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Abstract

We show that for a Schrodinger operator with bounded potential on a manifold
with cylindrical ends, the space of solutions that grows at most exponentially at
infinity is finite dimensional and, for a dense set of potentials (or, equivalently,
for a surface for a fixed potential and a dense set of metrics), the constant func-
tion O is the only solution that vanishes at infinity. Clearly, for general potentials
there can be many solutions that vanish at infinity.

One of the key ingredients in these results is a three circles inequality (or
log convexity inequality) for the Sobolev norm of a solution u to a Schrodinger
equation on a product N x [0, T'], where N is a closed manifold with a certain
spectral gap. Examples of such N’s are all (round) spheres $” for n > 1 and all
Zoll surfaces.

Finally, we discuss some examples arising in geometry of such manifolds and
Schrodinger operators. (©) 2007 Wiley Periodicals, Inc.

Contents

Examples from Geometry

Spectral Projection on a Closed Manifold

Dimension Bounds for Rotationally Symmetric Potentials on Cylinders
General Lipschitz Bounded Potentials: The Three Circles Inequality

A Three Circles Theorem for Bounded Potentials

Dimension Bounds on a Manifold with Cylindrical Ends

Density of Potentials with Hy = {0}

. Surfaces with More General Ends: The Case n = 1 of Theorem 0.1

Appendix A. Growth and Decay for Generic Rotationally Symmetric
and Periodic Potentials

NN kWD =

Communications on Pure and Applied Mathematics, Vol. LXI, 1540-1602 (2008)
© 2007 Wiley Periodicals, Inc.

1549
1554
1554
1559
1568
1578
1581
1584

1592



SCHRODINGER OPERATORS ON CYLINDRICAL ENDS 1541

Appendix B. The Symplectic Form and the Symplectic Poincaré Maps 1597
Appendix C. Bloch’s Theorem 1600
Bibliography 1601

Many problems in geometric analysis are about the space of solutions of non-
linear PDEs, like solutions of the Yang-Mills equation, the Einstein equation, the
Yamabe equation, the harmonic map equation, the minimal surface equation, etc.
For such problems it is often of interest to estimate how many solutions there are
and be able to say something about their properties. Infinitesimally, the space
of nearby solutions to a given solution solves a linear PDE, which is often a
Schrodinger equation. For this reason it is therefore very useful when one can
say that the space of solutions (with some constraints at infinity) to a Schrodinger
equation is finite dimensional and even more significant when one can say that the
trivial solution, that is, the function that is identically 0, is the only such solution.
The first case corresponds to the “tangent space” being finite dimensional and the
second case corresponds to the space of solutions being infinitesimally rigid. We
will return to some specific examples later in the introduction after stating our main
results.

Let M be a complete, noncompact, (n + 1)—dimensional Riemannian manifold
with finitely many ends E1, ..., Ex. Suppose also that M \ Uj;l E; has compact
closure and each end is cylindrical. By cylindrical we will mean different things
depending on whether n = 1, in which case more general ends will be allowed,
orn > 2. For n > 2 we assume that each end E; is isometric to a product of a
closed manifold N; and a half-line [0, 00), whereas for n = 1 we assume only that
each end is bi-Lipschitz to $! x [0, c0) and has bounded geometry. Recall that a
surface (or manifold) has bounded geometry if its sectional curvature is bounded
above and below and the injectivity radius is bounded away from 0.

We will consider Schrodinger operators L = Ajps + V' on the manifold M and
on each cylindrical end use coordinates (6, ¢). Given a constant «, let Hy (M) =
Hy (M, L) be the linear space of all solutions u of Lu = 0 that grow slower than
exp(ar), where r is the distance to a fixed point. That is, for any fixed point p
0.1) limsup max e *" |ju| =0

r—oo 0By(p)
where B, (p) is the intrinsic ball of radius r and center p. Note that Ho(M) is the
set of solutions that vanish at infinity.

One of our main results is the next theorem about the solutions of Schrodinger
operators on manifolds with cylindrical ends, where the cross section of each end
has a (infinite) sequence of eigenvalues A,,, for the Laplacian with

0.2) Am; — Am;—1 — 00.
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Similar conditions on the spectral gaps have been used in other analytic problems
(cf. [3, 4]), and this particular condition is satisfied on any round sphere $” for
n > 1. On $”, the eigenvalues occur with multiplicity in clusters with the m™
cluster at m? + (n — 1) m. The spectral gap condition is also satisfied on any Zoll
surface (normalized so the closed geodesics have length 257). The eigenvalues of a
Zoll surface occur in clusters, where the eigenvalues in the m'™ cluster all lie in the
interval

(0.3) Jm = [(m + B/4?* — K, (m + B/4)?* + K]

for constants K and f; see Guillemin [20] and Colin de Verdiere [17]. Notice that
the gap between J,, and Jy,4+1 grows linearly in m, as did the spectral gaps for $”,
thus giving the required spectral gap.'

THEOREM 0.1 Let M be a complete, noncompact, (n + 1)—dimensional manifold
with finitely many cylindrical ends satisfying (0.2).

() IfV isa C%' bounded® function® (potential) on M, then Ho (M, Apr+V)
is finite dimensional for every a; the bound for dim Hy depends only on
M, o, and |V | co.1.

(i) For a dense set of C%! bounded potentials, Hy contains only the constant
function O; for a surface this is equivalent to that, for a fixed potential,
there is a dense set of metrics (with finitely many cylindrical ends) where
Hy = {0}.

Even the special case of our theorem where M = $' x R is a flat cylinder
is of interest. In that case we can define spaces H4 and H_ of solutions to the
Schrodinger equation where H . are the solutions that vanish at +oco and H_ the
space that vanishes at —oo, and thus Hy is the intersection of the two. In this case
both Hy and H_ can be infinite dimensional, as can be seen when V' = 0 by
considering separation-of-variable solutions:

0.4) {ekt cos(k6) and ekt sin(k0) |k e Z, k <0} C Hy,
0.5) {ekt cos(k8) and ekt sin(fk0) |k e Z, k> 0} C H_.

In particular, one can easily construct (nongeneric) compactly supported potentials
V on the flat cylinder $! x R where Hy is nontrivial by patching together expo-
nentially decaying solutions on each end.

I Weyl’s asymptotic formula gives for a general closed n-dimensional manifold that A,;, &~ m2/n,
which shows that (0.2) cannot be expected for a general closed manifold for n > 2.

2 A function £ isin C%1 if it is both bounded and Lipschitz. The C %1 norm is

1/ lgon =suplfi+ sup LEO=SDN
M xtyeM X =Yl

3We will prove that both parts (i) and (ii) of the theorem also hold for bounded potentials V'
whenever the cross section of each end is a round $”, n > 1, or a Zoll surface.



SCHRODINGER OPERATORS ON CYLINDRICAL ENDS 1543

One of the key ingredients is a three circles inequality (or log convexity in-
equality) for the Sobolev norm of a solution u to a Schrodinger equation on a
product N x [0, T], where N satisfies (0.2). We will state the first of the three
circles theorems next when N is a sphere or a Zoll surface and the dependence of
the constants is cleanest; see Theorem 4.6 below for the statement for a general N
satisfying (0.2).

THEOREM 0.2 Let N = S" foranyn > 1 or a Zoll surface. There exists a constant
C > 0 depending on N and ||V ||co.1 so that if u is a solution to the Schrodinger
equation Au +Vu =0on N x [0, T] and a satisfies

0.6) o > l [log I(T)] ,
T 1(0)

thenits W2 normat 0 < t < T satisfies the following three circles type inequality
(logarithmic convexity type inequality)

(0.7) log I(t) < C + (C + ||)t + log 1(0).

Here®

(0.8) I(s) = / u? + |Vu|?)dé.
Nx{s}

Our argument actually gives a stronger bound than we record in Theorem 4.6,
but we have tailored the statement to fit our geometric applications.

Even if the potential is merely bounded and not Lipschitz, we get the following
estimate:

THEOREM 0.3 Let N = S" foranyn > 1 or a Zoll surface. There exists a constant
C > 0 depending on N and ||V || so that if u is a solution to the Schridinger
equation Au +Vu =0on N x [0, T] and «a satisfies

2
1 u
(0.9) @ > —[log fNX{iT}Z]
T fo{O} u
then its L?> normat 0 < t < T satisfies
(0.10) log( f u2d9) < C + (C + |a|)t +10g 1(0).

Nx{t}

One of the main reasons why such estimates are useful is that they show that if
a solution grows/decays initially with at least a certain rate (the constant C in (0.7)
and (0.10) gives a threshold), then it will keep growing/decaying indefinitely.

As an immediate corollary of the general version of Theorem 0.2 where N is
only assumed to satisfy (0.2), i.e., Theorem 4.6 (and Schauder estimates), we get
the following:

“In (0.7) and in what follows, Vu denotes the full gradient of u and not only its tangential part.
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COROLLARY 0.4 Let N be a closed n-dimensional manifold satisfying (0.2). Given
a € R, there exists a constant v > 0 depending on o, the C 0.1 orm of V, and N
so that if u € Hy(N x [0,00)), then its W12 norm grows at most exponentially
with the estimate

(0.11) / W2 + |Vul?)do < ve’! e thX{O}(u2 + |Vu|?)dé.
N x{t}

Remark 0.5. The corollary also holds for bounded potentials V' whenever N is an
n-dimensional sphere or a Zoll surface; in this case, we apply Theorem 0.3.

One of the motivations of this paper is as a step towards classifying the possible
limits of sequences of embedded minimal surfaces in a 3-manifold. The papers
[12, 13, 14, 15, 16] give a rather complete classification for R? and, in particular,
show that the limits are smooth laminations by flat parallel planes. Moreover, [10]—
[16] give a similar picture locally (i.e., in a fixed small ball) in any 3-manifold
except that the limits can now have singularities (even for a ball in R3; see [11]).
This is because the arguments in [15, 16] to rule out singularities of the limits were
global. In fact, examples constructed in [6] show that the limits can be singular
even in a compact 3-manifold with positive scalar curvature. This paper is a first
step towards understanding what happens to these singular limits as we vary the
metric on the 3-manifold. The corresponding problem in one dimension less, i.e.,
for geodesics in a surface, was settled in [7].

0.1 Examples from Geometry

Let ¥ C M? be a smooth surface (possibly with boundary) in a complete
Riemannian 3-manifold M and with orientable normal bundle. Given a function ¢
in the space C§°(X) of infinitely differentiable (i.e., smooth), compactly supported
functions on X, consider the one-parameter variation

(0.12) E1¢ = {exp, (top(x)ns(x)) | x € X}

Here ny is the unit normal to ¥ and exp is the exponential map on M.> The so-
called first variation formula of area is the equation (integration is with respect to
the area of )

(0.13) i
' dt

t=

Area(X; ¢) = /¢H,
0
b

where the mean curvature H of ¥ is the sum of the principal curvatures x; and
k2.5 The surface ¥ is said to be a minimal surface (or just minimal) if

(0.14) i

T Area(Z;4) =0 forallg € Cj°(X)

t=0

3 For instance, if M = R3, then expy(v) = x +v.
O When X is noncompact, X ¢ in (0.13) is replaced by I'; 4, where I is any compact set con-
taining the support of ¢.
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or, equivalently by (0.13), if the mean curvature H is identically 0. Thus X is
minimal if and only if it is a critical point for the area functional.

Since a critical point is not necessarily a minimum, the term “minimal” is mis-
leading, but it is time honored. A computation shows that if ¥ is minimal, then
(0.15) d?dt?|  Area(X;4) = — / dLx.

=0 5
where Ly¢p = Ax¢p + |A|*¢ + Ricp(ng,nx)¢ is the second variational (or
Jacobi) operator. Here Ay is the Laplacian on X, Ricys(ny, ny) is the Ricci cur-
vature of M in the direction of the unit normal to X, and A is the second funda-
mental form of ¥. So A is the covariant derivative of the unit normal of ¥ and
|A|?> =k} + 3.

For us, the key is that the second variational operator is a Schrodinger operator
with potential V = |A4|? + Ric(ng, ny).

A useful example to keep in mind is that of the catenoid. The catenoid is the

complete embedded minimal surface in R that is given by conformally embedding
the flat two-dimensional cylinder into R3 by

(0.16) (0,t) — (—coshtsin6,cosht cosb,t).

A calculation shows that pulling back the second variational operator to the flat
cylinder gives a rotationally symmetric Schrodinger operator with potential

(0.17) V(0,1) = V(t) = 2cosh™2(t).
A minimal surface X is said to be stable if
2
(0.18) i Area(X;4) > 0 forall ¢ € C5°(X).
t=0

The Morse index of X is the index of the critical point X for the area functional, that
is, the number of negative eigenvalues (counted with multiplicity) of the second
derivative of area; i.e., the number of negative eigenvalues of L.” Thus X is stable
if the index is 0. If A = 0, then ¢ is said to be a Jacobi field.

Suppose that M3 is a fixed, closed 3-manifold with a bumpy® metric with pos-
itive scalar curvature, and let X; be a sequence without repeats, i.e., with X; # X;
fori # j, of embedded minimal surfaces of a given fixed genus. After possibly
passing to a subsequence, one expects that it converges to a singular lamination’
that looks like one of the two illustrated in Figures 0.1 and 0.2:

7 By convention, an eigenfunction ¢ with eigenvalue A of L is a solution of L¢$ + A¢ = 0.

8Bumpy means that no closed minimal surface X has 0 as an eigenvalue of Ly, and the space of
such metrics is of Baire category by a result of B. White [27].

9 A lamination is a foliation except for that it is not assumed to foliate the entire manifold.
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FIGURE 0.1. One of the two possible singular laminations in half of a
neighborhood of a strictly stable 2-sphere. There are two leaves, namely,
the strictly stable 2-sphere and half of a cylinder. The cylinder accu-
mulates towards the 2-sphere through catenoid-type necks. In fact, the
lamination has two singular points over which the necks accumulate.

One expects that any singular limit lamination has only finitely
many leaves. Each closed leaf is a strictly stable 2-sphere. Each
noncompact leaf has only finitely many ends, and each end accu-
mulates around exactly one of the closed leaves. The accumulation
looks almost exactly as in either Figure 0.1 or Figure 0.2.

Indeed, the lamination in Figure 0.1 can happen as a limit of fixed genus embed-
ded minimal surfaces in a 3-manifold, see [6] (even in a 3-manifold with positive
scalar curvature); cf. also with B. White [26].

For us, the key is that (see Section 1):

Each noncompact leaf is conformally a Riemann surface with finitely many cylin-
drical ends,

and under the conformal change,

the second variational operator becomes a Schrodinger operator with Lipschitz
bounded potential.

One would like to understand the moduli space of such noncompact minimal
surfaces. Infinitesimally, the space of nearby noncompact minimal surfaces with
finitely many ends, each as Figure 0.1 or 0.2, are solutions of the second variational
equation on the initial surface. Thus, we are led to analyze the solutions of this
Schrodinger equation.

0.2 Schrédinger Operators on R”+1

Theorem 0.3 implies a three circles inequality and also a corresponding strong
unique continuation theorem for a Euclidean operator

(0.19) L= Agnt1 — (n = D]x|[710)y + V(x),
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<
“ singular
points

FIGURE 0.2. One of the two possible singular laminations in half of a
neighborhood of a strictly stable 2-sphere. There are two leaves, namely,
the strictly stable 2-sphere and half of a cylinder. The cylinder accumu-
lates towards the 2-sphere and is obtained by gluing together two op-
positely oriented double spiral staircases. Each double spiral staircase
winds tighter and tighter as it approaches the 2-sphere and thus never
actually reaches the 2-sphere.

where 0 is the radial derivative and the potential V' (x) satisfies
(0.20) V(x)| < Clx| 2.

This unique continuation does not follow from the well-known sharp result for
potentials V € L@+ 1D/2(R7+1) of Jerison and Kenig [23]. It also does not follow
from the unique continuation result of Garofalo and Lin [18], which holds when
|x|? |V (x)| goes to O at a definite rate. To our knowledge, the sharpest unique
continuation results for Euclidean operators of this general form are given in Pan
and Wolff [24]. In that paper, they consider operators Agn+1 + W(x) - Vput+1 +
V(x), where V satisfies (0.20) for some constant and W satisfies |x| |[W(x)| < Co
for a fixed small constant Cyp.

To see why Theorem 0.3 applies to the operator L, it will be convenient to work
in “exponential polar coordinates” (0 = x/|x|, t = log|x|) € $" x R. In these
coordinates, the chain rule gives

(0.21) A =€ '0s,
(0.22) afx| =e 21 (07 — 9y).
Using this, we can rewrite the Euclidean Laplacian Apn+1 as

n

(0.23) Agut1 = 3|2x| + — x| + x| 2 Agn = e 2 Agnyg +e 2 (n — 1)0;.

|x]
Therefore, the Euclidean operator L can be written
(0.24) e?'L = Agnxp + 2 V(e ).

In particular, if V' satisﬁeg (0.20), then the operator e?! L can be written as Agn g+
V', where the potential V' is bounded. It follows that Theorem 0.3 applies to an
operator L satisfying (0.20).
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0.3 Outline of the Paper

In Section 2, on the half-cylinder N x [0, co) with coordinates (6,t), we in-
troduce notation for the Fourier coefficients (or spectral projections) of a function
f(6,1) on each cross section ¢ = constant.

In Section 3, we specialize to the case of a cylinder N x R and a rotationally
symmetric potential V(6,¢) = V(t). This is meant only to explain some of the
ideas in a simple case and the results will not be used elsewhere. Given a solution u
of the Schrédinger equation, an easy calculation shows that the Fourier coefficients
of u satisfy an ODE as a function of 7. It follows from a Riccati comparison
argument that any sufficiently high Fourier coefficient of u grows exponentially
at either plus infinity or minus infinity. In particular, if the solution u vanishes at
both plus and minus infinity, then all sufficiently high Fourier coefficients vanish.
It follows from this that the space Hy is finite dimensional, and similarly for H,,
when « > 0.

In Section 4, we prove the three circles theorem for Lipschitz potentials, i.e.,
Theorem 0.2. Unlike the case of rotationally symmetric potentials, the individual
Fourier coefficients will no longer satisfy a useful ODE, but we will still be able
to show that the simultaneous projection of a solution u onto all sufficiently large
Fourier eigenspaces satisfies a useful differential inequality.

To give a feel for the proof, we will now outline the argument. For each ¢ €
[0, T], let [u]; () be the j™ Fourier coefficient of a solution u restricted to the !
slice. Define functions of ¢ by

m—1 o0
L= > [([W]))*+ A+ 2pM]}] and Hp = D [(u]))* + 1+ 1)[u]7]
Jj=0 j=m

and note that the sum of the two is the Sobolev norm. A computation shows that
they satisfy the two differential inequalities H,, > (41, — C)Hp — C Ly, and
Ly < (4Am—1 + C)Ly + CH,y for some constant C depending only on the
Lipschitz norm of the potential and in particular not on m. Subtracting the second
inequality from the first and using the spectral gap yields that [H,, — L]’ >
(4Am—1 + 2x)[Hm — L] for some positive constant « and m sufficiently large.
We then use this differential inequality and the maximum principle applied to the
function f(t) = e *'[H,;, — Lm], where « is the logarithmic growth rate of the
Sobolev norm from ¢t = 0tot = T to conclude that H,, () is bounded in terms
of e*" I(0) + L (¢). Inserting this back into the first-order differential inequality
that £,, satisfies easily gives a bound for £, () (and hence for H,,(¢) and I(¢)) in
terms of €* 1(0). Unraveling it all yields the desired three circles inequality, i.e.,
Theorem 0.2. In Section 5, we prove a three circles inequality when the potential
V' is bounded, i.e., Theorem 0.3.

Using the results of Section 5, we will show in Section 6 that the space Hy is fi-
nite dimensional on a manifold with finitely many ends, each of which is isometric
to a half-cylinder. In Section 7, we show that the space Hy is zero dimensional for
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a dense set of potentials. Example 7.4 shows an instance where the set of potentials
with Hy = {0} is not open.

In Section 8, we prove a uniformization theorem that allows us to reduce the
general case of surfaces with cylindrical ends to the case where the ends are iso-
metric to flat half-cylinders. Together with the results of Sections 5, 6, and 7, this
proves the main theorem.

1 Examples from Geometry

In this section, we will show that for each noncompact leaf of the singular min-
imal lamination constructed in [6] (see Figure 0.1) our main results, Theorem 0.1
and Theorem 0.2, apply. Namely, we show the following proposition:

PROPOSITION 1.1 Each noncompact leaf of the singular minimal lamination con-
structed in [6] is conformally a Riemann surface with finitely many cylindrical
ends and, after this conformal change, the second variational operator becomes
a Schrodinger operator with bounded potential. In fact, the conformal change
of metric that we give below will directly make each end isometric to a flat half-
cylinder.

Suppose, therefore, that M3 is a closed 3-manifold with a Riemannian metric
g, and £ a minimal lamination consisting of finitely many leaves, as constructed
in [6]. Each compact leaf is a strictly stable 2-sphere, and each noncompact leaf
has only finitely many ends, each end a half infinite cylinder spiraling into one of
the strictly stable 2-spheres as in Figure 0.1. To prove the proposition, it is enough
to show that we can conformally change the metric on each end ¥ to make it a
flat cylinder and then show that, in this conformally changed metric, the second
variational operator becomes a Schrodinger operator with bounded potential.

In this example, we can parametrize a neighborhood of the strictly stable 2-
sphere by $2 x (—¢,¢) and on $2 use spherical coordinates (¢, 6); r € (—¢, €)
denotes the (signed) distance to the strictly stable 2-sphere. In these coordinates
the metric g takes the form

(1.1) dr? + 2 (r)(d¢? + sin® ¢ d6?)
(see equation (2) in [6]). Moreover, i is a smooth function with £ (0) = 1, 4/ (0) =
0, and u” > 0.

The minimal half-cylinder ¥ is $!-invariant; i.e., it is the preimage of a curve
Yoo On the strip [0, 7] X (—e&, €) under the projection map

(1.2) (p,0,r) — (¢,r).

As first remarked by Hsiang and Lawson in [22] (cf. with section 2 of [6]), since
¥ is a critical point for the area functional, Y is a critical point for the functional

(13)  F(yoo) = / length($" x {yoo(1)}) = / 27 (r (1)) sin( (1)).

Yoo Yoo
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the geodesic Yoo in
the upper half-strip

r=20

FIGURE 1.1. The projection of the half-infinite cylinder ¥ in M is an
infinite geodesic Y in the upper half-strip with the degenerate metric
(1.4).

Therefore, Yoo is an infinite geodesic for the degenerate metric

(1.4) P2 (r) sin® p(dr? + p2(r)dg?),
accumulating towards the geodesic segment {r = 0}; see Figure 1.1.

If we assume that ¢ — (¢ (¢), r(¢)) is the parametrization of Yo by arc length
(t > 0) in the degenerate metric (1.4), then

2 2

(1.5) (%) + 12 (r) (2—4;) = u2(r)sin"2 ¢.
Therefore, if we parameterize X by (¢, 0) + (¢(t),r(¢), 0), the induced metric on
3 is

2 2

do? = [(%) + /Lz(r)(f{—d;) }dt2 + u?(r) sin® ¢ d6?

(1.6) = u2(r)sin" 2 ¢ dt? + p>(r)sin® ¢ 6.
Let t be a new parametrization of Yo so that

dt _
(1.7) S = 1A @) sin* (1)),
It follows that in the coordinates (z, 6) the metric on X takes the form
(1.8) 12 (r(v)) sin® ¢(z)(dT* + d6?);

i.e., (t, 0) is a conformal parametrization with conformal factor 1 = p(r) sin ¢.

To complete the proof of Proposition 1.1, it only remains to show that the
second variational operator L = A2 + (|4|?> + Ricps(nx, nx)) on ¥ has the
same kernel as a Schrédinger operator L with bounded potential in the confor-
mally changed metric ds?> = h™2 do?. We will do this in the next lemma for the
operator L = h2 L.
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LEMMA 1.2 In the conformally changed metric ds? = h=2do? (i.e., the flat met-
ric on the half cylinder), the operator L = h?L is a Schridinger operator with
bounded potential.

PROOF: Since ds?> = h™2 do?, we have Ay = h?Ay,2, and therefore L =
A2 + h?(|A]? 4 Ricys (nx, ny)) is a Schrodinger operator in the metric ds?; cf.
(8.7). Since both Ricys(ny,ny) and /4 are bounded, to prove the proposition, it
suffices to show that 22| A4|? is bounded.

In what follows, we will denote by 7 and ¢ the derivatives % and %, respec-
tively. According to (1.5) and (1.7), we have
(1.9 (1)? + 12(r)($)* = p?(r)sin® ¢ = .
Set
(110) Agp = —g(nx, Vy,09), Arp = —g(nz, Vs, dg),
Arr = —g(ng, Vi, 07).

By minimality, Agg = —A¢, and hence
(1.11) R2|A)? = B2 (A5, + A2, + 242,)] = 2h2[AZ, + A2,).

T

It can be readily checked that the normal n = ny is given by
n= ’;a¢_/’L2(r)§£ar
(1.12) (2 (r)(7)* + p*(r)($)*)'/?
= w2y sin ™! g7y — 12 (r)$oy).

Moreover, since d also lies in the linear span of d, and d4 and the level sets of ¢
are totally geodesic in the metric g, it follows easily that A;¢9 = 0. Finally,

Ago = —p2(r)sin™! ¢[Fg(dg. Vo, 9) — 1> (r)g(dr., Va, dp)]

e
EP2 01 (00,200

= —pu 72 (r)sin”! @(=p>(r)i sing cos ¢ + () (r) sin® )

a2 sin”! ¢[—g 9(2(99. 99)) +

(1.13) = fFcos¢p — u(r)u'(r)d sing
and
AP = 2(7 cos ¢ — u(r)p/ (r)¢ sin )
< 4[(7)? cos® ¢ + > (1 () ($)?]
(1.14) < 4R%[1 + (1 (r))2],

where the last inequality follows from (1.9). The desired bound on 42| A|? now
follows. U
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Next, consider the Jacobi fields generated by sequences of spiraling cylinders
{3} of the form above. Then these Jacobi fields grow at most exponentially in t.

DEFINITION 1.3 We let M be the Riemannian manifold $2 x (—e, &) with the met-
ric g of (1.1). Any isometry ® of the standard $2 can be extended to an isometry
of M in an obvious way, i.e., by mapping (z,7) € $2 x (—¢, ) to (®(z),r). We
denote by G the set of such isometries. Finally, we denote by S the set of minimal
S loinvariant cylinders spiraling into $2 x {0}. That is, I is an element of S if and
only if there exist a minimal cylinder ¥ and a ® € G such that ' = ®(X) and
> is the lifting of a curve y, under the projection map (1.2).

Loosely speaking, the set of Jacobi fields generated by sequences of elements
of S gives the tangent space to S. More precisely, let {X;} be a sequence of
elements of S that converges to ¥ € S. Consider a sequence of increasing compact
domains Q29 C 27 C --- C X exhausting ¥. For each i we select ¢; sufficiently
small, and we consider the portion 7; of the ¢;-tubular neighborhood of ¥ that is
“lying above” €2;, that is,

(1.15) T; = {exp,(sns(x)) | x € . s € (—&1.81).

Let i be given. By the standard regularity theory for minimal surfaces, for k large
enough X N T; is a graph over ;, i.e.,

(1.16) T NT; = {expy (up(x)ng(x)) | x € Q;}

for some smooth function uy.

We normalize ug to fr = ug/||uglr2(q,)- Then, a subs~equence, not relflbeled,
converges to a nontrivial smooth function f on X solving L f = 0, where L is the
operator of Lemma 1.2. We denote by 7S the space of functions cf, where f is
generated with the procedure above and c is a real number.

LEMMA 1.4 There exists a constant « such that the following holds: Consider any
Y € S with the rescaled flat metric ds? as in Lemma 1.2. Then TsS C Hy ().

PROOF: Without loss of generality we can assume that X is the lifting of a
Curve yoo through the projection (1.2). Therefore, we use on ¥ the coordinates
(0, 1) introduced in Lemma 1.2.

Let G be the Lie algebra generating G and define the linear space

V ={g(X.,nx) | X €G}.

Clearly, V is a space of bounded smooth functions on ¥. Moreover, V' gives the
Jacobi fields generated by minimal surfaces of the form {®, (%)} for sequences
{®,} C G converging to the identity. Therefore, any element f € TxS can be
written as v + w, where v belongs to V' and w is a function of 7S independent
of the variable 6.

We sketch a proof of this fact for the reader’s convenience. Let f be a nontrivial
element of TS that arises as a rescaled limit of a sequence of $!-invariant minimal
cylinders X as above. Then X = & (I'y), where
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e {®,}is a sequence of isometries converging to the identity and
e [ are liftings of curves yj through the projection (1.2).

Let i be a given natural number. For k sufficiently large, ¥, N 7T; has the form
(1.17) Sk N Ti = {expy (ug (x)nz(x)) | x € Q;}

and ug /|| [l 12(q,) converges to f.

On the other hand, by the standard theory of minimal surfaces, the Hausdorff
distance between I'y, N T; and X N T; and @ (') N 7; and 'y N T; converge to 0.
Hence, for k sufficiently large, Iy N 7; is a graph over ; and ®(I'x) N T; is a
graph over I'y.. Thus we can find functions vz and wy such that

(1.18) Ti N Tk = {expy(wrnx(x)) | Ox € Q;},
(1.19) T;i N Pp(T) = {eXPeyp  (wns (x)) VrDTy (X))}

Note that wy, is a function independent of §. Moreover, up to subsequences we can
assume that wy /||wg || .2(g,) converges to a function w. Such a w belongs to xS
and depends only on the variable t. Finally, up to subsequences, we can assume
that vg /|| vk | .2(q,) converges to an element v of V.

By the theory of minimal surfaces, the Hausdorff distances between 'y N T;
and XN T; and @ (I'x) N T; and Ty N 7; are controlled by ||lug [|z2(g,)- Moreover,
urp = wg + vg + o([lukllL2(qq))- Since [ is the limit of uy /||ugll12(q,), / must
be a linear combination of v and w.

Having shown the desired decomposition for any element of 7S, since V is
a space of bounded functions, it suffices to show the existence of « > 0 such that
every function f € TxS independent of 6 belongs to Hy(X). For any such f we
have, by Lemma 1.2, f”(tr) = —V(t) f(z). Since V is bounded, this gives the
inequality

(1.20) /1= WV lleo | f1 = alf1.

Consider the nonnegative locally Lipschitz function g(z) = | f'(z)| + | f(z)| and
set « = max{a, 1}. Then

(1.21) g =1+ 11 =alfl+1f] < ag.
Hence, from Gronwall’s inequality, we get | f(7)]| < g(t) < g(0)e®" for t > 0,
which is the desired bound. O

2 Spectral Projection on a Closed Manifold

Suppose now that N” is an n-dimensional closed Riemannian manifold and
A is the Laplacian on N. We will generally use 6 as a coordinate on N. Fix
an L?(N)-orthonormal basis of Ay eigenfunctions ¢g, ¢1, ... with eigenvalues
0=21p < A; <---,s0that

2.1) Angj = —4; ¢;.
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Given an arbitrary L? function f on N, we will let [ f]; denote the inner product
of f with ¢;,

2.2) /] = / £(0)8;(0)do.
N

In analogy to the special case where N = S! (see below), we will often refer to
this as the j ™ Fourier coefficient, or j™ spectral projection. It follows that

o0
(2.3) f0) =Y _[f1i¢; ).

Jj=0

It will often be important to understand how the Fourier coefficients of a func-
tion f(6,¢) on the half-cylinder N x [0, oo) vary as a function of ¢. To keep track
of these coefficients, we define [f]; (¢) by

2.4) /1) = f £(60.0);(0)d0.
N

The simplest example of spectral projection is when N is the unit circle $! with
the standard orthonormal basis of eigenfunctions

2.5) ¢o = L sin(k0) Dok = L cos(k6) ,
T b3

7 |

—= P2%k+1 = } ; {

2 VT k>0 VT k>1
with eigenvalues A9 = 0 and Ay 11 = Ay = k2. In this case, the [f];’s are the
Fourier coefficients of the function f.

3 Dimension Bounds for Rotationally Symmetric Potentials
on Cylinders

In this section we bound the dimension of the space H,, for a rotationally sym-
metric potential on a flat cylinder. In the rotationally symmetric case, things be-
come particularly simple, but, nevertheless, it illustrates some of the ideas needed
for the actual argument. We include some simple ODE comparison results that will
also be used later in the paper.

We will assume that M is a cylinder N x R with global coordinates (6, ¢) and
that the function V' depends only on ¢, i.e., that V(6,¢) = V(¢) and that V(¢) is
bounded.

The first result is that the space of functions that vanish at infinity in the kernel
of A + V is finite dimensional (we state and prove this only for Hy; arguing
similarly gives dimension bounds for any H, where the bound depends also on «):

PROPOSITION 3.1 The linear space Ho has dimension at most
(3.1 21{j [ Aj =supV}|.
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In particular, when N = S, the dimension is 0 if supV < 0 and is bounded by
4 /sup V(t) + 2 otherwise.

The key for this is that the Fourier coefficients [u]; () of a solution u, defined
in the previous section, satisfy the ODE

(3.2) w”(1) = (A; = V(O)w(?).

The proposition will follow by first showing that if u is in Hy and the j®
Fourier coefficient for A; > sup V' is nonzero,'? then u grows exponentially at
—oo and likewise for H_. Thus if u lies in Hy, so that it lies in the intersection
of Hy and H_, then all j™ Fourier coefficients must be 0 for A j > sup V and
hence u lies in a finite-dimensional space. The exponential growth will follow
from Corollary 3.3 below. This corollary records a consequence of the standard
Riccati comparison argument in a convenient form that will also be needed later.
The standard proof is included for completeness.

LEMMA 3.2 If w is a function on [0, 00) that satisfies the ODE inequality w"" >
K?w, w(0) > 0, and wg is a positive solution to the ODE wg = K? wg with
(logw)'(0) > (logwk)'(0),

then w is positive and for allt > 0
(3.3) (logw)'(t) > (logwg)'(¢).

PROOF: Fix some b > 0 so that w is positive on [0, ). We will show that (3.3)
holds for ¢ € [0,b). Once we have shown this, we can integrate (3.3) from O to ¢
to get

logw(t) > logw(0) + /t(log wg) (t)dt
0
= logw(0) + logwg () — log wg (0),

so that w(b) = lim;_,; exp(logw(z)) > 0. It follows that the set {¢ | w(¢) > 0} is
both open and closed in [0, 00), so that w(¢) > 0 for all # > 0. Consequently, (3.3)
holds for all £ > 0.

It remains to show that (3.3) holds for ¢ € [0, b). To see this, set v = (logw)’
and vg = (logwg)’, so that v and vk satisfy the Riccati equations

(3.5) vV 4+ 12— K*>0 and v +vk—K*=0.

(3.4)

The claim now follows from the Riccati comparison argument. Namely, by (3.5)
the function

(3.6) (v —vg)exp (/(v + vK))
is monotone nondecreasing. U

10The spaces Hy and H_ were defined right after Theorem 0.1.
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COROLLARY 3.3 Let K be a positive constant. Suppose that w satisfies the ODE
inequality w" > K?w and w(0) > 0.

(i) Ifw’(0) > 0 and w is defined on [0, 00), then w(t) > w(0) cosh(Kr) for
t>0.

(ii) Ifw’(0) < 0 and w is defined on (—o0, 0], then w(t) > w(0) cosh(Kt) for
t <0.

Moreover, we also have:

(iii) If0 > w'(0) > —K w(0) and w is defined on [0, 00), then for t > 0 we
have

Kw(0) +w'(0) g, Kw(0)—w'(0) Kt

3.7 w(t) > K e 7K

PROOF: If we set wxg = cosh(Kt), then w}/( = K?wg, wg is positive ev-
erywhere, and (log wg)’(0) = 0. The first claim now follows from the lemma by
integrating (3.3). The second claim follows from applying the first claim to the
“reflected function” w(—t).

To get the third claim, define the positive function wg by

Kw(0 (0 Kw(0) — w'(0
as) v = KO FwO) o Kw©) —w'©) g
2K 2K
so that wy = K? wk, wg(0) = w(0), and wj (0) = w’(0). The last claim now
also follows from the lemma by integrating (3.3). O

PROOF OF PROPOSITION 3.1: Suppose that w is solution of (3.2) on R with
A; > sup V. If w is not identically 0, then we can apply either (i) or (ii) in Corol-
lary 3.3 to get that w grows exponentially at either +0co or —oo (or both). In
particular, the j™ Fourier coefficient [u] j(t) of a solution u € Ho must be 0 for
every A; > sup V.

Since each Fourier coefficient of u satisfies a linear second-order ODE as a
function of 7, it is determined by its value and first derivative at one point (say 0).
It follows that any function u € Hyp is completely determined by the values and
first derivatives at 0 of its j ™ Fourier coefficients for A i <supV. U

The next corollary is used in Appendix A, but not in the proof of our main
theorem.
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COROLLARY 3.4 If w(t) is a solution of (3.2) on [0,00) with A; > sup V, then
either

(i) w(t) grows exponentially at +0oc at least as fast as &N %V or
(i) w(r) decays exponentially at +oc at least as fast as e N4 =@V,

PROOF: It suffices to prove that (ii) must hold whenever (i) does not. Assume
therefore that w(¢) does not grow exponentially at +o0o. It follows from the first
and third claims in Corollary 3.3 that at any ¢ with w(¢) > 0 we must have

3.9 w' (1) < —y/A; —sup V w(z),

since it would otherwise be forced to grow exponentially from ¢ on. Integrating
this gives (ii) as long as we know that w # 0 from some point on. (If w < 0 from
some point on, then we would apply the argument to —w.)

To complete the proof, recall that w can have only one zero unless, of course,
w vanishes identically. This follows from integrating

(ww") = W)+ @} = V)w® = (w)?

between any two zeros. U

3.1 A Geometric Example

We will next consider an example that illustrates the previous results. Namely,
consider the rotationally symmetric potential V(¢) on the two-dimensional flat
cylinder $! x R

(3.10) V(t) = 2cosh™2(1).

Since the potential V' is rotationally symmetric, the space of solutions u of Au =
—Vu can be written as linear combinations of separation-of-variables solutions
wo(?), sin(k@)wy (t), and cos(k ) wy (¢), where wy is in the two-dimensional space
of solutions to the ODE (3.2) with A; = k2. Furthermore, Corollary 3.3 implies
that every wy with k2 > 2 = sup |V/| must grow exponentially at plus or minus
infinity. Hence, to find the space of bounded solutions, we need only check the
solutions of (3.2) for k = 0 and k = 1. When k = 0, we get

sinh(?) i1 tsinh(t)‘

3.11 — ;
(-11) cosh(¢) an cosh(?)
the first is bounded, while the second grows linearly. When k = 1, we get an
exponentially growing solution together with an exponentially decaying solution
inh(2¢) + 2t 1
(3.12) sinh@0) +2t .
cosh(?) cosh(t)
It follows that the space of bounded solutions is spanned by
(3.13) N, = sin(0) Ny — —cos(0) Ne — sinh(z)

cosh(?)’ 27 “cosh(r) >~ cosh(t)’
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while the space Hy is spanned by N and N>.

This Schrodinger operator arises geometrically as a multiple of the Jacobi op-
erator (i.e., the second variational operator) on the catenoid. The catenoid is the
conformal minimal embedding of the cylinder into R* given by

(3.14) (0,t) — (—coshtsin6,coshtcosb,t).
It follows that the unit normal is given by

(sin @, — cos @, sinh ¢)
(3.15) =

= (N1, N>, N3),
~osh 7 (N1, N2, N3)

so that N1, N», and N3 are the Jacobi fields that come from the coordinate vector
fields. The other (linearly growing) k = 0 solution is the Jacobi field that comes
from dilation.

The above discussion completely determined all polynomially growing func-
tions in the kernel of the Schrodinger operator L = A + 2 cosh™2(¢) on the cylin-
der. Since the kernel of L is the 0 eigenspace of L, this naturally leads us to ask
what the entire spectrum of L is.!! We will show that the spectrum'? of L is

(3.16) {—1} U [0, 00).

To see this, first use Weyl’s theorem to see that the essential spectrum is [0, 00)
since the potential V' vanishes exponentially on both ends. Furthermore, we saw
above that the positive function cosh™!(¢) is an eigenfunction of L with eigen-
value —1; this positivity implies that —1 is the lowest eigenvalue. It remains to
show that there is no discrete spectrum between —1 and 0. This will follow from
standard spectral theory once we show that the constant function u = 0 is the only
polynomially growing solution u of

3.17) Lu = Au

for 0 < A < 1. It follows from Corollary 3.4 that such a ¥ must vanish exponen-
tially at both plus and minus infinity. Consequently, every Fourier coefficient [u];
is an exponentially decaying solution of

(3.18) ]} + 2cosh™>()[u]; = (A + A))[ul;.

where the A;’s are the eigenvalues of S1. In particular, since the A ;s are integers
and A is not, it follows that A + A; # 1. A standard integration-by-parts argu-
ment'® then shows that [1] ; must be L?(R)-perpendicular to the positive function

' The spectrum of L is the set of A’s such that (L + 1) : W22 — L2 does not have a bounded
inverse (note the sign convention); the simplest way that this can occur is when A is an eigenvalue of
L, i.e., when there exists 1) € W22\ {0} with Lu = —Au. We refer to [25] for the definitions and
results in spectral theory that we use here.

12Note that this is not the same as the spectrum of the Jacobi operator on the catenoid since
the two operators differ by multiplication by a positive function (which is why they have the same
kernel).

13 The exponential decay guarantees that the integrals are well-defined and the boundary terms
go to 0.
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cosh™2(¢); hence, [u] ; must have a zero. After possibly reflecting in 7, we can
assume that [u]; (t9) = 0 for some 79 > 0. Since tanh(¢) satisfies the ODE (3.18)
with A + A; = 0 and vanishes only at 0, the lowest eigenvalue of the operator
92 +2 cosh™2(¢) on any subdomain of the half-line [0, o) must be nonnegative.
We will use two consequences of this:

e First, [u];(¢) cannot vanish for # > #o unless it vanishes identically; sup-
pose therefore that [u]; () > 0 for ¢ > tg.

e Second, the solution w of the ODE (3.18) with A + A; = 0 and initial
values w(tg) = 0 and w’(¢9p) = 1 must be positive for all ¢ > t.

Note that we have already shown in (3.11) that any such w grows at most linearly
in t. Hence, since [u]; vanishes exponentially, we know that

(3.19) tl_l)ngo[w[u]} —w'[ulj](t) > 0

Since [wlu]; — w'[u];]" = (A + A;)w(u];, the fundamental theorem of calculus
gives that

(3.20) A+A)) /oo w(t)[u];(t)dt =0,
to

where we also used that w(tp) = [u];(fo) = 0. Since w > 0 and [u];, > 0
on [fp, 00), we conclude that [u]; vanishes identically as claimed, completing the
proof of (3.16).

4 General Lipschitz Bounded Potentials:
The Three Circles Inequality

Throughout this section, u will be a solution of
4.1) Au = —Vu

on a product N x [0, ¢], where the potential V' will be Lipschitz but is no longer
assumed to be rotationally symmetric.

The results of Section 3 in the rotationally symmetric case where V = V/(¢)
were stated on an entire cylinder, but the corresponding results for the half-cylinder
motivate the general results of this section. Namely, the ODE (3.2) for the Fourier
coefficients of u as a function of ¢ implies that the j™ Fourier coefficient must
either grow or decay exponentially if A; > sup V. This same analysis holds even
on a half-cylinder when V is rotationally symmetric. We will prove similar results
in this section for a general bounded potential V' = V(6,¢), but things are more
complicated since multiplication by V(6,¢) does not preserve the eigenspaces of
Ay (ie., ¢;(0)).1*

The main result of this section is Theorem 4.6 below, which shows a three
circles inequality for the Sobolev norm of a solution of a Schrodinger equation

14 The reason that the ODE (3.2) is so simple is that the j™ Fourier coefficient of V(£)u(8,1) is
just V(¢) times the j™ Fourier coefficient of u(6, 1).
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on a product N x [0, T] where N has the required spectral gaps. This will give
Theorem 0.2 in the special case where N is a round sphere or a Zoll surface. See
the upshot to Section 4 in the introduction for an overview of the proof.

4.1 The Fourier Coefficients of u

As in the rotationally symmetric case, it will be important to understand how
the Fourier coefficients [u]; (r) and its derivatives grow or decay as a function of 7.

The next lemma gives the ODEs that govern how the Fourier coefficients [u]; (¢)
grow or decay as functions of #; cf. the similar ODE (3.2) in the rotationally sym-
metric case.

LEMMA 4.1 The Fourier coefficients [u]; (t) satisfy

4.2) [l (t) = [ud]; (0),
(4.3) [l (1) = Aj [ul; (1) — [Vul; (),
(4.4) [l (£) = Aj [u];(t) — [9: (V)] ().

PRrROOF: Differentiating [u];(#) immediately gives the first claim. To get the
second claim, first differentiate again to get

(45) /) = [ e (6.0 ©)d5.
N
Next, bring in the equation u;; = —A yu — Vu and integrate by parts twice to get

w0 == [ gavuds— [ vugas
Nx{t} N x{t}
(46) = 3yl (1) — [Val; o).

Differentiating again gives

4.7 [l (1) = Aj [u]; (1) = [9: (Va)) ().
O

As mentioned above, (4.3) implies exponential growth (or decay) of [u]; (¢)
when V' is rotationally symmetric and A; > sup V. However, this is not the case
for a general bounded V' since the “error term” [Vu];(#) need not be bounded
by [u]; (). We will get around this in the next subsection by considering all of
the [u];’s above a fixed value at the same time. To get a well-defined quantity
when we do this, we will have to sum the squares of the [u];’s. Unfortunately, the
second derivative of [u]jz- includes a nonlinear first-order term, which makes it less
convenient to work with than [u];, so we will have to consider a slightly different
quantity. To see why, observe that when V' = 0, then

(4.8) O7[([u]))* + A [ul7] = 4A;[([u]))* + A;[ul7].
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Equation (4.8) suggests looking at the quantity ([u] })2 +A; [u]?, but it will be more
convenient to look at the slightly different quantity ([u]})2 +(1+2 J)[u]jz This is
because ([u]})z—kkj [u]j2 is a piece of the L2 norm of Vu, but ([u]})z—i-(l +1;) [“]]2
also includes part of the L2 norm of u and hence corresponds to the full W 12 norm
of u; see equation (4.26) below.

LEMMA 4.2 The quantity [([u]})2 +(1+ )Lj)[u]]z.] satisfies the ODEs
@9) 3 [(I)? + (L + 2] = @A) + 2)[ul;[u]; —2[ul;[Vul;,
@.10)  BF[())? + (1 + A)]] = @A + [([])? + (1 + A))[u]?]
— (4% + D)[ul} — (64; + 2)[ul;[Vul;
+ 2AVul? — 20l B, (V).

PROOF: Using Lemma 4.1, we get

@.11) 3 () = b Il
(4.12) % (WD) = A; [l + ([u]})* — [ul; [Vul;.

Similarly, differentiating ([u]})2 gives

1
(4.13) 5 0 ())* = Ay [l — el [Vl
1
@14 S 0E(uI)* = Oy = Vadp)® + [l (g [l = [0:(Vao)]).
The lemma follows by combining (4.11) with (4.13) and then (4.12) with (4.14).

0

The terms on the last line of (4.10) are the error terms that vanish when V' = 0.

4.2 Projecting onto High Frequencies

In contrast to the rotationally symmetric case, the ODEs in the previous sub-
section do not imply exponential growth or decay of the individual Fourier coeffi-
cients. This is because the error terms involve the Fourier coefficients of Vu and
cannot be absorbed. To get around this, we will instead consider simultaneously
all of the Fourier coefficients from some point on. To be precise, we fix a large
nonnegative integer m and let H,,(¢) be the “high frequency” part of the norm of
u(t, 0) given by

o0
(4.15) Hm() = Y ((M])*@) + (1 + 1)} ).

Jj=m
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Likewise, let L, (¢) be the left over “low frequency” part

m—1

(4.16) L) = Y (([)*@) + (1 + 1)} ).

j=0

Note that H,,(¢) is the contribution on the slice N x {t} to the square of the
WL2(N x [0, T]) norm of the L?(N)-projection of the function u to the eigen-
spaces from m to oo. Likewise, L, () is the N x {¢} part of the square of the W' !:2
norm of the L2 (N )-projection of the function u to the eigenspaces below m.

The next lemma gives the key differential inequalities for Hy, () and L, ().

LEMMA 4.3

4.17) H () > (4hm — 6)Hom(2) — 3 / [(Vu)? + |[V(Vu)|?]de,

N x{t}
(4.18) Lo (1) < (@Am—1 + 6)Lm(t) +5 / [(Vu)? + |V(Vu)|?]de.
N x{t}

PROOF: We will first prove the bound for ), (¢) and then argue similarly for
L (t). Applying Lemma 4.2 and then summing over j gives

Hp = 3 (42 + )[([)? + (1 + A1) = D (44 + 2)u?]

(4.19) = s
— 3" [(6A) + 2)[ul; [Vul; — 2[Vul? + 2ul; [Vul}].
j=m

The first sum on the first line is at least (4A,, 4+ 2)H;,, while the second is at least
—4H,.

We will now handle each of the three “error terms” in the second line. First, the
Cauchy-Schwarz inequality gives

o0 o0
2 (APl Vil < )0 (1 +Ap[[l} + [Vulf]
j=m j=m
(4.20) < Hm + / [(Vu)? + |V (Vu)|?]do,
Nx{t}
where the second inequality used the standard relation between the Fourier coef-

ficients of a function on N and those of its derivative. The second error term is
clearly nonnegative. For the last error term, we again use the Cauchy-Schwarz
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inequality to get

2 i valil < D) + (Vul))?]
@.21) = =
< Hm + / 0, (Vu))? do.

N x{t}
Substituting the bounds (4.20) and (4.21) into (4.19) gives

H > (B — 6)Him — 3 / [(Vu)? + [V (Vi)|?1d6

(4.22) Ny

- [ @ow2a.
N x{t}
giving the bound for H),,.
The bound for £)),(¢) follows similarly except that the second term on the first

line of (4.19) now has the right sign and the term corresponding to the second error
term for Hj, now has the wrong sign. We bound this term by

m—1
(4.23) 2) VulF <2 / (Vu)? db.
j=0 Nx{t}
O

COROLLARY 4.4 There is a constant C depending only on |V ||co.1 (but not on
m) so that

(4.25) Ly < (4Am—1+ C)Lm + CHp.

PROOF: Integrating by parts on the closed manifold N and using that V =
VN + 0; gives

(4.26) [ [ + |VulP1do = Y [(1+ A7 + (u])?] = L + Hm.
Nxit} j=0

It is easy to see that there is a constant ¢ depending on ||V || co.1 so that

/ [(Vu)? + [V(Vu)|?]do < ¢ f [u? + |Vul?)do
(4.27) Nx{t} N x{t}
= C(Em + Hm),

where the equality used (4.26). The corollary follows from using this bound on the
error terms in Lemma 4.3. U
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4.3 Taking Advantage of Gaps in the Spectrum

The next proposition proves a differential inequality for an integer m where
Am — Am—1 is large.
PROPOSITION 4.5 There exists a constant k > 0 depending on ||V ||co.1 so that
if m is an integer with Ay, — Am—1 > K, then
(4.28) (Hm — Lm)" = (4hm—1 + 26)(Hm — Lim).

PROOF: To see this, apply Corollary 4.4 to get C depending only on ||V || co.1
so that

(Hm — Lm)" > (4Am — C)Hp — C Ly — (4Am—1 + C) L — CHp
(4.29) = (4Am—1 +2C)(Hm — L) + 4Am — Am—1 — C)Hpm.

4.4 The Three Circles Inequality

We will next use Proposition 4.5 to prove the three circles inequality. In fact,
we will prove a more general inequality than the one stated in Theorem 0.2. To
state this, let N be any closed n-dimensional Riemannian manifold satisfying (0.2)
and set

(4.30) I(s) = f u? + |Vul?)d6.
N x{s}

THEOREM 4.6 There exists a constant C > 0 depending on ||V || co.1 so that if «
satisfies

4.31) o> l|:log @]
- T 1(0)
then
(4.32) log I(t) < C + (c3 + C + |a) t + log 1(0),

where the constant cs is given by

@33)  e3=min {22 — || | Ay — A > C and 222, > al}.

m—1

Before getting to the proof of Theorem 4.6, we will make a few remarks. First,
when we have equality in (4.31), then Theorem 4.6 also applies to the reflected
function u(¢) = u(T —t) with —« in place of «. Next, observe that (4.32) simplifies
considerably when

4.34 L PO
o =7 [ m) 2

15The only place where we use the spectral gaps given by (0.2) is to get an m satisfying (4.33).
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Namely, when (4.34) holds, then we get
T —1t

t
(4.35) logI(t) <C + (c3+ C)t + T log I(T) + log 1(0).
PROOF OF THEOREM 4.6: We will first use the spectral gap to bound H,, (¢)
in terms of £, (¢) and H,,(0) for some fixed m. The key for this is that Proposi-
tion 4.5 gives a constant k > 0 depending on ||V||co.1 so that if m is an integer
with

(4.36) Am —Am—1 > K,

then we have

(4.37) (Hm — Lm)" > (4hm—1 + 2)(Hm — Lm).
Fix some m so that (4.36) holds and

(4.38) 4Dy > o

On the interval [0, T'], we define a function f by
(4.39) f() = e (Hm — L) ():;
then

(4.40) f(0) = (Hm — Ln)(0),
(Hm + Lm)(0)

(4.41) f(T) = m(Hm —Lm)(T) = (Hm + Ln)(0),
(4.42) f, = e_m[(Hm — L) —oa(Hm — Lm)],
(4.43) [ = (Hm = Lm)" = 20(Hm — L) + &*(Hm — Lm)].

By the maximum principle, at an interior maximum zo € (0, T') for f, f'(t9) = 0
and f”(t9) < 0. Hence, by (4.42) and (4.43)

(4.44) (Hm — Lm)"(to) < &*(Hm — Lm)(t0).

However, this contradicts (4.37) and (4.38) if f(z9) > 0, so we conclude that f
does not have a positive interior maximum. Therefore, for all ¢ € [0, T'], we have
that

(4.45) f(#) = max{0, £(0), f(T)} = (Hm + Lm)(0) = 1(0).
This implies that (H,;, — Ln,)(¢) < e*'1(0), and hence
(4.46) Hm(t) < Ln(t) + e*11(0).

To complete the proof, we will substitute (4.46) into a differential inequality
for L£,,(¢) and use this to prove an exponential upper bound for £,,(¢). To get the
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differential inequality, recall that (4.9) in Lemma 4.2 gives
|0:[([u])? + (1 + 2)) ]|
= |42 + 2 [u]}; — 20V ul; ]|

(4.47) <201+ AD"P[([])* + (L + ADlF] + [Vul} + (u]))>.
Summing this up to (m — 1) and bounding the (Vu) terms as in (4.27) gives
(4.48) 1L, ()] < [2/\,1,1/31 + C|Lm (1) + CHm(1),

where C depends only on ||V ||co.1. Using the bound (4.46), we get

(4.49) 1£,,(1)] < c1Lm(t) + Ce* 1(0),

where we set

(4.50) 1 =2[AL2% +C]

to simplify notation. In particular, the function
C

—— 1(0)e@e"
1 — U

4.51) L ()e 1 +
is nonincreasing on [0, T']; we conclude that
C
(4.52) L (1) < e Ly (0) + ——— [(0)(e" —e™) < 21" 1(0),
c1 —«

where we have set ¢c; = (1 + CI%M) > 1. Substituting (4.52) into (4.46) gives a

bound for I(t) = Hp(t) + Lin(2):
(4.53) I(t) < 2Lpm(t) +e* 1(0) < 2¢2e1 I(0) 4+e*' 1(0) < (2¢c5 + 1)e“1? 1(0),
where the last inequality used that ¢; > |«|. The theorem follows from (4.53). [

We will next apply the three circles inequality of Theorem 4.6 to prove uniform
estimates for the W12 norm of an at most exponentially growing solution u on
the half-cylinder N x [0, 00), i.e., to prove Corollary 0.4.'® As in the statement of
Theorem 4.6, we will let /(s) denote the W12 of u on N x {s}.

PROOF OF COROLLARY 0.4: We will assume that @ > 0 (we can do this since
Hy C Hg whenever a < ). We will first use the definition of Hy to bound /(7T)
for large values of 7" and then use the three circles inequality to bound /(¢) in terms
of 1(0) and I(T).

The interior Schauder estimates (theorem 6.2 in [19]) give a constant C de-
pending only on the C# norm of V, where B € (0, 1) is fixed, so that for all 7 > 1

(4.54) I(t) = /N x {3 w? + |Vu|>)dd <C  sup  |ul?.
Nx[t—1,t+1]

16 A similar argument, with Theorem 0.3 in place of Theorem 4.6, gives a corresponding result
on spheres and Zoll surfaces even when V' is just bounded.
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If we also bring in the definition of Hy, i.e., (0.1), then we get that
(4.55) limsup(e 2*T+D (T)) = 0.

T—o0

Note that the bound (4.55) applies only in the limit as 7" goes to oo and hence does
not give the corollary. However, it does give a sequence 7; — oo with

log I(T;) —log 1(0
og I(T)) ~log1(0) _,
Tj
Applying the three circles inequality of Theorem 4.6 on [0, 7] gives
4.57) logI(t) < C(1 4+1t)+ 2at 4+ log 1(0),

(4.56)

and exponentiating this gives the corollary. U

Note that v in Corollary 0.4 also has to depend on the norm of V' and not just
on «. In particular, v may have to be chosen positive even when « is 0. This
can easily be seen by the following example for the one-dimensional Schrodinger
equation: Suppose that W : R — R is a smooth monotone nondecreasing function
with

VU(x) =-1 forx < -1, Y(x) =x on]l0,4],

(4.58) WU(x)=L+1 forx>{.

Then u(x) = ¥ satisfies the Schrodinger equation u” = ((¥/)2 + 9" )u = Vu
for a bounded potential V' with compact support. However, u is constant on
each end but grows exponentially on [0, £]. Similarly, one can easily construct
a bounded (but no longer with compact support) potential so that the correspond-
ing Schrodinger equation has a solution that grows exponentially on [0, £], yet at
infinity the solution vanishes.

4.5 Unique Continuation

Rather than stating the most general three circles inequality possible, we have
tailored the statement of Theorem 4.6 to fit our geometric applications. We will
show here how to modify the proof to get strong unique continuation for the oper-
ator L on N x [0, 00) since this is of independent interest:

PROPOSITION 4.7 If u is a solution on N x [0, 00), where N satisfies (0.2), and

log I(T
(4.59) liminngT() —

T—o0

then u is the constant solution u = 0.

PROOF: Observe that Theorem 4.6 implies that if 7(0) = 0, then u is the con-
stant solution u = 0 (this also follows from [2]). Therefore, it suffices to show
that 7(0) = 0. We will argue by contradiction, so suppose that /(0) > 0. After
replacing u by [ ~1/2(0)u, we can assume that 1(0) = 1.
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Choose some mg so that H,, (0) < L,,(0) for all m > mg. Using the spectral
gaps of N and Proposition 4.5, we can choose an arbitrarily large integer m > mg
with

(4.60) (Hm — Lm)" = @m—1 + 1) (Hm — Lm).

The rapid decay given by (4.59) guarantees that we can find 7 > 0 with
log I(T

4.61) log IT) _ _yp1r2

On the interval [0, T'], we define a function f by
22172 ¢
(4.62) f(@) =em=1"(Hpm — L) ().
Using first that m > mg and then using (4.61), we get that
/ /
(4.63) £(0)<0 and f(T) < ePmal [(T) < e PmaT

Using the maximum principle as in (4.37)—(4.44), we see that f cannot have a
positive interior maximum and hence that

(4.64) (o — L) (1) < &= 22noa @),
Combining this with the bound (4.48) for £, gives

m—

/
(4.65) 1L ()] < [2212, 4 ClLm(t) + Ce22na@+D),
where C depends only on ||V ||co.1. It follows that the function

/2 1/2
(4.66) A2 HCl () o (120,20 T
is nondecreasing on [0, T']. Evaluating this function at 0 and 7" gives
1/2 1/2 1/2
4.67)  Ln(0) < PPt L, (1) 4 CT72mmT < 2eCT 22T

However, since A,,—1 can be arbitrarily large and C is fixed (i.e., does not depend
on m), we conclude that £,,(0) = 0. Finally, this gives the desired contradiction
since 1(0) = L, (0) + H»» (0) = 1 and L,,(0) > H, (0). O

5 A Three Circles Theorem for Bounded Potentials

We will show in this section that Theorem 0.2 holds even for potentials that
are just bounded; i.e., the potential V' does not have to be Lipschitz. This is The-
orem 0.3. This result will require larger spectral gaps than were needed for the
arguments in the Lipschitz case. Throughout this section, u# will be a solution of

5.1 Au=—Vu
on a product N x [0, ¢], where the potential V' is bounded but is not assumed to be
Lipschitz.

The main place where the Lipschitz bound entered previously was when we
took second derivatives of |Vu|2. To avoid doing this, we will work with the
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L? norm of the spectral projections of a solution u. Namely, we fix a large non-
negative integer m and let H,,(¢) and L, (¢) be the “high frequency” and “low
frequency” parts, respectively, of u (¢, 8) given by

o] m—1
(5.2) Hn(0) = Y _WlF@) and L) = Y [ulF ().
j=m Jj=0

Note that _,1,,/ 2 is the L2 norm of the projection of u to the eigenspaces from m
to oo.

As in Section 4, we will derive a second-order ODE for H,,(¢) and use this to
control its growth. Unfortunately, the ODE (4.12) for the quantity [u]jz., and thus
also for H,, (1), is not as nice as for [ut]Jz- + A [u]Jz. because of the [u t]Jz. term on
the right-hand side. We will use the next lemma to get around this.

COROLLARY 5.1 Given t; < tp, we get that

(53 (P — P (6) — (el = A L)) = —2 / ltz([Vu]j el ).
PROOF: Differentiating ([ut]Jz. —A; [u]Jz-) and then using Lemma 4.1 gives

0 ([uelf — Aj [u]}) = 20 [ul; — Vul el — 24 [l fus;

5.4
O — oVl ;.

The corollary now follows from the fundamental theorem of calculus. O

The next lemma will give the key differential inequality for H,, (). To state
this, it will be useful to define J(¢) to be the square of the L? norm of v on N x {t},
ie.,

(5.5) J(@t) = / u?de.
N x{t}
LEMMA 5.2
H (1) > (4hm — D (t) — / (Vu)?de
N x{t}
(5.6) -2 f |Vul?2do — J'(t) + J'(to)
N x{to}
2 [ (V2 + V]2l

NX(IOJ)
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PROOF: Applying Lemma 4.1 and then summing over j gives

ST Hyp=2Y [} + A} — [ [Vul)]

J=m

=23 [ 24/00 ~ bVl + el = 4y 6D )
j=m

) / (Vul; [utmds]

where the second equality used Corollary 5.1.

We will now handle each of the three “error terms” in the second line. First, the
Cauchy-Schwarz inequality gives
o0

D [l Vul;

j=m J=m Nx{t}

o0

(58) 2 < Z (]} + [Vul?] < Hm + / (Vu)? do,

where the second inequality used the standard relation between the Fourier coef-
ficients of a function on N and its L2 norm. The second error term is bounded
by

2 S (el — A |0) <2 3 G2 + el o)
(5.9) J=m /=0
—2 V|2 dé,
Nxéo}

where the equality used the standard relation between the Fourier coefficients of
a function on N and those of its derivative. Similarly, for the last error term, the

Cauchy-Schwarz inequality gives
o0 t t
Z/ ([Vulju];)ds 52/ ( / [(Vu)2+(u,)2]d9)ds.
j=m to to

N x{s}

The first term in (5.10) is of the right form, but it will be convenient to get a
lower-order bound for the (u;)? term. To do this, we use Stokes’ theorem to get

(5.10) 4

(5.11) 2 / [[Vu|> = Vu?] = J'(t) — J'(to).
N x(to,t)

so we get that

(5.12) 2 / (u;)? <2 / |Vul?> = J'(t) — J'(to) + 2 / Vu?.

N x(to,t) N x(t9,t) N x(to,t)
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Finally, substituting the bounds (5.8)—(5.10) and (5.12) into (5.7) gives the lemma.
O

We get the following immediate corollary of Lemma 5.2; note that the square
of the W12 norm of the projection to the low frequencies, i.e., £, appears in the
bound.

COROLLARY 5.3 There exists a constant C depending only on sup |V | so that

Hon = (4hm = CYHyn = Hyy = 31(t0) = CLn = 2(Ln Lm) 2
(5.13) ro_ .
e / P (s) + Lo (5)]ds.
to

PROOF: To bound the first “error term” from Lemma 5.2, bound V' by sup | V|
to get
(5.14) / (Vu)2de < sup|V|? / u?d@ = sup |V 2 [Hm(t) + L (0)].
Nx{t} Nx{t}

Similarly, the last error term is bounded by

t
(5.15) 2 / [(V2+VDu?] < 2(sup |V +sup | V]?) / o (5) + Lo (5)]ds.
to
N x(to,t)

The second error term 2 [ {to} |Vu|? d@ is trivially bounded by 2/(t9). This

leaves only the two J' terms. Use Cauchy-Schwarz to bound the second of these
by

(5.16) |J/(zo)|=2‘ / wuy df)| < / W® +u?)do < I(0).
N x{to} Nx{to}

To bound J'(t), observe first that

_ m-1 mol o 12l 1/2
ol =2 Yl lusly | =2 0] Yo tel?]
(5.17) =0 =0 j=0
= 2(»C_m£m)1/2,
so we get
(5.18) J =H 4+ L < Hoy + 2(LmLm) "
The corollary now follows from Lemma 5.2. U

The next lemma gives the key differential inequality for £,, that will be used
later to get an upper bound for £,,(¢) (a similar but slightly less sharp bound was
given in (4.48)).



1572 T. H. COLDING, C. DE LELLIS, AND W. P. MINICOZZI I

LEMMA 5.4 There exists a constant C > 0 depending only on sup |V | so that

(5.19) L0 < 2Ame1 + D2 L + C Loy + Him A Lom.

PROOF: To get the differential inequality, recall from (4.47) that Lemma 4.2
gives

3 [(m])? + (1 4 Ap[ul7]
= (42; + 2)[ul;[ul; — 2[ul;[Vul;
(5.20) <2 + D22 + Oy + D] + 20Vl fud; .

Summing this up to (m — 1) and then using the Cauchy-Schwarz inequality for
series gives

(5.21) 1L <2Ame1 + DV2 L + CNT /L.
where the constant C depends only on sup |V|. 0

5.1 Exponentially Weighted sup Bounds for H,,, £,., and L,,

We will next record an immediate consequence of Corollary 5.3 where the last
three terms in (5.13) are bounded in terms of the sup norms of Homs Lo, and Ly,
against an exponential weight. To make this precise, for each constant « > 0, we
define the exponentially weighted sup norm bounds Ay m, {o,m, and £y, by

(5.22) hom = max[Hy, (t)e ],
[0.7]

(5.23) Com = max[Ly (t)e™ ],
[0.7]

(5.24) Lom = max[Lpy,(t)e .
[0.7]

Clearly, by definition, we have that
(5.25) Hm(t) < hame®™,  Lm(t) < lame®. L) < lame™.
Substituting these bounds into the differential inequality for #,, gives the fol-
lowing:
COROLLARY 5.5 There exists a constant C depending only on sup |V'| so that for
a>1
HY > (4hm — C)Hm — H., — 31(t0)
—[Clam + ham) + 2(Lamlam) /e
PROOF: The corollary will follow directly from Corollary 5.3 by using (5.25)

to bound the last three terms in (5.13). The bounds on Em and (E_mﬁm)l/ 2 follow
immediately from (5.25). Finally, to bound the last term in (5.13), note that

(5.26)

t _ i} _ t h L,
527) | [Fon(s) + Lon($)1ds < (ham + Lam) | e¥ds < 2em ™ Lam at
to to o
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The corollary now follows from substituting these bounds into (5.13). Il

5.2 Taking Advantage of Gaps in the Spectrum

Fix a constant ¥ > 1 to be chosen (depending only on sup |V']) and then choose
a constant @ > k with

(5.28) o= l|:log @] <a,
T 1(0)
and so that there exists m with
(5.29) 2Am_1 + DV2 +1<a,
(5.30) @2 +a <4hy —k.

We will use the spectral gaps to show that such an a always exists when N is a
round sphere of a Zoll surface.

PROPOSITION 5.6 If @ > 1 satisfies (5.28), (5.29), and (5.30) for some constant
k > 1 depending only on sup |V |, then for all t € [0, T]

(5.31) [ u?do < CI1(0)e™,
Nx{t}

where C depends only on sup |V |.

The proof of Proposition 5.6 will be divided into four steps. First, we bound
Z&,m in terms of £g ,, and 1(0). Second, we use (5.29) to bound {4 s, in terms of
Eo-,,m, ﬁ&,m, and /(0). Third, we combine these to bound both E_&,m and L&, in
terms of ﬁ&,m and /(0). Finally, we substitute these bounds into the differential
inequality for 7:(;;, to bound h_&,m in terms of 7(0). In this last step, h_o-,,m will show
up on both sides of the inequality, but (5.30) will allow us to absorb the terms on
the right-hand side.

PROOF OF PROPOSITION 5.6:
Bounding {g . Tobound £g ., use (5.17) to get

(5.32) 1L < 2(LmLm)/? < 2LY 204 ¥/

On the interval [0, 7], we define a function fi(t) = e~%*L,,(t), so that
(5.33) f1(0) = 1(0) and  f1(T) =< 1(0),

(5.34) fl =e ¥ [L —aLly).

Observe that the maximum of f7 on [0, T] is precisely f&,m. Hence, if the maxi-
mum of f7(¢) occurs at a point s in the interior (0, T'), then we get

(5.35) g me® = aly(s) = L (s) < 205?12 e85

o,m-a,m
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Combining this with the fact that f; < I(0) at both endpoints gives that

4
(5.36) am = ﬁe&,m + 1(0).

Bounding {g_,,. Substituting the bound (5.25) for H,y, into Lemma 5.4 gives

(537 1L, < 2 m—1 + DY2Ln(t) + C\ hgm + Lam €2 /Lo (1).

Consequently, if the maximum of f»(t) = e *L,,(¢) occurs at a point s in the
interior (0, T'), then we get

alg me® = aLp(s)
(5.38) = L, (s)
< 201 + D2 lame®™ + Clham + lam) "/ me™,

so we would get that

(539 @—20mo1 + D)) am = Clham + lam) /27
Using (5.29), we would then get that
(5.40) Lan < Clham + Lam).

where the constant C depends only on sup |V|. Combining this with the fact that
e % L,,(t) < I(0) at the endpoints, we get that

(5.41) Lam < Clham + Lam) + 1(0).
Bounding both {g ,, and Z&,m in terms of fl&’m and 1(0). If we substitute the
bound (5.36) into (5.41), then we get
- 4

As long as @? > 8C, then we can absorb the {g_,,,-term on the right to get
(5.43) Lam < 2CI(0) + 2Chg m.
Finally, substituting this back into (5.36) gives

(5-44) a,m = 21(0) + E&,m-

Bounding ﬁ&,m in terms of 1(0). The starting point is to substitute the bounds
(5.43) and (5.44) into Corollary 5.5 to get

HY > (4Am — C)Hy — H., — 31(0)
- [C(Eot,m + Ea,m) + Z(Ea,mga,m)l/z]e&t
> (4Am — C)’F[m - 7:(;11 - C[fla,m + I(O)]e&t,
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where C depends only on sup |[V| and we absorbed the 37(0) term into the last
term. Define a function f3(t) = e *'H,,(¢) on [0, T] so that f3 is bounded by
1(0) at0and T and

(5.45) £y = e Y[, — aHm),
(5.46) Y = e M HY — 2a'H, + &*Hom).

At an interior maximum s € (0,7) for f3, we have f;(s) = 0 and f;'(s) < 0.
Hence, by (5.45) and (5.46)

(5.47) H(5) = @Hom(s) = @hg me®®,

(5.48) H(5) < @ Hm(s) = @®hgme®.

Combining these with (5.45) and multiplying through by e~ would give
(5.49) (4Am — Chgm — @hgm — Clham + 1(0)) < &hgm.

If we now substitute (5.30) into this, then we would get that

(5.50) ham < (4Am —2C — &% — @)hgm < CI(0).

On the other hand, if the maximum of f3 occurs at 0 or 7', then we would get
ha.m < 1(0) so we conclude that (5.50) holds in either case. Combining all of this
gives that

(5.51) max (e_&t / u? d9) < hgm + Lam < CI(0).
’ Nx{t}

5.3 Choosing «

We will now show that Proposition 5.6 implies Theorem 0.3. The difference
between the bounds in Proposition 5.6 and those in Theorem 0.3 is that the con-
stant & in Proposition 5.6 depends on the spectral gaps for the manifold N. On the
other hand, when N = $” (or a Zoll surface), we can use the explicit eigenvalue
gaps to bound (|&| — |«|) uniformly. Namely, since the m™ cluster of eigenvalues
on $” occurs at

(5.52) bm =m* + (n — 1)m,
we get that
(5.53) bpy_1=m*>+@n—-3)m+2—n and

(b1 + D' =m + ? +0(m™"),
where O(m~") denotes a term that is bounded by Cm ™! for all m # 0. This gives
(5.54) 4by — 2(bm—1 + D2 + )2 = Qb1 + DY? + 1) = 2m + 0(1).
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The key point is that the coefficient of the leading-order term is positive, so there
exists some mg depending only on « and » so that both (5.29) and (5.30) hold for
all m > mg with

(5.55) & = 2(bm—1 + DY2 + 1.
Next, let m1 be the smallest positive integer with
(5.56) 2bmi—1+ DY2 1> a.

Since (by—1 + 1)'/2 grows linearly in m, 2(bm,—1 + 1)1/2 4+ 1 — & has a uniform
bound. Finally, let m be the maximum of mg and m, and define @ by (5.55). It
follows that we get a uniform bound for |@| — || that depends only on « and n.

A similar argument applies for Zoll surfaces. In particular, this discussion
shows that Proposition 5.6 gives Theorem 0.3.

5.4 The Frequency Function

The frequency function often gives an alternative approach to proving a three
circles inequality for second-order elliptic equations. This method is predicated
upon having a function whose Hessian is diagonal, such as |x|? on R”T! or the
function f on N x R (see, e.g., [9]). However, we will see that this method does not
yield our three circles inequality but instead requires some integrability of V' as in
[18]. For simplicity and clarity, we will restrict ourselves to the case $' x R.

The frequency function U(t) measures the logarithmic rate of growth of a func-
tion 1. Namely, if we set J(s) = [ 1, (s} u? do, then the frequency is given by

J'(1)
5.57 U(t) = d;log J(t) = .
(557 (1) = dlog J(1) = s
This is useful because U(¢) is a monotone nondecreasing function of ¢ if u is har-
monic!’ and
(5.58) lim |Vu|?dé = 0.
t—>—00
S1x{r}

To see why U is monotone, first differentiate J to get that

(5.59) J'(s) =2 / (uuy)do,
Slx{s}

(5.60) J"(s) =2 [ (u? +uz)do,
Slx{s}

17Equation (5.58) rules out functions like the linear function ¢ where the frequency is not
monotone.
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where we used in the second equation that u;; = —ugg and integration by parts on
S1. To get this in a better form, observe that since u;; = —ugg
(5.61) ds / (U7 —ug)do = -2 / 3o (usup)dd = 0.

SIx{s} Six{s}

Since we assumed that Vu vanishes at —oo in (5.58), it follows that
(5.62) / u?dh = / ug do.
Six{s} SIx{s}
Plugging this into formula (5.60) for J” gives
(5.63) J"(s) = 4 / u? do.
Slx{s}

It now follows from the Cauchy-Schwarz inequality that (J/)? < JJ”, so we
conclude that U’ = [J”J — (J')?]/J? > 0 as claimed.

Suppose now that u is no longer harmonic but instead satisfies the Schrodinger

equation Au = —Vu. In this case, we get that
(5.64) J"(s) =2 / u? +ug — Vu?)do,
S1x{s}

introducing the “error term” — [¢ (s} Vu?d@ in J”(s) and giving an estimate of
the form

(5.65) (logJ)" =U"> —Csup|V]|.
However, this lower bound is not integrable in 7, so U can decrease by an

arbitrarily large amount over a long enough stretch. We will see next that this
method does not yield the three circles inequality of Theorem 0.2, i.e.,

t I(T)
5.66 logl(t) <CA+1)+ =1 log 1(0).
(5.66) og()_(+)+T0g1(O)+og()
Namely, integrating (5.65) from s to T' gives
(5.67) UGs) =U(T) + C(T — ),

and integrating this from O to ¢ gives

(5.68) log J(t) = log J(0) + [t U(s)ds <logJ(0) +t(U(T) + CT).
0

To see why (5.66) is sharper than (5.68), suppose that |U(T')| and [log I(T)|/ T are
uniformly bounded, but let 7 go to infinity. In this case, the upper bound in (5.66)
goes to log 1(0) + C(1 + t), whereas the upper bound in (5.68) goes to infinity.
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It is interesting to note that N. Garofalo and F.-H. Lin [18] proved unique con-
tinuation in a similar setting by using the frequency function under the stronger
assumption that

(5.69) ( sup |V])ds < oo.
SIx{s}

6 Dimension Bounds on a Manifold with Cylindrical Ends

In this section, we consider functions u in Hy that solve the Schrodinger equa-
tion Au = —Vu for a general bounded potential V' on a manifold M with finitely
many cylindrical ends, each of which is the product of a half-line with a round
sphere or a Zoll surface.'® In particular, M can be decomposed into a bounded
region €2 together with a finite collection of ends Eq, ..., E; where

e 2 has compact closure and
e each E; is isometric to N; x [0, 00), where N; is either a sphere or a Zoll
surface.

The main result of this section is that Hy (M) is finite dimensional for every
aeR.

THEOREM 6.1 The linear space Hy has dimension at most
(6.1) d =d(a,sup|V], Q).
Note that F. Hang and F.-H. Lin [21] proved a similar result under the stronger
hypothesis that sup |V| < € for some sufficiently small € > 0.
6.1 A Consequence of Unique Continuation

We will need an estimate that relates the W12 norm of a solution u on the
boundary of € to its W12 norm inside Q. This is given in the next lemma, where
we will use 7' (€2) to denote the tubular neighborhood of radius 1 about 2.

LEMMA 6.2 Given o > 0, there exists a constant C depending on «, 2, and
sup | V| so that ifu € Hy, then

(6.2) / W+ |Vul>) <C /(u2 + |Vu?).
T1() R
PROOF: We will argue by contradiction, so suppose instead that there is a se-
quence of functions u; with Au; = —V;u; where we have a uniform bound for
sup |V;|, each u; is in Hy(A + V), and
(63) [ @ vupy =5 [ o w19
T1() Q2

18 A similar argument applies when the ends have spectral gaps as in (0.2) and V' is Lipschitz.
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The key to the compactness argument is that Corollary 0.4 gives a constant v > 0
(independent of j) so that

(6.4) / (ujz- + |Vuj|2) <v /(uj2 + |Vuj|2).
T1(Q)\Q aQ

Therefore, after renormalizing the u;’s, we get that

(6.5) / (u]g + |Vuj|2) =1 and / (ujz. + |Vuj|2) < K
J
T1(S2) T1(2)\Q

The interior W2 estimates (see, for instance, theorem 9.11 in [19]) then give a
uniform W22(T; /4(£2)) bound for the u;’s. By combining this with the Sobolev
inequality (theorem 7.26 in [19]), we get uniform higher L? bounds on the u;’s,
and hence on Vju;, and then elliptic theory again gives a higher W2:P bound on
the u;’s. After repeating this a finite number of times (depending on n), we will
get a uniform W22 bound for p > (n + 1). Once we have this, the Sobolev
embedding (theorem 7.26 in [19]) gives a uniform C LIt bound

(6.6) lujlcronery o) < C.

where ;+ > 0 and C does not depend on j. We will refer to this argument as
“bootstrapping.”

It follows from (6.6) that a subsequence of the u;’s converges uniformly in
Cl(Tl/z(Q)) to a function u and thus, by (6.5), u satisfies

(6.7) /(u2 +|Vu|>) =1 and / w2 + |Vul?) = 0.
Q T1/2(2\Q

We will see that this violates unique continuation of [2] since u vanishes on an
open set but is not identically 0. Namely, since the u;’s satisfy

(6.8) [Auj| = Vil lu;| < (SI}PS;PWJ'DWH = C'ujl,
J

it follows that
(6.9) |Au| < C'lul.

Finally, the differential inequality (6.9) allows us to directly apply [2]. O

6.2 The Proof of Theorem 6.1

By getting an upper bound for the number of W :2(32)-orthonormal functions
in Hy (M), we will prove Theorem 6.1; cf. [8].
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PROOF OF THEOREM 6.1: Assume that uq,...,u, are functions in Hy (M)
that are W 12(32)-orthonormal, i.e., with
(6.10) /(uiuj+(Vu,~,Vuj)):8,~j.
Q2

It follows from Corollary 0.4 that we can find a set of such functions for any finite
d that is less than or equal to dim(H). Therefore, the theorem will follow from
proving an upper bound on d.

Let U denote the vector space spanned by the u;’s, and define the projection
kernel K(x, y) to U on 02 x 02 by

d

(6.11) K(x.y) =Y (uj(0)uj () + (Vuj(x). Vauj (1))
j=1

Note that f aq K(x,x) = d. We will also need the following standard estimate for
K(x,x):

u?(x) + [Vul?(x)
6.12 K(x,x) <(n+1 .

To see this, observe first that K(x, x) can be thought of as the trace of a symmetric
quadratic form on U and is therefore independent of the choice of a W 12(dQ)-
orthonormal basis for U. Since the map taking u € U to (u(x), Vu(x)) is a
linear map from U to R?*!, we can choose a new W12(9Q)-orthonormal basis
V1,...,vq for U so that v; (x) and Vv, (x) vanish for every j > (n + 1). Express-
ing K(x, x) in this new basis gives

n+1
(6.13) K(x.x) =) 07 () + Vo (),
j=1

and (6.12) follows.

We will use (6.12) to prove a pointwise estimate for K(x, x). Namely, Lem-
ma 6.2 implies for any u € U \ {0} that

(6.14) / W+ |Vul>) <C /(u2 + [Vul?),
T1(82) I

where C depends only on «, €2, and sup |V|. Applying the bootstrapping argu-
ment of (6.6) to u, i.e., interior W2-? estimates and the Sobolev embedding (theo-
rems 9.11 and 7.26 in [19]), we get

(6.15) u?(x) + |Vul*(x) < C /(u2 + |Vul?),
b1



SCHRODINGER OPERATORS ON CYLINDRICAL ENDS 1581

where the new constant C still depends only on «, €2, and sup |V|. Substituting
this back into (6.12) and integrating gives

(6.16) d = [K(x,x) < (n + 1)C Vol(02),
Q2
a uniform bound giving the desired upper bound for d. O

7 Density of Potentials with Hy = {0}

As in the previous section, we will consider Schrodinger operators A+ V where
V is a bounded potential on a fixed manifold M with finitely many cylindrical ends,
each of which is the product of a half-line with a round sphere or a Zoll surface.”
In particular, M can be decomposed into a bounded region €2 together with a finite
collection of ends E1, ..., E; where

e 2 has compact closure and
e each E; is isometric to N; x [0, 00), where N; is either a sphere or a Zoll
surface.

The main result of this section, Proposition 7.1, shows that the set of potentials
V where Hy = {0} is dense.

PROPOSITION 7.1 Suppose that L. = A + V and f is a nonnegative bounded
Sfunction with compact support in S2 that is positive somewhere. There exists €p > 0
so that for all € € (0, €g) we have

(7.1) Ho(L + € f) = {0}.

One of the key properties that we will need in the proof is that if ¥ and v are
solutions of Lu = Lv = 0, then

(7.2) div(iuVv —vVu) = 0.

Motivated by this, we define the skew-symmetric bilinear form w( -, - ) on functions
that are in L?(992) and whose normal derivatives are in L?(9Q) by setting

(7.3) w(u,v) = /(uanv — vduu).
Q2

The next lemma uses Stokes’ theorem and (7.2) to prove that if u and v are
solutions of Lu = Lv = 0 on M \ 2 that vanish at infinity, then w(u, v) = 0.

LEMMA 7.2 Ifu and v are functions on M \ Q2 that satisfy Lu = Lv = 0 and go
to 0 at infinity on each end E;, then

(7.4) w(u,v) = 0.

19 A similar argument applies when the ends have spectral gaps as in (0.2) and V' is Lipschitz.
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PROOF: Since u and v go to 0 at infinity, the bootstrapping argument of (6.6)
implies that

m
. 2 2 2 2 —
(7.5) Jim E [ u?* 4+ v + |[Vu|* + |Vy| )|Ejd9—0.
T=IN ey

The lemma now follows since Stokes’ theorem and (7.2) imply that for any t > 0

we have
m

(7.6) wu,v) = Z / (udyv — vanu)‘Ej do.
T=IN x4y
O

PROOF OF PROPOSITION 7.1: Fix a nonnegative bounded function f having
compact support in 2. We will prove the existence of such a €9 > 0 by contra-
diction. Suppose therefore that there exists a sequence €, — 0 and functions u;
with

(7.7) uj € Ho(L +¢; 1)\ {0}.

After dividing each u; by its W12 norm on 9<2 (this is nonzero by Lemma 6.2 and
unique continuation [2]), we can assume that

(7.8) /(uf + [Vu;|?) = 1.
02
Lemma 6.2 then gives a constant C depending on €2, sup | V|, and sup | /| so that
(7.9) / w7 + |Vu;|?) < C.
T1(2)

The bootstrapping argument (that is, W27 estimates and Sobolev embedding;
cf. (6.6)) then gives uniform C LIt estimates for the u j’s on the smaller tubular
neighborhood for some p > 0. Therefore, there is a subsequence (which we will
still denote u;) so that u; and Vu; converge uniformly in 7/, (£2), and the limiting

function u satisfies the limiting equation?’

(7.10) Lu = 0.

Since u; and Vu; converge uniformly on 92, we get that

(7.11) /(u2 + |Vul?) = lim /(u} + [Vu;|?) =1,
j—o0

Q Q

(7.12) o, ug) = lim w(u;,ug) =0,

j—o0

20 Initially we only know that Lu = 0 weakly, but elliptic regularity then implies that u is a
strong solution.
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where the last equality follows from Lemma 7.2 since Lu; = Luj = 0 outside
of € and both vanish at infinity on Eq, ..., Ej (recall that f has compact support
in ). Note that (7.12) would have followed from Lemma 7.2 alone if we had
known that u also vanishes at infinity.

To get a contradiction, we note that

(7.13) divuVur —upVu) = —ei fugu,
so that (7.12) and Stokes’ theorem gives
(7.14) 0=ow(u,uy) = /div(uVuk —uVu) = —¢; / fuug.
Q Q
In particular, since €; > 0, we must have
(7.15) / Fuug = 0.
Q

Since 1 — u uniformly in €2, these integrals converge to the integral of fu?, so
we get that

(7.16) / fu? =0,
Q

Since f is nonnegative but positive somewhere, we conclude that ¥ vanishes on
an open set and, by unique continuation [2], that u is identically 0. However, this
contradicts (7.11), so we conclude that no such sequence could have existed. The
proposition follows. U

We can now sum up what we have proven so far:
THEOREM 7.3 Theorem 0.1 holds when each end is isometric to a half-cylinder.

Strictly speaking, we have shown the density of potentials where Hy = {0}
but have not yet addressed the density of metrics where Hy = {0}, namely, the
more general case of the theorem that holds for n = 1. However, this is an easy
consequence of what we have already shown. To see this, assume that M is two-
dimensional and change the metric g conformally by e2/ where f is bounded, to
get an equivalence between Ho(Ag + e2/ V) and Ho(Ae2rg + V) (see (8.7)). So
long as V' is not identically 0, this allows us to perturb the potential to a nearby
potential with Hy = {0}. In the remaining case, where V' = 0 and the operator
is the Laplacian, it follows from Stokes’ theorem that Hy = {0}. Namely, the
gradient estimate implies that |u| + |Vu| — 0 at infinity, so Stokes’ theorem gives
that [ |Vu | = 0 and u must be constant; since the only constant that goes to 0 at
infinity is 0, we get Hy = {0}.

Example 7.4 (Set of potentials where Hy = {0} is not open). Hy = {0} is not
an open condition. Namely, it is easy to construct a sequence of potentials V; on
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R with |V;|c1 — 0 as i — oo and so that dim Ho(V;) > O for each i (note that
Hy(0) = {0}; the limiting Schrodinger equation has potential equal to 0).

To be precise, as we saw right after Theorem 0.1, it is easy to construct a po-
tential V' on the line (or the cylinder) such that there exists a solution to the corre-
sponding Schrodinger equation that goes exponentially to 0 at both plus and minus
infinity. (On the cylinder the potential, as well as the solution, can be taken to be
rotationally symmetric, i.e., independent of #.) In fact, the potential can be taken to
be constant (negative) outside a compact set. Pick such a potential and name it V.
On the line look at the rescalings, V¢ (t) = €2V (et) (on the cylinder rescale just
in the 7-direction; everything is rotationally symmetric). Each of the Schrédinger
equations u” + Veu = 0 has solutions (namely, u¢ () = u(et), where u is a solu-
tion to u” + Vu = 0) that decay exponentially to 0 at plus and minus infinity and
clearly |Ve|c1 — 0 as € — 0. Note also that in this example u. converges to the
constant function u(0) as € goes to 0, which may be taken to be nonzero and is, of
course, in any case, a solution to the limiting Schrodinger equation u” = 0.

8 Surfaces with More General Ends: The Case n = 1 of Theorem 0.1

We will show in this section that our results apply to a more general class of
surfaces, namely surfaces with bounded curvature, injectivity radius, and finitely
many ends that are each bi-Lipschitz to a half-cylinder. We will prove this by
finding a bi-Lipschitz conformal change of metric on such a surface that makes
each end isometric to a (flat) half-cylinder and then apply our earlier results. For
this, we will need the following proposition:

PROPOSITION 8.1 Suppose that E is topologically a half-cylinder $' x [0, o) with
a Riemannian metric satisfying the following bounds:

(B1) The Gauss curvature K g is bounded above and below by |Kg| < 1, and
the injectivity radius of E is bounded below by ig > 0.
(B2) There is a bi-Lipschitz (bijection)

(8.1 F=(0,r):E—S'x][0,00)
with |dF| < Lo and |dF 1| < (.

Then there exists a conformal map ® : E — $' x [0, 00) satisfying |d®|-1 < C
and |d® |1 < C for a constant C depending only on iy and L.

Remark 8.2. There are two natural equivalent norms for the differential d F, de-
pending on whether one thinks of d F(x) as a vector in R* (Hilbert-Schmidt norm)
or as a linear operator on R? (operator norm). We will use the Hilbert-Schmidt
norm but will often use that |d F(x)(v)| < |[dF(x)||v]. f® : (2, g) — (. 8) is
a conformal map between surfaces, then this convention gives that

1
(8.2) d*(g) = 5|alc1>|2g and |[d® %o ® = 4|dD| 2.
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Assuming Proposition 8.1 for the moment, we will now complete the remaining
case of Theorem 0.1 where n = 1 and the end merely has bounded geometry and
is bi-Lipschitz to a flat half-cylinder (as opposed to being isometric to it). Namely,
we prove the following theorem:

THEOREM 8.3 Let X be a complete noncompact surface with finitely many cylin-
drical ends, each of which has bounded geometry and is bi-Lipschitz to a flat half-
cylinder.

(1) If V is bounded (potential) on 3, then Hy(X, Ay + V) is finite dimen-
sional for every o; the bound for dim Hy depends only on %, o, and
1V [ zoe.

(ii) There is a dense set of bounded potentials with Hy = {0}. For each fixed

bounded V', there is a dense set of metrics (with finitely many cylindrical
ends) where Hy = {0}.

PROOF: Using Proposition 8.1 we will first show that there exists another met-
ric g on X for which each end is a flat cylinder and a conformal diffeomorphism
d: (2, g) — (X,8) with [dD|c1 < C and |[dd ™! ¢1 < C. To do this, we first
apply Proposition 8.1 to each end E; of X to get conformal diffeomorphisms

(8.3) o Ej — S xR,

with a uniform C ! bound for every j, i.e., a constant x so that away from 0E j we
have

(8.4) |d®;|. |VdD,|. |dD7 . [VdDT!| < «.

Note that the pullback metric |d ®;|?>g makes the end E; into a flat cylinder. It re-
mains to patch these metrics together across the compact part Q@ = X\ ;i Ejof X
Let ¢ be a smooth function on X that is identically 1 on the tubular neighborhood
of radius 1 about €2 and has compact support in ¥ and then set

(8.5) g=0+0—-d)yEld®;*)s.
Here yg; is the characteristic function of E.
To see how the operator A 4+ V' changes under a conformal change of metric,

let X be a surface with a Riemannian metric g, and f a smooth function on X. If u
is a solution of the Schrodinger equation Agu + Vu = 0 on X, then u also solves

the equation A gu + e 2/ Vu = 0 for the conformally changed metric. Namely,
(8.6) Aezfgu = diVezfg (Vezfgu) = diVezfg (e_zf Veu) = e 2/ Agu.

From this we see that if g and § = ¢2/ g are conformal metrics on a surface %,
then
(8.7) Ho(Ag + V) = Ho(Apry +e7 2/ V).

In particular, applying (8.7) to the surface ¥ with cylindrical ends with g given
by (8.5), so that the ends of (X, g) are isometric to the cylinder, we get that the
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dimension of Hy(Ag 4 V') is finite and is equal to O for a dense set of potentials V.
More precisely, the finite dimensionality follows from applying Theorem 6.1 to the
operator Agzr 4 + e"2/V, since the Lipschitz bounds on |d®| and |d®|~! imply
that

(8.8) Id®[*Vliciz) < CIV e ()

Arguing similarly, the zero dimensionality for a dense set of potentials V' follows
from (8.8) and the density for the metric g proven in Theorem 7.3. U

It remains to use the bi-Lipschitz map F to find a bi-Lipschitz conformal map ®
from each end to a flat half-cylinder. This will be accomplished in the next two sub-
sections. The first subsection proves the existence of a conformal diffeomorphism
® and proves an L°° estimate, bounding the second component of ® above and be-
low in terms of 7 (see (8.1)). The second subsection proves the uniform Lipschitz
estimates on the conformal factor |d ®|? and its inverse.

8.1 Uniformization of a Cylindrical End

The next lemma constructs a harmonic function u on a cylindrical end £ that is
bounded above and below by the Lipschitz function r, i.e., the second component
of the map F given by (8.1).

LEMMA 8.4 There exist constants Cy, C1 > 0 depending on iy and Ly so that
if E satisfies (B1) and (B2) in Proposition 8.1, then there is a positive harmonic
function u on E that vanishes on OF and satisfies

(8.9) Gyl < / dnu < Co,

0E
(8.10) Cl_lr(x) <u(x) <Cir(x) forr(x)=>1,
(8.11) 0 < |Vul.

Remark 8.5. Tt follows that u and its harmonic conjugate u™ together give a proper
conformal diffeomorphism

(8.12) w* u): E — 15! x [0, 00),

where the radius 7 is given by

(8.13) 2nt = /Bnu.
oE

To see this, observe that while ™ is not a globally well-defined function, it is well-
defined up to multiples of 27t. Hence, u™ is a well-defined map to the circle of
radius 7. Finally, note that (8.9) gives upper and lower bounds for 7.
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PROOF OF LEMMA 8.4: We will construct ¥ as a limit of harmonic func-
tions uj on {r < j} C E as j — oo. Namely, let u; be the harmonic func-
tionon {r < j} withu; = Oon 0E and u; = j on the other boundary component
{r = j} (note that u; exists and is C > to the boundary by standard elliptic theory;
cf. theorem 6.14 in [19]).

We will repeatedly use the following consequences of Stokes’ theorem for any
s between 0 and j (Stokes’ theorem is used in the first and last equality below)

(8.14) S/Bnujzs / Opuj = / UlpU; = / |V |2,
oE {

uj=s} {uj=s} {uj<s}

The first step will be to establish the bounds in (8.9) for the function u; for
a constant Cyp that does not depend on j. To get the upper bound, use Stokes’
theorem to get

(8.15) j / Ipuj = / |Vu;|? < f |Vr|? < €3 Area({r < j}) < 2mlg),
0E {r=/} {r=j}

where the first inequality above uses that u; and r have the same boundary values

and harmonic functions minimize energy for their boundary values. (The last two

inequalities in (8.15) used the bi-Lipschitz bound for the map F. We will use this

again several times in the proof without comment.) We conclude that

(8.16) /a,,u,- <2nlg.
0E

To get the lower bound, note that it follows easily from the maximum principle that
the level set {u; = s} cannot be contractible, so we must have

(8.17) io < Length(u; ' (5)).

Here, length means the one-dimensional Hausdorff measure if uj_l (s) is not a col-
lection of smooth curves. However, we will integrate (8.17) with respect to s,
and Sard’s theorem implies that almost every level set is smooth, so this is not an
issue.?! Integrating (8.17) from 0 to j and using the co-area formula gives

J
(8.18) jip < / Length(u; ' (5))ds = / V).
0
{r=</}
Plugging this into Cauchy-Schwarz gives

2
(8.19) jzigg( / |Vuj|) <2ml3j f |Vu,-|2:2n£§j2/a,,uj,
{r</j} {r<j} OE

21 This is really not an issue here since the argument below for (8.11) also implies that [Vu ;| # 0,
so every level set is smooth.
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where the last equality comes from applying Stokes’ theorem two times, first to
div(u; Vu,) and then to change the boundary integral of d,u; on {r = j} into the
boundary integral on dE. We conclude that

i /
< | o,u;
2 — nes
2l
oE

Hence, we have uniform upper and lower bounds for the flux of the u;’s; this will
give (8.9) in the limit.

We will next establish the bounds (8.10) for the u;’s for a constant C; that does
not depend on j. These uniform estimates will allow us to extract a limit u that also
satisfies (8.10). We will first show the lower bound in (8.10). It will be convenient
to let m; (s) and M; (s) denote the minimum and maximum of u; on {r = s}, i.e.,

(8.20)

(8.21) mj(s) = min u;(s),
{r=s}
(8.22) M;(s) = max u;(s).
{r=s}
To get the lower bound, first use Stokes’ theorem and the co-area formula to get
that
) N
s/anuj = / ( / Bnuj)dt < / ( / |Vuj|)dt
0 0
(8.23) oFE {r=t} {r=t}
= f |Vr||Vu;|.
{r=s}

Next, apply Cauchy-Schwarz to this and then use the bi-Lipschitz bound on F' and
the fact that {r < s} C {u; < M;(s)} to get

2
s2(/anuj) < / |Vr|? / |Vu;|? < 2rlgs / |Vu; |?
oE

{r=<s} {r=<s} {uj<M;(s)}

(8.24) :2n€gij(s)/8nuj,
oE

where the last equality follows from (8.14) with M; (s) in place of s. Combining
this with (8.20) gives the desired linear lower bound for M; (s)

(8.25) s

2

Lo 4

272 < S/Bnuj <2mlygM;(s).
oE
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To get the upper bound for m (s), use the fact that the level sets of u; cannot
be contractible (see (8.17)) and the co-area formula to get

m;(s)
(8.26) iomj(s) < /0 Length(uj_l(t))dt = / |Vu,|.
{uj<m;j(s)}

Applying Cauchy-Schwarz and noting that {u; < m;(s)} C {r < s} gives

igm3(s) < Area({r < s}) / |Vu; |?
{uj<m;(s)}
(8.27) < 2GS / |V |2
{uj<m;(s)}

= 2n€(2)smj (s) / Opuj < 4n2£gsmj (s),
oE
where the last inequality uses (8.16). We conclude that
2 £
(8.28) mj(s) < 4n”s 2
0
As long as we stay away from the boundary of {r < j}, we can apply the Harnack
inequality to the positive harmonic function u;. In particular, the lower bound for
M; (s) gives a uniform lower bound for u; and the upper bound for m; (s) gives a
uniform upper bound for u;.

We will now use these uniform bounds on the u;’s on each compact set to ex-
tract a limit u. Note first that the upper bounds for the u;’s in terms of r and
standard elliptic theory (the boundary Schauder estimates; see theorem 6.6 in [19])
give a C 2 bound for the ;s on each compact subset of E.>*> Therefore, Arzela-
Ascoli gives a subsequence of the u;’s that converges uniformly in C? on compact
subsets of E to a continuous nonnegative harmonic function u. The uniform con-
vergence implies that u vanishes on dF and u also satisfies (8.9) and (8.10); in
particular, u is not identically 0.

We will prove (8.11) by contradiction. Suppose therefore that |Vu| vanishes
at some x € E. Note that x cannot be in dE because of the Hopf boundary point
lemma (see lemma 3.4 in [19]). Note also that (8.10) implies that u is proper, so the
nodal set ! (1(x)) must be compact. It follows from the standard structure of the
nodal set of a harmonic function on a surface (see, e.g., lemma 4.28 in [10]) and the
fact that E is a topological cylinder that there is at least one connected component
of {y | u(y) # u(x)} that both has compact closure and does not contain dE in

22 This bound grows with r. In the next subsection, we will come back and prove a Lipschitz
bound for | Vu| that does not grow with r.
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its boundary. However, this violates the strong maximum principle, and hence we
conclude that |Vu| # 0. O

8.2 A Uniform Lipschitz Bound on the Conformal Factor

In this subsection, we will prove a uniform Lipschitz bound for |d®| and
|d d>_1| for any conformal diffeomorphism ® from E satisfying (B1) and (B2)
to the flat half-cylinder $! x [0, c0). We will then apply this estimate to the confor-
mal map constructed in the previous subsection to get Proposition 8.1. The desired
Lipschitz estimate is given in the next lemma.

LEMMA 8.6 There is a constant |4 depending on ig and Lo so that if E satisfies
(B1) and (B2) and ® : E — S! x [0, 00) is a conformal diffeomorphism, then
away from the iy-tubular neighborhood of 0E we get

(8.29) d®|lct < and |dd o1 < .

We will need two preliminary lemmas in the proof of Lemma 8.6. The first is
the following result of Bloch (see Appendix C):

LEMMA 8.7 Given rg > 0 and k > 0, there exists a constant B > 0 so that if ¥ is
a surface with |K| < k, the ball B,,(p) is a topological disk in £ \ 0%, and f is
a holomorphic function on By, (p), then the image f(By,(p)) covers some disk of
radius B|df (p)| in C.

We will also need a standard Bochner-type formula:

LEMMA 8.8 If f is a holomorphic function on a surface E and |V f| # 0, then
(8.30) Alog|Vf| =K.

PROOF: Let u and v be the real and imaginary parts of f, sothat f = u +iv.
The Cauchy-Riemann equations give |V f| = +/2|Vu| and hence
(8.31) Alog|V f| = Alog|Vul.
The Bochner formula for the harmonic function u gives

2|Hessy|>  |V|Vul?|?

8.32 Alog|Vul* = 2K
Fixing a point x and working in geodesic normal coordinates that diagonalize the
Hessian of u at x (so that u11(x) = A = —up2(x) and u12(x) = ua1(x) = 0), we
get
3 2|Hessy [*|Vul® — |V|Vu|?|? = 422 |Vu|® — dujujpupu

' = 4(A*|Vu|* — 22(ui + u3)) = 0,
giving the lemma. O

We can now prove the Lipschitz estimate, i.e., Lemma 8.6.
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PROOF OF LEMMA 8.6: We will first use Lemma 8.7 to get the upper bound
for |[d®|. Given a point x with B /»(x) C E \ JE, let P : Bjy2(x) — C
denote the composition of ® with the covering map from the cylinder to C. The
fact that B,/ (x) is a disk implies that ® is a well-defined holomorphic function.
Furthermore, the fact that ® is injective implies that the projection of &D(B,-O /2(x))
to the cylinder is also an injection. However, Lemma 8.7 implies that &)(Bio /2(x))
covers a disk in C of radius

(8.34) B|V®(x)| = B|d®(x)|.
so we must have

(8.35) Bld®(x)| <,

as desired.

We will next use the upper bound (8.35) together with the fact that |d ®| # 0 to
get a lower bound for log |d ®| and hence an upper bound for |d ®~!|. We will use
that the map F = (6, r) maps E to the cylinder with bi-Lipschitz constant £o. The
key for getting the lower bound for log |d ®| is that the function w = log |[d | =
log |V ®| satisfies |Aw| = |K| < 1 (by Lemma 8.8) and

(8.36) c1 = log(1/4p) < inf max w < supw < log(zw/B) = c3.
s r=s

The first inequality in (8.36) follows from the fact that the curve ®({r = s}) wraps
around the cylinder and hence has length at least 27, so that

(8.37) 27w < Length(®({r = s})) = / |d®| < 27l {max} |dD|.
r=s
{r=s}

The last inequality in (8.36) comes from the upper bound (8.35) for |d ®|. Applying
the Harnack inequality?® to the nonnegative function ¢, — w centered on a point
where w > ¢ gives (away from the iy tubular neighborhood of 9F)

(8.38) sup(c2 —w) < k1 (c2 —c1) + k2 sup|Aw| < kq (¢c2 — 1) + ka2,

where the constants k1 and k, depend only on iy and £o. Here we have used that
every point in £ is a bounded distance from a point where w > ¢ (by (8.36))
to ensure that we apply the Harnack inequality on balls of a fixed bounded size.
Rewriting (8.38) gives the desired lower bound for |d ®|,

(8.39) log|[d®| =w > ¢z —ki(c2 —c1) — k2.

Cyinfg, w + Casupp, , [Aw| where C1 and C; depend on R, sup |K|, and ip. Using standard
estimates for the exponential map, it suffices to prove that if L is a uniformly elliptic second-order
operator on B C R and w > 0 on By, then supg, w < Cyinfp, w+Cz supp, |Lw| where Cy and
C3 depend only on the bounds for the coefficients of L. This follows by combining theorems 9.20
and 9.22 in [19].

23 The Harnack inequality that we use here is that if w > 0 on Bpp, then supp, w =<
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We have now established uniform bounds on |d®| and |d®~!|. To get the
Lipschitz bounds, we will first work on the image ®(E) = $! x [0, c0) to estimate
|V$1x[0,00)W| Where

(8.40) W = log |[d®™ | =log2 —wo ® !,

where the last equality used Remark 8.2. The L°° estimates above for w imply that
w is bounded. In addition, applying the formula for the Laplacian of a conformally
changed metric (see (8.6)) to Aw = K gives

1
(8.41) Agix[0.00) 0 = —§|d<1>‘1|2K o®d 1,

(The factor % comes from our choice of norm; see Remark 8.2.) In particular, both
|w| and |Ag1y[0,00)W| are uniformly bounded. Therefore, we can directly apply
the Euclidean Cordes-Nirenberg estimate (see, e.g., theorem 12.4 in [19]) to get

(8.42) |li)|cl.a < C(llD'Loo + |ASlx[0,oo)lI)|L°°) < C'.

This gives the desired bound on [Vg1 (g )& ®~!| and then, using the chain rule,
it also gives the desired bound on |Vd ®|. O

Finally, we can combine Lemma 8.4 and Lemma 8.6 to prove Proposition 8.1.

PROOF OF PROPOSITION 8.1: Let u be the positive harmonic function given
by Lemma 8.4, and let u™ be its harmonic conjugate. As in Remark 8.5, we con-
clude that the map

(8.43) ® =1t u*u): E— S x][0,00)

is the desired conformal diffeomorphism. Here 7 is defined in (8.13) and bounded
in (8.9). The Lipschitz bounds on |d®| and |d®~!| follow immediately from
Lemma 8.6. ]

Appendix A: Growth and Decay
for Generic Rotationally Symmetric
and Periodic Potentials

In this appendix, we introduce the Poincaré map and use it to make some re-
marks about decay and growth for a generic rotationally symmetric potential on
a cylinder; these are not needed elsewhere (nor are the results of Appendix B),
but are included for completeness. This shows, in particular, that for an open and
dense set of periodic potentials with positive operators any solution that vanishes
at infinity decays exponentially.

For a bounded and rotationally symmetric potential on a cylinder N x R, Sec-
tion 3 applies to all but a finite number of small eigenvalues of A 5. To understand
the remaining small eigenvalues of Ay, we will need to understand the “Poincaré
maps” associated to the ODE. We will define this next. For simplicity, we will
assume throughout both this appendix and the next that V' is smooth.
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Given a nonnegative number A and #; < tp, define the Poincaré map Pt)ltyt2 :
R? — R? by
(A.1) Pt)lk,tz(a,b) = (u(t2),u'(t2)) where u” = (A — V)u
andu(ty) = a, u'(t1) = b.

In general, if f and g are functions on R, not necessarily periodic, satisfying " =
A=V)fand g” = (A —V)g, then

d fog
A2 — det =0.
(A.2) di € ( £ g/)
It follows from this and the fact that P;; is the identity that P; ;s is in SL(2, R)
forall f and s > 0.

We will below combine this observation with the simple fact that if A is a matrix
in SL(2, R), then we have one of the following:

(1) The absolute value of the trace of A is (strictly) greater than 2, so the
characteristic polynomial of A has two distinct real roots, ¢ € R and 1/¢
where |c| > 1. Such an A4 is said to be hyperbolic and can be diagonalized
even over R.

(2) The absolute value of the trace of A is (strictly) less than 2, so the char-
acteristic polynomial of A has two distinct complex roots, e’ and e~#¢
where 0 < ¢ < 7.

(3) The absolute value of the trace of A is equal to 2, so the characteristic
polynomial of A has the root 1 or the root minus 1 with multiplicity 2.
Thus, there exists an orthonormal basis where A can be represented by
(plus or minus)

~ (: %)

LEMMA A.1 For an open dense set of potentials V on [0, £], the absolute value
of the trace of the Poincaré map Py g is not equal to 2. In fact, if V' is a potential
with |Tr(Py )| = 2, then there are potentials V; — V with V;(0) = V(0) and

Vi(l) = V() so POVJé is hyperbolic.

To prove the lemma, observe first that since trace is continuous on SL(2, R), and
the Poincaré map Py ¢ depends continuously on the potential, the set of potentials
where the absolute value of the trace of Py ¢ is not 2 is clearly open. Consequently,
to prove Lemma A.1, it is enough to prove density. The density is an easy conse-
quence of the next lemma that allows us to perturb the Poincaré map.

We will need a few definitions before stating this perturbation lemma. Namely,
given £ > 0 and a function f on [0, £] with f(0) = f(£),let P(f.s) = Py ¢(f.5)
denote the Poincaré map from 0 to ¢ for the perturbed operator 82 + (V(¢) +

sf()*

24 Note that the perturbed potential agrees at 0 and ¢ if the original potential V' does.
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LEMMA A.2 The linear map from functions on [0, £] with f(0) = f(£) = 0 to
2 x 2 matrices given by

d
(A4) f— s

P(f.s)
0

S=

is onto the three-dimensional space of matrices B such that P~1(f,0)B is trace
free.

PROOF: Let u(s,?) and v(s, ) be the solutions of 32 + (V(¢) + sf(¢)) with
initial conditions (u, u;)(s,0) = (1,0) and (v, v¢)(s,0) = (0, 1). It follows that

d U v
A5 — P(f s)= $ ¥1(0,0).
(a5) Sl rue= (i Yoo
Note that when s = 0, we have u;y = —Vu, vyy = =Vv, usyy = —Vus — fu,

and vg;y = —Vvg — fo. It follows that
V4
(A6) (tvr = vt 0.0) = [ 040 = vt 0.0)dr
0
V4
=/ (fuv)(0,1)dt,
0
L
(A7) (uuse —usus)(0,€) = / ¢ (uuge —usug)(0,1)dt
0
L
= _[ (fu?)(0,1)dt,
0
V4
(A8) (vs0r — Vo) (0, £) = / 1 (vsvr — vuse) (0. 1)dt
0
V4
- / (v, 1)dr,
0
V4
(A.9) (uvss — vstr)(0.€) = / 01 (uvss — vsur) (0,1)d1
0

{
= —/ (fuv)(0,t)dt.
0

These four quantities are the 11, 12, 21, and 22 coefficients, respectively, in the
2 x 2 matrix obtained by multiplying P~1(0, f) by % }SZOP(]’, 5). Since u2(0, ),
v2(0,-), and (uv)(0, -) are linearly independent® as functions on [0, £] and com-
position by a linear map can only decrease the dimension of a vector space, we

23 To see this, note that the 3 x 3 matrix whose columns are u2(0,0), (42)£(0,0), (u2)4(0,0)),
and similarly for v2 and uv, is invertible.
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conclude that the image of % ‘szOP( £.s) must be at least three-dimensional. Fi-
nally, since it is contained in a three-dimensional space of matrices, the mapping
must be onto. U

PROOF OF LEMMA A.1: As noted right after the statement of Lemma A.1, it
is enough to show that if the absolute value of the trace of Py ¢ is 2, then there is
some function f with f(0) = f(£) = 0 so that for all s > 0 sufficiently small we
have
(A.10) Tep) ;| > 2,
where POVZFSf is the Poincaré map for the potential V' + s f. This follows imme-
diately from two facts. First, Lemma A.2 says that we can choose f to arbitrarily
perturb Py ¢ in SL(2, R). Second, if P is a matrix in SL(2, R) with |Tr P| = 2,
then there are matrices P; € SL(2, R) converging to P with |Tr P;| > 2. Namely,

if we consider SL(2, R) as the hypersurface x1x4 — xpx3 = 1 in R*, then the
normal direction and the gradient of trace are

(A.11) N = (x4, —x3,—Xx2,X1),
(A.12) VTr=(1,0,0,1).

In particular, the projection of V Tr to the tangent space of SL(2, R) vanishes only
at the identity matrix and minus the identity matrix. It follows that we can perturb
the trace as desired, at least away from (plus or minus) the identity matrix. This is
all that we need, since it is easy to perturb (plus or minus) the identity matrix to a
hyperbolic matrix. U

In the next corollary, we will assume that the potential V' is both periodic at
+00 with period £ and that the associated operator 3% + V is positive at infinity.
That is, we will assume that there exists some 7" > 0 so that:

e Forallz > T, wehave that V(t + £4) = V(¢).
e The only solution of u” = —Vu with at least two zeros on [T, 00) is the
constant 0.

Note that the second condition is equivalent to the lowest eigenvalue®® being pos-
itive on every compact subinterval of [T, 00); this follows from the domain mono-
tonicity of eigenvalues.

COROLLARY A.3 For an open and dense set of {4 periodic at +0o potentials V
on R that are also positive at infinity, any solution u € Hy to the Schrodinger
equation Au = —V(t)u on the cylinder N x R must decay exponentially to 0 at
400, and likewise for H_.

26 By convention, A is an eigenvalue of 3% +V on [a, b] if there is a (not identically zero) solution
uofu” +Vu = —Au withu(a) = u(b) = 0.
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PROOF: We will use the positivity of 3? + V and hence also of 32 + V — A;
to show first that the eigenvalues of P;jT e, must be real for every j. To see this,

suppose instead that the eigenvalues are ¢/? and —e'® with 0 < ¢ < 7. In this
case, we can choose some positive integer n to make both of the eigenvalues of

Aj n Aj

(A.13) (PT,JT+e+) = Prlrine,

as close as we want to —1. In particular, the solution of f” = (1; — V) f on
[T, T + 2n{4] with initial values f(7T) = 1 and f/(T) = 0 must be negative at
T + nf4+ and then positive again at T + 2n{. This contradicts the positivity of
the operator, so we conclude that the eigenvalues must be real.

Applying Lemma A.1, we may assume that P;"L;/f e
eigenvalues for A; < sup|V| and hence is hyperbolic. To complete the proof,

has two distinct real

we will prove the exponential decay of any u € H4 for such a potential.

By expanding a solution u into its Fourier series, it suffices to prove a uniform
rate of exponential decay for bounded solutions f of f” = (1; — V) f on [0, 00).
Here uniform means independent of j. Corollary 3.4 gives this uniform exponen-
tial decay for every j with A; > sup |V/[; this does not use the periodicity at 4-co.
7):,1T +oy is hyper-
bolic, f vanishes at +o00, and f” = (A; — V) f on [0, 00), then f decays expo-
nentially to 0 at +o0. For simplicity, we will assume that j = 0 and 7 = 0. The

Assume now that A; < sup|V|. It remains to show that if P

argument in the general case follows with obvious modifications. Let v{ and vy
be the two eigenvectors of the Poincaré map Pr 744, such that vy corresponds
to the eigenvalue with norm larger than 1. Let fj and f, be solutions on R to the
equation f” = —V(t) f defined by (f;(0), f;(0)) = v;. It follows that f; grows
exponentially at 400 and f, decays exponentially to O at +co0. Moreover, since
the space of solutions is two-dimensional and fj and f, are clearly linearly inde-
pendent, any solution f can be written as a linear combination of f; and f>. Thus
f = af1 + bf, for constants a and b. It follows that if f vanishes at +o0, then
a = 0 and hence f must decay exponentially at +oo. U

Example A.4. We will compute the Poincaré maps in the geometric example from
Section 3.1, where V(t) is a rotationally symmetric potential on $! x R given by

(A.14) V(t) = 2cosh™2(1).

Using the solutions in (3.11), we get that

(A.15) Po; =

1 —ttanht? tanh ¢
—tanht — 7 cosh™2¢ cosh™2¢
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It follows that if s < 0 < ¢ are large, then Ps; = Po, o P(i Sl is approximately
given by

(A16) (—01 1 ~|—_s1— t) .

Here, “approximately’” means up to terms that decay exponentially in s or .

Appendix B: The Symplectic Form
and the Symplectic Poincaré Maps

Much of the discussion of the previous appendix generalizes to general bounded
potentials that are no longer assumed to be rotationally symmetric. To explain this,
we will need to recall some standard definitions. Let H be a Hilbert space with in-
ner product (-, - ) and let w be the canonical symplectic form on H? = H xH. That
is, if (v1,v2) and (wy,ws) are in H2, then w((v1,v2), (w1, w2)) = (v1, wz) —
(v2, wr). (The skew-symmetric 2-form w is symplectic since it is nondegenerate.)
By definition a linear map from H? to itself is said to be a symplectic map if it
preserves @. A linear subspace of H? is said to be a symplectic subspace if
restricted to the subspace is nondegenerate and a linear subspace of a symplectic
subspace is said to be isotropic if the restriction of the symplectic form vanishes on
the subspace. An isotropic subspace is said to be Lagrangian when it is maximal,
i.e., is not strictly contained in a larger isotropic subspace. Finally, if W is a finite-
dimensional symplectic subspace of dimension 27, then it follows from Darboux’s
theorem that w” is a volume form on W and thus if A4 is a symplectic map from W
to W, then A also preserves the volume form.

Consider now again solutions u of Au = —Vu on the half-cylinder N x [0, c0).
The potential V' will be smooth and bounded, and is now also allowed to depend
onf € N.

The Hilbert space will be LZ(N) with the usual inner product whose norm is
the L2 norm. This is because the next lemma will allow us to identify a solution of
Au = —Vu with its Cauchy data (1, d;u) on a slice N x {fo}.

LEMMA B.1 Ifu(-,t9) = dsu(-,t9) = 0O, then u is identically 0.

PROOF: We will show first that u and all of its derivatives vanish on N x {zo}.
Since u vanishes on N x {fo} and d; commutes with Vp, every partial derivative
with at least one derivative in a direction tangent to N also vanishes. It remains to
check that d7u( -, t) vanishes for all n > 2. To get this for n = 2, use the equation
Au = —Vu to write

(B.1) 07u(.10) = —Anu(6.10) — V(6. 10)u(6. 10) = 0.
Similarly, differentiating the equation gives for n > 2 that

(B.2) IMu(f,t0) = —0" 2 ANu(8, to) — I 2[V(0, to)u(8, to)).
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By induction, the terms on the right-hand side of the equation all vanish, so we
conclude that 07 u( -, t9) also vanishes for all n > 2.

Finally, since the potential V' is bounded and u vanishes to infinite order on
N X {to}, it follows from the theory of unique continuation [2] that ¥ must vanish
everywhere. 0

We conclude from the lemma that the linear map that takes a solution u of
Au = —Vu to its Cauchy data (u, d;u) is injective and hence we can identify u
with its Cauchy data on an arbitrary but fixed slice N x {zo}.

Motivated by this, we define the skew-symmetric bilinear form (-, -) on so-
lutions by

(B.3) o(u,v) = / (U0, v — va,yu).
N x{to}

Thus under the Cauchy data identification the space of solutions is identified with (a
subspace of) L2(N)x L?(N) and the skew-symmetric bilinear form is the pullback
of the canonical symplectic form on L2(N) x L?(N).

As an immediate consequence of Stokes’ theorem and the fact that div(u Vv —
vVu) = 0if Lu = Lv = 0, the next lemma shows that the skew-symmetric form
w does not depend on the choice of slice N x {zo}.

LEMMA B.2 If u and v are functions on N X [tg, t1] that satisfy Lu = Lv = 0,
then

(B.4) w(u,v) = / (udpv —voyu) = f (U0, v — vIyu).
N x{to} Nx{t1}
As an immediate consequence of Lemma B.2, we get that @ vanishes on the
space of solutions of Lu = 0 that vanish at +o0; i.e., the image of the map from
Hy to its Cauchy data is an isotropic subspace; cf. Lemma 7.2.

B.1 The Poincaré Map

In the spirit of the previous appendix, we can use solutions of the equation
Lu = 0 to define a Poincaré map that maps the Cauchy data at one time to the
Cauchy data (of the same solution) at a later time. Namely, given t; < 1, define
the Poincaré map

(B.5) Pi 1, LA(N) x L*(N) — L*(N) x L*(N)
by
(B6) Pll,tz(ﬁ g) = (u(’ 12)’ alu('a t2))
where Lu = 0, u(-,t1) = f, dru(-,t1) = g.

Lemma B.2 then says that the linear map Py, s, preserves the skew-symmetric
form w:
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COROLLARY B.3 The linear Poincaré map Py, 1, is symplectic, i.e.,
(B.7) o(f,8) = o(Pry 1, (f), Pty 1,(8))-
B.2 Perturbing the Poincaré Map
We will now consider a one-parameter family of Schrodinger operators
(B.8) L+sf=A4+V(0,1)+s5f(0,1),
together with the associated one-parameter family of Poincaré maps
(B.9) P = Poy(L+sf): L2(N)x L*(N) — L*(N) x L*(N).

The next lemma will allow us to compute the derivative with respect to s of the
Poincaré map P. In order to state the lemma, it will be convenient to define a map

(B.10) L™V L2(N)x L>(N) — L*(N x [0, £])

that takes a pair of functions ( f, f2) to the solution u of Lu = 0 with Cauchy
datau(-,0) = f1 and d;u(-,0) = f>. (Note that this is not defined for all f; and
/> since the Cauchy problem in not solvable in general for elliptic equations.)

LEMMA B.4 Given functions (f1, f») and (g1, g2) in L>(N) x L?(N), we have

d
o( P o) 4

Sls=0

P(gl,gz)) =

(B.11)
- / FL7Y (AL ), L (g1, 82).

Nx(0,£)
PROOF: Let u(s,t,0) and v(s, t, 0) be solutions of
(B.12) (L+sfru=(L+sflv=0

with initial conditions?’

(B.13)  (u,d:u)(s,0,0) = (f1, f2)(#) and (v,d;v)(s,0,0) = (g1, 82)(0).
It follows that

d
CU(P(fl,fz), 7 _OP(gl,gz)) =

a)((u’ atu)(()’ E’ : )v (vs, 81‘1)5)(0, E, . ))
Equation (B.12) and its s-derivative imply that Lu(0,-,-) = 0 and

(B.14)

(BlS) LUS(O"V):_f(',')v(o,',').
In particular,
(B.16) div(uVvg — vsVu)(0,-,-) = —(fuv)(,-,-).

27We must assume that these exist, since the Cauchy problem is not generally solvable.
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Since (vg, 9;v5)(0,0,-) = (0,0), we can use Stokes’ theorem and (B.16) to get

BAT) (. 3u)(0.£.). (vg. B05) (0. £.-)) = — [ (fun)(0.-.-).
Nx(0,£)
]

Note that since w is a nondegenerate form, Lemma B.4 completely determines
the mapping % }s=0 P(g1, g2). Finally, observe that if the potential V' is £-periodic
on N x [0, 00), then the map Py o maps the Cauchy data of Hy into itself.

Appendix C: Bloch’s Theorem

The classical Bloch theorem is usually stated for a disk in C. We need a version
of Bloch’s theorem for a topological disk in a surface with bounded curvature.
Since we were unable to find an exact reference for this, we will explain here how
to get the needed version. The following lemma is an immediate consequence of
the classical Bloch theorem (see [1]):

LEMMA C.1 There exists a constant Bg > 0 so that if [ is a holomorphic function
on the unit disk D1(0) C C, then the image f(D1(0)) covers some disk of radius

Bo| f(0)|-

The case | f/(0)| = 1 appears in [1] and the general case follows from applying
the case | f'(0)] = 1 to the function g = f/|f’(0)]. The version of Bloch’s
theorem that we used, i.e., Lemma 8.7, follows by combining Lemma C.1 with the
following uniformization result:

LEMMA C.2 Given ro > 0 and «k, there exists a constant 1 > 0 so that if X
is a surface with |K| < « and the ball B,,(p) C X is a topological disk, then
there is a holomorphic diffeomorphism F : D1(0) — By,(p) with F(0) = p and
|dF(p)| > .

PROOF: The existence of the holomorphic diffeomorphism F follows imme-
diately from the uniformization theorem. Namely, after extending a neighborhood
of the disk B,,(p) C X, we can assume that it sits inside a closed Riemann sur-
face. By the uniformization theorem, the universal cover of the closed Riemann
surface is either the flat plane, the flat disk, or the round sphere. Hence, the topo-
logical disk By,(p) that sits inside the Riemann surface must be conformal to a
topological disk in C (a topological disk in the round sphere is conformal to one in
the plane by stereographic projection) and, by the Riemann mapping theorem, also
conformal to the unit disk D1 (0).

Therefore, the point is to get the lower bound on |d F(p)|. Note first that the
inverse map F~! is a holomorphic function on By, (p) that is bounded by 1 and
vanishes at p. Since X has curvature bounded below by —k and each component



SCHRODINGER OPERATORS ON CYLINDRICAL ENDS 1601

of a holomorphic function on a surface is also automatically harmonic, the gradient
estimate of [5] implies that

(C.1) IVET'(p)l < C sup [F7!|=C
B, (p)
for a fixed constant C depending only on rg and «. This proves the lemma. O
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