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Abstract

This paper continues the series of papers that develop a new approach to syntax
and semantics of dependent type theories. Here we study the interpretation of the
rules of the identity types in the intensional Martin-Lof type theories on the C-systems
that arise from universe categories. In the first part of the paper we develop construc-
tions that produce interpretations of these rules from certain structures on universe
categories while in the second we study the functoriality of these constructions with
respect to functors of universe categories. The results of the first part of the paper play
a crucial role in the construction of the univalent model of type theory in simplicial
sets.
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1 Introduction

The concept of a C-system in its present form was introduced in [16]. The type of the
C-systems is constructively equivalent to the type of contextual categories defined by Cart-
mell in [3] and [2] but the definition of a C-system is slightly different from the Cartmell’s
foundational definition.

In the past decade or more, it has been a tradition in the study of type theories to consider,
as the main mathematical object associated with a type theory, not a C-system by a category
with families (see [4]). As was observed recently all of the constructions of [13], [I5] and of
the present paper (but not of [16] or [I4]!) can be either used directly or reformulated in a
very straightforward way to provide very similar results for categories with families. This
modification will be discussed in a separate paper or papers.

In this introductory explanation we will distinguish between the syntactic and semantic C-
systems. By a syntactic C-system we will mean a C-system that is a regular sub-quotient of a
C-system of the form CC(R, LM) where R is a monad on sets and LM is a left module over
R, see [14] and [16]. In particular, the C-systems of all of the various versions of dependent
type theory of Martin-Lof “genus” are syntactic type systems in the sense of this definition.

By a semantic C-system we will mean a C-system whose underlying category is a full sub-
category in a category of “mathematical” nature such as the category of sets or the category
of sheaves of sets.

Usually one knows some good properties (i.e. consistency) of a given semantic C-system and
tries to prove similar good properties of a syntactic C-system by constructing a functor from
the syntactic one to the semantic one.

To construct such a functor one tries to show that the syntactic C-system is an initial
one among C-systems equipped with some collection of additional operations and then to
construct operations of the required form on the semantic one. A pioneering example of this
approach can be found in [§].

In this paper we investigate the set of three interconnected operations on C-systems that, in
the case of the syntactic C-systems, corresponds to the set of inference rules that is known
as the rules for identity types in intensional Martin-Lof type theories (first published in [6] )EI
Since the key ingredient of this structure is known in type theory as the J-eliminator we call
it the J-structure.

We do not use the “sequent” notation that is so widespread in the literature on type theory
for general C-systems restricting its use only to examples where we assume the C-system to
be a syntactic one.

The reason for this restriction is that translating the sequent-like notations into the algebraic
notation of C-systems or categories with families requires considerable mastery of various
conventions connected to the use of dependently typed systems. An example of such a trans-

4There is also a simpler set of rules corresponding to the identity types in the extensional Martin-Lof
type theory (first published in [7]). Cartmell, in his notion of a strong M-L structure [2, p.3.36], considers
the set of rules for the extensional theory.



lation is the description of an object IdxT(T') corresponding to the sequent-like expression

(T,z:T,y:T,e: 1dT Txy;) in Construction [1.4]

Some of the difficulties that arise here can already be seen on the translation of the sequent-
like expression (I';x : T,y : T;). Here the same letter 7" is used to refer to objects of two
different types - the first 7" refers to an element on Ob;(I') and the second T refers to an
element in Oby(T). It is “understood” that the second T is the image of the first 7" under
the map p% : Obi(I') — Oby(T) but this understanding is a part of a tradition and is not
reflected in any mathematical statement that one can refer to.

For the syntactic C-systems we are allowed to use the sequent notation for the following
reason. First, since C'C in this case is a sub-quotient of CC(R, LM) our notation only needs
to provide a reference to elements of sets associated with CC(R, LM) itself. There, the first
T refers to an element of LM ({1,...,1}) where [ is the length of I' and LM (X) is the set of
type expressions in the raw syntax with free variables from a set X and the second T refers
to an element of LM ({1,...,l+ 1}) that is the image of the first 7" under the map

LML, 1Y) — LM({1,...,1+1})

defined by the inclusion {1,...,{} C {1,...,l+1}. In this case the map does not depend on
T. We should distinguish between IdT as a structure on the C-system and the correspond-
ing syntactic construction (because they have different types). If we denote the syntactic
“identity types” by IdT® T t; ts then for the sequence

Dyx:T,y:Te: 1dT°Txvy;

to define an element of Ob(CC(LM, R)), the expression IdT* T xy must refer to an element
of LM({1,...,1+2}) and its form shows that we assume that there is an operation

1dT° : LM xRx R— R

(a natural transformation of functors that is a linear morphism of left R-modules) and
IdT* Tz y is the “named variables” notation for IdT} ;. (T, + 1,1+ 2).

We do not continue this explanation of how to construct J-structures on syntactic C-systems.
This will be done in a separate paper. Let us remark however that constructing J-structures
on syntactic C-systems is relatively easy and that the difficult questions about J-structures
on such C-systems are the ones related to the initially properties of the resulting objects.

While constructing J-structures on the syntactic C-systems relatively straightforward, con-
structing non—degenerateﬂ J-structures on semantic C-systems or categories with families
proved to be very difficult.

The first instance of such a construction, due to Martin Hofmann and Thomas Streicher,
appeared in [5]. It was done in the language of categories with families and the underlying
category there was the category of groupoids.

The construction of Hofmann and Streicher was substantially extended and generalized in
the Ph.D. thesis of Michael Warren [17],[18] and his subsequent papers such as [19].

5See Remark




Further important advances were achieved in the work of Richard Garner and Benno van
den Berg [10].

Two main results of the first part of this paper provide a new approach to the construction
of J-structures on semantic C-systems, an approach that can be used to construct the J-
structure on the C-system of the univalent model.

Construction [2.10] provides a simple way of extending a J1-structure on a universe p in a
category C to a full J-structure.

Construction provides a method of constructing a J-structure on the C-system CC(C, p)
from a J-structure on p.

Combined together they provide a method of constructing a J-structure on CC(C,p) from a
J1-structure on p.

We also discuss two sets of conditions on a pair of classes of morphisms T'C' and F'B in a
locally cartesian closed category that can be used in combination with Construction to
construct J-structures. These conditions often hold for the classes of trivial cofibrations and
fibrations in model categories (or categories with weak factorization systems) providing a
way of constructing C-systems with J-structures starting from such categories.

In this paper we continue to use the diagrammatic order of writing composition of morphisms,
ie,for f: X - Y and g:Y — Z the composition of f and ¢ is denoted by f o g.

In this paper, as in the preceding papers [13] and [I5], we often have to consider structures
on categories that are not invariant under equivalences and their interaction with structures
that are invariant under the equivalences.

The methods used in this paper are fully constructive and the paper is written in “formal-
ization ready” style with all the proofs provided in enough detail to ensure that there are no
hidden difficulties for the formalization of all of the results presented here.

Except for the section that discusses the use of classes T'C' and F'B, the methods we use
are also completely elementary in the sense that they rely only on the essentially algebraic
language of categories with various structures.

The key Definition and its relation to the J-structures on categories CC(C,p) first ap-
peared in [11].

The author would like to thank the Department of Computer Science and Engineering of the
University of Gothenburg and Chalmers University of Technology for its hospitality during
the work on this paper.

2 J-structures on C-systems and on universe categories

1 The J-structure on a C-system

To define the J-structure on a C-system we will actually define three structures JO-structure,
J1-structure over a JO-structure and and J2-structure over a J1-structure with the J-structure



being the same as a triple (IdT,refl,J) where Idt is a JO-structure, refl is a J1-structure
over IdT and J is a J2-structure over refl. For the notations used below see [15].

Definition 1.1 A J0-structure on a C-system CC' is a family of functions

[dTy < {01,05 € Oby(I') | 9(01) = 8(02)} = Oby(T)
giwen for all T" € Ob that is natural in T i.e. such that for any f : TV — T and 0,0 € @vbl(f‘)
with (o) = 9(0'), one has f*(1dTr(o,0")) = IdTr (f*(0), f*(0)).

Definition 1.2 Let IdT be a JO-structure on CC. A J1-structure over IdT is a family of
functions - -

refl : Obl (P) — Obl (F)
gwen for all ' € Ob such that:

1. refl is natural in T,

2. for any I and o € 57)1<F) one has
d(refl(o)) = IdT (o, 0) (1)

To define the notion of a J2-structure over a given J1-structure we will need to describe two
constructions first.

Problem 1.3 Given a JO-structure IdT to construct a family of functions
such that for f: 1" — T and T € Oby(T") one has f*(1dxT(T)) = IdzT(f*(T)).

Construction 1.4 Recall that for 7' € Ob,(I") we let 6(7") denote the morphism 7" — pk (7))
that can be described equivalently as srq4, or as the only morphism such that 6(7) o Pps(1) =

Idr and 07 o q(pr, T) = Idr. Because of the first equation we have 6(7) € 5vb(p*T(T))
We define:
1deT(T) := 1dT 1) (s (1 (6(T))), 6(p7(T))) (2)

We have .

p;;(T)(5T> S Ob(p;*T(T) (p7(T)))
and .

5(pr(T)) € Ob(py: (1) (p7(T)))
and since ft(p;*T(T) (p(T))) = p5(T) the 1dzT(T) is well defined. The fact that IdzT(T) €

Obs(T") follows now from the fact that ft*(p5(T)) = ft(T) = I'. The objects and some of
the morphisms involved in this construction can be seen on the diagram:

p;*T(T)(P}(T)) — pp(T) — T

| pyen | B

N Pp(T)
pr(T)
The proof that IdxT is natural in f: IV — I' is straightforward.

T .
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Problem 1.5 Given a JO-structure 1dT and a J1-structure refl over it to construct for all
['e Ob and T € Oby(I') a morphism

rfr: T — 1dzT(T)

such that for any f :I" =T one has f*(rfr) = rf).

Construction 1.6 We have:
o(T)" (1dxT(T)) = 6(T) (1dT s (1) ((Pye. (1) (97))), 6 (p7(T)))
= 1dTr(0(T)" (Pys, (1) (07)), 6(T)* (0 (p7(T)))) =
= 1dTr(6(T),0(T))

where the last equality follows from the fact that f*(6(7")) = sy and for any s € Ob, s, = s.
This shows that we have a canonical square of the form

a(8(T), 1dzT(T
A

1dT(5(T), 8(T)) L 1da(T)
| | (3)
T ()
and refl(3(T)) is a morphism T — IdT(8(T), 8(T)). We define:
rfr=refl(6(T)) o q(6(T), 1dxT(T)) (4)

The proof that for any f : IV — I" one has f*(rfr) = r f-(r) is straightforward.

Definition 1.7 Let IdT and refl be a JO-structure and a J1-structure over it. A J2-
structure over (IdT,refl) is data of the form: for all T' € Ob, for all T € Ob(T"), for

all P € Oby(I1dxT(T)), for all sO € Ob(rf;(P)), an element J(I',T, P,s0) of Ob(P) such
that:

1. J is natural in T, i.e., for any f: 1" — T and T, P, sO as above one has
(J(, T, P,s0)) = J(I', f*(T), f*(P), f*(s0))

where the right hand side of the equation is well-defined because of the naturality in f
of IdxT and rf.

2. J satisfies the v-rule. For I',T, P,s0 as above one has

rfr(J(T, T, P,s0)) = s0



Remark 1.8 A JO-structure is called degenerate or extensional if for all " € Ob>,(CC) and
0,0 € Ob(T) one haﬁ

N / 0 ifo#od
Ob(1dxT(0,0")) = { pt if o i o

One can easily see that any two extensional JO-structures are equal and that any extensional
JO-structure has a unique extension to a full J-structure that is also called extensional.

We will not consider these extended versions of J in the present version of the paper.

Remark 1.9 When one studies J-structures on C-systems that have no (II, \)-structures it
is important, as emphasized for example in [9], to consider a more complex structure than
the one that we consider here. This more complex structure can be seen as a family of
structures eJ,, where eJy = J2 and where eJ,, over (IdT,refl) is a collection of data of the
form: for all T € Ob, for all T € Oby(T), for all A € Ob,,(IdzT(T)), for all P € Oby(A), for

all s0 € /Ovb(rf}(P)), an element eJ,, (I', T, A, s0) in Ob(P) such that eJ,, satisfies the obvious
analog of (-rule and such that it is natural in I". See also Remark [2.11]

2 The J-structure on a universe in a category

Let C be a (pre-)category and p : U—=Ua morphism in C. Recall that a universe structure
on p is a choice of pull-back squares of the form

(X;F) 20 0

pX,Fl lp
x Ssvu
for all X and all morphisms F' : X — U. A universe in C is a morphism with a universe

structure on it and a universe category is a category with a universe and a choice of a final
object pt.

For f:W - X and g: W — U we will denote by f % g the unique morphism such that
(fxg)opxr=Ff

(f*x9)oQ(F)=g

When we need to distinguish canonical squares of different universes we may write (X; F),
and f *,g.

Remark 2.1 Note that we made no assumption about Q(/dy) being equal to Idg. In fact,
since we want the results of this paper to be constructive, we are not allowed to make such an
assumption since the question of whether or not a given morphism is an identity morphism

6The following is the classical way of saying that there is an equivalence between the types 5?)([ dxT(0,0"))
and (0 = 0').



need not be decidable and therefore we can not “normalize” our constructions by doing a
“case” on whether a morphism is an identity morphism or not. The importance of this
observation (in the context of whether a simplex is degenerate or not) was emphasized by

.
For X' 5 X 5 U we let Q(f, F) denote the morphism

(xrgoro ) < Q(f 0 F) - (X' f 0 F) = (X; F)
As is shown in [15], the square

(X foF) 2 (X, F)
pX’,foFJ{ lpx,F (5)

x s X
is a pull-back square.

Following [15] we define for any universe p : U — U and any V € C a functor
D,(—,V): X = lp.xsuvHom((X; F),V)
whose action on morphisms is given by
Dy(f, V)« (Foa) = (f o F,Q(f, F) o a)

When C is a locally cartesian closed category any morphism p : U — U defines a functor

I, : V= Hom((U,p), (U x V,pry))
and we have constructed in [I5, Construction 3.9] a family of bijections

My x.v : Hom(X, 1,(V)) = Dy(X, V)
that are natural in X and V. We let n denote the inverse bijections

npxv : Dp(X, V) = Hom(X, L,(V))

Using the functorial structure on the mapping V' +— (U x V| pry) together with the naturality
of internal Hom-objects in the second argument we get a functoriality structure on I,

(f:V =V (L) : L(V) = L,(V")

Similarly, using the functomahty of Hom in the second argument (see e.g. the appendix in
[15]) we obtain, for any p : U—U, P U —Uandh:U —Uover UandV a morphism

V) (V) = Iy (V)



Lemma 2.2 In the notations introduced above let f : V. — V' be a morphism, then the

square

Ly (f) )
Iy(V) —— Iy(V')

Proof: This is a particular case of the commutative square of [15, Lemma 8.5].

Lemma 2.3 Let p : U — U and p U — U be two morphisms with universe structures
and f : U — U be a morphism over U. For V € C let I7(V) be the corresponding morphism
Iy,(V) = I,(V). Then for any X the square

p
D,(X,V) =25 Hom(X,1,(V))
Df(X,V)l lfolf(V)
Dy(X.V) =5 Hom(X, Iy(V))
where the left hand side arrow is of the form
DHX, V) : (F,F') v (F,F*(f) o F)

commutes.

Proof: Since 7 is defined as an inverse to n' it is sufficient to show that for any g €
Hom(X, L,(V)) one has n'*(g o I/ (V))) = D¥(X,V)(n'(g)). Let

pr=pri,(V): L,(V)—=U

pr' =priy(V): Iy(V) = U

be the canonical projections. Let
st =st,(V): (L,(V);pr) =V
st =sty (V) : (Iy(V);pr') =V
be the morphisms introduced in [I5]. By [15, Problem 3.8] we have
N go X (V) = (go I'(V)opr'.Q'(go I/(V),pr') o st')
and
DI(X,V)(n'(9)) = DI (X, V)(gopr,Q(g.pr) o st) = (g o pr, (g o pr)*(f) 0 Qlg. pr) o st)
Therefore it is sufficient to show that

I'(VYyopr' =pr

9



and
Q'(go ! (V),pr') o st’ = (gopr) (f) o Qg,pr) o st
The first equality asserts that I/(V) is a morphism over U which follows from its construction.

By Lemma [1.1] we have

(gopr,(gopr)(f) o Qg,pr) = Q'(g,pr) o pr*(f)
Next we have

Q'go I'(V),pr') = Q'(g. I/ (V) o pr') 0 Q"I (V), ") = Q' (9,p7) 0 Q(IT (V), pr”")
by [15, Lemma 3.2]. It remains to check that
Q(IN(V),pr') o st’ = pr*(f) o st

This requires opening up the definitions of st and st’ which gives us

Q(IF(V),pr') o' o ev' o pry = pri(f) o Lo evopry
We will obtain this equality as a consequence of commutativity of three squares:

1rf -
Q (I (V),p ) (]p/(V);pT/)I

| |

(L,(V),pr) xu (T 9) 2254 (1, (), i) xi (O, )
LVypry 2 (g,(v)ipr)

(I(V),pr) xu (U, p)) =%
and

~ IF(V)xId ~
(L(V),pr) xu (T, p) 222 (1,0, pr) s (T, )

Idxfl Jw/

ev

(I(V),pr) xu (ﬁ,p) E— UxV

The first two squares are particular cases of [I5, Lemma 8.1]. To obtain the first one one
has to set Z = U, b = Idg, and a = I/(V). To obtain the second one one has to set Z = U,
b= fand a = Id,v). The last square is a particular case of [I3, Lemma 8.6].

Definition 2.4 A J0-structure on a universe p in a category C is a morphism Eq : (ﬁ;p) —
U.

10



Let Eq be a JO-structure on p. Consider the object
EU = (ﬁ;p, Eq)
as an object over U relative to the composition of projections
EU "I (T p) B8 O B U
that we will denote by pEﬁ .

Problem 2.5 To construct a universe structure on pE(? .

Construction 2.6 We have three diagrams with pull-back squares of the form:

(X; F,Q(F) o p, QQ(F),p) o Eq) L4YDED (7., g)

| l

(X;F,Q(F)op) RiCiGLOt (U;p)

(X; F,Q(F) op) L0, (77 p)

1 Jo-

(X, F) RSO

(X;F) 45 0

px,Fl l
x 5 vu
and we define the canonical square for F' relative to pEﬁ to be the square obtained by
concatenating these three squares vertically.

Let us denote the components of the canonical squares for pEﬁ as follows:

(X F)p 295 po

pf{Fl lpEﬁ
X U
Explicitly we have
(X5 F)p = (X5 F,Q(F) op, Q(Q(F), p) © Eq)
Q(F)e = QQ(Q(F),p), Eq)
PX,F = P(X:F.Q(F)on).QQ(F).p)oEq © D(XiF).Q(F)op © PX.F
We will also write Q(f, F')g for the canonical morphisms from (X; f o F)g to (X; F)g.

11



Definition 2.7 Let p be a universe in C and Eq be a JO-structure on p. A J1-structure on
p over Eq is a morphism € : U — U such that the square

v —>U
Al lp (6)
(Usp) = U

where A = (Idg) * (Idg) is the diagonal of U, commutes.

The square @) defines a morphism U — EU that we will denote by w.

To define a J2-structure on a universe we will need to assume that C is a locally cartesian
closed category. Recall that locally cartesian closed category is a category with the choice
of fiber squares based on all pairs of morphisms with a common codomain as well as the
choice of relative internal Hom-objects and co-evaluation morphisms for all such pairs. For
our notations related to the locally cartesian closed categories as well as for some other
notations used below see [15].

When a universe is considered in a locally cartesian closed category we make no assumption
about the compatibility of choices of the pull-back squares of the universe structure on p
and pull-back squares of the locally cartesian closed structure.

Consider the functors I, and I iz We have the following commutative square:

~ I“(ﬁ) ~
Lz (U) 1,(U)
Lo | | (7)
1#(U)
Lz (U) 1,(U)

and therefore a morphism

I (U) <5 (1 ps(U), 19(U)) X 1,) (L(0), I,(p))

Definition 2.8 A J2-structure on p relative to a JO-structure Eq and J1-structure €2, is a
morphism

Ip i (L (U), 1°(0)) X,y (,(U), 1,(p)) = Lp5(U)
such that Jp o coJ = Id.

Note that we have:

JoI?(U)=JocoJoprl,(U)=prl,U) (8)

Jol p5(p)=JocoJoprl 5(U)=prl ). 9)

12



where prl,(V) is the canonical morphism I,(V) — U.

A J-structure on p is a triple (Fq, (2, Jp) where Eq is a JO-structure, €2 is a Jl-structure
relative to F'q and Jp a J2-structure relative to Eq and ().

For a J1-structure (Eq, 2) on a universe in a category with a locally cartesian closed structure
let F'pgg o denote the fiber product

(L s (U), 1°(U)) 1, (L,(T), I,(p))

and let pFpg,a = I“(U) o I,(p) be the projection Fpg,q — U. Let further pr; be the

projection from F'p to [pEﬁ(U) and pry the projection from Fp to I,(U).

Our solution to the following problem is the key to the construction of J-structures over
a given Jl-structure in categories with weak factorization systems in particular in Quillen
model categories.

Problem 2.9 Let C be a category with a locally cartesian closed structure and Eq,§) be a
J1-structure on (C,p). To construct a bijection between the set of J-structures on p over

(Eq,Q) and the set of morphisms (Fp,pFp) Xy (Eﬁ,pE(}) — U that split the following
square into two commutative triangles:

adj(prz)opre_ 77
—

(Fp,pFp) xu (U,p) U
Idewa( lp (10)
U

(Fp,pFp) xy (EU, pEU) 24,

Construction 2.10 Observe first that there is a bijection between the set of morphisms
(Fp,pFp) xy (EU,pEU) —» U
that split the square into two commutative triangles and the set of morphisms
(Fp,pFp) xu (Eﬁ,pE(?) S UxU
that split into two commutative triangles the square:

adj(pra
e

(Fp,pFp) xu (U, p) LU T

[dewa/ lIdUXp

(Fp,pFp) xU(Eﬁ,pEﬁ) M UxU

The rule f +— adj(f) gives us a bijection of the form

Homy ((Fp, pFp), (I z5(U), ) = Homy ((Fp, pFp) xu (EU,pEU), (U x U, pry))

p.

All sections of coJ are automatically morphisms over U. Therefore it remains to show that
this bijection defines a bijection of the subset of morphisms that are sections of coJ and
morphisms that make the two triangles commutative.
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One verifies first that a morphism f : Fp — ]pEﬁ(U ) is a section of coJ if and only if
fol

Leg(P) =priand fo [“((7) = pry. This is straightforward.

Next we have N _
I o5(p) = Homy ((EU, pEU), Idy X p)

P
I4(U) = Homy (w, (U x U, pr»))
Therefore by [I5, Lemma 8.7] one has

adj(f o I, pz(p)) = adj(f) o (Idy x p)

adj(f o I*(U)) = (Idpp, Xy w) o adj(f)
and we conclude that f is a section of coJ iff
adj(f) o (Idy x p) = adj(pry)

(Idpp, Xy w) oadj(f) = adj(prs)

This completes the construction.

Remark 2.11 It is likely to be relatively easy to generalize the constructions of this paper
to the extended J-structures eJ, (see Remark . The key to such generalization is [15]
Remark 3.13]. The structures eJp,, can be defined in the same way as Jp but with the square
replaced by the square

~ . I(Ip(0)) ~

Lpg (1 (U)) I(1;(U))
Lo ®) | [ sz (11)
oy,
Lpg (L (U)) I(1;(U))

3 J-structures on universes in categories with two classes of mor-
phisms

This is the only part of the paper where we depart from constructions that are conservatively
algebraic over the theory of categories, i.e., from constructions that can be expressed in terms
of adding new essentially algebraic operations to the theory of categories without adding new
sorts to this theory.

Considering classes of morphisms in categories can be expressed in the essentially algebraic
way but this requires adding new sorts to the theory.

This is also the only context where we use the concept “there exists” in this paper. In
all the previous cases the objects that we considered were given (specified). To make the
lemmas proved below into constructions and to avoid the use of “there exists” one would
have to define the collection F'B as a collection of pairs of a morphism p together with, for
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all i € TC, fw and fz such that f; op =i o fy, a morphism ¢ such that i o g = fir and
gop=fw.

Recall that a collection of morphisms R is said to have the right lifting property for the
collection of morphisms L if for any commutative square of the form

7z J2, g

l lp
w ", B

such that ¢ € L and p € R there exists a morphism g : W — E that makes the two triangles
into which it splits the square to commute i.e. a morphism g such that i o g = f7 and
gop = fw.

We are going to consider two sets of conditions (Conditions and on a pair of classes
of morphisms F'B and T'C' in a category with fiber products and then show in Theorems (3.2

and how pairs satisfying conditions of each of these two sets can be used to construct
J-structures on elements of F'B.

Our first set of conditions is as follows:

Conditions 3.1 1. A morphism is in F'B if and only if it has the right lifting property
for TC,

2. consider morphisms f : B'— B, p1: E1 — B, py: Fy — B and i : By — Ey such that
p1,p2 € FB and i € TC. Then the morphism

Idp xi: (B, f) xg (E,,p1) = (B, ) x5 (Ea, p2)
s in TC.
Theorem 3.2 Let F'B and TC be two classes of morphisms in a locally cartesian closed

category C that satisfy Conditions . Let p be a universe in C and (Eq,Q) a J1-structure
on p such that:

1. pisin FB,

2. wisinTC.

Then there ezists an extension of (Eq, ) to a full J-structure on p.

Proof: Let us apply Construction to (Fq,Q). To construct the required morphism it
is sufficient to establish that Idp, x w is in T'C. It follows from the first of our conditions

that F'B is closed under pull-backs and compositions. Therefore, pE U is in FB. It remains
to apply the second of our conditions.
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Our second set of conditions is more involved. Conditions of this set can be satisfied in
the situations arising when one attempts to localize Quillen model structures and when the
resulting sets of morphisms do not for a model structure. The difference is mainly concerned
with the fact that the good behavior is required only for fibrations over fibrant objects. One
particular example of such situation is considered in [12], Section 3.3].

Conditions 3.3 1. Id, 1s in F'B,

2. let B be such that the morphism B — pt is in F'B then a morphism p: E — B is in
F'B if and only if it has the right lifting property for TC,

3. ifp: E— Band B —ptarein FB,i: Z — W isinTC and f : W — B iis an
arbitrary morphism then

(it xy Idg) : (Zyio f) xg (E,p) — (W, f) x5 (E,p)

15 1n T'C.
We will say that B is fibrant if the morphism B — pt is in F'B.

Lemma 3.4 Letp: E— B be in F'B and f : B — B be a morphism. Assume in addition
that B and B’ are fibrant, then for any pull-back square of the form

EF — F

the morphism p' is in FB.

Proof: Since B’ is fibrant it is sufficient to verify that p’ has the right lifting property for
T'C. This can be shown in the standard way to be a consequence of p having the right lifting
property for T'C'. That p has this property we know because p is in F'B and B is fibrant.

Lemma 3.5 Let B be fibrant and py : Es — FEy, p1 : E1 — B be in F'B. Then py o py is in
FB.

Proof: Let us show first that E; is fibrant i.e. that np, : F4 — pt is in F'B. Since pt is
fibrant it is sufficient to show that 7g, has the right lifting property for 7C'. It is shown in
the standard way from the fact that both p; and m : B — pt have the right lifting property
for TC and mp, = py o mp.

Since F; is fibrant we know that p, has the right lifting property for 7'C' and since B is
fibrant we know that p; has the right lifting property for F'B. From this we conclude in the
standard way that p, o p; have the right lifting property for T'C' and since B is fibrant this
implies that ps o py is in F'B.
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Lemma 3.6 Assume that U,V are fibrant and that p : U — U isin FB. Then the morphism
pri,(V): L,(V) = U isin FB.

Proof: Since U is fibrant it is sufficient to check that pr = prl,(V') has the right lifting
property for T'C'. Consider a commutative square of the form

7 % Homy, (U, p), (U x V,pr1))

i| B

wo v, U

We need to construct a morphism f : W — Homy, (U, p), (U x V,pr1)) that would make
the two triangles commutative. The commutativity of the lower triangle means that f is
a morphism over U which is equivalent to the assumption that f = adj~'(g) for some
g: (W, fw) xu (ﬁ,p) — U x V over U.

Consider the square

(szofW) Xy (ﬁap) M UxV

ix[dﬁl J/PTI

(VvaW)XU(ﬁ»P) Lwee, U
By Lemma|3.4|we know that pry belongs to F'B. By our assumptions on T'C' and F'B we know
that ¢ x Idg is in TC. Therefore there exists a morphism g : (W, fw) xy (U, p) — U x V that
makes the two triangles commute. The commutativity of the lower triangle means that this
is a morphism over U. Therefore adj~1(g) is defined. Set f = adj~'(g). It remains to check
that io f = fz. This is equivalent to adj(io f) = adj(fz). Since adj(io f) = (i x Idg)oadj(f)
by [15, Lemma 8.7(3)], this is equivalent to (i x Idg)og = adj(fz) which is the commutativity
of the upper triangle.

Lemma 3.7 Assume that U,V are fibrant and that p : U—Uandr:V' —V are in FB
then 1,(r) : I,(V') — I,(V) is in FB.

Proof: By Lemmas and we know that I,(V') is fibrant. Therefore it is sufficient to
show that I,(r) has the right lifting property for 7’C'. Consider a commutative square of the
form N

Z " Homy((U,p), (U x V,pr))

zl lHﬂU((ﬁ,p),Ider) (12)

W 2 Homy (U, p), (U x V,pr1))

The lower right corner is an object over U through the morphism pApry. Let py =

fw o (pAprg’V) and
pz =topw = fzo0 (pAprg’V )
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Consider the square

(Z,pz) xu (U,p) 225 v

ixldﬁl J(Ider (13)
(Wopw) xo (T,p) “2% U x v

This square commutes. Indeed,
adj(fz) o (Idy x r) = adj(fz o@ﬁ((jm),]dU X)) =

adj(l e} fW) = (Z X Idﬁ) ) adj(fw)

where the first equality is by [I5, Lemma 8.7(1)] and the third by [I5] Lemma 8.7(3)]. By
Lemmasandwe know that Idy xrisin FB. By our assumption (3) on F'B and T'C' we
know that i x Idy is in TC'. Therefore, there exists a morphism g : (W, pw) XU(ﬁ,p) — UxV’
that splits this square into two commutative triangles. Since the lower triangle commutes,
¢ is a morphism over U and in particular g = adj(f) for some f: W — Hom((U,p), (U x
V' pr1)). Let us show that f splits the square into two commutative triangles i.e. that
we have io f = f7 and foHﬂU(([},p),IdU Xr)= fw.

The first equality is equivalent to adj(i o f) = adj(fz) which is equivalent, by [15, Lemma
8.7(3)] to (i x Idz)og = adj( fz) which is the commutativity of the upper of the two triangles

into which g splits .

The second equality is equivalent to adj(f o HomU((ﬁ,p),IdU x 1)) = adj(fw), which is
equivalent by [15] Lemma 8.7(1)] to g o (Idy x r) = adj( fw) which is the commutativity of
the lower of the two triangles into which g splits (13)).

Lemma is proved.

We can now prove the second main theorem of this section.

Theorem 3.8 Let (C,p,pt) be a universe category, let C be given a locally cartesian closed
structure and let TC and FB be two collections of morphisms in C that satisfy Conditions
. Let further Eq : (U p) — U and Q : U — U be a Ji-structure and assume that the

following conditions hold:

1. U is fibrant,
2. pisin FB,

3. wisinTC.
Then there ezists a J-structure Jp extending (Eq,2).

Proof: Let us use the notations of Problem[2.9] We need to show that under the assumptions
of the current theorem there exists a morphism that splits the square of Problem into
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two commutative triangles. Observe first that constructing such a splitting is equivalent to
constructing the splitting of the square

ooadj(pr:
(pr2)

([77])) Xy (Fpupr) UX(’j

wXIdeJ( lIdUXP

(Efj,pE[?) xu (Fp,pFp) o' cadj(pr1) UxU

where B N
o:(U,p) Xy (Fp,pFp) — (Fp,pFp) xy (U,p)

o' (Eﬁ,pEl?) Xy (Fp,pFp) = (Fp,pFp) xy (Eﬁ,pE[?)
are permutations of the factors.

It is easy to show that U x U is fibrant. Therefore it is sufficient to show that Idy x p is in
FB and w Xy Idpy is in T'C. The first fact follows from the assumption that p is in F'B and
that U is fibrant. The obtain the second fact let us apply condition (3) on the classes F'B
and TC to B=U, f :pEﬁ, 1 =w and p = pFp. It remains to show that pF'p is in F'B.
We can represent pF'p as the composition

prl .~

Fp™ I pp(U) 57U

The morphism pE(7 is in F'B as a composition of pull-backs of p with respect to morphisms
with fibrant domains through repeated application of Lemmas and [3.5] Therefore, the
morphism prl 7 is in F'B by Lemma|3.6/and as a corollary we know that [ ,5(U) is fibrant.
Similarly I,(U) is fibrant and i,(p) is in F'B and applying again Lemma we see that prq
is in F'B. And again by Lemma [3.5| we see that pF'p is in F'B which finishes the proof of the
theorem.

Corollary 3.9 Let C be a locally cartesian closed category with a Quillen model structure,
p a unwerse in C and (Eq,Y) a J1-structure on p. Assume further that p is a fibration and
w s a trivial cofibration and that in addition one of the following two conditions holds:

1. consider morphisms f : B' — B, p1 : E1 — B, ps : By — B and i : By — E5 such that
p1, P2 are fibrations and v a trivial cofibration. Then the morphism

Idp xi: (B, f) xg (E1,p1) = (B', f) x5 (E2, p2)
s a trivial cofibration,

2. U is fibrant and the pull-back of a trivial cofibration along a fibration is a trivial cofi-
bration.

Then (Eq,w) can be extended to a full J-structure on p.
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The following result can be used to produce many examples of universes with J-structures
(but not the univalent universes). Let C be a locally cartesian closed category with coproducts
of sequences I,y X,,. Welet in, : X,, — I, X,, and (f,), : 11, X,, = Y denote the canonical
morphisms. We let I1f, : I1,X,, I1,, Y,, denote the morphism (f,, o in,),.

Assume that these coproducts satisfy the following two conditions:

1. for a sequence of morphisms f, : F,, — B, the square

Hn(Enafn> XB" (En7fn) M HnEn

anrl l J/ann

I,E, teln 11 B,

is a pull-back square,

2. for a sequence of morphisms f, : F, — B, the square

HnEn+1 <inn+1)n> HnEn
ann+lJ( J{ann
HanJrl <i”n+1>"> Han

is a pull-back square.

Problem 3.10 Let C be as above FB and TC two classes of morphisms satisfying one of
the sets of conditions 3.3 or[3.1 Assume in addition the following:

1. the coproduct of a sequence of morphisms from T'C is in T'C' and the coproduct of a
sequence of morphisms from FB is in F B,

2. the composition of a morphism from TC with an isomorphism is in TC,
3. for any morphism f : X —'Y there is given an object P(f) and morphisms iy : X —
P(f), qr : P(f) =Y such thatiy € TC, qy € FB and f =iy o0 q;.

To construct, for any universe p : U — U such that p € FB a sequence of morphisms
Pn 2 U, — U, such that pg = p, p, € FB and I1,,p, with the universe structure defined by the
fiber squares of C, has a J-structure with w € TC.

Construction 3.11 Define p, : U, — U, inductively as follows. For n = 0 we take py = p.
To define p, 1 consider the diagonal A, : U,, — (U,,pn) Xv, (Un, pn) and let

Pnt+1 = 4A, - P(An) — (ﬁmpn) XU (ﬁnapn)

so that in particular U, 1 = (Un, pn) Xu, (Un,Pn)-
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Let U, = 11, U,, U, = anfn and p, = I,p,. According to the first of the two properties
that we required from the coproducts the canonical morphism

L Hn<Un7pn) XUn (Unapn) — (U*vp*) XU, (U*ap*)

is an isomorphism. Together with the second property applied to the right-most square this
gives us a diagram with pull-back squares of the form:

Hnﬁn—i-l — Hnﬁn—&—l — Hnﬁn—l—l M) (7*

T’OLJ/ TJ/ Tl lp*
= = L71 = = = Mn41)n
(U*,p*) XU, (U*,p*) —_— Hn(Umpn> XUn (Unapn) —_— HnUn—H < ) U*

where r = Il,p,+1. Define Fq as the composition of the lower horizontal arrows of this
diagram (up to an isomorphism this is just (in,.1),). Since the squares of the diagram are
pull-back the natural morphism

1L, Uniy — (U, p2) xu. (Us,p2), EQ)u. (Us, p.)

is an isomorphism. Define
Q= (Lia,) 0 ' (inst)n
such that then

w = (IT,ia,) 0

By our assumptions w € T'C' and then by Theorem it FB and T'C satisfied Conditions
or by Theorem [3.§if F'B and T'C satisfied Conditions |3.3| we conclude that (Egq,€)) can
be extended to a full J-structure on p,.

4 Constructing a J-structure on CC(C,p) from a J-structure on p

The construction of a C-system CC(C, p) from a category with a universe p and a final object
pt was presented in [13] and summarized in [I5]. Let us recall some facts and notations. The
underlying category of C'C(C,p) is equipped with a functor int to C. Note that while int is
the identity on morphisms by construction of CC(C, p), the notations for the same element of
Hom(I",T') and Hom(int(I"),int(I")) may differ. In particular for f : [ - Tand F: ' - U
we have

q(f,int(I', F)) = Q(f, F) (14)

For each T" € Ob(C'C(C,p)) we have natural bijections

uy : Oby(I') = Hom(int(T"),U) (15)

Uy : Oby(T) = Hom(int(T"),U) (16)
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where u; ' (F) = (', F) and where

ur(s) = s 0 Q(u1(9(s))) (17)

In particular,
ui(s) op =50 Q(ur(9(s))) o p = 5 0 pa(s) © ur(9(s)) = u1(9(s))

i.e., with respect to these bijections the function 0 : Ob, (') — Oby(T) is given by composition
with p: U — U.

Problem 4.1 Let Eq : (ﬁ;p) — U be a JO-structure on a universe p in a category C. To
construct a JO-structure on CC(C,p).

Construction 4.2 Since the canonical squares are pull-back squares bijections u; and u
gives us a bijection

uu : {o,0 € 57)1(1“) |9(0) = 8(d')} = Hom(int(T), (U; p))
where uu(o,0") = uy(0) * uy(0’). We set:
IdT(0,0') = uy ' (uu(o,0) o Eq).
We let [dTg, denote the JO-structure on CC(C, p) constructed from Eq in Construction [4.2]

Note that
int(1dT (0, 0")) = (int(L); (u1(0) x i (o)) o Eq) (18)
Recall that in [16] we let pr,, : I' = ft™(I") denote the composition of n canonical projections

Pr O...0Pgn—1(1)-

Lemma 4.3 Let Eq be a JO-structure on p. Let I' € Ob and F : int(I') — U. Then one
has:
int(IdzT(T, F)) = (int(T'); F)g

PrdaT(T)3 = pII;J’F
Q(F)e 0 Q(Eq) = Q(Q(Q(F) op) o Eq)
Proof: Let T'= (I', F'). We have:
int(IdeT(T)) = int(IdT: 1)(0,0")) = (int(p7(T)); (U1 (0) * Ui (o)) o Eq)

where
0= p;*T(T) (0(T))
o' = d(pr(T))
We have
int(p5(T)) = (int(T); F,Q(F) o p)
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and
U1 (P (1) (6(T))) = Paina(r,F.Q(F)op) © Q(F)

uy (0(pp(T))) = Q(Q(F) o p)

which shows that @;(0) * u;(0') = Q(Q(F'),p) and completes the proof of the first and the
second equations.

The third equality is a corollary of the equality Q(F) g = Q(Q(Q(F),p), Fq) and the equality
QU F)oQ(F)=Q(foF).

Problem 4.4 Let Eq : ((7;]9) — U, Q:U — U be a JO-structure and a J1-structures on a
universe p in a category C. To construct a J1-structure refl(Eq,$2) over IdTg, on CC(C,p).

Construction 4.5 Due to the natural bijections the morphism 2 defines maps
refl: Oby(T) — Oby(T)

by the formula
refl(s) = u; (U (s) 0 Q)

that are natural in I'. The equation follows from the commutativity of the square @

We let re flg denote the J1-structure constructed from €2 in Construction [£.5] The following
technical lemma is only needed in the proof of Lemma [£.7]

Lemma 4.6 For s € 5?)1(F) one has:
refla(s) o Q(s o Q(F) o f2op) = s0Q(F) 0 Q)

where F' = uy(0(s)).
Proof: We have

ur(9(refla(s))) = ur(refl(s)) op=1ui(s)oQop=s0Q(F)oQop

therefore

ur(refla(s)) = refla(s) o Q(ui(d(refla(s)))) =
refla(s) o Q(s o Q(F) o Qo p)
On the other hand, by definition of reflq,

uy(reflo(s)) =ui(s) o Q=s0Q(F) o Q.
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Lemma 4.7 Given Eq and Q) consider the corresponding IdT and refl. For T € Oby(T)
let
rfr o int(T) — int(1dzT(T))

be the morphism constructed in Construction[I.6. On the other hand let
F*(w) : (int(T); F) — (int(1'); F)g
1s the pull-back of w : U — EU with respect to F' = uy(T) i.e. the unique morphism
(int(T); F) — (int(T); F)g

such that
F*(w) Opit(F),F =Dr
F*(w)oQ(int(l'), F)g = Q(F) ow
Then
rfr=F*(w)

Proof: In view of Lemma [4.3] both rfr and F*(w) are morphisms from (int(T); F) to
(int(T'); F)g. Let us denote int(I") by X and (int(T"); F, Q(F') o p) by Y. We have

(X F)p = (Y;Q(Q(F),p) o Eq)
and we can see this object as a part of the diagram with two pull-back squares:

(Y:Q(Q(F),p)o Eq) —“» EU 257U

pY,Q(Q(F)ymoqu l J/p

Y Q(Q(F),p) (ﬁ—’p) Eq U

We have two projections
h=hiohy=QQQ(F).p)oEq): (X;F)p = U

VDY) poEqg - (X F)e =Y

We need to check that
rfroh=F*(w)oh

rfrov=F*(w)owv

The morphism 7 fy is defined in (@) as
rfr = refl(6(T)) 0 q(o(T), IdxT(T)) = refl(5(T)) o Q(6(T), Q(Q(F), p) © Eq)
where the second equation is from (14)). We have
rfroh =refl(5(T))oQ(0(T), QQ(F),p)oEq)oh = refl(5(T))eQ(0(T)oQ(Q(F), p)oEq) =
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refl(3(T)) o Q(Q(F) o Ao Eq) =refl(8(T)) o Q(Q(F) o (wo pEU) o Eq) =
refl(6(T)) o Q(Q(F) cw o Q(Eq) o p) = 1efl(6(T)) o Q(Q(F) o Qo p)
On the other hand

Frw)oh = F*(w)ohiohy = Q(F) owohy = Q(F) ow o Q(Eq) = Q(F) 0 Q)
We have u1 (9(3(T))) = Q(F) o p and
0(T) 0 Q(ur(0(5(T)))) = 6(T) 0 Q(Q(F) o p) = 0(T) 0 Q(pr o F) =
6(T) 0 q(pr,T) 0 Q(F) = Idinyry 0 Q(F) = Q(F)
Therefore by Lemma 1.6 we have
refl(6(T) o Q(Q(F) o Qo p) = Q(F) o 2
Which proves that rfr o h = F*(w) o h.

We have rfr ov = §(T) because the square commutes. Both rfr ov and F*(w)owv
are morphisms int(T) — int(p5(T')). Since pi(T) is a part of a pull-back square with the
projections being pyx () and Q(Q(F') o p) we need to check that

3(T) 0 Q(Q(F) op) = F*(w) o v o Q(Q(F) o p) = F*(w) o hy o pEU =
Q(F) owopEU = Q(F)o A

which holds by a simple computation, and

Idinyry = 0(T) o ppr(r) = F” (w)owo Dpi.(T)
For this equality we need to verify two further equalities

Q(F) = Idinyry 0o Q(F) = F*(w)ovo Ppi(T) © Q(F)

and

pr = ]dint(T) opr = F*(w) OV O Pps(T) ©PT
The second one is the second equality of the two that define F*(w). For the first one we have

FH(w) ov o (ppy(r) 0 Q(F)) = F(w) cv o Q(Q(F),p) opy , =

Q(F)oAopy,=Q(F).
This completes the proof of Lemma [4.7]

Problem 4.8 Let (Eq,Q, JJp) be a J-structure on a universe p. To construct for all T' €
Ob = 0b(CC(C,p)), for allT € Oby(T'), for all P € Obi(1dzT(T)), for all sO € Ob(r f7.(P)),
an element J(I', T, P, s0) of Ob(P).
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Construction 4.9 Let X = int(l'), F := w(T) : X — U. By Lemma we have
int(IdzT(T)) = int(1dzT(T', F)) = (int(L'); F')p. Therefore we further have G := u(P) :
(int(l'); F)g — U and H :=u;(s0) : (X;F) = U.

Let us show first that B
N5 (£, G) o I°(U) = ny(F, H) o I,(p)

Indeed,
0,55 (F,G) 0 I°(U) = 1,(F, G o F*(w)) = n,(F,7fr 0 G) =
p(F, 500 Q(rfr o G) op) = n,(F, H op) =n,(F, H) o I(p)

where the first equality is from Lemma [2.3] the second from Lemma the third from the
commutativity of the canonical square and the fact that s0 is a section, the fourth from (|17))
and the fifth from naturality of 1, xv in V.

Therefore the pair (1,55 (F, G),1p(F, H)) gives us a morphism

¢, T, P,s0) - X = (I (U), I°(U)) Xp,w) (Ip(U), I(p))

p

and compositing it with Jp (cf. Definition [2.8]) we obtain a morphism

oL, T,P,s0)oJp: X — [pEﬁ(U)
Consider the element

(FlaFQ) (¢(F7T7PaSO)OJp)erEﬁ<X7[7>

!
= anﬁ
By [15, Problem 3.8(1)] we have

(F1>F2 op) = DpEﬁ(va)(FbFZ) = U;,Eﬁ(QS(F»Ta P7 80) © Jpo [pEﬁ(p)> =

1 i yeo (F. G)) = (F,G)
Therefore, Fy is of the form (X; F)g — U i.e. of the form Uy, a1y (J)) for some J such
that 9(J) = P.

Remark 4.10 Note that the defining property of J = J,,(I', T, P, s0) is that it is the unique
element of Ob(CC(C, p)) that satisfies the equation

Nppi (u,r (1), U razrry(J)) = ¢(I', T, P, s0) o Jp

where

$(T, T, P, s0) : int(T) = (Ip5(U), I“(U)) X1,y (1(U), Tp(p))
is given by the pair of morphisms (1, 55 (u1,r(T), w1, razr (1) (P)), 1p(ur,r(T), t1,r(s0))).
Lemma 4.11 Let Eq be a JO-structure on a universe p, f : I' — I a morphism in CC(C, p)
and F = int(I') — U a morphism in C. Let q3 : int(IdxT (I, foF)) — int(1dzT (I, F)) be the
morphism q(f, IdzT(T, F), 3) defined by T since ft*(IdzT(T, F)) =T. Then ¢3 = Q(f, F)g.
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Proof: Let X :=int(I') and X' := int(I"). By definition, Q(f, F)g is the unique morphism
such that
QUf, FleoQ(F)r = Q(f o F)e
Qf,F)go pJ)E{,F = pf{/,foF of
We will be building the proof using the following diagram
QIRQ(F).p)Eq) 177 @) -

(X/7 f o F)E Q(Q(Q(f?F)»Q(F)Op)7Q(Q(F)7P)OEQ)\ (X, F)E EU U
”Sl l lpl lp
. QQULF).Q(F)op), . eBw, L Ea,
o Q(Q(f,F)yQ(l“j)OJD)> o Q(Q(F),p) o Q(p) 7
B E
o QUf.F) . QF) o P U
. QUF) o QF)

TQZ

l

X' % X —

<

By construction that is seen on this diagram we have:

q3 = Q(Q(Q(f7 F)7 Q(F) Op), Q(Q(F)’p) © EQ)
Q(X7 F)E = Q(Q(Q(F)ap)vEQ)

and

Q(X/7fOF)E = Q(Q(Q(fOF)vp)aEQ)

Therefore, the first equation that we need to verify is

QQAS, F), Q(F) 0 p), Q(Q(F),p) 0 Eq) 0 Q(Q(Q(F), p), Eq) = Q(Q(Q(f o F'), p), Eq)

By [15, Lemma 3.2] we have, together with the defining rule Q(a, A) o Q(A) = Q(ao A), also
the rule:

Q(a1,az 0 A) o Q(az, A) = Q(ay 0 ag, A)
Applying it twice and then the defining rule we get:
QQUAS, F), Q(F) o p), QQ(F),p) o Eq) 0 Q(Q(Q(F), p), Eq) =

QQA(S, F), Q(F) o p) 0 Q(Q(F), p), Eq) =
QQAS, F) o Q(F),p), Eq) = Q(Q(Q(f © F),p), Eq)

which gives us the first equation. The second equation is immediate from the commutativity
of the three squares that define ¢3.
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Lemma 4.12 Let (Eq, ), Jp) be a J-structure on a universe p. Then the morphisms of
Construction [{.9 are natural in T i.e. for any f: T’ — T one has

[ (@, T, P, s0)) = Jp(I', f1(T), f*(P), f7(s0)) (19)

Proof: Let us write J for J;,(I',T, P,s0) and J' for J,(I", f*(T), f*(P), f*(s0)) and use
the notations of Construction [£.9 Recall that for f : IV — I' the operation f* is defined
only on Ob;(T"). In all other uses it is an abbreviation for operations such as X — f*(X, 1)
and s — f*(s,14) for various ¢ (see [16]). In particular, is an abbreviation for

f(J(D, T, P,s0),4) = J(I, f*(T), f*(P,4), f*(s0,2))
which in its turn translates into the equation in Oby(IdzT(f*(T))) of the form
q(f, 1dzT(T),3)"(J,1) = J'

We have:
N,pp(F u1(J)) = (I, T, P,s0) o Jp

oo (f o Fyun () = o(I, f1(T), f*(P), f*(s0)) o Jp
By naturality of n with respect to the first argument we have

fonpr(Fun(J) = n,55(f o F,Q(f, F)p oui(J))
Therefore, by Lemma [4.11] we have
f © anﬁ(Fu ﬂl(‘])) = pEﬁ(f ° F7 al(@(f? F)*E(J7 1))) =
Since both 7 . and uy are bijections and in particular injections it is sufficient to show that
fo (L, T, P,s0)o Jp= (", f(T), f*(P), f*(s0)) o Jp

or that
fo oL, T, P,s0)= oI, f*(T), f*(P), f(s0))

Since both ¢ expressions are morphism into a product this amounts to two equations that,
taking into account the definition of ¢ in Construction are:

fon,pe(F,G) = n,55(f o Fyud(f7(P)))

and
fonp(F H) =n,(f o F,ui(f*(s0)))

The first equality follows naturality of n and Lemma [4.11] The second equality follows from
naturality of 1. This finished the proof of Lemma [£.12]
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Lemma 4.13 Let (FEq, ), Jp) be a J-structure on a universe p. Then the morphisms of
Construction [{.9 satisfy the second condition of the definition of a J2-structure, i.e., for all
I', T, P and s0 as above one has

Tf;(JJp(Fa T7 P; SO)) =s0

Proof: Let J = J;,(I',T, P, s0). Then, using the notations of Construction we have:

77E[7(F7a1(‘])) =¢oJp
Then

N (F,u1(J)) o I“(U) = np(F, F*(w) o ua (J))
By Lemma [4.7] we have F*(w) = rfr. Therefore,

Nee(F ui(J)) o I°(U) = np(Fyr fr oun(J)) = np(Fyua(r f1.(J)))
On the other hand

¢poJpol?(U) = oprl,(U)
by (&) which equals, by construction, n,(F,u;(s0)). Therefore,
o (F, ur (rfr(J))) = np(F, 41 (s0))

and using again that both n and %, are injective we conclude that rf7.(J) = s0.

Problem 4.14 Let (Eq,$, Jp) be a J-structure on a universe p. To construct a J-structure
on CC(C,p) relative to IdTg, and reflq.

Construction 4.15 One has to combine Construction 29 with Lemmas .12 and [L.13]

3 Functoriality of the J-structures

1 A theorem about functors between categories with two uni-
verses

Before we can formulate the definition of what it means for a universe category functor to be
compatible with J-structures we need some general results about functors between categories
with two universes that we will later apply to the universes p: U — U and pEU : EU — U
in a locally cartesian closed category C.

Given two universes (p, px,r, Q(F')) and (p', px p, Q(F)') where p : U—sUandp :U = U
and the canonical squares are of the form

(X:F) 25 0 (GE) HS T

pX,FJ/ lp p’X7F lp/

x LU x LU
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and f: U’ — U over U, we let F*(f) denote the unique morphism (X; F)' — (X; F) such
that
F*(f) o Q(F) = Q(F) o f (20)

F*(f)opx,r =Vx.r (21)

Note that F*(f) depends on the universe structures on p and p’. Even when two universe
structures give the same choices of the objects (X; F) and (X; F')’ the difference in the choice
of some of the morphisms, e.g., Q(F') will affect morphisms F*(f). We will need the following
lemma about these morphisms.

For X' L X 5 U we let Q(f, F) denote the morphism
(pxrgor 0 f)x Q(f o )+ (X5 fo ) — (X F)

We let Q'(—) and Q'(—, —) denote the morphisms Q(—) and Q(—, —) relative to the universe

/

p.

Lemma 1.1 Let X' % X 5 U be two morphisms. Then the square

(X"5goFY o), (X5 FY
(yoF)*(f)l lF*(f)
Q(g,F)

(X590 F) —— (X;F)

commautes.

Proof: Since (X;F) is a fiber product relative to the projections px r and Q(F) it is
sufficient to verify that

Q' (g, F) o F*(f) o Q(F) = (g0 F)"(f) 0 Qg F) o Q(F)

and
Q' (g, F) o F*(f)opxp= (90 F)(f) o Q(g,F) opx,r
which easily follows from the defining equations for Q(—, —) and (—)*.

Let (C,p,pt), (C',p',pt') be two universe categories such that C and C’' are equipped with
locally cartesian closed structures. In [I5, Construction 5.6] we have defined, for any universe
category functor

P =(P,0,0): (C,p,pt) = (C',p,pt)
and any V € C, a morphism

X (V) : ©(L,(V)) = Iy (2(V))
We now need to consider the case when we have the following collection of data:
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1. two universes pi, po in C with the common codomain U and a morphism g : U, — Uy
over U,

2. two universes p}, p, in C' with the common codomain U’ and a morphism ¢’ : U] — Uj,
over U’,

3. a functor & : C — (',

4. a morphism ¢ : ®(U) — U,

5. two morphisms ¢; : ®(U;) — U/, i = 1,2
and this data is such that:

1. the square

o(0,) -2 U]

w| s

o(U,) —2 U,
commutes,

2. the triples ®; := (D, ¢, 51), 1 = 1,2 are universe category functors i.e. ® takes canonical
squares of p; and py to pull-back squares and the squares

o(0,) 2 U o(ly) 2 U,
¢(p1)l lpi ‘Nm)l lpé

are pull-back squares.

Let us denote the exchange morphisms
X‘Pi(v) : (I)(IPZ(V)) - Ipz(q)(v»
by x:(V). The maps ®? in the following lemma are constructed in [I5, Construction 5.2].

Lemma 1.2 Under the previous assumptions and notations the squares

2

(I>2
Dp, (X, V) —— Dy, (2(X), 2(V))
DQ(X,V)l lpg’(@(){),@(v»
®7
Dp, (X, V) —— Dy (®(X), (V)

commute.
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Proof: Let (Fy, Fy) € D,, (X, F) then

DY ((X), 2(V))(R3(F1, F3)) = DY (B(X), (V) (P(F) 0 ¢, 12 0 B(F3)) =

= (®(F1) 0 ¢, (P(F1) 0 9)*(g') 0 12 0 D([3))
On the other hand

®(DI(X,V)(F1, ) = ®(F1, F{(g9) o Fy) =

(®(F1) 0§11 0 ®(F(g) © 1))

It remains to check that
(®(Fy) 0 @)*(g') 0 tg 0 ®(Fy) =11 0 ®(F(g) o Fh)
For which it is sufficient to check that
(2(F1) 0 9)*(g) 0 t2 = 11 0 D(FY(9))

The codomain of both morphisms is ®((X; F}),,) and since ¢ takes canonical squares based
on ps to pull-back squares it is sufficient to check that

(D(F1) 0 8)*(¢) 0 12 0 B(Qa(F1)) 0 b3 = 11 0 B(F(g)) 0 (Q2(F})) 0 62

and
(B(F1) 0 9)*(g") 012 0 B(px,;2) = t10 P(F](g)) 0 P(px.py.2)

For the first equation we have

(B(F1) 0 ¢)*(g') 0120 B(Qa(F1)) 0 d2 = (R(F1) 0 9)*(¢) 0 Q2(P(F1) 0 ) = Qu(P(F1) 0 ) o ¢

where the first equality is from the definition of ¢ in [I5, Construction 5.2] and the second

from . On the other hand
110 B(F(9)) 0 (Qa(F1)) 0 6 = 11 0 B(F (g) 0 Qa(F1)) 0 by = 11 0 ®(Q1(F1) 0 g) 0 6o =

1 o ®(Q1(F1)) 0o ®(g) 0 da = 11 0 B(Q1(F1)) 01 og = Qi(B(Fi) o) o g

This proofs the first equation. For the second equation we have:
(P(F1) 0 ¢)"(g') 0 120 P(px,rr.2) = (P(F1) © 8)"(9) © Pacx)(Fi)es.2 = Po(x)d(Fi)os.1
and

110 ®(FY(g)) o P(px.r2) = 10 P(FT(9) o px,;i2) = 10 P(Px. ;1) = Pa(x)@(F1)os,1

This finishes the proof of the lemma.
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Lemma 1.3 Under the previous assumptions and notations the squares

x2(V)

(1, (V) 2 1, (@(1)
<1>(19(V>>l lw/@(vw
(1, (V) s 1, (@(1)

commute.

Proof: Let X = I,,(V). We have
xa(V) o I (@(V)) = /(@301 (Idx))) o I (D(V))
by definition of y in [I5, Construction 5.6]. Then by Lemma [2.3] and Lemma [1.2] we have:
7 (@3 (Idx))) o I (D(V)) = (DY (D(X), 2(V))(®3(n " (1dx)))) =

n(@Y(D(X,V)(n~ (Idx))))

Then, again by Lemma 2.3, we have
n(®Y(DY(X, V)0 (Idx)))) = n(@i(n~ (Idx o I°(V))) = n(@1(n~ " (17(V))))
It remains to show that
(@10~ (I7(V))) = 2(17(V)) o xa(V)

Let a be any element of Hom(I,,(V), I,,(V)). Let us show that

(@101 (a))) = ®(a) o xa (V)

We have
®(a) o x1(V) = ®(a) o (B3 (' (Idy,, (v)))) =

7 (D (2(a), 2(V))(@1 (0~ (1d1,, 1))

where the second equality holds because of naturality of 7 in the first argument. Then

7 (Dy, ((a), (V)@ (0~ (Ids,, (1)) = 1/ (R1(Dyy (a, V) (1™ (1, (V)

by [15, Lemma 5.4] and

0 (21D, (a, V) (™ (L (V) = 7/ (1(n” (a0 Id,, (V)))) =1 (®F(n" ' (a)))

again by naturality of 7 in the first argument. This finishes the proof of Lemma [1.3]

Consider the morphisms
G+ (L, (U)) = L, (U')
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given by ¢; = xi(U) o I,,,(¢) and
G+ (L, (Th)) = T, (T)
given by ¢; = xi(Uy) o [pi(qNbl). Note that
G = Lo

where ¢ are the morphisms introduced in [15] and G = §(@.6,5,) bub G # §(®.6.52)"

Theorem 1.4 Under the previous assumptions and notations the morphisms cl,cg,Z“l,Zz
form a morphism from the square

~ o(19(U ~
B(1,,(0) ~ (1, (1))
<I>(Ip2(pz))l l(b(lpl (p2))
o(19(U))
(I, (U)) (I, (U))

to the square

EACON L (U")

Proof: We need to prove commutativity of the outer squares of the following four diagrams:

=y @) = WO

(1, (U1)) === Ly (®(Uh)) —— I, (U])
<1><Ig<ﬁl>>l lfﬂ’(@(m)) lmﬁ{)

a0 ~ o @)

B(L, (V1) 2 Ly (®(Uh) —— Ly (U))

x2(U1) Ip/z(al) /
(1,,(U1) —— Ly (@(Uh) —— I (U))
¢>(19(U1))l Jlg’(cb(Ul)) lm’(U{)

x1(Un) Ip'l(al) /
(1L, (Ur)) —— Iy (®(U1)) —— Ly (U7)

~ Ip/2 (51) ~

~ (71
B(1,,(01) 2% 1,(0(Th) 22— 1,(0))
D1y, (’”))l prxzmpl)) lfpé v))

x2(U1) Ip'z(gl) '
(I)([pz(Ul)) I Ip’g(q)(Ul)) EE— Ip’g(Ul)
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~ Xl(ﬁl) ~ Ip/l(gl) ~
(1, (U1)) —— Ly (®(U1)) —— I (U7)

(1 ) | [ @00 [0

x1(U1) Ipﬁ(al) /
(L, (1)) —— Iy (2(Uh) —— Ly, (U})

The left squares in the first and the second diagram are commutative by Lemma [I.3]
The left squares in the third and the fourth diagram are commutative by [I5, Lemma 5.7].
The right hand side squares in the first and second diagram commute by Lemma

The right hand side squares of the third and the fourth diagram commute because I, are
functorial and therefore take commutative squares to commutative squares.

Theorem is proved.

2 Universe category functors compatible with J-structures

Let us define now conditions on functors of universe categories that reflect the idea of compat-
ibility with the JO- J1- and J2-structures on the universes. Recall that for universe categories
(C,p,pt), (C',p',pt') a functor of universe categories is a triple (®, ¢, ¢) where ® : C — C' is
a functor that takes the canonical squares to pull-back squares and pt to a final object and
¢:PU) = U, ¢:PU)— U are morphisms such that the square

OU) —2 U
<1><p>l p'l (22)

U) —25 U

is a pull-back square. For any functor of universe categories and X € C, F' : X — U the
morphism

®(px.r) * (B(Q(F)) 0 ¢) : D((X; F)) = (®(X); B(F) 0 ¢)
is an isomorphism and we will denote it ®x . Let U p be the composition

U L (D(U ~ Q@) 7
((U:p) = () 8(p) 0 9) = (2(U): g0 p') =4 (U's)
We also have another description of this morphism given by the following lemma.

Lemma 2.1 One has:

OTp = (D(pg,) © 3) * (2(Qp)) 0 9)
Proof: One has

®Upopy, , = 05,0Q(.0) opy,,, = g, © Py gop © ¢ = Plpg,) 0 ¢
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where the second equality is by definition of ()’(—, —) and the third equality is by definition
of LG Then

UpoQ(p) = 05,0Q (¢,p) 0 Q(P) =5,0Q(pop) =

®5,0Q(®(p) o d) = (Q(p)) o

where again the second equality is by definition of Q(—, —) and the fourth equality is by
definition of (I>[77p.

Lemma 2.2 Fors,s' : Y — U such that s op=s"op one has
B(s + 5') 0 BTp = B(s 0 3) « B(s' 0 )

i particular

@(A)o@ﬁp:$*¢

Proof: Using Lemma [2.1] we have

P(sxs')o <I>(~]p0p'ﬁ/’p, =®(sxs")oP(py,)op=500¢

and
D(s+ ) 0 @Tpo Q') = B(s + ) 0 O(Q(p) 06 = 5 0 &
The particular case of A follows from the fact that A = Idg * Id.

Lemma 2.3 The square

o((T;p) 222 (T )

lé(pﬁ’p) lp/ﬁ/m/

o(0) 2,

18 a pull-back square.

Proof: This square is equal to the composition of two squares

r7 qhﬁvp N / Q'((E,p’) TR
O(Usp)) —= (®(U);90p") ——= (Usp)
(b(pﬁ,p)l J/pé(ﬁ),cgop/ J,pg?l’p/
oU) — ) LN

The right hand side square is a pull-back square (5)). The left hand side square is a pull-
back square as a commutative square whose sides are isomorphisms. We conclude that the
composition of these two squares is a pull-back square.
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Definition 2.4 Let Eq be a JO-structure on p and Eq a JO-structure on p'. A universe
category functor (®, ¢, @) is said to be compatible with Eq and Eq' if the square

O(T;p)) —22 a(U)

o7 | & (23)

(ﬁ’;p') E—q,> U’

commutes.

Let Eq, Eq' be as above. Let (®, ¢, ¢) be a universe functor compatible with Eq, and Eq'.
Define a morphism B B B B
¢p: ®(EU) — EU" = (U'p'), Eq)

as (®(p(i7,p), 1) © ®Up) * (2(Q(Eq)) 0 9).

Lemma 2.5 Let Eq, Eq be as above. Let (P, ¢,d) be a universe functor compatible with
Eq, and Eq'. Then the square

o(EU) -5 EU

<I>(p(ﬁ;p),f’ﬂq)l lp(ﬁ’:P’)yEq’

18 a pull-back square.
Proof: Consider the diagram
®(ET) 22, Eir QED
<I>(p((7;p),Eq)l lpm’;p'),Eq’ lp’ (24)
O(Tip) 225 (Op) 2 U7

The outer square of this diagram is equal to the outer square of the diagram

o(EU) 2D gy 2 O
(I)(p(ﬁ;p),Eq)l lq)(l’) lpl (25)
o(T:p) —~E2% a(U) — U

where the equality of the lower horizontal arrows follows from the commutativity of the

square . The left hand side square of this diagram is a pull-back square because ® takes
canonical squares to pull-back squares. The right hand side square is a pull-back square
by definition of a functor of universe categories. Therefore the outer square is a pull-back
square. The right hand side square of is a canonical square and therefore a pull-back
square. We conclude that the left hand square of is a pull-back square.
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Lemma 2.6 Let Eq, Eq be as above. Let (®,¢,¢) be a functor of universe categories
compatible with Eq, and Eq'. Then the square

o(EU) —225 EU’
@(pEﬁ)J{ J/pEﬁ' (26)
oU) —2s U

1 a pull-back square.

Proof: It follows from the fact that the square is equal to the vertical composition of
the squares of Lemmas and with the square .

Definition 2.7 Let Eq, Eq' be as above and let Q, Q' be J1-structures over Eq and Eq'
respectively. A universe category functor (®, ¢, @) is said to be compatible with Q and Q' if

the square

o(0) 2 o)

3| l

~ Q/

S

commutes.

Lemma 2.8 Let Eq,Q and Eq,Q be as above and let ® be a universe category functor
compatible with Eq, Eq'" and ,€Y. Then the square

U) —2 U

commutes.

Proof: Since EU’ = (((7 ":p'); Eq') it is sufficient to verify that the compositions of the two
paths in the square with pz. g, and Q(E{') coincide. We have:

Fou 0 QUEd) = 5o

by definition of w’. On the other hand

D(w) 0 0 0 Q(Eq) = B(w) 0 B(Q(Eq)) 0 6 = B(Q) 0 &

where the first equation holds by definition of 5 g. The proof follows now from the assumption
that ® is compatible with  and .
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To formulate the condition of compatibility of a universe functor with full J-structures on C
and C" we will use Theorem [1.4]

Let ® = (P, ¢, ¢) be a functor of universe categories. In view of Lemma|2.6| if ® is compatible

with Eq and Eq' then the triple &5 := (P, ¢, ggE) is a functor of universe categories as well.
If, in addition, ® is compatible with  and €’ then, by Lemma [2.8, morphisms w and w’
satisfy the conditions on morphisms g and ¢’ of Section [I]

Let
o : D(1,(U)) = Iy(U')

g@ : (I)(Ip(ﬁ)) — Ip’(ﬁ/)

denote the compositions xe(U) o Iy(¢) and xa&(U) o Iy(¢) and let
C‘I’ : (b([pE(7<U)) - IpEﬁ’(U/)

Co + O(L,5(U)) = L e (U')

be given by the compositions ys, (U)o pEﬁ,(gb) and xe, (U)o pEﬁ,(gb). Note that (¢ = £a,,

but Zq) is different from E(I,E since the latter is equal to the composition x4, (E(?) oIpEﬁ,(gE).
Applying Theorem [1.4] in this context we get the following.

Theorem 2.9 Let @ be a functor of universe categories compatible with the Ji-structures
(Eq,Q) and (Eq,Y) on p and p' respectively. Then the morphisms £a,¢s,Ca,Ca form a
morphism from the square

vy 2Ue()

(1,55 (U)) (1,(U))
#5500 | | otsten
(14(U))
O(1,55(U)) —— @(L,(U))
to the square
~, ]w/(ij/) ~,
Lpi(U') —— Iy(U')
Lo @) | |
IUJ(U/)
L (U") —— Iy(U)

Let Rg denote the composition

(L, (U), I°(U)) X1,y (1p(U), L(p))) = (L5 (U), I*(U)) Xau,w) SUpU), I(p)) =

(T (U"), 12 (U") %, 0 (T (U), Ly ()
where the second arrow is defined by &g, é‘:} and (g in view of Theorem .
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Definition 2.10 Let Eq, Eq', Q and ) be as above. Let Jp and Jp' be J2-structures
over (Eq,Q) and (Eq,SY) respectively. A universe category functor (®,¢, @) is said to be
compatible with Jp and Jp' if it is compatible with Eq, Eq and 2, Q' in the sense of

Definitions and respectively and the square

B((L (U, T(U) X 1,00 (Ip(0), 1p(0))) = (L (U, 14 (U")) X 1,0y (L (T), L ()

‘I’(Jp)l JJp’

O(1,55(0)) =, L pg (U")

p p

commutes.

3 Homomorphisms of C-systems compatible with J-structures
Definition 3.1 Let H : CC — CC" be a homomorphism of C-systems.

1. Let IdT, IdT" are JO-structures on CC and CC' respectively. Then H is called a
homomorphism of C-systems with JO-structures (CC,1dT) — (CC,IdT") if for each

' e Ob(CC) and o0,0" € /O\?)I(F) such that 0(o) = 0(0'), one has
H(1dTr(o,0")) = 1dTyry(H (o), H(0'))
(the right hand side of the equality makes sense because H commutes with ).

2. Let IdT, IdT' be as above and let refl, refl’ be JI-structures over IdT and IdT"
respectively. A homomorphism of C-systems with JO-structures H : (CC,I1dT) —
(CC", 1dT") is called a homomorphism of C-systems with J1-structures

(CC, IdT,refl) — (CC', IdT" refl’)
if for allT € Ob(CC) and o € Oby(T) one has
H(refl(0)) = refl'(H (o))

For a C-system C'C with a JO-structure Id7T and a Jl-structure refl over IdI define
Jdom(CC, IdT,refl) as the set of quadruples (I, T, P, s0) where I' € Ob, T' € Oby ("), P €
Oby(1dzT(T)) and s0 € bvb(rf}(P)). Equivalently we can say that Jdom(CC, IdT, refl) is
the subset in Ob x Ob x Ob x Ob that consists of quadruples (T, T, P, s0) where ft(T) =T,
ft(P) = 1dxT(T) and 0(s0) = r f3(P). Then a J2-structure is defined by a map Jdom — Ob

with some properties.

Lemma 3.2 Let H : CC — CC" be a homomorphism of C-systems. Let T, X, Y € Ob(CC),
m,n € N and suppose that ft"™(X) = ft"(Y) =T. Let f: X — Y be a morphism over T’
and let F : TV — T be a morphism. Then

H(F*(f)) = H(F)"(H([))
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Proof: This is easy to show from the defining properties of F*(f) and H(F)*(H(f)).

Lemma 3.3 Let IdT, IdT’, refl and refl’ be as in Definition[3.1] and let
H : (CC,1dT,refl) — (CC', 1dT",refl')

be a homomorphism of C-systems with J1-structures. Then for all elements (I', T, P, s0) of
Jdom(IdT,refl) one has (H(I"), H(T), H(P), H(s0)) € Jdom(IdT",refl).

Proof: We have ft(H(T)) = H(fi(T)) = H(T') and ft(H(P)) = H(ft(P)) = H(IdzT(T)).
We also have 9(H (s0)) = H(9(s0)) = H(r f#(P)). By Lemma [3.2) we further have

H(rfz(P)) = H(rfr)"(H(P))

It remains to show that H(IdzT(T')) = IdzT'(H(T)) and H(rfr) = r fy . This follows by
a straightforward but lengthy computation from the defining equations and .

Definition 3.4 Let IdT, IdT", refl and refl’ be as in Definition and let J, J' be J2-
structures over (IdT,refl) and (IdT’,refl') respectively. A homomorphism of C-systems
with J1-structures

H: (CC,IdT,refl) — (CC", IdT",ref")

1s called a homomorphism of C-systems with J-structures
(CC, IdT,refl,J) — (CC', IdT",ref; | J)
if for allT € Ob(CC), T € Oby(T), P € Oby(IdzT(T)) and sO € Ob(rf(P)) one has
H(J(T, T, P,s0))=J(H(),H(T),H(P), H(s0))

where the right hand side of the equation makes sense by Lemma 3.5

4 Functoriality of the J-structures (IdTg,, refla, Jp)

Let us first remind that by [I3, Construction 3.3] any universe category functor ® = (P, ¢, 5)
defines a homomorphism of C-systems

H:CC(C,p) — CC(c,p)

To define H on objects, one defines by induction on n, for all I' € Ob,(CC(C,p)), pairs
(H(T'),¢r) where H(I') € Ob(CC(C',p')) and ¢r is a morphism

Yr int' (H(T)) — ®(int(T))

as follows. For n = 0 one has H(()) = () and ¥ : pt' — ®(pt) is the unique morphism to a
final object ®(pt). For (T, F) € Ob,;1 one has

H((T, F)) = (H(T), yr o ®(F) 0 ¢)
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and ¢ r) is the unique morphisms int'(H(I', F')) — ®(int(I', F')) such that

Y 0 P(Q(F)) 0 6 = Q' (¢r 0 &(F) 0 ¢)
and
Y, py 0 P(pr.r) = PH(D,F) © Yr

Observe that v is automatically an isomorphism. The action of H on morphisms is given,
for f:I'—= 1", by
H(f) =4ro®(f) oy

Lemma 4.1 Let ® be a universe category functor as above that is compatible with the JO-
structures Eq and Eq on p and p' respectively. Then the homomorphism of C-systems
H = H(®) is a homomorphism of C-systems with JO-structures relative to IdTg, and IdTg, .

Proof: Let IdT = IdTg, and IdT" = IdTg,. We need to check that for all ' € Ob(CC(C, p))
and o, 0" € Oby(I") such that d(o) = 9(0’) one has

H(1dT(o,0")) = IdT'(H(0), H(0"))

Since

O(1dT'(H (o), H(0"))) = ft(0(H (0))) = H(ft(9(0))) = H(T)

this is equivalent to

uy (H(IdT(0,0"))) = uy(IdT'(H(0), H(d")))
By [15, Lemma 6.1(1)] we have

uy (H(IdT(0,0"))) = tr o ®(uy (IdT(0,0"))) o ¢ = ¢r o ®((uy(0) * Uy (0")) 0 Eq) 0 ¢ =

r 0 (T (0) * W (') 0 D(Eq) 0 ¢ = o 0 B(Ty (0) * U1 (0)) 0 ®Up 0 Eq
By Lemma [2.2] we have

vr 0 & (@ (0) ¥ (o) 0 ®Up 0 Eq' = o ((2(w(0) © §) * (B(w (o) © 9)) 0 By’
and [15, Lemma 6.1(2)]

o ((B(T1(0)) 0 @) * (B(U (') 0 §)) 0 Bq =
(

u1(0)) 0 ) * (¢r 0 B(ur (o)) 0 ¢)) 0 Eq' =
< T (H (o)) o Bq = [dT'(H(0), H(0))
Lemma is proved.
Lemma 4.2 Let ® be a universe category functor as above that is compatible with the
(J0,J1)-structures (Eq,Q) and (Eq',Y) on p and p’ respectively. Then the homomorphism

of C-systems H = H(®) is a homomorphism of C-systems with (J0,J1)-structures relative
to (IdTgy, refla) and (IdTgy,refly).
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Proof: Let refl = reflg and refl’ = reflg. The compatibility condition is
Q) od=do
We need to check that for I' € Ob(CC/(C, p)) and s € Ob(T') one has
H(refl(s)) = refl'(H(s))
By [15, Lemma 6.1(2)] we have

H(refl(s)) = H(uy ' ((s)0Q)) = Uy ' (Yro®@(ui(s)oQ)oe) = Uy (Yro®(ui(s)) o @(Q)09) =
= (Yr 0 D (5) 0 po ) =y (@ (H(s)) o ) = refl'(H(s)).

To prove the functoriality of the full J-structures we will need some lemmas first.
Recall that in [16] we let pr,, : ' = ft™(I") denote the composition of n canonical projections

pF Oo... Opftn—l(]_“).

Lemma 4.3 Let ® be a universe category functor and I € Ob(CC(C,p)) be such that [(I') >

n. Then the square

int'(HT)) —2%  o(>int(I))

pH(F)mJ( l<1>(pr,n)

int'(Fi"(T)) 20 @ (int(fm(T)))

commutes.

Proof: It follows by simple induction from the defining relation
r 0 ®(pr) = pu(r) © rur)
of 1/)1".

Lemma 4.4 Let Eq, Eq' be JO-structures on (C,p) and (C',p’) and ® be a universe category
functor compatible with Eq and Eq'. The for all T' € Ob(CC(C,p)), T € Oh(I"), P €

Oby(1dzT(T)) and o € &)(P) one has:

1o () gy (H(T))s W e uaeryy (H(P))) is a well defined element of D, (®(int(T')), U”)
and
(Ull,H(F)(H(T))a U,I,Ime’(H(T))(H(P))) =

D, o5 (¥, U') (D i (it (H (T), 6) (@ (ur,0 (T), s, rawcry (P))))

2. (U ey (H(T)), Wy g0y (H (0))) is a well defined element of DpEﬁ,(q)(int(F)),(?’)
and
(ull,H(F) (H(T)), all,lde’(H(T)) (H(0))) =

Do (e, U)(D, o (it (H(T)), 6) (% (wr,r(T), W a(r) (0)))
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Remark 4.5 Since us(T) = (ui(ft(T)),us(T)) and us(s) = (ur(ft(0(s))),ui(s)) , this
lemma is very similar to [15, Lemma 6.1(3,4)] but its proof is much more involved because
of the interaction of the two different universe functors.

Proof: We will only consider the second assertion. The proof of the first one is similar and
simpler.

To prove that the pair (u} i (H(T)), @) 1aprr(mery) (H(0))) is a well defined element of

DpEU,(CD(int(F)) U') we need to show that ft(d(H (o ))) IdxT'(H(T)) and that the source
of Wy ryur(p(ry) (H(0))) equals to (int(H(L));u)(H(T)))p, ie., that

int' (IdxT'(H(T))) = (int(H(T)); u},(H(T)))g

The former is a corollary of our assumptions and Lemma [4.1] and the latter is a corollary of
[15, Problem 3.3(1)] and the first equation of Lemma [4.3]

Let X = nt(I'), F = uy r(T) and G = U1, 1dz(7)(0). By definitions we have

Dy (tr, N(D, i (- ) (R5(F, G))) = D, s (Wor, ) (D, i (-, 9) (R(F) 0 6,10 B(G))) =

D, (Wr, J(P(F) 0 ¢,10 ®(G) 0 ¢) = (vhr 0 B(F) 0 6, Q(thr, B(F) 0 §)r 0 L0 B(G) 0 )
where

L (D(X);®(F)od)p — O((X; F)p)
is the unique morphism such that

Lo (I)(p;E(,F) = pg(X),(I)(F)oqs

Lo B(Q(F)g) 0 b = Q(O(F) 0 ¢) i

On the other hand
uy, gy (H(T)) = pr o ®(uy,p(T)) o ¢

ﬂl,]de/(H(T))(H(O)) = ﬂl,H(ldzT(T))(H(O)) = ¢H(Ide(T)) o ¢(ﬂ1,1de(T)(0)) o 5
by [15, Lemma 6.1(1,2)]. Therefore, to prove the lemma it is sufficient to show that

¢Id1‘T Q(/w[‘, ( ) QS)E/ ol
Both sides are morphisms with the codomain
O(int(IdzT(T))) = ((X; F)g)

and since ®p is a universe category functor it is sufficient to show that the compositions of
the two sides with ®(p¥ ;) and ®(Q(F)g) o ¢ are the same. Since

Q(r,®(F)o¢)moro (I)(p)E(,F) = Q¥Yr, ®(F)o¢)p o ngX)@(F)od; =

/

E/
Pint’ (H (1)) wpro®(F)o © YT = Piwr (r1(1) © ¥r
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the first equation reduces to

Yraer(ry © R(DF) = Py (m(ry) © Ur (27)
and since
Qr, ®(F) 0 ¢)p 0 1o ®(Q(F)p) 0 dp = Qior, B(F) 0 ¢)pr 0 Q(®(F) 0 ¢) py =
Q(¢pr o ®(F) 0 ¢)

the second equation reduces to

Urasr(r) © P(Q(F)p) 0 ¢ = Q(thr 0 B(F) 0 ¢) v (28)

Equation follows immediately from Lemma and the second equation of Lemma .
We have

05 = (2(P(F.p).2,) © PUD) x (2(Q(Eq)) © )
Therefore is equivalent to two equations:

¢Ide(T) o q)(Q(F)E) © q)(p(l:j;p),Eq) © CD(fjp =

QWro®(F)od)p o P(§rpt). B (29)
and
Yraer(r) © P(Q(F)E) o ®(Q(Eq)) o ¢ =
Q' 0 B(F) 0 6)e: o QUEH) 30

The first equality we will have to decompose further into two using the fact that by Lemma
2.1] we have

®Up = (®(pg,) © 6) * (B(Q(p)) © )
Therefore is equivalent to two equations

wlme(T) © (I)(Q(F)E) © (I)<p(l~];p),Eq) © (I)(pﬁ,P) © (b -

Q(wr o) @(F) e} ¢)El Op(ﬁ’;p’),Eq’ Opij/’p/ (3]‘)

and

Yrazr(r) © (Q(F)E) © Y(p(57,) 1,) © P(Q(P)) 0 & =
Q(¢r o ©(F) © )5 © P(giry) gy © QW) (32)
To prove observe first two useful equalities
u1(1daT(T)) = Q(Q(F),p) o Eq

Q(ur (1dxT(T))) = Q(F)g o Q(Eq)

where the first follows from the proof of Lemma and the second is the combination of
the first with the third equality of the same lemma.
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Now we have:
VYraar(r) © P(Q(F)E) 0 ®(Q(Eq)) 0 ¢ = Vrazr(r) © P(Q(F)E 0 Q(Eq)) o ¢ =
Yrawrery 0 ®(Q(u (IdxT(T))) 0§ = Q (Yrasriry 0@ (ur (IdaT(T)) 0 $) = Q(ur (H (IdaT(T))))
and
Qvpr o ®(F) 0 ¢)pr 0 Q(EG) = Q'(wa (H(T)))r 0 Q(Eq) = Q'(wr (H(1daT(T))))

The equality is proved.
To prove observe two equalities:

QUE)E © P(5.p) 5y = PrasT(m) © Q(Q(F), D)

QIQF),p) © pg,, = Prutaer(r) © Q(F)
The same equalities hold for F’ = ¢ o ®(F) o ¢ = uj(H(T)) and the equation becomes
Yraer(r) © P(Prasr(ry) © (P putrasr(ry) © P(Q(F)) © 6 = Prasr(ry) © Preras(rriry) © QUF)

Using the defining equations for v we rewrite the left hand side as
Y1aer () 0P (Prast (1)) 0P (P s1(1a07(7))) oL (Q(F))0b = Dri(1as(ry)OP sr(r1(rar (1 oUroB(Q(F) )0

It remains to show that

Q(¢Yr o ®(F) o ¢) =rr) o ®(Q(F)) o ¢
which is the defining equation of (g r).
To prove let us rewrite the left hand side first

Vraer(r) © 2Q(F)r) © ®(pg,) 5,) © P(Q(p)) 0 ¢ =

Yrager(r)y © P(P1azr(r) © Q(Q(F),p)) 0 P(Q(p)) © ¢ =
Prtasz(ry) © Ysirar(ry © (Q(QF) op)) 0 6 =

PH(1dzT(T)) © (T, F,Q(F)op) © P(Q(Q(F)op))o ¢ PH(I1dxT(T)) © Q(ur(H(ft(IdzT(T)))))

Where the ﬁrst equality holds in view of the upper square of Construction 2015.05.08.constr1,
the second one is one of the defining equalities of ¢ and the third one is from [I5, Lemma
3.2].

Let F' = uy(H(T')). Rewriting the right hand side we get
Qir 0 B(F) 0 d) ' © PGy by © QW) = Q(F")p o Prp),mq © QW) =

praz(a(r) © Q(Q(F), ") 0 Q1) = Prasr () © Q(Q(F) 0 p') =
Prdz1'(H(T) © Q(ur (ft(IdxT(H(T)))))
Where the second equality is from the upper square of Construction 2015.05.08.constrl in

C', the third equality is from [I5, Lemma 3.2], and the fourth from the middle square of
Construction 2015.05.08.constrl in C'.

Lemma is proved.
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Lemma 4.6 Let ® be a universe category functor as above that is compatible with the
(J0,J1,J2)-structures (Eq,Q, Jp) and (Eq,Y, Jp) on p and p' respectively. Then the ho-
momorphism of C-systems H = H(®) is a homomorphism of C-systems with (J0,J1,J2)-
structures relative to (IdTgy, refla, Jy,) and (IdTgy,reflo, Juy).

Proof: Let IdT = IdTq, IdT" = IdTq, refl =reflg, refl' =reflo, J = Jjp, and J' = Jypy.
We need to verify that for all I' € Ob(CC(C,p)), T € Ob ('), P € Ob;(IdzT(T)) and
s0 € Ob(r f7(P)) one has

H(J(T,T, P,s0))=J(H(T),H(T), H(P), H(s0))

The defining equation for J' is

Moo (W (H (1)), 04 g rery (') = ¢(H(T), H(T), H(P), H(s0)) o Jp/
and to prove the lemma we need to show that H(J) satisfies this equation.

Using Lemma we have

Moo (W1 (H(T)), 0 0y (H(J)))) =

Mo (Dppir (U, (D, g () (L5 (ur (T), U parr(r) (7)) =

Yr o UpEﬁ/(q)QE(Ul (T), a1, raxrr)(J))) © pEﬁ/(Cb)
By [15, Lemma 5.8] and by the defining equation for J we further have

Vr © 1,550 (P (ur (1), U, 1a0r(r) () © L (9) =

Yr 0 ® (1, o (w1 (1), W taary () © Xaoo (U) 0 Lo () =

Yr o ®(o(I', T, P, s0) o Jp) o Xa,(U) o I, (¢) = ¢r o @(¢(I', T, P, 50) o Jp) o (s
It remains to show that
v o ®(¢(T, T, P,s0) o Jp) o (e = ¢(H (L), H(T), H(P), H(s0)) o Jp'
By the compatibility condition of Definition [2.10| we see that it is sufficient to prove that
Ur o ®(¢(I', T, P,s0)) o Re = ¢(H(L'), H(T), H(P), H(s0))

Let
pris (L (U), 19) X, (1(U), () = 155 (U)

pra s (L (U). 1) X @) (1,(0), L, (p)) = L,(U)

be the projections and let pri, prj be their analogs in C’. Then one has
Ry opri = ®(pri) o (o
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Ry 0 prhy = ®(pry) o &p
On the other hand the defining relations of ¢(I', T, P, s0) are
o(I', T, P,s0) o pry = 0,55 (F, G)
(T, T, P, 50) o pry = ny(F, H)

where
F= qu(T) G = Ul,]de(T)(P) H= ﬁl,T(SO)

and similarly for F’, G’ and H'.
We need to prove
Yro @(¢(I', T, P, s0)) o Ry o pry = ¢(H(L), H(T), H(P), H(s0)) o pri (33)

and
¢r © (I>(¢(F7T7 P’ 30)) © R‘b OPTIQ = ¢(H<F)’ H(T)7 H<P)v H(SO)) Op?“é (34)

For , rewriting the left hand side we get
tr o ®(p(T, T, P,s0)) o Rg o pry = 1r o ®(¢(T, T, P, 50)) o ®(pry) o (p =
Y0 D(G(T, T, P, 50) o pry) o Co = thr 0 (1, 5 (F, G)) 0 Go
Continuing we get
Yr o ®(n, 57 (F,G)) o (o = tr o ®(n,55(F,G)) 0 ay 0 I pp (6) =
Yr 01,55 (PEH(F,G)) o I 5(9)

where the last equality holds by [I5, Lemma 5.8] applied to X = int(I"), V = U and ® = ®p.
Continuing further we get

Ur 005 (PL(F, G)) 0 Iz (6) = 0 (D (U, (D (- 0) (B5(F. G)))) =

Myei (W, gy (H(T))s w e (a(ry) (H (P))))
where the last equality holds by Lemma [£.4|1).

Rewriting the right hand side we get
¢(H(I'), H(T), H(P), H(s0)) o pry = 1,55 (', G")

where F' = uy gry(H(T)) and G' = uy jazr(m(ry)(H(P)). This shows that the first equality
holds.

For , rewriting the left hand side we get
vro (@I, T, P,50)) o Ry o pry = tr 0 ©(§(L', T, P, 50)) 0 (pra) o &n =
Y o ®(¢(T, T, P, s0) 0 pry) o &g = thr 0 B(n,(F, H)) 0 &g = Mt (s, 3 (ry (H (50)))
where the last equality holds by [I5, Lemma 6.2(2)] since (F, H) = uy.r(s0).
Rewriting the right hand side we get
$(H(T), H(T), H(P), H(s0)) o pry = ny (F', H')
which proves the second equality since (F', H') = Uy gy (H (50)).
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