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Abstract

We introduce the notion of a (II, A)-structure on a C-system and show that C-
systems with (II, A)-structures are constructively equivalent to contextual categories
with products of families of types. We then show how to construct (II, A)-structures
on C-systems of the form CC(C, p) defined by a universe p in a locally cartesian closed
category C from a simple pull-back square based on p. In the last section we prove a
theorem that asserts that our construction is functorial.

1 Introduction

The concept of a C-system in its present form was introduced in [9]. The type of the C-
systems is constructively equivalent to the type of contextual categories defined by Cartmell
in [4] and [3] but the definition of a C-system is slightly different from the Cartmell’s foun-
dational definition.

In this paper we consider what might be the most important structure on C-systems - the
structure that corresponds, for the syntactic C-systems, to the operations of dependent prod-
uct, A\-abstraction and application. A C-system formulation of this structure was introduced
by John Cartmell in [3, pp. 3.37 and 3.41] as a part of what he called a strong M.L. structure.
It was studied further by Thomas Streicher in [0, p.71] who called a C-system (contextual
category) together with such a structure a “contextual category with products of families of

types”.

We first show that the structure that Cartmell defined is equivalent to another structure,
which we call a (II, A)-structure. The proof of this equivalence consists of Constructions
and (of mappings in both directions) and Lemmas and showing that these

mappings are mutually inverse.

Then we consider the case of C-systems of the form C'C(C,p) introduced in [§]. They are
defined, in a functorial way, by a category C with a final object and a morphism p : U—U
in C together with the choice of pull-backs of p along all morphisms in C. A morphism with
such choices is called a universe in C. An important feature of this construction is that the
C-systems C'C(C, p) corresponding to different choices of pull-backs and different choices of
final objects are canonically isomorphic. This fact makes it possible to say that CC(C,p) is
defined by C and p.
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We provide several intermediate results about CC(C, p) when C is a locally cartesian closed
category leading to the main result of this paper - Construction that produces a (II, \)-
structure on CC(C,p) from a simple pull-back square based on p. This construction was
first announced in [7]. It and the ideas that it is based on are among the most important
ingredients of the construction of the univalent model of the Martin-Lof type theory.

The methods of this paper are fully constructive. It is also written in the formalization-ready
style that is in such a way that no long arguments are hidden even when they are required
only to substantiate an assertion that may feel obvious to readers who are closely associated
with a particular tradition of mathematical thought.

In this paper we continue to use the diagrammatic order of writing composition of morphisms,
ie, for f: X =Y and ¢g: Y — Z the composition of f and g is denoted by f o g.

I am grateful to the Department of Computer Science and Engineering of the University of
Gothenburg and Chalmers University of Technology for its the hospitality during my work
on the paper.

2 Products of families of types and (II, \)-structures

Let CC be a C-system. Recall that we let (A)?)(C'C'), or simply Ob, denote the set:
Ob = {s: ft(X) = X |I(X) > 0and s 0 px = Idgyx)}
For n € N denote by Obs,, the set of objects of C'C' of length > n and by (%Zn the subset

of /07)(0(]) that consists of elements s : ft(X) — X such that [(X) > n.

Let further Ob,(I") be the set of elements A in Ob such that [(A) > n+I[(I') and ft"(A) =T
and /Ovbn(F) the set of elements s € Ob such that s : ft(A) — A where A € Ob,(I"). For
n = 0 we will abbreviate /07)0(I‘) as &)(F) Note that in view of the definition of Ob we have
Ob(X) =0 if (X) = 0.

For f : T — T the functions A — f*(A,n) and s — f*(s,n), defined in [9] as iterated
canonical pull-backs of objects and sections respectively, give us functions:

Ob,(T) = Ob,(I")
Ob,,(T') = Ob,(I")

which we will write simply as f*.

Let us note also that if A]A” € Ob(T"), u: A — A’ is a morphism over I'and f: IV — I'is
a morphism then, using the fact the the canonical squares are pull-back, we get a morphism
f*(A) — f*(A’) that we denote by f*(u).

The structure of “products of families of types” is defined in [3| pp.3.37 and 3.41] and also
considered in [0, p.71]. Let us remind this definition here.

Definition 2.1 The structure of products of families of types on a C-system CC' is a col-
lection of data of the form:



1. for every ' € Ob a function TI' : Oby(T') — Oby(T"), which we write simply as 11,

2. for every I' and B € Oby(I") a morphism App : py(I1(B)) — B over A, where A =
fU(B),

such that:
1. for any I' and B € Oby(I') the map Ainva, : &)(H(B)) — 5?7(3) defined as:
s > pa(s) o App
s a bijection,
2. for any f : 17" — T the square

Oby(1) 2 OB, (1)

f*l lf*
Oby(T) 25 OBy (1)

commautes,

3. for any for any ', B € Oby(I') and f :T' — 1" one has f*(Apg) = Aps(p)-

We will show in the next section how to construct products of families of types on C-systems
of the form CC(C,p). For this construction we first need to introduce another structure on
C-systems and show that this other structure is equivalent to the structure of products of
families of types.

Definition 2.2 Let CC be a C-system. A pre-(I1, \)-structure on CC' is a pair of functions
IT: Obsy — Ob
A 5?)22 — Ob
such that:
1. fe(I(T)) = fe(L),
2. O(\(s)) =T1(I(s)).

For a pre-(II, A)-structure (II,\) and I' € Ob the function II defines, in view of the first
condition of Definition [2.2] a function

IT" : Oby(T) — Oby(T)

and the function A defines, in view of the first and the second conditions of Definition [2.2] a
function

AT - Oby(T) — Oby ()
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The second condition also implies that the square:
Oby(I) = Obi(I)
Lk »
Oby ()~ OBy (1)

commutes. One can easily see that the notion of a pre-(II, \)-structure could be equally
formulated as two families of functions II' and AT such that the squares (1)) commute.

Definition 2.3 A pre-(II, \)-structure is called a (I, \)-structure if the following conditions
hold:

1. for any I' € Obsy the square s a pull-back square,

2. for any f : 1" — T the square

Oby(T) —s OBy ()

f*l lf* 2)

/

Oby(I") —— Oby(I")
commautes,

3. for any f : 1" — T the square

Oby(T) —— Ob,(I)

f*l lf* (3)

Oby(I") X5 Oby(I")

commutes.

Note that the first condition can be equivalently formulated by saying that the functions
Ar : Ob(T") — Ob(TI(T))
defined by A are bijections.

We are going to show that, for a given family of functions IT', the type of (I, \)-structures
over II' is equivalent to the type of products of families of types over the same II'.

We first reformulate the structure of products of families slightly. Instead of considering
p5(II(B)) we will consider an object that is isomorphic (but not equal!) to it, namely
pE( B) (A). Our structure will then be a family of maps II as before together with, for every
I' and B € Oby(I'), a morphism Apj : pjyp)(A) — B over A such that the map Ainvly, :

bvb(H(B)) — @Vb(B) defined as:
s+ q(s, Py (A)) o Aplg
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is a bijection. This can be seen on the following diagram that also contains other elements
that will be needed in the construction below.

q(S:pE(B>(Bv2)72) (pH(B)7872)
_—

N q
pH(B)(B, 2) B
PB PB
a(s:pfy gy (A)) . a(pri(m),A) 4
— ypd) —— A @
PA PA
F S H(B) pH(B) 1—\

We now state the problem which we will provide a construction for:

Problem 2.4 Let CC be a C-system and let 11 be a family of functions
IT" : Oby(T') — Oby(T)

gwen for all ' € Ob such that the corresponding squares of the form (@ commute.

To construct a bijection between the following two types of structure:

1. for every I' and B € Oby(I") a bijection
Ap : Ob(B) — Ob(II(B))
such that for every morphism f :T" — T' the square

Ob(B) £  Ob(II(B))

ol |+
Ob(f*(B)) 22 Ob(11(f*(B)))
defined by f, commutes.

2. for every I' € Ob and B € Oby(I') a morphism Ap'y : pE(B)(A) — B over A, where
A = ft(B), such that the map

Xinv'y,y - Ob(I(B)) — Ob(B)

defined as:
S Q(SaPE(B)(A)) o Apy

is a bijection and such that for every morphism f : 1" — ' and B € Oby(I') one has
[ (App) = APy ()



We will construct the solution in four steps - first a function from structures of the first kind
to structures of the second, then a function in the opposite direction and the two lemmas
proving that the first function is a left and a right inverse to the second.

Construction 2.5 Let us show how to construct a structure of the second kind from a
structure of the first kind. To define Ap’ consider the digram of II’s defined by the diagram

(D
1(B) (phyp)(B,2)) 1(B)

| | (5)
r — I1(B)

Note that since II is stable under pull-backs we have
(pts)(B,2)) = prys) (L(B))

and therefore the diagonal dr(p) gives us an element in &)(H(pﬁ( 5)(B,2))). Applying to it
the inverse of our A we get an element ap : (%(pl"i[( p)(B,2)). Define:

Ap'y = ap o q(pucp), B, 2)
Let us prove that these morphisms satisfy the conditions of bijectivity and the stability under
pull-backs. We need to show that the mappings Ainv)y,, : Ob(II(B)) — Ob(B) defined as:

S = Q(Sapl*'[(B)(A)) o App

are bijective. We already have bijective mappings Ap : avb(B) — @vb(H(B)) given by our .
It is sufficient to show that the mappings Ainv’y, are inverse to the ones given by A from at
least one side as any inverse to a bijection is a bijection.

We do it in two steps. First let

Ain”(s) = s™(ap, 2) = q(s, Pii(py(A))" (ap)

Let us show that Ainv” = Xinv)y,. Indeed:
q(s, phim) (A))"(ap) = (s, piicpy(A))"(ap) © (s, Piyp) (B, 2),2) o q(pu(s), B, 2) =

q(s, Pip)(A)) 0 ap o q(pusy, B, 2) = q(s,piyp)(A)) o Apy

Now we have:
AAinv"(s)) = A(s*(ap,2)) = s*(M(ap), 1) = s"(0nem), 1) = s.

It remains to check that the mappings Ap’ are stable under the base change. Since the base
change of morphisms commutes with compositions this follows if we know that ap is stable
and q(—, —,2) is stable. The second fact is verified easily from the axioms of a C-system
and the first follows from the stability of 4 and the pull-back and the assumption that A is
stable under pull-back.



Construction 2.6 Let us now construct a structure of the first kind from a structure of
the second. This is straightforward since a construction of the second kind gives is bijections
)\inv’Ap, and the inverse to these bijections are bijections required for the structure of the
first kind. The fact that the bijections that we obtain in this way are stable under the pull-
backs follows from the fact that the pull-backs commute with compositions, that they take
morphisms of the form ¢(—, —, 1) to morphisms of the same form and from our assumption
that morphisms Ap’ are stable under composition.

Let us denote the map of Construction [2.5] by C'1 and the map of Construction 2.6 by C2.
Lemma 2.7 For a structure of the first kind A one has C2(C1(\)) = A.

Proof: This is immediate since in Construction 2.5 we proved that the Ainv), that we have
constructed are bijections by showing that they are inverses to the A’s that we started with
and in Construction we defined \’s as inverses to Ainv'y,.

Lemma 2.8 For a structure of the second kind Ap' one has C1(C2(Ap)) = Ap'.

Proof: This amounts to checking that
Ainvly, (Ans)) © q(prcs), B, 2) = Aplg
Opening up the definition of Ainv’ we get the equation
q((SH(B)?p;I*.I(B)(H(B))<pE(B) (A))) o Ap;ﬁ<3)(B,2)Q<pH(B)> B,2) = App
We have for any f: " — I
and our equation becomes
Q(5H(B)=p;* (H(B))(PE(B) (A))) o Q(Q(pH(B)a H(B))aPE(B)(A)) o Aply = Aplp
T1(B)

Which follows from:

This completes our construction for Problem [2.4]



3 More on the C-systems of the form CC(C,p)

Let us start by considering a general (pre-)category C. Let p : U — U be a morphism in C.
Recall from [8] that a universe structure on p is a choice of pull-back squares of the form

(X:F) =5 0

px,FJ{ lp
x 5 vu
for all X and all morphisms F' : X — U. A universe in C is a morphism with a universe

structure on it and a universe category is a category with a universe and a choice of a final
object pt.

We may use the notation (X; Fy, ..., F,) for (... (X; Fy);... Fy).
For f:W —=Xandg: W — U we will denote by f % g the unique morphism such that

(fxg)opxr=f
(fxg9)oQ(F) =g

When we need to distinguish canonical squares of different universes we may write (X; F'),,
f *, g etc. For X' L X B U we let Q(f, F) denote the morphism

(pxrgor 0 f) x Q(f o F) : (X' fo F) = (X3 F)

Lemma 3.1 The square

(X foF) 220 (X F)

pX’,foFJ/ J/pX,F

x L5 X
18 a pull-back square.

Proof: Consider the diagram

(X5 foF) SN (X F) 20, T

px’,foFl JPX,F lp

x s x v
The composition of two squares of this diagram equals the square with the sides px: for,
foF, Q(f oF) and p, which is a pull-back square. The right hand side square in this
diagram is a pull-back square. This implies that the left hand side square is a pull-back
square.



Lemma 3.2 For f/: X" > X', f: X' = X and F : X — U one has

QU foF)oQ(f.F)=Q(f o f,F)

Proof: Both sides of the equality are morphisms to (X; F'), therefore it is sufficient to verify
that

QU , foF)oQf, F)oQ(F) =Q(f o f, F) o Q(F)
and

QU foF)oQ(f. F)opxr=Q(f o f,F)opxr
For the first one we have

QU foF)oQf,F)oQ(F)=Q(f,foF)oQ(foF)=Q(f o foF)

and
Q(f o f,F)oQ(F)=Q(f' ofoF)

and for the second one we have

QU foF)oQ(f, F)opxr=Qf,foF)opxiorof=pxrpororofof

and
Q(flova)opX,F :pX”,f’ofoFoflof'

The construction of the sets of objects Ob,, of length n of the C-system CC(C, p) presented
in [§] can be described as follows. One defines, by induction on n, pairs (Ob,,int, : Ob, —
C) where Ob, is a set and int, is a function from Ob, to objects of C. One starts with
Oby = Hom(pt, pt) and inty mapping Oby to pt. Then

Obn+1 = HFGOanom(mtn(F), U)

and
int, 1 (0, F) = (int,(T); F)

The morphisms in CC(C,p) are defined by

Homeeep) (T, T") := Home(int(T'), int(I"))

Problem 3.3 To construct, for allT' € Ob(CC(C,p)) bijections

uyr : Oby (') = Home(int(T'),U)

typ : Oby(T) — Home(int(T),U)
such that:



1. for T' € Ob one has

w ([, F))=F (6)
and if [(I') > 0 then
I'= (f(), ua(T)) (7)
2. fors e Ob one has
ui(s) = s 0 Q(ur(9(s))) (8)
and
s = Idgio(s)) * U (5) (9)

uy and uy are natural in T i.e. for any f: TV — T one has:

ur(f(T)) = fowu(T) (10)
ur(f*(s)) = fou(s) (11)

one has
u1(9(s)) = ur(s)op (12)

Construction 3.4 By definition

Ob(T) ={T" € Ob| ft(T) =T and[(T") > 1+ I(T")}.
Then [(I') = I(T") + 1 and by the inductive construction of Ob,(CC(C,p)) we have that
I = (ft(I"), F) where F :int(ft(I")) — U. Since ft(I") =T we may set uy(T) = F.

Define the function
u) : Hom(int(T'), U) — Oby(T')

by the rule u'(F) = (T, F'). Verification that u; and u} are inverse to each other is straight-
forward. Formulas @ and follow easily from the construction.

To define u; we can use the formula (8|) if we show that the composition in the formula is
defined. The source of Q(u1(9(s))) is (ft(9(s)),u1(9(s))) = (I',u1(9(s))). By definition

Oby () = {s: ft(I") > I'|I(I") > 0, so pp = Id, ft(I') =T}
Since [(I'") > 0 we have by (|7) that
I = (ft(I"),us(I")) = (', i (I)) = (L', w1 (9(5)))

i.e. the target of s equals the source of Q(u;(9(s))) and the composition is well-defined.

Define a map B .
uy - Hom(int(T'),U) — Ob(T')

by the rule u}(f) = Idp * f.
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That the maps u; and @} are inverse to each follows from the fact that the canonical square

(F;ul(a(s))) Q(u1(9(s))) (7
lpr,uua(s)) lp (13)

u1(9(s))

r U

is a pull-back square.

The proofs of the naturality of u; and u; with respect to morphisms in I' follow easily from
the definition of the canonical squares in CC(C, p).

Formula is a corollary of the commutativity of the square (L3).

We will now construct bijections usp and usp similar to the bijections u; p and u; r but
having as sources Oby(I") and Oby(T).

For any V' € C we define a functor D,(—, V) given on objects by
D,(X,V) :=Up.xsvHom((X; F),V)
whose action on morphisms is given by
Dy(f, V) (F1, F2) = (f o F1, Q(f, F1) o F3)
The sets D,(X, V) are also functorial in V' according to the formula
Dy(X, g)(F1, k) = (F1, Fy 0 g)
and for f: X — X' ¢g:V — V' we have

Dp(f7 V) ODP(X79) = DP<X/79) ODP(f7 Vl)

Problem 3.5 To construct for all ' € Ob(CC(C,p)) bijections
ugr : Obe(T') — D, (int(T"),U)
Uar : Oby(T) — D,(int(T), U)
such that:
1. ugr(L, Fy, Fy) = (F1, Fy),
2. ugp(T) = (ur.r(FHT)), ur pur)(T))
3. Uzr(s) = (urr(fH(I(s))), un, o)) (5))
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4. for f: TV — T one has
uz(f*(T) = Dp(f, U)(ux(T))

ua(f*()) = Dyl f, U) (a(s))
5. un(0(s)) = Dylint(T), p) (ii(5))

Construction 3.6 The first bijection is the composition of the bijection
Oby(T') — preop, 1y Ob1 (TV)

with the bijection defined by (I, T") +— (uy(I"), uy(I')) since int(I") = (int(ft(T);uy(I))).
Similarly, the second bijection

U C%z(r) — HF:int(F)aUHom((int(F% F),U)
is the composition of the bijection
/O\E)Q(F) — HF’EObl(F)/O\?)l (F/)

with the bijection (IV, s) — (u1(I"), w1 (s)).

The proofs of the equations are straightforward.

When C is a locally cartesian closed category, the functors D,(—, V) become representable
providing us with a way to describe operations such as I and A on CC(C,p) in terms of
morphisms between objects in C.

For a morphism p : U—Uina locally cartesian closed category and an object V' of this
category let

(V)= MU((ﬁap)a (U x V,pr))

and let
prl,(V) =pQpry : (V) - U

be the morphism that defines [,(V) as an object over U.

Note that I, depends on the choice of a locally cartesian closed structure on C. On the other
hand, the construction of the functors D, (X, V) requires a universe structure on p but do
not require a locally cartesian closed structure on C.

The computations below are required in order to establish the connections between the
constructions that use the locally cartesian closed structure and the constructions that use
universe structures.

Let p: U — U be a universe and V an object of C. We assume that C is equipped with a
locally cartesian closed structure. For F': X — U there is a unique morphism

s (X3 F) = (X, f) xu (U, p)

such that tp o pry = px p and tp o pro = Q(F) which is a particular case of the morphisms
t, ¢ of Lemma 8.1
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The evaluation morphism in the case of (V) is of the form
evl, : (I,(V),prl,(V)) xg (U x V,pri) = U x V

Define a morphism

sty(V) - (L, (V);prIp(V)) =V

as the composition:
Stp(V) = ['pTIp(V) e} GUIP(V) O pra

We will need to use some properties of these morphisms.
Lemma 3.7 Let f:V — V' be a morphism, then one has
QUL,(f),prI,(V")) o st,(V') = st,(V) o f

Proof: Let pr = prI,(V), pr' = pri,(V'), v = tpr, U = Ly, ev = evl (V) and ev’ = evl, (V).
Then we have to verify that the outer square of the following diagram commutes:

(L(V)ipr) —— (L(V),pr)xy (U,p) —== UxV 225V
Q(Ip(f)vpr’)l Iy (f)xIdg ]dUXfl lf
(L(V);pr') —— (L,(V"),pr') xu (U,p) == U x V' 2 V7

The commutativity of the left square is a particular case of Lemma 8.1, The commutativity
of the right square is an immediate corollary of the definition of Idy x f. The commutativity
of the middle square is a particular case of the axiom of locally cartesian closed structure
that says that morphisms evy y are natural in Y.

Problem 3.8 Let (C,p,pt) be a locally cartesian closed universe category. To construct, for
all X,V € C, bijections
Ny : Hom(X, L,(V)) = D,(X,V)

that are natural in X and V', i.e., such that for g : X — I,(V') one has:

1. forall f:V — V' one has D,(X, f)(n'(9)) = n'(g o I,(f)),
2. for all f: X' — X one has D,(f,V)(n'(9)) =n'(f o g).

Construction 3.9 For g : X — I,(V) we set

Nxv(9) = (g o pri,(V), Qg, priy(V)) o sty(V))
To see that this is a bijection observe first that it equals to the composition

Hom(X,1,(V)) = Up.xsuHomy (X, F), (1,(V),prl,(V))) = Up.xsuvHom((X; F),V)
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where the first map is of the form g — (g o prl,(V'), g) and the second is the sum over all
F: X — U of maps g = Q(g,prl,(V)) o st,(V). The first of these two maps is a bijection.
It remains to show that the second one is a bijection for every F'.

By definition of the Hom structure we know that for each F' the map
HOmU((X7 F)7 (IP(V)va]p(V))) - HOmU(((X’ F) Xu (ﬁ,p), _)7 (U X Vvvprl))
given by g — (g x Idg) o evl,(V) is a bijection. We also know that the map
Homy(((X, F) xu (U, p), F o p),(U x V,pr1)) = Hom((X, F) xu (U,p), V)

is a bijection. Since (g is an isomorphism the composition with it is a bijection. Now we
have two maps

Homy (X, F), (I,(V), pri,(V))) = Hom((X; F), V)

given by g — tpo (g x Idg)oevl,(V)opy and g — Q(g,prl,(V)) o st,(V) of which the first
one is the bijection. It remains to show that these maps are equal. For this it is sufficient to
show that

Qg priy(V)) o bpri,(V) = LF © (g [dﬁ)
WhiNch follows easily from computing compositions with the projections pry to I,(V) and pry
to U.
We now have to check the behavior of ' with respect to morphisms in X and V.
Let pr = pri,(V) and pr’ = pri,(V'). For f: V' =V and f: X — [,(V) we have
Dy(X, 1)(0'(9)) = Dyp(X, [)(g 0 pr,Q(g,pr) 0 st, (V) = (g 0 pr, Q(g, pr) o st (V) o f)

and
n'(go L(f) = (go L,(f) opr',Q(g o L,(f),pr') o st,(V'))
We have pr = I,(f) o pr’ because I,(f) is a morphism over U. It remains to check that

Q(g.pr) o sty(V) o f = Q(g o L(f),pr') o sty(V')
By Lemma [3.2] we have
Q(go L(f),pr') = Q(g,pr) o QU(f), pr')
and the remaining equality
Q(g.pr) o sty(V) o f = Q(g,pr) 0 QULy(f), pr') o st, (V')

follows from Lemma 3.7

Consider now f: X’ — X. Then
Dy(f,V)(1'(9)) = Dp(f. V)(gopr, Q(g, pr)ost,(V)) = (fogopr, Q(f. gopr)oQ(g, pr)ost,(V))

m(fog)=(fogopr,Q(fog.pr)ost,(V))
and the required equality follows from Lemma [3.2]
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Let nx,y = (77!)(,\/)71- For future computations it will be convenient to have the following

lemma.

Lemma 3.10 The bijections nxv are natural in X and V, i.e., for any d € D,(X,V') one
has:

1. forall f:V — V' one has n(d) o I,(f) = n(D,(X, f)(d)),
2. for all f: X' — X one has fon(d) =n(D,(f,V)(d)).

Proof: Elementary computation from (1) and (2) of Problem [3.8|

We now have bijection-descriptions of Oby and 5?)2 of the following form.

Problem 3.11 For a locally cartesian closed closed C and a universe p : U — U inC to
construct for any I' € Ob(CC(C,p)) bijections

p: Oby(I') — Home(int(T), 1,(U))

and
i : Oby(T) — Home(int(T), I,(U))

that are natural in I' and such that with respect to these bijections O corresponds to compo-
sition with I,(p).

Construction 3.12 Compose bijections u; and uy with the bijection 1 of Construction
in the case V = U and V = U respectively.

Remark 3.13 The previous constructions related to Oby and 57)2 can be easily generalized
to Ob,, and Ob,, for all n > 1. For example there are natural bijections

Un,r 2 Obyy1(I') — Hom(int(T'), I;(U))

Unr : Obyy1 (T) — Hom(int(T), I(U))

where I;} is the n-th iteration of the functor I,,.

4 (II, A)-structures on the C-systems CC(C,p)

We will show now how to construct (II, A)-structures on C-systems of the form CC(C, p) for
locally cartesian closed (pre-)categoried] C.

4For the discussion of the difference between a category and a pre-category see the introduction to [9]
and [IJ.

15



Definition 4.1 Let C be a locally cartesian closed category, pt be a final object in C and
p:U — U a universe. A Il-structure on p is a pair of morphisms

P:L(U) =T

P:LU)—=U
such that the square

L) —25 0
lmp) lp (14)

s a pull-back square.

Problem 4.2 Let C be a locally cartesian closed category, pt be a final object in C and
p:U — U a universe. Let (P, P) be a ll-structure on p. To construct a (I, \)-structure on
cC(C,p).

Construction 4.3 Let I' € Ob(CC(C,p)). For T' € Oby(I') set
Ip(T) = uy (u(T) o P)

and for s € /Ovbg(F) set N
Ap(s) = i (ji(s) o P)
These gives us maps
IIp : Obg(F) — Obl(F>
Aii : Oby(T') = Oby (T

The naturality of u and  relative to morphisms f : [V — I' implies that these maps are
natural with respect to such morphisms. One also verifies easily that d(Az(s)) = I1p(9(s)).
Therefore the squares

Oby(T) —2— Oby(T)

|k o

Oby(T) —2 Oby(T)

for a pre-(II, A)-structure on CC(C, p) that also satisfies the second and the third condition
of the definition of a (II, A)-structure.

To verify that it satisfies the first condition one verifies that the bijections i, u, u; and
uy define an isomorphism from the square to the square obtained from by taking
Hom-sets Hom(int(T'), —). Since the later square is pull-back and a square isomorphic to a
pull-back square is a pull-back square the square is a pull-back square and (IIp, A5) is
a (II, M)-structure.
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5 More on universe category functors I

Let (C,p,pt) and (C, p/, pt') be two universe (pre-)categories. Recall from [§] that a functor of
universe categories from (C, p, pt) to (C,p’, pt’) is a triple ® = (P, ¢, 5) where ® is a functor
C—Cand ¢:®U)— U, q?: @((7) — U’ are two morphisms such that ® takes the final
object to a final object, pull-back squares based on p to pull-back squares and such that the
square

&) —2 T
‘P(p)l lp’ (16)

oU) —L U
is a pull-back square.

For X,V in C we have the functoriality map

®: Hom(X,V) — Hom(®(X),d(V))

Problem 5.1 For a universe category functor ® = (®,¢,), to define, for all X,V € C,
morphisms

®*: D,(X,V) = Dy(®(X),®(V))

Construction 5.2 Let (F} : X — U, Fy, : (X;F1) — V) be an element in D,(X,V).
Consider (®(X); ®(F7) o ¢). Since the square is a pull-back square there is a unique
morphism ¢ such that go ¢ = Q(®(F,) o ¢) and qo d(p) = Pa(x),0(F)op © P(F1) and then the
left hand side square in the diagram

(B(X); ®(F)) 0 ¢) —2= @(U) —2 U’

lpﬂxmwnw <1>(p)l lp’

B(X) 20 ey 2 U

is a pull-back square. Together with the fact that ® takes pull-back squares based on p to
pull-back squares we obtain a unique morphism, which is an isomorphism,

L (P(X); ©(F7) 0 9) = (X F7)
such that
Lo ®(px,p) = Do (X),&(F))og (17)

Lo B(Q(F)) 0 b = Q(P(F)) 0 ¢) (18)

and we define:
O (F, Fy) := (BP(F)) 0 ¢, 10 B(F))
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We will need the following properties of the maps below.

Lemma 5.3 Let ® be as above, f: X' — X be a morphism and V' be an object of C. Then

the square

D,(X,V) DoY), D,(X",V)

Dy(@(x),0(v)) 22T b @(x7), e (V)

commutes.

Proof: We have to show that for any d € D, (X, V') one has
Dy (®(f), 2(V))(2*(d)) = ®*(D,(f, V)(d))
Let d = (Fl,FQ). Then
Dy (®(f), 2(V))(2%(d)) = Dy (2(f), 2(V))(R(F1) 0 ¢, 10 O(F)) =

(B(f) o ®(F1) 0 p,q oroP(Fy))
and
®*(Dy(f,V)(F1, Fy)) = ®*(f o Fy,qo F3) =

(®(foFi)o,/ 0d(go L))
where
L (P(X); @(Fy) o) = O(X; Fy) i (P(X); P(f o Fr)og) = B(X'; foF)
q: (X5 fol) = (XsF) ' (Q(X); @(f) 0 ©(F1) 0 §) = (2(X); ©(F1) 0 ¢)
are the morphisms defined in Construction 5.2 We have
O(f)o®(F1)op=d(foF1)od
and it remains to check that
g oro®(Fy) =1 0o®(qo Fh)

or that ¢'or = t/o®(q). The codomain of both morphisms is ®(X; F}) that by our assumption
on @ is a pull-back of p’ and ®(F})o¢. Therefore it is sufficient to verify that the compositions
of these two morphisms with the projections to U’ and ®(X) coincide.

This is done by a direct computation from definitions.

Lemma 5.4 Let ® be as above, X an object of C and f :'V — V' a morphism. Then the

square

D,(X,V) RGN D, (X, V")

% | |+

Dy (2(X), 2(V"))
commutes.

18



Proof: Let d = (F}, F2) € D,(X,V). We have to show that
*(Dy(X, f)(F1, F2)) = Dp(2(X), 2(f))(®*(F1, F2))
We have:
*(Dy(X, f)(F1, Fr)) = @*((F1, Fy 0 f)) = (D(F1) 0§, 10 ®(Fr 0 f)) =

(2(F1) 0 ¢,00 D(Fy) 0 O(f)) = Dy(2(X), (f))(®*(F1, F2))

Note that in the problem below no assumption is made about the compatibility of ® with
the locally cartesian closed structures on C and C’.

Problem 5.5 Assume that C and C' are locally cartesian closed universe categories. For ®
as above and V € C to construct a morphism

Xe(V) 0 (1,(V)) = Ly(®(V))

Construction 5.6 Let
77 : DP(X7 V) — HOTTL(X, [p(V))

n': Dy(X', V') = Hom(X', I,,(V"))
be bijections from Construction [3.9, We define:
xa(V) =0/ (®*(1 (Ids,))))

for X = I,(V) and X' = ®(L,(V)).
Let us show that ye are natural in V.

Lemma 5.7 For ® as above let f : Vi, — V5 be a morphism. Then the square

Vi
o(1,(1) s 1, @(1))
<I’(Ip(f))l lfp/«b(f))
x(V2)

q)(]p(V?)) E— ]p’(q)a/?))

commautes.

Proof: We have:

X(V1) 0 Iy (D(V1)) = 1 (®2('(1dx,))) © Ly (®(f)) = 1 (Dp(X1, ®(£))(@*(' (Idx,))))

where X = I,,(V1), by Lemma [3.10[(1). Then
0 (Dp(X1, @(f))(®*(n'(Idx,)))) = 0'(®*(Dy(X1, (0 (Idx,)))) =
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i (®°(n' (Idx, o I(f))) = 1/ (®°(n'(1,(f))))
where the first equality holds by Lemma and the second by Problem [3.8|1).
On the other hand:

O(I,(f)) o x(Va) = ®(I,(f)) o1 (%(0 (Idx,))) =
7 (Dy (D(1,(f)), D(X2))(®*(0' (Idx,))))
by Lemma [3.10[2). Then
0 (D (R(1,(f)), ®(X2))(®*(0 (Idx,)))) = 0/ (% (Dy(L(f), X2) (0 (Idx,)))) =

0 (@' (1,(f) 0 Idx,))) = 1/ (2*(' (1,(1))))

where the first equality holds by Lemmal5.4) and the second by Problem [3.§|2). This finishes
the proof of Lemma [5.7]

Lemma 5.8 For all X,V € C and a € D,(X,V) one has

®(n(a)) o xa(V) = n'(®*(a))
Proof: By definition of yg and contravariant functoriality of n’ we have

®(n(a)) o xa(V) = ®(n(a)) o 1/ (®*(n' (1d))) = 1/ (Dy (P(1(a)), (V) (®* (1) (Idr, 1))

By Lemma [5.3] we further have:

0 (Dy (®(n(a)), ®(V))(®*(n'(1d)))) = n'(®*(Dy(n(a), V)(n'(1d))))

It remains to show that D,(n(a),V)(n'(Id)) = f. Since n is a bijection we may apply it on
both sides and by functoriality of n we get

n(Dy(n(a),V)(n'(Id))) = n(f) o n(n'(Id)) = n(f) o Id = n(f).

6 More on universe category functors II

By [8, Construction 3.3] any universe category functor ® = (®, ¢, ¢) defines a homomorphism
of C-systems
H:CC(,p) —cec,p)

To define H on objects, one defines by induction on n, for all I' € Ob,(CC(C,p)), pairs
(H(T'),¢r) where H(I') € Ob(CC(C',p')) and ¢r is an isomorphism

Yr  int' (H(D)) — ®(int (D))
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as follows. For n = 0 one has H(()) = () and 9 : pt'" — ®(pt) is the unique morphism that
exists because ®(pt) is a final object. For (I', F') € Ob, .1 one has

H((I', F)) = (H([),¢r o ®(F) 0 ¢)
and ¢ p) is the unique morphisms int'(H(I', F')) — ®(int(I', F')) such that
Yirry 0 B(Q(F)) 0 6 = Q'(tr 0 (F) 0 9)

and
¢(F,F) o q)<pF,F> = PH((I',F)) © Yr
The action of H on morphisms is given, for f : ' — I, by

H(f) = tro®(f)oyp

Let I' € Ob(CC(C, p)) and consider the bijections of Constructions [3.4] and [3.6]

In order to prove our main functoriality Theorem we need describe in more detail the
maps

Ob(I") — Oby (H(T))
Oby(T") — Oby(H (T))
and the similar maps on /0791 and 67)2 that are defined by H.

Lemma 6.1 Let (9,6, ¢) be universe category functor. Then:

1. for T € Oby(T) one has

wr ) (H(T)) = ¢r 0 @(ur p(T)) 0 ¢
2. for s € Oby(T") one has

Wy (H(s) = ¢ o (T r(s)) 0 &
3. for T € Oby(T) one has

U,y (H(T)) = Dy (b, U') (D (int (H(T)), 6) (27 (u2,r(T))))

4. for s € Oby(T') one has

s, 1(r) (H (s)) = Dy (vr, U')(Dy (int’ (H(T)), 6)(@*(t,r(5)))
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Proof: In the case of T € Oby(T), if T = (T, F) then
ui(H(T)) = wi(H((T, F))) = w1 (H(T),¢r 0 ®(F) 0 $)) = ¢or 0 ®(F) 0 ¢
In the case of s € Oby(T), if F' = u1(9(s)) then
Ui(H(s)) = H(s) o Q' (ur(H(T, F))) = ¢or 0 ®(s) 0 Y1 gy 0 Q' (¢or 0 B(F) 0 ¢) =
Yr 0 ®(s) 0 B(Q(F)) 0§ = thr 0 (s 0 Q(F)) 0 ¢ =t 0 B(Tia(s)) 0 &
In the case T € Oby(T), if T = (T, Fy, Fy) then
us(H(T)) = uz(H((T, Fy, F2))) = wo((H((T, 1)), ¥r,p, © B(F2) 0 9)) =

up((H(T),vr o ®(F1) 0 ¢, r r, 0 (F2) 0 ¢)) =
(Yr 0 ®(F1) 0 ¢, Yr 5, 0 P(F) 0 @)
On the other hand
Dy (thr, =) Dy (=, §)(®*(u2(T))) = Dy (¢, =) Dy (—, §)(®*(ua(T, 1, F))) =
Dy (¢r, =)Dy (=, 9)(®*(F1, F2)) = Dy (¥r, =) Dy (=, ¢)(®(F1) 0 6,00 D(F)) =
Dy (Yr, =)((F1) 0 ¢,10 @(Fy) 0 ¢) = (Yr 0 D(F1) 0 ¢, Q'(Yr, P(F1) 0 @) 0 Lo D(F3) 0 B)
therefore we need to show that
Urp, 0 B(Fy) 0 p = Q' (¢hr, ®(Fy) o ¢) oo ®(Fy) 0 ¢ (19)

Using the fact that the external square of the diagram

o(int(T, 1))~ ¢y 2

‘P(mel))l yb(p) lp’
ont()) % o) 2 U
is a pull-back square we see that equality would follow from the following two equalities:
Yr.p 0 D(Q(F)) 0 ¢ = Q' (¥r, O(F1) 0 §) 0 1o B(Q(F)) 0 ¢

and
Yr.r 0 Y(pr.r)) = Q' (Yr, ®(F1) 0 @) 0w o ®(pr )
For the first equality we have

Yrp o d(Q(F1)) o 5 = Q/WF o ®(Fy) o)

by definition of ¥ r and
Q' (Yr, ®(Fy) 0 9) 010 ®(Q(F1)) 06 = Q' (¥r, ®(F1) 0 ) 0 Q' (B(Fy) 0 ) = Q' (¥or 0 D(Fy) 0 )
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where the first equality holds by definition of ¢ and second by the definition of Q(—, —).
For the second equality we have
Yr,r © @(pr,m)) = PHE,F) © Yr

by definition of ¥ r and

Q' (Yr, ®(F1) o @) o Lo ®(pr.m)) = Q' (Ur, P(F1) © @) 0 Pa(int(r),o(Fi)os = PH(T,Fy) © Yr

by definitions of Q)" and ¢.

The case of s € (%Q(F) is strictly parallel to the case of T' € Oby(I") with ®(F},) o ¢ at the
end of the formulas replaced by ®(F3) o ¢ where instead of Iy : int(I', F1) — U one has

For (®, ¢, ¢) as above let us denote by
o 1 ©(1,(U)) — 1y(U)
the composition xe(U) o Iy(¢) and by

gb : CD(]p(ﬁ)) - Ip’((N],)

the composition x(U) o 1,(¢).

Lemma 6.2 Let (P, ¢, 0) be a universe category functor and T € Ob(CC(C,p)). Then one
has:

1. for T € Oby(T)
my (uy(H(T))) = tbr 0 @1, (u2(T)) 0 €

2. fors e 57)2(1“) B
ny (U (H (s))) = tr o @(1,(ti2(s))) 0 o

Proof: We have
Ny (us(H(T))) = 0y (D (4r, ) (Dy (-, ) (@2 (ua(T))))) = tr 0 1 (22 (u2(T))) © Iy ()
where the first equality holds by Lemma [6.1(3) and the second by Lemma [B.10} Next
Ny (B (uz(T))) © Iy (6) = P(n(u2(T))) 0 xa(U) © Iy (¢) = P(n(uz(T))) o o

where the first equality holds by Lemma |5.8] and the second one by the definition of £g.
The proof of the second part of the lemma is strictly parallel to the proof of the first part.
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7 Functoriality properties of the (II, \)-structures arising from uni-
verses

Let us prove the functoriality properties of the (IT, \) structures of Construction

The notion of a homomorphism of C-systems with (II, \)-structures used in the theorem
below is defined in the obvious way.

Theorem 7.1 Let (®,¢,¢) be as above and let (P, P), (P',P') be as in Problemfor C
and C' respectively.

Assume that the squares

O(I,(U)) 2= I,(U)
@(P)l lp’ (20)
oU) —— U

and
O(I,(0)) —= L,(U)

@(ﬂl lﬁ' (21)
oU) —2s U

commute. Then the homomorphism

H(®,¢,9): CC(C,p) — CC(C',p)
is a homomorphism of C-systems with (I, \)-structures.

Proof: We have to show that for all I' € Ob(CC(C,p)) and T € Oby(I") we have

We will prove the first equality. The proof of the second is strictly parallel to the proof of
the first.

By definition we have:

and
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where the second equality holds by Lemma (1) Let us show that
1 (uy(H(T))) o P' = tor o ©(n(uz(T))) 0 ®(P) o ¢
By Lemmal6.2(1) we have
1 (uy(H(T))) o P'= top 0 B(n(uz(T))) 0 &o 0 P

It remains to show that
g0 P =®(P)o¢

which is our assumption about the commutativity of the square (20)).

8 Appendix: some constructions and theorems about categories

Lemma 8.1 Let C be a category. Consider four fiber squares

pbi Pry,i 1% pb; Pry?’; Y’
pT’X,il lg PTX,il J{Q/
x tsz x L,z

where i = 1,2, Leta: X' — X and b :Y' — Y be such that ao f = f  and bog = ¢'.
Let v : pby — pby be the unique morphism such that t o prx, = prxi and v o pry; = pryas
and similarly for ' : pby — pbly. Let pb;(a,b) : pb, — pb; be the unique morphisms such that
pbi(a,b) oprx; = prx:;oa and pb;(a,b) o pry; =bopry.;. Then the square

b1 (a,b
pb/1 —>p1( ) pby

commutes, i.e., pby(a,b) o =1 o pby(a,b).

Proof: Since pbs is a fiber product it is sufficient to prove that
pbi(a,b) ovoprxs =1 opby(a,b)oprxs
and
pbi(a,b) ovoprys =1 opby(a,b)oprys
For the first one we have:
pbi(a,b) ovoprxa = pbi(a,b)oprx1 =prx10a

and
!/ !
Lo pbg(a, b) OPrxos =1L OPrxr20a =prx/1°0a

The verification of the second equality is similar.
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Definition 8.2 A category with fiber products is a category together with, for all pairs of
morphisms of the form f . X — Z, g:Y — Z, fiber squares

(X,£),(Y,g)

(X, f) xz (Y,g) 2 ¥
prgx,my,g)l lg
X I,z

We will often abbreviate these main notations in various ways. The morphism proog = priof
from (X, f) x (Y,g) to Z is denoted by f < g.

Given a category with fiber products, morphisms f; : X; — Z;, g; : Y; — Z;, i = 1,2 and
morphisms a : X; — X5, 0: Y], —» Yy, ¢: Z; — Z5 such that fioc=ao f, and goc=0bo gy
denote by a x.b (which we will abbreviate to a Xz b or even a X b when ¢ = Idyz) the unique
morphism such that

(ax.b)oprg =proob

and
(@ xc.b)opri =prioa

To show that a x. b exists we need to check that
priobogy =prioaoc fo
for which we have
proobogy =proogioc=priofioc=prioaoc f,
Lemma 8.3 In the setting introduced above suppose that we have X;,Y;, Z;, 1 = 1,2,3 and
ay : X1 — Xo, as 1 Xo — X3 and simularly for by, bs,cy and co. Then one has
(a1 0 Gg) Xejoey (b1 0b2) = (a1 X, b1) 0 (ag X, bo)

Proof: Straightforward rewriting to compute the compositions of both sides with prf(3’y3

X3,Y:
and pry* 0.

Definition 8.4 A locally cartesian closed structure on a (pre-)category C is a collection of
data of the form:

1. A structure of a category with fiber products on C.
2. Forall f, g of the form f: X — Z, g:Y — Z, an object Hom ,((X, f),(Y,g)) and a

morphism

fAg: Homy (X, f), (Y, 9)) = 2
together with morphisms of the form
Hom((X, f),a) : Hom((X, ), (Y,g)) = Hom((X, f),(Y",4'))
foralla:(Y,q9) = (Y',¢") over Z, that make Hom((X, f),—) into a functor from C/Z
to C.
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3. For all f, g as above a morphism

6rU(X,f),(Y,g) : (HﬂZ((X> f)v (Y> g)),ng) X (X> f) - (K g)
over Z such that for all h : W — Z the map

adi 8D s Hom (W, h), (Hom, (X, f), (Y. g)), f2g)) =

9)
HOmz(((W, h) X (X7 f)v h<>f), (}/’g)>
given by u — (u x Idx) o evix, p),(v,g), 5 a bijection and such that the morphisms

ev(x,f),(v,g) are natural in Y.

A locally cartesian closed (pre-)category is a (pre-)category together with a locally cartesian
closed structure on it.

If a locally cartesian closed category is given with a final object pt we will write X x Y for
(X, 7x) X (Y, my) where mx and 7y are the unique morphisms from X and Y respectively
to pt.

By definition the objects (Hom((X, f),(Y,q)), fAg) of C/Z are functorial only in (Y, g).
Their functoriality in (X, f) is a consequence of a lemma. For f: X — Z, f': X' — Z,
g:Y — Zand h: X' — X such that ho f = f' let

Hom,(h,(Y,g9)) : Hom,((X, [),(Y,9)) = Hom((X", f'), (Y, g))
be the unique map whose adjoint
adj(Homy(h, (Y, g))) : (Hom,((X, f), (Y. 9)), fAg) xz (X', f)) = Y

equals (Id(fom,,((x.f),(V.g).f09) X ) 0 evxy. Then one has:

Lemma 8.5 The morphisms Hom,(h, (Y, q)) satisfy the equations
Homy(h, (Y, g)) o (f'Dg) = fAg
and the equations
Homy(hy © hs, (Y, g)) = Hom(h, (Y, g))  Hom(hs, (Y, g))
Homy,(1d, (Y, g)) = Id

making Hom,(—,(Y,g)) into a contravariant functor from C/Z to itself. In addition, for
each b/ = (Y,g9) — (Y, ¢') the square

Homy (X'.f))
Hom, (X', f'),(Y,9)) — » Hom,((X', f), (Y, g'))

mzm,(xg))l lmm(yag'))

Hom,((X, f),(V,g)) 222D Hom, (X, £), (Y, g))

commutes.
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Proof: It is a particular case of [5, Theorem 3, p.100]. The commutativity of the square is
a part of the ”bifunctor” claim of the theorem.

Lemma 8.6 In a locally cartesian closed category let f: X — Z, X' —Z,9:Y — Z
be objects over Z and let a : X' — X be a morphism over Z. Then the square

(Hom((X, f), (Y, 9)), fAg) xz (X', f')  ~2% (Hom((X, f),(Y.9)), f2g) %7 (X, f)
Ma,(y,g»xmx/l l“’
(Hom, (X', '), (Y, q)), f'Dg) x7 (X', f)) — %

commutes.

Proof: Let us show that both paths in the square are adjoints to Hom(a, (Y, g)). For the
path that goes through the upper right corner it follows from the definition of Hom(a, (Y, g))
as the morphism whose adjoint is (Id X a) o ev. For the path that goes through the lower
left corner it follows from the definition of adjoint applied to Hom(a, (Y, g)). Indeed, the
adjoint to this morphism is

adj(Hom(a, (Y, 9))) = (Hom(a, (Y, g)) x Idx) o ev'

Lemma 8.7 Let C be a locally cartesian closed category. Let Z, (X, f), (Y, g),(W,h) be as
above.

1. Let (Y',q') be an object over Z and a : (Y,g) — (Y',¢') a morphism over Z. Then for
any b € Homyz (W, h), Hom,((X, f),(Y,g))) one has

adj(bo Homy,((X, f),a)) = adj(b) o a

2. Let (X', f") be an object over Z and a : (X', f') — (X, f) a morphism over Z. Then
for any b € Homz (W, h), Hom,((X, f),(Y,g))) one has

adj(bo Homy(a, (Y, g))) = (Idw X a) o adj(b)

3. Let (W', }') be an object over Z and a : (W', h') — (W, h) a morphism over Z. Then
for any b € Homy((W, h), Homy (X, f), (Y, 9))) one has

adj(aob) = (a x Idx) o adj(b)
Proof: The proof of the first case is given by
adj(b o Homy, (X, f),a)) = (bo Hom,((X. f),a)) x Idx) © evpx. 1)) =
(b x Idx) o (Hom,((X, f),a)) x Idx) o evix,p),(v,g) =
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(b X ]dX) o} 6U(X7f)7(y7g) oa = ad](b) oa

where the second equality holds by Lemma [8.3|and the third equality by the naturality axiom
for morphisms evix, p) (v,g) in (Y, g).

The proof of the second case is given by the following sequence of equalities where we use
the notation Hm for Hom,(a, (Y, g)) as well as a number of other abbreviations:

adj(bo Hm) = ((bo Hm) x Id) o ev = (b x Id) o (Hm x Id)oev = (b x Id) o adj(Hm) =

(bx Id)o(Idxa)oev=(bxa)oev=(Idxa)o(bxId)oev=(Idxa)oadj(b)
The proof of the third case is given by

adj(aob) = ((aob) x Idx) o evx,f),(vg) = (a X Idx) o (b x Idx) o evix,p) (vg) =

(a x Idx) o adj(b)
where the second equality holds by Lemma [8.3]

Lemma is proved.

Example 8.8 The following example shows that there can be many different structures of
a category with fiber products on a (pre-)category and also many locally cartesian closed
structures.

Let us take as our (pre-)category the (pre-)category preStn whose objects are natural num-
bers and Hom(n,m) = Hom({1,...,n},{1,...,m}).

Since every isomorphism class contains exactly one object every auto-equivalence of this
category is an automorphism. Let F' be such an automorphisms. It is easy to see that it
must be identity on the set of objects. Let X = {1,2}. Consider F' on End(X). Since
F must respect unity and compositions, F' must take Aut(X) to itself and must act on it
by identity. If 1 and o are the two elements of Aut(X) we conclude that F(1) = 1 and
F(o)=o0.

Let us choose now any structure strqy of a category with fiber products on preStn and let us
consider two structures str; and str, that are obtained by choosing all the fiber squares as
in stro and the square for the pair (Idx, Idx) to be, correspondingly, as follows:

x I x X 25 X
Idxl J/IdX for str, and al lldx for str,. (22)
x ldx, oy x ddx,

The preceding discussion of the auto-equivalences of preStn shows that there is no auto-
equivalence which would transform str; into str,.

The (pre-)category preStn also has a locally cartesian closed structure that can be modified
so that its underlying fiber product structures are str; and str,. This shows that preStn has
at least two locally cartesian closed structures that are not interchanged by auto-equivalences
of preStn.
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Remark 8.9 The previous example has a continuation in the univalent foundations where
there is a notion of a category and pre-category. There one expects it to be true that the type
of fiber square structures and the type of locally cartesian closed structures on a category
(as opposed to those on a general pre-category) are of h-level 1, i.e., classically speaking are
either empty or contain only one element.

In addition any such structure on a pre-category should define a structure of the same kind
on the Rezk completion of this pre-category with all the different structures on the pre-
category becoming equal on the Rezk completion. In the case of the previous example the
Rezk completion of preStn is the category F'Sets of finite sets and in view of the univalence
axiom for finite sets the two pull-back squares of 22| will become equal in F Sets.
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