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ABSTRACT

In this thesis we focus on different problems in the Calculus of Variations and Geometric
Measure Theory, with the common peculiarity of dealing with anisotropic energies. We can
group them in two big topics:

1. The anisotropic Plateau problem:

Recently in [37], De Lellis, Maggi and Ghiraldin have proposed a direct approach to
the isotropic Plateau problem in codimension one, based on the “elementary” theory
of Radon measures and on a deep result of Preiss concerning rectifiable measures.

In the joint works [44],[38],[43] we extend the results of [37] respectively to any
codimension, to the anisotropic setting in codimension one and to the anisotropic
setting in any codimension.

For the latter result, we exploit the anisotropic counterpart of Allard’s rectifiability
Theorem, [2], which we prove in [42]. It asserts that every d-varifold in R™ with
locally bounded anisotropic first variation is d-rectifiable when restricted to the set of
points in R™ with positive lower d-dimensional density. In particular we identify a
necessary and sufficient condition on the Lagrangian for the validity of the Allard type
rectifiability result. We are also able to prove that in codimension one this condition is
equivalent to the strict convexity of the integrand with respect to the tangent plane.

In the paper [45], we apply the main theorem of [42] to the minimization of anisotropic
energies in classes of rectifiable varifolds. We prove that the limit of a minimizing
sequence of varifolds with density uniformly bounded from below is rectifiable.
Moreover, with the further assumption that all the elements of the minimizing sequence
are integral varifolds with uniformly locally bounded anisotropic first variation, we
show that the limiting varifold is also integral.

2. Stability in branched transport:

Models involving branched structures are employed to describe several supply-demand
systems such as the structure of the nerves of a leaf, the system of roots of a tree
and the nervous or cardiovascular systems. Given a flow (traffic path) that transports
a given measure |1~ onto a target measure p*, along a 1-dimensional network, the
transportation cost per unit length is supposed in these models to be proportional to a
concave power « € (0, 1) of the intensity of the flow. The transportation cost is called
-mass.

In the paper [27] we address an open problem in the book [15] and we improve the
stability for optimal traffic paths in the Euclidean space IR™ with respect to variations
of the given measures (n~, u* ), which was known up to now only for & > 1 — % We
prove it for exponents o > 1 — —1= (in particular, for every « € (0,1) when n = 2), for
a fairly large class of measures p and p .



The a-mass is a particular case of more general energies induced by even, subadditive,
and lower semicontinuous functions H : R — [0, co) satisfying H(0) = 0. In the paper
[28], we prove that the lower semicontinuous envelope of these energy functionals
defined on polyhedral chains coincides on rectifiable currents with the H-mass.



ZUSAMMENFASSUNG

In dieser Arbeit behandeln wir verschiedene Probleme der Variationsrechnung und der
Geometrischen Masstheorie, wobei wir jeweils die anisotropen Energien betrachten. Wir
konnen die Probleme in zwei grosse Themen unterteilen:

1. Das anisotrope Plateau Problem:

Vor kurzer Zeit haben De Lellis, Maggi und Ghiraldin in [37] eine direkte Betra-
chtungsweise des isotropen Plateau Problems in der Kodimension eins eingefiihrt,
basierend auf der “elementaren” Theorie der Radonmasse und einem tiefgreifenden
Ergebnis von Preiss tiber rektifizierbare Masse.

In den gemeinsamen Arbeiten [44],[38],[43] erweitern wir die Ergebnisse von [37]
jeweils auf eine beliebige Kodimension, auf den anisotropen Fall in der Kodimension
eins und auf den anisotropen Fall in jeder Kodimension.

Fiir das letztere Resultat nutzen wir das anisotrope Gegenstiick von Allards Rekti-
fizierbarkeitstheorem, [2], das wir in [42] beweisen. Es sagt aus, dass jeder d-Varifold
in R™ mit lokal beschrankter anisotroper erster Variation d-rektifizierbar ist, wenn
er auf die Menge von Punkten in R™ mit positiver niedriger d-dimensionaler Dichte
beschrankt wird. Insbesondere identifizieren wir eine notwendige und hinreichende
Bedingung an die Anisotropie fiir die Giiltigkeit des Rektifizierbarkeitstheorem heraus.
Wir beweisen ausserdem, dass diese Bedingung in Kodimension eins gleichbedeutend
zu der strengen Konvexitit des Integrands in Bezug auf die Tangentialebene ist.

In der Arbeit [45] wenden wir den Hauptsatz von [42] auf die Minimierung anisotroper
Energien in Klassen von rektifizierbaren Varifolds an. Wir beweisen, dass der Gren-
zwert einer Minimierungsfolge von Varifolds mit gleichméssig von unten begrenzter
Dichte rektifizierbar ist. Dariiber hinaus zeigen wir unter der weiteren Annahme,
dass alle Elemente der Minimierungsfolge integrale Varifolds mit gleichmassig lokal
beschriankter anisotroper erster Variation sind, und wir zeigen, dass der Grenzwert
der Folge auch integral ist.

2. Stabilitdt im verzweigten Transport:

Modelle mit verzweigten Strukturen werden eingesetzt, um mehrere Supply-Demand-
Systeme wie die Struktur der Nerven eines Blattes, das System der Wurzeln eines
Baumes oder Nerven- oder Herz-Kreislauf-Systeme zu beschreiben. Bei gegebenem
Fluss, der ein bestimmtes Mass nu— tiber ein 1-dimensionales Strom auf ein Zielmass
u' transportiert, werden die Transportkosten pro Langeneinheit in diesen Modellen
proportional zu einer konkaven Potenzfunktion der Potenz o € (0, 1) der Intensitét des
Flusses sein. Die Transportkosten nennen wir x-Masse.

In der Arbeit [27] beziehen wir uns auf ein offenes Problem im Buch [15] und
verbessern die Stabilitdt fiir optimale Transporte im euklidischen Raum R™, bezo-

gen auf Variationen der gegebene Masse (n—,u"), die bisher nur fir o« > 1— %



bekannt war. Wir beweisen es fiir Exponenten o« > 1 — ﬁ (insbesondere fiir jedes
o € (0,1) wenn n = 2) und fiir eine grosse Klasse von Massen p™ und p—.

Die «-Masse ist ein besonderer Fall von allgemeineren Energien, die durch gerade,
subadditive und unterhalbstetige Funktionen H : R — [0, c0) mit H(0) = 0 generiert
werden. In der Arbeit [28] beweisen wir, dass die unterhalbstetige Hiille dieser auf
polyedrischen Stromen definierten Energiefunktionen auf rektifizierbaren Strémen
dasselbe ist wie die H-Masse.



To strive, to seek, to find, and not to yield — A. L. Tennyson, Ulysses
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INTRODUCTION

1.1 THE ANISOTROPIC PLATEAU PROBLEM
The famous Plateau Problem can be roughly stated as follows:

Given a (d — 1)-dimensional boundary in R™, find a d-dimensional surface with least area among all
the surfaces spanning the given boundary.

This problem stands at the crossroads of several mathematical disciplines, such as Cal-
culus of Variations, Geometric Measure Theory, Analysis of PDE and Differential Geometry,
and its study has produced many beautiful ideas which have found applications in all of
these subjects.

To give a precise meaning to it, one needs to formalize mathematically the concepts of
“surface”, “spanning a given boundary” and “area”.

The interest to the problem began in the XVIII century, when Minimal Surfaces where
introduced. An immersed surface is said to be minimal if its mean curvature vector is
constantly zero. The problem of finding a surface of least area stretched across a given closed
contour has been posed first in [62] by Lagrange in 1762. This question is nowadays known
as Plateau Problem from the physicist who investigated empirically the singularity of soap
bubbles in R3. He deduced the so-called Plateau laws: soap films always meet in threes
along an edge called a Plateau border, and they do so at an angle of arccos(—1/2) = 120°.
These Plateau borders meet in fours at a vertex, and they do so at an angle of arccos(—1/3)
(the tetrahedral angle). These are the only possible singularities of soap bubbles.

The Plateau problem has been answered in a reasonable way only around 1930 from the
independent works of Douglas, [48], and Rado, [78]. These results rely on the celebrated
Lichtenstein theorem, namely in dimension two one can always find conformal parametriza-
tions. This tool is crucial in their approach. Indeed they minimize the Dirichlet energy, which
has better functional analytic properties than the area functional. Since for conformally
parametrized surfaces the two functionals are equal, they recover a minimum also for the
area.

Lichtenstein theorem is false in general for higher dimensions, posing the new issue of
finding another formulation or proof for the higher dimension case. During the last sixty
years a considerable amount of effort in Geometric Measure Theory has been devoted to this
task. In particular we recall the notions of sets of finite perimeter [33, 34], of currents [51] and
of varifolds [2, 4, 7], introduced respectively by De Giorgi, Federer, Fleming, Almgren and
Allard. The classes of the aforementioned objects were endowed with appropriate topologies,
in order to guarantee good compactness properties and the semicontinuity of the functionals
to minimize, ensuring the existence of a minimizers through the use of the direct method of
calculus of variations.



The need of a Regularity Theory for minimal surfaces has been first encountered in con-
nection with these existence results. The minimizers are a-priori just “generalized surfaces”.
Nevertheless they come out to be more regular than expected. For instance a codimension
one minimizing current in R™ is smooth and embedded for n < 7, has isolated singularities
for n = 8 and has a relative-codimension 7 singular set for n > 8.

We immidiately realize that these regularity properties are too strong for the modelization
of soap bubbles, which can have lines and points of singularity when n = 3, as already
observed in the Plateau laws. In order to better model this natural phenomenon, several
mathematicians have started to address the Plateau problem in a set-theoretical formulation:
the competitor surfaces are just closed sets and the area functional is simply the Hausdorff
measure. This theory was introduced by Reifenberg with homological spanning conditions
and further developed by Harrison, David and others (cf. [77, 56, 55, 31, 30]).

In [37], De Lellis, Maggi and Ghiraldin have proved a compactness result for general
classes of closed sets of codimension one. This approach turns out to have application to
several formulations of the Plateau problem.

1.1.1  Personal contributions and content of Part |
The content of the first part of the thesis is the following:

Content of Chapter 3

In Chapter 3 we present our joint works [44, 38, 43].

In joint work with De Philippis and Ghiraldin in [44], we extend the results in [37] to
any codimension. More precisely, we prove that every time the class of competitors for the
Plateau problem consists of d-rectifiable sets and it is closed by Lipschitz deformations,
then the infimum is achieved by a set K which is, away from the “boundary”, an analytic
manifold outside a closed set of Hausdorff dimension at most (d — 1).

The idea of the proof is to associate to a minimizing sequence of sets (Kj) the sequence of
measures p; := H9LK;. By standard functional analysis we get that p; converges weakly*
(up to subsequences) to a measure . As a first step, via deformation theorem, monotonicity
formula and Preiss’ theorem, we show that u = 09K, where K is a d-rectifiable set. As a
second step, for 34-a.e. x, we “project” a diagonal sequence of blow-ups u}"r of u; on the
approximate tangent space T, K of K at x, proving that 6(x) = 1 . Finally, we prove that K is
a stationary varifold and that it is smooth outside a closed set of relative codimension one
(this follows by Allard’s regularity theorem and a stratification argument). Simple examples
show that this regularity is actually optimal.

In joint work with De Lellis and Ghiraldin [38], we extend the result [37] to the minimiza-
tion of anisotropic energies in codimension one. Namely, given a Lagrangian

FR"xGn—-1,n)3(x,T) = F(x,T) € (0,0),

the anisotropic energy associated to an (n — 1)-rectifiable set K becomes

F(K) := JK F(x, Ty K) dH™ 1 (x).



The Lagrangians are required to satisfy an ellipticity condition (which can be thought as a
convexity property of F). We remark that these elliptic integrands have useful applications in
many fields, for instance in Finsler Geometry or in the study of crystal structures (and more
in general in Materials science).

The new strategy adopted in [38] does not need to implement Preiss’ theorem, obtaining
an argument conceptually easier even in the isotropic case. The idea is to get the rectifiability
of the limiting measure p using the theory of Caccioppoli sets. Indeed the existence of a non-
trivial purely unrectifiable part of u would allow to construct, via isoperimetric inequality
on the sphere, some local competitors with vanishing energy, which would violate a proven
uniform lower density bound.

In joint work with De Philippis and Ghiraldin, in [43] we extend the aforementioned
results to the minimization of an elliptic integrand in any codimension. We cannot rely on
[38], since the theory of Caccioppoli sets and the isoperimetric inequality are strictly linked
to the codimension one case. We use instead the new anisotropic counterpart of Allard’s
rectifiability theorem, that we prove in [42], see Chapter 4.

Three applications of these results are an easy solution to the formulation of the Plateau
problem proposed by Harrison and Pugh in [56], an easy proof of the existence in any
codimension of sliding minimizers, introduced by David in [31, 30] and an easier solution to
Reifenberg’s homological formulation of the Plateau problem.

Content of Chapter 4

As already observed in the previous chapter, an important tool in the proof of [43] is a
rectifiability result, which we prove in [42] and we present in Chapter 4. This is the sharp
anisotropic counterpart of Allard’s rectifiability theorem, [2], which asserts that every d-
varifold in R™ with locally bounded (isotropic) first variation is d-rectifiable when restricted
to the set of points in R™ with positive lower d-dimensional density.

It is a natural question whether the aforementioned result holds for varifolds whose first
variation with respect to an anisotropic integrand is locally bounded. In joint work with
De Philippis and Ghiraldin [42], we answer positively to this question. In particular we
identify a necessary and sufficient condition on the Lagrangian for the validity of the Allard
type rectifiability result. We are also able to prove that in codimension one this condition is
equivalent to the strict convexity of the integrand with respect to the tangent plane.

The original proof of Allard in [2] for the area integrand heavily relies on the monotonicity
formula, which is strongly linked to the isotropy of the area integrand, [3]. A completely
different strategy must hence be used. In particular we provide a new independent proof of
Allard’s rectifiability theorem.

We briefly describe the main idea. Assume for simplicity V has positive lower d-dimensional
density at ||V||-almost every point. We use the notion of tangent measure introduced by
Preiss, [76], in order to understand the local behavior of a varifold V with locally bounded
anisotropic first variation. Indeed, at || V||-almost every point, we show that every tangent
measure is translation invariant along at least d (fixed) directions, while the positivity of
the lower d-dimensional density ensures that there exists at least one tangent measure that
is invariant along at most d directions. The combination of these facts allows to show that
the “Grassmannian part” of the varifold V at x is a Dirac delta o1, on a fixed plane T. A



key step is then to show that || V|| < H%: this is achieved by using ideas borrowed from [5]
and [41]. Once this is obtained, a simple rectifiability criterion, based on the results in [76],
allows to show that V is d-rectifiable. This result can have many applications and further
developments. See for instance Chapter 5.

Content of Chapter 5

In Chapter 5 we present our paper [45], where we apply the main theorem of [42] to the
minimization of anisotropic energies in classes of rectifiable varifolds. We prove that the
limit of a minimizing sequence of varifolds with density uniformly bounded from below is
rectifiable. Moreover, with the further assumption that the minimizing sequence is made of
integral varifolds with uniformly locally bounded anisotropic first variation, we show that
the limiting varifold is also integral. We remark that every sequence of integral varifolds
enjoying a uniform bound on the mass and on the isotropic first variation is precompact in
the space of integral varifolds. This has been proved by Allard in [2, Section 6.4]. One of the
main theorems of our work [45] is indeed an anisotropic counterpart of the aforementioned
compactness result, under the assumption that the limiting varifold has positive lower
density. The idea is to blow-up every varifold of the converging sequence in a point in which
the limiting varifold V has Grassmannian part supported on a single d-plane S (note that
this property holds ||V||-a.e. by [42]). Along a diagonal sequence we get that the projections
on S converge in total variation to an L! function on S. This function is integer valued thanks
to the integrality assumption on the sequence and coincides with the density of the limiting
varifold in the blow-up point, which is consequently an integer. Since the argument holds
true for ||V|-a.e. point, the limiting varifold turns out to be integral.

1.2 STABILITY IN BRANCHED TRANSPORT

The transport problem consists in finding an optimal way to transport a measure p~ to
a measure p. Sometimes one is interested to have a mathematical model of transport in
which it is better to carry the mass in a grouped way rather than in a separate way. The
first deep analysis of this natural phenomena is due to D’Arcy Thompson, in his work [29].
Recently, this approach has been used for branched networks, which are very common in
nature: one may just think to the way plants and trees absorb solar energy, or to the way the
oxygen is irrigated to the blood and to how this is distributed to the human body throw the
ramified bronchial and cardiovascular systems. To translate this principle in mathematical
terms, one can consider costs which are proportional to a power « € (0, 1) of the flow and
use the concavity of x — x*. Obviously the bigger is « and the less powerful is the grouping
effect, and in particular, in the limit case o« = 1, there is absolutely no benefit to group mass.

Different formulations have been introduced to model the branched transport problem:
one of the first proposal came by Gilbert in [53], who considered finite directed weighted
graph G with straight edges e € E(G) connecting two discrete measures, and a weight
function w: E(G) — (0, 00). The cost of G is defined to be:

Z w(e)*H' (e). (1.1)

ecE(G)



Later Xia has extended this model to a continuous framework using Radon vector measures
(namely T-dimensional currents), see [85].

In [64, 13], new objects called traffic plans have been introduced and studied. Roughly
speaking, a traffic plan is a measure on the set of 1-Lipschitz paths, where each path
represents the trajectory of a single particle. These formulations were proved to be equivalent
(see [15] and references therein) and in particular the link is encoded in a deep result, due to
Smirnov, on the structure of acyclic, normal 1-dimensional currents (see Theorem 7.9).

As usual for a minimization problem, one of the main tasks is the existence of a minimizer.
In the ambient space IR™, the optimal transports have been proven to have finite cost for all
o strictly bigger than the critical exponent 1 — L. A natural immediately related question, of
special relevance in view of numerical simulations, is whether the optima are stable with
respect to variations of the initial and final distribution of mass. For &« > 1 — %, the stability
is already known in the literature to be true (see [15]).

1.2.1  Personal contributions and content of Part 11
The content of the second part of the thesis is the following:

Content of Chapter 7

In joint work with Colombo and Marchese [27], we improve the stability of the optimal
transports for the aforementioned concave costs to o« > T — ﬁ, for a fairly general class of
measures to be transported, positively answering to the open problem formulated in [15,
Problem 15.1]. The proof is based on slicing techniques, which allow to bring the problem in
the good regime for the exponent.

The result is remarkable since it fully answers, in particular, to the stability in R? (since
1— ﬁ = 0). This is fairly satisfactory since many applications in engineering and numerical
modeling are precisely in IR?. We address the stability in the framework of 1-currents. The
original definition of “cost” of a traffic path slightly differs from the «-mass defined in
Chapter 7. Indeed in [85, Definition 3.1] the author defines the cost of a traffic path as
the lower semi-continuous relaxation on the space of normal currents of the functional
(1.1) defined on polyhedral chains. In [86, Section 3], the author notices that, in the class of
rectifiable currents, his definition of cost coincides with the x-mass. The proof of this fact is
only sketched in [82, Section 6] and we prove it in detail in [28], see Chapter 8. In Chapter 7,
we don’t need to rely on this fact, but we stick to the notion of cost given by the x-mass. We
prove independently that the x-mass is lower semi-continuous.

Content of Chapter 8

In joint work with Colombo, Marchese and Stuvard [28], we prove an explicit formula for
the lower semicontinuous envelope of some functionals defined on real polyhedral chains.
More precisely, denoting by H : R — [0, c0) an even, subadditive, and lower semicontinuous
function with H(0) = 0, and by @y the functional induced by H on polyhedral k-chains,
we prove that the lower semicontinuous envelope of @y coincides on rectifiable k-currents
with the H-mass. The validity of such a representation has recently attracted some attention.



For instance, as already observed in the previous chapter, it is clearly assumed in [85] for
the choice H(x) = [x|%, with & € (0, 1) (see also [73], [15], [75]) and in [25] in order to define
suitable approximations of the Steiner problem, with the choice H(x) = (1 + B[x[)1r\(0},
where 3 > 0 and 14 denotes the indicator function of the Borel set A.

We finally remark that in the last section of [82] the author sketches a strategy to prove an
analogous version of our result in the framework of flat chains with coefficients in a normed
abelian group G. Motivated by the relevance of such theorem for real valued flat chains, the
ultimate aim of our note [28] is to present a self-contained complete proof of it when G = RR.



Part1

THE ANISOTROPIC PLATEAU PROBLEM






NOTATION OF PART I

In this chapter we summarize the notation that will be used in Part I. We will always work
in R™ and 1 < d < n will always be an integer number. For any subset X C R™, we denote
X its closure, Int(X) its interior and X¢ := R™ \ X its complementary set.

We are going to use the following notation: Qy,; denotes the closed cube centered in the
point x € R™, with edge length 1 and we set

a ad b bjn—d

73} *l-23
When cubes, rectangles and balls are centered in the origin, we will simply write Q1, Rqp
and B, and in particular we will call B := B the unitary ball. Cubes and balls in the subspace
R4 x {0}~ ¢ are denoted with QS,1 and B¢ | respectively.

For a matrix A € R™ ® R™, A* denotes its transpose. Given A, B € R™ ® R™ we define
A:B:=tr A*B =) ;; AijBiyj, so that [A]* = A: A,

Rx,ab =X+ [— and By(x) =Byxr:={y € R™ : [y—x| <1} (2.1)

2.0.1 Measures and rectifiable sets

Given a locally compact metric space Y, we denote by M, (Y) the set of positive Radon
measures in Y, namely the set of measure on the o-algebra of Borel sets of Y that are locally
finite and inner regular. In particular we consider the subset of Borel probability measures
P(Y) € M4(Y), namely p € P(Y) if p e M (Y) and p(Y) =1.

For a Borel set E C Y, puLE is the restriction of u to E, i.e. the measure defined by
[uLEJ(A) = n(ENA) for every Borel set A C Y.

Consider an open set O C R™. For an R™-valued Radon measure p € M(Q,R™) we
denote by |u| € M4 (Q) its total variation and we recall that, for all open sets U C Q,

lul(U) = sup {J<<P(X),du(><)> e e CC(LR™M), olleo < 1}.

Eventually, we denote by H d the d-dimensional Hausdorff measure and for a d-dimensional
vector space T C R™ we will often identify 3¢ T with the d-dimensional Lebesgue measure
L4 on T~ R4,

A set K C R™ is said to be H%-rectifiable or simply d-rectifiable if it can be covered, up to
an H%-negligible set, by countably many C' d-dimensional submanifolds. In the following
we will only consider H d_measurable sets. Given a d-rectifiable set K, we denote T, K the
approximate tangent space of K at x, which exists for 3(4-almost every point x € K, [79,
Chapter 3]. A positive Radon measure p € M (Q) is said to be d-rectifiable if there exists a
d-rectifiable set K C Q such that p = 854 L K for some Borel function 6 : R™ — R+.

For p € M (Q) we consider its lower and upper d-dimensional densities at x:

(Br(x))

d R
O¢ (x, w) = liminf 1 1
r—=0 wgr 0 wqar



10

NOTATION OF PART I

where wgq = H4(B9) is the measure of the d-dimensional unit ball in R9. In case these two
limits are equal, we denote by @4(x, 1) their common value. Note that if p = 0H% K with
K rectifiable, then 0(x) = ©%(x, u) = @%*(x, u) for p-a.e. x, see [79, Chapter 3].

If n : R™ — R™ is a Borel map and p is a Radon measure, we let ngpn = p on~! be the
push-forward of pu through 1. Let " : R™ — IR™ be the dilation map, n*"(y) = (y —x)/r.
For a positive Radon measure u € M4 (Q), x € sptpuN Q and r < 1, we define

s = My WL B. (2.2)

w(Br(x))
The normalization in (2.2) implies, by the Banach-Alaoglu Theorem, that for every sequence
Ty — 0 there exists a subsequence 1y, — 0 and a Radon measure o € M. (B), called tangent
measure to w at x, such that

HX,T‘ij — 0.

We collect all tangent measures to p at x into Tan(x, u) C M (B).

2.0.2 Varifolds and integrands

We denote by G(n, d) the Grassmannian of (un-oriented) d-dimensional linear subspaces in
R™ (often referred to as d-planes) and given any set E C IR™ we denote by G(E) = E x G(n, d)
the Grassmannian bundle over E. We will often identify a d-dimensional plane T € G(n, d)
with the matrix T € (R™ ® R™)sym representing the orthogonal projection onto T.

Consider an open set O C R™. A d-varifold on Q) is a positive Radon measure V on G(Q)
and we will denote with V4(Q) the set of all d-varifolds on Q.

Given a diffeomorphism 1} € C 1(Q,R™), we define the push-forward of V € V4(Q) with
respect to P as the varifold P*V € V4({(Q)) such that

D(x,S)AW*V)(x,S) = J QW (x), dxh(S)(x, S)dV(x,S),

JG(U,’(Q)) G(Q)

for every @ ¢ CoUGW(Q))). Here d,\(S) is the image of S under the linear map d,\(x)
and

Tb(x,S) = \/det ((axwls)™e dxls)

denotes the d-Jacobian determinant of the differential d1 restricted to the d-plane S, see [79,
Chapter 8]. Note that the push-forward of a varifold V is not the same as the push-forward
of the Radon measure V through a map 1 defined on G(Q) (the latter being denoted with
an expressly different notation: 4V).

To a varifold V € V4(Q), we associate the measure || V| € M, (Q) defined by

IIVI[(A) = V(G(A)) for all A € Q Borel.

Hence || V|| = m4V, where 7t: QO x G(n, d) — Q is the projection onto the first factor and the
push-forward is intended in the sense of Radon measures. By the disintegration theorem for
measures, see for instance [12, Theorem 2.28], we can write

V(dx, dT) = [[V][(dx) @ pux(dT),



NOTATION OF PART I

where p, € P(G(n, d)) is a (measurable) family of parametrized non-negative measures on
the Grassmannian such that u,(G(n,d)) = 1.

A d-dimensional varifold V € V4(Q) is said d-rectifiable if there exist a d-rectifiable set K
and a Borel function 0 : R™ — R™ such that

V=0HI(KNQ)® 51 x. (2.3)

We denote with Rq(Q) C V4(Q) the subset of the d-rectifiable varifolds.

Moreover we say that a d-rectifiable varifold V is integral, or equivalently V € I4(Q), if in
the representation (2.3), the density function 0 is also integer valued.

If V€ Rq(Q), we represent it as in (2.3) and we can extend the notion of push forward
with respect to maps \ : R™ — R™ which are merely Lipschitz as follows (see [79, Section
15]):

YV = 0HILY(K) @ 61,y (k),  where 8(x) := 1 () 84FC.

We remark that 0 is defined for 3(%-a.e. point of {(K) and we observe that the following
equality holds (see [79, Section 15]):

[W*V[(A) = L) BdH? = J 0JkWdHY, V Borel set A C R™, (2.4)

(K)NA Knp—T(A)

where Jx\(y) denotes the Jacobian determinant of the tangential differential dxy, : TyK —
R™, see [79, Sections 12 and 15].
We will use the notation

0d(x, V) =03(x, V) and  ©%(x,V)=0%(x |V|)

for the upper and lower d-dimensional densities of ||V||. In case ©¢(x, V) = ©%*(x, V), we
denote their common value ©4(x, V).
We will associate to any d-varifold V, its “at most d-dimensional” part V. defined as

V,:=VL{xeQ:0%x,V) >0} xG(n,d). (2.5)
Note that
Vil = [[V[[L{x € Q: ©¢(x, V) > 0}

and thus, by the Lebesgue-Besicovitch differentiation Theorem [12, Theorem 2.22], for || V.||
almost every point (or equivalently for ||V|| almost every x with ©4(x, V) > 0)

- IVell(Br(x))
im ———==1. 2.6
=0 [[V[|(B+(x)) (2.6)
In particular,
04(x, Vi) >0 for || V.|-a.e. x. (2.7)

We will call concentration set of V € R4q(Q) the set

conc(V):={x e Q : 04(x,V) >0},

11
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and we will equivalently say that V is concentrated on conc(V).

Let n*"(y) = (y —x)/r, as in (2.2) we define
pd

Vo = VI8, 00)

(*"*V)LG(B), (2.8)

where the additional factor ¢ is due to the presence of the d-Jacobian determinant of the
differential dn™" in the definition of push-forward of varifolds. Note that, with the notation
of (2.2):

Vel = [Vl

The normalization in (2.8) implies, by the Banach-Alaoglu Theorem, that for every sequence
Ty — 0 there exists a subsequence ri; — 0 and a varifold V*® € V4(B), called tangent varifold
to V at x, such that

* 00
Vir, =V,

We collect all tangent varifold to V at x into Tan(x, V).
The anisotropic integrand that we consider is a C' function

F: G(Q) — (0, +0). (2.9)
We assume the existence of two positive constants A, A such that

O0<ALSFx T <A< for all (x,T) € G(Q). (2.10)
Given x € ), we will also consider the “frozen” integrand

Fx : G(n,d) — (0, 4+00), Fx(T) :=F(x,T). (2.11)

Given a d-rectifiable set K C Q) and an open subset U C R™, we define:
F(K,U) := J F(x, TeK) dH™ ' (x) and F(K):=F(K,R"). (2.12)
KNu
It will be also convenient to look at the frozen energy: for y € Q, we let
FY(K,U) := J Fy (TeK) dH™ 1 (x).
KNu

Given a d-varifold V € V4(Q) and an open subset U C IR™, we define its anisotropic energy
as

F(V,U) ::J F(x,T)dV(x,T) and F(V):=F(V,R").
G(OQNU)
For a vector field g € C!(Q,R™), we consider the family of functions @¢(x) = x + tg(x),

and we note that they are diffeomorphisms of Q into itself for t small enough. The anisotropic
first variation of V € V4(Q) is defined as

d
5rV(g) = —F(ofV,0) ‘t:o‘
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It can be easily shown, see Appendix 4.6, that

SeVig) = | [(dFx ), 0x)) + Br T): Dyl avi, T), (2.13)

G(Q)

where the matrix Br(x, T) € R™ ® R™ is uniquely defined by

Br(x, T): L:i=F(x, T)(T: L)+ (d1F(x,T), Tt oLoT+ (Tt oLoT)*)
_F (2.14)

XI
(x, T)(T:L)+Cp(x,T): L forallLe R" @ R™.

Note that, via the identification of a d-plane T with the orthogonal projection onto it, G(n, d)
can be thought as a subset of R™ ® R™ and this gives the natural identification:

TantG(n,d) = {SER"®@R":$* =S, ToSoT=0, TtoSoT* =0},

see Appendix 4.6 for more details. We are going to use the following properties of Br(x, T)
and Cg(x, T), which immediately follow from (2.14):

|BF(X/T) _BF(X/ S)| < C(d/n/ ||FHC])(|S_T| +w(|S_T|))/ (2'15)
Cr(x, T):vdw=0 forallvweT, (2.16)

where w is the modulus of continuity of T — dyF(x, T) (i.e.: a concave increasing function
with w(0") = 0). We also note that trivially

BeV(9)l < [[Fllc(sptg) 91l VI (sptlg)), (2.17)

and that, if Fy is the frozen integrand (2.11), then (2.13) reduces to
ok, V(9) :J Br(x, T) : Dg(y) dV(y, T).
G(Q)
Moreover, if we define the Lagrangian Fy .(z, T) := F(x + 1z, T), then

Br(x+71z,T) = B, (2, T) for all (z,T) € G(R™). (2.18)

We say that a varifold V has locally bounded anisotropic first variation if 5V is a Radon measure
on Q, i.e. if

15:V(g)] < C(K)||glle  forall g € CL(Q,R™) with spt(g) ¢ K cc Q.

Furthermore, we will say that V is F-stationary if 6V = 0.
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EXISTENCE AND REGULARITY RESULTS FOR THE ANISOTROPIC
PLATEAU PROBLEM

3.1 INTRODUCTION

Plateau problem consists in looking for a surface of minimal area among those surfaces
spanning a given boundary. A considerable amount of effort in Geometric Measure Theory
during the last sixty years has been devoted to provide generalized concepts of surface, area
and of “spanning a given boundary”, in order to apply the direct methods of the calculus
of variations to the Plateau problem. In particular we recall the notions of sets of finite
perimeter [33, 34], of currents [51] and of varifolds [2, 4, 7], introduced respectively by De
Giorgi, Federer, Fleming, Almgren and Allard. A more “geometric” approach was proposed
by Reifenberg in [77], where Plateau problem was set as the minimization of Hausdorff
d-dimensional measure among compact sets and the notion of spanning a given boundary
was given in term of inclusions of homology groups.

Any of these approach has some drawbacks: in particular, not all the “reasonable” bound-
aries can be obtained by the above notions and not always the solutions are allowed to have
the type of singularities observed in soap bubbles (see the Plateau laws mentioned in the
Introduction 1.1). Recently in [56] Harrison and Pugh, see also [55], proposed a new notion
of spanning a boundary, which seems to include reasonable physical boundaries and they
have been able to show existence of least area surfaces spanning a given boundary.

In the recent paper [37], De Lellis, Maggi and Ghiraldin have introduced a more general
framework to solve the Plateau problem, using a deep result of Preiss concerning rectifiable
measures. Roughly speaking they showed, in the codimension one case, that every time one
has a class which contains “enough” competitors (namely the cone and the cup competitors,
see [37, Definition 1]) it is always possible to prove that the infimum of the Plateau problem
is achieved by the area of a rectifiable set. They then applied this result to provide a new
proof of Harrison and Pugh theorem as well as to show the existence of sliding minimizers,
a new notion of minimal sets proposed by David in [31, 30] and inspired by Almgren’s
(M, 0, c0), [8].

In the following sections 3.3,3.4 and 3.5, we extend the result [37] respectively to any
codimension, to the anisotropic setting in codimension one and to the full generality of the
anisotropic problem in any codimension. Moreover, we use our results to get easy solutions
to the formulations introduced by Harrison and Pugh in [56], by David in [31, 30] and by
Reifenberg in [77]. We present them respectively in the sections 3.6,3.7 and 3.8.

3.2 SETTING AND PRELIMINARIES

In the entire Chapter 3, we will asume that the anisotropy introduced in (2.9) is defined on
the whole G(R™), i.e. QO = R™.

15
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In order to precisely state the main results of Chapter 3, let us introduce some notations
and definitions.

Definition 3.1 (Lipschitz deformations). Given a ball By ., we let ®(x,r) be the set of
functions ¢ : R™ — R™ such that ¢(z) = z in R™\ By, and which are smoothly isotopic
to the identity inside By, namely those for which there exists an isotopy A € C*([0, 1] x
R™;R™) such that

AO,)=1d, A(l,-)=¢, Alt,th)=h V(t,h)e0,1]x(R"\Bx,) and
A(t, ) is a diffeomorphism of R™ Vt € [0, 1].

0
We finally set D(x, ) :=D(x, T)C N Lip(IR™), the intersection of the Lipschitz maps with the
closure of D (x, r) with respect to the uniform topology.

Observe that, in the definition of D(x, ), it is equivalent to require any ck regularity on
the isotopy A, for k > 1, as Cck isotopies supported in By, can be approximated in ck by
smooth ones also supported in the same set.

The following definition describes the properties required on comparison sets: the key
property for K’ to be a competitor of K is that K’ is close in energy to sets obtained from K
via deformation maps as in Definition 3.1. This allows a larger flexibility on the choice of the
admissible sets, since a priori K’ might not belong to the competition class.

Definition 3.2 (Deformed competitors and deformation class). Let K C IR™ \ H be relatively
closed and By, CC R™\ H. A deformed competitor for K in By, is any set of the form

@ (K) where ¢ €D(x,1).

A family &(F, H) of relatively closed d-rectifiable subsets K C IR™ \ H is called a deformation
class if for every K € #(F, H), for every x € K and for a.e. r € (0, dist(x, H))

inf {F(J):J € 2(F,H),J]\ Bxr = K\ By} <F(L) (3.1)
whenever L is any deformed competitor for K in By r.
Once we fix a closed set H, we can formulate Plateau problem in the class &?(F, H):
mo :=inf {F(K): K € Z(F,H)}. (3.2)

We will say that a sequence (K;) C &(F, H) is a minimizing sequence if F(Kj) | mo.

3.3 ISOTROPIC PLATEAU PROBLEM IN HIGHER CODIMENSION

In this section we present our paper [44] in joint work with De Philippis and Ghiraldin,
where we extend the isotropic result [37] to any codimension. More precisely we fix F = 1
and we prove that the infimum my in (3.2) for a deformation class is achieved by a compact
set K which is, away from the “boundary”, an analytic manifold outside a closed set of
Hausdorff dimension at most (d — 1), see Theorem 3.3 below for the precise statement.
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Although the general strategy of the proof is the same of [37], some non-trivial modifi-
cations have to be done in order to deal with sets of any co-dimension. In particular, with
respect to [37], we use the notion of deformation class introduced in Definition 3.2, the main
reason being the following: one of the key steps of the proof consists in showing a precise
density lower bound for the measure obtained as limit of the sequence of Radon measures
naturally associated to a minimizing sequence (K;), see Steps 1 and 4 in the proof of Theo-
rem 3.3. In order to obtain such a lower bound, instead of relying on relative isopermetric
inequalities on the sphere as in [37] (which are peculiar of the codimension one case), we
use the deformation theorem of David and Semmes in [32] to obtain suitable competitors,
following a strategy already introduced by Federer and Fleming for rectifiable currents, see
[51] and [8]. Moreover, since our class is essentially closed by Lipschitz deformations, we
are actually able to prove that any set achieving the infimum is a stationary varifold and
that, in addition, it is smooth outside a closed set of relative codimension one (this does
not directly follows by Allard’s regularity theorem, see Step 7 in the proof of Theorem 3.3).
Simple examples show that this regularity is actually optimal.

The following theorem is the main result of Section 3.3 and establishes the behavior of
minimizing sequences for the isotropic Plateau problem in any codimension. Notice that
since F = 1, just through this section we will denote #(H) := Z(F, H). The Definifion 3.2
and the Plateau problem (3.2) are obviously understood with F(K) = 34 (K).

Theorem 3.3. Let H C R™ be closed and &?(H) be a deformation class in the sense of Definition
3.2. Assume the infimum in Plateau problem (3.2) is finite and let (K;) C &(H) be a minimizing
sequence. Then, up to subsequences, the measures p; := HL_K; converge weakly* in R™\ H to a
measure p = H_K, where K = spt w is a countably d-rectifiable set. Furthermore:

(a) the integral varifold naturally associated to w is stationary in R™ \ H;
(b) K is a real analytic submanifold outside a relatively closed set © C K with dimg¢(X) < d—1.

In particular, lim inf; fHd(Kj) > HY(K) and if K € P (H), then K is a minimum for (3.2).

3.3.1 Preliminary results

Let us recall the following deep structure result for Radon measures due to Preiss [76, 35],
which will play a key role in the proof of Theorem 3.3.

Theorem 3.4. Let d be an integer and w a locally finite measure on R™ such that the d-density
O(x, w) exists and satisfies 0 < O(x, ) < +oo for p-a.e. x. Then u = O(-, W) HILK, where K is a
countably H-rectifiable set.

In order to apply Preiss” Theorem, we will rely on the monotonicity formula for minimal
surfaces, which roughly speaking can be obtained by comparing the given minimizer with a
cone. To this aim let us introduce the following definition:

Definition 3.5 (Cone competitors). For a set K C R™ we define the cone competitor in By »
as the following set

Cyr(K) = (K\Bxy) U{Mx+ (1 =A)z:z2€ KN3By,A € [0,1]}. (3.3)

17



18

EXISTENCE AND REGULARITY RESULTS FOR THE ANISOTROPIC PLATEAU PROBLEM

Let us note that in general a cone competitor in By is not a deformed competitor in By ;.
On the other hand, as in [37], we can show that:

Lemma 3.6. Given a deformation class &?(H) in the sense of Definition 3.2, for any K € Z(H)
countably H-rectifiable and for every x € K, the set K verifies the following inequality for a.e.
r e (0,dist(x, H)):

inf {H(]) : ] € Z(H), ]\ Byr = K\ Byr} < HI(Cyr(K)).

Proof. Without loss of generality, let us consider balls B, centered at 0 with B, CC R™\ H.
We assume in addition that K N 9B, is H 9~ T-rectifiable with H4~1(K N 9B;) < co and that r
is a Lebesgue point of t € (0, c0) = H d=T(K N dBy). All these conditions are fulfilled for a.e.
T and, again by scaling, we can assume that r = 1 and use B instead of By. For s € (0,1) let
us set

0, rel0,1—s),
ps(r)=q =0=l v en—s],
T, r>1,

and ¢s(x) = (ps(lxl)l’;—| for x € R™. In this way, one easily checks that ¢ : R™ — R" €
D(0,1).
Since ¢5(KNB1_g) = {0}, we need to show that

limsup 39 (s (KN (B\ By_y))) < HH (KN aB)

= g{d(cx,r(K)) .
s—0t d

Let xo € KN 0B and let us fix an orthonormal base vy, ..., v4 of the approximate tangent
space Tx,K such that vi € T, ;KN Tx,0B¢ for i < d—1T. Let

d
505 = [(AD®:)(TK)| = Do (v1) A+ ADs(va)l

be the d-dimensional tangential Jacobian of ¢ with respect to K. A simple computation
shows that

0st < (2D) g gl (L)

] ]

. |X d—1
<Teva- o) (20

(3-4)
for Hd-a.e. x € K.

Here * = x/Ix| and in the last inequality we have exploited that ¢(r) < r forr e [1 —s,1].
Using that [v4 - %] is the tangential co-area factor of the map f(x) = [x|, we find with the aid
of the area and co-area formulas,

34 (KN (B\B1-) = | K g d3ed
KN(B\B1_s)
- T asct o+ | I s s (55)
KN(B\B1_s)N{[vqa-%[#0} KN(B\B1_s)N{|va-%|=0}

N

L K
J dtJ Idid)idj{d*]—i—g'fd(Kﬂ(B\B],S)ﬂﬂ‘vd.ﬂ:O})’
1—s KnoB, IVa - Xl
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since IIEd)SI < 1T where |vq4 - %] = 0. Using

lim H4 (KN (B\By_s)) =0,

s—0

the second term in (3.5) can be ignored. Moreover, being t = 1 a Lebesgue point of t €
(0,00) = HI"T(KN9By), we have

1
lim 1J |HT(KN3By) — HY (KN aB)|dt =0.

s—=08 J1_—g

Thanks to this and to the estimate (3.4), we infer from (3.5) that

r <(pst(t)>df1 it — Frd—T (de dB) ’

lim sup HY@s(KNB)) < HYT(KNDB) limsupl

s—0+ s—0+t S J1—s

as required. N

Another key result we are going to use is a deformation theorem for closed sets due to
David and Semmes [32, Proposition3.1], analogous to the one for rectifiable currents [79, 50].
We provide a slightly extended statement for the sake of forthcoming proofs.

Before stating the theorem, let us introduce some further notation. Given a closed cube
Q = Qx,1 and € > 0, we cover Q with a grid of closed smaller cubes with edge length ¢ < 1,
with non empty intersection with Int(Q) and such that the decomposition is centered in x
(i.e. one of the subcubes is centered in x). The family of this smaller cubes is denoted A, (Q).
We set

Cr=J{TNQ:T€A(Q),TN3Q #0},
Co=|J{TEAAQ):(TNQ) ¢ C;, TNICy #0}, (3.6)
Q':=Q\(CuUCy)

and consequently
Ac(QMUC2):={T€eA(Q): TC(Q'UCy)}.

For each nonnegative integer m < n, let Aem(Q' U Cy) denote the collection of all m-
dimensional faces of cubes in A (Q' UC;) and /\;m(Q‘ U C,) will be the set of the elements
of /\E,m(Q1 U C2) which are not contained in a(Q] U Cy). We also let Sglm(Q1 UcCsy) =
U /\E,m(Q1 U C3) be the m-skeleton of order ¢ in Q' U C,.

Theorem 3.7. Let v > 0 and E be a compact subset of Q such that H4(E) < +o0 and Q C By, -
There exists a map @ ¢ € D(xo, 1) satisfying the following properties:

(1) Oer(x) =xforx € R™\ (Q' UCy);
(2) Qee(x) =xforx €Sea_1(Q'UC);
(3) Dee(EN(Q'UC,)) C SealQ'UC2)UdQUC,);

(4) O e(T)CTforevery T € Aem(Q'UC,), withm =4, ..., n;
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(5) either J{d(d)a,E(E) NT)=0or J{d(d)g,E(E) NnT) = .‘J{d(T),for every T € /\’g,d(Q1 );
(6) HY D e(ENT)) < kiHYENT) forevery T € A (QTUCR);
where k1 depends only on n and d (but not on ¢).

Proof. Proposition 3.1 in [32] provides a map (I/):/E € D(xo, r) satisfying properties (1)-(4) and
(6). We want to set -
(D£,E =VYo q)s,E/

where ¥ will be defined below. We first define ¥ on every T € A, 4(Q' U C;) distinguishing
two cases
(a) if either HY(@, ¢ (E)NT) =0 or HY(D ¢ (E)NT) = HYT) or T & A 4(Q'), then we
set V|1 = Id;

(b) otherwise, since 6::_ (E) is compact, there exists yt € T and d1 > 0 such that Bs, (y1) N
@, £ (E) = 0; we define

Y7 (x) :x—l—oc(x—yT)min{L ngﬂ},
T

where « > 0 such that the point x + «(x —yt) € (3T) x {0}~ <.

The second step is to define ¥ on every T’ € A q+1(Q" U C2). Without loss of generality, we
can assume T’ centered in 0. We divide T’ in pyramids Pt 1 with base T € /\E,d(Q1 ucCy)

and vertex 0. Assuming T C {xq4+1 = —5,Xd42,..,Xn =0}and T’ C {xa42, ..., xn = 0}, we set
2X 441 X €
y X)) =— Yy — = .
Py (X) e T\ T332

We iterate this procedure on all the dimensions till to n, defining it well in Q1 U C,. Since
Y5(Q1uc,) = Id, we can extend the map as the identity outside Q' U C;. In addition, one

can easily check that ¥ € D(xo,r) and thus, since (I/JZJE € D(xg, 1) and the class D(xq, 1) is
closed by composition, this concludes the proof. O

Later we will need to implement the above deformation of a set E on a rectangle rather
than a cube. The deformation theorem can be proved for very general cubical complexes,
[6]; however, for the sake of exposition, we limit ourselves to the simple case of a rect-
angular complex, which can be deduced by Theorem 3.7 through a bi-Lipschitz (linear)
transformation of IR™. More precisely, let us consider a closed rectangle

R:=1[0,81] x - - x [0,€n] b <<y

and a tiling of R™ made of rectangle e-homothetic to R. Let AR(R) denote the family of the
translated and ¢ scaled copies of R and let us set

CR:=[J{TNR:TeAR(R), TN3R #0},
Cy = J{TeAR®R): (TNR) ¢ C}, Tnack #0},
R':=R\ (CRuCK).



3.3 ISOTROPIC PLATEAU PROBLEM IN HIGHER CODIMENSION

As before, for each nonnegative integer m < n, we let /\Em(R1 U CZR) denote the collection
of all m-dimensional faces of rectangles in AX(R' UCK) and ARz (RT U C¥) will be the
set of the elements of AR (R' UCR) which are not contained in 3(R' U C}). We also
let SEm(R1 ucCk) = U/\Em(R1 U CR) be the m-skeleton of order ¢ in R' U CK. Then the
following theorem is an immediate consequence of Theorem 3.7:

Theorem 3.8. Let v > 0 and E be a compact subset of R such that H4(E) < +oo and R C By, r.
There exists a map @ ¢ € D(xo, 1) satisfying the following properties:

(1) ®.e(x) =xforx € R™\ (RTuCk);
(2) Oee(x)=xforx e Ssd_] (R'U CZR);
(3) O e(ENR'UCK) c sk (RTuCK uaR UCY);
(4) ©ce(T)CTforevery Te AR (RTUCK), withm=4d,..,n;
(5) either HY(@¢ e (E)NT) =0 0r HY D e(E)NT) =HIYT), for every T € AR5 (RT);
(6) HY D e(ENT)) < kg HYENT) forevery T € ARRTUCY);
where k1 depends only on n, d and €, /87 (but not on ¢).

Note that this time the constant k; depends also from the ratio £, /{7. In the sequel we will
apply this construction only to rectangles where this ratio is between 1 and 4: 1 < €, /{7 <4,
thus obtaining a constant k; actually depending just on n and d.

3.3.2  Proof of Theorem 3.3

Proof of Theorem 3.3. Up to extracting subsequences we can assume the existence of a Radon
measure p on R™\ H such that

K TS as Radon measures on R™\ H, (3.7)

where 1 = fHdLK]-. We set K = spt n and we remark that KN'H = (J, since p € M (R™ \ H).

We divide the argument in several steps.

Step one: We show the existence of 6y = 0y(n, d) > 0 such that
w(Bxr) = 0o wqar?d, Vx € Kand r < dy = dist(x, H). (3.8)
To this end, it is sufficient to prove the existence of 3 = 3(n,d) > 0 such that

w(Qx1) = pld, x € Kand 1 < 2dy/vn.

Let us assume by contradiction that there exist x € sptp and 1 < 2dy/y/n such that

(Qy 1)

1 < B.
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We claim that this assumption, for  chosen sufficiently small depending only on d and n,
implies that for some 1, € (0,1)

H( Qx,lm) =0, (39)

which is a contradiction with the property of x to be a point of spt u. In order to prove (3.9),
we assume that (1(0Qy,1) = 0, which is true for a.e. L.

To prove (3.9), we construct a sequence of nested cubes Qi = Qy, such that, if 3 is
sufficiently small, the following holds:

@) Qo = Qx,l.}
(i) n(0Qx,1) =0;

(iii) setting m; := u(Qy) then:

(iv) mip < (1— ki])mi, where k; is the constant in Theorem 3.7 (6);

(v) (1 —4eg)ly = Ligq = (1 —6¢4)l;, where

1

d
o Imy
(o5 —

T KB L

(3.10)

and k = max{6,6/(1 — (k‘kT] )ld)} is a universal constant;
(vi) lim; my =0 and lim; 1; > 0.

Following [32], we are going to construct the sequence of cubes by induction: the cube
Qo satisfies by construction hypotheses (i)-(iii). Suppose that cubes until step i are already
defined.

Setting m{ = U-Cd(Kj N Qi), we cover Q; with the family A1, (Qi) of closed cubes with
edge length €;1; as described in Section 3.3.1 and we set C} and C} for the corresponding
sets defined in (3.6). We define Qi1 to be the internal cube given by the construction, and
we note that Ci2 and Q;1 are non-empty if, for instance,

1
d

&1 1

1T m{
= 15 < X S/
KB L k “6

€1

which is guaranteed by our choice of k. Observe moreover that C} U C} is a strip of width at
most 2¢il; around 0Q;, hence the side 111 of Qi1 satisfies (1 —4¢ei)li < liv1 < (1 —2¢i)L.

Now we apply Theorem 3.7 to Q; with E = Kj and ¢ = ¢;l;, obtaining the map ®;; =
@1, x;- We claim that, for every j sufficiently large,

m) <ki(m]—ml, ;) +o5(1). (3-11)
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Indeed, since (Kj) is a minimizing sequence, by the definition of deformation class we have
that

m{ <mi+0j(1) < HY (D (KN Q4)) +05(1)
= H (@1 (KN Qis1)) +HE (D5 (KN (CTUCY))) +05(1)
<K (KN (CLUCY)) +05(1) = ke (m) —ml ) +05(1).
The last inequality holds because H% (@ ; (K; N Qi4+1)) = O for j large enough: otherwise,

by property (5) of Theorem 3.7, there would exist T € A7 ; ;(Qi+1) such that ﬂ{d((Di,j (K5N
T)) = H4(T). Together with property (ii), this would imply

Wed = HYT) < HA (04 (K5) N Qi) < ki H (KN Qi) <kim) — kymy

and therefore, substituting (3.10),

which is false if (3 is sufficiently small (m; > 0 because x € spt(u)). Passing to the limit in j
in (3.11) we obtain (iv):
ki —1
kq

mit] < my. (3.12)

Since li41 > (1 —4¢i)ly, we can slightly shrink the cube Q;41 to a concentric cube Q/_ ,

with 1{, ; > (1 —6¢¢)1; > 0, u(0Q{, ;) = 0 and for which (iv) still holds, just getting a lower

value for mi4 1. With a slight abuse of notation, we rename this last cube Q/ 11 a8 Qip1-
We now show (iii). Using (3.12) and condition (iii) for Q;, we obtain

1 1
min _(k=1\E_m{ (k17 B
g\ Kk (1—6ei)l; k1 T—6e;

The last quantity will be less than f3 if

1 1
k]—] d 6 md
<l—6g=1———-. .
( e ) b€ TR (3-13)

In turn, inequality (3.13) is true because (iii) holds for Qi, provided we choose k > 6/ (1 —
(1—1/kq )13). Furthermore, estimating ¢o < 1/k by (iii) and (v), we also have ;1 < &;.

We are left to prove (vi): lim; m; = 0 follows directly from (iv); regarding the non
degeneracy of the cubes, note that

~ 6mili
(1—6e)=]] (1143 T )

loo

—

,,
I
[

= liminf t—l >

to B i=0

1 i
1- .6TTLS (k] —1 > d
KBlo [TH_(1—6epn) \ ki
6 Ky —1\4
k(] —680)i k] !

WV
':8

I
[

1

WV
.:8

o
|
o)
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where we used e < gp in the last inequality. Since eg < 1/k, the last product is strictly

positive, provided

6
k>—1,

1— <k1k71>3

which is guaranteed by our choice of k. We conclude that 1., > 0, which ensures claim (3.9).

Step two: We fix x € K, and prove that

H(Bx,r)

T
rd

is increasing on (0, dy). (3.14)

The proof amounts to prove a differential inequality for the function f(r) := u(Bx,). In turn,
this inequality is obtained in a two step approximation: first one exploits the rectifiability of
the minimizing sequence (K;) and property (3.1) to compare K; with the cone competitor
Cy,+(Kj), see (3.3). The comparison, a priori, is only allowed with elements of %?(H), so for
almost every r < dy the following holds:

fi (1) = HYK;) — HUK; \ Bxr) < Mo +05(1) — HYK; \ Bxr)

<oj(1)+ inf  HYK')—HYK; \ Bxr) < o05(1) + inf HYK N Byr),
K'eZ(H) K'eZ(H)

KI\BX,T:Kj\BX,T

where fj(r) .= H d(K)- N Bx,r). Nevertheless, K; can be compared with its cone competitor, up
to an error infinitesimal in j, thanks to Lemma 3.6. We recover

(1) < inf — HYK' NByr) <0j(1) +H(Cr(Kj) NByr)
K'eZ(H)
K'\Brr=K;\Byr (3.15)

< 0j(1)+ 34T (K; N8By = 05 (1) + =H(1).

We want to pass to the limit in j in order to obtain the desired monotonicity formula. To this
aim, we observe that by Fatou’s lemma, if we set g(t) := lim infj fj/ (t), then

T

f() = 1(5) = u(Bur \Buo) > | g(t)dt,  provided u(@By) = (dBys) =0,
S
This shows that Df > g£'. On the other hand, using the differentiability a.e. of f and letting
s T 1, we also conclude f’ > g £L'-a.e., whereas Df > f'£! is a simple consequence of the
fact that f is an increasing function.
We can now pass to the limit on j in (3.15) to yeld f(r) < §g(r) < 3f'(r) for a.e. v < dx.
The positivity of the measure D log(f) implies the claimed monotonicity formula.

Step three: By (3.8) and (3.14), the d-dimensional density of the measure p, namely:

0(x) = lim 1)

> 90
r—0* wde - !

exists, is finite and positive p-almost everywhere. Preiss” Theorem 3.4 implies that p =
034 K for some countably 3 9¢-rectifiable set K and some positive Borel function 0. Since K
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is the support of y, then 3¢

(K\ K) = 0. On the other hand, by differentiation of Hausdorff
measures, (3.8) yields 3¢ (K \ K) = 0.
=

Hence K is d-rectifiable and p = 04 K.

Step four: We prove that 0(x) > 1 for every x € K such that the approximate tangent space to
K exists (thus, 3%-a.e. on K). For further use (see step 7 below) we actually prove a slightly
more general results: 8(x) > 1 for every x € K\ H such that there exists a sequence ry | 0
for which

% Sex)HL T, as k — +oo (3.16)
k
where 7 is a d-dimensional plane. Here the measures (i, , are defined as iy +(A) = p(x +T1A)
for every Borel set A, rather than the definition given in (2.2).

Let us assume without loss of generality that x = 0 and 7w = {xq4+1 = ... = xn = 0}. Note
that p » are supported on (K —x)/r and that (3.16) and the lower density estimates (3.8)
imply that the support of iy -, has to converge in the Kuratowski sense to the support of
HeL 7 In particular, for every & > 0, there are infinitely many small p > 0 such that

€
KNB, C {y eR™:lyas+1l, - lynl < 700 p}. (3.17)

Let us now assume, by contradiction, that 6(0) < 1. Thanks to (3.14) and (3.17) we can
slightly tilt p to find r > 0 and « < 1 such that u(0Q,) =0 and

M) et KN(Qe\Ryer) =0, (3.18)

where R; ¢ is defined as in (2.1). In particular, since y; are weakly converging to u, we get
that for j > j(r)

ujigr) <a<1l and Hj(Qr\Rr,er) = Oj(])/ (319)

We now wish to clear the small amount of mass appearing in the complement of R ¢:
we achieve this by repeatedly applying Theorem 3.8. We set Q N{xq+1 > 57} = R, and
we apply Theorem 3.8 to this rectangle with E = K? := Kj, obtaining the map ¢;;. We
recall that the obtained constant k; for the area bound is universal, since it depends on the
side ratio of R, which is bounded from below by 1 and from above by 4, provided & small
enough. We set Kj1 = Q1 (Kg’) and repeat the argument with Q. N{xq11 < —571}=Rand
E:= K]] , obtaining the map ¢ ;. We again set K].2 = Q2 (K)] ) and iterate this procedure to
the rectangles Qr N{xa4+2 = 57}, ..., Qr N{xn < —51}. After 2(n — d) iteration, we set

2(n—d
K; (=) — ®2(n—a); © - @1,(Kj).

We are going to use the cube Qr(lf NG because, taking ¢ small enough, then /e > 4Ce,
where C > 1 is the side ratio considered before. This allows us to claim that

2(n—d
g{d(K] (n—d) N (QT‘(]*\/E) \Rr(lf\/g),6ar)) =0. (3'20)
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Otherwise there would exist a d-face of a smaller rectangle T C (Q \ Ry,¢r) such that

HAK; ™V AT) = HIT) > e,

which would lead to the following contradiction for j large:
<o) < HE (K 0(Qr \Reer) ) <300 (K 01(Qr \ Rrer)) = 05(1).
In particular, we cleared any measure on every slab

U {351‘ <Ixil < (1 —ﬁ)%} NQ.(1-ye)-

i=d+1

We want now to construct a map P € D(0, r), collapsing R, (j_ /z) ¢» Onto the tangent plane.
To this end, for x € R™, x = (x/,x”) with x’ € R4 and x” € R" 4, we set

IX'|| := max{|xi| : 1=1,...,d} %" := max{|xi| :i=d+1,...,n} (3.21)

and we define P as follows:

(x| =3er) x" -
) {(Xf,g(xf) S i+ 0= o) it max(lL < vz

Id otherwise,
where g : [0,1/2] — [0, 1] is a compactly supported cut off function such that
g=1 on|0,7(1—+/¢)/2] and Ig’l <10/rv/¢.

It is not difficult to check that P € D(0,r) and that Lip P < 14 Cy/e, for some dimensional
constant C. s
We now set Kj := P(sz(n_d)), which verifies, thanks to (3.20),

gfd(vaﬂ (Q(l—ﬁ)r\Qfl],ﬁ)r)) =0 (3-23)
and

( N(Q\Qr1-ys) < (14 VR (K™Y 1 (Q\ Qi ve)))
(14 CVek] ™ V3 (Ky N (Qr \ (Qr1—ye) URrer))
(1+c¢€)9{d( N Reer \Qri1_vey))

< 0j(1) + (1+ CVe)HA(K; N (R mr\Qr(H/E)))/

where in the last inequality we have used (3.19). Moreover, by using (3.18), (3.19) and (3.23),
we also have that, for ¢ small and j large:

(3.24)

UK NQN_e) KUK N Qo ye) 1™ Q)
R T 1| By T R L L
1UK;NQy) +05(1) (325
+Cf . %;

<a+o5(1) < 1.
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As a consequence of (3.25) and the compactness of KNj, there exist yj € Q?p Vo) and 5; >0

such that, if we set yj = (y/ s 0), then
KjnBg s, =0 and B s CQf_ ) (3.26)

After the last deformation, our set l/<v) N Q,(1_,z) is contained in the tangent plane and we

want to use the property (3.26) to collapse E; NQr—,z) into (an_mr) x {04, To
this end, for every j € IN let us define the following Lipschitz map:

x'+z! ,x") ifxeR.q_
(Pj(x){( j,x ) r(1—+/€),r

X otherwise,

with

x' —y! (r—4|x"
. i r=4x")
z\ = mm{L 5 } - Ly (x —yj),
j

where vj,, > 0 is such that x" +vjx(x' —yj) € aQEl]i\/ar x {O}“_dNand |[x”]| is defined in
(3.21). One can easily check that @; € D(0, ). Moreover, setting @;(K;) =: K]-/ , we have that

Ki\Qr =Kj\ Qr
and
HAUK N Q1 yey) =0, (3.27)
thanks to (3.23), since
}cd(anfﬁ)r X {0}“*‘1) —0.

Since #?(H) is a deformation class, by (3.1) there exists a sequence of competitors (J;)jen C
Z(H) such that J; \ Bor = Kj \ Bo, and H4(J;) = .‘Hd(Kj’) + 0j(1). Hence, thanks to (3.24)
and (3.27), we get

FA(K;) — HA}) = HAUK) — HEK]) — 05(1) = KK N Q) — HAKL N Qr) — 05(1)
> 90 (51 Qu1-ym) ) + 3 (K50 (Reer \ Qui_ys))) +
—0j(1) = (1+ CV)I (K51 (Rrer \ Quny5))
> 4 (Kj N Qr“,\/g)) — Cer? (Kj N (Rrer \ Qr(p\/z))) —o;(1).
Passing to the limit as j — oo and using (3.7), (3.8) and (3.18), we get
lim inf 74 (K;) > limjinfﬂ'fd(]j) + Q1 ye)) — Cverd

j
> liminf H4(J;) + (00(1 — /&) — Cv/e)r?
)
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Since, for e small, this is in contradiction with K; be a minimizing sequence, we finally
conclude that 6(0) > 1.

Step five: We now show that 0(x) < 1 for every x € K such that the approximate tangent
space to K exists. Again, for further purposes, we will actually show that 6(x) < 1 for every
x € K\ H such that (3.16) holds. Arguing by contradiction, we assume that 8(x) =1+ 0 > 1.
As usually, we assume that x =0 and w={y : yq+1, ..., yn = 0}. By the monotonicity of the
density established in Step 2, for every ¢ > 0 we can find r > 0 such that

1(Qr)

rd

KNQr C Ryer, 14+0< <l+4+o+ceo. (3.28)

Since H4 L K; converges to p we have

HKNQ) > (1+3)1%,  HUKNQ)\Reer) < 7% ¥ >holr),  (329)

Consider the map P : R™ — R" € D(0, r) with Lip P < 1+ C /e defined in (3.22), which col-
lapses R,(;_,/z) e~ ONto the tangent plane. By exploiting the fact that ?(H) is a deformation
class, we find that

HAUK N Q) =05(1) < HUPIK; MR35y, e0)) + HUPK; N (Reer \R1— /5r,ex))
I Iz
+5{d(P(K]~ N (Qr\Rr,ar))) .

I3

By construction, I; < rd while, by (3.29),
I3 < (LipP)* HA(K; N (Qr \ Rrer)) < (14+Cv/e) 21
Hence, as j — oo,

(1 —I—(Z—y)rd <44 liminf I, 4 (1 —I—Cﬁ)d%rd,

] —00

that is,

d
-5

Iy

o < liminf . (3.30)

j—oo T
By (3.28), we finally estimate that
limsup I, < (1+CvVe)*w(Qr\Qui_ ey,

j—o0
< (1+C\/E)d<(1+d+w)—(1 —Hr)(]—\/g)d) rd, (3.31)

By choosing ¢ sufficiently small, (3.30) and (3.31) provide the desired contradiction. In
particular, by combining this with the previous step we deduce that 6 =1 for every x such
that K admits an approximate tangent space at x, that is for ¢ almost every x. Classical
argument in measure theory then implies that p = H4[_K.
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Step six: We now show that the canonical density one rectifiable varifold associated to K is
stationary in R™ \ H. In particular, applying Allard’s regularity theorem, see [79, Chapter
5], we will deduce that there exists an 3¢-negligible closed set £ C K such that ' = K\ £ is
a real analytic manifold. Since being a stationary varifold is a local property, to prove our
claim it is enough to show that for every ball B CC R™ \ H we have

HK) < HA((K)) (3-32)

whenever ¢ is a diffeomorphism such that spt{¢ —Id} C B. Indeed, by exploiting (3.32) with
¢ =1Id +tX, X € CL(B) we deduce the desired stationarity property.

To prove (3.32) we argue as in [37, Theorem 7]. Given ¢ > 0 we can find § > 0 and a
compact set K ¢ KN B with H4((K\ K)NB) < ¢ such that K admits an approximate tangent
plane T, K at every x € K,

sup sup [Vd(x)—Vo(y)l <e, sup sup d(TK, TyK) <e, (3-33)
xeR YEBxs x€RyeRNB, 5
where d is a distance on G(d), the d-dimensional Grassmanian. Moreover, denoting by Sy r
the set of points in B at distance at most ¢ r from x + Ty K, then KN By C Sy » for every
T < 8 and x € K. By Besicovitch covering theorem we can find a finite disjoint family of closed

balls {B;} with B; = By, r, C B CC R\ H, x; € K, and 7; < §, such that H¢(K\ |J; Bi) < e.

By exploiting the construction of Step four, we can find j(¢) € IN and maps P; : R™ — R™
with Lip (P;) < 1+ C+/e and P; =1d on B, such that, for a certain X; C Si = Sy, ery,

Pi(Xi) € BiN (xi + T« K),

o (3-34)
(P NBIAX) ) <CVEward, V) >jle).

Denoting with J! the d-dimensional tangential jacobian with respect to the plane T and
by ]'é the one with respect to K and exploiting (3.33), (3.34), the area formula and that
wa ¢ < HYKNB;) (by the monotonicity formula), and setting o; = H4((K\ K) N B;), we
get

HA(P(P;(K; N X)) = T e (x) a3 (x) < 5 dlx) + ) wa T8
uPi(KjﬁXi)

O o) + &) HAKNBY < J7  dp(xi) + ) (HEURNBY) + 1)

N

< | U5d(x) +2e) d34(x) + ((Lip )4 +¢) o
JRNB;

= HYP(KNB)) +2e HURNB1) + ((Lip )¢ + &) i,

(3-35)

where in the last identity we have used the area formula and the injectivity of ¢. Since
P; = Id on Bf, ¢ = Id on B¢, B; C B and the balls B; are disjoint, the map & which is

equal to ¢ on B\ U;Bj, equal to the identity on B€ and equal to ¢ o P; on B; is well defined.

Moreover, by (3.35), we get

HYUP(K;)) < HY(P(K)) + Ce
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where C depends only on K. By exploiting the definition of deformation class, we get that
HYUK) < HUB(K))) +05(1) < HD(K)) + Ce +05(1).
Letting j — co and ¢ — 0 we obtain (3.32).

Step seven: We finally address the dimension of the singular set. Recall that, by monotonicity,
the density function

HAKNB
O%(K,x) = lim 7K1 Brr)
r—0 wqar
is everywhere defined in R™ \ H and equals 1 H%-almost everywhere in K. Fixing x € K and
a sequence Ty | 0, the monotonicity formula, the stationarity of 54| K and the compactness
theorem for integral varifolds [2, Theorem 6.4] imply that (up to subsequences)

HAL (K;x) — V  locally in the sense of varifolds, (3.36)

where

(a) V is a stationary integral varifold: in particular ©4(||V||,y) > 1 for y € spt(V);
(b) Vis a cone, namely (5))#V =V, where 55 (x) = Ax, A > 0;
(©) ©%(||V|,0) = @4(K,x) = @4(||V|,y) for every y € R™.

Recall that the tangent varifold V depends (in principle) on the sequence (ry). We denote
by TanVar(K, x) the (nonempty) set of all possible limits V as in (3.36), varying among all
sequences along which (3.36) holds. Given a cone W we set

Spine(W) :={y € R™: ©%(|[W||,y) = @%(||W]|,0)}. (3-37)

By [9, 2.26], Spine(W) is a vector subspace of R™, see also [84, Theorem 3.1]. We can stratify
K in the following way: for every k =0,...,n we let

Ak ={x € K: for all V € TanVar(K, x), dim Spine(V) < k}.

Clearly Ag C --- C Ag = --- = Ayn; moreover the following holds: dimg¢ Ay < k, see [9, 2.28]
and [84, Theorem 2.2]. In order to prove our claim, we need to show that Ag \ Ag_1 C K\ %,
where Z, as in Step six. To this end we note that the monotonicity formula for stationary
varifolds implies that if W is a d-dimensional stationary cone with dim Spine(W) = d,
then [|[W|| = ©4(||W||,0)HLT for some d-dimensional plane * T. In particular since every
x € Ag \ Ag—1 admits at least one flat tangent varifold, for every such x there exists a
sequence Ty satisfying

K—
HAL hox - mHILT;
Tk
moreover m = ©4(K, x) by (c). But then, the very same proof of Step five above implies
that @4(K,x) = 1. Thus every x € Aq \ A4_1 satisfies the hypotheses of Allard’s regularity
Theorem [2, Regularity Theorem, Section 8], implying that KN Qy,: is a real analytic
submanifold. Equivalently x ¢ X and this concludes the proof. ]
Indeed up to a rotation spt(W) = Spine(W) x I, where I is a cone in R™ 4, If T' # {0} then @d(HWH,O) >
G)d(HWH,y) for any y € Spine(W) \ {0}, which contradicts (3.37).
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3.4 ANISOTROPIC PLATEAU PROBLEM IN CODIMENSION ONE

The anisotropic Plateau problem aims at finding an energy minimizing surface spanning a
given boundary when the energy functional is more general than the usual surface area (as
in the standard Plateau problem) and is obtained integrating a general Lagrangian F over
the surface. In particular, the integrand depends on the position and the tangent space to
the surface.

As in the case of the area integrand, [33, 51, 77, 7, 32, 56, 37, 44], many definitions of
boundary conditions (both homological and homotopical), as well as the type of competitors
(currents, varifolds, sets) have been considered in the literature. An important existence,
regularity and almost uniqueness result in arbitrary dimension and codimension was
achieved by Almgren in [7], using refined techniques from geometric measure theory. In
more recent times, Harrison and Pugh in [57, 58] investigated the anisotropic Plateau
problem under a suitable cohomological definition of boundary.

In this section we present the result of our work [38]. We adopt the same strategy as
in [37, 44], namely we prove a general compactness theorem for minimizing sequences in
general classes of (n — 1)-rectifiable sets. More precisely, we consider the measures naturally
associated to any such sequence and we show that, if a sufficiently large class of deformations
are admitted, any weak limit is induced by a rectifiable set, thus providing compactness and
semicontinuity under very little assumptions.

One main difficulty in our approach is to prove the rectifiability of the support of the
limiting measure. As already observed, the key ingredient in [37, 44] to obtain such rectifia-
bility is the classical monotonicity formula for the mass ratio of the limiting measure, which
allows to apply Preiss’ rectifiability theorem for Radon measures [76, 35]. Such a strategy
does not seem feasible for general anisotropic integrands, where the monotonicity of the
mass ratio is unlikely to be true, as pointed out in [3]. The main goal of this section is to
show how, in codimension one, the rectifiability of the limiting measure follows from the
theory of Caccioppoli sets, bypassing the monotonicity formula and the deep result of Preiss.
In particular, we are able to prove the results analogous to those of [37] with a strategy
which has some similarities with the one used in [7].

The most general case of any codimension and anisotropic energies is addressed in the next
Section, which describes our paper [42]. It uses however different and more sophisticated
PDE techniques.

3.4.1 Preliminary assumtpions

We next outline a set of flexible requirements for &(F, H), which is more specific for the
codimension one case. These conditions will replace the ones of Definition 3.1 and Definition

3.2.

Definition 3.9 (Cup competitors). Let K C R™ \ H and By, CC R™\ H. We introduce the
following equivalence relation among points of By, \ K:

Yo ~kxr Y1 == 3y € Co0,1,Bxr \K): ¥(0) =yo, Y(1) =y1, ¥(0,1[) C By
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(where x and r are clear from the context we will omit them and simply write ~x). We
enumerate as {I;(K, x, 1)} the equivalence classes in 0B,/ ~k x, (Where the index i varies
either among all natural numbers or belongs to a finite subset of them). The cup competitor
associated to Ti(x, 1) for K in By ; is

(K\ Bxr) U ((0Bx ) \Ti(K,x, 7). (3-38)
For further reference we also introduce the sets
Qi(K,x,7) ={z € Bx+ \K: 3y e I (K, x, 1) such that z ~x x » y}. (3-39)

The dependence on K, x and r will be sometimes suppressed if clear from the context. It is
easy to see that the associated sets Q; (K, x, r) are connected components of By » \ K (possibly
not all of them).

Definition 3.10 (Good class). A family &(F, H) of relatively closed subsets K € R™ \ H is
called a good class if for any K € Z(F, H), for every x € K and for a.e. r € (0, dist(x, H)) the
following holds:

inf {F(J) : ] € Z(F,H),J\ Bxr = K\ By, } < F(L) (3-40)
whenever L is any cup competitor for K in By .

Remark 3.11. Observe that the definition of cup competitors is a slight modification of that of
[37], where T; (K, x, ) were taken to be connected components of 9By \ K: observe however
that, for every cup competitor in [37], we can find a cup competitor as above which has at
most the same area, since each I5 (K, x, 1) is a union of connected components of 9By \ K
and each connected component of 9By ; \ K is contained in at least one TI; (K, x, ). Finally
good classes in our paper [38] do not assume any kind of comparisons with cones, as it is
the case of [37].

The point of our work [38] is that the notion of good class is enough to ensure that any
weak™ limit of a minimizing sequence is a rectifiable measure and that a suitable lower
semicontinuity statement holds for energies F which satisfy the usual ellipticity condition of
[50, 5.1.2], cf. Theorem 3.13 below. In particular, as shown in [50, 5.1.3-5.1.5], the convexity
of the integrand F is a sufficient condition and we take it therefore as definition in this
section (notice that in the next section we will replace this assumption with more useful
requirements to address the higher codimesion case).

Definition 3.12 (Elliptic anisotropy, [50, 5.1.2-5.1.5]). F is elliptic if its even and positively
1-homogeneous extension to R™ x (A, _1(IR™) \ {0}) is C? and it is uniformly convex in the
T variable on compact sets.

Actually the only points required in the proof of Theorem 3.13 are the lower semicontinuity
of the functional F under the usual weak convergence of reduced boundaries of Caccioppoli
sets and the following estimate on the oscillation of F over compact sets W CC R™:

X, yeWS,TeG(nn—1)
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where wyy is a modulus of continuity which depends upon G(W) and || - || is the standard
metric on G(n,n— 1) defined as in [79, Chapter 8, Section 38]. In particular the C? regularity
of the definition above can be considerably relaxed.

A minimizing sequence {K;} C &(F, H) in Problem (3.2) satisfies the property F(K;) — my,
and throughout the section we will assume my to be finite.

3.4.2 Main theorem

We have all the definitions to state the main theorem of Section 3.4.

Theorem 3.13. Let H C R™ be closed and & (F, H) be a good class in the sense of Definition 3.10.
Let {K;} € Z(F, H) be a minimizing sequence and assume mo < oo. Then, up to subsequences, the
measures \j = F(-,T(,)K]-)f}{“*‘ L K; converge weakly* in R™ \ H to a measure u = OH™TLK,
where K = spt wis an (n — 1)-rectifiable set and © > c for some constant co(F,n).

Moreover, if F is elliptic as in Definition 3.12, then liminf; F(K;) > F(K) (that is 0(x) >
F(x, TxK)) and in particular, if K € Z?(F,H), then K is a minimum for Problem (3.2) and thus
0(x) = F(x, TxK).

Indeed the measure p above is an (n — 1)-dimensional rectifiable varifold. Since the proof
of Theorem 3.13 does not exploit Preiss’ rectifiability Theorem, when the Lagrangian is
constant (i.e. up to a factor it is the area functional F = 1) and we require the stronger
energetic inequality in (3.40) to hold for any cup competitors as in (3.38) [37, Equation 1.2],
then the same strategy gives a simpler proof of the conclusions of [37, Theorem 2], except
for the monotonicity formula in [37, Equation (1.5)].

Finally, we remark that it is possible to obtain the useful additional information 0(x) =
F(x, TxK) in Theorem 3.13 even when we cannot directly infer that K = spt u belongs to the
class Z(F, H), provided we allow the class of competitors to be also a deformation class as
in Definition 3.2.

Proposition 3.14. Assume that T is elliptic as in Definition 3.12 and that H, #(F, H), {K;}, wand
K are as in Theorem 3.13. If in addition &7(F, H) is a deformation class in the sense of Definition 3.2,
then 0(x) = F(x, TxK) for H" 1-a.e. x € K.

3.4.3 Proof of Theorem 3.13

Parts of the proofs follow the isotropic case treated in [37]: we will be brief on these
arguments, hoping to convey the main ideas and in order to leave space to the original
content.

The proof of Theorem 3.13 goes as follows: we consider the natural measures (y;) asso-
ciated to a minimizing sequence (K;) and extract a weak limit u. We first recall that, as a
consequence of minimality, i enjoys density upper and lower bounds on spt(u), leading to
the representation p = oH™ ! L spt(p): this part follows almost verbatim the proof of [37].
Then, via an energy comparison argument, we exclude the presence of purely unrectifiable
subsets of spt(it), which is the core novelty of the note. We then show that, if the Lagrangian
is elliptic, then the energy is lower semicontinuous along (Kj;). Finally, if we assume also
that #(F, H) is a deformation class, we show that 0(x) = F(x, T, K).
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Proof of Theorem 3.13: density bound

We prove lower ad upper density bounds for the limiting measure

Lemma 3.15 (Density bounds). Suppose that &?(F, H) is a good class, that {K;} C Z(F,H) is a
minimizing sequence for problem (3.2) and that

W= F(, TK)HTLK S
in R™ \ H. Then the limit measure . enjoys density upper and lower bounds:
0o wn_1T" ' < w(Bxr) < 951 Wn_t T, Vx € sptu, Vr < dy :=dist(x, H) (3.42)
for some positive constant 09 = 0o (n, F) > 0.

Proof. The density lower bound can be proved as in [37, Theorem 2, Step 1] with the use
of cup competitors only, since the energy F is comparable to the Hausdorff measure by
(2.10). The notion of cup competitors in Definition 3.10 slightly differs from the notion in
[37, Definition 1], however the key fact is that the latter have larger energy, cf. Remark 3.11.
The existence of a density upper bound is trivially true, since we can use a generic sequence
{I3} of cup competitors associated to {K;} in By ;. Observe that at least one I} exists as long
as 0By \ Kj # 0: on the other hand for a.e. radius r we have lim inf; T (Kj) < oo and
we can assume the existence of a subsequence for which the Tj exist. Hence, by almost
minimality

W(Bx,r) < limsup p(By ;) <limsup F(0By . \Tj)
j j
< limsup/\ﬂ-fnf1 (0B« \T5) < Aon_g el
j

(3-43)

O

We remark that, if the requirement of being a good class were substituted by that of being
a deformation class, the density lower bound could be proven as in Theorem 3.3, Step 1: note
that although the bound in (3.8) is claimed for the area functional, the argument requires
only the two-sided comparison of (2.10). Moreover, the upper bound could be obtained as in
(3-43), but using the slightly different cup competitors defined in [37, Definition 1], which
are proven to be deformed competitors in [37, Theorem 7, Step 1].

Proof Theorem 3.13: rectifiability

Up to extracting subsequences, we can assume the existence of a Radon measure u on
IR™ \ H such that

1 TS as Radon measures on R™\ H. (3-44)

We set K = spt 1 and from the differentiation theorem for Radon measures, see for instance
[68, Theorem 6.9], and Lemma 3.15 we deduce that

w=0H" LK, (3-45)



3.4 ANISOTROPIC PLATEAU PROBLEM IN CODIMENSION ONE

where K is a relatively closed set in R™ \ H and 6 : K — R™ is a Borel function with
co <0< Co.

We decompose K = RUN into a rectifiable R and a purely unrectifiable N (see [79, Chapter
3, Section 13.1]) and assume by contradiction that H™T(N) > 0. Then, there is x € K such
that

O™ (R, x) = lim H (RO Byr) =0, O " T (N,x) =a > 0. (3.46)

=0 WpqT!

Without loss of generality, we assume that x = 0. The overall aim is to show that at 0 the
density lower bound of Lemma 3.15 would be false, reaching therefore a contradiction.

For every p > 0, we let Q;(p), with i € IN, be sets of (3.39) (where we omit the dependence
on K and x). Observe that the Q;(p) are sets of finite perimeter (see for instance [50,
4.5.11]). If we denote, as usual, by 9*Q;(p) their reduced boundaries (in By ), we know that
0*Q;(p) C K. Moreover:

(a) by the rectifiability of the reduced boundary (cf. [50, 4.5.6]), 0" Qi(p) C R;

(b) each point x € 0*Q;(p) belongs to at most another distinct 0*Q;(p), because at any
point y € 9*Q) of a Caccioppoli set Q) its blow-up is a half-space, cf. [50, 4.5.5].

Since in what follows we will often deal with subsets of the sphere 0B, we will use the
following notation:

* 05B,A is the topological boundary of A as subset of 9B,;
* 03p A is the reduced boundary of A relative to 9B.
P

Using the slicing theory for sets of finite perimeter we can infer that
H" 2 (055, (Qi(p) N OB\ ((9°Qi(p)) NOBY)) =0 forae. t<p. (3-47)

This can be for instance proved identifying Q;(p) and 0*Q;(p) with the corresponding
integer rectifiable currents (see [79, Remark 27.7]) and then using the slicing theory for
integer rectifiable currents (cf. [79, Chapter 6, Section 28]). Combining (a), (b) and (3.47)
above we eventually achieve

> HM2L 055, (Qi(p) NOBy) < 2H™ 2LRNIB; forae. t<p. (3.48)

1

Step 1. In this first step we show that, for every ¢p > 0 and every ro > 0 small enough,
there exists p €]ro, 21| satisfying

max {H T (Ni(p)} = (On_1 —e0)p™ . (3-49)

Indeed, by (3.46), we consider to so small that K"~ (RN Bg(x)) < eos™ ! for every s < 2ro.
We first claim the existence of a closed set R Clrp, 2r¢[ of positive measure such that the
following holds Vp € R:
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(i)
lim  H"?(RNJBy) = H™ ?(RNIB,);

oc€R,0—p

(i) H1(KNdB,) =0;
(iii) H"2(RNOB,) < Ceop™ 2.

The existence of a set of positive measure R’ such that (iii) holds at any p € R’ is an obvious
consequence of the coarea formula and of Chebycheff’s inequality, provided the universal
constant C is larger than 2™ ~'. Moreover, condition (ii) holds at all but countable many radii.
Next, since the map t — H"2(RNOBy) is measurable, by Lusin’s theorem we can select a
closed subset R of R’ with positive measure for which (i) holds at every radius.

Fix now a point p € R of density 1 for R: it turns out that p satisfies indeed condition
(3.49). In order to show that estimate, we first choose (px) C R, px 1 p such that (3.48) holds
for t = px. Observe that, for every sequence of points xx € 0By, N Q;i(p) converging to
some Xo,, we have that x,, € I (p) U (KN 0B,), otherwise there would exist T > 0 such that
B+(xeo) N Qi(p) = 0, against the convergence of xx to X. In particular, rescaling everything
at radius p, for every n > 0 there exists k(1) such that, for all k > k(n)

p

Exi:= or (Qi(p)N0dBy,) C Uy (Ti(p) U(KNOB,))NOBy = Tiy,

where U,, denotes the n-tubular neighborhood.

Observe that H" ! (Min) 4 H™ 1 (Ti(p)) as 1 | 0, because d08,li(p) C KNOB, and (ii)
holds. On the other hand, for every n > 0, we can take A, compact subset of I (p) with
H 1 (Ti(p) \Ay) <nand Ug(Ay)NBy C Qi(p) for some small x(n) > 0. Therefore, for
p — pk < «(n), the following holds

Ek,i D) AT] .

Since Ay, C Exi C Iy, for every k > k(n), A,y C Ti(p) C Iy, and HT My \Aq) L 0as
n 1 0, we easily deduce that Ey ; — Ti(p) in L (0Bp). Moreover, by (3.48)

D H"?(5g, (Qilp)N3By,)) < 2H™ ?(RNIBy,). (3.50)

i

The L' convergence shown above, the lower semicontinuity of the perimeter and the defini-
tion of Ey; imply that

2 I 205, Tilp)) < liminf ) 3™ 2(35p, Erci)
i i

n—2
— lim inf (p‘l) > H (05, (Qilp) NOBp, ).

Plugging (3.50), conditions (i) and (iii) in the previous equation, we get

D HY2(d5,Tilp) < Zlirrhinfﬂ{“*z(ﬁ NOBy,) = 2H™ 2(RNIB,) < Ceop™ 2.
i
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Let us denote by Ty(p) the element of largest 1™~ measure among the T;(p): applying the
isoperimetric inequality [37, Lemma 9] in 0B, we get
n n-1
Ono1p™ T I (To(p) = Y H™ T (Mi(p)) < C(H™2(RNDB,))n=2 < Ceg 2p™ T,
i>1
n—1
n—2

namely H 1 (To(p)) = (on_y — Ceg )p™ !, which proves (3.49).

Step 2. In this second step we let Fg(p) be a ~k;-equivalence class of largest H"1-measure
in 0B, \ Kj and we claim that:

liminf 3" (13 (0)) > 3™ (To(p)), (3.51)
(where, consistently, I'h(p) is a ~k-equivalence class of largest measure in 0B, \ K; note
that the latter estimate, combined with Step 1, implies, for ¢¢ sufficiently small and j
sufficiently large, that such equivalence classes of largest H™~! measure are indeed uniquely
determined).

Recall that Q(p) is associated to I'p(p) according to (3.39). Let us consider 6 > 0 sufficiently
small and T' CC Ty(p) verifying

HM () = H 1 (To(p)) — 6. (3-52)

Next, by compactness, we can uniformly separate T and K, that is we can pick n > 0
sufficiently small so that

S - _— X = —
v | 6r:{xeBp\Bp_n:pmer} CCBp\K. (3-53)
s€lp—,p]

Next we choose an open connected subset of Q(p) with smooth boundary, denoted by
Q(p), such that

1Qo(p) \ Q(p)l < om. (3-54)

The set QO(p) can be constructed as follows:

e first one considers A CC Qo (p) compact with [Q(p) \ Al < dn: this can be achieved
for instance looking at a Whitney subdivision of Qg(p), taking the union of the cubes
with side length bounded from below by a small number;

* A can be enlarged to become connected by adding, if needed, a finite number of arcs
at positive distance from 0Q(p);

* we can finally take a C* function f : R"™ — R such that f|gn\ o, (p) =0, flA = 1 and
0 < f < 1: by the Morse-Sard Theorem, one can choose t €]0, 1] such that {f = t}is a
C* submanifold.

* the connected component of {f > t} containing A satisfies the required assumptions.
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Since Q(p) CC Qo(p), by weak convergence ™! (K5 N Q(p)) — 0; moreover since Q(p) is
smooth and connected, it satisfies the isoperimetric inequality

1Q(p) \ QI (p)] < Tso(Q(p))(FH™ 1 (Q(p) NK;)) 7T = 0j(1). (3.55)

where QJ(p) is the connected component of Q(p) \ K; of largest volume and Iso(Q(p)) is
the isoperimetric constant of the smooth connected domain Q(p) (for the isoperimetric
inequality see [50, Theorem 4.5.2(2)] and use the fact that 3*QJ(p) C K;, which has been
observed above).

Obviously (3.53) implies ™' (K; N V) — 0 and, by projecting K; NV on 9B, via the
radial map IT: By  x = 15rx € 9B, we easily get that the set

M=y eF:ﬂny)ﬁVﬂKi = 0}

verifies

HH(P) =1 () —H T (MK N V)

_ _ .56
> 3 (1) — (Lip Tl 5, )™ 131 (V) = 31 (P —oy(1), O
We deduce from (3.56) that
VAT )] = V= VAT ()] > [V =K (FA D) > [V =05 (1), (3.57)
The previous inequality, (3.53), (3.54) and (3.55) in turn imply that
VA @) NI N YL < VA (p)[+ VAT (D))
(3-53),(3-57) .
< 1Qo(P)\Q(P)I+1Q(p) \ QO (p)+0§(1) (3.58)
(3.54),(3.55)

< ns 4 05(1).

If x e VN QI(p)NTT (1), then x ~k; T1(x) using as a path simply the radial segment
[x, TT(x)[; moreover we can always connect two points belonging to VN QJ (p) NTT-1(T) with
a path inside QJ(p). But, by (3.58), the endpoints TT(x) of these segments must cover all
but a small fraction Gj of M of measure 0j(1). Indeed we can estimate the complement set
Gj :=TI(V\ (QI (p) NTT~ (1)) using the coarea formula and the self similarity of the shells:

- (-3 e[ e ()
p p—m p

< IV (Q(p) NTT ()] < 81+ 05(1),
which yields, for 1 small enough (namely smaller than a positive constant ng(n, p)),
H(G;) <25 +05(1). (3-59)

By concatenating the paths we conclude that I \ Gj must be contained in a unique equiv-
alence class T’/ (p). We remark that for the moment we do not know whether I’ (p) is an
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equivalence class of 0B, \ K; with largest measure. Summarizing the inequalities achieved
so far we conclude

IO (M) > 90 T () > I PG S 9T () — 25 — o5(1)

(3.56) 1= (3:52) 1
> HY () —05(1) =28 > H™ (To(p)) —o0§(1) — 30

In particular, letting first j T co and then & | 0 we achieve (3.51).

Step 3. We recover a straightforward contradiction since, by the density lower bound (d.Lb.)
proven in Lemma 3.15, the good class property (g.c.p.) of &(F, H), the lower semicontinuity
(Ls.) in the weak convergence (3.44) and the bound (2.10), we get

Co pn71

&
INT
<

. l.s.
1(Byp) < liminfF(Kj,By,p)
)

g.c.p. . (2.10) 1 .
< HminfF(0By, \T}3(p)) < AlminfH™ (3B, \ T{(p)).
j j

Plugging in (3.51) and (3.49) (both relative to the complementary sets), we get

(3-51) (3-49)
cop™ T < AKHY T (0By o \To(p)) < Aeop™ ',

which is false for ep small enough. We conclude H™ 1 (N) = 0, hence the rectifiability of the
set K.

3.4.4 Proof of Theorem 3.13: semicontinuity

We are now ready to complete the proof of Theorem 3.13, namely to show that lim inf; F(K;) >
F(K) and p = F(x, TyK)H™ ' LK, when the integrand F is elliptic.

We claim indeed that 6(x) > F(x, TxK) for every x where the rectifiable set K has an approxi-
mate tangent plane m = T, K and 0 is approximately continuous. Let x be such point and
assume, without loss of generality, that x = 0. We therefore have the following limit in the
weak™ topology:

0(r)H ™! L% 200)H 'L~ for Tl 0. (3.60)

For a suitably chosen sequence 1j | 0, consider the corresponding rescaled sets K; := %Kj
and rescaled measures fij := T:]- Kl Ll~<]~, where T:j (y) == F(rjy, Ty l~<]~). With a diagonal
argument, if r; | 0 sufficiently slow (since the blow-up to 7t in (3.60) happens on the full
continuous limit r | 0), then we can assume that the fi; are converging weakly* in R™ to
fi = 0(0)H™ 'L . Note moreover that f;(B1) = wn—10(0) because {i(0B7) = 0.

Let Q; be the largest connected component of B; \ Kj. As already observed, Q; is a
Caccioppoli set and 9*Q); C K;. Up to subsequences, we can assume that Q; converges as a
Caccioppoli set to some Q whose reduced boundary in By must be contained in 7. We thus
have three alternatives:
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(i) Q is the lower or the upper half ball of By \ 7t. In this case, the lower semicontinuity of
the energy F on Caccioppoli sets (which follows from [50, 5.1.2 & 5.1.5]) implies

Wn_1™TF(0, 1) <liminf F(0, Tya*Qj)df}{“” (y)

j—roo Ja*ajmm

:limian F(rjy, Tyd* Q;)dH™ ' (y)
9*Q;NB;

j—ro0

< limJ

j—o0

Fly) a3 (y) = lim f55(B1) = wn—10(0),

K;NB;
which is the desired inequality.

(ii) Q is the whole By;

(iii) Q is the empty set.

The third alternative is easy to exclude. Indeed in such case IQjI converges to 0. On the
other hand, if we consider one of the two connected components of By \ Uy /100(7), say
A, we know that H™! (K)- N A) converges to 0 (since fij —* 8(0)H™ 7). The relative
isoperimetric inequality implies that the volume of the largest connected component of
A\ f(j converges to the volume of A (cf. the argument for (3.55)).

Consider next alternative (ii). We argue similarly to step 2 of the previous subsection.
Consider a fixed ¢ > 0 and set '™ = (0B7)™ \ Uz, (m), where (0B7)" = 0B7 N{xn > 0},
having set x,, a coodinate direction orthogonal to 7t: in particular H () > o0p_1/2— Ce.

Similary to step 2 consider

V= U st

1—e<s<1

consisting of the segments Sy := [(1 — ¢)x, x] for every x € I'". In particular for ¢ sufficiently
small we have V C Bj \ Uy, (7t) and thus we know that

(@) H™T (12]- nv)—0;
(b) |V\Qj| — 0.

In particular, if we consider, as in step 3 above, the set G]* c Tt of points for which either
Sx N Qj =0 or Sy NK; # 0, we conclude that H™ ! (G]?L) = 0;(1).

If we define symmetrically the sets T~ and Gj_, the same argument gives us H™ (1) >
O0n_1/2— Ce as well as H"! (G;) = 0j(1). Choosing now ¢ small and an appropriate
diagonal sequence, we conclude the existence of a sequence of sets [; = " UT ™\ (Gj+ U

Gj') C 9B1 \ K; with the property that
o H"1(1}) converges to o _1;

e any two points x,y € [} can be connected in B;(0) with an arc which does not intersect
K;.
j
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Therefore each [j must be contained in a unique equivalence class T} ;) (K;, 0,1). Coming to
the sets K; by scaling backwards, we find a sequence of sets T (5)(Kj, 0, ;) in the equivalence
classes of Definition 3.9 such that

-~ H™ (B, \Ti(5)(K;,0,715)) o

j—o0 r)T‘_1

Considering the bound F(K; N B;,) < AT (0Bo,r; \ Ti(j)(K;j,0,75)), we can pass to the
rescaled measures again to conclude i;(B1(0)) = 0j(1), clearly contradicting the assumption
that w;(B1(0)) converges to the positive number 0(0).

3.4.5 Proof of Proposition 3.14

We first need the following estimates.

Lemma 3.16. Let K be the (n — 1)-rectifiable set obtained in the previous section. For every x where
K has an approximate tangent plane T K, let Oy be the special orthogonal transformation of R™
mapping {x1 = 0} onto TyK and set Q.+ = Ox(Qxr) and Ryrer = Ox(Ry rer)-

Then at H™1 almost every x € K the following holds: for every ¢ > 0 there exist 1o = 1o(x) <
L dist(x, H) such that, for r < 10/2,

vn
Awn 1 — &)™ < u(Byy) < (O(X)wn_1 + €)™,
(000 — ™" < W(Qur) < (B(x) + )™, ey
sup [F(y,S) —F(x,S)| < e. (3.62)
YEByr,, SEG(N,n—1)
Moreover, for almost every such r, there exists jo(r) € IN such that for every j > jo:
(B(x)wn—1 — &)™ T <F(Kj, Byr) < (B(X)wn_1 + )™, (3.63)
(0(x) — &)™ <F(Kj, Qur) < (O() + &)™, F(Kj, Qur \ Rypen) <er™ .
(3.64)

Proof. Fix a point x where TyK exists and 6 is approximately continuous: for the sake
of simplicity, we can assume x = 0 and that, after a rotation, the approximate tangent
space at 0 coincides with Tx = {x™ = 0}. For almost every r < 1r¢/2 we can suppose that
w(0By) = w(0Qr) = n(0Ry ¢r) = 0; moreover by rectifiability and the density lower bound
(3.42), we also know that B, N K C U, (Tx) (see the proof above). The second equation in
(3.64) follows than by weak convergence. We also know that, up to further reducing ry, for
1 <70/2, (3.45) and [12, Theorem 2.83] imply that

(0(0)wn 1 — &)™ < u(By) < (B(0)wn 1+, (3.65)
(8(0) — &)™ < p(Qr) < (8(0) + &)™, (3.66)
Again by weak convergence, we recover (3.63) and the first equation in (3.64). Moreover
(3.62) is a consequence of (3.41). Finally (3.61) follows from (3.65), (3.66) and 6 > A, whereas

the latter bound is a consequence of the previous subsection where we have shown 6(x) >
F(x, TxK). O
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Assume w.l.o.g. x = 0. Arguing by contradiction, we assume that 6(0) = F(0, ToK) 4 o for

some 0 > 0 and let ¢ < min{$, Z“—X}. As a consequence of (3.64), there exist r and jo = jo(r)

such that

o -~ Ao s
F(Kj,Qr)><F(O,T)+E)rn1, F(Kj, Qr \ Rrer) < 7o ™" L Yize. (367)

Consider the map P € D(0, r) defined in [44, Equation 3.14] which collapses R,.(;_ z) ¢ Onto
the tangent plane Tx and satisfies ||P —Id|« + Lip (P — Id) < C+/e. Exploiting the fact that
Z(F,H) is a deformation class and by almost minimality of K;, we find that

F(Kj, Qr) —0j(1) < F(P(K;), P(R(1_ /z)rer)) + F(P(K;), P(Rrer \R(1_/z)r,er))
I 1
+F(P(K;),P(Qr \ Ry er)) -
I3

By the properties of P and (3.62), we get Iy < (F(0, Tx) + ¢)r" 1, while, by (3.67) and
equation (2.10)

I < 5 (Lip P R(K;, Qe \Ryer) < (14 CyE ! T

Since F(P(K))/ P(Rr,sr \ R(]—\/E)r,sr)) < %(1 + C\/E)n71F(K)'/ RT‘,ET \ R(1—\/E)r,5r) and RT‘,ET \
Ra—yzmer € Qu—yz)r \ Qr, by (3.64) we can also bound

I = F(P(K}), P(Reer \ Ry ) < 5 (14 CVE™TBKG, Qe \ Qr vy

< C1+Cye)™! ((F(O,TK)+G+£)—(F(O,TK)JrG—e)(] —ﬁ)“”) el < cyern
Hence, as j — oo, by (3.61)

(F(O,TK) + %)rn_] < (FIO, T) + &)™ 1 4 Cv/er™ 4+ (14 C e %r“_] :

dividing by ™~ and letting ¢ | O provides the desired contradiction.
We obtain that 0(x) < F(x, TxK) almost everywhere and, together with the previous step,
1= F(x, T K)H*TLK.

3.5 ANISOTROPIC PLATEAU PROBLEM IN HIGHER CODIMENSION

In this section we present our paper [43], which concludes the series of works on the Plateau
problem presented in Sections 3.3 and 3.4: we here provide a general and flexible existence
result for sets that minimize an anisotropic energy, which can be applied to several notions
of boundary conditions. In the spirit of the previous sections, we use the direct methods of
the calculus of variations to find a minimizing measure via standard compactness arguments,
and then we aim at proving that it is actually a fairly regular surface.

We have employed in Sections 3.3 and 3.4 several techniques to first establish the rectifia-
bility of the limit measure: in the case of the area integrand this property has been deduced
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from the powerful result due to Preiss (see Theorem 3.4), while for the anisotropic case
in codimension one, it has been obtained as a consequence of the theory of sets of finite
perimeter and of the isoperimetric inequality on the sphere.

These two techniques are no longer available in the case of anisotropic problems in higher
codimension (in particular due to the lack of a monotonicity formula). Nevertheless, a
new rectifiability criterion has been obtained in [42, Theorem 1.2], see Theorem 4.2, for
varifolds having positive lower density and a bounded anisotropic first variation, extending
the celebrated rectifiability theorem of Allard [2].

3.5.1 Preliminary assumptions

We will assume throughout this section the following ellipticity condition on the Lagrangian
F, which has been introduced in [7], and that is a geometric version of quasiconvexity, cf.

[71]:

Definition 3.17 (Elliptic anisotropy, [7, 1.2]). The anisotropic Lagrangian F is said to be
elliptic if there exists I' > 0 such that, whenever x € R™ and D is a d-disk centered in x and
with radius 1, then the inequality

FX(K,By,r) —FX(D,By,) > TN(HYKNBy) — HYD))

holds for every d-rectifiable set K such that KN By, is closed, KN 9By, = 0D x {0} and K
cannot be deformed into 0D x {0} via a map ¢ € D(x,1).

Remark 3.18. Given a d-rectifiable set K and a deformation ¢ € D(x, 1), using property (2.10),
we deduce the quasiminimality property

. A
F(o(K)) < AHY((K)) < A(Lip (¢))*HA(K) < X(LIP (¢))F(K). (3.68)
Moreover, whenever U CC R™, the following holds
sup  [F(x, T) —F(y,S)I < wullx —yl+||T—S|)), (3.69)

x,yeuUs,TeG

for some modulus of continuity wy for Fin G(U).

We want to employ a generalization of Allard’s rectifiability theorem for anisotropic
energies recently obtained in [42]: in order to do so, we also assume another ellipticity
property on the Lagrangian F, called atomic condition, see Definition 4.1, which guarantees
the validity of Theorem 4.2, proven in the next chapter. This ellipticity condition is equivalent,
in codimension one, to the strict convexity of F (hence to Definition 3.17), as shown in
Theorem 4.3. Unfortunately, in the general codimension case we are not yet able to relate it
to Definition 3.17.

3.5.2 Main theorem

The following theorem is the main result of Section 3.5 and establishes the behavior of
minimizing sequences.
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Theorem 3.19. Let H C R™ be closed and &7 (F, H) be a deformation class in the sense of Definition
3.2. Assume the infimum in Plateau problem (3.2) is finite and let (K;) C Z(F, H) be a minimizing
sequence. Then, up to subsequences, the measures y; = F(-, T Kj)HILK; converge weakly*
in R™\ H to the measure @ = F(~,T(,)K).‘HdLK, where K = sptu\ H is a d-rectifiable set.
Furthermore the integral varifold naturally associated to w is F-stationary in R™ \ H. In particular,
liminf; F(K;) > F(K) and if K € &2(F, H), then K is a minimum for (3.2).

Remark 3.20. We observe that in case the set K provided by the Theorem 3.19 belongs to
Z(F,H), it has minimal F energy with respect to deformations in the classes D(x, 1) of
Definition 3.1, with x € K and HN B (x) = 0.

While the union of these classes is strictly contained in the class of all Lipschitz deforma-
tions, however such union is rich enough to generate the comparison sets in [8] which are
needed to prove the almost everywhere regularity of K, under the assumption of the strict
ellipticity in Definition 3.17, see [8, II.1 and IIL.3].

3.5.3 Proof of Theorem 3.19

Since the infimum in Plateau problem (3.2) is finite, there exists a minimizing sequence
(Kj) ¢ Z(F,H) and a Radon measure p on R™ \ H such that

1 Ao, as Radon measures on R™\ H, (3.70)

where p; = F(-, T, )K;)H a K;. We set K = spt u and consider also the canonical density one
rectifiable varifolds VI associated to Kj:

V= g‘deK]' ® 6Tij'

Since K; is a minimizing sequence in (3.2) and F > A, we have the bound (for j large)
[VI[(R™) < 2;‘\“’, and therefore we can assume that V) converges to V in the sense of
varifolds.

We now prove that V is F-stationary in R™ \ H: arguing by contradiction, if V were not
F-stationary, we would be able to exhibit a competing sequence of sets with strictly lower
energy.

Assume indeed the existence of g € C} (R™\ H,IR™) such that 5¢V(g) < 0. By standard
partition of unity argument for the compact set supp(g) in the open set R™ \ H, we get the
existence of a ball By, CC R™\ H and a vector field (not relabeled) g € Cl (Bxr, R™) such
that 8¢ V(g) = —2c < 0. For an arbitrarily small time T > 0, we gat that (Id 4+ Tg) € D(x, r).
Moreover, there exists an open set By, C A C R™, satisfying ||(Id + Tg)*V|(dA) = 0. We
consequently have

F((Id+Tg)*V,A) < —cT+E(V, A).

By lower semicontinuity and by the hypothesis on 9A, for j large enough it holds true:

F((Id +Tg)*VI,A) — ! < —cT+F(Vj,A) + ]
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Note that F((Id 4+ Tg)*VJ, A) = F((Id + Tg)(Kj),A) as well as F(\VI,A) = F(Kj, A): adding to
both members F(K;, R™ \ A) and noting that (Id + Tg)(K;) \ A = K; \ A, we obtain

2
F((Id —i—Tg)(Kj),]R“) < ; —cT +F(Kj,Rn).

Since (Id 4+ Tg) € D(x,7) and By CC R™\ H, this is a contradiction with the minimizing
property of the sequence (K;) in the deformation class & (F, H).

The limit varifold V satisfies moreover a density lower bound: there exists 6y > 0 such
that

IVI[(Bx,r) = 00 wqr?, x € spt||V| and r < dy := dist(x, H). (3.71)

The proof is similar to Thorem 3.3, Step 1, and we show it in the Appendix 3.5.4. Combining
this property with the F-stationarity in R™ \ H and applying Theorem 4.2, we conclude
that V is a d-rectifiable varifold and in turn, that p = F(V,-) = 04K for some countably
H4-rectifiable set K and some positive Borel function 6. Since K is the support of , then
H4(K\ K) = 0. On the other hand, by differentiation of Hausdorff measures, (3.71) yields
HA(K\ K) = 0. Hence K is d-rectifiable and

w=0HILK. (3.72)

We now proceed to compute the exact value of the density 0: to this end, we need the
following Lemma (see also [38, Lemma 3.2]), whose proof is postponed to the Appendix 3.5.4.

Lemma 3.21. Let K be the d-rectifiable set obtained in the previous section. For every x where K has
an approximate tangent plane TxK, let O be the special orthogonal transformation of R™ mapping
{xar1 =+ =xn = 0} onto TyK and set Qx+ = Ox(Qx.+) and Ry v er = Ox(Rx rer). At almost
every x € K the following holds: for every € > 0 there exist 1o = 1o(x) < ﬁ dist(x, H) such that,

forr <vo/2,

(Bowqa —&)r4 < u(Byyr) < (O(x)wq + )19, (0(x) —e)rd < pu(Qxr) < (0(x) +€)79,

(3-73)

sup  [F(y,S)—F(x,S)I<e, (3-74)
yeBx,ro,SEG

where 0o = 0p(n, d) is the universal lower bound obtained in (3.71). Moreover, for almost every
such r, there exists jo(r) € IN such that for every j = jo:

(0(x)wq — &)1 < F(Kj, Byr) < (8(x)wq + )19, (3.75)
(6(x) — e)rd < F(Kj, Qur) < (0(x) +€)r%,  F(Kj, Qur \ Ryrer) < er?. (3.76)

We are now ready to complete the proof of Theorem 5.2, namely to show that lim inf; F(Kj) >
F(K) and moreover p = F(x, TyK)HLK.
For the lower semicontinuity, it will be enough to show that 8(x) > F(x, TxK), where x € K
satisfies the properties of Lemma 3.21. Assume w.l.o.g. x = 0. Let us fix ¢ < 19/2 and choose
a radius r such that both r and (1 — \/¢)r satisfy properties (3.73)-(3.76): in order to apply
the ellipticity assumption in Definition 3.17 of F, we need to compare our set with ToK N 9B;.
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We reach this comparison with the help of a map P € D(0, r) that squeezes a large portion of
B onto ToK. Before doing this, we need to preliminary deform our competing sequence into
another one, of approximately the same energy, whose associated measures are concentrated
near ToK. In turn this, with the help of the density lower bound 3.71, can be achieved
by applying a polyhedral deformation in B, outside the slab Rp >, ¢r: this construction
is obtained as in Theorem 3.3, Step 4. Once we have ensured that, up to a deformation
¢ € D(0,2r),

g'fd((b(Kj) N Bar \ RO,ZT‘,ET) =0 (3-77)

(see equation (3.20)) we can proceed to the squeezing deformation. With abuse of notation,
we will rename this new sequence (¢ (K;)) with (K;). Consider now a map S satisfying

o S = Id lng]f\/gU (Rn \§]+\/E)/
e S(OBNU,(ToK)) = 0B NTyK,
e S stretches 0B \ U, (TpK) onto 9B \ TpK.

It is not hard to construct an extension S € D(0, 1) fulfilling the previous requirements and
such that S| L /e\B and SIB\B are interpolations between the values of S on the three

spheres S|y, S|aB and SIB\B1 . One can also assume that ||S — Id|| + Lip (S — Id) <

Cy/e and then obtam the desired map by rescaling P(-) = rS(5).
We set Kj := P(Kj) and since Kj N B(_ ), = K{NB(;_ ), using Remark 3.18 and
property (3. 75) we estimate:

F(K;,Br) > F (K|, B(1_z),) > F(K},B;) —F (K}, B, \ B _z), )
F(K/,B,) — %Lip (P)4F (K]-,Br \ B“_mr)
— F(K{,B,) — %Lip (P)d (F(KJ—,Br) _F (Kj,B“_ﬁ)T»
> F(K{,B,) — ALip (P)4(O(0)wq +e)rd + %Lip (P)4B(0)wq — &) (1 — e)drd

> F(Kj — Cy/erd.
(3-78)

We furthermore observe that Kj’ N By cannot be deformed via any map Q € D(0,r) onto
0B, N ToK. Otherwise, being & (F, H) a deformation class, there would exist a competitor
J; € Z(F,H), erd-close in energy to K).” = Q(P(K;)), with K].” N By = (. Since Kj” N (R™\
B ) = KN (R™\ By, /7)), using (3.75) and equation (3.68), we would get:

F(Kj)—F(J;) 2 F (Kj,B(H_\/g)r) —F (Kj//’B(]+\/E)T) —erd
> F(Kj, By) +F (Kj, By sy \Br) = F (K|, B(1, e, \ By ) — er

> (Bgwqg — e)rd+ (0(0)wq +e)((1++e)d—1) <1 — /X\Lip (P)d> rd—erd

> (Bowg — Cve)rd >0,
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which contradicts the minimizing property of the sequence {K;} if ¢ is small enough.
In order to apply the ellipticity condition in Definition 3.17, we want to costruct another
closed set K; such that

(i) KjNoBy = (3B, NToK),
(ii) l~<]- C B, cannot be deformed via any map Q € D(0,r) onto 0B, N TpK,
(iii) FO(K;,B,) = FO(K].’,Br).
We can achieve this set in the following way
Kj == (0B N ToK) U (Kj N By NRorer \ Iyl > 1= [IxLI}),

where x| and x| denote respectively the projections of x on ToK and its orthogonal linear
subspace. Indeed condition (i) is straightforward by construction, condition (ii) is a direct
consequence of the fact that K{ N B, cannot be deformed via any map Q € D(0,r) onto
0B, N ToK. Condition (iii) follows by (3.77) and the properties of the map S, for ¢ small
enough.

Therefore, the ellipticity of F, (3.74), (3.75), (3.68) and (3.71) imply that

F°(ToK, B,) < FO(K;, B;) = FO(K{,B,) < F(K{,B;) + Cer?. (3.79)
We can now sum up as follows

(3-75) (3.78)
0(0)war? > F(Kj,B,) —er? > F(K{,B,)—Cy/er?

(3-79)
> FO(ToK, B;) — Cverd = F(O, ToK)wqrd — Cy/erd

which easily implies the desired inequality 6(0) > F(0, ToK).

To get the last claim, we prove that 6(x) < F(x, TxK) for almost every x € K (again
satisfying the setting of Lemma 3.21). We remark that this concluding argument is in the
spirit of Theorem 3.3, Step 5. Take as usual w.l.o.g. x = 0. Arguing by contradiction, we
assume that 0(0) = F(0, ToK) + o for some o > 0 and let ¢ < min{7, i‘—j‘\}. As a consequence
of (3.76), there exist r and jo = jo(r) such that

o Ao . .
F(K;, Q1) > (FOM+3) ¢, FK,Qr\Reerd < 3o Wi >jo. (3.80)

Consider the map P € D(0, ) defined in [44, Equation 3.14] which collapses R, (1__ ) ., onto

€),

the tangent plane ToK and satisfies ||P — Id||o + Lip (P — Id) < C v/¢. Exploiting the fact that
Z(F,H) is a deformation class and by almost minimality of K;, we find that

E(Kj, Qr) — 05 (1) < F(P(K;), P(R(1_ /yr,er)) +F(P(Ky), P(Rrer \ Ry /2)r er))
I I

+ F(P(Kj)/ P(Q+r\Rrer)) .
I3
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By the properties of P and (3.74), we get I; < (F(0, ToK) + €)r¢, while, by (3.80) and equation
(3.68)

I3 <

>| >

(LlpP)dF(K), Qr\Rr,gr) < (1 —+ C\/E)d%'rd_

~

Since F(P( ]')/P(RT',eT \ R('I—\/E]r,gr)) < %(1 + C\/E)dF(K]'/RT,Er \ R('I—\/E)r,gr) and Rr,sr \
Ra—yemer € Qu—yz)r \ Qr, by (3.76) we can also bound

A
I = F(P(Kj)/P(Rr,sr\RU—\/E)T,sr)) < X“ + C\/E)dF(K)', QT\QHf\/E)r)

<C(l+ C\/E)d<(F(O,ToK) fo+e)—(F(0,ToK) + 0 —e)(1— ﬁ)d) rd < Cy/erd,
Hence, as j — oo, by (3.73)
(F(O, ToK) + %)rd < (F(0, ToK) + €)1 + Cy/erd + (1+ C &) 4 % rd

dividing by ¢ and letting ¢ | 0 provides the desired contradiction.
We obtain that 8(x) < F(x, TxK) almost everywhere and, together with the previous step,
1= F(x, TyK)HILK.

3.5.4 Appendix

In this appendix, we prove for the reader’s convenience some results concerning the density
bounds that are used in the proof of the Theorem 3.19. These results are similar to the ones
proven for Theorems 3.3 and 3.13.

Proof of the lower density estimates

Consider the limiting measure p obtained in (3.70). We show in this section the existence of
0o = 0p(n, d) > 0 such that
w(Bxr) = 0o wqr?d, x € sptuand r < dy = dist(x, H). (3.81)

To this end, it is sufficient to prove the existence of § = f3(n,d) > 0 such that

1(Qx1) = p14, x € sptpand | < 2dy/yvn.
Let us assume by contradiction that there exist x € sptp and 1 < 2dy/y/n such that

H(Q:,l)d <B.

We claim that this assumption, for  chosen sufficiently small depending only on d and n,
implies that for some 1., € (0,1)

m(Qx1.) =0, (3.82)

which is a contradiction with the property of x to be a point of spt p1. In order to prove (3.82),
we assume that (1(0Qy,1) = 0, which is true for a.e. L.

To prove (3.82), we construct a sequence of nested cubes Q; = Qy,1, such that, if 3 is
sufficiently small, the following holds:
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(i) Qo = Qxu;
(ii) n(0Qx1) =0;

(iii) setting m; := n(Qy) then:

m
LS B
(iv) miyq < (1— kiz)mi, where k; = % and kq is the constant in Theorem 5.4 (6);
(v) (1 —=4ei)ly = Ligq = (1 —6¢4)l;, where
1
1 md
ES B L (3.83)

and k = max{6,6/(1 — (kizl )da a )} is a universal constant;
(vi) lim; my =0 and lim; 1; > 0.

Following [32], we are going to construct the sequence of cubes by induction: the cube
Qo satisfies by construction hypotheses (i)-(iii). Suppose that cubes until step i are already
defined.

Setting m{ = F(Kj, Q1), we cover Q; with the family A 1,(Qi) of closed cubes with edge
length ¢;1; and we set C} and C} for the corresponding sets defined in (3.6). We define
Qi+1 to be the internal cube given by the construction, and we note that Ci2 and Qi1 are
non-empty if, for instance,

1

amE 1

B L kY6

&1 =

which is guaranteed by our choice of k. Observe moreover that C% U Ci2 is a strip of width at
most 2¢;l; around 0Q;, hence the side 1; 1 of Qi1 satisfies (1 —4¢ei)li < L1 < (1 —2¢i)Li.

Now we apply Theorem 3.7 to Q; with E = Kj and ¢ = ¢il;, obtaining the map ®;; =
@1, k;- We claim that, for every j sufficiently large,

m) < ka(m —ml ;) +o0;5(1). (3-84)

Indeed, since (K;) is a minimizing sequence, by the definition of deformation class and by
(2.10), we have that
m) <mi+0j(1) SAK (05 (KN Q1)) +05(1)
= AK4 ((Di,j (K]' N Qi—l—])) + AHS (D ( ij (Kj N (Cl U Cl))) —}—O)'(])
< Ak K (KN (CTUCE)) +05(1) = ka(m) —ml ;) +05(1).
The last inequality holds because H¢ (®y; (K; N Qi41)) = 0 for j large enough: otherwise,

by property (5) of Theorem 5.4, there would exist T € A7, ;(Qi+1) such that HAY(D3(K; N
T)) = H4(T). Together with property (ii) and by (2.10), this would imply

Wed = HYT) <H (D5 (K5) N Q1) < ki HA (KN Q1) < k‘
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and therefore, substituting (3.83),

mi K1
which is false if (3 is sufficiently small (m; > 0 because x € spt(u)). Passing to the limit in j
in (3.84) we obtain (iv):

ko —1
k2

Mit1 < mi. (3.85)

Since liy1 > (1 —4e4)li, we can slightly shrink the cube Q;; 1 to a concentric cube Q/ 1

with 1{ ;> (1 —6¢1)li >0, u(0Q{ ;) = 0 and for which (iv) still holds, just getting a lower

value for m; 1. With a slight abuse of notation, we rename this last cube Q{, ; as Qi 1.
We now show (iii). Using (3.85) and condition (iii) for Q;, we obtain

1
m

1 1
G _ (kT T md _ (ke B
iy \ k2 (1—6¢ei)lg k2 1—6e;

The last quantity will be less than f3 if

1 1
k2—1 d 6 md
<1—6gi=1———+. .
( o > 6¢4 WL (3.86)

In turn, inequality (3.86) is true because (iii) holds for Qi, provided we choose k > 6/ (1 —
(1—=1/ kz)%). Furthermore, estimating ¢o < 1/k by (iii) and (v), we also have €;1 < &;.

We are left to prove (vi): lim; m; = 0 follows directly from (iv); regarding the non
degeneracy of the cubes, note that

d 6miIi
(1—6e)=]] (1145 o )

i=0

1 i
1_ .6m5‘ <k2 —1 ) d
kBlo [Thlo(T—6en) \ k2
6 ky—1\4d
k“ —650)i kz !

where we used e < g¢ in the last inequality. Since €9 < 1/k, the last product is strictly
positive, provided

]voo s li
— =1 f— >
LO 1milr1 ],O

—

o
|
)

>

—

|
)

1

>

—

|
[

1

k>L,

()

which is guaranteed by our choice of k. We conclude that 1, > 0, which ensures claim (3.82).
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Proof of Lemma 3.21

Fix a point x where TK exists and 0 is approximately continuous: for the sake of simplicity,
we can assume x = 0 and that, after a rotation, the approximate tangent space at 0 coincides
with Tx = {x4*! = ... = x™ = 0}. For almost every 1 < 19/2 we can suppose that n(0B;) =
1n(0Qr) = n(0Ry¢r) = 0; moreover by rectifiability and the density lower bound (3.71), we
also know that B, N K C U (Tk) (for the proof see [37, eq 2.11]). The second equation in
(3.76) follows than by weak convergence. We also know that, up to further reducing ro, for
1 <70/2, (3.72) and [12, Theorem 2.83] imply that

(0(0)wq — &)1 < p(By) < (0(0)wq +€)79, (3.87)
(8(0) — £)r¢ < w(Qr) < (6(0) + &)1, (3.89)

Again by weak convergence, we recover (3.75) and the first equation in (3.76). Moreover
(3.74) is a consequence of (3.69). Finally (3.73) follows from (3.87), (3.88) and (3.71).

36 APPLICATION 1: SOLUTION TO HARRISON-PUGH FORMULATION

We wish to apply Theorems 3.3, 3.13 and 3.19 to three definitions of boundary conditions.
The first class of competitors is the natural generalization of the one considered by Harrison
and Pugh in [56]. The main theorem of this section is Theorem 3.23, which has been first
obtained by De Lellis, Ghiraldin and Maggi in [37] for the isotropic case in codimension
one and then extended by us in joint work in [44],[38] and [43] respectively to the higher
codimension isotropic case, codimension one anisotropic setting and higher codimension
anisotropic case.

3.6.1  Defintion of the class of competitors

Definition 3.22. Let H be a closed set in R™.
Let us consider the family

Ch={y:S" 4= R™\H:v is a smooth embedding of S*~¢ into R} .

We say that € C Cyy is closed by isotopy (with respect to H) if € contains all elements y’ € Cpy
belonging to the same smooth isotopy class [y] in 1, q(IR™ \ H) of any v € C, see [59, Ch.
8]. Given € C Cy closed by isotopy, we say that a relatively closed subset K of R™ \ H is a
C-spanning set of H if

KNy # () for every y € €.

We denote by F(H, C) the family of countably H%-rectifiable sets which are C-spanning sets
of H.

We can prove the following closure property for the class F(H, C):
Theorem 3.23. Let H be a closed subset of R™ and € be closed by isotopy with respect to H. Then:

(a) For any Lagrangian F, F(H, C) is a deformation class in the sense of Definition 3.2.
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(b) If {K;} € F(H, C) is a minimizing sequence and K is any set associated to {K;} by Theorems
3.3, 3.13, 3.19, then K € F(H, C) and thus K is a minimizer.

(c) Ifd=n—1,3(H,C) is also a good class in the sense of Definition 3.10. Moreover, the set K
in (b) is an (F,0, co)-minimal set in R™ \ H in the sense of Almgren [8].

3.6.2 A preliminary Lemma

The proof of Theorem 3.23(c) relies on the following elementary geometric remark.

Lemma 3.24. Assumne d = n—1. If K € F(H,C), By, CC R\ H, and v € C, then either
YN (K\ By,r) # 0, or there exists a connected component o of y N By » which is homeomorphic to an
interval and whose end-points belong to two distinct equivalence classes T (x,1)’s of 0By » \ K in the
sense of Definition 3.10.

Proof of Lemma 3.24. Step one: We first prove the lemma under the assumption that y and
0By, intersect transversally. Indeed, if this is the case, then we can find finitely many
mutually disjoint closed arcs I; C S', I; = [a;, bil, such that y N Byxr = U; v((ai, bi)) and
YN OBy = Uilv(ai), v(bi)}. Arguing by contradiction we may assume that for every i
there exists an equivalence class Ii(x, 1) of 9By \ K such that y(a;),y(bi) € Ti(x,7). By
connectedness of the associated Q;(x, ) (see the discussion after Definition 3.10) and the
definition of I (x, 1), for each i we can find a smooth embedding T; : [; — Qi (x, 1) UTi(x, 1)
such that 7i(ai) = y(ai) and 7i(b;i) = v(bi); moreover since n > 1, one can easily achieve
this by enforcing Ti(I;) N Tj(I;) = 0. Finally, we define y by setting ¥ = v on S'\ J; Li,
and ¥ = T; on I;. In this way, [y] = [y] in 1 (R™ \ H), with y N K\ Bxr = YyNK\ By, =0
and ¥y NKN By, = 0 by construction; that is, ¥y N K = {). Since there exists ¥ € €y with
[y] = [¥] = [y} in 7ty (R™ \ H) which is uniformly close to y, we infer y N K = (), and thus find
a contradiction to K € F(H, €).

Step two: We prove the lemma for any ball By, CC R™ \ H. Since v is a smooth embedding,
by Sard’s theorem we find that vy and 9B, s intersect transversally for a.e. s > 0. In particular,
given ¢ small enough, for any such s € (r — ¢, 1) we can construct a smooth diffeomorphism
fs : R™ — R™ such that fs =Id on R™ \ By +4+2. and fs(y) =x+ (r/s)(y —x) for y € By 4,
in such a way that

fs — Id uniformly on R™ as s — v~ . (3.89)

We claim that one can apply step one to fs oy. Indeed, the facts that fsoy € Cand fsoy
and 0By, intersect transversally are straightforward; moreover, since dist(y, KN 0B ,) >0
and by (3.89) one easily entails that (f; oy) NK\ By = 0. Hence, by step one, there exists
a proper circular arc I = [as, bs] C S! such that fs(y(as)) € Ti(x,7) and fs(y(bs)) € I5(x,7)
where Ti(x, 1) # Tj(x, 1) are two equivalence classes of 0B ; \ K and (fs oy)(as, bs) C By r.
Up to subsequences, we can assume that as — @, bs — b and the arc [as, bs] converges to
[@, b]. It follows that y(a) and y(b) must be belong to distinct equivalence classes of 9By » \ K,
otherwise, by (3.89), fs(y(as)) and fs(y(bs)) would belong to the same equivalence class for
some s close enough to 1. By (3.89), we also have y([a, b]) C By r- O
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3.6.3 Proof of Theorem 3.23

Step one: We start by proving that F(H, €) is a deformation class in the sense of Definition
3.2: let Ke F(MH,C), x e K, Te (0,dist(x,H)) and ¢ € D(x,1). We show that (p(ﬁ) € F(H,0C)
arguing by contradiction: assume that y(S™~4) N (p(lZ) = () for some y € € and, without
loss of generality, suppose also that y(S™~4) N (K\ By,r) = 0. By Definition 3.1 there exists a
sequence
(p;) CD(x,7) such that li)m le; — @]l co =0.

Since y(S™4) is compact and @; = Id outside By, for j sufficiently large v(S*—4) N ®j (l~<) =
(; moreover ¢j is invertible, hence (p]._1 (y(S™ )N K = (). But the property for ¢; of being

isotopic to the identity implies (p;] oy € €, which contradicts KedF (H, €). This proves (a).

Step two: By step one, given a minimizing sequence {K;} C J(H, C), we can find a set K with
the properties stated in Theorems 3.3, 3.13, 3.19. In order to prove the statement in (b), we
just need to show that K € JF(H, €). Suppose by contradiction that some y € € does not
intersect K. Since both 'y and K are compact, there exists a positive ¢ such that the tubular
neighborhood U, (y) does not intersect K and is contained in R™ \ H. Hence p(U;.(y)) =0,
and thus

lim HYK; N Ue(y)) =0. (3.90)
Observe that there is a diffeomorphism @ : S*~¢ x D, — U,(y) such that ®|gn-a, 0 =Y,
where D, :={y € R9: [y| < p}. Denote by v, the parallel curve ®@lgn-ayqy}- Thenyy € [yl €
Tin—a(R™\ H) for every y € D.. Thus we must have K; N (y x {y}) # 0 for every y € D,
and every j € IN. If we set 7t : S"~ 4 x D, — D, to be the projection on the second factor

and define 7t: U, (y) — D¢ as fto @', then 7 is a Lipschitz map. The coarea formula then
implies

wgqed

(Lip (7))4
which contradicts (3.90). This shows that K € F(H, €), as claimed in (b).

HAUK; N Ue(y)) = >0,

Step three: From now on assume that d = n — 1. We show that J(H, C) is a good class in the
sense of Definition 3.10. To this end, we fix V € F(H, C) and x € V, and prove that for a.e.
r € (0,dist(x, H)) one has V' € F(H, €), where V' is a cup competitor of V in By ;. We thus
fix y € € and, without loss of generality, we assume that y N (V\ By ) = 0. By Lemma 3.24, v
has an arc contained in By homeomorphic to [0, 1] and whose end-points belong to distinct
equivalence classes of 0By ; \ V; we denote by o : [0,1] — Byra parametrization of this arc.
Since V' must contain all but one I5(x, 1), either o(0) or o(1) belongs to y N V' N 9By r.

Step four: We show that K is an (F, 0, co)-minimal set, i.e.
F(K) < F(9(K))

whenever ¢ : R™ — R™ is a Lipschitz map such that ¢ =Id on R™ \ By and ¢(Bx,) C Bxr
for some x € R™\ H and r < dist(x, H). To this end, it suffices to show that given such a
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function ¢, then ¢(K) € F(H, €). We fix v € € and directly assume that y N (K\ By, ,) = 0 for
some p € (1, dist(x, H)). By Lemma 3.24, there exist two distinct connected components A
and A’ of By, \ K and a connected component of y N By, having end-points p € A N 0By,
and g € A’ N 3By,p.

We complete the proof by showing that p = ¢(p) and q = ¢(q) are adherent to distinct
connected components of By, \ @(K). We argue by contradiction, and denote by Q the
connected component of By, \ ¢(K) with p, q € Q. If h denotes the restriction of ¢ to A,
then the topological degree of h is defined on R™ \ h(dA), thus in Q.

Since ¢ =Id in a neighborhood of 0B ,, one has deg(h,p’) = 1 for every p’ sufficiently
close to p; since the degree is locally constant and Q is connected, deg(h,-) =1 on Q. In
particular, for every y € Q, @~ '(y) N A # 0. We apply this with y = q’ for some q’ € Q
sufficiently close to q. Let w € @~ '(q’): since @ = Id on R™\ By, if [q’| > T then w = ¢,
and thus q’ € A. In other words, every q’ € By, sufficiently close to q is contained in A. We
may thus connect in A any pair of points p’, q’ € By , which are sufficiently close to p and
q respectively, that is to say, p and q can be connected in A. This contradicts A # A’, and
completes the proof of the fact that K is a (F, 0, oo)-minimal set. This concludes the proof of

(c).
3.7 APPLICATION 2: SOLUTION TO DAVID FORMULATION

The second type of boundary condition we want to consider is the one related to the notion
of “sliding minimizers” introduced by David in [31, 30]. The main theorem of this section is
Theorem 3.277, which has been first obtained by De Lellis, Ghiraldin and Maggi in [37] for
the isotropic case in codimension one and then extended by us in joint work in [44] to the
isotropic case in higher codimension.

3.7.1  Defintion of the class of competitors

Just through this section we will assum F = 1 and we will denote #(H) := Z(F, H).

Definition 3.25 (Sliding minimizers). Let H C R™ be closed and Ko C R™ \ H be relatively
closed. We denote by X(H) the family of Lipschitz maps ¢ : R™ — R™ such that there exists
a continuous map @ : [0, 1] x R™ — R™ with @(1,-) = ¢, ®(0,:) =1Id and ®(t,H) C H for
every t € [0, 1]. We then define

A(H,Ko) = {K: K = ¢(Ko) for some ¢ € L(H)}
and say that K is a sliding minimizer if 3(¢(Ko) = inf{3(4(]) : ] € A(H, Ko)}.

Remark 3.26. For every Ko C R™ \ H relatively closed and d-rectifiable, A(H, K) is a defor-

mation class in the sense of Definition 3.2, since D(x,r) C £(H) for every By C R™\ H.
Applying Theorem 3.3 to the framework of sliding minimizers we obtain the following

result. Here and in the following Us(E) denotes the d-neighborhood of a set E C R™.

Theorem 3.27. Assume that
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(i) Ko is bounded d-rectifiable with H4(Ko) < oo;
(i) HY(H) = 0 and for everyn > O there exist & > 0 and T € £(H) such that

LipTT < 1+m,  T(Us(H)) C H. (3.91)

Then, given any minimizing sequence (Kj) in the Plateau problem corresponding to Z(H) =
A(H, Ko) and any set K as in Theorem 3.3, we have

inf {34(]) : ] € A(H,Ko)} = HYK) = inf {H(]) : ] € A(H,K)}. (3.92)

In particular X is a sliding minimizer.

Remark 3.28. It is far from obvious to prove the existence of a minimizer in the class A(H, Ko).

It is indeed false in general that the sliding minimizer K in Theorem 3.27 belongs to A(H, K¢)
(see the discussion in [37, Remark 8]).

3.7.2  Proof of Theorem 3.27

As already observed in Remark 3.26, A(H, Ky) is a deformation class and we can therefore
apply Theorem 3.3.
Step one: We show that J—Cd(K]-) — H4(K) and thus the first equality in (3.92). We first let

Ro > 0 be such that H C Bg, and consider the Lipschitz map ¢(x) := min{[x|, Ro}x/[x].

Obviously ¢ € X(H) and we easily compute

1
HAK;) — e < HY@(K;)) < HAK; N Bag,) + ﬁ%d(Kj \ Bag,)-
This implies that ﬂ-(d(Kj \ B2gr,) — 0. In order to prove J—Cd(Kj) — H4(K), we are left to show
that there is no loss of mass at H. To this end, let us fix 1 > 0, and consider 6 > 0 and the
map TT as in (3.91). Then, by TT € £(H) and by H(TT(Us(H))) < HI(H) =0,

HYK) < limsuprd(Kj) < limsupf}{d(ﬂ(K)-)) < (14nm)¢ limsupi]{d(Kj \ Us(H))

j—oo j—ro0 j—o0
= (14+m)? limsup H4((K; N B2g,) \ Us(H))
j—oo
< 1T+ HYKNB2g,) < (1+1) 4 HY(K).
The arbitrariness of n implies that lim sup; i]-Cd(Kj) = HI(K).

Step two: To complete the proof, we show the second equality in (3.92), i.e. that K is a
sliding minimizer. By Theorem 3.3, there exists an H%-negligible closed set S C K such
that ' = K\ S is a real analytic hypersurface. We may now exploit this fact to show that
HA(K) < HY(P(K)) for every ¢ € Z(H), showing that K is a sliding minimizer (and hence
an (M*%, 0, co)-minimal set). The idea is that, by regularity of I', at a fixed distance from the
singular set one can project K; directly onto K, rather than onto its affine tangent planes
localized in balls. More precisely, since HYHUS) =0 and H4(K) < oo one has

limsup H4(Kj N Us(HUS)) < HYKNUs(HUS)) =: p(5), (3.93)

j—o0
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where p(8) — 0 as § — 0. If N.(A) denotes the normal e-neighborhood upon A C T, then,
by compactness of I's = I'\ Us(H U S), there exists ¢ < & such that the projection onto I
defines a smooth map p : N, (I's) — I's. We now define a Lipschitz map

et Ne(l) Uls o (HUS)U (R™\ Us () — R™
by setting f. s =p on N¢(I5), and f¢ 5 = Id on the remainder. Observe that

lslil(')lLlp(fE,z;) =1<o00.

For every 6 we then choose ¢ < 6 so that f = f, 5 has Lipschitz constant at most 2 and extend
it to a Lipschitz map f on R™ with the same Lipschitz constant. Obviously f belongs to Z(H).
We can then estimate

HAF(K;) \Ts) < (Lip ) HA(Kj \ Ne(Ts)) . (3.94)
Observe that R™ \ N (I's) cC R™\ U, /»(K)UUz5(HUS) and thus

(3.93)
limsup 3 (K; \ Ne (Ts)) < 74K Uzs(HNS)) < p(26). (3.95)

j—r00
Combining (3.94) and (3.95)

lim sup H(f(K;) \ Ts) < 29p(25) .
j

On the other hand I's C K. Thus, combining (3.94) and (3.95) with a standard diagonal
argument, we achieve a sequence of maps f; € Z(H) such that U-Cd(fj (K5)) \ K) — 0. Since
each K; equals \;(Ko) for some 1; € Z(H), we therefore conclude the existence of a sequence
of maps {@;} C Z(H) such that H%(¢;(Ko) \ K) — 0.
We are now ready to show the right identity in (3.92). Fix ¢ € Z(H). Then
HYP(K)) = liminf H (¢ o @5 (Ko))
)—0o0

> inf {HY(]) : ] € A(H,Ko)} = HI(K).
This shows that K is a sliding minimizer.
3.8 APPLICATION 3: SOLUTION TO REIFENBERG FORMULATION
The third type of boundary constraints we take into account is due to Reifenberg in [77],

and it is given in terms of homology groups. The main theorem of this section is Theorem
3.32, which we got in joint work in [43].

3.8.1  Defintion of the class of competitors and main result

The original formulation of Plateau problem given by Reifenberg in [77] involves an algebraic
notion of boundary described in terms of Cech homology groups. The particular choice of
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an homology theory defined on compact spaces and with coefficient groups that are abelian
and compact has two motivations: with these assumptions the homology is well behaved
under Hausdorff convergence of compact sets, and furthermore it satisfies the classical
axioms of Eilenberg and Steenrod, enabling the use of the Mayer-Vietoris exact sequence [49,
Chapter X].

Let G be a compact Abelian group and let K be a closed set in R™. For every m > 0 we
denote with M, (K; G) (often omitting the explicit mention of the group G) the m"-Cech
homology groups of K with coefficients in G, [49, Chapter IX].

Recall that, if H C K is a compact set, the inclusion map iy x : H — K induces a graded
homomorphism between the homology groups (of every grade m, again often omitted)

tork : Hm(H, G) = Hin(K, G).

(For any given continuous maps of compact spaces f : X — Y, the induced homomorphisms
f« between homology groups are functorial). Note, in the next definition, the role of the
dimension d, inherent of our variational problem.

Definition 3.29 (Boundary in the sense of Reifenberg). Let G, H,K be as above and let
L C Hg_1(H, G) be a subgroup. We say that K has boundary L if

Ker(i, k) D L. (3.96)

Definition 3.30 (Reifenberg class). Given G a compact Abelian group and H C R™ a compact
set, we let R(H) be the class of closed d-rectifiable subsets K of R™ \ H uniformly contained
in a ball B DD H and such that KU H has boundary L in the sense of Definition 3.29.

Remark 3.31. We remark that R(H) is a deformation class in the sense of Definition 3.2,
for every Lagrangian F. Indeed for every K € R(H), every x € K, r € (0,dist(x,H)) and
@ € D(x,7) (which is in particular continuous),

¢(KUH) = (K)UH,

and moreover by functoriality Ker((¢ o iy xun)«) D Ker(ixn,xun) O L, which implies that
@(K) € R(H). We can therefore apply Theorem 3.3 and Theorem 3.19 to the class R(H): we
immediately obtain the existence of a relatively closed subset K of R™ \ H satisfying

F(K) = inf {F(S)}
SER(H)

We address now the question whether K belongs to the Reifenberg class R(H). Recall the
definition of Hausdorff distance between two compact sets Cy, C; of a metric space X:

dsc(Cq,Co) i=inf{r >0:Cy Cc U,(Cy) and C, C U,-(Cq)}

Theorem 3.32. For every minimizing sequence (Kj) C R(H) the associated limit set given by
Theorem 3.3 or Theorem 3.19 satisfies K € R(H).
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Proof. We wish to construct another minimizing sequence, (K).] ) C R(H), yielding the same
set K but with the further property that

dgc(K] UH, KUH) = 0. (3-97)

Step 1: Construction of the new sequence.

From Theorem 3.3 and Theorem 3.19 we know that p; = F(-, T )K;)HLK; converge
weakly* in R™ \ H to the measure p = F(, T(‘)K)J-Cd L K. Then, for every ¢ > 0, there exists
j(e) big enough so that for every j > j(e) we get

ed

LL)(]RTL\UE(KUH)) < W, (398)

where we denoted with U, (KU H) the e-tubular neighborhood of KU H, with A the costant
in equation (2.10) and k7 is the costant of Theorem 3.7.

We cover Us, (KUH)\ Uz (KUH) with a complex A of closed cubes with side length equal
to ;57 contained in Uge (KUH) \ U (KU H). We can apply an adaptation of the Deformation
Theorem 3.7 relative to the set K; and obtain a Lipschitz deformation ¢; := P K- Observe
that @ (K;) N (Uge (KUH)\ U3 (KUH)) C Aq (the d-skeleton of the complex): we claim that

@j(K;) N (Uge (KUH)\ U3 (KUH)) € Ag1. (3-99)

Otherwise by Theorem 3.7 ¢;(K;) N (Uge (KU H) \ U3¢ (KU H)) should contain an entire
d-face of edge length =, leading together with (3.98) to a contradiction:

4an’

d
(4En)d < HY@(K)) N (Use (KUH)\ Uz (KUH))) < Ak FH (K \ Ue (KUH))
d
< A B\ Us (KU ) < Ak (R™\ U (KUH)) < g,

Set T(v) := @;(Kj): by (3.99) and the coarea formula [50, 3.2.22(3)], there exists « € (3,4) such
that

F471 (K5 N dUae (KUH)) = 0. (3.100)
We let
Kl =K NUae(KUH) and K2 :=Kj \ Uge (KUH). (3.101)

Step 2: proof of the property (3.97).
Recall that by construction,

Ve >0 K)] UH C Uge(KUH). (3.102)

If on the other hand there were x € KUH\ U, (K).‘(h) U H) for some subsequence j(h), then

necessarily d(x, H) > ¢ as well as d(x, K]](h)) > e: the weak convergence W) * u would
then fail the uniform density lower bounds (3.8),(3.71) on B(x, ¢/2). This implies (3.97).
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Step 3: boundary constraint of the new sequence. To conclude the proof of Theorem 3.32, we
need to check that (K]]) C R(H). By (3.101) we get

Kj = K] UK? and K] NK? =KjNoUue(K)
and (3.100),(3.101) yield
HET((Kf UH) NKS) = HIT(K nKS) =0.
Therefore (since there cannot be d — 1 cycles in (K]] UH)N K).Z, [60, Theorem VIII 37]):
Ha—1((K{ UH)NK{) = (0). (3.103)

We furthermore observe that the sets E; are obtained as deformations via Lipschitz maps
strongly approximable via isotopies, and therefore belong to R(H). Since the map ;
coincides with the identity on H, we have

lH,kijH = ('p] OlH,KjUH;

moreover, trivially i i un- Hence by functoriality

HKUH ~ 'KIUHKUH © YHK]

Ker(i* K]]UH,]Z;UH © 1* H,Kj1 UH) = Ker(i* H,IZEUH) = Ker(((P])* 0 1y H,KjUH) oL

We claim that i is injective: this implies that

« KIUH,K;UH
Ker(i, H,K)]UH) DL (3.104)

namely (K)]) C R(H).

Step 4: the map i is injective. We can write the Mayer-Vietoris sequence (which

* KIUH,K;UH
j )
for the Cech homology holds true for compact spaces and with coefficients in a compact
group, due to the necessity of having the excision axiom, [49, Theorem 7.6 p.248]) and use

(3.103):
0) 529 1, 4 ((K{ UH)NK?) BLING VN (K] UH) & Fla—1(K}) 5 Fa_ (Kj UH) — ...

where f = (i, (x1ur)nk2, kI une b (klun)nk2x2) and g(o, ) = o — 1. The exactness of the
) i’ ) i’
sequence implies that g is injective: in particular the map g is injective when restricted to

the subgroup Ha_1 (K} UH) @ (0), where it coincides with i_ KIUH,GUH" This concludes the

proof of Step 4.
Step 5: boundary constraint for the limit set. Setting

. 1
N U KIUH,
j>n
by (3.97) we get
dgc(Yn, KUH) = 0. (3.105)
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Therefore KU H is the inverse limit of the sequence Y;,. Since the sets (K]] UH) are in the
Reifenberg class R(H), namely the inclusion (3.104) holds, by composing the two injections
Lok uH,Y, and i, k) un we obtain that

L C Ker(i, H,Yn)'

Since the Cech homology with coefficients in compact groups is continuous [49, Definition
2.3], the latter inclusion is stable under Hausdorff convergence, see [49, Theorem 3.1] (see
also [77, Lemma 21A]): therefore, by (3.105), we conclude

L C Ker(i,1,kuH),

and eventually K € R(H). O

Remark 3.33. Using the contravariance of cohomology theory, the same results can be
obtained when considering a cohomological definition of boundary, again in the Cech theory,
as introduced in [58]. In particular a new proof of their theorem can be obtained with our
assumption on the Lagrangian as in Definition 4.1.

Note that in the cohomological definition of boundary all the Eilenberg-Steenrod axioms
are satisfied even with a non-compact group G. This allows us to consider as coefficients set
the natural group Z.

Remark 3.34. We observe that any minimizer K as in Theorem 3.32 is also an (F,0, co)
minimal set in the sense of [8, Definition III.1]. Indeed the boundary condition introduced in
Definition 3.29 is preserved under Lipschitz maps (not necessarily in D(x, r)). In particular,
by [8, Theorem IIL.3(7)], if F is smooth and strictly elliptic (I" in Definition 3.17 is strictly
positive), then K is smooth away from the boundary, outside of a relative closed set of
H4%-measure zero (the Theorem gives actually C'"* almost everywhere regularity for all
« < 1/2if F € C3 and elliptic).



THE ANISOTROPIC COUNTERPART OF ALLARD’S RECTIFIABILITY
THEOREM

4.1 INTRODUCTION

Allard’s rectifiability Theorem, [2], asserts that every d-varifold in R™ with locally bounded

(isotropic) first variation is d-rectifiable when restricted to the set of points in R™ with

positive lower d-dimensional density. It is a natural question whether this result holds for

varifolds whose first variation with respect to an anisotropic integrand is locally bounded.
More specifically, for an open set Q C R™ and a positive C! integrand

F:QxG(n,d) - Ryg:=(0,+0),
it has been observed in (2.13) that the anisotropic first variation of a d-varifold V € V4(Q) acts

onge Cl(Q,R") as

sVig) |

[<dXF(x,T), g(x)) + Br(x, T) : Dg(x)|dV(x, T).
QxG(n,d)

In the paper [42], in joint work with De Philippis and Ghiraldin, we answer to the following
question:

Question. Is it true that for every V € V4(Q) such that ¢V is a Radon measure in Q, the
associated varifold V., defined as in (2.5),

V,:=Vl{x e Q:0%x,V)>0}x G(n,d) (4.1)

is d-rectifiable?

We will show that this is true if (and only if in the case of autonomous integrands) F
satisfies the following atomic condition at every point x € Q.

Definition 4.1. For a given integrand F € C'(Q x G(n,d)), x € Q and a Borel probability
measure p € P(G(n, d)), let us define

Ax(p) = J Br(x, T)du(T) €e R" @ R™. (4.2)
G(n,d)

We say that F verifies the atomic condition (AC) at x if the following two conditions are
satisfied:

(i) dimKerA,(u) < n—d forall p € P(G(n,d)),

(ii) if dimKerA,(p) =n —d, then u = 7, for some Tp € G(n, d).

The following Theorem is the main result of this chapter:
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Theorem 4.2. Let F € C'(Q x G(n, d),R) be a positive integrand and let us define
Ye(Q) = {V € Va(Q):6¢Visa Radon measure}. (4-3)

Then we have the following:

(i) If F satisfies the atomic condition at every x € Q, then for every V € ¥£(Q) the associated
varifold V., defined in (4.1) is d-rectifiable.

(ii) Assume that F is autonomous, i.e. that F(x, T) = F(T): then every V. associated to a varifold
V € ¥5£(Q) is d-rectifiable if and only if F satisfies the atomic condition.

For the area integrand, F(x, T) = 1, it is easy to verify that Bf(x, T) = T where we are
identifying T € G(n,d) with the matrix T € (R™ ® R™)sym representing the orthogonal
projection onto T. Since T is positive semidefinite (i.e. T > 0), it is easy to check that the
(AC) condition is satisfied. In particular Theorem 4.2 provides a new independent proof of
Allard’s rectifiability theorem.

Since the atomic condition (AC) is essentially necessary to the validity of the rectifiability
Theorem 4.2, it is relevant to relate it to the previous known notions of ellipticity (or convexity)
of F with respect to the “plane” variable T. This task seems to be quite hard in the general
case. For d = (n —1) we can however completely characterize the integrands satisfying
(AC). Referring to Section 4.5 for a more detailed discussion, we recall here that in this case
the integrand F can be equivalently thought as a positive one-homogeneous even function
G: QO xR™ — Ry via the identification

G(x,A\v) := A[F(x,vt) forallAe RandveS™'. (4-4)

The atomic condition then turns out to be equivalent to the strict convexity of G, more
precisely:

Theorem 4.3. An integrand F: C'(Q x G(n,n—1),R~) satisfies the atomic condition at x if
and only if the function G(x, -) defined in (4.4) is strictly convex.

As we said, we have not been able to obtain a simple characterization in the general
situation when 2 < d < (n—2) (while for d = 1 the reader can easily verify that an
analogous version of Theorem 4.3 holds true). In this respect, let us recall that the study of
convexity notions for integrands defined on the d-dimensional Grassmannian is an active
field of research, where several basic questions are still open, see [24, 23] and the survey [10].

Beside its theoretical interest, the above Theorem has some relevant applications in the
study of existence of minimizers of geometric variational problems defined on class of
rectifiable sets. It can be indeed shown that given an F-minimizing sequence of sets, the limit
of the varifolds naturally associated to them is F-stationary (i.e. it satisfies 6V = 0) and has
density bounded away from zero. Hence, if F satisfies (A C), this varifold is rectifiable and it
can be shown that its support minimizes F, see [43, 45].

We conclude this introduction with a brief sketch of the proof of Theorem 4.2. The original
proof of Allard in [2] (see also [63] for a quantitative improvement under slightly more
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general assumptions) for varifolds with locally bounded variations with respect to the area
integrand heavily relies on the monotonicity formula, which is strongly linked to the isotropy
of the area integrand, [3]. A completely different strategy must hence be used to prove
Theorem 4.2.

The idea is to use the notion of tangent measure introduced by Preiss, [76], in order to
understand the local behavior of a varifold V with locally bounded first variation. Indeed
at ||V«| almost every point, condition (AC) is used to show that every tangent measure
is translation invariant along at least d (fixed) directions, while the positivity of the lower
d-dimensional density ensures that there exists at least one tangent measure that is invariant
along at most d directions. The combination of these facts allows to show that the “Grassman-
nian part” of the varifold V, at x is a Dirac delta 51, on a fixed plane T, see Lemma 4.8. A
key step is then to show that ||V, | < H9: this is achieved by using ideas borrowed from [5]
and [41]. Once this is obtained, a simple rectifiability criterion, based on the results in [76]
and stated in Lemma 4.5, allows to show that V, is d-rectifiable.

4.2 PRELIMINARY RESULTS

We introduce some preliminary results. The next Lemma shows that Tan(x, pt) is not trivial at
p-almost every point where p has positive lower d-dimensional density and that furthermore
there is always a tangent measure which looks at most d-dimensional on a prescribed ball (a
similar argument can be used to show that Tan(x, i) is always not trivial at u almost every
point without any assumption on the d-dimensional density, see [12, Corollary 2.43]).

Lemma 4.4. Let p € M, (Q) be a Radon measure. Then for every x € Q such that ©%(x, 1) > 0
and for every t € (0, 1), there exists a tangent measure oy € Tan(x, 1) satisfying

o (By) >t (4.5)
Proof. Step 1: We claim that for every x € Q such that ©¢(x, 1) > 0, it holds

lim sup r(Br(x))

d
MSUp B ) Z Lo Tre ol (4.6)

More precisely, we are going to show that
{x € sptu: (4.6) fails} C {x € sptp: O4(x, n) = O},

which clearly implies that (4.6) holds for every x € QO with positive lower d-dimensional
density. Let indeed x € sptu be such that (4.6) fails, then there exist to € (0,1), € > 0, and
T > 0 such that

M(Beor(x) < (1—E)t§ u(Br(x))  forallr <T
Iterating this inequality, we deduce that

u(Btgf(x)) <(1— E)ktgdu(Bf(X)) forall k e N
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and consequently

Step 2: Let now x be a point satisfying (4.6) and let t € (0, 1): there exists a sequence 7; | 0
(possibly depending on t and on x), such that

Bir:
td < lim sup M = lim M = lim py v (By)

ro M(Br(x)) oo u(Br(x)) oo

where Wy r; is defined as in (2.2). Up to extracting a (not relabelled) subsequence,
by, — ot € Tan(x, p).
By upper semicontinuity:

0¢(By) = limsup pyr; (Be) > t¢
j

which is (4.5). O]

In order to prove Theorem 4.2 we need the following rectifiability criterion which is
essentially [52, Theorem 4.5], see also [68, Theorem 16.7]. For the sake of readability, we
postpone its proof to Appendix 4.7.

Lemma 4.5. Let u € M, (Q) be a Radon measure such that the following two properties hold:
(i) For p-a.e. x € Q, 0 < O4(x, n) < O (x, u) < +o0.

(ii) For p-a.e. x € Q there exists Ty € G(n,d) such that every o € Tan(x, W) is translation
invariant along Ty, i.e.

Jae(p do=0  forevery ¢ € Cl(B) and every e € Ty.
Then w is d-rectifiable, i.e. = 0HLK for some d-rectifiable set K and Borel function 6 : R™ —
R~ o. Furthermore T,K = T for p-a.e. x.

The following Lemma is based on a simple Lebesgue point argument, combined with the
separability of Cg (G(Q)), see for instance [36, Proposition 9].

Lemma 4.6. For ||V/||-almost every point x € Q) and every sequence v; — O there is a subsequence
T, such that

VX,Tji (dy/ dT) = HVHX,Tji (dy) b2 }‘LX—FUT‘H (dT) = G(dy) ® HX(dT) = Voo(dy/ dT) € Tan(xl V)/

with o € Tan(x, ||V]|).
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The key point of the Lemma above is that the “Grassmannian” part pg’ of a tangent
varifold V> equals 1, for every y € Q: it therefore neither depends on the space variable y,
nor on the chosen blow-up sequence (r;). Informally, we could write:

“Tan(x, V) = Tan(x, ||[V||) ® pux(dT) ".
We furthermore note that, as a consequence of (2.6),

Tan(x, |[V.||) = Tan(x, |V||) and Tan(x,V.) = Tan(x,V) ||V.|-a.e. (4.7)

We conclude this section with the following simple result which shows that every tangent
varifold to a varifold having locally bounded anisotropic first variation is Fx-stationary
(where Fy is defined in (2.11)).

Lemma 4.7. Let V € V4(Q) be a d-dimensional varifold with locally bounded anisotropic first
variation. Then, for ||V||-almost every point, every W € Tan(x, V) is Fy-stationary, i.e. 5 W = 0.
Moreover, if W(dy, dT) = o(dy) ® ux(dT) for some o € Tan(x, ||V||) (which by Lemma 4.6 happens
[IV||-a.e. x), then

0.0=0 forall e € Ty :=ImA, ()" (4-8)
in the sense of distributions, where A (1) is defined in (4.2).

Proof. Let x be a point such that the conclusion of Lemma 4.6 holds true and such that

. 3¢ VI(B+(x))

B Sup VB, () O < T (4.9)
Note that, by Lemma 4.6 and Lebesgue-Besicovitch differentiation Theorem, [79, Theorem
4.7], this is the case for ||V||-almost every point. We are going to prove the Lemma at every
such a point.

Let r; be a sequence such that Vi, (dy,dT) X W(dy,dT) = o(dy) ® ux(dT), o €
Tan(x, ||V]|). For g € CL(B,R™), we define g; :== gon®™ € C!(B,(x),R™) and we com-
pute

5r Vir. (9) =J Br(x,T) : Dg(y) dVir, (y, T)

G(B)
J T): Dg (™ (2)) " (2, T) dV(z, T)
IIVH G(B
F(x, T): Dgi(z) dV(z,T)
= VI JG 9
o 6FXV(91) . 5FV(91) + 8,1 V(gi)
IVIBL ) IVII(Bx (x)
Combining (2.17), (4.9) and since riHDgiHCo = ||Dgl|co, we get
5FVI(B ||9Hoo
‘SFXVX,YL( )| S HVH
. HF_FX‘|C‘(Bri(x))||giHC‘ [VII(Br (x))
' IVII(Br, (x))

< TiCxlglloo +0r (Nlgllcr = 0,
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which implies & W = 0. Hence, recalling the Definition (4.2) of Ax(u), for every g €
Cl(B,R™):

0 =55, W(g) = | Axlin): Dyly) dofy)

Therefore A« (p1x)Do = 0 in the sense of distributions, which is equivalent to (4.8), since
KerAx (px) = (ImAx(P’x)*)L- O

4.3 INTERMEDIATE LEMMATA

To prove the sufficiency part of Theorem 4.2, there are two key steps:

(i) Show that the “Grassmannian” part of the varifold V. is concentrated on a single
plane;

(ii) Show that ||V, || < 3<.
In this section we prove these steps, in Lemma 4.8 and Lemma 4.11 respectively.

Lemma 4.8. Let F be an integrand satisfying condition (AC) at every x in Q and let V € 7£(Q),
see (4.3). Then, for |V.||-a.e. x € Q, uy = d1, for some To € G(n, d).

Proof. Let t < t(d) < 1 to be fixed later. By Lemmata 4.6, 4.7 and 4.4 and by (4.7), for
|V« ||l-a.e. x there exist a sequence r; — 0 and a tangent measure o such that

HV*HX/Ti = o, (v*)x,r-l A 0 X Hx, O-(E) = td

and
0.0=0 forallee T, =ImA, ()™

Let us now show that if t(d) is sufficiently small, then p, = 8t,. Assume by contradiction
that ., is not a Dirac delta: from the (AC) condition of F, this implies that dim KerA (1,)* <
n —d and consequently that dim(Ty) > d. This means that o is invariant by translation along
at least d + 1 directions and therefore there exists Z € G(n,d + 1), a probability measure

vy € P(Z+) defined in the linear space Z* and supported in B;‘/_\;i{] ,and a constant ¢ € R,

: : d+1 n—d—1 i
such that we can decompose o in the cylinder B V3 % B} vi © ZxZ— as

d+1 n—d—1 _ .qrd+1 d-+1
OLBY 5 x Bl 5 =cH L(ZﬂBVﬁ)@%

where ¢ < Z(d“)/zwg] since o(B1) < 1. Taking t(d) < —1_ the ball By is contained in the

d+1 ;11 2z
. + n—d—
cylinder B 1 X B 2 and hence

t4 <o(By) < o(BI! x B 97T < Cld)tdt,

which is a contradiction if t(d) < 1. dJ

The next Lemma is inspired by the “Strong Constancy Lemma” of Allard [5, Theorem 4],
see also [41].
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Lemma 4.9. Let Fj : G(B) — R~ be a sequence of C' integrands and let Vj € Vq(G(B)) be a
sequence of d-varifolds equi-compactly supported in B (i.e. such that spt||V;|| C K cC B) with
| V;]1(B) < 1. If there exist N > 0 and S € G(n, d) such that

(1) |5Fjvj|(B) + ||Fj||(j1 (G(B)) <N,
(2) By, (x, T) = Br;(x, S)| < w(lS —TI) for some modulus of continuity independent on j,
(3) &= IG(B) IT—S|dVj(z, T) = 0asj — oo,
then, up to subsequences, there exists y € L' (B¢, HIL BY) such that for every 0 < t < 1
(T15)4(Fy (2, ) [V3 ) —y3c4L B9 (BE) — 0, (4.10)

where Tls : R™ — S denotes the orthogonal projection onto S (which in this Lemma we do not
identify with S).

Proof. To simplify the notation let us simply set IT = ITs; we will also denote with a prime
the variables in the d-plane S so that x" =TI(x). Let uj = TT4(F;(z, S)||V;||) € M, (B9): then

(uj, @) —J @(TT(2))F;(z,S)dVj(z, T) for all ¢ € Cg(Bd).
G(B)
Let e € S and, for ¢ € C!(BY), let us denote by D’ the gradient of ¢ with respect to

the variables in S, so that TT*(D’¢)(T1(z)) = D(@(T1(z))). We then have in the sense of
distributions

= J (D'(M(2)),e)(Fj(z,S) —Fj(2,T)) dVj(z,T)
G(B)

+ ()Fj(z,T)(S—T):e®ﬂ*(D’(p)(ﬂ(z))de(z,T)
Ja(B

o) (Cr,(2,8) — Cr,(2,T)) : e @ TT*(D' ) (TT(2)) dV; (2, T) (4.11)

— | (d:Fi(zT),e0((2)) dV;(z,T)
G(B)

4 (d.Fj(z,T), e @(M(z))) dV;(z,T)
JG(B)

+ 5 (Fj(z, )T+ Cr(z,T)) : e D(@(T1(2))) dVj(z,T),
Jo(s

where we have used that

Id:e®TT"(D')(T(z)) =S : e®TT"(D ) (1T(z)) = (D’ ¢(T(z)), e)
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and Cr,(z,S) : e@ 1" (D’ )(I(z)) = 0, since D’¢ and e belong to S, see (2.16). Let us define
the distributions

(X2, ) = L(B) ((F5(z 8) = F(z, TId + F(z, T)(S )
+(Cry(2,8) — Cr (2, T)) e @ TH(TT(2)) dVs (2, T)
and

(56, ) = JG(B) (d:F; (2 T), e 0(TM(2))) AV (z,T),

6500 =] (@K TLeome)

+(Fi(zTT+Cr(zT) e ﬂ*D’(p(ﬂ(z))) dv;(z, T)
= _6Fjvj (e @o ﬂ)

By their very definition, X are vector valued Radon measures in M(B¢,R%) and, by the
uniform bound on the C'! norm of the F;, (2.15) and assumptions (2) and (3):

sup IX;'I(B?) =0 asj — oo. (4.12)
le|=1

Moreover, by the mass bound ||Vj|[(B) < 1 and assumption (1), f{ and g5 are also Radon
measures satisfying

sup sup [f§1(B§) + |gf1(B{) < +oo. (4.13)
i lel=1

Letting e vary in an orthonormal base {e1,...,eq} of S, we can re-write (4.11) as
D’uj =div ,X)' + 15 + g, (4.14)

where Xj = (X?,...,Xjed) eRI®RY, f; = (f]-e‘,...,f]?d) and g; = (gje],...,g].ed).

Let us now choose an arbitrary sequence ¢; | 0 and a family of smooth approximation of
the identity P, (x) = s;dlb(x’/ej), with P € CX(B1), ¥ > 0. To prove (4.10) it is enough to
show that {v; := u; x.,} is precompact in L} .(B{). Note that by convolving (4.14) we get
that v; solves

Dv; =divYj +h;, (4.15)
where, to simplify the notation, we have set D = D’, div = div " and
Yj = Xj xe; € C¥(BY,R"®R"), hj = (fj + gj) * b, € CX(BS,R™)

are smooth functions compactly supported in B¢. Note that, by (4.12), (4.13) and the positivity
of Wy

vj =0, JIYj —0 and sngIth < +oo0.
j
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We can solve the system (4.15) by taking another divergence and inverting the Laplacian
using the potential theoretic solution (note that all the functions involved are compactly
supported):

v; = A7 div (divY;) + A7 div hy. (4.16)
Recall that

AW =Exw, (4-17)
with E(x) = —cglx|*"4if d > 3 and E(x) = ¢ log |x| if d = 2, for some positive constants cq,

depending just on the dimension. Hence, denoting by P.V. the principal value,

A7 div (divYj)(x) = K Yj(x)

::P.V.ch (x—y)® (x—y) — Ik —ylId

R4 x —yld+2 Yily)dy,

and

Aqdivhj (x) = Grhj(x) == ch <ﬁ,h (y)>dy-

By the Frechet-Kolomogorov compactness theorem, the operator h — Gxh : Ll (B{) —
L} .(R%) is compact (where L} (B{) are the L' functions with compact support in B¢). Indeed,
for M > 1, by direct computation one verifies that

eM
JBd |IGxh(x+v)—Gxh(x)|ldx < C|v|10g< m )J [h|dx, Vv € B?. (4.18)
M

In particular, {bj := G x h;} is precompact in Lloc(le). The first term is more subtle: the
kernel K defines a Calderon -Zygmund operator Y — Kx Y on Schwarz functions that can
be extended to a bounded operator from L' to L'"*°, [54, Chapter 4]. In particular we can
bound the quasi-norm of a; := K« Yj as

(@] 100 (Ra) = sup Al{laqj| > A} < CJ 1Y;| — 0. (4.19)
A>0 B¢

Moreover, K % Y; 2 0 in the sense of distributions, since (KxYj, @) = (Yj, K% @) — 0 for
@ € Cl(R%). We can therefore write

0§Vj :aj—i-b)',

with a; — 0 in L by (4.19), a; = 0 in the sense of distributions and {b;} pre-compact in
L} . by (4.18). Lemma 4.10 below implies that vj is strongly precompact in L} , which is the
desired conclusion. O

Lemma 4.10. Let {vj},{aj},{b;j} C L' (RY) such that

(i) 0<Vj :a]'—l-bj,
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(ii) {bj} strongly precompact in L],
(iii) aj — 0in L' and a; = 0 in the sense of distributions.

Then {v;} is strongly precompact in L]

loc’

Proof. It is enough to show that x|a;| — 0 in L' for x € C®(R%), x > 0. The first condition
implies that a;” < |bj, hence the sequence {xa; } is equi-integrable and thus, by (iii) and
Vitali convergence Theorem, it converges to zero in L110 - hence

Jxlajl = Jxaj —|—2jxaj -0,
where the first integral goes to zero by (iii). O

The following Lemma is a key step in the proof of Theorem 4.2:

Lemma g4.11. Let F be an integrand satisfying condition (AC) at every x in Q) and let V € 75(Q),
see (4.3). Then ||V.| < K9,

Proof. Since by (2.7), ©2(-, V) > 0 ||V, ||-a.e., classical differentiation theorems for measures
imply that

1
HAOL(,, V) > A} < X||V*H VA >0,

see [68, Theorem 6.9]. Hence H%1 {®¢(-, V) > 0} is a o-finite measure and by the Radon-
Nikodym Theorem

IVill = fHEHOL(, V) > 0} + [|Vid|® (4.20)

for some psitive Borel function f and || V.||® is concentrated on a set E C {@4(-, V) > 0} such
that H4(E) = 0: in particular H%(TT(E)) = 0 whenever T is an orthogonal projection onto a
d-dimensional subspace of R™. Hence ||V, ||® and fH({®4(-, V) > 0} are mutually singular
Radon measure (the fact that they are Radon measures follows trivially from (4.20)).

We are going to show that ||V.||* = 0, which clearly concludes the proof. To this aim, let
us assume by contradiction that ||V.||* > 0 and let us choose a point X € () and a sequence
of radii r; — 0 such that:

(i)
[Vl [* (Bry (X)) [Vl (Br; (%))

lim lim

—_— 7_:1- (.21
P V(B (R)) e [VII(Br, (1) 4-21)

(ii) There exists 0 € Tan(%, ||V||) = Tan(x, ||V«|]) = Tan(x, || V«||®), with cL_B; ,, # 0.
(iii)

limsupw < Cx <40 (4.22)
oo IVII(Bry(X)) > ' ’
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(iv)
Vj = Vir, — 0® 5, (4-23)
where S € G(n,d) and 0.0 = 0 for every e € S.

Here the first, second and third conditions hold ||V.|/*-a.e. by simple measure theoretic
arguments and by (2.6) and (4.7), and the fourth one holds || V.|*-a.e. as well by combining
Lemma 4.7, Lemma 4.8 and (4.7).

Fix a smooth cutoff function x with 0 <x < 1, spt(x) C By and x = 1in By /, and define
W; = xV; so that

Wil = xfHAULOL(, V) > 0} + |W;]|°

where ||Wj||® = x||V«||*. In particular

E_x
(TTs )& W5 1° is concentrated on Ej:=Tls ( - X> NB¢, (4.24)
j
and thus
HA(E;) = 0. (4.25)

Note furthermore that

sup \6Fj W; (RY) < 400, (4.26)
j

where F;(z, T) = F(% + 11z, T). Indeed for ¢ € C(By, R™)
55, W; ()] = I5r, (xV; (@)
_ ‘Jrj<dXF(>_c—i—rjz,T),x(z)(p(deVj (z,T)
+JBF(7‘<+T)-Z,T) Do (z) x(2)dV;(z,T)
- ”rj<dXF(i+sz,T),x(p>de (z,T)
+JBF(>‘<+r)~z,T) : Dlxe)(2)dV;(z,T)

—JBF(i—ijz,T) : Dx(z) ® ¢(2)dVj(z, T)
< 167V (x@)l + [[Fll 1 [V 1 (B1) DX loo [ @l oo

55 VI(By, (%))
Ty Il + IFlc I B IDx o]

so that (4.26) follows from (4.22) and the fact that ||V;||(B1) < 1. Finally, by (4.23),

limJ IT—S[dW;j(z, T) = limJ IT—SIx(z)dVj(z, T)
) JG(By) ) JG(B1)

_ J IT — Six(z)dss (T)do(z) = 0.
G(B1)
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Hence the sequences of integrands {F;} and of varifolds {W;} satisfy the assumptions of
Lemma 4.9 (note indeed that By, (z, T) = Br(X + 12, T) so that assumption (2) in Lemma 4.9 is
satisfied). Thus we deduce the existence of y € L' (H4L B?) such that, along a (not relabelled)
subsequence, for every 0 <t < 1

[(TTs)(F= 4751, S) W5 ) =3¢ LBY|(BE) — 0. (4-27)
By (4.21) we can substitute [|Wj||* for [Wj]| in (4.27) to get
(T1S)4(F(x+5(-), ) [W; ) =3 L B | (BE) — 0.

By point (ii) above, F(x + 1(-), S)||W;]|® X F(x,S)xo with oLBy,, # 0. Recalling that
F(x,S) > 0 we then have

0 < |(TMs)4(F(x, S)x0)|(BY )

< lim inf | (TTs)(F(x+75(), S) W5 )] (B 2)

= liminf | (TTs)4(F )[[W; B
12}&1‘ s)a(F(x+75(-), S)W5]° ‘ j 1/2)
hmsup‘ Ts)s(F(x+715(-),S)|W;]|¥) —yHLBY|(E; ﬂB1/2) 0,
)—00

since (ITs)#||Wj||® is concentrated on E; and J-Cd(Ej) =0, see (4.24) and (4.25). This contra-

diction concludes the proof.
O

4.4 PROOF OF THE MAIN THEOREM

Proof of Theorem 4.2. Step 1: Sufficiency. Let F be a C! integrand satisfying the (AC) condition
atevery x € Q) and let V € 7+(Q), we want to apply Lemma 4.5 to ||V,||. Note that, according
to Lemma 4.11 and (2.7),

HAx € Q:0%(x, || Vil]) > 0} < || Vul| < HYL{x € Q: 0% (x, ||V4]|) > O}.
Since, by [68, Theorem 6.9], Hd ({x € Q:0%(x, || Vi) = +oo}) = 0, we deduce that
0 < O(x, [|Vi|) < O (x, || Vi) < 400 for ||Vi|-a.e. x € Q,

hence assumption (i) of Lemma 4.5 is satisfied. By Lemma 4.8, V. = || V.|| ® 81, for some
Tx € G(n, d), and, combining this with Lemma 4.7 and (4.7), for ||V.|/-almost every x € Q
every o € Tan(x, ||V||) is invariant along the directions of Ty, so that also assumption (ii) of
Lemma 4.5 is satisfied. Hence

Vil = 0HAL(KNQ),

for some rectifiable set K and Borel function 6. Moreover, again by Lemma 4.5, TxK = Ty for
||V« ||-almost every x. This proves that V. is d-rectifiable.
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Step 2: Necessity. Let us now assume that F(x, T) = F(T) does not depend on the point, but
just on the tangent plane and let us suppose that F does not verify the atomic condition (AC).
We will show the existence of a varifold V € 7&(IR™), with positive lower d-dimensional
density (namely V = V), which is not d-rectifiable. Indeed the negation of (AC) means
that there exists a probability measure p on G(n, d), such that one of the following cases
happens:

1) dimKerA(p) = dimKerA(p)* >n—d
2) dimKerA(p) = dimKerA(u)* =n—d and pu # o7,

where A(u f T)du(T) and B(T) € R™ ® R™ is constant in x. Let W := ImA (u)*,
k=dimW <d nd let us defme the varifold

V(dx, dT) := H*L W(dx) @ u(dT) € V4(R™).

Clearly V is not d-rectifiable since either k < d or p # dw . We start by noticing that V = V,,
indeed for x € W

04(x, V) = lim H*(B,(x) N W) _ 1 ifk=d (4.28)

d
r=0 WaT +oo ifk < d.

Let us now prove that V € 7£(IR™). For every g € Cl (R™,R™), we have
5rVig) = | A0 Dgats = ~(g AluDIH*LW)) =0

since D(H*I.W) € W = [ImA(p)*]*+ = KerA(u). Hence V is F-stationary and in particular
V € 7(IR™) which, together with (4.28) concludes the proof. O

4.5 PROOF OF THE EQUIVALENCE OF THE ELLIPTICITY DEFINITIONS IN CODIMENSION

ONE

In this section we prove Theorem 4.3. As explained in the introduction, it is convenient to
identify the Grassmannian G(n,n — 1) with the projective space RP™ ! =gn! / =+ via the
map

Sl 5 4y v

Hence an (n — 1)-varifold V can be thought as a positive Radon measure V € M, (Q x S™~1)
even in the S™ ! variable, i.e. such that

V(A xS§) =V(A x (=S)) forallAc Q,Sc S .

In the same way, we identify the integrand F: Q x G(n,n —1) — R~ with a positively one
homogeneous even function G : QO x R™ — R3¢ via the equality

G(x, A\v) == [A[F(x, v1) forallA € Rand v e S™ . (4.29)
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Note that G € C'(Q x (R™\{0})) and that by one-homogeneity:
(deG(x,e),e) = G(x,e) for all e € R™\ {0} (4.30)

With these identifications, it is a simple calculation to check that:

0rV(g) = JQ . (dxG(x,v),g(x)) dV(x, V)

—i—J (G(x,v)Id—v@dVG(x,v)) :Dg(x) dV(x,v),
QxSn—1
see for instance [5, Section 3] or [40, Lemma A.4]. In particular, under the correspon-
dence (4.29)
Br(x, T) = G(x,v)Id —v® dyG(x,v) = Bg(x,v), T=+v,

Note that Bg(x,v) = Bg(x, —V) since G(x, v) is even. Hence the atomic condition at x can
be re-phrased as:

(i) dimKerA,(p) < 1 for all even probability measures p € Peven(S™ 1),
(i) if dimKerAy(p) =1 then p = (8v, +8_~,)/2 for some vo € S* !,
where
Asli) = | Balx v)dutv).
We are now ready to prove Theorem 4.3.

Proof of Theorem 4.3. Since the (AC) condition deals only with the behavior of the frozen
integrand Gx(v) = G(x, V), for the whole proof x is fixed and for the sake of readability we
drop the dependence on x.

Step 1: Sufficiency. Let us assume that G : R™ — R is even, one-homogeneous and strictly
convex. We will show that the requirements (i) and (ii) in the (AC) condition are satisfied.
First note that, by one-homogeneity, the strict convexity of G is equivalent to:

G(v) > (dvG(¥),V) forall v,v € S™ ! and v # +v. (4.31)
Plugging —v in (4.31) and exploiting the fact that G is even we obtain
G(v) > (dvG(¥), V)] forall v,v € S™ ' and v # +v. (4-32)

Let now 1t € Peven(S™ ') be an even probability measure,
Alw) = L B (G(V)Id Ve dVG(v)) du(v)

and assume there exists v € KerA(pu) NS™~'. We then have

0= <dvG(\7)/ A(Hﬁ’)
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where we have used (4.30). Inequality (4.32) implies however that the integrand in the
last line of the above equation is strictly positive, unless v = £V for all v € sptu, which
immediately implies that the (AC) condition is satisfied.

Step 2: Necessity. Let us assume that G (or equivalently F) satisfies the (AC) condition, let
v,ves 1 v # +v and define

1
= Z(6V+6*V+6V+5*V)'

Then the matrix

Al) = TB(¥) + 5B (%)

has full rank. In particular the vectors A(u)v, A(n)¥v are linearly independent. On the other
hand

2A(W)v
2A(W)v

G(V)
(v)v=G(v)

<2

- <dVG(\7)/ V>\_/

Bg(v)v
G - <d-\,G(V),\_/>

B

Il
2l
<2

and thus, these two vectors are linearly independent if and only if
G(v)G(¥) = (dvG(¥), v)(dvG(V),¥) # 0.

Since G is positive and S™ ' \ {+¥} is connected for n > 3, the above equation implies that
G(v)G(¥) — (dvG(¥),v){(dvG(V),¥) >0 for all v # +v. (4-33)

Exploiting that G is even, the same can be deduced also if n = 2. We now show that (4.33)
implies (4.31) and thus the strict convexity of G (actually Step 1 of the proof shows that they
are equivalent). Let ¥ be fixed and let us define the linear projection

(dvG(9),v) 5

PYE 6

We note that by (4.30) Py is actually a projection, i.e. Py o Py = P5. Hence, setting v¢ =
tv+ (1 —1t)Pyv for t € [0,1], we have Pyvy = Pyv. Thus

Vi —Pyvie = t(v —Pyv). (4-34)
Hence, if we define g(t) = G(v¢), we have, for t € (0,1),

tg'(t) = t(dvyG(vy),v—PyVv) = (dvG(vi), vi — Pyve) >0,

where in the second equality we have used equation (4.34) and the last inequality follows
from (4.33) with v = v¢, and t > 0. Hence, exploiting also the one-homogeneity of G,

dvG(¥),v)

Glv) = 9(1) > 910) = G(Pyv) = {22 6(9) - (a,6(9),v

which proves (4.31) and concludes the proof. O
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46 APPENDIX: FIRST VARIATION WITH RESPECT TO ANISOTROPIC INTEGRANDS

In this section we compute the F-first variation of a varifold V. To this end we recall that, by
identifying a d-plane T with the orthogonal projection onto T, we can embed G(n, d) into
R™ ® R™. Indeed we have

G(n,d)z{TelR“QQIR“:ToT:T, T =T, trT:d}. (4.35)

With this identification, let T(t) € G(n, d) be a smooth curve such that T(0) = T. Differentiat-
ing the above equalities we get

T(0)=T'(0)oT+ToT'(0), (T'(0))* =T'(0), tr T(0) = 0. (4.36)
In particular from the first equality above we obtain

ToT/(0)oT=0, TtoT/(0)oTt=0.
Hence

TantG(n,d) C {SER"®@R™:$* =S, ToSoT=0, TroSoT!=0}.

Since dimTant G(n, d) = dim G(n, d) = d(n — d) the above inclusion is actually an equality.
To compute the anisotropic first variation of a varifold we need the following simple Lemma:

Lemma 4.12. Let T € G(n,d) and L € R™ ® R™, and let us define T(t) € G(n, d) as the orthogonal
projection onto (Id + tL)(T) (recall the identification (4.35)). Then

T0)=TtoLoT+(TtoLoT)* € TantG(n, d).
Proof. One easily checks that T(t) is a smooth function of T for t small. Since
Tt)o(Id+tL)oT = (Id+tL)oT,
differentiating we get
T'0)oT=(Id—T)oLoT=TtoLoT. (4-37)
Using that (T’(0))* = T'(0), T* =T, the first equation in (4.36) and (4.37), one obtains
T'0)=T'(0)oT+ToT'(0)
=T (0)oT+(T'(0)oT)* =TtoLoT+ (TtoLoT)*,
and this concludes the proof. O

We are now ready to compute the first variation of an anisotropic energy:

Lemma 4.13. Let F € C'(Q x G(n,d)) and V € V4(Q), then for g € C1(Q, R™) we have

SrVig) = | [(dF(x ), g0x)) + Brlx, ) Dglx)| Vi, T), 439)

G(Q)

where the matrix Be(x, T) € R™ @ R™ is uniquely defined by
Br(x, T): L :=F(x, T)(T:L)+(drF(x,T), Tt oLoT+ (Tt oLoT)*) (4-39)
forallL € R™ @ R™.
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Proof. For g € Cl(Q,R™) let @¢(x) = x + tg(x) which is a diffeomorphism of Q into itself
for t < 1. We have

5 Vig) = F(ofV)|
d

T at JG(Q) Floe(x), d(Pt(T))J(Pt(X/T)dV(x,T)‘

t=0

t=0

d d
= |, PO MV D] k| SR dodTavie T

d
+L(Q) F(x,T)—](pt(x,T)‘t LAV T).

Equation (4.38) then follows by the definition of Bg(x, T), (4.39), and the equalities

d
EF((pt(X)/T) =0 = <dXF(XIT)/ 9(X)>/ (440)
d
a]@t(X,T) o " T:Dg(x), (4.41)
%F(x, doi(T))| _, = (drF(x,T), THoDg(x) o T+ (T+ o Dg(x) o T)"). (442)

Here (4.40) is trivial, (4.41) is a classical computation, see for instance [79, Section 2.5],
and (4.42) follows from Lemma 4.12. O

4.7 APPENDIX: PROOF OF THE RECTIFIABILITY LEMMA

In this Section we prove Lemma 4.5. Let us start recalling the following rectifiability criterion
due to Preiss, see [76, Theorem 5.3].

Theorem 4.14. Let p be a measure on R™ and assume that at p-a.e. x the following two conditions
are satisfied:

(D) Ifweset x=o0g=1-2"9"%and

E,(x) == {z € B, (x): Js € (0,1) satisfying M52 o o WBr(X)) }

wasd T wgrd

then

(I) Ifweset B =PRq=2"9"7d"*and

Fr(x) = { H(BBT(Z))}
r(x):= sup i —prm
TeG(n,d) z€(x+T)NB(x) H(Br(x))

then
liminf F,(x) > 0.

r—0

Then w is a d-rectifiable measure.
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Proof of Lemma 4.5. By replacing p with pL.Q’, where Q' CC Q, we can assume that p is
defined on the whole R™. We are going to prove that p verifies conditions (I) and (II) in
Theorem 4.14.

Let us start by verifying condition (I). Given ¢, m > 0, let

H(Br(z))

E(e, m) := {ZEJR“: 3
war

>m forallr e (O,E)},

and, for « = «q as in Theorem 4.14 and y € (1,1/«), set
E(e,m) =E(e, xym) \ U E (E m) .

If x is such that 0 < ©%(x, u) < +oo, then x € E(E, m) for some positive € and m such that
oym < ©%(x, 1) < m, hence

{0 <0%(x, ) < +o0) C U U E(E,m).

m>0¢e>0

Let now x € E(e, m) be a density point for E(s, m):

(B (x)\ E(e,m))
) =0. (4-43)

lim )
r—0 (B (
Note that x € E( ¢, m) implies that axym < 04(x,u) < m < ym. Hence, if (11 )y is a sequence
verifying t, — 0, 1. < ¢ and such that ©%(x, 1) = limy (B, (x))/w drﬂ, then, for k large
enough,

Er, (x) C By, (x) \ E(e, ym) C By, (x)\ E(¢,m),

which, together with (4.43), proves that u verifies condition (I).

We now verify condition (II). Let x be a point such that all the tangent measures at x are
translation invariant in the directions of T, and such that 0 < ©%(x, 1) < @ (x, u) < +oo.
Note that the latter condition implies that for every o € Tan(x, p)

@)d(x W . a Gd*(x W, a

719 < o(By) € =0t forallt e (0,1).

ot =P S gy forallte 0l
In particular, 0 € spto for all o € Tan(x, 1). Let us choose a sequence r; — 0 and z,, €
(x + Tx) N By, (x), such that

.. . H-(B[Sr(z)) . H(Bﬁn(zri))
h?&?f{zeu+%3%34xJLquxn }“152 u(Br, (x))

. Zr. —X
> lim iy, <BB < = )) ,
i—o00 Ti

where 1, ;, is defined in (2.2) and 3 = 4 is as in Theorem 4.14. Up to subsequences we
have that

lim pyr, X o € Tan(x, p) and lim
i—00 i—o0 T
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Hence

.. . H(Bﬁr(zr))
1 f f bl U S (B .
= {zre(xfTrl)mBr(x) w(Br(x)) o(Bp(2))

Let z’ € Bg /2(z) N Ty such that Bg 2(z') C Bg(z) N B. Since o is translation invariant in the
directions of T,

o(Bp(z)) > 0(Bg (")) = 0(B; (0)) >0,

where in the last inequality we have used that 0 € spt o. Thus

liminf F;(x) > liminf in M >0,
T—0 =0 | ze(x+T)NBr(x) W(Br(x))

implying that also condition (II) in Theorem 4.14 is satistied. Hence p is d-rectifiable. In
particular for p-a.e. x, Tan(x, pu) = {w;] HAL (T, K N B)}. Since, by assumption, p is invariant
along the directions of T, this implies that Ty = TK and concludes the proof. O
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COMPACTNESS FOR INTEGRAL VARIFOLDS: THE ANISOTROPIC
SETTING

5.1 INTRODUCTION

The aim of this chapter is to present our paper [45], where we extend the results [37, 44,
38, 43], presented in Chapter 3, to the minimization of an anisotropic energy on classes of
rectifiable varifolds in any dimension and codimension, see Theorem 5.2. The limit of a
minimizing sequence of varifolds with density uniformly bounded from below is proven to
be rectifiable. Moreover, with the further assumption that the minimizing sequence is made
of integral varifolds with uniformly locally bounded anisotropic first variation, the limiting
varifold turns out to be also integral.

We remark that every sequence of rectifiable (resp. integral) varifolds enjoying a uniform
bound on the mass and on the isotropic first variation is precompact in the space of rectifiable
(resp. integral) varifolds. This has been proved by Allard in [2, Section 6.4], see also [79,
Theorem 42.7 and Remark 42.8].

One of the main results of this work is indeed an anisotropic counterpart of the aforemen-
tioned compactness for integral varifolds, in the assumption that the limiting varifold has
positive lower density, see Theorem 5.7.

The additional tool available in the isotropic setting is the monotonicity formula for
the mass ratio of stationary varifolds, which ensures that the density function is upper
semicontinuous with respect to the convergence of varifolds. This property allows the
limiting varifold to inherit the lower density bound of the sequence.

The monotonicity formula is deeply linked to the isotropic case, see [3]. Nonetheless, given
a minimizing sequence of varifolds for an elliptic integrand, we are able to get a density
lower bound for the limiting varifold via a deformation theorem for rectifiable varifolds, see
Theorem 5.4. We can obtain it modifying [32, Proposition 3.1], proved by David and Semmes
for closed sets. Thanks to the density lower bound and the anisotropic stationarity of the
limiting varifold, we can conclude directly its rectifiability applying the main theorem of
[42], see Theorem 4.2.

The integrality result requires additional work, see Lemma 5.7: the idea is to blow-up
every varifold of the minimizing sequence in a point in which the limiting varifold has
Grassmannian part supported on a single d-plane S (note that this property holds ||V|-a.e.
by the previously proved rectifiability). Applying a result proved in [42], see Lemma 4.9, on
a diagonal sequence of blown-up varifolds, we get that roughly speaking their projections
on S converge in total variation to an L' function on S. This function is integer valued thanks
to the integrality assumption on the minimizing sequence and coincides with the density
of the limiting varifold in the blow-up point, which is consequently an integer. Since the
argument holds true for ||V||-a.e. point, the limiting varifold turns out to be integral.
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5.2 SETTING

In the entire Chapter 5, we will asume that the anisotropy introduced in (2.9) is defined
on the whole G(IR™), i.e. QO = R™. Assume to have a class of varifolds Z(F,H) C Rq(IR™)
encoding a notion of boundary: one can then formulate the anisotropic Plateau problem
with multiplicity by asking whether the infimum

mo :=inf {F(V):V € Z(F,H)} (5.1)

is achieved by some varifold (which is the limit of a minimizing sequence), if it belongs to
the chosen class &?(F, H) and which additional regularity properties it satisfies. We will say
that a sequence (Vj)jen € Z(F, H) is a minimizing sequence if F(V;) | mo.

We need to introduce some minimal requirements for the class Z#(F, H). This is an
adaptation of Definition 3.2 to the setting of varifolds.

Definition 5.1 (Deformed competitors and deformation class). Let H C IR™ be a closed set
and V € Rq(R™). A deformed competitor for V in By, is any varifold

©*V e Rg(R™) where ¢ €D(x,71) (D(x, 1) is as in Definition 3.1).

We say that #(F, H) is a deformation class with respect to H and F if &(F, H) C R4(R™)
and for every V € Z(F, H) it holds:

* conc(V) is a relatively closed subset of R™ \ H;

¢ for every x € R™\ H and for a.e. r € (0, dist(x, H))
inf {F(W): W € Z(F,H),WLG((Bxr)) = VLG((Bx+))} <F(L),

whenever L is any deformed competitor for V in By .

5.2.1  The main result

We can now state our main result:

Theorem 5.2. Let F € C'(G(IR™)) be a Lagrangian satisfying the atomic condition as in Definition
4.1 at every point x € R™ and enjoying the bounds (2.10). Let H C R™ be a closed set and &7 (F, H)
be a deformation class with respect to H and F. Assume the infimum in Plateau problem (5.1) is finite
and let (Vj)jewn € Z(F, H) be a minimizing sequence. Then, up to subsequences, V; converges to a
d-varifold V € Vq(IR™) with the following properties:

(a) liminf; F(Vj) > F(V);
(b) if Ve Z(F H), then V is a minimum for (5.1);
(c) V is F-stationary in R™ \ H.

Furthermore:
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(d) if the minimizing sequence (Vj);jeN enjoys a uniform density lower bound in R™ \ H, i.e. there
exists & > 0 such that:

O4(x,V;) =8,  for ||Vj|l-ae. x e R™\H, Vj €N,
then VL G(R™ \ H) € Rgq(R™) and conc(V) is relatively closed in R™ \ H;
(e) if the minimizing sequence (Vj)jen satisfies (VL G(R™ \ H))jen € 1a(R™) and

sup |0F Vj[(W) < oo, YW ccC R"\ H, (5.2)
j

then VLG(R™\ H) € I4(R™).

Remark 5.3. If the assumption (V;L G(R™\ H))jen C Iq(IR™) required in the condition (e)
of Theorem 5.2 is satisfied, also condition (d) applies, with the trivial density lower bound
b=1.

5.3 PRELIMINARY RESULTS

A key result we are going to use is a deformation theorem for rectifiable varifolds with
density bigger or equal than one, that we prove in this section. It is the analogous of the
deformation theorem for closed sets, due to David and Semmes [32, Proposition 3.1], see
Theorem 3.7, and of the one for rectifiable currents [79, 50].

The proof relies on the one of [32, Proposition 3.1].

We will use cimilar notation to the one introduced in Section 3.3.1. We recall it for
completeness. Given a closed cube Q = Q«,1 and ¢ > 0, we cover Q with a grid of closed
smaller cubes with edge length ¢ <« 1, with non empty intersection with Int(Q) and such
that the decomposition is centered in x (i.e. one of the subcubes is centered in x). The family
of these smaller cubes is denoted A¢(Q). We set

Cr:=J{TNQ:TeA(Q),TnaQ #0},
Co=|J{T€A(Q):(TNQ) Z Cy,TNACT # 0}, (5.3)
Q' :=Q\(C1UCy)

and consequently
Ae(QMUC2) = {T€A(Q): TC (Q'UC)}.

For each nonnegative integer m < n, let Ae,m(Q1 U C3) denote the collection of all m-
dimensional faces of cubes in A (Q' UC,) and /\’;m(Q] U C,) will be the set of the elements
of Aem(Q' UC,) which are not contained in 9(Q' U C,). We also let S (Q' UC,) ==
UAem(Q'UC,) be the m-skeleton of order ¢ in Q' U C,.

Theorem 5.4. Given xo € R™, r > 0, a closed cube Q C By, and V € Rq(IR™) such that:
VzGJ{dLK®5TXK, where O(x) =1 for HILK—ae x € Q,

KNQisaclosed set and ||V][(Q) < 4oo0.
Then there exists a map @ ¢ € D(xo, 1) satisfying the following properties:
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(1) Dev(x) =xforx € R*\ (Q'UC2);

(2) Dev(x) =xforx € Se,a1(Q'UC);

(3) @, v(KN(Q'UC2)) € Se,alQ'UC2)UAQ'UC,);

(4) ©ev(T)CTforevery T € Aem(Q'UC,), withm =4d,...,n;

(5) (@ v)*VI(T) < X |[VII(T) for every T € A (Q' UC);

(6) either \|(<I)£,V)#V||(T) =0or ||((D£,V)#VH(T) > fHd(T),for every T € /\:,d(Q1 );
where ky depends only on n and d (but neither on € nor on V).

Proof. Our map @,y can be obtained as the last element of a finite sequence @, ®,,_1, ...,
®4,Dgq—1 of Lipschitz maps on R™. The maps @, with m = d,..,n will satisfy the
analogous of (1) — (5), with (2) and (3) replaced by

Qn(x) =xforx € Se m(Q'UC,),

D (KN(Q'UC,)) C Sem(QMUC2UAQUC,).

The last map @41 will be constructed in order to satisfy also property (6).
We start with @, (x) := x, which verifies all the required conditions. Suppose that, for a
given m > d, we have already built ®,,, ®y,_1, ..., O:n. We want to define ®,,_7 as

Om1:=Pm—10D0n, (5.4)
where {1 is a Lipschitz map in R™ given by the following Lemma:

Lemma 5.5. The exists a Lipschitz map W1 : Q' UCa — Q' U Cy such that:
Pin—1(x) = x for x € Sem—1(Q' UC2) UB(Q'UC),

Pm—1(@m(KN(Q'UC2))) C Se,m—1(Q'UC2)UBQ'UC),
Ym—1(T) CTforevery T € /\gm(Q1 uCy), withm=4d,..,n,

and
[(Wm—1 0 @m)*V|[(T) < C[[(®w)*V||(T) for every T € A (Q' UCy),

where C depends only on m and d.

Assuming Lemma 5.5, we can easily extend {1 to be the identity outside Q' U C; and
the map @, defined in (5.4) satisfies the desired properties.
To conclude, we need to construct @41 in order to satisfy also condition (6). We proceed
in a way analogous to the one used in [44, Theorem 2.4], see Theorem 3.7.
We want to set
(Dd,1 =Yoo ds

where ¥ will be defined below. We first define ¥ on every T € A 4(Q' U C,) distinguishing
two cases
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(a) if either ||(®q)*V||(T) = 0 or ||(@g)*V|(T) > HYT)or T ¢ /\’;,d(QU, then we set
Y1 =1d;

(b) otherwise, since the varifold density ©(x, V) is bigger or equal than one for ||V||-a.e.

x € Q, the same holds for (®4)*V, because @4 is a Lipschitz map. We infer that
HYT) > (@) VII(T) = HY@a(KNQ)NT).

Since @ 4(KN Q) is compact (KN Q is compact by assumption), there exists yt € T and
&t > 0 such that Bs, ,; N ®a(KN Q) = 0; we define

Y7 (x) ::x+oc(x—yT)min{1, |ngT|},
T

where o > 0 is such that the point x + a(x —y7) € (9T) x {oyn—d.

The second step is to define ¥ on every T’ € A q4+1(Q" U C,). Without loss of generality, we
can assume T’ centered in 0. We divide T’ in pyramids Pt 1/ with base T € A, 4(Q' U C2)
and vertex 0. Assuming T C {xq11 = —5,Xa42,....Xn = 0} and T C{xq+2,.., xn = 0}, we set

. 2Xd+1 X €
WlPT,T’(X) = c W\T ( XarT 2> .

We iterate this procedure on all the dimensions till to n, defining it well in Q' U C5. Since
Y5(Q1uc,) = 1Id, we can extend the map as the identity outside Q'uC,.
By construction of ¥, if we denote

(Yo @q)*V =0HIL (Yo ®q)(K)® 5T, (wom,)(K),

we get that 0 = 0 in the interior of T, and we can assume this is true also at the boundary
since HA((0T) x {0}*~4) = 0 and 0 is defined for H%-a.e. x € (Wo ®4)(K).
We consequently obtain:

(¥ @) VI(T) = | 8dscd o,
(Wod4)(K)NT

and so property (6) is now satisfied.

In addition, one can easily check that ¥ € D(x(, ) and thus, since ®4 € D(xo, ) and the
class D(xp, ) is closed by composition, then also ®4_7 € D(xq, 7).

This concludes the proof of Theorem 5.4 provided we prove Lemma 5.5.

The proof of Lemma 5.5 can be repeated verbatim as the one of [32, Lemma 3.10], if we
replace [32, Lemma 3.22] with the following:

Lemma 5.6. Let T be an m-dimensional closed cube with m > d and V € Rq(R™) such that:
V=0HILF®r, where F C Tisa closed d-rectifiable set and  ||V||(T) < +oo0.

For every z € T\ F, we define ¢, := d(z,F) > 0. We consider a Lipschitz map n, 1 : T — T, which
satisfies in T\ B¢, the conditions:

n.,1(x) € T, N, 1(X) —x = c(x—2z), c=c(x,zT)>0, VxeT\B_,.
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Then

j (ot FV(T) dFC™ (2) < Cldiam(T))™ [V]|(T), (5.5)
ze(ST)\F

where C depends just on m and d.

Proof of Lemma 5.6. For a given point z, if we denote

(nz7)*V =0H L n7(F) ® 51,1, 1 (F),

by (2.4) we compute
(1) *VI(T) = L 0JFn,TdH . (5.6)

Moreover, for every x € T\ B, ¢,, we have

d
Tz T (%, 7) < CDn, 114 < C <lim M7 (x) _le,T(U)|>
' ’ y—x |X—y\
_uldi d ) d
< ¢ ( 1im X ZYldiam{T)\ " (diam(1)7
y—=x [x —yl-x —z| x—z|d

7

where C depends just on m and d. Plugging (5.7) in (5.6), we infer that

1 -

Jna V() < Claiam(r | v (.

Integrating this estimate over (3T) \ F and applying Fubini’s theorem, we get

(j 1 d}cm(z)> a1V (x).
)

Jnza VI a9z < Claiam | ([ g

T

.[ z€(JT)\F
Since the integral in z on the right hand side is finite because m > d and its value is less or

equal than C(diam(T))™~ 4 we conclude the estimate (5.5) as we wanted to prove. O

Lemma 5.6 allows us to prove Lemma 5.5 as for [32, Lemma 3.10]. Our proof is now
concluded. O]

5.4 AN INTEGRALITY THEOREM

In this section, we prove an integrality theorem of independent interest, which is going to be
applied in the proof of Theorem 5.2.

Theorem 5.7. Let F € C'(G(R™),R~¢) be a positive integrand satisfying the atomic condition as
in Definition 4.1 at every x € R™. Let U C R™ be an open set and (V;)jen C I1a(R™) be a sequence
of integral varifolds converging to a varifold V. Assume that V enjoys the density lower bound

0d(x,V) >0 for|V|-ae xecU (5.8)
and that the sequence (Vj)jen satisfies

sup [0F Vj|(W) < oo, YW cc u; (5.9)

jEN

then VL. G(U) € I4(R™).
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Proof. By the assumption (5.9) and by the lower semicontinuity of the total variation of the
anisotropic first variation with respect to varifolds convergence, we get that (6rV)L U is
a Radon measure. Moreover, V enjoys the density lower bound (5.8). Since F satisfies the
atomic condition as in Definition 4.1 at every x € R™, we are in the hypotheses to apply
Theorem 4.2 and to conclude that V is a d-rectifiable varifold.

We now prove that the limiting varifold V is integral.

Since VL G(U) € R4(R™), it can be represented as

VLG(U) :=0(, VK K1k,

where K is a d-rectifiable set, (-, V) € L' (R™; K4) and TK denotes the tangent space of K
at x.

By assumption (5.9), we know that there exists v € M (U) such that [6fVj| converges
weakly in the sense of measures to v in U. By Besicovitch differentiation theorem (see [12,
Theorem 2.22]) we get that for || V|- a.e. point x in U

r—0 ”VH(BX,T‘)

We fix a point X € U such that ©(x, V) and TxK exist, O(k, V) € (0,+oc0) (this is true at || V||-
a.e. point in U by the rectifiability of VL. G(U)) and such that (5.10) holds. Assume w.l.o.g.
that TyK = R9 x {0}"~¢; we denote S := TzxK and with TTs : R™ — S and g1 : R™ — S+ the
orthogonal projections respectively onto S and S+.

There exists a sequence of radii (rk)xen 4 O such that v(9Bs,, ) = 0 and consequently
there exists ji = j(r) big enough so that

= Cx < 4o0. (5.10)

8¢ Vji [(Bz,ri) = (T+ 01, (1)) V(Bg,r, ) (5.11)

Combining (5.10) and (5.11), we obtain

. 10V [(Bxre) o, v(Bx,r,)
limsup ——*—"% = limsup ——+— = Cg < 400,
e IVIBar) S TVIBer)
and for k big enough we conclude
BFVjil(Bx,r) < 2Cx|[V([(Bs,r,)- (5.12)

;

For every k € IN, we consider the rescaling transformation n*™ : R™ — R™, n*"(y) =
We define

Tk'

vk .— ((T‘X,rk)#v) and ij = ((T]g'rk)#v)') .

Since V; — V, for every k € N
ij — vk as j — oo.

But, since O(%, V) < +o00, we get that VK are locally bounded uniformly with respect to k
and we infer
VE ~0F V)HILS®6s, ask— oco.
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Via a diagonal argument, up to extract another (not relabeled) subsequence jy, if we define
VE = V¥, we get

V5 1(Bs,ri,) < 2[[VI[(Bs,r,) < 4O(x, V)T, (5.13)
[VEI(BY x B4\ B x B} ) = or, (1), (5.14)

and the convergence
VE 20k, V)HILS @ 8, as k — oo. (5.16)

We consider x1 € C(B f/z) with x1 = 1in B¢, x2 € C®(B"~ 4y withx; =1in B]/2 and

2 V2/2
we define x € CZ(B1) as x(x) := x1 (Ms(x))x2 (Mg (x)).
We denote Fi(z, T) = F(X + 1z, T) and define the family of varifolds Wy := x VK equicom-
pactly supported in B1. We claim that

sup [dF, Wi|(B1) < 4o00. (5.17)
keN

Indeed, we define xy := x on™"™ € C¥(Bgr, ) and for every ¢ € CX(B;,R™) we consider
the map @y := @ on™"« € C¥(Bx,.,R™), so that

IXilloo < lIxlloo T, Tl VXKoo < IVXlloo  and  [[@kloo < [@]co- (5.18)

Thanks to (2.17) and (2.18), we compute
157, Wi (@)l = [8F, (xV*) ()]

- | j<szk(z,T),x(z)@(z»dvk(z,n
J Br, (2, T) : Dop(z) x(2)dV¥(z, T)
= | [ (bt (), Tt g I, TV, (v, )
[ B (174 (), ) Dol () X () ey, TV, (v, )
faa8) ]rLdj<dyF(y,T),xk(y)cpk(y)>dvjk(y,ﬂ
Lrld J Br(u, T) : Doily) xi(y)dVy, (y, T)
= [rL | (P, T xely)onlu) Vi, (. T)
L4 Bry, )2 D) (y) V3, (3,7
- JBF(y,T):vXk(y)mk(y)avjk(y,T)

(2~17)
< iRV el YFl e g, ) Vil B )Vl ool @k loos
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which, combined with (5.12), (5.13) and (5.18), gives

(5.13),(5.18) 1 d _
0r, Wi(@)l < 18F V5, [(Bx,ri )l @lloo +4l[Fllc1 (8, 1O R VIV ool @]loo

(5.12) -~ _
< 2ry G| VI Bl lloo +4Fllcr By, ) (% VI VX ool @]loo

(5.13)
< [4ch>’<®(7_‘rv)+4HFHC1(B,z,rk)@(irv)“vx‘|oo]H(pHOO'

This inequality implies (5.17). Finally, by (5.16),

lim J IT—S[dWi (2, T) = hm J IT—SIx(z)dV*(z,T)
G(B1) G(B1)

k—o0

= J IT—S|O(x, V)x(z)dds(T)dHILS(z) = 0.
G(B1)

Hence the sequence (Wi )ken satisfies the assumptions of Lemma 4.9, indeed we observe
that Br, (z, T) = Br(X + 11z, T), so that assumption (2) in Lemma 4.9 is satisfied. Thus we
deduce that there exists y € L' (#¢ LB?) such that, along a (not relabeled) subsequence, for
every 0 <t <1

(M) (F(% + 1ic(-), S)[WAdl)) = yHL B | (B) — 0. (5.19)
Since x1 = 11in BY ,, thanks to (5.14) we get

(Ms)#(F(x +7ic(-), S) Wil (BS )
= (Ms)a(F(x +1ic(+), S)|(x2 0 T )VEN(BY )
= (Mg)a(F(x +1c(-), S)IVEL(BY x BT )(BS,) — or, (1),

which we plug in (5.19) to obtain
’(ﬂs)#( (% +7ic(-), )| VL BE x BF9|) =y B§|(BY,,) — . (5.20)

But, thanks to (5.15)

[T (F(R -+ i), S)IVRLBS x B 4)) = (TTs)4(F(x, ) [ V<L B x BT 4|))|(B )
:‘ F(x+7(+), S)[VFLBE x BN 4| — F(x,S) [ V¥ L BE x B™ 4] ( ‘ BY,)
‘ (X +1i( —F(T(,S))”VKLB? x BF Y| (B1/2 x B}~ 9) (5.21)
< sup \(F(x+rkz,8)—F(>z,sn V¥ (BS x B} ~9)
z€Bx2
(5.15)
< 20(x, V)[[Fllc1(By,)Tx — 0.

Plugging (5.21) in (5.20), we conclude by triangular inequality that

(M) (F(x, S)|IVFLBY x BY~¢[) —yHLBF|(Bf ;) — 0. (5.22)
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Since VXL B¢ x BT 4 is an integral varifold, then (TTs)#||[V¥L B¢ x BT ~¢|| is a d-rectifiable

measure in R4 & S with integer d-density 0y (-) € L' (B§,IN, £4). By (5.22), we deduce that
F(x,8)0k() — ()  inL'(Bf,, L)

and consequently, up to subsequences, (8x(x))x C N converges for H%-a.e. x € B 2 to

FYE:?) € N. By (5.16), we also know that

(Ms)4|[VFLBE x BT 4| —~ O(%, V)L IL B

F}’i%) =0(x,V)in B?/Z. But % is integer

valued in B? /27 SO We conclude that ©(k, V) € N and that V is an integral varifold. O

and by uniqueness of the limit, we infer that

Remark 5.8. We recall that the isotropic version of Theorem 5.7 above has been proved
in [2, Section 6.4], without the density assumption (5.8), which is a consequence of the
monotonicity formula in the isotropic setting. If one were able to preserve in the limit
varifold V the lower density bound of the sequence Vj of Theorem 5.7, one would get further
applications. For instance, it would positively answer to a question raised by Tonegawa in
the setting of anisotropic mean curvature flows, see [81, Section 4.1, p. 116].

5.5 PROOF OF THE MAIN THEOREM

Up to extracting subsequences, we can assume the existence of V € V4(IR™) such that
V; SV

We remark that condition (a) of Theorem 5.2 is automatically satisfied by the lower semicon-
tinuity of the functional F(-) with respect to varifolds convergence. This implies straightfor-
wardly also condition (b). For the remaining properties, we divide the argument in several
steps.

5.5.1 Proof of Theorem 5.2: stationarity of the limiting varifold

In this section we prove property (c).

Assume by contradiction that there exists a smooth vector field \p compactly supported in
R™\ H such that 6p V(1) < 0. By standard partition of unity argument for the compact set
supp() in the open set R™ \ H, using the linearity of 6 V(-), we get the existence of a ball
By CC R™\ H and of a vector field (not relabeled) \» € C!(By ,IR™) such that

V() < —2C <.

There exists a map ¢ : t € R+— @ € C*°(R"™,R") solving the following ODE:

90) — pgi(x))  VxeRM,

Po(x) =x Vx € R™.
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Notice that one can choose an € > 0 small enough to have that ¢+ € D(x, 1) forevery t € [0, €].
We set _

Vii=(@)*V,  and V] = (@4)*V;.
By continuity of the functional 6rZ(1p) with respect to Z, up to take a smaller ¢ > 0, we get

that
SEVi(p) < —C <0, VvVtelo ¢l

Integrating the last inequality, we conclude that

F(Ve) <F(V)—Ce. (5.23)
We fix an o € [1, 2] such that

|[Vel[(0Bx,«r) =0, and consequently F(V¢, 0By «r) =0. (5.24)
We notice that equation (5.24) can be read as

F(V,0Bx,ar) =0, because ¢, =1Idin BS,. (5.25)
Since VI — V. and VJ — V, thanks to the equalities (5.24) and (5.25), one can infer

F(Ve,Byor) = lim F(V],By«r), and F(V,Byur) = h]m F(V), By ar)- (5.26)

Moreover, from (5.23) and the fact that . = Id in BS ,, we also get
F(VEI BX,OCT) < F(Vl BX,CXT) - Cs (527)
Using (5.26) and (5.27), we infer

liminfF(V]) = liminf (F(V], Bxar) + F(VL, (Bxar)"))
j j
< limsup F(V], By «r) + iminf F(V2, (Bx,ar) )
j j
(5:26) F(V,B XmH—hmmfF(V (BX,M)C)

)

(5-27) R o (5.28)
< F(V,Byar) — Ce + liminf F(V], (Bxar)®)
j

mF(V), By ar) — Ce + liminfF(VL, (Byar)©)
j )

< lim inf F(VJ) — Ce.

)

(5;6) i

Since ¢ € D(x, ), by definition of deformation class, see Definition 5.1, there exists a new
sequence (Vj)jen € Z(F, H), such that

F(V) <F(VD) + <,
and passing to the lower limit on j, we get
lim infF(V;) < liminf F(V/) — >,
) )

which contradicts the minimality of the sequence (Vj)jen.
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5.5.2  Proof of Theorem 5.2: lower density estimates

In this section we show that if there exists & > 0 such that
04(x,V;) =8,  for|Vj|-ae.x e R"\H, VjeN,
then there exist g = 09(n, d, 5,A, A) > 0 such that
[V|[(Bxr) = 00 wqr?, x € spt||V| and r < dy := dist(x, H). (5.29)

To this end, by (2.10), it is sufficient to prove the existence of 3 = 3(n, d,d,A, A) > 0 such
that

F(V,Q.1) > B9, x € spt||V|| and 1 < 2dy/y/n.

We adapt the argument of [44, Theorem 1.3, Step one] to the anisotropic energy and taking
into account the varifolds multiplicity. Let us assume by contradiction that there exist
x € spt||V| and 1 < 2d,/+/n such that

F(V,Q,1)d
1

We claim that this assumption, for 3 chosen sufficiently small depending only on n, d, §,A
and A, implies that for some 1o, € (0, 1)

< B.

F(V,Qx1..) =0, (5-30)

which is a contradiction with x € spt|V|. In order to prove (5.30), we assume that
F(V,0Qx,1) =0, which is true for a.e. l € R-.

To prove (5.30), we construct a sequence of nested cubes Qi := Q,1, such that, if 3 is
sufficiently small, the following holds:

(i) Qo = Qxu;
(ii) F(V,0Q:i) =0;

(iii) setting m; :=F(V, Q;) then:

1
TTE < B;
(iv) mipq < (1— kiz)mi, where k; = A;\“ and k; is the constant in Theorem 5.4;
(v) (1 —=4ei)ly = Ligq = (1 —6¢4)l;, where
a
= k‘B“: (5:31)

and k = max{6,6/(1 — (k};] )%)} is a universal constant.

(vi) lim; my =0 and lim; 1; > 0.
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Following [32], we are going to construct the sequence of cubes by induction: the cube
Qo satisfies by construction hypotheses (i)-(iii). Suppose that cubes until step i are already
defined.

Setting m{ = F(Vj, Qi), we cover Qi with the family A, 1,(Qi) of closed cubes with edge
length &;l; as described in Section 5.3 and we set C} and C} for the corresponding sets
defined in (5.3). We define Qi1 to be the internal cube given by the construction, and we
note that C} and Qi1 are non-empty if, for instance,

1
tmf 11

WL Sk Se

€i

which is guaranteed by our choice of k. Observe moreover that C} U C} is a strip of width at
most 2¢il; around 0Q;, hence the side 1;1 1 of Qi1 satisfies (1 —4¢ei)li < L1 < (1 —2¢;)L.
We denote with K; the concentration set of Vj (that is Vj := SjJ{dLK]- ® 871,k;), where
0; € L! (Kj; (5, +00); H4)) and apply Theorem 5.4 to Qi, V)-{’ = le and ¢ = ¢il;, obtaining
the map @;; = ®©, | . Notice that we are in the hypotheses to apply Theorem 5.4, since
1t j
the rescaled varifolds Vjé have density bigger or equal than one in Qj, K; is a relatively
closed subset of R™ \ Hand Qo N H = (.
We claim that, for every j sufficiently large,

m]; <k2(m{—m1+])+oj(1). (5.32)
Indeed, since (Vj)jen is a minimizing sequence in the class &(F, H), then (Vjé) is a minimiz-
ing sequence in the class

1
Ps(F,H) .= {(‘SW :We W(F,H)}.
Since we are just rescaling the density of the varifolds and #(F, H) is a deformation class,

also #s(F, H) is a deformation class and by (2.10), we have that

L 1
s =F(V, Q) < gmi+05(1) < (@) VP [[(Q1) +05(1)

=A@ VP I(Qis1) + Al (@) VDI (CFUCE) +05(1)

. ) k . )
<A@ VP (CHUCH) +05(1) < (ml =) +0;(1).
The last inequality holds because |[|(D;; )#Vj6 |(Qi+1) = 0 for j large enough: otherwise, by
property (6) of Theorem 5.4, there would exist T € A} 1 ;(Qi+1) such that (D )#VjZS I(T) >
H4(T). Together with property (ii) and by (2.10), this would imply

k ki 5 k
e = 34T < J(@)VFIIM < FIV;IQ) < grm] = o

and therefore, substituting (5.31),
ok
kdpd = 5A Y
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which is false if (3 is sufficiently small (m; > 0 because x € spt(||V]])). Passing to the limit in
j in (5.32) we obtain (iv):
ky —1
k2

mis < mi. (5:33)

Since li41 > (1 —4¢4)ly, we can slightly shrink the cube Qi1 to a concentric cube Q{_ ,
with 1{ ; > (1 —6¢i)li > 0, F(V,0Q{ ;) = 0 and for which (iv) still holds, just getting a

lower value for m;, . With a slight abuse of notation, we rename this last cube Q/ 41 as

Qit1-

We now show (iii). Using (5.33) and condition (iii) for Q;, we obtain

1 1
miy _ (ko1 @ md _ (ke T B
livt  \ k2 (1—6ei)l; k2 T—6e;

The last quantity will be less than f3 if

1 1
ko—T\4¢ 6 md
<l—6g=1———*+. .
( o ) <T—6ep =1 DT (5-34)

In turn, inequality (5.34) is true because (iii) holds for Q;, provided we choose k > 6/ (1 —
1=1/ kz)%). Furthermore, estimating ¢o < 1/k by (iii) and (v), we also have €1 < &;.

We are left to prove (vi): lim; my = O follows directly from (iv); regarding the non
degeneracy of the cubes, note that

- 6mili
(1—6e)=]] (1145 o )

i=0

1 i
1— 6111(‘)1 (kz —1 ) d
KBlo TThy (1 —6en) \ k2

L6 ko —1\4
k(] — 680)i kz !
where we used ¢, < g¢ in the last inequality. Since ¢y < 1/k, the last product is strictly
positive, provided

1l 1
-2 .= liminf =+ >
lo i lo

—

o
|
[

"

I
[

1

2

—

|
)

1

k>#/

1
ko—1)4d
()
which is guaranteed by our choice of k. We conclude that 1, > 0, which ensures claim (5.30).

5.5.3 Proof of Theorem 5.2: rectifiability of the limiting varifold

In this section, we prove condition (d). Indeed, with the assumption on the uniform density
lower bound of the minimizing sequence, by the previous step we know that V enjoys the
denisty lower bound (5.29). Moreover, by condition (c), it is F-stationarity in R™ \ H. Since F
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is as in Definition 4.1, we are in the hypotheses to apply Theorem 4.2 and to conclude that
VLG(R™\ H) is a d-rectifiable varifold.
Moreover, by the previous step, for every x € spt ||V|| \ H we have (5.29). It follows that

spt||V||\ H C conc(V) C spt||V].

We conclude that conc(V) \ H = spt || V|| \ H and consequently that the concentration set is
relatively closed in R™ \ H.

5.5.4 Proof of Theorem 5.2: integrality of the limiting varifold

In this section we prove that, under the further assumption that the minimizing sequence is
made of integral varifolds satisfying

sup |0F Vj|(W) < oo, YW cc (R™\ H),
)

then VL G(IR™ \ H) is integral. Indeed, we already know that V enjoys the density lower
bound (5.29).

We are in the hypotheses to apply Theorem 5.7 with U := R™\ H and conclude that
condition (e) holds.
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NOTATION OF PART II

We introduce in this chapter the Notation of Part II. Since Part I and Part II address different
problems, the notation for Part II will be self-contained. The main difference with the
notation previously adopted will be the ambient space R? instead of R™.

6.0.1 Measures and rectifiable sets

Given a locally compact separable metric space Y, we denote by M(Y) the set of Radon
measures in Y, namely the set of (possibly signed) measures on the c-algebra of Borel sets of
Y that are locally finite and inner regular. We denote also by M (Y) the subset of positive
measures and by P(Y) the subset of probability measures, i.e. those poitive measures p such
that u(Y) =1.

We denote by |u| the total variation measure associated to p. The negative and positive
parts of u are the positive measures defined respectively by

I —p and lul +p
2 2

For pu, v € M(Y), we write p < v in case pu(A) < v(A) for every Borel set A. Given a measure
1 we denote by
spt(p) == ﬂ{C C Y:Cisclosed and |u|(Y\ C) =0}

its support. We say that p is supported on a Borel set E if [u|(Y\ E) = 0. For a Borel set E, uLE
is the restriction of p to E, i.e. the measure defined by

[LLE](A) = uw(ENA) for every Borel set A.

We say that two measures p and v are mutually singular if there exists a Borel set E such
that u = uLE and v = vLE€.

For a measure p € M(Y) and a Borel map 1 : Y — Z between two metric spaces we let
Ngu € M(Z) be the push-forward measure, namely

MyH(A) = um-1(A)), for every Borel set A C Z.

We use £¢ and 3* to denote respectively the d-dimensional Lebesgue measure on R¢
and the k-dimensional Hausdorff measure, see [79].

A set K C RY is said to be countably k-rectifiable (or simply k-rectifiable) if it can be
covered, up to an 3*-negligible set, by countably many k-dimensional submanifolds of class
C'. At H*-a.e. point x of a k-rectifiable set E, a notion of (unoriented) tangent k-plane is
well-defined: we denote it by Tan(E, x).

99



100

NOTATION OF PART II

6.0.2 Currents

We recall here the basic terminology related to k-dimensional currents. We refer to the
introductory presentation given in the standard textbooks [79], [61] for further details. The
most complete reference remains the treatise [50].

Let us denote by A*(IR?) the vector space of k-covectors in RY. A k-dimensional current
T in RY is a continuous linear functional on the space Z¥(R4) := C®(RY%; A¥(R?)) of
smooth and compactly supported differential k-forms on R¢. Hence the space %y (R¢) of k-
dimensional currents in R¢ is endowed with the natural notion of weak* convergence. For a
sequence (Tn)nen of k-dimensional currents converging to a current T, we use the standard
notation T,, — T. With 0T we denote the boundary of T, that is the (k — 1)-dimensional
current defined via

(0T, w) := (T, dw) for every w € 2% (RY).

The mass of T, denoted by M(T), is the supremum of (T, w) over all k-forms w such that
lw| < 1 everywhere (here with |w| we denoted the comass norm of w).

By the Radon-Nikodym Theorem, a k-dimensional current T with finite mass can be
identified with the vector-valued measure T = T||T|| where || T|| is a finite positive measure
and T is a unit k-vector field. Hence, the action of T on a k-form w is given by

(Tw)= | (@), Tonal .

In particular a O-current with finite mass can be identified with a real-valued Radon
measure and the mass of the current coincides with the total variation (or mass) of the
corresponding measure. We will tacitly use such identification several times through the
next chapters.

For a current T with finite mass, we will denote by spt(T) its support, defined as the
support of the associated measure ||T||. A current T is called normal if both T and 0T have
finite mass; we denote the set of normal k-currents in R¢ by Ny (R%). Given a normal
T-current T, we denote by 0 T and 9_T respectively the positive and the negative part of
the (finite) measure 9T. It is well-known that, if T is a normal current with compact support
and 0T = ut — p~, (where not necessarily p™ and p~ are mutually singular) it holds

M(uF) = M(u). (6.1)
In particular:
M(0T) =2M(0_T) = 2M (0, T). (6.2)

Given a Borel set A C R4, we define the restriction of a current T with finite mass to A as
(TLA, w) = JA<w(x),T'(x)>d\T] (x).

Notice that the restriction of a normal current to a Borel set is a current with finite mass, but
it might fail to be normal.
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A k-dimensional rectifiable current is a current T = T[E, 7, 8], which can be represented as

(T, w) = L<w(x)m(x)> 8(x)dF*(x), 6:3)

where E is a k-rectifiable set, T(x) is a unit simple k-vector field defined on E which at H*-a.e
x € E spans the approximate tangent space Tan(E,x) and 0 : E — R is a function such that

i E 18]dH¥ < co. We denote by Ry (R9) the space of k-dimensional rectifiable currents in R4,

Modulo changing sign to the orientation T, we can always assume that 0 takes non-negative
values. We will tacitly make such assumption through the next chapters, unless we specify
elsewhere. It is easy to see that for T & Ry (RY) it holds

M(T) = L 0(x) A% (x); (6.4)

in particular, any rectifiable current has finite mass. We remark that the rectifiable currents
we are considering all have finite mass and compact support.

A k-dimensional polyhedral chain P € Py (R9) is a rectifiable current which can be written
as a linear combination

N
P=3 6ilod, 6:5)
i=1

where 0; € (0, 00), the 0y’s are non-overlapping, oriented, k-dimensional, convex polytopes
(finite unions of k-simplexes) in R™ and [03i] = [03,Ti, 1], Ti being a constant k-vector
orienting 0. If P € Py (RY), then its flat norm is defined by

F(P) :=inf{IM(S) + M(P—0S): S € Px41(R™)}.

Flat k-chains can be therefore defined to be the IF-completion of Py (R¢) in 2y (R9).
We remark that for the spaces of currents considered above the following chain of
inclusions holds:

Py (RY) c R (RY) € Fi(RY) N{T € Z(RY) : M(T) < o). (6.6)

The flat norm FF extends to a functional (still denoted F) on % (IR9), which coincides on
Fi(R4) with the completion of the flat norm on Py (R¢), by setting:

F(T) := inf{M(S) + M(T—29S): S € Zi,1(RY)}. (6.7)

The main reason for our interest on this notion is the fact that the flat norm metrizes the
weak™ convergence of normal currents in a compact set with equi-bounded masses and
masses of the boundaries. This fact can be easily deduced from [50, Theorem 4.2.17(1)].

In the sequel, we will also use the following equivalent characterization of the flat norm
of a flat chain (cf. [50, 4.1.12] and [70, 4.5]). If T € F¢(R4) and B C RY is a ball such that
spt(T) C B, then

]F(T) = sup{(T, w> VS gk(]Rd) with ||w”C0(B;/\k(1Rd)) < ], ||dw||C0(B;Ak+l(]Rd)) < ]} (68)

101






IMPROVED STABILITY OF OPTIMAL TRAFFIC PATHS

7.1 INTRODUCTION

The branched transport problem is a variant of the classical Monge-Kantorovich problem,
where the cost of the transportation does not depend only on the initial and the final
spatial distribution of the mass that one wants to transfer, but also on the paths along
which the mass particles move. It was introduced to model systems which naturally show
ramifications, such as roots systems of trees and leaf ribs, the nervous, the bronchial and the
cardiovascular systems, but also to describe other supply-demand distribution networks,
like irrigation networks, electric power supply, water distribution, etc. In all of the many
different formulations of the problem, the main feature is the fact that the cost functional
is designed in order to privilege large flows and to prevent diffusion; indeed the transport
actually happens on a 1-dimensional network.

To translate this principle in mathematical terms, one can consider costs which are
proportional to a power « € (0, 1) of the flow. Roughly speaking, it is preferable to transport
two positive masses m; and m, together, rather than separately, because (mj +m;)* <
m§ + m$. Obviously the smaller is a and the stronger is the grouping effect.

Different costs and descriptions have been introduced in order to model such problem:
one of the first proposals came by Gilbert in [53], who considered finite directed weighted
graphs G with straight edges e € E(G) “connecting” two discrete measures, and a weight
function w: E(G) — (0, 00). The cost of G is defined to be:

Z w(e)*H' (e). (7.1)

ecE(G)

Later Xia has extended this model to a continuous framework using Radon vector-valued
measures, or, equivalantly, 1-dimensional currents, called in this context “traffic paths” (see
[85]).

In [64, 13], new objects called “traffic plans” have been introduced and studied. Roughly
speaking, a traffic plan is a measure on the set of Lipschitz paths, where each path represents
the trajectory of a single particle. All these formulations were proved to be equivalent (see
[15] and references therein) and in particular the link between the last two of them is encoded
in a deep result, due to Smirnov, on the structure of acyclic, normal 1-dimensional currents
(see Theorem 7.9).

A rich variety of branched transportation problems can be described through these
objects: in all of them existence [85, 64, 13, 14, 22, 75] and (partially) regularity theory
[86, 21, 46, 47, 69, 87, 18] are well-established. It is, instead, a challenging problem to
perform numerical simulations.

The main reference on the topic is the book [15], which is an almost up-to-date overview
on the results in the field. To witness the current research activity on this topic we refer
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also to the recent works [65], where currents with coefficients in a normed group are used
to propose a rephrasing of the discrete problem which could be considered as a convex
problem, to [19], which proves the equivalence of several formulations of the urban planning
model, including two different regimes of transportation and to [20], which provides a new
convexification of the 2-dimensional problem, used to perform numerical simulations.

Other techniques have been recently introduced, with the aim to tackle this and similar
problems numerically. For instance [72] provides a Modica-Mortola-type approximation
of the branched transportation problem and in [25] the authors introduce a family of
approximating energies, modeled on the Ambrosio-Tortorelli functional (see also [17]).
Numerical simulations with a different aim are implemented in the recent works [67] and
[16]. Here the novel formulations of the Steiner-tree problem and the Gilbert-Steiner problem,
introduced in [66] and [65], are exploited to find numerical calibrations: functional-analytic
tools which can be used to prove the minimality of a given configuration.

A natural question of special relevance in view of numerical simulations, is whether the
optima are stable with respect to variations of the initial and final distribution of mass. In
order to introduce this question more precisely and to state our main result, let us give
some informal definitions. More technical definitions will be introduced in Section 7.2 and
used along this chapter. Nevertheless, the simplified notation introduced here suffices to
formulate the question and our main result.

Given two finite positive measures p—,pu" on the set X := Br(0) ¢ R with = (X) =
nt(X), a traffic path connecting p~ to u* is a vector-valued measure T = T(H'LE), sup-
ported on a set E C X, which is contained in a countable union of curves of class c’, having
distributional divergence

divT=p"—pu .

The «-mass of T is defined as the quantity
M*(T) = J T(x)[*dH (x).
E

We say that T is an optimal traffic path, and we write T € OTP(pn—, u™") if
M*(T) < M*(S), for every traffic path S with divS =p" —p.

We address the following question about the stability of optimal traffic paths, raised in
[15, Problem 15.1].

Question. Let o« < 1— 1;. Let (U )neN, (1) nen be finite measures on X and for every n
let T, € OTP(uy,, 1;t), with M*(T,,) uniformly bounded. Assume that T,, converges to a
vector-valued measure T where div T = ut — p— and p* are finite measures. Is it true that
TeOTP(u,ut)?

The threshold

a:1_% (7.2)

appears in several contexts in the literature. Firstly, when « is above this value any two
probability measures with compact support in R¢ can be connected with finite cost (see
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Proposition 7.6). Secondly, above this value the answer to the previous question is positive
and the minimum cost between two given measures is continuous with respect to the weak*
convergence of measures (see [15, Lemma 6.11 and Proposition 6.12]). Finally, above the
threshold interior regularity holds (see [15, Theorem 8.14]) and actually the stability property
plays an important role in the proof of such result. The finiteness of the cost, as well as the
continuity of the minimum cost, fails for values of « smaller or equal to the value (7.2) (see
[26] for an example of failure of continuity). Surprisingly enough, the stability of optimal
plans still holds, at least under mild additional assumptions. The main result of this chapter
provides a positive answer to the stability question for & below the critical threshold (7.2),
when the supports of the limit measures u* are disjoint and “not too big”; nothing is instead
assumed on the approximating sequence (K),eN-

Theorem 7.1. Let o« > 1 — ﬁ. Let A=, A" C X be measurable sets and w—, u" be finite measures
on X with p= (X) = u*(X), spt(n™) Nspt(pn—) =0,

HN(ATUAT)=0 and p (X\A")=pr(X\AT)=0. (7.3)

Let (W) neN, (K )nen be finite measures on X such that p; (X) = it (X) and

My — u (7.4)
For every n € IN let T, € OTP(uy,, 1y;) be an optimal traffic path and assume that there exists a
traffic path T and a constant C > 0 such that

T —T and M*(T,) < C.

Then T is optimal, namely
T e OTP(p,u').

Remark 7.2. 1. Notice that in the plane (namely, for d = 2) our result cover all possible
exponents « € (0,1).

2. The actual notion of traffic path as well as the notion of convergence mentioned in
Question 7.1 and denoted in Theorem 7.1 by T, — T, are slightly different from those
used in this introduction (see Subsection 6.0.2). For our purposes, it is important to
observe that the convergence of traffic paths T, to T implies the convergence of div Ty,
to div T, weakly in the sense of measures.

3. The assumptions that the supports of p~ and pu* are disjoint is recurrent in the
literature. For example it is assumed in the proof of interior regularity properties of
optimal traffic plans (see [15, Chapter 8]). Moreover such hypothesis could be dropped
if we assume that either = or pu' are finite atomic measures. However we will not
pursue this in the present chapter.

4. The restriction that p* are supported on H'-null sets is essential for our proof (even
though we can relax such assumption in some special case, see [26]). On the other hand,
restrictions on the “size” of sets supporting the measures pu* are recurrent assumptions
in previous works (see [15, Chapter 10] and [46]). Requiring (7.3) for supporting Borel

105



106

IMPROVED STABILITY OF OPTIMAL TRAFFIC PATHS

sets AT and A~ rather than for the (closed) supports of p*, allows one to apply the
theorem to more cases; for instance, as soon as the limit measures are supported on
any countable set (possibly dense in an open subset of X).

5. There is a subtle reason for our choice to use traffic paths, rather than traffic plans,
which is related to a known issue about the definition of the cost for traffic plans
(see the discussion at the beginning of [15, Chapter 4]). Nevertheless we are able to
prove a weaker version of our main result also for traffic plans: roughly speaking one
should assume additionally the Hausdorff convergence of the supports of 1 to the
supports of u*. This problem and other versions of the stability results with weaker
assumptions on p* in some special settings are addressed in [26].

On the structure of the chapter

A few words are worthwhile concerning the organization of this chapter. In Section 7.2
we introduce the setting and preliminaries and in Section 7.3 we collect some properties
of optimal traffic paths which we use extensively through this chapter. In particular, in
Proposition 7.10 we prove a result about the representation of optimal traffic paths as
weighted collections of curves, which paves the way for several new operations on traffic
paths introduced in this chapter. We conclude Section 7.3 raising the main question on the
stability of optimal traffic paths and recalling the results which are already available in
the literature. Section 7.4 requires some explanation: there we prove a result on the lower
semi-continuity of the transportation cost. Clearly such property is already used by many
other authors. The reason for our attention on that issue is twofold: firstly we want to
throw light on a point that is partially overlooked in some previous works (see Remark 7.5),
secondly we need a stronger (localized) version of the usual semi-continuity. Section 7.5
deserves particular attention at a first reading, since it gives a heuristic presentation of
the proof of Theorem 7.1 and sheds light on several lemmas used therein. We kept the
presentation as informal as possible, so that it is possible to follow the fundamental ideas of
the chapter even without being used to the notions and definitions of Section 7.2. Section 7.6
contains several preliminary lemmas, covering results and new techniques which are the
ingredients of the proof of the main theorem. Eventually, in Section 7.7, we prove Theorem

7.1.
7.2 SETTING AND PRELIMINARIES
7.2.1  O-1mass

For fixed « € [0,1), we define also the a-mass of a current T € Ry (R4) UNy(RY) by

M#(T) = Jg 0%(x)dH*(x) if T € Re(RY), (:5)

+o00 otherwise.
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One elementary property of this functional is its sub-additivity, namely
M*(T; +T2) < M*(T;) + M%(T2)  for every Ty, T, € Ri(RY) UNg(RY). (7.6)

Indeed, the inequality is trivial if Ty or T, is not rectifiable. In turn, if Ty = T[E4, T4, 04],
i=1,2, the multiplicity © of Ty + T, is obtained as the sum of the multiplicities of Ty and T,
with possible signs, so that 0 < 07 + 0;. Since moreover the inequality (07 +62)% < 0f + 0%
holds for every 01,0, € [0, c0), we deduce that

M*(T; +T2) < J

o (07 4 02)* dH* < J 05 + 05 dI* = M*(T) + M*(T,).
1UE2

E1UE,
7.2.2  Traffic paths

Fix R > 0. Along this chapter, by X we denote the closed ball of radius R in RY centered at
the origin. Following [85] and [15], given two positive measures p—, u™ € M, (X) with the
same total variation, we define the set TP(n—, u") of the traffic paths connecting u~ to p* as

TP(p, 1) = {T € Ny (RY) : spt(T) € X, 0T = " —p ),
and the minimal transport energy associated to u—, u* as
M*(u, ut) =infM*(T): T € TP(n, u™)}.
Moreover we define the set of optimal traffic paths connecting u~ to u* by
OTP(u~, u") =={T e TP(u~, ") : M*(T) = M*(u~, u")}. (7.7)

Given a rectifiable current T with compact support in R¢ and a Lipschitz map f : R — R™,
we denote by ;T the push-forward of T according to f, i.e the rectifiable current in R™
defined by
(f4T,w) == (T, ffw), for every w € 2%(R™)

where ffw is the pull-back of the form w.

A consequence of the following proposition is that, in order to minimize the x-mass
among currents with boundary in X, it is not restrictive to consider only currents supported
in X. Indeed the projection onto X reduces the «-mass. See also [39, Lemma 3.2.4 (2)].

Proposition 7.3. Let T € Rq(RY) and let f : RY — R™ be an L-Lipschitz map. Then M*(f,T) <
LIM(T).

Proof. If T = TI[E, 1,0], combining the Area Formula (see [79, (8.5)]) and the fact that (a +
b)* < a*+b* for every a,b > 0, we get

M“(fﬁT)gh <J S(X)dﬁfo(x))“dﬂi](y)
JE(E) \JfT(y)

< 0% (x)dH (x)dH' (y) (7.8)

Jf(E) Jf‘ (y)

| Je(x)0%(x)AH" (x) gLJ 0% (x)dH' (x) = LM*(T).
JE E
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Remark 7.4. We notice that, given two measures p—,ut € M, (X) with the same total
variation and a rectifiable current R € R;(R9) with M*(R) < oo and dR = u™ — u—, there
exists R’ € Ry (X) with R’ = u* —u~ and

M*(R’) < M*(R).
More precisely, if R is not supported on X, then one can find R’ such that
M*(R") < M*(R).

The proof of this fact is easily obtained by choosing R’ as the push-forward of the current R
according to the closest-point projection 7t onto X and applying Proposition 7.3, observing
that 7t has local Lipschitz constant strictly smaller than 1 at all points of R\ X.

Remark 7.5 (Comparison with costs studied in the literature). The original definition of “cost”
of a traffic path slightly differs from the x-mass defined above. Indeed in [85, Definition 3.1]
the author defines the cost of a traffic path as the lower semi-continuous relaxation on the
space of normal currents of the functional (7.1) defined on polyhedral chains. In [86, Section
3], the author notices that, in the class of rectifiable currents, his definition of cost coincides
with the x-mass defined in (7.5). The proof of this fact is only sketched in [82, Section 6]
and is proved in detail in [28], see next chapter. To keep the present chapter self-contained,
in our exposition we prefer not to rely on this fact, but we stick to the notion of cost given
by our definition of x-mass. We will prove independently in Section 7.4 that the x-mass is
lower semi-continuous, together with a localized version of this result that does not appear
in the literature. Since several results in previous works (see for instance Theorem 7.6) are
first proven for polyhedral chains and then extended by lower semi-continuity, their validity
in our setting does not rely on the equivalence between the two costs.

7.3 KNOWN RESULTS ON OPTIMAL TRAFFIC PATHS

In this section we collect some of the known properties of optimal traffic paths. The pre-
sentation does not aim to be exhaustive, but we only recall the facts used in the proof of
Theorem 7.1.

7.3.1  Existence of traffic paths with finite cost

We begin with the observation that the existence of elements with finite x-mass in TP(u—, p™)
is not guaranteed in general. For example in [46, Theorem 1.2] it is proved that there exists
no traffic path with finite x-mass connecting a Dirac delta to the Lebesgue measure on a ball
fa<<1— li' On the other hand, if the exponent « is larger than such critical threshold, then
not only the existence of traffic paths with finite a-mass is guaranteed, but one also has a
quantitative upper bound on the minimal transport energy.

Theorem 7.6 ([85, Proposition 3.1]). Let o« > 1 — ]5 and p=,ut € M (R9) be two measures
with equal mass M supported on a set of diameter L. Then

M* (™, 1) < Co,aM*L,

where C, q 1s a constant depending only on « and d.
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7.3.2  Structure of optimal traffic paths

An important information about the structure of optimal traffic paths (more in general,
about traffic paths of finite x-mass) is their rectifiability, which follows immediately from
the definition of ax-mass. Some further piece of information comes from the fact that optimal
traffic paths do not “contain cycles”. A current T with finite mass is called acyclic if there
exists no non-trivial current S such that

S=0 and  M(T)=M(T—S)+M(S).

The following theorem states that optimal traffic paths with finite cost are acyclic. Even
though in [73] several definitions of cost are considered, the proof of such theorem is given
exactly for our cost (7.5).

Theorem 7.7 ([73, Theorem 10.1]). Let u=, u* € M, (R%) and T € OTP(n—, ut) with finite
o-mass. Then T is acyclic.

The power of this result relies in the possibility to represent acyclic normal 1-currents
as weighted collections of Lipschitz paths. Before stating this result, we introduce some
notation.

We denote by Lip the space of 1-Lipschitz curves v : [0, 00) — R9. For y € Lip we denote
by To(v), the value

To(v) :=supf{t : vy is constant on [0, t]}

and by Ty (v) the (possibly infinite) value
Too(v) ;= inf{t : v is constant on [t, c0)}.

Given a Lipschitz curve with finite length v : [0, 00) — R¢, we call y(00) := lim¢_,0 y(t). We
say that a curve y € Lip of finite length is simple if y(s) # y(t) for every To(y) < s <t <
T (v) such that vy is non-constant in the interval [s, t].

To a Lipschitz simple curve with finite length vy : [0, 00) — R4, we associate canonically
the rectifiable 1-dimensional current

Y,
Ry =Ry [Im(y), —, 1].
Y Y (Y) |Y/|
It follows immediately from (6.4) that
M(R,) = 3! (Im(y)) (7.9)

and it is easy to verify that

6RV = 6y(oo) — 6Y(0)‘ (7.10)

Since vy is simple, if it is also non-constant, then y(oo) # y(0) and M(0R,) = 2.
In the following definition, we consider a class of normal currents that can be written as a
weighted superposition of Lipschitz simple curves with finite length.

109



110

IMPROVED STABILITY OF OPTIMAL TRAFFIC PATHS

Definition 7.8 (Good decomposition). Let T € N;(IR¢) and let t € M, (Lip) be a finite
nonnegative measure, supported on the set of curves with finite length, such that

T::J Rydn(y), (7.11)
Lip

in the sense of [1, Section 2.3].
We say that 7 is a good decomposition of T if 7 is supported on non-constant, simple
curves and satisfies the equalities

M(T) =j M(R, )dn(y) =J 3¢ (Im(y))dne(y) ; (7.12)
Lip Lip
M(0T) = JL. M(0Ry)dm(y) = 2m(Lip ) . (7.13)
ip

Concretely, (7.11) means that, representing T as a vector-valued measure T||T|, for every
smooth compactly supported vector field ¢ : RY — R9 it holds

| oTami=] | e vivaany) (714)
Rd Lip JO

The following theorem, due to Smirnov ([80]), shows that any acyclic, normal, 1-dimensional
current has a good decomposition.

Theorem 7.9 ([74, Theorem 5.1]). Let T = T||T|| € Ny (R%) be an acyclic normal 1-current. Then
there is a Borel finite measure 7 on Lip such that T can be decomposed as

T:J R, d7t(y)
Lip

and 7t is a good decomposition of T.

In the following proposition we collect some useful properties of good decompositions.
Further properties will be given in Proposition 7.18.

Proposition 7.10 (Properties of good decompositions). If T € N (R%) has a good decomposition
mas in (7.11), the following statements hold:

1. The positive and the negative parts of the signed measure 0T are

0. T= J Syoydm(y)  and  3,T= J Oy (00) A7T(Y)- (7.15)
Lip Lip

2. If T =TIE, 1, 0] is rectifiable, then

0(x) =nt({y : x € Im(y)}) for H'-a.e. x € E. (7.16)
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3. For every m’ < 7 the representation
T = J Ry d7’(y) (7.17)
Lip
is a good decomposition of T'; moreover, if T = T[E, 1, 0] is rectifiable, then T’ can be written
as T' =T[E,0’, 7] with 8’ < min{6, 7/ (Lip )}.

4. If M*(T) < oo, for every € > O there exists & := 8(T, €) > 0 such that for every m’ < m with
m/(Lip ) < & we have

M*(T') <, (7.18)
where T' is defined by (7.17).

Proof. Proof of (1). It follows from the expression in (7.11), from the linearity of the boundary
operator and from (7.10) that

oT = J OR,dm(y) = J O (c0) d7t(y) —J 8y (0) d7(y) =: S — So.
Lip Lip Lip
By the subadditivity of the mass and by (7.13)
M(S=) + MiSo) < |
Lip

- L' MRy )dre(y) = M(2T) = M(Ss0 — So)
ip

M8, ) )n(Y) + | M8 (0))dn(y)
ip

From this, we deduce that equality holds in the previous chain of inequalities and that there
is no cancellation between S, and Sy, namely, they are mutually singular measures. This, in
turn, implies that they represent the positive and negative part of the measure 9T = S, — So.

Proof of (2). We compute, for every smooth compactly supported test function ¢ : R¢ — R,

J $0dH'LE :J . (J Ly dFH' LE) dﬂ:J d (J . Illmydn> A3 LE,
R4 Lip \JRd R4 Lip

where in the first equality we used [1, Theorem 5.5 (iii)], which states that (7.11) induces an
analogous equality between the associated positive measures, and the fact that 7-a.e. y is
simple.

Proof of (3). We write T =T+ (T —T’) and, since T — T’ is “parametrized” by m—n’, we
have that

M(T') < J

 M(R))a'(y), and M(T—T')gj M(R,)d(n—7)(y).  (7.19)
ip

Lip
We conclude that
M(T) <M(TH+M(T-T

<| MEpavm+[ MERDdE-mIM = | MRy
Lip Lip Lip

(7.20)
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Since 7 represents a good decomposition of T, by (7.12) it follows that equality must hold at
each step in the previous inequality. In particular, from (7.19), we deduce that

M(T') = L M(R, )dr’ ().
ip

The same argument applied to the current 9T’ leads to the proof that the property (7.13)
holds for the good decomposition of T'.

Since the decomposition (7.17) is good, then, by the formula (7.16), we get that for H'-a.e.
xeE

0’'(x) = 7' ({y : x € Im(y)})
< min {n({y : x € Im(y)}), n’(Lip ) } = min {68(x), 7'(Lip )}.

This concludes the proof of (3).
Proof of (4). By the previous point, applied to the good decomposition of T’ given in (7.17),
it follows that
0'(x) < min{0, §}.

Therefore

M*(T') < L min{0(x), 5}* dH' (x)

and the right-hand side converges to 0 as 6 — 0 by the Lebesgue dominated convergence
Theorem. O

7.3.3  Stability of optimal traffic paths

Our work [27] addresses Question 7.1, which we can now rephrase in rigorous terms as
follows.

For every n € N, let p, ;i € M4 (X) with the same mass and let T,, € OTP(uy,, 1;1),
with M*(T,) uniformly bounded. Assume

To—T, and pﬁéui

where 0T = u™ — u~ and u* € M, (X). Is it true that T € OTP(n—, u*)?

The answer is relatively simple for « € (1 —1/d, 1], relying on the fact that the minimal
transport energy M*(vy,, v) metrizes the weak*-convergence of probability measures v, —
v, as stated in the following lemma.

Lemma 7.11 ([15, Lemma 6.11]). Let & > 1— 15 and (Vn)nen C P(X) be a sequence of probability
measures weakly converging to v € P(X). Then we have that

lim M%(vy,v) =0.

n—oo

From Lemma 7.11 one can easily deduce the following stability result for optimal traffic
paths.
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Theorem 7.12 ([15, Proposition 6.12]). Let o« > 1 — 1;. Assume that (1] )Jnen, (K5 ) nen € P(X)
converge (weakly in the sense of measures) respectively to u=, u™ € P(X). Let Tn € OTP(p;,, 1it)
satisfying

sup M*(Ty) < o0.

nelN

If Ty — T for some current T, then T € OTP(pu—, u*).

Indeed, assuming by contradiction that Theorem 7.12 does not hold for a sequence T,, — T,
we find a contradiction by considering an energy competitor for T, (n large enough) as
follows. We take the optimal transport Top¢ for the limit problem and we add two traffic
paths of arbitrarily small energy that connect respectively p, to p=, and p* to pi. This
strategy fails for o < 1— ]3, since Lemma 7.11 does not hold below the critical threshold
(an example of such phenomenon is provided in [26]). For this reason, we develop in the
following sections a more involved strategy to prove the stability of optimal traffic paths.

7.4 LOWER SEMI-CONTINUITY OF THE X-MASS

This section is devoted to the proof of a lower semi-continuity result for the -mass. The
statement will be split in two parts. On one side, we prove the lower semi-continuity for
normal currents, which for example allows one to prove the classical existence of optimal
traffic paths in (7.7) (see [15, Proposition 3.41]). On the other side, our strategy of proof of
Theorem 7.1 requires to work with rectifiable currents with boundary of possibly infinite
mass, obtained as restriction of normal rectifiable currents to Borel sets. Therefore for
rectifiable currents we prove a localized version of the usual lower semi-continuity.

Theorem 7.13. Let k > 0, € (0,1], (Tn)nen be a sequence of k-dimensional currents in X, and T
be a k-dimensional current with
lim F(T, —T) =0.

n—oo

1. If the Ty,’s and T are rectifiable and A is an open subset of X, then

M*(TLA) < iminfIM*(T,,LA). (7.21)

n—oo
2. If T, and T are normal, then

M*(T) < iminf M*(Ty). (7.22)

n—o0

Using Theorem 7.13(2) and the compactness of normal currents (see [50, 4.2.17(1)]), the
existence of optimal transport paths in (7.7) follows via the direct method of the Calculus of
Variations.

Corollary 7.14. Let « € (0,1]. Given two measures u—, ut € M (X) such that M*(pn—,u") <
+o0, there exists a current T € OTP(w—, u*).

The proof of the first part of Theorem 7.13 employs a characterization of rectifiability by
slicing. The proof of the second point is carried out by slicing our rectifiable currents and
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reducing the theorem to the lower semi-continuity of 0-dimensional currents, following some
ideas in [39, Lemma 3.2.14]. For this reason, we need to recall some further preliminaries on
the slicing of currents. Let k < d, let I(d, k) be the set of multi-indices of order k in RY, i.e.
the set of k-tuples (i1,...,1x) with

1< <. < <4,

let {e1,...,eq} be the standard orthonormal basis of R¢, and let V1 be the k-plane spanned
by {ei,,...,ei ) for every I = (i1,...,1x) € I(d, k). Given a k-plane V, we denote py the
orthogonal projection on V. If V = Vi for some I, we simply write py instead of pv,. Given a
current T € Ny (R¢) with compact support, a Lipschitz function p : R — R¥ and y € R¥,
we denote by (T,p,y) the o-dimensional slice of T in P '(y) (see [50, Section 4.3] or [79,
Section 28] for the case k = 1). In this chapter, we will employ the notion of slicing only to
apply two deep known results (contained in Theorem 7.15 and Lemma 7.16). The following
theorem shows that the rectifiability of a current is equivalent to the rectifiability of a suitable
family of slices.

Theorem 7.15 ([83]). Let T € Ny (R®). Then T € Ry (R®) if and only if
(T,p1,y) is rectifiable for every 1 € 1(d, k) and for H*-a.e. y € V1.

By Gr(d, k) we denote the Grassmannian of k-dimensional planes in R¢ and by y4 ) we
denote the Haar measure on Gr(d, k), i.e. the unique probability measure on Gr(d, k) which
is invariant under the action of orthogonal transformations (see [61, Section 2.1.4]).

In the following lemma, we collect some known properties of slices and their behaviour
with respect to the a-mass and the flat norm. The bounds (7.23) and (7.24) below are proved
in [39, Corollary 3.2.5(5) and Remark 3.2.11] respectively. The integral-geometric equality is
a consequence of [50, 3.2.26; 2.10.15; 4.3.8] (see also [39, (21)]).

Lemma 7.16. Let R € Ry (R9) and N € Ny (R%). Then for every V € Gr(d, k) we have

[, MR Py ay < M) (723)

JRKIF(<NIPV/U>) dy <F(N). (7-24)

Moreover, there exists c = c(d, k) such that the following integral-geometric equality holds:

M (R) = cj M (R, pv, y)) d(ya © H5)(V, y). (7.25)
Gr(d,k) xRk

Proof of Theorem 7.13(1). Step 1: the case k = 0. Since a 0-dimensional rectifiable current
T =TIE,1,0] is a signed, atomic measure, we write

TLA=) 0idy,
ielN
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for (xi)ien € RY distinct and for (0;)ien € R (with possible signs). Fix e >0 and let | C IN
be a finite set such that

MY(TLA) =) [0*<e  if M*(TLA) < oo (7.26)
iel
and

Z|9i|“ >

iel

otherwise. (7.27)

™| =

Up to reordering the sequences (xi)ien and (0i)icn, we may assume that I = {1, ..., N} for
some N := N(¢). Set

1
Ti= Zmin{min{d(xi,xj) 1 <i<j<N}Lmin{d(x;, A€):1 <1< N}}.
Since limn o0 F(T, = T) =0, then T,, — T weakly in the sense of measures. Hence for every
ie{l,.., N}

M(TLB(xi,1)) < linginfll\/[(Tn L B(xq,1)), for every i € {1,...,,N}. (7.28)

n o0

By (7.28) and the elementary inequality (Y ;o lail)™ < Y icnlail® for any (ai)ien C€ R,
we deduce that for every i € {1,...,N}

0:% < (M(TLB(x;,7))" < liminf (M(Tn L B(x;,1)))"
n—oo
2
< Timinf M* (T | B(x, 7). 729
n—oo
Adding over i and observing that the balls B(x;, r) are disjoint by the choice of r, we find
that
N N
D 1051% < lminf ) M*(T,LB(x;,1)) < iminf ) M*(T,LA).
n—oo n—oo
iel i=1 i=1
By (7.26) (or (7.27) in the case that M*(TL A) = oo) and since ¢ is arbitrary, we find (7.21).
Step 2 (Reduction to k = 0 through integral-geometric equality). We prove now Theorem 7.13(1)
for k > 0. Up to subsequences, we can assume
Iim M*(T,LA) = lirrl)inf]M“(Tn LA).
n—oo

n—oo

Integrating in V € Gr(d, k) the second inequality in Lemma 7.16 we get

fim J F((Tn = T,pv, u))d(vax © 15 (V,y) < lim F(T, —T) =0.
N7 JGr(d k) xR nreo

Since the integrand F((T,, — T,pv,y)) is converging to 0 in L', up to subsequences, we get

lim F((T, —T,pv,y)) =0  foryax ® H*-ae. (V,y) € Gr(d, k) x R

n—oo

We conclude from Step 1 that

M*((T,pv,y)LA) < Iiminf M*((Ty,, pv,y)L A).

n—oo
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By [11, (5.15)], for H*-a.e. y

(TLA,pv,y) = (T, pv,y)LA. (7.30)
By (7.30), we get the inequality
M*(TLA,pv,y)) < liTerl>i£fM°‘(<TnLA,pv,y)). (7.31)

The conclusion follows applying twice the integral-geometric equality (7.25). Indeed, using
the semi-continuity proved for k = 0 and Fatou’s lemma, we get

M*(TLA) —cJ M*((TLA,pv,y))d(vax ®H)(V,y)
Gr(d,k) xRk

(7-31)
< cJ Hminf M*((Th LA, pv, y)) d(vax @ H)(V,y)
Gr(d,k)xRk T

(7.32)

< climinf M*((Th LA, pv,y))d(vax ® H*)(V,y)

n—00 JGr(d,k)x]Rk
=liminfM*(T,LA).

n—oo

This concludes the proof of Step 2, so the proof of Theorem 7.13(1) is complete. O

In order to prove Theorem 7.13(2), the only property which is missing at this stage is the
fact that a normal, non-rectifiable k-current cannot be approximated with rectifiable currents
with uniformly bounded mass, x-mass, and mass of the boundary. This is proved in the
following lemma.

Lemma 7.17. Let (T,,) C Ry (R?) and let us assume that

sup{M*(T,)} < C < +o0.
nelN

Iflimp 00 F(Tn — T) = 0 for some T € Ny (RY), then T is in fact rectifiable.

Proof. Step 1: the case k = 0. We prove the lemma for k = 0, recalling that a 0-dimensional
rectifiable current T = T[E, 7, 0], with T(x) = £1, is an atomic signed measure (i.e. a measure
supported on a countable set). More precisely, we prove the following claim: let (T, )nen be
a sequence of O-rectifiable currents T,, = T[En, Tn, On] such that limy oo F(T, — T) = 0 for
some T € No(R4) and M*(T,,) < C for some C > 0; then T is O-rectifiable.

Indeed, fix & > 0. For any n € N

M (T L{x : 0n(x) < 8}) = J O (x) AFHK(x)
E.n{0,<b}
< zs”“J O (x)* dHK(x) < MX(T,)8' > < C8' .
E.N{0,<b}

Therefore, up to subsequences the measure T, L{x : 0, (x) > 8} converges to a discrete
measure Ty (indeed the support of the measures T,,L{x : 0,,(x) > 0} consists of a finite
number of points, which is uniformly bounded with respect to n, due to the bound on



7.5 IDEAS FOR THE PROOF OF THE MAIN THEOREM

M*(Ty,)), and the sequence (T L{x : 6n,(x) < 8})neN converges to a signed measure T, of
mass less or equal than C5'~*.

By the arbitrariness of 5, we conclude that the measure T, has arbitrarily small mass and
that the measure T; is purely atomic. Since T = Ty + T, the statement follows.

Step 2. We prove the claim for k > 0.

We apply the inequalities in Lemma 7.16 to our sequence (T, )nen to deduce that

JRKIMWTn,m,y» dy < M¥(T,) < C. (7.33)

n—oo

lim J F((Ta —T,p1,y))dy < C lim F(T, —T) =0.
n—,oo ]Rk

Since the sequence of non-negative functions (IF((T, — T, p1, -)))nen converges in L' (R¥) to
0, up to a (not relabelled) subsequence, we get the pointwise convergence

lim F((To —T,pry)) =0  for H*-a.e. y € R

n—oo

Moreover, by Fatou lemma and (7.33) we know that for every I € I(d, k)

J liminf M*((Ty, p1,y)) dy < limian M*((Tn, P, y)) dy < oo.
R R

k M—00 n—o0

Therefore, we have that

liriinfM“(<Tn,pI,y>) < 00 for H*-a.e. y e R

n—oo

Hence we are in the position to apply Step 1 to a.e. slice (T, p1,y) to a y-dependent
subsequence and deduce that

(T,p1,y) is O-rectifiable for H*-a.e. y € R%, T € 1(4,k).

Finally, we employ Theorem 7.15 to infer that this property of the slices implies that T is
rectifiable. n

Proof of Theorem 7.13(2). Let (Tn,) C N (R%) and T € Ny (IR¢) be such that limp o F(T,, —
T) = 0. If T is rectifiable, then (7.22) follows by Theorem 7.13(1) and the fact that non-
rectifiable currents have infinite a-mass. Otherwise if T is non-rectifiable, then (7.22) follows
from Lemma 7.17. O

7.5 IDEAS FOR THE PROOF OF THE MAIN THEOREM

Since the proof of Theorem 7.1 develops some new geometric ideas in order to construct a
suitable competitor for a minimization problem, we introduce informally the strategy in this
section, assuming some significant simplifications, before entering the technical details of
the actual argument. At the end of this section of heuristics we give some hints on how to
remove the further assumptions.
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We can easily reduce to the case that uE, pﬁf € P(X). By contradiction, we assume that
there exists a sequence T, — T of optimizers such that T is not an optimizer, namely there
exists Topt and A > 0 with

M(X(Topt) < M“(T) - A/ aTopt = aT == }—LJF — ].li.
We aim to find a contradiction by defining a suitable competitor T,, for T, for some n large
enough, that “almost follows” T, instead of T, and satisfies the estimates

~ A -
M“(Tn) < M“(Tn) - gz aTn = aTn = H:rl — Hn-
(1) Covering of A*. First, we choose a countable covering of the sets A* supporting p*,
denoted by {B{JE = B*(xi,11)}ien (see Figure (1a)) such that

i Ti, ]M"‘(TL O B{JE), and ]1\/[0<<TOpt L [OJ Bli) are arbitrarily small. (7-34)
i=1 i=1 i=1

This choice is made possible by the assumption that the measures p* are supported on sets
of H'-measure 0 and by the fact that M* is absolutely continuous with respect to J('. We
also select a finite number N+ such that

Ths (( Ej Bf) C) is small. (735)
i=1

For simplicity, in this section we make the assumption that the balls BijE are pairwise disjoint
and that the coverings are finite, namely the quantity in (7.35) is 0.

(1a) (1b)

Figure 1: Figure (1a) shows the supports of p and u~ and the covering introduced in (1). In Figure
(1b) we represented the traffic path T, and the selection of its curves that begin (respectively
end) in the first N~ (respectively NT) balls.

(2) Representation of T,,. Using Theorem 7.9, we represent each T, and Tyt by a collection
of curves weighted by the probability measures 7t,, and 7op¢ in P(Lip ), namely

Th = J Ry dmtn(y),  Topt = J Ry d7op ().
Lip Lip
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This representation is essential in order to build an energy competitor for the traffic path T,,.

Intuitively, in the competitor that we want to construct, the mass particles, whose original
spatial distribution is represented by ., will move for an initial stretch along the curves in
the support of 7, as long as these curves remain in the balls where they begin. Then, they
will be connected to the curves in the support of 7.+ via a “cheap” transport supported on
the spheres 0B; . Subsequently the particles will move along the curves in the support of
Tlopt, until they reach the spheres 9B;". From there, another cheap transport supported on
the spheres will connect them back to the curves in the support of 7, and finally they will
be transported to their final destination along the curves of 7t,,. Observe that in the process
we may have changed the final destination of each single particle, but we preserved the
global final particle distribution.

Let us describe now the strategy more in detail. First, we define 7$¢' as the restriction of
7T, to curves that start in U]i\':] B; and end in U]i\':] Bf. We associate to this 7t$¢! a new current
Tflel, as represented in Figure (1b), and we notice that the remaining 7, — nflel carries little

mass, by (7.35) and by the fact that 9T, — 0T. We make the further simplifying assumption
that

T, Tt =0, (7.36)

even though this is a big simplification since this term cannot be seen as an error in energy.

(3) Construction of a competitor TSet for TS€!. We follow the curves representing TS¢! from
their starting point, which, by (7.36) is assumed to be in some B;” with i € {1,.., N7}, up to
the first time when they touch 9B; . In this way, we define TseY" asin Figure (2a). Similarly,
we define T3¢"" as the restriction of the curves in T5¢! from the last time when they touch
0B up to their final point in B{" (see again Figure (2a)).

In a similar way, we define TJS3'" restricting the curves representing Top¢ from the first
time they exit Ul\';] B; up to the last time they enter UiN:] E? (see Figure (2b)).

(2a) (2b)

TTSLQ l,i

restr
Topt

Figure 2: In Figure (2a) we mark and in Figure (2b) we mark

We make the further simplifying assumption that u: and pu* have the same quantity of
mass in each of the balls B{JE, i=1,.. N%, namely

pff(Bii) = ui(BfE) for every i =1, ., NE, (7.37)
or, in other words, that

0TS (BE) = 0T (BE) = 04 Tope(BE)  foreveryi=1,..,N*. (7.38)
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We notice that this also implies that

0. TeV (0B ) = 0-T3*Y (B{) = 0-T3°'(By ) = 0-Tope (B ) = 0-To5i'"(0By) (7:39)

opt

(and a similar equality holds for a_TﬁeH(an)). Indeed, the first equality holds because
the traffic path T3¢"~ transports all the mass inside B; on the boundary of B;; the last
inequality holds because m,p¢-a.e. curve exit from UiN;] B, since it has to end in UN 1B
Next, we consider a traffic path T;°™™" that connects a+TTslel to d_Tg5i'" on Ui 0B; . By
(7.39), these two measures can be connected since they have the same mass. Moreover, by a
modification of Theorem 7.6 (see Lemma 7.20), the two measures can be connected with finite
(and actually small) cost, since they are supported on the union of the (d —1)- dimensional
spheres 0B; , and since by assumption in our theorem we required that o« > 1 — ;. The

cost of this transport is estimated through Lemma 7.20 by

M*(T°™M ) < Z Cu,a™i (7.40)

which is small by (7.34).
In a similar way we define a traffic path T;°™™" that connects _T3"" to +Topit" on
U;0B;" and enjoys the estimate

M&(TSeommH) Z Coari (7.41)

Finally, we define (see Figure (3))

sel self conn,f restr conn,+ sel,+
Tsel.—Tseb— 4 T¢ +TET TS +Tseb,

&)

Figure 3: The energy competitor T5¢'.

(4) Energy estimate for TS€' and contradiction. We show finally that the competitor T$¢! has
strictly less energy than T,,. Since by construction it has the same marginals, then we reach a
contradiction. Indeed, by the subadditivity of the x-mass, we have

Moc(-T-Tslel) gMcx(—]-rslel,—)_i_Mcx(TT(ionn,—)+Moc(Trestr)_i_Moc(TT(ionn,—O—)_’_Moc(TTslel,—O—)

opt
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(7.42)

By the estimates on the energy of the connections in (7.40) and (7.41) and by the smallness
assumptions on the rays, we estimate two terms in the right-hand side of (7.42)
A
MDL(TTCLOTLTL,f) + MO((TTCLOTXH,Jr) < Z (743)
Regarding the first and last terms in the right-hand side of (7.42), we estimate them with the
full energy of T, inside the balls of the coverings

M*(T5e4*) < M* (Tn L ( Ul By ) ) (7.44)

To bound the energy of Tj23'", we first estimate it with the energy of the whole Top+. Thanks
to the energy gap between T, and T and (7.34), the latter can be estimated choosing the

energy of T inside the coverings below A/4:

34

MX(TIE) < M*(Tope) < M¥(T) — A < ]M"‘(TL ((u{i} By )u (Ul Ej))c) :

opt
By the lower semi-continuity of the x-mass on open sets (see Theorem 7.13(1)) we deduce
that for n large enough
o _ c A
M (Tg3) < M (T (U5 By ) U (U5 BY)) ) -5 (7.45)
Using (7.43), (7.44), (7.45) to estimate each term in the right-hand side of (7.42) and noticing
that the a-mass is additive on traffic paths supported on disjoint sets, we find that

M (Taeh) <M (Teeb 1 (O By )) e (Teet (U By ) u (U5 B))))
A A

+]M°‘(T§elf+ L ( o, E*)) -5 =M -5

This gives a contradiction to the optimality of the energy of T,.

Removing some of the simplifying assumptions that we made in the sketch above is a
delicate task and requires new ideas. We briefly describe our strategy.

In (1), we assumed that the balls B{JE are mutually disjoint. If this is not the case, we
consider the sets
+._pt i—1pt
cf =B\ (U] BY)

as a disjoint cover of the sets A*. Then we modify the definition of Tseb™: for every
=1,.., N7, we stop every curve starting in C;  as soon as it touches dB; . The choice to let
these curves arrive up to 0B; (and not only up to 9C;") is related to the fact that 0B; has a
nicer geometry than 9C;" and in particular ensures that the estimate (7.40) holds. Similarly,
we modify T5°"",

To remove the assumption T,, — T$¢' = 0 in (7.36), we consider T5¢! + T, — T3¢ as an
energy competitor for T,. To make an energy estimate on this object, we notice first that
Tn — T5¢! has small pointwise multiplicity (intensity of flow), since its boundary has small
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mass and it is made by simple paths (see Proposition 7.10(2)). Secondly, we prove that the
a-mass, which in general is sub-additive, is “almost additive” between currents which have
multiplicities of very different magnitude at every point (Lemma 7.24) and that a suitable
lower semi-continuity result holds, involving the restriction of the energy to points with
sufficiently large multiplicity (Lemma 7.22).

Finally, we need to remove the assumption (7.37) : this is another delicate point. Given
any ¢ > 0, by choosing n large enough, we may assume that

04 TSV E(BE) < (1+€)a4 Tope (BY). (7.46)

Then we use the whole (14 ¢)Top¢ as a transport outside the balls UiNj] Bii. In view of (7.46),

this transport might move too much mass from UN ;9B to Ul 0B;"; however, the amount

of mass in excess is small. Hence, we build another transport with small energy which brings
back the mass in excess thanks to Proposition 7.25.

7.6 PRELIMINARIES FOR THE PROOF OF THE MAIN THEOREM
7.6.1  Restriction of curves to open sets

Let A C R9 be a measurable set. For every v € Lip, we define the first time O o in which a
curve leaves a set A

Oa(y) ==inf{t : y(t) £ A},

and the last time E o in which a curve enters in a set A

EA(y) :==sup{t:y(t) € A}

We define the restriction of curves on an interval as a map res : Lip x {(s,t) € [0, 00]? s <
t} — Lip

v(a) fort<a
[res(a,b)(V)I(t) = {y(t) fora<t<b (7-47)
v(b) fort>b.

In the following, we will often consider the restriction of a curve gamma on a certain set, or
more in general, the restriction of v from an initial time depending on v itself I(y) up to a
final time F(vy). In this case, we will shorten res(I, F)(y) := res(1(y), F(v))(v).

The previous definition allows us to state an additional property of good decompositions.

Proposition 7.18. Let T € N1 (IR?) have a good decomposition 7 as in (7.11), and consider two
measurable functions I, F : Lip — R with 1 < F. Let us assume that fLip &y (1(y))dmt(y) and

I Lip Oy (F(y))dmt(y) are mutually singular. Then the current

T:= J Rres(I,F)(y)dn(Y) (748)
Lip
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has the good decomposition
T:= J Ry d7A(y), with 7t = (res(1, F))ym
Lip

Moreover, if T = T[E, T, 0] is rectifiable, then T can be written as T = T[E, 7, 0], with 6 < 6.

Remark 7.19. With the notation of the previous proposition, we notice that the assumptions
that fLip 8y (1(y))dn(y) and fLip 8y (F(y))dmt(y) are mutually singular in Proposition 7.18 is

equivalent to the existence of two disjoint sets E~,E* C R such that y(I(y)) € E~ and
v(F(y)) € ET for -a.e. .

Proof of Proposition 7.18. Proof of the good decomposition property. By Remark 7.19, it is easy to
see that

v(I(v)) #v(F(y)) form—ae.v, (7-49)

e}nd so Rres(LF)(.y) is a non-constant simple curve, for 7m-a.e y. Moreover, setting T =
T4 Trestd with

TTeSid = J Rres(O,I)(y) + Rres(F,oo)(v)dTE('Y)/
Lip
we have, by the sub-additivity of the mass
M(T) < M(T) +M(TTest)

< JLip (M(R‘res(o (v ) + M(Rres LF)( ) +M(Rres F,00) )))dT[(Y) (7‘50)

= | Mk, any),
Lip

where in the last line we use that 7-a.e. curve 7y is simple. Since, by (7.12), equality holds
between the first and the last term, every inequality should be an equality and in particular

MIT) = | MReesiariy)dnly) = | MR, )0,
Lip Lip
In order to obtain the same equality for 3T, we first notice that, by (7.15), it holds
oT = JL_ ORres(1F) () d7i(Y) = J (By (F(y)) = 8y (1(y)) d7e(y)-
1p

By assumption, the measures fLip &y (1(y))dmt(y) and fLip 8 (F(y))dmt(y) are mutually singu-
lar. Hence,

aTJ Sy(1(y)dn(y) and aJJ Sy (F(y)) dly),
Lip Lip

which yields, by (6.2),
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This concludes the proof that (7.48) is a good decomposition.

Proof of the estimate on the multiplicity. By the good decomposition property proved above
and the formula (7.16), we get that for H'-a.e. x € E

(7.51)

where in the inequality we used that if x € Im(res(I, F)(y)) then x € Im(y). This concludes
the proof of the claim. O

7.6.2  Dimension reduction

The next lemma is a fundamental tool for the proof of our main result. Indeed it allows us
to transport measures which are supported on (d — 1)-dimensional spheres, decreasing the
critical threshold for which we have quantitative upper bounds on the minimal transport
energy (see Theorem 7.6). Its proof is a simple combination of Theorem 7.6 and Proposition

7.3.
Lemma 7.20. Let o« > 1 — ﬁ. Given two measures W~ and w with mass M in R® supported on
0B(x, 1), there exists a current T € TP(uw—, ut) such that

M*(T) < Cq,aM*r,
where C,q 1s a constant depending only on « and d.

Proof. In this proof we denote by B4~1(0,r) the open ball in R4~ centred at o with radius .
Let p € 0B(x, 1) such that u*({p}) = 0. It is easy to see that there exists a constant C := C(d)
and a 1-Lipschitz function f : B4=1(0, Cr) — 9B(x,r) € R¢ which “wraps” B4~1(0, Cr) onto
0B(x, 1) \ {p}. More precisely, we can require that

£ {p}H) = oBY~T(0,Cr) and f is injective on B4=T(0, Cr).

Let v* = [(flag(xlr)\{p})*]]ﬁui and observe that fﬂvi = . By Theorem 7.6, there exists
S € TP(v—,v") with M*(S) < Cq aM*2r.
We observe that T := f;4S belongs to TP(p—, u*), indeed

0(fyS) = f40S = fﬁ((ﬂaB(x,‘r)\{p})ﬁ_] pt— (ﬂaB(X,r)\{p})ﬂ_] po)=pt—pu =25,

and trivially T is supported on 0B(x, r). The estimate on the «-mass of T follows immediately
from Proposition 7.3. O

7.6.3 Covering results

In this subsection we prove two elementary covering results. Referring to the notation
introduced in Section 7.5, Lemma 7.21 allows us to cover the sets A* with balls satisfying
(7.34) such that for every n € IN almost no curve in the representation of T,, begins or ends
on the corresponding spheres. With Lemma 77.22 we want to guarantee that it is possible
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to cover the sets spt(p—) and spt(p*), which by assumption are disjoint, with two disjoint
families of small balls. This time we do not require any smallness assumption on the sum of
the radii, but we want to control the number of balls in each family.

Lemma 7.21. Consider a family of 1-currents T, T, (Th)nen € Nj (RY) N Ry (RY), such that
M*(T),M*(T’) < +oco and 3+ T = 0. T'. Given a set A such that H'(A) = 0, and € > 0, there
exists a covering of A with open balls (B(xi, 1i))ien such that

04+ T(0B(xi,7i)) = 04+ T (0B(xy,711)) =0 for every i,n € N,

IM“(TL U B(xi,ri)> <e and ]M“(T’L U B(xi,ri)> <g, (7.52)
ieN ieN
and
Y ni<e (7-53)
i=1

Proof. We define on R¢ the finite measure v by
V(E) = M*(TLE)+M*(T'LE) for every Borel set E

and we observe that v vanishes on H'-null sets. _ _
Since H'(A) =0, for every j € IN we can find a covering of A with balls {B(xgJ ), rEJ ) eN

such that
3 < !
2i+17
ieN
and moreover, since for every point x there are only countably many radii r such that
0+ T(0B(x,7)) # 0 or 04T (0B(x, 1)) # 0 for some n, then we can also assume (possibly
enlarging slightly the previous radii) that

) ZaiTn(aB(xi(j),rgj))) =0  foreveryi,neN.

1

0+ T(OB(x),r

We define

= U B(XE”,ZT?))

ieN
We consider the decreasing sequence of sets and their intersection

JEN*UA B:mB(i)

'z JEN

We notice that AU) € BU) for every j € IN and that H'(B) = 0, because B can be covered
with each BU), which in turn is made by balls whose radii satisfy the estimate

ZZT <Zz]’+1:7'

j’>jieN i'>j
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We consequently have on the decreasing sequence of sets (BU));cn:

lim v(BY)) = v(n;BY)) = v(B)

j—ro0
and we conclude that v(B) = 0 and that

lim v(AU)) < lim v(BY)) =o.

j—o0 j—o00
Therefore, choosing j large enough, the covering (B(x?), T? )))ieN satisfies the conditions in
(7.52), (7.53). O

Lemma 7.22. Given v > 0 and K C X, with K compact. There exists a finite number M := M(X, 1)
and a family of balls {B(xi, 1)}, covering X, such that

i=17
T
T < g, Xy € K.

Proof. We cover K with balls B(x,7/4), x € K and, by Vitali’s covering theorem, we can
extract a finite sub-covering, indexed by {1, ..., M} such that the balls {B(x;,1/20)};—1,. m are
disjoint and the balls {B(x;, 1/4)};—1,.,m cover K. By the disjointness of {B(x;, 7/20)}j-1,.,m
and since these balls are all contained in U, (X) := {y € R¢ : dist(y, X) < 1}, it follows that

M[B(0,1/20) < [U+(X]],

which completes the proof of the lemma. O

7.6.4 A semi-continuity and a quasi-additivity result

In this subsection we collect two results which allow us to get rid of the simplifying
assumption (7.36) in the sketch of Section 7.5. Lemma 7.23 improves Theorem 7.13(1),
allowing us to consider in the right hand side of the inequality (7.21) only the portion of the
currents T, which have sufficiently high multiplicity. Lemma 7.24 states that the x-mass is
“quasi-additive” if the two addenda have multiplicities of different orders of magnitude.

Lemma 7.23. Let C > 0, A C RY an open set, and let T' = T[E/,1/,0'] € R1(RY) and T :=
T[E, T,0] € Ry (RY) be rectifiable 1-currents with

M*(T), M*(T) < C. (7.54)

Then, for every € > 0 there exists § := 5(d, «, ¢,C, A, T) > 0 (independent of T') such that, if
F(T-T') <y,

M*(T'L{x € A:0'(x) >8}) > M*(TLA) —e«. (7.55)
Proof. For every & > 0, by (7.54) it holds

M(T'L{8" < 8}) < 8" *M*(T'L{6’ < 8}) < &'~ *C. (7.56)
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Hence,
F(T-T'{0’ > &) < F(T—T)+F(T' —=T'L{0’ > &)
=F(T—-T)+F(T'{6’ <&}
<TF(T—T') + M(T'L{6’ < 8)) (7:57)
SET-T)+C8" %< 8+Co' =

By the lower semi-continuity of the x-mass with respect to the flat convergence (as stated
in Theorem 7.13(1)), there exists 8o := 0o(d, , ¢, A, T) such that for any rectifiable 1-current
T satisfying F(T —T) < §p we have M*(TLA) > M*(TLA) — . We conclude the proof
choosing & sufficiently small so that & + C5'~* < 8. O

Lemma 7.24. Let ¢ € (0,1/4), T = T[Ey,11,01], T2 = T[E2,12,02] € Ry (RY) be rectifiable
1-currents with 01 < €05, H'-a.e. on E1 NE,. Then
(1+4e*)M*(Ty + T2) > M%(Tq) + M*(T2). (7.58)
Proof. Firstly we observe that on E; N E; we have
2¢(02—061) > 01;  (1+2¢)(02—071) > 03. (7-59)
Now we compute
(T+H4e*)M*(Ty + T2) = (1 +4e*)M*(T; L(E1 \ E2))
+ (1 4+4e*)M*(TLL(E2 \E1)) + (1 +4e)M*((Ty + T2)L(E1 NE2))
> M*(Ty L(E1 \ E2)) + M*(T2L(E2 \ Eq))
+ ((26)* + (14 2e)*)M*((Ty + T2) L(E1 N ER)).
We estimate the last term thanks to (7.59) to get
((2e)% + (14 2¢)*)M*((Ty + T2)L(E; NEy))
>M*(Th L(Ey NE2)) + M¥(T2L(Ey NE2)).
Putting together the previous two inequalities, we get (7.58). O

7.6.5 Absolute continuity of the transportation cost

The next proposition is the fundamental tool to get rid of the simplifying assumption
(7.38) in the sketch of Section 7.5. It ensures that if there exists a traffic path of finite cost
transporting a measure i~ onto a measure ut, then a transportation between two “small”
sub-measures of p~ and pt of equal mass is cheap.

Proposition 7.25. Let p—,u™ € M, (X), be non-trivial measures with p=(X) = p+(X) < oo.
Assume
spt(u™) Nspt(u™) =0,
with M*(u=, ut) < co. Then for every e > 0 there exists & > 0 such that for every pair of measures
v© < and vt < ut verifying
v (X)=vT(X) <38,

then M*(v—,v") < e.

127



128

IMPROVED STABILITY OF OPTIMAL TRAFFIC PATHS

Proof. Without loss of generality, we may assume pu—, p™ € P(X). By assumption, there exists
T € OTP(u—, u"), such that M*(T) < +oo.
Let T = fLip R, d7mt(y) be a good decomposition of T and define the finite measures

e M, (Lip ), prescribing their Radon-Nikodym densities w.r.t. 7, as

dv— dv*t
dr(v) = dv?(v(o))dﬂ(v), dr’ (y) = (;/?(v(m))dﬂ(v)-
We denote
Tt = T[EF, T, 0% .= J Ry d7rt (y). (7.60)
Lip

Let us consider 6 > 0 as fixed. For the moment we only require that < 8o := 5(¢/4) of
Proposition 7.10(4). Further restrictions will be given later. Since isa (Lip) = vE(X) < 5, from
Proposition 7.10 (3) and (4) we deduce that the decompositions in (7.60) are good and that

M (T#) < 2. (7.61)
By (7.15) we can write the boundaries of T* in terms of the decomposition as
O_T* = JL. 5y(0)d71i (v) and . TT = JL. 5y(oo)d7ti (v). (7.62)
ip 1p

We apply Lemma 7.22 twice to K := spt(p.i) and r:= %dist(spt(u_),spt(pﬂ) to find a finite
covering of spt(ui) made by at most M(X, r) open balls

Bf =BG ) i=1,.,ME

i1
For everyi=1,.., M= let us define

c* = JBf.

i
By the choice of r, the sets C™ and C™ are disjoint. Hence, since spt(d+T) C C* and since
(7.62) is in force, then -a.e. v € Lip verifies
v(0) € C™ and  y(o0) € CT. (7.63)

We define the rectifiable 1-currents

Teut— T[Ecut,fl,rcut,fl ecut/*] = JL. Rres(O,ch)(y) dm— (Y),
i
P (7.64)
Tout+ T[Ecut,+’ Tcut,—O—/ geut ] .— JLip Rres[EC+,00)(Y) dnt (v).

By Proposition 7.18, (7.64) are good decompositions. Here we use a little abuse of notation,
since the good decomposition of T***~ would be the push-forward measure

(res(O,OC—)(-))ﬂTF
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and similarly for T*“%*. In particular, by point (1) of Proposition 7.10 it holds

o_Teut— :J 8y (0)drt (v), GHN e :J Sy(0dm (v) (7.65)
Lip Lip

Hence we deduce

spt(04T*Y ") CaC™ and  spt(d_T““*) CoaC™.

By the good decomposition property of T+~ and of T~ and by Proposition 7.18 for H'-a.e.

x € ET NE"Y™ we have that
Mt (x) < 07 (x). (7.66)
Thanks to (7.61), we deduce that T*“%* have small energy

(O°Mt7)ad! <J (07)%a3! = MX(T) < = (7.67)

MeTent) = | ) :

Eeout,—

With similar computations we can prove the same energy estimate for Te*4+.

..........

weight wfc € (0,00) as
i1

Wy = (agwtf*)(aB;\ U aB;)

j=1
and .
.

wi = (0_TeuET) (aBj\ U aB;).
j=1

M

1=

We consider the measures ot := Y

Indeed we proved in (7.65), that 9_T***~ = 9_T_ and consequently
o (X) =0T (X) =0T (X)=0_T_(X)=v (X) <5
and analogously
o (X) =0_TMVH(X) =0, T (X) =0, T(X) =vH(X) <.
We claim that there exists T¢°™"™~ ¢ TP(d, T“%~, 0~ ) with
M*(Teo™™ ) < C(d, o, X, 1)86.
Similarly, we claim that there exists T¢°™"™*" € TP(0_T "%, o) with
M*(TeOM™ ) < C(d, o, X, 1)3.
Indeed let us consider for every i =1, ..., M~ an optimal traffic path

TEOMN € OTP((0. T )L (0B \ U] 0B} ), wis,, )

B
1 Wiiéy.i, whose total mass is equal to v¥(X) < 8.
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and observe that, by Lemma 7.20
M*(TSO™ ) < C(d, x)or.

If we consider now
M-
conn,— .__ conn,—
T = E Ty ,

i=1
we notice that T¢°™™~ € TP(3,.T°"*%~, 0~ ) and by the sub-additivity of the a-mass (7.6) we
obtain that

.
M (TN ) < 3 M*(TEO™™T) < M7 (X, 1)C(d, )87 < C(d, o, X, 7)3

i=1

and this proves the claim.
Finally we observe that there exists T9"%P" € TP(0—, 0") with
M*(TITPM) < §%C(d, X).

The simplest way to find such traffic path is to connect all the points in the support of o= to
a fixed point in X. The estimate of its x-mass is trivial. Overall, we find that

Tnew . Tcut,f + Teonn,— + Tgraph + Tconn,+ + Tcut,+ c TP(Vi, V+)

and its energy is estimated using the sub-additivity (7.6) and the previous estimates (observ-
ing that & < 6% for 6 < 1)

M*(T") < C(d, &, X, 7)0% + %

By choosing & sufficiently small, we obtain that the last quantity is less than or equal to ¢.
This concludes the proof of the lemma.
O

Corollary 7.26. Let =, ut € P(X). Assume
spt(n™) Nspt(n™) =0,

with M*(w=, ut) < oco. Then for every pair of sequences (1, )nen and (W) nen with u;, (RY) =
W (RY), uy < p, wh < ut for every n € N and with

lim p= (X) —py (X) =0,

n—o0

we have that
lim M(X(u;r PHJU = M“(Hiz HJF)

n—oo
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Proof. By the lower semi-continuity of the x-mass (Theorem 7.13(1)), we only need to show
that

lim sup M (u, 1) < M*(u, uh). (7.68)
n—oo
Indeed, if we assume (7.68), by Corollary 7.14, and by the compactness of normal cur-
rents (see [50, 4.2.17(1)]) we can consider a sequence of optimizers (T, )ken, Where
Th, € OTP(py,, uj{k) converge to a traffic path T € TP(n—, p*) with finite cost and
lim M*(Ty,, ) = liminf M*(T,).

k—o00 n—oo

Hence we compute

(7.21)
M*(n™, p") < MX(T) < liminfM*(Ty, ) = liminf M*(T,,).
k—o00 n—00

In order to prove (7.68), we let T € OTP(p—, ut). Since by assumption the measures u— — p,
and pt — ;| are non-negative, are converging to 0 and, for each fixed n, they have the same
mass, we deduce by point (4) of Proposition 7.10 that, denoting by T/, any optimal path in
OTP(pn™ — py, F — 1),

lim M*(T)) =0.

n—o0

Let T, =T—T) € TP(u,, ). By the sub-additivity of the x-mass (7.6)
M*(Ty) < M¥(T) + M*(T).
Letting n — oo we obtain (7.68). O

Remark 7.27. From this observation the stability follows as in the case « > 1 —1/d as soon as
the approximating sequences are sub-measures of u~ and p* respectively. In particular, if
i~ is a Dirac delta and p™ is an atomic measure, then an optimal traffic path connecting
p~ to ut can be obtained as the limit of the optimal traffic paths connecting the correct
“rescaled” measure of p~ to the discrete measure obtained restricting u to suitable sets of
finitely many points.

7.7 PROOF OF THE MAIN THEOREM

Up to rescaling, we can assume that u~ and p* are probability measures. Moreover, without
loss of generality we can assume that p;, and p;} are also probability measures and they are
mutually singular. Indeed, assuming the validity of Theorem 7.1 in this special case, it is
easy to deduce its validity in general, using the following argument. Denoting v;, and v}
respectively the negative and the positive part of the measure p; — u;;, since the supports of
u~ and pt are disjoint, we have that v;; — p~ and v{{ — ut. Moreover, since the ambient
is a compact set, v (X) — p*(X) = 1. Now, denoting nn := vy (X) = v (X), we are in the
poisiton to apply Theorem 7.1 in the special case above for the approximating measures
N, vif, the limiting measures p*, the optimal traffic paths ;' T,, and the limit traffic path
T. Since N, — 1 and T,, — T is in force, then 1;; 1T, — T is satisfied.
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By contradiction, we assume T is not optimal, i.e.
M‘X(T) 2 M‘X(Topt) + A/ (769)

for some A > 0 and for some Topt With 04 Topt = 04T,

Step 1: construction of the coverings of A~ and A™. Let C4 q be the constant in Lemma 7.20.
We claim that there exists a (finite or countable) family of balls {B{JE = B(xfc, )}ie1 covering
respectively A~ Nspt(pn~) and AT Nspt(p™), such that

(U B;) ﬂ( U Bf) =0, (7.70)

iel~ ielt+

A
+
< oo, (7.71)
iEZIi L " 128Cqa
— A
= o )<
M (TL | B ) M <T0ptL.U BY) < o (7.72)
IGI:E leIi
uE(9BF) =0, LE@BF) =0 vielf, neNlN. (7.73)

For simplicity, we assume I* to be either N or a set of the form {1, ..., M*}. Finally, up to
removing certain balls, we can assume the two coverings to be not redundant, namely, we
can assume that

Ths <Bli\ U B)i> #0, Vie It (7.74)

1<<i

Since we have removed only balls that do not carry measure, the new set of balls still covers
A~ Nspt(p~) and AT Nspt(p™) up to a set of ut-measure 0.

We now prove the claim of this Step 1. Let do be the distance between spt(p—) and spt(pn™),
which is positive since the supports spt(p—) and spt(pn™) are compact and disjoint. Applying
Lemma 7.21 with ¢ = min{A/(128Cy q),A/128,do/4} and T’ = Typ¢, we can find two finite
coverings satisfying (7.70), (7.71), (7.72), and (7.73).

Step 2: choice of N*. Let £1 > 0 to be chosen later. We choose N* satisfying

( U 57)>1-%
Step 3: choice of n. Let £ > 0 to be chosen later. For every i € I* we define

C Bj:\< 11Bj:>
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By (7.74) the coverings are not redundant, that is, for every i € I,

uE(CF) >o0. (7.75)

We claim that we can fix n large enough so that the following properties hold:

F(Th—T) < ¢, (7.76)
LE(CEH) < (T4 e (CF),  vi=1,--- N%, (7.77)
N:t
£
wi (RO €F) < > (7.78)
i=1

Indeed, since T,, € OTP(u,,, ), by Theorem 7.7, Theorem 7.9 and Proposition 7.10(2),

Tn = ThlEn, Tn, On] admits a good decomposition m,, € P(Lip) and its multiplicity 6,
verifies 0, < 1. Consequently we get

M(T,) =j 0 (x)dH (x) < J 0% (x)d" (x) < M*(Tn) < C.

Moreover
M(0Tn) = 1y, (RY) 4 )t (RY) = 2 < +o0.

By the discussion after the definition of flat norm (6.7), the uniform bounds on the mass of
the currents T,, and on the mass of their boundaries guarantees that the weak* convergence
implies (7.76), for n sufficiently large. By (7.73) and since pf = 91T, weakly converges to
ut =9, T, we observe that

ut(@C) =0, vi=1,... N*

and therefore
lim pf(CH) =p(CF), vi=1,--- ,NE

n—oo
Since the right-hand side in the previous equality is non-zero thanks to (7.75), we obtain
(7.77) for n large enough.
We fix n large enough to satisfy the conditions in this step. Up to the end of the proof, we
will always refer to this choice of n.

Step 4: good decomposition of T, and selection. Let us define

sel

T, —T[nL{’Y (0 UC and (oo UC+} (7.79)

Let us consider T$¢! to be the 1-dimensional current obtained from T,, selecting only those
curves that begin inside the first N~ balls and end inside the first N* balls, i.e.

Tsel = J Ry d7Se(y).
Lip
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Notice that, by Proposition 7.10(3), $¢! is a good decomposition of TS¢!; in particular by
Proposition 7.10(1)

0_Tr¢t :J By (0) A7 (v)
Lip

is supported on UI\J ., C; and it satisfies 9_TS' < 3_Tp = puy;.
For the same reason, 7t,, — nsel is a good decomposition of T, — Tffl and, denoting by 0,
the multiplicity of T, — T5¢!, we have the bound

On < min{0y, (7, —73Y) (Lip )} (7.80)

Next we estimate

(o — 1) (Lip) = 7o ({y:7(0) ¢ U C; or y(c0) & U ci})

= (7.81)

N
<ma({yivo ¢ U cr}) +mn({v:vioo) U cr}).
i=1 i=1
By the good decomposition of T,, (and in particular by (7.15)) for every Borel set A C R¢

i (v : v(0) € A}) =0_Tn(A) = p (A);

hence, by (7.78)

Tcn<{Y:Y(O) €iU1C{}> = u;((;'L—_J] C;)C) <er/2.

A similar inequality holds for the second term in the right-hand side of (7.81). Overall, it
follows

(rtn =S (Lip) < e1. (7.82)
We also notice that T,, and T3¢t are close in flat norm by (7.80) and (7.82)

F(Tn — TS < M(T, — TS = J 0, dH!

- (7.83)
<el ™ J 0%d’ < a}“L 0%dH' < Cey™™.

Step s5: restriction of Ty, inside the covering. We decompose 3¢t into the sum of finitely many,
pairwise singular measures Ttsel , according to the starting points of the associated curves,
ie foreveryi=1,.., N~ we denote

7'[;8117 = ﬂﬁflL{y :v(0) € Ci_}, (7.84)

and we notice that, using (7.79),

Zﬂsel_ =mt. (7:85)
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We “cut” the current TS¢! considering the curves in its decomposition only up to the first
time when they leave the ball where they begin, i.e. we define

N L Rres(0,0,-1(v) Ay (v), Tt = ZT”“- (7.:86)
1p i

The measure
N

D (res(0,0p ) (-))gmys ™

i=1

is a good decomposition of T3¢ : this is a consequence of Remark 7.19 applied to I(y) :=
v(0),

Og-(v), ify(0)eC;, forsomei=1,--- , N~
Fy) == i /
0, otherwise

E- = (UN,B7)\ (UN;9B) and ET := UN.; 9B . Notice that the assumption of the Remark
are satisfied in view of (7.73).
Using this fact, by (7.15), (7.85) and (7.86), we get

d_Tselm =0 TSl (7.87)

Analogously we define

n,)

et = SelL{y v(c0) € C;L} foreveryj=1,..,NT, (7.88)

and we “cut” the current T$¢! considering the curves in its decomposition only from the last
time when they enter in the ball where they end, i.e. we define

TTSLeJH L. Rres(E,4,00)(v) dﬂffjl’Jr(Y), Tselt = ZTSQH. (7.89)
ip

B
)

Arguing as for (7.87), we get
0, el =2, T3¢, (7.90)
and combining (7.87) and (7.90), we derive

T3V + T =0T + 0, T — 0 Tyeb 7:91)

Step 6: good decomposition of Topt and restriction outside the covering. Let mypt be a good
decomposition of Topt. Let us decompose 7,p¢ into the sum of countably many, mutually
singular measures 7, p¢,ij, according to the starting and the ending points of the associated
curves, i.e., for every i € I~ and j € I we denote

Tloptij ‘= TcL{y :v(0) € C; and y(c0) € C;r}
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We denote by Top+,i; the traffic path associated to 7o ¢,1,;. Now we “cut” the current Ty p¢
considering the curves in its decomposition only from the first time when they leave the ball
where they begin, up to the last time when they enter in the ball where they end, i.e. we
define

Tg](;?ctlrj = J ) Rres(OB'_,EBﬁ_)(y) dﬁopt,i,)' (Y)r ngitr = Z ng?[t:‘]
Lip v i€l jert
Notice that, by Remark 7.19 and (7.70), this formula gives a good decomposition of T5Z3'".
Here we use the same abuse of notation, as in (7.64). By Proposition 77.18, we have that the
multiplicity of TJE$'" is pointwise bounded by the multiplicity of Topt, so that

opt
M (Taeitr (UM BL) U (U BY))) < M%(Topo), (7.92)
and by (7.72)
M (Toeit L (U BY) ) < M (Topel (U BY) ) < %- (7.93)
We observe that:
Y O TIET0BY) = D 0 Topey(Ci) =9 Topt(Cy) = n(Cy), (7.94)
jelr jel+

where the first equality follows because the first (resp. second) term can be seen as the total
mass of the positive (resp. negative) part of the boundary of

Z J Riores(0,-))(v) Aopt,ij (V).
jer+ JLip ¢

This is true because, by Remark 7.19 and (7.73), this formula gives a good decomposition
(with the usual abuse of notation).

Step 7: connection along the spheres. By Proposition 7.10(1) we have 31T < 34T, = .
We deduce that

Ha (€)= 0-Tae(er) 2 o Taeb ()

1
(62 (7.95)

7§4) afTTiil'i(IRd) d Tself(IRd) =9 Tself(aB )

and similarly
W (CH) = 0 T35 (9B]). (7.96)
Combining this with (7.77), it follows that, for every i € I,

a—!-T'rSL,ewLLi(aB;) < (] +€2)p7(c. ) (794) _|_£ Z a Trestr aB )

i optl]
jelr
and analogously, for every j € I,
0_TSEV(0BY) < (T+e2)u™(Cf) = (T+e2) ) 0, TH85Y;(9B5).
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Hence, for every i € I~, we denote

4TSSV (9BY)
(X_ = : — E [0/ 1] ( M )
CT (T ) Xyers 0T35S, (0B7) 797

and, for every j € I,

0T (9B;)

T (1 e2) Toer 04 Togiy; (0B7)
We define
T e TP(0, T o (14e2) ) 0 Toesty ) (7.99)

jelt

to be the traffic path given by Lemma 7.20 (supported on 0B; ). The lemma can be applied
since the two marginals in (7.99) are supported on 0B; and they have same total mass, as a
consequence of (7.97). Its cost is estimated by

M*(TE5™7) < Ca,d(a+TfLil’_(an))an < Cqary - (7.100)
Analogously, we define a traffic path

, L
Teo TP(cx;m tea) ) 0. TIGY 0T *), (7.101)
iel—

+ . . .
supported on 0B;", whose cost is again estimated by

M*(TS5™™) < Coa(0-T35"(0B])) *r; < Cooary (7.102)

Finally, we define the traffic paths

N- N+
conn,— .__ conn,— conn,+ .__ conn,+
TS =) T and T = T
i=1 j=1
We denote
N
+ . — restr
of = (T+e) ) oy > Ty, (7.103)
i=1 jelt
N+
— + restr
op = (T+e2) ) o Y 0 Toes, (7.104)
j=1 iel-

from (7.99), (7.101), (7.86) and (7.89), we infer

Téon T e TP, TSV, 0t), and  TSO™™T e TP(0,,d_TSeUT). (7.105)

n
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Using the fact that 7, € P(Lip ), one gets

o (RY) 710200 5 psel—(rd) @23 rsel— (R4

(7.106)
(7:82)
(7:87) d_TSeYRY) (7.15) o (Lip) = 1—¢;.

Using the sub-additivity of the x-mass, we get the energy estimate

N +
(7.100),(7.102) (7710 A
Moc(TTcLonn,i) < E Coc,d‘rit < ]28 (7.107)

i=1
Step 8: bringing back the mass in excess. Denoting
vii=(T+e) Y 0T, and vii=(14+e) D Ty, (7.108)
iel-jelt iel-jelt
we get that

(1+€2)Topi € TP(v—,v™). (7.109)

We define the two non-negative measures

v, =V —o,, - (7.110)

Since by (7.97), (7.98) «, oc].+ € [0,1], comparing (7.105) with (7.108), we get

o <v, o,<v', vi<v, and v, <v'. (7.111)
We claim that
Vi (RY) = v (RY) < g7 +¢a. (7.112)

Indeed we can compute

o (RY) 710200 5 sel—(rd) @D 5 _gsel—(rd) 72 sel(Ra)

((;2) aJrTTSLel(]Rd) (720) a+Tf;e"+(]Rd) (65) a,TTieH(]Rd) (7.102,(6.1) on (le)/

which, together with (7.110) and the fact that v~ (R4) = v (R¢), implies v;; (R4) = v (R9).
Since 0} < v~, we can estimate

va(RY) = v~ (R — ot (R 7€ (1 4+ ea)u (RY) - o} (RY)
(7.106)
< (I+e)—(1—e)=¢ tey
getting the claim (7.112).
Therefore, by (7.111), (7.112) and (7.109), we can apply Proposition 7.25 to prove the
existence of a path

TPack ¢ TP(v,vy) (7.113)
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with

A
M*(Tback) < S5 (7.114)

provided €71 and ¢, are chosen small enough.
From (7.105), (7.109), (7.113), and (7.110) we compute

aTTclonn,— + (1 + Ez)angitT +aTback+aTTcLonn,+

=0 =0, TSV vt —v v, — v+ 0 TV o, (7.115)
=9 Tsel,+ _ a+—]—sel,—
_T3 nevT.
Step 9: definition of a competitor for TS¢!. Eventually we define
—’I’—sel — Tsel,f _i_-l—conn,f + (1 + Ez)Treitr + Tback +Tconn,+ + Tse1,+
n * n n op n n *
We show that it has the same boundary of Tffl
dTset = oTsel, (7.116)
Indeed, using (7.91) and (7.115), we get

a-‘l'—Tslel — aTTsLel,— + aTTclonn,— + (] + EZ)angitT + aTback + aTTcLonn,—l— + aTTslel,+

(7.91)(7.115) (7.117)
AT 40 T -0 T+ TRV — 0, TRV = aTet

Step 10: estimates on the energy of the competitor. In the following we denote by U the union
of our two closed coverings

ut=uUNiBY u=utuur.

We claim that the competitor T5¢! for T$€! enjoys the following estimate

~ A
Moc(-rTslelLuc) gM“(Topt)+Z (7.118)
and that
~ A
1o sel _ Tsel, £ ) « =
M ((Tn Tsel+) U )\ o (7.119)

We first focus on (7.118). By their definition, the currents TeonnE Tselt oo supported on

the sets UT; hence, they are supported on sets disjoint from U€. Using (7.92) and Ce; < %,
we can compute

M (T U ) = M (1 + ) Toest™ + T09¢%) Lue)

< (] —i—&z)“Mo‘(ngitTLuc)—l—M“(TbaCk) (7.120)

A A
< X < X .
<M (Topt) + CEZ + 128 <M (Topt) + 4
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To prove (7.119) (we show it for the choice + = —), it is enough to show that
o ((Fsel sel,— — A
M*((TeeH =T )LU™) < B (7.121)

Using again that the currents Tg°™™ ", T3¢"" are supported on the set U™, we estimate, by
the subadditivity of the x-mass,

M (Tt = TR ) LU ) < MO (T LU + (14 ) Togg LU 709k LU
A

< Moc(TTcLonn,—) + (] +£2)ocMoc(T$g§[tr LU_) +Moc(Tback) < 37’

where in the last inequality we used ¢, < 1/4, (7.93), (7.107), (7.114). This concludes the
proof of (7.119).

Step 11: definition of a competitor for T,,. We define T, := T3¢ + T,, — T$¢! as a competitor
for the o-mass optimizer T,,, with the aim to prove that the former has less x-mass than the
latter. Indeed, by (7.117), 0T, =0T, and consequently

Tt + Tn — T3t € TP(1y, 1),
We split its energy as
M*(Tn) = M*(TnLU) + M*(TrLUC) (7.122)
For the first term, the additivity of the a-mass on disjoint sets gives
M*(TnlU) = M((T3 + Tn = T3 LUT) + MO((T3 + Tn = T3HLUT). (7.123)

We estimate each term by means of (7.119); since the proof is the same, we do it for the first
term in the right-hand side

M* (T3t +Tn — T3 LUT)
SMY((T =Tt ) LU ) + M (T + T — TS L UD)

A (7.124)
< 5 MR+ T =T LuT)
The latter can be estimated by noticing that it is a “part of an optimum” with
M*((TSeY + T = TSEHLUT) < M*(ToLUT). (7.125)

Indeed we apply Proposition 7.18 with T = T$¢' and T = T3¢, to obtain that
Toet =T3¢ =BT, where f: R —[0,1],

and Proposition 7.10(3) with T = T,, and T’ = Tflel, to obtain that Tfle1 = @T,, where
@ : R4 — [0,1], and therefore

Tn — (TSEY =TSV ) =T — BT = (1 — @B) Ty, where [1 — ¢p] : RY — [0, 1].
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We can conclude that

M*((TSEY 4+ Tn = TS LUT) < sup {1 —B(x)@(x)}*M*(To LU ) < M*(T,LU ),
x€R4
which is exactly (7.125).
Putting together (7.123), (7.124), (7.125), we get an estimate for the first term in the
right-hand side of (7.122)

M (T LU) < 42+ M (T L W), (7.126)
The second term in (7.122) can be instead estimated through the sub-additivity of the
o-mass, the energy bound on the competitor T5¢! in (7.118), and the energy gap in (7.69)
M*(Tn L US) < M(TSELUS) +M*((Tn — TR L UE)
< M*(Topt) + % + M“((Tn - TTSLel) Luc)
<MX(T) — %A +M*((Tn — T LUC).

We fix § obtained from Lemma 7.23 with the choices A = U¢ and ¢ = A/8. The conclusion
of the lemma holds for T’ = T$¢!, provided we add the following further constraints on e
and ¢5:

(7.127)

1) ) )
a<d el a<d tegcssa (7128)

By sub-additivity of flat norm, (7.76) and (7.83), we find that
F(TSE ' —T) < F(Tp — T) +F(TS —Ty,) < e2 4+ Cel ¥ <6.
Using the previous inequality and Lemma 7.23,
M*(T) =M*(TLU®) +M*(TLU)
<M(TSEML (U N{Oset > 8))) + M¥(TLU) + %

772
"M (TS (UE N {03 > 8))) + %

Substituting the previous inequality in (7.127), we find
= A
M (Tr LUS) < M (TREHL (U N{05° > 8))) — 5 + M ((Th = TR LUS). - (7.129)

We claim that it is possible to apply Lemma 7.24 with Ty = (T, = TS LUS, T, = T3 (USn
{Gﬁfl > 5}), and ¢ = ¢1/4. Indeed, by (7.80) T, — TTSLel has multiplicity less than or equal to
¢1 and by (7.128) we have 6 > 4¢;. Consequently, by (7.129)

M*(TnLU)
< (1+( )M T (Ue st > 8) + (T~ e LU - 5 (7.130)
()
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where B : R — [0, 1]. Since by hypothesis M*(T,,) < C, using (7.128), we find that

o A (7.128)
a2y

M*(ThLU®) < M*(T,LUC) +4( 5 5 < M*(To LUS) —% (7.131)

Putting together (7.126) and (7.131), we find that

M (To) € M¥(Ty LU) +M*(TyLUS) — 2 < M¥(Ty),

which is a contradiction to the optimality of T,.



RELAXATION OF FUNCTIONALS ON POLYHEDRAL CHAINS

8.1 INTRODUCTION

Let H: R — [0,00) be an even, subadditive, and lower semicontinuous function, with
H(0) = 0. The function H naturally induces a functional @}, on the set Py (R¢) of polyhedral
k-chains in RY. For every polyhedral k-chain of the form P = Z]i\l:] 0i[oi] (with non-
overlapping k-simplexes 0;), we set

N
®1(P):= ) H(0:)3 (ov).

i=1

It is easy to see that the above assumptions on H are necessary for the functional @ to be
(well defined and) lower semicontinuous on polyhedral chains with respect to convergence
in flat norm. In this chapter we present our paper [28], a joint work with Colombo, Marchese
and Stuvard, where we prove that the assumptions on H are also sufficient, and moreover
we show that the lower semicontinuous envelope of @1 coincides on rectifiable k-currents
with the H-mass, namely the functional

My (R) := J H(0(x)) dK*(x), for every rectifiable k-current R = R[E, 7, 6].
E

The validity of such a representation has recently attracted some attention. For instance,
it is clearly assumed in [85] for the choice H(x) = [x|%, with & € (0, 1), in order to prove
some regularity properties of minimizers of problems related to branched transportation
(see also [73], [15], [75] and Remark 7.5 of Chapter 7) and in [25] in order to define suitable
approximations of the Steiner problem, with the choice H(x) = (1 + BIx[)1g\ 0}, where 3 > 0
and 14 denotes the indicator function of the Borel set A.

We finally remark that in the last section of [82] the author sketches a strategy to prove an
analogous version of the main theorem of this chapter (Theorem 8.3 below) in the framework
of flat chains with coefficients in a normed abelian group G. Motivated by the relevance
of such result for real valued flat chains, the ultimate aim of our note [28] is to present a
self-contained complete proof of it when G = R.

8.2 SETTING AND MAIN RESULT

Assumptions 1. In what follows, we will consider a Borel function H: R — [0, co) satisfying the
following hypotheses:

(H1) H(0) = 0 and H is even, namely H(—0) = H(0O) for every 6 € R;

(H2) H is subadditive, namely H(01 +02) < H(01) + H(02) for every 61,02 € R;
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(H3) H is lower semicontinuous, namely H(0) < liminf;_,, H(0;) whenever 0; is a sequence of
real numbers such that |0 — ;| \, 0 when j 1 oo.

Remark 8.1. Observe that the hypotheses (H2) and (H3) imply that H is in fact countably
subadditive, namely

> 65 <D H(ey)
j=1 j=1

for any sequence {0;};2; C R such that } ;°, 0; converges.

Remark 8.2. Let H: [0, 00) — [0, 00) be any Borel function satisfying:

(H1) H(0) =0;

(H2) H is subadditive and monotone non-decreasing, i.e. H(07) < H(02) for any 0 < 07 <
02;

(H3) H is lower semicontinuous,

and let H: R — [0, 00) be the even extension of H, that is set H(0) := H(|0]) for every 6 € R.
Then, the function H satisfies Assumption 1.

Let H be as in Assumptions 1. We define a functional ®y;: Py (R¢) — [0, c0) as follows.
Assume P € Py (RY) is as in (6.5). Then, we set

ZH 0:)H (ay). (8.1)

The functional @y naturally extends to a functional My, called the H-mass, defined on
Ry (RY) by

My (R) := L H(0(x)) dH*(x), for every R = R[E,T,0] € Ri(RY). (8.2)

We also define the functional Fi: Fx(R9) — [0,00] to be the lower semicontinuous
envelope of @}. More precisely, for every T € F, (R%) we set

Fiu(T) := inf { liminf @y(P;) : Pj € Px(RY) with F(T—Pj) \, o}. (8.3)
j—o00

The main result of this chapter is the following theorem.
Theorem 8.3. Let H satisfy Assumption 1. Then, Fry = My on Ry (R9).

In order to prove Theorem 8.3, we adopt the following strategy. First, we show that
the functional My is lower semicontinuous on rectifiable currents, with respect to the flat
convergence, as in the following proposition, with A = R4.

Proposition 8.4. Let H satisfy Assumption 1, and let A C R% be open. Let Tj, T € R (R?) be
rectifiable k-currents such that F(T —T;) N\, 0 as j — oo. Then

My (TLA) <liminfMp(T;LA). (8.4)
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Next, we observe that, as an immediate consequence of Proposition 8.4 and of the proper-
ties of the lower semicontinuous envelope, it holds

Mn(R) < Fy(R) for every R € Ry (RY). (8.5)

The opposite inequality, which completes the proof of Theorem 8.3, is obtained as a
consequence of the following proposition, which provides a polyhedral approximation in
flat norm of any rectifiable k-current R with H-mass and mass close to those of the given R.

Proposition 8.5. Let H be any Borel function satisfying (H1) in Assumption 1, and let R € Ry (R9)
be rectifiable. For every ¢ > 0 there exists a polyhedral k-chain P € Py (R?) such that

F(R—P) <g, Ol (P) <K Mp(R)+¢ and M(P) < M(R) +¢. (8.6)

Theorem 8.3 characterizes the lower semicontinuous envelope Fy on rectifiable currents
to be the (possibly infinite) H-mass IMy. Without further assumptions on H, the lower
semicontinuous envelope F can have finite values on flat chains which are non-rectifiable
(for instance, the choice H(0) := |8] induces the mass functional Fyy = IM). If instead we
add the natural hypothesis that H is monotone non-decreasing on [0, co), then there is a
simple necessary and sufficient condition which prevents this to happen in the case of flat
chains with finite mass, thus allowing us to obtain an explicit representation for F on all
flat chains with finite mass.

Proposition 8.6. Let H be as in Assumption 1 and monotone non-decreasing on [0, co). The condition

H(0)

i, B = o 67

holds if and only if

MH (T) fOT’ Te Rk(]Rd),
+00 for T € (F(RY) N{T € 2 (RY) : M(T) < o0}) \ Rk (R9).

Fu(T) = (8.8)

83 PROOF OF THE LOWER SEMICONTINUITY

This section is devoted to the proof of Proposition 8.4. It is carried out by slicing the rectifiable
currents T; and T and reducing the proposition to the lower semicontinuity of 0-dimensional
currents. Some of the techniques here adopted are borrowed from [39, Lemma 3.2.14].
We recall some preliminaries on the slicing of currents. Given k < d, let I(k, d) be the set
of k-tuples (i5,...,1x) with
1< <... < <d

Let {e1,...,eq} be an orthonormal basis of R4. For any I = (iy,...,1ik) € I(d, k), let Vi be
the k-plane spanned by {e;,, ..., e, }. Given a k-plane V, we will denote py the orthogonal
projection onto V. If V. = V| for some I, we write p; in place of py,. Given a current
T e F(RY), a Lipschitz function f : R4 — R™ for some m < k and y € R™, we denote by
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(T,f,y) the (k — m)-dimensional slice of T in f~'(y) (see [50, Section 4.3]). Intuitively, this
can be thought as the “intersection” of the current T with the level set =1 (y).

Let us denote by Gr(d, k) the Grassmannian of k-dimensional planes in R4, and by va,k
the Haar measure on Gr(d, k) (see [61, Section 2.1.4]).

In the following lemma, we prove a version of the integral-geometric equality for the
H-mass, which is a consequence of [50, 3.2.26; 2.10.15] (see also [39, (21)]). We observe that
the hypotheses (H2) and (H3) on the function H are not needed here, and indeed Lemma
8.7 below is valid for any Borel function H for which the H-mass My is well defined.

Lemma 8.7. Let E C RY be k-rectifiable. Then there exists ¢ = c(d, k) such that the following
integral-geometric equality holds:

GC4(E) = cj J 3 (py (fy}) N E) d3<(y) dya (V). (8.9)
Gr(d,k) JRk
In particular, if R € Ry (R9Y),
My (R) = cj M (R, pv, u)) d(yax ® HX)(V, ). (8.10)
Gr(d k) xRk

Proof. The equality (8.9) is proved in [50, 3.2.26; 2.10.15]. For any Borel set A C IR9, denoting
f =14, (8.9) implies that

L f(x) dH*(x) = CJGr(d,k) J]Rk L f(x) 1,00 ({y})(x) dHO (x) dﬂ{k(y) dyax(V). (8.11)

Since the previous equality is linear in f, it holds also when f is piecewise constant. Since
the measure }*|_E is o-finite, the equality can be extended to any measurable function
f € LT (H*LE). The case f ¢ L' (H*LE) follows from the Monotone Convergence Theorem
via a simple truncation argument.

Taking R = R[E, 6, 7], and applying (8.11) with f(x) = H(0(x)), we deduce that

My (R) = cj H(B(x)) A0 (x) dH*(y) dyq (V).

Gr(dk) JIR“ JEOPV] ({yh

We observe that the right-hand side coincides with the right-hand side in (8.10) since for
J*-a.e. y € R¥ the 0-dimensional current (R, pv,y) is concentrated on the set E N p{ﬂ (y)
and its density at any x € EN p\_,] (y) is O(x). O

We prove the lower semicontinuity in (8.4) by an explicit computation in the case k = 0.
Then, by slicing, we get the proof for k > 0, too.

Proof of Proposition 8.4. Step 1: the case k = 0. Let T; := T;[E;,13,0;], T .= T[E,7,0] € Ro(R9)

be such that IF(T —T;) "\, 0 as j — oo. Since T A is a signed, atomic measure, we write

TLA =) 7(x:)0(xi)dy,
ielN



83 PROOF OF THE LOWER SEMICONTINUITY

for distinct points {xi}ienw € EN A, orientations t(xi) € {—1,1}, and for 6(x;) > 0. Fix ¢ > 0
and let I C IN be a finite set such that

Mpu(TLA) =) H(O(x)) <e  #fMpu(TLA) < oo (8.12)
iel
and
Z H(0(xi)) > % otherwise. (8.13)

Up to reordering the indexes, we may assume that I = {1,..., N} for some N = N(e). Since
H is positive, even, and lower semicontinuous, for every i € {1,...,N} it is possible to
determine 1n; =ni(¢, 0(xi)) > 0 such that

H(0) > (1 —¢e)H(O(xi)) for every [0 —T(xi)0(xi)| < mj. (8.14)

Moreover, for every i € {1, ..., N} there exists 0 < r; < min{dist(x;, 0A), 1} such that the balls
B(xi,2ri) are pairwise disjoint, and moreover such that for every p < r; it holds

a)0) — Y o] < B, (8.15)
x€ENB(x4i,p)

Our next aim is to prove that in sufficiently small balls and for j large enough, the sum of
the multiplicities of T; (with sign) is close to the sum of the multiplicities of T. In order to do
this, we would like to test the current T — T; with the indicator function of each ball. Since
this test is not admissible, we have to consider a smooth and compactly supported extension
of it outside the ball, provided we can prove that the flat convergence of T; to T localizes
to the ball. From this, our claimed convergence of the signed multiplicities follows by the
characterization of the flat norm in (6.8).

To make this formal, we define 1y := minj¢i<n i and 1o := minj¢ig<n Ti- Let jo be such
that

TNoTo

T < 2P
F(T—Tj) < ¢

for every j > jo.

By the definition (6.7) of flat norm, there exist R; € 20(R9), S; € P (RY) such that
T —T; = Rj + 0S5 with M(R;j) +IM(S;) < 2% for every j > jo. Observe that the mass and
the mass of the boundary of both R; and S; are finite, and thus by [50, 4.1.12] it holds
Rj € Fo(R4) and S; e Fy (RY). We want to deduce that for every i € {1,..., N} there exists
pi € (%, 70) such that

F((T—T))LB(xi,pi)) < 3.

Indeed, for any fixed i € {1,...,N} one has that for a.e. p € (%O,ro)

(T—T;)LB(xi, p) = RjLB(xi,p) + (3S;) L B(xy, p)

(8.16)
= RjLB(xi, p) — (Sj,d(xi,), ) + 0 (S;LB(xi,p)),
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where d(xi,z) := [xi — z| and where the last identity holds by the definition of slicing for
normal currents (cf. [50, 4.2.1]). On the other hand, by [50, 4.2.1] we have

To T T
[, M((S;,d0xs, ), ) o < IS L{BEx, o)\ Bixi, ) < 2.
2
Hence, there exists p; € (%2, 7o) such that

M((S;,dlxi,-), pi)) < - (8.17)

We conclude from (8.16) that
F((T—T;)LB(xy, pi)) < M(RjLB(xy, p1)) + M((S;,d(x4,-), pi)) + M(S; L B(xi, pi))

(527) ToTo N Mo < Mo (8.18)
4 4 2

Using the characterization of the flat norm in (6.8), and testing the currents (T —T;) L B(x, pi)
with any smooth and compactly supported function ¢;: R¢ — R which is identically 1 on
B(xi, pi), we obtain

Sowe— Y mew)| < S (8.19)

x€ENB(xi,pi) yeE;NB(xi,p1)

Combining (8.19) with (8.15), we deduce by triangle inequality that

T(x1)0(xi) — Z 75 (y)05(y)

YyEeE;NB(x4,01)

< Mie (8.20)

Finally, using (8.14) and the fact that H is countably subadditive (cf. Remark 8.1), we
conclude that for every j > jo

H(e(xi))<11€H< > Tj(y)ej(y))

YyEE;NB(x4,p1)

1
<Y He)
yEeE;NB(x4,p01)

1
1flMH(T L B(xi, pi))-

Summing over 1i, since the balls B(xi, pi) are pairwise disjoint, we get that

1
D M0 < 7— 11m1an]MH (LB (xi,p1)) < Hminf My (T;LA).

)—00 ] — & j—oo
iel

By (8.12) (or (8.13) in the case that My (TL A) = oo) and since ¢ is arbitrary, we find (8.4).
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Step 2 (Reduction to k = O through integral-geometric equality). We prove now Proposition 8.4
for k > 0. Up to subsequences, we can assume

hm MH(T]' LA) = lim ianMH(Tj LA).

j—ro0 j—o0

By [50, 4.3.1], for every V € Gr(d, k) it holds
| BT =T v, ay < BT -T) (5.21)

Integrating the inequality (8.21) in V € Gr(d, k) and using that y4x is a probability
measure on Gr(d, k) we get

lim J F(T, — T, pv, y))d(yax © 3 (V,y) < lim F(T, —T) = 0.
j—00 JGr(d k) xR¥ j—oo

Since the integrand F((T; — T, pv,y)) is converging to 0 in L', up to subsequences, we get

lim F((Tj—T,pv,y)) =0  foryax ® H*-ae. (V,y) € Gr(d, k) x R*.

j—o0

We conclude from Step 1 that

Mu (T, pv,y)LA) < liminf My ((Tj, pv,y)LA)  for yqx ® H*-ae. (V,y) € Gr(d, k) x R¥.

]—00

(8.22)

By [11, (5.15)], for every V € Gr(d, k) one has (T,pv,y)L A = (TLA,pv,y) for H*-a.e.

y € Rk,
In order to conclude, we apply twice the integral-geometric equality (8.10). Indeed, using
(8.22) and Fatou’s lemma, we get

My (TLA) ZCJ Mu ((TLA, pv,y))d(vax ® H*)(V,y)
Gr(d,k)xRk

<c J liminf My ((T;LA, pv, y)) d(yax ® 7<) (V, y)
Gr(dk)xRk 700 (8.23)

< climinf Mu ((T;LA, pv, y))dlvax @ HE)(V,y)

n—0o0 JGr(d,k)x]Rk
= 11m ianMH(Tj LA).
)—0o0

This concludes the proof of Step 2, so the proof of Proposition 8.4 is complete. O
8.4 PROOF OF THE POLYHEDRAL APPROXIMATION

In this section we prove Proposition 8.5. In order to do this, we will consider a family of
pairwise disjoint balls which contain the entire mass of the current R, up to a small error.

Then, we replace in any of these balls the current R with a k-dimensional disc with constant
multiplicity. Afterwards, we further approximate each disc with polyhedral chains.
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We begin with the following lemma, where we prove that, at many points x in the k-
rectifiable set supporting the current R and at sufficiently small scales (depending on the
point), R is close in the flat norm to the tangent k-plane at x weighted with the multiplicity
of R at x.

In this section, given the k-current R = R[E, 7, 0], for a.e. x € E we denote with 7, the
affine k-plane through x spanned by the (simple) k-vector t(x) and with S , the k-current

Sx,p = [B (X/ P) M7y, T(X)/ e(x)]

Lemma 8.8. Let ¢ > 0, and let R = R[E, T, 0] be a rectifiable k-current in RY. There exists a subset
E’ C E such that the following holds:

(1) M(RL(E\E)) < ¢
(i1) for every x € E’ there exists v = r(x) > O such that for any 0 < p < r

F(RL(E'NB(x,p)) — Sx,p) < EM(RLB(x, p)). (8.24)

Proof. Since E is countably k-rectifiable, there exist countably many linear k-dimensional
planes TT; and C' and globally Lipschitz maps fi: TT; — TTi- such that

E C Eo U | Graph(f;),
i=1
with 3*(Eo) = 0. We will denote L; := Graph(f;) C R<. For every x € |Jio; Zi, we let i(x)
be the first index such that x € Z;. Then, for every i > 1, we define R; := Ri[EN Z;, T, 64],
where

O(x) ifi=1(x)
0i(x) == (8.25)
0 otherwise.
Clearly, R = Y {2, Ri and M(R) = 32 ; M(R;). Hence, there exists N = N(¢) such that
> MRy <e. (8.26)
i>N+1

Now, recall that x is a Lebesgue point of the function 8; with respect to the Radon measure
HL L if

10 (y) — 0:(x)| dFH*(y) = 0.

1
lim J
r—0 j{k():i NB(x, 7)) ZiNB(x,1)

We define the set E’ C E by

N
E' = {x €EN U Zi such that x is a Lebesgue point of 0;
i=1 (8.27)

with respect to KH*|x; for everyie{l,... ,N}},
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and we observe that (i) follows from (8.26) and [12, Corollary 2.23].
Let us set

L:=max{Lip (fi): i=1,..., N} (8.28)

Fix i€ {1,...,N}. For every x € L; there exists r > 0 such that if Z; N B(x, Vdr) # 0, then
x € Xj forevery j € {1,..., N}

Now, fix any point x € E/, and fix an index j € {1,..., N} such that x € Z;. If j = i(x), then
0;(x) = 08(x) > 0. Since by the definition of E’

. M(RjL(Z; nB(x,71)))
lim

W TR (T, NBy ) ) (8.29)

then there exists 1 > 0 such that for any 0 < p < V/dr

M(R;L(Z; N B(x, p))) S 0;(x)

H&(Z;NB(x,p) ~ 2 (8.30)

Again by [12, Corollary 2.23] applied with p = HrL Z; and f = 0j, there exists a radius r > 0
(depending on x) such that

03 ) — 8 ()1 d0C¥(y) < € 213045 1B, )

JZjﬂB(x,p)
eM(Rj L(Z; NB(x,p)))
h g{k(zj mB(XI p))
< eM(RjLB(x, p)),

355 NBxp) O3V

for every 0 < p < Vdr.
If, instead, j # i(x), then 0;(x) = 0 and therefore there exists a radius r > 0 (depending on
x) such that for every 0 < p < Vdr

€05 (x)(x)
N(1+L)k

£
< 10 (x)wip® (8.32)

(830) ¢
< NM(Ri(X) LB(x,p)),

0;(y) dH*(y) < H*(Z; N B(x, p))

JZjﬁB(x,p)

where wy denotes the volume of the unit ball in R¥.

Fix any point x € E’ and let i = i(x). By possibly reparametrizing fi|r,~g(x,r) from
the k-plane tangent to ; at x, translating and tilting such a plane, we can assume that
x =0, Ty ={xx41 = =xq = 0} and Vfi(x) = 0. By possibly choosing a smaller radius
r =1(x) > 0, we may also assume that

IVfil <e inTl;NB(x,1). (8.33)

With these conventions, the current Sy, in the statement reads Sk, = Sx[B(0,p)N
i, t(0),0:(0)]. We let Fi: TT; x ﬂ% — R4 be given by Fi(z,w) := (z,fi(z)), and we set
Ri = (Fi)ﬂSX,p € Rk(]Rd).
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By (8.33) and the homotopy formula (cf. [79, 26.23]) applied with g = F; and f(z,w) =
(z,0), we have, denoting C(x, p) := (B(x, p) NTT;) x ﬂf,

]F(Rl Sx, C||g_f||l_°° ,0)) (IM(Sx, p)+M(an,p))

Cep (IM(Sy, p) —HM(aS 0))

CEG(X)(U (8.34)
Ceb(x)

e0(x)H*(Z; N B(x, p))

NN N //\

%
/N g

CeM(R;LB(x,p)).

Now, observe that, if we denote by &; the orientation of X; induced by the orientation of
TT; x i+ via Fy, the rectifiable current R; reads R; = Ri[Z; N C(x, p), &1, 01(x)] (cf. [79, 27.2]).
Therefore, we can compute

M(R;i L B(x,p) — Ri) < M(R{L.B(x,p) = RiL. B(x,p)) + M(R; L(C(x,0) \ B(x, p)))

27 MR L B(x, p)) + M(R; L(Clx, 0) \ B(x, p)))

(8.33) (8.35)
< eM(R{LB(x,p)) + CeBi(x)H*(Z; N B(x, p))

(8-30)

< CeM(R{LB(x,p)).

Hence, we conclude:

N
F(RLE'MB(x, ) — Sx,0) < F(Ri(x) L B(x,p) ~ Sx,p) + 3 M(R;LB(x, )
j=1
j#(x)
632) i i (8.36)
< F(Ryx)LB(x,p) —=Ri) +F(Ri — Sx,p) +2eM(Ry(x) L B(x, p))

(8.34),(8.35)
< CeM(RLB(x, p)).

This proves (8.24). O
A straightforward iteration argument yields the following corollary.
Corollary 8.9. Let R = R[E, 1, 0] be a rectifiable k-current in RY. Then, for KH*-ge.x € E

lim F(RLB(x,7) —Sx,0)
r—0 IM(RLB(x,1))

—0. (8.37)

Proof. For every i € N define the set E; to be the set E’ given by Lemma 8.8 applied to R
with ¢ =271 and let F; C E; be the set of Lebesgue points of 1¢, (inside E;) with respect
to 0HKLE. By [12, Corollary 2.23], the set F; equals the set E; up to a set of H*-measure 0
and for every x € F; and for p sufficiently small (possibly depending on x) it holds

M(RLB(x,p) —RL(E; NB(x,p))) = 0 dH*

J'(E\E-L)OB(X,O)
<2+ J 0 d3* =27 "M(RLB(x, p)).
ENB(x,p)
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Hence by Lemma 8.8 for every x € F; there exists ri(x) > 0 such that for every 0 < p < ri(x)

F(RLB(x,p) — Sx,p) < M(RLB(x,p) —RL(E; NB(x,p))) +F(RL(E; N B(x,p)) — Sx,p)

<
< 27'M(RLB(x,p))

and
M(RL(E\F)) <27+,

Denotmg F:=Uien ﬂ;>1 F;, and noticing that E\F = ENF® = EN(;cn Us
in {J;> F§ for every i € N, we have

j>i Fj is contained

M(RL(E\F)) < lim ZIM (RL(E\F;)) < lim Z 5 =

i—o00 i—o0

and this implies that 3*(E \ F) = 0. Since every x € F belongs definitively to every K
(namely, for every x € F there exists ip(x) € IN such that x € F; for every i > ip(x)), we
obtain (8.37). O

Proof of Proposition 8.5. Let R be represented by R = R[E, 7, 0] with 0 € L' (H*L E; (0, 00)). We
denote
(o= 0H"LE.

Moreover, if My (R) < +o00, we define the positive finite measure
v = H(0)H*E.

Fix ¢ > 0. We make the following

Claim: There exists a finite family of mutually disjoint balls {Bi}]i\l:1 with B := B(x4,1i),

such that the following properties are satisfied:

(1)
ri <€ vi=1,...,N and (RN (UNBy)) < ¢

(ii) if we denote R; := RL B and S; := Sy, r,, then
F(Ri — i) < ep(Bi);
(ii1)
Iu(Bi) —O(xi)wirf] < ew(Bi),  Vi=1,...,N;
(iv) if My (R) < 400, then it holds

H(8(xi))wirk < (1+¢)v(By), vi=1,...,N.

Let us for the moment assume the validity of the claim and see how to conclude the proof
of the proposition.
By point (iii) in the claim we deduce

M(Si) < (1+ e)M(Ry). (8.38)
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and by point (iv) we get
Mpi(Si) < (14 e)Mu(Ryi). (8.39)

On the other hand, we can find a polyhedral chain P; € Py(R%) (supported on 7t; N Bj,
Ui i= Ty, ), such that

F(P; —Si) < en(By), M (Py) < Mu(Si) and  M(P;) < M(Sy). (8.40)

Indeed, it is enough to approximate the k-dimensional current S; with simplexes with
constant multiplicity and supported in B; N ;.
To conclude, we denote P := 5", P; and we estimate

F(R—P) <) F(Ri—Pi)+M(RLR\ (UX;B;)))

=
—_

(1) N N (i1),(8.40) N
<et+) BFRi—S)+) F(Si—P) <  e+2) en(Bi) <e+2eM(R).
i=1 i=1 i=1
(8.41)
Moreover
N (8-40) N (8:39) N
Mu(P) =) Mu(P) < D) Mu(S)) < (T+¢e)) Mu(Ri) < (1+e)Mu(R) (842)
and
(840) (838) N
M(P) =) M(P;) < > M(S;) < (1+¢)) M(R) < (1+¢e)M(R). (8.43)
i=1 i=1 i=1

Proof of the Claim: Consider the set F of points x € E such that the following properties
hold:

1. x satisfies

. F(RLB(x,1)—Sx+)
lim

I MRBx ) O

2. denoting Ny, : R — R the map y — Y=*, we have the following convergences of
measures for v — 0:
Moo = 1M )a (1L Bx, 1)) = 8(x)F*L((x + span(t(x))) N B(0, 1)), (8.44)

and

Vi =1 (M )4 (VL B(x, 1)) = H(O(x))H L ((x + span(t(x))) N B(0,1)). (8.45)
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We observe that properties (1) and (2) hold for p-a.e. point. Indeed the fact that (1) holds for
p-a.e. x follows from Corollary 8.9, while the fact that (2) holds for p-a.e. x is a consequence
of [35, Theorem 4.8]. Moreover, by (8.44) and by (8.45), for every x € F there exists a radius
1(x) < € such that

Ity (B(0, 1)) — O (x)wi| < %6(x)wk, for a.e. v < r(x).
This inequality implies that
lu(B(x, 7)) — B(x)wir*| < ge(x)wkrk, for a.e. v < 1(x), (8.46)
so that in particular
€ k
0(x) (1 — E) wir© < u(B(x, 1)), for a.e. T < r(x).

Plugging the last inequality in the right-hand side of (8.46), we get

IL(B(x, 1)) — 0(x)wirk| < w(B(x, 1)) < en(B(x, 1)), for a.e. v < r(x).

13

2—¢

which gives condition (iii) of the Claim.
Analogously, we get that

IV(B(x, 1)) — H(0(x))wr*| < ev(B(x,T)), for a.e. r < r(x).

The validity of the claim is then obtained via the Vitali-Besicovitch covering theorem ([12,
Theorem 2.19)]).

O]
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In this section we prove Proposition 8.6. We first observe that the condition (8.7) is necessary
for the validity of (8.8). Indeed, consider a map H as in Assumption 1 for which (8.7) does
not hold. It means that there exists a constant C > 0 and a sequence {0;}icn converging
to 0 such that H(0;) < C0; for every i € IN. We consider now the sequence of polyhedral
k-chains {Pi}ien supported in the unit cube [0, 1]™ and defined as

Ny
Pi = Z[TQ N [0/ ]]d/ T, ei]/
j=1

—

where for 1 fixed, 712 are k-planes parallel to {xx+1 = ... = xq4 = 0} whose last (d — k)
coordinates are “uniformly distributed” in [0, 119=% 71 is a fixed orientation for all the k-
planes 712 not depending on i or j and Nj := min{N € IN : NO; > 1}. Since 6; — 0, then
N; — oo. For i large enough, so that 8;N; < 2, we can compute

N;
Oy (P) =) On(lmN[0,11%,7,0:) = NiH(6;) < CN;0; < 2C.
j=1
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Nevertheless, since 8;N; — 1, then the sequence {Pi}icn converges in flat norm to the
k-current T, acting on k-forms as

(T, w) = J (w(x),T) dcd(x),
[0,1]4

which belongs to (Fi(R%) N{T € Z(R%): M(T) < oo}) \ Rk (R9). Clearly, Fy(T) < 2C.

We show now that, if H is also monotone non-decreasing on [0, o), then condition (8.7) is
also sufficient to the validity of (8.8). The proof is a consequence of the definition of Fy in
(8.3) and the following Lemma (see also [27, Lemma 4.5]):

Lemma 8.10. Assume H is as in Assumption 1, is monotone non-decreasing on [0, co), and satisfies
(8.7). Let {Rj}jen C Ry (RY) and let us assume that

sup My (R;) < C < +oo.
jeEN

Iflimj_,o F(R; — T) = 0 for some T € Fy (RY) with finite mass, then T is in fact rectifiable.

Proof. Step 1. We prove the lemma for k = 0, recalling that a 0-dimensional rectifiable current
R = R[E, 7, 6], with t(x) = %1, is an atomic signed measure (i.e. a measure supported on a
countable set).
We observe that (8.7) implies that there exists §p > O such that H(8) > 0 for every
0 € (0,80). We define the monotone non-decreasing function f : [0, 59) — [0, +00) given by
t

su —— i 0<0 <y,
£(0) == Pte(o,0] H(t) 0

0 if0=0.

By assumption (8.7), f is continuous in 0 and H(6)f(6) > 6. Fix any 6 € (0, 6¢). For any
jeNN

M(R; L{x : 05(x) < 8}) = JEn{e- 5 05 (x) dH*(x) < JEn{e- N (05 (x))H(6;(x)) dH*(x)
< f(5)J H(0;(x)) dH™(x) < f(8)Mu (R;) < CF(8).
E;N{0;<5)

Therefore, up to subsequences the sequence {R;L{x : 05(x) < d}}jew converges to a signed
measure R, of mass less than or equal to Cf(8). On the other hand, using the upper bound
on My (Rj) and the monotonicity of H, we deduce that the measures R;jL{x : 0j(x) > 6} are
supported on a uniformly (with respect to j) bounded number of points, and converge to a
discrete measure R7. Hence, for any & > 0, the limit T can be written as the sum of a discrete
measure R; and of an error R, with mass less than or equal to €. Since ¢ is arbitrary, the
statement follows.

Step 2. We prove the claim for k > 0.

We apply [50, 4.3.1] to the sequence {R;}jen to deduce that for any I € I(d, k)

lim J F((R; —T,p1,y)) dy < lim F(R; —T) = 0.
Rk J]—o0

j—o0
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Since the sequence of non-negative functions {IF((R; — T, p1, -))}jen converges in L'(R¥) to
0, up to a (not relabelled) subsequence, we get the pointwise convergence

lim F((R; —T,p1,y)) =0 for H*-a.e. y € R¥, for every I € I(d, k).

j—o0

We apply the Fatou lemma and [39, Corollary 3.2.5(5)] to the sequence {R;}jen to deduce

J liminf My ((Rj, p1,y)) dy < li_mian Mp ((Rj, pr,y)) dy < liminf My (Rj) < C. (8.47)
R R¥

k j—o0 j—o0 j—o0

Hence the integrand in the left-hand side is finite a.e., namely liminf; ., M ((Rj, p1,y)) <
oo for H*-a.e.y € R¥, for every I € I(d, k). Hence we are can apply Step 1 to a.e. slice
(Rj,p1,Y) to a y-dependent subsequence and deduce that

(T,p1,y) is O-rectifiable for H*-a.e. y € R¥, for every I € I(d, k). (8.48)

To conclude the proof we employ Theorem [83, Rectifiable slices theorem, pp. 166-167],
see Theorem 7.15, which ensures that a finite mass flat chain T is rectifiable if and only if
property (8.48) holds. O
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