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ABSTRACT

In this paper we construct symmetric powers in the motivic homotopy categories of morphisms and finite cor-
respondences associated with f-admissible subcategories in the categories of schemes of finite type over a field. Using
this construction we provide a description of the motivic Eilenberg-MacLane spaces representing motivic cohomology on
some f-admissible categories including the category of semi-normal quasi-projective schemes and, over fields which admit
resolution of singularities, on some admissible subcategories including the category of smooth schemes. This description is
then used to give a complete computation of the algebra of bistable motivic cohomological operations on smooth schemes
over fields of characteristic zero and to obtain partial results on unstable operations which are required for the proof of the
Bloch-Kato conjecture.
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0. Introduction

In this paper we analyze the structure of the motivic Eilenberg-MacLane spaces
K(A, p, ¢)¢ for p > ¢. From the perspective of the general motivic homotopy theory its
most important result is Theorem 3.49 which asserts that for a field £ of characteristic
zero the algebra of all bistable operations in the motivic cohomology on A°(Sm/k)*
with coefficients in Z// coincides with the motivic Steenrod algebra A**(k, Z/[) which
was introduced in [33]. From the point of view of the proof of the Bloch-Kato conjecture
which requires information about the unstable operations its most important results are

Theorems 2.76, 3.25 and 3.32.

* Work on the earlier versions of this paper was supported by NSF grant 0403367.
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The definition of motivic Eilenberg-MacLane spaces appears only in the third
part of the paper (Section 3) after a number of techniques necessary for our analysis of
these spaces has been developed. Following the general outline of the paper we start the
introduction with the description of the results of the first two parts (Sections 1 and 2).

Let us fix a field £. Let ¢(k) = 1 if char(k) = 0 and ¢(k) = char(k) if char(k) >
0. The number ¢(k) is sometimes known as the “characteristic exponent” of £. A full
subcategory C of Sch/% such that

Spec(k) and A! are in C

for X and Y in C the product X x Y is in G
if X'isin C and U — X is etale then U isin G
4. for X and Y in C the coproduct X 1Y is in C

» o=

will be called admissible. If in addition C is closed under the formation of quotients with
respect to actions of finite groups it will be called f-admissible. The category Sm/k of
smooth schemes over £ is essentially the smallest admissible C since for any smooth X and
any admissible C there exists a Zariski covering {U; — X} with U; € C. Unfortunately,
Sm/k 1s not f-admissible. There are two reasons for this. One is that the quotients may
not exist for actions on smooth schemes which are not quasi-projective. This is easily
resolved by considering the category of smooth quasi-projective schemes which is also
admissible and whose category of sheaves in any topology which is at least as strong as
the Zariski one, is equivalent to the category of sheaves on the whole Sm/£. Another one
is that a quotient of a smooth scheme with respect to a finite group action need not be
smooth. This is the main reason why we have to consider non-smooth schemes and one
of the key sources of technical complexity of the paper.

For an admissible C let C be the full subcategory of the category of pointed ob-
jects in G which consists of objects pointed by a disjoint base point, and Cor(C, R) the
category of finite correspondences over C. In our computations we will have to consider
the (Nis, A")-homotopy categories Hy a1 (C), Hyi a1 (C 1) and Hyg a1 (Cor(C, R)) of C,
C; and Cor(G, R) respectively. To have a uniform treatment of these three cases we use
the formalism of radditive functors developed in [38] and summarized in Appendix A.3.
A radditive functor on a category D with finite coproducts is a presheaf of sets on this
category which takes finite coproducts to products. The category Rad(D) of radditive
functors on a small category D is complete and cocomplete-complete with a set of com-
pact generators and the category of simplicial radditive functors A°?Rad(D) on any D
provides a convenient environment for the homotopy theory. In our context, the cate-
gory Rad(C,) is equivalent to the category Rad(C), of pointed objects in Rad(C) and
Rad(Cor(C, R)) is equivalent to the category of presheaves with transfers of R-modules
on C which allows us to treat the cases of non-pointed, pointed and “transfer enriched”
homotopy theories as particular cases of the homotopy theory of simplicial radditive func-
tors.

The categories Hyi a1 (C), Hyis a1 (C) and Hygo a1 (Cor(C, R)) are obtained by the
application of the standard localization constructions to the simplicial objects in Rad(C),
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Rad(Cy;) and Rad(Cor(C, R)) respectively. The category Hyi a1 (C) comes out to be
equivalent to the non-pointed homotopy category of the site with interval (Cyy, A') and
the category Hys, a1 (Cy) to the pointed homotopy category of (Cy;s, A) (see [16]). The
category Hy; a1 (Cor(C, R)) is the (Nis, A')-homotopy category of the category of fi-
nite correspondences on G with coefficients in R i.e. an unstable analog of the category
DM (C, R).

For each C and R we get a pair of adjoint functors

LAi{ : Hyiga1 (C1) = Hygg a1 (Cor (G, R))
Aﬁ : Hyis a1 (Cor(C, R)) — Hyisa1 (Cp)

(see Theorem 1.7), which are analogous to the pair which consists of the forgetting functor
and the free R-module functor connecting the homotopy categories of pointed simplicial
sets and simplicial R-modules.

An inclusion of admissible categories ¢ : C — D defines pairs of adjoint functors
(L™, 4.0q), (Lifd, lrad,+) and (Lz'trfd, Lad.r) between the homotopy categories of each type
for C and D. Corollary 1.20 asserts that the left adjoint of each pair is a full embedding
1.e. Hyjsa1 (C) 18 a full subcategory in Hyss a1 (D), ete.

The left adjoints defined by i commute with LA% and the right adjoints with Aj.
In an important addition to this elementary observation we prove in Theorem 1.21 that
if £ admits resolution of singularities and C C Sm/k then LAj also commutes with the
right adjoints defined by :. This result allows us to prove later Theorem 3.32 which is a
key step on the way to Theorem 3.49.

In the second part of the paper we investigate the functors on the homotopy cate-
gories which are defined by the functors of generalized symmetric products on schemes.
Let ® be a pair of the form (G, ¢ : G = S,) where G is a group and ¢ an embedding
of G to the symmetric group on n elements. Such a pair will be called a permutation
group. If C is an f-admissible category then a permutation group defines two generalized
symmetric product functors Se . X, = (X" (G)), and S? : X, — (X)"/¢(G) from
C to itself.

Using results of [3] we construct extensions of these functors to functors LS® and
LS® from Hyia1 (C4) to itself. In order to do it we use the following construction. For
a small category with finite coproducts D let D* be the full subcategory of directed col-
imits of representable functors in Rad(D) 1.e the formal completion of D with respect to
directed (and therefore filtered) colimits. It is also known as the category of ind-objects
over D (see e.g. [1, I8.2.4, p.70]). The homotopy theory of simplicial radditive functors
provides a construction of a canonical resolution functor L, : A®Rad(D) — A°D* and
an assertion that the projection functor from A°°D¥ to any homotopy category H(D, E)
associated with D by the “standard construction” is a localization. In particular, in order
to extend a functor F : D; — Dy to a functor H(Dy, E;) — H(D», E») it is sufficient to
show that the obvious extension of F to a functor A?D¥ — A°°D¥ takes E;-local equiva-
lences to Eg-local equivalences. Note that this applies to all functors F including the ones
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which do not commute with finite coproducts. In the context of D = C, and F = S®
or F = S? the required property of F with respect to (Nis, A!)-equivalences was proved
in [3]. Moreover, it was shown there that for these functors the equivalence LF(X) =X
holds not only for X € A°*(C,)* but also for a more general class of simplicial ind-
solid sheaves, which includes the Nisnevich quotient sheaves X /U for open embeddings
U C X. In particular, up to a Nis-equivalence one has

LS (X/(X — 7)) =S"(X/(X — 7)) = S"X/(S"X — S"Z)

where S" = S®+19 i5 the ordinary symmetric n-th power.

In the next section we consider the extensions of S® first to the categories
Cor(C, R) and then to Hyj a1 (Cor(C, R)). We prove that such extensions LS?, compat-
ible via functors LAf with LS®, exist provided that C is f-admissible and the “charac-
teristic exponent” ¢(k) of £ 1s invertible in the coefficient ring R. Along with the existence
of LS® we prove a number of results which allow us in Theorem 2.58 of the following
section to give a complete computation of LS’ (L,,) where { # char(k) is a prime and
L, = LAg,(T") is the “homology” of the motivic (2n, n)-sphere with coefficients in the
finite field F,.

In Section 2.4 we prove several relatively simple results about split proper Tate ob-
jects 1.e. objects of Hyj a1 (Cor(C, R)) which are isomorphic to (possibly infinite) direct
sums of objects of the form E'L;. Using these results together with the results of the pre-
ceding sections we prove that in case when the ring of coeflicients is a field I of “allowed”
characteristic the subcategory SPT of proper split Tate objects is closed under the forma-
tion of all ordinary symmetric powers LS]. In fact, the result proved in Theorem 2.76
is more precise and also provides a lower bound on the range of “weights” which may
appear in the n-th symmetric power of a proper split Tate object of weight > ¢ with co-
efficients in a field of characteristic /. This bound on the weight of summands was first
observed, in a particular case, by C. Weibel in [41] and plays an important role in one of
the key arguments of [37].

The next ingredient which goes into the proof of Theorem 3.25 and Theorem 3.49
are Theorem 3.7 and Proposition 3.11 which, when taken together, form a motivic analog
of the Dold-Thom Theorem for connected CW-complexes. The role of connectedness
assumption 1s played in our context by “condition (D1)” of Definition 3.10 which holds
for a wide class of motivic spaces including the motivic Moore spaces constructed in the
following section. The combination of 3.7 and 3.11 implies that for spaces X satisfying
condition (D1) and an f-admissible C which is contained in the category of semi-normal
schemes, there is a canonical isomorphism in Hy; a1 (C) of the form

(1) ALLAL(X) = LS™[1/¢(k)1(X)

where S = Z[1/c(k)] and LS*™[1/¢(k)] 1s the homotopy colimit of the sequence of mor-
phisms from LS to itself defined by the multiplication by ¢(£) in the obvious Abelian

monoid structure of S*°.
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In Section 3.2 we finally define, in the context of a general admissible C, the mo-
tivic cohomology functors and the motivic Eilenberg-MacLane spaces. We could have
done it as soon as the categories Hy; a1 (Cor(C, R)) and functors LA{{, A} were defined
but decided that it is better to give an informal definition here and delay the formal one
until Section 3.2.

Let C be an admissible category. Consider the motivic spheres Stl =(A'—{0},1
and S/ = (S})Aq as radditive functors on G, . Set

l

k= LAR(S).

It is the object of Hyial (Rad(Cor(C, R))) which represents the “homology” of the

sphere S]. We will write , for [,z. One defines the (reduced) motivic cohomology of
X e A?Rad(C,) with coefficients in an Abelian group A by the formula:

Homy,, corc,2) (LAZX, T/ 1A ®LL)) forp>g

2) Hil (X A) = o
HomHNis,Al (Cor(c,z))(zp qLAZX, A ®L l,]) fOI‘p S q

Corollary 1.20 implies that for X € C and C C D one has
HY (X, A) = HY (X, A)

i.e. that the groups defined by (2) depend only on X and not on the ambient category

used in the definition. Because of this property we will often write H};* instead of H{[ (..
If C C Sm/k and £ is a perfect field then Theorem 1.15 shows that

(3) ! (X, A) = Hompyer e,z (M(X), A(9)[p])

1.e. for smooth schemes over a perfect field the definition given above agrees with the
standard one which goes back to [40].

We use the subscript un to emphasize the fact that the motiwic cohomology of general
schemes as defined by (2) are not known to have suspension isomorphisms with respect to either of the
two motivic suspensions. In particular, the equality (3) is not known to hold for non-smooth
schemes since the right hand side of this equality automatically satisfies the suspension
isomorphism for the simplicial suspension. Among many possible extensions of motivic
cohomology functors to non-smooth schemes the one defined by (2) is, to the best of my
knowledge, the most basic and fundamental one in the sense that all other definitions can
be obtained from this one by the imposition of additional properties such as stability or
descent for special coverings.

The motivic Eilenberg-MacLane space K(A, p, ¢)¢ 1s the object of Hy a1 (Cyp)
which represents the motivic cohomology functor ﬁﬁ;’(—, A) on this category. The stan-
dard adjunctions show that for p > ¢ one has

(4) KA, p, o= Az (Z1(A®LL))
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In Proposition 3.21 we prove that if A is a finitely generated Abelian group and p > ¢,
p > 0, then there exist well behaved (see below) spaces X(A, p, ¢) such that

(5) LAL(X(A, p, 9)) = T (A @1 1)

Combining (4) and (5) we obtain the following expression for K(A, p, ¢)¢ in case when A
1s finitely generated, p > ¢ and p > 0:

6) K(A, p, 9)c = AZLAZ(X(A, p, 9)).

This expression is the key to all the computations with the motivic Eilenberg-MacLane
spaces which are done in this paper. For p < ¢ no similar description exists and because of
that the theory of spaces K(A, p, ¢)¢ for p < ¢ is very different from the theory for p > ¢.
At the moment we know very little about the p < ¢ case and what we do know suggests
that the structure of the spaces K(A, p, ¢) and in particular of K(Q, p, ¢) for p < ¢ and
q > 2 1is very complex (for a related discussion see [28]).

However, even in the case p > ¢ the spaces K(A, p, ¢)¢ themselves are very hard
to study. For example, the standard adjunctions show that for an inclusion of admissible
subcategories 7 : C — D one has

irad,+(K(A’ p’ Q)D) == K(A’ ﬁ’ Q)C

but the adjoint equality Li7(K(A, p, ¢)c) = K(A, p, ¢)p is not known to hold, except in
trivial cases, even under the resolution of singularities assumption, which creates one of
the key technical complications in our theory.

Fortunately, for any commutative ring R, all the information about the motivic
cohomology of these spaces with coefficients in R-modules, i.e. about the motivic co-
homological operations from ﬁﬂj (=, A) to the motivic cohomology with coefficients in
R-modules, is encoded in the objects

M(A, p, ¢; R)e = LAR (K(A, 5, 9)c)

which are much more tractable. Combining (6), (1) and some technical arguments which
allow us to consider S-coefficients instead of Z-coefficients and S*™ instead of S™[1/¢(%)]
we prove our next main theorem (Theorem 3.25) which asserts that for an f-admissible C,
finitely generated S-module A, p > ¢, p > 0 and an S-algebra R there are natural isomor-
phisms

M(A. p, ¢: R)e = P SL(Z (A ®Ls R) ®r /)
n>0

Together with the results of the first (Theorem 1.21) and the second (Theorem 2.76) parts
of the paper, Theorem 3.25 leads to Theorem 3.32 and then to Corollary 3.33.
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This corollary and a few elementary results about proper split Tate objects are the
only results from the earlier parts of the paper which are needed for the proof of our
main “stable” theorem (Theorem 3.49) which asserts that if £ is a field of characteristic
zero then one has

lim H* 2" (K(Z,/, 20, 0wy Z/1) = A (k, Z/1)

where A**(k, Z /) is the motivic Steenrod algebra defined in [33].

An analog of Theorem 3.49 should hold with Sm/£ replaced by an f-admissible
C which is contained in semi-normal schemes. The proof of such an analog would not
require Theorem 1.21 and therefore it would apply to all perfect fields. Writing such a
proof up would require two developments—to construct etale realization functors with
properties similar to the topological realization constructed in Section 3.3 and to extend
the results of [33] to T-stable version of motivic cohomology of non-smooth schemes. In
order to directly extend Theorem 3.49 to all perfect fields following the strategy used in
the present paper it would be sufficient to construct the etale analog of the topological
realization and to prove that for a smooth scheme X with an action of a finite group G
and a subgroup H C G, the map

LAi{lrad(X/H) - LAi{Zrad(X/G)

where i : Sm/k — SN/k and [G : H]"! € R, is a split epimorphism. In the present ap-
proach this statement follows via Theorem 1.21 from the resolution of singularities but
may be there is a more direct way of proving it.

1. Motivic homology and homotopy

1.1. Main categories and functors

Let £ be a field and C an admissible subcategory in Sch/k. Since C has finite co-
products the constructions and results of Appendix A.3 apply to C. The radditive functors
on C can be identified with presheaves on the category of connected objects in C or alter-
natively with sheaves in the topology on C which is generated by coverings by connected
components. In particular the class of projective equivalences in A°?Rad(C) is closed
under coproducts. Fix a set G of representatives of isomorphism classes of objects in C.
Consider the following two sets of morphisms in A°PC:

1. The set Gy of generating Nisnevich equivalences is the set of morphisms of the
form Kg — X where Q) is an upper distinguished square in Cg i.e. a pull-back
square of the form

B—— Y

o1

A%X
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where p is etale, j is an open embedding, B=p""'(A),p: Y —B—> X — A an
isomorphism and K is the object of A°’C given by the push-out square

BUB —— B®A!

l L
ALY — K,

2. The set Gar of generating A'-equivalences is the set of morphisms of the form
X x Al = X for X in C,.

Define the (Nis, A')-homotopy category of C setting:
HNis,A1 (C) = H(Ca GNis U GAI)

and similarly for Hy;(C) and Hyi (C).
By [39] there is a natural equivalence

Hyis a1 (C) — H(Ciis, Al)

where on the right hand side we have the homotopy category of the site with interval
(Cxis» A') as defined in [16].

Let 4y, 7; : Spec(k) — A'! be the morphisms corresponding to the points 0 and 1
of A! respectively. An elementary A'-homotopy between morphisms f,g: X — Y in
A°’Rad(C) is a morphism % : X x A' — Y such that 2o (Id X i) = f and ko (Id X ;) = g.
Two morphisms are called elementary A'-homotopic if there exists an elementary A'-
homotopy between them. Two morphisms are called A'-homotopic if they are equivalent
with respect to the equivalence relation generated by the relation of being elementary A'-
homotopic. A morphism f : X — Y is called an A'-homotopy equivalence if there exists
a morphism g : Y — X such that the compositions f o g and g o f are A'-homotopic to
the corresponding identity morphisms.

Proposition 1.1. — The A'-homotopy equivalences belong to cl;(Gy).

Proof: — By [38, 2007satr] it is enough to show A!-homotopy equivalences become
1somorphisms after localization with respect to cl;(Gar). For any X the morphisms Idx x
i and Idx X 7; become equal in the localized category since they are both sections of
the isomorphism X x A! — X. Therefore, after the localization any two A'-homotopic
morphisms become equal. We conclude that an A'-homotopy equivalence f becomes an
1somorphism since there exists g such that both compositions / o g and g o f are equal to
the corresponding identities. UJ

Proposition 1.2. — A morphism f in A°°?Rad(C) belongs to cl,(Gyis) if and only if it is a
local equivalence in the Nisnevich topology as a morphism of presheaves.
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Proof: — It follows easily from the Nisnevich variant of the Brown-Gersten theorem
[16, Lemma 3.1.18, p. 101]. See also [39]. U

Lemma 1.3. — The classes cl;(Gnis), cl;(Ga1), cl)(Gnis U Gar) are closed under coproducts
and finite direct products.

Progf- — The case of coproducts follows immediately from the fact that projective
equivalences in A°?’Rad(C) are closed under coproducts. In the case of products let us
consider for example the class cl;(Gyis U Gar). By Theorem A.20 we have

cli(Gnis U Ga1) = clz ((Gnis O Ide) U (Gar L Ide) U W)

In particular cl;(Gni U Gar) s A-closed. Since it is closed under compositions 1t 18
sufficient to show that for / : X — Y in cl;(Gnis U Gar) and Z € A°?’Rad(C) one has
f xIdz € cl)(Gnis U Gar). Since f x Id; = A(g) where g 1s a morphism of bisimplicial
objects whose rows are of the form f x Idy for some F in Rad(C) it is sufficient to show
that / x Idy € cl;(Gnis U Gar) for F € Rad(C). Applying the standard representable reso-
lution functor L, of Proposition A.12 to I and using the fact that projective equivalences
are closed under direct products we reduce the problem to the case when F € C¥, Using
the fact that our class is closed under filtered colimits we further reduce it to the case
F =X € C. The functor (—) x X clearly takes A-closures to A-closures. It remains to
Verify that forf S (GNis L Idc) U (GAI LI Idc) U mej one hasf x Idx € Cl[(GNiS U GAI)
which is straightforward. U

Let C, the category of disjointly pointed objects of C. As customary we write V
for the coproduct in the pointed case. Since C has finite coproducts the constructions
and results of Appendix A.3 apply to C.. The radditive functors on C can be identified
with pointed radditive functors on C. In particular the class of projective equivalences in
A°PRad(C.) is closed under coproducts.

For X in C we write X for X LI Spec(%) considered as an object of C,. The
functor (=) is left adjoint to the forgetting functor and in particular commutes with
colimits. Define the (Nis, A')-homotopy category of C setting:

Hyis a1 (C1) = H(C, (Gnig U Gar)4)

and similarly for Hy;(C) and Hyi (C).
By [39] there 1s a natural equivalence

Hyioa (C1) = H, (i, A)

where on the right hand side we have the pointed homotopy category of the site with
interval (Cyi, A') as defined in [16].



10 VLADIMIR VOEVODSKY

Lemma 1.4. — The classes cl;((Gni)+), ci((Ga)y) and cl;((Gniy U Gal)y) in
A°PRad(C.) are closed under coproducts, direct products and smash products,

Progf: — The case of coproducts follows immediately from the fact that projective
equivalences in A°?’Rad(C.) are closed under coproducts.

Smash products on Rad(C;) are defined as the radditive extension of the functor
A Gy x Gp — Gy which takes (Uy, Vy) to (U x V). One verifies easily that under
the equivalence between Rad(C; ) and the category of pointed presheaves on connected
objects of C the smash product of radditive functors is given by the usual smash product
of pointed presheaves (it is sufficient to verify this property for representable presheaves).
This interpretation implies that smash products respect projective equivalences. There-
fore by the same reasoning as in the proof of Lemma 1.3 it remains to verify that for
f € (Gniy UIde) s (resp. f € (Ga H1dg)+ and Z € G, one has f A 1dy € cl;((Gnis)+)
(resp. f A Idy € cl;((Gar)4)) which is straightforward. UJ

Proposition 1.5. — The functor (=) 4 : C — Cy. satisfies the conditions of Theorem A.16 and
Corollary A.17(2) wath respect to the pair of classes of morphisms (Gnis, (Gnis)+), (Gat, (Ga)4)
and (Gnis U Gat, (Gris U Gat) ). Therefore (—) . defines adjoint pars of functors between the corre-

sponding homotopy categories and in each case the right adjoint_functor reflects isomorphisms.

Proof: — Straightforward verification using the coproduct parts of Lemmas 1.3
and 1.4. 0J

According to our general convention we should denote the functors between the
homotopy categories which correspond to (=) by L(—):ﬁ‘d and R(—); ;.q. Using the
interpretation of radditive functors on C; as pointed radditive functors on C it is easy
to see that the functor (—)fkaCl takes a non-pointed radditive functor I to the radditive
functor I LI Spec(£) pointed by the canonical morphism pt — F LI Spec(k). In particular,
it respects all projective equivalences and therefore can be used instead of L(—)7. It also
shows that we may use the notation (—) for (—)‘fl‘ild without any danger of confusion.

Similarly, (=) .4 In this interpretation is the forgetting functor from pointed rad-
ditive functors to radditive functors and we will denote it by ¢.

Let Cor(C, R) be the category of finite correspondences with coefficients in a com-
mutative ring R between objects of C. This category was described in detail in [35] (see
also [2]). To distinguish objects of C from the corresponding objects of Cor(C, R) we let

[—]g : C = Cor(C,R)

denote the functor which is the identity on objects and which takes morphisms to their
graphs. The category Cor(C, R) is additive and in particular has finite coproducts and
[—] commutes with finite coproducts. The radditive functors on Cor(C, R) can be iden-
tified with R-linear functors from Cor(C, R) to the category of R-modules i.e. presheaves
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with transfers with coefficients in R on C. In particular the class of projective equivalences
in A°?’Rad(Cor(C, R)) is closed under coproducts.
Define (Nis, A')-homotopy category of Cor(C, R) setting:

Hyis,a1 (Cor(C, R)) = H(Cor(C, R), [Gnis U Gat lr)

When C = Sm/k this category is the full subcategory of the category DM (£, R) which
consists of complexes of sheaves with transfers with homotopy invariant cohomology
sheaves such that H = 0 for i > 0. See Theorem 1.15 below.

Category Cor(C, R) carries a natural tensor structure which is given by the prod-
uct of schemes on objects and by external products of relative cycles on morphisms. This
structure is a functor Cor(C, R) x Cor(C, R) — Cor(C, R). Its radditive extension is a
functor

Rad(Cor(C, R)) x Rad(Cor(C, R))
= Rad(Cor(C, R) x Cor(C, R)) — Rad(Cor(C, R))

which we call the tensor product on Rad(Cor(C, R)) and denote by ®. Alternatively, one
can define ® on Rad(Cor(C, R)) by first extending ® to Cor(C, R)* and then defining
F® G as 7y(L,(F) ® L.(G)).

Lemma 1.6. — The classes cl;(|Gnislr), cl;([Gatlr) and cl;([Gnis U Gatlr) are closed
under direct sums and their intersections with A°Cor(C, R)¥* are closed under tensor products.

Proof. — The case of coproducts i.e. direct sums follows immediately from the fact
that projective equivalences in A°?Rad(Cor(C, R)) are closed under direct sums. The
proof of the tensor product part is parallel to the proofs of Lemmas 1.3 and 1.4. U

Since the category Cor(C, R) is pointed the functor [—] factors through the func-
tor (—)+. We denote the corresponding functor C; — Cor(C, R) by Ag. By definition
Ar(X4) = [X]gr. This functor commutes with finite coproducts and therefore defines a
pair of adjoint functors

Ak = (Ar)™ :Rad(C,) — Rad(Cor(C, R))
Al = (AR)raa : Rad(Cor(C, R)) — Rad(Cy)

where Aj is the right adjoint. If we interpret Rad(Cor(C, R)) as the category of
presheaves with transfers and Rad(C) as the category of pointed radditive presheaves
then Ay 1s the “forgetting” functor which takes a presheaf with transfers to the same
presheaf considered as a presheaf of pointed sets. By Proposition A.14 the functors Ag
and A} define a pair of adjoint functors LA§ and RA} between the homotopy categories
H(C,) and H(Cor(C, R)).
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We will denote the classes of local equivalences in the context of C by Wiy,
Wi and Wya1, in the context of Gy by Wy, W}, and W;\Ti& a1 and in the context
of Cor(C, R) by W{;,, W}, and W

tr
is? Nis,Al "

Theorem 1.7. — For any R the functor Ax satisfies the conditions of Theorem A.16 and
Corollary A.17(2) with respect to the pairs of classes of morphisms (Gyis, (Gnis)+)s (Gat, (Ga)4)
and (Gyis U Gy, (Gnis U Gat) ).

In particular, one has:

1. AR(WE) C Wi, AR(WY) C WY and AR(WRa) C W;\Cis’ Al

2. AR(WS, N APCEH) € Wi, AR(WL, N APCY) C WY, and A{{(W;\“HS,A1 N

APCT) C WY

Nis,Al»

the functors between the corresponding homotopy categories defined by LAy and RA} are adjoint and in
each case RAY reflects isomorphisms.

Proof. — FYor simplicity of notation we will write A instead of Ag. We have to
prove four inclusions A/((Gi) 4 V Ide,) C WR,, A(GayV Idc,) € Wy, A"([Gni] ©
Idcorc.ry) C W;is and A"([Ga1] @ Idcerc.r)) C WL- The functor A’ takes V to the direct
sum @. Therefore the first two inclusions follow from the definitions and the direct sums
part of Lemma 1.6.

The functor A’ takes @ to direct product. Therefore the direct product part of
Lemma 1.4 implies that in order to prove the third and the fourth inclusion it is sufficient
to show that A”([Gni]) C W, and A"([Gal]) C WZI' The fact that the functor ¢ which
forgets the distinguished point reflects equivalences of all the considered types further
implies that it is sufficient to show that ¢ A" ([Gnis]) C Wi and @A ([Gar]) C War.

Propositions 1.2 implies that in order to prove that @ A"([Gnis]) € Wi 1t 1s sufhi-
cient to show that for any upper distinguished square Q) of the form (7) the morphism
[Kg] — [X] is a local equivalence on Cy;s as a morphism of presheaves of sets or, equiv-
alently, as a morphism of presheaves of Abelian groups. It is further equivalent to the
condition that the morphism of associated sheaves of Abelian groups is a local equiva-
lence on Cy;,. Consider the functor

y : Rad(Cor(C, R)) — ShvAb(Cx;)

which is the composition of the forgetting functor from Rad(Cor(C, R)) to presheaves of
Abelian groups on C with the associated sheaf functor. Clearly, y respects finite coprod-
ucts and therefore it commutes with the Kq construction. Hence the morphism we are
interested in can be written as

Y ([Kol = [X]) = (K, oy = v([X])
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Consider a square S of pre-sheaves of Abelian groups on Cy;s of the form

SI —— S2

L

S§ —— S4.

Using the fact that Cy;s has enough points one verifies easily that the associated morphism
Kg — S4 is a local equivalence if and only if the sequence

0— aNiSSI — aNiSSQ D LZNiSS?) d aNiSS4 — 0

of associated Nisnevich sheaves is exact. We conclude that the morphism K, o —
v ([X]) 1s a local equivalence by [26, Proposition 4.3.9].

To prove that @A’ ([Gar]) C Wi it is sufficient by Lemma 1.1, to show that for
X € C the map of presheaves of sets p: [X x A'] — [X] is an A'-homotopy equivalence.
The inverse equivalence is given by i : [X] — [X x A!] corresponding to the point 0 of
A'. The A'-homotopy

[XxA'TxA' - [X xA']
between the identity and p o ¢ is provided by the composition
X xAlxA' > [X xA' xAl] > [X x A!]
where the first map is a particular case of a general map of the form
[X]xY— [XxY]
and the second one is obtained from the multiplication map A' x A! — Al U

Since by definition RAj is the natural descent to the homotopy categories of the
simplicial extension of the functor A} between the radditive functors we will often write
Aj instead of RA}.

Remark 1.8. — The functor A} does not preserve projective equivalences between
all objects of A°?Rad(C,). Consider for example the morphism p : Spec(L) — Spec(k)
where L/k is a Galois extension with the Galois group G and let é(p) be the correspond-
ing Cech simplicial object. Then the morphism p' : é(p) — Im(p) where Im(p) is the
image of p in Rad(C), is a projective equivalence and so is /.. On the other hand the
sections of A{{(((v] ())+) over Spec(k) form a simplicial Abelian group which computes
homology of G with coefficients in R and therefore in general it is not equivalent to
A% (Im(p)) which is a single object in dimension zero.
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The standard cosimplicial object Ay, in Sch/k (see [16, p. 88] or [14, p. 16]) lies
in any admissible subcategory C. For a radditive functor I on C we let C,(F) denote the

simplicial radditive functor with terms

C,(F): U F(U x A}))
Similarly for F in Rad(C) we set

CH(F): Uy > F((U x Ay)4)
and for F in Rad(Cor(C, R)) we set

Cr(F):[U]l— F(U x A}, D

(in [16] the functor C, was denoted by Sing, ).

For I € A°?’Rad(C) we may consider C,(F) as a bisimplicial object. Then the di-
agonal AC,(F) is defined and belongs to A°?Rad(C). Similarly we get the functors AC
and AC} on A°®’Rad(Cy) and A®?Rad(C, R). The projection A}, — Spec(k) defines
natural transformations Id aerraaic) = ACy, Idaorraac,) = ACT and Idaerradcorc.ry) =
ACY.

Proposition 1.9. — For any F € A°PRad(C) the object AC(Y) s Gai-local and the
morphism ¥ — AC(F) belongs to cl,(Gar). Similarly for any ¥ € A°°’Rad(C.) the object
ACH(F) is (Gar)4-local and the morphism F — ACT(F) belongs to cl;,((Ga1)y) and for any
F € A°Rad(Cor(C, R)) the object ACY(F) is [Garl-local and the morphism F — ACY(F)
belongs to cl;,([Gar]).

Progf. — The projection p: Ay, x A" — A3, and the embedding i : A}, —
A3, x Al which corresponds to the point 0 of A', are mutually inverse cosimplicial ho-
motopy equivalences. Indeed, let ¢ be morphism A' — A! given by x +— 0. To construct
a cosimplicial homotopy between Ida. X Idar and Ida. X ¢ observe first that the multi-
plication morphism (x, ) > xp defines an A'-homotopy between ¢ and Id. Therefore, in
order to construct a required cosimplicial homotopy it is sufficient to construct a cosimpli-
cial homotopy between the morphisms Ida. X ¢ and Ida. X ¢; where 4, ¢, : Spec(k) — Al
are the morphisms corresponding to the points 0 and 1 of A'. Such a homotopy is given
by the morphisms 6; defined in [14, Def. 2.17, p. 17].

Applying any term-wise functor to p and : we obtain a pair of mutually inverse
simplicial homotopy equivalences. In particular, for any I € Rad(C) and U € C the map

C.(F)(U) = C.(F)(U x A

defined by the projection 1s a homotopy equivalence of simplicial sets and the same ap-
plies to C and C!. Since the class of weak equivalences of simplicial sets is A-closed we
conclude that the first half of the proposition holds.
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For any I € Rad(C) and any n > 0 the morphism F — C,(F) is easily seen to be
an A'-homotopy equivalence (see [16, Lemma 3.7] or [31, Lemma 3.2.2]). Therefore, for
any I € A°?’Rad(C) the morphism F — AC,(F) is in clz(Ga1) and, by Theorem A.20
we conclude that this morphism is in cl;(Gar). Similar argument applies in the two other
contexts. [

1.2. The category Hyi a(Cor(Sm/k)) and the category DM (k)

Let C be an admissible subcategory in Sch/k and R a commutative ring. A (Nis-
nevich) sheaf with transfers of R-modules on C is an object I of Rad(Cor(C, R)) such
that AL (F) is a (pointed) sheaf on Cyi. We let Shvyi(Cor(C, R)) denote the full subcat-
egory of Nisnevich sheaves in Rad(Cor(C, R)). The proof of the following result in the
context of any admissible subcategory C in Sch/ is strictly parallel to their proof in the
context of C = Sm/k (see [31, Th. 3.1.4, Lemma 3.1.2], [2]).

Proposition 1.10. — The inclusion functor 13, : Shvy(Cor(C, R)) — Rad(Cor(C, R))
has a left adjoint a3, such that A" o a3, = anis © A" where axis ts the usual associated sheaf functor:

Corollary 1.11. — The category Shvy;(Cor(C, R)) us Abelan.

Lemma 1.12. — For any X € C the representable radditive functor [ X] € Rad(Cor(C, R))
is a Nusnevich sheaf with transfers.

Let D_(Shvy;(Cor(C, R))) be the derived category of complexes bounded from
the above over Shvy;(Cor(C, R)). Note that a morphism in Cmpl_ (Shvy;(Cor(C, R)))
is a quasi-isomorphism if and only if it is a quasi-isomorphism as a morphism of com-
plexes of Nisnevich sheaves of Abelian groups.

Let N : A°°?Rad(Cor(C, R)) = Cmpl_(Rad(Cor(C, R))) be the normalization
functor. A morphism f/ : X — Y in A°?Rad(Cor(C, R)) is a projective equivalence if
and only if N(f) 1s a quasi-isomorphism and a local equivalence in the Nisnevich topol-
ogy if and only if ag, N(f) is a quasi-isomorphism. Together with Proposition 1.2 this
implies that N defines a functor

Nnis @ Hyi(Gor (G, R)) = D_ (Shvy (Cor (G, R)))
Let
K: Cmpl_(Rad(Cor(C,R))) = A°?Rad(Cor(C, R))

be the right adjoint to N. As for any Abelian category, it takes a complex to the simplicial
object corresponding to the canonical truncation of this complex at level zero. Therefore

the same reasoning as above implies that if / is such that a; (f) is a quasi-isomorphism

is
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then K(f) is a local equivalence in the Nisnevich topology and by Proposition 1.2 an
element of WY,.. We conclude that K defines a functor

Kyis : D—(Shvy; (Cor(G, R))) = Hyis(Cor(C, R))

which is right adjoint to Ny;. In addition, since N is a full embedding the adjunction
Id — KN is an isomorphism and since Ny;; and Ky, are direct descends of N and K the
adjunction Id — Ky;Ny;s 1s an isomorphism. We proved the following result.

Proposition 1.13. — The adjoint functors
N: A°?Rad(Cor(C, R)) — Cmpl_(Rad(Cor(C, R)))
K: Cmpl_(Rad(Cor(C, R))) — A?Rad(Cor(C, R))
descend to adjoint functors
Nuis - Hyis(Cor(C, R)) — D_(Shvyni(Cor(C, R)))
Kxis : D-(Shvyis(Cor(C, R))) = Hyi(Cor(C, R))
The functors N and Nyis are full embeddings and the functors K and Kyis are localizations.

For a class E of morphisms in a triangulated category let cl;(E) denote the (left)
Verdier closure of E i.e. the class of morphisms whose cones belong to the localizing
subcategory generated by cones of morphisms from E.

Define DM®"(C, R) as the localization

DM(C, R) = D_(Shvyi(Cor(C, R))[cly([Gar D) ™]

In the case when C = Sm/k our definition agrees with the standard one by [31,
Prop. 3.2.3] 1.e.

DM (£, R) = DM"(Sm/k, R)

Let WPM be the class of morphisms in Cmpl_(Rad(Cor(C, R))) which become isomor-
phisms in DM¥(C, R). The standard properties of Verdier localization imply that a mor-
phism / in D_ (Shvy;(Cor(C, R))) becomes an isomorphism in DM*¥(C, R) if and only
if it belongs to cl([Gai]). Therefore WPM coincides with the class of morphisms whose
image in D_ (Shvy;(Cor(C, R))) lies in cly([Ga1]).

Proposition 1.14. — One has
NOWS, ) € WP
and therefore N descends to a_functor

Nxisal : Hyiat (Cor(C, R)) = DM?(C, R)
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Proof. — By Proposition A.22 we have

Nproj (W{\r]iS’Al) C Cl\,] (Nproj([GNis]) U Nproj([GAl]))

Since triangulated functors map Verdier closures to Verdier closures it is sufficient
to check that Ny ([Gnis]) and Nyi([Gar]) are contained in  cly([Gal]) in
D_(Shvy; (Cor(C, R))) which is obvious. ]

Theorem 1.13. — Let k be a perfect field and C an admissible subcategory contained in Sm/k.
Then the functor Nx a1 ts a full embedding.

Progf: — Denote by CC, the functor from Cmpl_(Rad(Cor(R, C))) to itself of the

form
CC,(X) = Tot(N(CI™P'(X)))

where C$™ is the functor from complexes to simplicial complexes obtained by applying
CY to a complex X term by term. The normalization of a simplicial complex in the
simplicial direction is a bicomplex of which we take the total complex. This operation
only involves finite direct sums since the bicomplex in question lies in the second and
third quadrants with only finitely many rows lying in the third one.

For an individual radditive functor F the cohomology presheaves of NCU (F) are
homotopy invariant by Proposition 1.9 or by [30, Prop. 3.6]. On the other hand it is easy
to see that if B 1s a bicomplex such that the cohomology presheaves of its rows or columns
are A'-homotopy invariant then the same holds for Tot(B). Therefore the cohomology
presheaves of CC,.(X) are homotopy invariant for any X. Similarly, from Proposition 1.9
and from [31, Lemma 3.2.5] we conclude that for an individual radditive functor F the
morphism F — NCU(F) is in WPM which easily implies that the same holds for any
complex X of such functors.

This reasoning holds for any C and R. If C = Sm/£ or equivalently if C is con-
tained in Sm/k and £ is a perfect field then we know from the second part of [31,
Prop. 3.2.3] that a morphism f € WPM whose source and target are complexes with ho-
motopy invariant cohomology presheaves is a quasi-isomorphism in the Nisnevich topol-
ogy. Therefore CC, takes elements of WP to Nisnevich quasi-isomorphisms and the
functor Ky; o CC,, descends to a functor

RKyi a1 : DM(C, R) — Hyg a1 (Cor(C, R))

The natural transformation Id — CC, provides a construction of a pair of natural trans-
formations Id — RKy; a1 © Nnis.at and Nyga1 o RKyi a1 = Id which form an adjunction.
Up to this point the construction would go through with any other A'-localization functor
instead of CC,. To prove that Ny a1 1s a full embedding we need to show that the first of
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these transformations is an isomorphism. For X € A°?Rad(Cor(C, R)) it is represented
by the composition

(8) X — K(N(X)) = K(CC.(N(X)))) = K(Tot(N(CS™ (N(X)))))

The first morphism is an isomorphism of the Dold-Thom correspondence. We obviously
have

NG (N(X))) = NiowsNeotunns G (X)

and by Eilenberg-Zilber Theorem there is a natural homotopy equivalence of complexes
of the form Tot(N,4wsNeolumnsB) = N(AB) for any bisimplicial object B. Therefore

K(Tot(N(C{™(N(X))))) = K(Tot(NrowsNeotumns G2 (X))
=K(N(AC{ (X)) = AC{(X)

and the morphism (8) is isomorphic to the morphism X — AC{(X) which is a [Ga1]-
local equivalence by Proposition 1.9. Theorem is proved. O

Remark 1.16. — I do not know whether or not the functor Ny; a1 18 a full em-
bedding for a general admissible C. The problem is that the main theorem of [30] is
only known for smooth schemes. On the other hand it should be possible to prove using
general arguments that Ny a1 becomes a full embedding after Hyj a1 1s stabilized with
respect to the simplicial suspension. From this point of view the main theorem of [30]
may be stated by saying that Hy; a1 (Cor(Sm/£)) 1s X-stable.

The following proposition describes the behavior of the functors N relative to the cofiber
sequences in H(Cor(C, R)). For a general definition of a cofiber sequence see [11,
Def. 6.2.7, pp. 156]. Since Cor(C, R) is additive the coaction part of the cofiber sequence
is determined by the boundary map (cf. [11, Rm. 7.1.3, p. 178]) and we will write the
cofiber sequences as X — Y — Z — X'X. Proposition A.18 shows that a sequence of
this form in H(Cor(C, R)) or in any other of the homotopy categories of Cor(C, R) is a
cofiber sequence if and only if it is isomorphic to the image of the sequence defines by a
term-wise coprojection sequence X — Y — Z in A°’Cor(C, R)¥*. Since such coprojec-
tion sequences are exact we get the following result.

Proposition 1.17. — With respect to the natural isomorphisms N(X'(Z)) = N(Z)[1]
the functor Ny a1 maps cofiber sequences i Hyis a1 (Cor(C, R)) o distinguished triangles in
DM(C, R).

We also mention without proof the following result which can be easily deduced from the
proof of Theorem 1.15.
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Proposition 1.18. — If k is a perfect field and C is contained in Sm/k then a sequence of the
form X — Y — Z — TY(Z) in Hxoa1 (Cor(C, R)) is a cofiber sequence if and only if its image
i DM(C, R) is a distinguished triangle.

1.3. Change of the underlying category C

For the purpose of the following discussion let us denote the classes Gy;; and Gyt
in A°’Rad(C) for a given admissible subcategory C by G, and GSI.

Let C, D be two admissible subcategories such that z : G C D. Since 7z commutes
with coproducts it defines a pair of adjoint functors /! : Rad(C) — Rad(D) and i, :
Rad(D) — Rad(C). If we interpret radditive functors as sheaves in the topology defined
by coverings by connected components then ¢ and 4,4 become the usual inverse and
direct image functors for the corresponding continuous map of sites. Note that this map

of sites is not in general a morphism of sites i.e. i**! does not commute with limits.

Proposition 1.19. — The inclusion functor i satisfy the conditions of Theorem A.16 and Propo-
sition A.17(1) relative to the pairs of classes (G, Guy,) and (Gﬁl, GY).

The same holds for the functors 1, : G, — D and 4, : Cor(C, R) — Cor(D, R) relative
Io the pairs of classes ((GSy) 1 (R4, (GS)+, (GR)) and ([GS, 1, [GR.D, (IGS 1, [GR )
respectively.

Therefore we get pairs of adjoint functors (ieaq, Li™%), (iy rads Lz'fd) and (Y rad, Lz'trrad) between
the projective, Nis- and A'-homotopy categories and the left adjoints in these pairs are full embeddings.

Progf- — The condition on the left adjoint functor is obvious in each of the cases.
The condition on the right adjoint in the case of C follows easily from Proposition 1.2 and
Proposition 1.1. In the case of G, and Cor(—, R) it follows from the same propositions
and the fact that the functor which forgets transfers reflect isomorphisms (Proposition 1.5
and Theorem 1.7). O

Corollary 1.20. — The inclusion functor 1 satisfy the conditions of Theorem A.16 and
Proposition A.17(1) relative 1o the pair of classes (G, U GS, GRy U GR)). The same holds for
he functors 1y : C4 — Dy and 1, : Cor(C, R) — Cor(D, R) relative to the pairs of classes
((GS)+ U (GS) 1. (GR)4 U (GR),) and (IS UIGS1, [GR,] U TG ]) respectivey

Therefore we get pairs of adjoint functors (ieaq, Li™®), (i rad, Lz'fd) and (Y vad, Lz'trfd) between
the (Nis, A")-homotopy categories and the left adjoints in these pairs are full embeddings.
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Let us analyze now how the adjoint pairs (Lifd, 4+ raq) and (Litrfd, Ur.rad) are related
to each other. Consider the following diagram

-rad .
U4, rad

Hyis a1 (C1) — Hyisal (D4) e Hyisa (C1)
LA’l LAll LAll
@) Hygoat (Cor(C, R)) —5 Hy a1 (Cor(D, R)) —=25 Hyg 1 (Cor(C, R))
v v v
Hua(C)  —  Haw®o)  —5  Hyw(Cy)

By Corollary 1.20 the compositions of the horizontal arrows are canonically isomorphic
to the corresponding identities. The commutative square

Cy _ D,

All lAl
Cor(C,R) —“ Cor(D,R)

shows that the lower right square of (9) commutes. The upper left square is left adjoint to
the lower right one and therefore it commutes as well. The lower left square is unlikely to
commute. We do not know whether the upper right one commutes in general but there
is the following important partial result. Note that while the previous discussion holds
without change in the context of projective, Nis- and A'-equivalences the theorem below
is only known to be valid for the (Nis, A!)-equivalences.

Theorem 1.21. — Let k be a field with resolution of singularities and C: C Sm/k. Then for
any admussible D which contains G the upper right square of (9) commutes 1.e. one has

LAli+,rad = itr,radLAl'
Progf: — Consider first the case C = Sm/k and D = Sch/£ 1.e. the commutativity
of the square

Z‘Jr.md

Hyia1 ((Sch/k)1)  ——  Hyia ((Sm/k)4)

(10) wl LA{

Ur,rad

Hxisa1 (Cor(Sch/k)) —— Hyjoa (Cor(Sm/k))
We have a natural transformation

(1 1> LAZi+,rad - Z.tr,rad:[-‘jx[



MOTIVIC EILENBERG-MACLANE SPACES 21

arising from the adjunctions and the commutativity of the lower right square of (9) and
we need to show that it is an isomorphism. Consider the square

1 . - d . Z .
LA Z+,rad:[-‘lf|_a lfrad — LA Ut rad

a2 ! l

. l . d . . [
Ur,rad LA LZT U4 rad — Ur,rad LA

where the vertical arrows come from (11) and the horizontal ones from the adjunction
L7, 00— 1d.

We need to prove that the right vertical arrow is an isomorphism. We will do it by showing
that the other three arrows are isomorphisms.
By Corollary 1.20 the functors L™ and Lg*? are full embeddings and therefore

the canonical morphisms

. . wrad -
(13> U4 rad — U4 rad LZ+ Ly rad
and

. . wad -
(14> Ur,rad - Ur,rad thr Ur,rad

are isomorphisms. We conclude that the upper horizontal arrow in (12) is an isomorphism
and exchanging LA’ and L™ by commutativity of the upper left square of the main
diagram that the left vertical arrow is an isomorphism. It remains to show that under our
assumptions the lower horizontal arrow is an isomorphism. It follows from Lemmas 1.22—

1.25.

Lemma 1.22. — In the diagram of projective homotopy categories similar to (9) which is defined

by the commutative square of functors
c — D
(*)+l l(*)+

all four squares commute. The same holds for the diagrams of homotopy categories of all other types which
we consider.

Progf: — Straightforward using the identification of radditive functors on C, and
D with pointed radditive functors on C and D respectively. O
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Lemma 1.23. — Let k be a field with resolution of singularities, then the morphism
Ly g (F) = &9 ALy iy g (F) = 879, poa(F) — F

us a local equivalence in the cdh-topology for any ¥ in A°°’Rad((Sch/k) ).

Proof. — It is clearly sufficient to show that 7™ takes projective equivalences to
local equivalences in the cdh-topology. Since the forgetting functor from the pointed
to non-pointed context reflects local equivalences in the cdh-topology and in view
of Lemma 1.22 it is sufficient to prove that ! takes projective equivalences in
A°’Rad(Sm/k) to cdh-local equivalences in A°°’Rad(Sch/k).

Recall from [39] that Sm/k can be equipped with scdh-topology such that the
natural functor Sm/k — Sch/k defines a continuous map of sites

7 2 (Sch/k)can — (Sm/E)sean

and that when £ admits resolution of singularities 7 is a morphism of sites and therefore
7* respects the local equivalences of simplicial sheaves. On the other hand the raddi-
tive functors can be interpreted as sheaves on the sites (Sch/k)on and (Sm/%).o, whose
topology is generated by coverings by connected components. Let a,q, be the associ-
ated sheaf functor from Rad(Sm/%) to Shv((Sm/£)sqn and a.qn be the associated sheaf
functor from Rad(Sch/%) to Shv((Sch/£)qn. These functors may be considered as the
inverse image functors for the obvious morphisms of sites (Sm/£)scan — (Sm/£)con and

(Sch/k)can — (Sch/k)con. Therefore
dcdhimd = 7" tyean

and since 7r is a morphism of sites we conclude that a.q,"" takes projective equivalences
1.e. local equivalences in the con-topology to local equivalences in the cdh-topology. [J

Lemma1.24. — Let f : X — Y be a morphism in AP (Sch/k)¥ which is a local equivalence
in the cdh-topology. Then A'(f) is a local equivalence in the cdh-topology.

Proof.— By [39] the class of local equivalences in the cdh-topology on A°P(Sch/k)#
1s clx ((Wnis) + U (Wieq)+) where W 1s defined in the same way as Wy but with respect
to the lower distinguished squares (i.e. abstract blow-up squares). The functor A’ obvi-
ously takes A-closures to A-closures and therefore it is sufficient to verify that both for
upper and for lower distinguished Q) the morphism [Kq] — [X] is an equivalence in the
cdh-topology. For upper distinguished ones we know it from the proof of Theorem 1.7.
By the same argument the condition that [Kg] — [X] is a local equivalence in the cdh-
topology for a lower distinguished square Q) is equivalent to the condition that for such a
square the sequence of cdh-sheaves of Abelian groups

0 — acan[B] = acan[A] @ dean[ Y] — aean[X] — 0
is exact in the cdh-topology. This is the statement of [26, Prop. 4.3.3]. O
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Lemma 1.25. — Let k be a field with resolution of singularities and | : X — Y be
a local equivalence in the cdh-topology in A°°’Rad(Cor(Sm/k)). Then the image of [ n
Hyis.a1 (Cor(Sm/k)) s an isomorphism.

Proof. — By Theorem 1.15 it is sufficient to check that the corresponding morphism
is an isomorphism in DM, Tt follows from [5, Theorem 5.5(2)]. O

This finishes the proof of Theorem 1.21 for C = Sm/k and D = Sch/k. Changing Sm/%
to an admissible subcategory G does not change, up to an equivalence, the categories of
Nisnevich sheaves and therefore does not change the categories involved in the statement
of the theorem. For an admissible subcategory j : D C Sch/k which contains C consider
the diagram

rad .
L]T J+,rad
RN

H'(Dy) —— H((Sch/h)+)

i+ ,rad

H'(D4) H'(Cy)

(15> LA/l LA’l LA‘l LA’l

rad .
L Jtr,rad

H'(Dy) —% 5 H/(Cor(Sch/k))

Ur,rad

H'(Cor(D, R)) H'(Cor(C, R))

where we write H' instead of Hyj a1 to shorten the notation. Let Sy, Sy and S; be the
squares of the diagram. The rectangle SoS5 commutes by the previous remark. The
square S; commutes since it consists of two left adjoints. Therefore the ambient rec-
tangle S;S9S5 commutes. On the other hand it is equivalent to Ss since by Corollary 1.20
the compositions jhmdLjfd and jtr,mdLjfd are naturally isomorphic to the corresponding
identities.' U

2. Symmetric powers

2.1. Generalized symmetric powers on Hyis 4 (Co)

In this section we assume that the underlying category C is f-admissible i.e. it
is admissible and categorical quotients exist for all finite group actions. For examples of
such categories see Appendix A.1. We will often use the following property of finite group
quotients.

Lemma 2.1. — Let X, X' be schemes of finite type over a field k and let G — Aut(X),
G' — Aut(G) be actions on X and X' by finite groups G, G such that the categorical quotients X /G
and X' |G exist. Then X/ G x X' /G’ s the categorical quotient of X x X' by the product action of
G x G

! T would like to thank one of the referees for this argument.
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Proof. — The quotients with respect to finite group actions commute with flat base
changes. Therefore one has:

(X/G) x (X'/G) = X x (X'/G))/G x {¢}
=X x X/} xG)/Gx{=XxX)/GxG O
Let ® = (G, ¢ : G — S,) be a permutation group i.e. a group together with an embed-

ding into the symmetric group. Consider the functor S® (resp. S®) from C, to itself of the
form

X4 = (X6

(resp. of the form X, + (X;)V/G = (X"/G); ). Let @, = (G, ¢, : G; = S,,), 1=1,2
be two permutation groups. Define their wreath product ®, * ®, as follows. Let {n} =
{1,...,n}. The direct power G} acts on {n;} X {ny} in the obvious way. Consider the
action of Gy on the same set which is the product of the action defined by ¢, on {n,} and

the trivial action on {n,}. Let ¢ : G — S,,,, be the subgroup generated by the images of
G} and Gy. We set

P, xPy=(G,90:G—S,,,,)

(One can see that G is the semi-direct product of G}* and Gy with respect to the obvious
action of the later on the former.) Lemma 2.1 easily implies the following result.

Proposition 2.2. — For any @, and ®q as above there are isomorphisms of functors

<16> S(Dl*(bQ — S(bg o Sfbl
and
(17) §or®2 = §%2 o §*

Define @, x &, by the formula
CI)l X q)2 = (Gl X GQ’ ¢ : Gl X GQ - Sn1+712)

where ¢ is the composition of ¢; X ¢, with the obvious embedding S, x S,, — S, 1,,.
We have another straightforward result.

Proposition 2.3. — For any @, and ©y as above there are isomorphisms of functors

(18) SPIP2 — g1 5 g

(19) SPrx®2 — §®1 A §%2,
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Consider now the radditive extensions
s®rad: Rad(C,) — Rad(C,)
S®rd: Rad(C,) — Rad(C.)

of S® and S®. The isomorphisms of Propositions 2.2 and 2.3 extend immediately to
these functors. To simplify the notation we will usually write S® and S® instead of S®rad
and S As all radditive extensions these functors commute with filtering colimits and
reflexive coequalizers. The behavior of these functors with respect to finite coproducts
corresponds to their behavior with respect to finite coproducts of schemes. For the case
of ordinary symmetric products see Proposition 2.15 below. Proposition 2.12 gives an
important example of how S® behaves with respect to colimits of another type.

The main result which allows us to extend the symmetric powers functors to differ-
ent homotopy categories is Theorem 2.5 below. The machinery needed for the proof of
this theorem was developed in [3]. The proofs there are given in the case when C = QP/k
is the category of quasi-projective schemes over £ but they are applicable without any
modification to any f-admissible category C. Let a; ni be the functor of associated sheaf
from Rad(C_) to Shv, (Cxi).

Defination 2.4. — An object I of Rad(C.) is called solid if there exists a filtration
p=F,C¥ C---CF,=F such that for each : =0,...,m — | there exist an open
embedding U; C X in C and an isomorphism

a4 Nis (Fipr /) = A+ Nis (Xi/U))

An object is called ind-solid if it is a filtered colimit of solid objects. A simplicial object is
called (ind-)solid if its terms are (ind-)solid.

Note in particular that according to this definition objects of A°?C, are solid and objects
of A°?C¥ are ind-solid. Note also that the object of Rad(C_) represented by a pointed
scheme (X, x) 1s not ind-solid unless the distinguished point is disjoint. In view of [3,
Prop. 35 (Prop. 4.1.7 in the preprint version)] a radditive functor I on C; i1s (ind-)solid
if and only if a; ni(F) 1s (ind-)solid in the sense of [3, Def. 7 (Def. 4.1.5 in the preprint
version)|.

Theorem 2.5. — Let ® = (G, ¢ : G — S,) be a permutation group. Then one has:

1. of X 15 an (ind-)solid object of A°°’Rad(C.) the S‘D(X) and S®(X) are (ind-)solid
objects of A°°’Rad(Cy.),

2. if f: X — Y is a Nis- (resp. an (Nis, A")-) equivalence between ind-solid objects in
A°PRad(C,) then Sq’(f ) and S®(f) are Nis- (resp. (Nis, A")-) equivalences. In partic-
ular, for an ind-solid ¥ the obvious morphisms

S®(L.(F)) — S®(F)
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S?(L(F)) — S*(F)
are Nis-equivalences.

Progf.— Let C/G be the category of G-objects in C. Denote by P® : C; — (C/G),
the functor which maps X to (X;)" with the permutational action of G defined by ¢
and by P? the functor which maps X, to (X;)V = (X"),.

Let further Quot, : (C/G)+ — C4 be the functor of the form X, = (X/G);.
Then S® = Quot o P® and S® = Quotg o S®.

Define classes (Ga1)+ and (Gyi) 4+ iIn APRad((C/G)4) in exactly the same way as
we have defined these classes for G = {¢} in Section 1.1 (see also 3, p. 389]). Also define
the notion of solid and ind-solid object in A°°Rad((C/G),) in exactly the same way as
we have done for G = {¢}. Theorem 2.5 now follows from Propositions 2.6-2.10. ]

Proposition 2.6. — A morplusm [ in A°’Rad((C/G);) belongs to cl;((Gnis)+)
(resp. to cl;((Gnis) U (Ga1)y)) if and only if ay xis(f) is a local (resp. Al-) equivalence in
AP (Shy, (C/G)xi)) in the sense of [3].

Progf: — Modulo the obvious analog of Proposition 1.1 for (C/G) . this proposition
is essentially equivalent to [3, Th. 5 (Th. 3.6.1 in the preprint version)]. 0

Proposition 2.7. — The radditive extensions of the functors P® and P® take (ind-)solid objects
to (ind-)solid objects.

Progf: — Let Iy be the object of C/G which is the union of 7 copies of Spec(k)
with the permutational action of G defined by ¢. In [3] we denoted by (—)' the functor
which takes a pointed sheaf F on (C/G)y to the pointed sheaf Hom(I, F) and by (—)"!
a reduced version of this functor. One verifies immediately that the functor a, y;(P®)™¢
is naturally isomorphic to (—)" o a; i and ay i (IN’CI’)rad is naturally isomorphic to (—)" o
a4+ Nis- The proposition now follows from [3, Th. 7 (Th. 5.2.3 in the preprint version)] in

the case of P® and from [3, Prop. 47 (Prop. 5.2.9 in the preprint version)] in the case
of P O

Proposition 2.8. — Let [ : X — Y be a Nis- (resp. (Nis, A'")-) equivalence between ind-solid
objects of APRad(C.y). Then (P®)4(f) and (P®)™(f) are Nis- (resp. (Nis, A')-) equivalences
m A’Rad((C/G)4).

Progf. — The statement for P® follows from [3, Prop. 48 (Prop. 5.2.11 in the
preprint version)]. The statement for P® follows by the same argument. UJ

Proposition 2.9. — The radditive extensions of the functor Quot,, takes (ind-)solid objects to
(ind-)solid objects.
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Progf. — The functor a; x;;Quoti:? is naturally isomorphic to the functor 1y za; xi
where 1, 4 1s the pointed analog of the functor ng : Shv((C/G)xi) = Shv(Cy;s) defined
in [3]. It is shows in [3] that ng is a left adjoint and in particular that it commutes with
colimits. Therefore the same the same is true for a+,NisQuot8d and the statement of the

proposition follows from the definition of (ind-)solid objects. U

Proposition 2.10. — Let f : X — Y be a Nis- (resp. (Nis, A")-) equivalence between ind-
solid objects of A’Rad((C/G)4). Then Quotgd(f ) is a Nis- (resp. (Nis, A')-) equivalence in
A°PRad(C,).

Proof. — It follows from [3, Prop. 45 (Prop. 5.1.4 in the preprint version)| through
the 1dentification a+,NiSQuotg(l = N4 %04 Nis- ]

As an immediate corollary from Theorem 2.5 we get the following result.
Corollary 2.11. — For any ® = (G, ¢ : G = S,) there are unique (up to a canonical

isomorphism) functors LS® and LS® on the Nis- and (Nis, A)-homotopy categories which are deter-
muned by the conditions that the squares

O gq) O O S¢ O
A PCf‘r —_— A pCﬁf A pCﬁ —_— A pCﬁ
LS® Ls®
Hyis a1 (C1) —— Hyioat (C4) Hyia1 (C1) —— Hyiat (C4)

and therr analogs for the Nis-local categories, commute. In addition, for any ind-sohd object ¥ wn
A°PRad(C.) one has LS®(F) = S®(F) and LS®(F) = S®(F) in both Nis- and (A', Nis)-
homotopy categores.

For a closed subset 7Z of X we let SQ(XJF) — S¢(Z+) denote the open subscheme in
S?(X,) = (X"/G),; whose complement is the image of Z" C X" under the canonical
map from X".

Proposition 2.12. — Let 7. be a closed subset of X. Consider X/(X — Z) as a radditive
Sunctor on Cy. and let ax;s be the functor of associated Nisnevich sheaf- Then one has

ay xiST X/ (X = 7)) = ap xie SP (X)) /(S* (X)) — S®(Z))).
Progf: — As in the proof of Proposition 2.7 observe that aJﬁNng‘D =144 (—)"ay N

Therefore the statement of our proposition follows from [3, Example 8 (Example 5.2.8
in the preprint version)] and the fact that 4 » commutes with colimits. U
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Example 2.13. — Let us consider the statement of Proposition 2.12 for S® = S?
being the usual symmetric square. The pointed object X/(X — Z) 1s the coequalizer of
the reflexive pair X, v (X — Z), = X, where the first arrow is identity on X, and the
inclusion on (X — Z), and the second arrow is the identity on X, and the projection of
(X —Z), to the distinguished point. Applying to this equalizer the functor S* we see that
S*(X/(X — 7)) is the coequalizer of the pair

(STX), V(X x (X = 7))y V (S2(X = 7)), = 82X,

and looking at the maps we conclude that it is defined by the push-out square of the form

Xx(X—Z)US2(X~-7) —> $2X
Spec(k) — > SXX/(X—2))

The statement of the proposition is valid in this case because the map X x (X —72) I
S’ (X — Z) - S*X — S$?Z is a Nisnevich covering. To see this consider the subset of
the source at which the map is etale. It is of the form (X x (X —Z2) — AX —-Z2)) I
S*(X — Z) and the restriction of the map to this subset is easily seen as arising from the
upper distinguished square

X-Z)xX-7)—AX—-7) —> Xx(X—-7)—AX~-7)

! !

S2(X — 7) SN $2X — S?7

However this is not a covering in the con-topology or even in the Zariski topology which
make it necessary to use the Nisnevich associated sheaf functor in Proposition 2.12.

As was noted above the radditive functor on C represented by a pointed scheme (X, x)
1s not solid unless « 1s a disjoint base point. To extend the computations of derived sym-
metric powers to such objects we need the following results.

Proposition 2.14. — Let ® = (G, @) be a permutation group and (X, x) an object of
A°PRad(C. ) represented by a pointed object of A°PC#. Then the morphism

SP(AL((X, 1)) = ST((X, %)
is a projective equivalence and S® (X, x)) = (X"/G, x").
Proof. — It 1s clearly sufficient to verify the proposition for (X, x) being a pointed
object of C. Consider the pair of adjoint functors
(=) :CF > C¥
¢:CT —C”



MOTIVIC EILENBERG-MACLANE SPACES 29

where ¢ is the functor which forgets the distinguished point. Let F = (=) o ¢ be the cor-
responding cocomplete-triple. Then F((X, x)) = X,. Since ¢ reflects projective equiva-
lences and ¢ I = (—) LI pt respects projective equivalences, I respects projective equiva-
lences and in particular

FL.((X, x)) = F((X, x))

is a projective equivalence between objects of A°PC¥.
The natural isomorphisms (—)" = ((—)4)"" define functor isomorphisms

(20) F($® (=) =S*(F(-))
Therefore we have a commutative square

FS®L,((X,x)) ——> S®FL.((X, x))

l !

FS®((X,r) —— S®F((X,x)

in which the horizontal arrows are isomorphisms and the right vertical arrow is a projec-
tive equivalence by Proposition A.13(2). We conclude that FS®L,((X, x)) — FS®((X, x))
1s a projective equivalence.

Since Rad(C,) = Rad(C),, one verifies easily that for any X € Rad(C;) the map
from the simplicial object F,(X) = (F°*Y(X)),>, defined by the cocomplete-triple F to
X is a projective equivalence. Since F maps projective equivalences to projective equiv-
alences this implies that a morphism f : X — Y in A°°Rad(C;) is a projective equiva-
lence if and only if F(f) = (¢f); is a projective equivalence which finishes the proof of
the proposition.

The fact that S®((X, x)) = (X"/G, x") follows casily from the isomorphism (20). [J

In the case of the ordinary symmetric products associated with the permutation
group (S,, Id) we will use the simplified notations S” and S”. For small values of n one has

S'(X4) = pt Xy =5
SI(X4) =X, SI(X,) =X,
SUXy) = (X%/Sy)s VX, SA(Xy) = (XP/So)s

Proposition 2.15. — For any n > 0 there is a_famuly of natural in X, Y € A°’Rad(C.)
wsomorphisms

(21) SXvY)=\/ EXASTY).

n>1>0
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Proof. — The left hand side of (21) is the value on (X, Y) of the simplicial exten-
sion of the radditive extension of the functor G, x C, — C, of the form (U, V,)
g”(UJr V V), the right hand side 1s the value on (X,Y) of the simplicial extension of the
radditive extension of the functor (U, Vi) > \/,_,_ (S'(Uy) A S"7/(U,)). These two
functors from C; x C, to C; are isomorphic due to the formula

Onvy/s, =[] U/Ssixvi/s,.).
n>1>0
Therefore their radditive extensions and then simplicial extensions of radditive extensions

are 1somorphic as well. 0J

Since radditive extensions commute with filtered colimits Proposition 2.15 immediately
implies the following result.

Corollary 2.16. — Let (Xy)aea be a family of objects in A°?Rad(C..). Then one has

s(\/ X) = Vo X, A ASEX,).

aEA kroey 4+ ko, €STA

where S"A s the n-th symmetric power of the set A, ky 4 - -+ k, =nand o\, ..., a,, are parrwise
distinct.

Consider a coprojection sequence X 5y Zin Rad(Cy). Let us say that a
morphism / : A — B in a category has a strict image if the image of the morphism
of representable functors defined by / is representable i.e. if there exists a factorization
A — Im(f) — B of / where the first morphism is a split epimorphism and the second
one 1s a monomorphism.

Lemma 2.17. — Let f : X — Y be a coprojection in Rad(C..). Then the composition
V &0 A8 (v) - S v y) T S()

n>a>1

has a strict image which we denote by S% (X, Y) — S”(Y). A chowe of 1: 7. — Y such that f V1 :
XV Z — Y s an isomorphism defines an isomorphism

LX) =\ (X)) AS(2))

n>a>1

over " (Y).



MOTIVIC EILENBERG-MACLANE SPACES 31

Proof. — Let us choose ¢: Z — Y such that / VvV i: XV Z — Y is an isomorphism.
We get a commutative square

Vi X)) AS™4(Z)) —— S'(XVZ) — §(Y)

l l I

Voo (87X AS4(Y)) —— S(XVY) — S (V)
To finish the proof it remains to construct for each j > 7 a morphism

S(X) A S(Y) - \/ (§“X) AS™4Z))

n>a>i

such that the diagram
S(X) A S™(Y) — SYY)

l I

V o (8°(X) A S4(2)) —— §(Y)

l I

\/nzazi(ga(x) AS(Y)) —— SU(Y)
commutes. We define this morphism as the composition

SX)AS(Y) ZIX)AST(XVZ)
=\ X ASX) ASTH(2))

n—j>k>0
= \/ X AS@2) = \/ (X)) AS2))
n>a>j n>a=i
where a =k +. U

By construction we obtain a sequence of morphisms
S'X)=8.,(X,Y) —> - S, (X, Y) = SL,(X, Y) = S'(Y)

As a corollary of the second statement of Lemma 2.17 we see that the morphisms
SL.XY) - SLXY)

are coprojections. The following result identifies the cofibers of these coprojections.
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y Lemma 2.18. — For any coprojection sequence X — Y — Z there are natural morphisms
SLX,Y) — S{(X) A S"U(Z) such that the sequences

gﬂziﬂ(x» Y) — S"Zi(X, Y) = S'(X) AS"(Z)
are coprojection sequences.

Progf. — Note first that it 1s clear from Lemma 2.17 that a choice of 1: Z — Y
defines a coprojection sequence of the required form. The point of the lemma is to show
that this sequence is independent on the choice of :.

To do so let us show that the obvious morphism

(22) \/ B'X) A5 (V) - S'(X) A8 (2)
factors through the projection

(23) \/ ') AS(Y) > SLX.Y)

n>a>1

The proof of Lemma 2.17 implies easily that this projection identifies S’é (X, Y) with the
image of the projector on the left hand side of (23) of the form

V EAS )y =/ SXASTIX) AT @)

n>a>i n>a>in—a>j>0

N \/ S'X) A SH(Y)

n>b>1

which maps S“X) A ST (X) A S(Z) to S (X) A S/(Y) The Composmons of both the
identity and this projector with (22) are zero on the summands Se X)A Spay X) A S’(Z)
with j # n — ¢ and coincide with the canonical isomorphisms

FX) ASX) AS(Z) > §X) AS(Z)

on the only summand with j = n—¢. Therefore (22) factors through (23). The fact that the
resulting morphism extends the morphism S, | (X,Y) — SL,(X,Y) to a coprojection
sequence 1s straightforward. U

For 0 < a < b < n define objects S” 25X, Y) by the coprojection sequences
SL,XY) - SL X, Y) - S, (X, Y)

Summarizing the previous discussion and extending it to simplicial objects we get the
following theorem which described the behavior of S" with respect to coprojection se-
quences.
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Theorem 2.19. — Any term-wise coprojection sequence
X=>Y—>7Z

m APRad(C.) defines in a natural way a collection of objects SZ (X Y) for 0 < a < b < n, natural
isomorphisms

Sp,(X,Y) =S"(Y)
and forany a=0, ..., n
S' (X, Y)=8"X) AS"(Z)
and for any 0 < a < b < ¢ < n coprojection sequences
(24) S X Y)—> 8 X, Y)—> S, X Y)

The following corollary describes a particularly useful in applications tower of coprojec-
tion sequences of the form (24).

Corollary 2.20. — Under the assumptions of the theorem there is a tower of coprojection sequences

of the form
S"X) — S"(Y) > S, (X, Y)
SX)AS(2Z) - S, X Y) =S (X,Y) i=n—1,...,2
XASTZ— S5 (XY) = S'(2)
Proof. — These are coprojection sequences (24) fora=0and c= b+ 1. U

Using Proposition A.18 one can easily reformulate an analog of Theorem 2.19 and
Corollary 2.20 for cofiber sequences in any of the homotopy categories of C which
we have considered.

The following lemma is straightforward.

Lemma 2.21. — For any n > 0 there is a family of natural in X € C.y coprojection sequences
(25) S 1(X) > $"(X) = S(X).

As a corollary of the fact that the isomorphisms and sequences of the lemmas are natural
we conclude that they extends to objects of C7 and further to objects of APC¥.
We let S*°(X) denote the colimit of the sequence

$'(—) = S' (=) > S* (=) > -+
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n Ci. Note that for X € C one has

sexo = ([[xs.) =V
n>1

n>1

however his decomposition is natural only for morphisms of the form f; where f is a
morphism in C and not for general morphisms in Cy.
We will also consider the functors S*°[1/d] for integers > 0 defined by the for-

mula
S®[1/d](X) = colim(S®(X) =% $*(X) 2% ...)
where xd is the multiplication by ¢ map with respect to the Abelian monoid structure
of S*°.
Lemma 2.22. — For any X, Y € C¥ there is a natural isomorphism

(26) S®[1/d1(X V'Y) = S®[1/d](X) x S®[1/d](Y).

Proof. — The maps X VY — X and X VY — Y define the map from the left
to the right hand side of (26). To verify that it is an isomorphism we may assume that
X=U;andY =V, for U,V € C. The case d = 1 follows then immediately from Propo-
sition 2.15. The case d > 1 follows from the case d =1 and the fact that finite products
commute with filtered colimits. 0J

Corollary 2.11 together with the fact that (Nis, A')-equivalences are closed under filtered
colimits implies the following result.

Corollary 2.23. — For any d > O there are unique functors LS*[1/d] on the Nis- and
(Nis, A")-homotopy categories which are determined by the conditions that the square

S°°[1/d
AOPCﬁ L”, AOpCi
LS*[1/d)

Hyisat(Gy) — Hyioar(Gy)
and its analog for the Nis-local category, commute. In addition, for any ind-solid object ¥ in
A°PRad(Cy) one has LS®[1/d](F) = S®[1/d](F) in both Nis- and (A", Nis)-homotopy cat-
egories.

Remark 2.24. — Proposition 2.14 shows that if (X, x) is a radditive functor rep-
resented by a pointed scheme then S*((X, x)) is ind-represented by the usual infinite
symmetric power colim;>,S"((X, x)) and the morphism LS*((X, x)) — S®((X, x)) is in
this case a projective equivalence.
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2.2. Generalized symmetric powers on Hyi a(Cor(C, R))

We continue to assume that the underlying category C is_f-admissible. Set

1 if char(k) =0
char(k) otherwise

c=c(k)={

The number ¢(£) is sometimes called the characteristic exponent of 4. In what follows we
assume that ¢ is invertible in our ring of coeflicients R. We start with the following result.

Proposition 2.25. — Let X, Y € C and let G be a finite group acting on X. Then
HomCor(C,R)([X/ G, [Y]) = Homcor(c,R)([X], [Y])G
e. [X/G] s the categorical quotient for the action of G on [X].

Progf: — It follows from the fact that the functor represented by [Y] on Sch/k is
a gth-sheaf by [26, Proposition 4.2.7] and that for gth-sheaves I one has F(X/G) =
F(X)¢. O

Proposition 2.26. — For any permutation group ® = (G, ¢ : G — S,) there exist a unique
(up to a canonical isomorphism) functor Sg: : Cor(C, R) = Cor(C, R) such that the square

Sd)

v I

[
Cor(C,R) L Cor(C,R)

commute.
Progf. — In view of Proposition 2.25 we may define S by the rule
S*(Xy) =[X1*"/G.
One verifies easily that the required squares commute. UJ

Remark 2.27. — One can also define functors on Cor(C, R) corresponding to the
un-reduced symmetric powers S®. However, some of the important natural transforma-
tions between these functors on C, do not extend to natural transformation over Cor. For
example, the embeddings S"(X) — S"!(X) are not natural with respect to morphisms
in Cor which can be seen by looking at the morphism 4 - Id : [X] — [X] for d > 1.

Let @ be as above, 7 : H — G a subgroup of G and ¥ the permutation group (H, ¥ =
¢ o1). Assume for a moment that H is normal in G and consider finite correspondences
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with coefficients in a commutative ring R such that = [G : H] is invertible in R. Then
for any X in Rad(Cor(C, R)) there is an action of G/H on S (X) and it is more or less
obvious that S?(X) is the direct summand of G/H-invariants in S}/ (X). We will need an
analog of this observation in the case when H is not necessarily normal in G.

For any g € G let W, be the permutation group corresponding to the subgroup

H N gHg™! of G. Then for any X in Cor(C, R) there are two morphisms
018w (X) = SY(X)
/S (X) = S¥(X)

where
p: X"/ HNgHs ) — X®/H

is the projection and ' is the map whose composition with X®" — X®"/(H N gHg™") is
x = gx followed by the projection.

Theorem 2.28. — Let d =[G : H] be invertible in the ring of coefficients R. Then_for any X
in Cor(C, R) there is a split cocomplete-equalizer sequence:

P s (X) = S¥X) - STX)

2eG

where the two arrows are given by p and p' on each summand.

Progf- — In view of Proposition 2.25 the theorem is a particular case of Proposi-
tion A.10. UJ

Corollary 2.29. — Under the assumptions of the theorem assume in addition that H is normal
in G. Then

Se(X) = (S (X))

ie. SP(X) is the image of the projector d™" Y, ., /1 U acting on SE(X).

As in the case of the symmetric power functors on C, we will write S® instead
of (S¥)™! for the radditive extensions of these functors. Note that Theorem 2.28 and
Corollary 2.29 immediately extend to the functors S® on Rad(Cor(C, R)) and further
on A°°’Rad(Cor(C, R)).

Remark 2.30. — Note however, that the definition of Sfb (X) as the categorical

r

quotient of X®" by the permutational action of G extends to Cor(C, R)* but not to
Rad(Cor(C, R)). Even for X € Cor(C, R), the quotient ST (X) is not the quotient of the
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radditive functor X®" by the action of G in Rad(Cor(C, R)). The later exists and maps
to S?(X) but this map is almost never an isomorphism or even an (Nis, A')-equivalence

unless the projection X®" — S (X) splits.

Theorem 2.31. — For any R such that ¢(k) is invertible in R and any ® = (G, ¢ : G — S,)
the functors Sg’ take Nis- (resp. (Nis, A')-) equivalences between objects of A°°Cor(C, R)¥ to Nis-
(resp. (Nis, A")-) equivalences. Therefore, there are unique functors LS?; on the Nis- and (Nis, A')-
homotopy categories which are determined by the conditions that the squares

P

APCor(C,R)* —"%  A®Cor(C,R)*

! l

ol

Has a1 (Cor(C, R)) —> Higs a1 (Cor(C, R))
and their analogs for the Nis-local categories, commule.
Proof. — Let X,Y be objects of A°®?Cor(C,R)* and f: X — Y be a Nis-
equivalence. Then by Theorem A.20 we have /€ clz ([Gnis]). As any radditive extension,

the functor S:Ir’ takes A-closures to A-closures. On the other hand [Gri] = A' ((GNis) 1)
and

St (A'((Gxi) ) = A'S”((Gri) 1)) C A' (el ((Gri)4) N APCE)

C cLi((Gnis)+)
where the equality holds by Proposition 2.26, the first inclusion by Theorem 2.5 and the

second inclusion by Theorem 1.7. The same argument applies to the case of (Nis, A')-
equivalences. UJ

Let us consider now in more detail the case of ordinary symmetric powers S;.
Generalizing a particular case of Corollary 2.29 to radditive functors we get:

Lemma 2.32. — Let n be an integer and R be a ring where n! is invertible. Then_for any X in
A°PRad(Cor(C, R)) the obvious morphism X®" — S! (X) defines an isomorphism between S!' (X)
and the image of the projector (1/n!) Y s o on X®".

Proposition 2.33. — Let n be an integer; | a prime and n ="y n;l' the [-primary decomposition
of n. Let further R be an [-local ring (i.e. a ring where all primes but | are invertible). Then for any X
i A°PRad(Cor(C, R)) there is a split epimorphism

(27) Pui s ®i((S” (XN — S(X)

such that both p, ; and its section are natural in X.
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Proof. — Denote temporarily by ®, the permutation group (S;, Id). For a sequence
of non-negative integers ¢ = (¢1, . . ., ¢;) consider the permutation group

CD/,Z = H(q)}ki)Xqi = (Gl,zy (b[,g . Gl,g - Sn)

where n=>" ¢;[".

By Propositions 2.2 and 2.3 the left hand side of (27) is canonically isomorphic to
gq’(X) where ® = &, ,(X) for n= (no, ..., n;,...). The morphism p,; is associated with
the embedding G, , — S,. Using the fact that n is the /-primary decomposition of 7 and
computing how many times / divides n! one concludes that [S, : G;,] is prime to / and
therefore invertible in R. Our result follows now from Theorem 2.28. 0

Proposition 2.34. — For any n > 0 there is a natural in X, Y € A°®Rad(Cor(C, R))
Jamily of isomorphisms of the form

SLX@Y) =S, (X) @S, (Y)

>0

Proof. — The same reasoning as in the proof of Proposition 2.15 shows that it is
sufficient to consider the case when X, Y € Cor(C, R). Then we have morphisms

SILX)®SE(Y) > SLX DY)

tr

which are obvious from the definition of S! as (—)®/S;. These morphisms are clearly
natural in X and Y. On the other hand they are compatible with the morphisms which
define the isomorphism of Proposition 2.15 and therefore their sum gives an isomor-

phism. O
Corollary 2.35. — Let (Xy)qen be a family of objects in A°°’Rad(Cor(C, R)). Then one
has
s(@x)- B  sxe-wesx,
aeA kroey 4 ko, €STA
where S"A s the n-th symmetric power of the set A, ky + -+ -+ k, =nand ay, . .., o, are pairwise
distinct.

By exactly the same reasoning as in the proof of Theorem 2.19 we get the following
results.

Theorem 2.36. — Any term-wise coprojection sequence

X—->Y—>7Z
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m A°’Rad(Cor(C, R)) defines in a natural way a collection of objects S,

b < n, natural isomorphisms

X,Y) for 0 <a =<

tr,a,b

X, Y) =5.(Y)

trOn

and forany a=20, ..., n

S?l

tr,a,a

X, Y) =S5{(X) ® S ()
and for any 0 < a < b < ¢ < n coprojection sequences

(28) St (X Y) = S (X Y) = S, (X, Y)

tr,a,c tr,a,b

The following corollary describes a particularly useful in applications tower of coprojec-
tion sequences of the form (24).

Corollary 2.37. — Under the assumptions of the theorem there is a tower of coprojection sequences

of the form

SeX) = Sp(Y) = 8,1 (X, Y)
SL(X) ® S~ (Z)—)StrOZ(XY)—>StrolI(X,Y) t=n—1,...,2

XQS'7Z— Sk, (X, Y) = SL(Z)
Progf: — These are coprojection sequences (28) for a =0 and ¢ = b+ 1. U

Using Proposition A.18 one can easily reformulate an analog of Theorem 2.36
and Corollary 2.37 for cofiber sequences in any of the homotopy categories of Cor(C, R)
which we have considered. Below we do it in the case of Hy; a1 (Cor(C, R)).

Proposition 2.38. — For any n > 0 and any cofiber sequence
X->Y—>Z->3%'X

in Hyis a1 (Cor (G, R)) there are objects LS. | (X, Y) such that for 0 < a < n one has

tr,a,b

LS, ,.(X,Y) =LS; X ®L LS Y,
and
LS ,,(X,Y)=LS\Y,

and cofiber sequences

(29) LS’

trk+1,

(X,Y) - LS, (X,Y) > LS., (X,Y) > ='LS/

tr,myj trk+1y

X, Y).
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Corollary 2.39. — Under the assumptions of the proposition there is a tower of cofiber sequences

LS/ X - LS'Y - LS., ,(X,Y) > Z'LS'X

tr,0,n—1

LS, X @ LS "Z— LS, , ,(X,Y) > LS ;.. (X,Y)
— SNLS X ®L LS Z) fori=n—1,...,2
X @LLS""'Z - LS (X,Y) - LS"Z - ='(X @, LS""'7)

T tr,0, tr
The usual problems with the lifting of morphisms of cofiber sequences in homo-
topy categories to morphisms in the model categories prevent us from asserting that the
cofiber sequences of symmetric products of Theorem 2.38 and Corollary 2.39 are natural
with respect to morphisms of the base cofiber sequence. Due to this issue and in view of
Proposition A.18 we will formulate the results below in the context of coprojection rather
than cofiber sequences.

Definition 2.40. — An object X of Hyi a1 (Cor(C, R)) is called even (resp. odd) if
the permutation isomorphism o : X ® X — X ® X is the identity (resp. the multiplication
by —1).

We have the following obvious fact.

Lemma 2.41. — Tensor product of two odd or two even objects is even. Tensor product of an odd
and an even object 1s odd.

Lemma 2.42. — Let X be an even (resp. odd) object. Then !X is odd (resp. even).
Progf. — 1t follows from the fact that !X =X ® S! and that S! is odd. O

Lemma 2.43. — Let R be an [-local ring, X an object of Hyis a1 (Cor(C, R)) and 1 <n <
[ an integer. Then one has:

1. of X is odd then S} (X) =0,
2. of X is even then the map X®" — S! (X) is an isomorphism.

r

Proof. — Since the projection A°?Cor(C, R)* — Hyyar is an additive functor
Proposition 2.32 implies hat S (X) as an object of Hy;a! 1s the image of the averag-
ing projector. Therefore for an even X we get X. The number of elements in S, is even
for n > 1 and therefore for an odd X and n > 1 we get zero. 0J

Let ¥ be the permutation group (G, ¢ : G — S;) where G = Z// is embedded into
S; as the subgroup generated by the cycle (1.../). The symmetric power S? associated
with W is the /-th cyclic power. The quotient N(G)/G where N(G) is the normalizer of G
in S, is canonically isomorphic to Aut(Z/{) = (Z/[)*. The definition of S shows that this
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quotient acts on S:I; (X) for any X in a manner natural in X. If / — 1 is invertible in R then
we may define the direct summand Stqr’ (X)/Aut(Z/![) of coinvariants of this action and
Corollary 2.29 implies that it is naturally isomorphic to S¥ (X) where W' corresponds to
N(G) C S;. In particular, the we get a natural morphism SY (X)/Aut(Z/1) — Sfr (X).

Proposition 2.44. — Let R be an [-local ring and X an object of A°*Cor(C, R)* which is
even in Hyis a1 (Cor(C, R)). Then the morphism S:E X)/Aut(Z/]) — Sfr(X) is an (Nis, A)-
equivalence.

Progf: — Let us apply Theorem 2.28 to the natural transformation of func-
tors SY — S! on X. Since Z// has no non-trivial subgroups, one has gGg~' = G or
G NgGg™! = {¢} for any g € S;. Therefore, we can re-write the first term of the split co-
equalizer diagram of Theorem 2.28 as (P NG SeX) @ (@ge&\N(G) X®') with the two
arrows differing by the action of N(G) on ng (X) on the summands of the first type and
by the action of S; on X®' on the summands of the second type. Since split equalizer
diagrams are absolute 1.e. preserved by all functors (see e.g. [12, p. 149]) the image of this
diagram in Hyj a1 (Cor(C, R)) is still a split coequalizer diagram. Since the action of S,
on X® in this category is trivial we conclude that Sfr X) =S (X)/Aut(G). [

Proposition 2.45. — Let R be an [-local ring and n < [. Let
X—-Y—7Z-32'X

be a coprojection sequence in A°°Cor(C, R)*. Then one has:
1. If X 15 odd in Hyis a1 (Cor(C, R)) then there are natural coprojection sequences of the form

(30) SE(X) = SL(Y) = St (X, Y)
(31) X®S:(Z)— S, (X, Y) > SL(Z)

and a natural (Nis, A") -equivalence St0a1 X Y) = SE 1 (XL Y).
2. If Z 15 odd then there are natural coprojection sequences in of the form

(32) SE(X) = SLY) = S, (X, Y)
(33) Si X ®Z— S, 1 (X Y) > S, (X, Y)

and a natural (Nis, A")-equivalence S,  ,_,(X,Y) = S!.(Z).

Progf: — The sequence (30) is the first one and the sequence (31) the last one of
the family of sequences in Corollary 2.39. The remaining sequences of the family give us
morphisms

St (X Y) = --- = S 1 (X, Y)
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which are (Nis, A')-equivalences by our assumption on X, Lemma 2.43 and Proposi-
tion A.18(3).

Similarly, the sequence (32) is the first and (33) the second of the sequences of
Corollary 2.39. The rest of the sequences define morphisms

St oK) = o 80 (X V) = 84,2

tr,0,n—2
which are (Nis, A')-equivalences by our assumption on Z, Lemma 2.43 and Proposi-
tion A.18(3). 0J

Corollary 2.46. — Let [ be a prime, R be an [-local ring and X s an object of
A°Cor(C, R)#. Then one has:

1. Ifl=2 or X is odd in Hxis a1 (Cor(C, R)) then there is a cofiber sequence of the form

(34) IIX® 5 2ISEL(X) — SL(BIX) - BIX®
2. If =2 or X is even in Hyis a1 (Cor(C, R)) then there is a cofiber sequence of the form
(35) T!X® - 218 (X) — S (2/X) - 22X,

Proof. — There is an obvious coprojection sequence
(36) X — Cone(X) - =X

where Cone(X) is the simplicial cone of X. Applying to this sequence Proposition 2.45
and using Lemma 2.43(2) and Lemma 2.42 we get the required sequences. 0J

We will now consider the finite correspondence versions of the infinite symmetric
power S*.

Proposition 2.47. — For any X in G, any n > 0 and any R the sequences
ALS'(X) > ARS"™T(X) = ARST(X) =81 (X)
are split exact in a manner natural in X. In particular, there are natural in X € C isomorphisms
AR(S¥(X) = @118, (A (X).

Proof: — Let % : Spec(k) — X denote the distinguished point of X and S"~'(X) —
S"(X) the inclusions given on the level of the products by (x;, ..., x,-1) = (x1, ..., x,—1, %).
We need to construct maps

A'S"(X) = A'S"IH(X)
which split the morphisms in Cor defined by these inclusions. Since
A'S'(X) = A'(X'/S,) = A'(X")/S,

(by Proposition 2.25) it suffice to construct maps s, : A’X" — A’X"~! such that
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1. AX" S AIX" — (A'X""1)/S,_, is invariant under the action of S, on X",
9. AXT I AT 25 AKX s the identity.

Let {n} be the set {1,...,n}. Any map f : {m} — {n} defines in the obvious way a map
Jx : X" — X" For n > 0, define s, : A’X" — A'X""! by the formula

= ) > DT o (0]
0<m=<n—1i:{m}—{n}
where ¢ runs through all order preserving monomorphisms {m} — {n}. For example, for
n =3 we get
s3 = [pri o] + [pros] + [pris] — [pr X *]
— [pro X x] — [prs X *] 4 [* X *].

where pr;, ,; corresponds to the map ¢ : {m} — {n} whose image is {7, ..., 2,}. One ver-

----- m

ifies easily that the maps s, defined in this way satisfy the two conditions stated above. [

Set S° = Eanl Sp. For [X] € Cor(C, R) the morphisms Si(X) AS X)) — Sity (X) define
a morphism

Se (IXD) @ Sy (IX]) — SF (XD

which makes S°([X]) into a commutative monoid relative to ®. One verifies immedi-
ately that this monoid structure is natural for morphisms in Cor(C, R).

Combining Proposition 2.26 with Proposition 2.47 and extending them to raddi-
tive functors we get the following result.

Proposition 2.48. — There ts a commutative square of functors

Rad(C,) ——s  Rad(C,)

l [
ARJ lAR
0

Rad(Cor(C, R)) LN Rad(Cor(C, R))

Note that the functor S*[1/d] does not extend to a functor on Cor since the definition of
the “multiplication by d” maps S" — S™ involves the diagonals which are not functorial
for morphisms in Cor.

Proposition 2.49. — For any X, Y i Cor(C, R) there is an isomorphism
Se XDY) =[Sy (X) @Sy SF(X) & S5 (Y)

which s natural in X and Y.
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Proof: — We have
[S57(X) ® ST(Y)] @ S5 (X) @ S (Y)
= Y S.XeSY

ij>0,i45>0

=Y Y S XSV =S (XeY)

n>0 >0

where the last equality holds by Proposition 2.34. U

Proposition 2.50. — The functor S take (Nis, A1) -equivalences between objects of A°PCor®
to (Nis, A")-equivalences. In particular there exist unique up to a canonical isomorphism functors

Sfro : Hyig a1 (Cor(CG, R)) — Hyig a1 (Cor(G, R))

such that the squares

op # Se op #
A°PCor"™ —— A°(Cor

l !

o)

o
HNis,A1 > HNis,A1

commule.

Progf. — Follows immediately from Theorem 2.31 and the fact that (Nis, A')-
equivalences are closed under direct sums. 0J

Remark 2.51. — All the results proved in this section for Hyj a1 (Cor(C, R)) also
hold for the intermediate homotopy categories H(Cor(C, R)), Hai (Cor(C, R)) and
Hyi (Cor(G, R)).

2.3. The motive of S'(T")

Everywhere in this section / is a prime not equal to char(k). The underlying cat-
egory C will be the category of quasi-projective schemes. Let T" = ay nis (A" /(A" — {0}))
be the standard model of the motivic n-sphere and

L, =LAY(T") = A'(L(T"))

its image in Hy; a1 (Cor(C, R)). The goal of this section is to compute the isomorphism
class of LSfr(L,Z) in the case when R =F,.
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Recall that for a linear representation p : G — Aut(V) of a finite group V we let
Th(p) denote the quotient sheaf (in the Nisnevich topology)

Th(p) = a4 xis(V/V = {0})

where V and V — {0} are considered as representable sheaves on quasi-projective G-
schemes (see [34]). Applying the functor Quot, on sheaves we get a pointed sheaf
Quot, (Th(p)) on Cy;i. Since Quot, commutes with colimits and coincides with the
scheme-theoretic quotient on representable sheaves we have

Quotg (Th(p)) = (V/G)/(V ={0})/G).

We start by computing the isomorphism class of LA'Quot,(Th(p)) in
Hyis.a1 (Cor(C, R)) in the case when p is a representation of the cyclic group Z// and R is
any commutative ring. Similar computations were done independently by Nie (see [19]).
In what follows quotients, wedge products etc. are considered in the category of pointed
Nisnevich sheaves i.e. after the application of the associated sheaf functor to the result of
the corresponding construction in radditive functors.

Let us say that a linear representation p : Z/[ — Aut(V) is free if the corresponding
action of Z// on V — {0} is free. Since char(k) # /, any nontrivial representation p has a
canonical decomposition into a direct sum p = A @ t where A is free and 7 is a trivial. As
was shown in [34] one has an isomorphism of sheaves

Quoty,(Th(A & 7)) = Quoty,(Th(A)) A T*

where d = dim(7t). Therefore it is sufficient to consider free representations p. For a linear
representation of any G we have

Quot (Th(p)) = Quot, (V)/Quot,(V — {0})
because Quot,, is a left adjoint and therefore commutes with colimits (see [3, §5.1]). Set
X, = Quot;(V —{0}) = (V- {0})/G.

Since V is G-equivariantly A'-contractible, the pointed sheaf Quot, (V) is A'-contractible
and therefore Quot,(Th(p)) is the unreduced suspension of X, i.e. there is a cofiber se-
quence in Hyj a1 (C) of the form

(37) (X,)+ — S" = Quot,(Th(p)) — Z'((X,)).

Since we consider representations of a cyclic group, the scheme X, is smooth and
the full embedding part of Proposition 1.19 together with Theorem 1.15 imply that
we may do our computation in the more familiar context of the triangulated category
DM (£, R). To keep in concordance with our earlier notation we will write M(X) n-
stead of Ny a1 (X).
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Shifting the image of the cofiber sequence (37) in DMT by one step to the left
and taking into account the canonical isomorphism M(S?) =R we get a distinguished
triangle

M (Quot,, (Th(p))[—1] = M((X,)s — F, — M(Quot,(Th(p)))

Since dim(V) > 0, the map 1\~/[((XP)Jr — R is an epimorphism which is split by any ratio-
nal point of X, and its kernel is canonically isomorphic to the reduced motive M(Xy,)
of the non-pointed scheme X, as defined in [31, p. 192]. Therefore we get the following

result.

Proposition 2.52. — Let ). : Z /| — Aut(V) be a non-trivial linear representation of the cyclic
group and . = p @ T be its decomposition into the direct sum of a free and a trivial representation. T hen
Quot, (Th(A)) € Hyisat ((Sm/K) ) and there is a natural isomorphism

M(Quot, (Th(A))) = M(X,)(d)[2d + 1]
where d = dim(t).

Let us assume now that R =F,;. Since the action of Z// on V — {0} is free the projection
V —{0} — X, is an etale Galois covering with the Galois group Z /! which defines a class
u, € H(X,, Z /). This construction is clearly natural i.e. the following lemma holds.

Lemma 2.33. — Let p : Z]l — Aut(V), a : Z/l — Aut(W) be two_free representations
and [ : W — {0} — V — {0} be an equivariant morphism. Then one has

Uy = Quoty () u,.

To obtain a motivic interpretation of u, let us consider the following construction. Let m,

be the object of DM (%, F)) corresponding the sheaf with transfers p; = ker(G,, =y G,).
If £ contains an /-th root of unity then a choice of such a root defines an isomorphism
F, — m,. In general, m, 1s an Artin motive which is a direct summand of the motive of the
zero dimensional smooth scheme Spec £[#]/((x' — 1)/(x — 1)). In particular the dual my
to m; is well defined and there is a canonical isomorphism m} ® m; — F,. The object m®"

corresponds to the etale sheaf 1 and in particular m,@([_l) =F,and m) = m,®(1_2).
Lemma 2.54. — For any smooth scheme X there is a canonical isomorphism
(38) H, (X, Z/1) = Hompy (M(X), m; (1)[1])

Proof.: — In DM we have F,(1)[1] = m; since G,, (;; G,, 1s a surjection in the

—,et
etale topology. Therefore in DMiﬁfCL we have a canonical isomorphism m;(1)[1] = F,.

This defines a map from the right hand side of (38) to the left hand side. To verify that
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this map is an isomorphism it is sufficient by the usual transfer argument to do it over an
extension of £ of degree prime to / which contains an /-th root of unity. Then it becomes
isomorphic to the well known isomorphism H! (X, u)) = H"'(X, Z/1). 0

Using the isomorphism of Lemma 2.54 we may consider ¥ = u, as a morphism
M(X,) — mj;(1)[1]. Applying to it an obvious analog of the Bockstein homomorphism
we get a morphism

v =) : M(X,) = mj (D[2].

Using the tensor structure of DM and the diagonal of X, we further define the “product
classes”

v M(X,) = (mH)® ()26
w': M(X,) = (mH)®TV G+ D[22+ 1]
where v : M(X,) — F; is the canonical morphism.

Proposition 2.53. — The morphism

n—1
(39) I(p) = P ®w) : M(X,)
1=0
n—1
— P ) D120 @ (m)TD G+ D23+ 1])

=0

where n = dim(p), s an somorphism which identifies M(Xp) with the sub-object of the right hand
sude of the form

n—1
M(X,) = m; (D[1]1© @ (@) )20 & (m)® V(i + D2 + 1])

=1

Proof. — By the usual transfer argument we may assume that £ contains an /-th
root of unity &. Then our representation V can be written canonically as a direct sum
@V, where the restriction of p to V,, takes 1 to the multiplication by £”. The condition
that p is free means that n = dim(p) > 0 and V= 0.

Consider first the case when V =V,. Then [33, Lemma 6.3] implies that X, is
canonically isomorphic to the complement to the zero section of the line bundle O(—/)
on P! and our result follows easily by computations similar to the one in [33, pp. 18—
19].

Consider now the general V.= @V,,. Denote by W the same space as V but con-
sidered as a Z//-scheme with respect to the representation o where a (1) = (w = §w).
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Let us choose a basis (¢;) in each V;. Let p : W — V be the morphism which takes ) x;¢;
to Y. x’geg. This morphism is clearly Z//-equivariant and maps W — {0} to V — {0}. Since
m runs from 1 to [/ — 1, the resulting morphism ¢ : W — {0} — V — {0} 1s finite and surjec-
tive and of degree [ m¥™V
p = Quotg,(¢q) : X4 = X,. Since we work with F; coeflicients the morphism of motives
M(p) is a split epimorphism.

Consider now the class u,. By Lemma 2.53 we have p*(u,) = u, and therefore we
have I(p) o M(p) = I(«). Since M(p) is a split epimorphism and I(«) is an isomorphism
we conclude that both M(p) and I(p) are isomorphisms.

The part of the proposition describing M(Xp) follows immediately from the fact
that v" is the canonical morphism M(X,) — F,. U

" which is prime to /. The same is then true for the morphism

Corollary 2.56. — Let A : Z/] — Aut(V) be a non-trivial linear representation of the cyclic
group and k. = p @ T be ils decomposition into the direct sum of a free and a trivial representation. T hen
there is a canonical isomorphism in Hyg a1 (Cor(C, F))) of the form

(40) M(Quotz,,(Th(2)))
n—1

= (EB((m;“)@(i + d)[2i + 2d] B ()P (i + d)[2i + 2d + 1]))

=1

& (m)®"(d + n)[2d + 2n]
where n = dim(p) and d = dim(t).

We will consider now a special case when A : Z// — Aut(V) is the direct sum of n
copies of the regular representation of Z//. The additional feature which appears in this
case 1s the action of the automorphism group U = (Z/[)* of Z// on V. Let us denote this
action by s: (Z/0)* = Aut(V). It does not commute with the action defined by A i.e. the
morphisms s(m) are not Z//-equivariant but for any a € (Z//)* the square

V-0 2 v—{0)

(41) A(l)l lk(a)

V- {0} =5 V—{0)

commutes. Therefore s defines an action of (Z/[)* on the related quotients and in partic-
ular on Quot, / ,(Th(V)) and we write

7(@) : Quoty,(Th(V)) — Quoty,(Th(V))

for the automorphism corresponding to a € (Z/[)*.
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Proposition 2.57. — Let p be the direct sum of n > O copues of the regular representation of
Z/1. Then the isomorphism of Corollary 2.56 ts of the form

(42) M(Quoty,,(Th(p)))

n(l—1)—1
= ( B ()G + m)[2i+ 2] ® () (i + n)[2i + 20 + 1]))

=1

& (m)®" (nl)[2nl]

With respect to this isomorphism the morphism M(r(a)) is of the form

a(l—1)—1

(43) M(r(a)) = ( @ (a_iId o] a_iId)> ® a"-D1q

=1

Proof. — In the decomposition
(44) V,=V,®V;

of V into the free and trivial parts we have dim(V,) = n(/ — 1) and dim(V;) = n which
implies the first part of the proposition. To prove the second part observe first that the
decomposition (44) is invariant under the action of (Z//)* and that the corresponding
action on V; is trivial. Therefore, the action of (Z//)* on (42) is determined by its action
on M(X;). The action of any endomorphism of X on its motive is determined by its
action on the motivic cohomology class u; .

In view of (41) we may consider s(a) as an equivariant morphism assuming that
the action on the first copy of V; — {0} is given by A and on the second copy by A, where
*o(1) = A(a). Applying Lemma 2.53 we conclude that s(a)*(u,) = a~' - u, which implies
our result. UJ

We are ready now to prove the main theorem of this section. Recall that we let L, denote
the image LA’('T") of T" in Hyg, a1 (Cor(C, R)).

Theorem 2.58. — Let [ be a prime and k be a perfect field of characteristic # 1. Let C be
the category of quasi-projective schemes over k. Then for any n > O there is a natural isomorphism in

HNis,A1 (Cor(cv Fl)) (y(‘theﬁrm

n—1

Lsir(Ln) =L, ® @(Li(l—1)+n ® 251 Lig—1)+40)-

=1



50 VLADIMIR VOEVODSKY

Proof. — By our definition of L, we have L, € A°®Cor(C, R) and in particular
LS/ (L,) = S..(L,). By [14, Corollary 15.8], L, is an even object and therefore Proposi-
tion 2.44 applies 1.e.

Si.(L,) =Sy (L) /Aut(Z/1) = Sy (A'(L.(T")) /Aut(Z/1)
= A'SY(L.(T")/Aut(Z/1) = LA'SY (L. (T")) /Aut(Z /1)

where W = (Z/[,Z/] — S,) is the permutation group responsible for the cyclic product.
Since T" is a solid sheaf we further have by Theorem 2.5 a Nis-equivalence

LA'SY(L.(T")/Aut(Z/]) = LA'SY (T") /Aut(Z/1)
By Proposition 2.12 we have (after taking the associated sheaves)
§¥(1") =S¥(A1)/(S¥(AL) — S¥({0}1)) = Quoty, Th(p)

where p is the direct sum of n copies of the regular representation of Z/[. It remains
to apply Proposition 2.57 taking into account that ((m}")‘g’i) J(Aut(Z/)) =0 if 1 £ 0
(mod(/—1)) and ((mj‘)@’i)/(Aut(Z/l)) = Z /! otherwise and Theorem 1.15. ]

Example 2.59. — Let [, = LA%(S;’) be the unstable version of F(n)[n]. Then X", =
L, and /, is an odd or an even object depending on the parity of n. Therefore we may
use Theorem 2.58 together with Corollary 2.46 to try to compute LS/ (Z,). One can see
immediately that there exists N such that ENLSfr(Z,,) can be obtained from elementary
Tate object /; with ¢ < /- n by taking cones of morphisms i.e. that ZVLS/ (1,) is s-stably
a mixed Tate object. Let us compute £*LS' (k) over an algebraically closed field of
characteristic zero more explicitly.

Let X = X'/. Then X is odd and applying to it Corollary 2.46 we have a cofiber

sequence
THIX® - RILS, (X) — LSL(Z'X) — B'X®.
Since ¥!'X = L, we can rewrite it as
(45) 2y — T'LSL(X) — LS/ (Ly) — =%y,
Theorem 2.58 shows that in the motivic notation the sequence (45) is of the form
F/(2D[4l— 1] - Z'LS, (X) — F,2)[4] ® F,(I + D[2{ + 2]
@ F,(/+ D[20+ 3] % F,Q)[4/]

for some morphism 9.
Since the topological realization of X'S? is the 3-sphere we know that the ordinary
homology of LSfr(X) are of the form Hy;y; = Hy;o = F, and the rest of the homology
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groups are zero ([17]). Together with the properties of the topological realization functor
considered in Section 3.3 this implies that for / > 2 the morphism 0, is an isomorphism
on the first summand and zero on two other summands and therefore

(46) LS, (X) = F,(1+ D[20+ 3] @ Fi(1 + 1)[2] + 4].
Applying Corollary 2.46 to ly we get a cofiber sequence

2y — Z'LS! () — LS (X) — =%l
or in the motivic notation

F,(2D[2]+ 1] — Z'LS (L) — S'.(X) — F,(2D[2 + 2].
Suspending it twice and using (46) we get

F,(2D)[20 + 3] — Z°LS! (k) — Fi(l + 1)[2{+ 3]

S F (I + D20+ 4] 3 F,2D)[21 + 4]

for some morphism 9y. The restriction of 9y to the first summand belongs to the group
which is isomorphic to H"“~!(k, F)) and which is zero since the base field is algebraically
closed (see []). It remains to compute the restriction of 9y to the second summand. Topo-
logically, S? is a 2-sphere and applying again the topological realization functor we con-
clude that LS/ (/) has only one non-trivial ordinary homology group in dimension 2/.
Therefore, the restriction of 9, to the second summand is a morphism of the form

T F (I + D20+ 4] = F,(2D[2{ + 4]

which defines an isomorphism on ordinary homology. Up to the multiplication by an
element of (Z//)* there is a unique such morphism which corresponds to the generator
7,y of H*""!(Spec(k), Z/[) and we conclude that there is an isomorphism of the form

TS, (h) ZFy({+ 1)[20 + 4] @ cone(T')

The topological realization of cone(t’) is trivial and does not affect the ordinary homol-
ogy of LS! (/) but the object itself is non-trivial. In particular, neither LS/ (/) nor any of
its suspensions is a direct sum of elementary Tate objects.

2.4. Splt proper Tate objects

In this section we assume that the coefficient ring used to define finite correspon-
dences is a field I and that the base field £ is perfect.

Definition 2.60. — An object X in Hyg a1 (Cor(C, F)) 1s called a split proper Tate
object if it is isomorphic to a coproduct (direct sum) of objects of the form 'L, for i > 0.
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We denote the full subcategory of split proper Tate objects by SPT. Let further SPT,
(resp. SPT.,, SPT-,) be the full subcategory in SPT which consists of direct sums of
objects of the form X*1,, (resp. T*L,, for m < n, m > n). All these subcategories are clearly
closed under direct sums and tensor products.

Since objects Lj belong to Hys o1 (Cor(Sm/£, F)), Theorem 1.15 is applicable and
we may consider SPT as a subcategory of DM, In the standard DM notation this sub-
category consists of direct sums of objects of the form F(n)[m] with m > 2n. We will also
work with the subcategory SDT (resp. SDT<, etc.) in DMT which consists of all direct
sums of elementary Tate objects F(n)[m] for n > 0 and m € Z which exist in DM _.

Let us recall the following key result.

Theorem 2.61 (Sce [35]). — Let k be a perfect field. Then for any Y € DM (k, F) we have:

Hompy (Y1, F)['D = {glomDM(Y’ A

Lemma 2.62. — For any n > 0 the subcategory SD'T, is Abelian, semi-simple and closed
under cones t.e. if in a distinguished triangle X — Y — 7. — X[1] one has X, Y € SDT, then
7, € SD'T, and the same holds for SP'L,.

Progf: — By Theorem 2.61 together with the fact that

F fori=0

Hompy(F, F[i]) = H""(Spec(k), F) = {0 fori#£0

we conclude that for any n

Hompy (Fi], F) () = {(F) for ;j

Therefore, the functor
M+ &;Hom(F(n)[:], M)

defines an equivalence between SDT, and the category of graded vector spaces (V,);cz
over F such that V; =0 for : < 0 which maps SPT, to the subcategory of spaces such
that V; = 0 for ¢ < 2n. This shows that both categories are Abelian and semi-simple.

Let X i> Y — Z — X][1] be a distinguished triangle with X, Y € SDT),. Since SDT, is
Abelian and semi-simple, the morphism f is isomorphic to a morphism of the form

ker(f) ® Im(f) "3 coker(f) @ Im(f)

Since the cone of a direct sum of two morphisms is the direct sum of cones it remains to
verify that Z € SDT, (resp. Z € SDT,) if X, Y € SDT, (resp. X, Y € SPT,) and / =0 or
J =1d, which is obvious. 0J
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The following construction which we give here in the context of SDT is a particular case
of the general slice filtration constructions and can be extended to a much wider class of
motives (see e.g. [36]).

For X € DM and n € Z consider the sub-functor of the functor representable
by X on DM" which consists of morphisms Y — X which admit a factorization
of the form Y — Z(n + 1) — X. Theorem 2.61 implies immediately that for X =
@izOJeZ F@)[j1®" ) € SDT this sub-functor is represented by a direct summand s..,(X)
of X which is identified with B, jcz F'(@) (19" Set s<,(X) = X/s.,(X) and

Sn(X) = S>n—1 (X)/5>7L(X) = kCI‘(SSnX —> S<p—1 (X))

This construction provides for each X € SDT" a collection of split distinguished triangles
of the form

47) s X = X B 5 X - 5, X[1]
and
(48) 5 X = 55, X 5 5,0 X — 5,X[1]

whose terms are in SDT" and which are natural in X and commute in the obvious sense
with the shift functor.

Remark 2.63. — Note that for X = @i»j F(2)[j1®"% we have

1.5, X= @iwd’ F(2)[j1®"" as a subobject of X,
2. 5 X =@, FOI®" as a quotient object of X.

We also have isomorphisms s5,X = @j F(m)[j]®"™ and in particular there is an isomor-
phism X = @, 5,X. However, this last isomorphism is not natural in X.

Proposition 2.64. — Let X = @, F(¢o)[pa] be an object of SPT such that for each g the
set A} <o =la € Alqgy < q} is finite. Then X is the direct product of the family (F(qo)[pa])aea n
DM*".

Progf: — Since direct product is an exact functor from families of F-vector spaces to
F-vector spaces the functor [[,., Hom(—, F(¢,)[p«]) is a cohomological functor which
takes direct sums to direct products. Therefore in order to show that the natural transfor-
mation

Hom(—, X) — [ [ Hom(—, F(gs) ()
aeA

1s an isomorphism it is sufficient to verify that it defines isomorphisms on a set of genera-
tors of DM for which we can take the set of objects of the form M(U)[:] for U € Sm/k
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and ¢ € Z. Since these objects are compact we need to show that for such U and ¢ the
natural map

(49) D Hom(M(U)[il. F(ga)[pa]) — [ [Hom(M(U)[i], F(ga) 1))

Since X € SPT we have p, > 2¢, and therefore
HomM(U)[], F(go)[pa]) =0

for ¢, > dim(U) + ¢ 4+ 1. Together with our assumption on the finiteness of the sets
A, <, this shows that the family Hom(M(U)[:], F(¢,)[p«]) has only finitely many non-
zero members and therefore the map (49) is a bijection. 0J

Lemma 2.65. — Consider a distinguished triangle in DM (k, F) of the form
(50) X—=>Y—>Z7Z-—X[]]

Such that X € SDT ., andZ € SDT,. ThenY € SDT-,,. Simularly if X € SPT ., and Z € SPT,
then Y € SPT.,.

Progf: — Since Z € SDT,, the morphism Z — X[1] factors through a morphism
7 — s.—nX[1] and we get a diagram

7 —> s.-nX[l1]

| l

/7 — X[1] — Y[l] —— Z[1]

where lower row is the shift of our original triangle by one step to the right. By the usual
properties of triangulated categories (see e.g. [18, Prop. 1.4.6, p. 58]) this diagram can be
extended to a commutative diagram of the form

Z —_— S>(”_1)X[1] — A4 — Z[l]

~ L d sL

7/ — X[1] —_— Y[1] — Z[1]

<

A}

W ~ W +

0 — seonX[1] 225 o X[1] — 0

J3 Ji

<+ <+ <+ <+

Z[1] — so-nX[2] ——  WI[I] — 7Z[2]
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whose rows and columns are distinguished triangles. Since X € SDT., we have
5= (=1 (X) = 5,(X) € SDT, and by Lemma 2.62 we conclude that W € SDT,. Moreover,
it is easy to see from the upper distinguished triangle of our diagram that if X, Z € SPT
then W[—1] € SPT,. To prove the lemma it is now sufficient to show that f; =0 i.e.
Y[1] =W & s<(,—1)(X)[1]. This follows immediately from the fact that £, is an isomor-
phism and f; = 0 since triangles of the form (47) for objects of SDT are split. UJ

Lemma 2.66. — Let X NS Zbea sequence of morphisms in SD'T such that for each
U e Sm/k, 1 € Z the sequence of Abelian groups

(51) 0 - Hom(M(U)[:], X) = Hom(M(U)[:], Y)
— Hom(M(U)[¢],Z) — 0

is exact. Then the sequence 0 — X Ly 457500 split exact in DM (k, R).

Proof. — Consider a distinguished triangle

(52) XL Y4 cone(f) — X[1]
Since X is a direct sum of Tate objects and Tate objects are direct summands of shifts of
objects of the form M(P") the exactness of (51) implies that g o / = 0 and therefore there

exists a morphism cone(f) £, 7 such that g=¢"¢". Since the maps Hom(M(U)[¢], X) —
Hom(M(U)[¢], Y) are injective the long exact sequence defined by the triangle (52) splits
into short exact sequences of the form

0 - HomM(U)[:], X) - Hom(MU)[:],Y)
— Hom(M(U)[¢], cone(f)) — 0
and we conclude that the map g’ defines isomorphisms on Hom(M(U)[], —) for all
U € Sm/k and i € Z. Since DM"(k, R) is generated as a triangulated category by objects
of the form M(U) for U € Sm/% we conclude that ¢” is an isomorphism and X EEN/

extends to a distinguished triangle X Lysz2 X[1]. Since sequences (51) are exact
the morphism 9 is zero on Hom(M(U)[¢], —) for all U and . Since Z is a direct sum of
Tate objects we conclude that @ = 0. This is equivalent to the assertion of the lemma. [J

Lemma 2.67. — Let X LY 4 Zbea sequence of morphisms i SPT such that for all
n > 0 the sequence

0= s, X—=>s55,Y—>s5,Z—0

is split exact. Then the sequence 0 — X Ly 47504 split exact.
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Proof: — Yor any U € Sm/k we have Hom(M(U), F(p)[¢]) = 0 for ¢ > p+ dim(U).
Since for a proper split Tate object W, s.,W is a direct sum of copies of object F(p)[¢] for
p > nand ¢ > 2pwe have Hom(M(U)[¢], s.,W) = 0 for all n > 14 dim(U) — 1. Therefore
for each U and ¢ there exists # such that Hom(M(U)[:], W) = Hom(M(U)[¢], s-,W) for

W =X,Y,Z. We conclude that the sequence X i) Y 5 7 satisfies the condition of
Lemma 2.66 and therefore it is split exact. 0J

Proposition 2.68. — For a morphism f : X — Y in DMk, F) one has:

1. if X,Y € SDT., and s,(f) is a split monomorphism for each i < n then f a split monomor-
phism and cone(f) € SDT.,,

2. if X, Y € SPT and 5;(f) is a split monomorphism for each i > O then f is a split monomor-
phism and cone(f) € SPT.

Progf: — To prove the first assertion let us shows that for each m < n there is a split
exact sequence of the form

(53) 0= 52X Y 5., Y B PY/5X) - 0

i<m

where 5,Y/5;X 1s the cokernel of s5,(f) which is well defined since s;(f) is a split monomor-
phism.

We proceed by induction on m. For m = 0 the statement is obvious. To make an
inductive step observe that by simple diagram search there exists a morphism ¢-,, which
fits into the commutative diagram of the form

aX 2 sy LY/ X

! l !

-Y<m) ¢<m
S<mX ’—(/> SemY ——— @iim(5iY/SiX)

! l !

Si(mfl)X i(f)) Ss(mfl)Y m @if(m—l)(siY/SiX)
and that for any such morphism the middle row is split exact.

Consider now the second assertion. By the same argument as above we see that
there are split exact sequences of the form (53). Since Y is a direct sum of Tate objects
and s5;Y/s;X are proper split Tate objects a simple argument shows that, for each choice
of morphisms ¢-,, as above, there exists a unique morphism ¢ : Y — @@, ,(5;Y/5X) such
that the composition of ¢ with the projection to @._, (5;Y/sX) equals ¢,,. The sequence

X i) Y 4 @izO(SiY/ 5;:X) clearly satisfies the condition of Lemma 2.67 and therefore 1s
split exact. Proposition is proved. O
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Corollary 2.69. — For a morphism f : X — Y in DM (k, F) one has:

1. f X, Y € SDT., and s;(f) s an isomorphism_for each 1 < n then | an isomorphism,
2. f X, Y € SPT and s;(f) s an isomorphism_for each 1 > O then [ is an isomorphism.

Corollary 2.70. — Let p : Spec(K) — Spec(k) be a field extension and let f : X — Y be
a morphism in DM (k, F). Then one has:

1. f X, Y € SDT., and p*(f) ts an isomorphism then f an isomorphism,
2. if X, Y € SPT and p*(f) s an isomorphism then f 1s an isomorphism.

Progf: — The functors s; : SDT — SDT,; commute with the functor p*. On the
other hand the restriction of p* to SDT; is an equivalence in view of the proof of
Lemma 2.62. Therefore, for a morphism f satisfying the conditions of the corollary, the
morphisms s;(f) are isomorphisms and we conclude that / is an isomorphism by Corol-
lary 2.69. 0

Let X, AL X, X bea sequence of morphisms in a triangulated category
such that @@, X; exists. Recall that the homotopy colimit of this sequence is an ob-
ject hocolim;X; which is defined up to a non-canonical isomorphism by a distinguished
triangle of the form

(54) Px "B @PX 5 hocolimX; - @PXi1]

>1 >1 >1

where the morphism ¥ (f;,...) is defined by the condition that its restriction to X; is
ti — Lipfi where ;1 X; > .. X is the canonical embedding.

Corollary 2.71. — Let X, A X, A bea sequence of morphisms in SPT. Then
the direct sum @@, X; exists, the distinguished triangle (54) which defines hocolim;X; splits and

hocolim;X; € SPT.

Progf. — The direct sum €., X; exists because objects X; belong to the image of
the category Hyj a1 (Cor(Sm/£, F)) which has all direct sums under the functor which
respects direct sums. We obviously have s,(¥ (f1, ...)) = ¥ (s,(f1), ...) for each > 0 and
since SDT, is equivalent to the category of graded F-vector spaces one observes easily
that the morphisms s,(¥ (11, . . .)) are split monomorphisms. Our result follows now from

Proposition 2.68(2). O

Corollary 2.72. — Let X, EI X, K bea sequence of morphisms i SD'T'.,
such that @, X; exists. Then the distinguished triangle (54) which defines hocolim;X; splits and

hocolim;X; € SDT.,.
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Proof. — Same argument as in the proof of Corollary 2.71. 0J

Corollary 2.73. — The subcategory SP'T (resp. SD'T'<,) s closed under direct summands i.e.
contains images of projectors.

Progf: — The image of a projector p can be identified with the homotopy colimit

of the sequence X Lo A XS Since for any X in DMT the direct sum D X

of countably many copies of X exists the result follows from Corollary 2.71 in the case of
SPT and Corollary 2.72 in the case of SDT.,. 0

Remark 2.74. — The analog of Corollary 2.72 (and therefore of Proposition 2.68)
for the whole category SDT is false. It is easy to see on the example of the sequence

X; i) Xip1 where X; =F(@ — 1)[i — 1], i =1d ® p where p € H"!(£, F) is the class of
—1, k=R and F =F,. The corresponding homotopy colimit Y = hocolim;X; has the
property that 5,(Y) =0 for all z> 0 but Y # 0.

I do not know whether or not the analog of Corollary 2.73 holds for SDT.

Our next goal is to prove Theorem 2.76 which shows that SPT is closed under
(standard) symmetric powers. Note that symmetric powers have only been defined on
Hyis.a1 (Cor(C, R)) where C is an f-admissible category and ¢(£) is invertible in R. There-
fore, for the purposes of Theorem 2.76 we must consider SPT as a full subcategory in
Hyis.a1 (Cor (G, F)) where C is the category of quasi-projective schemes, I is a field and if
char(k) > 0 then char(F) # char(k).

Lemma 2.75. — Let ¥ be a field of characteristic | > 0. Then for any ¢ > 1 one has
LSir(SPTZq) C SPTZQ"‘Z_]‘

Progf. — For i1 < /and X € SPWM one has LS'(X) € STTZ,»,[. Together with Propo-
sition 2.34 this implies that the class of X € mzq for which the lemma holds is closed
under direct sums.

It remains to show that for any £ > 0 and ¢ > 1 one has LS/ (Xf1) € mzq+1—1-
The proof is by induction on k. For £ = 0 the result follows from Theorem 2.58. By
[14, Corollary 15.8], L is an even object and therefore £*L7 is odd or even depending
on whether £ is odd or even. The inductive step follows now from Corollary 2.46 and
Lemma 2.65. U

The present formulation of the following theorem is partly based on the considerations
of [41].

Theorem 2.76. — Let k be our base field and ¥ the field of coefficients. Then for any integers
q>1,n>0 one has:
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1. if char(F) =0 then
LS{ (SPT-,) C SPT-,,

r

2. if char(F) = > 0, char(F) # char(k) and
n= Z wl
=0
is the [-primary decomposition of n then
LS, (SPT-,) C SPT=u,¢
where w; (g, n) = Q_.m)qg+ (Q_;in)(1—1).

Progf: — The case of char(F) = 0 is obvious. Suppose that char(F) =/ > 0. Let
X e mzq. By Proposition 2.33, LS? (X) is a direct summand of @i((LSfr)Oi(X))‘g”i
where as before n =Y. n;/’ is the [-primary decomposition of n. By Corollary 2.73 it is
sufficient to show that

(@S (X)®" € SPT. 0

Since w;(q, n) = Y _.n;(g+ ({ — 1)) it is further sufficient to show that
(Lsfr)Oi(X) € SPT yig-1
This follows by obvious induction from Lemma 2.75. 0

Corollary 2.77. — Under the assumptions of the theorem one has LSY°(SPT,)) C SPT,.

Remark 2.78. — Note that out computation of the /-th cyclic power of L, in Sec-
tion 2.3 shows that SPT is not closed under the generalized symmetric products LS?.

Remark 2.79. — We can make the computations done in the proof of Lemma 2.75
more precise as follows. First observe that Corollary 2.46 implies that there are cofiber
sequences in Hy a1 (Cor(C, R)) of the form

<55> EILsir(ZQi—HLm) N LSir(ZQH_QLm) — EQ(i—i—l)lle
and
(56) EILsir(ZQZLm) N LSir(EQi—HLm) N ZQiH—QLZm

for all £ > 0. Using the topological realization functor (see Section 3.3 below) together
with the fact that we know the topological homology of S/(S") with coefficients in F,
(see [17]) one can show that these sequences split so that we have isomorphisms

LSfr(ZQZLm) — EILSfr(EQi_le) @ EQiZLZm
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and
Lsir(EQi-l-le) — ElLsir(EQian) ey EQiH—QLZm

Using obvious induction on z one can now get explicit formulas for the isomorphism
classes of LSir(ZlL’”).

3. Eilenberg-MacLane spaces and their motives

Recall that ¢(k) = 1 if char(k) = 0 and ¢(k) = char(k) if char(k) > 0. In this section
we let S denote the ring Z[1/¢(k)]. If M is an Abelian monoid we let M denote its group
completion and M[1/d] the colimit of the sequence

x—>d-x x—>d-x
H ..

M—M

Clearly, for any M one has (M[1/d])* = M*[1/d] and for an Abelian group A one has
All/ec(h)]=A®S.

3.1. Motivic Dold-Thom Theorem

The goal of this section is to prove Theorems 3.7 which is the motivic analog of
the topological Dold-Thom theorem and then to give some sufficient conditions for the
equivalence between S®[1/¢(k)] and its group completion S®[1/c(k)]*. The proof of
Theorem 3.7 in the context of normal schemes goes back to [25].

Let us recall the following definition (see [27], [7]).

Definition 3.1. — A scheme U is called semi-normal if it is reduced and any finite
morphism U" — U such that U’ is reduced and for any field K the map U'(K) — U(K)

is bijective is an isomorphism.

Let SN/k be the category of semi-normal schemes over £. By Lemma A.5 it is f-
admissible.

Lemma 3.2. — Let U be a semi-normal affine scheme of finite type over k and f - U" — U be
a universal homeomorphism of finite type. Then there exists n > 0 such that O(U')*®" c O(U). In
particular, if char(k) = O then [ s an isomorphism.

Proof. — Note first that a semi-normal scheme is necessarily reduced and there-
fore O(U) — O(U’) is a monomorphism. Since f is a universal homeomorphism it is
separated, universally closed and quasi-finite. Therefore, by Zariski theorem (see e.g. [15,
Th. 1.8]), f is a finite morphism. Then U’ is affine and O(U’) is a finitely generated
module over O(U).
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Let K be a field and x : Spec(K) — U a K-point of U. Since / is a universal
homeomorphism there exists a purely inseparable field extension K C K" and a K’ point
x of U’ lying over x. Moreover since O(U’) is a finitely generated module over O(U)
there exists 7 such that for any x as above one may choose K’ of degree dividing ¢(£)"
over K.

Let R = O(U)OU)™", We claim that R = O(U). Indeed the morphism
Spec(R) — U is finite and since for a purely inseparable K C K’ one has (K')%s8/% c K,
our choice of n implies that for any K the map Spec(R)(K) — U(K) is a bijection. Since
U is assumed to be semi-normal we conclude that U = Spec(R) ]

Lemma 3.3. — Let U be an affine scheme of finite type over k and d, : O(S*®"U) — O(U)
be the map defined by the diagonal. Then one has

Im(d,) = OU)®" . f.

Progf: — 'The inclusion “D” is obvious. To prove the opposite inclusion consider
O(U) as a vector space over k and choose a basis ¢, ¢ € I for it. The basis for O(UY) =
O(U)®N is formed by the tensor products 6=¢Q Qe 1=(>,...,in) € IN. The
natural action of Sy on O(UY) is permutational relative to this basis. Therefore, the
subspace of invariants O(SNU) coincide with the subspace generated by expressions of
the form ey = ), _, & where A runs through the orbits of the action of Sy on IN. For
convenience let us choose a linear ordering on I. Then we may describe these orbits by
pairs of sequences (t1, ..., 451, .., Jn) Where g <--- <yg,areinl,j,...,7, € Z., and
71+ -+ 4+J» = N. Such a sequence defines the orbit A(z,7) which contains the element

®j1

u tm

The image of ¢5(;j under the diagonal map O (SNU) — O(U) is the element

1 m
7 in

N!
Xy = - .
D)

In our case N = ¢(k)". Since (x; +- -+ x,)® = xfl'(k) 4+ 4+ xfrfk) mn k[x, ..., x,] we know
that % =0 1in £ unless m = 1 when it equals 1. Therefore for N = ¢(£)" the image of

the diagonal map is generated by elements of the form ef(k)". Lemma is proved. U

Proposition 3.4. — For any X the functor U — Hom(U, [ |
the qfh-topology on SN /k.

=0 X[/ (k)] is a sheaf in
Progf: — Our functor is a filtered colimit of representable functors and [29, Proof
of Th. 3.2.9] implies that the associated gfi-sheaf is of the form

U colimy_.yHom (U’, 1] S”X) [1/¢(h)]

n>0
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over all universal homeomorphisms U" — U. To prove the proposition it remains to show
that for a universal homeomorphism U" — U such that both U and U’ are semi-normal,
the map

Hom(U, 11 S"X) [1/¢(k)] = Hom (U’, 11 S"X) [1/c(h)]

n>0 n=>0

is bijective. Since semi-normal schemes are reduced it is injective. It remains to show that
for a map U’ — S'X there exists » and a map U — S“®"X such that the diagram

U —— SX

! !

U —— S'X

commutes. It is sufficient to consider the case of affine U, U’ and X. Then the claim
follows from Lemmas 3.3 and 3.2. O

Proposition 3.5. — Let X be such that S"X exist and Cor™ (U, X) be the monoid of effective
Sfinate correspondences from U to X. Then for any semi-normal U one has:

Hom (U, ]_[ S"(X)) [1/¢(k)] = Cor™(U, X)[1/c(k)].

n>0

Proof. — By [26, Proposition 4.2.7] Cor(—,X)"[1/¢(k)] is a gfh-sheaf and by
Proposition 3.4 the same holds for S*[1/¢(£)](X). On the other hand by [25, Theo-
rem 6.8] we have

Corcff(U, X)[I/C(k)] = Hom(U, SOO(X))[I/C(k)]

for any normal U. Since any scheme has a gfh-covering by normal schemes we conclude
that this equality holds for all semi-normal U. UJ

Remark 3.6. — It 1s not hard to see that there are natural maps

Hom(U, 1] S”(X))[l Je(B)] = Cor™(U, X)[1/e(h)]

n>0

for all U and it might be the case that for char(k) > 0 these maps are bijective for all U.
For char(k) = 0 1.e. ¢(k) =1 they are not necessarily surjective if U is not semi-normal.
For example let U be the cuspidal cubic and X = A'. Then the graph of the normaliza-
tion map X — U is in Cor"(U, X) but clearly not in the image of Hom(U, [ [ _, S"(X)).

n>0
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Theorem 3.7. — Let k be a perfect field and C an _f-admussible category which is contained
in the category of semi-normal schemes. Consider Ay as a functor from APC? o ARad(C.).
Then one has

(57) ALAL = ani (S®[1 /(BT

Progf: — Since both sides of (57) commute with filtered colimits it is enough to very
that for X € C one has:

AGAG(X) = anis(S®[1/e(h)]1(X))*
By definition, AjAj takes X, to the functor
(58) U Cor(U, X) ® S = Cor(U, X)[1/c¢(k)]

where Cor(U, X) is the group of finite correspondences from U to X. By Proposition 3.5
we have

S®[1/e(B)1(X+) = Cor™(—, X)[1/c(h)]

On the other hand Lemma 3.8 below together with the fact that Cor(—, X) is a sheaf
in the Nisnevich topology, implies that Cor(—, X) = axis (Cor"(—, X) ™). Theorem is
proved. UJ

Lemma 3.8. — Let U be a henselian local scheme. Then
Cor(U, X) = Cor*(U, X)*

Progf. — Since Cor(U, X) = Cor(U,.q, X) and the same holds for Cor" we may
assume that U is reduced. Let Z = ) n;z; be a finite correspondence from U to X i.e. a
relative finite cycle on Xy =X x U over U. The individual points z; need not be relative
cycles over U but by the definition of a relative finite cycle (cf. [26]) we know that the
points z; lie over the generic points of U and that the closure [z;] of each z; 1s finite over
U. Therefore, in order to show that Z is a difference of two effective relative cycles it
1s sufficient to show that for any z which lies over a generic point of U and such that
its closure [z] is finite over U there exists an effective relative finite cycle Z such that
Supp(Z) contains z. Since U is assumed to be local henselian any effective relative cycle
of relative dimension zero over U is a sum of an effective relative finite cycle and a cycle
whose support lies over the complement to the closed point of U. Therefore it is sufficient
to find an effective relative cycle Z of relative dimension 0 such that Supp(Z) contains z.

The closure [z] is a henselian local scheme. The image of the closed point of [7]
in X lies on one or more of the irreducible components X. Replacing X by one of such
components we may assume that X is irreducible and in particular equidimensional. We
may further replace Xy by an affine open neighborhood of the closed point of [z]. This
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reduces the problem to the situation when we have a flat equidimensional morphism
p: Xy — U of some dimension d of affine schemes such that U is reduced and a point
z over a generic point of U such that [z] — U is finite and we need to find a effective
relative cycle Z of relative dimension O such that z € Supp(Z).

Since Xy 1s flat and equidimensional the fundamental cycle of Xy is a relative
cycle of dimension ¢ over U and clearly z belongs to its support. Assume by induction
that there exists an effective equidimensional cycle Z =) n;z; of relative dimension 7
over U such that z € Supp(Z). If r = 0 then we are done. Suppose that 7 > 0. Since Xy
is affine there is a regular function f on X which is zero in the closed point of [z] and
non zero in the generic points of the closed fibers of [z;] — U for all ¢. By [35] the cycle
(Z,D(f)) =D, n,D(f,) where f; is the restriction of / to [z] is a relative equidimensional
cycle of relative dimension r — 1 over U and one obviously has z € Supp((Z, D(f))). O

Remark 3.9. — The previous remark (3.6) shows that if we consider all schemes
instead of semi-normal ones then (57) stops being an isomorphism at least in character-
istic zero. It is possible that there is still an (Nis, A")-equivalence of the form (3.6) for all
schemes. It is also clear that there is an equivalence of the same form with respect to a
modification of the Nisnevich topology which allows for semi-normalizations as cover-
ings.

In may cases, including the main case of Moore spaces considered in the next
section it is important to know when one can further simplify the description of AZA%(X)
given in Theorem 3.7 by replacing S®[1/¢(k)]" with S®[1/¢(k)]. The goal of the rest of
this section is to prove some partial results in this direction.

Definition 3.10. — Let C be an f-admissible subcategory. An object X of
APRad(Cy) is said to satisfy condition (D1) if for any henselian local scheme U of a
pointed scheme from C, the Abelian monoid 77y (AC.(S*[1/¢(£)](X))(U)) is a group.

Proposition 3.11. — If X satisfies condition (D1) then the natural morphism
S*[1/e() (L (X)) = S*[1/c(B)]F (L.(X))
is a (Nis, A1) -equivalence.

Progf: — Consider the diagram of morphisms of monoids in A°?Rad(C) of the

form

ST /e(D))Lx (X)) — ACL(ST[1/e(h)] Lk (X))

l l

SPM/eMILs(X)T —— (ACLS®[1/e(BI(Ls(X)))) T = ACL(S®[1/e() (L (X))
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By Proposition 1.9 the horizontal morphisms are A'-equivalences. We have 7(X) =
7o(Li (X)) since L, (X) — X is a projective equivalence. We also have

7o (ACL(Y)) = o (AC, (10 (Y))).

Indeed, for a bisimplicial set B one has my(AB) = my(Am"(B)) where ;" (B)

1s obtained by replacing each column of B by its m. Therefore, mo(AC.(Y)) =

o (A (C.(Y))). Consider Y as going in the vertical direction. Then )" (C.(Y)) =

Ci(79(Y)) since C, commutes with reflexive coequalizers (actually with all colimits).
Finally,

T (ST[1/e(B)](Y)) = ST[1/e(B)] (w0 (Y))

since S™[1/¢(k)] being a radditive extension commutes with reflexive coequalizers. We
conclude that for any Y, we have

To(ACL(S®[1/e(B)](L(X))))
= 7o (AC, (o (ST[1/c()](L(X)))))
= 7o (ACL(ST[1/¢(k)] (o (L (X))))) = o (ACL(ST[1/c(B)1(70(X))))
= 7o (AC, (7o (ST[1/c(D) (X)) = mo(ACL(ST[1/e(D)](X)))
Therefore, the right hand side vertical morphism is a Nis-equivalence by our assump-

tion and Lemma 3.12 below. We conclude that the left hand side vertical morphism is a
(Nis, A")-equivalence. ]

Lemma 3.12. — Let X be a simplicial Abelian monowd such that 7wo(X) s a group. Then the
natural map X — X is a weak equivalence.

Proof. — See [20, p. 381]. U

Lemma 3.13. — For any f-admissible C. and any X € A°PRad(C) the object S} A X
satisfies condition (D1).

Progf- — One can easily see that nQ(AC*(SOO[l/C(/f)](Sj A X))) =0. [

Lemma 3.14. — For any f -admissible C one has:

1. of X,Y satisfy condition (D1) then X V'Y satisfies condition (D1),
2. ff : X' — Y w5 a morphism in A°°Rad(Cy) such that X and Y satisfy condition (D1)
then cone(f) satisfies condition (D1),
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Proof: — The first assertion follows from the formula

To(ACL(ST[1/e(H]IX Vv Y)))
= 7o (ACL(S*[1/c(B)](X) x ST[1/e(B) (X))
= 1o (ACL(ST[1/e(B)](X))) x o (ACL(ST[1/c(B)](Y)))

where the first equality holds by Lemma 2.22 and the second since by C, and 7y com-
mute with products.

To prove the second assertion we may assume that / is a term-wise coprojection.
Then cone(f) is projectively equivalent to the coequalizer of the reflexive pair X VY 2 Y
in which one map equals / on X and Idy on Y and the second one maps X to the distin-
guished point and again equals Idy on Y. Applying the functor 7wy (ACL(S*[1/¢(k)]1(—)))
and using the fact that it commutes with reflexive coequalizers and takes V to the direct
product we conclude that 7y (AC,(S*®[1/c(k)](cone(f)))) is a reflexive coequalizer of a
diagram of groups and therefore a group. 0J

Recall that we let S} denote the pointed scheme (A — {0}; 1) which we identify with the
radditive functor which it represents on C..

Proposition 3.15. — For any f-admissible C which s contained in SN/k and X €
A°PRad(Cy) the objects S} A X satisfies condition (D1).

Proof. — We may clearly assume that X € A°?C?. In view of Proposition 3.5, for
any U € C and Y, € C, we have

Hom(U, S®[1/¢(k)](S! A Y,))
= Cor™[1/¢(k)](U, (A" — {0}) x Y)/Cor*"[1/c(k)1(U, {1} x Y)

Therefore, the 7, set which we consider is the set of A'-homotopy classes of maps from
[U] to [A! — {0}] ® [Y], in the subcategory of Cor(C, S) where morphisms are effective
finite correspondences, modulo those classes which contain correspondences landing in
[{1}] ® [Y]. Let ¢ : A" — {0} - A" — {0} be the morphism z +> z~'. For a morphism
f:[U] = [A" — {0}] ® [Y] in our category set f~ = (¢ ® Idyy}) o f. Let us show that
f+/"is Al-homotopic to a correspondence which goes to zero. Note first that we have

S+ @@Idy) of =Ad®Idyy) of + (¢ ® Idy)) of
=(Id+¢)®Idy) o/
Therefore it is enough to show that the finite correspondence ¢ + Id from A' — {0}

to itself is A'-homotopic in the category of effective finite correspondences to a finite
correspondences which lands in 1. The set of finite correspondences of degree d from any
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smooth X to A' — 0 is in a natural bijection with Hom(X, S/(A" — {0})). The standard
theory of symmetric polynomials shows that S*(A' — {0}) = A' x (A" — {0}) where the
projection to A! corresponds to the polynomial —X — Y and the projection to A' — {0}
to the polynomial XY. The correspondence ¢ + Id is represented under this bijection
by a morphism A' — {0} — A! x (A! — {0}) whose image lies in A' x {1} and which is,
therefore, A'-homotopic to the morphism which sends A' — {0} to {1} + {1} = (=2, 1). O

Remark 3.16. — Let ¢(k) = 1. In view of Proposition 3.5 the effective analog A’ of
A" maps (Cor™* to C* and we have a pair of adjoint functors Ay, AZ; between these
two categories which is analogous to the pair A/, A",

Consider the composition Al A7 : (Cor™# — (Cor®™)*. By Proposition 3.5 this
functor coincides on objects with the functors Si°.; which is the obvious effective vari-
ant of the functor S7°. Note however that these two functors do not agree on morphisms.
For example, if d1d : [X] — [X] is the d-th multiple of the identity map on [X] then
Aiﬁ‘Aiﬁ‘(d Id) = Ai (xd) where xd is the multiplication by 4 map S*(X) — 5%(X)
while Sj, ;(dId) = d"Id and

S (d1d) = P SL. 4(d1d)
n>0

Since AlzA’;and S%° ;. do not agree on morphisms their extensions to the corresponding
categories of simplicial objects do not agree on objects. This effect remains after we pass
to group completions. In particular, the isomorphisms

A'A([X]) = Se(XDT

do not extend to isomorphisms between the functors A’A” and Se(—)".

3.2. Motivie Moore pairs and the main structure theorem

Let us recall the definition of motivic cohomology outlined in the introduction.
Let C be an admissible category. Consider the motivic spheres S| = (A! — {0}, 1) and
S{ = (S})" as radditive functors on C.. Set

Lk = LAR(S]) = AR (L.(S)).

We will write [, for I, 7. The (reduced) unstable motivic cohomology of X € APC* with
coefficients in an Abelian group A is defined by the formula

HomHNis.Al (Cor(C,Z))(A[X’ TI(A @L lq)) for p>gq

(59) H'(X, A) = o
HomHM‘Al Cor(@.z) (ZTIA'X, A @ ly) forp<ygq

un

where ®p, is the derived tensor product given by

A ®L Zq = L*(A) ®Z lq-



68 VLADIMIR VOEVODSKY

Definition 3.17. — Let A be an Abelian group, p, ¢ € Z and C be an admissible sub-
category of Sch/k. A motivic Eilenberg-MacLane pair for (A, p, ¢) on C is a pair (X, 1)
where X € A®’Rad(C,) andt € H” 9(X, A), which represents Hf’ (—, A) on Hyj a1 (C).

By the adjunction between A’ and LA’ the functors I:Ip (=, A) can be represented on
Huyis,a1 (C4) by the spaces A"X/79(A Qg ) for p> g and A’ Q A] (A®r /) forp<g.In
particular, motivic Eilenberg-MacLane pairs exist for all A, p and . By the uniqueness of
representing objects the isomorphism class of a (X, ¢) in Hyj a1 (Cy) 1s well defined up to
a canonical isomorphism and we will denote it by (K(A, p, ¢)c, 45,,).

Lemma 3.18. — For any k, any A, any p, q € Z and any inclusion v : C — D of admussible
subcategories there is a canonical isomorphism

K(A7pv q)C = irad,+(K(A’pv Q)D)

Proof: — It follows immediately from the definition of K(A, p, ¢) as a representing
object and the adjunction between i,,q,4 and Li79. UJ

In what follows we will only consider the case of p > ¢. The case of p < ¢ is much
more complicated.

Defination 3.19. — Let A be an Abelian group, p > ¢ > 0 and C be an admissible
subcategory of Sch/£. A motivic Moore pair for (A, p, ¢) on C is a pair (X, ¢) where X €
A°®Rad(C,) and ¢ is an isomorphism LAL(X) = /(A ®r, l;) in Hy a1 (Cor(C, Z)).

Proposition 3.20. — If (X, @) is a Moore pair for (A, p, q) on C then there is a natural
class t in H” T(AG LAZ (X), A ®z S) such that (Ag LAS(X) t) s an Eilenberg-MacLane pair for
(A®zS, p, q) on C.

Progf: — It follows immediately from the standard adjunctions that for any R and
A the image of the space A’RLAQ(M(A, b, ¢)) in Hyia1 (Cp) represents the functor

HY(—, A®LzR) = Homy ,,corc.zy(— Z((A®LZR) ® ).
The claim of the proposition follows from the fact that A @y z S = A ®z S. O

Proposition 3.21. — For any [ -admussible G which ts contained in SN /k, any p > q¢ > 0 such
that p > O and any finitely generated Abelian group A there exists a motivic Moore pair (X (A, p, q), @)
Jor (A, p, q) on C such that

1. X(A, p, q) satisfies condition (D1),
2. forany d > O there exists a morphism my : X(A, p, ¢) = X(A, p, q) such that
(a) LS>(m;) = xd in Hx;s a1 (C1),
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(b) LAL(m,) =d - 1d.

Progf: — 1t follows from Lemma 3.14(1) and Lemma 2.22 that if X(A, p, ¢) and
X(B, p, ¢) satisty the conditions of the proposition for (A, p, ¢) and (B, p, ¢) respectively
then X(A, p, ¢) vV X(B, p, ¢) satisfies its conditions for (A @ B, p, ¢). Since any finitely
generated Abelian group is a direct sum of finite number of cyclic groups it means that it
is sufficient to construct X(Z/n, p, ¢) for n > 0 and X(Z, p, ¢). We consider the following
two cases. (=0, > 0) Let S! o be a model of S, which is an Abelian group e.g. S| o=
K(Z,1). Let -n:S! _— S!' be the multiplication by #» map with respect to the Abelian

5,81 5,81

group structure. Set

X(Z,p,0)=S! AS!

5,81
X(Z/n, p,0) = cone(-n) A S

These spaces satisfy the first condition of the proposition by Lemmas 3.13 and 3.14(2).
The second condition is easily seen to hold relative to the maps m,; which are defined by
the map -d on S -

(¢g=1,p>¢q) Let (—)": S} — S} be the map z+— 2". Set
X(Z,p,q) =S ASIT AT
X(Z/n, p, q) = cone((—=)") ASI™H A S

These spaces satisfy the first condition of the proposition by Lemmas 3.15 and 3.14(2).
Let us shows that they satisfy the second condition relative to the maps m, defined by
the maps (—)? on S;. The second half of the second condition is easy. To prove the first
part observe that by Lemma 3.23 below it is sufficient to verify that the morphism (—)“
defines on S®(L.(S})) and S®(L,(cone((—)"))) the morphisms which coincide with xd
in Hyoa (C4).

By Proposition 2.14 the map

S®(L.(S))) — S¥(S))

is a projective equivalence. On the other hand the standard theory of symmetric polyno-
mials implies that there is a homomorphism of monoids

(60) S®(S;) — S,

which is an A'-equivalence. This proves the case of S® (L, (S})). Using (60) it is not hard
to show further that there is an A'-equivalence of monoids

$%(L, (cone((—)")) — K(S! 3 8}

where K is the standard functor from complexes of Abelian groups to simplicial objects,
which proves the case of S* (L, (cone((—)"))). O
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Remark 3.22. — Note that if char(k) = 0 then conditions (1) and (2b) of Proposi-
tion 3.21 imply condition (2b). For char(£) > 0 this is not necessarily the case because we
do not know how to reconstruct S from A% even for objects satisfying condition (D1).

Lemma 3.23. — Let X be an object of APC¥ and m, : X — X a morphism such that
S®(my) = xd in Hxisa1 (C). Then for any Y € AOPCﬁ one has
Soo(md AN Idy) = xd

in Hyis a1 (Co).

Proof. — Let f; be the composition X — S*(X) X S*(X) and g; be the com-
position of X & X — S®(X) or equivalently the composition of the natural map
X — S®(X) with S*(m,). Let

h:SPX)AY = S®XAY)
be the map which takes (x; 4 --- + 1,5 9) to (x1;9) + - - - 4 (x,;.9). Then there are com-
mutative diagrams (in A°PC¥)

SPXAY) L SoXAY)

g (ﬁ/AIdy)l T

S®(SP(X)AY) - 52§ (X AY))

and

S (mgAldy)

S*(XAY) ———  S®XAY)

S (é’,/AIdY)l T

SO(SPX)AY) —2  §2(S®*(X AY))

where the right hand side arrows are from the standard triple structure on S*. Since
Ja=gs 1n Hnioa1 (Cp) we conclude that xd = S*(m,; A Idy) in this category as well. [

For any X the isomorphism of Theorem 3.7 defines a morphism
dix : S®(X) = ALALX)

Proposition 3.24. — Let (X(A, p, ), @) be a Moore pair satisfying the conditions of Propo-
sition 3.21. Then for any commutative algebra R over S = Z[1/c(k)] the morphism

LAR(dh,xapgn) * LARLST(X(A, p, 9))) = LAR (AGLAG(X(A, p, 9)))

us an wsomorphism in Hyi a1 (Cor(C, R)).
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Progf: — By Theorem 3.7 we have
S®L1/e()TF (L (X(A, p, 9))) = AZLAGX(A, p, 9))

since X(A, p, ¢) satisfies condition (D1) so does L.(X(A,p, ¢)) and we may replace
S®[1/c(k)]T by S*®[1/¢(k)]. On the other hand
LAR (Xc(k)) = LA (S* (mp)) = S (LAR (m0))
= S (Al (m) = S2(c() - 1)

r

1s an isomorphism since ¢(£) is invertible in R (note that condition (2b) of Proposition 3.21
implies a similar condition for A%). Therefore the morphism

LAR (LS®(X(A, p, 9))) = Lag (LS®[1/e(HIX(A, p, 9)))

is an isomorphism in Hy; a1 (Cor(C, R)). ]

Let us introduce the following notation:
M(A, p, ¢; R)¢ = LAR (K(A, p, 9)c)

The following result is the main theorem of this section.

Theorem 3.25. — Let k be a perfect field, C an f-admissible category which ts contained
i the category of semi-normal schemes, A a finitely generated module over S = Z[1/c¢(k)] and p, q

two integers such that p > ¢ > 0 and p > 0. Then for any S-algebra R there is an isomorphism in
Hyisa1 (Cor(C, R)) of the form

(61) M(A, p, ¢: R)e = P SLE (A ®Ls R) ® ;1))

n>0

such that for any d > 0 the map M(A, p, ¢; R)c = M(A, p, ¢; R)¢ defined by multiplication by d
in A is of the form €D, d" - 1d. A choice of such an isomorphism is determined by a choice of a finitely
generated Abelian group A, an isomorphism A = A' @ S and a motivic Moore pair (X(A', p, ¢), @)
satisfying the conditions of Proposition 3.21.

Proof. — Any finitely generated S-module A is of the form A=A’ ® S for a finite
generated Abelian group A’. Let us choose a Moore pair X(A', p, ¢) which satisfies the
conditions of Proposition 3.21. By Proposition 3.20 and Proposition 3.24 we have an
isomorphism

LAR (K(A, p, 9)) ZLAR(LS® (XA, p, 9))) = LS (LA (XA, p, 9)))
By an obvious “universal coefficients formula” the isomorphism

LAL(X(A, p, ) = 21N ®rz )
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defines an isomorphism
LARXA, p, ) = (A’ @z R) ®Lr [,R)
=X "(A®LsR) ®Lr /,r)

and therefore an isomorphism of the form (61).

The map LAL (K(A, p, ) = LAL(K(A, p, ¢)) defined by multiplication by & in
A corresponds under the isomorphism LA%(K(A, )= LAiz(LSoo (X(A', p, 9))) to the
map LA} (xd) and the properties of the map m, show that

LAy (xd) = LAL(LS™(m,)) = LS (LA (m,))
=LSY(d-1d) =P d" - 1d.

n>0

O

Corollary 3.26. — Under the assumptions of the theorem assume in addition that R =F is a
field. Then a choice of (X(A, p, q), @) defines isomorphisms

M(A, p, ¢; F)e = My @ M) & M, & M,
where

M, =LS7 (X (A ®z F) ®r [,r))
and

M, = LS? (= (Tor? (A, F) ®r [,r))-

Proof. — It follows from the general case by Corollary 2.49 since we have a canon-
ical decomposition

A®LzF=(A®zF) & X' Tor”(A, F).
O

Corollary 3.27. — Under the assumptions of the theorem let R =¥ be a field of characteristic
[ > 0 such that | # char(k). Then a choice of (X(Z/L, p, q), @) defines isomorphisms:

M(Z/L, p, ¢; F)c = My @ M) @ M, & M,
where MO = M(Z,[), q; F)C and Ml = M(Z,p + 1, q; F)(}.

Corollary 3.28. — Under the assumptions of the theorem assume in addition that R =F is a
Sield and p > 2q. Then one has

M(A, p, ¢; F)c € SPT-,
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Progf: — The case when p = ¢ = 0 1s obvious. For p > 0 the statement follows easily
from Corollary 3.26 and Theorem 2.76. UJ

Remark 3.29. — It is not clear whether or not there exist motivic Moore pairs
(X(A, p, 9), ¢) satisfying the conditions of Proposition 3.21 which define isomorphisms
(61) which are different from the ones which are defined by the Moore pairs which are
constructed in the proof of this proposition. One can look at this problem from the follow-
ing angle. The composition I = LAZZA’Z 1s a cocomplete-triple on Hy a1 (Cor(C, Z)). A
choice of a motivic Moore pair for (A, p, ¢) defines a structure of an F-coalgebra on
2/ 1(A®vz ;) and a choice of such a structure defines an isomorphism of the form (61).
Therefore in order to obtain an “exotic” isomorphism of this form we need a Moore
space X(A, p, ¢) which defines an exotic F-coalgebra structure on £/~(A®y z/,). On the
other hand, one can easily see that such a structure is determined by the action of coho-
mological operations on the motivic cohomology of X(A, p, ¢). In the topological context
these observations show that there are no exotic coalgebra structures since there can be
no non-trivial actions of cohomological operations on the cohomology of Moore spaces.
In the motivic context they show that in order to construct an “exotic” Moore space for Z
we need to find a pointed space X whose motive is a Tate motive Z(p)[¢] but the action of
the motivic cohomological operations on H**(X, Z) = H*7*71(Spec(k), Z) is different
from their action on the motivic cohomology of the point. Since we know almost nothing
about unstable motivic cohomology operations of bi-degree (z,7) where 2¢ > > ¢ the
question of exotic Moore spaces remains open.

Remark 3.30. — The construction of the proof of Proposition 3.21 can be easily
adjusted to provide motivic Moore pairs for (A, p, ¢) where A is any S-module and p > ¢.
However, it is not clear how to construct motivic Moore pairs for (A, p, p) when p > 0 and
A is an indecomposable (infinitely generated) S-module of rank greater than 1. Multiple
examples of such modules can be found in [6].

Remark 3.31. — Theorem 3.25 together with Example 2.59 shows that for 2¢ >
p > q the image of M(A, p, ¢; R) in DM*" is a “mixed Tate object” but not necessarily a
pure Tate object. For p < ¢ this image may not even be a mixed Tate object as can be
seen on the example of M(Z//, 0, 1; Q). The Eilenberg-MaclLane object K(Z//, 0, 1) is
the scheme of /-roots of unity and its motive is not a Tate motive unless the /-root of unity
1s in 4.

Theorem 3.32. — Under the assumptions of Theorem 3.25 assume in addition that R = F s
afield, p > 2q and that k admats resolution of singularities in the sense of [40]. Then for any admissible
subcategory 1 : D — C of C such that D C Sm/k one has

Lit{(M(A, p, ¢: F)p) = M(A, p, ¢; F)g

Ztr
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Proof: — Set K¢ = K(A, p, )¢ and Kp = K(A, p, ¢)p and let M¢ = LA@(KC)
and Mp = LAQ(KC) be the corresponding objects of Hyj a1 (Cor(—, F)). By Section 1.3
we have two pairs of adjoint functors connecting the categories Hyj a1 (Cor(—)) and
Hyis.a1 ((—)+) over G and D respectively. By Lemma 3.18, for any ¢ : D — C, any A and
any p, ¢ one has

(62) Kb = tra.+Ke

Since £ be is a field with resolution of singularities and D C Sm/4 we further have
e adMe = ty radLAK ¢ = LA g + Ko = LA{Kp = Mp

where the second equality holds by Theorem 1.21 and therefore

B d E d .
thrra (MD) = Lzlrf Ztr,radlv[(l
Z'rad
tr

Corollary 1.20 this implies that the adjunction szfdimmdMC — Mg 1s an isomorphism. [

Since p > 2¢, Corollary 3.28 implies that M¢ is in the image of the functor Lz** and by

Corollary 3.33. — Under the assumptions of Theorem 3.25 assume in addition that R =T s
afield, p > 2q and that k admats resolution of singularities in the sense of [40]. Then_for any admussible
subcategory D C Sm/k one has

M(A, p, ¢; F)p C SPT-,

3.3. Topological realization functors

In this section we assume that the base field is C and R is the ring of coefficients for
homology and correspondences. We set C = QP/C to be the category of quasi-projective
schemes over C.

Let Top be the category of (all) topological spaces. Sending X € C to the topologi-
cal space of its G-points we get a functor

7 :C— Top
We will need the following classical properties of this functor.

Theorem 3.34.

1. 7 commutes with disjoint unions,

2. 7 commutes with fiber products,

3. T commutes with finite group quotients,

4. 7 takes universal homeomorphisms to homeomorphisms.

Proof: — See [22]. 0
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Proposition 3.35. — For any closed embedding 1 : 7. — X in QP/C, 7 (2) is a closed embed-
ding and (X(C), Z(Q))) s a CW-paun

Proof: — It follows easily from the considerations of [9]. U

Consider the functor
7" A®Rad(Cy) — A°Rad(Top,)

Lemma 3.36. — The functor 5" takes projective equivalences to projective equivalences. In
particular, for any X € A°Prad(C..) the morphism Lt (X) — 7324 (X) is a projective equivalence.

Proof. — A morphism of radditive functors is a projective equivalence if and only if
it is a simplicial weak equivalence as a morphism of presheaves of sets. Such equivalences
are preserved by inverse image functors defined by functors which commute with fiber
products. Therefore the lemma follows from Theorem 3.34(2). U

Let AR .q be the “forgetting of transfers” functor from Rad(Cor(C, R)) to
presheaves of R-modules on C. Then mg_ AR ,,04(X) 1s a functor

Rad(Cor(C, R)) — PreShvg_,0q(Top)

Evaluating a pointed presheaf (resp. a presheaf of R-modules) I on the standard cosim-

plicial object Ay, in Top we get a pointed simplicial set (resp. a simplicial R-module)

Sing, (F). Composing 7}*® (resp. 75 _ Ak o) With Sing, followed by the diagonal we

get two functors
T¢ = ASing, 77" : ARad(C;) — A*®Sets,
and
Te= ASing, 7wy _ 1 oa AR mod - APRad(Cor(C, R)) — A"R — mod

Proposition 3.37. — The functor T takes (Nis, A")-equivalences to weak equivalences of
stmplicial sets and therefore defines a_functor

lc : HNis,Al (C+) — H:OP
Progf. — By Theorem A.20 the class
WIJ\rIis,A] = Cll((GNis)+ U (GAI )+)

of (Nis, A!)-equivalences in A°rad(C,) coincides with the class clz((Gnis U Ide)4 U
(Gar ' Id¢) 4+ U Wi,0). Since T¢ clearly takes A-closures to A_-closures and commutes
with LI and since the class of weak equivalences in A°PSets 1s A-closed it is sufficient to
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verify that T¢ takes W05, (Gnig)4 and (Gai)+ to weak equivalences. The case of W

proj
follows from Lemma 3.36. Let us consider the case of Gy;. Let Q be a Cartesian square

in C of the form

B—— Y

Lol

A—1s X
such that p is etale, j an open embedding and Y\B — X\A is an isomorphism. Consider
the morphism f; : (Kg); — X For U € QP/C we have 7*(U) = U(C) and T¢(U) =
Sing, (U(C)) where Sing, is a singular simplicial set of a topological space. Therefore,
there is a push-out square of simplicial sets of the form

Sing, (B(C)),. V Sing, (B(C)), ——> Sing, (Y(C)), x A
Sing, (A(C)); V Sing,(Y(€)y ——  Ta((Kg)y)

and we need to verify that the obvious morphism T¢((Kg) 1) — Sing, (X(C)) is a weak
equivalence or equivalently that the square of singular simplicial sets

Sing, (B(C));y —— Sing, (Y(C))+
(63) l l
Sing, (A(C)); —— Sing (X(C))+

is 2 homotopy push-out square. This follows from Lemma 3.38.
It remains to consider the case of (Ga1) 1.e. to show that for any X € QP/C the
map

Sing, (X x A")(C)), — Sing, (X(C),)

is a weak equivalence. This follows from the fact that (X x A!)(C) = X(C) x C and C is
contractible. O

Lemma 3.38. — Let Q.

B—— Y

L

A —— X

be an upper distinguished square in Sch/G. Then the associated square of the form (63) is a homotopy
push-out square.
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Proof. — Since the spaces of G-points of A, B, X and Y admit triangulations the
condition that the square (63) is homotopy push-out square is equivalent to the condi-
tion that the obvious map ¢ : p(Q(C)) — X(C) where ap(Q(C)) is the push-out of the
diagram

B(C) x 9A! —— A(C) LI Y(C)

!

B(C) x A!

1s a weak equivalence. By [13, Cor. 1.4, p. 93] (see also [4]), it is sufficient to show that
for any point x € X(C) there exists an open neighborhood U’ of p such that for any
open subset U of U’ the map ¢ '(U) — U is a weak equivalence. This map is clearly
isomorphic to the map ¢y : p(Q(C)y) — U where Q(C)y is the pull-back of the square
Q(C) to a square over U.

Using the fact that etale morphisms define local homeomorphisms on the spaces
of C-points one can show that for any x € X(C) there exists U’ such that Q(C)yr is
isomorphic to a square of the form

(]_[(U/—Z(C)DU/)) (U —Z(C)NU) —> <]_[(U/—Z(C)HU/)) nu

! !

U-znu — U
Then the same is true for Q(C)y for any U C U’ which easily implies that the maps ¢qy
are homotopy equivalences. 0J
Lemma 3.39. — Functor t commutes with the smash products.

Progf- — One can easily see that for any X, Y € A°°?Rad(C.;) there is a natural map
Te(X)ATe(Y) = Tec(XAY). Since the class of weak equivalences of pointed simplicial
sets is A-closed it is sufficient to check that it is a weak equivalence for X = X, Y=Y,
where X', Y" € C. In this case our map is an isomorphism because both 7* and Sing,
commute with direct products. O

One can easily see that there are canonical isomorphisms:
(64) lc(SH =S'
(65) te(S)) =S!

Let H(R — mod) be the homotopy category of simplicial R-modules.
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Proposition 3.40. — The functor T takes (Nis, A")-equivalences to weak equivalences of
simplicial R-modules and therefore defines a_functor

(66) & : Hyis a1 (Cor(C, R)) — H(R — mod)

Proof: — Let ¢ be the forgetting functor from R-modules to sets. Then by construc-
tion we have

d)OTt(r: :TcA;{

The functor ¢ reflects weak equivalences. The functor Aj respects (Nis, A')-equivalences
by Theorem 1.7. The functor T¢ respects equivalences by Proposition 3.37. We conclude
that T¢ respects equivalences. 0J

Let
Hg : A®Sets, = A’R —mod

be the functor which takes a pointed simplicial set X to the free R-module Hy (X) gen-
erated X.

Proposition 3.41. — The square
Hyoa (Cy)  ——  Ho
(67) LA{{J' Hkl
Hyis a1 (Cor(C, R)) l—‘c> H(R — mod)
commules up to a natural isomorphism.

Proof. — We may interpret Hyia1(Cy) as a localization of AOpCﬁ and con-
sider A’ instead of LA’. By definition, Hx T¢(X) is the free R-module generated by
the pointed simplicial set ASing, (X(C)) and TEA{{(X) is the simplicial R-module
ASing, (n*Ai’abA{Q(X)). The natural transformation X(C) — JT*A%,MA{{(X) together
with the universal property of free R-modules provide us with a natural transformation
of the form

(68) HpTe — TILAL

Since the forgetting functor ¥ from R-modules to Abelian groups reflects equivalences
and one has

YHrTe(X) = (YHzTce(X)) ® R
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and
YTEARX) = (YW TEAZ(X) ® R

its 1s enough to consider the case R = Z. Since both sides of (68) commute with the
simplicial suspension (because of Theorem 3.34(1)) and the suspension on H(Z — mod)
reflects isomorphisms, it is enough to verify that for X € A?C? the morphism

¢HzASing, 77 (2!X) — ASing*n A, AL (2! X)

is a weak equivalence. Consider the commutative square

¢HyASing, 7™(S!X) ——  ASing*7™$®(T!X)

69) | |

¢HzASing, 7™ (L!X) —— ASing" ™AL AL(T!X)

where Hy(—) is the free Abelian monoid functor. The left hand side vertical arrow in this
square is a weak equivalence by Lemma 3.12.

Let : : SN/C — QP/C be the embedding of the subcategory of semi-normal
schemes. By Lemma 3.42 we have J'rfd = ndeifdimdnL. The morphism imd,+S°°(Z} X)—
brad+ Ay AL (Z!X) is a Nis-equivalence by Proposition 3.5 and Lemma 3.8. Therefore
L4 4 S®(Z!IX) — Lt F,4 Ay AL(2!X) is a Nis-equivalence and we conclude
by Proposition 3.37 that the right hand side vertical arrow of (69) 1s a weak equivalence.

It remains to verify that the morphism

(70) ¢HnASing, 77*(Z'sX) — ASing, 77*S™(2/X)

is a weak equivalence for any X € AP(QP/ C)?. Since the class of weak equivalences
of simplicial sets is A-closed it is sufficient to consider the case of X € (QP/C);. By
Theorem 3.34(1, 2, 3) we conclude that for such an X one has

(8™ (2,X)) = S* (X, (X(C)))

where on the right X! (X(C)) is considered as a simplicial topological space. The fact
that the morphism (70) is a weak equivalence follows now from Proposition 3.35 and the
Dold-Thom theorem in the form which asserts that for a simplicial topological space X
whose terms are CW-complexes, the maps

HyxASing, (2!X) — ASing, (S®(Z!X))
is a weak equivalences. O

Lemma 3.42. — Let 1 : SN/C — QP/C be the embedding of semi-normal schemes. Then

; rady ,rad rad ; A ;
the morphism w3 Ly “iaq + — T3 is a projective equivalence.
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Proof. — It is clearly sufficient to consider the non-pointed case. Let sn: QP/C —
SN/C be the semi-normalization functor which is the left adjoint to :. Then the adjunc-
tion between sn and 7 shows that there is a natural isomorphism 7,4 = 529, Since #,q
ad and therefore 7,4 = Lsn™d. By Lemma 3.36
= L™, Combing these observations together we get:

respects projective equivalence so does sn

we have ™4

jTradLZ'radimd — LnradLZ‘radLsnrad — L(]T 010 Sn)rad =L rad

The last equality holds by Theorem 3.34(4) since the morphism 7 o sn — Id is a universal
homeomorphism. 0J

Proposition 3.43. — The functor & commutes with (derived) tensor products.

Progf: — Note first that there is a natural transformation on the level of simplicial
objects of the form

TeX) @r Te(Y) — Te(X®Y)

Since the class of weak equivalences of simplicial R-modules is A-closed it is enough
to verify that it is a weak equivalence for X,Y € Cor(C, R) 1.e. for X = AZ(X’+), Y =
AZ(Y;) where X', Y’ € C. In this case the claim follows from Proposition 3.41 and the
Kiinneth isomorphism theorem for topological homology. O

Proposition 3.41, isomorphisms (64), (65) and Proposition 3.43 imply that there are a
canonical isomorphism

(71) te(AQrz 1) = (A®rLz R)[n]

and in particular ¢;(L,) = R[2#]. Using the definition of motivic cohomology given at
the beginning of Section 3.2 in combination with Proposition 3.41, isomorphisms (71) for
R = Z and the suspension isomorphisms in the topological cohomology we get canonical
maps:

H(X, A) — H (16(X), A)

For an R-module A let K(A, p) and K(A, p, ¢)gp/c be the topological and the motivic
Eilenberg-MacLane spaces representing the functors H”(—, A) and H”/(—, A) respec-
tively.

Lemma 3.44. — For p > q there s a canonical 1somorphism

tc(K(A, p, Por/c) = K(A, p).
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Progf: — We have
lc(K(A, p, ) = lcAz(A®Lz Z7"l) = plg(A®Lz 'L
= ¢(AlpD) = K(A, p). O

Remark 3.45. — The statement of Lemma 3.44 is false for p < ¢ at least when A 1s
not a torsion Abelian group. For example, K(Z, 0, 1) = p¢ while K(Z, 0) = Z.

Remark 3.46. — Note that in the case of R =Z /[ we get t4(L,) = Z/{[2n] while it
would be more natural to have ¢5(L,) = w,[2n] where u, is the group of [-roots of unity
in C. The reason that we get Z// instead of y, is that the isomorphism (65) defines an
identification of u;, which is the fiber of the /-th power map on S}, with Z// which is
the fiber of the /-th power map on the circle. If the circle is oriented counter clock-wise
then this identification corresponds to the choice of the /-th root of unity with the smallest
argument.

In the next section we will need to work with K(A, 4, ¢)smop/c mstead of K(A, p, 9)op/c-
Letj : SmQP/C — QP/C be the embedding of smooth quasi-projective schemes to all
quasi-projective schemes. By Lemma 3.18 we have an equivalence

Jrad + KA, p, Poric = K(A, p, ¢)smor/c

which, by adjunction, defines a morphism
YA g Lide(A,l?, Psmor/c —> KA, p, 9or/c
Proposition 3.47. — For p > q the morphism tc (Y (A, p, q)) s a weak equivalence.

Progf: — Note first that the category SmQP/C has direct products (fiber prod-
ucts over the point) and that the functor j respects these products. This implies that
L™ commutes with direct products up to a canonical equivalence. Therefore both
lc (Ljfd(K(A, b Psmaryc)) and ic(K(A, p, ¢9)op/c) are H-spaces with an inverse map. A
morphism of such H-spaces is a weak equivalence if it defines a weak equivalence on

homology i.e. it is sufficient to show that

Hzte (L (K(A, p, Q)smar/c)) = Hzte (KA, p, 9)ap/c)

is a weak equivalence of simplicial Abelian groups. By Proposition 3.41 this is equivalent
to the showing that

(72) le (LAZZL]'fd (KA, p, Psmor/c)) = t& (LAZZ (KA, p, 9)orse))

is an isomorphism. For ¢ < 1 there are models of K(A,p, ¢)gp/c which lie in
A°P(SmQP/C) . and therefore ¥ (A, p, ¢) itself is a weak equivalence. Therefore we may
assume that p > 0. Then (72) is an isomorphism by Theorem 3.32 since LA L/ =
Li'LAY, 0
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Corollary 3.48. — Let

rad

tsm,c = ASig, L(m o))"}

be the topological realization functor on Hyxis ot ((SmQP/C) ). Then for p > q, there are canonical

weak equivalences

tsm,c (K(A, p, P smap/c) = la(K(A, p, Por/c) = K(A, p).

3.4. Application to stable operations.

In this section we will show that over a field £ of characteristic zero the algebra
of all stable operations in motivic cohomology with coefficients in F; coincides with the
motivic Steenrod algebra. Since motivic Steenrod operations have been defined only in
cohomology of smooth schemes we will work with smooth schemes over £. Let H** =
H**(Spec(k), F)). Let K, be the motivic Eilenberg-MacLane space K(Z/[, 2n, n) g/ and
K5” be its topological counterpart K(Z//, 2r). The Abelian group of all stable operations
is given by

M** = lim, H*""**"(K,, F)
where the homomorphisms of the system are defined by the morphisms
(73} E%Kn - Kn+1

Let A** be the motivic Steenrod algebra. Since operations from A** are stable with
respect to X they act on M*™*. Denote by ¢ the element in M™* whose restriction to K,
is the canonical class ¢,. Acting by elements of A** on ¢ we get a map

u: A% — M*™*
which is a homomorphism of left H**-modules.
Theorem 3.49. — Let k be a field of characteristic zero. Then u is an tsomorphism.

Progf: — The proof of this theorem occupies the rest of this section and ends right
before Remark 3.57. O

Let M, = LAXZ(K,[) be the class of K, in Hyi a1 (Cor(Sm/4, F))). In view of Corol-
lary 3.33 there exist objects M/ in SPT such that M, = X} M. Morphisms (73) define

a sequence

My — M|, — M, — ---
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Let M be its homotopy colimit. By Corollary 2.71 the distinguished triangle which defines
M splits. Therefore the motivic cohomology of M coincide with M** and by the same
corollary M € SPT.

Let (ey)qea be the basis of A** (k) over H** which consists of admissible monomials
(see [33, pp. 40-41]). Let p,, ¢» be defined by the condition that ¢, € A%, Set A =
@ae A Fi(go)[pe]. The bi-degrees of admissible monomials are such that p, > 2¢, 1.c.
A e SPT.

Lemma 3.50. — The motivic cohomology of A is canonically isomorphic to A** and there is

a unique morphism
w:M— A
which defines on the motwic cohomology homomorphism u.

Proof. — The definition of an admissible monomial given in [33, p. 40] implies
immediately that for any ¢ > 0 the set A, -, of @ € A such that ¢, < ¢ is finite. Let
H**(¢)[p] be the free bi-graded module over H** with the generator in bi-degree (p, ¢).
Then we have

gr or
H**(A) = [ [H"* (g:)[pe] = P H" (g [pu] = A
a€eA aeA

where [[* and @*" are the direct product and the direct sum in the category of bi-graded
modules and the middle equality holds because the sets A, -, are finite. This proves the
first assertion of the lemma.

The condition that # defines homomorphism « on motivic cohomology is equiv-
alent to the condition that the composition of « with the projection to the summand
corresponding to ¢, is u(¢,). The uniqueness and existence of such # follows from the
finiteness of the sets A, -, and Proposition 2.64. 0

To prove Theorem 3.49 we need to show that « is an isomorphism. Since both M and
A belong to SPT we may apply Corollary 2.70(2) and assume from now on that £ is an
algebraically closed field.

Let us choose a primitive /-th root of unity in £ and let T be the corresponding
element of H"! = H*!(Spec(k)). Then by [24, Cor. 4.3, p. 254] we have

(74) H** =F/[].

For a module A over F[t] we will write A @, I (resp. A ®, F) for the tensor product of A
with F; with respect to the homomorphism F[t] — I which takes 7 to O (resp. to 1).
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Lemma 3.31. — u: M* — N* a homomorphism of non-negatively graded free modules over
Flz] where ¥ is a field and gr(t) = 1. Assume that vy = u @, Id s surjective and uy = u @, 1d
injective. Then u is an isomorphism.

Proof. — If x € M" and u(x) = 0 then the image of x in M* ® F is zero i.e. x = 7.
Then 0 = u(tx") = tu(x’) and since N* is free we have u(x") = 0. A simple induction on n
implies now that « is injective.

Let us show that « is surjective. Let x € N". Since u; is surjective we have x =
u(z) + (r — 1)y for some z € M* and y € N*. Let m be the smallest integer > 7 such that
z€ M= and y € N=". Then x,+; =0 and z,+; = 0 and therefore 7y,, = 0. Since N* is
free we conclude that y,, = 0. Suppose that m > n. Then u(z,) = —ty,-1.

The condition that ¥, is a monomorphism shows that if u(z,,) = —t,-, then there
exists z,_, such that z, = 72/ | and, since N* is a free module u(z,_,) = —y,_. Set
J'=z—2z,+ 2%, and )’ =» — y,_1. Then one has again x = u(¢") + (r — 1))". By
induction we conclude that we may assume that m = n. Then (v — 1)y = x — u(z) implies
that y, = 0 and x = u(z,) + ©9,—,. By obvious induction on degree we may assume that
9—1 1s in the image of «. Then x € Im(u). ]

Lemma 3.52. — Let X € A?Rad((QP/C).) be such that LA%Z(X) is a direct sum of
objects of the form X'l Then the natural homomorphisms

(75) (X, Z2/1) @, F — Y (1(X), F)
are isomorphisms.
Proof. — By Proposition 3.41 we have
H! (1¢(X), F;) = Homyg,-moa) (H, fe (X), Fi[p])
= Hom({gLAy, (X), Filp)

and the homomorphism H2*(X, Z/l) — H(ic(X), F;) which defines (75) is the homo-

morphism

(P Homu, ,, (=Y. Fulah) & (@D Homu, ,, (Y. Fig)[sD)
(76> q9>p 1=¢>=0

s
HomH(F[—mod) (tg (Y) ’ Fl [p])

forY = LA{,} (X). Therefore, it 1s sufficient to verify that (76) defines an isomorphism for
Y = X'/ i.e. that the maps

0! (Spec(k) +, Z/1) ®, F, — H (S, F)
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are isomorphisms. This is equivalent to (74). UJ

The motivic Adem relations demonstrated in [33] imply that for any % of characteristic
zero there i3 a homomorphism

(77) A (k) — A*
which sends P’ to P’ and B to B and which is of the form
H** (k) — H**(}) =F[tr] 3'F,
on H**. The same relations imply immediately the following result.

Lemma 3.53. — Let k be an algebraically closed field of characteristic 0. Then (77) defines an

isomorphism
(78) A (k) @ F— A

Lemma 3.54. — The square

ln

(79) l l
AT — H(KS)

commules.

Progf: — We will only give a sketch of the argument. From general functoriality it
is sufficient to verify that the image P*" (resp. BP"") of the motivic class P't, (resp. BP't,)
in H* (K5P) is Pty, (resp. BP'ty,). Knowing the Cartan formula and Adem relations for
the motivic reduced powers we can deduce that the family of operations defined by the
classes P*" and BP"" satisfy the list of properties which uniquely characterize the reduced
power operations (see e.g. [23]). (]

Proposition 3.55. — Let k be an algebraically closed field of characteristic zero. Then the

homomorphism
(80) u® 1d: A" @ F,— M"* ®, F,
is an isomorphism.

Proof. — Since both sides of (80) remain unchanged when we pass from an alge-
braically closed field to its algebraically closed extension we may assume that £ = C.
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The vertical arrows of (79) factor as
A*,* — A*,* ®1 Fl — A*

H**(K,) - H**(K,) ® F, — H*(K;")

where the second arrows of both factorizations are isomorphisms—the first one by
Lemma 3.53 and the second one by Lemma 3.52. We conclude that the maps

A @ F,— H(K,) @ F,
are isomorphic to the maps

A* — H*(K5P

defined by the action of the topological Steenrod algebra on ¢y, and one verifies easily
that these isomorphisms identify the maps defined by (73) with the similar maps defined
by the topological suspension morphisms

S > K,

We conclude that (80) is isomorphic to the map
* . CTx+2n to]

(81) A* — lim, H RGP

defined by the action of the topological Steenrod algebra on the canonical cohomology
classes of K5 which is an isomorphism by [23]. 0J

Proposition 3.56. — Let k be an algebraically closed field of characteristic zero. Then the
homomorphism

u ®() Id: A*'* ®0 Fl — M** ®Q F/

is @ monomorphism.

Proof: — Following the notations of [16] let P! denote the element of A** cor-
responding to an admissible sequence I = (e, 51, ..., 5, €;). We need to show that for
any non-trivial linear combination P = Y P! there exists n such that P(i,) # 0 in
H**(K,) ® F,. Bi-stability of operations together with the universal property of ¢, im-
ply that it is sufficient to find any X € A°’(Sm/ k)f_ and a class w € H* *(X) such that
P(w) # 0 in I:I*’*(X) ®o F,. Using the computation of the action of motivic Steenrod al-
gebra on the cohomology of B, and the proof of [23, Proposition VI.2.4] one can easily
see that it can be done by taking X = (Bu,)™ for some N (cf. [16, Proposition 11.4]). O

End of the proof of Theorem 3.49. — 'To prove the theorem we need to show that
the morphism # of Lemma 3.50 is an isomorphism. As was noted above, we may apply
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Corollary 2.70(2) and assume that £ is an algebraically closed field. A morphism between
split Tate objects is an isomorphism if and only if it defines isomorphism on the motivic
cohomology. Applying Lemma 3.51 to the homomorphism

considered as a homomorphism of graded modules over
H**(Spec(k), F)) =F/[7]

with respect to the “weight” grading we see that it is sufficient to show that ¥, =« ®, Id
1s surjective and uy = u ®, Id 1s injective. This is done in Propositions 3.55 and 3.56. U

Remark 3.57. — An unstable analog of Theorem 3.49 appears to be false i.e. the
motivic cohomology of individual spaces K, are not generated as algebras by elements of
the form P!(¢,). In particular, [32, Lemma 2.2] is probably false.

Let the base field be C. In view of the unstable analog of Proposition 3.55 for
any class « € H**(K,) there exist m such that T can be represented as a polynomial of
P!(t,). We claim that there are classes a for which the smallest m satisfying this condition
is > 0.

If we consider all the motivic Eilenberg-MacLane spaces then it is obvious. Indeed,
the motivic cohomology of weight zero of K(Z/[, n,0) are the same as the topological
cohomology of K(Z/[, n). On the other hand all the motivic power operations shift the
weight so applying P! to the canonical element in H* we get elements in H”¢ with ¢ > 0.

Existence of such classes for the spaces K, = K(Z/[, 2n, n) 1s less obvious. They do
exist if the unstable motivic cohomology operations

Pi{M - | 1 — HPT20-Dlg
constructed in the context of the higher Chow groups by Kriz and May can be extended
to the motivic cohomology of objects such as K,. In that case the first example I know
would be w = S¢i,S¢" S¢*S¢' (15) for which one would expect

Tw = Squq7SqBSql (t3)

but which can not be obtained as a polynomial of P'(i3) itself. The complexity of the
example is due to the fact that one needs to find an admissible sequence with low excess
and high weight shift.

It is possible that the motivic cohomology classes of K(Z//, p, ¢) for p > 2¢ can be
represented as polynomials of classes obtained from the canonical one using both stable
and unstable power operations.
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Appendix A

A.1 Adnussible categories
Defination A.1. — A full subcategory C of Sch/£ is called admissible if

Spec(k) and A! are in C

for X and Y in C the product X x Y is in G
if X'isin C and U — X is etale then U isin C
4. for X and Y in C the coproduct X I Y isin C

Rl e

If in addition C is closed under the formation of quotients with respect to actions of finite
groups it will be called f-admissible.

Lemma A2. — The categories of all schemes of finite type, of smooth quasi-projective schemes
and of smooth quasi-affine schemes over any field are admussible.

Lemma A3. — The categories of quasi-projective and quasi-affine schemes over any field are

[ -admissible.

Lemma A.4. — The categories of normal quasi-projective and normal quast-affine schemes over
a perfect field are f -admissible.

Progf: — The only non-trivial point is to check that the product of two normal
quasi-projective schemes over a perfect field is normal. This follows from [8, 6.8.5] and
(8, 17.15.14.2]. O

Lemma A.5. — The categories of quasi-projective and quasi-affine semi-normal schemes over a

perfect field are [ -admissible.

Progf: — Let us consider for example the quasi-projective case. The product of two
semi-normal schemes over a perfect field is semi-normal by [7, Corollary 5.9]. The fact
that a scheme etale over a semi-normal one is semi-normal follows from the results of [7]
as well. Let us show that if X is semi-normal then X/G is semi-normal. Let p: U — X/G
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be the semi-normalization of X/G. Then the projection X — X/G factors through p by
the universal property of semi-normalizations and since p is a universal homeomorphism
and X is reduced we conclude that X — U is invariant under G-action. Hence we get an

inverse X/G — U. U

Remark A.6. — The categories of (semi-)normal quasi-projective and quasi-affine
schemes over a non-perfect field are not admissible since the product of the spectra of
two inseparable extensions need not be normal.

Remark A.7. — Using the references provided above it is easy to see that the small-
est admissible category over any field consists of disjoint unions of (smooth) schemes X
such that for some 7 there exists an etale morphism X — A”. The smallest /-admissible
category over a perfect field consists of finite group quotients of X as above. I do not know
whether the same category is_f-admissible over any field.

A.2 Finite group quotients in additive categories

We will need some computations which apply to categorical quotients for finite
group actions in any additive category A. In our case the category will be Cor(C, R). Let
X be an object with an action of a finite group G. For an element g € G we let [¢g] denote
the corresponding automorphism X — X. For a subgroup H of G we let pyy : X — X/H
denote the projection. Note that py[hg] = pulg] for any € H and g € G.

If L and M are two subgroups of G and g € G is such that glg~' C M then there is

a unique morphism
pL,M,g . X/L —> X/M
such that

(A.1) P = pulgl

We will write py, \ instead of pp,ap;. Also for any L C M in G there exists a unique mor-
phism

PMEX /M — X/L

such that for any choice of a set of representatives [L\M] of L\M in M one has

(A.2) IJM’LPMZ Z plgl

g€[L\M]

These observations are obvious from the definition of categorical quotients. We will need
the following result.



90 VLADIMIR VOEVODSKY
Proposition A.8. — For any X, G and H as above one has:

L. pucp®™ =1GI/H|Idx/6
2. Let [H\G/H] C G be a set of representatives for double coset classes in G with respect to
H. Then one has

(A.S) pG‘HpH,G — Z pHﬂx*IHx,H,po’HnX7le

x€[H\G/H]

Progf: — The first equality is between morphisms from X/G to itself. Therefore
it 1s sufficient to check that the compositions of these morphisms with p¢ coincide. We
have:

pcat®pe=puci Y pulgdd= Y palgl=IGI/|Hlpc

g€[H\G] g€[H\G]

where the first equality holds by (A.2), the second by (A.1) and the third because pg[g] =
pc forall g.

To prove the second statement let us choose a set of representatives of double coset
classes [H\G/H] C G. Let us further choose sets of representatives [(HNx~'Hx)\H] C H
for all x € [H\G/H]. Then an element g of G can be written in a unique way as the
product fxu where £ € H, x € [H\G/H] and v € [(HN x~'Hx)\H]. In particular, elements
of the form xu for x € [H\G/H] and « € [(H N x~"Hx)\H] give us a set of representatives
for H\G which we denote by A.

Since (A.3) is an equality between two morphisms from X/H to itself it is sufficient
to check that their compositions with py coincide i.e. that

G,H H,HNx~'H;
(A.4) P PG = Z PHN 1 H, P Y ba
xe[H\G/H]
We have
H,HNx~'H;
Z pHﬂx’le,H,xp ' YpH

xe[H\G/H]

= Z PN HY H 2 Z Prncimdul

xe[H\G/H] ue[(HNx~!Hx)\H]
= ) X M= Y ) pulwd
x€[H\G/H] ue[(HNx~'Hx)\H] x€[H\G/H] ve[(HNx~'Hx)\H]

where the first equality holds by (A.2), the second by (A.1) and the third because [x][u] =
[xu]. On the other hand

P e = e = Zﬁn[g] = Z Z pulxul.

gEA x€[H\G/H] ye[(HNx—!Hx)\H]
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Corollary A.9. — If H 15 a normal subgroup in G and [H\G] s a set of representatives for
the left conjugacy classes of H in G then

(A.5) P =) pung

2e[H\G]

Recall from [12, p. 149] that a fork diagram 9y, 8, : X 2 Y > Z in a category is
called a split fork diagram if edy = ¢d, and there exist morphismss: Z — Yand¢: Y — X
such that es = Id and 9yt = Id, 9,/ = se. As was shown in [12, p. 149], every split fork
diagram is an absolute coequalizer diagram.

Proposition A.10. — Let X, G, H be as in Proposition A.8 and assume in addition that the
index |G|/|H| of H in G s tnvertible in the Hom-groups of our category. Then the fork diagram

3.0 : @PX/(HNg 'Hg) = X/H - X/G
geG

where

0y = PHNHe H
S S

geG

0, = @pHﬁg’ng,H,g

g€G

and e = pu.c, 15 a split fork diagram and in particular an absolute coequalizer diagram.

Proof. — As in the proof of Proposition A.8 let us choose a set of representatives for
the double cosets [H\G/H] C G.

s= ([HI/IGDp*"
(=(HlIGh) G pr

xe[H\G/H]

The relation es = Id follows from Proposition A.8(1) and by Proposition A.8(2) we have
se= (HI/IGDpnap™ = (HI/IGD Y puancmen ™

xe[H\G/H]
We further have
dot=(HI/IG) B ™"
x€[H\G/H]
= (H[|/IG) Y (H|/|HNx"Hx)Idxn
xe[H\G/H]

= (H|/IGDIH\G|Idx/n = Idx/n
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and

v Hy
at=(H/IG) B e =g
xe[H\G/H]

O

Remark A.11. — The proof of Proposition A.10 shows that it remains valid if we re-
place the first term of the fork by @5 ey o/ (HN g "Hy) for any set of representatives
of double cosets [H\G/H] C G.

A.3 Radditive functors

In this appendix we reproduce for the convenience of the reader some definitions
and results of [38] which we use in this paper.

Let C be a small category with finite coproducts. A radditive functor on C is a
functor C°? — Sets (i.e. a presheaf of sets) such that F(X 1Y) = F(X) x F(Y). We denote
the category of radditive functors by Rad(C). Representable functors are radditive by
definition of coproducts. The category Rad(C) is complete and cocomplete with limits,
filtered colimits and reflexive coequalizers (i.e. coequalizers of pairs of arrows f, g which
have a common section s, gs = fs = Id) being the same as for presheaves but with different
coproducts which are compatible for representable functors with coproducts in C (see [38,
Prop. 2009elprop]).

The category of radditive functors on an additive category A is naturally equiva-
lent to the category of additive contravariant functors from A to the category of Abelian
groups. If C has a final object p¢ and C. is the full subcategory of the category of pointed
objects in C which consists of objects of the form (X LI p¢, 7,) then the category of raddi-
tive functors on C; is naturally equivalent to the category of pointed radditive functors
on C (see [38, Lemma 2007pointed]). If C is a formal closure with respect of finite co-
products of a subcategory C’ then the category of radditive functors on C is naturally
equivalent to the category of presheaves on C’.

A morphism of simplicial radditive functors I : X — Y is called a projective
equivalence (resp. projective fibration) if for any U € C the map of simplicial sets
Fy : X(U) — Y(U) is a weak equivalence (resp. Kan fibration). The classes W,,,; and
Fib,,. of projective equivalences and projective fibrations generate a closed model struc-
ture on A°°Rad(C) which is called the projective closed model structure. Its homotopy
category is denoted by H(C).

For any set of morphisms E in A°’Rad(C) one defines in the usual way the class of
E-local objects and the class of E-local equivalences cl;(E). The localization of H(C) by
cl;(E) always exists and we denote it by H(C, E). If the projective closed model structure
is left proper then there exists a left Bousfield localization (see [10]) of the projective closed
model structure by E and cl;(E) coincides with its class of weak equivalences. In the case
when the class of projective equivalences is closed under finite coproducts, which holds in
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all of the examples mentioned above, the projective closed model structure is left proper
and in addition the class of E-local equivalences is closed under coproducts for any E.

For any functor F : C — Rad(C’) where C and C’ are categories with finite co-
products the Kan extension I* of I takes radditive functors to radditive functors and
defines a F'* : Rad(C) — Rad(C’) which we call the radditive extension of F. The rad-
ditive extensions commute with filtered colimits and reflexive coequalizers. If FF commutes
with finite coproducts then the right adjoint F, to F* takes radditive functors to radditive
functors and defines a right adjoint F,,q to F**@ which also commutes with filtered colimits
and reflexive coequalizers.

Let C* be the full subcategory of Rad(C) which consists of filtered colimits of
representable functors and C the full subcategory of Rad(C)) which consists of coproducts
of representable functors (the category C¥ is also known as the category of ind-objects
over C. See e.g. [1, Sec. 8.2.4, p. 70]). Since a finite coproduct of representable radditive
functors is representable we have C C C¥,

Proposition A.12 [38, Prop. 3.18 |. — There are a_functor L, : Rad(C) — A°°Rad(C)
and a natural transformation L, — ¢ where ¢ : Rad(C) — A°PRad(C) s the natural embedding,
such that

1. forany X € A°?Rad(C) the object L, (X) belongs to A°PC and the morphism L, (X) —
X 15 projective equivalence,

2. for any X € A°PC the morphism L, (X) — X s a simplicial homotopy equivalence.

Proposition A.13 [38, Prop. 4.10 , Th. 4.8 |. — One has:

1. the functor A°°C# — H(C) is a localization,
2. for any ¥ : C — Rad(C), the functor ¥ takes projective equivalences between objects of
APC# 19 projective equivalences.

Proposition A.13 implies that any F: C — Rad(C’) defines a functor H(C) — H(C")
which we denote by LF™?,

Proposition A.14 |38, Lemma 4.12 |. — Let ¥ : C — C' be a_functor which commutes
with finite coproducts. Then the functor ¥.q takes projective equivalences to projective equivalences and
the resulting functor RF,q : H(C') — H(Q) s right adjoint to LF™,

Theorem A.15 [38, Th. 4.19 |. — Let F : C — Rad(C’) be a functor and E, ¥/ be sets of
morphisms in A°°C# and A°PRad(C') respectively such that for any f € E. and U € C. one has

F*(f L Idy) e cl,(E)

Then for any f € cl;(E) N A°PC¥ one has F*(f) € cl,(E') and in particular LF™ defines a_functor
H(C,E) - H(C, E).
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Theorem A.16 [38, Th. 4.20 |. — Let ¥ : C — C' be a functor which commutes with
finite coproducts and B, ¥ be sets of morphisms in APC# and A°P(C')* respectively such that for
any f € E and U € C one has F*(f U Idy) € cl,(E) and for any ' € E' and U’ € C’ one has
Fra(f" Uldy) € cly(E).

Then for any f € cl;(E) N APC# one has F*4(f) € cl,(E) and for any f' € cl;(E') one has
Fraa(f") € cli(E) and the resulting functors LpF and Ry Foq between H(C, E) and H(C, E/) are
adjownt.

Proposition A.17 (38, Cor. 4.21 |. — Under the assumptions of Theorem A.16 one has:

1. of ¥ is a full embedding then Lg¥™ is a full embedding and RiF .4 is a localization,
2. of ¥ us surjective on isomorphism classes of objects then RpFq reflects isomorphisms.

A morphism X — Y in Rad(C) is called a coprojection if it is isomorphic to the canonical
morphism of the form X — X II A. A morphism f in A°?Rad(C) is called a term-wise
coprojection if each term of /; of / is a coprojection.

Asequence X — Y — Z is called a term-wise coprojection sequence if X — Yisa
coprojection and Y — Z is isomorphic to Y — Y/X. For the general notion of a cofiber
sequence used below see [21] or [11].

Proposition A.18 [38, Th. 3.41, Cor. 3.53 |. — If C s a pointed category then:

1. any term-wise coprojection sequence (X — Y — Z7.) in A°PC# extends in a natural way to
a cofiber sequence (X — Y — 7, 7. — X v, (X)) m H(C),

2. any cofiber sequence (X — Y — 7, 7. — X v, X(X)) m H(C) is tsomorphic o the
cofiber sequence defined by a coprojection sequence X' — Y’ — 7! in APC. where C is the
Sull subcategory of coproducts of representable functors in Rad(C),

3. for any cofiber sequence (X Ly4 2,7 — X vy 2(X)) mn H(C) one has g €
ci({X — pt}) and (pt — 7)) € c,({f}).

The main technical tool which is used in the proofs of the results cited above is the
notion of a A-closed class defined as follows. Let D be a category which has coproducts
and filtered colimits. For a set K and an object X of D we let X ® K = LIxX denote the
coproduct of K copies of X. Similarly for a simplicial set K and an object X of A°?D we
let X ® K denote the simplicial object with terms X, ® K,.

Let f,g: X — Y be two morphisms in A°’D. An elementary simplicial homotopy
from f to g is defined in the usual way as a morphism % : X ® A! — Y such that f =
ho (Idx ® i) and g = Ao (Idx ® ;) where 7, ¢ are the standard morphisms A’ — A’
Let ~ be the smallest equivalence relation on morphisms such that f/ ~ g if there exists
an elementary simplicial homotopy from f to g. A morphism f : X — Y in A°PD is said
to be a simplicial homotopy equivalence defined if there exists a morphism g: Y — X
such that f o g~ Idy and g o f ~ Idx.
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A class of morphisms E in a category A°’D is said to be closed under filtered
colimits 1if for any pair of filtered systems (X;);c1, (Y;)ier and any morphism of systems
() : (X;) = (Y;) such that f; € E one has f = colim;f; € E.

Definition A.19. — A class of morphisms E in A®D is said to be A-closed if it
satisfies the following conditions:

1. simplicial homotopy equivalences are in E,

2. if f and g are morphisms such that the composition gf is defined and two out of
three morphisms /', g, gf are in E then the third is in E,

3. if f : B— B’ is a morphism of bisimplicial objects over D such that the rows or
columns of / are in E then the diagonal morphism A(f) is in E,

4. E is closed under filtered colimits.

For any class of morphisms E there exists the smallest A-closed class which contains E
and we denote it by clz (E).

Theorem A.20 [38, Th. 3.51, Cor. 3.52 |. — Let C be a small category with finite coproducts
and ¥, a set of morphisms in A°PC*. Then one has

c,(E) N AC# = ¢l (E L 1de)
and
y(E) = clz (E L 1de) U W)
where B 11 Id, is the set of morphisms of the form f U 1dy for f € E and U € C.

The following somewhat technical result is used in the proof of Proposition A.22 below.
We denote by CofEnds the class of morphisms between objects in A°?Rad(C) which are
cofibrant in the projective closed model structure.

Proposition A.21 [38, Prop. 3.28 |. — Let C be a small category with finite coproducts and
E a class of morphisms in A°PRad(C) which satisfies the following conditions:

1. E contains W5,
2. E satisfies the 2-out-of-3 property,

3. EN A°°C¥# N CofEnds is closed under coproducts,

4. for f € EN APC¥# N CofEnds and i > 0 one has f @ Idyai € E,

5. for a morphism of push-out squares

X, — X, X| — Xj

9 E A Y

X; —> X, X, —> X
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such that all the objects are in A°°C* N CofEnds, the morphisms g, g are cofibrations and
term-wise coprojections and fi, 5, f5 are in E one has fy € E,

Then E. is A-closed.

Let A be an additive category. The category Rad(A) of radditive functors on A is
easily seen to be equivalent to the category of additive functors from A to the category
of Abelian groups. In particular it is an Abelian category. The objects of the smallest
subcategory A of Rad(A) which contains A and is closed under direct sums are projec-
tive in Rad(A) and any object from Rad(A) can be epimorphically covered by an object
from A. In particular A has enough projectives. Let Cmpl_(Rad(A)) be the category of
complexes bounded from the above over Rad(A). We have the usual Dold-Kan corre-
spondence 1.e. an adjoint pair of functors

N: A®Rad(A) — Cmpl_(Rad(A))
K : Cmpl_(Rad(A)) = APRad(A)

where N is the normalization functor and K is its right adjoint. As for any Abelian cate-
gory, the functor N is a full embedding and K is a localization. The composition N o K
coincides with the canonical truncation functor T=" which “removes” the negative coho-
mology objects of a complex.

Due to the fact that the representable functors are projective in Rad(C), a mor-
phism f/ in A°°Rad(A) is a projective equivalence if and only if N(f) is a quasi-
isomorphism. Therefore N takes projective equivalences to quasi-isomorphisms and K
takes quasi-isomorphisms to projective equivalences. After passing to the corresponding
localizations we obtain a pair of adjoint functors

Niproi : H(A) > D_(Rad(A))

K

proj

:D_(Rad(A)) — H(A)

such that N, is a full embedding

For a class E of morphisms in a triangulated category let cl,(E) denote the (left)
Verdier closure of E 1.e. the class of morphisms whose cones belong to the localizing
subcategory generated by cones of morphisms from E.

Proposition A.22. — Let E be a set of morphisms in A°°Rad(A). Then one has
Nproj (Cll (E)) C Clvl (Nproj (E))

(for sumplicity we omat the natural projection @ : A°°’Rad(A) — H(A) from our notation).
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Proof. — By Theorem A.20 we have
(A.6) cl;(E) = clz (E @ Idy) U W)

where we use @ to denote coproducts in the additive context. Consider the class I' =
N1 (el (Npi(E))). To prove that it contains cl;(E) it is sufficient in view of (A.6) to prove

proj
and E @ Id,. The later is obvious. To prove that I

thait it is A-closed and contains Wi,
is A-closed we use [38, Prop. bdlchar| which implies easily that it is sufficient to establish

that I satisfies the diagonal condition of Definition A.19. Let us apply Proposition A.21
to F. the first three conditions of the lemma are obvious. The fourth condition follows
from the fact that N(X ® dA") = N(X)[¢ — 1]. To prove the fifth condition observe that
for a push-out square

X — Xy
L
Xy — Xy
such that g is a monomorphism, the sequence of complexes

0— N(X)) = N(Xy) & N(X3) = N(Xy) — 0

1s exact. Since coprojections in an additive category are monomorphisms this implies
that in the context of the fifth condition of Proposition A.21 we get a morphism of exact
sequences of complexes

0—>N(X)) — NXp) &N(X3) —— N(Xy) -0
N(ﬂ)l N(fz)GBN(fz)l N(ﬁ)l
0— N(X,) — N(X) ®N(X,) — N(X,) =0
and therefore a distinguished triangle

cone(N(f;)) — cone(N(fy)) @ cone(N(f5)) — cone(N(f;))

— cone(N(/))[1]
The fact that N(f;) € F follows now from the standard properties of Verdier closure.
Proposition is proved. O
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