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Abstract

We introduce the notion of a (II, A)-structure on a C-system and show that C-
systems with (II, A)-structures are constructively equivalent to contextual categories
with products of families of types. We then show how to construct (II, A)-structures
on C-systems of the form CC(C, p) defined by a universe p in a locally cartesian closed
category C from a simple pullback square based on p. In the last section we prove a
theorem that asserts that our construction is functorial.

1 Introduction

The concept of a C-system in its present form was introduced in [?]. The type of the
C-systems is constructively equivalent to the type of contextual categories defined by Cart-
mell in [?] and [?] but the definition of a C-system is slightly different from the Cartmell’s
foundational definition.

In this paper we consider what might be the most important structure on C-systems - the
structure that corresponds, for the syntactic C-systems, to the operations of dependent prod-
uct, A\-abstraction and application. A C-system formulation of this structure was introduced
by John Cartmell in [?, pp. 3.37 and 3.41] as a part of what he called a strong M.L. structure.
It was studied further by Thomas Streicher in [?, p.71] who called a C-system (contextual
category) together with such a structure a “contextual category with products of families of

types”.

In the second section show that the structure that Cartmell defined is equivalent to another
structure, which we call a (II, A)-structure. The proof of this equivalence consists of Con-
structions [3.5 and (of mappings in both directions) and Lemmas [3.7 and [3.8] showing
that these mappings are mutually inverse. This is probably the most technical part of the
paper.

In order to prove Lemmas [3.7] and [3.8 we need some results about C-systems that have been

certainly known to Cartmell and some of which are explicitly stated in [?] and [?]. We recall
these results and sketch their proofs in the first section of the paper.

In the third section we consider the case of C-systems of the form CC(C, p) introduced in [?].
They are defined, in a functorial way, by a category C with a final object and a morphism
p: U — U together with the choice of pullbacks of p along all morphisms in C. A morphism
with such choices is called a universe in C. As a corollary of general functoriality we also
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obtain a construction of an isomorphism that connects the C-systems CC(C, p) corresponding
to different choices of pullbacks and different choices of final objects. It makes it possible to
say that CC(C,p) is defined by C and p.

We provide several intermediate results about CC(C, p) when C is a locally cartesian closed
category leading to the main result of this paper - Construction that produces a (II, A)-
structure on C'C(C,p) from a simple pullback square based on p. This construction was
first announced in [?]. It and the ideas that it is based on are among the most important
ingredients of the construction of the univalent model of the Martin-Lof type theory.

In the following sections we study the behavior of our construction with respect to universe
category functors and prove that it is functorial with respect to functors equipped with an
additional structure that reflects compatibility with the choice of the generating pull-back
squares.

One may wonder how the construction of this paper relates to the earlier ideas of Seely [?]
and their refinement by Clairambault and Dybjer [?]. This question requires further study.

The methods of this paper are fully constructive. It is also written in the formalization-ready
style that is in such a way that no long arguments are hidden even when they are required
only to substantiate an assertion that may feel obvious to readers who are closely associated
with a particular tradition of mathematical thought.

The main result of this paper is not a theorem but a construction and so are many of
the intermediate results. Because of the importance of constructions for this paper we use a
special pair of names Problem-Construction for the specification of the goal of a construction
and the description of the particular solution.

In the case of a Theorem-Proof pair one usually refers (by name or number) to the theorem
when using the proof of this theorem. This is acceptable in the case of theorems because
the future use of their proofs is such that only the fact that there is a proof but not the
particulars of the proof matter.

In the case of a Problem-Construction pair the content of the construction often matters in
the future use. Because of this we have to refer to the construction and not to the problem
and we assign in this paper numbers both to Problems and to Constructions.

In this paper we continue to use the diagrammatic order of writing composition of morphisms,
ie, for f: X =Y and g : Y — Z the composition of f and g is denoted by f o g.

I am grateful to the Department of Computer Science and Engineering of the University of
Gothenburg and Chalmers University of Technology for its the hospitality during my work
on the paper.

2 Some general results about C-systems

Let us start by making some changes to the notations that were introduced in [?]. The new
notations that we introduce are consistent with the notations introduced in [?, pp.239-240].

Let CC be a C-system. We will say that an object X is over an object Y if [(X) > I(Y)



and Y = ft{=1Y)(X). Note that “is over” and “is above” are well-defined relations on
Ob(CC') with “is over” being reflexive and transitive and “is above” being transitive.

If X is over I" we will write p(X,I") for the composition of the p-morphisms going from X
to I' that was previously denoted px, where n = [(X) — I(I"). In particular, if [(X) = [(T")
then X =T and p(X, X) = Idx.

If X isover I' and f : IY — I" is a morphism we will write f*(X) for what previously was
denoted f*(X,n) where n ={(X) — {(I") and

q(f. X): f1(X) = X
for what was previously denoted by ¢(f, X, n).

Lemma 2.1 For any X and f as above f*(X) is an object over I and that the square

p(f*(X),F’)l p()ml (1)

1s a pullback square.

Proof: It is proved easily by induction on n = (X ) —[(I") applying the fact that the vertical
composition of two pullback squares is a pullback square.

Lemma 2.2 Let X be an object over I' then one has:

1. Id{(X) = X and q(Idr, X) = Idx,

2.4f f: " =T, g:T" =T are two morphisms then (go f)*(X) = ¢g*(f*(X)) and

q(go f,X) = alg, [*(X)) e q(f, X)
Proof: The proof is by induction on I(X) — {(I') using the axioms of a C-system.

If X,Y are objects over I' and f : X — Y is a morphism we will say that f is a morphism
over I' if fop(Y,I') = p(X,T"). Compositions of morphisms over I' is easily seen to be a
morphism over I'.

If X,Y are objects over I', @ : X — Y is a morphism over I' and f : IV — I' is a morphism
then we let

fHa) - f1(X) = f(Y)

denote the unique morphism over IV such that

fa)oq(f,Y)=q(f, X)oa (2)



One verifies easily that one has

[rIdx) = Idg(x) (3)
fr(aod) = f*(a)o f*(b) (4)
and for g : I — I one has
9°(f*(a)) = (go f)"(a) (5)
One also has that for X over I, p(X,T") is a morphism over I' and that
f*(p(X,F)) :p(f*(X>,F/). (6)

If X is an object over Y and Y is an object over I' then X is an object over I and one has
p(X,T) =p(X,Y)op(Y,T) (7)

If further f : IV — T is a morphism then f*(X) is over f*(Y) and one has

[ (pxy) = ppex). 10 (v) (8)
f1(X) =q(f,Y)(X) (9)

and
q(f, X) = q(q(f,Y), X) (10)

The proofs of all of these equations are by induction on [(X) — (V).

Lemma 2.3 Let X, Z be objects over I', Y an object over Z and g : X — Z a morphism
over I'. Then one has:

[ g"(Y)) = (f(9)(f*(Y)) (11)
and

[ (a(g,Y)) =a(f(9), £ (Y)) (12)
Proof: We have
[ (V) =qlf,X)"(g"(YV)) = (¢(f, X) 0 9)"(Y) = (f"(9) o q(f, 2))"(Y) =

(S (9 (a(f. 2)" (V) = (f(9)" (S (Y))

where the first and the fifth equations are by @D, the second and the fourth are by and
the third equation is by . This proves and also proves that the morphisms on the left
and the right hand side of have the same domain. The codomain of the morphisms on
both sides of is f*(Y) that is a pullback with projections p(f*(Y), f*(Z)) and ¢(f,Y).
It is, therefore sufficient to verify that the compositions of the right and the left hand side
morphisms with each of the projections coincide. We have (where we leave matching of the
steps with the previously established equations to the reader):

[ (q(g,Y))op(f*(Y), f(2)) = f(q(g,Y)) o f(p(Y, Z)) =
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[ (a(g,Y)op(Y,2))
q(f*(9), £ (Y) o p(f*(Y), f*(2)) = p((f*(9))"(f*(Y)), f7(X)) o f(g) =
p(f*(g"(Y)), [1(X)) o f*(g) = [*(p(g"(Y), X)) o [ (g) = [*(p(g"(Y),X) 0 g) =
[ (a(g.Y) op(Y, Z))

and
[ a(g,Y)oq(f,Y)=q(f,g"(Y)) 0q(9,Y) = q(q(f, X),9"(X)) 0 q(g,Y) =

q(q(f,X)0g,Y)
q(f(9), (V) oq(f,Y) =q(f(9), (V) oqla(f, 2),Y) = a(f*(9) oa(f, 2),Y) =
q(q(f, X)0g,Y)

Lemma is proved.

Some of the previous results can be combined into the following theorem that was mentioned
in [?, pp. 240-241] but without a proof.

Given a C-system C'C' and an object I' of C'C' the set CC(I") of objects X such that X > T'
equipped with the length function given by Ir(X) = [(X) — (") and the set Mor(I") of
morphisms over ' with all of the other structures of a C-system restricted in the obvious
way from CC form a new C-system which we will denote by CC(T"). Note that the sets of
objects and morphisms of CC(I") are subsets of the sets of objects and morphisms of CC
respectively.

A detailed definition of a homomorphism of C-systems is given in [?, Definition 3.1].

Theorem 2.4 The functions
ff.ocm) - coI)

5 Mor(CC(T)) = Mor(CC(T))

corresponding to a morphism f: T — ' define a homomorphism of C-systems.

Proof: The commutation with the length function is easy to prove. The commutation with
the ft map is easy to prove. The commutation with the domain and codomain maps are
automatic. The commutation with the identities is and the commutation with compo-
sitions is . The commutation with the p-morphisms is a particular case of . The the
commutation with g-morphisms is shown in Lemma 2.3, One now applies [?, Lemma 3.4]
that shows that the commutation with the s-morphisms holds automatically.



3 Products of families of types and (II, \)-structures

Let CC be a C-system. For I' € Ob(CC), let Ob,(I") be the set of elements A in Ob such

that A > T" and I[(A) — I(I') = n and let Ob,(I") be the set of elements s € /Ovb(C'C) such
that ft(d(s)) > T and I(d(s)) — I(T) = n.

The subset Ob,(I") in Ob(CC') can also be seen as the set of objects of length n in CC(T').
Note that since for any s € Ob(CC) we have [(9(s)) > 0 we have Oby(I") = 0.
We let Ob(T') denote the set of s € Ob such that d(s) =T

Any element of E)Vbn(r) is a morphism over I' and therefore for f : I" — I' the functions f*
on objects and morphisms restrict to functions

Ob,,(T") = Ob,(I")
Ob,,(T') = Ob,(I")

which we continue to write as f*.

The structure of “products of families of types” is defined in [?, pp.3.37 and 3.41] and also
considered in [?, p.71]. Let us recall this definition here.

Definition 3.1 The structure of products of families of types on a C-system CC' is a col-
lection of data of the form:

1. for every I' € Ob a function I : Oby(I') — Oby ("), which we write simply as 11,

2. for every I' and B € Oby(T") a morphism App : pi(IL(B)) — B over A, where A =
fu(B),

such that:
1. for any I' and B € Oby(T") the map Ainva, : &)(H(B)) — (A)?)(B) defined as:
s+ pa(s) o Aps
1S a bijection,
2. for any f : 1" — T the square

Oby(T) —£ Oby(T)

.l |+

I,

Oby(T") —5 Oby(I)
commautes,

3. foranyI', B € Oby(I') and f: T —I" one has f*(App) = Aps-(p)-

6



We will show in the next section how to construct products of families of types on C-systems
of the form CC(C,p). For this construction we first need to introduce another structure
on C-systems and construct a bijection between the set of products of families of types
structures and the set of these new structures.

Definition 3.2 Let CC be a C-system. A pre-(I1, \)-structure on C'C' is a pair of families
of functions

I : Oby(T') — Oby(T)
Ar : Oby(T) — Oby(T)
such that O(A(s)) = I1(O(s)) and one has:

1. for any f:T" — T the square

Oby(T) — Oby(T)
f*l lf* (13)
Oby(T") — Oby(T)

commutes,

2. for any f : 1" — T the square

Oby(I') — Oby(I)

al | (14)
Oby(I") 5 Oby(T)
commutes.

The condition that d(A(s)) = II(J(s)) can also be seen as the assertion that the square:

Oby(T) —2 Oby(T)

| e

Oby(T) — Oby(T)

commutes.

Definition 3.3 A pre-(II, \)-structure is called a (II, X)-structure if for any I' € Obsy the
square 15 a pullback square or, equivalently, if the functions

A2 Ob(I) — Ob(IL())

defined by Ar are bijections.



We are going to construct, for a given family of functions Il a bijection between the set of
(IT, A)-structures over Il and the set of products of families of types over the same Ilr.

We first reformulate the structure of products of families slightly. Instead of considering
pi(II(B)) we will consider an object that is isomorphic (but not equall) to it, namely
P (A). Our structure will then be a family of maps II as before together with, for every
I' and B € Oby(T"), a morphism

Aplp : g (f1(B)) = B
over ft(B) such that the function
\invh, : Ob(IL(B)) — Ob(B)

defined as:
Xinvi(s) = q(s, piys) (f1(B))) o Aply
is a bijection (see the diagram below).

The bijection from the set of products of families of types structures as defined by Cart-
mell and Streicher and the modified products of families of types structures described
above is given by the pre-composition of Apg, for each I', B, with the evident isomorphism

Pa(II(B)) = piyp) (A)-

We now state the problem which we will provide a construction for:

Problem 3.4 Let CC be a C-system and let 11 be a family of functions
I - Obg(r) — Ob1 (F)

gwen for all ' € Ob such that the corresponding squares of the form commute.

To construct a bijection between the following two sets of structure:

1. for every I' and B € Oby(I") a bijection
Xy : Ob(B) — Ob(II(B))

such that for every morphism f : 1" — T' the square

Ob(B) =2,  Ob(II(B))

f*l lf* (16)
Ob(f*(B)) % Ob(1(f*(B)))
defined by f, commutes.

2. for every I € Ob and B € Oby(I') a morphism
Apg : Pl (fH(B)) — B
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over ft(B) such that the function
Xinvly : Ob(II(B)) — Ob(B)
defined as:
Xinv(s) = q(s, piys) (f1(B))) © Apj
is a bijection and such that for every morphism f : 1" — T' and B € Oby(I") one has
[*(Apg) = Apl.

We will construct the solution in four steps - first a function from structures of the first kind
to structures of the second, then a function in the opposite direction and the two lemmas
proving that the first function is a left and a right inverse to the second.

The computations one has to do show how daunting computations in C-systems may appear,
however the C-systems in these proofs appear as purely essentially-algebraic objects and all
the proofs are by rewriting without the induction by length.

Construction 3.5 Let us show how to construct a structure of the second kind from a
structure of the first kind.

Since II is stable under pullbacks we have
(piys)(B)) = pius) (I(B))

and therefore srqy, , (which is the diagonal) gives us an element in @VI)(H(pE( 5)(B))). Ap-
plying to it the inverse of our ' we get an element

app = ()\;E(B)(B))il(sldmm)
in évb(pl*i(B)(B)):
B a(s,0f () (B)) pE(B)(B) (pri(m)-B) B
s*(app) T appt
fH(B q(s,pl’%(g)(ft(B)))\ pE(B)(ft(B)) q(pri(B),f1(B)) FH(B)
r s 1(B) Pri(B) r

Define:
Aplp = app © q(p(s), B)
One verifies easily that Ap/; is a morphism over ft(B).
Let us prove that these morphisms satisfy the conditions of bijectivity and the stability under
pullbacks. We need to show that the mappings Ainvy : Ob(II(B)) — Ob(B) defined as:
s = q(s, Piys) (fH(B))) o Aplg

9



are bijective. It is sufficient to show that the mappings Ainv)y are inverse to the ones given
by A from at least one side as any inverse to a bijection is a bijection.

We will show that
Ninvg o N = ldzp)

We do it in two steps. First let

Ninvg(s) = s*(ap) = q(s, pry sy (f1(B)))" (ap)

Let us show that Ainv}; = Ainv)y. Indeed:
q(s, e ([E(B)))"(ap) = a(s, pryp) ([1(B)))"(ap) © 4(s, i) (B)) © a(pr(s). B) =

q(s, prip) (fH(B))) o ap o q(pr(m), B) = a(s, piys) (fH(B))) o Apg

Where the first equality follows from Lemma [2.2] and the assumption that s o myp) = Idp
and the second equality follows from .

Now we have:
Np(Ninv(s)) = Np(s™(ap)) = 5*()\;;1(&(3)(@?)) = 5*(Sldn(3)) = Ssoldpgy = Ss = S
where the second equality follows from , the third from the formula s, = f*(s,) and

the sixth from the formula s = s; 0 ¢(ft(s), X) (see [?, Def. 2.3]) since ft(s) = Id.

It remains to check that the mappings Ap’ are stable under the base change along morphisms
f:T" = T. Let us show first that f*(app) = aps(p). We have:

f*(apB) = f*(()\/)_l(S[de))) = (A,)_l(f*(sfdn(s’))) = ()\/>_1(Sf*(IdH(B))) =

(A/)_l(sldf*(H(B))) = (A/)_l(sldl‘[(f*(B))) = apy+(B) (17)
where the second equality follows from , the third from and the fourth from the
commutativity of squares .

Now we have:
f*(Aps) = f*(app o q(pumy, B)) = f*(aps) o f*(¢(pues), B)) = aps-(s) © f*(a(pues), B)) =

app) © ¢(f*(pr(m)), [7(B)) = app) © ¢(py+qumy), £7(B)) = aps«(s) © q(pris=(my), f7(B))

where the second equality follows from (4| ., the third equality from , the fourth equality
from , the fifth equality from and the sixth equality from the commutativity of

squares :

Construction 3.6 Let us now construct a structure of the first kind from a structure of the
second. This is straightforward since a construction of the second kind gives us bijections
Ainvy and the inverse to these bijections are bijections required for the structure of the first
kind. We set:

N = (Ninv)) ™
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To show that the bijections that we obtain in this way are stable under the pullbacks it is
sufficient to show that the bijections Ainv; are stable under pullbacks. Consider f : IV — T'.
Then we have

[ (Ninvig(s)) = f*(a(s, Piye) (f1(B))) o Apg) = [*(a(s, Piym) (f1(B)))) o f*(App) =

q(f*(s), [ (Pracmy (F1(B)))) © Ay 5y = a(f*(5), (f*(puem)))* (f*(f1(B)))) © APy () =

Q(f*(5)71)}*(1'[(3))(ft(f*(B)))) © Ap/f*(B) = Q(f*(s)apﬂ(f*(B))(ft(f*(B)))) ° Ap/f*(B) =
/\inv}*(B)(f*(s))

where the second equality is by , the third equality is by and our assumption on Ap’,
the fourth equality is by , the fifth is by and the fact that f* commutes with ft and

finally the sixth is by our assumption on II.

Let us denote the map of Construction [3.5] by C'1 and the map of Construction [3.6] by C2.
Lemma 3.7 For a structure of the first kind X' one has C2(C1(XN)) = \.

Proof: This is immediate since in Construction we proved that the functions \inv’ that
we have constructed are bijections by showing that they are inverses to the \’s that we
started with and in Construction 3.6 we defined \’s as inverses to \inv'.

Lemma 3.8 For a structure of the second kind Ap' one has C1(C2(Ap)) = Ap'.

Proof: Let Ap’ be a structure of the second kind. Then X = C2(Ap’) is the family of
functions given for all I' € CC and B € Oby(I") of the form

Xy : Ob(B) — Ob(I1(B))
defined by the formula
Np = (Ninv))™*
where
Ninv(s) = q(s, prcpy (fH(B))) o App

Next we have

C1(N)p = aps o q(pus), B) = (X,

Pri(s)

)" (SIdns) © 4(pr(s), B) =
Ninvge ) (Stdns)) © 4(Pes), B) =
Q(Sldn(B),pE(

) ([t(P1(5)(B)))) © Ap;,i;(B)(B) o q(prysy, B)

Using that I(pyy g (B)) = pry sy (IL(B)) and ft(piy ) (B)) = piy(p)(B) we obtain, as our goal,
the equality:

Pri(m)

Q(Sldn(3>>P;g<3>(n(3))(pl*I(B)(ft(B)))) o AP;JI*T(B)(B) o q(pr(p), B) = Ap'y (18)
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For any f: IV — I' we have:

Ay 0 a(f, B) = [*(Ap) o q(f, B) = q(f, prmy (f1(B))) o Aplp
where the first equality is by stability of Ap’ under pullbacks and the second by . Applying
it to and f = prp) we get:

Q(Sldn(3>>ppn () (T(B)) ) Pis) (fH(B)))) o a(pus), pripy (fH(B))) o App = Apy (19)
Next we have
p;;(B)(H(B))(PE(B)(ft(B))) = (Po (e © Pri(s)) " (fH(B)) =

(¢(pr(s), IL(B)) o pus))* (f1(B)) = a(pres), IU(B))" (Phs) (f1(B))) =
pH(B (pn (ft( )

as seen from the commutative diagram

(Pri(BY-Piy gy (fE(B)))
Phim (FH(B) —— iy (D (fH(B))) ) Phim (JH(B))

SId ) . q(pri(m).1(B))
I(B)  —— iy I(B) —— [(B)
ppji[(B)(H(B))l lpn(B)

1(B) RGN r

and we can rewrite as
Q(Sldn(B) , 4(Pr(B), H(B))*(pE(B)(ft(B)))) © Q(pH(B)apE(B)(ft(B))) o Aply = Apy
From the definition of iterated ¢ we have
q(pus), Primy (ft(B))) = a(q(pus), (B)), pricp (fE(B)))
and the goal becomes:
Q(Sldn(B) , 4(pri(s), H(B))*(pE(B)(ft(B)))) o q(q(pn(m), H(B)),pi‘i[(B)(ft(B))) o Aply =
Ap'y (20)
Applying the formula
q(f,9"(X)) o q(g, X) = q(f 0 g, X)
for f = Sidy > 9 = a(pnes), 1(B)) and X = pyy ) (f1(B)) we get
(S1dyy s> 4(Pus), L(B))" (Phus) (fE(B)))) © a(a(pues), 1(B)), prys) (f1(B))) =
q(sfdn(B) © Q(pH(B), H(B))7pH(B)(ft( ))) = Q(IdH(B)7pE(B)(ft(B)))
= Ldp, , (71(B))

which implies .
This completes our construction for Problem [3.4]
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4 More on the C-systems of the form CC(C,p)

Let us start by considering a general (pre-)category C. Let p : U — U be a morphism in C.
Recall from [?] that a universe structure on p is a choice of pullback squares of the form

(x;F) 25, 7
pX,FJ/ lp
x S5 vu
for all X and all morphisms F' : X — U. A universe in C is a morphism with a universe

structure on it and a universe category is a category with a universe and a choice of a final
object pt.

We may use the notation (X; Fy, ..., F,) for (... (X; Fy);... F,).
For f:W —>Xandg: W — U we will denote by f * g the unique morphism such that

(f*xg)opxr=f
(fxg)oQ(F) =g
For X' % X 5 U we let Q(f, F) denote the morphism

(Pxrgor 0 f) x Q(f o F) : (X' fo F) = (X; F)

The construction of the C-system C'C(C, p) presented in [?] can be described as follows. One
defines first, by induction on n, pairs (Ob,,int, : Ob, — C) where Ob,, = Ob,(C,p) is a set
and int, is a function from Ob, to objects of C as follows:

1. Oby is the standard one point set unit whose element we denote by tt. The function
into maps tt to the final object pt of the universe category structure on C,

2. Obyy1 = Hacop, Hom(int(A),U) and int, 1 (A, F) = (int(A); F).

We then define Ob(CC(C,p)) as II,,500b,, such that elements of Ob(C'C(C,p)) are pairs
I' = (n, A) where A € Ob,(C,p). We define the function int : Ob(CC(C,p)) — C as the sum
of functions int,,.

The morphisms in CC(C,p) are defined by
Morceep) = OrreovcoyHome(int(T), int(T))

and the function int on morphisms maps a triple ((I',I"),a) to a. Note that the subset in
Mor that consists of f such that dom(f) = I' and codom(f) = I" is not equal to the set
Home(int(T),int(I")) but instead to the set of triples of the form f = ((I',I”),a) where
a € Home(int(T'), int(I")).
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Problem 4.1 To construct, for all ' € Ob(CC(C,p)) bijections
uyr : Ob (I') = Home(int(),U)

tyr : Oby(T) — Home(int(T),U)
such that:
1. for (n, A) € Ob(CC(C,p)) one has
u(n+1,(A, F)=F
and if [(I") =n > 0 then

int(I') = (int(fH(I")); uy (1))

2. foroe€ bvbl(F) one has
u1(0) = int(0) o Q(u1(9(0)))
and
int(0) = Id (o)) * U1(0)

3. uy and uy are natural in T i.e. for any f:T" — T one has:

ur (f*(T)) = fow(T)

u(f*(0)) = foui(o)

4. one has
u1(9(0)) = ui(0) o p

(25)

(26)

(27)

Remark 4.2 The families of sets Ob;(I") and /07)1(1’) together with the families of functions
[* satisfy the axioms of presheaves. To construct families of functions u; r and u; p satisfying
conditions (3) of the problem is the same as to construct presheaf isomorphisms Ob; —

int.(Yo(U)) and Ob, — int, (Yo(U)) where Yo is the Yoneda embedding and

int, : PreShv(C) — PreShv(CC)

is the functor given by int.(F)(X) = F(int(X)). The fourth condition asserts that the

square N
Oby, —2— int,(Yo(U))
Bl lYO(p)
Ob; —— int.(Yo(U))
commutes.
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Construction 4.3 For I' = (n, A) where A € Ob,(C,p), an element I in Ob(I') is a triple
(n+1,(A, F)) where F :int(A) — U. Mapping such a triple to F' we obtain a bijection

uyr : Oby (I') = Home(int(I'),U)
For I'" such that [(I'') =n+ 1 > 0 we have I = (n + 1, (A, F')) where ft(I') = (n, A) and

int(I") = int((A, F)) = (int(A); F) = (int(ft(I)); us (I"))

An element o in 5?)1(1“) is a triple ((I',I"), s) where
s = int(o) € Home(int(T), int(T)),
I = 0(0) is an object such that ft(I') =T, s oint(pr) = Idury and I(I") =n 4+ 1> 0.
Define the function u; p by the formula
uyr(0) = int(0) o Q(u1,r(9(0)))

If I' = (n, A) then
0(0) =(n+1,(A,F))

where F' = uy r(0(0)) : int(A) — U and we have a canonical square

Q(u1,r(9(0)))
e

int(0(0)) U
int(pa(o))l lp (28)
int(r)y @Ol

which shows that the composition so Q(uy r(I")) is defined and is a morphism int(I") — U.
For the formula we have

int(0) = Id () * (int(0) o Q(u1(9(0))))

because a morphism to a fiber product equals to the product of its composition with the
projections and therefore

int(o) = Idft(@(o)) * ﬁl (0)
by definition of @; (o).

To show @ r it is a bijection let us construct an inverse. For f : int(I") — U let

all’r(f) = (F, ((TL + 1, (A7 f op)),Sf))

where sy : int(I') — (A; f o p) is the unique section of py ro, such that spo Q(fop) = f.

We have
w(a((T,17),5)) = (s 0 Q(u(I"))) =

(T, (n+ 1, (4,50 Qu(I™)) o p))), s") = (T, (n + 1, (A, u(I")))), ')
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where s" = s..q(u(r)) = s which proves that 4 is inverse to @ from one side. In the opposite
direction we have

a(@(f)) =a(T, (n+1,(A, fop))),s5) = sp o Qu((n+1,(A, fop)) =s;0Q(fop) = f

The proofs of the naturality of u; and u; with respect to morphisms in I' follow easily from
the definition of the canonical squares in CC(C, p).

Formula is a corollary of the commutativity of the square .

We will now construct bijections ugp and usp similar to the bijections u; p and u; r but
having as sources Oby(I") and Oby(T").

For any V' € C we define functor data D,(—, V') given on objects by
D,(X,V) :=Up.xuHom((X; F),V)
and on morphisms by
Dy(f, V) (F1, F2) = (f o F1,Q(f, F1) o F3)
The sets D,(X, V) are also functorial in V' according to the formula
Dy(X, g)(F1, F2) = (F1, Fy 0 g)
and for f: X = X' ¢g:V — V' we have

Dy(f,V) o Dy(X,g) = Dp(X,7g) o Dy(f, V')

Problem 4.4 To construct for all ' € Ob(CC(C,p)) bijections

Usr : Oby(T) — D, (int(T), U)

Uar : Oby(T) — D, (int(T), U)
such that:
1o upr(T) = (ur,r(fUT)), wr,peer) (T))

2. tyr(0) = (urr(ft(9(0))), U1 fi(5(0)) (0))

3. for f:T" =T one has
uz(f*(T))

uz(f*(0))
4 uz(9(0)) = Dy(int(T), p)(u2(0))

Dy(f,U)(uz(T))
D,(f,U)(i(0))



Construction 4.5 By we have

int(ft(T)) = (int(I); urr(fH(T)))

and therefore (uy p(ft(T)), w1 sy (T)) is a well defined element of D, (int(I'),U) for all T €
Obsy(I'). Let us define the function uyp by the formula

up,r(T) = (ur,p(fUT)), wr,pa(r) (1))
We can write this function as a composition of the bijection
Oby(I') = preop, (ryOb1 (I)
that sends T to (ft(T),T) with the function
Hrrcop, (ryOb1 (I") = Upe gom(intry,vyHom((int(I'); F), U)

that is the total function of the function w; r and the family of functions w; r given for all
IV € Oby(T"). Since uy r is a bijection and for each I, uy v is a bijection, the total function
is a bijection.

Similarly, (u,p(ft(0(0))), U1, a0y (0)) is a well defined element of D, (int(I), U) since
int(f£(9(0))) = (int(T'); ur,r (f£(9(0))))

Define the function 4y be the formula

uz,r(0) = (u1r(f1(9(0))), a0y ()

We can write this function as the composition of the bijection
Oby(T") = Hrreop, () Oby (T7)

that sends o to (ft(9(0)),0) with the function

HF’GObl(F)&h(F/) — HFeHom(mt(F),U)Hf?m((mt(r); F),U)

that is the total function of the function u;r and the family of functions u; r» given for all
I € Oby(T'). Since wuyr is a bijection and for each I, w; v is a bijection, the total function
is a bijection.

The verification of the third and the fourth conditions of the problem are easy from the
definition of uy and .

Remark 4.6 The families of sets D, (X, V) together with the families of functions D,(f,V)
and D, (X, g) define, as one can easily prove from definitions, a functor from C? x C to Sets
or, if viewed as families V +— D,(—, V), a functor

Yoy :C — PreShv(C)
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If Yo, = Yo is the Yoneda embedding then we can see u; for ¢ = 1,2 as isomorphisms
Ob; — int.(Yo;(U))

and u; as isomorphisms . B
Ob; — int.(Yo;(U))

These isomorphisms generalize easily to all ¢ > 0 if one defines, inductively,

Yo 1 (V)(X) = HpxovY on(V)((X; F))
Moreover, if we define Hom,,(X,Y") as Yo0,(Y)(X) then there are composition functions
Hom,(X,Y) x Hom,,(Y,Z) = Hom, (X, Z)

that are likely to satisfy the unity and associativity axioms such that one obtains, from
any universe category (C,p), a new category (C,p), with the same collection of objects and
morphisms between two objects given by

In this paper we will not need Yo, for n > 2 and we defer the study of this structure until
the future papers.

When C is a locally cartesian closed category (see appendix), the functors D,(—, V') become
representable providing us with a way to describe operations such as IT and A on CC(C, p)
in terms of morphisms between objects in C.

For a morphism p : U—Uina locally cartesian closed category and an object V' of this
category let N
IP<V) = MU((U7P)7 (U X Va prl))

and let
prl,(V) =pQApry - L,(V) - U

be the morphism that defines [,(V') as an object over U.

Remark 4.7 In [?] generalized polynomial functors are defined as functors isomorphic to
functors of the form 1,,.

Note that I, depends on the choice of a locally cartesian closed structure on C. On the other
hand, the construction of the functors D,(X, V') requires a universe structure on p but do
not require a locally cartesian closed structure on C.

The computations below are required in order to establish the connections between the
constructions that use the locally cartesian closed structure and the constructions that use
universe structures.

Let p : U — U be a universe and V an object of C. We assume that C is equipped with a
locally cartesian closed structure. For F': X — U there is a unique morphism

e (X F) = (X, f) xu (U, p)
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such that tp o pry = px p and tp o pro = Q(F) which is a particular case of the morphisms
t, ¢ of Lemma9.1

The evaluation morphism in the case of (V) is of the form
evl, : (I,(V),prl,(V)) xg (U x V,pri) = U x V

Define a morphism

sty(V) - (L,(V);prIp(V)) =V

as the composition:
Stp(V) = ['pTIp(V) e} GUIP(V) O pra

We will need to use some properties of these morphisms.
Lemma 4.8 Let f:V — V' be a morphism, then one has
QUL,(f),prI,(V")) o st,(V') = st,(V) o f

Proof: Let pr = prI,(V), pr' = pri,(V'), v = tpr, U = tpr, ev = evl (V) and ev’ = evl, (V).
Then we have to verify that the outer square of the following diagram commutes:

(L(V);pr) —— (L,(V),pr) xu (ﬁ,p) L UxV 2y v
Q(Ip(f)vprl)l Ip(f)XIdﬁ ]dUXfJ/ J/f
(L(V);pr') ——= (L,(V"),pr') xu (U,p) == U x V' 2 V7

The commutativity of the left square is a particular case of Lemma[9.1] The commutativity
of the right square is an immediate corollary of the definition of Idy x f. The commutativity

of the middle square is a particular case of the axiom of locally cartesian closed structure

that says that morphisms ev; are natural in Y.

Problem 4.9 Let (C,p,pt) be a locally cartesian closed universe category. To construct, for
all X,V € C, bijections
nx,v : DP(X7 V) — Hom(X, IP(V))

that are natural in X and V', i.e., such that for any d € D,(X,V') one has
1. forall f -V — V" one has n(d) o L,(f) = n(D,(X, f)(d)),

2. for all f: X' — X one has fon(d) =n(D,(f,V)(d)).

Construction 4.10 We will construct bijections
Ny : Hom(X, L,(V)) = D,(X,V)

such that for any ¢ : X — I,,(V') one has:
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1. for all f:V — V' one has D,(X, f)(n'(9)) = n'(g o L,(f)),
2. for all f: X’ — X one has D,(f,V)(n'(9)) =n'(fog).

and then define 7x - as the inverse to 77!X,V'

For g : X — I,(V) we set

My (9) = (g0 prL,(V), Qg, priy(V)) o sty(V))
To see that this is a bijection observe first that it equals to the composition
Hom(X,1,(V)) = Up.xuHomy (X, F), (1,(V),prl,(V))) = Up.xsuvHom((X; F),V)

where the first map is of the form g — (g o pri,(V),g) and the second is the sum over all
F: X — U of maps g = Q(g,prl,(V)) o st,(V). The first of these two maps is a bijection.
It remains to show that the second one is a bijection for every F'.

By definition of the Hom structure we know that for each F' the map
Homy (X, F), (I,(V), prI,(V)))) = Homy (X, F) xu (U,p), =), (U x V,pr1))
given by g — (g x Idg) o evl,(V') is a bijection. We also know that the map
Homy((X, F) xu (U,p), F op), (U x V,pr1)) = Hom((X, F) xu (U,p),V)

is a bijection. Since ¢ is an isomorphism the composition with it is a bijection. Now we
have two maps

Homy (X, F), (L,(V),prl,(V))) = Hom((X; F),V)

given by g+ tpo (g x Idg) o evl,(V)opy and g — Q(g,prl,(V)) o st,(V) of which the first
one is the bijection. It remains to show that these maps are equal. For this it is sufficient to
show that

Q(g,p?”]p(‘/)) e} Lpﬂp(v) = LlFp O (g X Idﬁ)
which follows easily from computing compositions with the projections pry to I,(V') and pro
to U.
We now have to check the behavior of ' with respect to morphisms in X and V.

Let pr = pri,(V) and pr’ = pri,(V'). For f: V' — V and f: X — I,(V) we have

Dy(X, ))(1'(9)) = Dp(X, f)(g 0 pr, Qg, pr) o sty (V) = (g 0 pr, Qg pr) © st,(V) o f)

and
n'(go L(f) = (go L(f) o pr', Qg o L(f),pr') o sty (V"))

We have pr = I,(f) o pr’ because I,(f) is a morphism over U. It remains to check that

Q(g,pr) o sty(V) o f = Q(go L,(f),pr') o sty(V')
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By [?, Lemma 2.5] we have

Q(go I,(f),pr') = Q(g,pr) o Q(L,(f),pr')

and the remaining equality

Q(g.pr) o sty(V)o f =Q(g,pr) o Q(L,(f),pr") o st,(V')

follows from Lemma [4.8]

Consider now f: X’ — X. Then
Dy(f,V)(1'(9)) = Dy(f, V) (gopr, Q(g, pr)ost,(V)) = (fogopr, Q(f, gopr)oQ(g, pr)ost,(V))

n'(fog)=(fogopr,Q(fog,pr)ost,(V))

and the required equality follows from [?, Lemma 2.5].

Problem 4.11 For a locally cartesian closed closed C and a universe p : U— U inC to
construct for any I' € Ob(CC(C,p)) bijections

por : Oby(I') — Home(int(T), I,(U))

and
fior : Obo(I') — Home(int(T'), I,(U))
that are natural in I' and such that with respect to these bijections O corresponds to compo-

sition with I,(p).

Construction 4.12 Compose bijections uy and u; with the bijection 1 of Construction |4.10
in the case V = U and V = U respectively.

Remark 4.13 The previous constructions related to Ob, and @792 can be easily generalized
to Ob,, and Ob,, for all n > 0. For example there are natural bijections

pins1 2 Oby 1 (T) — Hom(int(T'), I(U))

fins : Obia(T) = Hom(int(T), I2(D)

where I is the n-th iteration of the functor I, and y; = u; and gy = u;. More generally,
the functors Yo, (V) of Remark in the case of a locally cartesian closed universe category
(C, p) are representable by objects I}'(V').
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5 (II, )\)-structures on the C-systems CC(C,p)

We will show now how to construct (II, A)-structures on C-systems of the form CC(C,p) for
locally cartesian closed (pre—)categoriesﬁ C.

Definition 5.1 Let C be a locally cartesian closed category, pt be a final object in C and
p:U — U a universe. A Il-structure on p is a pair of morphisms

P:L(U)—U

P:L(U)—=U

such that the square

L) 25 0

1s a pullback square.

Problem 5.2 Let C be a locally cartesian closed category, pt be a final object in C and
p:U — U a universe. Let (P, P) be a ll-structure on p. To construct a (I, \)-structure on
co (e, p).

Construction 5.3 Let I' € Ob(CC(C,p)). For T' € Oby(I') set
e (T) = uy ' (w(T) o P)

and for s € /Ovbg(F) set N
Ar(s) = Ty ' (Ua(s) o P)

These gives us maps
Iy - Obz(r) — Ob1 (F)

>\I‘ : fO\_z)g(F) — 67)1 (F)

The naturality of u and uy relative to morphisms f : IY — I' implies that these maps are

natural with respect to such morphisms i.e. the squares and of Definition
commute. One also verifies easily that d(Ar(s)) = Hr(9(s)).

To verify that this pre-(II, \)-structure satisfies the Definition of (II, A)-structure one
verifies that the bijections uo, ug, u; and u; define an isomorphism from the square (15]) to
the square obtained from by taking Hom-sets Hom(int(I'), —). Since the later square is
pullback and a square isomorphic to a pullback square is a pullback square the square
is a pullback square and (IT, \) is a (I, A)-structure.

4For the discussion of the difference between a category and a pre-category see the introduction to [?]
and [?].
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6 More on universe category functors I

Let (C,p, pt) and (C, p/, pt’) be two universe (pre-)categories. Recall from [?] that a functor of
universe categories from (C, p, pt) to (C,p’, pt’) is a triple ® = (P, ¢, 5) where ® is a functor
C—Cand ¢:®U)— U, q?: @((7) — U’ are two morphisms such that ® takes the final
object to a final object, pullback squares based on p to pullback squares and such that the
square

oU) —2 U
v | | (30)
oU) —L U
is a pullback square.

For X,V in C we have the functoriality map

®: Hom(X,V) — Hom(®(X),d(V))

Problem 6.1 For a universe category functor ® = (®,¢,¢), to define, for all X,V € C,

functions
®%: D, (X, V) = Dy(®(X),®(V))

Construction 6.2 Let (F} : X — U, Fy, : (X;F1) — V) be an element in D,(X,V).
Consider (®(X); P(F}) o ¢). Since the square is a pullback square there is a unique
morphism ¢ such that go ¢ = Q(®(F,) o ¢) and qo ®(p) = Pa(x),0(F)op © P(F1) and then the
left hand side square in the diagram

(B(X); ®(F) 0 ¢) — B(T) —2— T
lP@(X),@(Fl)w <I>(p)l lp’
B(X) 2E ey 2 U

is a pullback square. Together with the fact that ® takes pullback squares based on p to
pullback squares we obtain a unique morphism, which is an isomorphism,

L (D(X); B(F1) 0 §) — (X FY)
such that

Lo ®(px,r) = Pa(x).a(Fi)os (31)

Lo B(Q(F)) 06 = Q(D(F) 0 ¢) (32)

and we define:

O, ) = (B(F)) 0 ¢, 10 D(F))
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We will need the following properties of the maps below.

Lemma 6.3 Let ® be as above, f: X' — X be a morphism and V' be an object of C. Then

the square

D,(X,V) DoY), D,(X",V)

Dy(@(x),0(v)) 22T b @(x7), e (V)

commutes.

Proof: We have to show that for any d € D, (X, V') one has
Dy (®(f), 2(V))(2*(d)) = ®*(D,(f, V)(d))
Let d = (Fl,FQ). Then
Dy (®(f), 2(V))(2%(d)) = Dy (2(f), 2(V))(R(F1) 0 ¢, 10 O(F)) =

(B(f) o ®(F1) 0 p,q oroP(Fy))
and
®*(Dy(f,V)(F1, Fy)) = ®*(f o Fy,qo F3) =

(®(foFi)o,/ 0d(go L))
where
L (P(X); @(Fy) o) = O(X; Fy) i (P(X); P(f o Fr)og) = B(X'; foF)
q: (X5 fol) = (XsF) ' (Q(X); @(f) 0 ©(F1) 0 §) = (2(X); ©(F1) 0 ¢)
are the morphisms defined in Construction 6.2 We have
O(f)o®(F1)op=d(foF1)od
and it remains to check that
g oro®(Fy) =1 0o®(qo Fh)

or that ¢'or = t/o®(q). The codomain of both morphisms is ®(X; F}) that by our assumption
on @ is a pullback of p’ and ®(F})o¢. Therefore it is sufficient to verify that the compositions
of these two morphisms with the projections to U’ and ®(X) coincide.

This is done by a direct computation from definitions.

Lemma 6.4 Let ® be as above, X an object of C and f :'V — V' a morphism. Then the

square

D,(X,V) RGN D, (X, V")

% | |+

Dy (2(X), 2(V"))
commutes.

24



Proof: Let d = (F}, F2) € D,(X,V). We have to show that
*(Dy(X, f)(F1, F2)) = Dp(2(X), 2(f))(®*(F1, F2))
We have:
*(Dy(X, f)(F1, Fr)) = @*((F1, Fy 0 f)) = (D(F1) 0§, 10 ®(Fr 0 f)) =

(2(F1) 0 ¢,00 D(Fy) 0 O(f)) = Dy(2(X), (f))(®*(F1, F2))

Note that in the problem below no assumption is made about the compatibility of ® with
the locally cartesian closed structures on C and C’.

Problem 6.5 Assume that C and C' are locally cartesian closed universe categories. For ®
as above and V € C to construct a morphism

Xe(V) 0 (1,(V)) = Ly(®(V))

Construction 6.6 Let
77 : DP(X7 V) — HOTTL(X, [p(V))

n': Dy(X', V') = Hom(X', I,,(V"))
be bijections from Construction [4.10, We define:
X (V) =1/ (2%(n (Ids,v))))

for X = I,(V) and X' = ®(L,(V)).
Let us show that ye are natural in V.

Lemma 6.7 For ® as above let f: Vi — V5 be a morphism. Then the square

Vi
o(1,(1) s 1, @(1))
<I’(Ip(f))l lfp/«b(f))
x(V2)

q)(]p(V?)) E— ]p’(q)a/?))

commautes.

Proof: We have:

X(V1) 0 Iy (D(V1)) = 1 (®2('(1dx,))) © Ly (®(f)) = 1 (Dp(X1, ®(£))(@*(' (Idx,))))

where X = I,,(V7), by naturality of . Then
1 (Dy(X1, ©(f))(®°(1'(1dx,)))) = 1/ (B*(Dy (X1, £)('(1dx,)))) =
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i (®°(n' (Idx, o I(f))) = 1/ (®°(n'(1,(f))))
where the first equality holds by Lemma [6.4] and the second by Problem [£.9(1).
On the other hand:
O(1,(f)) o x(Va) = @(L,(f)) o/ (®°(1) (Idx,))) =
7Dy (@1, ), (X)) (@I, )
by naturality of n’. Then
1 (Dy (P(L,(f)), ®(Xa))(®%(1' (1dx,)))) = 1 (®*(Dp(L,(f), Xa2) (' (Idx,)))) =

1 (®2(0' (I,(f) o Idx,))) = n'(*(1' (1,(1))))
where the first equality holds by Lemma and the second by Problem (2) This finishes
the proof of Lemma [6.7]

Lemma 6.8 For all X,V € C and a € D,(X,V) one has
®(n(a)) o xa(V) = n'(2*(a))

Proof: By definition of yg and contravariant functoriality of 7’ we have
®(n(a)) o xa(V) = ®(n(a)) o 7/ (*(n (1d))) = 1/ (Dy (®(n(a)), 2(V))(®*(1' (1d1,(1))))
By Lemma |6.3| we further have:
7/ (Dy (2(n(a)), ®(V))(@°(1'(1d)))) = 11 (®*(Dy(n(a), V) (' (1d))))

It remains to show that D,(n(a),V)(n'(Id)) = f. Since n is a bijection we may apply it on
both sides and by functoriality of n we get

n(Dp(n(a), V)(n'(Id))) = n(f) o n(n' (Id)) = n(f) o Id = n(f)

7 More on universe category functors 11

By [?, Construction 4.7] any universe category functor ® = (P, ¢, ¢) defines a homomorphism
of C-systems
H:CC(C,p) —CC(c,p)

Let ¢ : pt' — ®(pt) be the unique morphism. To define H on objects, one uses the fact that
Ob(CC(C,p)) = 2000 (C, p)
and defines H(n, A) as (n, H,(A)) where
H, : Ob,(C,p) — Ob,(C',p")

To obtain H,, one defines by induction on n, pairs (H,,1,) where H, is as above and 1), is
a family of isomorphisms

U (A) s int' (H,(A)) — P(int(A))

as follows:
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1. for n = 0, Hy is the unique map from one point set to one point set and ¥y(A) = ¥,

2. for the successor of n one has
and 1,11 A, F' is the unique morphism int'(H (A, F)) — ®(int(A, F')) such that
V(A F) o ®(Q(F)) 0 d = Q(¢V(A) o ®(F) 0 ¢)

and
Y(A, F) o ®(pA, F)) = prar) o ¥(A)

The action of H on morphisms is given, for f: (m, A) — (n, B), by

H(f) =9 (A) o ®(int(f)) o (B)~
We will often write H also for the functions H,, and v for the functions .

Let I' € Ob(C'C(C,p)) and consider the bijections of Constructions [4.3] and 4.5

In order to prove our main functoriality Theorem we need describe in more detail the
maps

Oby(T") — Oby (H(T))
and the similar maps on /07)1 and 5?)2 that are defined by H.

Lemma 7.1 Let (®,¢,¢) be universe category functor. Then:

1. for T € Oby(T) one has

uram)(H(T)) = (') 0 @(usr(T)) © ¢
2. for o € Oby(T) one has

a1y (H (0)) = ¢(I') 0 B(Ti1 r(0)) © &
3. for T € Oby(T) one has

Uz, i) (H(T)) = Dy ((T), U')(Dy (int' (H(T)), 6)(®*(u2,r(T))))

4. for o € Oby(T) one has

o, 11(r) (H(0)) = Dy (&(T), U")(Dy (int (H (T)), 6)(8* (7,1 (0))))
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Proof: Let I' = (n, A).
In the case of T'€ Oby ('), if T'= (n+ 1, (A, F')) then

w(H(T)) =wi(n+1,HAF)) =u(n+1,(HA),I) o ®(F)o¢)) =) o ®(F) o ¢
In the case of s € 67)1(F) if F'=wuy(0(s)) then
U (H(s)) = H(s)o Q' (ur(n+1, H(A F))) = ¢(A) o ®(s)otp(A, F) " oQ'((A) o ®(F)og) =
Y(A) 0 D(s) 0 B(Q(F)) 0 ¢ =1h(A) 0 B(s0 Q(F)) 0 ¢ = (A) 0 B(Tis (s)) 0 ¢
In the case T' € Oby(I'), if T' = (n +2,((A, F1), Fy)) then
ug(H(T)) = ua(n+2,H(((A, F1), F3))) = us(n+ 2, (H(A, F1), (A, F1) o P(Fy) 0 ¢)) =
us(n + 2, (H(A),(A) o ®(F1) 0 ,¢(A, F1) o ®(Fy) 0 §)) =
(V(A) 0 ®(F1) 0 ¢, ¥(A, F1) 0 (F3) 0 ¢)
On the other hand
Dy ((A), =)Dy (=, $)(®°(ua(T))) = Dy ((A), =) Dy (=, 9)(®*(uz(n + 2, (A, F1), F2)))) =
Dy ($(A), =) Dy (=, )(®*(F1, F2)) = Dy (¥(A), =) Dy (=, 9)(®(F1) 0§, 0 D(F)) =
Dy (¢(A), =)(2(F1) 0 ¢, 10 @(F2) 0¢) = (¥(A) 0 D(F1) 09, Q' (Y(A), D(F1) 0¢) 010 D(F3) 09)
therefore we need to show that

Y(A, F1) o ®(Fy) 0 ¢ = Q' (Y(A), ®(F1) 0 p) oro®(Fy)0¢ (33)

Using the fact that the external square of the diagram

O(int(A, Fy)) 2 oy 2 O

i) | |ow |
oint(A) I o) 2 v
is a pullback square we see that equality (33} . would follow from the following two equalities:

Y(A, F) o ®(Q(F1)) 0 ¢ = Q' (V(A), ®(F) 0 §) 0 Lo B(Q(F1)) 0 &

and
V(A Fr) o @(pa,r)) = Q' (Y(A), ©(Fr) 0 ) 010 ®(p(a,ry))
For the first equality we have

G(A, 1) 0 ©(Q(F)) 0 6 = Q'(¥(A) 0 ©(F1) 0 9)
by definition of (I, F}) and

Q' ($(A), (F1)09)oro®(Q(F1))od = Q' (¥ (A), B(F1)od)oQ' (B(F1)og) = Q' (v(A)o®(F)og)
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where the first equality holds by definition of ¢ and second by the definition of Q(—, —).

For the second equality we have
V(A F) o @(pear)) = pr(am) 0 Y(A)
by definition of (A, F1) and
Q' (YV(A),2(F1)o¢)oro®(puam) = Q(V(A), P(F1) 0 @) © Pa(int(A)),0(Fi)os = PH(AF) © Ur

by definitions of Q)" and ¢.

The case of s € (%Q(F) is strictly parallel to the case of T' € Oby(I") with ®(F},) o ¢ at the
end of the formulas replaced by ®(F3) o ¢ where instead of Fy : int(A, F1) — U one has
Fyint(A, F) — U.

For (®, ¢, ¢) as above let us denote by
o 1 ©(1,(U)) — 1y(U)
the composition xe(U) o I,y(¢) and by

gb : CD(]p(ﬁ)) - Ip’((N],)

the composition xa(U) o 1,(¢).

Lemma 7.2 Let (P, ¢,$) be a universe category functor and T € Ob(CC(C,p)). Then one
has:

1. for T € Oby(T)
ny (uy(H(T))) = () 0 @1y (ua(T))) 0 o

2. fors e 57)2(1“)

Proof: We have
Ny (us(H(T))) = 1y (D (Y (), )(Dy (-, ) (@2 (uz(T))))) = »(T) 0 1y (2% (u2(T))) © Ly ()
where the first equality holds by Lemma [7.1)(3) and the second by the naturality of 7,/ Next
Ny (B (uz(T))) © Iy (6) = P(n(u2(T))) 0 xa(U) © Iy (¢) = P(n(uz(T))) o s

where the first equality holds by Lemma and the second one by the definition of £g.
The proof of the second part of the lemma is strictly parallel to the proof of the first part.

29



8 Functoriality properties of the (I, \)-structures arising from uni-
verses

Let us prove the functoriality properties of the (IT, \) structures of Construction

The notion of a homomorphism of C-systems with (II, \)-structures used in the theorem
below is defined in the obvious way.

Theorem 8.1 Let (®,¢,¢) be as above and let (P, P), (P',P') be as in Problemfor C
and C' respectively.

Assume that the squares

O(I,(U)) 2= I,(U)
@(P)l lp’ (34)
oU) —— U

and
O(I,(0)) —= L,(U)

@(ﬂl lﬁ' (35)
oU) —2s U

commute. Then the homomorphism

H(®,¢,9): CC(C,p) — CC(C',p)

is a homomorphism of C-systems with (I, \)-structures.

Proof: We have to show that for all I' € Ob(CC(C,p)) and T € Oby(I") we have

We will prove the first equality. The proof of the second is strictly parallel to the proof of
the first.

By definition we have:

and
H(I(T)) = H(uy " (n(uz(T)) o P)) = (uy) " ((T) o ®(n(ua(T)) 0 P) o ¢) =

(u)) " ((T) 0 @(n(us(T))) © D(P) © )
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where the second equality holds by Lemma (1) Let us show that
1 (uy(H(T))) o P' = (') 0 @(n(uz(T))) 0 D(P) © ¢
By Lemma [7.21) we have
1 (uy(H(T))) o P' = (') 0 ®(n(uz(T))) 0 &o © P’

It remains to show that

{fpo P'=P(P)og
which is our assumption about the commutativity of the square ([34)).

9 Appendix: some constructions and theorems about categories

Lemma 9.1 Let C be a category. Consider four fiber squares

pbi pry,i Yy pbg Pry’ y!
PTX,il lg pTX,il lg’
x ‘1z x Lz

where 1 = 1,2. Leta : X' — X and b :Y' — Y be such that ao f = f' and bo g = ¢'.
Let v : pby — pby be the unique morphism such that v o prx, = prx, and ¢ o pry; = pryz
and similarly for ' : pby — pb. Let pb;(a,b) : pb;, — pb; be the unique morphisms such that
pbi(a,b) oprx; = prx; o a and pb;(a,b) o pry; = bo pry.;. Then the square

b1 (a,b
Pb/1 —>p1( ) pby

commutes, i.e., pbi(a,b) oL =1 o pby(a,b).

Proof: Since pb, is a fiber product it is sufficient to prove that

pbl(% b) OLODPrx s = /o pbz(fl, b) oPprx,2
and
pbi(a,b) o Loprys =1 opby(a,b) o prys
For the first one we have:
pbl(a: b) OLODPrxo = pbl(% b) OpPrx1 =prx/1°0a

and
/ /
' opbe(a,b)oprxs =1t oprxisoa=prx.0oa

The verification of the second equality is similar.
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Definition 9.2 A category with fiber products is a category together with, for all pairs of
morphisms of the form f . X — Z, g:Y — Z, fiber squares

LX),(Yo9)

(X, f) xz (Yig) e V
p,,§x,f>,<Y,g)l lg
X 1,z

We will often abbreviate these main notations in various ways. The morphism proog = priof
from (X, f) x (Y,g) to Z is denoted by f < g.

Given a category with fiber products, morphisms ¢; : Y; — Z, ¢« = 1,2 and morphisms
a: Xy — Y, b: Xo— Y, denote by

(ax b): ((X1,a0g1) Xz (Xo,00g2), (a0 g1) o (boga)) = ((Y1,91) Xz (Ya,92), 91 © g2)
the unique morphism over Z such that
(@ x b)? opry =prioa

and
(@ x b)9? opry =pryob

To show that (a x b)99% exists we need to check that
prioao g, =praobo gy

which is immediate from the definition of the fiber product.

Lemma 9.3 In the setting introduced above suppose that we have in addition a' : X| — X
and b’ : X} — Xy. Then one has

((a/ o a) % (b/ o b))91792 — ((l, % b/)aogl,bOQQ o (CL « b)g1’92

Proof: Straightforward rewriting to compute the compositions of both sides with prf*%> and
91,92
pry .

Definition 9.4 A locally cartesian closed structure on a (pre-)category C is a collection of
data of the form:

1. A structure of a category with fiber products on C.

2. Forall f, g of the form f: X — Z, g:Y — Z, an object Hom ,((X, f),(Y,g)) and a
morphism

fig:Homy (X, f),(Y,9)) = Z
together with morphisms of the form
Hom((X, f),a) : Hom((X, [),(Y,g9)) = Hom((X, f), (Y',g'))
foralla:(Y,q9) = (Y',¢") over Z, that make Hom((X, f),—) into a functor from C/Z
to C.
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3. For all f, g as above a morphism
ev's ) (Homy (X, ), (Y,9)), fAg) x (X, f) = (Y. g)
over Z such that for all h : W — Z the map
adjty "1 - Homz (W, h), (Homy (X, f). (Y. 9)). [9)) =

9)
Homz((W,h) x (X, f),ho f),(Y,q))

given by
w— (ux Idx) 97 o evid)

(Y.9)
s a bijection and such that the morphisms ev((f/(;;) are natural in 'Y .

A locally cartesian closed (pre-)category is a (pre-)category together with a locally cartesian
closed structure on it.

If a locally cartesian closed category is given with a final object pt we will write X x Y for
(X, 7x) Xpt (Y, my) where mx and 7y are the unique morphisms from X and Y respectively
to pt.

By definition the objects (Hom((X, f),(Y,qg)), fAg) of C/Z are functorial only in (Y, g).
Their functoriality in (X, f) is a consequence of a lemma. For f : X — Z, f': X' — Z,
g:Y — Zand h: X' — X such that ho f = f' let

Homy(h, (Y, g)) : Hom,((X, f),(Y,g)) = Hom,((X", '), (Y, g))
be the unique map whose adjoint
adj(Homy(h, (Y, g))) : (Homz((X, f), (Y. 9)), fAg) xz (X', f)) = (Y. 9)

equals (Idpom,((x,5),(v,g)) X )97 o evy’. Then one has:

Lemma 9.5 The morphisms Hom,(h, (Y, g)) satisfy the equations
Homy(h, (Y, g)) o (f'Dg) = fDg
and the equations
Homy(hy o ha, (Y, g)) = Hom(hs, (Y, g)) o Hom(h, (Y, g))
Homy,(Id,(Y,g)) = Id

making Hom,(—, (Y, g)) into a contravariant functor from C/Z to itself. In addition, for
each b/ = (Y,g9) — (Y, ¢') the square

Hom ((X'.f).1)
Hom, (X', f'), (Y, 9)) : » Hom, (X', f'), (Y', g'))

Mz(h:(Y,g))l lmZ(hv(Y’vg’))

Hom,((X, f),(V,g)) 222D Hom, (X, £), (Y, g))

commutes.
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Proof: Tt is a particular case of [?, Theorem 3, p.100]. The commutativity of the square is
a part of the ”bifunctor” claim of the theorem.

Lemma 9.6 In a locally cartesian closed category let f: X — Z, X' — Z,9:Y = Z
be objects over Z and let a : X' — X be a morphism over Z. Then the square

(Hom((X, f), (Y, 9)), fAg) xz (X', f')  —— (Hom((X, f),(Y.9)), fAg) %z (X, f)
(Homy, (X', '), (Y, g)), f'Dg) xz (X', f) — Y

where 1 is (Idgom((x.p).(v.g) X @)F29 and 2 is (Hom(a, (Y, g)) x Idx/)¥"295", commutes.

Proof: Let us show that both paths in the square are adjoints to Hom(a, (Y, g)). For the
path that goes through the upper right corner it follows from the definition of Hom(a, (Y, g))
as the morphism whose adjoint is (/d X a) o ev. For the path that goes through the lower

left corner it follows from the definition of adjoint applied to Hom(a, (Y, g)). Indeed, the
adjoint to this morphism is

adj(Hom(a, (Y, 9))) = (Hom(a, (Y, g)) x Idx) o e/

Lemma 9.7 Let C be a locally cartesian closed category. Let Z, (X, f),(Y,q),(W,h) be as
above.

1. Let (Y',q') be an object over Z and a : (Y,g9) — (Y',¢') a morphism over Z. Then for
any b € Homz((W, h), Homy, (X, f), (Y. g))) one has

adj(bo Hom,((X, f),a)) = adj(b) o a

2. Let (X', f") be an object over Z and a : (X', f') — (X, f) a morphism over Z. Then
for any b € Homz((W, h), Hom; (X, f), (Y, g))) one has
)

adj(bo Hom ,(a, (Y, 9))) = (Idw x a)™ o adj(b)

3. Let (W', }') be an object over Z and a : (W', h') — (W, h) a morphism over Z. Then
for any b € Homy((W, h), Homy (X, f), (Y, 9))) one has

adj(aob) = (a x Idx)" o adj(b)

Proof: The proof of the first case is given by

adj(bo Hom (X, f),a)) = ((bo Hom,((X, f),a)) x Idx)™9" o eoli?) =

(b x Idx)!29F o (Hom((X, f),a)) x Idx)/29F 0 ev50), =
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(b x Idx)™297 o ev((i’;;) oa=uadj(b)oa

where the second equality holds by Lemma [9.3|and the third equality by the naturality axiom
for morphisms ev((;(”g];) in (Y, g).

The proof of the second case is given by the following sequence of equalities where we use
the notation Hm for Hom,(a, (Y, g)) as well as a number of other abbreviations:

adj(bo Hm) = ((bo Hm) x Id) o ev = (b x Id) o (Hm x Id)oev = (b x Id) o adj(Hm) =

(bx Id)o(Idxa)oev=(bxa)oev=(Idxa)o(bxId)oev=(Idxa)oadj(b)
The proof of the third case is given by

adj(aob) = ((aob) x Idx) o evg’g@’ = (a x Idy)o (b x Idy) o evg’gj;) —

(a x Idx) o adj(b)
where the second equality holds by Lemma [9.3]

Lemma is proved.

Example 9.8 The following example shows that there can be many different structures of
a category with fiber products on a (pre-)category and also many locally cartesian closed
structures.

Let us take as our (pre-)category the (pre-)category preStn whose objects are natural num-
bers and Hom(n,m) = Hom({0,...,n —1},{0,...,m — 1}).

Since every isomorphism class contains exactly one object every auto-equivalence of this
category is an automorphism. Let & be such an automorphism. It is easy to see that it
must be identity on the set of objects. Let X = {0,1}. Consider ® on End(X). Since ®
must respect identities and compositions, ® must take Aut(X) to itself and must act on
it by identity. If 1 and o are the two elements of Aut(X) we conclude that ®(1) = 1 and
P(o) =0.

Let us choose now any structure stry of a category with fiber products on preStn and let us
consider two structures str; and str, that are obtained by choosing all the fiber squares as
in strq except for the square for the pair (Idyx, Idx) which we choose to be, correspondingly,
as follows:

x i, x X 25 X
Idxl l[dx for strq and al l[dx for str,. (36)
X IdX X X IdX ) X

The preceding discussion of the auto-equivalences of preStn shows that there is no auto-
equivalence which would transform str; into str,.

The (pre-)category preStn also has a locally cartesian closed structure that can be modified
so that its underlying fiber product structures are str; and str,. This shows that preStn has
at least two locally cartesian closed structures that are not interchanged by auto-equivalences
of preStn.
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Remark 9.9 The previous example has a continuation in the univalent foundations where
there is a notion of a category and pre-category. There one expects it to be true that the type
of fiber square structures and the type of locally cartesian closed structures on a category
(as opposed to those on a general pre-category) are of h-level 1, i.e., classically speaking are
either empty or contain only one element.

In addition any such structure on a pre-category should define a structure of the same kind
on the Rezk completion of this pre-category with all the different structures on the pre-
category becoming equal on the Rezk completion. In the case of the previous example the
Rezk completion of preStn is the category F'Sets of finite sets and in view of the univalence
axiom for finite sets the two pullback squares of [36| will become equal in F'Sets.
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