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202 Communications of the Moscow Mathematical Society

On Galois groups of functional fields over fields of finite type over Q

V.A. Voevodskii

In [1] and in a letter to G. Faltings (1983), A. Grothendieck conjectured the possibility of
reconstructing a field Ε of finite type over a_ field Κ of finite type over Q by means of its Galois group
Qal(EIE), considered as a group over Gal(KjK). In this paper this conjecture is proved in the case
deg tig Ε = Ϊ (for deg \Χχ Ε = 0 the corresponding assertions are essentially special cases of the
fundamental theorem of Galois theory). A similar result was recently announced by F.A. Bogomolov
for fields of finite type of degree of transcendence strictly larger than unity over an algebraically closed
field.

In what follows Κ will denote a field of finite type over Q. For any field E, we will denote by
Qal(E) the Galois group of the algebraic completion Ε over E. If £ is an extension of E, then there
exists a homomorphism Gal(L) -> Gal(£) that is unique up to an inner automorphism.

Theorem 1. Let E\ and Ei be fields of degree of transcendence 1 over K. Then to every monomorphism
Gal(£y -* Gal(£i) such that the diagram

1
Gal (JT)

is commutative up to an inner automorphism, there corresponds (functorially) a morphism of the fields
Ει -* Ei over K.

Corollary. Two fields of degree of transcendence 1 over a field Κ of finite type over Q are isomorphic
over Κ if and only if their Galois groups are isomorphic over Gal(ST).

The proof of the theorem is essentially based on the technique in [2].
Let E* be the multiplicative group of Ε and let E* be the (pro)group lim E*/(E*)n. It follows

obviously from Kummer's theory that E* s H1(Gal(E),'ZJ(l)), where Z ( l ) = lim μη is the projective

limit of the groups of nth roots of unity. Therefore, any homomorphism / : Gal(if2) -» Gal(J?i) over
Gal(K) induces a homomorphism Ef -* E{. For a proof of the theorem it is sufficient to verify that
in the case where / is a monomorphism, it transforms the "lattice" Ε? into Ef and preserves the
additive structures on Ε?. For this, in turn, it is sufficient to give a description of the lattice
E* C E* and of the conditions for the satisfaction of relations of the form z} = z\+z2 directly in
terms of the Galois group of Ε over K. We may obviously restrict oursleves to the case where Ε is a
purely transcendental extension of K. Under this hypothesis a homomorphism GalCE) -• Gal(uT) is
surjective and its kernel is isomorphic to Ga\(E ®K K). We denote the groups Gal(.E), Gal(iT ®K K),

Ga\(K) by G, G, Γ, respectively. Let ε : G -> Z * be the cyclotomic character (that is, the character

defined by the natural action of G on Z(l)) · An essential technical step in the proof of Theorem 1 is
the following "arithmetic" analogue of a theorem of Bogomolov.

Theorem 2. Let g e G be an element such that the set of h ε G for which hgh~l is conjugate to g*m in
G is a subgroup_of finite index in G. Then g is in the ramification group of some discrete valuation of
the field Ε ® Α- Κ.

The proof is based on the interpretation of Ε ®κ Κ as a field of functions on a smooth curve X
over Κ and on an analysis of the action of Γ on the fundamental groups of open subschemes in X.
The key observation is the absence, in the Tate modules of Abelian manifolds over K, of elements on
which Γ acts by mutiplication by the value of the cyclotomic character.

Let g be an element of G satisfying the condition in Theorem 2. We denote by Vs and Hs the
corresponding valuation and subgroup of finite index of G, respectively. We consider ζ e E* as a

cocycle from H\G, Z(l)) · Its restriction to G is an unambiguously defined homomorphism, which we
will denote by the same letter. It is easy to see that the following is true.

Lemma. IfzeE*, then Vg(z) = 0 if and only if z{g) = 0.
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Since the group G is free, the sequence

i-{g)-*f (g) - Gal (Lg)

is exact, where {g} is the maximal_ cyclic subgroup of G contained in g, N(g) is the normalizer of
{g} in G, and Lg is the subfield in Κ that corresponds to the image of H% in Γ. If z(g) = 0, then the
cocycle ζ determines a cocycle in £ j , which_we denote by r(g, z). Let A be the set of conjugacy
classes of maximal cyclic subgroups (g) of G such that g satisfies the conditions in Theorem 2.

Proposition 3. An element ζ e E* lies in E* if and only if the following conditions are fulfilled:
a ) z(g) = 0 for all (jg) e A, except possibly finitely many of them,
b)ifz(g) = 0, then r(g, z) 6 L*. _

In this case r(g, z), as an element of K*, is equal to the value of ζ in Vg.

It is obvious from this proposition that any monomorphism Gal(£"2) -»· Gal(£i) over Γ induces a
homomorphism Ef -» £2* • The fact that it is compatible with the additive structure follows from the
observation that it is sufficient to verify conditions of the form z3 = ζλ + z 2 for the values of the z( in
the residue fields of valuations for which they are defined.

In conclusion, the author remarks that it is not clear in general (although it is very plausible)
whether the field homomorphism constructed here induces the initial homomorphism of Galois groups.
For a proof of this it is apparently possible to use the technique of [3].
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