

In view of the vanishing of A and (H — H) at t = 0, these are sufficient to compute
the second variation of F. Indeed, from (4.3s) we obtain using the identities above

(4.4e)
d2
dt?

F(E) = (02 —1) (—2/ Hess f: (— Hess f + l77Af)
t=0 sm "

_Q/Sn fn?: (— Hess f + %nAf))

—5(—2 [ sr(as-pt+wrEm)
STI,

—2/ fn? (=Af = fn® + (Af+fn2))>
Sn
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_(021)<2/ Hessf:Hé’ssf+2/ fAf—2/ EfAf)
sn sn sn T

%(/ Af (Af +nf — (AT +nf))
n

+/ nf (Af+nf - (Af+nf))>
Sn

:2(02—1)/ |Heossf|2—%/ (Af+nf—(Af+nf))2,
sn sn

where Heossf = Hess f — %(Af)g is the traceless part of Hess f, and we have used
that fS” (¢ —®) = 0 for any smooth function ¢ on S™.

1.4. Proof of Proposition 4.1. By the same calculation as in (3.3) of Sec-
tion 1, Chapter 3, we have

/ [Hess fI2 = / (ap? - / Rie(V, V) = / (AP~ (n—1) / VA2
sn sn sn sn sn

since Ric = (n — 1) on S™. Consequently,

[omese =t [ @preen [
sn sn sn

On the other hand, if we assume that f = 0, we obtain through partial integration

/ (Af+nf—(Af+nf))2:/ (Af)2+2n/ N
Sn Ssn

sn Sn

1 2
T(S)(/A“"/f)

=/ (Af)? —2n/ IVf|2+n2/ .
Sn Sn Sn
Hence, (4.4e) is equivalent to

(4.5)
Foy=2 (et ) / @ —m (et 1) / AL

d2
a2
]
Sn Sn
—2(et ) [ (@t s [ (OE ).
n S77/

as long as we require fsn f=0.

t=0
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Now let f be a spherical harmonic of order k, where k& > 1 will be chosen below,
and set o = (C’Q"T’1 - 1). f satisfies —Af = k(k+n—1)f, f =0, and (4.5) becomes

d2

(4.6) "

F(E) =2a (K*(k+n—1)° —nk(k+n— 1)) / f?
S”IL

t=0

+ k(k+n — —-n 2
=2 2 Oék)k)+71—1 kk—l—n—l—n

+ (k40— 1) = n))

— 2k —1)(k +n) (/S f2) (ak(k+n71)+1).

For k > 1, this quantity is negative whenever
ak(k+n—-1)+1<0,

which can be achieved as soon as

(n—1)2 n n—1
k>\/ i th-cem-n 2

since we had assumed that o = (CQ"T_I - 1) < 0. As aresult, there exists a function

on S™ such that dif;

F(X) < 0 and the Proposition is proved. O

2. The optimality of the assumption Ric > 0 for the general sub—critical
estimate

In this section we prove that, for p € [1,n), there are surfaces for which estimate
(3.1) fails (for any constant) if we don’t assume the Ricci curvature to be non—
negative. This will be a direct consequence of the following proposition which is an
easy generalisation of Proposition 7.1 in [DLMO5].

Proposition 4.2 (De Lellis, Miiller, P.). Let n > 2 be given. There exists a family
of smooth, closed, connected hypersurfaces . C R"*! such that:

(4.7a) C >vol,(Xe) > ¢ >0, for every e > 0;

(4.7b) hé% vol, ({g € | Ric(q) < 0}) = 0;

(4.7¢) lim |;1>|p =0, for every p € [1,n);
N0 .

(4.7d) 3 converges in the Hausdorff topology

to the union of two round spheres;
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and

(4.7¢) lim <inf/ |A— /\g|p) >0, for every p € [1,n).
eN\0 A 5.

In particular, this immediately implies

Corollary 4.3. Assume n > 2. Then, for every C > 0 and every § > 0 we can find
a smooth, closed hypersurface ¥ in R™" such that

(Ll Eof) ()’

and where the portion of X on which the Ricci curvature is negative has n—dimensional
volume smaller than §.

Afgg
n

The proof of Proposition 4.2 presented below follows closely the construction in
[DLMO5]. The idea is to consider two round spheres of radii 1 and 1/2, respectively,
and glue them together with a small hyperbolic neck so that the LP—norm of the
second fundamental form on that neck becomes arbitrarily small. As in [DLMO5],
we choose a catenoidal neck to simplify the computations.

2.1. Preliminaries. Let I be a closed interval. We call a hypersurface ¥ C
R™ hypersurface of revolution (around the z"T'-axis) if there exist two smooth
functions f and h on I, with f > 0 and (f)? 4+ (h')2 > 0 on the interior int] of I,
and such that ¥ is parametrised by the map

F:8"'xI — R
(z,t) = (f({O)2(x),h(t)),
where ® denotes the canonical embedding of S™~ ! into R™. We call the curve ¢ :

I — R2,t+ (f(t),h(t)) the generating curve of ¥, and assume it is injective.
In the coordinates (z,t), the metric of ¥ and its inverse are given by

f27] 0 -1 f_277_1 0
= and = )
! < 0 (f)+(n)? g 0 VREE= UL

where 1 denotes the canonical metric on S™ . Consequently,

(4.8a) Vdetg = " /()2 + (h)2/detn.

One easily checks that the outward unit normal on ¥ is given by

1 ! !
v=————— (h®, — .
(f)2+ )2 ( )

Then one computes immediately

1 fh'n 0
48b A e e — AN UaN,
( ) (F)2 + (W)2 ( 0 ' —f h)
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and
_ 1% PR — R
(4.8¢) POl ko130
(f)? + ()2

2.2. Detailed construction. For ¢ € (0, 27("71)], consider the three families

S%, C. and S! of hypersurfaces of revolution given by the parametrisations

Fsu : 5771 x [zg,c: + %} , (2, ) — i* (c — 1)2d(a), ¢ | |

Fe

€

A [ti,t;‘] ,
(z,1) = "_i/ecosh <@>@(m),/t <ecosh <@>)ﬁ

Fg 8" x [l —1,2], (2,1) = ( 1—(d ft)2<1>(m),t),

and

respectively, where

€ arccosh V2 , ti = ——° arccosh L ,
n—1 2y/e n—1 Ve

te

w “ 1 62/71,
Cc = Z¢ + Z*W, ci:Zi,VI,GQ/n.

The parameters ¢/, 2*/" and t*/' were chosen such that, for each € € (07 2_(”_1)},
Y. = S*UC.US! is a closed hypersurface of revolution, generated by a C'-curve
which is piecewise C*°. Its constituents are a portion S¢ of a sphere of radius 1/2
and a portion S’ of a sphere of radius 1 (so that A gu/t = 0), connected by a

catenoidal neck Ce¢ (so that H‘c = 0, as is immediately verified using (4.8c)). The
sets 7¢ = S* N C. and 7! = S' N C. on which the constituents touch are (n — 1)

n

dimensional spheres of radius {/e and %/€/2, respectively (see Figure 4.1).

Remark 4.4. [t might not be completely obvious why the resulting surface should be
C'. At the top and bottom it is clear that only a coordinate singularity occurs. At
the two junctions 'yg/l, however, a short computation shows that the tangent spaces
on both sides coincide. Hence we could re—parametrise the three generating curves to
get a single C*—curve (for instance as the graph over [¢t —1,¢* +1/2] in the variable
z" ).

ds
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N e
C'e
AT

)
J
Z/in

Y \

’ S
AR \\

FIGURE 4.1.

2.3. Proof of Proposition 4.2. We use the construction of the previous sub-
section. One immediately sees that, as € \, 0,

ze \( 0, zifO, ceu\% and ciffl.

Therefore, since the radii of 4 and ~ also converge to zero, we conclude that

1
(4.9) S and S! converge, respectively, to a sphere S¢ of radius = and

to a sphere S§ of radius 1, which are tangent at the origin in R" ™.

Now observe that
(4.10a)

— 1)t _n-1 _ 1 1 _1
cosh (M) c {l,max{Q o€ '}L,e 7 H = |:1,6 }L} on [ti,t?].
€
Moreover,

n—1
et = ¢ 1 (arccosh (27T67%) + arccosh (67%))

(4.10b) € |:¥1 In (2_(n_1)e_2) , m In (2n+1e_2):| ,
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which can be seen using the trivial estimate
Int < arccosht = In (t + /12 — 1) < In(2t) Ve > 1.

As a consequence, setting wn—1 = vol,—1(S™ 1),

t'Ur t‘uy
€ . €1 _n_ -1
vol, (Ce) = / 1= wn,1/1 \/det g dt (4.82) wn,1/1 6"1_1 coshm—1 (u) dt
C. tl t

€

(4.11)

(4.10a) & (4.10b)
Wn—1 n4+1 —2\ €NO
S mEln (2 € ) — 07
which implies (4.7b) and, together with (4.9), (4.7d). Also, we immediately get
(4.7a). Thus it remains to show (4.7¢) and (4.7e).
For (4.7¢), we first use (4.8b) to obtain

= b (n - 1)Fe T cosh (L 1>t) |

€

p
AP,

Then, with (4.8a), we calculate

u

t(
/|A|p:wn_1/ |A]P \/det g dt
el

te —1 n(p—1) — 1)t
an—l/ nZ(n—1)%e "1 cosh™ n-T (M) dt.

t

]
€

Finally, we use (4.10a) and (4.10b) to conclude

/ AP ¢ [(n(n —1)" el (27" V) (n(n — 1)) it In (2*“““52)] .
Ce

Hence

(4.12) lim/ |AlP =0,
N0 .
and the fact that H vanishes on C., whereas A vanishes on St and S¥, implies
immediately (4.7¢).
For (4.7¢e), we use (4.9), (4.11) and (4.12) to get

lim ( inf A—)Xg|? | =inf A—Xg|” + A— g’
\</| g|) k(/gé| g /Sg| g|>

p
— inf <wnn% 1= AP 4 20 ‘1 - )\‘p> > 0.
A 2n
As already mentioned in the previous subsection, the hypersurfaces ¥, are only
C'. They are, however, hypersurfaces of revolution. The curves generating them
are C' and piecewise C* (see Remark 4.4), bearing two jump discontinuities in
their higher derivatives. A standard smoothing argument therefore yields a family
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of hypersurfaces of revolution satisfying the requirements of Proposition 4.2. This
finishes the proof. |

Remark 4.5. The interested reader might wonder whether the surfaces just con-
structed fulfil (in the case n = 2) the assumptions of Theorem 8.3. In view of our
comments at the beginning of Section 8 in Chapter 3, we only need to check whether
these surfaces are star—shaped. However, an easy calculation shows that they are not,

as soon as
(,/1— Earccosh \/f) > 1.
r €

-1
=3

But this is always true for € small enough.

3. Generic two—dimensional surfaces fail to satisfy the L?—estimate with

C =2

In this section we want to show that there are surfaces in R® for which estimate
(3.4) fails, thereby demonstrating that additional assumptions, as in theorems 3.1
and 3.3, are essential. More precisely, we wish to prove the following proposition.

Proposition 4.6 (De Lellis, Topping, P.). There exists a family of smooth, closed,
connected surfaces e C R? such that

(4.13a) C >volp(Xe) > ¢ >0, for every € > 0;
(4.13b) 3. converges in the Hausdor(f topology

to a double copy of a round sphere;

and

(4.13c) lim

The idea is very similar to the one in Section 2, the only difference being that,
this time, we attach two concentric spheres of almost the same radius by a catenoidal
neck. Of course, to do this smoothly enough (i.e. at least C*), there will be a
transition zone to take into account. Below we give the construction in detail.

3.1. Detailed construction. Letr > 0. We use the notations and calculations
of Section 2. For € € (0,7), consider the four families S?, P., C. and S¢ of surfaces
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of revolution given by the parametrisations

Fso : S % [ee — 1 — b, 2], (z,t) — <\/(r +60)° — (ce — t)2<1>(m),t> ,
Fp, : St x [*pg — \/E&,*Pe} s
e oo (38 o E5))

Fe, : 8" X [~2e, 2, (x,t) — (ecosh (E) D(x), ft) ,
€
and
Fgi - S' X [ze,r — ¢, (z,t) — ( 72 — (ce + 1)2®(x), —t) ,

respectively, where the parameters

7
ze = earccosh -, Ce
€

22 1
be = —me, e =

I

[
5
—

\

<o

[
N
a

and

pe =\/re

were chosen such that, for each € € (0,7), Xc = S UC. U P. U S? is a closed surface
of revolution, generated by a C'—curve which is piecewise C*°. Its constituents are a
portion S! of a sphere of radius r inside a portion S of a concentric sphere of radius
r + de (so that A silo = = 0), connected by a catenoidal neck Ce (so that H‘c =0)
and a transitional reglon P. the cross—section of which is a piece of parabola. The
sets 7 = SPNCe, ¥ = C. N P. and v° = S° N P. on which the constituents touch
are circles of radius pe, pe and pe + \/g , respectively (see Figure 4.2). Notice that a
remark analogous to Remark 4.4 holds here also.

3.2. Proof of Proposition 4.6. In the construction of the previous subsection,
letting € N\, 0, one immediately sees that
Zze \( 0, ce S —r and 0e N\ 0.

Since the radii of ¢, 7™ and ~¢ also converge to zero, we conclude that

(4.14)

5% and S° converge each to a sphere Sy of radius r, with opposite orientations.

We now prove that the areas of P. and C. converge to zero as € \, 0. Let 7(¢)
denote the derivative with respect to ¢ of the second component of Fp_, i.e.

1
Te(t) = 715—:—p€ — 17_1
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FIGURE 4.2.

Then

1 1

Consequently, in view of (4.8a),

T 225\/§ €
v/ detg Pe(t) = —ty/14+72(t) < FJF < for t € [fpe — \/;55,*&]

Thus
2zer/ <
vola(P.) _/ 1<2r + \/_ €2
. JI o1 —< /1<
Amrze 2.
_ Tm"zl 8mez; - Ef 0

(=3

Similarly,

\/detg| () = ecosh? (E) € [e,r] for t € [—ze, 2],
Ce €
and so

4 €
volz(Ce) = / 1 < 4mre arccosh \/z < 4rreln (2\/2) = 27reln (g) ™0 0,
Ce

where we have used, once again,
Int < arccosht = In (t + /12 — 1) < In(2t) Vvt > 1.
With (4.14), we conclude (4.13b) and (4.13a). It remains to show (4.13c).
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We begin with showing that limeo [, |A]? = 8r. Since A
from (4.14) that limeso [4i/0 |A]> = 0. On C., (4.8b) and (4.8¢) imply that

2
()= ——=—— . te |-z,

;iz
4] €2 cosh* (f)7

Ce

Consequently, since v/detg| (t) = ecosh? (%)’

Ce

earccosh /L =

i ‘ dt c 4q

/ |A|2:47T/ 7”:8”/ e
Ce —e arccosh \/f € cosh (Z) 1 $24/s2 — 1

o VE
—87rl 1—] —8ry/1— £ Vg,
S T

Similarly, in view of (4.8a), (4.8b) and (4.8c), we have on P,

|1¢Ci|2 v/ detg

+

_ t 7e(t) 1 ’
P, (t)_ 9 1+T€2(t)< t z€(1+T52(t))> '

73

i/o = 0, we infer
Se

where, again, 7¢(t) is given by

Moreover,

Te(t)e|: 1 1 ] n 1 6{1—5

o

t 22+ VrE—re V2 —re

so that

7e(t) 1 [1—5 1 1 1 }

+ - =+
Ze 22 +VT2 —1re Ze T2 —r€

t T (+r20) <

For € small enough, the lower bound is non—negative, and we can estimate

A2/ e 2 > R
A" videtg] | < Jrze\/ﬁerE(gfl)+re(g—1)3/2
Consequently,

222
o 21re 8nrre 107rez Anrez? N0
AP < + “— + — — 0,
/P 4 < 1 —reze  rP-re  (r2—re)*? (12 —re)’

€
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and we conclude that, indeed,
lim [ |AP = 8.
eN\0 .

In order to establish that

2

H
lim A——=g| = 24m,
N0 e 2
where H = m fEe H, we proceed in a completely analogous manner. First, on
P., we get

L_y

_Jre B 2
H? :27r/ ! (—Te(t) + ! 5 ) dt
P. T —2ze 1+ 72(t) t ze (L4 72(1))
\/_

€

dme/T [ 1 2 1 Ze
< —+ + + -
r—e\ Ze  \Vr2—re+ 2z r2 —Te («/7"2—7'6—&—2,26)

2z 252
S W (M+2ze)2m>

0
0.

Since limewg volz(Pe) = 0, this also implies

1/2
/ H| < lim (Volg(Pf)/ H2) =0.
P, N0 P.

Next, on S¢/°, we calculate

/ H=—4m (ze — (ce — 7)) = —47 (225—&—7'(14—\/1— ;)) 0 —8mr,
st
5 8w 8m € eNO
H :—(zef(cefr)):—<2zé+r<1+ 17—))—>167r,
si r r r

.ASH_4WQE(Qr&n

— 47 <226 <1+\/%>+r<1+,/15)> O g
_ £ T

lim
eN\0

and

7+ dc

1 )«
Y — 1-< r

T

L;ﬂ: ),
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where we have used that, on a sphere of radius R, H = 2/R and y/det g = R. Finally,
in view of H = 0, we conclude that

hm/ H=0 and hm/ H? = 327,
eN\0 N0

2 o 1 1
= lim /|A|2+—/ H%—F/H
eN\0 . 2 . 2 .

= 24,

Thus

H
A—Z
29

lim
eN\0

as claimed. This establishes (4.13c). As in Section 2, a standard smoothing argument
on the generating curves of the family 3. yields the full statement of Proposition 4.6.
d

Remark 4.7. One might be tempted to think that, by the same technique, we could
attach even more spheres inside the ones just constructed in order to obtain a bigger
quotient in (4.13c). However, a quick inspection reveals that

1
Ao H
/ZéV 2voly () </2N ) g

eN\0 Q9
/ |A] 2+ ﬁ, N even,
21\7

if we arrange that SN converges to N > 2 copies of a sphere So of radius r.

2, N odd,







APPENDIX A

A few small lemmas

This appendix contains three little results that were used in the thesis but did
not really fit anywhere else. In particular, we feel that stating and proving them at
the locations where they were used would have broken too much the current train of
thoughts. Also, we think that they might be interesting on their own right.

Contents
1. A Morrey—type estimate 7T
2. On the restriction of the second fundamental form to a
linear subspace 79
3. On the variation of the Gauss map along a curve in a
convex hypersurface 80

1. A Morrey—type estimate

In this section we want to show the following variation of Morrey’s embedding
theorem, valid for W' *—functions (p > n) on the open ball Bx(0) of radius R > 0
around the origin in R™ (n > 1).

Lemma A.1. IfR>0,n < p< oo, u € WH?(Bgr(0)) and a = 1 — n/p, then there
is a constant C, depending only on n and p, such that

u(x) —u(y
sup 7| (@) g ) §CHDUHLP(
z,y€EB R (0) |x7 |

Ty

BRr(0))

PROOF. Since WP NC™ is dense in W for all p and on any domain (cf., e.g.,
[Eva98, Thm.2, §5.3.2, p.251]), we will henceforth assume that u € W'P(Bg(0)) N
C*°(Br(0)). The usual Morrey estimate is as follows (see, e.g., Corollary 1X.14 on
p.168 in [Bre83)):

lu(z) — u(y)|

sup fu(z)|+ sup g < COr (|lul + [ Dul|, :
z€BR(0) x,yeiR(o) |x—y| ( LP(BR(0)) LP(BR(O)))
oy

where Cr is a constant independent of u, but depending on the radius R of the ball
under consideration (as well as on n and p). The Lemma therefore states that the
Holder semi—norm of u can be bounded only by the LP norm of its derivative, and

7
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that this can be done independently of the size of the ball u is defined on. The proof
of this is done by a scaling argument.
Set v(x) = u(Rx). Then v € WP(B1(0))NC>(B1(0)). Moreover, we have that

sup |v(z)] = sup |u(z)],
z€B1(0) z€BR(0)

— Rx) — u(R, o
wp D@l | (ko) — u(Ry)|
z,y€B1(0) |m - y| z,y€B1(0) |Rx - Ry'

z#y z#y
Cpe oy L@ )
z,y€BR(0) |m7y|a ’
Ty

_n

P ||u||LP(BR(O)) )

1Dl 0 = ( / Do) da:)
B1(0)

/ |D(u(Rx))|p d(Rx)
B1(0) S

= R(Du)(R=)

I
~—
3| -
B =

1

P
Rpin/ |Du(z)[? dx>
Br(0)

1—

I
= I N

n
P

”Du”LP(BR(O))'

Now, denoting by w, = vol, (B1 (O)), we let

= u(x') dx’,
wn R /BR<0>

~ 1
v(z) =v(z) — =— v(z") da’.
/31(0)

Wn,

Notice that u € W'P(Br(0))NC>(Br(0)) and v € WP (B;(0))NC>(B1(0)). Thus,
the usual Morrey embedding yields:

wp @ =T0)

z,y€B1(0) |x7y|a
TF£Y

(Il o (54 0y + 1DV 2o (5, (0y) -



2. ON THE RESTRICTION OF A TO A LINEAR SUBSPACE 79

where the constant C is independent of ¥ and of R. By construction, v(z) — v(y)
v(z) — v(y) and Dv = Dv. Moreover, by our considerations above, Hv||Lp(Bl( 0y =

R—/P ||uHLp (B (0)) Since v(z) = u(Rx). Applying the Poincaré Lemma for balls (cf.,

e.g., [Eva98, Thm.2, §5.8.1, p.276]), we obtain ||uHLP (Br()) < C’pRHDuHLp(BR )
where Cp is independent of u and R. Putting all this together, we finally arrive at:

o u(x) —u(y — _n
re sp DMl T 0 Cn) R Dully, 0 -

z,y€BR(0) |.T - y|a
TH£yY
which is the desired inequality, since « =1 — n/p. O

2. On the restriction of the second fundamental form to a linear
subspace

In this section we wish to prove that the second fundamental form of the inter-
section of a convex hypersurface with a linear subspace is controlled in each point by
the second fundamental form of the hypersurface and the angle between the Gauss
map of the hypersurface and the linear subspace.

Let n > 2 and Q C R™™* be an open convex set with smooth boundary ¥ =
0Q. Assume we are given a k-dimensional (k € {2,...,n}) linear subspace II¥
of R"*! passing through z € Q. Set ¥ = X NII%, and let v and T denote the
Gauss-maps of ¥ in R™*! and ¥ in II%, respectively. Also, let A and A be the
second fundamental forms of ¥ in R"*! and ¥ in IT¥, respectively. Finally, for each
gEX CX let a(q) € [—5, 5] denote the angle between v in ¢ and TI¥. We have
cosa(q) = (v(q),7(q))gn+1, Where (-, -)pni1 denotes the standard scalar product in
R™"!. Moreover, cos a(q) # 0 (i.e., a(q) & {f%, %}), since  was an inner point of
Q. The following holds.

Lemma A.2. In every point ¢ € %, we have

ProoF. Without loss of generality, we may assume that x = 0. Since all the
considerations that follow are valid pointwise, we will drop subscripts or other ref-
erences to the point at hand. Notice that, in each point ¢ € & = ¥ NIIE, we can
write

— L
v=cosav +v,

where vt € (Hé) * is a vector in the orthogonal complement of II&. Let X and Y be

two arbitrary vector fields tangent to 3 and extended, first to vector fields tangent

to X, and then to vector fields in R, each time in a relative neighbourhood of X.
Denoting by D the standard derivation in R™*!, we have, in every point of X:

AX,)Y)=— <Dy7, 1/>Rn+1 = —cosa <D§7,v> — <Dy7, Z/L>

= —cosa <D§7, D>

Rn+1

=cosaA(X,Y),

Rn+1

Rn+1
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where we have used that DY € IT§ if X,V € IIj.
Now fix ¢ € X. If we choose an orthonormal basis (e1,...,€,) in T,X such that
(e1,...,€x) is an orthonormal basis in T that diagonalises A, we have

k k
‘Z‘Q = Z (Z(Ei,ei))Q = ﬁ Z (A(ei,ei))Q

i=1 i=

n k n
1 2 1 2 1 2
< E A(ei, € < E Alei, ) = Al?.
~ cos?a (Aleir &))" < cos? o (Aleir €5) cos? o 4]
j=1 i=1 1,5=1
The lemma follows. O

3. On the variation of the Gauss map along a curve in a convex
hypersurface

In this section we establish that the difference of the Gauss map of a convex
hypersurface ¥ between two points can be estimated in magnitude from above by
the integral of the largest principal curvature of ¥ along any curve in ¥ joining those
two points.

The following considerations are valid for any dimension n > 1. (-,-) denotes
the standard scalar product in R™™*, and Greek indices refer to components in the
usual basis of R"™!. For an immersion f : U C R" — R™"!  Latin indices refer
to components in the induced coordinate basis and D denotes differentiation with
respect to this basis.

Assume 3 = 9Q C R™*! is a smooth hypersurface, where Q is an open con-
vex domain. Since € is convex, we can parametrise 3 by S™ (through projection).
Moreover (using stereographic projection), we can pick a point S € 3 such that there
is a set U C R™ and an embedding f : U — R""™ with f(U) = £\ {S}. Let g
denote the Riemannian metric of 3. Let A denote the second fundamental form of
3 with eigenvalues A\, > ... > A1 > 0 and corresponding orthonormal eigenframe
(e1,--- en) (e 307 A%i(a)’ = Ni(e)’). Finally, let v : U — R"*! be the Gauss
map which associates to each coordinate value x the outer unit normal vector to X
based at f(z). Then the following is true:

Lemma A.3. For any points qi,q2 € U and any path v : [0,1] — U joining them
(i.e. with v(0) = q1 and v(1) = q2), we have that

(q) — viar)] < / .

~y

Taking into consideration the pointwise inequality

we also have
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Corollary A.4. IfU, q1, g2 and vy are as in the Lemma, then

() = via)| < / A].

Proor oF LEMMA A.3. For ¢1, g2 and v as above, we have

(v(2)" = (v(@))" = /01 Zn:((Diu)“ o'y(t))’yi(t) dt.

Thus

n

> ((Dw)or)s'e

i=1

dt.

v(g2) — (a0 s/

Consider for any i,! € {1,...,n} the pointwise equality

<Dif72(€l JD V> = ZA” 61 = Z ngA El = Zgzk >\l 61

j=1 k=1
= <Dif, - Z(Al>(ez>’“Dkf> :
k=1
Since the normal part of D;v vanishes (0 = D;1 = Dj (v,v) = 2 (v, D;v)), we obtain
D (@YD= (=M)(@)*Def (V).
j=1 k=1

Expanding 4 in the orthonormal eigenbasis (€)1 (1,....ny of A, 5 =D | grs¥"(€)* (1)’
we obtain
2

> 4D = (¥Dw, ¥ Dywy= Y 4 (g3 () (@) Div, Djv)
i=1 i,j=1 i,7,l,r,s=1

A {(=X\)grs3" (e)* ()" Dy f, D;v)

it

= ¥ (M)gesd" (@) (@)* (= (Def, Div))
= Y A g (@) (@) A

= Z ¥ ()93 () () g

n

= > O @ (@) = S0 (s ()

3,k,l,r,s=1 =1
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S o)

n

= (An)? Z grsd" (e0)° gy’ (e)"

Jk,lr,s=1

ST S dwged (@) gid ()

J,k,rys=1 1=1 1'=1

Z Z Z g(er, €)grs¥" () giny’ ()"

J,k,rs=11=11'=1

(Z gsA" (@) et Z gi?’ () w)

lr,s=1 k,l’=1

= (A)’9(%,9),
where the inequality follows from 0 < A1 < ... < A,. Consequently,

n

Z ’}/’LDZI/

i=1

<Ay = Anv/9(%:9)-

This yields

wlan) =@l < [ (e 9(0) 1Oy = [



APPENDIX B

On the second variation around a spherical cap
of some L?-integral quantities along a
volume—preserving flow

This appendix contains some computations made in a first attempt to combine
the results of the present thesis with those of [DLT10]. More precisely, we consider
a spherical cap M with (totally—umbilical) boundary OM, and deform its metric in a
volume preserving manner (thus deforming the induced metric on OM, as well). On
M, we then consider the first and second variations of the L?-norms of the traceless
Ricci tensor, as well as of the difference between the scalar curvature and its mean
across M. Afterwards, we do the same on OM \g/ith the L?-norms of the traceless
Ricci tensor, as well as of the induced quantities A and H — H (ﬁ denoting the mean
of H across 9M). We end by exposing a simpler situation.

The four involved quantities are precisely those relevant in [DLT10] and in this
work.

Contents
1. Notations and conventions 84
2. The first and second variations of the quantities on M 85
3. The first and second variations of the quantities on OM 93
4. The special case h = fg 106

Consider a closed subset M of the (n + 1)-sphere Si' with radius R, such
that its boundary OM coincides with an n-sphere S;' of radius r. We want to look
at metric deformations of S;;H which fix the volume of M. So, denoting by 7 the
canonical metric of Sgﬂ, we consider the one-parameter family g; of metrics on
St which satisfies (at least locally around ¢ = 0)

{a@ = h,
g = 7

where h denotes a symmetric bilinear form on S}T‘l such that

(B.1) / tr~ hdvol~ = 0.
M gt gt

83
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Let g;, 7 and h denote the restrictions of gi, 7 and h to M, respectively. Let g
and 7 denote the metrics induced by g: and n on M, respectively. In what follows,
we wish to calculate the second variation with respect to the preceding flow of the
following L?*-integral quantities on M and M which are derived from the respective
metrics g; and g; and which are critical at t = 0.

/M IRic||? (see eqs. (B.19) and (B.42)),
/A { (Scal —Scal)” (see eqs. (B.21) and (B.43)),
/{W MH% (see eqs. (B.38)) and (B.44)),
- (H-H)’ (see egs. (B.40)) and (B.45)),
/{W [Ric|? (see eqs. (B.41) and (B.46)).

We start by setting up our notations and conventions.

1. Notations and conventions

For simplicity, we will suppress any explicit reference to the dependence of a
quantity on ¢. The following notations are used for some quantities derived from the
metric g:

r Christoffel symbols of the second kind

Riem Riemann tensor
Rgc Ricci tensor
Ric Traceless part of Ric
Scal Scalar curvature
Vol Volume of M with respect to g
\% Levi—Civita connection
A Laplace—Beltrami operator with respect to V
div Covariant divergence operator acting on symmetric two—tensor fields
or vector fields
ad Coordinate derivative or coordinate vector fields

Here, we choose the following sign convention for the Riemannian curvature tensor:
Riem(X,Y)Z =VyVxZ —VxVyZ - Vv, x-vxvZ,

where X, Y and Z are vector fields on M. This way, the (n + 1)-sphere of radius R
has positive scalar curvature

_n(n+1)
Scal;]\ = T .
The boundary OM of M will be viewed as an embedded submanifold of M, its
induced metric will be denoted by g, and the quantities from above will be equipped
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with a tilde to designate those respective to (OM,gq). Furthermore, whenever we
work in local coordinates z°,...,z" near the boundary, we shall assume that o
vanishes on M. Greek indices will run from 0 to n, whereas Latin ones will run
from 1 to n. Indices will always be raised and lowered using the ambient metric g
and summation over repeated ones shall be understood implicitly. We introduce the
following notation for the extrinsic quantities inferred from the embedding of M
into M:

v Outer unit normal on OM
1% Second fundamental form
A Traceless part of A

H Mean curvature

Here, we choose the following sign convention for the second fundamental form:
AX,Y)=—g (V;Y,V) ,

where X and Y are vector fields on 9M (extended to a neighbourhood of M in M).
(Notice that in the case of a subset  of R™™* with smooth boundary 9, this sign
convention for the second fundamental form of the boundary ensures the equivalence
of its positive definiteness with the convexity of the enclosed volume .)

Next, we introduce some notation for two—tensor fields B and C' on M:

B:C Full contraction of B and C' with respect to g, i.e. B:C' = B""C\,
tryg B Trace of B with respect to g, i.e. try B = g:B
IBll, Norm of B with respect to g, i.e. HBH; = B:B

Similarly, we define for two—tensor fields B and C on OM:
BC Full contraction of B and C with respect to g,
ie. BC =By (371" (57)" Cu
tIZB Trace of B with respect to g, i.e. trEB =g:B
||BH; Norm of B with respect to g, i.e. | B||2 = BiB
g

Finally, the following integral notations will be used for the average of (smooth)
functions f over (M, g) and ¢ over (OM,g), respectively:

= 1
f:ffdvol :—/ fdvolg,
o ¢ Vol J,, J

P = f ¢ dvol~ = é ¢ dvol~.
oM 7 Vol Jou g

2. The first and second variations of the quantities on M
We start from the evolution of g:

(BQ) atguu = huu-
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Then, denoting by ¢ the Kronecker delta,

B.
0= 88", = 0: (9" gun) (22 (0:g™) gun + g"" R

(B.3) = Og"” = —hM".
Also,
Ordet g det g
Ory/det g = = trg (O,
ety = ety 2vaetg 0 09
(B.2)
1
(B.4) =3 trg hy/det g.
Therefore,
(B.5) 8,Vol = 8, / dvol, &0 L / try hdvol, = 0.
M 2 Ju
Furthermore,

1

O = 01 (597 (Bugrs + Dagr — 0rgas) )

(B.6)

2

(B.2),(B.3)

1 oT 1 oT
= 7§h (aagT,B + aﬂg‘ra - aTgaﬁ) + 59 (8o¢h7',3 + aﬂhfa - a‘rhoz,ﬁ)

1 oT
= 59 (vahTﬂ + vﬂhﬂx - v‘rhaﬁ)

+
N = N =

97 (Tarhps + T8 ghrp + 15 hpa + 15 hep — Tahps — T2 5hay)

h? 9" (Oagrp + Opgra — Orgap)
1 oT o o
= 597 (Vahep + Vshra = Vohag) + 87,10 = h7,T%,

1
= 39" (Vahes + Vhra = Vrhag).
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From this,

d: Riem, 5.7 = 0; (810, — 0al'G, + 15,4, —T0,I%.)
= 030:Tg, — 0a0:T'g.,
+ (8trgu) Toan + B (8tFZW) - (8trgu) Iy = Tan (8trgv)
=V3pdil'e, — Vadil'g,
+ (atF;‘W) Tha + ((%FZ;L) T — (atFZV) P50
- (8tFZV) Tos — (8trgu) Pay + (8trgw) o
+ (atrgu) Pay + Ty (atrgv) - ((%FZ;L) s, —Taw (Btl“gv)
=Vpole, — Vadil'g,
(B.6)

1 oT
= 55 (9" (Vahr + Vahra = Vohar)

1 or
- iva (977 (Vghey + Vyhrg = Vrhgy))
1
=507 (vﬁvahm VaVhey + V5Vahar
VaVahgr — VaVrhay + vavfhm).
Applying the definition of the Riemann tensor along with the first Bianchi identities,
we obtain:
O¢ Ri o Loor Ri Hh Ri "h
i Riem,, 5,7 = 5977 — Riem,g." hyy — Riem, " hur
+ V4 Vghar — Riem_ ;" hur — Riem_ 5 " hap
— Vavyh@-,— — VBV‘rhafy + Vavfh@,y>
1
= 59‘”<Riem6m” hyuy + Riem_ " by — Riem, 5 " hyr
+ Riemg,, " hur + Riem, 5" hur + Riemy " hua
4 VoVshra — VaVahsr — VaVrhay + vavfhm)

1
=3 g”( — 2Riem, " hyr + Riem, 5" hyr + Riemy, * by

— Riem,, " hyy — Riem_ 5 " By

T

(B.7) — VaVihsr — VaVihay + VaVehsy + vvvghm).
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Consequently,

Oy Riemagys = (Orgso) Riem,, 5.7 4050 (8t Riemaﬁﬂ/")
(B.2),(B.7)
= hso Riemaﬁf
1_.
hus + 5 Riemgs,." huy

. 1.
— Riem, . " hus + 3 Riem,_,

1_. 1.
3 Riem 55" hyuy — 3 Riem_ ;5" hyua

1 1 1 1
ivavwhgg — §V5V5haa, + ivavtshg,y + vavgh(ga

1. 1.
=3 Riem,, " hys + 3 Riemgs,." huy

1. 1.
§Rlema5/3u huy — ERlem%gé” hua

1 1
- ivavwhm - EVthshafy
1 1
(B.8) + §VQV5h/37 + 5V7V;3h5a.

Contracting over the second and fourth index, we get after relabelling:

O Ricas = (0:9°7) Riemaopgr +9°7 (O Riema(,gf)
(B.3),(B.8)

= — Riemqa,p, M + = Rlcauh + - RlCBuh o
(B.9) - 5VQV5 trg h — %Aha,g + 5Va divhg + §V5 div hq.

Contracting again yields:

0% Scal = (8tg°‘6) Ricas +9°7 (8¢ Ricap)
(B.3),(B.9)

= — Ricapg h*” — Ricyw h* 4 Rica, B
— Atrgh+divdivh
(B.10) = —Ric:h — Atrg h+divdivh
So we have,
8tR1ca,g = 0y Ricap — i (0¢ Scal) gapg — ; Scal (0tgap)

(B.2),(B.9),(B.10)

= — Riemaus. Y+ = Rlcau huﬁ + 5 Ricgy h*.,
1 1
+—R1c hga —Scalha
nt 1 Jap — I B
§VQV5 trg h Ahag + A trg hgap

1 . . 1 o
(B.11) + §Va div hg + §V@ div he — p divdiv hgag.
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On the other hand,

0y |[Ric||? = 2Ric,uw g"* (9eg””) Ricas +2 Ric, g**g"” (9 Ricas)
(B.3),(B.9)
= —2Ricy, Ric" 5 h*” — 2 Riemayp, Ric™ B* 4 Ric,® Ricay b
+ Ric,” Ricg, b — Ric®® Vo Vg try h — Ric™® Ahap
+ Ric®” V, div hg + Ric™® Vg div ha
= —2Riemays, Ric™” h*
(B.12) — Ric:V”try h — Ric:Ah + 2Ric:V div h,

and

d; Scal® = 2Scal (9; Scal)

(B.10)

(B.13) = —2ScalRic:h — 2Scal Atry h 4 2 Scaldivdiv h,
so that

° . 1
o [RSe|)? = & — 5, (||R1c|\j - = Sca12>

1
Ric ——— Scal
ic T calg

2
g
(B.12),(B.13) 1
= —2Riemqug. Ric™ pv + Qn——&-l Scal Riema,, . go‘ﬁh‘“'
— Ric:V?try h — Ric:Ah + Q%H Scal Atry h
1
+ 2Ric:Vdivh — 2—— Scal divdiv h
n+1
_ cna B Rt uv
= —2Riem" " Ricagh

(B.14) — Rie:V? try h — Ric:Ah + 2Ric:V div h.

As a result, omitting the volume element for simplicity,

(B.4)
o 1 o o
o [ IRl = [ iRl + [ omel:
2 g g
M M M
(B.14)
1 Q . Q v
= 5/ tI‘thRlCHi - 2/ Rlemafy Ricagh'
M M

(B.15) 7/ R(i)c:VQtrghf/ R?C:Ah+2/ Ric:V div h.
M M

M
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Also, we find that

O (Scal ,ﬁ) = O (Scal%/ Scal)
M

(B.4),(B.5) 1 1
= 0y Scal ——— / trg h Scal —— / 0Oy Scal
2Vol J,, Vol J,,

(B.10)

. A 1
= —Ric:h — Atrg h+divdivh — Vol MtrghScal
1 1 1
B.1 — icch+ — | Atrgh— — [ divdivh
(B.16) * Vel /M Ric:h + 41 /M 9T Yol /M v,
yielding:
(B.4)

at/ (Scalfﬁ)2 = l/ trgh(Scalfﬁ)2
M 2 Ju

2 / (Scal —Seal) (9, (Scal —Seal))
M

(B.16)
= % / trg h (Scal —Q)Q — 2/ (Scal —ﬁ) (Ric:h)
M M
-2 / (Scal —Scal) (A try h)
M
(B.17) +2 / (Scal —Scal) (divdiv h),
M

since fM (Scal—Scal) =0.
Now, at ¢t =0, (M, g)|
R, and we have

,_o 18 a subset of the standard (n + 1)-sphere with radius

Yo ‘t:O = s

. 1
Rlema,ga,(s ‘t:O = ﬁ (7704'*/7756 - 7]045775’7)7

. 1 1
Rlemauﬁy —o = ﬁﬁaﬁﬁuu - ﬁ(say(sﬂu’
. n
Rlcag ‘t:o = ﬁﬁa@,
n(n+1)
Scal }t=0 ==

[e]
Ricags ‘t:O =0.

Considering the two quantities fM HRTCH?] and fM (ScalfScal)Q, the evolutions of
which are given by (B.15) and (B.17), respectively, we see that both vanish at ¢ = 0.
Moreover, since both are non—negative at all times, we infer from their evolutions
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that they must be minimal initially. We are thus interested in their second variations
at t = 0. For this, we calculate:

. (BaD n
O 1—RiCap = try hnap — 55 hap

try Anag + ha,a + =5 haﬁ + T2

L

(n+1)R?
1

— §VQV5 trT, h — §Aha,g + 7’[,——|—1A trT, h’l]ag

" R? R? R?

+ lva divhg + %Vﬁ div he — # div div hnags

2
1 o0 1
= ﬁhuﬁ — §VQV@ try, h— Aha@ + Atrn hnap
1 1 1
B'l a [e3 i a i (o 2 i i sy
(B.18) +2V d1vh5+2V5d1Vh n+1d1vdlvhn 8

where, for all t, h=h- n%rl trg hg. Then, in view of the fact that Ric vanishes at
t=0,

(B.15)

a2|,_, /M ||R3’c|\j = —2/M (Riem®,” )
- / (8], Ricas) V2" tr, / (8], Ricas) AR®
M M

+2 / (81],_,Ricas) V divh’
M

(at | tzoR?CO‘B) h

t=0

(B.18)

2 [ o 1 [ 5 1 [ 2
:0+—/ h:hf—/ h:V~ tr hf—/ h,:Ah+—/tr h (Atry h)
Ry Ry ! R o (n+DR? [, " '

2 2
+ = / h:Vdivh — ————— / try, h (divdiv h)
R? [, (n+1R? J, "

,% thtrnh+ /Hvztr,,hH /wAh:Vztrnh

L A 1 o
- /M (Atryh)? - /M V2 tr, iV div h + m/M (divdivh) (Atr, h)

1 1
- hAh+ /Ah:VQtr,,h+§/M lAR|2

/ (Atryh)? — / Ah:Vdivh+ﬁ / (divdivh) (Atry h)
1 M M

T+l "
+ % h Vdivh— / V2 tr, h:V divh — / Ah:V divh
R M M

2
+n+1/ (Atry h) (divdivh) + /HlevhH

+/ VP divh*V, divhs — —/ (div div h)?
M n+1 [y
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2 2 o 2
= hh——/ h:V~tr, h
R* R J,, "

2 .
I /hAh—l—ﬁ h:levh
/||v tro B[ + /|\Ah||f,+/ IV div Al

n—l—l/ (Atr, h)? ——/ (div div h)?

+/ V2 tr,, h:Ath/ V2 tr, h:V div h
M

M

,2/ Ah:Vdivth/ VP div h*V, div hg
M M

(B.19) — /M (Atry ) (divdivh).
Similarly, we calculate
(B.16)
n(n+1)
8t‘t=0 (Scal fScal) = —Atry, h+divdivh — R try h — SRTVol /M try h
——
®.1)
+L Atr hfL divdivh + try h
Vol vl f,, R?V 1 !
H/—’
®1,

= —Atry,h+divdivh — Vo2 trnh—l—Vl/ Atryh

1
(B.20) ~ ol dlv div h,

so that (since Scal |t—O is constant on M)

(B.17)
af|t=0 /M (Scal 7ﬁ)2 = ,% y (8,%20 (Scal ,ﬁ)) try h

_ 2/ (at\tzo (Scal ,ﬁ)) Atry h
M

+2/ (9|,_, (Scal =Scal) ) div div
M
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(B.21)

(B.20)

= % Mtr,] hAtr, h — % / try hdivdivh

M

2n? 9 2n
+ = (try h) 7—</ Atr, h) </ tr h)
R J, " R2Vol \ /), ! I
——
(B.1)
=0
2n s
+ Vol (/Mdlvdlvh) (/Mtr,7 h>
———

B,

+2/ (Atr, h)? 72/ Atry hdivdivh + % try A tr, b
M M JM

. 2 .
([ smn) o ([, swn) ([ )
- — Atrph| +— Atry h divdivh
Vol ( M ' Vol \ /s ! M

— 2/ Atr, hdivdivh + 2/ (div div h)* — 2n / try hdivdivh
R2
M M M

2
2 Lo 2 o
+ Vol (/MAtrnh) (/Mdlvdlvh) ~ Vol (/M(hvdlvh,)

on? 4n
- M(trnh)2+ﬁ/MtrnhAtr,,h
4
- = tr,,hdivdivh+2/ (Atr, h)?
R M M

2
2 / ) / oo 2

- — Atrph | +2 (divdiv h)
Vol( IV v
9 2

~ Yol (/ divdivh) 74/Atrnhdivdivh

M

4 -

+—</ Atrnh) (/ d1vd1vh>
Vol \ /., o

3. The first and second variations of the quantities on M
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We shall now focus our attention to the boundary OM of M. Its induced metric

g is given by

gij = gij-

Also, the inverse of g is quickly computed to be

(571)1’1 _ gij o l/i]/j’

where v denotes the outer unit normal field on OM given in our coordinates by




94 B. ON THE SECOND VARIATION AROUND A SPHERICAL CAP

Notice that, for any two—tensor field B on M, its restriction to M satisfies
tr;B = ('gul)ij Bi; = giqujj — l/il/jBij =9°"Byr — V7V Byr = try B — B(v,v).
We start, again, by the evolution of the metric:
(B.22) 095 "= hij.
Then, similarly to the computation of (B.4),

= det . (B. =
(B.23) on/derg = Y - (0ig) "2 %(trgh — h(v,v)) /det g,

Also, the outer unit normal evolves according to

g

O

(e 1 @

O = 2(;00)3/2 (8t900) - \/ﬁ (atgo )
) - (g her) = S, e
2(g20)*? V9% o ' ’

1
= Sh(v,v)r® = ()",
where (hﬁ(z/))a = h%,v?. Consequently,

81} (g_l) = Btg (87511 ) l/ — V (Otuj)
(B.3),(B.24)

(B.25) = —h" — h(v, v + (hﬁ(l/))i vt (hu(z/))j

On the other hand, similarly to the computation of (B.3), we have
SUIPRY 1\ ik~ 1y 4l

(B.26) 2(9")" ==@")" (@) hu

Now, denoting by O, the coordinate vector fields, we get for the evolution of the
second fundamental form A:

0 Aij = 0¢ (=g (Vi0;,v)) = 0: (~I7;9 (95, v)) = O <F~~ )

Iy Iy 00 1 0
=0 \/gﬁ = _W ((%g ) + \/ﬁatrz‘j

(B.3),(B.6)

hOO gO-r

+
( 00)3/2 2 /goo

1

2

1, B 1 1

=3y — 5 (VR )y = 5 (VR (), + 5 (vuh»
1
2

(Vihjr + Vjihir — Vrhij;)

(B27) =5 Auh(nr) — 5 (V) (), — 5 (TA) ()0 + 5 (Vh),
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where ((Vh) (v)),; = Viho;v?. Therefore,

outt = (00G7)°) A+ (57)” on

(B.26),(B.27) 1 1
=—hiA+ §h(l/, v)H — trfgv((Vh) (v))+ 3 tr;(Vl,h)
— A+ %h(u, WV H — trg (VR) (1)) + (Vuh) (v, )

1 1
+ 5 trg (Vyh) -3 (Vuh) (V7 V)

(B.28) — _Ah+ %h(u, W H — (divh) (v) + % (Voh) (v, ) + %vy try h

As a consequence,

o 1 ~ 1 ~
OrAij = 0rAij — - (0:H) gij — ) (0 gi)
(B.22),(B.27),(B.28)

h(v, V) ij A hgm - %Hhij

l\)l»—t

(V1) ()~ 5 (VB ), + - dliv h(w)giy

1
(Vuh),; — %Vu trg hgij — 5~ (Vuh) (v,v)gij

1
2
(B.29) 41
' 2

Moreover,

o 1
oA = o (11412 - 1)

~ ~ 1\ i] ~ 2
=240 (57)" A5 (00 (57)") + 24500 ) — ~H (2u1)
(B.26),(B.27),(B.28)

= —24%h + |\A||§h(u, v) — 245 ((Vh) (v)) + A (V. R)

+inan— Lhw B + 2Hdiviw)
n n n

_%H(Vh)(uu)—leytrgh
2(4 )h+||14||~( v)

o_

(B.30) 247((Vh) (v) + AT(V.h),

95
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where, for any two—tensor fields B and C on M , BC is defined as (Eé)z] =
Bik (5‘1)“ @j, and B? = BB. Hence,

(B.23)

o 1 [e] 1 o o
o [ 1AR=g [ ARwn- g [ AR+ [ o
oM g oM 9 oM 9 oM g

(B.30)

1 o 1 o O~
5 [ NARwmn - [ L) -2 [ b
OM OM OM

+/8M ||ﬁ||§h(z/,y)f2/aMﬁT((Vh) (1/))+/ A(Voh)

oM
1/ o 1 o
S AT (TN / 1A h(v,v)
2 Joum g 2 Jounr g

(B.31) —2 / (AA)Th —2 / AT((Vh) () + / AT(V,h)
oM OM

oM

Also, since for any smooth function f on M,
(B.32)
- 1
8tf:8t f:@t (T/ f)
oM Vol Jom
1 1
72<c%/ 1>/ f+:8t/ f
Vol oM oM Vol M
(B.23) 4

:7]/ (trg b — h(v, 1)) f+§f (trgh*h(v,u))f+][ ouf
o oM oM oM

(B.33) :%][ (f=7) (trgh—h(u,u))+][ o,
oM oM

we have

(B.33)

O (H-H)=0H— faMatHf%][aM (H — H) (trg h — h(v,v))

(B28) _ 1 1
=—-Ah+ ][ A:h+ =h(v,v)H — —][ h(v,v)H
aM 2

oM

—divh(v) + ][ div h(v) + % (Voh) (v, 1) — % ][ (Voh) (v,v)
oM 15

M

1 1
—&——Vytrgh——][ V. trg h
2 2 Joumr

(B.34) - %][ (H—H)tryh+ %][ (H =) h(v,v).
oM

oM
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Thus,
(B.23)
—2 1 —\ 2 1 -\ 2
O — = - — rgh— = — h(v,v
/BM(H H) 2/8M(H H)"t 2/8M(H H)" h(v,v)
+2/ (H ), (H - H)
oM
(B.34)
1 —\ 2 1 —\2
:§/BM(H—H) trgh—i/aM(H—H) h(v,v)
—2/ (H—F)ATth/ (H —H) Hh(v,v)
oM OM
-2 (H —H) (divh) (u)+/ (H-H) (V,h) (v,v)
OM OM
+/8M (H-H)V,trgh
= %/BM (H—E)Qtrgh+%/aM (Hfﬁ)Qh(y,l/)
72/ (H-F)an+ T [ (H-H)h)
oM OM
72/ (H—H) (divh) (v) + (H—H) (Vuh) (v,v)
oM oM
(B.35) +/ (H-H)V,trgh,
oM

where we have used that [, (H —H) = 0.
Finally, just in the same way that we established (B.15), we have

(B.23)

Q2 1 Q2 1 Q2 Q2
Ot [Ricll; = 3 trg b ||Ricl|; — 3 h(v,v) ||Ricl|, + O ||Ricl|
oM oM oM oM

(B.14)

1 ° 1 o
= 5/ trg h ||RIC||§ ~3 / h(v,v) ||RIC||§
oM oM
- 2/ Riemauﬂy R(i)cagh”” - / Ric:V? trg h
oM oM

(B.36) 7/ R?C:Ah+2/ Ric:V div h.
OM

oM

97
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Now, at t = 0, (8M,?mt=0 is an n—sphere with radius r, and we have by our
choice of coordinates

Gis| o =Mii (=i ),

—~

: 1 - ~ ~ ~
Rlemijkl|t=0 = (MikMjt — Manje) 5

~ n—1-+
RlCij =0 T—Qmj’
e n(n — 1)
Sca1|t:0 ==z
Ifiiycij i—0 = 0.

To recover the second fundamental form, remark that M is umbilical in M, i.e. A=
0, or A = Z7. Plugging this into the Gauss equations,

—~

Riemgjr = Riemgjn +AinAji — AuAjk,

we conclude that

RZ _ 2
H =
"TRr
R% —r2
A= Rr

Considering the three quantities faM ||12i||§7 faM (H - F)Q and faM ||Rci)c||§7 the evol-
utions of which are given by (B.31), (B.35) and (B.36), respectively, we see that all
vanish at ¢t = 0. Moreover, since these quantities are non—negative at all times, we in-
fer from their evolutions that they must be minimal initially. We are thus interested
in their second variations at ¢ = 0. For this, we calculate:

(B.29) \/7 VRZ =2

Ot tzoAzj =04+ —— tr~hmj — Th”
-3 ((vm (u))ij — 5 ((TR) )5 + - div B
L (Vuh)y — oV try g — 5 (Vuh) (v, )5
=- R;; r hij + IE:R; try hig — %h(% V)1ij
— 5 (TR W), = 3 ((VA) (0);; + = div b
(B.37) + % (Voh),, — %Vl,tr,, hsy — % (Vo) (v, )75
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Then, in view of the fact that A vanishes at t = 0,

(B.31)

0 R? —r2 ~ 1yl 0 ~_ 1\ ks f~—1\J
oy [ VA= -2 [ R ) ) ) ) e

oM

_2/8M (8e],_,A)T((Vh) (u))+/8M (9e],_,A) T (Vuh)

R2_ 2 / _ R2_ 2 / R2 _ 2 /
=2—— hih — 2———- tr htr~h+2 h(v,v) tr~h
B2 Jou nR2r? fo, " nR2r? foy K
- )(v))th —2 div h(v) tr~h
a\z am "
VR (g nyh s YR (Vi try h) tr~h
Br oM Rr oM "
2 _ p2
F YBR[ () () te=h
nRr om n
— 2 _ 2
VR - h) () h — 2V T / (m(m) (1/)) try h
a\z nRr fou N7
VIR —r? / tr~ (Vh) (u)) h(v,v
nRr YR

+/6MH<Vh) (u)l\%+/‘ (VR @), D™ G (VR )

2

- /aM (div h(v)) (tr;(Vh) (u)) - /BM (VoR)T((VR) ()

1 1
+ /@ (Ve (u-;(vm (1/)) += /a (@) ) (tr;(Vh) (1/))

— 2 _ 2
VI hyh + —'ZRT

oM T oM

/ ‘2 — 2
_ —T/ tr;V,,h) h(v,v)
oM

(n;vm) ten h

- ((Vh)(u))?(V,,h)+%/ (divh(u))(tr;V»h)+%/ IV R
oM

oM oM
1
2n

(Y, try h) (tr;(vuh,)) - % /8 (@) 00 (tr;v,,h).

oM
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Remember that the restriction to M of any two—tensor field B on M satisfies
tr;B =trg B — B(v,v). Also, it is easy to see that, for any two—tensor fields B and

C on M restricted to OM,

B:C = B:C — try (B(v,")C(v,-)) — trg (B(-,v)C(-,v)) + B(v,v)C(v,v).
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Then, defining X -Y = g, X*Y"” and |X|3 = X - X for any vectorfields X and Y on

M at any time ¢, we further obtain

2 o2 R? —r? ; ; S R? — 2 ;
0; } _ [AlIF = 25— [ (012 = 2162 + (h(v,0))?) = 2= [ (try b — h(w,0))?
=0 oM 9 e oM nR*r oM

+4vR2_T2/ ((Vh) (v):h

— (Vuh) (v) - h(v) — (Vh) (v,v) - h(v) + (Vo h) (v,v)R(v,v))

\/ﬁ (div h(v)) (try h — h(v,v))
oM
\/ﬁ ((Voh) :h = 2(Vyh) () - h(v) + (Vh) (v,v)h(v,v))
d}u
\/ﬁ [ —
i nhr /BM (Vo trn ) (trg b = h(v,v)) +2 nRr

+/ (VR W15 = [(Vuh) @) = [(VR) (v, )3 + (Vo
oM

/a ’ (Vuh) (v,v) (try h — h(v,v))

h) (v, l/))2)

+ / (((VR) @)™ (Th) () — 2(Tuh) () - (V) () + (Vo) (2,))?)
oM

L 2_ V)2 v,v))? _2 ivh(v))?
5 [ U9 =21 m 0+ () ) =5 [ (aivhe)
1 P 2 .
“am ], (Ve /a (@A) (Vuh) (1))

2 1
= divh(v)) (Vo try h) — — Vo try h) (Voh) (v,v
2 [ weno) @ =1 [ (Tt (@) 00)

- 2/ ((Vh) v): (Vuh) = |(V,h) (V)|f] — (Vuh) (v) - (VR) (v,v) + (Vuh) (v, 1/))2)
oM

5 | @y
R2 _ 7,2 / 9 R2 _ 7'2
=2—55 IRl — 455~ |h(v)]
R Jop B2 Joum

2 .2
tom-nE_r

2
n

9 R2 _ 7,,2
nR2r? /8M (h(v,v))” +4 nR2r2 /BM (try h) (h(v,v))

2 _ 2 e a—)
72}25:727;/ (tr, h)2+4£/ v):h
oM
/B2 2 — 2
Qg (Vuh):h — yrv o (v,v) - h(v)
Rr
oM aM

2M/ (Voh) (v,v)h(v,v)

Wi
g ot
QW/

(div h(v)) (try h — h(v,v))
(Vu try h) (try, h — h(v,v))

h) (v,v)) (try h — h(v,v))
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1
s [ um@ieg [ v
OM oM

+/ (VR) @) (VR) ))as =2 [ (VR) ()): (Vuh)
oM

oM
2

- /BM (VR) (v, )2 — 5/3M (divh(v))? — %/BM (Vo try h)?

n—1 2

=0 /BM ((Vuh) (v,v))” + - /BM (div h(v)) (Vuh) (v, )

(B.38) +%/ (div h()) (Y, tr h)f%/ (Vs ey 1) (Voh) (r,0)).
OM

oM

Similarly, we calculate (using that H |t—O is constant on dM)

(B.34)
—_ RZ 2 RZ _ ;2
Ot |t:0 (H — H) = (trn h— ]{91\4 try, h) + — (h(u, V) — ][8M h(v, y))

+ n_R;R; r2 (h(l/7 v) — ]ﬁM h(v, 1/)) —divh(v) + ]{)M div h(v)

sl =L v+ 1vy L A
2 2 oM 2

oM
VRZ =12 \/ﬁ ][ N
. ”I

RZ 2 RZ — 2
+ (n+2)———h(v,v) — (n—l—?)W ]Z(;M h(v,v)

—divh(v) + f divh(v) + 3 (Vuh) (v,7)
OM

(B.39) flf (Vuh) (V,V)Jrlvytr,,hflf Y, tey h
2 OM 2 2 OM
to find
(B.35)
— 2
‘93\#0/ (H-T)* = 2 Y8 r/ (H—H))tryh
“Joam
/ 2
v o _ H H))h(l/,u)
81\/] -
\/ _ 2
TR AL H H))h(l/,l/)

81\/]
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-2 / (0], (H = H)) (div h(v))
oM
+ / (04, (H =H)) (Vo try )
OM
+ / (0], (1 =) (Vo) (v,0))
OM

(B.39) _

2 2 2 2 2 2 2
22327;/ (bry h)? —2 =T (/ mm) 7(n+2)R — / h(v,v) tey h
B2 fou VolR?r2 \Jom Bz fou

) . . T
+(n+ 2) s (/ h(v, 1/)) (/ try h) try, hdiv h(v)
VolR2r2 \Jom oM Rr oM

gV o (/;A[trnh) (/{;Mdivh(u)> vk —r? @y

VolRr
/R2 — 2 v/ —
+ Ii r </ (Vuh) (v, 1/)) (/ tr, h) — g/ try, hV, tr, h
VolRr oM oM Br oM

2 2
y YR (/ trnh> (/ anh)
VolRr oM oM
R*—r?
—(n+ 2) / h(v,v)try h+ (n 4 2) ——— (/ h(v, u)) (/ try, h,)
B2 o, ' VolR2r2 \Jam o

+(n+2)? 232 A /m (h(v,))? = (n+2)* ZVolR: - ('/BM h(v, V))
—(n+2) h(v,v)divh(v) + (n +2) }iz - (/ ’ h(v, 1/)> (/ ’ div h(v))

oM VolRr
Fnro)¥E h(u V) (Voh) (v, v) — (n+2) vzvmzzﬂ (/ h,(u,y)) (/ (Vuh) (v, u))
r oM oM
+(n+2)——— / h(v,v)V, tryph — (n+ Q)E (/ h(v, u)) (/ V. try, h>
2VolRr  \Jom Jom

72 VRZ =
+2L/ try hdiv h(v) — 2L (/ try h,) </ divh,(l/))
Rr oM VolRr oM oM

VR VR? -2 .
—(n+2) h(z/ v)divh(v) 4 (n +2) TN (/6 . h(v, 1/)> (/BM div h(v))

[ 2 ([ o
+2 /H‘[ (divh(r))* — o (/{W div h(v)) - /M{ (div h(v)) ((Voh) (v,v))
1 i ivh(v T,
+ ﬁ (‘/GM dlvh(u)) (/@M (Vuh) (v, I/)) — ,/3)\,1 (div h(v)) (V. try h)
1 .
+ o (/am div h(u)) (/aM V., try h,)

VvV R? — 2 _ g2
r try AV, try h + Ii r (/ try, h) (/ V, try h)
oM VolRr oM oM

VR VR? —r2 ' ' §
+(n+2) h(z/, V)V tryh — (n+2) proSTn (/aM h(v, I./)) (/aM V. tr, h>

- / (div h(v)) (Vu try h) + o (/ divh(u)) (/ ' Vo try h)
L 3 P p— T vh) (v,v
3 /aM (Vo try h) ((Voh) (v,v)) proxt (/am Vo try h) (‘/BM (Vuh) (v, ))
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2
1 1
+ —/ (Vo try h)? — — </ Vo try h)
2 oM 2Vol oM

_YR - / try, h (Vuh) (v,v) + ﬂ (/ try h) (/ (Vuh) (1/,1/))
Rr oM VolRr oM oM

+(n+ 2)W /aM h(v,v) (Vuh) (v,v) — (n+ Q)W (/,3M h(t/,u)) (/aM (Vuh) (u,y))
- 1 ) .
N /BM (divAE) ((Vh) () + ﬁ </6M v MD)) (/a;w (Ve D))

1 . 2 1 : 2
’ 2 /”M ((VVh) (V, V)) 2‘%1 (/{'L\I (Vuh) (V" V)>

1 1
+5 /am ((Vuh) (v,v)) (Vo try h) — o ( - (Vuh) (1/,1/)) (/a.w Y, try h)

2 2 2 2 2
= QRRTJ/ (try h)? — 22— (/ tr, h)
r oM VolR?r2 \Jam

2.2
—2(n+ Q)U/ h(v,v)try h

a2 (] o) ([,

R2 — 7"2 2
TR, el / (h(v,))
2R2r2 oM

2
—(n+ 2)2ﬂ </ h(v, 1/))
2VolR2r2 \Joum
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2 _ 2
47%”/ tr, hdiv h(v)
T

Jr
oM
22
YR (/ tr,,h) (/ divh(u))
VolRr oM oM
\/ﬁ

oM

+2(n+2)% </ h(v, ,,)> (/ divh(y))
T oM OM

VI
Rr

—2(n+2)——— (v,v)divh(v)

try, AV, try h

oM
22
4oV (/ tr,,h) (/ Vutrnh)
VolRr oM oM
m

+(n+2)——— h(v,v)V, try h
oM

- (nﬂ)ivv%; </8Mh(1/, ,,)> </8M Y, tr, h)
R Y ””2/ b h (V) (1)

+2%}¥2 (/wtr,, h) (/W (Vo h) (y,y))

VR = [ D (Vh) (v.)

Rr oM

R2 — r2
~oe e ([, o) (f, eemen)

+(n+2)
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i 271 iv h(v ’
+2/8M(d1vh(1/)) o (/8Md h( )>

|
)
QN
g
—_
2
<
>
=
<
-
=
—
<
<
-t
~
3
>
=

1
(B.40) — ﬁ (/BM (Vuh) (v, 1/)) (/BM Vo try h) .
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Finally, and completely analogously to the derivation of (B.19), we obtain

(B.36)
3| . /a el = =2 /a (mien® 1) | (0, Riws) 0

- / (8], Ricas) VAV’ try h — / (9], Ricas) AR
oM

oM

+ 2/ (0], Ricas) V* divh®
oM

(B.18)

2 o _,

= = h:h — — h:V*tr, h

R / R? oM K

2 / o 4 ° .
~ 2 h:Ah + —/ h:Vdivh

R2 OM R2 oM

1 2 2 1 9 ] 5
+5/ |v trnh||n+5/ ||Ah|\n+/ |V div A2

oM oM oM

2 2 2 .. 2
—n+1/aM(Atr,,h) _H——H/aM(ledIVh)

+ / V2 tr, h:Ah — 2/ V2 tr, h:V div h
oM oM

,2/ Ah:Vdivh+/ V*? div h*V, div hg
OM oM

(B.41) / (Atry h) (divdivh).
oM

+n—&—l

4. The special case h = fg

For f a smooth function, the ansatz h = fg implicates on M:

trgh = (n+1)f, h=0, V’trgh=(n+1)Hessf, Atrgh=(n+1)Af,
Ah=(Af)g, divh=Vf, Vdivh=Hessf, divdivh = AJ,
so that
|V trg th = (n+1)%|Hess f|?, |AR]Z = (n+1) (Af)?,
V2 trg h:Ah = (n41) (Af)?, V?trg h:V divh = (n + 1) |[Hess |2,

Ah:Vdivh = (Af)?, V? divh*V, div hg = |[Hess f]|? .



4. THE SPECIAL CASE h = fg 107

It follows that, in this case,

(B.19)
a2 /|\Rci>c||2:07070+0
tli=o g
M
1 2 2, 1 2
+=-(n+1) |[Hess f|l; + =(n+1) (Af)
2 M T2 M

2
Hess —
| Hess 1 -

—nil/Mmf)%(nH)/M(Af)Z
o+ 1) / s fI12 — 2 / (Afy?

/ [Hess 2+ -
(nl)( | Hess /]2 f% (Af)2>
(n—1)? / Hss 2

M

where Hess f denotes the traceless part of Hess f. Similarly,

(n+ 1) / @y

(n+1) / (af)?

(B.42) =

N = N

(B. z1)

a?\tzo/ (Scal — Scal n+1 /f + = /fAf
M

4n
— g+ 1) FAf +2(n+ 1) / (Af)?

M M

- 1) </MAf>2+2/M(Af)2
2 ([ ar) —aoen [
+%(n+ )</ Af>2

n+1) /f—l——n+ /fAf
(1)

@ Ut [ (55t ar) - (rear))
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On the other hand, the ansatz h = fg yields on the boundary OM:

tr¢h=(n+1)f, Vutrgh=(n+1)V.f,
hv) = ", h(v,v) = f,
Vh=(Vf)g. (Vh) (v) = (V)" (Vh) (v,v) = V1,
Voh = (V.f)g, (Voh) (v,v) = V. f, divh(v) = V. f,
where 1 is defined as (1) = gapsr®. Consequently,
IRl = (n + 1) f%, bl = 1%,
1(Vh) W)l = V115 (VA(v)*® (Vh(v ))a@ = (Vuf)?,
(Vh) (v):h = fV.f, (Vh) (v):Vuh = (V. f)?,
(Vh) (v,v) - h(v) = fV. f, I(Vh) (v, )| VIl
IVohll; = (n+1) (Vo f)?, (Vuh):h = (n+1)fV.f.

It then follows that,
(B.38)
2

2 R? —r? R*—r 2
o [ NAR=20 B [ s f
‘LO oM g R2r? o J o R Jour

—1R? -2 2 n+1R?—
2 4
+ n  R2r? 8Mf + n R2r2 f

(n+1)> R? —r? 12
n R2r2 oM

47T/ fVfoQ(n+1)7vR2;TQ/ IV f
OM oM
—47”%;_7'2 v, f+2v L B

-2

oM oM
7 _ 2 7 _ 2
40 vVR2 —r fVVf+2n(n+1) vVR2 —r 19
n Rr oM n Rr oM

/R2 _ 2
2%%/ 11

+ / ViR S+ 1) / Ve / ()

S N L
oM oM oM

1 2 / 2, n—1 2 2 / 2
- — 1 Vo Vo — V.
(n+ 1) oM (Ves)l"+ 2n (Ves)l+ n Jonm (V)

2n oM

2 2 1 2
—(n+1 V. ——(n+1 V.
#2me0 [ @pi-toen [ @)

(B.44) =0.
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Similarly,

(B.40)

—\2 2
o7 H-H) = +12R _T/ —2(n+1)2= (/ )
t‘t:O/aM( ) (n R?r? 1= 2 >V1R22 aMf
R R? —r? 2
2(n+1)(n+2)w/ I Jr2(7z+1)(7L+2)VOIR2 > (/aM f)
(n+2)2R2—r f27(71+2)2R2—r (/ f>2
2 B2 o 2 VolR2r2 \Jour

—VR;’TZ/ SYf A+ )T (/ f) (/ Vuf>
T Jom VolRr Jom Jom

72(7L+2)7VR;;"2 v, f+2(n+2)7w</ f) (/ vl,f>
. oM oM

+4(n+1)

oM VolRr
Z2(n+ 1)27”{2”2 PSS 42 12V (/ f) (/ v,,f>
T oM VolRr oM oM
+(n+1)(n+2)—s—— - IV f

oM

RZ 2
-+ 1)n+2)—=— (/ f) (/ V,,f>
VolRr oM oM

72(n+1)7vH;;T2 fVuf+2(n+1) - (/ f) (/ Vuf)
oM oM

M VolRr

VRZ =12 R2 — 12
Rr ./@M fVef=n+2) VolRr (/()'u f) </()w VUf)
. 2
+2/ (vyf)té(/ mf) ¥ (’"‘“)2/ (V. )
aM Vol \Jom 2 oM
5 2 2
7M</ V,,f> +%/ (Vof)? - (/ vuf>
2Vol oM oM 2Vol oM
2
2 V.f)° 2”,i1< v,) —2 [ (V)
(n+1) ./;3M Ve + Vol r/HI\,I ! -/aM VoD
. 2 :
+é(/ vuf> +(n+1)/ (Vo f)? — "il<
Vol \Jom oM Vol
n? R% — r? s n? R?—7? 2
T e ) F v mme\ S
r OM VolR2r2 oM
2 _ p2
_n2 7%” VL f
T

oM

2 () ()
VolRr oM oM

2 2 2

e (/ w)
oM 2Vol \Jom

) 2

+(n+2)

e
(B.45) - ?/BM (\/mf v, f)
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Finally, in exactly the same way we obtained (B.42), we have

2 2 1 2
(n—1) (/BMIIHesst,,n—H BM(Af)>

n—1)> Hessf|? .
n
oM

(B.41)

(e}
3| . / IRicll? =
OM

(B.46) =

N —= N
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